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Abstract

We analyze the Fourier growth, i.e. the L Fourier weight at level k (denoted L; ),
of various well-studied classes of “structured” IFa-polynomials. This study is motivated
by applications in pseudorandomness, in particular recent results and conjectures due
to [CHHL19, CHLT19, CGL"20] which show that upper bounds on Fourier growth
(even at level k = 2) give unconditional pseudorandom generators.

Our main structural results on Fourier growth are as follows:

e We show that any symmetric degree-d Fa-polynomial p has L ;(p) < Prlp =
1] - O(d)*, and this is tight for any constant k. This quadratically strengthens an
earlier bound that was implicit in [RSV13].

e We show that any read-A degree-d Fa-polynomial p has Ly (p) < Prp = 1] -
(kAd)O®),

e We establish a composition theorem which gives L; j, bounds on disjoint composi-
tions of functions that are closed under restrictions and admit L; j bounds.

Finally, we apply the above structural results to obtain new unconditional pseudo-
random generators and new correlation bounds for various classes of Fo-polynomials.

ISSN 1433-8092



1 Introduction

1.1 Background: L; Fourier norms and Fourier growth

Over the past several decades, Fourier analysis of Boolean functions has emerged
as a fundamental tool of great utility across many different areas within theoretical
computer science and mathematics. Areas of application include (but are not limited to)
combinatorics, the theory of random graphs and statistical physics, social choice theory,
Gaussian geometry and the study of metric spaces, cryptography, learning theory,
property testing, and many branches of computational complexity such as hardness
of approximation, circuit complexity, and pseudorandomness. The excellent book of
O’Donnell [O’D14] provides a broad introduction. In this paper we follow the notation
of [0’D14], and for a Boolean-valued function f on n Boolean variables and .S C [n],
we write f(5) to denote the Fourier coefficient of f on S.

Given the wide range of different contexts within which the Fourier analysis of
Boolean functions has been pursued, it is not surprising that many different quantitative
parameters of Boolean functions have been analyzed in the literature. In this work we
are chiefly interested in the Ly Fourier norm at level k:

Definition 1 (L; Fourier norm at level k). The L; Fourier norm of a function
f{-1,1}" = {0,1} at level k is the quantity

Lig() = > 1FS)l.

SC[n]:|S|=k
For a function class F, we write Ly 1(F) to denote maxyer L1 1 (f).

As we explain below, strong motivation for studying the L; Fourier norm at level
k (even for specific small values of k such as k = 2) is given by exciting recent results
in unconditional pseudorandomness. More generally, the notion of Fourier growth is a
convenient way of capturing the L; Fourier norm at level k for every k:

Definition 2 (Fourier growth). A function class F C {f: {—1,1}" — {0,1}} has
Fourier growth Ly(a,b) if there exist constants a and b such that Ly x(F) < a - b* for
every k.

The notion of Fourier growth was explicitly introduced by Reingold, Steinke, and
Vadhan in [RSV13] for the purpose of constructing pseudorandom generators for space-
bounded computation (though we note that the Fourier growth of DNF formulas
was already analyzed in [Man95], motivated by applications in learning theory). In
recent years there has been a surge of research interest in understanding the Fourier
growth of different types of functions [Tall7, GSTW16, CHRT18, Leel9, GRZ20, Tal20,
SSW20, GRT21]. One strand of motivation for this study has come from the study
of quantum computing; in particular, bounds on the Fourier growth of AC® [Tall7]
were used in the breakthrough result of Raz and Tal [RT19] which gave an oracle
separation between the classes BQP and PH. More recently, in order to achieve
an optimal separation between quantum and randomized query complexity, several
researchers [Tal20, BS21, SSW20] have studied the Fourier growth of decision trees,
with the recent work of [SSW20] obtaining optimal bounds. Analyzing the Fourier
growth of other classes of functions has also led to separations between quantum and
classical computation in other settings [GRT21, GRZ20, GTW21].



Our chief interest in the current paper arises from a different line of work which has
established powerful applications of Fourier growth bounds in pseudorandomness. We
describe the relevant background, which motivates a new conjecture that we propose
on Fourier growth, in the next subsection.

1.2 Motivation for this work: Fourier growth, pseudoran-
domness, Fs-polynomials, and the [CHLT19] conjecture

Pseudorandom generators from Fourier growth bounds. Constructing
explicit, unconditional pseudorandom generators (PRGs) for various classes of Boolean
functions is an important goal in complexity theory. In the recent work [CHHL19],
Chattopadhyay, Hatami, Hosseini, and Lovett introduced a novel framework for the
design of such PRGs. Their approach provides an explicit pseudorandom generator for
any class of functions that is closed under restrictions and has bounded Fourier growth:

Theorem 3 (PRGs from Fourier growth: Theorem 23 of [CHHL19]). Let F be a family
of n-variable Boolean functions that is closed under restrictions and has Fourier growth
Li(a,b). Then there is an explicit pseudorandom generator that e-fools F with seed

length O(b?log(n/¢)(loglogn + log(a/e))).

Building on Theorem 3, in [CHLT19] Chattopadhyay, Hatami, Lovett, and Tal
showed that in fact it suffices to have a bound just on L; 2(F) in order to obtain an
efficient PRG for F:

Theorem 4 (PRGs from L; Fourier norm bounds at level k¥ = 2: Theorem 2.1 of
[CHLT19]). Let F be a family of n-variable Boolean functions that is closed under

restrictions and has Ly o(F) < t. Then there is an explicit pseudorandom generator
that e-fools F with seed length O((t/€)*t°(M) . polylog(n)).

Observe that while Theorem 4 requires a weaker structural result than Theorem 3 (a
bound only on Lj »(F) as opposed to Ly ,(F) for all k > 1), the resulting pseudorandom
generator is quantitatively weaker since it has seed length polynomial rather than
logarithmic in the error parameter 1/e. Even more recently, in [CGL"20] Chattopadhyay,
Gaitonde, Lee, Lovett, and Shetty further developed this framework by interpolating
between the two results described above. They showed that a bound on L17k1 for any
k > 3 suffices to give a PRG, with a seed length whose e-dependence scales with k:

Theorem 5 (PRGs from L; Fourier norm bounds up to level k for any k: Theorem 4.3
of [CGL'20]). Let F be a family of n-variable Boolean functions that is closed under
restrictions and has Ll,k(]:) < bk for some k > 3. Then there exists a pseudorandom

ek—2

b2+ﬁ -k-polylog(Z2)
generator that e-fools F with seed length O 5 < ].

F,-polynomials and the [CHLT19| conjecture. The works [CHHL19] and
[CHLT19] highlighted the challenge of proving L; , bounds for the class of bounded-degree
Fa-polynomials as being of special interest. Let

Poly,, 4 := the class of all n-variate Fa-polynomials of degree d.

Tn fact, they showed that a bound on the weaker quantity M (f) := maXze{—1,1}» |21k f(S)a:S|
suffices.



It follows from Theorem 4 that even proving

LLZ(POIyn,polylog(n)) < n®4 (1)

would give nontrivial PRGs for Fa-polynomials of polylog(n) degree, improving on
[BV10, Lov09, Vio09b]. By the classic connection (due to Razborov [Raz87]) between
such polynomials and the class ACO[EB] of constant-depth circuits with parity gates,
this would also give nontrivial PRGs, of seed length n'=¢, for AC°[@®]. This would be a
breakthrough improvement on existing results, which are poor either in terms of seed
length [FSUV13] or in terms of explicitness [CLW20].

The authors of [CHLT19] in fact conjectured the following bound, which is much
stronger than Equation (1):

Conjecture 6 ([CHLT19]). For all d > 1, it holds that L1 (Poly,, ;) = O(d?).

Extending the [CHLT19] conjecture. Given Conjecture 6, and in light of
Theorem 5, it is natural to speculate that an even stronger result than Conjecture 6
might hold. We consider the following natural generalization of the [CHLT19] conjecture,
extending it from L 2(Poly,, 4) to Ly (Poly,, 4):

Conjecture 7. For all d,k > 1, it holds that Ly x(Poly,, 4) = O(d)*.

We note that if p is the AND function on d bits, then an easy computation shows
that L; (p) = Prlp =1]- (g) Moreover, in Appendix A we provide a reduction showing
that this implies that the upper bound O(d)* in Conjecture 7 is best possible for any
constant k.

For positive results, the work [CHLT19] proved that L;1(Poly,, ;) < 4d, and already
in [CHHL19] it was shown that Ly (Poly, ;) < (27 k), but to the best of our
knowledge no other results towards Conjecture 6 or Conjecture 7 are known.

Given the apparent difficulty of resolving Conjecture 6 and Conjecture 7 in the
general forms stated above, it is natural to study Li2 and L;j bounds for specific
subclasses of degree-d Fo-polynomials. This study is the subject of our main structural
results, which we describe in the next subsection.

1.3 Our results: Fourier bounds for structured Fs-polynomials

Our main results show that L2 and L bounds of the flavor of Conjecture 6 and
Conjecture 7 indeed hold for several well-studied classes of Fs-polynomials, specifically
symmetric Fo-polynomials and read-A Fa-polynomials. We additionally prove a com-
position theorem that allows us to combine such polynomials (or, more generally, any
polynomials that satisfy certain L; ; bounds) in a natural way and obtain L; ; bounds
on the resulting combined polynomials.

Before describing our results in detail, we pause to briefly explain why (beyond the
fact that they are natural mathematical objects) such “highly structured” polynomials
are attractive targets of study given known results. It has been known for more than
ten years [BHL12, Lemma 2] that for any degree d < (1 — €)n, a random Fa-polynomial
of degree d (constructed by independently including each monomial of degree at most d
with probability 1/2) is extremely unlikely to have bias larger than exp(—n/d). It follows
that as long as d is not too large, a random degree-d polynomial p is overwhelmingly



likely to have L; x(p) = 0,(1), which is much smaller than d*. (To verify this, consider
the polynomials ps obtained by XORing p with the parity function ), g x;. Note that
the bias of pg is the Fourier coefficient of (—1)P on S. Now apply [BHL12, Lemma 2]
to each polynomial pg, and sum the terms.)

Since the conjectures hold true for random polynomials, it is natural to investigate
highly structured polynomials.

1.3.1 Symmetric Fs-polynomials

A symmetric Fo-polynomial over x1,...,x, is one whose output depends only on the
Hamming weight of its input x. Such a polynomial of degree d can be written in the

form
d

p(x) = ch Z H.m,

k=0  |S|=k,SC[n]i€S

where ¢, ...,cq € {0,1}. While symmetric polynomials may seem like simple objects,
their study can sometimes lead to unexpected discoveries; for example, a symmetric,
low-degree Fo-polynomial provided a counterexample to the “Inverse conjecture for the
Gowers norm” [LMS11, GT09].

We prove the following upper and lower bounds on the Ly Fourier norm at level k
for any symmetric polynomial:

Theorem 8. Let p(x1,...,x,) be a symmetric Fo-polynomial of degree d. Then
L1 x(p) < Pr[p=1]-O(d)* for every k.

Theorem 9. For every k, there is a symmetric Fo-polynomial p(x1,...,xy,) of degree

d = ©(VEn) such that Ly x(p) > (e7%/2) - (1) = (1) - d*.

Theorem 8 verifies the [CHLT19] conjecture (Conjecture 6), and even the generalized
version Conjecture 7, for the class of symmetric polynomials. Theorem 9 complements
it by showing that the upper bounds in Theorem 8 are tight for £ = O(1) when
d=0O(yn).

Theorem 8 also provides a quadratic sharpening of an earlier bound that was implicit
in [RSV13] (as well as providing the “correct” dependence on Pr[p = 1]). In [RSV13]
Reingold, Steinke and Vadhan showed that any function f computed by an oblivious,
read-once, regular branching program of width w has Ly ;(f) < (2w?)*. Tt follows
directly from a result of [BGL06] (Lemma 17 below) that any symmetric Fo-polynomial
p of degree d can be computed by an oblivious, read-once, regular branching program
of width at most 2d, and hence the [RSV13] result implies that L x(p) < 8*d?.

1.3.2 Read-A Fs-polynomials

For A > 1, a read-A Fo-polynomial is one in which each input variable appears in at most
A monomials. The case A =1 corresponds to the class of read-once polynomials, which
are simply sums of monomials over disjoint sets of variables; for example, the polynomial
r1T9+ r3xy is read-once whereas x1x2 +x124 is read-twice. Read-once polynomials have
been studied from the perspective of pseudorandomness [LV20, MRT19, Leel9, DHH20]
as they capture several difficulties in improving Nisan’s generators [Nis92] for width-4
read-once branching programs.



We show that the L Fourier norm of read-A polynomials is polynomial in d and
A:

Theorem 10. Let p(x1,...,2,) be a read-A polynomial of degree d. Then L j(p) <
Prlp = 1]- O(k)k - (dA)BF.

The work [Lee19] showed that read-once polynomials satisfy an Ly ; bound of O(d)*
and this is tight for every k, but we are not aware of previous bounds on even the L;
Fourier norm at level k = 2 for read-A polynomials, even for A = 2.

As any monomial with degree 2(logn) vanishes under a random restriction with
high probability, we have the following corollary which applies to polynomials of any
degree.

Corollary 11. Let p(x1,...,7,) be a read-A polynomial. Then Ly k(p) < O(k)% -
(Alogn)BF.

1.3.3 A composition theorem

The upper bounds of Theorem 8 and Theorem 10 both include a factor of Pr[p = 1].
(We observe that negating p, i.e. adding 1 to it, does not change its L; 2 or Ly ; and keeps
p symmetric (respectively, read-A) if it was originally symmetric (respectively, read-A),
and hence in the context of those theorems we can assume that this Pr[p = 1] factor is
at most 1/2.) Level-k bounds that include this factor have appeared in earlier works for
other classes of functions [OS07, BTW15, CHRT18, Tal20, GTW21], and have been
used to obtain high-level bounds for other classes of functions [CHRT18, Tal20, GTW21]
and to extend level-k bounds to more general classes of functions [Leel9]. Having these
Pr[p = 1] factors in Theorem 8 and Theorem 10 is important for us in the context of
our composition theorem, which we now describe. We begin by defining the notion of a
disjoint composition of functions:

Definition 12. Let F be a class of functions from {—1,1}" to {—1,1} and let G be
a class of functions from {—1,1}* to {—1,1}. Define the class H = F o G of disjoint
compositions of F and G to be the class of all functions from {—1,1}™ to {—1,1} of
the form

h(xl, ™) = f(gl(azl), ey gm(2™)),

where g1, ...,g9m € G are defined on m disjoint sets of variables and f € F.

As an example of this definition, the class of block-symmetric polynomials (i.e. poly-
nomials whose variables are divided into blocks and are symmetric within each block but
not overall) are a special case of disjoint compositions where G is taken to be the class
of symmetric polynomials. We remark that block-symmetric polynomials are known to
correlate better with parities than symmetric polynomials in certain settings [GKV17].

We prove a composition theorem for upper-bounding the L; Fourier norm at level k
of the disjoint composition of any classes of functions that are closed under restriction
and admit a Ly ; bound of the form Pr[f =1]-a - b*:

Theorem 13. Let g1,...,9m € G and let f € F, where F is closed under restrictions.
Suppose that for every 1 < k < K, we have
1. L1 x(f) < Pr[f = 1] - aou - bEy for every f € F, and

out



2. L1 x(g9) <Prlg=1]-aj - b for every g €G.
Then for every +1-valued function h € H = F o G, we have that
Ll,K(h) < Pr[h = 1] * Qout * (ainbinbout)K-

See Theorem 31 for a slightly sharper bound. We remark that Theorem 13 does not
assume any [Fo-polynomial structure for the functions in F or G and thus may be of
broader utility.

1.4 Applications of our results

Our structural results imply new pseudorandom generators and correlation bounds.

1.4.1 Pseudorandom generators

Combining our Fourier bounds with the polarizing framework, we obtain new PRGs for
read-few polynomials. The following theorem follows from applying Theorem 5 with
some k = ©(logn) and the L; j bound in Corollary 11.

Theorem 14. There is an explicit pseudorandom generator that e-fools read-A Fo-
polynomials with seed length poly(A,logn,log(1/e)).

For constant e, this improves on a PRG by Servedio and Tan [ST19a|, which has a

seed length of 20(vV108(Am) " (Note that read-A polynomials are also (An)-sparse.) We
are not aware of any previous PRG for read-2 polynomials with polylog(n) seed length.

Note that the OR function has L; Fourier norm O(1). By expressing a DNF in the
Fourier expansion of OR in its terms, it is not hard to see that the same PRG also fools
the class of read-A DNFs (and read-A CNF's similarly) [ST19b].

1.4.2 Correlation bounds

Exhibiting explicit Boolean functions that do not correlate with low-degree polynomials
is a fundamental challenge in complexity. Perhaps surprisingly, this challenge stands in
the way of progress on a striking variety of frontiers in complexity, including circuits,
rigidity, and multiparty communication complexity. For a survey of correlation bounds
and discussions of these connections we refer the reader to [Vio09a, Viol7, Vio21].
For polynomials of degree larger than log, n, the state-of-the-art remains the lower
bound proved by Razborov and Smolensky in the 1980s’ [Raz87, Smo87], showing that
for any degree-d polynomial p and an explicit function h (in fact, majority) we have:

Prip(z) = h(z)] < 1/24 O0(d/v/n).

Viola [Vio20] recently showed that upper bounds on Lj ;(F) imply correlation
bounds between F and an explicit function hy that is related to majority and is defined
as

hi(z) :== sgn( Z :BS> .

|S|=F
In particular, proving Conjecture 6 or related conjectures implies new correlation
bounds beating Razborov—Smolensky. The formal statement of the connection is given
by the following theorem.



Theorem 15 (Theorem 1 in [Vio20]). For every k € [n] and F C {f: {0,1}" —
{=1,1}}, there is a distribution Dy, on {0,1}" such that for any f € F,

k
Pr [(r) = hi(e)] < 5 + ——Las(F).
o 2 o2/()

For example, if k = 2 and we assume that the answer to Conjecture 6 is positive, then
the right-hand side above becomes 1/2 + O(d?/n), which is a quadratic improvement
over the bound by Razborov and Smolensky.

Therefore, Theorems 8 and 10 imply correlation bounds between these polynomials
and an explicit function that are better than O(d/+/n) given in [Raz87, Smo87]. We
note that via a connection in [Vio09b], existing PRGs for these polynomials already
imply strong correlation bounds between these polynomials and the class of NP. Our
results apply to more general classes via the composition theorem, where it is not clear
if previous techniques applied. For a concrete example, consider the composition of a
degree-(n®) symmetric polynomial with degree-(n®) read-(n®) polynomials. Theorem 13
shows that such polynomial has Lj o < nP@ . For a sufficiently small a = Q(1), we
again obtain correlation bounds improving on Razborov—-Smolensky.

1.5 Related work

We close this introduction by discussing a recent work of Girish, Tal and Wu [GTW21]
on parity decision trees that is related to our results.

Parity decision trees are a generalization of decision trees in which each node queries
a parity of some input bits rather than a single input bit. The class of depth-d parity
decision trees is a subclass of IFo degree-d polynomials, as such a parity decision tree
can be expressed as a sum of products of sums over Fy, where each product corresponds
to a path in the tree (and hence gives rise to Fa-monomials of degree at most d).
The Fourier spectrum of parity decision trees was first studied in [BTW15], which
obtained a level-1 bound of O(v/d). This bound was recently extended to higher levels
in [GTW21], showing that any depth-d parity decision tree T' over n variables has
Ly 1 (T) < d¥/? - O(klogn)”.

2 Our techniques

We now briefly explain the approaches used to prove our results. We note that each of
these results is obtained using very different ingredients, and hence the results can be
read independently of each other.

2.1 Symmetric polynomials (Theorems 8 and 9, Section 4)

The starting point of our proof is a result from [BGLO06], which says that degree-d
symmetric [Fo-polynomials only depend on the Hamming weight of their input modulo
m for some m (a power of two) which is ©(d), and the converse is also true. (See
Lemma 17 for the exact statement.) We now explain how to prove our upper and lower
bounds given this.



For the upper bound (Theorem 8), since p(z) takes the same value for all strings x
with the same weights £ mod m, to analyze L; (p) it suffices to analyze E[(—1)%1F %]
conditioned on z having Hamming weight exactly £ mod m.

We bound this conditional expectation by considering separately two cases depending
on whether or not k < n/m?. For the case that k < n/m?, we use a (slight sharpening
of a) result from [BHLV19], which gives a bound of m*e~?(/m*) In the other case,
that k > n/m?, in Lemma 19 we prove a bound of O(km/n)*. This is established via a
careful argument that gives a new bound on the Kravchuk polynomial in certain ranges
(see Claim 22), extending and sharpening similar bounds that were recently established
in [CPT20] (the bounds of [CPT20] would not suffice for our purposes).

In each of the above two cases, summing over all the (Z) coefficients gives the desired
bound of O(m)* = O(d)*.

For the lower bound (Theorem 9), we first consider the symmetric function hy(x) :=
sgn(zlslzk(—l)zz'esxi). (Note that hj is the majority function.) As hj has degree k, it

follows from a consequence of the hypercontractive inequality that L; (hy) > ek (Z) 12,
We define our polynomial p so that on inputs  whose Hamming weight |x| is within
m = ©(vVkn) from n/2, it agrees with hy, and on other inputs its value is defined such
that p only depends on |z| mod 2m. By the converse of [BGLO06], p can be computed
by a symmetric polynomial of degree less than 2m. Our lower bound then follows from

Lip(f) < (Z) V2 for any Boolean function f, and that by our choice of m, the two

—Q(k)

functions p and hy disagree on e fraction of the inputs.

2.2 Read-A polynomials (Theorem 10, Section 5)

~

Writing f := (—1)P for an Fy-polynomial p, we observe that the coefficient f(.5) is
simply the bias of ps(z) := p(x)+> ;. g xi. Our high-level approach is to decompose the
read-few polynomial pg into many disjoint components, then show that each component
has small bias. Since the components are disjoint, the product of these biases gives an
upper bound on the bias of pg.

In more detail, we first partition the variables according to the minimum degree t; of
the monomials containing each variable ;. Then we start decomposing pg by collecting
all the monomials in p containing x; to form the polynomial p;. We observe that the
larger t; is, the more likely p; is to vanish on a random input, and therefore the closer
pi + x; is to being unbiased. For most S, we can pick many such p;’s (i € S) from p so
that they are disjoint. For the remaining polynomial r, because A and d are small, we
can further decompose r into many disjoint polynomials r;. Finally, our upper bound
on |f(S)| will be the magnitude of the product of the biases of the p;’s and r;’s. We
note that our decomposition of p uses the structure of S; and so the upper bound on

~

]?(S ) depends on S (see Lemma 27). Summing over each |f(S)| gives our upper bound.

2.3 Composition theorem (Theorem 13, Section 6)

As a warmup, let us first consider directly computing a degree-1 Fourier coefficient

o~

h({(i,7)}) of the composition. Since the inner functions g; depend on disjoint variables,
by writing the outer function f in its Fourier expansion, it is not hard to see that

{00 =>_FS) ] Elgd-5i({ih-

$3i teS\{i}

8



~ ~

When the g;’s are balanced, i.e. E[g;] = 0, we have f({(i,7)}) = f({i})g:({7}), and
it follows that L; 1(h) < L1 1(F)L1,1(G). To handle the unbalanced case, we apply

~

an idea from [CHHL19] that lets us relate 3 g5, f(5) [[eg\ iy Elge] to the average of

J/";z({z}), for some suitably chosen random restriction R on f (see Claim 33). As F is
closed under restrictions, we can apply the L ;(F) bound on fg, which in turns gives

o~

a bound on - g-; () [Tses iy Elge] in terms of Ly 1(F) and E[g;].

Bounding L; y(h) for £ > 2 is more complicated, as each E(S) involves f(J) and
9i(T')’s, where the sets J and T have different sizes. We provide more details in Section 6.

3 Preliminaries

Notation. For a string « € {0,1}" we write |z| to denote its Hamming weight Y ;" | z;.
We use &y, to denote {z : |x| = w}, the set of n-bit strings with Hamming weight w,
and X mod m = Upw=r mod m Xw = {2 : || = ¢ mod m}.
We recall that for an n-variable Boolean function f, the level-k Fourier L1 norm of
fis R
Li(f) = Y [FS)L.

ScC[n]:|S|=k

We note that a function f and its negation have the same L;j for k > 1. Hence we
can often assume that Pr[f = 1] < 1/2, or replace the occurrence of Pr[f = 1] in a
bound by min{Pr[f = 1], Pr[f = 0]} for a {0, 1}-valued function f (or by min{Pr[f =
1], Pr[f = —1]} for a {—1,1}-valued function). If f is a {—1,1}-valued function then
% is equal to min{Pr[f = 1],Pr[f = —1]}, and we will often write % for
convenience.

Unless otherwise indicated, we will use the letters p, g, 7, etc. to denote Fo-polynomials
(with inputs in {0,1}" and outputs in {0,1}) and the letters f, g, h, etc. to denote
general Boolean functions (where the inputs may be {0,1}" or {—1,1}" and the outputs
may be {0,1} or {—1, 1} depending on convenience). We note that changing from {0,1}
outputs to {—1,1} outputs only changes L; ;, by a factor of 2.

We use standard multilinear monomial notation as follows: given a vector § =

B1,...,Bn) and a subset T C [n], we write 87 to denote [].. f3;.
JET I

4 L;; bounds for symmetric polynomials

The main result of this section is Theorem 16, which gives an upper bound on L ;(p)
for any symmetric [Fa-polynomial p of degree d, covering the entire range of parameters
1<k, d<n

Theorem 16 (Restatement of Theorem 8). Let p: {0,1}" — {0,1} be a symmetric
Fs-polynomial of degree d. For every 1 < k,d <n,

Lik(p) = Y Ip(S)] < Pr[p(z) = 1] - O(d)*.
|S|=k



Proof idea. As the polynomial p is symmetric, its Fourier coefficient p(S) only
depends on |S|, the size of S. Hence to bound L 4 it suffices to analyze the coefficient
UL, o kD) = Bygo e [p(2)(—1)71 o8],

Our proof uses a result from [BGLO06] (Lemma 17 below), which says that degree-d
symmetric [Fo-polynomials only depend on the Hamming weight of their input modulo
m for some m = O(d). Given this, since p(z) takes the same value for strings = with
the same weights £ mod m, we can in turn bound each E[(—1)%1" %] conditioned on
x having Hamming weight exactly ¢ mod m, i.e. x € Xy nod m- We consider two cases
depending on whether or not k < n/m?. If k < n/m?, we can apply a (slight sharpening
of a) result from [BHLV19], which gives a bound of m*e="/m*) If k > n/m?2, in
Lemma 19 we prove a bound of O(km/n)¥. In each case, summing over all the (})
coefficients gives the desired bound of O(m)* = O(d)*.

We now give some intuition for Lemma 19, which upper bounds the magnitude of
the ratio
E [(_1)$1++$k] = ZIEXK mod m(_l)x1+ o (2)

~Xp mod m ’XE mod m’

by O(km/n)*. Let us first consider k = 1 and m = ©(y/n). As most strings = have
Hamming weight within [n/2 — ©(y/n),n/2 + ©(y/n)], it is natural to think about the
weight |z| in the form of n/2 + mZ + ¢'. It is easy to see that the denominator is
at least €2(2"/y/n), so we focus on bounding the numerator. Consider the quantity
erXn/HS E[(—1)"] for some s. As we are summing over all strings of the same

T€X, 31 Ei<m[(=1)%] (see Equation (5)).
For any string of weight n/2 + s, it is easy to see that

Hamming weight, we can instead consider )

B [(~1)] = (1/2 — s/n) — (1/2+ s/n) = —2s/n. 3)

i~[n]

Therefore, in the k = 1 case we get that

n lem + /|
<2 —
- zc:(n/Z—{—cm—l—f’) n

Using the fact that (n /2 +Zm Jrz,) is exponentially decreasing in |c|, in Claim 20 we show
that this is at most O(2"/n). So the ratio in (2) is at most O(1/y/n), as desired, when
k=1.

However, already for k = 2, a direct (but tedious) calculation shows that

1 T1++Tk
Z~Xg mod m[( ) ]

82 — ZNns n
B[y = S ()

which no longer decreases in s like in (3). Nevertheless, we observe that this is bounded
by O(1/n + (|s|/n)?), which is sufficient for bounding the ratio by O(1/n). Building
on this, for any k we obtain a bound of 200 ((k/n)¥/2 + (|s|/n))* in Claim 22, and by
a more careful calculation we are able to obtain the desired bound of O(km/n)* on
Equation (2).

10



4.1 Proof of Theorem 16

We now prove the theorem. We will use the following result from [BGLO06], which says
that degree-d symmetric Fo-polynomials only depend on their input’s Hamming weight
modulo O(d).

Lemma 17 (Corollaries 2.5 and 2.7 in [BGLO06], p = 2). Let p: {0,1}" — {0,1} be
any function and m be a power of two. If p is a symmetric Fo-polynomial of degree d,
where m/2 < d < m, then p(z) only depends on |x| mod m. Conversely, if p(z) only
depends on |x| mod m, then it can be computed by a symmetric Fo-polynomial of degree
less than m.

We will also use two bounds on the biases of parities under the uniform distribution
over Xy mod m, one holds for k < n/(2d)? < n/m? (Claim 18) and the other for
k> n/(2d)* > n/(4m?) (Lemma 19). Claim 18 is essentially taken from [BHLV19)].
However, the statement in [BHLV19] has a slightly worse bound, so below we explain
the changes required to give the bound of Claim 18. The proof of Lemma 19 involves
bounding the magnitude of Kravchuk polynomials. As it is somewhat technical we defer
its proof to Section 4.2.

Claim 18 (Lemma 10 in [BHLV19]). For every 1 < k < n/m? and every integer {,

2—n) Z (—1)ztFa

LL’EX@ mod m

< (kD) =0n/m?)

while for k =0,
‘2_n")(€ mod m’ - 1/m) < m_le_Q(”/m%.

Lemma 19. For k > n/(4m?), we have

_{)Eitet
T e
¢

< O(m)F.
k |X€modm| ( )

We now use Claim 18 and Lemma 19 to prove Theorem 16.

Proof of Theorem 16. As p is symmetric, all the level-k coeflicients are the same, so it
suffices to give a bound on p({1,2,...,k}). Let p: {0,...,n} — {0,1} be the function
defined by p(|z|) := p(z1,...,2,). By Lemma 17, we have p(¢) = p(¢ mod m) for some
d < m < 2d where m is a power of 2. Using the definition of p({1,...,k}), we have

PUL .. kD) =

[p(x) (=)™ ]

x~{0,1}7

—1
leﬁ(g) |X€ mod ’VTL| . erXg modm(_l)r1+ tew
2n ‘XZ mod m‘

ZQ?EXZ mod m (71)$1++xk

‘Xfmodm‘

=0

< Elp| -
<Elp] - max

)

where we use the shorthand E[p] = E,.{,13»[p(2)] in the last step.

11



When k < n/(2d)? < n/m?, by Claim 18 (using the first bound for the numerator
and the second k£ = 0 bound for the denominator) we have

erXZ mod m (_1)m1++xk

‘Xfmodm‘

m—(k+1)€—Q(n/m2)

ke n/m?)
S 1= e ) S O(1)-m~"e ’

max
0<<m—1

where the last inequality holds because 1 < k < n/m? and hence the (1 — e~ %(/m?)
factor in the denominator of the left-hand side is €2(1). Hence, summing over all the
(Z) level-k coefficients, we get that

Ll,k(p) < E[p].<z> .O(l).m_ke—ﬂ(n/m2) < E[p].o(l)_mk (%)ke_n(n/m% < E[p].O(m)k7

where the last inequality is because for constant ¢, the function (x/k)¥e~ is maximized

when z = k/c, and is O(1)*.
When k > n/(2d)? > n/(4m?), by Lemma 19 we have

n
Ll’k(p) < Ep]- <k> 0<I£ri%—1

It remains to prove Claim 18 and Lemma 19.

ZCEEXZ mod m (_1)x1++mk

|X€ mod m|

<E[p]-Om)*. O

Proof of Claim 18. The second inequality (i.e. when k = 0) is explicitly shown in
[BHLV19, Lemma 10]. For the first inequality (i.e. when k& > 1), following the proof
of [BHLV19, Lemma 10] but without using the last inequality in the proof of their
Claim 11, we have

1

g (—1)mtte) < 2 E ‘cosj— sin 2
m 4 m m
TEXY mod m J=

For 0 < 6 < /2, we have cosf < e=%°/2 and sin § <4#. So

m— 1‘ jTr n— k‘ ) _y Z ( >n—k< ]71-)16
COS — Sin — = COS — Sin —
j=0 m 0<j<m/2 m
]7'('
<2 ( ) .
> -
0<j<m/2

We now observe that each term in the above summation is at most half of the previous
one. This is because for every j > 1 we have

s ) )

o287 (5]

2(n —
< exp(—T ("2 k)) ok
m
2
<exp<—3%k:) ok



where the third step holds because w.l.o.g. m > 2 and 1 < k < n/m2 < n/4, and hence
(n — k)/m? > 3k/4. For these reasons, we can deduce that
m—1
cos 2"
cos —

n—k ik 72 (n—k) k .
.gJm _mtnok) r 1— —k 2
sin Y| < 2e " 2m? (—) 2777 < -0 . O
— = - E <m exp( (n/m ))
7=0 1<j<m/2

4.2 Proof of Lemma 19

In this section, we prove Lemma 19. Let K(n,k,w) := 3 cp (=1)"1F"*% be the
Kravchuk polynomial. We recall the “symmetry relation” for this polynomial (see
e.g. [Wik21]):

<Z> n ke, w) Z Z 1)) — Z Z(_l)mw: (Z)K(n,w,k;). (5)

yEXk xeX .Z’eXw yeXk
Using Equation (5), we have
<n> max ZzeXz mod m(_l)x1+---+zk — max ‘Zw Z mod m ( )IC(TL, k’ w)‘
k) o<e<m—1 |Xé mod m| ¢ w =/¢{ mod m (Z)
o ‘Zw Zmodm(w)lc(n’?w?k)‘
= X n
¢ w =¢ mod m (w)

ZC (Ln/2j+cm+€) |IC( n, LTL/2J +em+ L, k)|
Z:C (Ln/QJZchrZ)
2250 (ny2) Temi ) IK(0, [0/2] 4+ em + €, k)]

max
4

< 2max — ,
ZCZO (|_n/2j+cm+£)

(6)
where the indices of ¢ are integers that iterate over |n/2] +em + £ € {0,...,n}, and
the last line uses the symmetry of (1)K (n,w, k) around w = n/2.

Later in this section, we will prove (in Claim 22) that
ow [ (7\5  (IsI\"
K(n, [n/2] + 5, k)| < 2 (E) (7))
Plugging this bound into Equation (6), we have
O(k) ZCZO (Ln/2J10m+€) ((n/k)k/Q + ((Cm + K)/k)k)
(6) <2¥Y% max —
¢ ZcZO (Ln/2J+cm+Z)
2O(k) ZC n ncm (Cm + g)k
— O(n/k)?* + ~—— max [ == (i *ﬁ) . (7)
k ¢ > >0 (|_n/2 J+cm+e)

We will prove the following claim which bounds the ratio of the two summations.

13



Claim 20. For any £ € {0,...,m — 1} and k > n/(2m)?, we have

>0 (2] femyo) (cm + O)F

= < O(mk)*.
Zczo ( [n/2] +cm+£)

Therefore, as (n/k)'/? < 2m, we have

20(k)

(7) < O(n/k)? + =

-O(mk)k = O(m)*.

This completes the proof of Lemma 19. ]
It remains to prove Claims 20 and 22. We begin with Claim 20.

Proof of Claim 20. Fix any £ € {0,...,m — 1}, we first bound

2620 (Ln/2j icm—s—e) (cm + €>k
ZCZO (|_n/2j—7|fcm+€>

with some quantity that does not depend on £. First, observe that the denominator is
at least (Ln /SJ +K)' Next, we have

(I_n/2ji€+cm) _ — <n— Ln/2j -0 — cm—l—i)
=1

([n/gH@) [n/2] + 0+
) cm (1 2+ em+[n/2] - [n/21>
1 [n/2] +£+i
< (1 - 2“:”—1)7”
< exp <_cm<cnm—1>>
<e- eXp(—(cm)z/n) (ecm/n < 6)
< e exp(—(c*/4k)) (k> n/(2m)?).

Finally, we have £ < m and (cm +£) < (¢ + 1)m < 2c¢m for ¢ > 1. Therefore

ZCZO(Cm + E)k (Ln/QJ icm+£) < ZCZO (C’I?’L + E)k (Ln/2j zchr@)
ZCEO (Ln/2j —T-Cm—i-é) B (Ln/gj +€)
<mF+e z:(%m)k(i_g

c>1
k k ko<
=m" + e(2m) Zc ek,
c>1

In Claim 21 below we will show that the summation in the last line is bounded by
O(k*). Applying this bound completes the proof. O

62
Claim 21. }_ -, cFem 1k < O(KF) for any k> 1.
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Proof. Consider the function
Ao(x) = aF - e79,

for some parameter a > 0. Its derivative is X, (z) = (k — 2a22)zF e~ 5o for x > 0,
Aa() is increasing when = < \/k/(2a), and is decreasing when = > \/k/(2a). For such

a (nonnegative) first-increasing-then-decreasing function, it can be seen that

Z Aa(€) < max{\,(z) : z > 0} +/O Aa(T)dx .

c>1

A B

The first term (A) is exactly equal to

(A) :)\a( k/(2a)> - ( K >k/2.

2ea

Using the substitution u = ax?, the second term (B) is equal to

0 1 1
)= [Tatetan - gt (B
0 2 2

where I'(k) := OOO rF~le=*dz is the Gamma function. It is known (see, for example,

[OLBC10, Equation (5.6.1)]) that ['(5H2) < v/2x - es - (2)*/2 for each integer k > 1.
Plugging this upper bound into the above formula gives

P k k/2 9 k k/2
B) < caf— [ — < . .
(B) < er 2a <26a> ~ Va <26a>

By setting a = 1/(4k), we deduce that

sl=

(A)+ (B) < (1+4VE) - (2k2/e)"? = m kP =0(1) -k,

proving the claim. ]

It remains to prove Claim 22, which gives a bound on KC(n, w, k) := 37 4, (—1)7F 7w,

Claim 22. |K(n, [n/2] + s, k)| < 200 ((n/k)*/2 + (|s|/k)F) for any k > 1.

A similar claim was also made in [CPT20, Claim 4.10], but the bounds we obtain
here are more general and sharper for larger |s|, which is crucial for our application.
We start with a preliminary claim.

Claim 23. For any positive integer s,

Lk/2]

nj gh=2i (2e)F (%)k/2 if s < Vnk
; il (k — 2i)! = {(Qe)k () ifs > Vnk.

15



Proof. Write s = (cn)'/? for some ¢ > 0. Then n’s*=% = (cn)*/2/c', and

Lk/2) i k2 /2] )
DB AR Der (8)

We can write

- - %)

1 (2i)! k! (20)! [k
il(k—20)! Kkl (20)1(k —260)! k! < >

So

(en)s " (2 (k)

If ¢ < k, then for 0 < i < |k/2], we have 2i/c < k/c and thus (2i/c)’ < (k/c)" < (k/c)*/?
because k/c > 1. Hence,

k ; k
g (cn)z 2i\" (en)z (k2 e (T F/2
: i 7)< =)
S Oglff;J(c) <25 (5) e (3)

If ¢ > k, then for 0 < i < |k/2], we have (2i/c)’ < 1, and thus

A
[\)
B

e (cn) 2\ k(O 5 e [ S\F
. < — = =] .
G mas (%) =0 (35) = 0o () 0

Proof of Claim 22. Observe that

1-2)’1+z)"" = ZIC(n, w, k),

k=0

Our goal is to bound above its k-th coefficient. We will assume n is even, otherwise we
can apply the bound for n + 1, which affects its magnitude by at most a factor of 2. By
the symmetry of K(n,u, k) around u = n/2, for Claim 22 we may take w = n/2 — s,
and for this choice of w we have

n S
n n n (1
S K(n,n/2 - s, k)t = (1—2)3 (1 +2)3+ = (12?3 (1 H) )
k=0 -
We bound from above the coefficients of the power series expansion of the two terms
on the right hand side. The i-th coefficient of (1 — 22)"/? is (?//22) if 4 is even and
is 0 otherwise (because the function is even). For (1££), we will assume that s is

nonnegative as this only affects the sign of its coefficients. Since % =1+ 2j21 27
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and - =1+ Zj21(293)j for |z| < 1/2 in their power series expansion, the j-th

coefficient of (1£)% is at most the j-th coefficient of (1 — 22)~*, which is

2j's~(s+1)---(s+j—1) _(s+i-1 o
1-2-j j

Therefore, the magnitude of the k-th coefficient of Equation (9) is at most
—\ 1 k—2i '

Using (Z) < nF/k!, we have

Lk/2] . k—2i
n' (|s| +k—2i—1) k—2i
10) < — 2 .
ey Bl

Note that (s +t)7 < 29 max{s’/,#/} and so

N B e I e
(k —20)! - (k — 2i)! = (k — 20)! ‘

Therefore, (10) is bounded by

- Lkz/% njmax{\s|k*2i, kk—Zi}
P 7! (k — 24)!
The claim then follows from Claim 23. O

4.3 Proof of Theorem 9

In this subsection, we give examples of symmetric polynomials p with L; 5 (p) = Qi (1) -dF
for d = ©(y/n), matching our upper bound up to a constant factor when k = O(1). We
restate our theorem for convenience.

Theorem 24 (Restatement of Theorem 9). For every k, there is a symmetric [Fa-
polynomial p(x1,...,xy) of degree d = O(V'kn) such that Ly ,(p) > (e7%/2) - (}) V2
Qi(1) - d*.

Proof. Let m := Cv'kn for some constant 4 < C' < 8 such that m is a power of two.
Consider the function hy: {0,1}" — {—1,1} defined by

() = sgn( > (—1)Ziesfi>.

|S|=k

Let hy: {0,...,n} — {—1,1} be the symmetrization of hy, so that hg(|z|) = hy(z).
Now consider the periodic function p: {0,...,n} — {—1,1} that on input z € {0,...,n}
such that

z42tm € [n/2 —m,n/2+ m) for some t € Z,

17



evaluates to p(z) := hy(z + 2tm). We define the Fy-polynomial p by p(z1, ..., zy,) =
p(|z|). Since p(z) depends only on |z| mod 2m, by Lemma 17, it can be computed by a
symmetric Fo-polynomial of degree d < 2m. Moreover, p(x) agrees with hg(x) when
|z| € [n/2 —m,n/2+m). Let f = (—1)P. We have (note that from here on we switch
from z € {0,1}" to z € {-1,1}")

L) = |3 F8)| = | Y E[f@)ef]
|S|=k 1S|=k
= | 3" E[m(@)2"] + B[ (f(@) - hi(2))2"]
|S|=k
= |E|hi(z) > af +E|(f(2) — h(2)) > mS]
|S|=k |S|=k
> ];) hi(x) Z - ]gEC) (f(z) — hi(z)) Z a;S]
|S|=k |S|=k

We proceed to lower bound the first term and upper bound the second term. For the first

term we use the same lower bound of e (}) Y2 in the proof of [Vio20, Theorem 1]; for

completeness we include the argument here. One can verify that E;[(3_ gy, 29)? = (}).

Applying [0’D14, Theorem 9.22], which states that E[|h(x)]] > e~* E[h(z)?]"/? for any

h: {—=1,1}" — R of degree k, we get
271/2
(==)] -()"
. :
|S|=k

N\ 12 211/2
—k _ _—k S
O orf(z)] =
|S|=k
1/2
> e k(" .
= (})

So for the first term we have
S
}E hi(z) Z x
We now bound above the second term. As |f(x) — hx(x)] < 2 for every z, by the
Cauchy—Schwarz inequality, we get
> S

|S|=k
(0 =ta) 3 ]| <2-pe o5
i |S|=k

|S|=k
o\ /2
:2.1?[2‘;% >m} (k>

< (1)

where the last inequality follows from the Chernoff bound recalling our choice of
m = ©(Vkn). Therefore Ly ;(f) > (e7%/2) - (}) 1/2, proving the theorem. O

PIES

=

<E
xr

:]E sz

|S|=k

97 1/2

E

x
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5 L;; bounds for read-A polynomials

In this section, we give our Lj; bounds on read-few polynomials, which are restated
below for convenience.

Theorem 25 (Restatement of Theorem 10). Let p(z1,...,x,) be any read-A degree-d
polynomial. For every 1 < k <n,

Ly s(p) < Prlp=1]- O(k)* - (Ad)**.

By observing that any degree-Q2(log n) monomial vanishes under a random restriction
with high probability, we can use Theorem 25 to obtain an upper bound for read-A
polynomials that is independent of d:

Corollary 26 (Restatement of Corollary 11). Let p(x1,...,x,) be a read-A polynomial.
Forany1 <k <n,
Lyk(p) < O(k)** - (Alogn)™.

Proof. Let R be a p-random restriction that independently for each x; with probability
1 —p sets z; to a uniform random bit and keeps z; alive with the remaining p probability.
For any f: {—1,1}" — {—1,1}, we have Eg[fr(S)] = p/*|f(S). Thus,

Lie(f) = D1FS) = Y Io FEFr() < pFElL1k(fr)].

IS|=k |S|=k

Let p(z1,...,zy) be any read-A polynomial. Note that L ;(f) < n¥/2 for any f. Hence,
by Theorem 25, for any dmax and any p, we have

L1 k(D) < 7" - Ok)* (Adumax)** + p" - Prldeg(pr) = dunas] - 02

We now upper bound Prg[deg(pr) > dmax|- Each monomial with degree greater than
dmax survives R with probability at most p®m=x and there are at most (An)/dmax
such monomials in p. It follows by a union bound that Prr[deg(pr) > dmax] <
p™max (An) /dpax. So setting p = 1/2 and dpax = 2k logn, we have

dmaxA . n1+k/2

Li(p) < O (A - dma)™ + 7

< O(k)* - (Alogn)®*. O

~

Proof idea. We first observe that for f = (—1)P, the Fourier coefficient f(S) is
simply the bias of the Fa-polynomial ps(z) := p(z) + > ;cg ;. Assuming that pg
depends on all n variables, by a simple greedy argument we can collect n/poly(A,d)
polynomials in pg so that each of them depends on disjoint variables, and it is not
hard to show that the product of the biases of these polynomials upper bounds the
bias of pg. From this is easy to see that any read-A degree-d polynomial has bias
exp(27%n/poly(A,d)). However, this quantity is too large to sum over (}) coefficients.

Our next idea (Lemma 27) is to give a more refined decomposition of the polynomial
p by inspecting the variables z; : ¢ € .S more closely. Suppose the variables z; : i € S
are far apart in their dependency graph (see the definition of G, below), as must
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indeed be the case for most of the (Z) size-k sets S. Then we can collect all the

monomials containing each x; to form a polynomial p;, and these p;’s will depend on
disjoint variables. Moreover, if every monomial in p; has high degree (see the definition
of Vi(p) below), then p; = 0 with high probability and therefore p; + x; is almost
unbiased. Therefore, we can first collect these p; and x; from pg; then, for the remaining
m > |S| - poly(A, d) monomials in pg, as before we collect m/poly(A, d) polynomials r;
so that they depend on disjoint variables, but this time we collect these monomials using
the variables in V;(p), and give an upper bound in terms of the size [V;(p)[. Multiplying
the biases of the p; + x;’s and the bias of r gives our refined upper bound on f(S) in
Lemma 27.

We now proceed to the actual proof. We first define some notions that will be used
throughout our arguments. For a read-A degree-d polynomial p, we define V;(p) : t € [d]
and G, as follows.

For every t € [d], define

Vi(p) := {i € [n] : the minimum degree of the monomials in p containing z; is t}.

Note that the sets Vi(p),. .., Va(p) form a partition of the input variables p depends on.

Define the undirected graph G, on [n], where 4, j € [n] are adjacent if z; and x;
both appear in the same monomial in g. Note that G), has degree at most Ad. For
S C [n], we use N—q(S) to denote the indices that are at distance exactly i to S in G,
and use N<4(5) to denote U?:o N_;(S).

We first state our key lemma, which gives a refined bound on each f(S) stronger
than the naive bound sketched in the first paragraph of the “Proof Idea” above, and
use it to prove Theorem 25. We defer its proof to the next section.

~

Lemma 27 (Main lemma for read-A polynomials). Let p(x1,...,2,) be a read-A degree-
d polynomial. Let S C [n],|S| > £ be a subset containing some £ indices i1,...,ig € S
whose pairwise distances in G, are at least 4, and let t1,. ..ty € [d] be such that each

ij € Vi;(p). Let f = (=1)P. Then

rﬂSMscxww“AfI1<2t““p<‘iﬁ£ggy>>'

JE]

Proof of Theorem 25. Using a reduction given in the proof of [CMM™*20, Lemma 2.2],
it suffices to prove the same bound without the acceptance probability factor, i.e. to
prove that for every 1 < k < n,

Lix(p) < O(k)" - (Ad)P.

As [CMM™*20] did not provide an explicit statement of the reduction, for completeness
we provide a self-contained statement and proof in Lemma 36 in Appendix A.

For every subset S C [n] of size k, there exists an ¢ < k and 41,...,7; € S such that
their pairwise distances in G, are at least 4, each i; € Vi, (p) for some t; € [d], and each
of the remaining k — ¢ indices in S is within distance at most 3 to some 4.

Fix any iy,...,4s, and let us bound the number of subsets S C [n] of size k that
can contain i1, ...,4. Because |N<3(j)| < (Ad)? + (Ad)? + Ad + 1 < 4(Ad)3 for every
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J € [n], the remaining k — ¢ indices of S can appear in at most
Z H d)*\  [40(Ad)?
k-t
Jit++je=k—L be[l]
4(Ad 3k _k— -
(@ - (5

< (eAd)%*

IN

different ways, where the equality uses the Vandermonde identity, the first inequality
uses () < (en/k)¥, and the last one uses (kge)k <1+ ﬁ)k_g < el and 4e < €.
Therefore, by Lemma 27,

N i 725]-/ Vvt-/
INCIED DY (H%w) S(eAd)™ o)A T (2 exp< M))
£=1 tC[d]*

S:|S|=k je[é} j'eld]
271 |V, (p))|
3k ¢ —t; _ MZACEA)
- (Ad) ZA Z H ( Vi, (p eXP< ((Adj)4 ))

<01 - (Ad)* Z Af-db - (0(Ad)h)
(=1

(k) - (Ad)™,

IN

@)
)

where the third inequality is because the function z — ze™*/¢ is maximized when z = c.
This completes the proof. O

5.1 Proof of Lemma 27

First we need a simple lemma that lower bounds the acceptance probability of a sparse
polynomial.

Lemma 28. Let r(z1,...,2,) be a polynomial with at most A monomials, each of
which has degree at least t, and r(0) = 0. Then Pr[r(z) = 0] > max{ﬁ, 1—27tA}.

Proof. The lower bound of 1/(A + 1) follows from [KL93, Corollary 1]. For the other
bound, note that each monomial evaluates to 1 with probability at most 27%; so by a
union bound Pr[r(z) = 1] < 27'A. O

We use G, to partition [n] as follows. For each j € [¢], let T} := N—_1(i;), the set
of distance-1 neighbors of i;. Let R := [n] \ ;({i;} UT}) be the remaining variables
(note that these are the variables whose distance from every i; is at least two). As the
i;’s are at distance at least 4 apart, then for j # j' each index in {i;} U T} has distance
at least 2 to each index in {i;/} U T}j/; so the variables in {i;} U T} appear in disjoint
monomials from the variables in {3 } UTj. We now partition the monomials in p. For
each j € [£], let p;, ¢; be two polynomials such that p; is composed of all the monomials
in p that contain x;;, and g; is composed of all monomials that contain some variable
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in zp; but not z;;. Let r be the polynomial composed of the remaining monomials in p.
We can write p as

4
Z p] xZJ,J:T +Qj($Tj7xR)) +r(xR)'
7=1

Now, consider the polynomial

ps(x1y ... xy) i=p(x1,. ., 2p —}—sz
1€S

)4
:ZSj(:Bij,wTj,wR)—l—T/(iL'R), (11)

j=1

where
$j(wi;, w1y, wR) = pi(wi;, or,) + (1), TR) + 24y + D TR (12)
keSﬁT}
v (zR) :=r(zR) Z Ty
k€ESNR

The following claim gives an upper bound on the bias of s;; we defer its proof till
later. (To interpret the claim it may be helpful to recall that i; € V;,(p), and hence the
minimum degree of the monomials in p containing z;; is ¢;.)

Claim 29 For each possible outcome of xr, we have ‘Earij,ij [(—1)81'(’“&' T ’xR)H <

A2=G=D for every j € [f].

We have that

1F(8)] = ‘E[(l)Ps(m)]
xR[ S | [_1 sj(wij,ij,mR)}H 1)

Tyz

je 7
AL <H 2_t.7) . E[(_l)r’(m)}

JEl

; (14)

where Equation (13) is by independence of the different (27, z;;)’s and Equation (14)
is by Claim 29. We now claim that

Vi(r')] > [Vi(p)] — £(Ad)? — |S]  for every ¢ € [d]. (15)

This is because a variable x; belongs to V;(p) \ Vi(r’) only if it belongs to or is adjacent
to the at most /Ad restricted variables {z;,,r7, : j € [{]} in Gp, or it is one of
the {x; : i € S}. In Lemma 30 below we prove that for every fixed assignment to
w7, j € [¢], and any t € [d], we have that

(-] < oxp (-2 LAY, (10
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Continuing from above, combining Equations (14), (15) and (16), we have

—t _ 2 _
17(9)] < (24) (HQ >-min{exp<—2 (|Vt(p)|(A2§4Ad) ‘S’)>:t€[d]}

JE]

<o)l <]1;[[E]2 tj> - min {exp (—W) te [d]}
= o()Is . ( (Hz amm{exp( W) :te[d]})

JE]

JE

2
where second inequality is because exp (%) < e8I < O(1)!8] because ¢ < |S].
This proves the lemma. O

We now prove Claim 29 and Lemma 30.

Proof of Claim 29. We may assume t; > 2 as otherwise the conclusion is trivial. Since
ij € Vi;(p), recalling Equations (11) and (12), every monomial in p; containing x;; has
degree at least t;, and by collecting these monomials, we can write

sj(xi;, vr;, TR) = Tij + pj(@i;, ;) + Z Tk + qj (7T, TR)
kESNT;

= zi; (1 +uj(or;)) + vj(27;, TR)

for some polynomials u; and v;, where every monomial in u;(z7;) has degree at least
tj—1 > 1, and thus u;(0) = 0. Now, if an outcome of xr; is such that u;(z7;) = 0, then
the expectation of (—1)% is zero because v; does not depend on z;; and E[(—1)"7] = 0.
Hence we have that for every outcome of xg,

E {(—1)%(1‘%7%@)}‘ <E

i T] T]

E [(—1)5j<xiw%m>} ‘ < Prlu;(er,) = 1] < A2~ G,
i

O
where the final inequality is by Lemma 28.

Lemma 30. Let q(x1,...
have

, &) be a read-A degree-d polynomial. For every t € [d] we

27 Vi(9)]
(19| < oxp (2140
Bl < ew < (Ad)!
Proof. We partition V;(q) according to G, using the following greedy procedure:
1. Set W1 = [n] and i = 1.
2. Pick a monomial 2 of degree exactly ¢ containing some variable xj 1 j € WinVi(q).
3. Let Tz = N:1<SZ’), and set Wi+1 = Wi \ Ngg(Si).
4

. Repeat steps 2 and 3 until we cannot pick such an Si1. Let R = [n]\U,;¢(4(9iUT)
be the remaining variables.
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By construction, the pairwise distances between the (S; UT;)’s are at least 2, so the
variables xg,7,’s must only appear in disjoint monomials. Since each time we remove
at most ¢ - (Ad)? elements from V;(q), we have £ > |Vi(q)|/(t(Ad)?).

We now partition the monomials in g. For each i € [¢], let p;, ¢; be two polynomials
such that p; is composed of all monomials in ¢ that contain a variable in zg,, and g; is
composed of all monomials in ¢ that contain a variable in 7, but none in zg,. Let r be
the polynomial composed of the remaining monomials in q. We can write ¢(z) as

l
> (pilws,, o) + ¢ilwn, 2r)) + r(zr).
i=1
By collecting the monomials containing ¢, we can write

pi(zs,, 21,) + ¢i(xr, vR) = 2% (1 4+ ui(z1,)) + vi(zs,, 21, TR)-

for some polynomials u; and v;, where (1) u; consists of the at most A — 1 monomials
in p; that contain 2%, and u;(0) = 0, and (2) 2% does not appear in any monomial
in v;. Let § := Pr{u;(z7,) = 0]. By Lemma 28 we have § > 1/A. Therefore, for every
assignment to xp and every i € [{],

E | E |(=1)pi(&s;@r;)+ai(er; 2 R)

BBl }

—(1-E |(=1)vies, @1, zr) 5 E E |(—1)&% +vi(zs; 21, .2R)
1-9)| -y J|+5., .2 L |lB e }

<(1-0)+6(1-27"

<1-27Y/A,

where the first inequality is because for any choice of xr and x7;, the polynomial
x5 + vi(xg,,rT,, rR) has degree exactly t, and therefore its bias is at most 1 — 27t
Also, for every fixed outcome of zg, the restricted polynomials p;(xs,, z1,) + ¢i(x1,, TR)
depend on disjoint variables. Therefore,

271\ " 0.2t 27" |Vi(q)]
_1)4(@) < - - < _ < fitq
orysicl] D H = (1 A ) = eXp( A ) = exp( @aat )

because £ > [Vi(q)|/(tA%d%) > [Vi(q)|/(A%d). 0

6 L, bounds for disjoint compositions

In this section we give L;; bounds on disjoint compositions of functions, which we
define below.

Let F and G be two families consisting of functions mapping {—1,1}™ and {—1,1}* to
{—1,1} respectively. Let f € F and g1,...,9m € G. We define h: {—1,1}™ — {—1,1},
the disjoint composition of f and ¢1,..., gm, to be

h(x1a,- Ty Ty Tmge) = [(91(@105 -, 210)s s I (@ 1y - - s Tnp))-

Theorem 31 (Sharper version of Theorem 13). Let g1,...,9m € G, and f € F, where
G, F are as above and F is closed under restrictions. Suppose for every 1 < k < K,
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- Gout - bE . for every f € F, and

out

2
2. Lix(g) < 1_|1;[g” “@in - bE for every g € G.

1—|E[h inbu inbu K=t
LLK(h)<ﬂ-aout.b{§-“ °t(1+a °t> :

- 2 2 2

LIBA g (Cnbnbon)
fou)

In particular, when ainbout > 2 or K =1 we have Ly g[h] <

Proof idea. Before proving Theorem 31, we briefly describe the main ideas of the
proof. For a subset J C [m], let d;f denote the J-th derivative of f, which can be
expressed as

0sf(x1,. . wm) =Yy, F(T)2"V,
T>J
Note that f(J) = 8, f(0). ~
Let us begin by considering the task of bounding L1,1(h) = >_; i)epmixqlh{ (@ 7)1}
Let 8 = (B1,-.-,0Bm), where B; := Elg;]. Using the Fourier expansion of f, we have

H gr(zk) - %g] .
kesS

If S Z i, then the expectation is zero, because [],. ¢ gr(2x) and z;; are independent
and E[z; ;] = 0. So, we have

h{(i,5)} = 3 F(9)BM - Gi({3}) = aif(8) - Gi({4})-

S31

M) = > FSE
SC[m]

If the functions g; are balanced, i.e. E[g;] = 0 for all ¢, then we would have § = 6, and
{6, 5)} = 0, (0) - Gi({3}) = F{iHg({5}).
So in this case we have
Lia(h) = Y [p{GHN] = D D IFHNgH = Y 1F DY @i
i€[m],j€[f] i€[m] jE[(] i€[m] Jjeld
and we can apply our bounds on Ly,1(F) and L1,1(G) t0 > Z;cpy, f{z} and >~ e 9i{7}
respectively. Specializing to the case g1 = - -+ = g, we have
Claim 32. Suppose g1 = g2 = -+ = gm =: g and E[g] = 0. Then Li;(h) =
L11(f)L1,1(9)-
In general the g;’s may not all be the same and may not be balanced, and so it
seems unclear how we can apply our L 1(F) bound on Zie[m] 0if(Bi,...,Bm) when

B # 0. To deal with this, in Claim 33 below we apply a clever idea introduced in
[CHHL19] that lets us relate f(/3) at a nonzero point § to the average of fRﬁ(G), where
IRy is [ with some of its inputs fixed by a random restriction Rg. As F is closed under
restrictions, we have that fg, € F and we can apply the L; 1(F) bound on ) 5ifR5(6),
which in turn gives a bound on Zie[m} 0if(B1y---y Pm).

Bounding L x(h) for K > 2 is more complicated, as now each /Ii(S ) involves many

f(J ) and g;(T")’s, where the sets J and T have different sizes. So one has to group the
coefficients carefully.
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6.1 Useful notation

For a set S C [m] x [¢], let S|y := {i € [m] : (4,5) € S for some j € [¢]} be the “set
of first coordinates” that occur in S, and let S|; := {j € [¢] : (i,5) € S}. Note that
if (i,7) € S, then i € S|y and j € S|;. Let 8 denote the vector (51, ...,0Bm), where
Bi := Elg;] for each i € [m]. For a set J = {i1,...,i;} C [m] and f = f(y1,.--,Ym),
we write 05 f to denote #. Since 9y = 1(T 2 J)y"\/, by the multilinearity

10,
of f we have that

a,f(8)=">_ F(T)B™\. (17)

TDJ

6.2 The random restriction 13

Given 8 € [—1,1]™, let Rg be the random restriction which is the randomized function
from {—1,1}™ to {—1,1}" whose i-th coordinate is (independently) defined by

sgn(B;) with probability ||
Ui with probability 1 — |5;].

Rﬂ(?/)i = {

Note that we have

REy[RB(y)i] = }%[RB(O)J = Bi.

Define fg,(y) to be the (randomized) function f(Rs(y)). By the multilinearity of f
and independence of the Rg(y); we have

mm@bgmmkwm

Rﬁ7y

The following claim relates the two derivatives ds f(f) and ds fRB(ﬁ) = f/};ﬁ(S).

Claim 33.

0s1(9) =[] =57 Blostn @) = I] ;=1 B, ()

s L 18] s L= 1Bl ks
Proof. The second equality follows from (17). To prove the first one, it suffices to show

oy f(B) = E [0} fr,(0)].

1
1 — |Bi| Rs

The rest follows by a straightforward induction. By definition of derivatives, and noting
Eg, [R/g(ﬁz -€;)j] equal B; + z - ¢; if i = j and B; otherwise,

Of ov _ 1o f(Btz-e)— f(B)
0yi b= llgtl) z
_ fRB(ﬁ‘Z‘ei) —fRﬁ(ﬁ)]
= lim
Rg [2—0 z
__ ! O0fry *]
- E @) -
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We now use Claim 33 to express each coefficient of h in terms of the coefficients of
f and g;.

Lemma 34. For § C [m]x[£], we have h(S) = [Tcq), 5:(S1) Tlics|, =057 Ers [Frs (S1p)].

Proof. For S C [m] x [{] and T' C [m], decompose T into (T'N S|f) U (T'\ S|f) and
S|y into (T'NS|¢) U (S5 \T). Expanding h using the Fourier expansion of f, by the
definitions of S| and S|;, we have

=Y ADE|[]ailx) -:cS]
TC[m]

€T

TC[m]

€S| \T  jES|; i€TNS|y JjES|;i 1€T\S|y

When S|y & T, we have S|; \ T # @ and thus HieS|f\T [1jes), Elzi;] = 0. Hence,
[T E[I] @] = 18Iy <.
ieS| AT jes],

Note that E[g;(z) [[;cq i = 9i(S) for every S C [{]. Using E[g;(z)] = Bi, Equa-
tion (17) and Claim 33, we have

sy = > Hasr II Els
S

TQ[m]:TQSbc 1€T\S|¢

= ] @(sl)- ( oy 11 5i> (Elgi(x)] = 5:)
TCIm]:T2S|¢

eS|y i€T\S|y

= H 9i(Sli) - Os), f (B, - - - Bm) (Equation (17))
l€S|f

= H 9i(S1:) H |5 |k [fRB(S|f)} (Claim 33) O
1€S|y eS|y '

6.3 Proof of Theorem 31
By Lemma 34, Ly g (h) is equal to

>oooml= >

SClmx[£:|S|=K SClm]x[€:|S|=K

[T asio- T 1= B (sl

Z€S|f ZES‘

We enumerate all the subsets S C [m] x [¢] of size K in the following order: For
every |J| = k € [K] out of the m blocks of ¢ coordinates, we enumerate all possible
combinations of the (disjoint) nonempty subsets {S; : ¢ € J} in those k blocks whose
sizes sum to K. Rewriting the summation above in this order, we obtain

> m<s>|=iz > > | Zﬂl_leB[fR@( >}|

SClm]x[€]:|S|=K k=1JCIm] wC[f]’ {Si}icsCle]’:1i€] ieJ
[JI=k 32, c ; wi=K Vi€ J:|S;|=w;
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Si Z Z H’gl ‘Hl_‘m‘ fRﬁ ’

k=1JC[m] wC[]7 {Si}icsC[e7:1€J i€
[|=k S ey wi=K Vi€ J:|S;|=w;

(18)
Since L1, (9i) < 1_|’8i| - ain - bi", for every {w;}icy such that Y., w; = K, we have

Z H‘gz )| = HL1 w; (9i) < H( — 18il Inb?ﬁi) blln( !;1]| 12|ﬁz

{Si}iejg[g]']lie‘] e ied ied
ViEJ:|Si‘=wi

Plugging the above into (18), we get that

)3 EYA Y Y (S

SClm]x[€]:|S|=K JC[m]  wC[g’ i€J
|J| kZzEJwZ_K

[ (D) D

®

= I " wld?
|J|=k Yicswi=K
K ain\k (K —1 —_—
JC[m]
|J|=k

where the last inequality is because for every subset J C [m], the set {w C [(]7 :
> icswi = K} has size at most (|I§|:11)' We now bound |Eg, [E\B(J)]\ Since for every
restriction Rg, we have fg, € F (by the assumption that F is closed under restrictions),
it follows that

1 — By [fr, (y)]] 1 —Ey[fr,(y)]
2

aoutbout ffloutbout

L1 k(fry) <
So

S B @) < L)
JCml,|J|=k " s
1 —Eg,y[fr;(Y)]

>~ 2 Gout bout

1 - E[h)

CLoutb
2 out*

Continuing from (19), we get

> |E<S)\§1_2E[m‘bf'§:<?)k'(§—_ll> o

SClm]x[€]:|S|=K k=1
K-1
_ 1-— E[h] oyt - bljn{ ) Ainbout 1+ Ainbout
2 2 2

where the last step used the binomial theorem. Applying the same argument to —h
lets us replace 1_]23[}4 with 1_|]23[h”, concluding the proof of Theorem 31. O
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6.4 Bounding L, ;(p) for balanced polynomials

We give a quick application of Claim 32 to show that Lq1(p) < d for balanced degree-d
polynomials. (Note that [CHLT19] showed that L;;(p) < 4d for general degree-d
polynomials.)

Claim 35. For every degree-d polynomial p: {0,1}" — {0,1} with E[p] = 1/2, we have

Proof. Suppose not, and suppose that there exists an € > 0 such that L 1(p) = (1+€)d
for some degree-d balanced polynomial p on n variables. Consider the composition p’ on
disjoint sets of variables with the inner functions g; = g2 = ... g, and the outer function
all equal to p. Note that p’ is a balanced degree d? polynomial with Ly 1(p’) = (1+¢)2d>.

We can repeat this iteratively by replacing p in p’ in the composition. After k
repetitions, we get a polynomial g of degree d2" that has Lia(g) =1+ e)zdek. For
large enough k this is greater than 4d2k, but this contradicts the 4d upper bound of
[CHLT19], a contradiction. O
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A Reduction to bound without acceptance prob-
ability

In this section, we show that given any L j Fourier norm bound on a class of functions
that is closed under XOR on disjoint variables, such a bound can be automatically
“upgraded” to a refined bound that depends on the acceptance probability:

Lemma 36. Let F be a class of {—1, 1}-valued functions such that for every f € F,
the XOR of disjoint copies of f (over disjoint sets of variables) also belongs to F. If

Ly x(F) <, then for every f € F it holds that Ly x(f) < 2 - =2 pk.

Proof. Suppose not, and let f € F be such that Lq(f) > 2e- % bk, We
first observe that since Ly x(F) < b¥, it must be the case that 1 — |E[f]| < 1/e. Let

o= % € [0,5] so that [E[f]| = 1 —2a > 1—1/e. Let f® be the XOR of ¢
disjoint copies of f on tn variables, where the integer ¢ is to be determined below. By

our assumption, we have f® ¢ F and thus

L1k (%4 > <D “Lio(H)T Lig(f) (by disjointness)

=t-(1—-20)""" Lix(f) (L1o(f) = E[f])
>t-(1-2a) 2 -a-bF = At).

We note that if @ = 0 then |E[f]| = 1, so all the Fourier weight of f is on the constant
coefficient, and hence the claimed inequality holds trivially. So we subsequently assume
that 0 < o < 5. Let t* := m > 0. It is easy to verify that A(t) is increasing
when t < t*, and is decreasing when ¢ > t*.

We choose t = [t*]. Since o < i < % ~ 0.3161, we have t* > 1 and thus

1 1
Lip(f®) > AN > A+ 1) = [ ————<+1) - (1 —-2a) 0023 . 2¢-a- b
7% > M) 2 A 1) = (g 1) (1= 20) ¢a
2a
=(———+2a) - VF >bF
(—ln(l —2a) * a) -
where the last inequality holds for every a € (0, 62;61] and can be checked via elementary

calculations. This contradicts Lj ;(F) < b*, and the lemma is proved. O
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