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SOS LOWER BOUND FOR EXACT PLANTED CLIQUE

SHUO PANG

ABSTRACT. We prove a SOS degree lower bound for the planted clique
problem on Erdés-Rényi random graphs G(n,1/2). The bound we get
is degree d = Q(e?logn/loglogn) for clique size w = n'/27¢ which
is almost tight. This improves the result of [BHK"19] on the “soft”
version of the problem, where the family of equality-axioms generated
by x1 + ... + n = w was relaxed to one inequality 1 + ... + ©,, > w.

As a technical by-product, we also “naturalize” previous techniques
developed for the soft problem. This includes a new way of defining
the pseudo-expectation and a more robust method to solve the coarse
diagonalization of the moment matrix.

1. INTRODUCTION

1.1. The problem and the proof system. Whether one can find a max-
clique in a random graph G ~ G(n,1/2) efficiently and be correct with high
probability has been a long-standing open problem in computational com-
plexity since [Kar76]. In [Jer92, Kuc95], a relaxed formulation as the planted
clique problem was introduced: if we further plant a random clique of size
w > logn to G, can it be efficiently recovered? Information-theoretically
this is possible, since w.h.p. the largest clique in G has size (24 o(1)) log n.
While computationally, the average-case hardness of this problem is still
widely believed even after it has been intensively studied and has inspired
research directions in an extremely wide range of fields (just to mention
a few: cryptography [ABW10], learning theory [BR13|, mathematical fi-
nance [ABBG11], computational biology [PST00]). So far, the best known
polynomial-time algorithm is for w = Q(y/n) [AKS98], which is a so-called
spectral algorithm (see e.g. [HKPT17]).

The sum-of-squares (SOS) hierarchy [Sho87, Par00, Las01] is a stronger
family of semidefinite programming (SDP) algorithms which, roughly speak-
ing, is SDP on the extended set of variables {x;(1...7;(q) | 71, ..., 74 € [n]} ac-
cording to the degree parameter d, and it can be significantly more powerful
than spectral algorithms and traditional SDP (see e.g. [BBHT12, HKP*17]).
Recent years have witnessed rapid development on SOS-based algorithms
which turn out to provide a characterization of a wide class of algorithmic
techniques—for a list of evidence, we refer the reader to the survey [BS14]
and the introduction of [HKP*17]. The SOS proof system is the natural
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2 SOS LOWER BOUND FOR EXACT PLANTED CLIQUE

proof-theoretic counterpart of these algorithms, also known as the Posi-
tivstellensatz system [GVO01]: it works with polynomials over R, and given
polynomial equalities (axioms) fi(x) =0,..., fr(z) =0 on z = (x1,...,x,), a
proof (that is, a refutation of the existence of a solution) is

k
—1= Zfi(h' + Z?”JQ in Rz, ..., 2]
i=1 j

where q1,...,¢»n and r1,... are arbitrary polynomials on x1,...,z, over R.
Under certain conditions, in particular when all variables are boolean (z? =
x;), such an refutation always exists if the axioms are contradictory. The
degree-d SOS proof system is this plus a degree limitation

rr}z}x{deg(fi) + deg(q;), 2deg(r;)} < d.

See [0’D17, RW17] for the relation between SOS proofs and SDP algorithms.

The average-case hardness of the clique problem has a very simple form in
proof complexity: for G ~ G(n,1/2), can the proof system efficiently refute
the existence of a size-w (> logn) clique w.h.p.? Note the system cannot
just say “No” but must search for a certificate—a proof. A lower bound here
would automatically give the hardness on any class of algorithms based on
the proof system. Given that the decision version of the spectral algorithm
of [AKS98] corresponds to a degree-2 SOS proof, a SOS degree lower bound
would bring us a much better understanding of the hardness of the problem.
The standard formulation is the following.

Definition 1.1. Given an n-verter simple graph G and a number w, the
Clique Problem for degree-d SOS proof system has the following axioms.
(Boolean) x?=ux; Vi€ n)
(1.1) (Clique) ziz; =0 Y{i,j} non-edge
(Size) 1+ ..t a,=w
To confirm no w-clique exists is to give a SOS refutation of the above. The
SOS system has the so-called duality: to show degree lower bound it suffices
to consider pseudo-expectation and moment matriz'. With boolean variables

(which is our case), this can be demonstrated on multi-linear polynomials.
Let X<% = {zg | S C [n], |S| < a} for any a.

Definition 1.2. A degree-d pseudo-expectation for the Clique Problem
on G is a map E : X* — R satisfying the following four constraints when
extended by R-linearity.

(1.2) (Default) Ezy=1
(1.3)  (Clique) Exg=0, VS: |S| < d, G|s non-clique

(1.4) (Size) E((ml + ...+ xn)xg) —w-FEzg VS: |9 <d—1

1The name is simplified; more cautiously, it should be called the pseudo-moment matrix.
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where in (1.4), za-xp := xaup. For the last constraint, define the moment

matrix M to be the (<[le}2) X (<[Z}2) matriz® with expression M (A, B) =

Exaup for all |A|,|B| < d/2, then:
(1.5) (PSDmness) M is positive semi-definite.

It is not hard to see that if a degree-d pseudo-expectation exists then
there is no degree-d SOS refutation.

A relaxation of the problem was studied in [BHK*19]: decide whether
there exists E as in Definition 1.2 except by one change—replace Size Con-
straints by one weaker inequality E (x1+...+x,) > w. Henceforth, we call the
Clique Problem (Def. 1.1) Exact Clique and this relaxation Non-Exact
Clique.®> We will study their average-case hardness over G ~ G(n,1/2).

How to deal with the exact problem is a subtle but important open prob-
lem. On the problem itself, lower bounds on the “weak” formulation indeed
gave the important algorithmic message—an integrality gap for many SOS-
based optimization algorithms—but still, they do not rule out the possibility
that SOS can efficiently refute z1 + ... + x,, = k for each individual large k,
and the distinction between “weak” and “strong” formulations also involves
how one thinks the SOS SDP optimization problem should be formulated.

Perhaps more importantly, it is about the limit of existing methods for
proving average-case SOS lower bounds. Current techniques from the so-
called pseudo-calibration heuristic [BHKT19] tend to deal successfully with
“soft” constraints (i.e. inequalities, or usually just one bound on a single
pseudo-expectation value) while being poor at handling “hard” constraints
(i.e. equalities). Finding techniques to deal with the latter is thus in need.
Progress toward this goal is made in [KOS18] for random CSPs, where the
number of hard constraints is at most two®. Their method is to break
such constraint(s) into local ones and satisfy each using real, independent
distributions. For “inherently more rigid” problems like Exact Clique (whose
hard constraints are “almost everywhere”), however, it seems unlikely a
similar strategy could work.

Lastly, there are concrete applications of lower bounds on Exact Clique.
Such a lower bound can give by reduction lower bounds for other problems,
e.g. for the approximated Nash-Welfare, and potentially for the coloring
problem and stochastic block models [KOS18, KM18].

1.2. Previous work. For upper bounds, if w = Q(y/n) then degree-2 SOS
can refute Exact Clique with high probability [FK00]. On the other hand,
if w>d > 2.1logn, a degree-d SOS refutation for Exact Clique is not hard

2d is always assumed to be even.

3There is no “planted clique” in the problem’s formulation, but traditionally, the problem
is still called the planted clique problems due to the algorithmic motivation behind.
4One on the objective value of the CSP, and/or one on the Hamming weight of z.
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to see; since we have not been able to find it in the literature, we include it
as Observation 1.1 below.

For lower bounds, for Exact Clique, [FK03] showed that the weaker system
d-round Lovasz-Schrijver can refute it only when w = O(y/n/24); [MPW15]
proved degree-d lower bound on SOS for w = O(n'/?), and this bound on
w was improved to O(n'/3) for d = 4 [DM15] and 5(nm) for general d
[HKP*18]. For Non-Exact Clique, [BHK'19] proved the almost tight lower
bound d = Q(e?logn) for w = n'/27¢, € > 0 arbitrary (could depend on n).

Observation 1.1. (Upper bound for Ezact Clique if w > d = 2.1logn)
Note (z1 + ... + 2,)% = w? modulo the Size Aziom. The LHS can be multi-
linearly homogenized to degree-d by xg = ﬁmzigs Tsu{iy by this aziom
again, after which w.h.p. all terms are 0 by Clique Azioms, as there is no
size-2.11logn clique in G ~ G(n,1/2) w.h.p.. This gives the contradiction
0 = 1. Note this proof is actually in the weaker Nullstellensatz system (for
definition see e.g. [BIKT96]).

1.3. Results of the paper. Our main result is the following.

Theorem 1. Let € > 0 be any parameter, w = n'/27¢. W.p. > 1 —n~*logn
over G ~ G(n, %), any SOS refutation of Exact Clique requires degree at
least € logn/loglogn, where ¢ = min{e?, ;35 }/2000.

We also have the following result. It does not allow to improve the lower
bound but provides a new, hopefully simplifying, perspective on certain
techniques that were used for the non-exact problem.

Theorem 2. (Informal) For the Non-Ezxact Clique problem,

(1). There is a way to define the correct pseudo-expectation from simple
incidence algebra on the vertex-set;

(2). For the resulting moment matriz M, there is a weakened version of
the quadratic equation M = NN whose solvability is given by, and actu-
ally equivalent to, a general graph-decomposition fact from which a “first-
approzimate” diagonalization of M can be deduced.

2. KEY TECHNICAL IDEAS

The two results use almost completely different ideas, so we treat them
separately in the proof overview:

e Theorem 1: section 2.1 to 2.4.
e Theorem 2: section 2.5.

The presentation of this section is structured for mathematical clarity. On
the other hand, the following picture may provide a clearer bird’s-eye view,
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“ ”

where means the corresponding section(s) in the text:

Pseudo-expectation design: A common idea (in below)
— Non-exact case (2.5 first half --- 3.1)
— Exact case (2.1 --- 3.2).

Proving PSDness:  Recursive factorization refresh (5.1, 5.3)

— Lower bound proof (2.1 to 2.4 --- 6).
And a “naturalizing” result that can be read independently:

How to deduce the “coarse” diagonalization (2.5 second half - -- 5.2).

Let’s start with a common idea. Suppose we deal with degree-d SOS,
1/2=¢ where € > 0 is small. To construct pseudo-expectations on size
< d-subsets of [n], as is usual in complexity theory, we take a parameter
T > d (think of d < 7 < logn) and make the construction for all size
< t-subsets first, in hope to later have a good control on its behavior on
size < d subsets. This idea is most clearly demonstrated in the nonexact

w=n

case (section 3.1.2); it is also the reason for the 7-parameter in (2.1) below.

2.1. The exact pseudo-expectation. We define the pseudo-expectation
for Exact Clique now. To satisfy Size Constraints (1.4), a natural way is to
generate Eina top-down fashion: fix Ems for all |S| = d first, denoted as
vector de, then recursively set

The Clique Constraints (1.3) can be satisfied if Eqxs factors through the
clique function on S. Inspired by the non-exact case (Lemma 3.1), we use
Fourier characters and consider

(2.1) Ezg= Y  F(V(T)US|)-xr vS: |S|=d
T:|\V(T)US|<T
for some function F. We call F' a d-generating function.® Thus

Frg = (w;u S [Z <IV(T> US| - d—i—u) (n - |V(_T) U 5|)

v ) T:|V(T)US|<t =0
CF(V(T)US| +u— c)]

where u :=d — |S], for all S with |S| < d.
One key novelty we bring is the following choice
(z +872)! w

(22) F() = Fmr ()

5To be distinguished from the usual generating functions for sequences.
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With this F, the resulting moment matrix, denoted by M , is:

M(A,B)= Y M(ABT)xr VA B: |A||B| <d/2
T:|V(T)UAUB|<T

where M(A, B;T) =

((2:?% LZ“%(!V(T) uAa UcB| —(d- u)) (n - \V(;F)_LZA U B|)

(IV(T)UAUB|+u—c+8)! w
| (877! G
)

)(V(T)UAUB)|+u—c:| ,

F([V(T)UAUB|+u—c
again u = |AN B|.

This seemingly mysterious choice of F'is ultimately for proving PSDness of
M , which can be seen after a series of technical transformations (Remark 2.2,
3.3). It will be very interesting to know if there is a priori an explanation of
it. See Remark 3.2, 6.2 for why the “traditional” choices from the literature,
which simulate some plant-distributions, seem cannot work here.

2.2. An Hadamard decomposition and Euler transform. For the Ex-
act Clique problem, by a standard SOS homogeneity reduction (Lemma 4.1)
it suffices to prove PSDness of the ((£7]2) X ((£7£) principal minor of M.

Denote this minor by M. One unpleasant feature of M is that in its
expression (2.3), the parameter u = |A N B| appears in a deeply nested
way. To make a PSDness analysis on M (in particular, get a clue of how to
diagonalize it), we resolve this intricacy by two steps. First,

5
(2.4) M=) meoM,
c=0

where m,, M, are matrices s.t. for all |I|,|J| = d/2,

1

uU—Cc

(2.5) me(I,J) = w where u denotes |I N J|;

(2.6)

xr - M(INJ,|V(T)uITulJ|), if|INnJ| >c
M(I,J) = { THIV(Dulug|<r
0’ 0. W.

whose coefficients are

M, (u,a) = <a —(d—- u)> <n - a>n—(u—0) (a+u—c+ 872)!(w)a’

c u—c (872)! n

where u = [INJ|, a = |V(T)UIUJ|. We will analyze m., M.’s separately.
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The “harder” part is M.. To further remove the dependence on |I N .J| in
M.(I,J), out second step is to consider a decomposition

(2.7) M= ) MF

re()

where for each R the matrix M CR is supported on rows and columns whose
index contains R. To derive the expression of M f, we use Euler transform:
if z(-),y(-) are two sequences defined on N s.t. z(m) = Y"1" (7)y(l) for all
m, then z(-) is called the Fuler transform of y(-), and the inverse transform
is given by y(m) = >, (=1)™7(7)z(l). Now apply the inverse Euler
transform to M.(u, a) in the above® on u (fixing ¢, a), we get:

(2.8)

T

S (1)) (T () T it >

YC(T, CL) B c l—c (872)!
0 , O.W.
In summary, the following lemma can be proved.
Lemma 2.1. (XII-decomposition of M)
3 R|
(2.9) M= > meo| > M= > | meoMf
=0 Re( L)) Re( ) \°

where each m, is by (2.5), and each ME has the following expression.
(1) ME =0 if |R| < c;
(2) IFRZ I0J, ME(I,J) = 0;
(3) If |IR| > c and R C 1IN J, then
MALT)= Y, MILJT)xr
T:|V(T)UIUJ|<T
where, if denote a = |V(T)U I U J|,

(210)  ME(LJT) = (5)" - Yo(|Rl,a) (defined by (2.8)).
(4) For all0<c<r<d/2 and 0 <a <7, |Ye(r,a)| < 7°7.

Intuition for analysis. The intuition behind decomposition (2.9) is that,
the first factor m. is decreases in ¢ and myg is very positive; while for every
fixed R, M{¥ is positive and other M[¥’s (¢ > 0) are not too large. This is
expounded by the following two lemmas.

Lemma 2.2. For each ¢ =0,...,d/2,

d
(2.11) mp=wm =..=w2mg > —Id.
2 2w

6A subtle but important point is that M.(u,a) is partial (i.e. defined only when u >
¢, a— (d—u) > c), and we need to extend it to (u,a) € N>—see Def. 6.1.
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Lemma 2.3. (Main Lemma) In decomposition (2.9), w.p. > 1 —n~olosn
the following hold. For all R € (}),), let PR ={I € (J}}) | R C I}, the
following holds. -

(2.12) (1). ME = n4diag(Cl) pr, pr;
(2.13) (2). tw MF < n5. ME v0<c<|R|

These two lemmas immediately imply M (G) = n_d_ldiag(él(G))( Y ()
d/2 d/2

w.h.p., and Theorem 1 is an easy corollary of this (Cor. 6.1, 6.2).
The proof of Lemma 2.2 is relatively easy using Johnson schemes (see

Lemma 6.1). Below we show how to prove the Main Lemma.

2.3. Recursive factorization: an extension. Fix any ¢, R (|R| > ¢). To
prove the Main Lemma, an important step is to derive an approximate diag-
onalization of Mf, where we will use the recursive factorization technique
from [BHK'19]. This technique will be refreshed, formalized and extended
properly for our use in section 5.3.

For now, we give a first-approximate factorization of M then apply
this technique to get a refined diagonalization by Lemma 2.4.

The next definition in full (Definition 6.3) mentions many terms about a

graph-theoretic structure; we omit the details here.
Definition 2.1. (Side factors) Fiz R € (L";) Fori = 0,1,...,7 let L
>3
be the matriz of dimension ([g}) X (Lni) defined by equation (6.20) (the ex-
2 —2
act content is not important for now). Call LR = (L0 .. LB7) the left
factor, and (LR)" the right factor.

We use these factors to give a PSD factorization in the form MP? =

—~ ~\T
LE(-) (LR) . The starting point is a coarse, “first approximate” factoriza-

tion. In the definition below, T, simply means an edge-set and mSep 4 5 (7))
is the set of all minimal separators of vertex-sets A, B (Def. 4.6). Let D7

be the diagonal matrix diag ((%)%l> ®@1Idgo,... 71 x10,...7}-

Definition 2.2. For any R € (<[§}2) define the index set

St ={(Ai) e <§[Z]/2> x {0,...,7} | ADR, |A|+i> g}.

For ¢ =0,...,|R|, define foo to be the {0,...,7} x {0, ..., 7}-blocked matriz,

each block of dimension (<[g}2) X (<[5}2) : it is supported on ST x ST, expressed
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b @t (4.0, (8.)) =
(2.14)

w _lAl+|B] o
Z (f)|V(Tm)UAUB\ 2 -YC(IRI, |V (T;,) U AU B| +(Z+])) XT,

Ton:|V (T )JAUB|<T
A,BemSep 4 g(Tm)

defined by (2.8)

—~ ~\T
Then we call L - (D7 - Qfo D7) - (LR> the first approximate factor-

ization of ME.

Lemma 2.4. (Recursive factorization; informal) For any R € (<[;L}2) and
0 < ¢ < |R|, we have the following decomposition.

—~ —~\ T
(2.15) ME=1LR. [DT< A —-Qh+.. £ ijd> DT} : (LR) + &k
Here, all ?k: s (k =0,1,...,d) are supported within ST x ST with expression

(0. B)) = T @i,
T |V (T )UAUB|<T
where R,, denotes the triple (A, B;T,,), and the coefficients qfk(-,i,j) ’s are
symmetric w.r.t. shapes, satisfying

. N o
(2.16) 085 R, 1, 1) < 77 ()T ()

—€

where s = ‘A@j, p is the mazx number of vertex-disjoint paths from A to B
m Rp,.

Moreover, the “error” Ef(G) s supported within rows and columns that
contains R and is clique in G, and w.p. > 1 —n~2logn, HE?H <n~/2,

Remark 2.1. In this factorization, the middle matrices QQ’s have a “tensored-
dimension” with (T1+1), i.e. itis a (1+1) x (7+1)-blocked matriz, each block
(roughly) of dimension (S[:i%) X (S[Z}Q). This reflects a key difference (at least
technically) between Ezxact Clique and the non-exact case; see Remark 6.2.

2.4. Proving PSDness: encounter with Hankel matrices. With Lemma
2.2 and the recursive factorization lemma 2.4 at hand, the following is the
key step towards the Main Lemma.

Lemma 2.5. W.p. > 1 —n"8198" oper G, the following holds.
(1). VR € (),),
ng - Q(I){,l +..% Qé%g = 77" . diag (61)
2
where recall SE = {(A,1) € (S[CTIL}2) x{0,...7} | AD R, |A| +i> 4}
(2). VR, 0 < ¢ < |R]

I (Q§0 —QF 4.+ Q%) < =4 diag (61)5

SEx SR

Ry QR



10 SOS LOWER BOUND FOR EXACT PLANTED CLIQUE

To prove this lemma, modulo somewhat standard steps (three Lemmas
6.8, 6.9, 6.10) the final technical challenge is:

Show the positiveness of E[Q&O] (Corollary 6.3).

We describe below how this is done. After simplification, the real task is to
analyze the positiveness of the following matrix’:

(2.17) Z(—l)r_l(ll‘) “H; g2 forany 0 <r <d/2
1=0 )

where {H,,+} is the family of (m + 1) x (m 4+ 1)-matrices
Hpalisj) = (i+j+1)! VYO<ij<m.

This is a special family of the so-called Hankel matrices whose (i, j)th ele-
ment depends only on i+ j. General Hankel matrices seem to arise naturally
in moment problems but they are notoriously wild-behaving in many aspects
(see e.g. [Tyr94]). Fortunately enough, for the special family here we can
manage to get a relatively fine understanding; we term this family factorial
Hankel matrices. The key observation is that they have a concrete recur-
siwe diagonalization (Proposition 6.2), resulting in the following property.

Proposition 2.1. If parameters m,t,r satisfy
(2.18) t+1> 8 max{r’ m},
then Hy, 141 = 2T2Hm7t.

Remark 2.2. The condition (2.18) in the above proposition is the reason
of the “87%” in the numerator of F, (2.2).

With this proposition, it is relatively easy to complete the proof of the
Lemma 2.5, hence the Main Lemma.

This completes the proof overview of Theorem 1.

2.5. Ideas for Theorem 2. In this subsection, we demonstrate how to
“naturalize” certain techniques that were used for the lower bounds of Non-
Exact Clique.

On defining the pseudo-expectation. (section 3.1) Previously the pseudo-
expectation is obtained via the so-called pseudo-calibration method. We
show how to define the same F in very different terms via the incidence
algebra on the vertex-set, which can also be regarded as a simple refinement
of the construction in [FK03].

The ¢-matriz on [n] is the 27 x 2[") 0-1 matrix with (A, B) = 1iff A C B.
We observe that ( reveals the basic linear structure of the true expectation
on cliques in the case of a single planted clique, and we use ( to define E.
That is, we define a degree-T approximate-distribution vector p,(G) first—it
approximates the real planted-clique distribution, with a standard twist so

"The subscripts are not exactly as in the problem but suffice to demonstrate the spirit.
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as to be supported on cliques in G (3.8)—then take the vector (g, -p-(G) as
Ex (Def. 3.3). Here, (-); means to truncate the matrix or vector to indices
whose size < 7. In this way, E inherits the linear structure posed by ( too.

On deducing the first-approximate diagonalization. (section 5) We
deduce a “coarse” diagonalization of the resulting moment matrix from E
in above. The deduction has two steps: 1. Analyze the expectation of
the matrix; 2. The (imaginary) diagonalization of the matrix is in essence
a quadratic equation, which we weaken to a proper “modular” version and
solve the latter. We call step 2 the mod-order analysis (section 5.2), whose
underlying idea is inspired by and similar to the more broad dimension-
analysis in physical sciences: weaken the equation to its most significant
part in a well-defined way (Def. 5.2). One ingredient towards defining the
weakening is the norm information on certain pseudo-random matrices (the
graphical matrices).

The resulting weakened equation has a nice structure to work with (Lem.
5.2, Cor. A.1). Using standard techniques for studying algebraic equations—
actually a simple polarization (Appendix A.2)—we can deduce a solvability
condition for the polarized equation, which translates to the existence of
a general graph-theoretic structure (equation (A.19) and Fact A.1). The
“coarse” diagonalization is then formulated based on this structure.

To demonstrate this equation in more detail, it suffices to concentrate on

the (C[l%) X (C[l712)-minor of the moment matrix, denoted by M’:

M(Ly= Y (VOUIIL g 1] =] = df2.
T:|V(T)UTUJ|<7
Step 1: expectation. By using Johnson schemes as in [MPW15], we

get an explicit decomposition E[M’] = CCT where C' is (3;12) x ( <[g}2), and

actually with a fine understanding of the spectrum of E[M’].

Step 2: mod-order analysis. Given E[M'] = CCT from Step 1, ideally
we hope to solve the quadratic matrix equation
(2.19) M =NNT
in N with E[N] = C, and N extending C by non-trivial Fourier characters.

Two observations about (2.19) follow.

(1) Order in “. Entries of M’ all have a clear order in ¥. Like in fixed-
parameter problems, we treat - as a distinguished structural parameter and
try to solve the correct power of * in N first.

(2) Norm-match. A closer look into CCT shows

N (d/Q) _ (g)d—rndﬂ*r, r=0,..d/2,

r n

(2.20) ‘ c.cr
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where assume C' = (Cp, ..., Cqy2), each C, having column dimension ([:f]).
Assume N = (N, ..., Ng/2). Then we expect N, N,I to concentrate around
C,.C for each r, and so expect the norm of the non-constant part of N, N,
to be bounded by (2.20). Under this expectation, the known tight norm
bounds on related matrix pieces would tell us, for each possible appearing
term in N, the least order of 7 in its coefficient.

With these observations, we can weaken equation (2.19) to a simple “mod-
ular version” that is more informative about the (imaginary) solution N.
Namely, abstract (£) as a fresh variable a and work in ring Rle, {x7}],
consider
(2.21)

(M’ mod high order) = (N mod high order) - (N" mod high order)

where “order” means power of a (think of « as an “infinitesimal”). We call
(2.21) the mod-order equation and its analysis the mod-order analysis. For
details see Definition 5.2.

We feel that this approach leads us more naturally to the realization of
using the graph-theoretic structure beyond guesses, and the simple general
idea behind the mod-order analysis might hopefully find other applications.

2.6. Structure of the paper. In section 3 we define the pseudo-expectations
and show Theorem 2(1). In section 4 we recall some fundamental tools for
analysis. In section 5 we refresh the technique of recursive factorization and
show Theorem 2(2). With all preparations in place, in Section 6 we prove
the main Theorem 1. The paper is concluded in section 7 with open prob-
lems.

Notation. I, J, A, B, S will be used to denote vertex-sets, and T' for edge-
sets. E(5) = (‘g) G denotes a simple graph on the vertex-set [n]. “T" C
E([n])” will be omitted in summation when there is no confusion. Finally,
we use y(n) = O(z(n)) to mean that there is some absolute constant c s.t.
y(n) < cx(n) for all n.

Parameter regime. Throughout the paper,

1
€ = any positive parameter (wlog € < E),

w = nl/2-te,

T = ﬁ logn/loglogn;
€

—T.
100

3. PSEUDO-EXPECTATIONS

d=

In this section, we define the pseudo-expectations. As a warm-up we start
with the non-exact problem, then move on to the exact case.
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3.1. Non-exact case: a new perspective. Given a graph G we can think
of a degree-d pseudo-expectation as assigning a number Ea:g to each subset
S C [n] of size < d, so that the resulting vector Ex looks indistinguishable to
the expectation resulted from the case when a random-w clique is planted,
from the view of degree-d SOS. As explained at the beginning of section 2,
to make up such an assignment we first go beyond to slightly larger subsets
of size 7. We define an “approximate distribution” on size < 7-cliques in G
then use it to generate pseudo-expectation on all size < d-subsets.

3.1.1. {-function and Mdobius inversion. Given n-vertex graph G, let p(G) €
R2™ be the max-clique-indicator vector, then

9(G) == ¢ p(G)
is a vector supported exactly on all cliques in GG, where ( is the o[n] % olnl
matrix

(3.1) ((A,B)=1if AC B, VA, BC]|n|.
In particular, if G itself is a single clique then ¢(G) is the clique-indicator.
We will use (,p to denote the submatrix of ¢ on rows (L"}l) and columns

([gl],), and use similar notation on all related vectors.

Consider the plant-situation where G is indeed a single random clique.
Suppose its distribution is represented by a plant-distribution vector ppjant €
R2™ | Let the output-expectation qouy be indicator-vector of cliques in G in
expectation. Then

(32) Gout = C * Pplant-

We call such a pair (pplant, Gout) & plant-setting.

Definition 3.1. (Two plant-settings) The exact plant-setting (po, qo) is:

(3.3) po(S) = (TIL) if |IS|=w and 0 otherwise,
and

)
(3.4) 20(S) = (Cpo)(5) = <725

()

w

Le. in this setting a random size-w subset is chosen to be the planted clique.
The independent plant-setting (p1,q1) is:

(3.5) pi(S) = ()51 = =) s € ful,
and
(3.6) 0(8) = Cp)(8) = ()

Le. any vertex is included in the planted clique w.p. % independently.
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Thus the matrix ¢ reveals the basic linear relations between (ppiant, Gout)-
It is upper-triangular (with row- and column-indices ordered in a size-
ascending way), invertible, and the inverse is the Mdbius inversion matrix:

(1A, B) = (-1)!B\MIif A C B, and 0 otherwise.

Note ((a,a) ™1 = ((71)q,q for all a < n. Moreover, if let the pseudo-expectation
be defined as Ex = p € R2™ for some vector p, then the “full” 27 x 2]
moment matrix is

(3.7) Msos = (diag(p)¢ "

In particular, if p is a nonnegative vector then Mgog is immediately PSD.

3.1.2. The non-exact pseudo-expectation.

Idea. Given any G, we will first construct a degree-r “approximate plant-
distribution” p,(G), which simulates the plant-distribution (Def. 3.1) in the
sense that they give similar output-expectations. We also require p,(G) to
be supported on size < 7-cliques in G. Then we can take Ex = (4, - p-(G)
so that the result inherits the linear structure posed by (.

What is this p-(G)? From the view of approximation it seems taking
G 1(q1)» would suffice, while to make it supported on cliques, same as in
[FKO03] we add a clique-indicator factor:

(3.8)  p(G)(S) = (2\@)'015(0) : C;Tl(ql)7> (S) WS C[n] of size < 7
where Clg(+) is the clique indicator function and 2! (3)! i for re-normalization.
Definition 3.2. VS C [n], the normalized clique-indicator is function
(3.9) Cls(@) = 21G)Ic1g(q).

GI(G) denotes the (column) vector of them over a family of S’s, which will
always be clear from the context.

Definition 3.3. The non-exact pseudo-expectation is

(310) Enonexaet = Cd,T ' PT(G) = Cd,f : (GI(G) © C-;-_,q%) ’ (QI)T € R(Sd)

[T

where “0” is the Hadamard product®.

In short, Eponexact Tefined the construction in [FKO03] by one step: factor
through size-7 subsets (in the only non-trivial way) so that the size-d output
inherits linear relations posed by (.

The resulting moment matrix is

(311) Mnonexact(G) = Cd/2,‘r - diag (pT(G)) ’ (Cd/Q,T)T’
similarly as (3.7).

8n general (M o Ma) - Ms # M o (M2 - Ms), but they are equal if M; is a column vector.
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Remark 3.1. Enonexact looks like a true expectation on cliques in G, namely,

if pr(G) were nonnegative then the PSDness of Myonexact(G) would be im-

mediate. Alas, this is not true by computation?. That the PSDness could

still possibly hold is because g2 - in (3.11) is degenerate.
Lemma 3.1. (Theorem 2(1)) For all S C [n] s.t. |S| <d,

~ w
(312) EronexactTs = Z (f)lv(T)UﬂXT-
TV(T)US|<r

Proof. Note Clg = ZTQ B(S) XT for all S. Now for S, S’ with appropriate
size bound,

)

_ (=D)L if s C 8
(Croc) (S,s'>={ZT€E(5)XT = T

, 0.W.

(Cd,r . (61 ) g})) (5,8 = Z Z YT - (_1)\3'\5"|

§1:SCS"CS \TCE(S")

- Y Y (s

T:V(T)USCS' S V(T)USCS"CS/
= > xrbs-vus= Y, XI-
T:V(T)USCS' T:V(T)US=S'

Therefore, Fhonexact®s =

(Gr@och@) = X [ X @
S:|87|<r \T:V(T)uS=5'

w
= Z XT - (f)\V(T)US\
n

T:|\V(T)US|<T
for all S with |S| <d. O

3.2. The exact case. In this subsection, we give a generic way to generate
possible pseudo-expectations that satisfy Size Constraints (1.4). The idea
is to define Fxg in a top-down fashion: fix Exg for all |S| = d first, then
recursively set

(3.13) Exg « o > Ergug

for smaller-sized S’s. If denote by de the vector of the assignments for S’s
s.t. |S| = d, then this amounts to multiplying E4z by the following matrix.

90ne intuition, suggested by a reviewer, is that any true expectation on cliques has ob-
jective value > 7 | x; = O(logn) w.h.p.. Now if p-(G) were nonnegative then it would be
almost a distribution since Enonexact(Z4) & 1 (which is not too hard to check by (3.12)),

€

but its objective value nz=¢ is too big.
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Definition 3.4. The d-filtration matrix Fil; —g4, of dimension ([”]) X (["]) ,

18!

w— -1 :
(d_ﬁ") , if AC B (where |B| =d);

0, otherwise.

(3.14) Fily_q(A, B) =

Definition 3.5. Given vector de which assigns a value to each d-subset
S C [n], the exact pseudo-expectation generated by E,x is

(3.15) Ex := Fily_q - Eqa.
Lemma 3.2. The pseudo-expectation in Definition 3.5 satisfies the Size

Constraints (1.4), regardless of the choice of Eux.

[n]
Proof. For any S € ([g(]i), take a vector vg € R(Sd)

w— S|, if S =S5;

vs(S) =< —1, if S’ 2 S and |S'\S| = 1;
0, otherwise
then it suffices to show ngﬂdFd = 0. But this is a direct check. O

The E generated like so should further satisfy:

(1) Clique Constraints (1.3);
(2) PSDness Constraint (1.5); N _
(3) Default Constraint (1.2) (so far we only have w - Exy = Exq + ... +

Item (3) is not a problem as long as Em@ > 0, since we can always rescale
everything by (Fzy)~! without affecting other constraints.

Remark 3.2. (Example) The following construction seems natural. Com-
bining Def. 3.5 with the perspective from section 3.1.2, we can take (3.10)
with the exact plant-setting (po, qo), followed by multiplying Filg —q:
Eexamplexs = Fﬂd,:d . (Cd,’r : (CI(G) © CT_,;) ’ (QO)T) .

Actually, it can be easily checked that it satisfies Clique Constraints; it also
has a nice expression in Fourier characters. By some computation which we
omit here, modulo provably negligible error the resulting matriz is

n—|V (T)UIUJ|
(w—|V(T)UIUJ\)

Mexample(la J) = Z XT - (n)

T: w
[V(TO\{UJ)|<7—d
The only problem, however, is that we don’t know how to prove the PSDness.
Despite a transparent similarity to the previous expression (3.12), a similar
proof breaks down seriously here, and the main reason is the loss of mice
(=2
()

. See also

arithmetic structure when changing from function ()% to
Remark 6.2.
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3.3. The exact pseudo-expectation. Now we pinpoint an exact pseudo-
expectation in Definition 3.5. With the idea stated in detail in the overview
(section 2.1), we give the construction directly.

We take the pseudo-expectation for |S| = d in the form

Exs= > xr F(V(T)us)|)
T:|\V(T)US|<T
for some function F'. F is called a d-generating function. Then for general
|S| < d, (3.14) gives:
(3.16)
~ 1 N IV(T)US| —d+u\ (n—|V(T)US|
Ere= —— .
xs (w—d+u Z XT [ ‘ ( c U—c

u ) T:|\V(T)US|<T c=
-F(]V(T)USH—U—C)]

where we have let u :=d — |S].

Lemma 3.3. Any exact pseudo-expectation generated by (3.16) satisfies the
Clique and Size Constraints (1.3),(1.4).

Proof. For Clique Constraints, note (3.16) only depends on |V(T) U S|, so
by grouping terms Erg = ZT:W(T)UIUJ\ST M(1,J;T)xr factors through

Clius = Yrcpuun Xr- Le, M(I,0)(G) = 0 if Clyus(G) = 0.
It satisfies Size Constraints by Lemma 3.2. O

Now we pinpoint a choice of the d-generating function.

Definition 3.6. (Ezact d-generating function)

X T2 . w
Pla) = S O

n

Remark 3.3. As is said in the proof overview, the design of F', especially
its first factor, is technical and the ultimate goal is to make the resulting M
positive. The numerator (z 4+ 872)! will be used in Proposition 6.3, where
the term 872 can be replaced by larger polynomials in 7. The (872)! in
denominator is added just for convenience (see Remark 3.4).

Definition 3.7. The exact moment matrix M is

M(A,B) = > M(ABT)xr VIA||B|l<d/2
T:|V(T)UAUB|<T
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where M(A, B;T) =

(3.17)
- TYUAUB| — (d—u)\ /n—|V(TY)UAUB
@_%[;(!V( )U Ucl (d ))( \V(u)_i U y>

(|V(T) UAUB|+u—c+ 87’2)! . w)\(V(T)UAUB)H-u—c
(872)!

3|

£ (IV(T)UAUB| +u—c)

and where u = |AN B].

Remark 3.4. In (3.17), the “most significant” factor is (2)IV(TVAUBI. y—¢,
n—|V(T)UAUB|
if notice ~—=27—~——>w¥n~ "% has Oth-order in w, n. One thing to keep in
if noti (W“d;u) un~ (=) has Oth-order in w, n. One thing to keep i
u _ 9
mind is that other factors like GV(T)UAL(JSBT |2+),“ HBT e qualitatively smaller

than w, within our parameter regime.

4. PREPARATIONS

In this section, we prepare some necessary tools for studying the matrices.

4.1. Homogenization for Exact Clique. With the Size Constraints (1.4)

[n]
/2
which is slightly more convenient to work with. The following homogeneity

trick is standard in the SOS literature.
Given any degree-d moment matrix Mysos(G) that satisfies the Size Con-

straints (1.4), let M (G) be its principal minor on (CET/L]Q) X (13/1]2)

satisfied, any moment matrix can be reduced to its ( )—principal minor,

Lemma 4.1. Misos(G) is PSD < M(G) is PSD.
Proof. The = part is trivial. Now suppose Mygpog is not PSD, then
[n]
(4.1) da € R(Sd/z) aTMdSOSa = —1.
With the presence of boolean constraints (i.e. define E(xf . p) := E(z; - p)
for all 7 and all polynomial p of degree < d — 2), this is equivalent to
(4.2) B(g?) = -1
where g = a'z = Z|S|§d/2 asxg is multi-linear. Now substitute every xg
(IS] < d) in (4.2) by the corresponding linear combination of {zg | |S'| = d}

from (3.13). This does not affect the value of (4.2) since E satisfies these
constraints. We get

(4.3) E(g7) = ~1

for some multi-linear, degree-d/2 homogeneous g;. Now translate (4.3) back
(assume g1 = b'x, © = (v5)|5/=q/2) tO bTMb = —1, we see that M is not
PSD. U
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4.2. Concentration bound on polynomials. The following is standard.

Lemma 4.2. Suppose a < logn, and p is a polynomial
p= >  oDxr creRr
T: |V(T)|=a
and C > 0 is a number s.t. |c(T)| < C for all T. Then W.p. 1 —n~10lgn
over G,
(4.4) Ip(G)| < C - n/220° ptloglogn.
Proof. Power-estimation. For all k € N, (we can think of a < k = o(n/a))
(4.5) pF = > A(T1).c(Tok)XTy - - - XTy
Ty,....Tox: |V(T3)|=a

Take expectation of (4.5). Each E[x7,...x7,, (G)] # 0 (i.e. equals 1) iff every
edge appears even times in 71, ..., Tog, which implies |V(T1 U ... U Tyg)| <
% - 2ka = ka. There are at most ka(,:;) < n*@ many choices of such V (T} U

...UT5). For each choice, there are in turn at most (kaa) 20) < (ka)®-20°/2
many ways to choose each T;. Therefore,

2k
E[p?] < C%F -0t ((ka)27"/2) " i= N* where N = Cn®/?. (ka)*-2"/*.

By Markov inequality, Pr [ka: > (2N)2k] < 272k Take k := 10log®n, we
get that w.p. > 1 —n~10lgn

Ip(G)| < 2N < C - n@/29a%,4loglogn
for all large enough n. -

4.3. Norm concentration of pseudo-random matrices. Now we state
a concentration bound on pseudo-random matrices which, like in almost all
previous work on the subject, will be a fundamental tool for us.

The pseudo-random matrices refer to the graphical matrices ([MP16]).
Intuitively, such a matrix collects Fourier characters of all embeddings of
a fixed “shape”. Definition 4.1, 4.3 below are implicit in [MP16, MPW15,
HKP15] and is termed explicitly in [BHK'19].

Definition 4.1. A ribbon R is a (ordered) triple (A, B;T) where A, B are
vertez-sets and T is an edge set. A, B are called the left and right vertez set
of R. The size of R is

V(R)| = |V(T)UAU B

By definition, a ribbon R = (A, B;T) as a graph always has no isolated
vertex outside of AU B.

Definition 4.2. We say R = (A, B;T) is left-generated if every vertex
in V(R) is either in B or can be reached by paths'® from A without touching
B. Being right-generated is symmetrically defined.

10we always stick to the convention of including degenerate paths (one-point path).
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Definition 4.3. For ribbon (A, B;T), if further AU B is totally-ordered, it
is called a shape. Denote a shape by U = (A, B;T). As before, V(U) =
AUBUV(T), and its size is |V (U)|.

When fixing an underlying vertex-set [n], a ribbon R within vertex set [n]
can always be regarded as shapes, with the induced ordering on vertices. So
in this setting, we may speak of the shape of R and interchangeably use R
to denote shapes.

Definition 4.4. A real-valued function f defined on a set of ribbons within
vertez-set [n| is called symmetric with respect to shapes, if whenever
R and R' are of the same shape then f(R) = f(R).

Definition 4.5. ([MP16]) Fiz an n, and a shape U = (A, B;T) Define the
graphical matrix of shape U to be the following 2" x 2 -matriz My.

Call a map ¢ : V(U) — [n] proper if ¢ is injective and respects the order on
AU B, then

VI, J C [n]7 MU(I)J): Z XT!
T: 3proper ¢ s.t.
#(A)=1,¢(B)=J,¢(T)=T"

(= 0 if no such ¢ exists). Here, ¢ on T means the natural induced map on
edges.

Theorem 3. (Norm bounds on My )(IMP16], [BHK"19]) For any shape
U= (A, B;T) of size t <logn, w.p. >1—n"1018" gper G,

(4.6) IMy(G)]| < 0T - 200 . (1og n)OE+p-20)

where r = |ANDB|, p is the maximum number of vertex-disjoint paths between
(A, B) in U. Moreover, this bound is tight up to polylog(n)-factors, for all
My with the described parameters (IMP16], Thm 38]).

Moreover, under the same notation, if further denote s = M then
(4.7) My (G)|| < 02" - 2000 (1ogn)O=),

Theorem 3 is proved by a careful estimation of the trace-power E[tr(MZ")]
(for some k > 0), which we omit here. Its “moreover” part follows from (4.6)
since t > |AUB| =2s—r, p<s, so

t+p—2r<t+s—22s—1t)=3(t—s).

Remark 4.1. Theorem & and its proof is a far-reaching generalization of
that of the concentration bounds on polynomials, Lemma 4.2. Namely, if
take special shapes in the form U = (A, A;T'), then the corresponding matrix
My is diagonal, so estimating its norm is equivalent to estimating absolute
values of the diagonals which are polynomials.

4.4. Some general notions on graphs. We finish our preparation with
some general graph-theoretic notions.
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Definition 4.6. (Vertex-separator) Given graph H and two vertex-subsets
A,B C V(H), call S C V(H) an (A, B)-vertex-separator if any path'!
from A to B in H must pass through S. Let

sa,p(H) :=min{|S| | S is an (A, B)-vertex-separator}.

A wvertex-separator achieving this minimum is o min-separator. mSep 4 g(H)
denotes the set of all min-separators.

This definition naturally applies to ribbons R = (A, B;T), by using the
graph H as on V(T) U AU B with edge-set T'. In that case we can write the
corresponding size and set of the min-separators as

54,8(T), mSepy (T) or mSep(R).

Menger’s theorem: For any finite graph H, s4 g(H) equals to the maxi-
mum number of vertex-disjoint paths from A to B in H.

Definition 4.7. For ribbon R = (A, B;T), let us define its reduced size
to be

(4.8) ean(T) = [V(T)UAUB| - sap5(T).

The reduced size is double of the exponent in n in the bound of Theorem
3, hence is the controlling parameter of the norm of the graphical matrix.

5. NON-EXACT CASE PSDNESS: A REFRESHING

In this section, we review and refresh the proof techniques for the non-
exact problem. In section 5.1 and 5.2, we show Theorem 2(2) via the so-
called mod-order analysis, which gives a conceptually different approach to
the techniques. In section 5.3, we formalize the recursive factorization in a
convenient language and extend it properly for later use.

Declaration. Section 5.2 is only for Theorem 2(2). The reader can safely
skip it if she wants to proceed directly to the proof of Theorem 1.

)< (

Notation. Thoughout section 5, M’ denotes the ([g
2

non-exact moment matrix.

' _ Wi v(T)uIud| [n]
(5.1) M'(I,J) = > () xr VI, Je <d/2 .
T:|V(T)UIUJ|<T

Z})—minor12 of the
2

Goal of section 5. Diagonalize M’ approximately, such that the difference
matrix is negligible (w.h.p. when plugging G).

5.1. Step 1: Diagonalization of E[M’].

Hgame as in the previous footnote. In particular, every vertex-separator contains A N B.
12Strictly speaking, PSDness of this minor is not sufficient as we do not have a homogeneity
reduction in non-exact case. Nevertheless, it suffices to demonstrate the idea.
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Proposition 5.1. E[M'] = CC", where C is the (657]2) X (<[3}2) -matriz

(5.2) c=<<T>d/2,gd/2'diag( t<|A|>)

Ae( )

<d/2
and t(r) = (1 — O(&)) - ()% for all T =0, ...,d/2.

n
This can be shown by a similar calculation as in [MPW15], as below.

Definition 5.1. (See e.g. [Del73]) Fixz parameters n, k. A Johnson scheme
Jisan ([Z]) X ([Z])-matrizz that satisfies J(I1,J) = J(I', J') whenever |[INJ| =
[I'nJ'|.

It can be checked that (fix n, k) all Johnson schemes are symmetric ma-
trices and form a commutative R-algebra, so they are simultaneously diag-
onalizable. In below we fix n and k = d/2. An obvious R-basis for Johnson
schemes is Do, ..., Dy/5 where

5.3 D,(I,J LoElIng)=r vi,ge(®
. r{d, = ,J € .
(5:3) z,J) 0, o.w. (d/2>
Another basis which we denote by Jo, ..., Jg/2 is

InJ
(5.4) JALJ%:C ’),VLJG<@5.

" 2

J0 -+, Jay2 are PSD matrices since
(5.5) J, = Z uAug where wugy € R([Z]), ua(B) = lacp.

AC[n],|Al=r

Clearly J4/2 = Id. More generally, we have:

Fact 1. (See e.g. (4.29) in [Del73]) The Johnson schemes (for (n,d/2))

[n]
have shared eigenspace-decomposition R(d/Q) =Vo® ... 0 Vg, and

d
3
3, = @/\T(i) 10 forr=0,...,d/2
i=0

where I1; is the orthogonal projection to V; w.r.t. the Fuclidean inner prod-
uct, and the eigenvalues are

d_ d_

RZ RN B o

AAQ:(i_J( w:a>=051§2
2

Lemma 5.1. E[M'] = Zf/jo t(r)J, where each t(r) = (1 — O(%)) . (£)d-,

n

Proof. By definition, E[M'] = Zfi 20(%)d*7"D,,. Note each D, decomposes as
/2

(5.6) D =Y (7)) 3

r’'=r



SOS LOWER BOUND FOR EXACT PLANTED CLIQUE 23

42 / N\ | INJ 01 / nJ nJ
since RHS(I,.7) = 32 (=1~ () (1)) = 5 (=)= (M) (1) =
(‘H;‘Il) “Li1n71=r = Lj1ng)=r- So together,

a2 d/2 o
)= > [ S (o
r=0 r/'=r
d/2 Yo r,
5.7 _ N, Xyd-ri_q r'—r
:7) >a (;w (-1 ())
d/2 w w
_ N, (Eyd=r “r!
D3 ()T (=)
r’'=0
which proves the lemma. O

By Lemma 5.1 and (5.5), if let t(r) = (%)d_rl[l - %]’“/ then

e = Y elADuaui= (¢ amcare- i (114D ) -G = CC7,
A:|A|<d/2

where used that the matrix (CT)d/27§d/2 has columns {uy4 | |A| < d/2}. This

proves Proposition 5.1.

5.2. Step 2: Mod-order analysis toward ‘“coarse” diagonalization.
Given E[M’'] = CC'T, ideally we hope to continue to solve for

(5.8) M =NNT

with E[N] = C, and N extending C' by non-trivial Fourier characters. Also,
we restrict ourselves to symmetric solutions w.r.t. shapes (Def. 4.4).

Toward this goal, we define and study a relaxed equation first (Definition
5.2). Let us start with its motivation.

(1) Order in “. Entries of M’ all have a clear order in ¥. Like in fixed-
parameter problems, we treat * as a distinguished structural parameter and
try to solve the correct power of * in terms in N.

(2) Norm-match. Let’s have a closer look into

d/2 d
EM =00T =Y (1-0(22) - ()3,

n n
r=0
By fact 1, each J, b has norm (df) /277 50

~ (d/2> - (g)d”nd/%’", r=0,..,d/2.

T n

(5.9) ‘ c.cr

We expect N,.(N,)T to concentrate around C,(C,)", so the norm of the
“random” part, i.e. matrix of nontrivial Fourier characters in N,.(N,)T, is
expected to be bounded by (5.9). The tight bound from Theorem 3 tells
how this may happen, which we review below.
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It will be convenient to use a scaling of variables: let

w, =lAl
L= (Lo, La) = (N ()72 o<yt
then
. w . Wy,
(5.10) M’ = L-diag ((g)w) L' with E[L] = ( Cr'(g> /2 )r:O,l,...,d/Z

Now suppose

L(I,A) = Z Bra(T)xr, Ac <[n]>

-
small T'
where assume as in (1), an order of ¥ can be separated:

w mn w
(5.11) Bra(M= ()" - (factor < = and > ).

——

main-order term
Fix I, A, T, we are looking for the condition on x in order to have the
expected norm control on L,(2)"(L,)". Ignore for a moment the cross-
terms, such a single graphical matrix square in LT(%)’”LI is
w 9 w T
(g) "R ar) (g)r ‘R am

which has norm'3

<

= (

E)mw . perA(T) | 9O(IV(T)UIVA|) | (log n)>°
n
by Theorem 3. Here recall ef 4(T) = |V(T)UITUA| —s1a(T)(> |I| - |A] =

4 — 7). Compare this with (5.9), we need (%)QInerA(T) < (d{qz)(%)dﬂ_r.

If think of 2¢ as qualitatively smaller than any positive constant power of
w,n, the natural bound to put is > ey 4(T") which actually is the limit
igé;’ — % Suggested by this, we will set the restriction

x > ey A(T) right from the start in the relaxed equation.

requirement when

The above motivation leads to the following definition. Take a ring A by
adding fresh variables o and x7’s to R, where T' ranges over subsets of ([g])
and they only satisfy relations {x7+ - xp» = xr: T'®T" =T}.

Definition 5.2. The mod-order equation is
(5.12) L, - diag <0¢‘A‘) (Lo)" = M, mod ()

on the ((3/1]2) X (<[g}2) matriz variable Ly in ring A, where

Mo(LJ) = Y alV@uIly,
T:|\V(T)UIUJ|<7

L3Here the matrix is naturally truncated from 2" x 2" which doesn’t change anything
since the original matrix is always 0 elsewhere.
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and mod (x) is the modularity, which means position-wise mod the ideal
({alV TR}, e V(T UTUT| > 7))

Moreover, if denote Lo(I, A) =Y 7 B1.A(T)xT where 81 A(T) € Rla], then'*

(5.13) oA | g A (T) VI, A,T.

We are interested in solutions that are symmetric, i.e. S5 A(T") = B;5(T")
whenever (I, A;T"), (J, B;T") are of the same shape.

The following is the key observation. Its proof demonstrates how to make
deductions from the mod-order equations efficiently, and is presented in
Appendix A.1.

Lemma 5.2. (Order match) If a product oAl Br o(T") - By a(T") from the
LHS of (5.12) is nonzero mod (x), then both of the following hold:

(5.14) A is a min-separator for both (I, A;T"), (J, A; T");
(5.15) (V(T'YUTUA) n (V(T")UJUA) = A.

Moreover, (5.14), (5.15) imply that

(5.16) A is a min-separator of (I, J;T) (where T =T &T");
(5.17) [V(TYUTUA], [V(T")UJUA|<T.

By this lemma, in an imagined solution we can assume 1, 4(T") # 0 only
when it satisfies its part in conditions (5.14), (5.17).

Using this information, plus a further technique of polarization, we can
deduce the following Proposition 5.2 which is the main takeaway of the anal-
ysis here. A graph-theoretic fact (the “in particular” part below) appears
exactly as the solvability condition. For deductions see Appendix A.2.

Fact 2. ([Esc72]) For any ribbon (I,J;T), the set of all min-separators,
mSep; ;(T), has a natural poset structure: min-separators Ay < Ag iff
Ay separates (I, A9;T), or equivalently as can be checked, iff Ay separates
(J,A1;T). The set is actually a lattice under this partial-ordering: YA, Ay €
mSep; ;(T) their join and meet exist. In particular, there exist unique min-
imum and maximum.

Denote the minimum by S;(I,J;T) and the mazximum by S.(I,J;T),
which is the “leftmost” and “rightmost” min-separator, respectively.

Proposition 5.2. (Mod-order diagonalization) Let

Tl
La(Iv A) = Z OéeI’A( )XT’7
T |V(T")UIUA|<T
A=S,(1,AT)
T'NE(A)=0
(I,A;T") left-generated (Def. 4.2)

HMRecall e a(T") is the reduced size |V(T")UTU A| — sy, a(T") (Def. 4.7).
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Tm
Qo,a(4, B) = E acasTm)yg
Tm: |[TUAUB|<T
A»BemsepA,B(Tm)

(T, to indicate “middle”). Then

[0}

(5.18) L, - [diag (a%l) - Qoo - diag (a%l)] L = M, mod (%)

where recall (x) means ideal ({o!VTVIVIIH 1y Ly [V(T)UTUJ| > 7))
position-wise on each (I,J).

Equation (5.18) is slightly weaker than a solution to (5.12) but is sufficient
for all use. In particular, it gives the first-approximate diagonalization of
the matrix M’, recast as Definition 5.3 below. This shows Theorem 2(2).

5.3. Recursive factorization. In this subsection, we give a formalization
and extension of the recursive factorization technique, which is used to refine
the coarse diagonalization from Step 2 above. We give some new notions
that are convenient and extendable to matrix products (Def. 5.5, 5.6), along
with some simplification (Lem. 5.4) and refinement (Prop. 5.4) for later use.

First, the coarse diagonalization (5.18) can be recast in R[{xz }]-matrices

as below.
Definition 5.3. Let L be the ([Z]) X (L@)-matrim
2 —2
(5.19) L(I,A) := Z (%)lv(T/)umAmeT,’
T |V(T")UIUAI<T
A=8,(I,A;T")
T'NE(A)=0

(I,A;T") left-generated

and Qg be the ([n]) X ([n])-matrix

d d
<g) 7 \<d

(5.20) Qo(A, B) := Z (i)\V(Tm)uAumXTW
T | T UAUB|<T
A,BemSep 4 g(Tm)

Finally, let

(5.21) D := diag <(w)|3>AE( i

n gd/z) .

We call L(DQy)L" the first-approximate diagonalization of M.

Despite of its name (“approximate”), the difference
(5.22) M' — L(DQoD)L"

is, however, far from negligible. This is where the recursive factorization
will be applied, and in the end it will give

(5.23) M =L-[D-(Qo—Q1+Qa..=Qqpq) D] - LT +¢&

for some negligible error-matrix €.
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Remark 5.1. Use of D is superficial in (5.22), (5.23); we keep it so that
the middle matrices Q; are better-positioned. The LD here corresponds to
the “L” matriz in [BHKT19].

Let us start with some necessary notions.

5.3.1. More notion on graphs.

Definition 5.4. ([BHKT19] Def. 6.5) For any ribbon R = (I,J;T), its
canonical decomposition is a ribbon-triple
(Rla :Rma Rr) = ((I, A; ﬂ)’ (A’ B; Tm)a (B, J; Tr))

determined uniquely by the following. A = S;(I,J;T), B = S.(I,J;T).
V(R;) is A unioned with the set of vertices reachable by paths from I in T
without touching A, and Ty = Ty (x,)\E(A). Similarly, V(R;) is B unioned
with the set of the vertices reachable from J in T without touching B, and
T, = Tly@®)\E(B). Finally, Tr, = T\(T"UT").

Ry, Ry, Ry are called the left-, middle-, right- ribbon of R, respec-
tively.

Remark 5.2. (Properties of the canonical decomposition) A few properties
follow from the definition of the canonical decomposition of R = (I,J;T).
A=S/(1,A;T)), B=S,(B,J;T,)
(so they are unique separator of Ry, R,, respectively);
TINE(A)=0=1T,NE[A];
R; is left-generated, R, is right-generated (Def. 4.2);
A B e wSep,yp(Tw) (0 |A] = |B).
The above four are about each of Ry, Ry, Ry, (the “inner” conditions).

Moreover, there is the intersection property on pairs of them (the “outer”
conditions)'0:

VR)NV(Rpn) CA VIRpy) NV(R,) CB, V(R)NV(R,) CANB
which implies
(5.24) e(R) + [V (Rin)| + e(Rr) = [V(R)].
The canonical decomposition can be reversely described as follows.

Definition 5.5. (Inner and outer canonicality) For a triple of ribbons in
the form

@R %) = (L AT, (4.5 ). (8.
15Similar notions actually appeared implicitly in the mod-order analysis (cf. condition

(5.14), (5.15)), while here they appear in a more “canonical” left-, middle-, right- form.
16¢f. conditions (5.14), (5.15)
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(11, Tin, T, are arbitrary subsets of an edge-set), their ribbon-sum is ribbon
(1,J;7) whereT =T, & T, ®T,.
The triple is called inner-canonical, if they satisfy the “inner” conditions:
A=S(I,ATY), B=S.(B,J;T}),
TINE(A)=0=T,n E[A4],
Ry left-generated, R, right-generated,
A,B € mSepy g(Tn).

(5.25)

The triple is outer-canonical if they satisfy the “outer” condition:
(5.26) V(R)NV(Ry) C A, V(Rp) NV(R,) C B, V(R)NV(R,) C ANB.

The triple is a canonical triple if it is both inner- and outer- canonical.

Proposition 5.3. Canonical triples are 1-1 correspondent to their ribbon-
sum, via the canonical decomposition.

Proof. This follows by an immediate check from the definition. O

We further extend the notions to matrix products. Recall R[{xr}] is the
ring from adding fresh variables xr’s into R for every T' C ([TQL]) (fixing an
n), with relations {x7 - x7» = xr | T ®T" = T}.

Definition 5.6. (Approximate form) Suppose matrices X, Y have rows and

columns indexed by subsets of [n] with entries in R[{xr}|; and in every entry,

each character regarded as a ribbon on distinguished sets (row, column) has

ribbon size < 7. Suppose X,Y have dimensions s.t. XY X" is defined.
Every nonzero triple product (without collecting like-terms) in

(5.27) Xyx’
thus has form
(528) X(Iv Aa E)Y(Av B7 Tm)X(Ja Bv TT) XT;, * XT * XTr»

nonzero in R

and can be identified with a ribbon-triple in the natural way, with
X(I, A T)Y (A, B; Tin) X (J, B; Ty )xnioraer, € R[{xr}]

its resulting term. We say (5.28) is an outer-canonical product if the
ribbon-triple is outer-canonical, and it exceeds degree if |V (T)UIUJ| > 7.
The approximation form of XY X is:
(5.29) Xvx' = (XYXT) (XY X )non-can + Edegs
can
or equivalently,
(XYXT) = XVXT — (XY X Jnonccan — Eass

can



SOS LOWER BOUND FOR EXACT PLANTED CLIQUE 29

where (XYXT)Out_CM1 is the matriz collecting all terms of outer-canonical

products that do not exceed degree, (XYXT)HOH_CM collecting all terms of
non-outer-canonical products, and Eqeg collecting all rest terms.

Remark 5.3. With this language, Proposition 5.8 gives an a posteriori ex-
planation of the coarse diagonalization (Def. 5.3): M' = [L(DQoD)L]can.

5.3.2. Recursive factorization: the machinery. We start with the fol-
lowing, which is Definition 5.3 restated in the current language.

Definition 5.7. (First-approzimate factorization of M')
(5'30) M' = L(DQOD)LT - [L(DQOD)LT]non—can - 81;deg
where E1.4cg 15 by Def. 5.6, applied to the product L(DQoD)L", where the

index “1” is added for later convenience. L(DQoD)L" is celled the first-
approximate factorization of M’.

The high-degree error €1.4¢¢ is actually negligible in norm'7 (we will prove
the analogous statement in the exact case); the main task is to analyze the
“main error”, [L(DQoD)L |non-can. For this, the key point of the whole
technique is

[L(DQOD)LT]HOH_Can itself factors through L, LT approximately, too.
Le. JQ1 s.t.
(531) [L(DQOD)LT]non—can == [L(DQID)LT]can + e

for some negligible Ei;negl. And we can repeat this for [L(DQlD)LT]non_Can

and so on. To describe the factorization (5.31), a generalized notion is useful.

/
1;negl-

Definition 5.8. ([BHK'19], Def. 6.9)'8 A generalized ribbon is a usual
ribbon together with a new set of isolated vertices. In symbol, it is denoted
as R* = (A, B; T*) where
T =TU7,

T an edge-set, I a vertex set disjoint from V(T)U AU B, called the isolated
vertex-set of R*, denoted as I(R*). V(R*) =V(T)UAUBUI. A usual
ribbon is also a generalized ribbon withJ = 0. (A, B;T) is called the (unique)
largest ribbon in R.

Remark 5.4. J(R*) could be different from the isolated set of the underlying
graph, as it excludes vertices in AU B.

Definition 5.9. A side-inner-canonical triple is
(Rlv R, :RT) = ((I’ A; Tl)a (A, B; Tm)a (Bv J; TT‘))

where Ry, R, are ribbons satisfying the inner-canonical conditions on their
part (the first three of (5.25)), while Ry, is just a ribbon.

ITMatrices considered all have support on clique-rows and clique-columns, given G.
181t was called improper ribbon, but we feel the name here is perhaps more proper.
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The following operation is the technical core of recursive factorizations.

Definition 5.10. (Separating factorization; Def. 6.10 of [BHK19]) Given
an side-inner-canonical tripe

(R, Ry Ry) = (1, A Th), (A, B;Thn), (B, J;Ty)),

denote T = T; ® T,, ® T, and denote by Z the multi-set of “unexpected
intersections” i.e. multi-set of vertices from (RyNRy,) — A, (R, NR,) — B,
(RiNR,) = (AN B). Call z2(Ry, Ry, Ryr) = |Z] the intersection size of the
triple. It can be checked that

(5.32) [V(R)UV (R )WV (Ry)| = [V (R) [+ ]V (R [+V (R ) | = | A] = | B| - 2.

We further separate this triple into an “outer-canonical” one, as follows.

Define S to be the leftmost min-separator of (I, AU(ZNV(R;));T1), and
similarly S| the right-most min-separator of (BU (Z NV (R,)),J;T,). Note
S;,SLCV(T)UTUJ from definition.

Define ribbon R) = (I,5];T]), whose vertex set V(X)) is S| unioned with
the set of vertices in R; reachable from I by paths in T; without touching Sj,
and T} is T)\E(S)) restricted to V(R;). Ribbon R, is symmetrically defined.
In particular, T N T, = 0. R}, is the generalized ribbon (5], S,;T},) where

T, =T\(T/ UT) U I(R;,),
I(RE,) collecting all the rest isolated vertices:
(5.33) IRy =V(R)UV(Rp)UV(R,) — V(TYUTUJ

The resulting (R}, R, R.) is called the separating factorization of ribbon
triple (Ry, Ry, Ryr), which we denote as

(534) (iRly:Rm;:RT) - ( ;:iR;‘:m:R;")

Remark 5.5. (Properties of separating factorization) Some natural proper-
ties follow. Let (R;, Ry, Ry) = (R}, RS, R.) in the same notation as above.

(1).The resulting triple (R}, R, R.) is side-inner-canonical and outer-
canonical (i.e. their pair-wise vertex intersections are within the correspond-
ing S;, S} and S;N S}.). So the corresponding ribbon triple (from replacing
R}, with its largest ribbon) is canonical and is disjoint from J(R},).

(2). R} C Ry, and S| separates (V(R})), V(X)) — V(R))) in R;. In par-
ticular, we can talk about the part of R; to the right of S|, which is disjoint
from R} and actually can be easily checked to be in Rj;,. Similar fact holds
for R,.

(3). Since S] separates (I, A) in Ry, and A is the unique min-separator of
R, there are |A| many vertez-disjoint paths from A to S) in R;. Similarly
for R,.

Lemma 5.3. (Lemma 6.14, 7.14 of [BHK'19]) Suppose (R;, Ry, R,) —
(R}, R, R1). In the same notation as in Definition 5.10,
(1)- 1511+ 150 = [A[ + | B[ + 1;
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(2).19 If further denote s = M;B‘, p' the mazimum number of vertex-
disjoint paths from S; to S). in R, and p the mazimum number of vertex-

disjoint paths from A to B in R, then
2(s" = s) + (p = P) + [IHR5)] < 2(Re, R, Ry).

Proof. (1). By definition there must be some unexpected pair-wise intersec-
tion between (R;, Ry, R;-). In either of the three cases of breaking (5.26),
Jv € Z that is in V(R;) — A or in V(R,) — B. WLOG suppose the first
happens. Then S} # A since v can be reached from I without passing A by
the left-generated condition on R;. Similarly, if |S]| = |A| then it is A as
A is the unique min-separator separating (I, A), so this is impossible. Thus
S; > A.

(2). We refer the reader to its proof in the original paper. O

Now we apply the above machinery to the target, L(DQoD)L".

5.3.3. Apply the machinery. Conceptually, the separating factorization
tells us how to “cancel” the terms in [L(DQoD)L " |non-can using L,LT.
Namely, in L(DQoD)L", any product from (R;, R, R,) (Def.5.6) that is
non-outer-canonical results in a term in [L(DQoD)L " |non-can at (I,.J), and
we can cancel it by the product from its separating factorization (R}, Ry,, R’.):
take R} at position (I,5]) in L, R.. at position (S, J) in LT, and the largest
ribbon of R, at (5/,S)) in a new middle matrix DQ:;D. Ie., we cancel it
by —[L(DQ1D)L"]can.

Of course, there are other triples whose separating factorization result
in the same (R}, largest ribbon of R% , R!) so we need to collect them all
in DQ1D. More seriously, the (I,S])th entry of L is actually a sum of
different Rjs, so we need to make sure that this cancellation works for them
simultaneously in multiplication.

The following is what insures the simultaneous cancellation can work. It
is stated in a refined version that is more than needed here (i.e. we further
distinguish different (i, j) parameters), but this will be needed in the exact
case (Lemma 6.6).

Proposition 5.4. (Solvability condition)(cf. Claim 6.12 in [BHK19]) Fizx
(I,J,5],5,), and a generalized ribbon R}, on (S}, S,.). Let (R}, R;.) be inner-
canonical left and right ribbons with distinguished sets (I,S)), (S;., J) respec-
tively, as in Definition 5.5. Let (R, RY) be another such ribbon pair, with
the same reduced size

e(R)) = e(R]), e(R,) = e(RL).

Recall in our setting R,, is always a ribbon, without any isolated vertex.
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(Or the same size, equivalently.) Then for every fixed tuple (i, 7, z) the fol-
lowing holds: there is an 1-1 matching between ribbon-triples

. s Rmy Ry) 8.1 o
: (e(R1), e(Ry), 2(Ry, Ry R)) = (i, 4, 2).
and
(le,me,Rr) — (R;’,ﬂ%fn,iR;’),
(e(R1), e(Ry), 2(Rey Ry R)) = (35, 2).

Moreover, this matching fizes every middle R,,.

(536)  (Ry, R, Ry) s.t. {

Proof. We give a reversible map from the set of (5.35) onto the set of (5.36).
Take a (R;, Ry, R;) from (5.35). By Remark 5.5 (2), the part of R; to the
right of 5] is in R}, hence is disjoint from both Rj and R;'. Similarly for R;,
R,. Now take the map

(:Rl, iRm: :Rr) — ((b(le), :Rm, (ﬁ(yr))

where ¢(R;) replace R to R} within R;, and ¢(R,) replaces R;. to R} within
R,. Clearly R¥,, thus Ry, is unchanged. Also, as R}, R} have the same size
by assumption, by the disjointness above this replacement operation keeps
the size of R;. Moreover, R;, ¢(R;) have the same right distinguished set
which is the unique min-separator of both, so e(R;) = e(¢(R;)). Similarly
for Ry, ¢(R,), so the parameter (i,j) is unchanged by ¢. The intersec-
tion parameter z is unchanged too, since the changed part is disjoint from
Z(Ry, Ry, Ry). Finally, the inverse map is given the same way by changing
the role of (R}, R;.) and (R}, R}'). O

The following lemma will be repeatedly used.

Lemma 5.4. (One round of factorization) Let L be as (5.19), and Q be any

( §[5}2) X ( S[:l%) -matriz with entries

w
(537)  Q(A,B) = > (S)VElg(Rpn) - X,
Tm: |V(Tm)UAUB|<T

where Ry, denotes (A, B; Ty,), and q(-) is a function symmetric w.r.t. shapes.
Define matriz Q', €. ., as follows so that

neg
(538) (LQLT)non—can = (LQ/LT)Can + 8;1eg1
holds. First, let
w
(539) Q/(A, B) — Z (*)‘V(Rm)‘q,(mm) “XT,

Trm: |V (Tm)UAUB|<T

where ¢'(Ry,) is as follows. Fixz any Ry, = (A, B;T,y,) and let t = |[V(Rp)| <
T, § = M. For every generalized ribbon R}, that contains Ry, as its
largest ribbon and |V (R},)| < 7, fix a ribbon pair (R}, R.) s.t. (R}, Ry, R}) is

the separating factorization for some ribbon triple with |V (R))|,|V(R})| < 7
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(if there is none, exclude this R}, in the summation below). Then let

/ - CNIREIL L (R
7 (Rm) > () ¢"(R,), where
R¥.: gen. ribbon on (A,B)
V(R |<T

largest ribbon is Ry,

w
SR = Y > ) a(®)
1<2<d/2 P=(R;,R,R;): side-inn. can.
P—(R}, Ry, R.) for the fixed R}, R
z2(P)=z

Note ¢'(Ry,) doesn’t depend on the choice (R}, R.) by Proposition 5.4, and
q'(+) is also symmetric w.r.t. shapes. Now define € s.t. (6.32) holds.

Then the conclusions are:

(1). Wop. >1—n"218" over G, ||&]

(2). If there is a number C for which

(5.41) YR 1g(Rin)| < C - (

‘ <max{q(4,B;T)} -n~;

w

) F
nl—e
where p denotes the mazimum number of vertex-disjoint paths between A, B
in Ry.20 Then "
s—p+1/3
VR g (Rin)| < C+ ()P,
Proof. We compare [LQ'L"]can with [LQL ]yon-can as step (0), then prove
(1), (2).
(0). For any fixed (I,.J), recall [LQL " |non-can(l,J) is
(5.42)
Z (f)IV(%)|+|V(Rm)|+IV(%)I*\AI*|B|q(gzm)

X1, &Tm®T-
n

(R, R, Ryr): side. inn. can.
non-outer-can.
all three have size <t

where we denoted the distinguished sets of R,,, by (A, B) when R,, is given.

For each (R;, R, R,) in it, there is a unique (R}, R},, R]) that is its sepa-

rating factorization: (R;, Ry, Ry) — (R}, Ry, R;.). There are two cases.
First case: |V(R},)| < 7. In this case, there is the corresponding term

w ’ ’ IN(_ Q|1 Q7 w 2 *
(5.43) (ﬁ)IV(Rz)HIV(Rm)HV(&)I IS1=1571 (E) HIR5)I 'Q(R;@)XT{@T;LEBTT’

in (LQ'L")can(,J), where R/, denotes the largest ribbon of R}, and X7
means the character from R] , and z > 1 is the intersection size of (R, Ry, R;).
Recall for the separating factorization, T} & T, & T} = T; & T,,, ® T}, and

V(R) UV (Rin) UV (Re)| = [V(Rg)| + V(R + V(R = [7] = 157
= [VR)[+ [V(Rem)| + [V(Re)| = [A] = [B] = =

Also, [V(R})| = |[V(R],)| + |I(RE,)|. Together we have that the coefficient
in (5.43) equals the one in (5.42) from (R}, R}, R.).

20This is also sa,8(Tm) by Menger’s theorem; we use p here for appliance with applying
Lemma 5.3(2).
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Conversely, by definition of @' and (5.40) and Prop. 5.4 every outer-
canonical product in LQ'L" corresponds uniquely to a side inner-canonical
triple (R;, R, R;-) in the above case. Therefore, &’

neg

, by definition collects
all terms in the next case.

Second case: |V(R},)[ > 7. By the above explanation, & .,(1,J) =
(5.44)

w —|A|—
Z (7)IV(Rz)HIV(Rm)IHV(Rr)I |A] Iqu(ym)

XTi T &Tr-
n 1DTm®

(R, R, Rr): side. inn. can.
non-outer-can.
all three has size <7

resulting |V(R,)|>7
where we omit writing the obvious condition that R; (R, ) has its left (right)
vertex set as I (J).
(1). Take a triple (R;, Ry, Ry) in (5.44). Recall

V(R + [V (Rin)| + [V(Rp)] = [A] = |B] = [V(R) UV (Rpn) UV (R, )| + 2
=|V(T)UTUJ|+ [I(R;,)] + =

Also |J(R%,)| < 2z +d/2 as a quick corollary of Lemma 5.32!. Fix an T =
11T, ®T, and a > 7—|V(T)UIUJ|, we upper bound the number of triples
in (5.44) resulting in (2)VVIV/+e .y (ignoring ¢(R;,) for the moment):
to create such a triple, we need to choose a set as J(R?)) of size < a/2+d/4
since a is intended to be |[I(R%,)|+ 2z so a > 2I(R*) — d/2; then to decide the
triple over the fixed vertex set there are < 337 - 93() many ways. Together,
the coefficient of 7 in (5.44) has absolute value smaller than the following:

let By = max{q(-)},

B, - (S)W(T)uquua . platd)/2927?

n
_ W\ v(muIud| () —26\[VDVIVI] W o dj24272
= Bo(nlﬂe)l (T) \(n ) .(%) .n%/29
< Bo(nfl/Z)\V(T)UIUﬂ . n726(|V(T)UIUJ\Jra)nd/2227'2 (w < n1/2746)

< Bo(n—1/2)\V(T)UIUJ| . n—1.5€’7'
the last step by |V(T) UI U J| + a > 7 by the case condition and that
d < er/10, 227 < n/10_ Also, all yp appearing in (5.44) has |[V(T)| < 3.
So by Lemma 4.2, for fixed (I,.J), w.p. > 1 —n~10lsn

37
— — 2 —
‘E;egl(L J)| < ZBOn a/Qn 1.5eT | na/2n4loglogn2a <n Lder

a=0

By union bound over |{(I,J)}| < n?, w.p. > 1 —n~9len

n—1.4€T < n7ET.

/
8negl

‘<nd~

21 Actually it can be shown that |J(R%,)| < z but we don’t need this.
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(2). Fix an R,,. By (5.40),
W [5(R*
¢ (Rpn) = > (=) PRI+ > q(R).

z,R%: K P=(R;,R,R;): side-inn. can.
largest ribbon =R, P—(R],R5,,R;.) for the fixed R},R).
z2(P)=z
For a fixed R}, there are no more than 8*7 < n many triples in the second
summation (recall R}, R). is fixed), as after fixing whether each vertex appears
in each of the three ribbons and fixing A, B C R}, as distinguished sets of R,
we only need to assign possible edges that appear in more than once in the
original triple, and it can be checked that such an edge must has at least one
end in the already fixed (multi-set) Z of size < z. Further, by Lemma 5.3(2)

and condition (6.36), the second summation in above in absolute value is

€z w z * w 8’78 ) * w s—
<n (ﬁ) +|3(Rm)l|q(ga)’ < (F)Z( )+—p")+2[I(R7,)] 'C(nl—e) p

w . W oy
<C- (g)ﬂ?(ﬂ%m)l . (F)S —p'+1/2
where (s, p) denotes the corresponding parameter for each R and (s',p’) for
R, and the last step uses s’ —s > 1/2 from Lemma 5.3(1). Finally, in
the outer sum, for fixed ip there are < n’® many ways to choose R¥, s.t.
|J(RF,)| = i0, and 1 < z < 37. So together,
/2
w

|d'(R)| < 37 Z C- nio(%)% . (7)5'_13'“/2 <C- (L

)s’—p’+1/3
nl—e nl—e '

i9=0

O

Now we can apply Lemma 5.4 to [L(DQoD)L " |non-can: in (5.30) let Q <«
(DQoD), we get

[L(DQOD)LT}HOH—CM = [L(DQlD)LT]Can + 8ll;negl
for some 1 and 8’1;negl. Then we can repeat this on [L(DQlQ)LT]non_mn

and so on, to get a final recursive approximate factorization of M:
(5.45)

M = L(D(QO Q1+ Q22— ...t Qd)D) LT - <81;deg == 81+d;deg>

+ ( ll;ncgl +.. gii;ncgﬂ)'

Here it implicitly used the following.
Proposition 5.5. ([BHK'19] Claim 6.15) Q441 = 0.

Proof. First we show by induction: Vk, in Qj every appearing ribbon R,, =
(A, B;Ty,) has |A| + |B] > k. Case k = 0 is trivial. From k to k + 1,
by Lemma 5.4 every R/, = (A, B’;T!) in Qky1 is the largest ribbon of
some R, in the separating factorization of some non-outer-canonical triple
in L(DQ,D)L". Suppose that triple has the middle part R,,, = (A4, B; T},).
Then by the inductive hypothesis |A| + |B| > k, and by Lemma 5.3(1)
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|A'| + |B'| > |A] +|B|+1 > k+ 1, and the induction is completed. For
k = 1+4d, no ribbon can satisfy this while having both distinguished sets in

(i) 0

We have completed the recursive factorization technique for later use.

Remark 5.6. PSDness of M’ would follow from (5.45) by a few last steps®>.
This part is standard, and similar arguments will be given for the exact case
(section 6) so we omit it here.

6. PSDNESS OF THE EXACT PSEUDO-EXPECTATION

Notation. Henceforth M exclusively refers to the d/2-homogeneous minor
of the moment matrix M in Definition 3.7.
The main theorem of this section is the following.

Theorem 4. W.p. > 1 —n=%18" M(G) = n~% ldiag (61(G))([n])x([n]).
ds2) *\a/2

Corollary 6.1. W.p. > 1 —n=5loen, El‘@ > 0.

- w—d/2 - w—d/2
Proof. By construction (3.13), Fxy = ((5)_(2/;2)) . |S|Zd/2 Exg = ((5)_(2/722)) Tr(M),

and by Theorem 4 this is positive with high probability. U

Theorem 1 is a quick corollary of Theorem 4: for our pseudo-expectation
from Definition 3.7, its moment matrix is PSD by Theorem 4 and Lemma
4.1; it satisfies the Default Constraint by Corollary 6.1 and the discussion
above Remark 3.2; and it satisfies the Clique and Size Constraints by Lemma
3.2. The degree-d lower bound follows.

The rest of section 6 is for proving Theorem 4. We first reduce it to the
main lemma (Lemma 6.3) in the next subsection, then prove that lemma.

6.1. An Hadamard product and Euler transform. For proving The-
orem 4, we want to factor the matrix M into an XY X' form as in the
non-exact case. The first problem is that, unlike in the non-exact situa-
tion, here in the expression of M(I,J) (Def. 3.7), the appearance of the
parameter

u=|INJ|
makes a similar factorization of terms unlikely®®. As a first step towards
resolving this issue, in this subsection, we express M in a XII-form (6.15)
where in each leaf matrix, the dependence on u is removed. In later subsec-
tions, we will factor each such leaf matrix.

22As noted previously, this is not yet the PSDness of the moment matrix as we do not
have the homogeneous reduction in non-exact case. A full proof is just similar, though.
231t doesn’t appear in the non-exact case (5.1) at all.
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6.1.1. Hadamard product. By definition (3.17), in M (I, J) the coefficient
before xr can be re-written as
(6.1)

u 1 .
M(I,J;T) = Z[ @w“ :

c=0 u

()

‘=M (u,a)

where again v = |I N J|,a = |V(T)UIUJ|. This means M is a sum of
Hadamard products

d
2
(6.2) M = Z me o M,
c=0
where m,, M, are matrices: for all |I|,|J| = d/2,

1

u

(6.4)

xr - MAINJ,|\V(TYUITUJ|) ,if|[INJ]>c¢
M(I,.J) = { TIV(TuIuT|<r
0 , O.W.

Remark 6.1. It is important to note that we defined m. to be supported on
all (I,J), while let M.(I,J) =0 if |[INJ| <c, so (6.2) still holds. The use
of this is in Lemma 6.1 below.

The intuition behind decomposition (6.2) is that the second factor M, is
“close” to each other for varying ¢, while the first factor m. is qualitatively
decreasing in ¢. This, if true, would make it possible for us to concentrate
on showing the PSDness in the main case ¢ = 0.

The next lemma proves the second half of the above intuition. The other
half will be stated more precisely as the Main Lemma 6.3.

Lemma 6.1. For each ¢ =0,...,d/2,
/2
me=w "> b Jn
k=0

where Ji,’s are the Johnson basis (5.4), by/k! € [5£, 1+ 2281, In particular,

d 1
2mgq > —Id.
w

(6.5) myp=wm; =..=w

[S11SW

/2
Proof. By definition, m, = w™°>_ u_widl,HDl, where matrices D; (I = 0,...,d/2)

= )

are the simple basis of Johnson schemes (5.3). By basis-change (5.6), m. =
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d/2 k w w 1
WOk S ()R ———— . . For
k=0 i=0 w—(d—1) w—=(d—-1) (k-1
:=fr (1), which is 1/k! if =0
k
fixed k, fi(l) is increasing in [ so Y. (—=1)*'fi.(1) > fu(k) — fu(k — 1) >
=0
dT/Q (14 %)kil > AL Note for k = d/2, Jas2 = 1d so we get (6.5). O

6.1.2. Euler transform. Fixing ¢, now we look into the second factor M.,
in (6.2). For fixed (I, J;T), again denote v = [I N J|, a = |V(T)U I U J|.
By (6.1)

a—(d—u)\(n—a\ _p_ol@a+u—c+8r) w
6.6) M, = (u=c) =)
(6.6) (v, ) < c > (u—c)n (872)! (n)

is the coefficient of x7 in M.(I,J) for ¢ < u, which is a partial function.

Definition 6.1. (Extended M.(u,a)) For fized ¢ > 0, the function M.(u, a)
in (6.6) is partial, defined for (u,a) € N? s.t.

u>c ut+a>d+ec

It can be naturally extended to N? by letting

(6.7) <”_“> =0 fu<e,
u—c
and using the usual convention on binomial coefficients
— k—1

(6.8) A T R Y0 < m,0 < k;

k k
6.9 ")=0 Yo<m<k

k

on the expression M.(u,a) (6.6). We will still use M.(u,a) to mean this
extended function.

In particular, (7) = 1 for all m € Z; if 0 < a — (d —u) < c then
M.(u,a) = 0 since (a_(‘i_“)) =0.
To further remove the dependence on u = |IN.J|, consider a decomposition

(6.10) M= ) MF

Lni ) the matrix M/ is supported on rows and columns
—2

whose index contains R. More explicitly, for any (I, J;T) let a = |V(T) U
I'U J|, suppose

where for each R € (

( )a Z Y;(|R|,G)XT 71ngIaJ7
(6.11)  MX(1,J):= T:V(T)UIuJ|<T
0 , 0.W.

3E
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for some function Y.(u,a) to be chosen, then comparing for every tuple
(I,J;T) we see that equation (6.10) is equivalent to that for any fixed ¢, a:

(6.12) > (Mt = Moo

”
r=0

This suggests to take Y.(u,a)- (%) to be the inverse Euler transform (w.r.t.

variable u) of the extended function M, (u,a).

Fact 3. 2* If z(m),y(m) are two sequences defined on N s.t.

vm a(m) =3 (7).

=0

then x(m) is called the Euler transform of y(m), whose inverse transform

w - ytm) = S ("))

=0

Definition 6.2. (Coefficients in M) For every fived c, define
(6.13)

r

Vo) = A ST DT G iz

0

, 0.W.
Then as a clear-up summary, we get:

Lemma 6.2. (The Hadamard-product decomposition of M)

d
(6.14) M :imco > ME
c=0

R:Re( S[g}Q)

|R|

(6.15) = > D meoM?

RE(S[ZIL}Q) c=0

=MR
where each m, is as in Lemma 6.1 and each M has the following expression.
(1) ME =0 if |R| < c;
(2) IFRZ INJ, ME(I,.J) = 0;
(3) If |[R| >cand RCINJ,

ME(I,J) = > MMIJT)xr
T:|V(T)UIUJ|<T

24The fact itself can be seen as an application of {(-matrix and its inverse.
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where, if denote a = |V(T)U I U J|,
(6.16)
M(I,J;T) =
|R|

(%)a S (-1l (\f;’) <a + i - d> <7:Z> (= (@t l(;;; 87°)! '

l=c

Ye(|Rl.a), (6.13)
(4) For all0 <c¢<r<d/2 and0<a<T,
|Ye(r,a)| < 757,

Proof. (1), (2), (3) is definition. To check (6.14) i.e. M, = Y. ME, we
check for every (I,J;T) where |I| = |J| = d/2, [V(T)UIUJ| < 7. Let
u=|INJ|,a=|V(T)UIUJ| then note a — (d —u) > 0, and
[INJ|
InJj
MR . — R . — Wia | )
SAUTETEND S VISE TR D (i I
R: R:RCINJ =0
By the Euler transform and (6.12), the RHS equals the extended M.(u,a).
Thus, we only need to see M.(u,a) = 0 if further u < cora— (d—u) < ¢
(in particular, in such cases ¢ > 0), and this is by (6.7), (6.9).

For (4),
i(—l)r—l (;’) (a - i - d) [<Tll::> (=] (a+ l(;TCQ;!_ 872)!

l=c

Ye(u, a)| =

<r-20-(27) -1 (971 < 757

where note r < d/2 < 7 in our parameter regime. O

Lemma 6.3. (Main Lemma) In the decomposition (6.15), w.p. > 1 —
n=3108" the following hold. For allR € (1), let PR ={I e ()| RC T},

<d/2 d/2
(1).
(6.17) Mgt = ntdiag(Cl) pry pr;
(2).
(6.18) +w ME < 05 ME, YOo<c<|R|

Corollary 6.2. (Theorem 4) W.p. > 1 —n"°18" gper G,
M(G) = n_d_ldiag(él(G))([n])x([n]).

dy2) *\d/2

|R|

Proof. For each R, by definition M® = Y m.oMf. Suppose the situation in
c=0

Lemma 6.3 happens, which has probability > 1 —n 218" Since Hadamard
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product with a PSD matrix presevres PSDness (the Schur product theorem),

|R| |R|
Z me o ME < Z M 0 (wcn_c/a : Mf‘) (Lemma 6.3(2))
c=1 c=1
||
= Z n=% . mg | o ME (Lemma 6.1)
c=1

= Tl_l/GmQ @) Mé%

|R|
Similarly, S m.o ME = —n=Y%mgo ME. So
c=1

M = (1=n"YmooM = n~*'diag(Cl) prypr (Lem. 6.1 and 6.3(2)).
Apply this to (6.15),
M:Mw+ Z MRE M(Bt n_d_ldiag(él)([n])x([n]).

(6.19) . ay2)*\ay2
0£Re(l}),)

O

The rest of section 6 is devoted to proving the Main Lemma 6.3, completed
in subsection 6.7. The key ingredient is Lemma 6.7, stated in section 6.4.
The statement requires the recursive factorization of each M which we
show as Lemma 6.5 in the upcoming subsections 6.2 and 6.3.

6.2. The first-approximate factorization of M. In this subsection and
the next, we factorize each matrix M[? in (6.15) by the recursive approximate
factorization.

Terminology established in section 5.3 will be used. We start by defining
the first-approximate factorization (cf. Definition 5.7).
Definition 6.3. Fiz R € ([n]). For every ¢ = 0,1,...,7 define the left-i-

d
<3

factor L™ to be the matriz of dimension ([Z) X (M ),

2 <g
0 JifRZINA;
(2)'xr , o.w.
(6.20) LRI, 4) ={ T IV(DUILAI<T
‘ ’ A=S,(I,A;T)
TNE(A)=0
(I,A;T) left-generated
. eI,A(T):i

(LBNT s called the right-j-factor. Call LR = (LR, .. L®7) the left fac-
tor, (LR)T the right factor. Note these matrices do not depend on “c”.

Definition 6.4. Let D™ denote the constant diagonal matriz

. W, 14]
diag ((g) 2 )A:|A|Sd/2®Id{o,...,f}x{o,...,f}
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of dimension <(<[3}2) x (17 + 1)> X <(<[le}2) x (1T + 1)> :

Definition 6.5. (Goal factorization of ME) Our goal is to find a middle
matriz QF of dimension

() em) < ((Sg) )

s.t. the following factorization approxzimately holds:

(6.21) M~ (LR LR (DT - QEF - D7) - (L0, L LT
~— ——

g ()

Remark 6.2. Unlike in the non-ezact case (section 5.3), here we factorize
MPE by further distinguishing a parameter pair in {0, ..., 7} x {0,...,7}. The
reason is that in (6.13), or more broadly in any exact pseudo-expectation
generated by the method in section 3.2, the parameter

a=[V(T)UIUJ|

appears nestedly in an essential way.
Fizing (I, J;T), previously the coefficient (3.12) is intended as

Wia _ (WaeR)HV (R |+e(Ry

(ﬁ) _(g)(z) [V (Rim)[+e(Rr)
as in Remark 5.2, which naturally factors into the left, middle, right terms.
") that are not log-additive
in a. Also, the reason we chose the d-generating function as in Def. 3.6 is
exactly to prove the positiveness of E[Q(Ifo] wn this harder situation. This is

eventually made clear by Prop. 6.3 and Cor. 6.3.

Here, however, there are terms like (‘”i—d) -

To approach the goal decomposition (6.21), in the coefficients in MFE
(6.16) we separate the main factor
“ya — (“ye@®) (Y IV@Rm)| L (Y ye(Re)
) = Gy @ (©)
into left, right, and middle factors as before, while leave the factor Y.(r, a)

for the middle matrix QF( (-, ), (-, e,«)> to bear , where the index (e, e;)

has the natural intended meaning.

Definition 6.6. (First-approximate factorization by Qfo) Define Qfo to be
the {0, ..., 7} x{0, ..., 7 }-block matriz, each block of dimension (<[g}2) X (<[g}2),
that is 0 outside of the principal minor N -

(6.22)

S sl sR = {(A,i) e (g[z]ﬂ) x{0,...,7} | AD R, |A| +i> g},
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and in this principal minor, Qfa ((A, i), (B,j)) =
(6.23)

w _lAl+|B] o
Z (f)|V(Tm)UAUB\ 2 -YC(IRI, |V (T;,) U AU B| +(Z+])) XT,

Ton:|V (T )JAUB|<T
A,BemSep 4 g(Tm)

defined by (6.13)
Correspondingly, define
— R —\T
LR (D™ Qgo- D7) - (LR)
to be the first approximate factorization of MCR.
Some remarks on the definition of ng follow.

Remark 6.3. (Intended meaning of parameters in foo)

(1). The set ST (6.22) is defined independently of ¢, where the condition
|A| +i > d/2 is natural because of the intended meaning of i: it is intended
as |V(T')\A| > |I| — |A] for some ribbon (I, A;T") in LR. If |Al+i < d/2
the corresponding column in LE is always 0. Similarly for j.

(2). By definition, Qfo is supported only on those ((A,1), (B, j)) € ST x
SE with |A| = |B].

(3). Regarding (6.23), as before by Remark 5.2, in “canonical” situations
i.e. for outer-canonical products in LE. (DT . Qfo . DT) . (ﬁ%)—r,

\V(Tn) UAUB|+ (i+j)=|V(T)UIUJ|

for ribbons (I,J;T) that take (A, B;T,,) as the middle part of its canonical
decomposition and for which e(R;) =i, e(R,) = j.

Recall the terminology on the XY X "-type matrix product, Def 5.6.

Lemma 6.4. (Qfo indeed gives the first-approzimation) Fiz R, ¢ < |R)|.
For every (I, J;T) s.t. |[V(T)UIUJ| <7 and R C INJ, there is exactly
one outer-canonical product in the XY X " -type matriz product

~ T
(6.24) LR (D7-QF - D). (LR>
Y

which corresponds to the canonical decomposition of (I,J;T), and which
glves term

Proof. Suppose R C INJ. First, note every triple in (6.24) is inner-canonical
by definition of L%, Qfo, so all outer-canonical triples there 1-1 correspond
to their triple-product (I, J;T') via the canonical decomposition.

Fix an (I, J;T) and its canonical decomposition, where [V/(T) UI U J| <
7. (I, A;T") appears exactly once in LE(I, A) in block L™, where ¢; =
er,A(T"); similarly for (J, B;T") and e, = e;p(T"). And further there is
exactly one outer-canonical product in (6.24) corresponding to this triple,
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with coefficient
1] w. |B|

(6.25) LI, A;T') - (%)7 - Qeo(A, B T) - () 2 - LT (J, By T").

By definition (6.20), (6.23), if a := |V(T)|UI U J < 7 then the above

coefficient is
w

(=) Ye(|Rl,a) = M1, J;T),
by comparing (6.13) and (6.16), noticing that

a=|V(T)UTUJ|E ¢, £ |V(T) UAUB| + e,

where (#) is by canonicality. This proves the lemma. O

Definition 6.7. (First error-matrices) Let €. 1.negl be the matriz of the sum
of all outer-canonical products in (6.24) that exceeds degree, i.e. the resulting

V(T)ulTulJ|>r.
Let [1’173 . (DTQEODT) . (ﬁ)T]non_can be the matrix of the sum of all products

that is non-outer-canonical.

Lemma 6.4 can be restated in the terminology of approzimate form (Def.

5.6): VR € ([}),) and 0 < c<|R|,

ME = (LR (D7QE,D7) - (LF) Jewn

Equivalently,
(6.26)
— ~\T  — —~\T
MCR — [R. (DTQEODT) . (LR) _ [LR' (DTQEODT) . (LR) ]non_can _Egl;deg'

As we will see, the crucial fact is that the error matrix €. 1.main factorizes

through LR, (LR)T approximately too, as in the non-exact case. In the next
subsection, we show how the recursive factorization method works here in
an extended form.

6.3. Recursive factorization: exact case. The main result of this sub-
section is the following lemma.

Lemma 6.5. (Recursive approximate factorization; exact case) For any
fized R € (S[;%) and 0 < ¢ < |R|, we have the following decomposition.

—~ ~\ T
(6.27) MF=LR. [DT (Qfo - QN +.. £ ijd> DT} : (LR) +ek,
where:

(1). All ka, ’s are supported on the principal minor ST x ST, where recall

SR = {(4,4) € <§[Z]/2> % {0,..,7} | AD R, |A|+i>d/2}).

(2). QEO is by Definition 6.6;
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(3). V1 < k < dJ/2, ka is a (T + 1) x (7 + 1)-block-matriz with the
(i,7)-block

629 QL((40.B0) = X dlRmid)
Trm:|V (T )UAUB|<T
(within SBx ST ), where we naturally denote R, = (A, B; T),); these qfk(-, i,7)’s
are symmetric w.r.t. shapes, and
.. . w —ptk

(6.29) (i0) 10l (Rm i, )] < 707 ()T,
where as usual s = M, p is the max number of vertex-disjoint paths from
Ato B inR,.

(4). For any G, EE(Q) is supported within rows and columns that is clique
in G and contains R. Moreover, w.p. > 1 —n=2logn,

(6.30) ||| < n=e7/2.

Proof of Lemma 6.5
Like before, the key is to look at one round of the factorization. The

following lemma is strictly parallel to Lemma 5.4. Again fix R C (5/1]2),

¢ < |RJ; for convenience denote n; := (C[l7]2) X (T 4+ 1) in the following.

Lemma 6.6. (One round of factorization; exact case)

Let LR be from Def. 6.3, Q be any nq x ni-matriz supported on ST x SE
and

(6:31)  QF((A,i), (B.j)) = 2.

Tm: |V(Tm)UAUB|<T

w ..
(VI g( Ry i, 5) - X1,

where Ry, denotes (A, B;Ty,), and q(-,i,7) is symmetric w.r.t. shapes for
any fized (i,7). Now we define matriz @', 8;eg1 so that the following holds:

(6.32) [E}/% : Q : (Z}/%)T]non—can = [ﬁ% ’ Q/ : (ﬁ)T]CaH + Eilegl'

Namely, let Q' be supported on ST x S,

. . w .
(6:33)  Q'((4.4).(B,j)) = Y. ONVENY (R, g) - X,

Ty |V (Tin)UAUB|<r

where the coefficients ¢ (R, 1, J) are as follows. Fiz any Ry, = (A, B;T,)
and (i,7). Let t = |[V(Rp)| < 7, s = M. For every generalized ribbon
Rx, that contains Ry, as its largest ribbon and |V (R})| < 7, fix any a ribbon
pair (R}, R;.) so that (R}, R}, R} is the separating factorization for some
ribbon triple, |V (R))|,|V(R;)| < 7 and

(6.34) (e(Ry), e(R7)) = (i, 4).
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If there is no such choice, exclude this R}, in the summation below. Then:
(6.35)

1 ..
q (gzrm Z)]) = E (
R¥,: gen. ribbon on (A,B)
V(Rp)I<T
largest ribbon is R,

w
1 % . . . .
q (:Rmazuj) = Z Z (E)Z'Q(Razlajl)'
(z,81,71): P=(R;,R,R): side-inn. can.
1<2<d/2 P—(R},R%,, ) for the fixed R,R.
2(P)=z, e(Ry)=i1,e(Rr)=j1

Note q"(Rpm,i,j) doesn’t depend on the choice (R}, R;) by (the full of)
Proposition 5.4. Thus ¢'(-,1,7) is also symmetric w.r.t. shapes.
€ eql 18 defined s.t. (6.32) holds. Then the conclusions are:
(1). W.p. >1—n=918" gyer G,
Helneng < maX{Q(')} : nieT;

(2). If there is a number C for which

.. .. w
(636) VRWMZ)] IQ(Rmazm]” S C ’ (n]__e

LRI (R, i) where
n

)F

where p denotes the mazimum number of vertex-disjoint paths between A, B
n R, then

WRonsin g (Rn)] < C- ()

Proof. (of Lemma 6.6) The proof is almost the same as that of Lemma 5.4;
we point out and explain the differences below.

The > support condition (i.e. supported on S%x S%) doesn’t affect anything
since L itself is automatically 0 on colimns and _TOWS that are not in S%.
_As step (0) like before, we expand [LR - Q" - (L®)Tcan to compare with
[LE - Q - (L®) pon-can term-wise, using Prop. 5.4. Here, notice that when
(,7) and R}, are fixed, the size of any choice of (R],R;.) satisfying (6.34)
are also fixed, so the proposition is applicable. The comparison for order
on (£) between the two is exactly the same as in step (0) of the proof of
Lemma 5.4, and the conclusion is that the matrix E]’ﬂegl collects all terms in

[If:sz Q- (Ifl\f/?')T]non_can whose R}, in the separating factorization exceeds size
T le &g, J) =
(6.37)
w —|A|— .o
Z Z (g)IV(Rz)IJrIV(Rm)IHV(%)\ AI=1Bl (R, 4, ) xr
i, (R, Rm,Rr): side. inn. can.

non-outer-can.
all three has size <t

V(R5)I>T, (e(Ri),e(Rr))=(i,5)
where T'=T; & T}, ® T}, and we omit writing the default requirement that
R; (Rr) has the left (right) distinguished vertex set I (J).
The numerical conclusions (1), (2) follow from the same estimates as in
Lemma 5.4 (after (5.44) there). We only point out that, for (1), the estimate
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there is actually loose enough s.t. with even an extra (1 + 7)%factor (from
union bound on blocks) it is still smaller than n=¢. O

Now we can prove Lemma 6.5.

Proof. (for Lemma 6.5) Apply the one-round factorization Lemma 6.6 to
IR TR N7 A
[LR' (D Qc,iD ) ’ (LR) ]non—can

for i = 0, we get Qfl, E’I,Hegl (for ease of notation, we hide the index R, c
for this negligible matrix). Then repeat this for i = 1 we get €. 1.deg, QfQ,
and & negl” Continuing this, as the result we get the recursive factorization
(6.38)

—~ ~\ T
ME =L [D7 (QFy ~ QF + ..+ QE,) D7) - (LF) -

R R R
(gc,l;deg - 80,2;deg +...t Ec,d;deg) + ( ll;negl +.o+ Eél;negl) .

Again, here it uses that Qfd +1 = 0, by the same proposition 5.5.

(1). Al ka is supported within S x S% by definition of each round
(Lemma 6.6);

(2). By definition.

(3). The coefficients of each ng (k=0,1,....,d), {qfk(-,i,j)} is always
symmetric w.r.t. shapes from Lemma 6.6. Moreover, from definition (6.23),

YRy i, 5 1aeio(Rm)| = [Ye(|R, [Real)| < 7°7

where the last one is by Lemma 6.2(4). Since Qfo is special in that for all
R = (A, B; T,,) appearing in it, there are |A| = |B| many vertex-disjoint
paths between A, B in R,,, i.e. s = p, where as usual when R, is fixed

Al+|B
WeuseSZLQH

and p denotes the max number of vertex-disjoint paths
between A, B. So the above can be equivalently written as

.. w _
(6.39) VR, 6,5 |l (Rn)| < (F)S ProT,

2

Now use Lemma 6.6(2), where notice the “g(-)” in there corresponds to g%
here, since the “Q” matrix is DTkaD so the “(%)W(Rm)lq(.)” is (%)\V(Rm)\*&

(2)°- qfk. As the result, we get the recursive bound

. . o w
VRinyisf a5 (R 6, )| < 777 ()77 H,
(4). First, when plugged in any G, both

—~ ~\ T
ME and LE. [DT< - fﬁ...i@fd)zf} - (7)

are supported within clique rows and columns that contain R by their def-
inition. So it must be the case for their difference, ¥, too. Next we only
need to give the norm bound. By (6.38), the final error matrix is

R R R R
80 = - (gc,l;deg - SC,Q;deg +..+£ Ec7d;deg) + (Sll;negl +..+ S:i;negl) .
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Note by Lemma 6.6(2), by induction all ]qfk\ < 7°7. For each &], negls DY
Lemma 6.6(1) w.p. > 1 —n=len g/ negl —0.9er

As for Efk;deg, recall by definition 5.6 on (I,J) it is the sum of outer-
canonical products in LR. (DTin_lDT) . (ﬁ)T (I,J)s.t. |[V(T)UIUJ| >
7. So

w
Ec k; deg(I J) = Z (g)'V(T)UIU“” ’ q,f‘k_l(?% e(Ry), e(Ry))xT

(:Rl 7:Rm ,:Rr):
semi-inn.can.

outer.can.
|[V(T)UIUJ|>T

’ <TTRTT < n

where as usual s = s(R,,) is the average of its two side vertex-sets, T =
T, ® Ty, ® Ty, and in the summation R; (R,) should have I (J) as the left
(right) set. Note the above uses |V(T)UI U J| = e; + e, + |V(R;,)| from
the outer- and semi-inner- canonicality. Moreover, any fixed (I,J;T) can
come from at most 337 triples as their vertex set union is |V (7)) U I U J| by
canonicality. Since 37 > |V(T)UIUJ| > 7 and w.h.p. ]qfk_l(‘)| < 757 use

Lemma 4.2 and we get that w.p. > 1 — n~10losn
3T
}Eck deg I J)' < TﬁT . Z(g)max{’r,c} . (n6/2202n410glogn) < 7’L_25T.
c=0
So by union bound over (1,.J), )Sckdeg < p-d/dp—2eT - p-er wp. >

1— n79.510gn.
Together, sum the two and by union bound over k, we get that w.p.
>1-— n_glog”, HSfH < neT/2, O

6.4. Positiveness the middle matrices: proof overview. Now we use
the approximate decomposition of MCR’S to prove the Main Lemma 6.3.
Recall for each R, ¢ < |R|, by Lemma 6.5

—~ —~\ T
Mt =LR. DT< o — fl—i—...iQfd)DT -(LR) + &R

=QF
The key is the following lemma. Recall S = {(4,1) € (<3/2) X {0,...,7} |
ADR, A +i> 4}
Lemma 6.7. W.p. > 1 —n 818" oper G, the following holds.

(1). VR € (<[d}2)

Q Q01+ iQ =T 7T-diag<61)

where recall SE = {(A,1) € (<d/2) {0,...,7} | AD R,|A| +i > 4}.
(2). VR, 0 < ¢ < |R|

I (Q§0 —QF 4.+ Qfg> < =4 diag (61)

SRx SR’

SRx SR’
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The proof of Lemma will span the upcoming three subsections, completed
at the end of section 6.6. The Main Lemma 6.3 then follows by standard
steps (section 6.7).

Proof plan for Lemma 6.7. Fix an R € ( <[3}2). We will prove the lemma
by three ingredients: Corollary 6.5, Lemma 6.9, Lemma 6.10.

Corollary 6.5 (in section 6.5, 6.6): Positiveness of Q{fy. This is the last
real technical challenge. We use a natural “structural part + pseudo-random
part” decomposition of Q(Ifo (Def. 6.9), aiming to show that on their common
support, the structural part is positive enough and the pseudo-random part
is small enough in norm. The main difficulty here is in analyzing E[Q&O]
which, ultimately, is about the choice of generating function F' in Definition
3.6.

Lemma 6.9, 6.10 (section 6.6): Other ka’s (k> 0 or ¢ > 0), when timed
with w™¢, are small and appropriately supported. These two lemmas are
proved by standard means.

We will follow this plan in the next two subsections. Here we end this

subsection with two definitions for preparation.

Definition 6.8. Let the root diagonal-clique matrix be

0 s ZfA 7é B;
6.40) Dci(A,B) = ~
(6.40) Dci(4, B) {2_(Ig)/z Gy = o182 SrcEaXT - 0.

of dimension (3[3}2) X (S[Zl%)’ so that D%I(A, A) = GI(A) for all A € (5}}2)
Define

(6.41) D& =D ® Id{07...77_}><{07._.77.}.

which is also diagonal.

Definition 6.9. The structural-pseudorandom decomposition of Q(Ifo
18

(6.42) Q(Ifo = D¢y - E[Qé)ﬁo] Dy + (Qé%,o - D¢y - E[ngo} : Dgl),

where the summand DF, - E[Q(Ifo] - D7, is called the structural part, and
the summand (Q(Ifo - Dg - E[Q(IEO] . Dgl) the pseudo-random part.

6.5. Positiveness of E[Q&O].

Proposition 6.1. (Ezpression of E[Qfo]) Fiz R € (<[g}2) and 0 < ¢ < |R|.
let r = |R|. Recall S® is defined by (6.22).
(1). E[Qf’o} s supported on the blockwise partial-diagonals

{((A,i), (A,j)> c ST x 7},

(i.e. requires R C A and |A| + min{i,j} > d/2)
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(2). For all ((A, i),(A,j)) € SR x SR E| 50]<(A,z'), (A,j)> =
(6.43)

r r o 2+ (l—c)+(i+75))!
v () (lAl+it+j+1-d (’AHS * )
21 l(z—lc)'< ¢ > (872)!

l=c ’
1.57
+0 (T > .
n

E[ng]((A,i),(A,j)> _ i(_l)r—l(;ln!)‘ <\A| +872(8+72l)!+ (z’+j)>!+0 (71;7)

=0

In particular, for ¢ =0,
(6.44)

(3). For every A € (<[2}2) let 14 4 be the (<[g}2) X (<[g}2) -matriz with a

single 1 on position (A, A). Then

(6.45) E[Qf] = Z laa®

Ac(1),)
ADR

(Z(—nr‘l(;i) - P|A|+z> + Ef

=0

where, for every fized A, P‘AwandEf are (T + 1) x (7 + 1)-matrices both
supported on the principal minor {i | d/2 —|A| <i <7} x{i|d/2—|A] <
i < T} with the following property:

2T

(6.46) AR

and
yA\+l+872+(z'+j)>!
(872)! ’

(6.47)  Paja(i,j) = d/2—|A| <i,j<T.

Proof. For (1), the constant terms in (6.23) correspond to T}, = (), which is
nonzero only when A = B for A, B in S%.
For (2), from definition (6.23) we notice again T, = ) and A = B.
E[Qfo((A,i), (A,5)] = Y.(|R],|A| + i+ j), which expands to:
N S——

=r =a

e () () ()

l=c
Def. 6.1

Now use

(?:s>n—<z_c> _ <z_16>; (n—a)..(n —o- (- +1) _ . _16)!<1—0(d2/n>>
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and

(;) <a +1- d) (” - “) Y s l(;;; ST < (aayt - (9r2)t < 7

c l—c

to (6.48), we get (6.43). Further, in (6.48) when ¢ = 0 we have (a+é_d) =0
regardless of a + [ — d (any value of it, positive, negative or 0). And the
same analysis gives (6.44).

For (3), each Ef has dimension (7+1) x (7+1) and each entry is absolutely
< 7197 /n from part (2). O

Remark 6.4. (Specialty of ¢ = 0). Comparing E[ngo] and E| 50] (6.43),

(6.44), the specialty of the case ¢ = 0 is that the factor (‘AH(;l_d) is always

1, which is important for E[Qé{’o] to be positive. In cases ¢ > 0, (‘A‘tl_d)

might be 0 or negative depending on the order between 0, ¢, |A|+1—d, making
E[Qfo] possibly not PSD.

Definition 6.10. For every m,t € N, define the factorial Hankel matrix
to be

(6.49) Hynai,5) = (i4+j+ )] V0 <ij <m.
The following is our key observation on the structure of these matrices.

Proposition 6.2. (Almost common decomposition of {Hp, +})
(1). The matriz family {H,,+} have decomposition

Hpt = Ly, - (Nmnf Dt - (Nmt)T) (L,,)

where Ly, Dyt are diagonal, Ny, is lower-triangular
¢ .
t
Lnfici) =it Do) = [LG+0) Noitid) = (1)
=1
In particular, Ly, is independent of t, and H,, ; is positive.
(2). Let Jy,, denote the (1 4+ m) x (1 +m) lower-triangular Jordan block

N
Then the “left factors” Ny, satisfy the recursive relation

(6.50) Nimit+1 = Nmyi - Im-

Proof. This follow from a direct inspection. O
Proposition 6.3. If parameters m,t,r satisfy

(6.51) t+1> 8- max{r’ m}

then
Hm,t+1 = 2T2Hm,t-

Proof. By Proposition 6.2 it suffices to show that under (6.51),

T+ D1 - J, = 20 Doy
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Equivalently, we need to compare the quadratic forms for fixed m:

(6.52)  qip1(z) := (2" Jn)Dimgs1(Jhz) vs. qx) :=2r% 2" Dy

where 27 = (zg, ..., ,,,) is the formal variable row-vector. Define polynomi-
als
t t+1
aly) =2 [[w+t), Bw=][w+1?)
t'=1 t'=1

By definition of Dy, ¢, Jm,

qr(x) = B (@i + 2i41)%,  Tyngr = 0;
i=0

To compare the two, note

Q@) = 30 80) - (w1 + 2i41)? =
=0

SN I . . , Bli) O
2 a0+ (80 —o9)) o1+ g e e
Soif for 0 < i <m let

el pE-1) 1 . a(0)
(6.53) =150 T 8 w T By
then
650 gal) =Y l)a? + 3B (it i)’

i=0 i=0
qt(x)

Claim 6.1. In (6.53), for all i < m we have b; > 1/2.
Proof. (of the claim) By definition, by = 1 — (3};21) and
(6.55) AR NN S

(t4+1414d) (t+1+40) b1~
Use induction for the claim: by = 1 — 22 > 1/2 by (6.51). For 1 <i < m,

t+1
2r? ‘ 1
=l — .
t+1+14 t+1+17 b1
2r2 m . . .
>1- — ——-2>1/2 by (6.51) and the inductive hypothesis.

t+1 t+4+1
(]

By (6.54) and positiveness of each b; (Claim 6.1), gi+1(z) > qi(z). The
lemma is proved. O
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Now we apply Proposition 6.3 to matrices P 4/4; (6.47). Note

1
Pap = 7(87_2)!H77(d/27|A\), d—| A +872+

where A is fixed, [ varies; below, we regard P 4|; as a matrix on its support.

Corollary 6.3. (Positiveness of E[Q(IEO]) In the decomposition (6.45) of
E[Q(I)%O]f

(6.56) (Z(_l)”(llg)'PlAIH) +Ef ~ diag (TﬁﬁT)OSiST—(d/Z—IAl)
=0

where we naturally regarded matrices as on their support
{i|d/2—|Al<i<71)}22H{0,...,7—(d/2 - |A]}>.
In particular, by (6.45)

(6.57)
E[ng] - Z laa ® diag (T_GT)d/2—|A|§i§T = diag (T_GT)stSR
AC(Lg/2)
ADR

where recall S® = {(A,i) | R C A,|A| +1i > d/2}.

Proof. The “in particular” part is straightforward from (6.56) by checking
the support, and that tensoring with a nonzero PSD matrix preserves the
relation >. In below we prove for (6.56).

Fix A, let
(6.58) 0 =1—(d/2—|A|), to=d— |A|+87%
Then
- r—I (1;) _ 1
(6.59) ;(—1) o BPap = W (X + Xpa + )

where, VO < v < |r/2],

(_T) — 20)?

X, gy = —=2/_ (g T—U—LHT oy H. 4 :=0.

2= = 20)! ( Dotr=20 T Gy Ly Hredotr=2 1)’ ot
—_———

<r?

Since tg > 8 max{r?, 79}, by Proposition 6.3

(+'2,)

1
Xp_oy = m : max{ﬁHTo,to+rf2v> 7“2}17'0,to+7"72vfl} VO <wv < 74/2'
So in (6.59), in particular,
(6.60)

- r—I (1;) P o 1 H Prop. 6.2 LI N Dto N T I
Z(_l) oAl = W oty = to W - (Nyy)
=0

where we temporarily abuse the notation by omitting the index 7y in the
RHS.
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Using the following claim, we can finish the proof of (6.56):
RHS of (6.60) >~ L -diag (77°7) L  (by Claim 6.2)
= diag (7_57)

0<i<ty
0<i<to’

while by Proposition 6.1 (3),

(parameter regime).

So LHS of (6.56) = diag (77°7 — 7767) > RHS of (6.56). O

0<i<7o

Claim 6.2. In notation of Corollary 6.3, the following hold.

(it
(6.61) thl(i,j) =(-1)"" <Z.t;> 0<1i,j < 70;
Dt : —57
(6.62) Ny, - (87'20)! - (Ngy) " > diag (r° )ogigm :

Proof. For (6.61), multiply this matrix with Ny, then the (4, j)th entry is

(it (kb e, i (i Tt (Kt +to
Z (_1)1 (Z—k)(k—j - Z(_l)l - 1%
J<k<i k=0
where i =1 — j, ¥ = k — j. To see this is identity matrix, use generating
functions: let D,,[(1 + x)?] denote the coefficient of 2™ in (1 + x)*, m >
0,a € Z, the above RHS is
i
(=17 Dyop[(1+2) 0] Dy [(1 4 )~ (o4
k'=0
:(—l)i/Di/[(l + x)i’+j+to—(t0+j+1)] _ (_1)i

/

Dy[(142)" "] = L.
For (6.62), it is equivalent to

Dy,
(872)!

To upper bound the RHS, let ag = 77°7, consider the quadratic form

0
(6.64) 2 Nyt ao - (NyH e =a0 > o2,

5=0
where by (6.61),

yi = (xTthl)j _ i(_l)ifj (z + to) i

i i
=7 J
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2
By Cauchy-Schwartz, y]z <7002 (Z+t°) 22, so

79

ij
T0 T0 7 ’L+t0 2
— 2 2
RHS of (6.64)—a020yj < agz;a:i- TOZ%(z’—j)
i= i= =

70
< Z<7_—5T . (97_2)2i+2>$12'
=0

Now (6.63) follows since for each 4, in the LHS of (6.63)

Do (i
(tgog’)?) > (872)~(@/2=14D (by definition)
> 7_—2d > 7_—57' . (9T2)2i+2
using i < 79 < 7, d < 7. So (6.63) holds. O

We get the main conclusion of this subsection:

Corollary 6.4. (Positiveness of the structural part of Q(Ifo (Def. 6.9))

SRx SR’

DE - ElQfo] - Dy = 7 - diag (C1)

stractural part of Q(I){O

Proof. 1t follows from Corollary 6.3 and that D% (A, A) = C1(A) for all A
in Definition 6.8. U

6.6. Rest bounds: kas. In this subsection, we bound the rest matrices:

Qfo — D& -EQf] - DG, Qf (k>0), w Q% (¢>0,k>0)

pseudo—random part of ng (Def. 6.9)

by three Lemmas 6.8, 6.9, 6.10, respectively, which would prove Lemma 6.7.
The arguments are quite standard but somewhat lengthy, as one needs to
be careful on the block structure and the support of the matrices.

Definition 6.11. (0-1 diagonal-clique matriz) Recall the matriz DE, from
Def. 6.8. Denote by D’ its 0-1 valued version, i.e. D’ is also diagonal and
has entries

D'((A,i),(A,i)) = Cly, VA€ <§[Z]/2> VO<i<rT.

Lemma 6.8. (Bound on pseudo-random part of Q&O) W.p. >1—n9lsn

the following holds: VR € (<[§}2)’

(6.65) % (Qfy — D& EQ] - Dp)(G) = n~ - diag (CUG))

pseudo—random part of Qé%o

SRx SR
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Proof. Fix R. For simplicity, in this proof abbreviate:
R R
Qps = Qo0 — D& - E[Quol - D&y = (Qps (i) < j<r

(“ps” for pseudo-random), which is a (7 + 1) x (7 + 1)-block matrix.
In block (7, j), by Def. 6.6 and Prop. 6.1, Qps (; j) is supported within

Sz"j X Si’j where Si,j = {A ‘ ‘A‘ + min{z‘,j} > d/2}
And for each A # B,
st,(i,j)(Aa B) = Q&O((Aa i)v (th)) =

w _|Al+]B]
(6.66) > (S)VERIDACBI= 50 g(A, By T - X,

n
Tm: |V(Tm)UAUB|<T
A,BemSep 4 g(Tm)

and
(6.67)

st,(i,j) (AvA) = Z

(OJ
n
Trm: 1|V (T )\A|<T—|A|

YV ImDAIAL (A, A; Thn) - X1,

Here we have abbreviated q(A, B;Ty,) := Yo | |R|, |V (Tm) UAUB|+ (i+7)

((6.23)) and have omitted the indices |R|,i + j when they are fixed. Two
properties we need:

(6.68) q(A, B;T,,) depends only on |V (T,,) U AU B| when fixing (A, B);
(6.69) ‘q(A,B;Tm)‘ <77 (by Lemma 6.2 (4)).

By (6.68), Qps (i,j) (A, B) always factors through Clayup and so also through
Cl4Clp. In particular,
(6.70) Qps=D"-Qps- D'
where D' is the 0-1 diagonal-clique matrix (Definition 6.11).

Claim 6.3. W.p. > 1 —n=9%18" the following holds:
V(id)  E Quegiy < o diag (2(2))

x SE

R
S min{i,5}

min{i,j}

where SF .= {A € (S[g}z) | |A] +a > d/2}.

The lemma follows from this claim and (6.70). Namely, consider a differ-
ent decomposition of Qs as follows. For every b € |0, %], let

I :={i|d/2-b<i<T}
and Qpsp be the principal minor W := (PbR X Ib) X (PbR X Ib) of Qps (0
elsewhere), where P = {A C [n] | R C A, |A| = b}. Then we have

d/2
{((A,4),(B,j) € $" x S"| 0 < |A] = |B| < d/2} = U W,
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Since Qfo is supported only on those ((4,14), (B, 7)) € S® x ST that satisfies
|A| = |B| (Remark 6.3(2)), in particular for ¢ = 0 we have

d/2

(671) st = Z st;b'
b=0

Each Qps;p is block-wise in blocks I, x I, each block a principal minor of
Qps,(i,j)- So by Claim 6.3 w.p. > 1—n=9198™ any (4) such a block < n~1¢.

. b 2. —1.5¢1; ; —€di ,
diag (2(2)) () x (1)’ 50 £Qps;p < TN diag (2(2))W < n~‘diag (2(2))Wb.
e (l \)
Hence by (6.71) and the union bound over b, Qs < n~“diag ( )SRxSR

w.p. 1 —n~2°8"  Finally, insert this to the middle of (6.70), where notice
Cla = 2(2) . C1y, CLy = C1%, we get (6.65). 0

Proof. (of Claim 6.3) We use the norm bounds from section 4. Fix (i, j),
consider
diag off diag
Qps i) M Qpsig) = Qs i) ~ Qs (1)
Diagonal part. For Qf)lsag”), by (6.67) for any (A, A) in the support (i.e.

Al +i > d/2, |A]+j > d/2),

ia, ~ w
Qgsﬁ;j)(A’A) = Cla- Z (—)VENAlG(A, AT - XT3
Tom: 1<|V (T )\A|<7—|A]
T NE[A]=0
=g(A)

For every fixed A in support, this g(A) can be bounded by norms of diagonal
graphical matrices, as follows. First, q(A, A;T,,) depends only on |V (T},,)\ 4|
(we have fixed R,i,j, A), so temporarily denote it as ¢(|V(T),)\A|). For
every 1 <wv <7 —|A|, let UY Iy Up(y) beall different shapes (A, A;T) (Def.
4.5) s.t. TN E[A] =0 and |V(T)\A| = v. Clearly,

(6.72) h(v) < 24w+ gince we required T N E[A] = 0.
So w.p. > 1 —n~9618" 3] of the following hold:
A h(v)
sl =X Eran- (X X )|
v=1 =1 Tp,:(A,A;Ty) has
shape UY
=Myy (A,A) by Def. 4.5
T—|A| w h(v)
< — My h My is diag.
P n Z H wy (each My is diag.)
|4 w
<3 Gy ZHMuv (by (6.69))
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< Z(%)%fw kAl 590(41) 1y (6.72) and Thm. 3)

an in our parameter regime this is

<§ :n e'u‘ €v n71.26'

Off-diagonal part. Slmllarly, by symmetry of the coefficients (6.68),
Qif,(i,j) is a sum of graphical matrices. Le. let U, ... u;j(ts » be the col-
lection of distinct shapes (A, B;T) s.t. |Al = |B] = s, A # B, A,B €
mSepy p(T) and |V(T) U AU B| = t, then by (6.66), Qgg(ij) is a block-
diagonal matrix for blocks s = d/2 —i,...,d/2 according to s = |A| = |B],
the sth block being

h(s,t)
w
Q= X G atuhu
t: s<t<t =1
where naturally we denote ¢(A4, B;T,,) = q(’u;’t) if (A, B;T,,) has shape
Us'. By Theorem 3, w.p. > 1 — n~9-8logn

Wp_g t=s s
6.73)  ||@p @) = X ) ents) a5 200 (10gn)
s<t<Tt
Also, clearly h(t,s) < 9(x)+0(), Therefore, with the same high probability
RHS of (6.73) < 3 (£yt=52(5)+0W 5% (16 ) Ot=9)
d/2—max{i,j}<s<d/2 "
s<t<T
< Z n—2e(t—s)20(t)2(;) (2t+s log n)O(t—s)
d/2—max{i,j}<s<d/2
s<t<T
<2(3) . pp19¢, (in our parameter regime)

. . f ~1.9 o(12)
Adding these diagonal blocks, we get that :ths Gj) <M €.diag ( )S

x SE

R
min{s,5} min{s,5}

Finally, by the union bound we get that w.p. > 1 — n=95len,
o diag —1.5¢ : 14l

FQps (i) = j:(st,(m) T s, (ZJ)) = n - diag (2( ) SR i) < S }’

minq,j min ’L]

completing the proof. O

Corollary 6.5. (Positiveness of ng) For every R € (<[2}2), w.p. > 1—

n=818" puer G

Qifo(G) = 77517 . diag <C~1(G))

SRx SR’

Proof. By Lemma 6.8 and Corollary 6.4, where 7617 > n~=¢/10 in our
parameter regime. O
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Lemma 6.9. (Bounds on ng) W.p. > 1—n"218" the following holds.

For all R (}),) and all 1 < k < d/2,

+QIL(G) = n /1. diag (61(@))

SRx SR’

Proof. We will use union bound over (R, k) so fix them first. For the fixed
R, k(> 0), in this proof we abbreviate:

Q(}fk Q.
Recall the definition of Q&k (Lemma 6.5 (3)): Q is supported within S%x S,

67 QA BN) = X i) v

T |V (T )JUAUB|<T

where t = |[AUB|, s = \Algj' Abbreviate q{fk as gi. By Lemma 6.5(3),
(6.75) qx(+,1,7) is symmetric w.r.t. shapes for all fixed (i, 7);

.. w _
(6.76) @k (R, §)| < 777 - (=) P

where t = |[AUB|, s = M, p is the maximum number of vertex-disjoint

paths from A to B in (A, B;Tp,).
By symmetry of ¢x’s, Q((4,1), (B,j)) factors through CI(A)CIl(B), so

where D' is by Definition 6.11. It suffices to show:
6.78 D> 1_p98len Lo L k10 g (2(|A\)> '
( ) w.p n Q n iag 5 o

This is because, like in the proof of Lemma 6.8, we can insert (6.78) to the
middle of (6.77) which proves the lemma for the fixed R, k.

In below we prove (6.78). First, express each block of @ as a sum of
graphical matrices. As a block-matrix, Q@ = (Q(; j))o<ij<r Where Q(; ;) is
supported on those A’s s.t. |A|+i > d/2. For any fixed (i, j), any (s, s2) €
{0,...,d/2}* st. sy +i > d/2, sy +3j > d/2, and any t > max{si, s2},
let u?sl’s?,...,u;;ftg;f”) be all different shapes (A, B;T) where |A| = sy,
|B| = s2, |V(T)U AU B| =t. Then by (6.74) and symmetry,

h(t;s1,s2)
tis1, ..
Q(z,]) = Z Z Qk(u; o SQ)a Za]) ' Mug;slvsz)'
(t;51,82) z=1
s1+1i,82+7>d/2
T2t>51,82

This equation can be naturally viewed block-wise w.r.t. (s1,s2), i.e.

(6.79) Qijy= D, Qrin(sd)

51,52
s1+4,52+75>d/2
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where
h(t S1 ,82)

(6.80) Q(s1,),(s2,5) *= Z qe(UE=152) g, ) - M (tisy.52)-
t

: r=1
$1,82<t<T

Note that Q (s, 4 (s2.5) 15 a () x ("))-matrix on the (i, )th block of Q.
By Theorem 3 and (6.76), w.p. > 1 —n~10len

(6.81)
w
HQ (51,8),(52,J) H < Z h(t; 81782)< )t S(F)S PR QO(t)(logn) (=)
t: t<t
t>51,82
where, as usual, s = % and p is the maximum number of vertex-disjoint

paths between the two distinguished subsets in the shape. Since
h(t; 51, 89) < 9(5)+0(t) — 2(§)+O(t)+(t+s)~(t—s)’
we can bound the RHS of (6.81) (note k> 0,200 < ne/10 757 < nl/30) by
(6.82) HQ (1,0),(52,5) H < 20) . P57y k/6p—e(t=5) < 9(3)k/8,
Finally, sum over all double-blocks and use Cauchy-Schwartz. Namely, re-

gard each Q(s, i) (s,5) NOW as on SR x Sf (extended by 0’s), then

7(527J

(6.83) Q= D Qe

(51,),(52,9)
51+i,82+j2d/2

and for each (s1,1), (s2,7) in the summand,
£Qor) (s2) < 7 ( 201G, 00 + 2Py (sm)) /2
by (6.82) and Cauchy-Schwartz. So by (6.83), w.p. > 1 —n~9-5len,
—k/8 14| —k/10 3: 1|
+Q < 7°n dlag( 2('2 )>3Rst < n diag (2(2 ))SRst.

(6.78) is proved. O

Lemma 6.10. (Bounds on ka, c>0) Wp. >1—n"218" the following

holds: Y(R, c, k) where R € (<[Z}2), 0<c<|R| and 0 <k <d/2,

(6.84) +w Q< n/3 . diag (61)

SRx SR’

Proof. The proof is almost the same as the previous one (Lemma 6.9). First,
by a union bound over all such (R, ¢, k), it suffices to show that w.p. >
1 — n=93198" the inequality holds for a fixed (R, ¢, k); we do it below.

Fix (R,c, k) as in the condition. If £ > 0 then the proof is identical to
that of Lemma 6.9 (¢ = 0), since the same coefficient-size condition and
symmetry condition (6.75), (6.76) hold here by Lemma 6.5, and moreover,
the matrix ng, is supported within ST x S too.
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So we only need to deal with the case ¢ > 0, k =0, i.e. Qfo. By Definition
6.6, the matrix is supported on S%x ST with expression Qfo <(A, i), (B, ])> =

(6.85)

w _ 11418l L
> () VERDASBIEE520 Y (IR), V(T ) UAUB+(i45) )X,

n
Trm:|V (T )UAUB|<T
A,BemSepy g(Tm)

where ’Y(|R| \V(T,) UAUB|+ (i +j )‘ < 797 by Lemma 6.2 (4). If for
every fixed (A, B; Ty,) denote t = |V (T}, )UAUB, s 'A'+‘B‘( |A| = |B| in
this case), then the coefficient in (6.85) is bounded by (£)!~*-757. Therefore,
we have the support condition, the symmetry, and the size condition on the
coefficients as in Lemma 6.9, so we can proceed exactly the same as there
till equation (6.81), where a single term in its RHS now becomes

h(t; s1,82) - (g)t*STE’T . nt_Tp2O(t)(log n)0t=s).
n
Note in (6.85) any appearing ribbon R,, = (A, B;T,,) satisfies A,B €
mSepy p(Tm) so p = s (the specialty of the case k = 0). So we can replace
the bound on the RHS of (6.82) by 732(5) . py=3e(t=s) £5790(1) < 2(3)767, and
then proceed to the last line of the proof there, with the bound now being

7T : 4]
cho < 7'7 - diag (2( 2 ))SRst .

—4e

In particular, since ¢ > 1, w = nz assumlng € < 1/40) and 777 < nl/15,

we get +w™° QRO < n=¢/3 dlag( ) by our parameters. Once

again like before, using Qco =D Qfo D’ we get that +w™° - Qfo =<

n~¢/3 . diag (Cl) . O
SEx SR

Lemma 6.7 follows immediately from Corollary 6.5, Lemma 6.9, 6.10.

6.7. Last step. Now we prove the Main Lemma 6.3, hence Theorem 4. For
any fixed R, recall the notation P¥ = {I € (d/2) | R C I}.

Lemma 6.3 recast: W.p. 1 —n 2187 it holds that for all R C ((E/]2)
(6.86) ME = n~?. diag(Cl) pry pr;

(6.87) +wME < 0% ME, Vo< c<|R]

. (Al
Further recall that D™ = diag ((7) P )A:A|§g ®Idgo,... ryx{0,..,ry (Def.
6.4), and that §% = {(4,1) € (),) x{0,... 7} [ AD R, |A| +i > g}.

The following lemma will be handy.
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Lemma 6.11. VR € (S[;%),

LED" - diag (61)5 DT(LRYT - (%)d/Qdiag (Gl)P

Rx SR Rx PR

when evaluated on any G.
Proof. Fix any R € ( <[§}2). Without confusion, we omit subscript S% x S
by regarding the supports as the vertex-set [n/] = [n] — R and regarding the
corresponding matrix indices as (CE?’//]Z) or ( <[§’/}2)’ where d'/2 =d/2 —|R|. T
is unchanged. We will still use C1(X) to mean CI(X U R) for X C [n/].
Since DTdiag(Gl)DT is nonnegative and diagonal for any G, we have
(6.88)
LR (DT - diag (61) : DT) (LRYT = LRO (DT - diag (61) : DT) (LRO)T,
where recall LE = (LRO, .. L®7). Further, L0 = (LOR’O, ...,Lf,’/%), where
Lf 0 is the matrix on column set (72/) In particular,

R,0 _ . ~
Ld/2_‘R| = (O,...,O,dlag (CI)([n’])X([n’])>

d’'/2 d’'/2

since in the definition of Lf? (Def. 6.3) only ribbons R = (I, A;T") with

0-reduced size can occur, and with the other conditions on it this simply
means that A = I and 7" C E(I). This implies

RHS of (6.88) = (2)%2-diag (C1) |, @0

n (d’/Q)X(d’/2)

Translated back to [n] and d/2, this is exactly the bound in the lemma. O

Proof. (for Lemma 6.3) Fix R € (<[g}2)' By Lemma 6.5, for all ¢ < |R|

—~ ~~\ T
(6.89) MF=LRE. [DT (Qfo - QN +.. £ ijd> DT} : (LR) +ek.

The following bounds all hold w.p. > 1 — n 819" from the corresponding
lemmas, and we take union bound so the overall probability is > 1 —n~°198"
For (6.86). Fix R, we have:

—~ ~\ T
Mgt =LE. [DT (Q{fo — Qi1+ * Q§d> DT] : (LR) +&F

N [ﬁ; . D" diag <61>5Rst DT. (E%)T} + & (Lem. 6.7(1))

- 7—77(%)d/2 - diag <C~1) S + .SOR (Lemma 6.11)

Y

(7_—77(%)d/2 _ n—eT/2) - diag (61) (Lemma 6.5(4))

PRx PR

= n~ % diag(Cl) pry pr (parameter regime)
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For (6.87). Fix R, 1 < ¢ < |R|, we have:
—~ ~\ T
MF=LR. [DT (Qfo —QN + ..+ ijd> DT} : (LR) +&f

—~ ~ —~\ T
< w4 [LRDT-diag (Cl)SR D (LR> } + &R (Lem. 6.7(2))
X

IA

wn /4 (7T (ME - el] + R (Lem. 6.7(1) and (6.89))
< wn PP+ (wn ¢ 4 1) 0 Pdiag (C) pry o (Lem. 6.5(4)

So
w e ME < nPME 4+ 2n77/2 . diag (CD) pry pr
< (n5 4 2~ T2 ME ((6.86) and C1 > CI)
< 0 Ml (¢ < |R| < d/2 and parameter regime)
The same analysis holds for —w™¢ME, O

7. CONCLUDING REMARKS

We established the average Q(¢%logn/loglogn) SOS degree lower bound

1/2=¢ which is nearly optimal in

for Exact Clique with clique-size w = n
both parameters w,d. We also refreshed the techniques for the Non-Exact
Clique problem in hope to make them simpler and generalizable. Some open

problems follow.

1. Can we remove the loglogn factor in d? Perhaps it helps to first find a
conceptual explanation of Definition 3.6.

2. How about the same problem on G(n,p), p # % and for suitable w?
For Non-Exact Clique, we can define the pseudo-expectation similarly as in
section 3.1.2. Also, using the Fourier orthonormal basis

(7.1) =% yrcpp,

ot 2v/p(1—p)
where z.(G) is the £1-indicator of edge e, we have the corresponding version
of norm bounds in section 4 since the trace-power method works the same.
The questions is, what is the best meaningful degree lower bound for varying
p (especially small p)? How about the exact case?
3. What can be said when G is drawn from other random models, or is
pseudo-random?
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APPENDIX A. DEDUCTIONS IN MOD-ORDER ANALYSIS (SECTION 5.2)

A.1. Set-up recap. Ring A is got by adding fresh variables o and x7’s to
R, where T ranges over edge sets on [n], and they only satisfy the relations
{x1’ - X7 = X7 Whenever T' & T"” = T'}. The mod-order equation is

(A.1) L, - diag <a|A|> (La)" = M, mod (%)
on the (0[;;]2) x ( <[g}2)—matrix variable L, in ring A, where
My (I,J) = > dVIWIVIl oy I = || = d)2,

T:V(T)UIUJ|<T
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and mod (%) means to mod the ideal ({a!VDVIYWIH1y 1 Ly o |V(T) U
I'U J| > 7}) position-wise on each (I,J). We call (x) the modularity.
Moreover, if denote

Li(I,A) ZﬂIA )xtr,  Br.a(T') € Rla]

then we require
(A.2) a®tAT) | B A (T VI, AT

where ey 4(T") is the reduced size |V (T") UI U A| — sy a(T") (Def. 4.7).
Expressed in terms, equations (A.1), (A.2) become the following.

Z Z oAl Bra(T")- ByalT") — JV@urugl g VDU
ae( ) T

for every (I, J;T) with [V(T)UIUJ| <7, and

(A.4) actAT) | g A (T

for every (I, A;T").
The main observation (Lemma 5.2) is the following.

Lemma A.1. (Order match) In the LHS of equation (A.3), only products
oAl Br A(T") - Bya(T") that satisfies the following are non-zero modulo ().

(A.5) A is a min-separator for both (I, A;T"), (J,A;T");
(A.6) (V(T'YUIUA) n (V(T")UJUA) = A.

Moreover, (A.5), (A.6) imply that

(A7) A is a min-separator of (I, J;T) (where T =T & T");
(A.8) V(T YUTUA|, |[V(T")uJUA| <.

Proof. Pick a term olAl. 87 4(T")-B7 4(T") form the LHS of (A.3). By (A.4),
its order in o > |A|+|V(T")UTUA| = s 4(T")+ |V(T"YUAUJ| —554(T").
By modularity on the RHS of (A.3), the term is non-zero only if
itsorder in o < |[V(T)UIUJ| and |[V(T)UIUJ| <7
where T'=T" & T". This implies
(A.9)
[V(THUIUA|+|V(T")UJUA| < [V(T)UT U J|+ (spa(T") + sza(T") — |A])
@ @

Note 2) < |A| and “=" holds iff s; 4(T") = sja(T") = |A|. While the LHS
above
=|(V(TYUTUAUWVIT"UJUA|+|(VTHYUTUA) NV (T")YUJUA).

2|v(rurus =D =R
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Therefore, (A.9) could hold only when all “="’s hold, which means: (1). A
is a min-separator of (I, A;T"), (J,A;T"); (2). (V(T")UITUA)U (V(T")U
JUA) =V(T)UTUJ; 3). (V(T)UTUA)N(V(T")UJUA) = A.

Next, we show (1),(3) imply A € mSep; ;(T') (and also (2), actually). By
(3), T, T" could overlap only in E(A). Now T =T" & T", so

(A.10) T=TUT' modulo E(A)

(also = V(T") U V(T") C V(T)U A). By (1) there are |A| many vertex-
disjoint paths pi,,,.p 4| from I to A in T’, and similarly q, ..., qa| from J
to A in T". These paths are also present in T by (A.10)—where it naturally
assumes every path touches A only once at its endpoint. By (3) again,
any p;,q; do not intersect beside endpoint in A so they are paired to |A|
many vertex-disjoint paths from I to J in T, all passing A (this also implies
A CV(T)UIUJ). On the other hand, if p is a path in T from I not passing
A, then it is a path on I UV(T”) by induction using (3). Now by (3) again
we have (V(T")UI)N.J C A, so p can’t reach J. So A € mSep; ;(T).
Finally, under the above implications, V(T") UTUA C V(T)UI U J and
similarly for V(T") U J U A, so both have size < 7. O

By this lemma, we can assume that in an imagined solution, 87, 4(7") # 0
only when it satisfies the conditions (A.5), (A.8) on its part. If assume fur-
ther that the solution is symmetric (which looks plausible), i.e. 81 4(T") =
Bs(T") whenever (I,A;T"), (J,B;T") are of the same shape, then this
lemma is particularly informative about some special (I, J;T)’s.

Corollary A.1. If (I,J;T) has a unique min-separator A, then
(A.11) > Bra(T) - Bya(T") = oD

1" T'&T"=T
(A5), (A.6) hold

where er j(T) = |V(T)UIUJ|—=s1,5(T). In particular, in symmetric solution,

(A.12) Y Brali @ T)? = a?erall’)
T1CE(A)

for all (I, A;T') such that

(A.13) A is the unique min-separator of (I, A;T").

Proof. The first part is directly from Lemma 5.2. For the “in particular”
part, let (I, A;T") satisfy (A.13). By mirroring (I, A;T") through A, we
get a (J, A;T") that satisfies the same condition and they together satisfy
(A.5), (A.6). There are always enough vertices in [n] to carry out this
mirroring operation. By the symmetry assumption, 8r4(T") = Sa(T").
From mirroring it is not hard to see that A is the unique min-separator of
(I,J;T =T @&T"), so for this triple (I, J;T) equation (A.11) holds, giving
that g, poa Br.a(T" @ Ty)? = olVTIVIVII=IA] — (2(V(T)UIVAI-|A]) O
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We can summarize what we got as follows. If let all 8; 4(T" @ T1)’s in
equation (A.12) be equal (which is a plausible assumption), then S 4(T") =

_(‘A|)/2 e (T/) . .
27\ 2 )/2 . qfrA (take all + signs). Collecting these terms, we get the
following matrix

Ly Ly(I,A) = Z 2 ()72 alVITIVIVAI=IALy 1, Cly
T: |V(T")UIUA|<T
(A.13) holds
T'NE(A)=0

where Cl A= ZTQ B(A) XT- To see how far this is from a solution, notice
612A = 2(‘2|)C~1A and consider
(A.14) L, - diag <a|A|) ()T = Ly - diag (a‘Ai : GlA) L]

where L is the matrix in A as below (which is cleaner than L] to use).

Definition A.1. VI € (['}), A (1],),

(A.15) Li(I,A) = Z QVITUIVAI-IAL

T: |V(T")UIUA|<T
(A.13) holds
T'NE(A)=0

Surely L is not a solution to the mod-order equation, since (A.14) equals
(mod (*)) only the part of M, consisting of the special (I,J;T)’s from
Corollary A.1. For a general (I,J;T), Lemma A.1 only says:

(A.16) > Bra(T)Bra(T") = a7 mod a7,

AT T": T'®T"=T
AEmSepIJ(T)
(A.5),(A.6) hold

To see how to proceed further, we inspect a further weakening: polarization.

A.2. Polarized solution. Roughly speaking, polarization weakens linear
equations about “z?’s” by replacing these terms with multi-linear “z;y;’s”,
where ¢/ are fresh variables. Then we can plug in any “tentative” solution

20 to solve for i more easily (as the equations are linear in ), and see how
to modify xq further.

Definition A.2. The polarized mod-order equation w.r.t. Ly is:
(A.17) L, - diag (alA‘ - élA) L] =M, wod (x)

where (%) is the modularity in (A.1), Ly is by (A.15), Lo is the variable
matric
(A.18) Ly(I, A) = BENT) X1

T |V(T")UIUA|<T

satisfying acrAT") | B}?A(T’) for all (I, A, T").
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In this polarized form, the essential condition (A.16) becomes

(A.19) Z aflA(T) . ﬁS?A(T/’) — a7 T mod a7 (T)+1

AT T". T'®T"=T

(I,A;T") appears in L

(A.5),(A.6) hold

By (A.19), existence of a solution Ly at least requires the following condition:
for general (I, J;T), there always exist “(I, A;T") appearing in L,” and 7"
which satisfy the condition in the LHS of (A.19). By a direct (but careful)
check, this condition is actually equivalent to an essential part of the
following graph-theoretic fact due to Escalante (its “In particular” part).

Fact A.1. ([Esc72]; also Appendiz A.3 of  BHK19]) For any ribbon (I, J;T),
the set of all min-separators, mSep; ;(T'), has a natural poset structure:
min-separators Ay < Ag iff A1 separates (I, A2;T), or equivalently as can
be checked, iff A2 separates (J, A1;T). The set is further a lattice under
this partial-ordering: VA1, Az € mSepy ;(T) their join and meet exist. In
particular, there exist a unique minimum and maximum.

Denote the minimum by S;(I,J;T) and the mazximum by S.(I,J;T),
which is the “leftmost” and “rightmost” min-separator, respectively.

By this fact, some (I, A; T") indeed appears in (A.19) with A = S;(I, J; T).
Moreover, (A.19) is naturally satisfied if take

(A.20) Lo(J, A) = > o AT )y,
T": |V(T")UJUA|<T
AemSep; 4 (T")
T"NE(A)=0
(J,A;T") left-generated
Here, recall being left-generated means every vertex is either in A or can be
connected from J without touching A. Also, with this Ly only one product

in the LHS of (A.19) contributes to the right modulo a7/ (1)+1 We get:

Proposition A.1. The pair (L1, L2) is a solution to the polarized mod-order
equation (A.17), (A.18).

Remove the polarization. One more use of fact A.1 actually shows that,
if move the “left-generated” condition from Lo to L1, then Lo itself effectively
factors through Ly, i.e. we can replace diag(Cl) -Lg by some X L] in (A.17).
This is the idea behind the following proposition (Prop. 5.2 recast).

Proposition A.2. (Mod-order diagonalization) Let

Tl
Lo(I, A) = > a1 AT )y,
T |V(T")UIUA|<T
A=5(I,AT)
T'NE(A)=0
(I,A;T") left-generated

— T
Qua(A,B):= > asnlinyg,
Tm: |[TUAUB|<T
A,BemSep 4 g(Tm)
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(where T, indicates “middle”). Then
(A.21) L, -[diag (a%) - Qo - diag (a%)] L) = M, mod (x)
where (x) is the modularity in (A.1).

Proof. Given Fact A.1, we immediately have the canonical decomposition of
graphs as in Definition 5.4 and Remark 5.2. This implies that in the LHS
of (A.21) only the products from canonical triples are non-zero modulo (x),
and they give M,. O

Thus we get a “Ll(—)LI”—Shape decomposition, meaning that we do not
lose much from the polarization step if recall the goal is only about PSDness.
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