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Abstract

PPSZ, for long time the fastest known algorithm for k-SAT, works by going
through the variables of the input formula in random order; each variable is then
set randomly to 0 or 1, wunless the correct value can be inferred by an efficiently
implementable rule (like small-width resolution; or being implied by a small set of
clauses).

We show that PPSZ performs exponentially better than previously known, for
all k£ > 3. For Unique-3-SAT we bound its running time by O(1.306973™), which is
somewhat better than the algorithm of Hansen, Kaplan, Zamir, and Zwick.

All improvements are achieved without changing the original PPSZ. The core idea
is to pretend that PPSZ does not process the variables in uniformly random order,
but according to a carefully designed distribution. We write “pretend” since this can
be done without any actual change to the algorithm.
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1 Introduction

Satisfiability is a central problem in theoretical computer science. One is given a Boolean
formula and asked to find a satisfying assignment, that is, setting the input variables to
0 and 1 to make the whole formula evaluate to 1. Or rather, determine whether such an
assignment exists. A particular case of interest is CNF-SAT, when the input formula is in
conjunctive normal form—that is, the formula is an AND of clauses; a clause is an OR of
literals; a literal is either a variable x or its negation Z. If every clause contains at most k
literals, the formula is called a k-CNF formula, and the decision problem is called k-SAT.

Among worst-case algorithms for k-SAT, two paradigms dominate: local search algo-
rithms like Schoning’s algorithm [15] and random restriction algorithms like PPZ (Paturi,
Pudlék, and Zane [9]) and PPSZ (Paturi, Pudlak, Saks, and Zane [3]). Both have a string
of subsequent improvements: Hofmeister, Schoning, Schuler, and Watanabe [(], Baumer
and Schuler [1], and Liu [7] improve Schoning’s algorithm. Hertli [5] and Hansen, Kaplan,
Zamir, and Zwick [3] improve upon PPSZ.

For large k, both paradigms achieve a running time of the form 27(1—¢/k+o(1/k))
where ¢ is specific to the algorithm (¢ = 1 for PPZ; ¢ = logy(e) ~ 1.44 for Schoning;



c = 12/6 =~ 1.64 for PPSZ). Interestingly, the running time of completely different ap-
proaches like the polynomial method (Chan and Williams [2]) is also of this form. This
gave rise to the Super-Strong Exponential Time Hypothesis (Vyas and Williams [10]),
which conjectures that the “c/k” in the exponent is optimal; for example, it conjectures
that a running time of 2(1-108(k)/k) is impossible.

This paper presents an improvement of PPSZ. However, it is not an improvement
of the algorithm but of its analysis. We show that the exact same algorithm performs
exponentially better than previously known. Informally, PPSZ works by going through
the variables in random order 7; inspecting each variable x, it tosses an unbiased coin to
determine which value to assign, unless there is a set of at most w clauses that implies
a certain value for . Take w = 1 and this is exactly PPZ; take w = w(1) and this
is PPSZ (the exact rate by which w grows turns out to be immaterial for all currently
known ways to analyze the algorithm). Our idea is to pretend that the ordering 7 is
not chosen uniformly but from a carefully designed distribution D). This increases the
success probability of PPSZ by some “bonus”, which depends on D. It seems surprising
that this can be done without actually changing the algorithm but it turns out to be
just a straightforward manipulation, which we formally explain below in (2). There
is a price to pay in terms of how much D differs from the uniform distribution: the
success probability incurs a penalty of 27 KLPIU) where KL(D||U) is the Kullback-Leibler
divergence from the uniform distribution U to D. We focus on Unique-k-SAT, where the
input formula has exactly one satisfying assignment. A “lifting theorem” by Steinberger
and myself [12] shows that improving PPSZ for Unique-k-SAT automatically yields a
(smaller) improvement for general k-SAT problem (without changing the algorithm).

The idea of analyzing PPSZ assuming some non-uniform distribution D on permu-
tations and paying a price in terms of KL(D||U) is not new. It is explicit in [12] and
implicit in [1] and [8]. However, all previous applications use this to deal with the case
that sat(F), the set of satisfying assignments, contains multiple elements; furthermore, in
[12, 4, 8], the distribution D is defined solely in terms of sat(F') and ignores the syntactic
structure of F itself. In particular, in the special case that F' has a unique solution, D
reverts to the uniform distribution. This paper is the first work that exploits the structure
of I itself to define a distribution D on permutations, and uses this to prove a better
success probability for the Unique-SAT case.

1.1 Analyzing PPSZ: permutations and forced variables

We will now formally describe the PPSZ algorithm. Let F' be a formula, x a variable,
and b € {0,1}. A formula F implies (x = b) if every satisfying assignment of F' sets x to
b. For example, (x V y) A (z V y) implies (z = 1) but neither (y = 0) nor (y = 1). For an
integer w, we say F w-implies (x =) if there is a set G of at most w clauses of F' such
that G implies (z = b).

The PPSZ algorithm with strength parameter w. Let w = w(n) be some fixed,
slowly growing function. Given a CNF formula F' and a permutation 7, we define
ppsz(F, ) as follows: go through the variables zj,...,x, in the order prescribed by
7. In each step, when handling a variable z, check whether (x = b) is w-implied by F' for
some b € {0,1}. If so, set x to b (i.e., replace every occurrence of  in F' by b). Otherwise,
set x randomly to 0 or 1, with probability 1/2 each. We define ppsz(F’) to first choose a
uniformly random permutation 7 and then call ppsz(m, F').



It should be noted that Paturi, Pudldk, Saks, and Zane in [¢] formulated a stronger
version of PPSZ, which tries to infer (z = b) using bounded-width resolution. The notion
of w-implication is weaker, and a close look at their proof shows that they never use
properties of resolution beyond those already possessed by w-implication. We assume
that « = (1,...,1) is the unique satisfying assignment of F'. This is purely for notational
convenience.

Definition 1. Let w be a permutation and x a variable. Let A C 'V be the set of variables
coming before x in w, and let F' := F|a_1 be the restricted formula obtained from F
by setting every variable y € A to 1. If F' w-implies (x = 1) then we say x is forced
under 7 and write Forced(z, ) = 1; otherwise we say x is guessed under 7 and write
Forced(x,m) = 0. Let Forced(r) := )" .y Forced(z, ).

Observation 2 ([3]). Suppose we run PPSZ with a fixed permutation w. Then ppsz(F, )
succeeds, i.e., finds o, with probability exactly 2~ Forced(m),

Taking 7 to be a random permutation we get

Pr[ppsz(F) succeeds] = E 2*"+F°rced(“)} (1)

T

> 9~ n+Ex [Forced ()]

which follows from Jensen’s inequality applied to the convex function t — 2¢. We are now
in a much more comfortable position: E[Forced(w)] = > Pr[Forced(z,7) = 1], and we
can analyze this probability for every variable individually. Indeed, this is what Paturi,
Pudldk, Saks, and Zane [3] did: they showed that Pr[Forced(z,m) = 1] > sx — o(1)
if F'is a k-CNF formula with exactly one satisfying assignment. Here s; is a number
defined by the following experiment: let Tp°; be the complete rooted (k — 1)-ary tree;
pick m 1 V(T—-1)>° — [0,1] at random and delete every node u with m(u) < m(root).
Then s is the probability that the root is contained in a finite component. The o(1)-
term converges to 0 as w tends to infinity; thus, the growth rate of w only influences how
fast this o(1) error term vanishes, but (as far as we know) does not materially influence
the success probability of PPSZ. We conclude:

Theorem 3 ([3]). If F is a k-CNF formula with a unique satisfying assignment, then
Pr[ppsz(F) succeeds] is at least 2757  Burthermore, s;, = g—z +o(1/k).

1.2 Previous improvements

The analysis of Paturi, Pudlak, Saks, and Zane runs into trouble if F' contains multiple
satisfying assignments. In their original paper [3] they presented a workaround; unfor-
tunately, this was somewhat technical and, for k£ = 3,4, exponentially worse than the
bound of Theorem 3. It was a breakthrough when Hertli [1] gave a very general analysis
of PPSZ showing that the “Unique-SAT bound” also holds in the presence of multiple
satisfying assignments. Curiously, his proof takes the result “Pr[Forced(z, )] = sx—o(1)”
more or less as a black box and does not ask how such a statement would have been ob-
tained. Steinberger and myself [12] later simplified Hertli’s proof and obtained a certain
unique-to-general lifting theorem that is also important for our work:

Theorem 4 ([3]). If the success probability of PPSZ is at least 27" 5"+ on |- CNF for-
mulas with a unique satisfying assignment, for some € > 0, then it is at least 2~ "Hsknten
on k-CNF formulas with multiple solutions, too, for some (smaller) ¢ >0).



Concerning the Unique-SAT case, Hertli [5] designed an algorithm that is a variant
of PPSZ and achieves a success probability of 277Ts3n+€n for 3.CNF formulas with a
unique satisfying assignment. Unfortunately, this € is tiny, and his approach is extremely
specific to 3-SAT, with no clear path how to generalize it to k-SAT. A result by Qin
and Watanabe [11] strengthened Hertli’s result a bit. More recently, Hansen, Kaplan,
Zamir, and Zwick [3] published a biased PPSZ, a version of PPSZ in which some guessed
variables are decided by a biased coin; which variables and how biased, that depends on the
structure of the underlying formula. In contrast to Hertli’s, their improvement is “visible”:
for 3-SAT, it improves the success probability from 1.3070319™" from Theorem 3 to
1.3069957". Also, it works for all k£ (although the authors do not work out the exact
magnitude of the improvement).

All this runs against the backdrop that we do not even fully understand the true
success probability of PPSZ. Chen, Tang, Talebanfard, and myself [1/] have shown that
there are instances on which PPSZ has exponentially small success probability. Just how
exponentially small has been tightened by Pudlék, Talebanfard, and myself [10]: we now
know that PPSZ has success probability at most 9~ (1=2/k=o(1/k))m op certain instances,
provided our parameter w is not too large; if you prefer PPSZ using small-width resolution,
then this holds provided your width bound is really small, like ¢ - v/loglogn [13].

1.3 Owur contribution

We show that the success probability of PPSZ on k-CNF formulas is exponentially larger
than 27" In particular,

Theorem 5 (Improvement for all k). For every k > 3 there is e, > 0 such that the
success probability of PPSZ on satisfiable k-CNF formulas is at least 271 =5k—¢k)

Theorem 6 (Improved success probability for 3-SAT). The success probability of PPSZ
on 3-CNF formulas with a unique satisfying assignment is at least 1.3069737"™.

Our improvement for Unique 3-SAT is roughly fifty percent larger than that of Hansen,

Kaplan, Zamir, and Zwick [3]. This is of course nice but its importance should not be
overstated. Also, for general k, it is not clear which approach gives better bounds; both
approaches, in the words of [3], “only scratch the surface”. Crucially, neither approach

improves on the asymptotic %z-factor in the behavior of the savings s for large k.
Which approach has the greater potential? We believe our approach is simpler since it

only focuses on the analysis and leaves the underlying algorithm unchanged. This seems

like a limitation but actually gives us a certain freedom: we can exploit information

gleaned from the formula, even if that information is by itself NP-hard to compute.

1.4 Organization of the paper

We outline our general idea, analyzing PPSZ under some non-uniform distribution on
permutations, in Section 2. Section 3 introduces the notions of critical clause trees and
“cuts” in those trees. This is mainly a review of critical clause trees as defined in [?];
however, since we will manipulate these trees extensively, we introduce more abstract
and robust versions, called “labeled trees” and cuts therein. Section 4 contains our im-
provement for general k. With the notation introduced in Section 3, this will be rather
short. We emphasize that we strive for succinctness above all else for general k; we took
no effort to optimize our improvement aimed for the simplest possible proof that some
improvement is possible. Everything from Section 5 on deals exclusively with the case of
Unique-3-SAT.



2 Brief overview of our method

2.1 Working with a make-belief distribution on permutations

Our starting point is to take a closer look a the application of Jensen’s inequality:

E 27n+Forced(7r):| > 27n+E7r[FOI‘Ced(TI')] )

T

This would be tight if X := Forced(m) was the same for every permutation 7. But maybe
certain permutations are “better” than others. The idea is to define a new distribution
D on permutations, different from the uniform distribution, under which “good” permu-
tations have larger probability, thus Er~p[X] > Er~v[X]. Sadly, we have no control
over the distribution of permutations: firstly, we promised not to change the algorithm;
secondly, and more importantly, defining D will require some information that is itself
NP-hard to come by. There is a little trick dealing with this. Generally speaking, if we
want to bound the expression Eq [2X } from below but the obvious bound from Jensen’s
inequality, 2E@lX] is not good enough for our purposes, we can replace Q by our favorite
P but have to pay a price. Formally:

W) o X (w)
=) Q) =) Pw) wzx

we weN
= F |:2X(w)log2 ngﬂ
w~P
> 2EP[X] Ew~p logs QE:;
— 9EpP[X]-KL(P||Q) (2)
Here, KL(P||Q) := >, P(w)logy (%) is the Kullback-Leibler divergence from @ to
P. If @Q and P are continuous distributions (over Q = [0,1]", for example) with density
functions fg and fp, then (2) still holds, for KL(P||Q) := [, fp(w)log, (;PE g) This
trick is not new: it plays a crucial rule in [12], and, if you look close enough, also in
Hertli [1]; it appears, in simpler form, already in [8]. However, in [12, 4, 8], the distribu-

tion P is defined only to make “liquid variables” (variables x for which F|,—¢ and F|;—1
are both satisfiable) come earlier in 7 and do not take the syntactic structure of F' into
account: they define P purely in terms of sat(F'), the space of solutions, whereas our
P will depend heavily on the structure on F' as a 3-CNF formula. Our work is the first
to apply this method to improving PPSZ on formulas with a unique satisfying assignment.

2.2 Good make-belief distributions for PPSZ—a rough sketch

How can we apply this idea to the analysis of PPSZ? The challenge is to find a distribution
D under which Er~p[Forced(m)] is larger than under the uniform distribution. Since we
assume that F' has the unique satisfying assignment o« = (1,...,1), we can find, for every
variable z, a critical clause of the form (z Vv 7V z).!' Critical clauses play a crucial role
in [8] and [3] as well. Imagine we change the distribution on permutations such that y
tends to come a bit earlier than under the uniform distribution. It is easy to see that this
can only decrease E[Forced(y, )] (which is bad) and only increase E[Forced(a, 7)] for all

LOur informal outline assumes k = 3 to keep notation simple.



other variables. In particular, it increases E[Forced(z, )] (which is good). Now assume
the literal § appears in a disproportionally large number of critical clauses. Then the
beneficial effect of pulling y to the front of m outweighs its adverse effect. Thus, if there is
a linear number of variables, each of which appears in a large number of critical clauses,
then the success probability of PPSZ is larger than the baseline. This is what we call the
“highly irregular case” below.

The other extreme would the “perfectly regular case”, namely that every variable x
has exactly one critical clause and that every negative literal § appears in exactly two
critical clauses. In this case, we find a matching M, i.e., a set of disjoint pairs of variables
such that {y, 2} € M implies that (z V gy V 2) is a critical clause of F', for some variable
x. We then adapt the distribution on permutations such that the location of y and z
is positively correlated—either they both tend to come late or they both tend to come
early. This will have both (easily quantifiable) beneficial effects and (more difficult to
quantify) adverse effects. However, we will see that the adverse effects can only be large
if Er~u|Forced(m)] is already larger than siyn under the uniform distribution.

Indeed, to obtain a stronger improvement for k = 3, we show that M need not be a
matching, i.e., we allow the pairs in M to overlap. In this context, we define a certain
class of distributions that might be of independent interest: for a graph G we can define
a distribution on functions 7 : V/(G) — [0, 1] such that w(u) and 7(v) follow a prescribed
distribution DY on [0, 1] whenever {u,v} is an edge and are independent and uniform
otherwise. The existence of such a distribution depends the prescribed distribution DY
and on the graph G (in particular the number of edges in G).

3 Ceritical clause trees, labeled trees, and cuts

3.1 The Critical Clause Tree

We assume that « = (1,...,1) is the unique satisfying assignment. That means that for
every variable z, we can find a clause of the form (zVgaV---Vyg). This is called a critical
clause. If there are several to pick from, we ask z to select one to be its canonical critical
clause. For an integer h € N, a critical clause tree of x of height h is a rooted tree T, of
height at most h with a bunch of additional information: every node u of T, has a variable
label varlabel(u); if the depth of u is less than h, it has a clause label clauselabel(u). The
tree is constructed as follows:

e Initialize T, as consisting of a single root node, and set varlabel(root) = x.
e While some node u of T, of depth less than h does not have a clause label yet:

1. Let ay, be the assignment arising from « by setting to 0 all the variables y that
appear as variable labels on the path from the root to u (including both root
and u). Let a := varlabel(u). In particular, ay,(a) = 0.

2. Pick a clause C that is violated by v, (this exists since « is the unique satisfying
assignment), and set clauselabel(u) := C.

3. For each negative literal z € C, create a new child of u and give it variable
label z. Note that v has at most k — 1 children.

This tree is central to the analysis in [¢] and also [3]. The depth of a node u in a tree T
is the length of the path from the root to u; we abbreviate it as dp(u) or simply d(u) if
T is understood. It is a (k — 1)-ary tree: every node has at most k& — 1 children.



Observation 7. If u is a proper ancestor of v in T,, then varlabel(u) # varlabel(v).

In Point 2, we might have several clauses to choose from; we define the canonical
critical clause tree of x of height h to be the critical clause tree T, constructed as above,
but adhering to the following tie-breaking rule in Point 2:

Canonical critical clause rule. In Point 2, if the canonical critical
clause of varlabel(u) is violated by a,, pick it as clauselabel(u); otherwise,
pick the lexicographically first violated clause.

In the canonical clause tree T}, we call a node v canonical if, for every node u on the path
from the root to v (including root and v), varlabel(u) has exactly one critical clause, and
this clause is clauselabel(u). Let u be a maximal non-canonical node in T}, (i.e., closest to
the root), and a = varlabel(u). There are two reasons why u can be non-canonical: (1)
the variable a has two or more critical clauses; (2) the clause label C' := clauselabel(u) is
not a critical clause (it has at least two positive literals, like (x V a V b), for example). In
the latter case, u has at most k — 2 children in 7). Case (1) motivates the definition of
the set TwoCC C V, the set of variables that have two or more critical clauses.

A path in T, is a sequence uy, ..., u; where each w; is the parent of u;11. That is, we
never go up and then down again. By Observation 7, no variable can appear twice or
more on a path in T;,. Critical clause trees are important because of the following lemma:

Lemma 8 ([8]). Suppose w > (k — 1)1 where w is the strength parameter of PPSZ.
For a permutation mw, let A be the set of variables coming before x in w. If every path from
the root of Ty to a leaf at depth h contains a variable in A,? then Forced(z, ) = 1.

From now on, we take h = h(n) to be the largest integer such that w > (k—1)"*! and
let every canonical critical clause tree be one of height h. Note that lim, . h(n) = oo
because lim,, . w(n) = co.

3.2 Labeled trees and cuts

We will extensively manipulate critical clause trees. Thus, it makes sense to define a
generalized version:

Definition 9. A labeled tree is a rooted tree T, possibly infinite, in which
1. each node u has a label varlabel(u) € L in some label set L O V;

2. no label appears twice on a path; that is, if u is a proper ancestor of v in T, then
varlabel(u) # varlabel(v);

3. each node is marked either as canonical or non-canonical; if u is non-canonical then
so are all of its children;

4. each leaf of T is marked as either a safe leaf or an unsafe leaf.

A safe path in T is a path starting at the root that either ends at a safe leaf or is infinite.
We write Can(T}) to denote the set of canonical nodes in T,. Furthermore, all labeled
trees appearing in this paper are (k — 1)-ary: each node has at most k — 1 children.

Zor rather, contains a node whose variable label is in A



A critical clause tree of height h becomes a labeled tree by simply marking leaves
at depth h as safe leaves and all other leaves as unsafe leaves. From now on, instead of
viewing 7 as a permutation of the variables V', we view it as a placement 7 : V — [0,1]. If &
is sampled from some continuous distribution (for example the uniform distribution), then
m is injective with probability 1 and defines a permutation, by sorting the variables from
low-7 to high-7. In fact, our 7 is defined on all labels, i.e., it is a function 7 : L — [0, 1].

Definition 10 (Cut and Cut,). Let T be a labeled tree, x the label of its root, and
r € [0,1]. The event Cut,.(T) is an event in the probability space of all placements,
defined as follows: mark a non-root vertex u as dead if m(varlabel(u)) < r and alive
otherwise; mark root as alive. Then Cut,(T') is defined to be the event that every safe
path in T contains at least one dead node. Cut(T) is the event Cuty (1), i.e., all nodes
u with 7(varlabel(u)) < w(x) are marked dead.

The following observation is simply Lemma 8, framed in the new terminology:
Observation 11. Suppose w > (k — 1)1, If Cut(T},) happens then Forced(z, ) = 1.

For r € [0, 1], let wCut,(T") (“weak cut”) be defined as Cut,(T"), only that we addition-
ally mark the root as dead if m(x) < r. Note that there is no corresponding event wCut(7").
Weak cuts only make sense with respect to a particular r € [0,1]. Cut, and wCut, are
intimately related: wCut,(7) = [r(root) < r V Cut,(T)]; if T1,...,T; are the subtrees of
T rooted at the children of the root, then Cut,(T") = [wCut,(T1) A - - - A wCut,(T7)].

A particularly important example of a labeled tree is T°,. This is simply an infinite
complete (k—1)-ary tree: every node has k—1 children, and there are no leaves. All nodes
have distinct labels. If k is understood, we simply write T°°. If 7 is sampled uniformly
at random and independently, then

Q™) = Pr[Cut,(T(2,)] = (Pr[wCut, (Tg2)])*
P®) .= PriwCut, (Tf°,)] = r V Pr[Cut,(T5°,)] ,

1

where we define a Vb := a+ b — ab for a,b € [0,1]. It is a well-known result from the
theory of Galton-Watson branching processes that ng) and Pr(k) are the smallest roots
in [0,1] of the equations Q = (r + (1 —7)Q)*~!, and P = r v P¥~!  respectively.

Proposition 12. For r > % it holds that Q&k) = Pr(k) = 1. On the interval [07 %} ;
-1

k—1
Pr(k) is convex and r < Pr(k) < %'r. Also on that interval, ng) < (% : 7‘) <erk

For k = 3, we can give explicit solutions, on which we will heavily rely in the analysis
for 3-SAT:

2
00 _ () itr<i/2
' 1 if r>1/2

and

" 1 if r >1/2
Again, if k is understood, we will simply write ), and P,. Paturi, Pudlak, Saks, and
Zane proved the following fact:

Lemma 13 ([8]). Let T, be a critical clause tree of height h. Then Pr[Cut,(T,)] >
Q,(ﬂk) — Error(r, h), for some function Error(r,h) that converges to 0 as h — oo, and

PT[CUt(Tx) > S — 0(1), where s, := fol Q&k) dr.

9



4 Improvement for general k

4.1 The highly irregular case

We asked each variable to pick one of its critical clauses to be its canonical critical clause.
This defines a directed graph on V: if the canonical critical clause of z is (xVy1 V- - -Vyr_1),
we create arcs (z,91),..., (2, yx—1). This graph is the critical clause graph, short CCG.
This graph has (k — 1)n arcs, and every vertex has out-degree k — 1. Let indeg(z) denote
the in-degree of  in CCG. For aset Y C V, let e(z,Y’) be the number of arcs (z,y) with
y €Y. Let two sets X,Y let e(X,Y) := > _xe(x,Y). We fix some integer k' > k, to be
determined later, and call a variable = heavy if indeg(z) > k’. Let HEAVY be the set of
all heavy variables.

Theorem 14. There is a constant cgoxusHravy > 0, depending only on k and k', such
that Pr[PPSZ succeeds| > 9~ ntskntcponusavy indeg(HEAVY)—o(n)

Proof. First, we define new distribution D on placements 7 : V' — [0,1]. We fix some
differentiable « : [0,1] — Ry such that v(0) = v(1) = 0 and let ¢ := 4/ be its derivative.
We fix some € > 0 such that 1+ e@(r) > 0 for all r € [0,1]. Let D{ be the distribution
on [0,1] that has density function 1 + ¢(r). Let D be the distribution on placements
7 :V — [0,1] that samples m(z) € [0,1] uniformly for all z ¢ HEAVY and 7(z) ~ D/ for
all z € HEAVY. For heavy it holds that Pr[r(z) < 7] = [J (1+e€¢(s)) ds = r+ey(r) > r.
Loosely speaking, heavy variables x tends to come earlier in m ~ D than non-heavy ones.
Consequently, for heavy z, we expect Pr[Forced(z, )] to be smaller under D than under
the uniform distribution:

Lemma 15. If x € HEAVY then Pry.p[Forced(z, )] is at least

/1 ank)(l +ep(r))dr —o(1) = s — ecrpavy — 0(1)
0

for some cypayy that depends only on v and k, but not on k'.

If x ¢ HEAVY but has an arc (z,y) for some y € HEAVY, we expect Pr[Forced(z, )]
to be larger under D, and in fact

Lemma 16. If x ¢ HEAVY then Pry.p[Forced(z, )] is at least
Sk- + ECHEAVYCHILD 6(1‘, HEAVY) — 0(1)

where e(x, HEAVY) is the number of arcs (xz,y) with y € HEAVY and cupayyCump =
fol ’y(r)P,gk) (1 - QW) dr, which only depends on v and k but not on k'.

It is well-known from the theory of Galton-Watson branching processes that Q&k) <1

for all » < % and therefore Pr(k) (1 — ﬁk)) > 0 on the interval [O, %} Thus, it

is easy to choose some function v and some € > 0 such that D/ is a distribution and
cupavyCuip > 0. The exact shape of + is not important in this part of the paper, where
we only aim to show that some improvement is possible; when trying to prove a substantial
improvement for k = 3, we will choose v more carefully.

Proof of Lemma 16. Let y1,...,yr_1 be the labels of the children of the root of T, and
T; be the subtree of T, rooted at y;. Similar to the proof of Lemma 7 in [8], we can
assume that all nodes of T, have distinct variable labels. Also, for every variable z ¢
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{y1,...,yk—1}, it holds that Pr[m(z) < r] > r. This means we can assume (pessimistically)
that 7(z) is uniform over [0,1]. Since all labels are distinct, we have Pr[Cut,(T;)] =
122} Pr[wCut,(T;)] and

PriwCut, (Ty,)] = Prr(y;) < r] V Pr[Cut,(T;)]
= (r + ey(r)[y; € HEAVY]) V Pr[Cut,(T;)]
[

v

(r 4+ ey(r)[y; € HEAVY]) V (Q) — 0(1))

=71+ ey(r)[yi € HEAVY] + (1 — 7 — ey(r)[y; € HEAVY]) (@, — 0o(1))
=r+(1—-7)Q, +ey(r)(1 — Q)[y; € HEAVY] — 0(1)

=P +ey(r)(1 — Qr)yi € HEAVY] — 0o(1) .

Therefore,

Pr[Cut,(T})] > H (P, 4+ ev(r)(1 — Q,)[y € HEAVY]) — o(1)

D+ )T ey(r)P(1 - Qr)ly € HEAVY] — 0(1)

Yyx—y

=Qr +ey(r)Pr (1 — Qr)e(x, HEAVY) — o(1) .

Since 7(x) is uniform over [0, 1], the lemma follows from integrating the above expression
over [0, 1]. O

We can prove Theorem 14 by summing over all variables. First, observe that e(V \
HEeAVY, HEAVY) = e(V, HEAVY) — e(HEAVY, HEAVY) > indeg(HEAVY) — e(HEAVY, V) >
indeg(HEAVY) — k|HEAVY|, and therefore (ignoring the o(1) term for notational conve-
nience)

> ey Prp[Forced(z, m)] — s n

€

> —CHEAVY|HEAVY| + CHeavyYCHILD Z e(x, HEAVY) - O(n)
cZHEAVY

—CHpavy| HEAVY| + cpavycrpe(V \ HEAVY, HEAVY)
—CHpavy| HEAVY| + CHpavyCrp (indeg(HEAVY) — k|HEAVY])

CHEAVYCHILD indeg(HEAVY) - (CHEAVY + kCHEAVYCHILD)’HEAVY|

CHravy + ECHEavYCHILD .
(CHEA\/YCHILD - i indeg(HEAVY) ,

v

where the last inequality follows from the fact that indeg(HEAVY) > K'|HEAVY|. Since
neither cypavy NOT CHpavyCHp depend on &/, we can choose k' sufficiently large and make
sure the expression in the parenthesis is some ¢ > 0. This shows that Ep[Forced(w)] >
sgn — o(n) + ecindeg(HEAVY). Finally, using (2), we see that

—log, Pr[PPSZ succeeds] < n — sgn + o(n) — e cindeg(HEAVY) + KL(D||U) .

Since all values 7(z) are independent under both D and U, the Kullback-Leibler diver-
gence becomes additive, and KL(D||U) = KL(D!||Ujp 1)) - [HEAVY|, where Ujgy) is the
uniform distribution on [0, 1].

Proposition 17. KL(D{||Ujg 1)) < logy(e) €U for ¥ := fol & (r) dr

11



Proof. We abbreviate t := €p(r). By definition of KL for continuous distributions, we
have

1n(2)KL(DZ):/01(1+t)1n(1+t)dr§/ 1+ttdr—/ tdr—i—/ 2dr = ¢ / ®2(r

where the last equality follows from fo r)dr =~(1) —~(0) =

By choosing e sufficiently small (depending only on ~ and k) we can ensure that
e cindeg(HEAVY) — logy(e) €2V = cponusHeavy indeg(HEAVY) for some cgonustpavy > 0.
Thus, —logy Pr[PPSZ succeeds] < n — spn + o(n) — conusHeavyindeg(HEAVY), which
proves Theorem 14. ]

4.2 Privileged variables—when Pr[Forced(z, )] is already larger

There are some abnormal cases that will interfere with our analysis below. Luckily, all
those cases will imply that the variables involved already have a substantially higher
probability of being forced.

Definition 18. A variable x is called privileged if (1) x has at least two critical clauses or
it has a critical clause tree T, such that (2) there is a variable y that appears simultaneously
at depth 1 and 2 or (3) T, has fewer than (k — 1)? nodes at depth 2. Let PRIVILEGED be
the set of all privileged variables.

Lemma 19. There is some cpriviLecen > 0, depending only on k, such that Pr[Forced(z, )]
Sk + cpriviLecep — 0(1) for all privileged variables x, where o(1) converges to 0 as w grows.

See Lemma A.2 in the appendix for a proof. The proof is rather straightforward. It
uses some concepts and techniques we will extensively rely on in our analysis for 3-SAT.
Thus, the reader who plans to venture into the 3-SAT analysis might just as well start by
reading the proof of the above lemma.

4.3 The almost regular case

Theorem 14 already gives us an exponential improvement over the old analysis of PPSZ
provided that indeg(HEAVY) is large (linear in n). In this section, we will come up with
a corresponding bound that works well if indeg(HEAVY) is small. The final bound will
then follow from a meet-in-the-middle argument.

Lemma 20. There is a collection G of canonical critical clauses such that no two clauses
in G share a variable and |G| > %S{EAW). Here, k' is the parameter chosen in the

definition of HEAVY.

Proof. Let C be the set of all canonical critical clauses. Greedily pick a clause C' € C,
add it to G, and delete from C all clauses C” that share a variable with C' (this obviously
includes C itself). Repeat this step for as long as possible.

How many clauses does each step remove from C? Let x1, ...,z denote the variables
of C'. For sure we remove the canonical critical clauses of z1,...,zr. Additionally, we
remove, for each 1 < ¢ < k, all canonical critical clauses containing Z;. This removes
at most a total of k + 3, c (o) indeg(z) clauses. Thus, the total number of canonical
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critical clauses removed in this process is at most

Z k+ Z indeg(x)

ceG z€var(C)
<IGE+Y S Y (K =1+ > > deg,(z)
Ceq gevar(C) CeG zevar(C)
rZHEAVY reHEAVY

<|G|k + |G|k(K' — 1) + indeg(HEAVY) = |G|kk' + indeg(HEAVY) .

On the other hand, the process ends when all clauses have been removed. Since there are
exactly n canonical critical clauses, it removes exactly n clauses, and therefore |G|kk" +
indeg(HEAVY) > n. Solving for |G| proves the lemma. O

We take a set G of canonical critical clauses as guaranteed by the lemma. We form
a collection M’ of disjoint pairs of variables by selecting, for each C' € G, two negative
literals 7,z € C and adding {y,z} to M’.> Call = a parent of {y,z} if the canonical
critical clause of x contains the literals 4 and Z. Note that this name makes sense since
in the canonical critical clause tree T, of z, the root has two children with labels y and
z, respectively. Every {y,z} € M’ has at least one parent. We form a final collection
M C M’ of pairs by removing each pair {y, z} with parent = from M’ if at least one of
x,y, z is in PRIVILEGED. Each privileged variable x is “responsible” for the removal of at
most two elements from M’: one if the canonical clause of x happens to be in G; one if
there is some 2’ with {z,2'} € M’. Therefore,

n — indeg(HEAVY)
kE'
We denote the set of all parents x of some {y, z} € M by PARENTM.

|M| > — 2 |PRIVILEGED| . (3)

Theorem 21. For every ¢ > 0 and k > 3 there is some ¢ > 0 such that if |[M| > cn then
Pr[PPSZ succeeds] > 2" +sknten—o(l),

From here, the proof of Theorem 5 is simple. Let ¢; be a small constant, depending
on k. If |indeg(HEAVY)| > ¢in then we can apply Theorem 14. If |PRIVILEGED| > cin
we can apply Lemma 19. Otherwise, (3) implies that |M| > con for some ¢y depending
on ¢; and k, and co > 0 if ¢; is small enough. We can now apply Theorem 21 and are
done. This proves Theorem 5. It remains to prove Theorem 21.

Proof of Theorem 21. The upshot of Lemma 19 and Theorem 14 is that the success prob-
ability of PPSZ is exponentially larger than 27"k if at least one of |PRIVILEGED| and
indeg(HEAVY) has size Q(n). If this is not the case, then we can assume that |PRIVILEGED|
is very small, and that | M| is of size Q(n), by Lemma 20. At first reading of what follows,
it might even be helpful to think of PRIVILEGED as being empty.

4.4 Using disjoint pairs to define a distribution

We choose some p < %, to be determined later. Define + : [0,1] — ]R(')F by

r(p—r) ifr<p
() = .
0 if r>p.

3For k = 3, the clause C contains exactly two negative literals; for larger k, we select two literals
arbitrarily.
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Let ¢ := 7' and extend this via ¢(p) := —p. Observe that ¢mi, := min,¢jo 1] d(r) = —p.
We fix some € > 0. Let D™ be the distribution on [0,1] x [0,1] whose density at (r, s)
is 14 ep(r)p(s). This really is a density, provided that 1 + ep(r)¢(s) > 0 for all r and
s. Let D be the distribution on placements that samples (7(y),7(z)) ~ D" for each
{y, z} € M and samples m(x) € [0, 1] uniformly for each remaining variable. All samplings
are done independently. We define § = 0(7) := €|¢min|7(r) = €py(r).

Lemma 22. Let r € [0,1]. Then
lf;r[Cut(Tx) | m(z) =r] > Qr — DAMAGE(r) + BENEFIT(7) - 1zeparentm — 0(1)

where

DAMAGE(r) = (k — 1)(1 — r) P25 (4)
BENEFIT(r) := ev*(r)(1 — Q,)2PF 3 . (5)

T

and the o(1) converges to 0 as h grows.

Proof. The proof works by constructing an easy-to-analyze tree and distribution that
serve as a pessimistic estimate for Cut, (7). First, we make a simple but important
observation about M and the labels in T):

Observation 23. Let u be a node of depth 1 in T, and y = varlabel(u). Then {z,y} & M.

Proof. Suppose {z,y} € M, for the sake of contradiction, and let a be their parent. So T,
contains two nodes X, Y at depth 1 with labels x and y, respectively. What is the clause
label Cx of node X in 1,7 First, if it is C,, the canonical critical clause of x, then X has
a child with label y, since y € C,. Second, if it is not C, but is some critical clause, it
must be a critical clause for x or a, meaning that x or a has at least two critical clauses.
Third, if Cx is not a critical clause, then Cx has at most k — 2 negative literals and X
has at most k — 2 children. In either case, at least one of a and z is privileged, meaning
we would have eliminated {x,y} from M. This is a contradiction. O

This observation has two important consequences:

Observation 24. Suppose x ¢ PARENTM and let yi,...,yr_1 be the labels of the depth-
1-nodes in T,,. Then 7w(x),7(y1),...,m(yx—1) are independent and uniform under D.

Observation 25. Suppose x € PARENTM is a parent of {y,z} € M. Lety,z,v1,...,Vk_3
be the labels of the depth-1-nodes in T,. Then 7(x),(w(y),n(2)),n(v1),...,m(vk_3) are
independent under D, the pair (7w(y),n(2)) has distribution DZ’D, and the other k — 2
variables are uniform over [0, 1].

The upshot is that we completely understand the distribution of 7(l) for the labels
on the level 0 and 1 of T;.. Starting from level 2 downwards, the distribution can become
complicated, so we resort to a pessimistic estimate:

Observation 26. Let v be a variable and let 7 : V\{v} — [0, 1] be a particular placement
of all other variables. Let r € [0,1]. Then Prp[r(v) < r | 7] > r =4, for § = d(r) :=
€’¢minh(r>'

Proof. If v is not contained in any pair of M, then Prp[n(v) <r |7] =7r. If {v,w} € M
then Prplm(v) < r [7] = Pry,o[r(v) < r [|[r(w) = 7(w)] = 7+ ey(r)o(r(w)) > r —
€’¢min‘7(r>' O
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4.5 Two pessimistic distributions

Fix r € [0,1] and let T be the complete infinite (kK — 1)-ary tree in which all labels
are distinct. Since all the labels are distinct, we take the liberty of writing 7(v) instead
of w(varlabel(v)) for a node v in T°°. We specify two distributions Djy; and Dj; on
placements L — [0, 1]. First, we set Pr[n(v) < r| := r — ¢ under both Dy; and D, for all
nodes v of depth at least 2 in T°°. Second, we let y1, ..., yr_1 be the nodes of depth 1 in
T°° and sample all 7(y;) € [0, 1] uniformly and independently under Dy;. Under Dy, we
sample 7(ys,...,yk—1) uniformly and independently but sample (7(y1),7(y2)) ~ D"
This does not fully specify a distribution on placements L — [0, 1] but it does specify the
joint distribution of the events [m(v) < r]. Since we are only interested in Pr[Cut,(7%)],
this is enough. Note that we also do not need to specify a distribution for 7(x).

Observation 27. If v ¢ M then Pr[Cut(T;) | 7(x) = r| > Prp[Cut,.(T*)] — o(1). If
x € M then Pr[Cut(Ty) | m(x) = r] > Prp,, [Cut,(T°°)] — o(1).

The o(1)-term comes from the fact that 7T, is a critical clause tree of of height h,
whereas T°° is an infinite tree.

Proposition 28. Prp,, [Cut,(T)] > Prp [Cut,.(T°°)] + BENEFIT(7) for BENEFIT(r) =
ey (r)(1 — Q)2 PE=3 as defined in (5).

Proof. Let T1,...,Tr_1 be the subtrees of T°° rooted at the nodes of depth 1. Let
7 : L\ {y1,y2} be a partial placement. Observe that the distribution of 7 is the same
under Dy and Dy;. We call 7 critical if Cut,(71) and Cut,(72) do not happen but
wCut,(T3),...,wCut,(Tx_1) do happen. Note that this can be determined by looking at
7 alone. Furthermore, Prp,, [Cut,(T°°) | 7] = Prp[Cut,(T*) | 7] if 7 is not critical.
This follows from the fact that the marginal distributions of 7(y1) and 7 (y2) are uniform
under Dj,s. If 7 is critical then

Pr[Cut,(T*) | 7] = Prn(y1) < rAn(y2) <r| = r?,
Dy Dy

lf)’ﬂl; [Cut,.(T°) | 7] = lf;]\l/} [m(y1) <rAz(y2) <r|= r? 4+ 6’}/2(7“) .

The probability that 7 is critical is

k—1
Pr[~Cut,(T})] - Pr[~Cut,(T3)] - [ [ Pr[wCut,(T)] > (1 - Q,)*P}}
=3

and therefore

gr [Cut,(T°)] = Pr[Cut,(T™)] + ey*(r) Pr[r is critical]
M V]

M
> IF)’r [Cut, (T>)] + ev*(r)(1 — QT)QPf:g’ .

i
This completes the proof. ]
Proposition 29. Prp[Cut,.(T°)] > Q, — DAMAGE(r) for DAMAGE(r) = (k — 1)(1 —
r)PE=26Q". as defined in (4).
Proof. If r > £=2 then § = 0, DAMAGE = 0, and Pr[r(v) < r] = r for every node v in
T°°. Both sides of the inequality evaluate to 1.
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Otherwise, let 11, ...,Tr_1 be the subtrees of T rooted at the depth-1-nodes of T°°.
Since Prp [7(v) < r] = — 0 for all nodes v of T of depth 2 or greater, it holds that

Prp [Cut,(T;)] = Qr—s for 1 <4 <k — 1. Since @, is convex on [0, %}, this is at least
Q, — 0Q... Next,

Pr[wCut,(T})] = v Pr(Cut(T)] = 1V (Q: — 6@})

Dy
:7"‘1'(1_7“)(627’_5@;’) :Pr_(l_r)dQ;”
(1 0=

P,
and
k—1
Pr [Cut, (T*°)] = Pr [wCut,. (T;
M[ (T*)] ZH1 DM[ (T3)]
_ 1—r)Q) k-l
= (1550
~ pet (= D01 =100
> by 2
=Qr— (k—=1)(1—r)P?5Q; .
This completes the proof. O

From here on, we estimate for + ¢ PARENTM:

lz)r[Cut(Tx) | m(z) =7r] > [1)3;1 [Cut,.(T°°)] — o(1) (by Observation 27)

> @r — DAMAGE(r) — o(1) (by Proposition 29)
and for x € PARENTM:

%r[Cut(Tm) | m(z) =7] > 11)31{1 [Cut, (T°°)] — o(1) (by Observation 27)

>+ 51: [Cut,(T°°)] + BENEFIT(r) — o(1)  (by Proposition 28)

M
> Qr — DAMAGE(r) 4+ BENEFIT(r) — o(1) .
( by Proposition 29)

This concludes the proof of Lemma 22. O

We obtain a lower bound on Prp[Cut(T})] by integrating the bound in Lemma 22
over 7:

Pr[Cut(T,)] > sy — DAMAGE + BENEFIT - 1,cpareneit — 0(1) (6)

where DAMAGE = fol DAMAGE(r) dr and BENEFIT = fol BENEFIT(r) dr. To simplify the
integration, we will first give an upper bound on DAMAGE(r) and a lower bound on
BENEFIT(7).

Proposition 30. The following bounds hold:
DAMAGE < O(ep?*) (7)
BENEFIT > Q(ep*t1) | (8)

where the O hides factors depending solely on k and terms of order p* for a > 2k + 1,
and the Q hides factors depending solely on k and terms of order p® for b > k + 2.
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Proof. We remind the reader of the definitions of DAMAGE and BENEFIT in (4) and (5):
)(1—7r)Pi%6Q,

2 pk—3
(1 - Qr) Pr—6

DAMAGE(r) = (k-1
BENEFIT(1) = ev%(r)
Both BENEFIT(r) and DAMAGE(r) vanish for r > p. Thus, we can replace fol by [. We
will first bound BENEFIT(7). On the interval [0, p], y(r) =r(p—r),and 1 - Q, > 1 —Q,,
and P._5 >r—0 =1r(1—¢€p(p—r1)). Therefore,

BENEFIT(r) > er?(p — 7)2(1 — Q,)%r* 3 (1 — ep(p — )" 3

for sufficiently small € and p (smaller than a value depending solely on k). Integrating
this over r € [0, p] shows (8).

Next, we bound DAMAGE(r) from above. It holds that r < P, < %r, where the first

inequality follows immediately from P, = r V @,, and the second follows from the fact
that P, is convex on [0, %}, Py =0, and Pr—> = 1. Third, we compute Q.. = (P*~1) =
k—1

k—2
(k—1)PF2P/ < (k—1) (%) r*=2P!. To bound P/, observe again that P! < P}_,,

k—1
where Pj,_, is the left derivative since P, is not differentiable at r = % To determine
-1

the left derivative, recall that P = P, satisfies the equation

P=Pl4 - Py
and therefore

p— pt-l

r=r(P)= T prT -

For P — 1, the derivative of P + r(P) converges to % (compute the derivative of r(P)

and apply ’'Hopital’s rule twice; then substitute P = 1). Thus, for r — %, the derivative

T 2
Altogether,

k—2
P! converges to the inverse thereof, to % Thus, Q). < (k—1) (%) Tk_z%.

DAMAGE(r) = (k — 1)(1 — r)P*=25Q".

B k—2 _ k—2 _
<(k—1)(1—7) (Z_;) r*2epr(p—r)(k—1) <k1) Tk_ﬂ(:_zl)

= Cre(1 = r)r**p(p— 1)
for some constant Cj, depending only on k. Integrating over r € [0, p| yields (7). O

Combining (6) with the bounds (7) and (8) and summing over all z € V| we obtain

> Pr{Cut(Ty)] > spn — O(ep™ )n + Qep* | M| — o(n) . (9)
zeV

Finally, to bound the success probability of PPSZ using the distribution D, we need
to bound KL(D||U) from above. By additivity of KL, we see that KL(D||U) = |M]| -
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KL(D?M||JUD), where U™ denotes the uniform distribution on [0, 1] x [0,1]. The density
of DYY at r,sis 1+ ed(r)¢p(s), and therefore

(1 +ep(r)p(s)) In(1 + ep(r)d(s)) ds dr

Thus, using (2), we conclude that the success probability of PPSZ is 277 +sknteain where
gain > Q(ep" )| M| — O(26%) | M| — O(ep™)n .

Choosing € = p*~3, this is Q(p?*~2)|M| — O(p**~3)n. Thus, if [M| > cn, we can choose
a sufficiently small p, depending on k and ¢, and make it become at least sin + ¢'n, for
some constant ¢’ depending on ¢ and k. This concludes the proof of Theorem 21. O

5 OQOutline of the case k =3

For k = 3 we significantly refine the above approach. The proof of Theorem 6 will be
quite tedious, involving several numerical calculations. In this section, we sketch the ideas
that qualitatively differ from our proof above.

First, we turn things in the “highly irregular case” somewhat upside down. Rather
than pulling heavy variables towards the front of 7, we will push “light” variables towards
the back. A variable x is “light” if the negative literal Z occurs in fewer than two canonical
critical clauses. This is more powerful but requires a series of counter-measures to balance
beneficial and detrimental effects.

Second, we refine our crude notion of “privileged variables”. For two variables y, z we
define a quantity called LABELDENSITY(z, T},), which measures how often and where the
variable z appears in the canonical critical clause tree T}, of y. Roughly speaking, this
counts all nodes of T}, that have label z but discounts a node at depth d by a factor e,
The idea then is if (xVV gV Z) is the canonical critical clause of x and LABELDENSITY (2, T}))
is large, we expect every node u of T, with label z to correspond to a node v’ of T of
label z, and dr, (u) = dr,(u) + 1, since we expect T} to contain a subtree (more or less)
isomorphic to Tj. Introducing a positive correlation between 7(y) and 7(z) will increase
Pr[Cut(T},)] but will decrease Pr[Cut(T;)] whenever y appears as an ancestor of z (or
vice versa) in Tg. It turns out that the damage to Pr[Cut(7,)] is roughly proportional
to LABELDENSITY (2, T}); if this is small, we decide to live with the damage. If it is too
large, we argue that the ubiquity of label z in T, already ensures that Pr[Cut(7})] is
larger than s3. This bonus is again proportional to LABELDENSITY(2,T},), and thus this
lends itself to a meet-in-the-middle argument.

Third, and maybe most interestingly, we do not require that the pairs {y,z} € M,
on which we introduce positive correlation, be disjoint, but allow them to overlap. This
means that M forms the edge set of a graph. We can introduce appropriate positive
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correlations as long as this graph consists of small paths and cycles. For this, we define
a distribution on functions © : V(G) — [0,1] such that (7(u),7(v)) follow some pre-
described distribution D" whenever {u, v} is an edge of G but 7(u) is still uniform over
[0,1] even when we condition on the values of all non-neighbors of u. The existence of
such a distribution is somewhat surprising but can in fact be described by a very simple
formula.

5.1 Canonical nodes and clause tree similarity

Recall the definition of TwoCC, the set of variables that have two or more critical clauses.
For k = 3, we will slightly generalize this definition, for technical reasons.

Definition 31. Let E be the CNF formula F plus all 3-clauses that can be inferred from
pairs of 3-clauses of F; for example, if F contains (x vV §V z) and (aV ZV §), then F
additionally contains (aV yV z). Let TwoCC be the set of variables that contain at least
two critical clauses in F.

Note that we could easily adapt PPSZ to add all those clauses in a pre-processing step;
in fact, in its original wording in [3], the algorithm does perform a pre-processing step,
adding all clauses which can be derived by resolution of bounded width. However, since
we stated PPSZ in terms of w-implication rather than in terms of small-width resolution
(these two versions are called weak and strong PPSZ, respectively), and we promised not
to change the algorithm at all, we are not allowed to add a pre-processing step. Still,
note that the w-implication mechanism emulates it: if something is w-implied by F, it is
2w-implied by F'; thus, simply increasing w by a factor of two subsumes this preprocessing
step.

Next, we classify each node in a critical clause tree as canonical or non-canonical. Let
u be a node in the critical clause tree T, and let root(7,) = wug,u1,...,uqg = v be the
path from the root to v, and let z; := varlabel(u;), so zgp = x. Furthermore, let C; be the
clause label of u;.

Definition 32 (Canonical nodes). The node u in T is called a canonical node if for all
0<i<d, (1) z; € TwoCC and (2) the clause label of u; is the canonical critical clause
of z;. Otherwise, we call u a non-canonical node. We denote the set of canonical nodes
of T, by Can(Ty).

Note that all ancestors of a canonical node are canonical. The notion of canonical
nodes is important because the canonical part of critical clause trees looks similar:

Lemma 33 (CCT similarity lemma). Let T, be the canonical critical clause tree for Ty,
u a node in Ty, v a descendant of w in Ty, and a := varlabel(u), b := varlabel(v). If v
is canonical in Ty, then there is a corresponding node v' in T,, the canonical clause tree
of variable a, and the path from w to v has the same variable label sequence as the path
from root(T,) to v' in T,. In particular, varlabel(v') = b. Furthermore, v' is canonical.
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CCT similarity: if the bold node of T, with label b is canonical, then T, contains a
“copy” p’ of p with the same variable and clause labels.

The lemma is restated and proved as Lemma A.l in the appendix.

6 Almost regular and highly irregular formulas

Recall the critical clause digraph CCG defined in Section 4.1: its vertex set is V', the set
of variables; for every variable x, if the canonical critical clause of z is (z V gy V z), we
create arcs (x,y) and (x,z). Each vertex (variable) has out-degree 2, giving a total of
2n arcs. It also has average in-degree 2, although some variables might have in-degree
0, 1, or 3 or more. For i € Ny, let ID; be the set of variables = with deg;,(x) = i. Let
IDOJ = IDy U ID;.

We define the sibling graph SG = (V, E), an undirected multigraph on the set of
variables V: for every x € V, let (x V3 V Z) be its canonical critical clause. We add the
edge {y, z} to E. Note that |E| = n (counting parallel edges by their multiplicity). What
is deg(y)? It is the number of variables = in whose canonical critical clause y appears;
thus, it is deg;,(y), its in-degree in the (directed) critical clause graph. The next lemma
is a more precise version of Lemma 20.

Lemma 34. There is a set H C E(SG) of mazimum degree 2 (i.e., H consists of paths
and cycles) with |H| > n — |ID1| — 2 [IDg].

See Lemma A.3 in the appendix for a proof. From here on, our path is as follows: we
distinguish between the “almost regular” case, when |ID;| + 2|IDg| is small, the sibling
graph SG = (V,E) is “almost 2-regular”, and we can find a large maximum-degree-
2 subgraph (V, H); and the “highly irregular” case, when [ID;| 4 2|IDg| is large. In
either case, we define an appropriate make-believe distribution D and show that PPSZ
outperforms its earlier analysis. The particular definition of D relies on the set H C
E(SG) in the almost regular case and on the sets IDg and ID; in the highly irregular
case. Note that H,IDg,ID; are by themselves hard to compute.*

Theorem 35 (PPSZ on almost regular formulas). Let H C E(SG) be a subset of edges
of the sibling graph such that (V, H) has mazximum degree 2. Then the success probability
of PPSZ is at least 2~ "Hssntgaini—o(n) gy

s |H | n
a, —_— — .
SML = 10118~ 41391

4To be honest, we have not formally proved hardness; but it seems plausible that even deciding whether
a particular clause is a critical clause is coNP-hard.
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Theorem 36 (PPSZ on highly irregular formulas). The success probability of PPSZ is
at least 2~ "tssntgaing—o(n)

[TD1| + 2 |IDy|

1 >
atly = 1380 )

where ID; is the set of variables with in-degree ¢ in the critical clause graph.

. ID;|+2|ID . .
We define irr := w as a measure of how irregular the critical clause graph

is. Combining the two theorems, we see that the success probability of PPSZ is at least
2—n+83n+gain—o(n)7 for

|H|/n 1 irr >

Sl = e <10118 41391° 1380

1 —irr 1 irr
> . _
= Tomax < 10118 41391° 1380> (by Lemma 34)
n
> .
= 15218

Thus, the success probability of PPSZ is at least € (1.306973~"), which proves Theo-
rem 6.

6.1 Intuition behind the proofs

The proofs of Theorem 35 and Theorem 36 are both rather technical, involving lots of
calculations, but rest on a handful of simple ideas. To understand the idea behind the
proof of Theorem 36, suppose we sample 7(x) not uniformly but from some distribution
D under which 7(x) tends to be larger; that is, x tends to come later in the permutation.
This increases Pr[Cut(T})] but decreases Pr[Cut(7},)] for all critical clause trees T, where
x appears as a non-root label. If € IDg 1, there should not be too many of those: after
all, there is at most one a with (a,z) € E(CCG). However, although we know that = has
at most one “parent” in CC'G, we have no control over the number of “grandparents”, i.e.,
variables b with (b, a), (a,z) € E(CCG). To remedy the detrimental effect on T}, we make
sure that 7(a) tends to be a bit smaller than under the uniform distribution. Overall,
we choose these biases such that the effect on T}, is beneficial (it increases Pr[Cut(T3)]),
a bit detrimental on T,, and neutral on T;. It turns out that the beneficial effect on T
is larger than the detrimental effect on T,. And since there is at most one such a (since
x € IDg 1), the overall net effect is beneficial.

The idea behind the proof of Theorem 35 is more complex. We choose the distribution
D such that, whenever {y, z} € H, the pair (7(y), 7(z)) are positively correlated but both
marginal distributions are uniform over [0, 1]. If x V § V Z is the canonical critical clause
of z, this turns out to increase Pr[Cut(7,)] by some amount. Unfortunately, if y appears
“above” z in some other critical clause tree T, the effect is detrimental, i.e., it decreases
Pr[Cut(T,)]. We have to resort to a meet-in-the-middle argument: if Tj, includes only few
positively correlated ancestor-descendant pairs with labels y, z, the detrimental effect will
be small; if there are many such pairs in Ty, then T, will contain many, too, meaning the
label z appears often in T,,. We can show that this has a beneficial effect on T,. Of course,
we have to add those effects for all pairs {y, 2z} € H. We are lucky: the detrimental effects
turn out to be roughly additive, while the beneficial effects are roughly super-additive.

The next two sections are devoted to prove Theorem 35 (Section 7) and Theorem 36
(Section 8). We should note that Theorem 35 is much more difficult to prove; however,
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we feel that the “almost regular case” is the more interesting one, also closer to what we
suspect are worst-case instances. Therefore, we decide to prove Theorem 35 first.

7 The regular case: if H is large

This section contains the proof of Theorem 35. Recall the set H in the theorem, a set
of edges in the sibling graph with that (V, H) has maximum degree 2. Also, recall the
definition of TwoCC C V, the set of variables that have two or more critical clauses. We
say an edge {y, z} in the sibling graph is TwoCC-free if y ¢ TwoCC and z ¢ TwoCC and,
for all x € V whose canonical critical clause is (zV gV z), also € TwoCC. Let Hgee € H
be the set of all TwoCC-free edges in H.

Observation 37. |Hgee| > |H| — 3 |TwoCC].

Indeed, let € TwoCC and (z VgV z) be its critical clause. The variable z is respon-
sible for at most three edges of H becoming “un-free”: {y,z} (if this happens to be in
H), and {x, 2’} for each of the at most two neighbors ' of x in H.

7.1 Label Density

Let y, z be variables and T, the critical clause tree of y. We need some way to quantita-
tively measure how prominently z features in T},. To this end, we define the label density
of z in T,, denoted LABELDENSITY(2,T}), by

1—27)?
LABELDENSITY (2, Ty, 7) i= Y A=20)7 e+ (10)

(1—r)3
veCan(Ty)
varlabel(v)=z

1/2
LABELDENSITY(2,Ty) 1= / LABELDENSITY (2, Ty, ) dr , (11)
0

where d(v) := dr,(v) is the depth of v in T}, (i.e., the distance from v to the root of T}).
Note that the sum in (10) goes over all canonical nodes of T, whose variable label is z.
We choose some threshold THR > 0. Our final choice will be THR := W = ﬁ.
Using THR and the notion of label density, we define disjoint subsets of Hpe. called Hyigh,
Hioy, and Hyest: For each edge {y, 2} € Hpgee such that LABELDENSITY(2,T,) > THR
or LABELDENSITY(y, T,) > THR, insert {y, z} into Hpign. Next, for each {y, 2} € Hyign,
assume without loss of generality that LABELDENSITY(2,T,) > THR; note that there is
at most one other edge {z,2'} € Hyee; if there is one, add this edge {z, 2’} to Hyest- The
set Hiee \ Hhigh \ Hrest consists of cycles and paths and has at least |Hiree| — 2 |Hhigh
edges, since |Hyest| < |Hhign|; We can remove a 1—18—fraction of Hiree \ Hhigh \ Hrest to make
sure that the remaining edges form connected components with at most 17 edges each.
Let Hioy be the set of remaining edges, and observe that

18
T |Hiow| + 2 |Hhigh| + 3 [TwoCC| > |H| (12)

Informal synopsis of what follows. We want to define a distribution D on placements
7w : V — [0,1] under which 7(y) and 7(z) are positively correlated if {y, z} € Hioy and
independent otherwise. How will this affect the probabilities Pr[Cut(T,)]? As a yardstick,
the positive correlation will boost Pr[Cut(T,)] if y, z appear as siblings in Ty, i.e., children
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of the same parent, and in particular if y, z are the children of the root. Thus, it will in
particular boost Pr[Cut(7)] when (z V gV z) is the canonical critical clause of z. It will
be straightforward to quantify this boost.

The are two challenges to this approach. First, the positive correlation between 7(y)
and 7(z) will decrease Pr[Cut(T,)] if y is an ancestor of z in T, (to be more precise, if
there are nodes u,v in T, with varlabel(u) = y and varlabel(v) = z), or vice versa. The
magnitude of this detrimental effect will be stronger the closer v is to the root of T,.
This points to a way to bound this effect: if u has not one but many descendants with
label z, then we will see that the label z appears very frequently in T}, too (formalized in
the CCT similarity lemma, Lemma 33; this in turn means that LABELDENSITY(z,T})) is
large; if it is greater than THR then {y, 2z} is in Hpign, so m(y), 7(z) are independent. In
this case, we will show that Pr[Cut(T},)] gets a direct boost from z appearing very often
in T,.

The second problem is that we want 7(y), 7(z) to be independent if {y, 2} & Hjow. The
naive approach would be to make sure Hjqy is a set of paths and then, on each Hjyy-path
xo, . . ., Ty, make the 7(x;) form a Markov chain such that 7(z;—1) and 7(x;) are positively
correlated in the way we want. This approach has two drawbacks; first, 7(y) and 7(z)
will be dependent whenever y, z lie on the same H-path; second, if the original Hj, is a
set of 3-cycles, for example, we would lose 1/3 of all edges to make sure it becomes a set
of paths. This approach is possible but makes us lose quite a bit of oomph. Instead, we
define a “not-quite Markov chain”; given a distribution D5 on [0,1] x [0, 1] and a graph G,
we define a distribution D¢ on functions 7 : V/(G) — [0, 1] such that 7(u), 7(v) follow Dy
if {u,v} € E and are independent and uniform if not. The distribution D¢g will possess
all the independence properties we need. However, it works only if the number of edges
in GG is small enough. For our choice of Dy, “small enough” means “at most 17”. This is
why we make sure that every connected component of Hy, has at most 17 edges.

For the rest of this section, we will do five things: in Section 7.2 we define the dis-
tribution D; in Sections 7.3 and 7.4 we bound the detrimental effects should z be a
descendant of y in some other critical clause tree T,; Section 7.5 quantifies how much the
positive correlation of 7(y) and 7(z) boosts Pr[Cut(7;)] ; Section 7.6 quantifies the boost
to Pr[Cut(T})] if LABELDENSITY (%, T})) is large; Section 7.7 analyzes the cut probability
of T, if x € TwoCC; finally, in Section 7.8, we put the bounds of the four earlier sections
together and prove Theorem 35.

7.2 The distribution D on placements 7 :V — [0, 1]

Let v : [0,1] — Ry be a continuous function with (0) = (1) = 0. Let ¢ := 4/ be its
derivative. We are fine with ~ failing to be differentiable, as long as this happens for only
a constant number of points. For example, v may be piecewise linear.

7.2.1 D" on [0,1] x [0,1]

Definition 38. For ¢ € R, let D! be the distribution on [0,1] with probability density
L+ €¢(r) and cumulative probability distribution Prx pr[X < 1] =17+ ey(r). Let D-
be the distribution on [0,1] x [0,1] whose density at (x,y) is 1 + ed(z)P(y).

Note that fol ¢(x)dx = v(1) = 0 and therefore 1+ ep(z) and 1+ ep(z)p(y) are indeed
probability densities, provided that they are non-negative for all values z, y.

Proposition 39. Suppose (X,Y) ~ DY andr e [0,1]. Then
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1. Pr[X <] =r and similarly Pr[Y <r|=r.
2. PriX)Y <] =72+ ey?(r).
3. PrX <r|Y =0b=r+ep(b)y(r) .

4. Pr[X<r|Y2r]:r—M.

1—r

The proof of this proposition is straightforward. In our application, we choose

3/2
() = {r(l 273/ ?fr <1/2, (13)
0 if r>1/2.
Note that (r) is continuous differentiable, and ¢(r) := +/(r) is continuous. One checks
that —1/v/5 < ¢(r) < 1 for all r € [0,1]. We will also choose some ¢ < 0.13, and
thus 1 + eg(z) and 1 + ep(x)p(y) are really probability density functions on [0, 1] and
[0,1] x [0,1]. Still, we will try to keep definitions and statements as general as possible;
if something only holds for this particular choice of v(r), we will explicitly say so.

7.2.2 DC: Extending DI to paths and cycles

Our goal is to define a distribution D on placements m : V(Hjow) — [0, 1] such that
(m(y), 7(2)) ~ DI whenever {y, z} € V(Hyoy), and “somewhat independent” otherwise.
The obvious way to do so would be to make Hj,, a collection of paths (by removing
one edge per cycle) and, for each path wy,...,u;, define a Markov chain by sampling
xo € [0,1] uniformly at random and x; from [0, 1] with density f(x;) := 1+ ep(zi—1)d(z;),
then setting m(u;) := x;. This has two drawbacks: first of all, it is not clear how to build a
Markov chain on a cycle; second, non-neighbors like z; and x;_o will not be independent;
these “second-degree dependencies” can in theory be dealt with but turn out to be very
nasty in practice.

Instead, we define something that could be described as a “first-degree approximation”
of a Markov chain, and which generalizes nicely to cycles and, in fact, general graphs. For
a graph G = (V, E), we define a distribution D¢ for X = (X,),ev ranging over [0,1]"
with density function

fDG(X) =1+4e Z ¢($u)¢($v) . (14)

{u,v}eE(G)

This is a density function provided that it is non-negative everywhere. For our particular
choices y(r) as defined in (13) and e < 0.13, one checks that this holds provided that
|E| < 17. For each connected component C' of H),, (which is either a path or a cycle
and has at most 17 edges) we sample 7 independently with density fpc. The following
theorem lets us compute conditional probabilities under D:

Theorem 40. Let A, C [0,1] for v € V(G) be non-empty intervals; let V(G) = K W I
and Er = {{u,v} € E | u,v € I}. Then

Z{u veE\E T,
PriX,c AL Vke K | X; € A; Vie Il = A - |1+ ’ L ,
I'[ k k | ! ] kg('u( k) ( €1+€Z{u,v}€ElTuTv

where [ is the Lebesque measure on [0,1] and Ty, := Eyea,[¢(x)], the expectation being
taken with respect to the uniform distribution on A,,.
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See Theorem B.1 in the appendix for a proof. Intuitively, the product []; . #(Ax)
is what the probability were under the uniform distribution, i.e., when € = 0; pretending
that the denominator in the fraction above is 1, the theorem basically states that the
probability of [] Ay is influenced only by edges touching K.

Corollary 41. The marginal distribution of X, under D€ is the uniform distribution; if
{u,v} € E(G), then the marginal distribution of (X, X,) under D is DI,

Proof. The first part follows from the second, by an additional marginalization step; to
see why the second part is true, we compute the marginal distribution of (X, X,) by
setting I = V \ {u,v}, Ay = [0,1] for all w € I, and A,, A, as we like; we apply the
theorem and observe that the w € I could just as well not be there: it is the same under
D@ as it would be if G consisted of a single edge {u,v}, i.e., under DQ’D. Since the
distribution of (X, X,) is characterized by the probability of sets A, x A, for A,, A,
being intervals,® this concludes the proof. O

The following corollary describes an important special case and is proved as Corol-
lary B.2 in the appendix:

Corollary 42. Let u € V(G) and A, := [0,r]; for each other v € V '\ {u}, suppose A, is
one of {r}, [0,7], [r,1], or [0,1]. Define T, = min(0,73). Then

67(7') Zv:{u,v}GE TJ

Pr(X, € A, | X, € A, for all oth >
r| | or all other v] > r + 1—2%6(|E|—1)

(15)

holds for our particular choice v(r) = r(1 — 27)%2. Furthermore, if |E(G)| < 17 and
€ < 0.13, this is at least

r+1.2ey(r) Z T, .
vi{uv}eR

7.2.3 The divergence from uniform to D¢

For this section, define mg := E[¢%(x)]. This is the d®® moment of ¢ if we view ¢(X) as
a random variable with X uniform over [0,1]. Note that m; = 0. We write fkr(e€) :=
(I—¢)In(1—¢€)+e.

Lemma 43. If |¢p(z)] < 1 for all x € [0,1] then KL(DZ||U) < 2% - fki(e). Using

In(2)
In(1 —€) < —e — €2/2, this is at most to 5 Tn(2) (2 +¢€%).

See Lemma B.3 for a proof. Next, consider the distribution D¢ described above. We
want to bound KL(D||U) in terms of € and t.

Lemma 44. Let G be a cycle or a path, consisting of at most t edges. For ~(r) =
r(1=27)32, ¢(r) =~'(r), € <0.13, and t < 17, it holds that KL(D%||U) < 0.0064 €*t.

For the curious reader who wants to experiment with different choices for (r), here
is a more general but non-rigorous version. Let ma 1= E,¢o,1] [¢2(z)]. Then KL(D||U)

2 2
should be bounded by % times something only a bit larger than 1. The “only a bit”
depends on ¢, t, and the choice of 7. See Lemma B.4 for a proof.

®Technically, we should specify that D is a probability distribution on [0, 1]V

the Borel sets; in practice, all sets we are interested in are intervals, anyway.

with the o-algebra being
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7.2.4 Using D¢ to sample placements 7

As stated before, we start sampling m ~ D by sampling it independently on every con-
nected component of Hjy. Next, for all x € V' \ TwoCC \ V(H)ey), sample 7(x) € [0, 1]
uniformly and independently. It remains to sample 7(x) for 2 € TwoCC. We define

T1waco(r) i= max (0,40r7/2(1 = 21)?) | (16)

and sample m(x) ~ DI™°CC independently for each # € TwoCC. This completes the
description of D.

Why this particular choice? Why do we choose v(r) = r (1 — 27)3/2? For one, note
that @, = Pr[Cut,(T°°)] becomes 1 for r > 1/2; thus, there is no point in distorting the
distribution of m(x) in the range [1/2,1]. Second, we need (0) = (1) = 0 otherwise
1+ ep(x)p(y) is not a density function on [0, 1] x [0,1]. So it’s a natural choice to make
v(r) = 0 for all » € [1/2,1] and thus keep m(x) uniform on [1/2,1]. Third, and least
obvious, bounding the detrimental effects that a positive correlation between 7(y) and
m(z) has on Pr[Cut,(T5)] becomes harder as r grows; for our method of bounding those
effects, we need that ¢(r) = ~/(r) vanishes at r = 1/2. The factor (1 — 27)%/? turns out
to work. In fact, the 3/2 in the exponent could be replaced by a different constant, but
1 or less would not allow us to bound the detrimental effects, and too large a constant
would reduce the beneficial effects. Other than that, we have not checked whether the
constant 3/2 is optimal, neither whether the general shape of y(r) can be improved.

As for the weird choice yrwocc(r) = 4077/ 2(1 — 27)2, it will simply turn out to be
good enough; that is, with that choice, variables in TwoCC do not make any trouble, and
the worst case of the analysis happens for TwoCC = (). Tinkering with v might very
well improve the eventual running time result; tinkering with ypwocc most likely will not.
Next, we need to bound KL(D||U).

Lemma 45. For our particular choice of v and yrwocc, € < 0.13, and every component
of Hiow having at most 17 edges, the Kullback-Leibler divergence KL(D||U) from U to D
15 at most

5
KL(D < 0.0064 €| H, - T
(D[|U) < 0.0064 €| Hiow| + 7 111(2)1'"KL(6)| woCC|

Proof. D is independent on every connected component of Hj, and on every variable
outside V (Hjoy). Since KL is additive for independent random variables, we get

KL(D||U)= Y KL(DI™c||U)+ > KL(D||U)
z€TwoCC C':connected
component of Hjgy
ma(Prwocc) 2
_—. T . 4 FE
< n(2) fxL(€)|TwoCC| + 0.0064 ¢ E |E(C)]

C':connected
component of Hjgy

by Lemma 43 and 44, where ma(¢rwocc) := fol QS?FWOCC(T) dr = 45—8 for our choice ypwocc(r) =

40r7/2(1 — 27)2. This concludes the proof. O

7.3 Disentangling the tree

Throughout this section, let z € V and (z V § V Z) be its canonical critical clause. Let L
be the left child of the root of T, and R the right child. Without loss of generality, we
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assume that varlabel(L) = y and varlabel(R) = z. Let u,v be two nodes in 7. If v is a
descendant of u and {varlabel(u), varlabel(v)} € Hjow, we say v is a subordinate of u and
write v < u.

We fix some r € [0, 1] and bound Pr[Cut,(7;)] from below. If » > 1/2 then v(r) = 0
and the events [r(z) < r] are independent and have probability r, for all variables. This
implies Pr[Cut,(7;)] > 1 — ox(1) as under the uniform distribution, by Lemma 13. Thus,
we focus on r < 1/2.

Removing correlations in 7,. Fix some r < 1/2. To make Pr[Cut,(T})] easier to
analyze, we take T, through a series of careful transformation steps, each not increasing
Pr[Cut,(T;)]. In every step, we pick a node of v of T, and give it a fresh label [,. We
have to be careful: if v < u for some nodes u in Ty, then varlabel(v) and varlabel(u) are
correlated in D, and this correlation has adverse effects—it decreases Pr[Cut,(T})]; to
take this into account, we have to give the new label a “drag” d,. That is, Pr[n(l,) < r]
should not be r but r — §,. To state things formally, we define

Oroot = 1.2 6/7(7”) max(O, _¢(T)) (17)
1.2ey3(r)
5non—r00t T 17_71 (18)

For every node v of T, with varlabel(v) € TwoCC, set

5, = Z {5root if u is the root (19)

vt | Ononroot  if w is not the root .

For every v with varlabel(v) € TwoCC, set §, := —€yrwocc(r). We define

5max = max (26non—roota 5non—root + 6r00t)

= 1.2 e(r) max <21’y_(:), iyY)T - qﬁ(r)) . (20)

Since Hjoy has maximum degree 2, the sum in (19) has at most two terms, at most one
of them being d.o0t. It follows that d, < dmax for all nodes v.

We define DECORR(Ty, r) to be the tree obtained from T, by assigning a fresh label [,
to each node v in T, and setting Pr[r(l,) < r] := r —d,. Note that we do not need to fully
specify the distribution of 7(l,); it is enough to specify Pr[n(l,) < r] since we are only
interested in the event Cut,., for fixed r. The notation DECORR stands for “de-correlate”.

Lemma 46. Pr[Cut,(T;)] > Pr[Cut,(DECORR(T},1))].
The impatient reader may skip the proof and go straight to Section 7.3.1.
Proof. We assign new labels step by step. We start with T := T,.

1. Suppose there is a node v that is a subordinate of two nodes v and w, i.e., v < u,
v <dw. Let a = varlabel(u), b = varlabel(v), ¢ = varlabel(w), so {a, b}, {b, c} € Hipy-
We define T;41 by giving v a fresh label b’ and sample 7(b') independently such that
Pr[r(b')] = r — &,. Looking at the definition of §, in (19), we see that

5 {2 Onon-root if neither a nor cis x
v =

5r00t + 5non—r00t if WS {a> C} .
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Let 7 be a random variable that includes the values m(root) and, for all labels I
except b and b', the information whether 7(1) < r or 7(l) > r.

Claim. Pr[Cut,(T}) | 7] > Pr[Cut,(Tj41) | 7.

Proof. Under 7, the event Cut,(7;41) becomes a monotone Boolean function f(z, 1)
in the variables 2 := 1{7(3)<,] and 2y := 1lizp)<,). Since T; can be obtained from
T;+1 by replacing o' by b, the event Cut,.(T;) becomes f(zp,25) under 7. The claim
is equivalent to Pr[f(zs, 25) = 1] > Pr[f(zs, z»v) = 1], all conditioned on 7. We check
all possibilities what f could be.

(a) If f(zp,2p) does not depend on V' (for example, if f = 1, meaning Cut,(7})
happens regardless of 7(b), 7(b'); or f = 0, meaning Cut,.(7}) does not happen,
regardless of m(b), w(V/); or f = 25, meaning Cut,(T,) happens if and only if
7(b) < r, regardless of 7(b')), then these two probabilities are obviously equal.

(b) If f(2p,21r) = 2p A 21y, then obviously
Pr[Cut,(T;) | 7] = Pr[zs] > Pr[zp A 2] = Pr[Cut,(Ti1) | 7] -

(¢) If f(zp,2pr) = 2p V 2y then... Wait, this cannot happen: by Observation 7, the
nodes labeled b and b’ form an antichain in 7;4; and thus Cut,(7;11) cannot
become an OR of them.

(d) This leaves the (most interesting) case that f(zp,2y) = ziy. We have to show
that Pr[m(b) < r | 7] > Pr[r(V/) < r | 7]. The latter is » — é, by construction,
as m(b') is independent of everything.

It remains to show that Pr[r(b) < r | 7| > r —¢,. In the spirit of Corollary 42,
we define an interval A; for each label as: A, := {r}; A, := [0,7]; for | # z,b,
set A = [0,r] if 7(l) < r and A; = [r,1] if w(l) > r; note that 7 contains
all necessary information on 7 to define the A;. We apply Corollary 42 and
conclude that

Pr[Cut,(T;) | 7] = Pr[n(b) <71 | 7]
= Pr[n(b) € Ay | w(I) € A; for all [ # b]
>r+12ey(r) (T, +T1.) . (21)

Let C' be the connected component of Hj,, that contains b. We can apply
Corollary 42 since D is independent on all connected components of Hjuy; that
is, conditioning on 7(l) € A; for some [ ¢ C has no effect and can be ignored.
Also, the connected component C' of Hi,, is a path or a cycle, so b does not
have any neighbors in C besides a and ¢. Recall that T, = Esea,[o(s)]. If
Ay = [0,7] then Esea,[é(s)] = v(r)/r > 0 and T, = 0; If A, = [r,1] then
1.2ey(r)T, = %(:) = —dnon-root; if A, = {r} (happens if a = z, the root
label of T;) then T, = ¢(r) and 1.2ey(r)T, = 1.2 ey(r) min(¢(r),0) = —droot-
This holds analogously for 7. . Thus, (21) is at least r — §,.

This proves the claim. O
We repeat Step 1 until all nodes v with v < u,w have received a fresh label.
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2. Suppose v is a subordinate of exactly one node u: v < u. Among all such nodes
that have not yet received a fresh label, let v be a minimal such node, i.e., as far
from the root as possible. Let a = varlabel(u) and b = varlabel(v). Let ¢ be the
other neighbor of b in Hyy, (if there is one; if there isn’t, the following proof will
only become simpler). Note that no ancestor of v has label ¢, otherwise v < u, w
and we would be in Point 1. No descendant of v has label c¢; otherwise, some w
would have w <1 v and w would fall under Point 1 or under Point 2; the latter case
would contradict minimality of v. As before, we assign v a fresh label ¥’ and set
Prx (V') < r] =r — 0y, where

5y =
dnon-root if a ?é X

{(5mot ifa==x
Let 7 be a random variable that includes the values m(root) and, for all labels [
except b and b’ and ¢, the information whether 7 (1) < r or 7(l) > r.

Claim. Pr[Cut,(T;) | 7] > Pr[Cut,(T;+1) | 7].

Proof. Under 7, the event Cut,(T;+1)|; becomes a monotone Boolean function
f(2p, 21y, 2c) and Cut,(T;)|, becomes f(2p, 2, 2c), where z; = 1p)<p. We list all
cases what f could be; we skip the trivial cases where f(zp, 2y, 2.) does not depend
on zy.

(a) f(2p, 215 2¢c) = 2. We define the intervals A; as in Point 1d; however, for | = ¢
we set A. = [0, 1] since our condition 7 does not reveal anything on ¢, i.e., we
do not condition on ¢. The rest of the argument is the same, and as in (21) we
see that Pr[Cut,(T;) | 7] is at least

Pr[Cut,(T3) | 7] = Pr[x(b) < r | 7]
>r+12ey(r) (T, +T.)
=r+12ey(r)Ty (since A. = [0,1])

=1 —1Jy

Thus, Pr[Cut,(T;) | 7] > r — 6, = Pr[x(V/) < r] = Pr[Cut,(T;+1)].

(b) f depends only on b and ¢; since no ancestor of u has label ¢, this means
f(zp,2c) = 2z A z.. In this case we extend 7 to 7/ by additionally revealing
whether 7(¢) < r. If no then then f(zy,z2.) = f(zp,2.) = 0, and Cut,(T;),
Cut,(T;+1) both do not happen; if m(c) < r then Pr[f(zy,z.) = 1| 7] =
Pr[m(t/) < r | 7] and we are back in Point 2a, just with A. := [0,r]; we
repeat the above computation, arriving at (21), this time noting that T, =
Esefo,r][#(s)] = @ > 0 and thus 77 =0, as well.

(c) f depends only on zy and zp; then f(zp, 2p) = 25 Az and Pr[Cut,(Ti41) | 7] =
Pr[zy A 2] < Pr[zy] = Pr[Cut,(T;)] holds trivially.

(d) f depends on all three. We claim that f(zp, 2y, 2¢) is either zy A zp A z. or
2z N (2p V 2z¢). More generally, observe that no restriction of f is of the form
zp V 2y or zy V z., since no ancestor or descendant of v has label b or c.
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Proposition 47. Let f(z1,...,2,) be a monotone Boolean function that de-
pends on z1 and such that no restriction of f is of the form z1 V z;, for any
i > 2. Then f(z1,...,2n) = 21 N\ g(22,...,2n) for some monotone Boolean
function g.

Proof. Since f is monotone, there is a unique way to write it as a minimal
monotone CNF formula FF = Cy A ...C,,, i.e., such that no clause C' of F
is contained in another clause D. Since f depends on zp, there is a clause
containing z1, without loss of generality Cy. If C; = (21) then no other clause
C’ of F contains z; (by minimality) and F' = z; A (Co A -+ A Cy,), and we are
done. Otherwise, without loss of generality C7 = (21 V 22 V -+ V zx). Let p be
the restriction that sets zs,..., 2, to 0 and zx41,...,2, to 1. Under p, the first
clause C'1 becomes z1 V z3. Let C; be any other clause. By minimality, there
is some z; € C; \ C1, i.e., j > k+ 1. Thus p(z;) = 1 and C} is satisfied. This
means that F'|, = z1 V 29, contradicting the assumption that no restriction of
fisz1Vz. O

The proposition shows that f(zp, 2, zc) is either f(zp, 21, 2¢) is either zy Azp Az,
or zy A (zp V z¢), since we assume that it depends on all three variables. If
f(2by 210, 2¢) 18 21y A zp A zc then Cut,. (T5)| 7 is zp A zp A 2z and the claim obviously
holds. If f(zp, 21, 2¢) 1S 2 A (25 V 2¢) then Cut,(T5)|- = f(2p, 2b, 2¢) = 25 A (2 V
ze) = zp. We see that

Pr[Cut, (Ti+1) | 7] = Prlzy A (25 V 2¢) | 7]
<Prizy | T]=7—-10, .

On the other hand, Pr[Cut,(T;)|;] = Pr[z | 7] = Pr[n(b) < r | 7]; we have
already seen in Point 2a that this is at least r — d,,.

This proves the claim. O

We repeat Step 2 until every subordinate v has received a new label.

3. Pick any label b := varlabel(v) € V(H)oy) that still appears in T;. Let a and ¢ be
the neighbors of b in H),y, (again, if b has only one neighbor then pretend ¢ does not
exist; the subsequent proof will only become simpler). Neither a nor ¢ appears as
the label of an ancestor or descendant of some v with varlabel(b); however, a might
appear as an ancestor of ¢ (since a, ¢ are not neighbors in Hjuy, unless a, b, ¢ form a
triangle in Hyoy ). This makes this step less obvious than one may assume.

We form T;,; by replacing every occurrence of b by a fresh label ¥’ and setting
Pr[m(d') < r] = r; that is, we set d, = 0 for all v with varlabel(v) = b. We let
7 contain the values 7(l) for all labels except a,b,c and V' (yes, now we can af-
ford to reveal the precise value of 7(l)). Under 7, Cut,(7j+1) becomes a monotone
Boolean function f(zq, 2y, 2),% and Cut,(T};) becomes f(zq,2p,2¢). If f(2a, 2, 2¢)
does not depend on zp, we are done. Otherwise, since a, ¢ never appear at ancestors
or descendants at a b-labeled node, we can apply Proposition 47 and conclude that

f(Za, Zb, ZC) - Zb /\ g(Za, ZC)'

Swe replaced all occurrences of b by b, so b does not occur anymore in Tjy1
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Case 1. g(zq, 2¢) is not z,Vz.. Then it is is either 1 or z, or z. or z, Az, (it cannot be
0 since then f would not depend on z;, and we have already handled that case). Each
of these cases can be equivalently described as m(a) € Aq, 7(b) € Ap, and 7(c) € A,
for intervals Ay Ay, Ag; for example if g(zq,2:) = 24 A ze then f(zq4,2p,2.) = 1 if
and only if 7(a) € [0,7], w(b) € [0,7] and 7(c) € [0,r]; if g(2a,2.) = 2, then
f(za, 26, 2¢) = 1 if and only if w(a) € [0,7], w(b) € [0,7] and 7(c) € [0,1]. In all
cases, A, = [0,7]. The condition 7 can be described by 7(l) € A; for A; := {7(])}.
We apply Theorem 40 with K = {a,b,c} and I being the remaining variables in
their connected component of Hjyy, and see that

Pr[Cut,(T;) | 7] = Pr[n(k) € Ay VE € K | 7(l) € A; Vi € []

Z{u,v}eE\EI T, T,
I+e Z{u,v}GEI TuTv

= p(Aa)p(Ap) p(Ac) - <1 +e

We partition the set E'\ ET into two parts: the first part contains {a, b} and {b, c},
the second part FE. contains the rest. Since a,c are the only neighbors of b in
Hyoy, 10 edge in Fyegt is incident to b. Furthermore, u(Ap) = p([0,7]) = 7, and the
terms T, T, and T,T, are non-negative: each A, is either [0,7] or [0, 1], and thus T,

(r)

is either WT or 0. Thus, the above is at least

TaTb + TbTC + E{U,U}EErest TuTv
l+e Z{u,v}EEl T,

Z{uav}eErest TuTv
I+e Z{u,v}EEI TuTv

ru(Aa)p(Ae) - (1 te

ZT M(Aa)M(Ac) : (1 +€ (22)

Next, we compute Pr[Cut,(T;11) | 7] by observing that [x(d’) < r] is independent
of everything; we set A, = [0, 1] (since we do not condition on anything; b has
disappeared), which makes T}, vanish. We apply Theorem 40 and get

Pr[Cut,(T;41) | 7] = Pr[n(t)) < 7] - Pr[r(a) € Agq,7(c) € A. | (1) € Ay Vi € 1]

Z{u v}€EE T.T,
=7 p(Aa)p(Ae) - | 1+ € SR =(22) .
lL+e Z{u,v}GEl T.T,

Thus, Pr[Cut,(T;) |7] > Pr[Cut,(Ti+1) |7].

Case 2. ¢(zq, 2c) = 24V zc. This is more uncomfortable since zpA(2,Vz.) = 1 cannot
be described as w(a) € Ag, w(b) € Ap, 7(c) € Ac. At least we know that some node u
with varlabel(u) = a is an ancestor or descendant of some w with varlabel(w) = c.
This means that {a,c} & Hoy since we would be in Step 2 otherwise. In other
words, a,b, ¢ do not form a triangle in Hjoy, and Eyeqy does not contain {a,c}. We
write

and apply Theorem 40 to each of these three cases. Noting that T, = 2 if

r
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A, =10, r]andTa—f(T)lan—[r 1], we get

Pr[Cut,(T;) | 7] = Pr[n(b) < rA(m(a) <rVm(c)<r)|T]
o (r) + ’YTQ + Z{u V1€ Frest T, T,
l1+e Z{u v}EE] .1,
2 T — T
77"(2 ) + ,I (7”) + Z{U 'U}eErcst TuT
1 + € Z{u ’U}EE] TuTv

A0+ 52 4+ e B
I+e Z{u,v}EE] T, 1y

=r°-|1+e

+r21—7)-[1+e

+(1—r)r?-[1+e

Next, we compute Pr[Cut,(T;+1) | 7], noticing that Pr[r(d’) < r] = r, independently
of everything else, and setting A, = [0, 1], making 7} vanish; by Theorem 40 we get

Pr[Cut,(Tj41) | 7] = r - Pr[x(b) € [0,1] A (w(a) <rVm(c) <7r)| 7]
=73 <1 +e€ Z{“’”}GEmSt T, T, )

1+e¢ E{u,v}eEl T.T,
Z{uzv}EErest TuTv
1 —|— € Z{U,’U}EEI TuTv

Z{uzv}EErest TU‘TU )

+7r3(1—7)- <1+6

1 + € Z{U,’U}EEI TuTv

Taking the difference Pr[Cut,(T;) | 7] —Pr[Cut,(T;+1) | 7], we notice that the 1-term
in all three parentheses cancel out, and similarly > {uv}eE T, T,; the denominator
is the same in all cases, and therefore

+ (1 —7r)r?- <1+€

rest

1+e > T,T,)- (Pr[Cut(Ty) | 7] — Pr[Cuty(Ti41) | 7])
{u,v}€E;

e () TN ey 7*(r) —72_(7;)
2(1(:; (J:“) >20.) < = ))

This shows that Pr[Cut,(T;) | 7] > Pr[Cut,(T;+1) | 7]. We repeat this step until
every b € V(Hioy) has been replaced by a new label v/

. Note that by now no b € V(Hjoy) appears in T;. This means that the values 7(l) are
independent for all labels appearing in 7;. Still, some labels might appear multiple
times. Let b be a label in T; that appears multiple times, and pick a node v with
varlabel(v) = b. We form T;1; by giving v a new label ' and setting Pr[m(b') <
r] := Pr[r(b) < r]. Formally, we set Pr[w(b') < r|] =r—4§, for §, := r—Pr[r(b) < r]|.
Note that 6, is 0 if b € TwoCC, and 0, = —eypwocc(r) if b € TwoCC.

Let 7 contain the values 7(l) for all labels [ except b and b. We claim that
Pr[Cut,(T;) | 7] > Pr[Cut,(Ti+1) | 7]. Under Cut,(T;11) becomes f(zp,z2y) and
Cut,(T;) becomes f(zp, 2zp). If f(2p,21) is 0 or 1 or zp, then f(zp, zp) = f(2p, 2). If
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f(Zb, Zb/) is zy then

Pr[Cut,(T;) | 7] = Pr[n(b) < r | 7]
= Pr[n(b) < 7] (since m(b) is independent)
= Pr[r(t)) < r] (by our choice)
= Pr[r(b)) <r| 7] (since (V') is independent)
= Pr[Cut,(Tit1) |7]

If f(zp,210) = 2 A 2z then f(zp, 21) < f(2p, 2p) for all values zp, 2y and the claim is
obvious. Finally, as in all cases above, f(zp, zp) cannot be 2, V zp since the vertices
labeled b in T; form an antichain.

We repeat this step until no label appears more than once in T;.

5. Once all nodes except the root have received a new label, stop the process.

Note that the final tree is exactly DECORR(T,,r) as defined above. This completes the
proof of Lemma 46. O

Note that Point 4, the case that 7 is independent of all labels but labels appear mul-
tiple times, is exactly the setting Lemma 7 in Paturi, Pudldk, Saks, and Zane [8]. They
used the famous FKG inequality; in fact, from Point 4 one can easily extract a proof of
the FKG inequality, at least for the special case of monotone Boolean functions.

Of course, we can interrupt the above process anytime, for example if we do want some
nodes to keep their shared label, or two variables to keep their correlated distribution.
Just that the resulting tree will not be DECORR(Ty, r) but some “intermediate” version
thereof.

7.3.1 Making T infinite

For technical reasons, we need some additional clean-up steps. They are mostly dealing
with the fact that DECORR(T}, ) is finite, whereas we would like to deal with infinite
trees. We pick some A’ with 1 < b/ < h.

1. If some node v with A’ < d(v) < h — 1 has fewer than two children, add new
children until it has two. Make them safe leaves if their depth is A and unsafe leaves
otherwise. This does not increase Pr[Cut,]. Repeat this step for as long as possible.

2. Set &, := Omax for all nodes v with depth b’ < d(v) < h, i.e., Pr[r(varlabel(v)) <
r] = 7 — Omax. This does not increase Pr[Cut,].

Next, we take the resulting tree and “extend it to infinity”. This will increase
Pr[Cut,(T)], but only by o(1):

Lemma 48 (Extending T to infinity). Let T be a labeled tree of height h in which all
safe leaves have depth h, 7 < r < 1/2 be some fized numbers, and w be a distribution on
placements on labels such that for every node v of depth greater than h', the following holds:
(1) the label 1, is not shared by any other node; (2) ©(l,) is independent of everything
else; (3) Pr[m(ly) < r] =7; (4) v has exactly two children if d(v) < h—1, and it is a safe
leaf if d(v) = h.

Construct T' from T by replacing each safe leaf v by a copy of Tno, so T' has no safe
leaves anymore. We set Prn(l) < r]:=7 for all new labels. Then

Pr[Cut,(T)] > Pr[Cut,(T")] — 2"+"="" . (23)
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See Lemma C.1 for a proof. One thing to observe is that the lemma does not assume
anything about the first A’ levels of the tree, neither on the distribution of 7 on the
labels on those layers. Note that the error term in (23) is (2r)"~" . 2", Thus, for every
fixed r < 1/2, we can find some slowly growing function A’ such that Pr[Cut,(7})] >
Pr[Cut,(T")] — o(1). The tree T" is of the following form:

1. Up to height 1/, it looks exactly like DECORR(T}, ), and also the distribution of 7
looks the same on those label.

2. A node v of height at least h’ has exactly two children.
3. Pr[r(v) < r] > 1 — dmax for all v.

4. It has no safe leaves.

DECORR(T,, ) T

top looks the same
) w

Pr[r(l) < 7] >7r— 5ma\ 5:: :1'"
PI‘[?T(l) < 7'] =Tr— 6max

ad infinitum

safe leaves only here

From DECORR(T;,r) to the partially infinite tree 7"

7.3.2 Dealing with bad biases: the biased nodes lemma

We say a label [ has a bad bias if Pr[r(l) < r] = r — §; for some ¢ > 0. We need to
study how a bad bias at one or several nodes of T' decreases the cut probability. For this,
let T' be an infinite complete binary labeled tree in which all labels are distinct, and let
r € [0,1/2] be fixed. Let W be a finite set of nodes not containing the root, and suppose
we have some 6, € [0, Omax] for each v € W, and 6, = 0 for all v € V(T') \ W. Let D be s
distribution under which Pr[r(v) < r] = r — d,. For a non-root node v, define D, to be
the same distribution, except that Pr[r(v) < r| = r. That is, we replace by bias §, by
0. It should be clear that Prp[Cut,(T)] is smaller than Prp, [Cut,(T")]. The next lemma
shows that it cannot be much smaller:

Lemma 49 (Biased Node lemma). If v is a mazimal node in W, i.e., no proper ancestor
of v is in W, then

1—-Q,_
. Q'f’ dmax . Td .

1—r (24)

%r[Cutr(T)] > gf[CutT(T)] — Oy

where d := dp(v).

See Lemma C.2 for a proof. Applying the lemma over and over again to all nodes
v € W clears all such nodes of their biases, leaving us with the uniform distribution on
all non-root nodes.

Corollary 50 (Biased nodes corollary). If W is finite then

POt ()] > Q — + 2t S e
" veV(T)\{root}
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Furthermore, for our particular choices of y(r), € < 0.13, and dmax as defined in (20), it
holds that 1 — Q,_s,_.. < 1.02(1 —Q,).

max —

We obtain the “furthermore” part by noting that Q,_;s
verifying it numerically for ¢ = 0.13.

is decreasing in e and

max

7.3.3 When varlabel(u) € TwoCC or u has an only child

Recall the tree 7" we have so far. In 77, all labels are distinct and 7 (1) is independent
for all labels I; T” does not have safe leaves (it is possibly an infinite tree). Every node
u has a bias d,, meaning Pr[r(varlabel(u)) < r] = r — §,. For a Let u be a node in T"
and T, the subtree of T” rooted at u. Denote by CLEANSUBTREE(T”, u) the tree obtained
from T” by replacing T, with a copy of T°°, and setting d,, = 0 for all nodes in that new
copy. In this section, we will show that Pr[Cut,(7”)] > Pr[Cut,(CLEANSUBTREE(u,T"))]
if (1) w has at most one child or (2) 0, = —€yTwocc(r). We apply this cleanup step over
and over again as long as there is a node satisfying condition (1) or (2); we denote the
resulting tree by T”. Recall the definition of Can(T,), the set of canonical nodes of Ty;
every non-canonical node v of T, has an ancestor u such that u has at most one child or
varlabel(u) € TwoCC. This means that all non-canonical nodes v will be replaced by this
clean-up step and thus 6, = 0 in 7”.

Proposition 51 (TwoCC cleanup). If T" is as above and 6, = —eyrwocc(r), then
Pr[Cut,(T")] > Pr[Cut,(CLEANSUBTREE(u, T"))], for our specific choices of yrwocc(r) =
40r72(1 = 27)2, y(r) = r(1 — 27)3/2, and € < 0.13.

See Proposition C.3 for a proof. Overall, the exact choice of yrwocc is not very crucial.
It must be large enough to satisfy (57); besides that, it should not be too large: indeed,
YTwocc being large means that, under D, variables a € TwoCC tend to come early; this
depresses Pr[Forced(a)]; this is okay since TwoCC-variables have a “natural advantage” by
virtue of their having two critical clauses; however, if ypwocc is too large, this advantage
will be all eaten up. Also, yTwocc should not be too steep, since otherwise KL (DT ||U)
becomes too large. Our choice of yrywocc is simply a hand-crafted polynomial that ticks
both boxes, and is pretty arbitrary beyond that. Next, we deal with nodes that have only
one child—or none at all, i.e., unsafe leaves.

Proposition 52 (One-child cleanup). Suppose T' is as above and u has at most child.
Furthermore, suppose that 6, < Omax for all nodes u, and r(1 —2r) > 20max. Then
Pr[Cut,(7")] > Pr[Cut,(CLEANSUBTREE(u, 1"))].

See Proposition C.4 for a proof. Note that the condition 7(1 — 27) > 2dpax holds
for our choice of v = r (1 — 27)%? and € < 0.13 (for what it’s worth, it even holds for
all e < 1). We apply Propositions 51 and 52 wherever applicable (strictly speaking, it
is enough to apply it to every mazimal node u among those with varlabel(u) € TwoCC
or u having an only child). Denote the resulting tree by CLEANUP(T},r). Let us pause
for a minute and look at the shape of T’. It is an infinite binary tree, and all nodes
have distinct labels. The event [r(varlabel(v)) < r] has probability r — d,, where d, is as
defined in (19) if v is a canonical node and J, = 0 if v is a non-canonical node or a new
node (meaning newly created in the process of CLEANUP(Ty,7)).

7.4 General but pessimistic lower bound on Pr[Cut(7})]
Let T) := CLEANUP(Ty, 7).
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Lemma 53. If v ¢ TwoCC then Prp[Cut(T})] > fol Prp[Cut,(T))] > s3—o(1)—1.1 €THR.

Proof. For now, fix some r < 1/2 and write T’ := CLEANUP(T},r).” The tree 7" and
the distribution on its labels is sufficiently simple so we can analyze Pr[Cut,(7")]. Note
that d, > 0 only if v is a canonical node of T, where ¢, is as defined in (19). There
are only finitely many canonical nodes (since T} itself is finite), and thus we can apply
Corollary 50. Writing d(v) := dr, (v) to denote the depth of a node v in Ty, we get

P];r[CutT( N> Q, —1. 021 : Ci Z §,rd®) (25)
veCan(Ty)
v not root
1—-2r d(v
=Q,—1.02 (1 — ?”)3 Z OrootT ©) (26)
veCan(Ty)
v<root

C102 2 S G (27)

(1—-r)?
veCan(Ty) ueV (Ty)
v not root u not root
v<root v<u

Let us work on the first sum. Recall that by definition, a node v € Can(7}) has v<iroot(7})
if {varlabel(v),z} € Hypy. Writing 2’ ~ x as a shorthand for {2/, 2} € H)y, we get

1-2r d
1.02 m g 5r00tr @)
veCan(Ty),v<root

—1.02 22T - Z Y Groar™®

x/ ~x v:varlabel(v)=z’

1026100t (1-2r)° d(v)
C1-2r 2 (1—r) 2

!~z v:varlabel(v)=z’

_ 1.02 5mot . Z (1 - 2T)2 Z T-d(v)Jrl

— )3
T(l 2T) x' (1 T) v:varlabel (v)=x'
1.026
ﬁ Z LABELDENSITY (2, T}, 7) (as defined in (10))

<0.28 ¢ Z LABELDENSITY (2, T}, 7)

z’/~x

where we numerically verify that 1"(012 5§°°)t < 0.28¢€ for all r. The sum in (27) is slightly
more subtle to bound:

1.02 (:;:i)rg Z Z 5non rootr @)

veCan(Ty) ueV (Ty)
v not root u not root
v<root v<u

=1.02 (11 :i;; Z Z 6n0n-rootrd(v)

ueCan(Ty) veV (Ty)
u not root v<u

o 1.02 6n0n—r00t d(u) (1 -2 T)2 d(v)—d(u)
T 1 -2r 2 1—r)3 2.7

ueCan(Ty)
u not root

veCan(Ty),v<u

"For r > 1/2 we already know that Pr[Cut,(T")] = 1.
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We apply Lemma 33 to observe that summing over canonical nodes v <l u is at most as
much as summing over v’ € T, where T, is the canonical clause tree of a := varlabel(u).
The above sum is at most

1.02 dnon-root d(u) (1 —2 7,)2 dr, (v)
1—2r 2 (1—r)? 2,
v'eCan(Ty,)

u not root ' groot(T,
a:=varlabel(u) v'<root(Ta)

. 1.02 dnon-root d(u)—1 (1 —2 T)z dr, (v)+1
EamErraD DR D Dy D DI

ueCan(Ty)

ueCan(Ty) b~a v'€Can(T,)
u not root N=
a:=varlabel(u) varlabel(v')=b
1.02 5n0n—root d(u)—l
=—1_or Z r : Z LABELDENSITY (b, T}, 7) . (28)
ueCan(Ty) b~a
u not root

a:=varlabel(u)
where LABELDENSITY(z;, T, ) is as defined in (10).

Proposition 54. %‘Wrd_l < 4.896 € (%)d % for allr €0,1/2].

We prove this as Proposition C.5 in the appendix. Putting things together, we con-
clude that

Pr[Cut,(T")] > Q, — 0.28 ¢ Z LABELDENSITY (', T, 1)

z/~x

1\ (d(u) 4 1)2+1
— 4.896 - LABELDENSITY (b, T,

u not root
a:=varlabel(u)

b~a

Note that the marginal distribution of 7(z) is uniform under D, and = (z) is independent
of everything else in T7”; we get Pr[Cut(T})] by integrating over r (we will drop the o(1)
for notational convenience):

1 1
Pr{Cut ()] > /0 Pr[Cut, (T,)] dr > /0 Pr[Cut, (T')] dr — o(1)

> s3—0.28¢ Z LABELDENSITY (2, T})

z/~x

1\ (d(u) + 1)dw+1
—4.896 ¢ Z () (d(w) + 3) @73 Z LABELDENSITY (b, T},)
u€Can(Ty)

u not root
a:=varlabel(u)

b~a

Note that {a,b} € Hj,w means, by construction, that LABELDENSITY(b,7,) < THR,
and similar for {2/, 2} € Hjoy. Therefore, the terms LABELDENSITY(:,T") in the above
expression are all at most THR. Furthermore, there are at most two variables ' with
a2’ ~ x, and at most two b with b ~ a (note that H,, has maximum degree 2), meaning
the first sum and the inner sum of the second sum are at most 2 THR each. Since for each
integer d > 1 there are at most 2¢ nodes u € Can(7}) of depth d, we get
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0 (d—|— 1)d+1
> s3 — 0.56 eTHR — 0.54 ¢ THR (see Proposition C.6)
=s3—1.1¢THR .
This concludes the proof of Lemma 53. O

7.5 The case that x ¢ TwoCC and {y, 2} € Hiow

This is arguably the heart of this paper, where the improvement from introducing cor-
relations between variables shows up. With the work done in the previous sections, this
will go rather painlessly.

Lemma 55. For our choice y(r) = r(1—27)%? and e < 0.13, it holds that Prp[Cut(T})] >
1/2

s3—o0(1) —L1eTHR +€ ['"*(r)(1 — @Q;)* > s3 — o(1) — 1.1 eTHR + 0.001687 €.

Proof. As before, let (z V § V Z) be the critical clause of z, and L and R be the left
and right children root(7}), respectively. Without loss of generality, varlabel(L) = y and
varlabel(R) = z. Let 17, be the subtree of T, rooted at L and Tr the one rooted at R.

Proposition 56. If {y,z} € Hiow, then {z,y}, {z, 2} & Hiow-

Proof. Suppose, for the sake of contradiction, that {x,y} € Hjoy. This means that there
is a variable a such that (a V Z V §) is its canonical critical clause. If a # z, then this
clause, together with (z V g V z) implies the clause (a V g V Z), meaning that a has two
critical clauses (recall that we included these “derived” critical clauses in our definition
of TwoCC). This is a contradiction because it would remove the {x,y} from Hpee, thus
it would never end up in Higy.

If a = z then F contains C; = (x VgV z) and C, = (2 VZ Vy). Since (1,...,1) is
the unique satisfying assignment, the assignment ax = z = 0] must violate some clause
distinct from C, and C,; if this is a critical clause for z, then x has two critical clause, a
contradiction as observed above; if it is critical for z, then z has two critical clauses, also
leading to {y, 2z} being removed from Hyee. It could be a clause of the form (x V z V b).
In the latter case, (zV 2V b) and (z V¢V Z) together imply the clause (x V4V b), whether
y = b or not, and again x has two critical clauses. O

The upshot is that = is not a neighbor of y nor z in Hjyy, which implies the following;:

Proposition 57. The marginal distribution of (7w(y),m(z)), conditioned on w(x) =7, is
still D7

See Proposition C.7 for a proof. For fixed r, write 7”7 = T"(r) := CLEANUP(Ty, 1),
the same as defined in the last section (although it is called 7" in the last section). We
could of course argue as before and conclude that

l?)r[Cut(Tx)] > /01 I?Dr[CutT(T")] dr —o(1l) > s3 —o(1) —1.1¢THR

but this would defeat its purpose since we want to show that Prp[Cut(7,)] > s3, and
by a significant margin. Instead, we define a “partially cleaned-up tree” T” by taking T”
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and putting the variables y, z back as labels of L and R. To put it differently, we run
the procedure CLEANUP(T},) but, while executing DECORR, we stop short of assigning
L and R a fresh label. It takes a minute of thought to see that this is still “legal”, i.e.,
Prp[Cut,(T;)] > Prp[Cut,(T")] — o(1).

In 77, the values () are independent for all labels except y,z. In particular, the
events Cut,(77) and Cut,(T}) are independent (note that Cut,(7") does not depend on
the label of the root of T, whereas wCut,(7T) does). Also, they are independent of the
pair (w(y), n(z)). Therefore,

Pr{Cut,(T')] = Pr[Cut,(T}) A Cut, (T
+ Pr=Cut,(T},) A Cuty (Th)] - Prln(y) <]
+ Pr[Cut, (T}) A —~Cut, (Tf)] - Prlm(z) <]
+Pr[-Cut, (Tp) A ~Cut,(Tg)] - Prlr(y), 7(2) < 7]
= %r[cutT(Ti) A Cut, (T
+ Pl’)r[—'Cutr(Ti) A Cut, (Tg)] - 7
+ ]i’)r[CutT(Ti) A =Cut,(TR)] - 7
+ Pr[=Cuty(T7) A =Cuty(Tf)] (r® + ey*(r)

by Proposition 39. Since 7(l) is independent on all labels in 7”7 = CLEANUP(T}), the
fully cleaned-up tree, we see that

Pr(Cut,(T")] = Pr[Cut,(Tf) A Cut, (]
+ Pr[=Cut, (T7) A Cuty(Tp)] -
+ Pr(Cut, (T7) A ~Cuty (Tf)] - 7
+ Pr[~Cuty (7)) A ~Cut (TR)] - 72 .

Note that Cut,(77) and Cut,(T}) the same events, since T} and T} differ only in the
label of their root (y in the case of T}, some fresh label in the case of T}'), and similarly
Cut,(T}) = Cut,(Tj). Thus,

%r[Cutr(T')] = Fl’)r[Cutr(T”)] + ey? PDr[—Cutr(T,é’) A =Cut,.(Tg)] .

The trees 77, Ty have no leaves (they are infinite binary trees), all their have distinct
labels, 7 is independent on them, and Pr[r(varlabel(v)) < r] = r — §, < r for all nodes v
in them. Therefore Pr[Cut,(T7})], Pr[Cut,(17)] < Q. and

f]’jr[Cutr(T’) > Il’)r[Cutr(T”)] +ey?(1— Q)2 .
Integrating over r = m(x), we get
1 1/2
Pr{Cut ()] > / Pr{Cut, (T")] dr + ¢ / V(1 Q)
D o D 0

1/2
> 3 — o(1) — 1.1 €THR + e/ 21— 02,
0

by Lemma 53 from the previous section (observe that our T” here is the same as the
T" = CLEANUP(Ty,r) from the last section). This concludes the proof of Lemma 55. [J
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7.6 The case that + ¢ TwoCC and {y, z} € Hyign

For technical reasons, let T, be a critical clause tree of height h/, where I’ is sufficiently
large compared to h, but still a slowly growing function in n.

Lemma 58. Prp[Cut(7})] > s3 —o(1) — 1.1eTHR + 0.9 THR.

Intuition.  Without loss of generality, LABELDENSITY(2,T}) > THR.
That is, many nodes of T}, have label z and they are close to the root. We will
show that this means, in general, that 7, has not only a child labeled z (the
right child), but z occurs also very often in the left subtree of T,,.. This gives
a significant boost to Cut(7}).

Proof. Let L and R be the left and right child of the root of T}, respectively, such that
varlabel(L) = y and varlabel(R) = z. Let 77, and T be the subtrees of T, rooted at
L and R, respectively. If {y,z} € Hyjgn, then without loss of generality, z is the dense
variable of {y, z}, meaning LABELDENSITY(2,T,) > THR and z ¢ V(Hoy). Thus, 7(z)
is independent of everything else under D. Let A, be the set of u € Can(T}) that carry
label z. We would like to argue that we can “find a copy” of A, in Ty. After all, T
should look a lot like T},. This is, however, not true in general, but morally, it can only
fail in our favor. To be more precise:

Proposition 59 (Copy of A, in T1). There is an antichain A’ of nodes in T, that is
“above A.”, i.e., for every u € A,, there is v’ € Al, such v’ is a (not necessarily proper)
ancestor of u.

Additionally, there are disjoint sets B,, By C V(Ty) such that B, U By is an antichain,
and a bijection ® : A, — (B, U By) such that for every u € A:

1. the Ty-path from root(T)) to w and the Ty,-path from L to ®(u) have the same length
and the same label sequence;

2. if ®(u) € B, then varlabel(u) = varlabel(®(u)) = z;

3. if ®(u) € By then varlabel(u) = varlabel(®(u)) # z and ®(u) has at most one child
in T.

Furthermore, for all v € By U By, all proper ancestors of v are canonical.

Proof. For each u € A, C V(T}), we try to find a corresponding v’ € V(17,). To do this,
walk along the path p from root(7y) to u, and let y = lo,l1,...,lq = varlabel(u) be the
labels along this path. Try to find a corresponding path p’ in T, starting at L, with
the same label sequence. Formally, let d’ be maximum such that 7T, contains a path p’
of canonical nodes starting at L with label sequence lg,11,...,ly. Such a d’ exists since
varlabel(L) =y = .

If d’ = d then p' is a “copy” of p in Ty,. We let u’ be its endpoint, add u to A, v’ to
B,, and set ®(u) = u'.

If ' < d, let v be the (d')* node on p (start counting at 0) and let v’ be the endpoint
of p’. By assumption, v is a canonical node in Ty; let a := varlabel(v) = Iy and (a VbV e
be its canonical critical clause. Without loss of generality, {11 = b. The key question is:
why did the construction of T}, not use the clause (a V bV ¢) as clause label of v'? The
only reason can be that a,s, the assignment label of node v/, satisfies it; but «, violates
it, by construction of T},. Since a,s and «, differ only in a,/(z) = 0 and «a,(x) = 1. Thus,
x € {b,c}. What is clauselabel(v')? It cannot be a critical clause, otherwise a would
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have two critical clauses, putting it in TwoCC, contradicting the assumption that v is a
canonical node. Thus, it must be some non-critical clause, meaning that v’ has at most
one child. We put v into A, and v’ into B; and set ®(v) =v'. O

This figure illustrates the statement of Proposition 59.

F = xyz, yab, auv,ucz, vz, yad,. ..

From now on, throughout this section, fix the set B,, By as in the proposition. They
will allow us to argue that Prp[Cut(7})] is significantly larger than s3. As in the previous
section, jumping right away to 7" := CLEANUP(T,, r) would delete what we gain from B,
and By. We have to define a “partially cleaned up version” T’: we apply the procedure
CLEANUP(T}) but

1. If v € By, let w be its only child. Do clean up the subtree T, but do not add
another child to v; v should still have only one child in 7”. Do assign v a fresh label
[ with Prp[n(l) < r] =r — J,, though.

2. if v € B,, leave its label z; don’t assign a fresh label.

Observation 60. Let T" be the result of the partial cleanup procedure. Then Prp[Cut(T,)] >
Prp[T’] — o(1).

Let r be fixed. When analyzing Pr[Cut,(7")], we want to quantify by how much a
node with an only child or an additional node with label z (besides R) boosts Cut,(T”).
To this end, we define a “one-child bonus” and a “multiple-label bonus”:

(1= 27) = 201 — 1) Smax \*
OCB(d,r) := (L - <r - r) : (29)
(1-2r)?r Smax )4

Lemma 61. Let r < 1/2 and T" := CLEANUP(Ty, 7). Then

Cut, (T") > Cut, (") + Y OCB(dr, (v),r) + Y MLB(dr, (v),7) .
veEB1 vEB,

Proof. Order the elements in B; arbitrarily; set Ty := T”; for 1 < i < |By|, construct 7T;
from T;_; as follows: let u be the i*" node of By; replace T),, the subtree of T;_; rooted at
u, by Ty, a fresh copy of T°°, and set d,, = 0 for all nodes in T, i.e., Pr[r(w) < r] =r.
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Lemma 62 (Bonus from only child). Let d = dr, (u) be the distance from the root to u.
Then Pr[Cut,(T;—1)] > Pr[Cut,(T;)] + OCB(d,r).

This is proved as Lemma C.8 in the appendix. Applying the lemma fori =1,...,|By|,
we conclude that
/
Pr(Cut, (Tjs,))] > Pr(Cut,(T")] + ZB: OCB(d) . (31)
veEDb1

What does T’p, look like? It is an infinite binary tree, all nodes have two children,
and all nodes have distinct labels except those in B, U {R}, which are all labeled z. All
non-canonical nodes and all newly introduced nodes have ¢, = 0, i.e., Pr[r(v) < r| =r.

Next, wee get rid of the multiple labels z: Order the elements of B, arbitrary and let
Ty := Tp,. For |Bi|+1 < i < |B1| + |B.|, let u be the (i — |By|)'" element of B, and
construct T} from 7] _; by giving u a fresh label [, and set §,, = 0, i.e., Pr[x(l) < r] = 7.
Let T" := Tjg,|4|B,| be the final result of this procedure.

Lemma 63 (Bonus from multiple labels). Let d = dr, (u) be the distance from the root
to u. Then Pr[Cut,(T]_,)] > Pr[Cut,(T})] + MLB(d).

See Lemma C.9 for a proof. Applying Lemma 63 for ¢ = |Bi| + 1,...,|Bi| + | B:]
and combining this with (31), we get 7" := T|p,|+|p.|- This completes the work of
CLEANUP(T}) since steps ¢ = 1,...,|B1| + | B:| just described simply are the steps that
we skipped in our partial cleanup version 7. In other words, T7” = CLEANUP(T}).
Altogether,

P / /!
Pr{Cuty (T")] > Pr[Cut,(T") + Y OCB(dr,(v),7) + > MLB(dr, (v),7) .
vEB1 vEB,
This concludes the proof of Lemma 61. O

Integrating over all r, we get

%r[Cut(Tx)]Z/ol Pr{Cut, (T")] + > OCB(d + > MLB(d(v),7) | —o(1)

veEBy vEB,;

1/2
> g3 —o(1) — 1.1 eTHR + Z/ OCB(d(v),r) dr + Z/ MLB(d(v), r) dr
0

veEB] vEB,

=s3—o(1) — L1eTurR+ Y  OCB(d(v)) + Y  MLB(d(v))

veB] veEB,

using Lemma 53. It remains to bound the sums from below.
Lemma 64. ) .5 OCB(d(v)) + >, cp. MLB(d(v)) > 0.9 THR.

See Lemma C.10 for a proof. We conclude that Prp[Cut(7})] > sz —o(1) — 1.1 eTHR+
0.9 THR, which proves Lemma 58. ]
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7.7 The case that z € TwoCC

Hansen, Kaplan, Zamir, and Zwick [3] proved that if x € TwoCC, then we can build a
critical clause tree T, for which Pry[Cut,(T;)] > Q. - B(r) — op(1) for every r € [0,1],
where

1 (1—2r)2(1—2r+2r?) i 1/9.
B(?") — { + 1-—1)2 imUr < / (32)

1 ifr>1/2

This holds under the uniform distribution. Under D, let us go through the labels of T}
in some order, starting with x, namely x = lp,{1,.... Let

Ty = (7T($), 1[7r(l1)<r]7 SRR 1[7‘(‘(l—;)<1]) .

For a concrete choice of 7;, what is Prw(l;11) <7 | 7]? If l;11 € V(How) then 7(l;y1) is
independent of 7; and Pr[m(l;41) < r] > r (note that it is equal to r unless l;4+1 € TwoCC,
in which case it is greater than r). Otherwise, let C' be the connected component of
Hyoy that contains l;11. For every | € V(C) \ {li+1}, define A; to be [0,1] if [ is not
in the condition 7;, and otherwise A; := [0,r] if #(I) < r and A; := [r,1] if w(l) > r.
The condition 7; contains this information. We apply Corollary 42 with K = {l;41},
I'=V(C)\ K, and A;,_, :=[0,7], and get

Y(r) X i, nere) Tv
Prin(liz1) <r|m| >r+ Lot
1-% (\E( )\—1)

2ey(r) 4%
=T T 2 (B(0) <)
¥ ('r)

r

>r—24c¢
1-—

where the second inequality holds since T), is either 0 or v(r)/r or —v(r)/(1 — r), and
li+1 has at most two neighbors in C'. The third inequality holds provided that |C| < 17
and € < 0.13. This means we can disentangle D by pessimistically sampling 7 such that

Prin(l;) <r]=1r— 2'41671?“(7‘) for all 7 > 1, independently. Formally, define (r) := %jﬂ(ﬂ
and let D" be the distribution under which m(l;) ~ D”_ for every label [; # z, and

7(z) ~ DI™°C. Then

Pr(Ty] > Pr(T] . (33)

We state the next theorem in slightly more general terms since we are going to re-use
it in the next chapter.

Theorem 65. Let va,est : [0,1] — R be functions in the spirit of Definition 38
and assume that Yrest(r) = 0 for all v > 1/2. 8 Let T, be the critical clause tree for
x € TwoCC as in (32). Let D' be a distribution on placements that samples w(l) ~ DT
i.e., Pr[r(l) < 7] > 7 — €rest(r) for every label I in T, except z, and ww(x) ~ DI*. Then

2 eryrest (1) B(1)

PrCut (T3] 2 Q- B(r) = == 5

—op(1) (34)

8r:[‘hlnk Of YA = YTwoCC and Yrest = ;?
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and

Pr[Cut(Z;)] > Cut2CC — ¢(DFS2CC + DFD2CC) — JUNK2CC ~ o(1) . (35)

where
! 104
Cutr2CC:= [ Q.B(r)dr =s3+ =~ 50 In(2) ~ s3 + 0.009307
0
1
DFS2CC := —/ Q. B(r)pa(r)dr , (damage from selfless bias of x)
0
! 2 res B
DFD2CC := / W dr , (damage from descendants’ selfish bias)
0 _
1
JUNKQCC ::/ QT/Yrest(r)B(r)géA(r) d?’
0 (I—r)?

Note that CuT2CC does not depend on 7est and 4, so it is simply a universal
constant, which is why we explicitly write it down.

Proof. For r > 1/2, the function Ayest(r) vanishes and thus Prp[n(l) < r| = r, indepen-
dently, for all labels [ in the tree. Therefore, Prp[Cut,(T;)] = 1 — ox(1), and the claimed
bound holds. So let us assume that r < 1/2. Since 7(a) ~ D" for all non-root labels, it
holds that Pr{m(a) < r] = r — €yrest (). One checks that B(r) is monotonically decreasing
in 7 and therefore B(r — ey(r)) > B(r). Furthermore, @, is convex on [0,1/2] and thus

Qr—ev(r) = Qr — ey(r)Ql = Qr — ex(r (13;)3. Altogether,

Qe Bl = ex) = (@ = 570 ) 50

_ 2ery(r)B(r)

:QT'B(T) (1_7,)3

The claimed lower bound on Prp/[Cut(7},)] follows from taking the bound in (34) and
taking the expectation over 7(x), using the fact that 7(x) has probability density 1+e¢(r)
at r. O

We apply the theorem with y4(r) = yrwocc(r) = 40r7/2(1 — 27)? and et (r) =

i(r) = 250

= =5~ Under this choice, we get

DFS2CC < 0.0455
DFD2CC < 0.0095
JUNK2CC < —-0.019 .

Plugging in these numbers into the formula in the theorem, we obtain:

Lemma 66. Prp[T;] > s3 + 0.009307 — 0.055¢€. for sufficiently large h.

7.8 The success probability of PPSZ under D

Let us collect the facts established in the previous sections.
1. 2 |Hiow| + 2 |Hpign| + 2|TwoCC| > |H|, by (12).
2. KL(D|U) < 0.0064 €| Hiow | + 5753 ficr.(€) [TwoCCl, by Lemma 45.
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Next, for each variable z, let (z V ¢ V Z) be its canonical critical clause. Under D, the
following hold:

3. Pr[Cut(T,)] > s3 — 1.1 €THR + 0.001687 € when {y, z} € Hoy, by Lemma 55;

4. Pr[Cut(7;)] > s3 — 1.1eTHR + 0.9 THR when {y, 2} € Hyjgn, by Lemma 58;

5. Pr[Cut(Ty)] > s3 + 0.009307 — 0.055 ¢ when 2 € TwoCC, by Lemma 66;
(Tz)

6. Pr[Cut(T,)] > s3 — 1.1 €THR for all other z, by Lemma 53.

Pr[ppsz(F) succeeds] = E [2_”+F°rced(7r) ( by (1))

™

> 2,n+EWND[Forced(ﬂ)]*KL(D"U) (by (2))

— 2—n+53n+gain

Y

where

gain :=  0.001687 €| Hioy| + 0.9 THR| Hyign| + (0.009307 — 0.055 ¢)| TwoCC|
— 1.1eTHRR

5
—0.0064 €| Hygy| — ——— T
0.0064 €| How | 18 () fxL(€)| TwoCC|

= (0.001687 ¢ — 0.006404 62)]H10W]
+ 0.9 THR|Hpigh |
+ (0.009307 — 0.055 € — 0.1503 fk1.(€))| TwoCC]|
— 1.1eTHRN

Setting € = 0.1, the gain is at least

—0.11THRN

gain > |H10W| |TWOCC|
~ 9555 335

- 2 Higw| + 0.9 - 10118 THR| Hyign| + 25422 | TwoCC|

= 10118

+ 0.9 THR|Hpign| +

—0.11THRn

e 2 1
We set THR := 0910118 S 553 so 0.9-10118 - THR Z 2 and

ain > 17 Hiow| + 2 [Huign| +3|TwoCC|  n
= 10118 41391
> LCA
= 10118 41391 °

where the last inequality follows from (12). This completes the proof of Theorem 35.

8 If there are many low-degree variables

As before TwoCC be the set of all variables that have two or more critical clauses. Addi-
tionally, let ID; be the set of variables in V' \ TwoCC that have in-degree i in the critical
clause graph.
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Theorem (Theorem 36, restated). The success probability of PPSZ is at least 27" +s3n+gaing—o(n)

[ID1| + 2 [IDo|

1 >
atlly = 1380 ’

where ID; is the set of variables with in-degree ¢ in the critical clause graph.

Proof. Let v, : [0,1] — RJ be a function in the spirit of Definition 38 and ¢ip,, its
derivative. The idea is to sample

VIDg 1
—e )

w(x) ~ D

i.e., with density fr)(r) =1 — €dip,, () whenever x € IDg; := IDg U IDy. This means
that 2 tends to come later in 7; indeed, Pr[r(z) < r] = 7 — eyp,, (). This is good for
Pr[Cut(T;)] but bad for every critical clause tree Tj that contains x. We will offset this
damage by sampling m(y) biased towards smaller values whenever (y,x) is an arc in the
critical clause graph, i.e., if y is a “parent” of z. To make this formal, we choose another
function pip,, |, the pIDg ; standing for parent of IDg1 and sample

'YpIDoyl
€

m(y) ~ D

whenever y is the parent of some x € IDg ;. To complicate things, a variable y can have
no, one, or two children in IDg 1; it could itself be in IDg ;. Thus, we define a function
v, for every variable = separately. To this end, let I, be the indicator variable that is
1 if z € IDg; and O otherwise. We also need a function yrwocc(r) to handle variables
x € TwoCC. This ypwocc(r) is not the 40r7/2(1 — 27)? from the previous section.

Definition 67. For each variable x, define 7, : [0,1] — R by

(r) —Y1Do.1 (T) Lz + YpiDy , (1) Iy + 1) if x & TwoCC and (xV yV z) is its critical clause
(1) = ' :
! YTwocc(T) if € TwoCC .

Then let D be the distribution on placements that samples each variable x independently
from D{* independently.

The functions vip,, (1), YD, , (1) are defined to be 0 for r > 1/2; for r < 1/2, they
are defined by

VDo (1) := 107%(1 — 27)? (36)
YpID, , (1) = %1 r3(1—2r)?, (37)
YTwocc (1) := 20 7"3(1 —27r). (38)

We denote their derivatives by ¢ip, ;, ¢pID, ,, and ¢rwecc, respectively.

8.1 Pr[Forced(z)] if x ¢ TwoCC

Roughly speaking, we will show that Prp[Cut(T})] is minimized if T} is a full binary
tree; no TwoCC-variables occur in it; no variables besides possibly x,y, z are in IDg 1.
Then Prp[Cut(T;)] might differ from Pry[Cut(T;)] (under the uniform distribution) due
to three factors: first, if x € IDg; then 7(z) tends to be large, giving more weight to
Pr[Cut,(T,)] for large r; the effect is beneficial, i.e., it increases the cut probability;
second, if y € IDg 1, then then 7(y) tends to be larger, which has a detrimental effect
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on Prp[Cut(T,)]; third, additionally if y € IDg 1, then m(x) gets a certain selfless bias,
i.e., tends to be smaller (by Definition of 7, in Definition 67), which further decreases
Prp[Cut(T;)]. The second and third effect of course also exist when z € IDg ;. These
effects are “almost” additive, and motivate the following definitions:

Definition 68. The following expressions quantify the benefits and damages from the
biases as described above. The concrete numbers hold for our concrete choices of Vb, ,
and YpIDg ; -

1
BFS := — / ®1Do 4 (1) Qr dr ( “benefit from selfish bias”)
0
= 3801n(2) — ? > 0.06259

1
DFC := / VDo (1) Pr(1 = Qy) dr (“damage from children’s selfish bias”)
0

1
- 9475 — 330 In(2) < 0.01144

1
DFS := — / ¢piD, , (r)Qr dr ( “damage from selfless bias”)
0 :

1586 In(2) 52765
T3 144
DFB := DFC + DFS (“damage from both”)
596 In(2) 19825
T3 144

Furthermore, we define

< 0.0202

< 0.03163 .

1
JUNK; := max <0, —/ P1Dy (T)’}/IDO’l(T)PT(l - Q) dr)
0
227075

— 46800 In(2) — < 0.00235

1
JUNKj; := max (o, /0 $pi, , (1)1Dg 4 (1) P (1 — Qr) d?‘)

8767591
o 65880 In(2) < 0.000184

JUNK := JUNK; + 2 JUNKj; .

These terms quantify the extent to which the three described effects fail to be additive.
Theorem 69. Let x ¢ TwoCC and let (xV yV Z) be its critical clause. Then

Pr(Cut(T})] > 53+ e[, BFS — (I, + I.)DFB — I.(I, + I,)JUNK; — €*(I, + I)*JUNK; — o(1)
The impatient reader may skip the proof and continue directly in Section 8.2.

Proof of Theorem 69. Consider a critical clause tree T,. Several variable labels in it
might have a selfish bias (they tend to have high m-values) or a selfless bias (they tend
to have low w-values). The next lemma argues that these biases cancel out, except for
any biases of the root and its two children. To put it differently, in the worst case, no
variables occurring in T}, are in TwoCC, and no variables beyond possibly the root and
its children are in IDg ;. To state the lemma formally, we need to define a distribution
D% on placements.
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Definition 70. Let T be the infinite binary tree, and B C V(T°). For each node
u € V(T*), define

75(7') = _’YIDOJ(T)[U € B] + '7PID0,1(T)([’U € B] =+ [w € B]) )

where v,w are the two children of w in T*. Let DB be the distribution that samples
7(u) ~ D" independently for every node.

Lemma 71. Let x € V' \ TwoCC and let (xVyV Z) be its unique critical clause. Let T
be the infinite binary tree, and let root(T>°), L, R denote the root of T, its left child, and
its right child. . Define B C V(T) by adding root(T°), L, and R to B if x € IDg,
y € IDg 1, and z € IDg 1, respectively. Then Prp[Cut(T;)] > Prps[T°°] — o(1).

Proof. First, we fix r € [0,1]] and bound Pr[Cut,(T;)] from below. If » > 1/2 then
Pr[r(l) < r] > r for all labels (in fact with equality except for TwoCC-variablees). Thus,
Pr[Cut,(T3)] =1 —o(1) if r > 1/2, and we are done.

From now on, fix some r < 1/2. We take T, through a sequence of transformation
steps, each of which does not increase Pr[Cut,]| (or only by o(1)). Let T' be T, in the
beginning. First, in a procedure similar to (but easier than) CLEANUP in the previous
section, we can assign each node v of T a fresh label with the same distribution, i.e.,
Yo 1= ’Yvarlabel(v)-g This does not increase Pr[Cut(7")] at all (this can actually also be seen
as a a direct application of Lemma 7 from [3]).

Again as in the previous section, we can “normalize” T from level A’ downwards: we
make sure every node u of depth at least A’ has two children (so T' becomes infinite) and
m(u) is uniform over [0, 1]. This increases Pr[Cut| only by o(1).

Once T has this infinite shape, we can clean up TwoCC-variables and nodes with only
one child. This is similar to the proofs in Section 7.3.3. As in that section, we denote by
CLEANSUBTREE(T”, u) the tree obtained from T” by replacing T, with a copy of T°° with
fresh labels. Note that 7(() is independent and uniform over [0, 1] for each fresh label.

Lemma 72 (TwoCC-cleanup in the irregular case). Let T' be the (by now) infinite tree
described above. Suppose u is a node in T with v, = Yrwocc. Then Pr[Cut,(T)] >

2
Pr[Cut, (CLEANSUBTREE(u, T)), provided that yrwocc(r) > :1“232’1 .

This is proved as Lemma 77 in the appendix. The condition in the lemma justifies
our particular choice for yrwocc: the above inequality is satisfied with equality.

Lemma 73. Let T be the (by now) infinite tree described above. Suppose u is a node in
T with an only child v. Then Pr[Cut,(T")] > Pr[Cut,(CLEANSUBTREE(u,T")), provided
that e < 2.

— 5

This follows directly from Proposition 52 in the previous section. We just have to
check the parameters: in this section, dmax = €YD, (), and a simple calculation shows
that the condition r(1 — 27) > 2 dyax, required by Proposition 52, holds.

We apply the operation CLEANSUBTREE(u, T') whenever applicable. In the resulting
tree T, every node has two children (it is a 7°°), and -, # 0 only for “old” nodes v that
already existed in T, and are canonical. We define a subset B C V(T) as follows: for each
node u € V(T), add w to B if (1) it is an old node, i.e., already exists in 7, and has not
been replaced in the above procedure; and (2) its old variable label a := varlabelr, (u) is

90nce all labels are distinct, there is no need to distinguish between labels and nodes; we simply assume
that v is the label of v, and thus can write v, instead of Yyarlabel(v)-
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in IDg ;. We will now compare v,, the “bias” of node u inherited from 7, through the
transformations, to 'yf”, the bias according to Definition 70.

Proposition 74. v,(r) > v2(r).

Proof. Let v and w be the left and right child of w in T. If w is a new node, created
during the cleanup process above, then v and w are new nodes, too, and both sides of the
inequality are 0. So assume from now on that u is an old node, and let a := varlabelr, (u).
Note that a is canonical since otherwise the node u (and all its descendants) would have
been replaced by new nodes, using Lemma 72 and Lemma 73. So a has a unique critical
clause (a V bV ¢€) and the children of u in T}, have labels b (left child) and ¢ (right child).
We see that

Yu = =D, (7)[a € IDo,1] + Ypip, , (1) ([b € IDg 1] + [c € IDg 1)
Vi = =10y, (r)[u € Bl +vp1p,, () ([v € Bl + [w € B)) .

We already assume that u is an old node, and thus v € B if and only if a € IDg,
meaning the indicator variables [a € IDg ;] and [u € B] are equal. Next, we will show
that [v € B] < [b € IDg ;] and similar for w and c.

Indeed, if v is a new node, then trivially 0 = [v € B] < [b € IDg1]. Otherwise, what
is its old label? We already observed that w is a canonical node in T, and its left child in
T, has label b. So varlabely, (v) = b, and [v € B] = [b € IDg;]. The same holds for w and
c. Since all 7’s are non-negative for all » € [0, 1], this proves the proposition. ]

Note that we need the fact that u is canonical; otherwise, we could not guarantee any
relation between the label of its children in T}, and the variables in its critical clause. This
is why we have to handle TwoCC-variables and nodes with an only child separately and
need to go through the pains of proving Lemma 72 and Lemma 73.

We conclude that Prp[r(u) < r] > Prpe[r(u) < r] and therefore can bound Prp[Cut, (T')] >
Prps[Cut,(7T")]. This is good since Prps[Cut,(T")] can be evaluated purely in terms of B,
and we can completely forget about the original T, and its labels. In what follows, we
will show that we can reduce the set B until it contains nothing except possibly the root
of T and its children, while not increasing Prpz[Cut,(T)].

Lemma 75. Let v be a node in B of maximum distance from the root. If that distance
1s at least 2, then

Pr[Cut,(T)] > P t,.(T)] ,
PrCut,(T)] = Pr  [Cut(T)

where w is the sibling of v in T (the other child of the parent of u).

Proof. Let u be the parent of v and w the other child of u. By assumption, the depth of v
is at least two, so u is not the root. For brevity, we write D; := DP and D := DB\vw},
Let T, be the subtree of T' rooted at u. It suffices to show that Prp, [wCut(T,)] >
Prp,[wCut(T,)]. For t € {u,v,w} write I; := [t € B]. Note that

B = —MDg 1 (7)1 (since the children of v are not in B)
I, (since the children of w are not in B)

Iy + Yoo, , (1) (Lv + Lw)

75\{%10} = —MDg, 1 \T Iy .

B _
Yw = ~VIDo,1

B _
Yu = ~VIDg, \T
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For t € {u,v,w} define é; so that Prp, [7(¢t) < r| = r — d;; additionally define 0.°" such
that Prp,[r(u) < r] = r — 0,°V. Note that Prp,[7(v) < r] = r and similar for w, so no
need to define §;°V. We check that
o, = €Y1Dg 1 (r) 1,
0y = €YD, (1)1
Ow = €YD 1 (1) I
ou = 0,7 — evpin, , (1) (Lo + L) -
With this notation, the “new” cut probability is
Eg[wCutr(Tu)] = Eg[w(u) < rV Cut,(Ty,)]
=(r—-0")VQ, (since everything is unbiased below w)
=r—=0"+0=-r4+06"Q,
=7 =6, + (1 =r)Qr +0,"Qr
=P — (- Q) . (39)

The “old” probability Prp, [wCut,(7,)] is a bit more tedious to compute. Analogous to
(39), we obtain

gr[WCutr(Tv)] =P —-6,(1-Q,),

gr[wCutr(Tw)] =P —0,(1-0Q;),

and therefore

gf[WCIltr (Tw)] = (r —6u) Vv Ef[cutr (Tw)]

= (r—=6,)V (gf[WCHtT(Tv)] . 1;{‘[WCH‘CT(Tw)]>

= (r—0u) V(P = 0u(1 = Q) - (Pr — 0u(1 — Qr)))
= (r—0u) V (Qr — (du + 0w)(1 = Qr) Pr + 800 (1 — Qr)?)
=7 —0u+ (1 =740, (@ — (0 + 6u) (1 — Q) Pr + 8u0u(1 — Q1))
=7 =0y + (1 =7)Qr — (1 =7)(6y + 0u)(1 — Q) P + 6uQr
+ (1 =7+ 0u)8u0u (1 = Qr)? = 6u(6y + 0u)(1 — Q1) Py
=P — (1= Q) (6u + 1y +16w) (since (1 —r)P, =71)
+ (1 =7+ 6u)0u0w(1 — Qr)* — 6u(6y + 6w) P (1 — Qr) .

We compute the difference between “old” and “new”:
gr[wCutr(Tu)} - gr[WCutT(Tu)] =(1—=Qr)(6," — 0y — 16y — Tdy)
1 2

+ (1 —r+ 5u)5v5w(]— - QT‘)Q - 6u(5v + 5w)Pr(1 - QT)

= (1= Qr)e(Ly + L) (9D, , (1) — 1Dy, (7)) (40)
+ (1 —-r+ 5u)6v5w(1 - Qr)2 - 5u(5v + 5w)Pr(1 - Qr)
(41)

Since vpp,, (1) > 71D, (r) for all r, the expression in (40) is non-negative. Morally,
(40) is linear in € while (41) is quadratic; so even if (41) is negative, it should not matter
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too much. However, to rigorously show that the overall difference is non-negative, we
distinguish a couple of cases.

Case 1. u ¢ B. Then the second term of (41) vanishes since ¢, = 0; the first term
is non-negative: the factor (1 —r 4 ¢,) is a probability and is therefore non-negative; 4,
and &, are both at most 0, so §,d,, > 0.

Case 2. u € B and v,w ¢ B. Then (41) vanishes.

Case 3. u,v,w € B. Then §, = 6, > 0. Dividing by 1 — @, and J,, we see that
(41) > 0 if and only if

(1 —r+ 5u)6v(1 - Qr‘) - 25uPr >0 (42)

We assume that I, = I, = I, = 1, and therefore 6, = €y1p,, —2 €ypID, ,- If dy is negative,
then both summands of (42) are non-negative (we check that 1 —r 4+, is always positive
for r < 1/2 and € < 1, by a wide margin). If §, is positive, then

(42) > (1 - T)5U(1 - Q?") - 26uPr
(1—=7)(1 - Qr)evp,, — 2€P> (’YIDO,l - 27pID0,1)
S (1 - T)(]‘ - QT)G’YIDO’l - 26P’!’ (’YIDOJ - 2T’YID0’1) )

where the last inequality follows since vp1p, , (1) = % T MDg4 (T) =7 YDy, (7)-
We divide this by eyip,, (), which is positive, and continue:

1-7r)(1-Q,)—2P.(1—-2r)= (1-r)(1—-27r) _ 2r(1 —27)

(1—1r)2 1—7r
(1 =2r)—-2r(1-27r)
1—7r
:(11__2:)2>0.

This shows that (42) > 0 and therefore (41) > 0.

Case 4. I, = 1 and exactly one of I,,,I,, = 1. Say I, =1 and I, = 0. The difference
is
(40) + (41) = (1 — QT)E(VpIDOJ (r) — T'VIDo,l(r)) — 6u0p Pr(1 - Qy)
(1= Qr)e(vpiny , (1) = r1Dy 1 (7)) — €7Dy, (VDo — VoI, )P (1 — Q1) -

We divide this by (1 —Q;)evip, ,, which is positive, keeping in mind that 2ot () %,

VDo 1
and the above becomes

r
@ - 6(’)/1]3071 - ’YPIDo,l)PT
r .

Z@ - 6(’)’IDo,l - T’VIDOJ)PT’ (smce YpIDg 4 (T) > T Y1Do,1 (7”))
r .

=60~ €MD (since P = )

which is non-negative if and only if eyip, , (r) < 60. Since yip,, (r) = 10r?(1—27)? < J%

for all 0 < r < 1/2, this holds for all € < %. This concludes the proof of Lemma 75. [
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We apply Lemma 75 as long as B contains a node of depth at least 2. Once there is
no such node anymore, we conclude that B does not contain any node outside the root
and its children. This completes the proof of Lemma 71. O

Informally, Lemma 71 states that biases cancel and we can pretend that TwoCC = ()
and T} contains no IDg 1-variables except possibly x,y, 2. After applying Lemma 71, we
are left analyzing Prps[T°°]. Notation becomes simpler if we assume that the root, left
child, and right child of 7°° have labels z, y, z, respectively. Then B is simply {z,y, z} N
IDg,1. Things are now simple enough to calculate Prps[Cut(7°°)]. We abbreviate v; :=
VDo 1 and 7o := YpIDy ;- With this notation,

(

m(

Pr
Pr
Pr|

<

)<rl=r—en(r)ly=r—24,,

y<rl=r—eyn(r)l,=r—20,,
<rl=r—en(r)ly +ey(r)Iy+1,)=1—10;, (43)

N

A
=

and Pr[r(l) < r] = r for all other labels [; all probabilities are under DZ. Denote by T},
and T, the subtrees of T rooted at y (i.e., the left child of the root) and z, respectively.

DPE [Cut,(T°°)] = Pr[n(y) < rV Cut,(T})] - Pr[n(2) < rV Cut,(1%)]

=[] r-a+0-r+8)Q)

le{y,z}

= H (r+1-7rQr—a(l—Qy))
le{y,z}

= H (Pr - 5l(1 - QT))
lef{y,z}

=Qr — (0, +6.)Pr(1 — Q) + 5,0.(1 — Q,)?
> Qr - (Iy + Iz)EV(T)PT(l - QT) s

since 0y, 6, > 0. We get Prps[Cut(T°)] from by taking the expectation of the above with
r = 7(x); we have to be aware that m(x) is not uniform if I, = 1. That is, we integrate
the above expression, multiplied with the density of m(x). The density of m(x) at r is
72 (1), which can be obtained by differentiating (43):

1 —epi(r) Iy + epa(r)(Iy + L) ,

where ¢;(r) := ~i(r) for i = 1,2. Writing Q, := 1 — Q(r), we see that Prps[Cut(T)] is
1
| (@ = enP@uty+ 1) (1= cor ()1 + o)1, + 1))
1 1 1
=s3—€(ly, + I,) / 1(r)PrQy dr — eIx/O o1(r)Qr dr + €(Iy + 1) / P2(r)Qy dr

1 1
+ELU+ L) [ 6P dr - &, + LY [ oalom(nPQrdr
0 0
Using the notation from Definition 68, we can write

52 [Cut(T°)] > s3 + eI, BFS — €(I, + I)(DFB) — €2I,(I, + I,)JUNK; — €*(I, + I.)*JUNK;
This finishes the proof of Theorem 69. O
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8.2 Summing over all z € V' \ TwoCC

Next, we sum the expression in Theorem 69 over all x ¢ TwoCC: for succinctness,
we separately sum terms constant, linear, and quadratic in €, respectively. Summing up
s3—o(1) gives at least s3(n —|TwoCC]|) —o(n). The most interesting part is the one linear
in €. Recall that y, z are the other variables in z’s canonical critical clause (x V § V 2);
that is, they are the variables for which (x,y), (x, z) are arcs in the critical clause graph.
We write x — y,x — z for succinctness.

Z (IxBFS— Z IyDFB>

€V \TwoCC yr—y
=[Do,|-BFS— > > I,DFB

z€V\TwoCC y:x—y

=[Dos|-BFS—DFBY I, > [z
yeV  zeV\TwoCC

=[IDo,| - BFS — DFB > PEE (since I, = 0 if y & IDg ;)
y€IDg,1 zeV\TwoCC

>|IDg | - BFS — DFB Z deg;,(y) (“>” since some z : x — y might be in TwoCC)
y€IDo,1

=[IDg,1| - BFS — [ID;| - DFB . (since deg;,(y) is 1 if y € IDy and 0 if y € IDg)
Next, let us sum up the terms with factor e2JUNK;:

Yo LI+L)= > ) LI,

eV \TwoCC eV \TwoCC y:x—y
Cr=:(zVyVZ)

= the number of arcs within IDg; in the critical clause graph
< |ID1| )

where the last inequality holds since every arc (x,y) within IDg; has y € IDq, and by

definition of ID; the variable y has at most one such incoming arc. Finally, the coeflicient
of e2JUNK, is

S G- Y (zfyf

€V \TwoCC z€V\TwoCC \y:z—y
Cz=:(xVyVZz)

< Z 2 Z I, (since the inner sum is at most 2)
zeV\TwoCC y:z—y

:22 Z Iy

Yy zeV\TwoCC
CE—)y
<23 > I,=2 ) deg,(y) =2[Dy|.
Yy zeVix—y y€IDo,1
Altogether, we get

Z P]’)r[Cut(Tx)] > s3(n — |TwoCCJ) — o(n)
¢ TwoCC

+ € (|IDg,1|BFS — [ID;|DFB)
— é%|ID; | (JUNK; + 2 JUNKj) . (44)
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8.3 Pr[Forced(x)] is large when x has two critical clauses.

Note that Pr[r(l) < r] = r —eyi(r) > 7 — ey, (r) holds for every label I in T}, and
7(x) ~ DI™°C. We can directly apply Theorem 65 with 4 = YTwocc and Yeest = VDo 1
and conclude that

Pr[Cut(T})] > s3 + Bonus2CC — ((DFS2CC + DFD2CC) — € JUNK2CC — o(1) .

(45)
with
! 104
BoNUS20C = | QB(r) dr —s3 = —~ — 50 In(2) ~ 0.000307
0
1
DFS20C = = [ QuB)étcclr)dr
0
39094
= " — 18800 In (2) < 0.16634
12 B
DFD2CC := / Dy, (B
0 (1—r)3
= 11420 In (2) — % < 0.074135
192 B WO
JUNK2CC := / M0 (D) B O1wocalr)
0 (1—r)3
179234
= M — 3694000 n (2) ~ 0.03125
8.4 Success Probability of PPSZ in terms of TwoCC and 1D,
The overall success probability of PPSZ can now be bounded as follows:
log, Pr[ppsz succeeds] = logy E [2*”+Zw Pr[Forced(’”’”)}]
> log, E [2—n+zw Pr[cut(Tz)q
> — _
> —n+ Z Pr(Cut(T;)] — KL(D||U) (46)

Since D acts independently on all variables, computing KL(D||U) should be straight-
forward; still, it causes a slight headache since variables come in seven “flavors”, meaning
v, is chosen among seven possible functions. To be more precise, j = 0,1, 2 we define

Ay j:={x €IDg,; | exactly j of 2’s children are in IDg 1}
Apj:={z €V \ (IDg1 UTwoCC) | exactly j of z’s children are in IDg }

Looking back at Definition 67, we see that v, = —ivip,, +J- YpIDy, =1 Viyj when x € A, ;
In particular, 7, = 0 for € Byg, so 7(z) is uniform, and these variables contribute
nothing to KL. We define ¢; ;(r) := } ;(r) dr, ¥; j := fol ?;(r), and D;j := DI, With
this notation, we can write

1 2
KL(D||U) =Y Y KL(Dy||U) - |A; 5| + KL(DF™C¢||U) - | TwoCC]|
i=0 j=0
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Using Lemma 43 we obtain that

for fxr(e) = (1 —€)In(1 — €) + €. One checks that U5 < ¥;; < ¥ for our choice of
VDo, and Ypip, , - Therefore,

- frr(e)

2
frr(e
ZKL(DAL].HU) |41 ] < ln(é)) (WA, ol Arol +Wa, |Arr] + Wa,,|AL2])
i=0
fxr(e) Sxu(€e)
< -\ A A A = - 1D . 4
=) AolAioU A1 U Arg| = n(2) A101Do 1] (47)

For Ap,j, note that

1
\I}Aoﬁj - /0 ¢2Ao,j (7‘) dr = jQ\I}Ao;

and therefore

2 frr(€) o
S TKL(DA, ||U) - Ay < 5552 0y,

J=0

)

U4, |TD1] - (48)

To see why the last inequality holds, note that Ag; is, by definition, the set of z €
V' \ TwoCC that are not in IDg; but have j arcs into IDg ;. Thus, the expression |Ag 1|+
2]Ap2| is at most the number of arcs in the critical clause graph going from outside IDg ;
into IDg; (at most since some arcs might come from TwoCC-variables). This number is
at most [ID1]. To determine KL(D™°¢“||U), we cannot apply Lemma 43 directly since
it requires |¢| < 1. In fact, ¢drwocc(r) is =5 for » = 1/2, and this is its maximal absolute
value. Thus, |$¢rwocc(r)| < 1, and therefore

Se) 1
KL (D YTwocC — KL(D)Twocc/5 < SrL( = 4
( € HU) ( 5¢ HU) = ln(2) 25 TwoCC ( 9)

for Uryocc := fy dryocc(r) dr = 13, Adding (47), (48), and (49) gives
€ €
KL(D|v) < S ( + 202y ) + 09

n(2)
) 3721 |> +fKL( €

\IITWOCC|TWOCC| (50)

—

Jle) (D jipy 4 321
(2 \21" %" T 90720

This bound is more or less tight (up to the slack in Lemma 43: it might so happen that
(1) no IDg ;-variable x has an out-neighbor y € IDg 1; (2) ID;-variables occur in “pairs”,
ie., if (z,y), (x, z) the out-arcs of z, then y € ID; if and only if z € ID;. In this scenario,
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A171 = A172 = A071 = @, |A170’ = |ID071’, and |A072| = |ID071|/2. Combining (50), (44),
and (46), we see that the “gain” log, Pr[success] + n — s3n is at least

Jxw(€)
In(2)

+ <Bows2cc — ¢(DFS2CC + DFD2CC) — 2JUNK2CC —

\IIAl,o + ‘IIAO,Q/Z
n(2) / KL(€)>

¢(|IDg1|BFS — |ID1|DFB) — €*|ID;|JUNK — .

ficr(5¢) 15
% n(2) 14 ) | TWoCCl

L)
<‘I’A1,O|ID0,1| + == |ID1\>

= |IDy| (e(BFS — DFB) — ¢2JUNK —

fKL(E)‘IJALo
In(2) >

+ <BONUS2CC — ¢(DFS2CC 4 DFD2CC) — 2JUNK2CC —

+ |IDO| <€BFS —

f(5¢) 15
% n(2) 14 ) | TWoCCl

> |IDy| (0.030966 € — 0.0028 €2 — 0.4027 fi(€))
+[IDg] (0.06259 € — 0.344 fir,(€))
+|TwoCC| (0.009307 — 0.2405 € — 0.03125 €2 — 0.06183 fir,(5¢))

For € = 0.029, this is at least

Dy  |IDo| , [TwoCC| _ [IDy| +2|IDg| + 2| TwoCC|

1380 600 617 1380
This completes the proof of Theorem 36. O
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A Proofs from Section 3, 4, and 6

Lemma A.1 (CCT similarity lemma, Lemma 33, restated). Let T, be the canonical
critical clause tree for Ty, u a node in Ty, v a descendant of u in Ty, and a := varlabel(u),
b := varlabel(v). If v is canonical in T, then there is a corresponding node v' in T,
the canonical clause tree of variable a, and the path from u to v has the same variable
label sequence as the path from root(T,) to v’ in T,. In particular, varlabel(v') = b.
Furthermore, v’ is canonical.

Proof. Let u = uy,...,u; = v be the path from u to v in T, and [; = varlabel(u;). Since
v is canonical in 7T}, each variable /; on that path has exactly one canonical clause Cj,.
Furthermore, again by definition of canonical-ness, the assignment «,, violates Cj,; recall
that ay,, is the assignment obtained from o = (1,...,1) by flipping all variable labels on
the path from root(7}) to u;, including both endpoints.

We will now construct a corresponding path root(7,) = ug,u],...,u}; of canonical
nodes in T, such that varlabel(u]) = varlabel(u;). We start with uj := root(75). Note
that varlabel(u(,) = varlabel(ug) = a. Suppose uj, ..., u, have been defined, ¢ < [. What
is the clause label of u}? Recall the assignment a,,, Wthh violates Cj,. What is «,, /7 It
is the assignment obtamed from o = (1,...,1) by flipping all variable labels on the path
from root(7,) = u{, to w,. Thus, the set of ﬂlpped variables in «, is a subset of that in
a3 in other words, o /(l) > ay,, (1) for every variable [. This means that o, violates Cj,,
as well. We conclude that the clause label of u is Cy,, and therefore v} is canomcal too.

If ¢ = t, we are done; otherwise, we have to find a suitable u; 41 in Ty, Write Cj, =
(l; Vy V z). The process constructing the critical clause trees creates two children for u;
and labels them y and z; without loss of generality, the child w;4; has label y. Similarly,
when constructing T, it uses C; to create two children for u;, ; and labels them y and z.
We now set u;, ; to be that child that has label y. O

Lemma A.2 (Lemma 19, restated). There is some cpriviecen > 0, depending only on
k, such that Pr[Forced(x, )] > si + cpriviLecen — 0(1) for all privileged variables z, where
o(1) converges to 0 as w grows.

Proof. We show that there are constants ci1,co,c3 > 0, depending only on k, such that
Pr[Forced(z, )] > si+c¢;—o(1) whenever z is privileged due to reason (i) in Definition 18.

The case of privileged variables of type (1), i.e., those having at least two critical
clauses, has already been addressed in the full versions of [3]. However, for the sake
of completeness we will also discuss this case. We will introduce some operations on
labeled trees T' that never increase Pr[Cut,(7')]. As a most simple example, suppose
u is a node in T and not a safe leaf; form 7" by adding a new child v to u. Then
Pr[Cut,(T)] > Pr[Cut,(T")], regardless of the label of v. This follows immediately from
the definition of Cut,..
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Attaching additional descendants to w will not increase Pr[Cut, (T)].

This operation allows us to reduce case (3) to case (2). Indeed, suppose T, has fewer
than (k — 1)2 nodes at depth 2. Let Y3,...,Ys_; be the children of the root of T, and let
Y1,-..,Yp—1 be their respective labels. By assumption, some child Y; has at most k£ — 2
children. Create a new node Z, attach it as an additional child to Y;, and give it label y;.
The resulting tree T” is a labeled tree, every node has at most k — 1 children, and label
y1 occurs at depths 1 (at Y7) and at depth 2 (at Z), so T” is of type (2).

Next, we (almost) reduce case (1) to case (2). Suppose x has two critical clauses, C' =
(xVy1,...,Jk—1) and D = (xVZy,...,2Zk—1). Note that & < [{y1,...,Yr—1,21,---,2k—1}| <
2(k — 1). Suppose for the moment that it is less than 2(k — 1), i.e, some variable y; also
appears in D. Without loss of generality, y1 = z1. Also, the two clauses are distinct, so
let us assume that y,_; does not appear in D. We will construct a (non-canonical) critical
clause tree T, for z that is of type (2). Use C as clause label for the root. Note that this
creates k—1 nodes Y7,...,Y,_1 at depth 1 with labels y1,...,yr_1. The assignment label
of Y;—1 is afyg—1 > 0], which violates D; here we use the fact that D does not contain
yr—1. Thus, we can use D as clause label of node Y;_1, which in turn creates k — 1 nodes
at depth 2, one of which has label z;. Now recall that y; = z; by assumption, so this
label occurs once at depth 1 and somewhere at depth 2, and T}, is of type (2).

Summarizing, we are left with privileged variables of type (2) and those with two

critical clauses C, D that share no variable besides z. Let us deal with type (2) first.
We start with a proposition stating that assigning “fresh labels” to a node of T" cannot
increase Pr[Cut,(T")]. This can be seen as an alternative proof of Lemma 7 in [3] that
bypasses the FKG inequality for monotone Boolean functions (in fact, implicitly reproves
it).
Proposition 76. Let T be a labeled tree and suppose the values {m(l) }1cr are independent.
Let u be a node in T with label z. Form a new tree T' by assigning u a fresh label 2’ and
making 7(2') follow the same distribution as 7(z), but independent of everything else.
Then Pr[Cut(T)] > Pr[Cut(T")]

Proof. We show that Pr[Cut,(T")] > Pr[Cut,(T")] for all » € [0,1]. Let 7 : L\ {2,2'} —
[0, 1] be a placement of all labels except z and 2’. In fact, we claim that Pr[Cut,(T) | 7] >
Pr[Cut,(T") | 7] holds for all 7. Under the partial placement 7, the event Cut,(7")
becomes some monotone Boolean function f(b, ') in the Boolean variables b := [r(z) < r]
and V' := [r(z) < r'], and Cut,(T) becomes f(b,b). This holds since T' can be obtained
from 7" by merging the labels z and 2’. Now under our distribution on placements,
7(2) and 7(z") follow the same distribution and therefore Pr[b = 1] = Pr[b = 1]. This
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means that Pr[f(b,b') = 1] = Pr[f(b,b) = 1] unless f depends on both variables; the only
monotone functions depending on both b and " are b A b and bV ¥'. If f(b,t)) =bA YV
then Pr[Cut,(T") | 7] = Pr[b A b'] < Pr[b] = Pr[Cut,(T)] and our claim holds. Finally,
f(b,b') = bV cannot hold: the set of nodes in T" with label z or 2’ form an antichain,
by Point 2 of Definition 9. O

Now let T" be a labeled tree to which (2) applies, i.e., some variable y appears at depth
1 and 2 in T}. Let Y7,Y2 be those two nodes with label y. We apply the proposition to
all nodes except Y7 and Y5. Second, we add new children to nodes of depth less than h
until all such nodes have exactly k — 1 children, and all the (k — 1) nodes at depth h are
safe leaves. Call this tree T. From the proposition and the discussion above, it follows
that Pr[Cut,(T,)] > Pr[Cut,(T)]. In a last step, give a fresh label y; to Y7 and y2 to Ya,
and call the resulting tree 7”. In T”, all nodes have distinct labels, and we know what
Pr[Cut, (T7)] is: it is Q%" — 0(1).10 We also know that Pr[Cut,(T)] > Pr[Cut,(T")]
by the above proposition. Now, however, we have to take a closer look at the proof

of the proposition since we want to show that Pr[Cut,(T")] is significantly larger than
Pr[Cut,(T")].

The tree T": all labels are distinct.

In 7", we denote the node with label wy by Wo; that with label 29 by Z5, and so on. Since
T’ and T has the same node set, we use this notation for the nodes in T, too. Furthermore,
for a node u, we denote the subtree of T' (or T") rooted at node u by T, (or 7). As in the
proof of the proposition, we fix some partial placement 7 : L\ {y1,y2,y} — [0,1]. As we
have seen in the proof, Pr[Cut,(T) | 7] > Pr[Cut,(T") |7] holds for every such 7. Call 7
good if the following holds: (1) w(ws) > r; (2) 7(22),...,7(2k—1), T(w3), ..., T(wWk_1) < 7;
(3) =Cut,(Ty,) and =Cut,(Ty,). The events described in (1-3) are independent; those
in (1) and (2) happen with probability exactly (1 — r)r?*=5. Those in (3) happen with
probability at least (1 — Q,.)2.

Under a good 7, the Cut,(T") becomes [7(y1) < r A7(y2) < r] and has probability 2,
and Cut,(7") becomes [r(y) < r], which has probability r. Therefore,

Pr[Cut,(T)] — Pr[Cut,(T")] > Pr[r is good] - (r — 7?)
> (=) (1= Q)P (r—1%) = (L =) (1 - Q)?

Putting everything together and integrating over r, we conclude that

Pr[Cut(T;)] > sk —o(1) + /01(1 — )21 - Q)% dr .

10We will write Q. instead of Q(rk_l) from now on since k is understood.
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It is clear that the integral is some positive constant depending solely on k.

We are left with the case that = has two critical clauses C' = (z V 41,...,yk—1) and
D= (xVZz,...,Zk1), and y; # zj for all 1 < 4,5 <k —1. It is clear that x is forced if
all y; come before x or all z; come before x. Therefore,

Pr[Forced(z, ) | m(z) = r] > r*~1 4+ 7F=1 — Pr[all y; and all z; come before ]
> 9pk=l _ p2k=2

On the other hand, by focusing solely on the canonical critical clause tree of x, we can
apply Lemma 13 and conclude that

Pr[Forced(z,7) | m(z) =7] > Qr — o(1) ,

(we write @, instead of ank) since k is understood), and therefore

1
Pr[Forced(z, ) = 1] > / max(27* 1 — 2872 Q) dr — o(1)
0

1
=sr—o(l)+ / max (0, k=l _ p2k=2 _ Qr) dr .
0

It remains to show that the latter term is positive for a substantial range of r € [0, 1].
We claim that if r is sufficiently small, @, is only a tiny factor larger than r*~!. Indeed,
From Proposition 12, we know that Q, < er*~1 thus P, =7V Q, =7+ (1 —r)erF 1 =
r(1+e(l —r)rk=2) and in turn Q, = P < (r+ erk_l)k_l =kl (1+ erk_Q)k_l <
rE=1ee(e=1r*"2 "\We check that e¢®=D™"* < 1.5 for all k > 3 and r < 1/16. Therefore,

1 1/16
/ max (O, o k=l _ p2k=2 _ QT) dr < / (2 k=l _p2k=2 _ 15 ’I“k_1> dr
0 0

1/16 1
_ / ( Tk_l o 7’2k_2) dr
0 2

and the latter is some positive constant ¢; depending only on k. O

Lemma A.3 (Lemma 34, restated). There is a set H C E(SG) of mazimum degree 2
(i.e., H consists of paths and cycles) with |H| > n — |ID1| — 2|IDy].

Proof of Lemma 34. For each vertex x in SG with deggs(x) > 3, mark deggs(z) — 2 of
its incident edges (choose them arbitrarily). Let H be the set of unmarked edges. The
number of marked edges is at most

Y (degsg(r) —2)
z:deg g (2)>3
The total number of edges is n, thus ) deggg(z) = n, and
0= (deg(z) =2)= > (deggg(x) —2) — [ID1| —2[IDo| ,
@ widegg (v)>3
We conclude that the number marked edges is at most
S (degs(@) — 2) = 1Dy + 2Dy
z:deggq(r)>3

Thus, |H| > n—|ID1]| —2 [IDg|, and the maximum degree in H is obviously at most 2. [J
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B Proofs concerning the construction of D

Theorem B.1 (Theorem 40, restated). Let A, C [0,1] for v € V(G) be non-empty
intervals; let V(G) = KWI and Er := {{u,v} € E | u,v € I'}t. Then

T.7T,
Pr(Xp € A Vk e K | X;e Avie )= [ wAn) -1 +e 2 fujep\Fi :
keK I+e Z{u,v}eE; TuTU

where p is the Lebesque measure on [0,1] and T, := Ezeca,[¢(x)], the expectation being
taken with respect to the uniform distribution on A,.

Proof. 1f some Ay, k € K has zero measure (Ay is a point) then both sides are 0. For
simplicity, let’s assume all intervals have positive measure, including the A;,7 € I; the
case A; = {r} can then be obtained by taking a limit.

As a small notational trick, define A} to be [0,1] if v € K and A, if v € I. Then the
conditional probability is the fraction
Pr[X, € A, Yv € V]
Pr[X, € A Yv € V]

Let us work on the numerator. We define the Cartesian product A := [] oy A, and let
p be the Lebesgue measure on [0, 1] and [0, 1]¢ in general. Note that T, = Ezea, [¢(7)] =

fAu ¢(x) dx/p(Ay). Then

Pr[X, € A, Vv e V] Ja(1+ €2 (uprer ?(Tu)o(zy) dx
(A) N n(A)

=E |1+c¢€ Z (2u)p(wy)

A
x€ {uv}eFE

—14¢ Z T,T, .
{uv}eE

Let us work on the denominator similarly. We define A" := [] .\ A} and T}, := Epecar, [0(u)].
Note that T}, =T, if u € [ and T}, = 0 if u € K. We get

Pr[X, € A, Vv € V] .
z =1+e¢ T,T, .
p(A) {U%;E

Finally, the conditional probability is
PriX, € A, Yo e V] 1+ex i pyenTule  u(A)
PrX, € A, Yo e V] 14+eXp, ep TT,  n(A)

L+e Z{u,v}EE T, Ty

= 1] #(A)-
kg( lL+e Z{u,v}eE T&Tzﬁ

H ,M(A ) 1+ 6Z:{u,v}EE .7,
= k .
keK 1+e Z{uvv}EEI T, Ty

. € Z{u,v}GE\El T.Ty
keK € {u,v}GEl u-+v

This completes the proof of the theorem. O

(since T, = T, - Lyer)
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Corollary B.2 (Corollary 42, restated). Let u € V(G) and A, := [0,7]; for each other
v € V\ {u}, suppose A, is one of {r}, [0,7], [r,1], or [0,1]. Define T,; = min(0,T}).
Then

67(7‘) Zv:{u,v}EE T,

Pr(X, € A, | X, € A, for all other v| > r +
€A K R T [

(51)

holds for our particular choice v(r) = (1 — 27)3/2. Furthermore, if |E(G)| < 17 and
€ < 0.13, this is at least

r+1.2ey(r) Z T, .
vi{u,v}€E

Proof. We apply Theorem 40 with K = {u} and I = V' \ {u} and A, as in the corollary
and see that

. T, T,
Pr[X, € A, | X, € A,Vvell=r (1 +e Zv.{u,v}eE )

1+4e€ Z{U,w}GEl T, Ty
ey(r) Zv:{u,v}EE Ty
1+4+e€ Z{v,w}eEI Ty Ty
ey(r) Zv:{u,v}GE T,
1-+e€ Z{v,w}eE; T,T,

>r4+

If u is an isolated vertex in G than this is obviously equal to r and the theorem holds.
Otherwise, observe that the the numerator is at most 0; it remains to bound the denom-
inator from below. Consider a single term T, T,,. There are four possible choices for A,,
and similar for A,. Note that T, is ¢(r), @, _17_(:), and 0 if A, is {r}, [0,7], [, 1], and
[0, 1], respectively. This makes a total of sixteen combinations; however, most of them
are obviously non-negative (for example if A, = A, or one of them is [0,1]); there are

only three values for T, T}, that are not obviously non-negative:

1. T,7, = 7(:) : _17_(:), if A, =[0,r] and A, = [r, 1], or vice versa;

2. T,T, = ¢(r) - 22 if A, = {r} and A, = [0, 7], or vice versa;

r

3. TyTyw = ¢(r) - 711(::), if A, = {r} and A,, = [r, 1], or vice versa.

One checks that all three functions are at least —2/25, with equality achieved by ¢(r)- 7(:)
and r = 3/10. There are at most |E| — 1 terms in the denominator since u is incident
to at least one v € I, and therefore the denominator is at least 1 — 22—5 €(|E| —1). This

completes the proof of Corollary 42. O

Lemma B.3 (Lemma 43, restated). If |¢(x)| < 1 for all x € [0,1] then KL(D?||U) <

hTT%) - fxL(€). Using In(1 — €) < —e — €2/2, this is at most to 5 Eé) (€2 +€3).

Proof. By definition, if fg(z), fp(z) are the probability densities of @) and P, then

o010~ 1o ()]
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In our case, (@ is the uniform distribution on [0, 1] and P has density fp(z) = 14+e¢(x)The
divergence is

D(D?||U) = m:é)/(l—i-e(ﬁ(:c))ln(l—i-e(ﬁ(x)) dx (52)

Write ¢ := ep(x). Using the Taylor expansion of In(1 + t), we see that

(o)
"
L+t +t)=1+8)> ()™=
n=1
(o] o
" ¢t
— 1)+t 1)+l
Sl Sy
n=1 n=1
NI S
n k-1
n=1 k=2
o0
1 1
=t " (=1)" ——
+nzz:2 (=1) n—1 n)

Thus, (52) becomes

(—1)"e™ .
nZ::g In(2)n(n—1) J, o™ () dx
= Z In(2)n(n—1) J, |¢" (x)| dx

< 22 ln(2)6n_ /x }QSQ(QJ)’ dz (since ¢(z) < 1)
. mo ad €
~In(2) 7;2 n(n—1)"

It remains to find a closed form for Y >, ﬁ

n

Claim. > >° =(1-2)ln(l —z)+z = fxkr(z) for all |z| < 1.

n= an 1) —

Proof. Both sides converge / are defined for |z| < 1. We compare the Taylor series. For
z =0, both sides vanish, so the constant terms agree. Differentiating both sides, we get

Yoo nn T on the left side and —In(1 —z) on the right side. Both first derivatives vanish

for x = 0, so the linear terms agree as well. Finally, differentiating once more, the right

side becomes ﬁ and the left side becomes > o2, 2" 2. This is a geometric series and

equals — for all |z| < 1. O
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Plugging in this closed form, we get the claimed formulas in Lemma 43. O

Lemma B.4 (Lemma 44, restated). Let G be a cycle or a path, consisting of at most
t edges. For v(r) = r(1 —27)32, ¢(r) = ¥'(r), € < 0.13, and t < 17, it holds that
KL(D%||U) < 0.0064 €2t.

Proof. This is more challenging than if D were the Markov chain outlined above. We
use the estimate In(1 + 2) < 2z — 22/2 + 23/3, which holds for all z € R, and write
2= 2(x) = e3>t d(xi1)d(x;) for brevity. By definition of KL, we have

In(2)KL(D|[T) = /(1 4+ 2(x)) In(1 + 2(x)) dx

< /(1 + 2)(z — 22/2 + 23/3) dx

/ n 22 28 n 2 J
2 6 3 ’

where the integral is always over the whole space |0, 1]V. We will therefore replace [ by E,
referring to the distribution that samples each x; independently and uniformly over [0, 1].
This change is of course purely notational but we feel that E is slightly more intuitive
than [. We define mg := E[¢%(x)] and check that my = 35, m3 = 3, and my = 557, for
our choice of y(r) = r(1 — 2r)3/2. We integrate / take the expectation of each of the four
terms above separately. For the linear term z we get

ELx)]=E|e Y d@)d(@,)| =c > Elp(z.)]E(.)]=0.

{uv}eE {uv}er

For 22/2 we get

2

s[5 -SE|| & s

{u,v}eFE

V)

{uw}{v' v'}eE

If {u,v} # {u,v'} then u & {v/,v'} without loss of generality, and ¢(z,,) is independent
of the other three terms in the expectation; thus, we can factor E[¢(x,)] out and see that
the whole term vanishes. Thus, only terms for {u,v} = {u/,v'} remain:

2
S B[ o)

{uv}erE
62
= > E[¢(a)’] E [¢(x0)’]
{uv}eFE
€2 9 €Xtm?3
~St e o)) =

To facilitate computation of the cubic and quartic terms below, let’s put this argu-
ment in a more general context: for a tuple F' = (ey,...,e;) of edges in E, let Tp :=
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E [Hizl [Tuce, ?(@u)|- Let degp(u) denote the number of edges e in F' incident to u. We
calculate

Tp=E _H H¢(fvi)]

Note that m; = E[¢(z)] = 0; let us say vertex ¢ is exposed in F' if degp(i) = 1, thus
Tr = 0 if F has an exposed vertex. In the above calculation of E [%}, the multiset F'

consisted of only two edges, e and €’. It is obvious that F' has an exposed vertex unless
/
e=¢€.

Next, let us analyze the degree-3-terms (—z3/6):

3

_3 —e3 ¢ —e3
E [6:| = TE Z (zu) () = 6 Z T(e,f,g)

{u,v}eFE e, f,geE

What is T(¢ f,4)? If e = f = g = {u, v} then u and v have degree 3 in F', and Tr = m3. If
G is a triangle and e, f, g are all distinct (for which there are 3! = 6 possibilities), then all
u € V have degp(u) = 2, and T = m3. Otherwise, F' has an exposed vertex and T = 0.
We conclude that

34,2
—e’tm3

E [—zB] _663 (3m3+6m3) if G is a triangle,
else.

In both cases, this is negative. Finally, z4/3:

Z4 64
B [3} =5 2 Teron
e,f.g,h

Case 1. G is not a triangle and not a 4-cycle.

It is easy to see that F' = (e, f, g, h) is either of the form (1) (e, e, e, e), i.e., contains
one edge four times or (2) (e, f,e, f) for e # f or a permutation thereof, or (3) has an
exposed vertex. Form (1) occurs ¢ times (once for every e) and contributes a total of ¢ m3,
since uw and v have degree 4 in F', for e = {u,v}. For each set {e, f} of two edges, form (2)
appears six times (choose the two positions of e). This makes a total of (;) 6 =3t(t—1)
times form (2) appears. Form (2) can, however, appear in two sub-forms: either (2.1) the
edges e, f can be incident or (2.2) they are not. Note that the number of sets {e, f} that
are of form (2.1) is t — 1 if G is a path and ¢ if G is a cycle. If term T, ¢ 45, of form (2.1),
say T r.f with e = {u,v} and f = {v,w} then degp(u) = degp(w) = 2 and degp(v) =4
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and therefore T, . ¢ = m3my. If it is of form (2.2) then four vertices are involved, each
of degree 2, and T¢ . r ¢ = m3. Therefore,

3 3

E [24} et Jtmi4+3(—1) (2mam3 + (t —2)m3) if G is a t-path
B tm3 + 3t (2mam3 + (t — 3)m3) if G is a t-cycle

One checks that the expression for the t-cycle is at least the expression for the t-path;
the key inequality here is m3 < my, which follows from setting Y := ¢?(x) and observing
that m3 = (E[Y])> <E [Y2] = my. We conclude that

24 ett 9 9 4

Adding the quadratic and quartic term (the cubic one is negative), and using the fact
that ¢t < 17, we conclude that

etmi et 9 9 4
In(2)KL(D||U) < 5 + 5 (m3 + 6 mym3 + 42 m3) (since t < 17)
2 2 6 2.1 49 4
=% (”;2 Lt m4;n2 ha m2> (54)

< 0.004434 €2t ,

where the last inequality uses ¢ < 0.13. This implies that KL(D||U) < 0.0064 ¢*t.

Case 2. G is a triangle. Then we get the same as in (53) plus some cases not
accounted for. If (3) F := (e, f,g,h) = (e, e,e, f) or a permutation therefore, then one
endpoint of f is exposed and Tr = 0. If (4) F := (e, f,g,h) = (e, e, f,g) then no endpoint
is exposed (since e, f, g are the three edges of the triangle). The three points have degree
3, 3, and 2 in F', respectively, and thus Tr = mgmg. How many such tuples F' are there?
There are three ways to choose one edge to occur twice in F'. Once this has been chosen,
say e appears twice, it remains to choose where in the 4-tuple F' the two other edges, f
and g appear; there are 4 -3 = 12 choices for this, making a total of 36 tuples F' in which
exactly one edge of e, f, g appears twice. Thus,

2 et 2 2 2
E [] =3 (3 my + 18mymy + 36 mgmg)

4
t
= %(mi + 6m4m% + 12 m%mg) . (if G is triangle)

Adding things up, we see that

2,002 4
e“tm €t
2 4 —(m3 + 6mam3 + 12m2my)

In(2)KL(D||U) <

2 3
Y mig L m3 + 6 mym3 + 12m3my

2 3
< 0.00443 €%t (since € < 0.13)

which again implies KL(D||U) < 0.0064 €t.

Case 3. G is a four-cycle. In addition (53), we get some extra terms as well. If (3)
F := (e, f,g,h) = (e,e,e, f) or some permutation thereof, i.e., some edge has multiplicity
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3, then f has at least one exposed vertex, and Tr = 0. If (4) exactly one edge has
multiplicity 2, so F' = (e, e, f, g) or a permutation thereof then F' has at least one exposed
vertex, and Tr = 0, as well. The case F' = (e, e, f, f), i.e, two edges appear twice each,
has already been accounted for in (53) as form (2). We get an additional term if (5) all
edges are distinct: F' = (e, f, g, h); in this case, all vertices have degree 2, and Tp = m%.

There are of course 4! tuples of this form, and thus

4 4
E {2] = % (4 m3 + 24mgm3 + 12m3 + 24 mé) (if G is 4-cycle)

Altogether, if G is a 4-cycle we get that
!
+3 (4m3 + 24mam3 + 36 m3)
— 2t (’rn% + €2 mi —|—6m4m§ +9m%>
3
< the expression in (54) .

2 2
In(2)KL(D||U) < 2

Thus, the bound in the lemma also holds for the 4-cycle. This concludes the proof. [

C Proofs for Section 7

Lemma C.1 (Extending T to infinity; Lemma 48, restated). Let T be a labeled tree of
height h in which all safe leaves have depth h, and for every node v of depth greater
than B, the following hold: (1) its label l,, is not shared by any other node; (2) w(l,) is
independent of everything else; (3) rmin < Pr[m(ly) < 7] < rmax (think of rmin and rmax
being close to r); (4) v has exactly two children if d(v) < h — 1, and it is a safe leaf if
d(v) = h.

Construct T' from T by replacing each safe leaf v by a copy of Teo, so T' has no safe
leaves anymore. All new nodes get §, = 0, i.e., Pr[n(l) < r] =r for all new labels. Then

Pr[Cut,(T)] > Pr[Cut,(T")] — 2"#""" .

Proof. Let Ty := T. Enumerate the leaves of Ty as i = 1,..., L, with L < 2". Form Tj,,
from T} by replacing the i*! leaf with a copy of Ti, and let 177 := T7..

Claim. For r € [0,1/2], Prp[Cut,(T;)] > Prp[Cut,(T;+1)] — Fh—h'

Proof. Let v be the (i + 1) leaf of T. That is, v is a leaf in T} but the root of a copy of
Too in To,. Besides that, T; and T;4; are identical. Let 7 be an assignment to all labels
of T; except v. Note that under 7, the events Cut,(7;) and Cut,(7Tj4+1) either (1) both
become (), i.e., neither happens regardless of 7(v); (2) both become , i.e., both happen
regardless of m(v); or (3) Cut,(7;) becomes [r(v) < r] and Cut,(7T;+1) becomes wCut(Ty),
where T, is the copy of T, rooted at v in T;41. Say v is pivotal under 7 if (3) happens.
Observe that

%r[CutT(THl)} - PDr[Cutr(Ti)] = Pr [v is pivotal under 7] - <%r[WCut(Tv)] - %r[w(v) < T])

T~D
< Pllr:)[v is pivotal under 7| - (Pr — 7) . (55)
T~
What has to happen for v to be pivotal under 77 Let root = ug, u1,...,u, = v be the

path from the root to v; for A’ +2 < i < h, let w; be the child of u;_; that is not u;, i.e.,
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w; is an “aunt” of v. This exists since u;_1 has depth at least h’ and thus has exactly
two children. Let T,,, be the subtree of T" rooted at w;. Observe that for v to be pivotal
under 7, the following are necessary:

1. W(uh/+1), ey F(uhfl) >r and
2. wCutT(Twh,H), o, wCut, (Ty,)

These events are independent and happen with probability

h—1 h
Pr[v is pivotal under 7| = H Pr{m(u;) > 7] - H PrwCut, (1w, )]
i=h'+1 i=h'+2

h
==& I PriwCut,(T,)]
i=h'+2
S (1 _ ,,';)h—h,—l . (Pf)h_h/_l
— jh=h'-1

To justify the inequality, note that in T),,, every node either has two children or is a safe
leaf. Thus, the event wCut, is less likely in T}, than in the infinite binary tree, where it
is Pr. The last inequality follows because Pr = "= whenever 7 < 1/2. We see that

;
1-7

(55) < # TN (P — ) = 7 <Fhh

This proves the claim. O

Iterating the claim over all L < 2" leaves, we see that Prp[Cut,(Tp)] > Prp[Cut,(T%)]—
2hih=h""which proves the lemma. O

Lemma C.2 (Biased node lemma, Lemma 49, restated). If v is a maximal node in W,
i.e., mo proper ancestor of v is in W, then

. 1—- Q'f'_émax d

f]’)r[Cutr(T)] > gf[Cutr(T)] — Oy T T

where d := dp(v).

Proof of the lemma. Conceptually, this is similar to the proof of the claim within the proof
of Lemma 48. Let 7 be a placement to all labels except v.!! Note that the distribution of
7 is identical under D and under D,. Under the partial placement 7, the event Cut, (7"
either (1) happens regardless of m(v), (2) does not happen, regardless of 7(v), or (3)
becomes [r(v) < r|]. We say v is pivotal under 7 if (3) happens. If v is pivotal under 7
then Prp[Cut,(T) | 7] = r — §, and Prp, [Cut,(T') | 7] = r. Therefore,

gr[Cutr(T)] - Il’)r[Cutr(T)] = 0y P%[v is pivotal under 7] .

We will now prove an upper bound on Pr,.plv is pivotal under 7]. As before, let root =
ug, U1, ..., Ug = v be the path from the root to v. For 1 < ¢ < d, let w; be the child of
u;—1 that is not w;, i.e., w; is an aunt of v, and let T}, be the subtree of T rooted at w;.
We observe that v is pivotal under 7 if and only if

1Strictly speaking, v is a node, not a label; however, since all labels are distinct, we can ignore this
distinction.
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1L w(ur),...,m(ug—1) >r;
2. wCut,(Tyy,), . .., wCut,(T},) happen;
3. Cut,(T,) does not happen.
These events are independent. Their probabilities are

1. Prim(u;) > r]=1—rfor all 1 <i <d — 1; this holds since v is maximal in W, and
thus w; ¢ W and 4, = 0;

2. PrwCut,(Tw,)] < P = 1= since Pr[n(l) < r] < r — ¢ < r for all labels in T, all

nodes have distinct labels, and T}, is an infinite complete binary tree;

3. Pr[-Cut,(T,)] = 1 — Pr[Cut,(T},)] <1— Q,_s,.... This holds since T}, is a complete
infinite binary tree and Pr{m(w) < r] < r — dmax for all nodes w in T;,

Multiplying everything together, we see that

gr[Cutr(T)] - I;r[Cutr(T)] =y PI‘D[U is pivotal under 7]

e ()

1—-0Qr—s,.
QT Omax ,rd )

=0
v 1—r

This concludes the proof of Lemma 49. O

Proposition C.3 (TwoCC-cleanup; Proposition 51, restated). If T' is as above and
du = —€yTwocc(r), then Pr[Cut,(T")] > Pr[Cut,(CLEANSUBTREE(u, T"))], for our specific
choices of yrwocc(r) = 40r7/2(1 = 27)2, y(r) = r(1 — 27)%/2, and € < 0.13.

Proof. First of all, it is enough to prove that Pr[wCut,(73,)] > Pr{wCut,(T)] = P,.
Since Pr[wCut,(T,)] = (r — dy) V Pr[Cut,(T},)] (for our “real-numbers” V meaning a Vb =
a+b—ab), it makes sense to bound Pr[Cut,(7},)] from below. We can assume every node
in T, has exactly two children; if not so, keep on adding children. Also, we assume that
0, > 0 for all non-root nodes of T,,; if not, we simply change J, to 0. These steps only
decrease Pr[Cut, (T}, )]. Writing d(v) to denote the depth of v in T},, we apply Corollary 50
and get

Pr[Cut,(T,)] > @, —1.02 11_ i > 8,r?®) (56)
- T
VeV (T,)\{u}

Note that we proved Corollary 50 only for finite sets W; the sum in (56) is infinite but
only finitely many nodes have §, # 0. Let us work on the sum in (56). We partition
V(Ty) \ {u} into AW B as follows: consider a node v; if 6, > 0 then v is an “old” node,
already existing in T}, and therefore it has a label b = varlabely, (v) € V. If {b,x} € Hiow
(equivalently, in our notation, if v <root(7}), put it into A; otherwise (including the case
dy = 0), put it into B. In words, A contains all proper descendants v of u that have a bias
dy > 0 because they (more properly: their original labels) are neighbors with x in H)yy-.
Since x has at most two neighbors x1,zs in H).y,, the set A can be partitioned into two
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antichains A = A1 W Ay. Note that d, < 00t + Onon-root for all v € A, and &, < 2 dnon-root
for all v € B, and therefore

Z 5vrd(v) < (5root + 5non—root) Z rd(v) + 2 dnon-root Z T'd(v)

veV (Tu)\{u} acA beB
G ) %)+ 2 3 190 26 3
acA be AUB acA
= (Jroot — Onon-root) Z rd®) + 2 dnon-root Z @)
acA be AUB
< 6r00t Z r + 2 5n0n root Z Td(v) .
a€A be AUB

We bound the second sum by

— 2
Z ) < Zerd: 1—27« ,

be AUB d=1

since AU B contains at most 2" nodes at depth h, and none at depth 0 (remember that
the root u of Ty, is not in AU B). To bound the first one, we need the following simple
proposition:

Proposition 77. Let T be a binary tree and A an antichain of nodes in T, and r < 1/2.
Z'uEA rdr(v) <1.

We apply this proposition to the antichains A; and Ay and see that » 4 rd) < 2,
Putting everything together,

1 QT d('u)
>— . 1 ' v

VeV (Tu)\{u}
1- T
> Q, —1.02 _Q * 2 droot
- Qr 2r
— 1. 2 : 25non-roo 1 9.
02 9— "1—2r

S 2.04 1_ 916 - . 1 _ 1=2r
> Qr = =y (1= 27000t +270n0nr00t) (since 1 — Qr = 1=52)
=: @, —loss .

For the reader who is interested in technical details, the reason we used the fact that A
is the union of two antichains is to preserve the 1 — 2r factor in front of d.oot; this is

important since o0t behaves “less nicely” as r — 1/2 than dponroot- We can now bound
PriwCut,(T)]:

Pr{wCut,(Ty)] > (r — 64) V (Qr — loss)
=7r—0,+ (1 —r+dy) (Qr — loss)
=r—20,+(1— r) — (1 = r)loss + 6,Qr — dyloss
>r—0u+ (1 =7r)Qr — (1 —r)loss + 6,Qr (since d,, < 0)
=P —d,(1— Qr) — (1 —7)loss .

71



We have to show that this is at least Pr[wCut,(7°°)] = P,, which holds if and only if
—0u(1 = Q) > (1 —7)loss =

ermuoce(r) gz = (1= 1) s

eYrwocc(l — 27) > 2.04 ((1 — 27)dr00t + 2 T0non-root) =

((1 -2 T)éroot +2 Ténon—root) —

Yrwocc(l — 27) > 2.04 - 1.2 ey(r) ((1 21 max(0, —6(r)) + 2m(r)>

1—r

by the definition of dy00t and dpon-root i (17) and (18). Solving for yrwocc, this holds if
and only if

2ry(r)
o >92.04-1.2 — .
YTwocc (T) 0 ~(r) <max(0 o(r)) + A= - 2r)> (57)
We verify numerically that this holds for our specific choice of v(r) = (1 — 27)3/2 and
YTwocc (1) = 407“7/2(1 — 27)2. This concludes the proof of Proposition 51. d

Proposition C.4 (One-child cleanup; Proposition 52, restated). Suppose T" is as above
and u has at most child. Furthermore, suppose that 6, < Omax for all nodes u, and
(1 —=2r) > 20max. Then Pr[Cut,(T")] > Pr[Cut,(CLEANSUBTREE(u, T"))].

Proof. As with the previous proposition, it suffices to prove Pr[wCut,(7},)] > Pr[wCut,(7T°)] =
P.. Suppose u has exactly one child (the case that it has none is even easier), and call it

v. Observe that wCut,(T,) = [7(u) < 7] V wCut,(T},). Since Pr[r(l) < 7] > r — dmax for

all labels in Ty, the following simple lower bound on Pr[wCut,(T)] holds:

Pr[wCut,(T})] > P—s

max

> Pr — Omax Pl (since P, is convex)
6n’1aX
_p - .
(1)

Now we can bound Pr{wCut,(T},)]:

Pr[wCut,(Ty,)] = Pr[r(u) < r V wCut,(T},)]

> (1 — Oinax) V (P T (1%&:)2)

6maX
=7 — Omax + (1 =7 — Omax) (Pr— (1—?")2>

(1 —7)dmax 5r2nax

— T — Omax 1-— Pr_mxpr_
7 — Omax + ( r) Oma (1—7r)2 (1—r)2

1-1)6
Zr_émax‘i‘(l_r)Pr_(smaxPr_((l_)r)n;ax
2 Omax .
=27 — ] e ( since P = )
—-T

We have to show that this is at least Pr[wCut,(Tx)] = P = =.. Indeed,

2 Omax v 2r(1—7)=26max — 7 _ 7(1—27) — 20max

2
" 1—r 1—r 1—r 1—r

This is non-negative if and only if r(1 — 27) > 2 §yax, which holds by assumption. This
proves Proposition 52. O
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d
Proposition C.5 (Proposition 54, restated). %rdil <4.896¢ (%)d (1)

(d+3)d+3 -
Proof. By the definition of dnon-root in (18), we get
102 0nonroot g1 _ 1:02-1.2€9%(r) 44
1-2r S (1=-2r)(1—7)
1.224er?(1—27)% ,
= r
(1=2r)(1—r)
< 2.448 er®t(1 — 27)? (since 1 —r >1/2)
By basic calculus, the function r¢*1(1 —27)? is maximized for r = 3 - z—ié, at which point
it becomes
N /g4 1)\ 4 2 \2
<2> (d+3> <d+ 3)
L (1 4 (d+1)*H
- T \2) (d+3)dt3
This proves the proposition. O
Proposition C.6. Y 7, % < 0.0544.
- — (dt)tH _ 1 o \MP _ ez
Proof. Write ag4 := (@33 and observe that ay = @2 |l < gz = by.
Therefore,
o0 oo o
D aa= b+ (ai—ba)
d=1 d=1 d=1
72 o
-2
—e <6—1>+;(ad—bd)

<e? <7: - 1> + i(ad — by)
p

1

for any finite N, since ag — by < 0. Plugging in N = 100 and evaluating this numerically
proves the proposition. O

Proposition C.7 (Proposition 57, restated). The marginal distribution of (w(y),n(2)),
conditioned on w(z) = r, is still DI

Proof. 1t is enough to show that Pr{n(y) € A, A7(z) € A, | m(x) = r] has the right distri-
bution for all intervals A,, A, since intervals generate the whole o-algebra of measurable
sets. We apply Theorem 40 with K = {y,z}, I = V \ K, Ay := {r}, and 4, := [0, 1]
for all variables v € V' \ {z,y, z}; the latter choice reflects the fact that no condition is
imposed on 7(v). By Theorem 40 we see that

Pr[w(y) € Ay,ﬂ'<z) € Az ’ 7r(q;) — T'] — M(Ay)M(Az) . (1 +e Z{U,U}EE\EI T. 7T, )

l1+e Z{u,v}EEl T T,
= pu(Ay)pu(A;) - (1 + €L, Ts) .
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Why does this hold? Every edge {u,v} € E; contains some v € V \ {z,y,2} with
A, = [0,1] and therefore T, = 0. The denominator becomes 1. As for the numerator,
note that an edge {u,v} € E \ Ey is either {y, z}; or it contains again some v & {z,y, z}.
Thus, all terms except 13,7, vanish. We continue:

o(s)ds
W(AI(AL) - (Lt €T, T) = u(Ay)p(AL) - (HJAy (5)ds  [(4.)9(t) dt)

1(Ay) 1(Az)

= naua) +e [ [ oot drds

-/ y /. (1 ea(s)on) e ds
= Pr

i DWD[W(y)EAy/\W(Z)EAZ].
w(y),m(z))~D¢’

This proves the proposition. ]

Lemma C.8 (Bonus from only child; Lemma 62, restated). Let d = dr, (u) be the distance
from the root to w. Then Pr[Cut,(T;_1)] > Pr[Cut,(T;)] + OCB(d,r).

Proof. Let u be the i*® node of By in our enumeration. We assume that u has exactly
one child; the case that u has no child (i.e., is an unsafe leaf) is even better for us. Let
root = ug,u1,...,uq = u be the path from the root to u. For 1 < j < d, let let w; be
the child of u;_1 that is not u;. Note that ug,...,uq—1 are canonical in T}, and thus have
exactly two children in T}, and thus in 7}, and T;_1, as well. By Tw; we denote the subtree
of T;_1 rooted at w;. Finally, let v be the only child of u in T;_;.

T, is a complete binary tree in T;

u has one child v in T;_;

Let 7 ~ D be a placement of all labels except those of T;, and T,,. Under 7, the events
Cut,(T;—1) and Cut,(7;) either (1) both become Q (they both happen, regardless of
what happens below u) or (2) both become @ (they both don’t happen, regardless of
what happens below u), or (3) Cut,(7;—1) becomes wCut,(7,) and Cut,(7;) becomes
wCut,(T,). Call 7 good if (3) happens. Note that Pr[r(l) < r] > r — dpax =: 7 for every
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label [ in T;,. For a good 7, we get

%r[Cutr(Tl;l) | 7] = Iz)r[WCutr(Tu)] = Pr[r(u) < r Vv wCut,(T},)]

=27

=

>V P =4 (1= )
— T
.

1—r"

f;r[Cutr(Ti) | 7] = I—;r[WCutT(Tu) =P =

Let A denote the difference between those quantities:

T r(1—=27r) — 20max(1 —

= 74)::A.
1—r 1—r

Pr{Cuty (T;-1) | 7]~ Pr{Cut,(Ty) | ] > 27 -
We conclude that
Pr[Cut,(Ti—1)] — Pr[Cut,(T;)] > Pr[r is good] - A .
Second, we compute the probability that 7 is good. Note that 7 is good if and only if
Lo w(u), ..., w(ug—1) >r;
2. wCut,(Ty, ), ..., wCut,(Ty,) happen.

The events under Point 1 are independent, and each happens with probability 1 —r+4,, >
1 —7. Those under Point 2 might not be independent, as the label z might occur in many
of them. Still, they are monotone boolean functions in the events [r(l) < r] and thus are
positively correlated, which follows easily from the FKG inequality. Therefore, it holds
that

d
PriwCuty (T, ), -, Pr(Tw,)] > H PriwCuty (T, )] (by FKG)

(since P, is convex)

and

d
Prlr i mood 2 (1 (1 - )

Thus,

Pr[Cut,(T;—1)] — Pr[Cut,(T;)] = Pr[r is good] - A

_ s C (1 =2r) — 26max(1 — 1)
> _oad—1 ro max ) max
z(1=7) <1—r (1—1“)2) 1—r

(o Omax \ r(1=27) = 20max(1— 1)

I (1—1)2

= OCB(d,r) (as defined in (29))
This proves Lemma 62. O
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Lemma C.9 (Bonus from multiple labels; Lemma 63, restated). Let d = dr, (u) be the
distance from the root to u. Then Pr[Cut,(T}_,)] > Pr[Cut,(T})] + MLB(d).

Proof. As before, let u be the (i — |B;|)™ element of B, and root = up,...,uq = u be
the path from the root to u. For 1 < i < d, let w; be the child of u;_1 that is not wu;.
Consider a placement 7 to all labels of T} and T ; except z and [. Under 7, the events
Cut,(T]_,) and Cut,(T}) either

1. both become © (both happen regardless of z and [) or

2. both become () (both do not happen regardless of z and ) or

3. both become [7(z) < r|, or

4. Cut,(T}) becomes [r(z) < r Am(l) < r] and Cut,(T]_;) becomes [r(z) < r].

Note that “5. Cut,(T}) becomes [r(z) < rV m(l) < r]” is impossible since B, U{R} is an
antichain. Let us call 7 good if Point 4 happens. If 7 is not good, then Pr[Cut,(T}_,) | 7] =
Pr[Cut,(T}) | 7]. If 7 is good, then

Pr[Cut,(T}) | 7] — Pr[Cut,(T}_;) | 7] = Pr[n(2) <r] = Pr[r(z) <rAx(l) <r]=r(1l—7).
We call 7 excellent if the following things happen:

1. =Cut,(Ty,,) and —Cut,(T;,,) happen under 7;

2. T(u1),...,7(ug—1) > 1;

3. for 2 < < d, the event wCut,(T},,) either happens under 7 or becomes [r(z) < 7]
under 7

Note that if 7 is excellent, then Cut,(7}) and Cut,(7}_;) happen if and only if 7(z) < r
and (varlabel(ug) < r. Since uq has label z in 7T} ; but label [ in T/, this means that
7 is good. What is the probability that 7 is excellent? Note that 7 is independent on
all labels, and all labels of 7/ _,, T/ are distinct except z. Thus, the events described in

Points 1-3 are independent, and therefore
1. Pr[=Cut,(T}, ) A ~Cut,(T},)] > (1 — Qr)?, since Pr[r(a) < r] <r for all labels a.
2. Prr(u1),...,7(ug—1)] > (1 — r)4=! for the same reason.

3. Evaluating the probability that wCut,.(T7,.) becomes Q or [7(z) < r] is slightly more
subtle. Since 7(z) is independent of 7, we get
P(r)[WCutr(Tl/Ui)] = Pr[wCut,(T}, ) happens under 7]
+ Pr[wCut,. (T}, ) becomes [r(z) < r] under 7] - Pr[r(2) < r]

i

i

< Pr[wCut, (7}, ) happens under 7]
T

+ Pr[wCut,(T,,,) becomes [r(z) < r] under 7] .
Thus, the probability that wCut, (T}, ) happens becomes or [7(z) < r| under 7 is at

least Prp[wCut, (T, )], which is at least P._s .. > P — (f'jjjgg. We conclude that

max

d—1
Point 3 happens with probability at least (P,« - (ff;’)‘2> .
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Multiplying all probabilities, we get

Pr[Cut,(T]_,)] — Pr[Cut,(T})] > Pr[r is excellent] - 7(1 — r)

d—1
z<1—c2r>2<1—r>d—1( - 5““")2> (1)

1—r (1-r
5 d—1
=(1-Q,)* (r — 1Hia);> r(l1—r)
= MLB(d,r) (as defined in (30))
This concludes the proof of Lemma 63. O

Lemma C.10 (Lemma 64, restated). g OCB(d(v))+>_,cp. MLB(d(v)) > 0.9 THR.

Proof of Lemma 6. Recall that through the bijection ®, every v € By U B, corresponds
to some a node v € A’ in Ty, and dr, (v) = dr,(u) + 1. If u € A, N A, then ®(u) € B..
Otherwise, if u € A} \ A, then ®(u) € B;. Abbreviating d(u) := dr,(u) (since a node
should “know in which tree it lives”), we get

> OCB(d(v)) + Y MLB(d(v)) = > MLB(d + )  OCB(d

vEDB] vEB; u€A/,NA, u€ALN\A,

If u e A, \ A, then u is an ancestor of several w € A,; let AY be this set. Note that
(AL M Az) UUueana, A7 s a partition of A;. Also note that OCB(d + 1) < 3 OCB(d),
which is obvious from the fact that » < 1/2 and the definition of OCB. The following
proposition is easily proved by induction:

Proposition C.11. If f : Ng — R{ is a function such that f(d+1) < f(d)/2 and A, is
an antichain of descendants of u in some binary tree, then f(d(u)) > > ,ca, f(d(w)).

With this proposition, we see that the above sum equals

> MLB(d + ). ) OCB(d(w)+1)

u€A,NA, u€AL\A, weAY
> Y min (MLB(d(u) + 1), OCB(d(u) + 1)) (58)
ucA,

Proposition C.12. Provided that € < 0.1, it holds that

1/2 1/2 —
OCB(d) = / OCB(d,r)dr > 0.88 - / W -rddr = OCB*(d)
0 0 -
1/2 1/2 (1_274)2
MLB(d) = MLB(d, ) dr > 0.9 - / T r dr =: MLB*(d)
0 0 -

Proof. As a reminder, we copy the definitions of OCB and MLB:

OCB(d,r) := rd -2 T)(l__zfmax — ( 1Hla);> (as defined in (29))
—=zr)r Omax a1 .
MLB(d,r) := (1(1_2”)3 . (r -1 'r) . (as defined in (30))
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We start with the first integral. Referring to the definition of dpax in (20) and to our

promise that ¢ < 0.1, we can verify numerically that T(l_z’“)(if)rgax(l—’") > 0.95 ’”(<11_‘f)§).
We set n(r) = ‘slnf*;‘ and s(r) = r — n(r) and abbreviate f(r) := T((lljf)g). With this
notation, we conclude that
1/2 1/2
OCB(d) = OCB(d,r)dr > 0.95 () (s(r)¥dr .
0 0

Claim. f(r) > 0.98- f(s(r)).

This can easily be verified numerically. Using the claim, we see that

OCB(d) > 0.95-0.98 v (s(r)(s(r)) ¥ dr .
0

Claim. s'(r) < 1.05 for r € [0,1/2], provided e < 0.13.

This can also be checked numerically. Technically, since dpyax is defined by a maximum,
the function s(r) fails to be differentiable at r = E“T‘/ﬁ ~ 0.2324. However, this is a single
point and thus does not affect the integral. The above integral is at least

0.95-0.98
1.05

_0.95-0.98 [1/2

1/2
/O P sl ) ar = 2205 [ ps)stas > 0cBr(@).

This proves the bound for the first integral.

For the second integral, we use the same 7(r), s(r). Writing g(r) = ((11__2:)2),2, we get

12 (1 — 9,02 A\t 1/2
[ ) e et
V) (s (1) dr
> [ ) (0 )55 a
1/2
S N A GRECISGrS

using the above claim that s'(r) < 1.05. We need to bound g(r) from below.
Claim. g(r) > 0.945 - g(s(r)).

Altogether, the integral is at least

0.945 [1/? 0.945 [1/?
S et sy dr = 552 [ g(a)st s
> MLB*(d) .
This shows the bound for the second integral, and proves the proposition. O

Proposition C.13. The following inequalities hold:
1. For d > 5, it holds that OCB*(d) > MLB*(d).

78



2. For d <4, OCB*(d), MLB*(d) > - > THR.

= 1150

Proof. The second point can simply be verified numerically. The first one can be verified

up for any fixed value of d. Beyond that, we need to proceed symbolically. As in the
previous proof, let f(r) := ’"((ll_j?)’;) and g(r) := ((11 27,7;) . Note that 0 < f(r),g(r) < 1.
Furthermore, it is straightforward to check that g(r) < 3 f(r) for all 0 := 0.45 < r < 1/2.

Intultlvely, for large d, the factor ¢ in the integrand pulls the bulk of the mass of the
integral fo r% dr beyond 6, where g(r) < f(r)/2 holds. More formally, observe that

0 J Gd 9d+1
rirt < r* = .
[ et < [t =S
d—1

pa] and rpax (= ; gié For rmin < r < rmax, it holds that

2 \2/d-1\1
ds (1 _9m20d > —d
et = -2 > () (557) 2

d
The factor (%) increases in d and is at least 1/10 for d > 2. Thus, the above term is
at least

Set Tmin 1= %

41
10 (d + 3)2
For all d > 19, it holds that r;n > 60, and therefore

1/2 Tmax
/ g(r)rd dr > / g(r)rd dr
0 Tmi

min

1

2 —d
> ("max — Tmin) = 2
= o ™ Toin) 5 3
2 2 1y
( 3)(d+1)5(d+3)2
4 274
P —
5 [d+1)(d+3)°
Comparing fo rirtdr to [, 12 g(r)rd dr, we see that
Jo gtryrtdr G 4 50(d+3)
1/2 d < o—d (20) ’ 4
Jo' " g(ryrddr 5 (d+1)(d+3)3

Since 26 < 1/2 and does not depend on d, the above expression converges to 0 and is at
most 1/10 for all d > 162. Thus,

1/2 6 1/2
MLB*(d) = 0.9 /0 g(ryridr=0.9 (/0 g(r)yrddr +/€ g(r)re dr)

11 [v2
<09 -— / g(r)rd dr
0

10
1 1/2 . |
= 2-0.88 /9 0.88 f(r)r®dr (by choice of 6)
L /1/2 0.88 f(T)Td dr (integrand is non-negative)
~2.0.88 J,
1 *
=508 OCB*(d) .
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This shows that OCB*(d) > MLB*(d) for all d > 162. For all smaller values of d, we
verify the inequality by numerical computation. This concludes the proof. O

There are two cases. If A, contains some u with dr, (u) < 3 then (58) > min(MLB(4), OCB(4)) >
THR, and the statement of Lemma 64 holds. Otherwise,

(58) > ) min (MLB(d(u) + 1), OCB(d(u) + 1))

ueA,

> ) min (MLB*(d(u) + 1), OCB*(d(u) + 1))
u€eA,

> Y MLB*(d(u) + 1) (since d(u) 4+ 1 > 5)
u€A,

V2a—-2r?

_ (w)+1

0.9- > / T dr
u€A,
= 0.9 - LABELDENSITY (2, T}) ,

for LABELDENSITY as defined in (11), since A, is by definition the set of canonical nodes
in T, that have label z. By assumption, {y, 2} € Hpign and thus the label density is at
least THR. This concludes the proof of Lemma 64. O
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