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Chi-Ning Chou* Alexander Golovnev' Madhu Sudan? Ameya Velingker®
Santhoshini Velusamy¥

Abstract

We consider the approximability of constraint satisfaction problems in the streaming setting.
For every constraint satisfaction problem (CSP) on n variables taking values in {0,...,q — 1},
we prove that improving over the trivial approximability by a factor of ¢ requires Q(n) space
even on instances with O(n) constraints. We also identify a broad subclass of problems for
which any improvement over the trivial approximability requires {2(n) space. The key technical
core is an optimal, ¢~ *~V-inapproximability for the Max k-LIN-mod ¢ problem, which is the
Max CSP problem where every constraint is given by a system of k — 1 linear equations mod ¢
over k variables.

Our work builds on and extends the breakthrough work of Kapralov and Krachun (Proc.
STOC 2019) who showed a linear lower bound on any non-trivial approximation of the Max-
Cut problem in graphs. MaxCut corresponds roughly to the case of Max k-LIN-mod ¢ with
k = q =2. For general CSPs in the streaming setting, prior results only yielded 2(y/n) space
bounds. In particular no linear space lower bound was known for an approximation factor less
than 1/2 for any CSP. Extending the work of Kapralov and Krachun to Max k-LIN-mod ¢ to
k > 2 and g > 2 (while getting optimal hardness results) is the main technical contribution
of this work. Each one of these extensions provides non-trivial technical challenges that we
overcome in this work.
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1 Introduction

In this work we consider the approzimability of constraint satisfaction problems (CSPs) by streaming
algorithms with sublinear space. We give tight inapproximability results for a broad class of CSPs,
while giving somewhat weaker bounds on the approximability of every CSP. We introduce these
terms below.

1.1 Background

We consider the general class of constraint satisfaction problems with finite constraints over finite-
valued variables. A problem in this class, denoted Max-CSP(F), is given by positive integers ¢
and k and a family of functions F C {f : Zlg — {0,1}}. An instance of the problem consists of
m constraints placed on n variables that take values in the set Z; = {0,...,¢ — 1}, where each
constraint is given by a function f € F and k distinct indices of variables ji,...,jx € [n]. Given
an instance W of Max-CSP(F), the goal is to compute the value valy defined to be the maximum,
over all assignments to n variables, of the fraction of constraints satisfied by the assignment. For
a € [0, 1], the goal of the a-approximate version of the problem is to compute an estimate 7 such
that o - valg <7 < valyg.

In this work we consider the space complexity of approximating Max-CSP(F) by a single pass
(potentially randomized) streaming algorithm that is presented the instance ¥ one constraint at a
time. We consider “non-trivial” approximation algorithms for Max-CSP(F), where we first dismiss
two notions of “triviality”. First note that since we only consider space restrictions but not time
restrictions, one can sample O(n) constraints of ¥ and solve the Max-CSP(F) problem on the
sampled constraints optimally to get a (1 — &)-approximation algorithm for every constant e > 0
in O(n) space. Thus for this paper we view non-trivial algorithms to be those that run in o(n)
space.! The other form of “triviality” we dismiss is in the approximation factor. Given a family
F, let pmin(F) denote the infimum, over all instances ¥ of Max-CSP(F), of the value valy. Note
that the algorithm that outputs the constant pmin(F) is a (O(1)-space!) pmin(F)-approximation
algorithm for Max-CSP(F). Thus we consider pmin(F) to be the “trivial” approximation factor
for a family F. With these two notions of “triviality” in mind, we define Max-CSP(F) to be
a-approximable (in the streaming setting) if « is the largest constant such that there exists an
a-approximation algorithm for Max-CSP(F) using o(n) space. We simply say that Max-CSP(F) is
approzimable (in the streaming setting) if it is a-approximable for some a > ppin(F). We define a
problem to be approzimation-resistant (in the streaming setting) otherwise.

1.2 Results

Our first main result in this paper gives a sufficient condition for a problem to be approximation
resistant in the streaming setting. We say that f : Z’; — {0,1} is a wide constraint if there exists
a € ZF such that for every i € Zq we have f(a+ ") = 1 where i* = (i,4,...,i) and addition is
performed in the group Z'g . We say that a family F is wide if every function f € F is wide.

Theorem 1.1. For every q,k and every wide family F, Max-CSP(F) is approximation-resistant.

Many natural CSPs are wide, including Max g-colorability and Boolean problems such as Max
k-SAT. Others, such as Max k-LIN-mod ¢ and the “Unique Games” problem, contain wide sub-
families with the same “trivial” approximation factor, and thus Theorem 1.1 implies these are

1'We note that there is a gap between the o(n) space we allow and the O(nlogn) space that is trivial, but we are
not able to get sharp enough lower bounds to address this gap.



also approximation resistant. We elaborate on some of these examples in Section 4.1. However,
clearly wideness does not capture all CSPs. For general CSPs, while we do not pin down the
approximability exactly, we do manage to pin it down up to a multiplicative factor of g.

Theorem 1.2. For every q,k and every family F, if F is a-approximable then o € [pmin(F),q -
Prin(F)]-

Both Theorems 1.1 and 1.2 follow from our more detailed Theorem 4.3. In Section 4.1 we give
a few examples illustrating how our theorems give tight lower bounds for some commonly studied
CSPs including Max g¢-coloring, Unique Games, and Max Linear Systems.

Neither of the theorems above gives a complete classification of the approximability of CSPs
in sublinear space. Contrasting with [CGSV21a] one may have hoped that all lower bounds in
[CGSV21a] might simply extend, from ruling out o(y/n)-space sketching algorithms, to ruling out
o(n)-space sketching algorithms. However subsequent work has shown that this hope is not re-
alizable. Specifically Saxena, Singer, Sudan and Velusamy [SSSV23] have shown that the Max
Dicut problem allows an O(y/n)-space sketching algorithm that gets a .485 which beats the 4/9-
approximation upper bound for o(y/n)-space algorithms, from the work of Chou, Golovnev and
Velusamy [CGV20]. Indeed there seems to be broader class of problems that might allow such
improvements in o(n)-space. This is hinted at in the work of Singer [Sin23] who shows that for
every k > 2, there is a O(nl_l/ k)-space algorithm for bounded-degree instances of the Max k-AND
problem that beats the approximability upper bound given in Boyland, Hwang, Prasad, Singer and
Velusamy [BHP22] for o(y/n)-space sketching algorithms. (A CSP instance has bounded degree if
each variable appears in O(1) constraints. Note that all lower bounds in this paper and prior works
are proven for bounded degree instances.) And for the Max Dicut problem on bounded degree
instances, Saxena, Singer, Sudan and Velusamy [SSSV25] gave 1/2 — ¢ approximation algorithms,
for every € > 0, using o(n) space. Their result was recently generalized to arbitrary instances by
Azarmehr, Behnezhad, Ferante, and Sanneian [ABFS25]. Thus the class of problems for which
linear space upper bounds on the approximability match the performance of polylogarithmic space
sketching algorithms is a strict subclass of all MaxCSPs. Finding where exactly this boundary lies
remains a wide open question.

1.3 Prior work

There have been a number of works in the broad area of approximations for streaming constraint
satisfaction problems and lower bound techniques for those [GKKT09, VY11, KKS15, AKLI6,
KKSV17, GVV17, GT19, KK19, CGV20, AKSY20, AN21, CGSV2la, SSV21]. Among these our
work is the first work to aim to get tight inapprozimability results for a broad class of CSPs for almost
linear space single-pass streaming algorithms. Previous works either did not get tight approximation
factors or were aimed at specific problems or only got §2(y/n)-space lower bounds, though some do
target multi-pass streaming algorithms [AKSY20, AN21] — which we do not do here. We describe
the state of the art prior to our work below. (More detailed descriptions of prior works can be
found in [CGSV21a].)

On the front of general lower bounds, Chou, Golovnev, Sudan and Velusamy [CGSV2la] ex-
plored the same set of CSP problems as we do, i.e, Max-CSP(F) for arbitrary ¢,k and F. Their
focus is on looser space lower bounds: specifically, they focus on problems that require nf2(1) gpace
vs. those where n°Y) space suffices. They give a complete dichotomy for sketching algorithms, a
special class of streaming algorithms. They also give sufficient conditions for approximation resis-
tance with respect to sub-polynomial space general streaming algorithms. Theorem 2.9 in their
paper shows that families F where the satisfying assignments of every function in the class support



a one-wise independent distribution are approximation resistant. This theorem is incomparable
with our Theorem 1.1 in that they give approximation resistance for a broader collection of prob-
lems (all wide families support one-wise independence) but the space lower bound is weaker — they
give an Q(y/n) lower bound and we get Q(n) lower bounds for wide families. [CGSV21a] does not
give an analogue of our Theorem 1.2, though such a result (with the weaker Q(y/n) space lower
bound) can be derived from their theorems equally easily. Indeed, our Section 4 is based on their
work.

Turning to linear space lower bounds, the breakthrough work here is due to Kapralov and
Krachun [KK19], who show that approximating Max Cut (which translates in our setting to
Max-CSP(F) for F = {®y} where @, : {0,1}?> — {0,1} is the binary XOR function) to within
a factor % + € requires Q(n) space for every ¢ > 0. Indeed, our work builds on their work and
we compare our techniques later. Prior to the work of Kapralov and Krachun, there was a weaker
result due to Kapralov, Khanna, Sudan and Velingker [KKSV17] showing that there exists € > 0
such that (1 — ¢)-approximation for Max Cut requires linear space. Finally, Chou, Golovnev
and Velusamy [CGV20] get a tight inapproximability for Max Exact 2-SAT (corresponding to
Max-CSP(F) for F = {Va}, where Vq : {0,1}? — {0,1} is the binary OR function) for linear space
algorithms, by a reduction from Max Cut.

Thus, prior to our work it was conceivable (though of course extremely unlikely) that every
Max-CSP(F) allowed a 1/2-approximating streaming algorithm using o(n) space. Our work is the
first to prove inapproximability o < 1/2 for any Max-CSP(F). Indeed, we get inapproximabilities
going to 0 either as ¢ — oo (e.g., for the Unique Games problem) or as k — oo (e.g., for the Max
k-equality problem with ¢ = 2 as defined later in Section 1.4).

The main contribution of our work is to extend the techniques of [KK19] to problems beyond
Max Cut. Indeed the bulk of our proof takes the tour-de-force proof in [KK19] and finds the
correct replacements in our setting. In the process, we arguably even present cleaner abstractions
of their work. We elaborate on this further in the next section but first comment on why we feel
the extensions are not straightforward given [KK19]. First we note that the exact class of problems
we are able to deal with in Theorem 1.1 is not the fullest extension one may hope for. At the
very least we have expected to cover the same set of problems as [CGSV2la, Theorem 2.9], i.e.,
families supporting one-wise independent distributions, but this remains open. Indeed to get our
extensions we have to formulate a new communication problem which generalizes the one in [KK19]
and is different from the many variations considered in [CGSV21b] and [CGSV21al. In particular
we are forced to work with a less expressive set of communication problems that already forces a
“linear-algebraic” restriction on the core problems we work with. (We do believe a slight extension
of our results to “families containing one-wise independent cosets of Z’;” should be more feasible.)
Having identified the right set of problems, carrying out the proof of Kapralov and Krachun is still
non-trivial. In particular one has to be careful to ensure that the improvement in the exponent of
the space bound (from n!/? to n) is by a full factor of 2 and not a factor of k/(k — 1), which is
what one natural extension would lead to! We comment on these improvements in greater detail
in the following.

1.4 Techniques and new contributions

There are two lines of previous work that seem relevant to this work and we discuss our tech-
nical contributions relative to those here. We start with quick comparison with the previous
work [CGSV21a] that gives Q(y/n) lower bounds for a broader subset of problems than those ad-
dressed in this paper. We then move on to the work [KK19] which is much closer to our work and
needs more detailed comparison.



Comparison with [CGSV2la]. While there is some obvious overlap in the set of problems
considered in [CGSV2la] and this paper (and also in the set of authors) we claim that, beyond
this aspect, the overlap in techniques is minimal. Both papers do use lower bounds on communi-
cation problems to establish lower bounds on streaming CSPs (which is standard in the context
of streaming lower bounds). But the exact set of communication problems is different, and the
tools used to establish the lower bounds are also different. In particular, [CGSV21a] create roughly
a new communication problem for every -, and F and the main technical contributions there
are lower bounds for these problems achieved mainly through a rich set of reductions among these
communication problems. In our work we essentially work with one communication problem (once
we fix k and ¢) and the core of our work is proving a lower bound for this problem. (This lower
bound is based on extending [KK19] and we will elaborate on this later.) We use this one prob-
lem to get hardness for many different v, 8 and F — this part is arguably related to the work of
[CGSV21a] but we feel this is the obvious part of their work as well as our work. Finally, turning
to the communication problems, the natural communication problems used to analyze streaming
complexity involves one way communication among a large constant number of players. The exact
problem of this type that we focus on is different from the ones considered in [CGSV21a] due to a
concept we call “folding”. Folding makes our problems too restrictive to work for [CGSV21a] (i.e.,
would prevent them for addressing every (v, ) — Max-CSP(F)), whereas we do not know how to
get our lower bounds without folding. We also note that [CGSV21a] derive their multiplayer lower
bounds from lower bounds for a corresponding 2-player game and all their reductions work only
for these 2-player games, which are inherently limited to yielding ©(y/n) space lower bounds.

We now turn to the more significant comparison, with [KK19]. We start with a quick review
of the main steps of [KK19] and then describe our analysis and conclude with a summary of the
differences/new contributions relative to [KK19].

Summary of [KK19]. Kapralov and Krachun [KK19] work with a distributional T-player one-
way communication game for some constant 7. The game also has a parameter « > 0. In instances
of length n of this game, T players Pi,..., Pr get partial matchings Mi,..., M7 on the vertex
set [n] along with respective binary labels z1,...,zp on the edges of the matchings, i.e., player ¢
receives input (My,z;). Each partial matching contains an edges, while each corresponding label z,
is an element of {0,1}*". In the communication game, the players sequentially broadcast messages
as follows. Player t € [T — 1] computes a small message ¢; which is a function of My, z,; and all
“previous messages” ci, ..., c1,> after which the T-th player outputs a single 0/1 bit that is said
to be the output of the communication protocol. The complexity of the protocol is the maximum
over t € [T] of the message length ¢;, and the goal of the players is to distinguish input instances
drawn according to a YES distribution from those drawn according to a NO distribution, defined
as follows.

In instances chosen from the NO distribution, the matchings M, ..., Mp are chosen uniformly
and independently from the set of matchings containing an edges on the vertex set [n]. Fur-
thermore, the vectors zj,...,zp are chosen uniformly and independently from {0,1}*". In the
YES distribution, the matchings are chosen as in the NO distribution, but in order to generate
Z1,...,zr, we choose a common hidden vector x* € {0,1}" uniformly at random and set each z;
as zi(e) = x, @2 x} for every edge e = (a,b). Thus, the label z; can be viewed as specifying which
edges of the i-th matching cross the cut determined by x*. If T' > é then it can be seen that the
YES and NO distributions are very far. The key theorem shows that for every a > 0 and T, any

2For technical reasons the lower bounds are proved in the stronger model where player t gets M, ..., M;_; as
well, but this difference is not crucial for the current discussion.



protocol distinguishing YES instances from NO instances with constant advantage requires (n)
space. With this lower bound a space lower bound on Max Cut is straightforward.

Turning to the communication lower bound, the focus of the analysis are the sets By,..., Br C
{0,1}" corresponding to the purported hidden vector x* that are consistent with the messages
c1,...,cp. Specifically for ¢ € [T], By is the set of all vectors x* that are consistent with the first ¢
matchings M., and the first ¢ messages c1.;. Kapralov and Krachun [KK19] argue that the sets B,
are not shrinking too fast (in either the YES case or the NO case) using a property that they term
“C-boundedness,” defined by the Fourier spectrum of the indicator function of B; (the function
from {0,1}" to {0,1} that is 1 on B;). We do not give the exact definition of boundedness here
but roughly describe it as follows: Given an arbitrary set B of size S and a Fourier weight w, the
total Fourier mass (strictly the ¢1-mass) of the w-th level Fourier coefficients of B is well-known (by
classical Fourier analysis) to be bounded by some amount U(w) = Ug,,(w). For C-bounded sets,
the corresponding Fourier mass is required to be at most C*U(w/2). The factor of two gained here
in the argument of U is the crux to improvement in the space lower bound from /n to n. (If the
right hand side had been of the form CU(aw) then the space lower bound would be Q(n!/(2®)))
This factor of two, in turn, is attributable to the fact that the z; only contain information about
pairs of bits of x*. Their analysis shows that, for every ¢, B; is Ci-bounded for some constant C;.
(The proof is inductive on ¢ but the inductive hypothesis is complex and we won’t reproduce it
here.) They further show that if By is C-bounded for some constant C', then the distinguishing
probability is at most o(1).

Our Analysis. The core of our paper essentially focuses on the setting posed by one problem
for every given ¢ and k, which we call Max k-LIN-mod ¢g. This is the MaxCSP problem where
every constraint is a conjunction of k — 1 linear equations on k variables. Our main lower bound
aims to prove a tight ¢~ (*~1) + e-inapproximability of this problem for every ¢, k and ¢ > 0. (See
Theorem 3.5 and the following remark.) We formally prove this in approximability in Example 4
in Section 4.1 where we consider an even broader set of problems Max-Lin, , whose constraints
are conjunctions of r linear equations over k variables and give a tight ¢7" + € inapproximability
for this problem for every 1 <r <k — 1.

To study this problem we introduce a T-player communication problem that we call the “Implicit
Randomized Mask Detection Problem” (IRMD) described as follows: There are T players each of
whom receives an an k-hypermatching M; (i.e., a set of an k-uniform hyperedges on [n] that are
pairwise disjoint). Additionally, the players receive a label in Z’; for every hyperedge they see. Thus
the i-th player’s input is (My, z;) where z; € (Zlg)o‘”. In the NO distribution the z;’s are drawn
uniformly. In the YES distribution a vector x* € [¢]" is drawn uniformly and the label associated
with an edge j = (j1,...,Jk) is (2}, + qj,..., 2], + a;j) where a; € [g] is chosen uniformly and
independently for each edge in each matching. The goal of the players is to distinguish between the
YES and NO distributions with minimal communication (with “one-way” communication from
the ¢-th player to all higher numbered players, as before).

To lower bound the communication complexity of IRMD we consider a folded version of the
problem we call IFRMD where the labels associated with an edge are from Zlg_l and obtained by
mapping an IRMD label z = (21, ..., 2(F) ¢ Z’; to the label z = (22 — 2 2(®) —»(1)) With
this folding we recover the same communication problem as [KK19] for the case of k = ¢ = 2 and
the main focus of our work is proving lower bounds for higher k and gq.

Our analysis of the communication complexity of IFRMD follows the same sequence of steps
(with imitation even within the steps) as [KK19]. In particular we also use the same sets By, ..., By
and use the same notion of boundedness.



Turning to the induction and the analysis of boundedness of B, for general ¢, we are able to
extract a clean lemma (Lemma 5.20) that makes the induction completely routine. To explain this
contribution note that B; is the intersection of B;_; with a set say A; where A; is of the same type
as By (both are obtained by looking at the vector x* projected to a matching followed by some
folding). Thus both B;_; and A; are bounded sets. To complete the induction it would suffice to
prove that the intersection of bounded sets is bounded, but alas this is not true! To get that B
is bounded, we need to use the fact that the matching M; is random and chosen independently of
B;_1 but it turns out that that is all that is needed. This is exactly what we show in Lemma 5.20
— and of course this only happens with high probability over the choice of M;.

Incremental contribution over [KK19]. Given that our result closely follows [KK19] we now
focus on some key differences, and why these contributions are conceptually significant.

1. The analysis of [KK19] is intricate and it is not a priori clear what problems it may extend to.
Our choice of Max k-LIN-mod ¢ is not the obvious choice, and was not our first choice. More
natural choices would be to go for more general linear systems, or even functions supporting
“one-wise independence”, but we are unable to push the analysis to more general cases. Our
choice reflects an adequate one to get coarse bounds on the approximability of every problem
while getting tight ones for many natural ones.

2. The choice of the communication problems to work with is also not obvious: Indeed working
with both IRMD and IFRMD seems necessary for our approach — the former is more useful
for our final inapproximability results whereas the latter is the one we are able to analyze.

3. The exact notion of boundedness that is necessary and sufficient for our results is also not
completely obvious. It is only in hindsight, after carrying out the entire analysis, does it
become clear that the notion that works is exactly the same as the one in [KK19]. Part of
the challenge is that in the inductive proof of boundedness even the base case (which is quite
simple in [KK19]) is not obvious in our case, and nor is the inductive step.

e With respect to the base case we note that if we had adopted a weaker notion of bound-
edness allowing w-th level Fourier mass to grow roughly as U((k — 1)w/k) boundedness
would have been easier to prove but the result would not be optimal. Getting a bound
of U(w/2) is not technically hard, but involves a non-trivial randomization in the choice
of folding purely for analysis purposes. (So there is an implicit passing back and forth
between the IRMD and IFRMD problems in this technical step.)

e We also feel that it is important that we are able to extract an induction lemma
(Lemma 5.20) that clearly separates the (Fourier and combinatorial) analytic ingredients
from the probabilistic setup. We believe the lemma is clarifying even when applied to
the proof of [KK19].

4. Finally we note that the underlying combinatorics are made significantly more intricate due
to the need to work with k£ > 2. A conceptual difference from [KK19] here is that whereas
they explore the distribution of the number of edges in a random matching that intersect
with a fixed set of vertices, we have to explore the distribution of edges that have an odd
intersection (or non-zero mod ¢ intersection) with a random hypermatching. Indeed this part
is clarifying the role of some of the quantities explored in the previous work. Additionally, we
note that the number of parameters we have to track is much larger (and indeed it is fortunate
that the number of parameters remains a constant independent of k), and managing these in
our inequalities is a non-trivial technical challenge (even given the heavy lifting in [KK19]).



1.5 Organization of the rest of the paper

We start with some background material in Section 2. We introduce our communication problems
(IRMD and IFRMD) in Section 3 and state our lower bounds for these. We use these lower bounds
on communication problems to prove our streaming lower bounds in Section 4, and turn to proving
the communication lower bounds in Section 5. To do so, Section 5 introduces the notion of bounded
sets, states three lemmas on the properties of bounded sets, and proves the lower bound assuming
these lemmas on the boundedness of sets encountered by the protocol. Finally Section 6 proves
these lemmas on boundedness, concluding the proofs.

2 Preliminaries

We use the following notations throughout the paper. Let N = {1,...} denote the set of natural
numbers and let [n] = {1,2,...,n}. For a discrete set X and a function f : X — R, we denote
Ifllp = Orex ]f(a:)|7’)1/p for every p > 0 and || fllo = > ,cx 1f(2)20- For a sequence of objects

01,09, ...,07, we define O1.4 = {O1,03,...,0} for every t € [T].
2.1 Total variation distance

In our analysis we will use the total variation distance between probability distributions, and several
bounds on it presented in this section.

Definition 2.1 (Total variation distance of discrete random variables). Let Q be a finite probability

space and X,Y be random variables with support €. The total variation distance between X and
Y is defined as follows.

1
|X = Yllwa =5 D IPr[X = w] — Pr[Y = ]| .
we
We will use the triangle and data processing inequalities for the total variation distance.
Proposition 2.2 (E.g.,[KKS15, Claim 6.5]). For random variables X,Y and W :
o (Triangle inequality) || X — Y |ltwa > (| X — Wlltwa — IY — W|twa-

e (Data processing inequality) If W is independent of both X and Y, and f is a function, then
Hf(Xv W) - f(Y7 W)Htvd < ||X - YHtvd-

Lemma 2.3. Let X, Y, W be random variables and let f be a function. If there exists 6 > 0 such
that for every fixed x in the support of X, we have

||f($7Y) - f(xa W)Htvd < 57

then the following holds:
(X, f(X,Y) = (X, f(X, W) [[twa < 6

Proof. Consider any statistical test® T distinguishing the joint distributions (X, f(X,Y)) and
(X, f(X,W)). It suffices to prove that

Exy [T(X, f(X.¥))] - Exw[T((X, f(X.W)] <.

*That is, 7T(X,Z) is a Boolean function that aims to maximize E(x z)~(x,rxv)[T(X,Z)] —
Ex,z)~x.f(x,w) [T(X, Z)]. - Note that [|(X, f(X,Y)) — (X, f(X,W))llwa = maxr{Ex,z)~x.rx[T(X, Z)] —
E(x,2)~x,06,m) [T(X, Z)]}-



We have
Exy[T(X, f(X,Y))] - Exw[T((X, f(X,W)))]
=Eoux [Eyuyix=[T(@, f(2,9))] = Eonx [Ewmw|x=2(T (@, f(z,w))]
=Epx [Ey~Y|X::p[T(xv f(a:, y))] - EwNW\X:x[T(‘r7 f(x7 w))H
< EZ‘NX [5] = 57

where the last step follows from the hypothesis that for every fixed x, we have

||f(IE,Y) - f(l‘a W)Htvd S 0.

We will also need the following lemma from [KK19].

Lemma 2.4 ([KK19, Lemma B.2]). Let X', X? be random variables taking values on finite sample
space 1. Let Z', Z? be random variables taking values on finite sample space Qa, and suppose that
Z? is independent of X', X2, Let f : Q1 x Qo — Q3 be a function. Then

(X £ 2Y) = (X2 F(X2, Z2) wa < IXH F(X Z0)) = (X FXS Z22)) [lrwa + X = X2 |10a -

2.2 Concentration inequality

We will use the following concentration inequality from [KK19] which is essentially an Azuma-
Hoeffding style inequality for submartingales.

Lemma 2.5 ([KK19, Lemma 2.5]). Let X =}y X; where X; are Bernoulli random variables
such that for every k € [N], E[ Xk | X1,..., Xx—1] < p for some p € (0,1). Let u = Np. For every
A > 0, we have:

2

2.3 Fourier analysis

In this paper, we will use Fourier analysis over Z, (see, for instance, [(0'D14, GT19]). For a function

~

[+ Zy — C, its Fourier coefficients are defined by f(u) = q% Zaezg f(a)-wu'a, where u € Zy and

w = e*™/4 is the primitive g-th root of unity. In particular, for every a, f(a) = > uezn f(u) LS
q

Later we will use the three following important tools. Note that here we define the p-norm of f

as || fllp = Yoxezn |f(x)[P rather than the standard definition which uses expectation. This is for
q

future notational convenience.

Lemma 2.6 (Parseval’s identity). For every function f : Zq — C,
IF1I5=">" f@?=¢" > flw)?.
aczZy uezk

~

Note that for every distribution f on Zy, f(0") = ¢~". For the uniform distribution U on Z,
U (u) = 0 for every u # 0. Thus, by Lemma 2.6, for any distribution f on Zg:

U= Y (f-0w) =¢ Y Fw?. (27)

uezr ueZr\{0"}

10



We now introduce some standard facts about how convolutions interact with the Fourier trans-
form operation. For functions f,g: Z; — C, their convolution f x g: Zg — C is defined as
(fxg)(a) = Zvezg f(v)g(a —v). The first lemma is the so-called “convolution theorem,” which
essentially states that, up to normalization factors, the Fourier transform of the convolution of two
functions is equal to the pointwise product of the individual Fourier transforms.

Lemma 2.8 (Convolution Theorem). For f, g : Zyg — C, we have

— ~

frgu)=4q"- f(u) g(u).
for allu € Zy.

Proof. For every u,

Frgw)=—3 (fxg)(a) w'a

acLy

DI DINICICE) g

aGZ;‘ VEZ{;

LR B

an” vEZ"
N Z f wu V. Z g(a _ V)qu(a—v)
vezn aczn
LY S LS s
veLn q aczn
=4q"- f(u)-g(u),
as desired. ]

We will also need the following lemma, which states that the Fourier transform of the product
of two functions is given by the convolution of the individual Fourier transforms.

Lemma 2.9 (Fourier transform of product of functions). For every f,g:Zy — C, and u € Zy, w
have
- Y g,
u'ezZy
Furthermore, for every h € [n],
S faw=Y Y fw g
uezZy uezZy  u'ezy
lullo=h [lu+u’|lo=h

Proof. For every u € Zy, we have

11



q acZy \u'ezy
Y 1 (u—u)Ta
= > f) o g(a) w
u'ezy aczZy
= f') - g(u—u)
u’'ezy

Next, for every h € [n],

Yo fgw= > (u)-glu—u'). (2.10)
ueZy ueZyg w'ery
lullo=h [lullo=h

Letting w = u — u’ and switching the order of the summations, the right-hand side of (2.10)
becomes

Yoo > f)-gw),

u/EZg wEZy
[w+u'llo=h

which, after renaming variables, proves the furthermore part of the lemma. O

Next we state a hypercontractivity statement from [O’D14]. Let (2, 7) be a finite probability
space with || > 2 and assume 7 has full support. We denote by L?(£2, 7) the inner product space
of square-integrable functions 2 — R with inner product (f, g) = Epr[f(x)g(z)].

Lemma 2.11. [O’D1/, Chapter 10, General Hypercontractivity Theorem, page 283]
Let (Q1,m1), ..., (Qn, ) be finite probability spaces, in each of which every outcome has probability
at least \. Let f € L2(Q x -+ xQp, m®---@7y,). Then for anyp’ > 2, and 0 < p < \/7)\1/2 v

1T fll2 < 1 F1lp

where p is the Holder’s conjugate of p’, and T), is the noise operator defined by

= 3 Fruplulogn'>.

u€zy
We now state the following consequence in our language:

Lemma 2.12. Let f : Z! — R € L*(Z7,Unif(Z2)). Then for any 1 < p < 2, and 0 < p <
VP (g e,

1T fll2 < [ £l
Proof. The lemma follows from Lemma 2.11 by letting €2; = Z, and 7; be the uniform distribution
on §; yielding A = 1/¢ and substituting p’ = p/(p — 1). O

Next, we prove the following consequence of the hypercontractivity theorem.

12



Lemma 2.13. For every q € N, there exists (; such that for every f : Zy — [-1,1] and B ={a €
Zy | f(a) # 0}, the following holds: If |B| > q" b for some b € N, then for every v € Zy and every
h e {1,...,4b}, we have

2n h
q ~ (g b
o If(U)\2§(qh) |
ueZg
latvllo=h

Proof. We will prove the lemma for ¢, = 6¢*/3. Let v = 0" and f : Zy — [-1,1]. We choose
p=1+ % and p=+/p —1-(1/q)"/P=1/2, Assume |B| > ¢"°.

The choices of p and p satisfy the preconditions of Lemma 2.12, and so applying Lemma 2.12
we have

2/p

R 2/p
> AP = 1T < 1R = | X 17GoP s('B‘) ,

n
uGZg erg q

where the last inequality uses the fact that f(z) € [~1,1] for all . R
Now, suppose h € {1,...,4b}. Noting that p?* 3" uezp |f(u) 2 <3 wezn pHulo| £(1)[2, we have
q

lullo=h
2n n 2*2/P
q SN2 1 (q
B 2 Sp2h<|B|>
uEZQ
lullo=h
L (2—-2/p)b
< —7q
02
q<71+%?+%7%%>h
- (p-1)h
h
:<6}f’.q—1+3f’+2—22> , (2.14)

where the first equality above is by our choice of p and the second by our choice of p.
Observe that the exponent of ¢ in the final expression above can be bounded as follows:

2% 2 2 2% 2(1-2
h " p p h 1+ 2
R\t /2 h
(+6b> (6 6b+>
<4/3. (2.15)

h
The expression from (2.14) can now be bounded from above by (%) , where (; = 6¢*/3,

implying that ,
2n
q Tr9)[2 Ggb
4 < [ 222 )
o X e s ()
u€Zy
[allo=h
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In order to extend the above to sums over translational shifts, i.e., u such that |[u+ v|o=h
for an arbitrary v € Zj/, consider the function g(x) = f(x) -w*' V. We have for every x € Ly,

Gu) =" Y glawru=¢" > flajwr V) = flu—v).

aEZ{; aGZ”

By applying the above analysis on g, we have

[l FaP =22 5 gae < (4
TS fap=L Y (g s()
1BI* 1Bl & h
q q
lutvl]lo=h lullo=h
as desired. ]

3 Communication problems

Throughout this paper, we will be dealing with k-hypermatchings on vertices from the set [n],
ie., a set of edges e1,...,e, where e; C [n], |e;] = k and e; Ne; = 0 for every i # j € [m].
We let e; = {(€;)1,-..,(ei)r}. The direct encoding of a matching M = {ey,...,e,} will be given
by a hypermatching matriz A € {0,1}*m™X" where Apii-1)4¢,; = 1 if and only if j = (e;), for
i € [m],¢ € [k]. (Thus, A is a matrix with row sums being 1 and column sums being at most
1. Note that A also depends on the ordering of e, es,..., e, as well as the ordering of the nodes
within each e;.)

We will also find it convenient to refer to edges by their indicator vectors in Zg. For an edge
ei, we will use the boldface notation e; € Zy to refer to this vector, i.e., (e;); = 1 if j = (e;), for
some ¢ € [k], while (e;); = 0 otherwise.

We are now ready to define the communication game, which we term the Implicit Randomized

Mask Detection (IRMD) problem:
Definition 3.1 (Implicit Randomized Mask Detection (IRMD) Problem). Let q,k,n,T € N and
a € (0,1/k) be parameters. Let Dy and Dy be distributions over Z’q“. In the (Dy,Dn)-IRMD,,
game, there are T' players and a hidden g-coloring encoded by a random x* € Zq. The t-th player
has two inputs: (a.) Ay € {0,1}7X" the hypermatching matriz (see above) corresponding to a
random hypermatching My of size an and (b.) a vector z; € Zg‘k” that can be generated from one
of two different distributions:

o (Yes)zy = Ayx* + by where by € ng” is of the form by = (by1,...,btan) and each by; € Z’;
is sampled from Dy .

e (No) z, = Ayx* + b, where b, € Zg‘k" is of the form by = (bt 1,...,btan) and each by; € Z’;
is sampled from Dy.

This is a one-way game where the t-th player broadcasts a message to all other players after
recetving messages from players 1,...,t — 1. The goal is for the T-th player to be able to de-
cide whether the {z;} have been chosen from the “Yes” distribution or “No” distribution. The
advantage of a protocol (in which the T-th player outputs either “Yes” or “No”) is defined as
| Prp, [the T-th player outputs Yes| — Prp, [the T-th player outputs Yes]|.

Remark. We remark that the inputs to the T players in the IRMD problem can be viewed as
a stream o = oW o .- 0 @) where the t-th player’s input (A¢,z¢) is converted to a stream
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o® = (6 (i)|i € [an]) where the elements of the stream are of the form o (i) = (1 (i), 2" (7))
with j) (i) € [n]*F is a sequence of k distinct elements of [n] and z® (i) € Z’;. This “streaming”
representation will be used when we relate the complexity of IRMD to the approximability of various
Max-CSP(F) problems in Theorem 4.3.

We suppress the subscripts a and T' when they are clear from context. Furthermore, we simply
use IRMD to refer to (Dy, Dy )-IRMD with Dy being the uniform distribution over {0%, 1%, ... (¢ —
1)*} and Dy being the uniform distribution over Z’;. The following theorem shows that in this
special case, the IRMD problem requires linear communication. We remark that the theorem could
hold for other pairs of distributions and leave the question of when such a lower bound holds as an
interesting open problem.

Theorem 3.2 (Linear lower bound for IRMD). For every g,k € N and § € (0,1/2), there exists
ap € (0,1/k) such that for every a € (0,c] and T € N, there exists ng € N and 7 € (0,1) such
that the following holds. If Dy is the uniform distribution over {0F 1% ... (q — 1)*}, Dy is the
uniform distribution over Z’q“, and n > ng then every protocol for (Dy, Dn)-IRMD, 1 with advantage
& requires Tn bits of communication.

Theorem 3.2 is proved at the end of this section. Its proof uses Theorem 3.5 and Lemma 3.6
which we state below.

We prove the hardness of IRMD by showing the hardness of a folded version of IRMD defined
below. In the folded version of the communication problem, we augment each hyperedge with an
associated center ¢ € e. Given a k-hypermatching M = (e1,...,e,) and a sequence of centers
c=(c1,...,cm) with ¢; € e; = {(€i)1,...,(€)r} C [n], the c-centered folded encoding of M is the
matrix A € ngil)mxn whose columns are indexed by the vertex set [n] and rows are indexed by
pairs (¢,¢) with i € [m] and £ € [k]\ {j} where j € [k] is the index of the center, i.e., (e;); = ¢; with
entries of A, given by

1 if u=(e)e
(Ae)((3,0),u) =¢ —1 ifu=g¢ (3.3)
0 otherwise.

See Fig. 2 for an example. We define the folded version of the IRMD problem below (note that
all the arithmetic is over Z;):

Definition 3.4 (Implicit Folded Randomized Mask Detection (IFRMD) Problem). Let ¢, k,n,T €
N and o € (0,1/k) be parameters. In the IFRMD game, there are T players and a hidden q-coloring
encoded by a random x* € Zy. The t-th player has a pair of inputs (Aic,, wt) given as follows.

Ate, € Zf;(k_l)nm gives a ci-centered folded encoding of a hypermatching M; of size an where M;
is chosen uniformly at random and c; is chosen uniformly from all possible centers for M. And

w; € Zg(k_l)” is a vector that can be generated from two different distributions:

® (YES) Wi = At,ctX*~

e (NO) w; is uniform over Zg(k_l)n.

This is a one-way game where the t-th player broadcasts a message to all other players after
receiving messages from players 1,...,t —1. The goal is to decide (by the T-th player) whether the
{w:} are coming from the YES distribution or the NO distribution. The advantage of a protocol
is defined as

Pr the T-th player outputs Yes| — Pr the T-th player outputs Yes|| .
(At,ct,Wt)thwEs[ play 14 ] (At,ct,w,f)tewzvo[ play D ]

15



The main technical theorem of this paper is the following Q(n) communication lower bound for
IFRMD.

Theorem 3.5 (Linear lower bound for IFRMD). For every ¢,k € N and § € (0,1/2), there exists
ap > 0 such that for every a € (0,a0] and T € N, there exists ngp € N and 7 € (0,1) such that
the following holds. When n > ngy, any protocol for IFRMD with advantage § requires ™n bits of
communication.

An instance of the IFRMD problem can be viewed as giving anT constraints on n variables
X1, ..., X, where each constraint is of the form (¢;4;, ..., ik_1;v1,...,05_1) With ¢,i1,...ix_1 € [n]
and vi,...,v_1 € Z4 with the constraint requiring /\5;11 (Xi; — Xc = vj). Thus each instance
of IFRMD specifies an instance of the aforementioned Max k-LIN-mod ¢ problem where Dy is
supported on instances which are always satisfiable (by setting X = x*). It turns out Dy is
supported on roughly random instances and thus it is unlikely to have a solution satisfying more
than ¢~ (=1 fraction of the constraints. (This is implicit in the proof of Theorem 4.3.) The
indistinguishability result in Theorem 3.5 thus effectively implies a g k=1 4 e-inapproximability
for this problem. This is formally proved in Example 4 in Section 4.1.

The proof of Theorem 3.5 is given in Section 5.1. We now establish a reduction from IFRMD
to IRMD that preserves the communication complexity. By this reduction, Theorem 3.2 will be an
immediate corollary of Theorem 3.5.

Lemma 3.6. Let n, k,«a be the parameters. Suppose there exists a protocol for IRMD using at most
s bits of communication with advantage 9§, then there exists a protocol for IFRMD using at most s
bits communication with advantage 6.

Proof. Suppose we have an instance of IFRMD with input (A;c,, w;) to the t-th player. We need to
transform this to an input (11, z;) to the IRMD problem (while respecting the right distributions).
(Furthermore the transformation (Ac,, w:) — (II;,z;) should be locally computable by the tth
player.)

Let m = an. Let egt),egt), .. .,e&? be the hyperedges corresponding to A;c,. For i € [m] let
us write egt) = {(egt))l,...,(egt))k} C [n].* Further let j(i) € [k] be the unique index so that
(ez('t))j(i) = Cty-

For each t, the t-th player performs the following computations on his/her input:

1. We index the columns of II; by the vertex set [n] and the rows by [m] x [k]. We set
IL((7,0),u) =1 if (e(t))g = u and 0 otherwise.

2. For each i € [m], sample a;; € Z, uniformly at random. Again we assume the coordinates
of z; € ZI™ are indexed by pairs (i,£) € [m] x [k]. We set (z)(i,€) = ay; if £ = j(i) and
(z¢)(1,0) = (wy)(2,£) + ar,; otherwise.

We claim that the inputs (Ay,z;) correspond to an instance of IRMD. It suffices to show that if
({(At.c,, Wt) }epr), X*) follows the YES (resp. NO) distribution of IFRMD, then ({(At, zt) };e[77, X*)
follows the YES (resp. NO) distribution of IRMD. The NO case is easy to see: II; encodes a
random k-hypermatching of size m and z; is uniform over Z’;m since wy € Zékil)m and a;; € Zq

are uniform and independent of each other and of A;,.

“Note that the choice of ordering of vertices within an edge is arbitrary. Altering this will only (simultaneously)
permute the rows of II; and z;.
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We now turn to the YES case. Fix i € [m]. For £ = j(i), we have

(Zt)(i,g) = Qt; = X>('<Ct)i + (—X?ct)i + at,i) = Xregt))[ + (_X?Ct)i + CLtJ).

For ¢ € [k] \ {j(i)}, we have

(z¢)(1,0) = (W) (i, 0) + ar; = x?e£t>)e — X(g),) T Gti = X?eﬁ” .t (=X(c,); T+ at,i);

)

where the second equality uses w = A; ¢, - x* in the YES case.
Thus, it follows that z; = II;x*+b;, where by = (by1,..., bt ) is given by by ; = (—sz*(lt,z’)'lk

where 1;, is the all 1 vector of length k. Thus for every t¢,7, b;; € Z’; is a uniformly chosen constant

vector independent of x* (and of other by ;# for i’ # i) as required in the YES case and thus showing

that (II;, z;) are distributed according to Dy-.

O

Proof of Theorem 3.2 (assuming Theorem 3.5). For the sake of contradiction, suppose there ex-
ists a protocol for IRMD with advantage ¢ using fewer than 7n bits of communication. Then
by Lemma 3.6 there exists a protocol for IFRMD with advantage ¢ using fewer than 7n bits of
communication, which contradicts Theorem 3.5. This completes the proof of Theorem 3.2. O

In the following section we show how Theorem 3.2 yields the claimed hardness of streaming
problems. In the rest of this paper, we focus on the proof of Theorem 3.5, i.e., the linear commu-
nication lower bound for IFRMD.

4 Streaming problems and hardness

In this section we state our main technical theorem establishing linear space lower bounds for the
approximability of many CSPs. We also prove these lower bounds assuming Theorem 3.5 and in
particular its corollary Theorem 3.2.

Below we define the two crucial constants associated with a family F which lay out the “trivial”
approximability, and the inapproximability that we prove. In particular we define the notion of a
width w(F) € [1/g, 1] for every family F. The notion of a wide family from Theorem 1.1 corresponds
to a family with maximum width, i.e., w(F) = 1.

Definition 4.1 (Minimum value, Width of F). For a family F, we define its minimum value
Pmin(F) to be the infimum over all instances U of Max-CSP(F) of valy. For b € Z}qC and f : Z]; —

{0,1} we define b-width of f, denoted wy(f) to be the quantity 1e<%lS <;°+“k)=1}‘. The width of f,
denoted w(f), is given by w(f) = MaXpez {wp(f)}. Finally for a family F, we define its width to
be w(F) = minger{w(f)}. We say that a family F is wide if w(F) = 1.

As described above ppin(F) may not even be computable given F, but as pointed out in

[CGSV21al it is a computable function. Key to this assertion is the following equivalent definition
of pmin(F) which follows from Definition 2.4 and Proposition 2.5 of [CGSV21a].

Proposition 4.2 ([CGSV2la, Proposition 2.5]). For every k,q, F C {f : Z¥ — {0,1}} we have

min(F) = p(F) := min ma E a .
Puin (F) = p(F) DF&(I){DGA(E]){fNDMNDk[f( )]}}

We are now ready to prove the main theorem of the paper on the approximability of CSPs by
applying Theorem 3.2.
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Theorem 4.3 (Linear Space Inapproximability of CSPs). For every k,q,F C {f : Z]; — {0,1}}
and every € > 0 we have the following: Every randomized single-pass streaming (1 + ¢) - %—

approzimation algorithm for Max-CSP(F) requires Q(n) space.

Proof. We assume 0 < € < 1/10, since the theorem only gets weaker for larger e. Given k, ¢, F we
let a = min{ayp, /(100k%q)} where a is the constant from Theorem 3.2 with § = 1/6. We now set
T to be some large enough constant that only depends on ¢, k, F, e, a (but not n).

Let ALG be a space s algorithm distinguishing instances from the set {¥ | valg > (1—¢/3)w(F)}
from instances from the set {¥ | valg < (1 +¢/3)p(F)} with success probability at least 2/3. We
show how to use ALG to devise an s-bit communication protocol for IRMD = IRMD, 7 with
advantage at least 1/6.

For f € F, let by € Z]q“ be a sequence maximizing wy, (f) and let Sy = {by + a¥la € Z,}.
Further let Dr € A(F) be a distribution achieving the minimum in the equivalent definition of
p(F) from Proposition 4.2. Let o = (01,...,04) be an instance of IRMD with T players, so that
m = Tan and o; = (j(i),2z(i)) where j(i) € [n]* is a sequence of k distinct elements of [n] and
z(i) € Zf. For each o; we either generate 0 or 1 constraint of Max-CSP(F) as follows: We sample
f(i) ~ Dx and output the constraint (f(7),j(i)) if z(i) € Sy(;) and output no constraint otherwise.
Applying this step independently to each o; generates an instance ¥ of Max-CSP(F) with m < m
constraints on n variables. We make the following claims about W.

(1) Prygs[m > (1+¢/10)-¢~* =1 .m] = o(1) and Prno[m < (1 —¢/10)-¢~ =D .m] = o(1), i.e.,
the number of constraints m does not deviate (in the wrong direction) from its expectation
¢~ %=1 . m with too high a probability.?

(2) If o is generated from the YES distribution with hidden vector x* then with high probability
the number of constraints of ¥ satisfied by x* is at least w(F)(1 — £/10) - ¢~ *=D .. In
particular,

PI“YEs[VaLI/ < (1 - 6/3) . w(]:)] == 0(1).

(3) If o is generated from the NO distribution with hidden vector x* then with high probability
for every v the number of constraints of ¥ satisfied by v is at most p(F)(14¢/10)-¢~*=D.m,
In particular, Pryolvaly > (1 +¢/3) - p(F)] = o(1).

With the above claims in hand, it is straightforward to convert ALG into an O(s)-bit commu-
nication protocol for IRMD with advantage at least 1/6 — the ¢-th player gets the state of ALG
after processing constraints corresponding to the first ¢t — 1 blocks from the (¢ — 1)-th player; gen-
erates the constraints corresponding to the ¢-th block of the stream o, and simulates ALG on this
part of the stream corresponding to W, and passes the resulting state on to the (¢ 4+ 1)-th player.
The T-th player outputs 1 if ALG outputs 1 and 0 otherwise. It is straightforward to see that
if ALG is correct on every input with probability 2/3 and Claims (1)-(3) above hold, then the
resulting communication protocol achieves advantage at least 1/3 — o(1) > 1/6 on IRMD. Finally,
we invoke Theorem 3.2 and conclude that s = Q(n).

We thus turn to proving claims (1)-(3). Given o1, ...,0m, and v € Zj, we create a collection
of related variables as follows: For i € [m], let V; = 1 if 0; results in a constraint and 0 otherwise.
Further, let Y;(v) = 1 if V; = 1 and the resulting constraint is satisfied by the assignment v. (Note
all these are random variables depending on o). Below, we bound the expectations of the sums of

®In these claims the o(1) term goes to zero as n — oo. In fact, the proof will show that these terms go to zero
exponentially fast in n but we won’t need this additional fact.
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these random variables in the YES and NO cases, and also argue that these variables are close
to their expectations (or at least give bounds on deviating from the expectation in one direction).
This will suffice to prove claims (1)-(3) and thus the theorem.

Proof of Claim (1). We start with 7 = Y_1*| V; in the NO case: In this case E[Vi] = |S;|/¢* =
g~ *=V (note that |S;| = ¢ for every f). Furthermore the Vi’s are independent since z(i)’s are
uniform and independent of each other. Thus m is sharply concentrated around ¢ *=D . m and we
get that Pryo[m ¢ (1 +¢/10) - ¢~ =Y .m] = o(1).

Turning to the YES case, since z(i)’s are no longer independent, the V;’s are correlated. To
enable the analysis, we define a vector x* to be ~-good for v > 0 if for every 7 € Z, we have
Pricpm[x; = 7] € (1£7)(1/q). Note that for every constant v > 0, the probability that x* is not ~-
good is 0(1). Fix x* that is y-good. We claim that in this case, E[V; | Vi.i_1] < ¢~ V. (14y+aqk)*.
To see this note that the effect of conditioning on V7.;_1 only affects V; due to the fact that now
j(i) is chosen from a smaller set of variables and not all of [n]. Let t € [T] denote the block
containing i (i.e., ¢ € ((t — 1)an,tan]). Let S denote the set of variables that do not participate
in the edges j((t — 1)an +1),...,j(i — 1). Note |S| > (1 — ka)n and so for every 7 € Z, we have
Proeslx; = 7] < (1 +v + akq)/q. We conclude that the probability Pr[x*|j;) € Sy|Vii-1] <
1S¢|- (1 4+~ +akq)/q)* = ¢ =V - (14~ + agk). Setting v = /(100k) and using « < £/(100k?q),
we conclude E[V; | Vii_1] < ¢~ =D - (1 +¢/(50k))*F < ¢=* =1 . (1 4 £/20) (where we use ¢ < 1/10
to get (1 + ¢/(50k))*(1 4+ £/20)). Applying Lemma 2.5 we conclude that here again we get that
Prygs[m = >_; Vi > (14+¢/10)g~*~Vm] = o(1). (Note that the o(1) term goes to zero exponentially
fast with m.)

Proof of Claim (2). Now we analyze the number of satisfiable constraints of the resulting
instance W in the YES case, where we argue that x* satisfies a large fraction of constraints with
high probability. Again with probability 1 — o(1) we have that x* is y-good. Now an argument
similar to the one in the analysis of X in the YES case shows that for every b € Z’; , Pr[x*|y4) =
b|Yii1] > (1 —¢/50) - g% Fix f(i) and let W = Sy, 0 f(i)7'(1). Note by definition of
w(F) that [W]| > w(F) - q. The event that the i-th constraint is satisfied by x* is equivalent
to the event that XJT‘() € T and the probability of this event, conditioned on Yi.; 1 is at least

W|-(1—¢/50)-¢% > (1 —¢/50) - w(F)-q *Y. Using Lemma 2.5 we conclude again that
Pr[Y(x*) = 31", Yi(x*) < (1 —¢/10) - w(F) - ¢~ *=Y .m] = o(1). Combining this with the lower

bound on m from Claim (1) we conclude that Privaly < (1 —¢/3) - w(F)] = o(1).

Proof of Claim (3). Finally we analyze the number of satisfiable constraints in the NO case.
Fixv e ZZ and let D € A(Z,) be the distribution obtained by sampling a uniformly random ¢ € [n]
and outputting vy. By Proposition 4.2 we have that E;p, ppr[f(P)] < p(F). We use this to
prove that for every i € [m], B[Yi(v)|Yi.i—1(¥)] < (1 +¢/50) - p(F) - ¢~ k=1,

First, as in the proof for Claim (2) we have that the total variation distance between b ~ D* and
{v;3)|Y1:i-1(v) } is at most k%a. (In particular, this is upper bounded by the probability that & uni-
formly and independently chosen elements of [n] either collide or fall in a set of size at most k(an —
1).) We conclude that the probability that the i-th “potential constraint” (given by (f(4),j(7))) is
satisfied is at most p(F) + k?a. Next, note that the event X; = 1 (i.e., the i-th constraint is chosen
in ¥) is independent of Y;(v) since in the NO case (i) € ZF is uniform and independent of all other
random variables. We conclude that E[Y;(v)|Y1.i—1(v)] < (14¢/50) - p(F) - ¢~ ¢V, Finally, we ap-
ply Lemma 2.5 again to conclude that Pr[Y (v) = 37 Y;(v) > (1+¢/10)-p(F)-¢~*D.m] < ™™

19



where ¢ > 1 depends on ¢, k, F,a,e but not on T or n. Thus by setting T large enough, we can
bound ¢=™ < ¢~2". This allows us to use the union bound to conclude that the probability that
there exists v € Zj such that Y (v) > (1 +¢/10) - p(F) - g~ %= . m is at most ¢~ = o(1). Com-
bining with the lower bound on m from Claim (1) we get that with probability 1 — o(1) we have
valy < (1+¢/3) - p(F) in this case.

This concludes the proofs of the claims and thus the proof of Theorem 4.3.

Theorems 1.1 and 1.2 follow immediately from Theorem 4.3 as we show below.

Proof of Theorem 1.1. The theorem follows from the fact that for a wide family w(F) = 1 and in
this case Theorem 4.3 asserts that a p(F) + € approximation requires linear space. O

Proof of Theorem 1.2. The theorem follows from the fact that for every non-zero function f we
have w(f) > 1/q and so for every family F also we have w(F) > 1/q. Thus Theorem 4.3 asserts
that a p(F) - ¢ + € approximation requires linear space, where p(F) approximation is trivial. [

4.1 Some examples

We now give some examples illustrating the power of Theorem 4.3. Our first example is the familiar
g-coloring problem.

Example 1 (Max-¢Col).

Let k =2 and ¢ > 2. Let F = {f : Z2 — {0,1}} where f(u,v) = 1 if and only if u # v.
The “Max g¢-Coloring” problem is defined to be Max-gCol = Max-CSP(F). It is easy to
verify p(F) =1 —1/q and w(F) = 1. We thus conclude by Theorem 1.1 that Max-gCol is
approximation resistant.

Next we turn to the Unique Games Problem.
Example 2 (Max-qUG).

Let k=2 and g > 2. Let F = {f : Z? — {0,1} | f~'(1) is a bijection®}. The “g-ary Unique
Games” problem is defined to be Max-gUG = Max-CSP(F). We show below that p(F) = 1/q.
We also show that there exists F/ C F such that p(F') = 1/¢q and w(F') = 1. Applying
Theorem 1.1 to F' we get that 1/q + ¢ approximating Max-CSP(F’) requires linear space
and the same holds for Max-qUG = Max-CSP(F) by monotonicity.

We define the family 7’ to be F' = {fqla € Zs} where fo(u,v) = 1 if and only if u =
v+ a. Let D = Unif(Z,). For every f € F we have that E(, )~p2[f(u,v)] = 1/q. So for
every Dr € A(F) we have Efpy E(uv)~p2[f(u,v)] = 1/¢q. This proves p(F), p(F') > 1/q.
To get the upper bound we let Dx be uniform over F'. For every (u,v) € Z(ZI we have
Ef~py[f(u,v)] = 1/q and so for every distribution D € A(Z%) (which is more than we
need) we have Ef~p, E(yu)~plf(1,v)] < 1/q. This proves p(F'), p(F) = 1/q (since Dr is
supported on F').

Now turning to w(F’), note that for every f, € F' we have {(b+ a,b)|b € Z,} C £, 1(1).
Thus w(fa) > W(a,0)(fa) = 1. Tt follows that w(F') = 1.
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“We consider a set S C Zg to be a bijection if for every a € Zg, there exists a unique a’ € Z, such that
(a,a’) € S and there exists a unique a” € Z, such that (a”,a) € S.

Our third example talks about constraints that are simple equalities.
Example 3 (Max-£-All-Equal ).

For k > 2 and prime ¢ , we define Max-k-All-Equal,, to be the Max-CSP(F) for F = {fan-rq}
where fan—gq(1,...,2,) = 1if and only if z1 = --- = ;. It is easy to verify that for every
k,r,q, p(F) > q~! (In particular Dz is trivial since |F| = 1.) Since every b €

F(f has width 1 it follows that w(F) = 1 and so Max-CSP(F) can not be approximated to
within %(1 + ¢)-factor in o(n) space (and is thus approximation resistant.

Our next example generalizes the above to all linear systems.
Example 4 (Max-Lin, ;).

For k > 2 and prime ¢ and 0 < r < k, we define Max-Liny, ., = Max-CSP(F) for F = Fj, 4 =
{fap: ZE - {0,1}|A € Zng,b € ZF} where fap(z) = 1 if and only if Az = Ab. (Thus
constraints are systems of satisfiable linear equations with solutions of dimension at least
k —r.) Note that the Max k-LIN-mod ¢ problem mentioned in the abstract and Section 1.4
is the special case where r = k — 1. We show below that Max-Ling,, = Max-CSP(F) is
approximation-resistant for every 1 < r < k—1. Let ]:l/v,r,q = {frx} where f, p(21,...,2) =1
if and only if 21 = -+ = z,11. It is easy to see that ¢=" < p(F) < p(F') = ¢~". Furthermore
w(F') = 1 (as argued in Example 3). Thus, applying Theorem 1.1 to F' we get that
Max-CSP(F’) is approximation-resistant. The same holds for Max-Liny , , = Max-CSP(F) by
monotonicity.®

“We believe this system is not approximation resistant for » = k. This is proved for ¢ = 2 in [CGSV21b,
Lemma 2.14]. The case of general ¢ may not have been explicitly resolved in previous work.

Finally we mention one more problem. This problem arises in the work of Singer, Sudan
and Velusamy [SSV21] who use it to show the approximation resistance of the “maximum acyclic
subgraph” problem to o(y/n) space algorithms. We suspect the improved space lower bound should
improve their work to rule out o(n) space algorithms.

Example 5 (Max-Less-Than,).

For k = 2 and q > 2 we define F = {<,} where <g: Z2 — {0,1} is given by <4 (u,v) = 1
if and only if u < v. It is possible to show p(F) = 3(1 — 1/q). Also w(o1)(<q) =1—1/g
and this can be used to show that w(F) =1 —1/q. By Theorem 4.3 it follows that 1/2 + &-
approximating Max-CSP(F) requires linear space.

5 Lower bound on the communication complexity

In this section we prove a linear lower bound on the communication complexity of IFRMD (Theo-
rem 3.5). Our proof is via a hybrid argument which starts with all players receiving inputs from
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the NO distribution, and switching the players’ input distributions one at a time, starting with
Player 1, to the YES distribution. We state a key “hybrid lemma” (Lemma 5.1) which asserts that
any one step of switching does not alter the distribution of the message output by the switched
player.

To state our lemma we recall some notations and set up a few new ones. Let a,n, k,q,T,m =
an € N denote the usual parameters of IFRMD. Recall that the player ¢ gets as input a matrix

Ape, € ngil)mxn corresponding to a k-uniform hypermatching M; consisting of m hyperedges

folded over the center vector ¢; and a vector w; € ng_l)m
separate the input A;. into a matrix A4; € ng_l)mxn and the center c;. The message S; sent
by the t-th player is a function of Aj.,ci., w; and Si4—1.5 Next, note that by Yao’s principle
[Yao77], we may assume that the messages sent by the players in IFRMD are all deterministic.
Namely, a protocol for IFRMD can be specified by deterministic message functions r1,7s,...,r7 so
that Sy = (A1, €1:¢, S1:4—1, Wi) denotes the message sent by the ¢-th player. The communication
complexity of a protocol is defined as the largest output length of ;. When (A;.p, 1.7, Wwi.p) is
drawn from the YES distribution (resp. the NO distribution), we denote by SY.; (resp. S&;) the
resulting messages. Without loss of generality St is just a bit “Yes/No” indicating the output
of the protocol. Thus, to prove Theorem 3.5 we need to show that S%/ and S{FV are close in total
variation distance. For the induction we prove the much stronger statement that (Aj.7, ci.p, SKT)
and (A7, c1.p, S{YT) are close in total variation distance, i.e.,

. For notational convenience, we will

1(Av.1, crr, Stp) — (Avr, crr, ST |lwa < 6.

The following lemma provides the key step in this analysis. Roughly it says that if the first ¢t — 1
players’ inputs are according to the YES distribution then the ¢-th player’s output on the YES
input is typically distributed very similarly to the output on the NO distribution (even conditioned
on all previously announced hypermatchings, centers and messages). Formally, the lemma identifies
a sequence of events & D & D --- D Ep such that (i) & enforces a “typicality” restriction on the
messages and inputs that the ¢-th player receives and (ii) if the messages and input received by
the t-th player are typical then the player cannot distinguish whether its input is sampled from
the YES distribution or the NO distribution (assuming all previous players’ inputs were from the
YES distribution).

The Probability Space: In what follows in the rest of this section (and indeed in the rest of this
paper), the underlying probability space will be that of describing all the inputs in the communica-
tion problem. Specifically, we let = €y, ; o »n 7 be the distribution over tuples (x*, A1.7, ci.7, Wi.T)

where x* ~ Unif(Z7), Ay € {0,1}*"*" is the incidence matrix of a uniform random k-hypermatching

on [n] with an edges, ¢; € [n]*" is a uniform choice of centers consistent with A;, and w; € Zg(k_l)n

is a uniform vector, for every t € [T]. These variables along with a deterministic protocol given
by 71, ..., specify additional random variables that are determined by (x*, A1.7, c1.7, Wi.7) in-
cluding Bi.¢, By1:, SY. Thus when we write a probability expression of the form Pr[X] without
specifying the random variables we intend the space to be 2. Furthermore an expression of the
form VY, Pr[X|Y] is shorthand for Vy, Pr[X|Y = y].

Lemma 5.1 (Hybrid lemma). For every q,k € N, there exists ag > 0 such that for every T € N,
and § € (0,1), there exists T € (0,1) and ng < oo such that the following holds for every n > ny:

SNote that even though the ¢-th player does not have access to Aj.t—1,¢C1:t—1, and Si.1—2, allowing them to see
these only makes our lower bound stronger.
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Let 11 = (r1,...,77) be a deterministic protocol for IFRMD where each message function ry
outputs a message of at most Tn bits. Let (x*, Ay.p,c1.p, wir) ~ Q. Then there exists a sequence
of events {E;}rem and non-negative 01, ..., o7 with ST 60 < 6/2 such that:

(i) &1 holds with probability 1. For t > 2, & only depends on (Ai.4,c1.4) and S’Kt_l (with S1.0
denoting an empty set of variables).

(ii) For everyt > 2, & = &1 and Pr[& | &-1] < 0y
(iii) For every fived (A14,c1.4) and St., | satisfying &, one has
15" = re(Avas €1y ST—1, U) lwa < 6, (5.2)

where U ~ Unif(ngfl)an).

Theorem 3.5 follows almost immediately from Lemma 5.1 as shown in Section 5.1. In the rest of
this paper we prove Lemma 5.1. In this section we introduce some new notions and state three key
lemmas that together suffice to prove Lemma 5.1. This (conditional) proof is given in Section 5.4.
In the following sections we prove the key lemmas. First we give an overview of the proof of
Lemma 5.1 that explains the nature of these key lemmas.

The general idea behind the proof of Lemma 5.1 is to argue that information about x* “leaked”
by the messages of the first t —1 players (i.e., S1.4—1) is not sufficient for the ¢-th player to distinguish
between the case where w; = A; ., x* (the YES case) and the case where wy is uniform. The earlier
proofs of this type (in particular as in [KKS15]) simply counted the total information gleaned about
x* which is bounded by the total communication. Such proofs are inherently limited to achieving
only a y/n lower bound. To go further [KK19] introduced the approach of reasoning about the
structure of the information learned about x*. Note in particular that no player sees x* directly,
and the t’-th player only sees Ay e, - X" (In particular no coordinate of x* is revealed directly,
though the sum of many pairs of coordinates are directly revealed.) Thus the information about x*
comes from a “reduced space” and we would like to capture and exploit the structural restriction
imposed by this restriction. Information-theoretic tools seem to fail to capture this restriction and
the key to the work of [KK19] is to give a Fourier analytic condition, that they call “boundedness”,
that captures this restriction.

The boundedness condition applies to what we call the “posterior distribution” of x*, i.e., the
distribution of x* conditioned on the first ¢ messages. This distribution turns out to be the uniform
distribution over a set B; C Zy (see Lemma 5.8). The boundedness condition places restrictions
on the Fourier spectrum of the indicator function of this set. (See Definition 5.14.) To use this
condition we need three ingredients elaborated below, which we abstract as lemma statements in
this section and prove in later sections. Given these three lemmas the proof of Lemma 5.1 follows
and is given in Section 5.4.

The first ingredient we need is that boundedness of B;_1 does imply that the ¢-th player is
unable to distinguish between its input being from the YES distribution or the NO distribution.
This is stated as Lemma 5.19. Next we need to show that given information about A;.x*, the
posterior distribution of x* is indeed bounded, and we assert this in Lemma 5.18. Finally we argue
that if Bi_1 is bounded, then for most pairs of matchings A; and centers c; the resulting set B;
is bounded. This is asserted in Lemma 5.20. See also Fig. 1 for a pictorial overview of the proof
structure of Lemma 5.1.

In the rest of this section, after showing that Lemma 5.1 implies Theorem 3.5 in Section 5.1,
we introduce the posterior sets and discuss their basic properties in Section 5.2, we introduce
boundedness and state the three lemmas above in Section 5.3, and finally conclude with the proof
of Lemma 5.1 in Section 5.4.
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5.1 Proof of Theorem 3.5

We now show how the lemma suffices to prove Theorem 3.5. The proof is analogous to the proof of
Lemma 6.3 in [KK19]. We remark that the lemma is not immediate and effectively depends on the
fact that players can jointly sample from the NO distribution on their own. (Note the players can’t
jointly sample from the YES distribution since these samples are correlated by the hidden vector
x*. So the proof is inherently asymmetric via the treatment of the YES and NO distributions.)

Proof of Theorem 3.5. For the sake of contradiction, assume that there exists a protocol II =
(r1,...,r7) that solves IFRMD with advantage more than ¢ and less than 7n bits of communication
for some n > ng. In what follows, we will show that ||(Ay.7,c1.7, S{T) — (Ay.7, L, S{YT)Htvd <4,
which implies that the advantage of the protocol cannot be greater than ¢, hence producing a
contradiction.

Let & D & D -+ D &p be the sequence of events guaranteed by Lemma 5.1 such that
Pr [E | 51:—1] < ¢ for t > 2. Note that by Lemma 5.1, we also have

1SY = re(Args 1ty STy 1, Ul twae, < 0t

for all t € [T'], where ||-||syq,e, denotes the total variation distance, conditioned on &. We inductively
show that for every t € [T,

(A1, c1et, S{t) — (A1, €144 S{Yt)Htvd < Z (5j + Pr[?jlé’j_l]) (Induction hypothesis)
1<5<t

where & is the trivial event that is always true.
First, we prove the base case t = 1. Recalling that Sg/ = S[])V , we have

1(A1,e1,5)) = (A1, e1, ST ) lwae, = (A1, €1, 87 ) — (A1, e1, m1 (M, e1, 5, Ur)) |l wae
= ||(A1,¢1,57) — (A1, e1,71(Mi,¢1, 50, U1)) |tz -

Observe that for every fixed A, c; and S{ satisfying &1, we have ||SY —r1 (M, c1, SE, Uh)|lwa < 01,
where the randomness is over S%/ and U;j. It follows from Lemma 2.3 that

(A1, ¢1,57) — (A1, e1,71(Mi, 1, Sy, U1))|twae, < 01

Therefore,

(A1, ¢1,ST) — (A1, e, 71 (M, e1, Y, UD) lwa < |[(A1, €1, ST ) — (A1, e, 71 (M, €1, SY, Un) liwae, + Pr[€i)
< 51 + Pr[?l] )

which completes the base case.
Next, we prove the inductive step. For every t = 2,...,T, we have

[(Avt, €1:t, STg) — (At €1ty ST 0d

= ||(Art, €10, STp1, Tt (Ary €16, S 1, Arx™)) — (AL, €1ty Sty_1, Tt (Avts €16, S 1, U)) b -

Let us define Qf_l = (A14-1,C1:4-1, S{t_l) and Qﬁl = (A14-1,C1:4-1, vazt_l). Then, we can rewrite
the above expression for total variation distance in terms of the new notation as follows:

I(A1et, €1, STy 1, 7t (AL, €1ty S 1, Are, X)) — (Avt, €1ty SNy 1, 71 (Avts €16, S 1, U)) | vwd
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= H(Q}ipAt,Ct,Tt(inpAtth?At,ctX*)) — QN1 Ay, QN 1, Ay e, U))|lwa - (5.3)

We now apply Lemma 2.4 to Equation 5.3. Applying this lemma with X' = Qf_l, X2 = Qﬁl,
= (A, ¢, Ape,x*), Z% = (As, ¢, U), and f as the function that maps the tuple (X, (B,C)) to
(B, (X, B,(C)), we get

H(inh Atv C¢, Tt(Qg/—la At,Ct, At,ctX*)) - (Qi\ilﬂ At)chrt(Qi\lh At7 C¢, U))Htvd
S HQf—l - Qﬁl“tvd + ||(Qty;1)At7ct7rt(Qz/—17At7ct7At7CtX*)) - (Qz/—hAtvctaTt(Q%/—laAt)cty U))Ht”ud .

(5.4)
Now, by applying the induction hypothesis, we have that
t—1 B
1QI-1 = QY allewa < Y (85 + PrlEjI€j-1]) - (5:5)
j=1

Next, we bound the second term on the right hand side of (5.4), i.e

H(sz—la At7 C¢, Tt(Qz/—h At7 Ct, At,ctX*)) - (sz—b At7 C¢, Tt(Qz/—la At7 C¢, U))Htvd7

by applying condition (iii) from Lemma 5.1. According to this condition, for every fized (Aj.,C1:¢)
and S}, , satisfying &, we have

|re(Avt, C1oty Sty_1, Ave,X™) — 14 (Arty €1ty Stg—1, U)twa < 61,
where U ~ Unif(Z*"Y°™). Thus, by Lemma 2.3, it follows that

||(Q}t/—1,At’Cta7"t(Q2/_1aAtact,At,ctX*)) - (Qf—pAt,Ctﬂ“t(Qf_pAt,Ctv U))Htvd,é't < 0. (5'6)

Combining Egs. (5.3) to (5.6), we have
t
(v, €10, S14) = (Avet, €1, ST twa < Z (6; + Pr(&|&-1]),

which completes the induction.
Thus,

~

T
|(A1:T7C1:T7 S%/T) - (A1:T7 Ci.T, S{\;ZT)Htvd < Z (5j + Pr{?j‘gj 1 S Z

J=1

This implies that II cannot have advantage more than d,which contradicts the assumptions of the
theorem statement. Therefore, we conclude that any protocol for IFRMD with advantage § requires
7n bits of communication, as desired. O

5.2 Posterior sets and functions

The main challenge in proving Lemma 5.1 lies in the condition (iii), i.e., requiring the close-
ness of the Yes message (i.e., S} = r4(A1.4,¢1.0, 57 1, A, x*)) and the hybrid No message (i.e.,
r¢(A1t, €14, 8741, U)). Intuitively, if x* ~ Unif(Zy) and is independent of the other arguments,

(k—1)an

then A; ¢, x* is uniformly distributed over Z, and hence S} follows the same distribution as
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7¢(A1., €14, STy 1, U). However, x* is correlated” with the previous messages Sy, ; so the above
ideal situation would not happen in general. Nevertheless, we are able to analyze the conditional
distribution of A;c,x* on the previous messages by explicitly characterizing the posterior distri-
bution of x* after receiving the messages from the first ¢ — 1 players. That is, the conditional
distribution of A;¢,x* can be described by first sampling x* from the posterior distribution and
then applying A c,.

For every fixed Ai.,c1+ and Si.4, we would like to identify a distribution D; over Zg such that
D is the conditional distribution of x* given messages S1.;. Note that by the choice of the No case,
the conditional distribution of x* given messages Sy is simply the uniform distribution over Zj.
Thus, we only need to worry about the Yes case.

Definition 5.7 (Posterior sets and functions). Under the setting described above, for each t and
fized A1, €14, and Siy, define

e (Reduced posterior set) By C Zék_l)m be the set of possible values of zx = Ay ¢, X that leads to

message Sy; Note that B,.; should be thought of as a function on A, ¢, and Sy in the sense
that By, = gt_l(St) where g¢(-) = r¢(A1¢, €14, S1:4-1,-). Let 1p,, be the indicator function of
B,;.

e (Posterior set and function) Let
Bt = {X S ZZL ‘ At,CtX S Br,t} .

Also, let 1, : Zy — {0,1} be the indicator function of By.

o (Aggregated posterior set and function) Let
t
By ={x € Z) | Ayc,X € Bpy, V' =1,... .t} = (| By.
=1
Also, let 1p,,, : Zy — {0,1} be the indicator function of Byt. Namely, 1p,,, = Hi':l 1p,-

Now, we show that 1p,, captures the posterior distribution (i.e., the conditional distribution)
of x given messages S1, So,...,S:

Lemma 5.8 (Posterior function 1p,, captures the posterior distribution.). For every t € [T7,
ac Fg; Al:t; C1:t and Sl:t;

Prx* = a| A1, c1, S14] = 1, (a)/| Bl -

In particular, for fized Ay, c1.¢, and S%ftfl, we have SY = rt(Al:t,cu,S{tfl,Amtx*), where
X* ~ Unif(Bl;t,l).

Proof. Recall that S} = (A1, c14, 5%, 1, Ay ¢, x*) by definition,

B; = {b S FZ ‘ ’rt(AlttyTt(Al:ta Ci:¢, S%/:'t—l’ At,ctb) = Sty}, and By = BiNByN---N B;. It follows
that if a ¢ Bi.; then there must exists a smallest index such that Sz-Y # 1ri(A1.4,1i(A1, €14, S{Fl, Ajc,a)
and so the probability that x* = a conditioned on 7;(Ay.;, €14, S%fi_l, Aje,x*) = SiY is zero. For

a € By, we simply note that x* is a priori uniformly distributed over Zj and conditioning on any

event (in our case that x* € By.) its distribution is uniform on the subset of Zj for which the event
holds. O

In particular, x* has to be consistent with the previous messages St.;_;.

26



Now that we have a characterization of the posterior distribution of x*, the following corollary
shows that Equation 5.2 (i.e., the condition (iii) of Lemma 5.1) can be simplified to bounding the
total variation distance between the posterior distribution and the uniform distribution.

Corollary 5.9 (Reducing Eq. (5.2)). Let r¢, S}, 1, A1, €14, B1.t, U be defined as before, we have

I7e(Ave, €1, St 15 Ave, X)) = re(Avt, €1, ST 15 U)lewa < (At x*) = Ulltoa
where x* ~ Unif(Bi.).
Proof. By Lemma 5.8, we have
S =ri(Av, 1, STy 1, At e, XY)

where x* ~ Unif(B;.). Note that when we fix A4, c1., and S}fth (hence By, is also fixed), by
data processing inequality (see item 2 of Proposition 2.2) we have

I7e( A1ty €1ty Stp1s AresX™) — 1 (Arts €16, Sty 1, U ltwd < 1(AtesX™) = Ulltvd - ]

Namely, Equation 5.2 (i.e., the condition (iii) of Lemma 5.1) can be replaced with ||(A¢c,x*) —
Ullwa < 6/T, ie., after applying a random folded hypermatching matrix A;c, to the posterior
distribution Unif(Bj.;), the distribution of the resulting string is close to the uniform distribution
Unif(Z{ D).

Finally, the following lemma shows that when the amount of communication is small, the
posterior set is large with high probability.

Lemma 5.10 (Posterior set is large). Let I1 = (r1,...,77) be a deterministic protocol for IFRMD
where each message function ry outputs a message of length at most s bits for some 1 < s < n. Let
By be the posterior set defined in Definition 5.7 for every t € [T]. For every 6 € (0,1) and t € [T,
we have |Bt| > & - ¢"~° with probability at least 1 — & over the randomness of x € Zy.

Proof. Fix a hypermatching M and centers c, the ¢-th message function induces a partition P; U
PyU---U Pys of Zy. For each x € Zy, we define P(x) to be the part that contains x, i.e, if x € B,
then P(x) = P;. Note that

1 Pryezn[x € Pj] |P;] - 28
E || =) —%—— = =—<q".
x€Ly [\Hx)d Z | ;] Z \PI q"

=1

By Markov’s inequality, we have |P(x)| < § - ¢"° with probability at most J as desired. O

5.3 Fourier analytic conditions

In this subsection, we define and analyze Fourier-analytic properties of the posterior set B and
show that these properties are sufficient for the condition (iii) (i.e., Corollary 5.9) of Lemma 5.1.
5.3.1 Three key definitions

Recall that given a matching M = (ey,...,e,) and centers ¢ = (cy,...,¢p), Ae is the c-centered
folded encoding of M. We are going to define three properties for sets B in Zy. First, we say a set
B C Zj is (M, c)-restricted if B is a union of cosets (affine shifts) of the null space of Ae.
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Definition 5.11 (Restricted set). Let M be a k-hypermatching of size m and c be centers. We

say a set B C Zy is (M, c)-restricted if there exists a (“reduced”) set B, C Z((]k_l)m such that
B ={x€Zj|Acx € B;}.

Note that the posterior set (Definition 5.7) of round ¢ is (M, ¢;)-restricted.

Next, we introduce the notion of a subset of Zj being (strongly/weakly) bounded. These notions
are similar to those in [KK19, Definition 4.3]. They say that a set B is bounded if the Fourier
spectrum of the indicator function 1p can be appropriately bounded in terms of the ¢; norm on
various Hamming levels.

First, we introduce some notation. Note that for every set B C Zy, the 0-th Fourier coefficient
of the indicator function 1p is |B|/q"™. In what follows we study the Fourier coefficients of 1p after
scaling by ¢"/|B| so that the 0-th Fourier coefficient after scaling has value 1. In what follows
we define weak and strong bounding functions for the ¢; norm of the Fourier coefficients based on
Hamming weight. Not all functions will satisfy the desired bounds, but indicators of posterior sets
turn out to satisfy these bounds and this is the crux of our (and [KK19]’s) analysis.

1, h=0,
Wes(h) = (%ﬁ)m, 1<h<s, (5.12)
00, h > s.
We s(h), 0<h<s,
Uc,s(h) == min {WC,h(h>7 <2q252n>h/2} , h>s. (5.13)

(Above, U stands for Upper bound, while W stands for a Weak upper bound.)

Definition 5.14 ((Strongly/weakly) Bounded set). Let n,q € N, 0 < s <n, C >0, and B C Zj.
We say B (as well as its indicator function 1g) is (C,s)-(strongly)-bounded if, for every h € [n],

> (5 )] < U (5.15)
ueZy
[ullo=R

We say that B is (C,s)-weakly-bounded if the bound on the RHS above is replaced by We s(h).
(Unless otherwise specified we use “bounded” to mean “strongly bounded”.)

Remark. As we keep track of posterior sets that are inductively refined, we will need the entire
Fourier spectrum of the corresponding indicator functions to be bounded from above by the function
Ucs (for appropriate C,s > 0). The notion of boundedness is such that it allows us to show that
Acx is close to the uniform distribution on Zék_l)om when x is drawn from a bounded posterior
set B C Zy (see Lemma 5.19). Our upper bounds typically establish only the weak bound W s(h)
(particularly, Lemma 6.18 and Lemma 6.26), we usually prove this holds for every s in some large
interval and this allows us along with standard Fourier analysis (see Lemma 6.5) to establish the

stronger bound for a slightly worse choice of constant C.

We describe some non-trivial properties of boundedness in Section 6 but we start with some
elementary assertions.

Proposition 5.16. 1. If B C Zy is (C, s)(-strongly/weakly)-bounded then it is also (C',s)(-
strongly/weakly )-bounded for every C' > C.
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2. The set By = Z; is (C, s)-strongly-bounded for every C' > 0 and every 0 < s < n.

Proof. Part (1) follows from the fact that W s(h) < Wer 5(h) and Uc s(h) < Ucr 5(h) for every s, h
and C’ > C. Part (2) follows from the fact that 15(0) = 1 and 15(u) = 0 for all non-zero u € Ly
and so By is (0, s)-strongly-bounded for every 0 < s < n. Combining with Part (1) now yields the
claim for every C > 0. O

Finally, in what follows we will show that the intersection of a bounded set with a “restricted
set” is also bounded and this will be the core of our induction. To do this we need to understand
the Fourier behavior of restricted sets. It turns out that restricted sets satisfy a property stronger
than being bounded, which we term “reduced”-ness below.

Definition 5.17 ((Weakly/Strongly) Reduced set). Let n,q € N, 0 < s <n, C >0, and B C Zj.
Let M be a k-hypermatching. We say B (as well as its indicator function 1g) is (M, C, s)-(strongly)-
reduced if the following hold.

n
q’

none of the hyperedges of M contains i), then L\g(u) =0.

e For every u € Z, if there exists i € [n] such that u; = 1 but i is not contained ® in M (i.e.,

e For every u € Zy, if there exists a hyperedge e; of M such that (u,e;) # 0mod g, then
15(u) =0.
e Forevery h € {1,...,n} and v € Zg,
qn
2 1A
q
[lutvlo=h

T5(w)| < Uca(h).

If the bound in the RHS is replaced by the weaker We s(h) bound, then we say that B is a weakly-
reduced set. (Again we usually suppress the word “strongly” and simply refer to strongly-reduced
sets as reduced set.)

As a remark, the first two conditions in the definition of reducedness are motivated by the
Fourier analytic properties of posterior sets (e.g., Lemma 6.1, and Claim 6.17). The third condition
is a strengthening of boundedness. In particular the third condition applied with v = 0 implies that
every (M, C, s)-(strongly /weakly)-reduced set B is also (C, s)-(strongly /weakly)-bounded. That is
why we say reducedness is the intersection of restrictedness and boundedness.

In summary, restrictedness (Definition 5.11) is a certain posterior property and boundedness is a
certain Fourier analytic condition while reducedness is the intersection of the two. By Definition 5.7,
we immediately have that each posterior set By is (M, ¢;)-restricted and in the lemmas stated below
we will establish that By is (Mg, Cy, s)-reduced and the aggregated posterior set By, is (Cy, $)-
bounded with high probability (for some choices of parameters s, Cy, C1,...,Cr). See also Fig. 1
for a pictorial view of these definitions.

5.3.2 Three key lemmas

There are three key lemmas about these Fourier analytic conditions. The first lemma establishes
the “large” enough restricted sets are reduced. We typically apply this lemma to the sets B;.

8We use “contained in” and “touched by” interchangeably as in some later contexts it makes more sense to use
“touched by” when working with a set of vertices or hyperedges.
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Lemma 5.18 (Posterior set). For every q,k > 2, there exist constants g > 0 and Cy < 0o such
that for every sufficiently large n, every k-hypermatching M on vertex set [n], every pair of integers
b, s satisfying 0 < b < s < gg-n the following holds. If B C Zy satisfies (i) there exists a sequence
of centers ¢ such that B is (M, c)-restricted, and (ii) |B| > ¢"°, then B is (M, Cy, s)-reduced.

The proof of Lemma 5.18 is given in Section 6.3.

Recall from Corollary 5.9 that the condition (iii) in Lemma 5.1 is implied by showing A¢x is
close to the uniform distribution over Zékil)m with high probability over the choice of A. where x
is sampled uniformly from the posterior set By.;. The second key lemma shows that Ac.x* is indeed

close to uniform when the posterior set is bounded.

Lemma 5.19 (Boundedness implies (closeness to) uniformity). For every q,k > 2 there exists
ag = ag(k,q) such that for every 6 € (0,1/2) and C' < oo, there exists T = 7(q,k,0,C) > 0 and
s0 = s0(0) < 0o such that the following holds for every sufficiently large n:

Let B C Zy be a (C,s)-bounded set with |B| > q"°, for so < b<s<7n. Let M be a random
k-hypermatching of size m < agn and ¢ be a uniformly random sequence of centers for M and let

Ac denote the ¢ centered folded encoding of M. Then, with probability at least 1 —§ over the choice

Z((lk—l)m

of M and c, for every zg € , we have that

1—6<qg®bm  Pr [Ax =120 <1+497.
x~Unif(B)

As a consequence, we also have (with probability at least 1 — § over the choice of (M,c)):
1. [[(Aex) — Ul|twa < § where x ~ UnifiB) and U ~ Unif(ng_l)m).
2. For every non-negative function f : Z((Zkfl)m — R29,

Ex~unif By [f (Acx)]
2~ Unif(Z"= ™) [f(2)]

(1-06)< <(1+0).

The proof of Lemma, 5.19 is postponed to Section 6.4.
Our final lemma of this section asserts that if 1p,, is (C, s)-bounded, then fi..4+1 is (O(C), s)-
bounded with high probability.

Lemma 5.20 (Induction step). For every q,k € N there exist oy > 0 and Cy < oo such that for
every C > Cy, and 6 € (0,1/2), there exist 19 = 70(q,k,0,C) € (0,1) and C" = C'(¢,k,6,C) > 0
such that the following holds. For every n,b,V',s,m € N, satisfying m < agn, 0 < b,b/, s < Ton and
every (C, s)-bounded set B C Z; satisfying |B| > q" ", we have that with probability at least 1 — 45
over a uniformly random k-hypermatching M of size m and every (M, Cy, s)-reduced set B’ C Ly

satisfying |B'| > ¢"~Y and |BNB'| > (1-0)-|B|-|B'|/q" > ¢"~*, we have BNB' is (C", s)-bounded.

Lemma 5.20 is proved in Section 6.5. In our inductive application of the lemma above, we set
B < By4—1 and B’ + B, for every t € {2,3,...,T} to get that all the By’s are bounded and this
is the core of the proof of Lemma 5.1.
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5.4 Proof of Lemma 5.1

//f ) \ \ |Be] = g

Lemma 5.10
(Posterior set is large)

|B1] 2 g™ B > q"° |Bz| = g™ P B, is (M4, Cy, s)-reduced
Lemma 5.17
(M, Cy, s)-reduced (M3, Cy, s)-reduced (Mg, Cy, s)-reduced (Base case)
Byl 2 q" 720 —— |By2| = q"~* |Byr| = q"7%T? —
(€4, s)-bounded -| (C,, s)-bounded (Cr,s)-bounded Lemma 5.18

(Boundedness implies uniformity)

Bl:l B1:2 Bl:T —_—
Lemma 5.19

M Ey y (Induction step)

Figure 1: A pictorial overview of the proof of Lemma 5.1. Each posterior set B; (the blue
sets) is both (M, ci)-restricted (followed from Definition 5.7) and (M, Cy, s)-reduced (followed
from Lemma 5.18). Each aggregated posterior set By, (the orange sets) is (C, s)-bounded (fol-
lowed from Lemma 5.20).

Lemma 5.1 (Hybrid lemma). For every q,k € N, there exists ay > 0 such that for every T € N,
and 6 € (0,1), there exists T € (0,1) and ng < oo such that the following holds for every n > ny:

Let T = (ry,...,r7) be a deterministic protocol for IFRMD where each message function ry
outputs a message of at most Tn bits. Let (x*, Ay.p,c1.p, wir) ~ Q. Then there exists a sequence
of events {E}er) and non-negative 01, ..., o7 with Zthl ot < 6/2 such that:

(i) €1 holds with probability 1. For t > 2, & only depends on (Aj,c1.) and S%ftfl (with Si.o
denoting an empty set of variables).

(ii) For everyt > 2, & = &1 and Pr[& | E-1] < 6.
(i4i) For every fived (A14,c1.4) and St., | satisfying &, one has
1) = 7e(Aves €16, Stg—15 U)llwa < 0, (5.1)

where U ~ Unif(Z((kal)an).

Proof of Lemma 5.1.

Overview of proof: (See Fig. 1 for a pictorial overview of the proof.) The rough overview of
the proof is to show that for an appropriate choice of the constants Ci,...,Cp, for every t € [T],
the posterior set By is (Cy, s)-bounded. Once we have this, we can apply “boundedness implies
uniformity” lemma (Lemma 5.19) to conclude that the messages sent by the ¢th player on the
YES and NO distributions are indistinguishable. To show the boundedness condition for By.; we
use induction to deduce that Bj.;_1 is bounded, and then reason about B; to conclude that it
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is large, (M, Cy, s)-reduced (for appropriate Cp), and crucially that it is roughly independent of
Bi.¢+—1. Proving the above involves, among other reasoning, another application of the boundedness
implies uniformity lemma (on Bj;—1). With these ingredients in place the induction step lemma
(Lemma 5.20) yields the boundedness of By.;. We give the details below.

Setting of parameters: We note that in addition to the parameters ao, 7, ng, {0t }+c[) required
by the lemma statement, we also need to specify the constants {Ct}te[T] alluded to in the overview.
Additionally we also specify three integer parameters: s* which specifies the length of the message,
b which quantifies largeness of various posterior sets, and s which quantifies the boundedness of
posterior functions.

Given ¢ and k, let a1 be the ag(k,q) from Lemma 5.19 and ag2 be the ag(k,q) from
Lemma 5.20. We set ap = min{ag1,a02}. Let g = eo(k,q) and Cy = Cy(k,q) be the con-
stants from Lemma 5.18. Now given T and §, we need to specify 7 > 0 and ng < co. We first set
a large number of intermediate parameters that will be used in the rest of the proof. Recall that
Lemma 5.20 takes as input parameters ¢, k,d and C > Cj and gives constants C' = C’(q, k, §,C)
and 7y(q, k, 8, C) for which the lemma holds. We let 6’ = §/(12-27) and §; = 60’ and ;11 = 26; for
1 <t <T-1. (Note these settings satisfy Zthl 0t < §/2, as required in the conclusion of the lemma,
and 0;41 > Zle d; + 66" as required in the proof below.) For ¢ € [T] we set C; = C'(q, k,d',Cy—1)
where C’(---) is the aforementioned function from Lemma 5.20. Next for every ¢ € [T] we set
v = 10(q,k,d',Ct). Further, let 7(q,k,d,C) and s¢(d) be the functions from Lemma 5.19. For
t € [T], let py = 7(q, k,0",Cy) and s = s0(d"). Let ¢ = min{eg, minyepr{v¢}, mingeir{pe}}. Let
v=_/(2T) and let 7 = v/2.

Finally we let ng = max{2 log,(1/4"),s0/v}.? Finally, given n > ng we set s = (n, b = vn and
s* =1n.

Note that these settings ensure b > 1, s* < b/2 < b—log,(1/d"), 2tb < s < gon for every t € [T7,
s < yn = 10(q, k,d',Cy)n for every t € [T] and so < b < 2th < s < pyn = 7(q, k, ¢, Cy)n for every
t € [T]. These inequalities will be used in the proof below.

The events {&},cir): Recall the notion of posterior sets B; and aggregate posterior sets By for
t € [T] from Definition 5.7. Let By = Z;. We define & to be the event that By is (Co, s)-bounded
and large i.e., |Bg| > ¢". For 2 <t < T, let & denote the event that B; 1 is (M;_1, Cp, s)-reduced
and the aggregated posterior set Bi.;—1 is (Cy—1, s)-bounded and large i.e., |By.—1] > q”*Z(tfl)b.
We also define £2 to be the event that | At c,x* — Ulltva < ¢, where x* ~ Unif(B14—1) and U ~
Unif(Z((Ik_l)an). Finally, let & = &_1 N & NEE. We now turn to proving conditions (i)-(iii) hold for
this choice of events.

Causality and Indistinguishability: It is immediate from the definition that & — &1
and & only depends on Aj.,cyi, and Sﬁtfl. This establishes condition (i). Next we note that
conditioned on & we have condition (iii). In particular, by the definition of &, we have || (At ¢, x*) —

Ulltwa < & where x* ~ Unif(By.4—1) and U ~ Unif(ng_l)an). As S = Tt(AlztaCl:tys%ft_laAt,ctX*)
where x* ~ Unif(Bj.4—1) (by Lemma 5.8), by the data processing inequality we have

I1SY = re(Are, e1, Sy 1, U)lwa < || Avex™ = U < 6

as desired for condition (iii). It remains to prove (ii) which we do from now on.

9The reader may notice that several of the terms in the parameter settings obviously dominate the others and we
could skip the mins and maxes thereby simplifying the expressions. But we keep them separate for easier verifiability
in the proof. We follow this practice through most of this paper.
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Probability of bad events: By definition of By = Z, we have it is large (i.e., |Bo| > ¢").
Further by Part (2) of Proposition 5.16 we have that By is (Cp, s)-bounded. Thus it follows that
&1 holds with probability 1. We now analyze &}, for ¢ > 1 (and then turn to &2 ). We show
that, conditioned on &, Etlﬂ holds with probability at least 1 — 56" — 25:1 0;- The main part of
it is proving that By, is large, which we do in the claim below. (Proving boundedness is then a
straightforward application of Lemma 5.20, as we show later.)

Claim 5.21. Let 2 <t < T. Let M; and c; be chosen uniformly conditioned on &. Then with
probability at least (1 — ' — 3_t_, 8;) the posterior set By satisfies

| Biit| = (1= 6") - [Bra—1| - |Bel /q"-

Proof. Fix some Bj.;—1 that is (Cy_1, s)-bounded and satisfies |By.4—1| > ¢ 2=1b and consider a
uniform choice of A; and c;. We now apply Lemma 5.19. Note this lemma takes four “parameters”
B,b,6 and C. We apply the lemma with (B, b, 8, C)Lemma 519 = (B1.t—1,2(t — 1)b,¢’,Ci_1). Note
that the parameter settings ensure |By.;—1| > g2 g0 < 2(t—1)b < s <71(q, k,¢,Cs—1)n and
so the preconditions of Lemma 5.19 are satisfied. By Part(2) of the lemma we get:

Egunif(Bri_1) Lf (At,c, )]

(1-4)< <(1+4) (5.22)
stnizst-Demy L (2)]
for every non-negative function f over ng_l)om, with probability at least 1 — ¢’ (over a uniform

choice of M; and c;). Setting f to be the indicator function of B, ; (recall that B, is the “reduced
posterior set” from Definition 5.7) and applying Eq. (5.22), we have

‘Blzt’
ExNUnif(Bl:t—l) [1B7”,t(At’ctx)] - |Blzt—1‘ ’
and | B, | By|
rt o t
EZNUnif(ng_l)“") [1Br,t(z)] - glk—Dan — gn -
We have
‘Blzt| |Blzt—1‘
7" = 7 : ExNUnif(BLt—l) [1BT¢ (At’ctx)]
| B1:t—1]
2 (1= )= By [15:(2)]
Bi._ B
RN | TR T
q q"

We conclude that for every By.;_1, with probability at least 1 — ¢’ over a uniform choice of A; and
c¢, we have that if By,y_1 is (Ci—1, s)-bounded and satisfies |By.4—1| > ¢ 2=1b then

2(1_5’)M.@‘

q" q" qr

Now we condition on the event &. Doing so, alters the distribution of (A¢, ct) (since & depends
on Ay, &) but the total variation distance is bounded by Pr[&] < >>'_ §;. We thus have that for
every Bi.;_1, with probability at least 1 — ¢’ — 25:1 0; over choice of A; and c¢; conditioned on &,
we have that if By, 1 is (Cy_1,s)-bounded and satisfies |By.;_1| > ¢~ 2(t=1b

| B1.] |Br—1| |Bi

= > (1-4) o rok
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But finally note that & implies By.;—1 is (Cy—1, s)-bounded and satisfies |By.4—1| > ¢ 20=Db and
so we simply get that with probability at least 1—¢" — Zle d; we have, over the choice of By.4_1, A¢

and c; conditioned on &,

B;. Bi._ B

To use the claim above we now analyze | B;|. By the “posterior set is large” lemma (i.e., Lemma 5.10)
we have |B;| > ¢"~" (again using s < b —log,(1/¢")). When By is large, then by Lemma 5.18 we
have By is (M, Cy, s)-reduced using b < s < ggn. Furthermore if |B;| > ¢"°, then combined with
the inductive bound that |Bi_1| > ¢* 2(¢~D? (implied by &), Claim 5.21 implies

|Bru| = |Bra1 N By| > (1= 08") - |Braa| - |Bel/q" > (1= &')g"~P1=2g™0 > g2,

where the final inequality uses the very crude (but true) inequality 1 — §’ > % > qb.

Conditioned on B; being large and reduced, we can finally invoke the “induction step” lemma
(i.e., Lemma 5.20) with B = By;—1 and B’ = B; with C = C;_; to get that By = Byy—1 N By
is (Ct, s)-bounded with probability at least 1 — 46" where we use Cy = C'(q,k,d’,Ci—1). We note
this application requires max{b,2(¢t — 1)b, s} < v_1n := 70(q, k,d’, Ct—_1)n which is ensured by our
setting of parameters.

Taking the union bound over the three error events, namely (a) By not being large, (b) By.; not
being large conditioned on B; being large and (c) Bi. not being bounded condition on being large,
we get that 5t1+1 holds with probability at least 1 — 5" — Zle d; conditioned on &;.

Finally we turn to bounding 5752+1 conditioned on €t1+1. Since |By.| > ¢" 2 and By is (Cy, s)-
bounded, we apply Lemma 5.19 to analyze ||(At1,c,4,X") — Ulltwq, for x* ~ Unif(By). The
application requires so < 2(t + 1)b < s < pryin = 7(¢, k, ', Ci41)n which we do have with our
setting of parameters. We conclude that ||(Ai+1,¢,.1%X*) — Ul|tpa < 0’ with probability at least 1 — ¢’
for every fixing of Ay, , and S%ft_l (over the choice of M;;1 and c¢11). We thus have that EEH
holds with probability at least 1 — ¢’ conditioned on &}, ;.

Putting the two together we get for every ¢ € [T] (including ¢ = 1), we have & holds with
probability at least 1 — 68" — >2¢_ §; > 1 — 8,11 as required for condition (ii).

This completes the proof of Lemma 5.1. O

6 Analysis of bounded functions

In this section, we prove three important lemmas from Section 5: the “posterior set” lemma
(i.e., Lemma 5.18), the “boundedness implies uniformity” lemma (i.e., Lemma 5.19), and the
“induction step” lemma (i.e., Lemma 5.20). We first establish useful structure on the Fourier
coefficients of restricted sets (posterior set is a special case of restricted set) in Section 6.1. Next,
we prove useful properties for the Fourier analytic conditions in Section 6.2. Finally, we prove the
three lemmas in Section 6.3, Section 6.4, and Section 6.5 respectively.

6.1 Fourier coefficients of the posterior function

Given a k-hypermatching M = (ey, ..., ey) and centers ¢ = (cy, ..., ¢y ) we say that a set B C Lq is

(M, c)-restricted if there exists a (“reduced”) set B, C Z((]k_l)m such that B = {x € Zy|Acx € B},
where A is the c-centered folded encoding of M. In this section we aim to prove that large
restricted sets are bounded. Recall that given a k-hypermatching M = (eq,...,e,,) on vertex set
[n] with m = an edges and sequence of centers ¢ = (c1,...,¢y,) with ¢; € ¢; C [n], the c-centered
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folded representation of M was denoted A € Z((]kfl)mm. Recall that a set B C Zy is said to be

(M, c)-restricted if there exists a (“reduced”) set B, C Z((Zk_l)m such that B = {x € Zy|Acx € B, }.
For our next lemma we will also need a variant of this matrix named the c-centered projection

induced by M, which we denote A € ngil)mxn, which is simply the matrix A, with the columns
corresponding to ci, . .., ¢, zeroed out. (In A each of these columns has (k—1) —1’s. See Figure 2.)

With this definition in place we can now relate the Fourier coefficients of the indicator of a restricted
set to its image.

1 2 3 45 6 7 1 2 3 45 6 7 1 3 5 7 1 3 5 7
1 =il 1 1(-1 1
1 =il 1 1 -1 1
=il 1 1 -1 1 1
Ac A, 4d ag

Figure 2: An example of A, A, Ag) /ngl) withm=1,n="7k=4,e ={1,3,5,7} and ¢; = {5}.

Recall that we use e; € Zy to denote the indicator vector of hyperedge e; (see Section 3).

Lemma 6.1 (Fourier coefficients of the posterior function). Let M be a k-hypermatching of size m
and ¢ be a sequence of centers. Let A be the folded representation of M and /TC be the projection
induced by M. Furthermore, let B C Zy be an (M, c)-restricted set with B, C ngil)m satisfying
B={x¢ Z;‘|Acx € B,}. Let 1p denote the indicator function of B. Then for every u € Ly we

have:

0, if u contains a node not in M.
1p(u) = {0, if 3i € [m| such that (u,e;) Z0 (mod q) .
1p (Acu), otherwise.
Proof. From the definition of the Fourier coefficient we have 15(u) = q% Y oxezn 1 B(X)qux where
q

w = 2™/ being the primitive g-th root of unity. Using the fact that B is restricted, we get

L\B(u)z;n Z 1B(X).qux:in Z Z 1BT(Z)'WUTx:qln Z Z UTx

xGZ{IL q Zezl(lkfl)m xEZg zEB, xEZg
ACXZZ Acx:z
T
We now fix z € B, and explore the final term ZXEZ,’;,Acx:z wh X Let z = (z),...,2(™)

where z() Z’;fl. Also let Agl), ey A((;m) € Z((]k_l)xn denote the blocks of A¢ corresponding to the
m edges. Now, think of Z7 as a free module over Z, and consider the direct sum decomposition
Ly = WO g ... @ W where for i € [m], W is the sub-module of Zy generated by e, WO is
the sub-module generated by [n] — (U;e;), and “@” denotes the direct sum of modules. Let us write
x =x© 4+ ... 4+ x(m) where for i € {0,...,m}, x) e W, Similarly write u = u® 4. ulm,
Since (u™)Tx) =0 if i # j we have u'x = 3.7 (D) Tx). Note also that z = Acx if and only

if () = Agi)x(i) for every ¢ € [m]. Using this notation, we have

Z qux _ Z w(u(o))Tx(O) . ﬁ Z w(u(i))Tx(i)
=

x€Z <0 (0) <O ew®
Acx=z AW x () =5()
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Now note that if u(® = 0 then the first term is |[WW(©)| = ¢"=#™ else it is zero. Similarly for i € [m],
there are exactly ¢ vectors x(¥ € W such that Ag)x(i) = 2z (which are additive shifts of each

other on coordinates in e;). Concretely, these two solutions are of the form ([L(f))Tz(i) +a* for some
a € Zg. So we have

Z w(u(i))Tx(i) _ Z w(u(i))T(Agi))Tz(i)+(u(i))Tak _ w(u(i))T(Ag))Tz(i) Z wa'Hule ‘

xDeW @ AW x (1) =5 (D) a€Zq acZ,

Moreover,

Z wa'”u(i)Hl _ 0 if ||u(Z)H1 ¢ 0 mod q

e q otherwise. ‘
q

Putting all the above together we get

if u contains a node not in M.
if 3i € [m] such that (u,e;) # 0 mod q .

otherwise.

€
c
_‘
%
Il
==

XELY Acx=2 nA(kflyn‘.aKA;u)Tz

Summing up over all z € Z((Ik_l)m and normalizing yields the lemma.

6.2 Basic properties of large weakly-bounded sets

In this section, we relate weakly bounded sets to strongly bounded ones, and also show that
the notion of restricted-ness of sets is independent of the choice of centers. These help us prove
boundedness in the base case.

We start by stating an immediate consequence of Parseval’s lemma applied to our indicator
functions.

Lemma 6.2. For every B C Zj we have ZveZg 15(v)? <|B|/q".

(Lemma 6.2 follows from Lemma 2.6 by noticing that }, ;. 1p(a) = |B|.) Recall that the
q

(C, s)-bounded criterion bounds the sum of Fourier coefficients with a fixed weight at most s. As
we also need to bound the sum of Fourier coefficients of high weight, this can be guaranteed from
Parseval’s inequality as shown in the following lemma.

Lemma 6.3. Suppose B C Z; satisfies |B| > q"° for some b € N. Then, for every v € Zq and

b < h <n, we have
h/2
qn - 2q262ﬂ
7 i) < _
> il < ()

ueZy
lutvllo=h

2
Proof. From Lemma 6.2, we have that >, vj,= llg(u)‘ < |B|/q™. Using

{uezyllu+vio=h}| < (@—1D" (Z) <(%)
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and the Cauchy-Schwarz inequality we get that

>

u€Zy
lutvllo=h

o] < Go/(B1/a) - (gen/m)?

= /(q"/|B)) - (gen/h)"
¢ (gen/h)" (1B = ¢")

<
< \/d"(gen/h)" (:h>b)

< (2¢%¢*n/h)"2.
O

Next, we note a basic monotonicity property of the notion of boundedness which will be useful
in the future. Recall the function W 4(-) used in the notion of weakly-bounded sets from Defini-
tion 5.14.

Lemma 6.4 (Monotonicity of boundedness). The following monotonicities hold for W and U.
1. If h < s <& then Wg s(h) < We o (h).

2. If s < &' then for every h, Ucs(h) < Ug,s(h). Consequently, if a set B is (C,s)(-strongly)-
bounded then it is also (C, ') (-strongly)-bounded.

3. If C > e, then We 5(h) and Uc s(h) are monotonically increasing in h € [1, s].

Proof. The first two monotonicities are definitional, whereas the third one requires some calcula-
tions. Details are provided below.

1. The inequality holds trivially for h = 0. For 1 < h < s < &, we have that W s(h) =

(C/sn /M2 < (CV5n/h)2 = Wy ().

2. Here we consider three possible ranges for h. For h < s < s, Ugs(h) = Wes(h) and
Uc,s'(h) = We g (h) and the inequality follows from Item (1). For h > ', we have Uc (h) =
min{We p(h), (2¢%¢*n/h)"?} = Up o (h) yielding the desired inequality as an equality. For
s < h < &, we have Ugs(h) = min{We(h), (2¢%e*n/h)"?} < Won(h) < Wou(h) =
Uc s (h), where the second inequality again follows from the Item (1). Thus in all cases
we have Ucs(h) < Ucg(h) and so if a set B is (C, s)-(strongly-)bounded then it is also
(C, s")-(strongly-)bounded.

3. Recall that the function f(z) = x'/% is decreasing in the interval (e,00) (since f'(z) =
o

zt/e . % is negative for x > e). Note that for h € [1,s], Wes(h) = Ugs(h) = "
for x = CTM Note that = is a strictly decreasing function of A. Moreover, for h < s, we

have z > CT‘/E > C > e. Hence, it follows from monotonically decreasing property of f that
We s(h) and Uc s(h) are monotonically increasing in the described interval, as desired.

O]

We now show how weak boundedness of a large set in an entire regime of s implies it is strongly
bounded.
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Lemma 6.5 (From weak-boundedness to strong-boundedness). For every q,C, and ey there exists
C" s.t. for all n and s < on the following holds: If B C Zy with |B| > ¢"~* is (C, s')-weakly-
bounded for every s < s < egn then B is (C',s)-strongly bounded. Similarly, if B C Lq with
|B| > ¢" % is (C, §')-weakly-reduced for every s < s’ < egn then B is (C', s)-strongly reduced.

Proof. We prove the lemma for ¢’ := max{C,2¢?¢? /5[1)/ 2}. We prove the reducedness condition
(and the boundedness follows similarly). Fix B C Zj with [B| > ¢"7° and v € Zj. Let

)

qn —
wi(h) = > @‘13(11)
ueZg
Jutvlo=h

and let W (h) = (2¢%e*n/h)"2. Our goal is to prove that for h < s, wt(h) < Ugr 4(h) = Wer 4(h),
and for h > s that wt(h) < min{We ,(h),W(h)}. For h < s, by the fact that B is (C,s)-
weakly-reduced, we have wt(h) < We s(h) < Wer g(h) where the second inequality follows from
the definition of W, which is monotone in C. For every h > s we have that wt(h) < W (h) by
Lemma 6.3 and so it suffices to prove that wt(h) < Wer p,(h) for every h > s. For h < ggn we use
that B is (C, s’)-weakly-reduced for s’ = h (this is ok since s < s’ = h < ggn) to conclude that
wt(h) < Wep(h) < Wer p(s). For h > egn we note that

Wern(h) = (C'Vhn/h)"? = (C'\/n/h)V? > (2¢%¢*\/n/eoh)"? > (2¢%*n/h)"? = W (h),

where the first inequality uses ¢’ > (2¢%¢?/ 5(1)/ 2) and the next inequality uses h > ggn.

Thus in this case we have wt(h) < W(h) < Wer i (h) as desired, concluding the proof that B is
(C', s)-strongly-reduced. O

Finally we show that the notion of a set being restricted is independent of the choice of centers.
Recall the definition of set being restricted from Definition 5.11.

Lemma 6.6 (Recentering). Let ¢ = (c1,...,¢m) and ¢’ = (d),...,c),) be two sequences of centers

for the same matching M. Then a set B C Zg is (M, c)—restri;thi if and only if it is (M,c’)-
restricted.
Proof. Let el(-t) = ((el(-t))l,...,(egt))k = ¢) (for t = 1,2,...,m) be the ordering of hyperedges
corresponding to centering ¢, and let e’gt) = ((e’gt))l, ce (e’gt))k =d).
Given a permutation 7 : [k] — [k], let Pr be a (k — 1) x (k — 1) matrix defined as follows: For
1<4,7<k—1,let
1 ifj=7n(),
(Pr)ij =14 -1 ifj=mn(k),
0 otherwise .
For t =1,2,...,m, let m; : [k] — [k] be the permutation defined by (e’gt))j = (e(-t))w(j), and let

7 [k] — [k] be the permutation defined by (egt))j = (e’gt))ﬁ(j). Then, it is not hard to see that
Ao = Q- Ac and Ac = Q' - Ao where

}%1 }%i
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and QQ' = Q'Q = I, the (k — 1)m x (k — 1)m identity matrix.

Now, suppose B C F¥ is (M, c)-restricted. Let B, C Z((Ik_l)m be the corresponding reduced set
satisfying B = {x € Z} | Acx € B,}. Then, let B, = {Qy |y € B,}.

Note that if x € B, then Agx = Q(Acx) € B.. Similarly, if Aux € Bl then there is some
y € B, such that Aux = Qy, and so, Aex = Q'Agx = Q'Qy =y € B,, implying that x € B. It
follows that B is (M, c')-restricted with reduced set BL..

In an analogous fashion, it follows that if B is (M, ¢’)-restricted, then B is also (M, ¢)-restricted.
This completes the proof. O

6.3 Proof of the “posterior set” lemma

In this subsection, we prove the “posterior set” lemma (Lemma 5.18), which shows that every
posterior set By is (M, C, s)-reduced for some constant C. We include the statement again below
for convenience.

Lemma 5.18 (Posterior set). For every q,k > 2, there exist constants g > 0 and Cy < 0o such
that for every sufficiently large n, every k-hypermatching M on vertex set [n], every pair of integers
b, s satisfying 0 < b < s < g -n the following holds. If B C Zj satisfies (i) there exists a sequence
of centers c such that B is (M, c)-restricted, and (ii) |B| > ¢"°, then B is (M, Cy, s)-reduced.

To see how the above lemma connects to posterior sets, think of B as By, M as M;, and c as c;.
Note that condition (i) of Lemma 5.18 holds by the definition of B;. As for condition (ii), it holds
when the message S; is typical and we know by averaging argument that this is the case with high
probability (see Lemma 5.10 for more details).

We now turn to the proof of Lemma 5.18. The overall proof follows the outline of [KK19],
but we require extra care in our case, and the proof crucially depends on the ability to recenter
(Lemma 6.6) and a slightly more careful probabilistic analysis.

Proof of Lemma 5.18. Given g, let {; be the constant from Lemma 2.13. Let ¢; = max{1,(,}.

Given k, let g = min{1,k/(8¢;)}. Further let C; = \/27/2C11/26k:3/2q2k and Cy = (28¢,€2kg?F)1/?
and C' = max{2,C; + Cs}. For this choice of C' and g¢ let C’ be the constant given by Lemma 6.5.
We prove the lemma for Cy = C’.

Let M be a hypermatching with m edges. (Note we must have m < n/k.) Recall the definition
of (M, C,s)-reducedness (Definition 5.17). The first two conditions of (M, C,s)-reducedness are
immediate corollaries of Lemma 6.1. In the rest of the proof we focus on showing for every b < s <
gon and every h € {1,...,s} and v € Zg,

Z % ’L\g(u)’ < Wes(h). (Goal of Lemma 5.18)
ueZy | |
lutvlo=h

Since this holds for every s € [b,egn|, by Lemma 6.5, we get that there is a C’ such that B is
(C', s)-reduced for every s € [b,egn| and this yields the lemma given the bound above.

Fix an arbitrary v € Zy. For each h € {1,...,s}, let S, = Sy, = {u: |[u+vlo = A}, ie,
the set of Fourier coefficients in the LHS of the above inequality. We prune S}, to eliminate some
terms that are zero. Recall by Lemma 6.1 that fg(w) = 0 if supp(w) &Z supp(M ), or if there exists
i € [m] such that (w,e;) # 0 mod ¢q. Let

Ty nm ={u € Sy |supp(u) C supp(M), (u,e;) = 0mod q Vi € [m]},
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denote the resulting set of vectors which includes all non-zero Fourier coefficients. Roughly, our
approach below is to (1) give an upper bound on the size of the set Ty »s and (2) bound the
sum of the squares of the coefficients in this set. Once we have both these bounds, we can use the
Cauchy-Schwartz inequality to conclude the desired bound. Before we undertake these steps, we
make some simplifications and some refinements.

Step 0: Regular condition of v. First note that we can assume supp(v) C supp(M). If this
is not the case, consider the vector v given by v; = v; if i € supp(M) and v; = 0 otherwise.
Also, let a = |{i|v; # 0 and i & supp(M)}| be the number of nodes in the support of v that are
not contained in the hypermatching M. Then note that Ty 5y = 1% h—qm- If we show that
(@"/IBI) - X wersnun [1p(u)| < Ug,s(h — a) then, by the monotonicity of Ug(-) in the interval
[1, s] (see Lemma 6.4), it follows that (¢"/|B]) - ZueTv,h,M 11p(u)| < Uc s(h). Thus, from now on,
we assume supp(v) C supp(M).

Step 1: A partition of Ty ; 3. We now further refine 7 3 as, i.e., the set of non-zero Fourier
coefficients. For an integer ¢, let Ty o 0r = {u € Ty 0 | #{i € [m] | e; Nsupp(u+v) # 0} = £} be
the set u € Ty ¢ s’s such that the support of u + v touches exactly ¢ edges. Since v,h and M
will be fixed in the rest of this proof, we simplify the notation and refer to this set as T;. Note that
h/k < € < min{m,h}. Thus, the quantity we are interested in this lemma can be upper bounded
as follows.

q" |~ q" —~
L [Tew| = £ > [Thw)|
PP
lutvllo=h

=LY [T
|B| ISR
v, h, M
min{m,h} q"
= > Bl > ’13(“)’
(=h/k =
min{m,h}

<y &;\/m@auv (6.7)
t=h/k

ueTg

where the second equality is due to Lemma 6.1, the third equality is due to the partition, and the
last inequality is by Cauchy-Schwarz inequality. (The reason why we partition Ty j as into Tj’s is
that the Fourier square-mass within 7; and the cardinality of Ty can be properly upper bounded
respectively.)

Step 2: Upper bounding the squared Fourier mass within 7;. To upper bound the squared
Fourier mass within 7, we utilize the fact that the posterior set B is independent to the choice of
center ¢ (i.e., Lemma 6.6) and hypercontractivity (i.e., Lemma 2.13). We stress that in the bound
we establish below it is crucial that the exponent of b is h — ¢ (as opposed to the more trivial h, or
h(k —1)/k). In turn this bound is obtained by using a random center ¢ and this randomization is
permitted at the analysis stage by Lemma 6.6.
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Claim 6.8. Let (; = max{1l,(,} where ¢, is the constant from Lemma 2.13. If |B| > ¢"° for
some b € N then for every 1 < £ < h < b, we have

St < () (20)"

ueTy

The proof of this claim uses Lemma 6.1 to relate the Fourier coefficients of the function 15 to
those of 1p,. But note that the “reduced set” B, depends on the choice of the center. Furthermore
the weight of the Fourier coefficient in the reduced space depends on how the centers overlap
with supp(u + v). Specifically we have that for centers c, ||Ac(u+ v)|jo = ||u+ v|o — ¢, where
t =1|{i € [m]|¢; € u+ v} is the number of centers contained in u + v. Note that ¢ < ¢ since the
number centers in supp(u + v) can not exceed the number of edges touching this set. The crux
of this proof is that we if choose the centers randomly then there is a positive probability that all
centers (of the edges that touch supp(u+v)) are in supp(u+v). We argue the formal details below.

Proof of Claim 6.8. For a random center c, let A; denote the c-centered folded encoding of M,
and let B, = {Acx|x € B} C Zék_l)m. For u € Ty, let Iy(c) = 1 if ¢; € supp(u + v) for every
i € [m] with e; Nsupp(u+ v) # 0 and 0 otherwise. Note that Pr¢[lu(c) = 1] > k. Now consider

the following expression:

E > 1p,.(W)?| 2E | Y Lu(c) 1p(u)? (- Lemma 6.1)
WGZ((Zk_l)m ueTy
|w+Ac-v|o=h—¢

= Z <L\3(u)2 E [Iu(c)]> (.- B and Ty are independent to c)

> kY 1), (. Pr[lu(c) =1] > k79

c

Y ipu)? <k E > 1. w2, (6.9)
C

uETg Wengfl)m
|wH+Ac-v|o=h—t

On the other hand, since B is (M, c)-restricted, we have |B| = [{x € Z | Acx € Bc}| =
Byl -4 As rank(Ac) = (k — Uim and |B] > ", we have that |B,.| = |B]/g"~--1m >
q#=Dm=b_ Hence, by Lemma 2.13 (invoked with n < (k—1)m and B «+ B,..), for every c we have

s (IBre
Z 1p,.(w)” < <q(kl)m> (h iy )

WEZ((Ikil)m
[|w+Ac-v]o=h—£
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where ¢; = max{1,(,} and (, is the constant from Lemma 2.13. Also, by |B| = |B,.| - ¢"~*=Dm

the above inequality becomes
_ BN\? (¢ b\
E 1 2 < |— - .
Br,c (W) —_ < qn ) <h _ £

weZék_l)m
[[w+Ac-v]o=h—¢

Taking expectations over ¢ we thus get:

E Yoo Ip.w)?| < <‘B>2 <21_'12>H . (6.10)

qn
weZék_l)m
wAe-v]jo=h—¢

Putting the inequalities Eq. (6.9) and Eq. (6.10) together we get

> Ip(u)? < (‘B|>2 (21_4;)“?

n
ueTy q

thus proving the claim. O

Step 3: Upper bounding the cardinality of 7;. Next, we turn to bounding the size of the
set Ty. To do so we explore the structure of the vectors in T;. We start with some notation. Let
E = {i € [m]|(v,e;) =0 (mod ¢q)} and O = {i € [m](v,e;) # 0 (mod ¢q)}. Given a vector u,
we define W, = We(u) = (u+v) © (X ,cpei) and W, = Wo(u) = (u+v) ® (3,00 €i), where
® is used to denote the Hadamard product (entrywise product) of two vectors. Let n denote the
number of edges touched by W, and let o denote the number of edges touched by W,. Note the
following conditions hold when u € Tj.

Claim 6.11. If u € Ty, then all the following conditions hold: (1) |O| < h, (2)n+o0=1¢, and (3)
n<h/2.

Proof. We prove each of the individual claims below:

1. Note that (u+v,e;) 0 (mod q) for every i € O, since (u,e;) =0 (mod ¢) and (v,e;) 0
(mod g). Therefore, |supp(u+v)Ne;| > 1 for every i € O, implying that O < ., [supp(u+
v)Neil < [lu+vllo=nh.

2. Since u + v touches ¢ edges, n + o = /.

3. Note that (u+ v,e;) =0 (mod ¢) for every i € E, since (u,e;) =0 (mod ¢) and (v,e;) =0
(mod ¢q). Therefore, if i € F is touched by W, (i.e., W, ® e; # 0), then it follows that W,
touches it in at least two points, i.e., [supp(We © €;)| > 2 (see Figure 3). Combined with the
fact that [supp(We)| < ||lu+ vl||o = h, we obtain n < h/2, as desired.

O]

Based on these restrictions on u € Ty, we can now get the following bound on |Ty|.

Claim 6.12. For every { € {h/k,...,min{h,m}} we have:

1Ty < (4¢%)"(em/n*)",  where n* := min{f, h/2} .
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q=3k=5m=5h=8L=4n=2;0=2
[ ueT, - (We (), Wy (), v)

U e V — u+ Vv s

Figure 3: Upper bound the cardinality of Ty. In this example, ¢ = 3,k = 5,m = 5, and v is
specified by integers in red. Note that £ = {2,3,5} and O = {1,4}. Next, we consider h = 8,/ =4
and a u € Ty specified by integers in blue. Note that by definition we have 7 = 0 = 2. In particular,
the tuple (We(u), Ws(u)) is described on the right and u + v is specified by integers in green. It
is immediate to see that (W.(u), W,(u),v) uniquely specifies u because one can subtract W, (u)
and W,(u) by v to get the value of u in those coordinates. In the rest of the coordinates, u has
the same values as v. Moreover, observe that every hyperedge in W, (u) should contain at least 2
non-zero points because both u and v sum up to 0 mod ¢ within those hyperedges.

Proof. Recall that each u € T} is uniquely specified by the pair (W, W,) (see Figure 3) and it
therefore suffices to count the number of distinct choices of (W,, W,,). First, we see that the number
of possibilities for W, is at most (¢*)I°! < ¢** (since |O| < h by the first item of Claim 6.11). Now,
having fixed W, and o, consider the number of possibilities of W,. We may choose W, by picking
a set ' C E with n edges, and then picking |[supp(We)| = h — |supp(W,)| elements from the union
of the edges in F, each of which is given a value in Z, \ {0}. Note that F' can be chosen in at most

(lE |) < (:’;) ways, after which W, can be chosen in < ¢*" ways. Finally, note that by the second
and third items of Claim 6.11 we have n < min{¢, h/2} =: n*. Putting these together we get:

n* n
WESY {qkh <m) qk”} <My <m>
n=0 g n=o N

where the second inequality uses n < h. Now we consider two cases based on whether n* < m/3 or
not. If n* > m/3, since n* < ¢ < m we have

S ()5 () -

n=0 n=0

where the final inequality uses min{¢, h/2} > m/3 to infer m < 3h/2 < 2h. Thus in this case we
get

Ty < ¢**a" = (467" < (4¢*)" (em /"),
where the final inequality above uses em > m > n*. In the case, n* < m/3 we note that (777) >
Q(WTI) for every n € {0,...,n*} ?nd thus ZZ*:O (:7';) is a telescoping sum bounded by 2(:7”) which
in turn is bounded by 2(em/n*)" < 2%"(em/n*)"". Again the desired bound on |T}| follows. [
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Step 4: Completing the proof of Lemma 5.18. The boundedness of B now follows from
some straightforward (though tedious) calculations. Continuing with the RHS of Eq. (6.7), we
have:

min{h,m} " mln{h m} ‘B| (15 h—t
Z |Tg‘ Z 1B 4q2k €m/77 ) k- < n> <h : £>
t=h/k ‘ ueT, élﬁk ‘ q B
(By Claim 6.8 and Claim 6.12, and using b < s)
min{h,m} (18 h—¢
Z (4g%%)" em/n)*’kg'(hl_g>
(=h/k
=51+95
where
h/2 (15 h—t
k\h L.
= 3 \[g ) (em ) -k (h_€> ,
t=h/k
and
min{h,m} (15 h—t
k\h 0
= >[4 (em/yr)r -k ‘<h_£>
0=h/2+1

Using n* = ¢ for the regime in S; and 7* = h/2 in the S regime we can simplify the above two
sums as follows:

h/2 (15 h—¢
= 2\ emporn (25
t=h/k B
h/2 (15 h—t
< D7 [ (dekgE)h - (m/ )t - < hl_ £>
t=h/k
h/2 215 h—¢
< Z (4ekg?)h - (m /L)t - <hl> (Using ¢ < h/2)
t=h/k
h/2 ¢
2hyh/2 (2 h/2
(8C1€kq ( > Z 2<18£
t=h/k
h/2 ¢
2k h/2 s\ /2 :
< (8Ciekq ( ) RUE Cls (Using £ > h/k)
= h/k
h/2 £
2k)h/2 .
< (8Ciekq ( ) Z%;k <2C1S> (Using m < n)

2k\h/2 S h/2 kn h/4
< (8¢1ekq™) / (E) -2 <2C15> (Using s < gon. See footnote'?.)

h/2
2(25/2C11/2€k3/2q2k)h/2 <\/;7”>
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h/2
e ()"

for Cy > \/27/2C11/26k3/2q2k. We now turn to simplifying So. We have

min{h,m} (18 h—¢
Sy = Z (4g2k) - (em/m=)n™ - KL - (h ! f)
t=h/2+1 B
min{h,m} (s h—2¢
= Z (4¢%k)h - (2em/h)M/2 - KL - <hl—€) (Using n* = h/2 in this regime)
= h/2+1
h—¢
< Z (4g2k)P - (2em/h)h/2 - kL - (}flsﬁ>
t=h/2+1 B
< (Rekq®)/2(m /1) Z <h 1s£>
t=h/2+1 -
h/2—1 C S 0
= ek 2/ 30 ()
=0
h/2—1 C ’
< (8ekg™)"?(m /)" Z <h>§> eh/2  (Using (x/y)Y < (z/2)Y-€*, Vo >0,y >1,2> 1)1
h/2—1

Z/
< (862kzq2k)h/2(m/h)h/4 <C18>
2 a2
< (362hg®)M/2 (/R ACH4((25) /)4 (Using m < m, (1 > 1 and h < s)

h/2
()

for Cy > (28C162kq2k)1/2. Combining the bounds on S7 and Sy we get

> L ‘L\B(u)‘ -y ‘L\;(u)‘ < Si+ 8o < (Ch+ ChY(vsn/h)M? < Ch(sn/h)M?
uezy} ‘B| |B| uesy

q
[utvlio=h

for C > max{2,C + Ca}.
Thus, we conclude that B is (M, C, s)-weakly-reduced for every s € [b, egn|, and so by Lemma 6.5,
B is (M, Cy, s)-strongly-reduced for every s € [b,gon]. This concludes the proof of Lemma 5.18. [

6.4 Proof: boundedness implies near uniformity

In this section we prove Lemma 5.19 which is used to prove condition (iii) of Lemma 5.1. We
restate the lemma below for convenience.

kn h/
)¢ telescopes to at most 2 ( ) .

YGince s < eon < kn/8¢1, we have 24 ~ > 2 and so the sum Zz h/k (2< ~ 363

" This inequality is derived by seeing (z/y)Y = (x/2)¥(z/y)Y and (z/y)? < e for every y,z > 1.
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2 there exists

5,C) > 0 and

Lemma 5.19 (Boundedness implies (closeness to) uniformity). For every q,k
ag = ag(k,q) such that for every 6 € (0,1/2) and C < oo, there exists T = 7(q,
s0 = s0(0) < oo such that the following holds for every sufficiently large n:

Let B C Zg be a (C, s)-bounded set with |B| > g0, for so < b<s<tn. Let M be a random
k-hypermatching of size m < agn and ¢ be a uniformly random sequence of centers for M and let

A denote the c centered folded encoding of M. Then, with probability at least 1 — & over the choice
Z((kal)m

>
k,

of M and c, for every zg € , we have that

1—6<qgkbm  Pr [Ax =120 <1+40.
x~Unif(B)

As a consequence, we also have (with probability at least 1 — § over the choice of (M,c)):
1. (Aex) = Ullywa < 6 where x ~ UnifiB) and U ~ Unif(ZF1™).
2. For every non-negative function f : ng_l)m — R29,

Ex~unifB) [f (Acx)]

1-9
U2, e U@

<(1+56).

In the following, we denote m = an for simplicity. Let us start with defining a combinatorial
quantity p(h, k,m,n) and showing an upper bound on it.

Definition 6.13. Suppose k,m,n > 0 are integers. We define p(h,k,m,n) to be the probability
that a uniformly random k-hypermatching M on vertex set [n| with m hyperedges each of size k,
the support of M contains [h] and further satisfies the condition that every hyperedge of M contains
either 0 or at least two vertices from [h].

Lemma 6.14 ([CGSV2la, Lemma 6.8]). For every Sy > 0 and k there exists oy > 0 such that for
all integers n, k, o € (0, ], m = an, and 0 < h < km, we have

60h>h/2

h,k <
plrkomm < (2

Furthermore, p(h,k,m,n) =0 if h > km.
We include a proof for convenience.

Proof. We prove the lemma for g = 3o/(8€3k). The definition of p(---) explores the probability
that a fixed set H = [h] satisfies some conditions with respect to a random matching M. By
symmetry we can instead view it as the probability that a uniformly random set H satisfies the
same conditions with respect to a fixed matching M with edges eq, ..., e,. (We abuse notation to
also use M to denote Ujc|ye;, i.e., the subset of vertices incident to the matching.)

Given a matching M, let F = {H C [n] | |H| = h,H C M,|H Ne;j| # 1,Vi € [m]}. We
have p(h,k,m,n) = |F|/(}), and so it suffices to bound |F| from above. Given H € F, let
E(H) = {i € [m]|H Ne; # 0} denote the set of edges touching H and let n = |E(H)|. We have
that h/k < n < h/2 since every edge includes at least two vertices of H. To choose an H € F we
may choose n € [h/k,h/2], E C [m] of size n and then choose H of size h from the set of vertices
incident to E. (There are further conditions that we will ignore to get the upper bound.) Given
7 there are (777) ways of choosing FE, and given F, there are at most (k}f) ways of choosing H from
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the vertices touched by E. We thus get that |F| < ZZ/: 2h Ik (’;) (k}:]) Applying this we now get the
following inequalities:

1 h/2
n m\ [(kn
k< (7) " 85 () ()
h/2 m
S ( )<ekn/h>h<h/n>h (Using (a/b)" < (2) < (ca/B)")
n=h/k 77
h/2
e n)" m sin
g(kh/)%(n) (Using n < h)
< 2" (ekh/n)"(2ekm/h)"?
= (8¢*k°ah/n)M?

where the last inequality uses szl (777) < 2h(26kzm/ h)h/ 2 for every m and h € [km]. (If h <
m the final term is the largest and bounded by (2ekm/h)"/? and so the entire sum is at most
h(2ekm/h)"? < 2M(2ekm/h)"?. If h € (m,km], then the sum is at most 2™ while the RHS
is at least 2" (in particular 2ekm/h > 1).) So we have that p(h,k,m,n) < (8¢*k°ah/n)"? <
(8e3kPagh/n)M? = (Bon/h)M? since fy = 8e3kPay. O

The following lemma is an immediate corollary of Lemma 6.14 and will be useful later in the
proof of Lemma 5.19.

Lemma 6.15. For every k,q > 2 there exists ag > 0 such that for every 6 € (0,1/2) and C' < oo
there exists T > 0 and sop < oo such that for all integers n, s and m satisfying so < s < ™n,
m < agn we have:

52h ,1<h<s
p(hyk,m,n)Ucs(h) < 2772 s <h<km
0 . h>km

Specifically,
> p(h,kym,n)Uc,s(h) < 82
h=2

Proof. Let By = 4(1%@27 and let a be as in Lemma 6.14 for this choice of By. Let 7 = 6%/(C?83)
and sop = 4logy(3/0).
By Lemma 6.14 and the definition of (strongly-)boundedness we have the following:

o If 1 <h <s, then

p(h kym,n)Ucs(h) < (W‘y/z, (

n

h/2 h/2
C\]{%) _ <ﬁo\§ﬁﬁ> < (/Boc\/;)h/2 < 62h,

where the second inequality uses s < 7n and the third uses ByC+/T < §*.

o If s < h < km, then

h/2 2 92 h/2
p(h, kym, n)Uc.s(h) < (Wl> . <2q; ”> — (Bo2q2e2)M? < 27h/2,
n

where the final inequality uses $p2¢%e? < 1/2.
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e If h > km, we have p(h, k,m,n) = 0 and hence p(h, k,m,n)Uc s(h) = 0.
Finally, we have

n

S km
S plh, by m, ) Ucg(h) < S 0% 4 S 27h2
h=2

h=2 h=s+1
54 9—s—1/2
< +
1—02 1 (1/V2)
52 9—s—1/2
< 4=
=2 oV
52 &2
<
-2 + 2
= §2
where the second inequality uses § < 1/2 and the third uses s > 41log,(3/9). O

Now, we are ready to prove the main lemma of this subsection.

Proof of Lemma 5.19. Given k,q > 2 and § > 0 and C < oo let a9 = ap(k,q) > 0 and 7 =
7(k,q,0,C) > 0 and sg = s¢(9) be as given by Lemma 6.15.

Let m < agn, sp < b < s < 7n, and let B C Z; be a (C, s)-bounded set with |B| > ¢" . The
goal is to prove that with probability at least 1—9 over a uniform random choice of k-hypermatching

M on m edges and a random choice of center sequence c the following holds for every zg € Z((Ik_l)m7

1—6<q*Dm  Pr [Aex=—29] <1+
x~Unif(B)

(Recall that A, was defined in Eq. (3.3). Note that the switch from zy to —z¢ in the event described
above does not alter the statement being proved since we are proving this for every vector zg.)

Now, for a fixed k-hypermatching M and fixed choice of centers c, let us expand the marginal
probability as follows. Let f : Zj — {0,1} be the indicator function of the set B. For a fixed
zy € Z,(Ik_l)m, let g = gaoz @ Zy — {0,1} be the function given by g(x) = 1a.x=z,- Letting
9 = JAc,zo, We have

q(k:—l)m

(k—1)m P A _ _
¢ x~UniI;’(B)[ oX ZO] ’B|

> Fx)g(—x)
x€ELy
(k—1)m

q
= W(f*g)(o)

(h=m
=1 > Frgw)

Bl &
q

q(k—l)m+n N
= > F(wg(u) (By Lemma 2.8)
ueZy

n+(k—1)m

q ~
B > fwa (6.16)
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(Since ¢"f(0) = | B| and ¢"g(0) = ¢~ (k=1m),

We now analyze the Fourier coefficients of g and use this to bound the right hand side above.
Roughly the claim below establishes basic properties of the function g that show that ¢ is also a
somewhat reduced function (as in Definition 5.17). This, combined with the boundedness of B
allows us to establish the near-uniformity of the posterior distribution.

Claim 6.17. Let M be a k-hypermatching of size m, c be centers, and zy € Z((kal)m. Let g(x) =

1 Aox=z,- For every u € Zy, the following conditions hold:

1. If supp(u) € supp(M) then g(u) = 0. 2

2. If there exists i € [m] such that (u,e;) Z 0 mod q where e; denotes the i-th hyperedge of M,
then g(u) = 0.

3. [g(u)| < g~ =D,

Proof of Claim 6.17. Recall that ¢"g(u) = ng(x)w“Tx.

1. If supp(u) € supp(M), then there exists i € [n] such that uw; # 0 but the i-th column of
Ac is zero. For each x € Zy, for every a € Z, we have g(x) = g(x + ad;), where §; € Zj
denotes the coordinate vector in the i-th direction (i.e., §; = 0°"110"%). Also, note that
> acz, Wt (etadi) — ulx > acz, W' = 0. This implies g(u) = 0.

2. Suppose (u,e;) # 0 mod ¢. For each x € Zy and a € Zg, note that g(x) = g(x + ae;) because
a” lies in the kernel of the folded matrix of this hyperedge. Second, since (u,e;) # 0 mod ¢,
we have > ;. wu xtaer — ulx > acz, w®{Wei) — (. This implies j(u) = 0.

3. By definition, we have ¢"g(u) =) 1Acx:z0w“TX. Note that for fixed M, c, zg, there are at
most ¢"~(*~D™ x such that g(x) = 1. Thus, we have |j(u)| < ¢~ *#=D™ as desired.

O]

Now, we can use Claim 6.17 to further upper bound Equation 6.16 as follows. Recall that ®
stands for the coordinate-wise product of vectors.

qn+(k—1)m ~ q" N
> fwat < > Fwl.
ueZy ueZy
u#0" u#0"

u is matched by M
|[lu®e;||1=0 mod ¢ Vi€[m)|

One key observation here is that the above bound is independent of zy and therefore holds even if
we take the maximum of the left hand side over all zg € Zékil)m. We thus get, for every M and c:

n

(k—1)m _ B q .

max |q Pr [Acx = —29 1’ < Flu

zocz{E—Dm x~Unif(B)[ ¢ ) |B| UZZ:Q |f(u)]
u#£0"

u is contained in M
[lu®e;||1=0 mod ¢ Vi€[m)]

12Recall that supp(u) = {i|u; # 0} and supp(M) is the subset of [n] consisting of vertices that are incident to some
hyperedge in the matching M.
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Finally, let us take the expectation of the above quantity over the randomness of M and c.

_ q" —~
E ma (k=1m  pr  [Ax=—2z9] — 1| < E u
M,c LOEZSI’“XUT” q xNUnif(B)[ c 0] = e ‘B’ ugn ‘f( )‘
u;«éogl

u is contained in M
[lu®e;||1=0 mod ¢ Vie[m)]

Next, we partition the summation according to the £y-norm of the Fourier coefficients.

n n
q ~
<Y g | T |Fw)]
i e | |B] uezn
lallo=h

u is contained in M
L [[lu®e;||1=0 mod ¢ Vie[m]

Observe that the event |[u® e;]|; =0 (mod ¢) implies that either |[u® e;|lo =0 or |[u® e;|lo > 2
holds. Hence, the above summation can be replaced with a summation beginning at h = 2, and
the equation becomes

n n
q 7 q 7
< E Bl Z | f(ua) Z (h, k,m,n) B Z | f(a)]
2 2 |ia 2 Bl 2,
[lullo=h [ullo=h

u is contained
[[lu®e;|lo=0 or Hu®e1||0>2 Vie[m]

When B is (C, s)-bounded, we can further upper bound the above quantity as follows.
< Zp(ha ka m, n) : UC,S(h) < 527
h=2

where the last inequality is due to Lemma 6.15. Thus, when x ~ Unif(B) and U ~ Unif(Z, zik~ 1)Om),
we have

E max  |¢# ™ Pr o [Aex = —zo] — 1' < 42
M,c zergk_l)m x~Unif(B)
By Markov’s inequality, we have
max |¢F D™ Pr [Aex = —zo] — 1‘ <9
zocz{E—Dm x~Unif(B)

with probability at least 1 — . This yields the main part of the lemma. The consequences follow
directly from the main part (since pointwise bounds on the distance between distributions imply
total variation distance as well as expectation of a non-negative weight).

This completes the proof of Lemma 5.19. O
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6.5 Proof of the “induction step” lemma

The goal of this section is to prove the “induction step” lemma. By Markov’s inequality, it suffices
to prove the following lemma which is the expectation version of Lemma 5.20. We first show
how Lemma 6.18 implies Lemma 5.20 and then focus on proving the former in the rest of this
subsection.

Lemma 6.18 (Induction step in expectation). For every q,k € N there exist ag > 0 and Cy > 0
such that for every C > Cy, there exist 79 € (0,1) and C"” > 0 such that the following holds: For
every n,m, s,h € N satisfying m < apn and 0 < s <7on and 1 <h < s, and every B C Zg that is
(C, s)-strongly-bounded we have:

n

—

1 1p(u < Wen s(h),
Zn|B|‘ B( % Hﬁx Z |B| p(0) < Wen s(h)
uczy u'ezy

[ut+u’lo=h

where the expectation is taken over a uniform random k-hypermatching M on m hyperedges, and
the maximum is taken over all B' that are (M, Cy, s)-reduced.

We first restate and prove Lemma 5.20 using Lemma 6.18.

Lemma 5.20 (Induction step). For every q,k € N there ezist ag > 0 and Cy < oo such that for
every C > Cp, and 6 € (0,1/2), there exist 19 = 70(q,k,9,C) € (0,1) and C' = C'(¢,k,0,C) > 0
such that the following holds. For every n,b,b',s,m € N, satisfying m < agn, 0 < b,b',s < Ton and
every (C,s)-bounded set B C Zy satisfying |B| > q"°, we have that with probability at least 1 — 45
over a uniformly random k-hypermatching M of size m and every (M, Cy, s)-reduced set B’ C Ly

satisfying |B') > ¢"~Y and |BNB'| > (1-0)-|B|-|B'|/q" > ¢"~*, we have BNB' is (C", s)-bounded.

Proof of Lemma 5.20. Let ap, Cy be as in Lemma 6.18. Given C and 4, let C” and 7y be the
constants given by Lemma 6.18. Let C’ be the constant from Lemma 6.5 for C = C”/§? and
o = 79. We prove our lemma with these choices of parameters.

For every matching M, fix a set B’ = B'(M) that is (M, Cy, s)-reduced and satisfies |B’| > ¢"*'
and |[BNB'| > (1-6)-|B|-|B’|/¢™ > ¢"°. We prove the lemma for every such fixing. (In particular
B’ below is short for B'(M).)

Fix s < 1gn. For every h € {1,..., s}, by the convolution theorem (see Lemma 2.8) for Fourier
coefficients, we have

3 _a
BN DB

— q"
1BmB/(V)‘: Z |BﬂB/ Z ]-B ]_B/(V—U)

VGZZIL EZ”
Ivllo=h IIVHO h
q" = P
< Y Y G| [Tev - )
vgz:” |BﬂB/‘ ugz:g
Ivllo=h
qn
: o [
523 2 BnD]
||u'+11H0 h
|B| |B'| ‘ q" |,
= _— 1 7
|BﬂB”Z |B| Z |B’| B(u)
u'ezZy
[lutu’[o=h
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n

1 q

S -
| Bl

Tp(uw)| P> BT

[utu’fo=h

1-94
uez

n
q

where the first inequality above is from the triangle inequality and the second from the assumption
in the lemma statement on the cardinality of B N B’.
For h € [s], let F'(h) denote the event that the random matching M is such that

. E a ‘i\(u)‘ g a
1-94 |B| b |B/|
ueZy u'ezy

[[lu+u’|lo=h

1
oh

1p(0)] >

Wen s(h) = Wen g2 5(h).

Further, for h € (s, on|, let F'(h) denote the event that the random matching M is such that

b g a ‘lf\(u)‘ g a
1-9¢ |B’ i |B/|
uczy u'ezy

[utu’[o=h

—

1
1B:(u') -

5h

>

. WC”,h(h) = WC”/(SQ,h(h)‘ (619)

Let F' = Upg[ryn F'(h) be the union of these events. Note that if F' does not hold, then, for
every s’ € [s,7on], BN B is (C" /2, s")-weakly-bounded, and so, by Lemma 6.5, BN B’ is (C’, s)-
strongly-bounded as desired. So we turn to bounding the probability of F.

For h € [s], an application of Markov’s inequality to Lemma 6.18 yields that

peF) < — Wers®) _ Wors(h) &

(1=0) Wensz o(h) (1 =08)- 5zWewg(h) — 16

For h € (s,mon|, we first note that since B is (C, s)-bounded then it is also (C, h)-bounded (by
Item (2) of Lemma 6.4). Similarly we also have that B" is (M, Cy, h)-reduced. This allows us to
invoke Lemma 6.18 with Sremma 6.18 = h and then proceed as in the case above. Specifically for
this choice of Sremma 6.18 We get by Lemma 6.18 that the expected value of the LHS of Eq. (6.19)
is at most Wew 5, (h)/(1 —6). Now an application of Markov’s inequality yields:

WC//’h(h) o WC”,h(h) < 5h

PriF] < (L=0) Wensan(h) — (1=6) iWenp(h) ~ 10

We thus get Pr[F] < > ycp, Fi(R) < 15 >, 6" < 45 where the final step uses the fact that
d < 1/2. We conclude that with probability at least 1 — 49 over the randomness of M, the event F
does not hold and BN B’ is (C’, s)-bounded. O

Now we turn to proving Lemma 6.18. The proof involves three steps. In the first step we
partition the inner sum over u’ based on a combinatorial structure that allows us to say how much
the expected contribution of u’ would be, based on a few parameters. In the second step we give
bounds on these expected contributions in different cases and analyze the probability of each case.
In the final step we then combine these different bounds to prove the lemma.

Step 1: Partitioning the inner sum via a combinatorial structure. We start by defining
the following combinatorial quantity, based on intersection properties of a random k-hypermatching.
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Definition 6.20. Let n,q,k,u € N and o € (0,1/k). Let u € (Z,\{0})" x 0"~ be a vector that
is non-zero on exactly the first u coordinates. For a k-hypermatching M of size m, let Ky(M) :=
{i € [m]|(u,e;) Z0 (mod q)} be the set of edges with “odd intersection” (formally non-zero inner
product mod q) with u. Let Ew(M) :={j € [n] | u; #0,3i ¢ Ku(M), j € e;} denote the set
of wvertices in the support of u that are in “even” edges.'® Finally, let Ou(M) = {j € [n] | u; #
0,3i € Ku(M), j € e;} be the vertices in the support of u from odd edges. For o,n,k € N, we
define

Ppolnomm)i= x| Prl|Ku(M)] = B =0 0u(0) =0 (620
where M is a uniformly random k-hypermatching of size an. (In other words pq« is the mazimum
probability of a vector u of support size u having k odd edges, 11 even vertices and o odd vertices
when the matching M is drawn at random.)

Fig. 4 illustrates some of the parameters in the definition above. We remark that py (- - - ) should
not be confused with the function p(-- - ) defined in Definition 6.13, which is a similar combinatorial
quantity but not the same.

Note that as each edge in Ky (M) contributes at least one element to Oy (M), we have o > k.

1@
(]

[ ]
®

[ ]
(]
(]

1€ Ky (M) 2€K,M) 3€Ky (M) 4&K M) 5€K M)

q=3;k=5m=5u=1Lk=3;n=2,0= U e— J

Figure 4: A graphical intuition for the parameters appeared in Definition 6.20.

We now show how to bound a certain expected value of the sum of Fourier coefficients of a fixed
“level” from above in terms of the combinatorial quantity defined in Definition 6.20.

Lemma 6.22. Let n,q,k,u € N, a € (0,1/k), 0 < s < n, and C > 0. For every u € Zy with
u = |supp(u)| and h € [s], we have

q" /
E max — (ua
M B'CZ} Zn | B'| (u)
B’ is (M, C, s)-reduced weZy
' lo—h
> Pga(n,u,0m,5) - (h+1)- ¢ - Ugs(h+o0+n— (u+r)),

07’,77H

where the summation is taken over 0 < o,m, k < n satisfying conditions (1) u>n+o, (2) k <o <
k-kand (3) h+n+o0—(u+ k) >0.

13Informally we refer to edges as “even” (or “odd”) which would be the right terminology if ¢ = 2. For ¢ # 2 these
words are formalized as having zero (or non-zero) inner product with u.
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Proof. As suggested by the right hand side, we consider the various possibilities for o,7n, x and
bound the left hand side conditioned on the event in Eq. (6.21), i.e., |Ky(M)| = &, |Ew(M)| = n,
and |Ou(M)| = o.

Let u = |supp(u)|. Consider a fixed matching M = {e1, ..., e, } withm = an and |Ky(M)| = &,
|[Ew(M)| = n, and |Ou(M)| = o (see the relevant definitions in Definition 6.20). Given M, let
A = supp(u) \ (Eu(M) U Ou(M)) be the set of unmatched vertices of supp(u). Furthermore, let
a = |A|, so that a = u — (n + 0). For ease of notation, we drop the dependence on u and M and
simply write E = Ey(M) and O = Oy(M). We also abuse notation and often use M to denote the
subset of [n] given by Ujcjei- (The distinction is hopefully clear from context.)

Note that since |A| > 0 we must have v — (74 0) > 0 for such a matching to exist. This shows it
suffices to restrict the summation to triples (o, 7, k) satisfying condition (1). Note further that each
edge in Ky (M) contributes at least one vertex, and at most k vertices, to O and so k <o <k -k
establishing the sufficiency of summing over triples satisfying condition (2). We now proceed to
proving the rest of the lemma (and will prove sufficiency of condition (3) along the way).

Let B’ C Zq be an (M, C, s)-reduced set. We give an upper bound on

n

q T
,Z @ 1p/(u’)
u EZZL
lutu’[o=h

in terms of the parameters o, 7, k, which will suffice to establish the lemma. We start by establishing
some conditions that are necessary to get 1/]\3(11/ ) # 0.

We start with some more notation: For a set S C [n], we define the restriction of u with respect
to S to be the vector u|s € Zy where (u|s); = u; if j € 5; otherwise (u|s); = 0. We define the
closure of S (with respect to the matching M) to be the set S = Ugicim)|sne,20y€is 1-., S takes all
the vertices that are contained in edges that touch S. (We only apply the notion of the closure to
sets S C M.)

Claim 6.23. For every u there exists a vector u such that for every vector u' € Ly satisfying
lu+u'lo = h, we have 15/(u') # 0 only if there exists z = z(0) € 77 with supp(z) € O and
7 =7(0) € [k, h — a] such that |0’ + (z+0)||o =h —a— 7. In particular, K < h — a.

Before proving the claim we note that the claim establishes that for there to exist u’ such that
lu+d]lo = h and 1 /(') # 0 we must have h — a — k > 0. Combining with a = u — 7 — o,
this allows us to restrict the summation in the RHS of Lemma 6.22 to triples (0,7, ) satisfying
h+n+4+o0o—(u+kK)=h—a—k >0, thereby establishing the sufficiency of condition (3).

We now prove the claim.

Proof. We prove the claim for @ := u,)\ 4. Note that for every vector v and set S C [n] we can
write v = v|s + V[ g, and we also have |[v|o = [[v[s|lo + [[vjupsllo. We use this to decompose
u=uls+u

Now consider u’ € Zy such that 15 (u') # 0 and ||u+u'||o = h. First, as B is (M, C, s)-reduced,
by Lemma 6.1 we have supp(u’) € M. Again we write u’ = u'[4 + u/|j;j\4. Since AN M = we
must have u'[4 = 0. Thus we get that @ + u’ = u|j,;\ 4 + u'|j, 4 and so

18+ wllo = [uljupa + 0l allo = u+wllo — [ula +wlallo = b —a.

where the final equality uses ||u]4 + u'|4llo = ||u|al|o which equals a since A C supp(u).
We show now that for z := —(t+u’)|5 and 7 := [|a|5+u'[5]|o, we have |(G+z)+u'|o = h—a—T.
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Note that the definition of z is such that we have (@ + z 4 u’)|5 = 0. This ensures
I(@+2) +u'llo = ||| ,p\5 + Wlpsllo = la+ulo— oz +u5lo=h—a-7.
Finally, we would like to bound the range of possible values for 7. For the upper bound, we have
7= |alg+ulglo < [[u+u'llo=h—a.

For the lower bound we for claim that |ule, + u'l¢,||o > 1 for every edge e; with i € K. This is
so since (u, e;) # 0 (definition of K) and (1, ¢;) = 0 (since 1 (u') # 0), and together they imply
(u+u',e;) # 0 which can only happen if (u+ u')|,, # 0, which in turn implies |Jul., + u'|¢,|lo =
I+ ) flo > 1.

From the above claim it follows that

15+ Wlgllo = lulg+Wigllo = > ule, + Wlello > D> 1=r
iceK icK
This concludes the proof of the claim. O

We now return to analyzing the summation in the LHS of the lemma statement. Let u be as
given by Claim 6.23. We have:

n

1p(u

1 (w)]

h—a
q"
PO =>. > >
UIGZ;L T=K ZEZZ’ UIEZZ;
[[lu+u'ljo=h supp(z)CO z(u')=z,7(0)=7
| [(z+@)+u’[o=h—a—

(Using Claim 6.23)

T

h—a qn
Sy | bmw
T=K €L wezr

supp(z)CO |[|(z+a)+u’||o=h—a—7

h—a
<> > Upsth—a-r)

T=K  z€ZLy
supp(z)CO

(Using the (C, s)-reducedness of B’ with respect to the vector v :=  + z)
h—a

< qum -Ucs(h—a—1)

(Using [O] = k to get {z] supp(z) C O} < ¢**)
h—a
< qum Ucs(h—a—k)

(Using monotonicity of Uc s(h) when h € [s] by Lemma 6.4)
=(h—a—k+1)-¢" Ucs(h—a— k)
<(h41)-¢™ - Ucs(h+n+0— (u+r)).

This proves the lemma. O
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Step 2: Useful inequalities about the boundedness parameters and the combinatorial
structure. In order to quantify the upper bound in Lemma 6.22, we need to obtain an upper
bound for the combinatorial quantity pg «(n,u, 0,1, k).

Lemma 6.24. For every ¢,k € N there exists a constant C' such that for every o € (0,1/k] and
every n,u, k,0,m € N we have:

Paa(n,u,0,1,8) < aOPVEC (nfr)" - (ufy/am)" - (u/n)°.

Proof. We prove the lemma for C' = 2qe*k. We start by establishing some (significant amount

of) notation for the proof. The proof consists of two steps: (i) upper bounding pg(---) by
ZZ/ 2?7 I (u,d,0,n,k)/() where Ny(---) is a certain well-defined combinatorial quantity and (ii)
upper boundlng Ng(--+).

Step (i) of the proof for Lemma 6.24. For u = (uy,...,u,) € Zy, let supp(u) C [n] denote
the subset of non-zero coordinates of u. Further, for i € Z,, let supp;(u) denote the subset

{j € [n] | u; =i}. Now given non-negative integers ui,...,uq—1 and v = ug + -+ + ug_1, let
Sup,ugr = {u € Zy | |supp;(u)| = u; Vi € [q — 1]} and let S, = {u € Zy | |supp(u)| = u}.
Given a vector u € Zj and hypermatching M containing m = an hyperedges e, ..., e, where

each e; is viewed as a subset of [n] of size k, we define four associated sets below. Let:
o K={ic[m]|(ue)#0 (modg)},
e O={jecsupp(u)|Jie€K,jce},
e FE={jesupp(u)|Fie[ml\K,jeEe}, and
e D={i€[m]: Ene; #0}.

Note that pgo(---) bounds the maximum over u with |supp(u)| = u of the probability, over
a random hypermatching M, that |K| = &, |O] = 0 and |E| = 1. By symmetry however we can
fix the matching M and consider the maximum, over uq,...,uq—1 s.t. ug +--- 4 uq—1 = u, of the

probability that |K| = &, |O| = 0 and |E| = 7, when u is chosen uniformly from S, . In

notation, we have

q—1"

n,U,0,N,K) = max Pr E(u,0,m, Kk

Pralnwon )= omax { P (o >]}

where £(u, 0,7, k) is the event that |K| = &, |O| = o, and |E| = 7. Now let £;(u, 0,7, k) denote the
event that |K| =k, |O| =0, |[E| =n, and |D| = d. Note that each hyperedge in D contributes at
least two elements to F (since (u,e;) =0 (mod q) for ¢ € D). Hence, d < n/2. Moreover, as each
edge in D can contribute at most k elements to F, we also have d > n/k. Thus we get:

n/2
n,u,0,n,K) = max Pr Eq(u,0,n, K
pq,a( , U, 0, 1], ) (Ut semttg 1 |1 g1 =1} Z uesu,. .. uq71[ d( , 0, 1], )]
d=n/k
n/2
< max Pr Eq(u,0,m, K .
dg’];k ({ul,...,uq1|u1+~--+uq1:u} {UGSul ,,,,, ”qfl[ ( 77 )]}>
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Define T ((u1,...,uq-1),d,0,1,K) to be the set {ug € Su, . u,, | K| = &,|0| = 0,|E| =
n,|D| = d}, let Ty(u,d,0,m,6) = Uguy.ug i fur+tug_1=u} T T (U1, -+ - ug-1), d, 0,m, k). Intuitively,
T, is the set that contains all the possible ug in the event £; while Tt forms a partition for Tj,. For
every ui,...,uq—1 we have

Pr  [Ey(u,0,m,K)] = > Pr  [u=ug

a1 UOET+((U1,...,Uq_l),d,o,ﬁ,ﬁ)

The final probability above Pryes,, [u = ug] is upper bounded by 1/(?). (u is chosen by

,,,,, Ug—1
picking disjoint sets Uy, ..., U;—1 uniformly subject to |U;| = u;. The event u = ug holds iff U; =
supp;(ug) which in turn happens only if U;U; = supp(ug) which in turn happens with probability

1/(1).) Finally let Ny(u,d, 0,1, k) = |T,(u,d, 0,1, x)|. We thus have

n/2
pq7a(n7u? 0,1, K“) < Z ({u max { Pr [gd(u 0,1, K )]})

A=k Sug—1|urtFug_1=u} | UESy,,...,

n/2

< Z fun, max

UL yeeny,Ug—1 UL+ FUG—1=U
d=n/k athattuam =l | e (ul, 1) diom k)

/2

< ({ |max }{’T+ ULy .-, Ug— 1) d707777’%>"3z)}>

ot \ (et tug1=u u

n/2 1
< a Ny(u,d, , e
B (o cafriesenn )
/2

-y Niwdonr) (6.25)

A )

Thus to upper bound pg (- --) it suffices to upper bound Ny(---).

Step (ii) of the proof for Lemma 6.24. A vector u € Ty(u,d,0,m, k) can be specified by
specifying the sets O, F, supp(u) — (O U E), and then by specifying us,pp(u) i-, the restriction of
u to supp(u). There are (¢ —1)* choices of u|gpp(w)- S0 we turn to counting the number of possible
O’s and E’s. O may be specified by first specifying K and then selecting O from U;cge;. (There
are further restrictions on the choices of O which we will ignore to get an upper bound.) There
are (7:”) choices of K and at most (k:) choices of O given K. Similarly for £ we have at most
(") choices of D and then at most (lzd) choices of E given D. Finally, there are at most (3:51’?7)
choices of supp(u) \ (O U E), since they must be a set of u — 0 — 7 vertices outside the m edges of
our hypermatching. Putting all this together we get the following upper bound on Ng(---):

an) (an)\ (kk\ (kd\ (n(1 — ak)
N, < —1)“
oltnd: 0,1 7) < <H><d><0><n><u—o—n)(q )
Using the bounds (%)b < (Z) < (%)b, we have that

u,d, 0,1,k ean\rk rean ekr\° (e T (n(1 — ak))¥—°~ w [UNY
= Ei”) - )S( K ) ( d )d<ﬁ> <f7d> ( (Su—okz)n)! n(q_l) (ﬁ)

u
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uu

d K+d k+d+o+n.o+n/,, _ 1\u f © g K _ u—o—mn
(u—o0—n)! (a ‘ FMa =) (0) <n> (1= ka) )

Recall from Lemma 6.22 and step (i) of the proof that x < o, 2d < n, and 0 +n < u. Hence, we
have that 0 < x/0,d/n < 1 and e"TdHotngotn(g — 1)* < 2. ((¢ — 1)k)" < (ge®k)*. Moreover,

< n’ﬂ—d_n_oﬁ_ﬁd_

=01
<e¥
(u—o—mn!~
Therefore, letting Cj, = ge3k, we have
Nq(lh El;)()’n’ H) < Cu K+d | “+d_n_oﬁ_“d_du0+ﬂ _ (%)d . C]?O/{ L pRTN0 =Ry 0+
u

Hence, by (6.25), we have that for C' = 2C}, = 2¢e3k,

n/2
an\d
Paaln,u, 0,1, k) < Cal - n 170~y 0t Y (7)

d=n/k
n /2 n\d
< Cu Kkt . pK—N—0,.—K, 0+n <7)
< Cia n K" Z y
d=n/k
nto n(2n n/
< Cpa'® - pf Oy 0T 5 <> (Using 0 < k - k from Lemma 6.22)
n

SOt (/) (uf )" (ufn)”,

where the second-to-last inequality follows from the fact that n/d > e and z1/* is a decreasing
function of x on x € (e,00). This completes the proof of Lemma 6.24. O

<«

Finally, we prove an additional inequality about the boundedness parameters. This will simplify
the final proof of Lemma 6.18.

Lemma 6.26. For every q,k € N, there exists ag € (0,1/k) so that the following holds. For
every C1,Co > 0 there exists eg > 0 and C3 > 0 such that for every a € (0,ap), € € (0,&0) and
s,n,u, hy,n, 0,k € N with s =en < egyn and h € [s] and u € [n], we have

UCLS(U) 'pq,a(n7u7 0,1, H) “h- qlm ’ UC27S<h +n+o-— (u + H)) < 4_u_2W03,8(h)7
for every 0 < o,n,k < n satisfying (1) u>n-+o, (2) k<o<k-k and (3) h+n+o—(u+r) > 0.

Proof. Given g and k, let C' be the constant from Lemma 6.24. Let Cy = v/2-4e-q-C - ¢*, and let
ap = 1/(e2Cy)*. Now given C1, Cy, let Cy = 4-1/C1-C-¢*, C5 = maX{1,2\/C2,202} and Cg = eCs

(where e is the base of the natural logarithm). Now let g = min {ﬁ, W’ (e _2/04)16} and

Cs = max{(16e3C4Cs)?, (1606/81/4) (32Cs /al/k) ,256C2, (1606/a(1)/k) }. We prove the lemma
for this choice of ag, €9 and Cs. Note in particular that this choice of o depends only on ¢ and k
but not on C7 and Cy (as required).

Let ¥ = h+mn+ o0 — (u+ k). By the conditions (1) and (3) in the lemma statement we have
0<h <h.

We divide the analysis into five cases depending on the choice of u. (The cases differ first
because U, s(u) differs in behavior depending on whether u < s or not. Further differences arise
in the analysis depending on the relationship between u and h, as also how close w is to s.) The five
cases are: (1)1 <u<h,(2)h<u<s,(3)s<u<16s, (4) 16s < u < y/en, and (5) /en < u < n.
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Case 1: 1 <wu < h: Expanding the definition of U¢, s(u), Uc, s(h'), Wy s(h) and invoking the
upper bound on pyo(n,u, 0,7, k) from Lemma 6.24, we have that it suffices to prove that:

(G2 ((m) a2y ) (@l DR C () (/) ) ) (57 sm /™)) - g
< 4u?, Ch/2 (sn/RMA = 472 U, L (R), (6.27)

We multiply the LHS above by 4“t2(h?/sn)"* and show it is upper bounded by C’h/ 2

Ly := 16(16Cy) "/ (sn/u?)/* - Ot DIEC™ (n /)" (w) /i) (u/n)® - CE 2 (sn /W)W 14 1 g% - (B2 (sn))M*
< 16CLCE - (sn/u?)"* - (n/k)" - (u/y/am)" - (ufn)° - (sn /W) (02 ] (sn)"*
(Usinga <ag <1, <h h<2' k<o<u, Cy >4/C-C-q¢* C5>2C5)
< 16CYCE - (sn/u?)"/* - (nf )" - (u//am)" - (u/n)” - (sn/h?) ==/
(Using (h/W)"/? < e and Cg > eCs )
= 16C{Cg - (sn/u?)"* - (n/k)" - (u/ Jan)" - (ufn)° - (sn/h?)~(rr=CrroD/s
= 16C{Cg - (h* [u)"/* - (W*n® [ (sih)™/* - (su® /(P 2) " - (su /nh?)°/
= 16C{CE - (h* /u*)"/* - (W*n? /(er )" - (eu /(P R?)) " - (eu® [ (n*R%))7/*
=: 5.
Thus far we have not used u < h. (We have only used u < s and this was to establish our goal
as Eq. (6.27).) We now use u < h to analyze Si.

St = 16CYCY - (W /u?)"* - (h*n?/(er))*/ - (eu /(P W%)" - (eu [ (n??)) o/
= 160UCH - e(—RFO/A L (12 2y L (22 MR/ () (2R2))MA L (u ) (n2h2))°/t
(Collecting ¢ terms)
L6CYCy - (W fu?)* - (WPn® (k) - (u (P R2)) " - (u* ) (n®B?))°
(Usingn > 0,0> kK and € < 1)
16(eCa)"Cg - (h/u)"/? - (hn/(u?))*"2 - (u/h)V? - (u? [ (nh))*/?
(Using (u/k)" < e* and (u/n)" < e*)
16(e*Ca)"Cg - (h/u)"/? - (u/h)"? - (u? [ (nh)) ="/
16(e*C1)"Cg - (h/u)"? - (u/h)"? - (u/h)©~"/2
(Using u < n and 0 > k)
16(e2Cy) Ol - (hu)@=n=o+m)/2
16(e2C4Cs)" - (hju) @ 170t%)/2  (Using u < h and €2Cy > Cy > 1)
16(e2C4Cs)" - (h/u)"/?
(Using h > w and u > v — o+ k — 1 since 0 > K and 1 > 0)
16(e2CyCg)" - e
(Using (h/u)*/? < eh/? < eh)

C3)"/?  (Using C5 > (16eC4C6)?)

IN IN

| IA

IN VANVA

IN

(256
< CM?  (Using h > 1).

This yields Eq. (6.27) in the range u € [h].
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Case 2: h < u < s: Here again our goal is to prove Eq. (6.27) and we still have L; < S;. We
proceed as follows:

Si = 16CYCE - (R /u2)h - (W22 (e )/ (eud [(PH)) - (e /(2
< 160uch (u—h)/4 (h2/u )u/4 (h2n2/(ﬂ4))n/4 . (u4/(n2h2))n/4 . (u4/(n2h2))°/4
(Collecting ¢ terms and using n+0— Kk > u—h)

< 16CECES T (B2 fuR) - (W22 ) (k1) () (Ph2) M- () (n2h2)) o/t
(Using € < &g and h < u)

< 16(e%ey Ca)"(Co /e ) - (hfu)™? - (/)2 - (u/R)"? - (u? [ (nh))*/?
(Using (u/k)" < e* and (u/n)" < e")

= 16(c%ey ' Ca)"(Co /et ") - (hju)™/? - (u/R)"? - (u?/(nh)) @)/

< 16(e2et/ ) (Co /et - (hju)™/? - (u/h)"? - (u/h)©~)/2
(Using u < n and 0 > k)

= 16(e%ey/ Ca)"(Co /2! ) - (hfu) w0t/

< 16(e Eé/ C1)"(Cs /51/4) (Since h<wandu—n—o+K>u—n—o02>0)

< 16(06/5(1)/ )h (USlng g0 < ﬁ)

< CM?*  (Using Cs > (16Cs/et/ )2, h > 1)

This concludes Eq. (6.27) in Case 2.

Case 3: s <u < 16s: The form for Ug, s(u) now changes and forces a change in our goal. Using

Ucy,s(u) < C;‘m(n/u)“/4 our new goal becomes:

(G2 ) (D5 ) ) ) (afm)?) (O3 s H2)MI2) - g
<472 Oy (sn /WM = 47 Uy (h), (6.28)

Again multiplying the LHS by 4%“*2(h2/sn)"* we get the quantity Lz below which we show to be
upper bounded by Cg /2 We have:

Ly = 16(16C1)"/(n/u)"/* - ol D/RC (/1) (u ) ) (u/)° - O3 (sn /W)W - g (2 (sm)) MV
= (u/s)"/*16(16C1) "/ (sn/u?)"/* - 2l HDECU (/) (u) Jam) (ufn)® - CF P (sn /W) g (02 (sn))" 4
— (ufs)"/'Ly
< 16%4L4
We now use the fact that the inequality L; < S in Case 1, did not use u < s. We thus conclude
Ly < 1644, < 164/48;. Similarly the inequality S; < 16(625(1)/46‘4)“(6‘6/55/4)h from Case 2 also
did not use u < s. So we get Lz < 16%/45; < 16%/*. 16(625(1)/404)“(06/5(1)/4)h which we simplify
below. We have:
Ls < 16%/4 . 16(e2et/*Cy)"(Co /e )"
= 16(2¢2/C)"(Cs Jet/ ™)
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< 16(Co/ey/")"  (Using 0 < rbiore)

< C’;?/Q (Using C3 > (16C6/€(1)/4)2, h>1).

This concludes Case 3.

Case 4: 16s < u < /en: Here again it suffices to prove Eq. (6.28) which is equivalent to proving
L3 < C’g/z. We have

Ls = 16(16C1)"/(un/u?)"/* - aloT /RO (0 /)" (u/ Jri) (u/n) - CF /* (sn /W) B g™ - (B ) (sm))"/4
= 16(16C1)"/(u/s)"/* (sn/u?)"/* - LoHD/RCU (n ) )" () /1) (/)" - Cy ' (sn/W2)F 14 - b g - (B2 ] (sn))P/*
16(16C1)"/2e~"/3 (snfu?)"/* -t D/ACH (n /)" (u) /i) (u/n)® - Cy (s /W24 - b= g - (12 ) (sm))"/4
(Using s = en and u < v/en yielding u/s < y/e/e = e~ 1/?)
< 16(Ca /M%) CE - (sn/u)"* - (n/w)* - (u//an)" - (u/n)® - (sn/B*)/*- (B2 ) (sn))"*
(Using @ <ap <1, <h, h<2' k<o<u, Cy >4/C;-C ¢~ Cs>max{1,20,,2\/C3})
< 16(Ca/e/¥) CE - (sn/u)" /- (n/k)" - (u//am)" - (u/n)° - (sn/h%)~("=P)/4
(Using (h/h)"/2 < €M) and Cg > eCs )
= 16(Ca/e"/®)"Cg - (sn/u®)/* - (n/r)* - (u/y/m)" - (u/n)® - (sn/h*)~(Frmlrre)/s
= 16(Ca /"3 Cf - (B2 Ju? )"/ (W20 [ (skh) "/ - (su® [ (n®B2) ™ - (su In®h?)
= 16(Ca/"/®)"CE - (B2 JuP)** - (WPn? [ (erh))™/* - (eu® /(P h2))"* - (eu [ (n*h?))°/*
— 160}50&1 . 6—u/8—n/4+'r]/4+0/4 . (h2/u2)u/4 X (h2n2/ﬁ4)n/4 . (u4/(n2h2))n/4 . (u4/(n2h2))°/4
(Collecting € terms)
<16CHCHe/S - (B2 JuP) - (W20 ()% - (ut /(D) - () (nP?))
(Usingn+o0—Kk>u—h)
<16CFCEe"10 - (B2 fu?) /" - (BP0 [ (k)" - (ut /(P h%))" - (u? /(n*h?)) o
(Using u > 16s > 16h in the form h < u/16 to conclude u/8 — h > u/16.)
<16CYCRey™® - (W2 fu?)/ - (W2n? /(1) (ut ) (P 2)M4 - () (n2h2))°/
(Using € < &9)
< 16(e%g " Ca)"Cy - (h/w)™? - (hn/ () - (/)" - (u? [ (n]))*/?
(Using (u/k)" < e* and (u/n)" < e")
= 16(e2ey 1°C) Ol - (hfu)@HE1=0/2 . (y /)02

IN

< 16(628(1)/1604)“@]} - (hu)(wrrmn=0)/2 (Using u < n)

< 16(625(1)/1604)1‘0(]} (Usingh<wandu+k—n—02>k>0)
< 16CH (Using g9 < (e72/Cy)10)

< 16(C3/%/16)" (Using C5 > 256C2)

< C’:};/Q (Using h > 1).

This establishes Eq. (6.28) in Case 4.
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Case 5: \/en < u < n: Here we use Ug, s(u) < (2¢%€*n/u)*/?. With this modification we need
to prove:

(24222 /u)/2) (@l k() (uf ) (u/m)° ) (C5 2 s/ /) b g
<472 O (s /YA = 472 Ug, o (h) (6.29)
Multiplying the LHS by 4%“*2(h?/sn)"* we get the term Ls defined below which we wish to upper
bound by C/?
Ls =16 - 4"(2¢%€2)"/2(n/u)"/2a @D/ C¥ (n k)" (u/ /i) (u/n)° - C2' /2 (sn /2P 4 b gF% - (B2 (sm))M/*
< 16CHCLl™ M (nfu)"2 - (n/k)" - (u//mm)" - (u/n)® - (sn/h2)" 1% (B2 [ (sn))"/*
(Using ' <h <2" k<wu, Co>+2-4e-q-C-¢~ C5>2/C3)
< 16CHCETTMIE - (nfu)"2 - (n/k)" - (u//mm)" - (u/n)® - (sn/h?)~=H)/4
(Using (h/hW)"/? < e and Cg > eCs )
= 16C5CE TN (nfu) - (n/k)" - (u/\/mm)" - (u/n)® - (sn/h?)~ e (rte)/s
= 16CHCRal™t Dk (nh?/(su®))"/* - (WPn® [ (sk%))"/* - (su [ (nn®h?))V* - (su? /nPh?)°/*
= 16CHCHatD/E (12 [(eu?)) /- (WPn? [ (ex®))™* - (eu /(1)) - (eu® /(n®h?))°/
= 16CHCalotm/b . glummtntol/d (n2 ()4 - (BPn? [ ()54 (u® [ (P B2) " (u [ (n®?))°/*
< 16(e?Cp)"Calotm/h . gCummtnto)/d (b juy /2 - (hn/(u?))"/2 - (u/h)"? - (u*/(nh))*/?
(Using (u/k)" < e* and (u/n)" < e*)
_ 16(6200)u0é1a(0+77)/k . e(-u—rtnto)/4 (h/ )u/2 . (u/h)n/Q . (u2/(nh))(o—m)/2
< 16(e2C)uCha ot/ . c(cumrtn o)A (/2 . (y [1)1/2 (1 ) ) (0=)/2
(Using u < n and 0 > k)
< 16(e2Cy)“Chau=M/k . (u=rtnto)/d  (p jyy(u=n-0+)/2

§|A

S

(Using a« <1land u—h <n+o)
< 16(62610)“05&6”7}1)/16 . g(Fu—rtn+o)/4 (h/u)(u—n—o—i-n)/Q
(Using o < ag and u — h > 0)
= 16(ag"e*Co)" (Co/a*)" (* (eu)) =04/
< 16(a €2 Co)"(Co /g )"
(Using h < s = en and u > \/en to conclude h?/(eu?) < 1. Also using u — 7 — o+ x > 0)
< 16(Cs/ay/™)"  (Using ag < 1/(€2Co)¥)
< 16(C3/%/16)"  (Using C5 > (16Cs/ap’*)?)
< C’h/2 (Using h > 1).

This concludes the analysis of Case 5 and proves the lemma. O

Step 3: Proof of Lemma 6.18. We are now ready to combine the ingredients from the previous
steps to prove Lemma 6.18.

Proof of Lemma 6.18. Let ag be the as given by Lemma 6.26. Let ¢y and C3 be the parameters
given by Lemma 6.26 for C1 = C and Cy = Cy. We prove the lemma for C” = C3 and 19 = .
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Let o < ag and m = an. For every s < ggn, we prove that the LHS in the lemma statement
is upper bounded by W, s(h) for every h € [s]. In the following, for every matching M of size m,
we fix a B’ = B'(M) that is (M, Cp, s)-reduced. (The inequalities hold for every such fixing.) We
have

—

qn o qn
1z(u ‘IE 1z (u
2 g Mg 2 )
ucz u'eZy
-t o=

L (u)

qn

Z_ . {7 [T El X
q
|SUPP(U)|_U [lutu’[lo=h

Z Z ]B| ’13 ’ Zp%a(n,u,o,n,/ﬁ).h.21~m.Ucoﬂs(h—i—o—}-n_(u_;_,ﬁ)) (6.30)

uEZ" o,1,K
Isupp(u)l u

ZZUCS panLUOTL ) h'2kﬁ'UCo,8(h+0+n_<u+H)) (631)
=0o0,m,k

i D AW o(h) (6.32)

u=0 0,1,k

IN

IN

IN

<) (wt1)P 4T W,
u=0
S WC3,S(h)7

where (6.30) follows from Lemma 6.22 and the fact that B’ is (M, Cp, s)-reduced, (6.31) follows
from the fact that B is (C, s)-bounded, and (6.32) follows from Lemma 6.26 for C3 as defined above.
This proves the lemma. O
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