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1 INTRODUCTION

In this paper we prove new results in two areas of theoretical computer science that have received
a lot of attention recently: streaming algorithms and locally decodable codes.

Streaming algorithms is a model of computation introduced by Alon, Matias, and Szegedy [3]
(for which they won the Godel Prize in 2005) in order to understand the space complexity of
approximation algorithms to solve problems. In the last decade, there have been several results

in the direction of proving upper and lower bounds for streaming algorithms for combinatorial
optimization problems [4, 16, 20, 21, 31, 36, 4648, 68]. The goal here is to obtain a 1/y-approximation
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(for some y < 1) of the optimum value of the combinatorial optimization problem with as little space
as possible. One favourite problem considered by many works is the well-known Max-Cut problem,
or its generalization over large alphabets Z,, Unique Games. There is a 2-approximation algorithm
for Max-Cut on n vertices using logarithmic space: one simply counts the number of edges in
the graph (which requires only a counter of size 2logn) and outputs half this count. Moreover,
one can obtain a graph sparsifier using O(n/e?) space [2] and, from it, a (1 + £)-approximation
for the Max-Cut value. On the other hand, a sequence of works [19, 46-48] showed that getting
a (2 — ¢)-approximation requires linear space. A similar, but less optimized, phenomenon was
observed for Unique Games, i.e., there is a threshold behaviour in complexity going from r to
(r — ¢)-approximation, where r is the alphabet size. Curiously, many of these lower bounds were
proven via variants of a problem called Boolean Hidden Matching (BHM) and it is well known that
BHM can be solved using logarithmic quantum space, so a natural question is, could quantum space
help solve these combinatorial optimization problems? One corollary from [46, 64] is that obtaining
the strong (1 + ¢)-approximation factor for Max-Cut and Unique Games streaming algorithms is
quantum-hard. However, understanding the space complexity of streaming in the widely-studied,
weaker regime of (2 — ¢)-approximation (for Max-Cut) or (r — ¢)-approximation (for Unique Games
over Z,), it is still unclear whether there could be any savings in the quantum regime.

Locally decodable codes (LDCs) are error correcting codes C : £* — T'N (for alphabets %, T') that
allow transmission of information over noisy channels. By querying a few locations of a noisy
codeword C(x), one needs to reconstruct an arbitrary coordinate of x € X" with probability at
least 1/|2| + . The main goal in this field is to understand trade-offs between N and n. LDCs have
found several applications in pseudorandom generators, hardness amplification, private information
retrieval schemes, cryptography, and complexity theory (we refer to [34, 73] for detailed expositions).
Despite their ubiquity, LDCs are not well understood, even with the simplest case of 2-query LDCs.
For the case when ¥ =T = {0, 1}, exponential lower bounds of N = 29(" were established over
two decades back [28, 32, 50]. In contrast, a breakthrough result of Dvir and Gopi [27] in 2015
showed how to construct 2-query LDCs with subexponential length in the regime when X = {0, 1}
and T is a finite field of size 2" Despite these results, our knowledge of such N and n trade-offs
for 2-query LDCs is still lacking, specially for the not very well studied case when > =T = Z,.!
What is the relation between n and N in this case?

Prior works that handled simpler versions of the questions above used one technical tool success-
fully: hypercontractivity for real-valued functions over the Boolean cube. Since we are concerned
with proving quantum lower bounds for streaming algorithms and LDCs when the input alpha-
bet is Z,, it leads us to the following main question: Is there a version of hypercontractivity for
matrix-valued functions over Z, ?

1.1 Our results

Summarizing our main contributions, we first prove a version of hypercontractivity for matrix-
valued functions f : Z — C™ ™. The proof of this crucially relies on proving a generalization of
the powerful 2-uniform convexity by Ball, Carlen, and Lieb [5]. Using this new hypercontractivity
theorem, we prove a quantum space lower bound for streaming algorithms. It is easy to see that
obtaining a 2-approximation algorithm for Max-¢t-Cut on n vertices and t-sized hyperedges in
the classical streaming model can be done in O(log n) space, and we show that obtaining a 1.99-
approximation algorithm in the adversarial model requires Q(n!~2/*) quantum space or Q(n'"1/%)
classical space. As far as we are aware, this is the first quantum space lower bound for an optimization
problem. Compared to the prior works of Kapralov, Khanna, and Sudan [46] and of Kapralov and

!We shall think of an r-size alphabet set as the ring Z, since its structure will be extensively used in our analyses.
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Krachun [48], who obtained an Q(+/n) and Q(n) classical space lower bounds in the random and
adversarial models, respectively, for (2 — ¢)-approximation algorithms, our lower bounds apply to
the adversarial model and are derived through significantly simpler proofs. We further generalize
our results to the case of hypergraphs with t-size hyperedges and vertices taking values over Z,.
These hypergraphs can naturally be viewed as instances of Unique Games wherein the constraints
are over Z,. Here again, we prove that obtaining an r-approximation algorithm requires O (log n)
classical space while a (r — ¢)-approximation algorithm requires Q(n'~?/*) quantum space (hiding
the dependence on r and ¢).

We next show an N = 22"/ Jower bound for (even non-linear) LDCs over Z,. In particular,
for all r smaller than +/n, we prove an exponential in n lower bound for LDCs over Z,. Previous
main results in this direction were by Goldreich et al. [32] for r = 2 and linear LDCs, Kerenidis and
de Wolf [50] for r = 2 and non-linear LDCs, Wehner and de Wolf [70] for non-linear LDCs from
{0,1}" — ZY and finally by Dvir and Shpilka [28] for r > 2 but linear LDCs. Apart from the result
of [28], we are not aware of any lower bounds for non-linear LDCs from Z* — Z, even though
it is a very natural question with connections to other fundamental problems, such as private
information retrieval [32, 49], additive combinatorics [13], and quantum complexity theory [1], to
cite a few. Moreover, the setting of equal alphabets ¥ = T' = 7Z, is particularly relevant and natural in
the context of polynomial identity testing and XII¥ circuits, which has been previously considered
by Dvir and Shpilka [28] for linear LDCs. Furthermore, we are not aware of a formal reduction
between LDCs with X = {0, 1} and ¥ = Z,, specially with recovery probability 1/|Z| + ¢. Finally,
some past works define LDCs over general ¥ with success probability > Pr[wrong output] + ¢ [34],
> 1/2+4¢[32] or > 1— ¢ [26]. These alternative definitions are encompassed by ours by considering
¢ a constant large enough. In the remaining part of the introduction, we describe these contributions
in more detail.

1.2 Matrix hypercontractive inequality (over large alphabets)

Fourier analysis on the Boolean cube. We first discuss the basics of Fourier analysis before stating
our result. Let f : {0,1}" — R be a function, then the Fourier decomposition of f is

=) 1,

Se{o,1}"

where S - x = }I_; Six; € {0, 1} and the Fourier coefficients f(S) of f are f(S) =Ex[f(x)(~=1)%*],
the expectation taken over uniformly random x € {0,1}". One of the technical tools in the
area of theoretical computer science is the hypercontractivity theorem proven by Bonami and
Beckner [8, 12]. In order to understand the hypercontractivity theorem, we first need to define the
noise operator: for a noise parameter p € [~1,1], let T, be the operator on the space of functions
f:{0,1}" — R defined as

(T, H)= E [f@]

y~Np (x)
where y ~ N, (x) denotes that the random string y € {0, 1}" is drawn as y; = x; with probability
% + % p and as y; = x; ® 1 with probability % - % p for each i € [n] independently. One can show

that the Fourier expansion of T, f can be written as (see, e.g., [60, Proposition 2.47])
(TN = ), pPIFES)D°™,
Se{o,1}n

One way to intuitively view this expression is that “large-weight” Fourier coefficients are reduced
by an exponential factor while “small-weight” Fourier coefficients remain approximately the same.
Another property of the noise operator is that it is a contraction, i.e., [|T,f|l, < ||f|l, for every
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p = 1, where ||f]|, = (Ex[|f(x)|1’])1/p is the standard normalized p-norm of the function f. The
main hypercontractivity theorem states that this inequality holds true even if we increase the left-
hand size by a larger norm (meaning that norms under the noise operator are not just contractive,
but hypercontractive), i.e., for every p € [1,2] and p < /p — 1, we have that | T,fll2 < |Ifll,.”
which can alternatively be written as

1/2 1/p
1

D ALIOH I PR DRRTICOT I (1)

se{0.1}n xe{0,1}n

This inequality has found several applications in approximation theory [23, 51], expander graphs [41,
Section 11.5], circuit complexity [54], coding theory [14], quantum computing [30, 55] (for more
applications we refer the reader to [56, 60, 71]). All these applications deal with understanding the
effect of noise on real-valued functions on the Boolean cube.

Generalizations of hypercontractivity. There are two natural generalizations of hypercon-
tractivity: (i) a hypercontractivity statement for arbitrary product probability spaces. In this
direction, it is possible to prove a similar hypercontractive inequality: for every p € [1,2] and
feL¥ QX - XQpm®- - ®m,), we have

ITpflls < Iflly for p<+p—1-A7P712 (2)

where A is the smallest probability in any of the finite probability spaces (Q;, ;) (see [60, Chap-
ter 10]). As a corollary, one gets a hypercontractive inequality for f : Z' — R; (ii) a hypercontrac-
tivity statement for matrix-valued functions f : {0, 1} — C™ ™, where the Fourier coefficients
f (S) = Ex[f(x)(=1)>*] are now mxm complex matrices. This was considered by Ben-Aroya, Regev,
and de Wolf [10], who proved a hypercontractivity statement by using the powerful inequality of
Ball, Carlen, and Lieb [5].

However, is there a generalization of hypercontractivity in both directions, i.e., a matrix-valued
hypercontractivity for functions over Z,? This is open as far as we are aware and is our first main
technical result.

Resurt 1 (THEOREM 8). For any f : Z" — C™™ p e [1,2], and p < 1/%,

1/2 1/p

-~ 1
2 PPIFOIG | <( =5 D If@Ip| (3)

SeZ} x€eZ}

where |[M|l, = (X; O'i(M)P)l/p is the Schatten p-norm defined from the singular values {c;(M)}; of
the matrix M and |S| = |{i € [n] : S; # 0}| is the Hamming weight of S € Z.

The above result can be seen as an analogue of Equation (1) where the absolute values are
replaced with Schatten norms. We now make a couple of remarks. First, when m = 1 our result
compares to the one in Equation (2) for f : Z! — R, but with a slightly worse p parameter compared
to the (1/r)}/P=1/2 factor. Second, for r = 2 we recover the same inequality from [10]. To this end,
as in the proof of hypercontractive inequalities [10, 60], our result follows by induction on n. It
so happens that the base case is the most non-trivial step in the proof. So for now, let us assume
n =1, i.e., our goal is to prove Equation (3) for n = 1. We now consider two special simple cases of
the inequality.

2The hypercontractivity theorem can be stated for arbitrary 1 < p < gand p < +/(p — 1)/(q — 1), here we state it for
q = 2 since we will be concerned with this setting.
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(i) r = 2 and C"™™ is replaced with real numbers: in this case, this is the well-known two-point
inequality by Gross [35] used for understanding the Logarithmic Sobolev inequalities. A proof of
this inequality can also be easily viewed from a geometric perspective. As far as we are aware,
there is no generalized r-point inequality for r > 2.

(ii) r = 2 and C"™™ are arbitrary matrices: in this case, we only need to deal with two matrices
£(0), f(1) and Equation (3) is exactly a powerful inequality in functional analysis, called the
2-uniform convexity of trace norms,’

2/p

X + YD+ 11X = YIS
> XI5+ (p - DIYI. (4)

2

This inequality was first proven for certain values of p by Tomczak-Jaegermann [65] before being
extended for all p € [1, 2] by Ball, Carlen, and Lieb [5] in 1994. Since then it has found several
applications, e.g., an optimal hypercontractivity inequality for Fermi fields [14], regularized convex
optimization [25], and metric embedding [53, 57]. 2-uniform convexity can also be used to prove a
variety of other inequalities, e.g., Khintchine’s inequality [22, 65] and Hoeffding and Bennett-style
bounds [42, 62]. Moreover, the above result could be seen as a corollary of Hanner’s inequality for
matrices [5]

IX + Y1l + 11X = Y1 = Xy + YNl 1? + 11X T = 1Yl

(originally proven for Lebesgue spaces L, [38]), but, unfortunately, Hanner’s inequality for Schatten
trace ideals is only proven for 1 < p < 4/3 and p > 4 [5] (see [15] for recent progress on Hanner’s
inequality for matrices). As far as we are aware, a generalization of Equation (4) involving r matrices
was unknown.

One contribution in our work is the following generalization of a result from Ball, Carlen, and
Lieb [5] (note it also implies a generalization of the two-point inequality), which we believe may be
of independent interest.

RESULT 2 (THEOREM 6). Letr € Z,r > 2, w, = €*7/", Ay, ..., A,y € C™", and p € [1,2], then
p\2/P

(p=1D(-(p=1"")
> Aol + = 1)(2 . ZHA I5-

Once Result 2 is established, the proof of Result 1 is a simple induction argument on n: for the
base case n = 1, Result 1 is exactly Result 2, and proving the induction step requires an application
of Minkowski’s inequality. Since this proof is similar to the one in [10], we omit the details here.

=1
3

k=0

-1

2o

j=0

1.3 Application: communication complexity and streaming algorithms

1.3.1  Communication complexity: Hidden Matching and its variants. The Boolean Hidden Matching
(BHM) problem was introduced by Bar-Yossef et al. [6] (which was in turn inspired by Kerenidis
and de Wolf [50] for proving LDC lower bounds) in order to prove exponential separations between
quantum and classical one-way communication complexities. We describe below the generalized
Hidden Matching problem over larger alphabets and hypermatching. Here a hypermatching is a set
of hyperedges without common vertices. The r-ary Hidden Hypermatching (r-HH(«, t, n)) problem
is a two-party communication problem between Alice and Bob: Alice is given x € Z} and Bob is
given a string w € me/ " and an/t-many disjoint ¢-tuples from [n] (where a € (0, 1]). The disjoint
t-tuples from [n] can be viewed as hyperedges of size ¢, which, in turn, can also be viewed as an

3The 2 in 2-uniform convexity comes from a lower bound on the modulus of convexity of the normed space Ly with
p € (1,2] (see [5] for more details) and not from our parameter r in Result 1 being equal to 2.

ACM Trans. Comput. Theory, Vol. 16, No. 4, Article 21. Publication date: November 2024.



21:6 Srinivasan Arunachalam and Joao F. Doriguello

incidence matrix M € {0, 1}%"/"" (each row corresponding to a hyperedge). In the YES instance it
is promised that w = Mx (over Z,), while in the NO instance it is promised that w is uniformly
random, and the goal is to decide which is the case using a message sent from Alice to Bob.

There have been a few lines of work on understanding the problem of Hidden Hypermatching:
(i) the seminal work of Bar-Yossef et al. [6] and Gavinsky et al. [30] showed that, for r = ¢ = 2,
BHM can be solved using O(log n) qubits but requires Q(+/n) classical bits of communication; (ii)
Verbin and Yu [68] considered the problem where r = 2 and t > 2 (which in fact inspired many
follow-up works on using hypermatching for classical streaming lower bounds) and showed a
classical lowed bound of Q(n'~1/*), which was subsequently generalized to a Q(n'"?/*) quantum
lower bound by Shi, Wu, and Yu [64]; (iii) Guruswami and Tao [36] studied the problem for when
t =2and r > 2, proving a classical Q(+/n) lower bound; (iv) apart from these, there have been
more exotic generalizations of the Hidden Hypermatching problem, e.g., Kapralov, Khanna, and
Sudan [46] proposed the Boolean Hidden Partition, where Bob does not receive a matching anymore
(a graph made up of pair-wise disjoint edges), but the edges of any graph G, and Doriguello and
Montanaro [24] expanded the 2-HH(a, t, n) problem to computing a fixed Boolean function on
the hyperedges of Bob’s hypermatching instead of the Parity function. Here we shall consider the
standard Hidden Hypermatching problem over a larger alphabet and give both upper and lower
bounds for its quantum and classical communication complexities for every t,r > 2.

Upper bounds on Hidden Hypermatching. For a given t > 2, the same classical communication
protocol for r = 2 can be used for general r > 2. The idea is that Alice picks O((n/a)'~"/*) entries
of x uniformly at random to send to Bob. By the Birthday Paradox, with high probability Bob
will obtain all the values from one of his hyperedges i, and thus can compare (Mx); with the
corresponding w;. If they are equal, he outputs YES, otherwise he outputs NO, which leads to an
one-side error of O(1/r). The total amount of communication is O(log (rn)(n/a)'~/*) bits.* The
situation is more interesting in the quantum setting. For t = 2, we prove that Hidden Hypermatching
can be solved using only a logarithmic amount of qubits for every r = poly(n).

ResuLT 3 (THEOREM 12). There is a one-way protocol for r-HH(a, 2, n) with one-sided error 1/3
using O(log (nr)/a) qubits.

The above bound uses a non-trivial procedure that allows one to learn the sum of two numbers
modulo r by using just one “query” and crucially uses the knowledge of the string w: given a
suitable superposition of two numbers, one can obtain their sum with one-sided error by using
one measurement. As far as we are aware, such a statement was not known prior to our work.
However, the knowledge of w is vital, which means that the protocol does not work for more
general settings where there is no promise on the inputs (e.g., a relational version of the r-ary
Hidden Hypermatching problem where Bob must output one hyperedge i and its corresponding
value (Mx);), and it also cannot be used as a building block for the general case t,r > 2. The current
upper bound on the quantum communication complexity of the r-HH(e, t, n) problem with ¢t,r > 2
thus matches the classical one. In view of the lower bounds stated below and the known upper
bound O(n'~V/1t/211og n) for r = 2 [50] (note that [¢/2] is the number of quantum queries required
to learn the parity of ¢ bits [7, 29]), we make the following conjecture.

CONJECTURE 1. Ift,r > 2, there s a protocol forr-HH(a, t, n) using O(log (rn)(n/a)' "/ 1*/21) qubits.

Lower bounds on Hidden Hypermatching. The standard approach for proving a lower bound on
the amount of communication required to solve the Hidden Hypermatching problem is via Fourier
analysis. In the classical proofs of Gavinsky et al. [30], Verbin and Yu [68], and Guruswami and

4One can further improve this complexity to O(log (nlogr) + (logr) - (n/a)t=1/t) by Newman’s theorem [58].
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Tao [36], the total variation distance between the probability distributions arising from the YES
and NO instances is bounded using the inequality of Kahn, Kalai, and Linial [44] (which can be
seen as a corollary of the hypercontractivity inequality). On the other hand, Shi, Wu, and Yu [64]
obtained a quantum lower bound by bounding the Schatten 1-norm between the possible density
matrices received by Bob in both YES and NO instances via the matrix-valued hypercontractivity
from Ben-Aroya, Regev, and de Wolf [10]. We follow a similar approach by using our generalized
matrix-valued hypercontractive inequality from Result 1 in order to obtain the following lower
bound (for r = 2 our lower bound is exponentially better in « than [64]).

ResuLT 4 (THEOREM 14, THEOREM 39). Every constant-bias protocol for r-HH (e, t, n) with t,r > 2
requires Q((n/t)'=2/* Ja®/*) qubits of communication or Q((n/t)'~"/* Ja'/*) bits of communication.

The phase transition from t = 2 to t > 2 in the quantum communication complexity of r-
HH(a, t, n) is reminiscent of the well-known fact that parity of n bits can be computed exactly
using [n/2] quantum queries [7, 29]: a function requiring more than one query within the same
hyperedge will lead to a large communication complexity since, by design of the Hidden Matching
problem, it is hard to extract information from the same hyperedge more than once.

1.3.2  Streaming lower bounds. One-way communication complexity lower bounds has been used
by several recent works to prove streaming lower bounds [21, 36, 37, 46, 68]. To see this, suppose a
problem P has inputs (X, Y) and the goal is to find space-efficient streaming algorithms to compute
P(X,Y), when X, Y are presented in a stream (i.e., presented bit-by-bit). Then, one way to lower
bound the space complexity is to prove lower bounds on the following problem: consider the
one-way communication problem where Alice gets the input X, Bob gets the input Y, their goal
is to compute P(X, Y) and only Alice is allowed to communicate to Bob. Then one can show that
any lower bound for randomized one-way communication implies an equivalent lower bound
for streaming algorithms. This technique has been used by a sequence of papers to prove lower
bounds on space complexity of Max-Cut [36, 46, 48], matching [31], Max-CSP [20, 21, 37] and
counting cycles [4, 68]. One problem that is used often in this direction is the aforementioned
Boolean Hidden Matching and related variants. Using our classical and quantum communication
lower bounds (Result 4) we present two lower bounds for streaming problems on generalizations
to Max-Cut.

There are a few natural generalizations to Max-Cut. One is Max-t-Cut, i.e., finding the maximum
cut value on a hypergraph with t-sized hyperedges, to which the Q(n) classical lower bound
from [48] already applies. Another is the Unique Games problem, a constraint satisfaction problem
defined on a graph, where a linear constraint (a permutation) over Z, is specified on each edge and
the goal is to find a vertex assignment over Z, that maximizes the number of satisfied constraints.
When r = 2, Unique Games reduces to Max-Cut. Guruswami and Tao [36] studied the streaming
complexity of the Unique Games problem and proved a lower bound of Q(+/n) in the adversarial
model by using a reduction from Hidden Matching over Z,. This bound was improved to Q(n) by
Chou et al. [19] for a larger set of problems including Unique Games.

Here we join both directions, i.e., Max-t-Cut and the standard Unique Games problem, into a
generalized version of Unique Games defined on a hypergraph and obtain a streaming quantum
lower bound in the adversarial model for any value t,r > 27

ResurT 5 (THEOREM 22). Every streaming algorithm giving a (r — €)-approximation for Unique
Games on t-hyperedge n-vertex hypergraphs over Z, uses Q(n'~**) quantum space.

5We note that Kapralov et al. [46] proved a classical lower bound Q(n!~¢) for (1 + ¢)-approximations of Max-Cut in the
adversarial model and their proof, together with Result 4, readily implies a similar quantum lower bound.
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The above result follows from generalizing the proof of Guruswami and Tao [36]. As far as we
are aware, these are the first quantum lower bounds for Unique Games in the streaming model.

1.4 Locally decodable codes

Alocally decodable code (LDC) is an error correcting code that allows to retrieve a single bit of the
original message (with high probability) by only examining a few bits in a corrupted codeword.
More formally, a (g, ¢, §)-LDC was defined by Katz and Trevisan [49] as a function C : Z — ZN
that satisfies the following: for all x € Z", i € [n] and y € ZV that satisfies d(C(x),y) < & (ie.,
a J-fraction of the elements of C(x) are corrupted), there exists an algorithm A that makes g
queries to y non-adaptively and outputs AY(i) € Z, such that Pr[AY(i) = x;] > 1/r + ¢ (where
the probability is over the randomness of A). Over {0, 1}, LDCs have found several applications in
private information retrieval [18], multiparty computation [43], data structures [17], and average-
case complexity theory [66].

The natural question in constructing LDCs is the trade-off between N and n. A well-known
2-query LDC is the Hadamard encoding that maps x € Z7 into the string C(x) = ({x, y))ye{0,1}n"
on input i € [n], a decoding algorithm queries C(x) at a uniformly random y and y & e; and
retrieves C(x) = (x,y ® e;) — {x,y), where ¢; = 0"110""!, Here the encoding length is N = 2", and
an important question is, are there 2-query LDCs with N < 2"? For the case r = 2, Goldreich et
al. [32] showed a lower bound N = 22" for linear codes, which was later improved by Obata [59].
Later, Kerenidis and de Wolf [50] proved an exponential lower bound for non-linear codes using a
quantum argument!®

This left open the setting where r > 2. Following these works, for 2-query non-linear LDCs
C : {0,1}" — ZN (note the inputs are over {0, 1} and not Z,), Wehner and de Wolf [70] proved
the lower bound N = 22("/")_ On the other hand, Dvir and Shpilka [28] showed a lower bound of
N =29 for every 2-query linear LDC C : Z'" — ZV, even independent of the field size. To prove
their result, they crucially observed that, given a linear LDC over Z,, one can construct a linear
LDC over {0, 1} (with almost the same parameters) and then invoked the result of Goldreich et
al. [32]. This reduction, however, fails for non-linear codes and motivates the question of whether
there are non-linear LDCs C : Z"" — ZN with N < 2".

The main contribution here is a lower bound for non-linear LDCs over Z, that scale as 29(n/ r2),
and which gives a super-polynomial lower bound for r = 0(n'/?). Our lower bound comes from
using the non-commutative Khintchine’s inequality [67].”

Resurt 6 (THEOREM 31). IfC: Z} — Zﬁ‘] isa(2,0,¢)-LDC, then N = 2Q(&%n/r%)

We briefly mention that, if one requires the success probability to be larger than, for example,
1/2 + ¢ instead of 1/r + ¢, so that plurality vote can be used and the success probability amplified,
then ¢ becomes a constant bounded away from 1/r (if r > 2) and our lower bound is no longer
dependent on e. Moreover, we stress that the success probability is bounded by 1/r +¢, meaning that
the lower bound of Wehner and de Wolf [70] is not directly applicable by restricting the messages to
binary strings. Finally, we remark that in an earlier version of the paper, we proved a similar lower
bound using our matrix-valued hypercontractivity via the proof technique in [10, Theorem 11].
This leads, however, to a weaker bound, N = 228 /") After our preprint appeared online, we
were made aware of the non-commutative Khintchine’s inequality which leads us to the improved

lower bound of 22(&n/r)

®For simplicity in exposition, we omit the dependence on &, € in these lower bounds.
"We thank Jop Brié for helping us prove this theorem.
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Further applications (Private information retrieval). Katz and Trevisan [49] and Goldreich et al. [32]
established a nice connection between LDCs and private information retrieval (PIR) protocols. We
do not define these PIR schemes here and refer the reader to Section 6. Using Result 6 and other
auxiliary results, we get the following lower bound for PIR schemes over Z, when r > 2 is prime.

ResuLT 7 (THEOREM 36). Letr > 2 be prime. A classical 2-server PIR scheme with alphabet Z,,
query size t, answer size a, and recovery probability 1/r + ¢ satisfies t = Q(e*n/r**® — a).

Previous lower bounds on 2-server PIR protocols with alphabet size r = 2 include, among
others, t = Q(ne?/2%%) [50], t = Q(ne?/224) [70], and (for a restricted model of 2-server PIR)
t+a = Q(n'/?) [63]. Other bounds in various settings include [9, 33, 74]. We note that Result 7 does

not contradict Dvir and Gopi’s [27] 2-server PIR scheme with query size t = n@(Vleglogn/logn) — yo(1)
since it uses answer size a = O(t), in which case our bound becomes trivial.

After completion of this work. Kallaugher and Parekh [45] recently put out an online preprint
in which they improve our quantum streaming lower bound for Max-t-Cut to Q(n). As far as we
know, our quantum streaming lower bound for Z, when r > 2 was not known before.

1.5 Future work

1. Proving LDC lower bounds. The first natural open question is, can we prove a lower bound of
N = 22/ for LDCs over Z,, or, more ambitiously, prove that N = 29(M 9 Ag far as we are aware,
there are no super-polynomial lower bounds for N even for r = w(+/n). Similarly, can one also
prove a lower bound of N = 2%("1°¢") for non-linear locally-correctable codes over Z, (thereby
matching a similar lower bound for linear case [11])?

2. Communication complexity of r-ary Hidden Hypermatching. Our communication protocol
behind Result 3 relies on the promise on the inputs, i.e., on the string w € me/ ! that either satisfies
w = Mx or is uniformly random. Is there a protocol with the same complexity which does not
explicitly use w? More generally, what is the communication complexity of a relational version of
the r-HH(«, 2, n) problem in which Bob outputs a hyperedge and the corresponding entry of Mx?
Moreover, is it possible to match the quantum lower bounds from Result 4?

3. Better bounds on streaming algorithms. What is the quantum space complexity of approximating
Unique Games? Given the recent work of Kallaugher and Parekh [45], who proved a Q(n) streaming
lower bound for Max-t-Cut, we conjecture that the same bound applies to Unique Games. A proof
might require obtaining new quantum lower bounds for the communication problems introduced
in [19, 20, 47, 48].

4. Generalized hypercontractivity. Another open question is regarding our main Result 1, which
shows a form of (2, p)-hypercontractivity, since the result works for all Schatten p-norms with
p € [1,2]. Can we prove a general (g, p)-hypercontractive statement for matrices, firstly for matrix-
valued functions over {0, 1}, and then further generalize that to functions over Z,? Proving this
might also require a different generalization of the inequality of Ball, Carlen, and Lieb [5].

2 PRELIMINARIES

Let [n] £ {1,...,n}.Forr € Z,r > 2, welet Z, £ {0,...,r — 1} be the ring with addition and
multiplication modulo r, and let w, = e¥"/" Given S € 7!, we write |S| £ |[{i € [n] : S; # 0}
for its Hamming weight. Let D(C™) be the set of all quantum states over C™, i.e., the set of
positive semi-definite matrices with trace 1. For a matrix M € C™™  its (unnormalized) Schatten

p-norm is defined as [|M]|, = (Tr|[M|P)Y/P = (T, O'i(M)P)l/p, where {0;(M)}; are the singular
values of M, i.e., the eigenvalues of the positive semi-definite operator |M| £ VM'M. Moreover,
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21:10 Srinivasan Arunachalam and Joao F. Doriguello

let M|l £ maX;e[m) 0;(M) and [M||p £ ./ ii=1 [Mij|? be its spectral and Frobenious norms,

respectively (notice that | M| = ||M||«). Given a vectorv € C™, its p-normis [[o|l, = ( 27, |z1,-|P)1/P.
Given two probability distributions P and Q on the same finite set, their total variation distance is
IP — Qlltva = 2; |P(i) — Q(i)| (we might abuse notation and use random variables instead of their
probability distributions in || - ||tvq). For a probability p = 1/r + ¢ with fixed r € Z, we refer to ¢ as
its advantage, and to er/(r — 1) as its bias.

The Fourier transform of a matrix-valued function f : Z' — C™™ is a function f 12— Ccmm
defined by

f(s)= Zﬂm

x€Z}

where S - x = Y1, Six; is a sum over Z,. Here the Fourier coefficients f(S) are m x m complex
matrices and we can write f : Z" — C™™ ag

f) =) ()™

SeZ}

We shall need the Holevo-Helstrom theorem [40] which characterizes the optimal success
probability of distinguishing between two quantum states.

Fact 2 ([69, THEOREM 3.4]). Let po, p1 be two quantum states that appear with probability p and
1 — p, respectively. The optimal success probability of predicting which state it is by a POVM is

1 1
=+ =lppo - (1 - .
5t 5llPo = (1=p)pills
We will need the following result derived from the non-commutative Khintchine’s inequality.

LEMMA 3. Given Ay,..., A, € CNN then

FA;

< 2/210g(2N)

n
DA
i=1

n
Z (cofiAl- L Z” [w,‘A ])

i=1

n
; K,
Z(wfl - wrl)Ai
i=1
n

K
Z e(0) — A

i=1

E

Proor. E
k~zZP k~Z7

n
ki
n Zwr A;
i=1

< E
kk'~Z

T kk~ZR e {x1)n

n

Z siwfiAi

i=1

Q@QWKZMM

using the non-commutative Khintchine’s inequality [67, Theorem 4.1.1] in the last step. O

<2 E E
K~ZP e~{x1}n

ACM Trans. Comput. Theory, Vol. 16, No. 4, Article 21. Publication date: November 2024.



Matrix hypercontractivity, streaming algorithms and LDCs: the large alphabet case 21:11

3 HYPERCONTRACTIVE INEQUALITY

In this section we prove our main result, a hypercontractive inequality for matrix-valued functions
over Z,, generalizing a result from [10]. The proof is by induction on n and the base case n = 1 is
proven in Section 3.1, which is a generalization of Ball, Carlen, and Lieb [5] when considering r
matrices. After this, the induction is fairly straightforward and is described in Section 3.2.

3.1 Generalizing Ball, Carlen, and Lieb
We first state the powerful inequality of Ball, Carlen, and Lieb [5, Theorem 1].

THEOREM 4 (OPTIMAL 2-UNIFORM CONVEXITY). Let A, B € C™", and p € [1,2]. Then

2/p
lA+ Bl + |A - B||5
- > [|AIIS + (p = DIIBII3.

As previously mentioned in the introduction, this inequality was first proven by Tomczak-
Jaegermann [65] for p < 4/3, before being generalized by Ball, Carlen, and Lieb [5] for all p € [1, 2]
in 1994. Since then it has found several applications [14, 25, 53, 57]. The above result can be recast
in a slightly different way.

THEOREM 5. Let p € [1,2] and Z,W € C™" such that Tr[|Z|P2ZWT] = Tr[|Z|P7*WZT] = 0
(where | Z|P~2 = (ZZT)P/271). Then

I1Z+Wllp = 11ZIl; + (p = DIWII.

Theorem 5 is implicit in the proof of [5, Theorem 1], and it is where most of the difficulty lies,
while the reduction from Theorem 4 to Theorem 5 is done by defining

S ]

Nonetheless, Theorem 5 holds more generally for any Z, W € C™" that satisty Tr[|Z|P72ZWT] =
Tr[|Z|P~2WZ"] = 0. By using this result, we can prove the following generalization of Theorem 4.

THEOREM 6 (A GENERALIZATION OF [5]). Letr € Z,r > 2. Let w, £ €277 A, ..., Ap_y € C™",
and p € [1,2], then

]r—l pz/P -1 (p—l)(l—(p—l)r l)rl 1 r— 7}k
(; JZ:(; Al - r-1)-p) ; - z(; i (5a)
2/p
1550 e | (- D (p-1) &
?; Z; > lanly + 2200 1 Z“ Al .

(p-D(=(p-D") _

Notice that for r = 2 we recover Theorem 4, since iz — =P~ 1

Proor. In order to prove this theorem, first note that both inequalities are equivalent: just define

AL = 1 jarya @ _jkA = Ar=Y" éwr A’ Therefore we shall focus on Equation (5b). In order
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to prove it, let us first define the rn X rn matrices

A0 0o ... 0
0 wlA; 0 0
A . ik — 2j .
Z; & diag({ol A= [0 0 wl4; . 0 (6)
0 0 0 ... o"Via,

for j € {0,...,r — 1}. Now, since the trace is additive for block matrices, we have

r—1
2%
j=0

P

r—

1
ik
5ot

=0

P r—1

ZTr
k=0

Tr

Moreover, observe that

r—1
jk
1515 = (Z Tr |} A, P
k=0

Therefore we can rewrite Equation (5b) as

2/p
= (rTrlA; )PP = /2| A 1.

S (p-D-(p- 1)
z)| =1zl + 1Z)115.
;0] TP r-nEz-p) ]Z T

p

The above can be proven by repeated applications of Theorem 5 as follows: consider a permutation
of [r — 1] given by (ky, ..., ky_1). Since

|A;1P72A;AT 0 . 0
) 0 ol F|lA PP A AT L 0
Tr(|Z;\P7*Z;2,] = Tx . .
0 0 @I A P2 A AT
r—1
_ ik
= Tr[|A;1P2AAT] wa(f ) =0
£=0

for any j # k (and similarly Tr[|Zj|P’szZ}L] = 0), then (define ky = 0)

T

r—1 r—1
Te |12 1722, | D 2| | =T (12,72 D) 2 |2 | =0
I=j+1 I=j+1

for every j € {0,1,...,r — 2}, meaning that Theorem 5 can be applied, which implies

2 2

r-1 r-1
Dzi| =1zl + (- |7
=0 1, =t 1,
r—1 2 r—1
> 1Zol2 + (p = DIIZi I3+ (= DD Zi || 2 1Z0l12 + )" (p = 1124, |12
j=2 j=1

p
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Averaging the above inequality over all the (r — 1)! permutations of the set [r — 1], we obtain

r—1 2 r—1
3z =1zl + l), Z 1Z)12 > (r = 2)1(p - D

j=0 » k=1
(P-DA-(p-1D"H S

= 1Zollj + 1Z117-

AT 1)(2 P) jZ ’

proving our theorem statement. ]
; (p=)A=(p-1"™) (p=1) (A=(p-1"™) _
REMARK 7. It is not hard to see that ~——yo—3— > = and limy 2 5 — = L

Observe that t > t?/2 is concave for p € [1, 2], hence Theorem 6 implies the seemingly weaker

-1

Sk,

Jj=0

1 r—1
r

=0
for p € [1,2]. Nonetheless, the above inequality also implies Theorem 6 (this fact was already

pointed out for r = 2 by [5]). Indeed, consider again the rn X rn matrices Z; from Equation (6).
Then, similar to Equation (7) (which only considered the £ = 0 case below), for any ¢ € Z, we have

(r-=1(2-p)

_ _ _ r—1y r—1
>||Ao||§,+(” DO = VTS 0
k=1

et S s B P | e S ~1|r-1 p\2/P
Tr Z wifZJ = Tr Z wi[ Z Z
=0 P = =0 =0 || 5=0
r-1
Since ||ZJ||12J = rz/p||Aj||f, for j € Z,, Equation (8) implies (define { = % for simplicity)
p\2/P
. O , 0||p ”Zk”p r2r SIS ity 15 |S
Aolly + & > Al = —22 gZ Del'z) = —Z Z
k=1 ré/ =0 || j=0 =y jp=

which is exactly Theorem 6.

3.2 Proving (2, p)-hypercontractive inequality over Z,

Having proven the base case of our main theorem statement, we are now ready to prove our
hypercontractivity theorem for matrix-valued functions over Z,.

THEOREM 8. Let p € [1,2]. For every f : Z}! — C™™ and

) e \/(p_l)(l_(p_l)m)

r-D@E-p
we have
1/2 1/p
DUAMNFSIE| < Zuf(x)uz ,
SeZ} x€ezZ}

where |S| = |{i € [n] : S; # 0}|.

2 (p=)(-(p-D"H
(r-1)(2-p)
p= \/Z . Our proof closely follows the one in [10] and is by induction on n. For n = 1, the desired

Proor. For ease of notation, define { = . It suffices to prove the inequality for
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statement is

2/p
2, LA < (} > ||f<x>||§) ©)
SeZ, XE€Z,
8
. r=1 1r—l -1 P 2lp
IFOIG+ L D IFRIG < |~ D 1> o FO| |
k=1 k=0 [ j=0 p

where we used that f (k) = ;;é w{kf(j). But this is precisely Theorem 6 with A = f(k), kez,.

We now assume the inequality holds for n and prove it for n + 1. Let f : Z'"*! — C™™ and
9i = flx,..=i fori € {0,...,r — 1} be the function obtained by fixing the last coordinate of f(-) to i.
By the induction hypothesis we have that, for every i € {0,...,r — 1} and p € [1, 2],

2/p

~ 1
> NEIG < 5 > @l

Sez} x€eZ}

We now take the £, average of each of these r inequalities to obtain

o p/2\2/P . 2/p ) 2/p
z IS 7 2 - il ) p - P
DI IS L (22w 2 el = o D) IF@I
i=0 \Sezr i=0 xezr xezptl
(10)

The right-hand side of the inequality above is exactly the right-hand side of the conjectured
hypercontractive inequality. Below, we show how to lower bound the left-hand side of the above
inequality by the desired left-hand side of the conjectured statement. To do so, we will need the
following Minkowski’s inequality.

LEMMA 9 (MINKOWSKI'S INEQUALITY, [39, THEOREM 26]). For any ry X r, matrix whose rows are
given by uy, ..., u, and whose columns are given by vy,...,0v,,, and any1 < g; < gy < 00,

ol - or,lg.)llg, = | lesllgss -t llgs ), -

Now, consider the r” X r matrix whose entries are given by cs; = r"/2||§‘5|/2§,-(5)“p for every
i €{0,...,r—1} and S € Z". Then the left-hand side of Equation (10) can be written as

~ p/2 1/p 5 p/2 1/p
1 r—1 |5| _ ) 1 r—1 1 )
“2 2 g, =(- 2= 2
i=0 \sezr i=0 sezp
_ 2/p\/?
1 13 )
> | — —Zc”.
= S.i
= (r i=0
(Lemma 9 with ¢; = p and g, = 2)
1 r—1 2/p 172
— S -~ P
=( > ¢ '(;ani(smp) : (1)
Sez} i=0
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Now, for a fixed S € Z?, we use the base case n = 1, Equation (9), on the functions h(i) = g;(S) in
order to get

1 r=1 2/p r—1 1 r—1 -
(; > IIg?(S)IIZ) >y ¢l ‘ = D e
i=0 i=0 j=0

Plugging this back into Equation (11), we have

r—1 r—1
3 g (§Z|@(S)H§ o[5S g
i=0

Sezn Sez i=0

2

1 r—1 B
IO
j=0

2 r—1
— Z g\il '
b i=0

p

o\ 1/2

\%

)2/17 1/2

1 & iy
IO
j=0
1/2

= > FiFs|

Sezr!

p

where we used the fact that g; = fl,,,=j, so, for every i € Z, and S € Z}, we have that f(S, i) =
% Z;;é g;(S)@, " . The lower bound we obtained above is exactly the left-hand side of the conjectured
hypercontractive inequality, which proves the theorem statement. O

REMARK 10 (COMPARISON WITH HYPERCONTRACTIVITY FOR REAL NUMBERS). For real functions
f:Z! = R, it is known that [52, 72] (see also [60, Theorem 10.18])
1/2 1/p

> ISR <5 Y rwr]

SeZ} xX€L}

where p < \/(rllr)j;;ifp__((rr__ll))__(i;/p) . Moreover, this bound on p is perfectly sharp, meaning that our

bound p < ,/% in Theorem 8 can possibly be improved. We note that, forr = 2, both
bounds become p < \/p — 1.

4 HIDDEN HYPERMATCHING PROBLEM

In the following, an a-partial t-hypermatching M € MY, on n vertices is defined as a sequence
of an/t disjoint hyperedges (My1,...,Miz), ..., (Manje1, - - Man/er) € [n]* with t vertices each,
where M, is the set of all such hypermatchings. If « = 1, we shall write M, .

DEFINITION 11. Let n,t € N be such that t|n and a € (0,1]. In the r-ary Hidden Hypermatching
(r-HH(a, t,n)) problem, Alice gets x € Z7, Bob gets an a-partial t-hypermatching M € Mffn

and a string w € Z?"/t. The hyperedges of M are (Myy,...,Myi;),...,(Man/t1s---» Manjes). Let
M € {0, 1}/ qlso be the incidence matrix of Bob’s hypermatching. Consider the distributions:
(1) YES distribution DS, let w = Mx (where the matrix product Mx is over Z,);
(2) NO distribution DN°, w is uniformly random in Z2"/".

In the r-ary Hidden Hypermatching problem, Alice sends a message to Bob who needs to decide with
high probability if w is drawn from DYES or DNO.

4.1 Quantum protocol for r-ary Hidden Hypermatching

For t = 2, we obtain a efficient quantum communication protocol to solve the r-ary Hidden
Hypermatching problem.
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THEOREM 12. Given ¢ > 0, there is a protocol for the r-HH(a, 2, n) problem with one-sided error ¢
and O(é log (nr)log(1/¢)) qubits of communication from Alice to Bob.

Proo¥. Let M € M7, be Bob’s matching with disjoint edges (My,1, M), ..., (Manja,1, Manja2) €
[n]2. Alice first sends the following state in C" ® C" to Bob,

1 n
= |xi9 l)
Vi &

Bob then measures the state with the POVM {Ey, ..., Egp/2, 1 - Z?:l/z E;}, where

E; £ |Mi1)(Mi] + |Mi2) (M|, Vi € [an/2]

(note that [M; ;) € C" for i € [an/2], j € [2]). With probability 1 — a the POVM outputs the final
outcome, and with probability « he will obtain a measurement outcome E; with i € [an/2] and get
the state
!
V) = —=(xm;,» Mia) + |Xa,,, Mi2)).

V2

By repeating the procedure O(1/) times, Bob obtains an outcome i € [an/2] with high probability.

For the ease of notation, we can write M;; = 0 and M;, = 1 (note that Bob knows the values
of both M; 1, M;; explicitly). Bob now attaches a [log, r]-qubit register in the state |0) to |¢/) and
applies a quantum Fourier transform Q, over Z, to it to obtain

r—1

1
MMH$ZMW

k=0

From now on we shall consider a parameter £ € Z, to be determined later. Let X be the usual
Pauli operator and let S, and P be the shift and phase operators over Z, defined as S¢|k) = |£ — k)
and P|k) = w¥|k) for k € Z,. Let C; £ PS,P ® X. Bob applies the controlled unitary U, defined as
Uelk)|yr) = |k)C§|¢) on his state, followed by an inverse quantum Fourier transform QI on his first
register to get

r=1r-1

of el

1S 13 1 »
— N Ul = — Y |k)CKlyy = = w7 F 1Ry,
W%IW>W;HMW - )CEIv)

1
Jj=0 k=0

Let us calculate C;[y/) and C2|y/). We have
1
Cely) = —= (PSP ® X)(|x0,0) + |x1,1))
V2

1
= —=(PS; @ )(;°|x0, 1) + @} |x1,0))

V2

1
= — (PRI (™|l — xp, 1) + ¥ |€ — x1,0))

V2

w{’
= —L (|6 —x1,0) + | — x0,1)) (12)

V2
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and

‘:a'-\

Cily)y = —L (PSP ® X)(|£ — x1,0) + |€ — xp, 1))

(PS; ® I) (@I |£ — x1, 1) + w0 7| € — x0,0))

SIE S

l
= P |1, 1) + 0l |x0, 0))

vz
= W2 1).

We can see from the above that C?khﬁ) = w?|y)). By defining A, 2 £ — (xo + x;) and & = 1if k is
odd and 0 otherwise, Bob’s final state is
r=1r-1
Z 3ok y— 75 0+ 88 0) + 1 + Acdi 1), (13)
J=0 k=0
Now observe that, if £ = xo +x1, then C;|¢/) = w!|¢/) in Equation (12). This means that Bob’s state in
Equation (13) becomes |xo + x1)|/), and if he measures his first register, he obtains xo + x; (mod r)
with certainty.
On the other hand, if £ # x( +x1, then the probability of measuring the first register and obtaining
the outcome m € Z, is

e

1 r—1 ~ ok
Pr[m] = — Z M) (g + NSk, |0 + Debk,) + (x1 + ASp, [x1 + AeSi, ))
" =0
1 r—1 1 r-1
— (t—m) (k1 —kz) (£=m) (k1—k2)
= ﬁ Z Wy + r_2 Z [OM
ki,ks even ki,ky odd
_ |1 N k(t’—m) k(e— m)
([ 5 apenl 1 S
k even k odd
It is not hard to see that the above probability is maximal when m = ¢, in which case
2 1
1 |r+1 1 r)2 = r even,
Prim=1¢] = = +—l—J =312
r2| 2 r2 L2 3+37 r odd.
2r
Given the considerations above, Bob uses the following strategy: he picks ¢ as the corresponding

entry w; from w € me/ 2 given the measured hyperedge (M1, M;2). If the outcome m from

measuring his final state in Equation (13) equals w;, then he outputs YES, otherwise he outputs NO.
Indeed, in the YES instance, w; = xu,, + xu;,, and so m equals w; with probability 1, while in the
NO instance, m equals w; with probability at most % + z—iz Thus the communication protocol has
one-sided error at most 1 + F’ i.e., Pr[error|YES] = 0 and Pr[error|NO] S 2r2 By repeating
the whole protocol O(log(l /€)) more times, the one-sided error probability can be decreased to ¢:
if in any of the repetitions the final measurement outcome is different from w;, then Bob knows

that NO is the correct answer. m]

4.2 Quantum lower bound on r-ary Hidden Hypermatching

In this section we shall turn our attention to proving quantum and classical lower bounds on the
amount of communication required by the r-HH(«, t, n) problem, but first we need the follow-
ing lemma.
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LEMMA 13. Let f : Z' — D(C*") be any mapping from an n-bit alphabet to m-qubit density
matrices. Then for any § € [0,1/(r — 1)], we have

D7 SSIIFE)IE < 2207,

SezZ}

Proor. Let p =2 1+ (r — 1)9. First note that, given the eigenvalues o7, . . ., oom from f(x), which
are non-negative reals that sum to 1, we have

2" 2m
IFGI =Y ol < > oi=1.
i=1 i=1

Using Theorem 8 and Remark 7, we now get

2/p
r ! 2/p
p-1 =~ 1 1
Z(FJ IFSI; <| = 25 Gl 4ﬁmﬁ _ 1.
SezZy x€L}
On the other hand, note p < ¢ = (ZLm ?:1 af)l/p < (sz f;"l Ul_q)l/q by Hélder’s inequality,
hence
S| Is|
1), ry p—1\" =
Sez} SeZ}
Rearranging the inequalities leads to
p—1\F
2. ( 1) IFS)IF < 22mO1p) < g2m(p=D), o
r —

SezZ}

We are now ready to state and prove our main quantum communication complexity lower bound
for the r-ary Hidden Hypermatching problem.

THEOREM 14. Any quantum protocol that achieves advantage ¢ > 0 for the r-HH(a, t, n) prob-
lem with t > 3 and @ < min(1/2, (r — 1)7Y2) requires Q(r~(*0 (¢ Ja)?/* (n/t)'?/*) qubits of
communication from Alice to Bob.

Notice that for r = 2 our lower bound reads Q(a /! (n/t)'"?/*), which has a better dependence
on & compared to the lower bound Q(log(1/a)(n/t)'"%/*) from [64]. Also, see Remark 19 at the
end of the section for an improvement on the requirement o < min(1/2, (r — 1)7/2).

Proor. Consider an m-qubit communication protocol. An arbitrary m-qubit protocol can be
viewed as Alice sending an encoding of her input x € Z7 into a quantum state so that Bob can
distinguish if his w was drawn from DYES or DNO. Let p : Z" — D(C?") be Alice’s encoding
function. For our ‘hard’ distribution, Alice and Bob receive x € Z and M € Mffn, respectively,
uniformly at random, while Bob’s input w € me/ " is drawn from the distribution D £ %DYES +
%DNO, i.e., with probability 1/2 is comes from DY, and with probability 1/2 it comes from DNO.

Letpy =r ", pm = |an ~1and Pw = r~@"/t then our hard distribution P is
1 1
Pr[x, YES, M, w] = pr - pm - [Mx = w], Pr[x, NO,M,w] = pr DM P (14)

Conditioning on Bob’s input (M, w), from his perspective, Alice sends the message p(x) with
probability Pr[x|M, w]. Therefore, conditioned on an instance of the problem (YES or NO), Bob
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receives one of the following two quantum states p%;’ and pﬁ‘%w, each appearing with probability
Pr[YES|M, w] and Pr[NO|M, w], respectively,

1
M,w _ . — .
PyEs = XGEZH Pr{x|YES,M,w] - p(x) = —Pr[YES, Vo] erZn Pr[x, YES, M, w] - p(x),
r T (15)
M,w 1
o= P NO, M, . = Pr[x,NO, M, . .
"= 3 PAXINO.M w0 = sy 3% PrxNOL Mo ()

Bob’s best strategy to determine the distribution of w conditioning on his input (M, w) is no more
than the chance to distinguish between these two quantum states pyE;” and pﬁf’ow.

Now let ¢pi5s be the bias of the protocol that distinguishes between pyE;” and prc’)w. According to
Fact 2, the bias &, of any quantum protocol for a fixed M and w can be upper bounded as

ebias < ||Pr[YESIM, w] - s’ — Pr[NO|M, w] - pi”||,-

We prove in Theorem 15 below that, if m < rlfm (%)Z/t(n/t)l_z/t for a universal constant y, then

the average bias over M and w is at most £ e,

E Ebias] < €2,

(M,w)~PM,W[ blas]
where Py, is the marginal distribution of #. Therefore, by Markov’s inequality, for at least a
(1 —¢)-fraction of M and w, the bias in distinguishing between pyE;” and pﬁféw is e-small. Therefore,
Bob’s advantage over randomly guessing the right distribution will be at most ¢ (for the event
that M and w are such that the distance between pyESW and pﬁlc’)w is more than ¢) plus ¢/2 (for the
advantage over random guessing when eyj,s < ¢€), and so m = Q(r~ (18 (&2 [)?/t (n/1)'2/%). 1

THEOREM 15. Forx € Z!, M € M, w € 7" and b € {YES,NO}, consider the probability
distribution P defined in Equation (14). Given an encoding function p : ZI' — D(C*"), consider
the quantum states p%sw and pﬁléw from Equation (15). If & < min(1/2, (r — 1)~Y/2), then there is a
universal constant y > 0 (independent of n, t, r and a), such that, if m < rlfm (%)z/t(n/t)l_z/t for all
e >0, then

M, M, )
(M)W)@E;PMM [”Pr[YESIM, w] - pitd = Pr[NOIM, w] .pNOWHI] <2

Proor. For the ease of notation, we shall write

A M, M,
ias = B |I[PrIYESIM, wl - ps” ~ PrINOIM, wi - o |

Therefore, we have that

Ebias = Z Z Pr[M, w] - || Pr[YES|M, w] p%é" — Pr[NO|M, w] -pﬁfé‘””l
MEMZH WEZ‘:””

-y H D (Pr[x,YES,M, w] - p(x) = Pr[x, NO, M, w] .p(x))H
MeMZ, \wezan/t  x€Z} !
(Equation (15) and conditional probability)

= Z Z HZ%Px'PM([MxZW]—Pw)P(X)

a n
MeME, WEZ?"” x€Z}

(Equation (14))

1
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= 3 Y| X e (x =] = pu) - Y A5

MeMZ, \yezanlt  x€Zp sezn

= ¥ 2 || 2 wonwsins),

MeMg, weZ‘r’"/’ SeZy

<SS M s) - 1ES)

SEZ} MM, \yezenlt

(Fourier decomposition of p)

where we defined
A 1 .
u(M.w,S) 2 2 3 pe- - 0] ([Mx=w] =pu). (16)
x€eZ}

Next, we upper bound the quantity u(M, w, S) using the lemma below. In the following lemma,
let I(M) = Ujeran/e],je[¢]1Mi;} be the set of indices of the a-partial matching M € M .. Moreover,
we shall write S|y, = Spm,,Sm,, - - Sm,, € Z. to denote the string S restricted to the hyperedge
M; = (M. .., M), where Sy, ; is the M; j-th entry of S. The same applies to x € Z7'.

Lemma 16. Let M € M7, and I(M) = Ujcan/t],je[:]1Mi.j}- Define the set

AM) ={S € Z} \{0"} | Sm,, = Sm,, = -+ = Sm,, Vi € [an/t] and S; =0V ¢ I(M)}.

Given u(M,w,S) as defined in Equation (16) for w € Za"/t and S € Z}, we have u(M,w,S) =
1orenlt. py if S € A(M) and 0if S ¢ A(M).
Proor. Recall the definition of u:
u(M,w,S) = - pr P 03 ([Mx = w] - pu).
er"

In order to understand this expression, we start with the following:

/
Z SxMx—w] Z Sxoﬁt [(Mx); = wi]
7 7
x€ xe -
= Z a)f'x l_[ |:Z xMi,j = Wil
x€Z} i=1 [ j=1

S\ e (“ﬁ ]|

x€Z} \ jeI (M) i=1

an/t
= [T 2 e |[T] 2 e fo =wi|| (Relabelling x € Z7)
JEI(M) x€Zy i=1 xezt
an/t S
=0 oV I [ | Y ™ [Z x; = w,-l .
i=1 xezt Jj=1
Now we use that 3)/_; x; = w; = x; =w; — ¥/Z] x; modulo r, so that
t t—1 -1 -1
SIMi X = Z SMi'ij = Z SMi,jxj + SMi,t (Wi - Z xj) = SMiV,Wi + Z(SMi,j _ SMi,t)xj
Jj=1 Jj=1 - =
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modulo r. This leads to (assuming that S; = 0 for all j ¢ I(M))

an/t s siois Sai ) o an/t s
oW o = SM; )X i Wi
Z wf'x [Mx = w] = pni-a) 1_[ w, Z w7 Mig "M pr 1_[ w, (17)
xezn i=1 xezil r i=1
if, for all i € [an/t], Su,, is constant for all j € [t],ie. if Sp,, = Sm,, = -+ = Sm,, foralli € [an/t].
Otherwise the above expression is 0. Thus, if Spy,, = Sy, =+ -- = Sp,, foralli € [an/t] and S; = 0

for j ¢ I(M), then we can use Equation (17) to get (remember that p, £ r~" and p,, £ r-*"/t)

an/t
lu(M, w,5)| = % D pepmol™ ([Mx = w] = pu)| = zf’—M, [ 0"~ s = 0"
x €z i=1
~ {0 if $ = on,
T by ifs £ 0.
Hence, we have
0 if S=0",
lu(M, w,S)| = {3r~"tpy  if Sy, = Sm,, =+ = Sm,, Vi € [an/t] and S; = 0 ¥j ¢ I(M),
0 otherwise,
proving the lemma statement O

We now proceed to upper bound ép;,5 using the expression for |u(M, w, S)| from Lemma 16. For
SeZlet|S| = |{i € [n] : S; # 0}|. Notice that, if S € A(M), then |S| = kt for some k € [an/t].
Hence, we have that

an/t
1 1 1 —~
s <5 D, D, b D, o lBOli=5 30 > > pull)l
SEZ} MeMY, weZ',""/t k=1 SeZ} MeMY,
SeA(M) [S|=kt Sen(M)
1 an/t
=520 2 B, 1S € A0D]- Al
k=1 Sezn tn
|S|=kt

using that
pm=_Pr [SeAM)].
MeME,:SeA(M) MM
We now upper bound this probability using the following lemma.

LEMMA 17. Lett € Z. Let S € Z} withk; = 1 - |[{i € [n] : S; = j}| € Z forj € {1,...,r —1}. Let
k= Z;;} k;. For any M € MY, , let A(M) be the set from Lemma 16. Then

tne
(Oﬂll(/l‘) k! r—1 (k]t)!
(o) ot L1

Pr [SeAM)] =
B 15 € 8001

PrROOF. We can assume without loss of generality that S = 1%1£2k (r — 1)kr1tgn=Fkt  First
note that the total number MY, | of a-partial hypermatchings is n!/((t!)a"/t(an/t)!(n - an)!).
This can be seen as follows: pick a permutation of n, view the first an/t tuples of length ¢ as an/t
hyperedges, and ignore the ordering within each hyperedge, the ordering of the an/t hyperedges
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and the ordering of the last n — an vertices. Now, given our particular S, notice that S € A(M) if,
for j € [r — 1], M has exactly k; hyperedges in

Jj-1 Jj-1 Jj-1 Jj-1 J
{1+tZki,2+tZki,3+t2ki,...,(kj—l)+t2ki,tZki},
i=1 i=1 i=1 i=1 i=1

i.e., ki hyperedges in {1,...,kit}, k; hyperedges in {kit + 1,..., (ks + k1)t}, etc., and also an/t — k
hyperedges in [n] \ [kt]. The number of ways to pick k; hyperedges in {1 +1 Z{: kiy...,t Z{zl ki}
is (kjt)!/((t!)kfkj!). The number of ways to pick the remaining an/t — k hyperedges in [n] \ [kf]
is (n — kt)!/((£)*/**(an/t — k)!(n — an)!). Hence Pryomg, [S € A(M)] equals

(n—kt)! _ _ _
(then/t=k (gnjt—k) ! (n-an)! r-l (kjt)! _ (n—kt)!((xn/t)! e (kjt)! _ (ar]i/t) k' T ! (kjl')!

! k; - _ a 0
e =1 AV mian/t =kt S k! () (ROUSP Kyt

Using Lemma 17 and the notation |S|; = |[{j € [n] : S; = i}|, we continue bounding ey,s as

k[ (k;t)!
k —
(t) &, ;0 sgz:n kt)! (ﬂ )llp(S>||1
Tictkj=k ISli=kit, iclr—1]

K12 7 (ki)
P
= ) e %po sén ko L1 &2 | ;M SZZ; IP(S)II
\Zrlk =k |Sli=kit, i€[r-1] \Z”k e Sl tar1]

(Cauchy-Schwarz)

N o e
k=1 (knt) ki, ;1>O Sé" (kt)'z e kj|2 Sén ”p( )”1
\ STV ky=k |Sli=kit, i€[r-1] \\s|=kt

> IRG)IE

SeZ}
|S|=kt

IA
N | =
M

Ebias

IA
N | -
M

M

where the last equality uses Y.sczn.|s|,=k;t 1 = (kt)(kt)' J o % ) Since

2

K2 1 (k! (kl,..fkﬂ) K . .
2 [T 2 e Zl>0(k1,...,kr_1)_(r_l)’ (9)

Kyokr—1 20 Kiookp_120 (klt,...,kr,lt) ik
Yol ky=k Y ky=k Sl kj=k

where the last equality follows from the the multinomial theorem, then

anft

2ebias < Za \/7 SR A I S O]

(%) SeZ|S|=kt

where we also used that (a"/ N <ak (",ét) for a € [0, 1]. In order to compute the above sum, we shall
split it into two parts: one in the range 1 < k < 4rm, and the other in the range 4rm < k < an/t.
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Sum I (1 < k < 4rm): in order to upper bound each term, pick § = k/(4rm) in Lemma 13, so

zl/<2f>4rm)’“

> IO < 5 Y SIS < 22’5’"=( -

SeZi:|S|=kt sezr
By using that m < r1+1/f( £)2/t(n/1)1-2/t and (4 ) ([s) < (3)(5—2)5 (see [64, Appendix A.5]) for
q =n/t,s = k,£ = t, we thus have
4rm—-1 "/f 4rm-1 ( )k/z (E)(I—Z/t)kt/Z (21/(2t)4rm)kf/2

SR A I O] Y -

k=1, /(kt) SeZ™[S|=kt k=1

4rm—1 1/(2 4 kt/2
< Z ok (r — 1)k/? 24 e
= = a2ltri/tge/t
arm=1 517404 7t/2,.2\K
< (%) <&
k=1

for sufficiently small y.
Sum II (4rm < k < an/t): first we note that the function g(k) £ o*(r — l)k/z("lit)/ (£,) is
non-increasing in the interval 1 < k < an/t < n/(2t). That is because aVr — 1 < 1, and so

gk-1 _ (1) (r) ki pyn—ke+i kt Eln—kt+jel
= /t - _ - = _ .
g(k) (") (") n—kt+tl 1 kt-j n—kt+tl L kt—j+1
22— kt+j+1
- [k,
j=1 t=J

where we used that § “—“ foralla,b,s > 0 With a > b. Hence, and with the aid once more of
Lemma 13 with § = 1 and the inequality (¢ ) ([q) < (é)(f_z)S (for g = n/t,s = 2m, £ = t) in order
to bound g(4rm),

an/t . (n/t) an/t

D=0 Y ES)IE <grm) T [T 1RSI

k=arm () SezpIS|=kt k=irm \|S€Z}[S|=kt

kt
an o2
< g(4rm) [ — Z lp(S)I7 (Cauchy-Schwarz)
t SezZr
2(t-2)
n/t t

/ —) drm (4y)!/2¢ 402/”””\/@
s(21 ‘avVr 1) (—m/;(n/t) -

where in the last step we used thatm > 1 = 4(1 - 2/t)m > 1 (so n is in the denominator and
e2(1=2/9m < ¢) and picked y sufficiently small.
Finally, merging both results, we get that, if m < rl;Ll,,(%z)z/t(n/t)l_Z/t, then epias < £2. O
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A very similar classical communication lower bound for the r-HH(«, t, n) problem can be proven.

THEOREM 18. Any one-way classical protocol that achieves advantage ¢ > 0 for the r-HH(a, t, n)
problem witht > 2 and a < 1/2 requires Q(r~'(¢*/a)"*(n/t)'"1/*) bits of communication.

The proof is very similar to that of past works [30, 36, 68] and we include it in Appendix A for
completeness. We now conclude this section with a remark that improves the r dependence of the
o parameter.

REMARK 19. The dependence of a on r can be improved. For example, we can improve the bound

in Equation (18) by observing that (kl,. kk, 1)2( Kt )_1 < 1, which can be seen from the identity

kit,...kr_1t
(o 5 ) = (F) (k) oo (Brkat#hmt) and the inequality () ()™ < ()% < 1. Hence
K12 T3 (kjt)! (5 ) k+r—2
Z i Z Fioked) Z . ( )
ki,eokp-120 (ke)! Jj=1 kj!z ki..skr—120 (klt,‘.,itk,_lt) kiyeekr—120 k
i ‘k =k o ky=k o k=k

which is better than (r — 1)*. By bounding

k+r-2 <o 1+r—2k
k B k ’
(k+£ 2) ("/t)/ ( ) is still non-increasing in the interval 4rm < k <

the new function g(k) 2 af
an/t < n/(2t) if now

o< e /2 [k e 1/2 [ arm
4rm<k<(zn/t k+r—2 4rm+r -2

Form > 1, a is essentially independent of r, and hence & < min(1/2,e™"/?) = 1/2.

4.3 Quantum streaming lower bound for Unique Games on hypergraphs

The Unique Games problem is a generalization of the classical Max-Cut and can in fact be viewed
as constraint satisfaction problems on a graph but over a larger alphabet. Consider a graph on n

vertices X1, . . ., x, and edges in E. The constraint on an arbitrary edge (i, j) € E is specified by a
permutation n; ; : Z, — Z, and the goal is to find an assignment of x, ..., x, € Z, that maximizes
Z [ﬂi,j(xi) = xj]-

(i,j)€E

In this section, we consider a generalization of Unique Games to hypergraphs.

DEFINITION 20 (UNIQUE GAMES INSTANCE ON HYPERGRAPHS). A hypergraph H = (V,E) is defined
on a vertex set'V of size n with t-sized hyperedges E (i.e., t-sized subsets of V). Given a linear constraint
on a hyperedge e € E, i.e., a linear function r, : Z- — Z,, the goal is to compute

max ) [ (x) = 0]
ecE

where x, corresponds to the set of vertex-assignment in the hyperedge e € E.

DEFINITION 21. Let H = (V,E) be a hypergraph and let OPT be the optimal value of the Unique
Games on H. Fory > 1, a randomized algorithm gives a y-approximation to a Unique Games instance
with failure probability 6 € [0, 1/2) if, on any input hypergraph H, it outputs a value in the interval
[OPT/y, OPT] with probability at least 1 — §.
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A uniformly random assignment of x € Z! to the vertex set V will satisfy a 1/r-fraction of the
hyperedges, since each linear constraint s, (x.) is satisfied with probability 1/r. This gives a trivial
r-approximation algorithm for the problem above. Below we show that any better than trivial
approximation requires space that scales as nf for constant f§ > 0.

THEOREM 22. Let r,t > 2 be integers. Every quantum streaming algorithm giving an (r — ¢)-
approximation for Unique Games on hypergraphs (as in Definition 20) with at most t-sized hyper-
edges with alphabet size r and success probability at least 2/3 over its internal randomness, needs
Q((n/t)'=2/t) space (which hides dependence onr, ¢).

The proof of this theorem combines techniques used by Guruswami and Tao [36] and Kapralov,
Khanna, and Sudan [46]. Akin to these works, based on the Hidden Matching problem, we will
construct instances of the hypergraph for which a Unique Games instance is hard to solve space-
efficiently in the streaming model.

Input distributions. To this end, we construct two distributions Y/ and N such that Y/ is supported
on satisfiable Unique Games instances and N is supported on instances for which at most an
O(1/r)-fraction of the constraints is satisfied. We now define these instances in a multi-stage
way (using k stages). First, sample k independent a-partial t-hypermatchings on n vertices and
then construct a hypergraph G by putting together all the hyperedges from these k stages. Note
that G still has n vertices, while the number of hyperedges is k - an/t (since each stage has an/t
many hyperedges and we allow multiple hyperedges should they be sampled). Now we specify the
constraints 7, in Definition 20 for the Y, N distributions:

e Y distribution: sample z € Z} and for each e € E, let 7, (x¢) = X;co(x;i — z;) (Where by i € e
we mean all the vertices in the hyperedge e).
o N distribution: for each e € E, pick a uniform q € Z, and let 7. (x.) = ¢ — 2;c. Xi-

It is clear that, in the Y distribution, the optimal solution is when all the x1,. .., x, are just set to
Z1, ..., zp. Below we show that for the NV distribution, the value of the optimal solution is at most
(1 + ¢)/r with high probability.

LEmMMA 23. Lete € (0,1). Ifk = O(rtlog(r)/(ae?)), then for the Unique Games instance sampled
from the distribution N above, the optimal fraction of satisfiable constraints (i.e., number of hyperedges
e € E for which . (-) evaluates to 0) over all possible vertex labelling is at most (1 + ¢)/r with high
probability.

Proor. The proof of this lemma is similar to the proof in [36, Lemma 4.1]. Fix an assignment
x € Z". Let X! be the random variable that indicates that the hyperedge e € E appears in the
¢-th stage and is satisfied by x. Let S = },, X{. The expectation of S is kan/t - 1/r, since the
total number of hyperedges is an/t for each of the k stages and the probability that a uniform
x satisfies a t-hyperedge (i.e., probability that ). x. = g for some fixed q) is 1/r. Using the
same analysis as in [36], we can show that the variables X! are negatively correlated. Indeed,
first note that hyperedges from different stages are independent. Now suppose we know that the
random variables Xffl, ... ,X‘fs have value 1, and we also know a hyperedge e € E.IfeNe, # 0
for some u € [s], then X! = 0, since the hyperedges of a given stage form a matching. Otherwise,
the conditional expectation of X! (conditioned on e Ne, = 0 for all u € [s]) is %(";”)_1,
which is less than its unconditional expectation of D”i/ d (’;)_1. Therefore, in all cases one has
E[X{|X{ =---=X{ =1] < E[X[], which means negative correlation.

Hence, a Chernoff bound for negative-correlated variables (see, e.g., [61, Theorem 3.2]) yields

Pr[S > (1+¢)(kan/t)/r] < exp(—e*kan/(3rt)) = exp(—O(nlogr)),
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where the inequality used the choice of k. Applying a union bound over the set of x € Z? concludes
the proof of the lemma. O

Reduction to Hypermatching. The reduction to r-ary Hidden Hypermatching is similar to the
analysis used by Guruswami and Tao [36], but now it is from quantum streaming algorithms to
one-way quantum communication complexity. The main lemma that we need is the following.

LEMMA 24. Let ¢ > 0. If there is a streaming algorithm using at most ¢ qubits of space that
distinguishes between the Y and N distributions on Unique Games instances (with k stages) with
bias 1/3, then there is a c-qubit protocol that distinguish between the YES and NO distributions of
r-HH(a, t, n) with bias Q(1/k).

In order to prove this lemma we need a few definitions and facts. First, towards proving the
lemma above, let us assume there is a c-qubit streaming A for Lemma 24. During the execution
of the streaming protocol on instances from the Y and N distributions, let the memory content
after receiving the ith stage constraints be given by the c-qubit quantum states |¢;V ) and |¢lN ),
respectively.® Assume that |¢5‘/ Y = |¢év ) = 0. Using the notion of informative index from [46,
Definition 6.2], we say an index j € {0,...,k — 1} is §-informative if

g7 = 1700, = g = 16701, + 6.

With this definition it is not hard to see the following fact, which follows from a simple triangle
inequality.

FacT 25. Suppose there exists a streaming protocol for distinguishing the Y, N distributions with
advantage > 1/3, then there exists a Q(1/k)-informative index.

Suppose j* is an Q(1/k)-informative index for the streaming protocol A. Using this we devise a
communication protocol for r-HH (e, t, n) with bias Q(1/k) as follows: suppose Alice has a string
x € Z} and Bobhas w € 7" and a hypermatching M € M.

(1) Alice samples j* many a-partial t-hypermatchings and runs the streaming algorithm A on
Unique Games constraints for the first j* stages that follow the Y distribution with z = x.
She then sends the memory contents after these j* stages to Bob.

(2) Bob assigns the constraints }};, x; = w,, where e € M, according to his inputs w, M. He then
continues running A on these constraints as the (j* + 1)th stage.

Let |s) be the quantum state that Bob gets after running A.

(3) Let |¢"ES) and |¢NO) be the resulting quantum states under the two cases, depending on w’s
distribution (these can be computed by Bob since A is known). Bob can distinguish between
|#YESY and |¢pNO) with bias %HM)YES) - |¢>NO)||1 by measuring the state |s) with a suitable
POVM, according to Fact 2.

We are now ready to prove Lemma 24.

PROOF OF Lemma 24. We argue that the above protocol achieves a Q(1/k) bias in distinguishing
between the YES and NO distributions from r-HH(«, t, n). To this end, let U be the unitary that
maps the quantum state after stage j* and constraints of stage j* + 1 (which is classical) to the

quantum state after j* + 1. Thus we have |¢Y5) = |¢}1{+1> = U|¢]y CY) and |¢pN°) = U|¢]‘Z,CN),

8Without loss of generality, we assume they are pure states—this only affects the cost of the protocol by a constant factor
(since one can always purify mixed quantum states by doubling the dimension).
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where C¥ and CV are the constraints corresponding to the YES and NO distributions, respectively,

and, similarly, we have |¢] ) = U|¢).Y ,CN). Then, we have

g¥®) = 16™, = g = 1ol = [16M) = 1601l
> g5 = 197l = g5 -

where the second inequality used that |||¢>NO) |¢ +1>”1 = HUlg{) ,CNy — Ulg{)}\f, CN)”1 < |||¢jy*) -
|¢j* |1 (since unitaries preserve norms) and the third inequality is because j* is an informative

index. Hence in Step (3) of the procedure above, the bias of Bob in obtaining the right outcome
is Q(1/k). m]

Proo¥ oF Theorem 22. Finally, by picking k = O(rt log(r)/(a&?)) in order to invoke Lemma 23
and using our lower bound in Theorem 14 with @ = O(1), we get our desired lower bound of

Q(r—(1+1/t) (k2a)—2/t(n/t)l—2/t) — Q((n/t)l_z/t). O

REMARK 26. It is possible to prove a classical version of Theorem 22 by using the classical lower
bound on r-HH(a, t, n), which leads to Q((n/t)}~"*) classical space (hiding dependence onr, ¢). Such
bound, though, is already subsumed by Q(n) from Chou et al. [19].

5 LOCALLY DECODABLE CODES

In this section we prove our lower bound on locally decodable codes over Z,. Before that, let us
first formally define an LDC.

DEFINITION 27 (LOCALLY DECODABLE CODE). A (g, , €)-locally decodable code overZ, is a function
C:Z" — ZN that satisfies the following: for every x € Z" and i € [n)], there exists a (randomized)
algorithm A that, on any inputy € ZV that satisfies d(y, C(x)) < SN, makes q queries to y non-
adaptively and outputs a number AY (i) € Z, that satisfies Pr[AY(i) = x;] = 1/r + ¢ (where the
probability is only taken over the randomness of A).

As is often the case when proving LDC lower bounds, we use the useful fact proven by Katz
and Trevisan [49] that, without loss of generality, one can assume that an LDC is smooth, i.e., the
queries made by A have “reasonable” probability over all indices, and that A makes queries to a
codeword (and not a corrupted codeword). We first formally define a smooth code below.

DEFINITION 28 (SMOOTH CODE). We say C : Z" — ZN is a (g, c, €)-smooth code if there exists a
decoding algorithm A that satisfies the following: for every x € Z} andi € [n], A makes at most
q non-adaptive queries to C(x) and outputs A°X) (i) € Z, such that Pr[AX (i) = x;] > 1/r +¢
(where the probability is only taken over the randomness of A). Moreover, for every x € Z7, i € [n]
and j € [N], on input i, the probability that A queries the index j in C(x) € ZV is at most ¢/N.

Crucially note that smooth codes only require a decoder to recover x; when given access to an
actual codeword, unlike the standard definition of LDC where a decoder is given a noisy codeword.
With this definition in hand, we state a theorem of Katz and Trevisan.

TueOREM 29 ([49]). A (q,8,€)-LDC C : Z* — Z¥ is a (q,q/5, €)-smooth code.

We remark that a converse to this theorem holds: a (g, ¢, €)-smooth code is a (g, 8, ¢ — ¢5)-LDC, since
the probability that the decoder queries one of SN corrupted positions is at most (¢/N)(SN) = ¢d.

We now present our lower bound for LDCs over Z, using the non-commutative Khintchine’s
inequality. We thank Jop Briét for the proof.

ACM Trans. Comput. Theory, Vol. 16, No. 4, Article 21. Publication date: November 2024.



21:28 Srinivasan Arunachalam and Joao F. Doriguello

REMARK 30. It is possible to prove a weaker lower bound N = 2Q(&%en/rt) using our matrix-valued
hypercontractivity via the proof technique in [10, Theorem 11].

THEOREM 31. IfC : Z" — ZN isa (2,8,¢)-LDC, then N = 22(0°¢'n/r®)

Proor. We know that C is also a (2, 2/6, €)-smooth code. Fix some i € [n]. In order to decode x;,
we can assume, without loss of generality, that the decoder A picks some set {u, v}, where u,v € [N],
with probability p(u,v), queries those bits, and then outputs f“°(C(x),, C(x),) € Z, that depends
on the query-outputs. Given the smooth code property of outputting x; with probability at least
% + ¢ for every x, we have

1 r—1 o B
Sres Pro 00 C00) =l = =SS plugey T CEORCI
k=0 u,0e[N]

Z 3 byl CEuCEI ),

1 u,0€[N]

where the if and only if comes from separating the term k = 0, which equals ,, ,e[n) (4, 0) = 1.
For k € [r — 1], define the function h“ . Z2 — Cby h” L (x) = w,f ) Consider its Fourier
transform, hi~kv : Z2 — C, defined by

h" 2(9) = Z R (x)wop S
x€Z?

Hence we can write

wff, (C(x)u,C(x)a) _ Z @(a, b)wfc(x),ﬁbc(x)v.

a,beZ,

Let F,i € C™N*N be the matrix defined as (F,’;)(u,a),(v,b) = p(u, v)@(a, b) and let C(x) € C™N be
the vector defined as C(x)(,q) = a)fc(x)“. Then

Z p(u U)wkfuv(c(x)u ,C(x)0) C(x)TF,iC(x),

u,ve[N]
which means that
r—1 r—1 (59 (C c
En [w:kxic(x)TFlic(x)] — Z p(u U) E [w (f (C(x)u,C(x)0)—x;) > re.
o k=1 u,0e[N]

By summing over all i € [n], we finally get to

Zn: a)r_kx"F,i) C(x)

i=1

r—1

C(X)T > ren.

k=1~
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The left-hand side can be upper bounded as follows:

r—1 r—1 n
RECN (Zw‘k"lF)C(x) <) B Z w;FiF ||C(x)||§l
k:lx o
r—1 n
=rN» E i pi
4 kZ:;XNZ;I ;wr

r=1 n
< 2rN\/210g(2rN)Z Z ||F1i||2,
k=1 \i=t

where we used Lemma 3 in the last step. Consider the submatrix [p(u, v)hu ”(a b)]ap of F’ for
fixed u,0 € [N]. Since

[ [ [ 4
II[P(u,v)hu (@, 0)]apll* < l[p(u, v)h” (a,0)]aplly = Z p(u,0)° Ihu (@) =p(u0)’ < 5=,
82N
a,beZ,
where we used Parseval’s identity and p(u,v) < 2/0N for all u,v € [N] by the definition of smooth
code, then ||Ff||* < 573 This finally leads to
2N\ ZTog@ ) (r - 1) VP > log(2rN) > 05 N> Lgdtenisr?,
r og(2rN)(r - )— ren = log(2rN) —znz O

2r

6 2-SERVER PRIVATE INFORMATION RETRIEVAL

As mentioned in the introduction, the connection between LDCs and PIR is well known since the
results of [32, 49]. In general, upper bounds on LDCs are derived via PIR schemes, which in turn
means that our LDC lower bounds translate to PIR lower bounds, which we illustrate below. We
first define the notion of private information retrieval.

DEFINITION 32. A one-round, (1 — §)-secure, k-server private information retrieval (PIR) scheme
with alphabet Z,, recovery probability 1/r + ¢, query size t and answer size a, consists of a randomized
user and k deterministic algorithms Sy, . .., S (the servers) that satisfy the following:

(1) On inputi € [n], the user produces k queries q, . .., qx € Z. and sends them to the k servers
respectively. The servers reply back with a string a; = S;(x,q;) € Z}, and based on ay, . . ., a
and i, the user outputs b € Z,.
(2) Foreveryx € Z} and i € [n], the output b of the user satisfies Pr[b = x;] > 1/r +e.
(3) Foreveryx € Z} and j € k], the distributions over q; (over the user’s randomness) are 5-close
for different i € [n].
We crucially remark that for the lower bounds that we present below, the function S; could be an
arbitrary (not necessarily linear) function over x1, ..., x, € Z;.

Our PIR lower bound follows from a result of Goldreich et al. [32] and from a generalization
of [50, Lemma 2]. We remark that Goldreich et al. state the lemma below only for r = 2, but the
exact same analysis carries over to r > 2. In the following we shall assume § = 0.

LEmMA 33 ([32, LEMMA 5.1]). If there is a classical 2-server PIR scheme with alphabet Z,, query size
t, answer size a, and recovery probability 1/r + ¢, then there is a (2, 3, €)-smooth code C : ZI' — (Z%)™
withm < 6rt.

LEMMA 34. Letr > 2 be prime. Let C : Z} — (Z%)™ be a (2,c, €)-smooth code. Then there is a
(2, cr?, 2¢/r*?)-smooth code C’ : 7 — Z'r"ra that is good on average, i.e., there is a decoder A such
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that, for alli € [n],

, 1 2
E [Pr[ﬂc(x)(i)zxi] >4
x~Z¢ r

pa+2 :

Proor. We form a new code C’ by transforming each old string C(x); € Z{ using the Hadamard
code into C’(x); € Z;a, C’(x) = ({C(x), y))yezz. The total length of C" is mr®. The new decoder
uses the same randomness as the old one. Let f : (Z%)? — Z, be the output function of the old
decoder. Fix the queries j, k € [m]. We now describe the new decoding procedure.

First, if for j, k the function f is such that Pry.z»[f(C(x);,C(x)x) = x;] < %, then the new
decoder outputs a random value in Z,, in which case it is as good as the old one for an average x.
Consider now the case Pry.zn [f(C(x);, C(x)x) = x;] = % + 1 for some n > 0. Then

—_

r—

1 L(f(C(x);,C(x)k)—xi
Pr [f(C(; CE0 =l = L +n = 3, B [or OV =y
" 1

o~
Ul

For ¢ € [r — 1], define the function h; : (Z%)? — C by hy(a,b) = a)ff(a’b). Consider its Fourier

transform h, : (Z%)? — C. Hence we can write

he()= ) (S Doy T?

S,Tezs
and then
r—1
h, §-C () +T-C(x)—txi
rr]:Z he(S,T) %n[(vr x)j A=t
t=1 S,TeZ¢ x~Ly
r—1 —1 - - -
Z |h[(S, T)|2 wr. (x);+T- (x)k—fxi]
=1 5Te =1 sTezg

5

-1 2
_ Z Z S-C(x)j+T-C(x)k—fx,-]

S, TeZ?

xZ"

where we used Parseval’s identity }g rc7e |he(S,T)|> = 1 for all £ € [r — 1]. It then follows that
there are Sy, Ty € Z¢ and £, € [r — 1] such that

A

> .
ra

E [wfg C(x) j+Ty-C(x) . —toxi ]

x~Z}

We now use the following useful lemma whose proof is left to the end of the section.

LEmMA 35. Let f : Z' — Z, and & € [0, 1]. Suppose that |Ex-zn [a)f( )]| > a. Then

1 2a
max Pr x)=y]l>-+—
YELy x~17} [f( ) ] r r2’

According to the above lemma, there is y € Z, such that
2n

rat2 )

1
P% [SO-C(x)j+T0~C(x)k—y:f0x,~] > -+
x~Z} r

Since both numbers Sy - C(x); and Ty - C(x)i are in the code C’, it is possible to recover x; (the
inverse of ¢ is well defined since r is prime) with just two queries and average probability at least
1/r+2n/ rate, Averaging over the classical randomness, i.e., j, k and f, gives the lemma. Finally,
the c-smoothness of C translates into cr®-smoothness of C’. O
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We now get the following main theorem.

THEOREM 36. Letr > 2 be prime. A classical 2-server PIR scheme with alphabet Z,, query size t,
answer size a, and recovery probability 1/r + ¢ satisfies t > Q((¢%n/r***® — a) [logr).

Proor. By Lemma 33, there is a (2, 3, ¢)-smooth code C : Z' — (Z#)™ with m < 6r'. Lemma 34
allows us to transform C into a (2,3r% 2¢/r*?)-smooth code C’ : Z" — Z™“. Using Theorem 31
on C’ (note the theorem can be applied directly to a smooth code that is good on average) yields

mra 2 ZQ(gzn/’AaM)’
and since m = O(r"), we get the desired lower bound in the theorem statement. O

Proor oF Lemma 35. First notice that

>

x~Z}

> P, Lf() = Koy

k€eZ,

hence, for any § € R,

22,

Pr [f(x) = k] - /3' =y

— k _ wk
2o [f(x) = klaf - o

keZ, keZ,
> E P = klok - pok||=| B [0f™]] > a.
> 2 (xé;l [f(x) s ﬂa)r) e [a), ] >

Therefore, there exists y € Z, such that

>

Prlf)=yl-p

o
r

Take f = % - a’r;zz. Then either Pry.zz[f(x) =y] 2 B+ £ = % + Zr—‘;, and so the lemma follows, or
Prozp[f(x) =yl <B-%= % - Zarr;zl. In the second case,

1 -1
> Prlf(x)=kl=1 = > Pr[f(x)=kl21--+2a"—
x~L} x~Z} r r
k€Z, k#y
and so there exists z € Z, such that
1 1 20 1 2a
— +o =+ O

P lf =212

r=1 r(r=1) r2 r r
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A CLASSICAL HIDDEN HYPERMATCHING LOWER BOUND

The general idea behind the proof of Theorem 18 is already well established and is a simple
generalization of results from [24, 30, 36, 68]. We shall need the following well-known fact and a
generalization of the KKL inequality [44].

Fact 37. Given just one sample, the best success probability in distinguishing between two probability
distributions p and q is % + in = q|ltva-

LEmMA 38 (GENERALIZED KKL INEQUALITY). Let A C Z! and let f : Z} — {0, 1} be its indicator
function (f(x) = 1 iffx € A). Then, for every § € [0,1/r],

- Al 2/(14r)
Y oeifse < ()

SeZ}

Proor. Apply the hypercontractive inequality to real-valued functions with p = 1 +ré. O

THEOREM 39. Any classical protocol that achieves advantage ¢ > 0 for the r-HH (e, t, n) problem
witht > 2 and a < 1/2 needs Q(r~(¢*/a)"* (n/t)""*) bits of communication from Alice to Bob.

Proor. By the minimax principle, it suffices to analyse deterministic protocols under some

‘hard’ input distribution. For our input distribution, Alice and Bob receive x € Z; and M € M{,,
respectively, uniformly at random, while Bob’s input w € me/ " is drawn from the distribution
D= %Z)YES + %Z)NO, i.e., with probability 1/2 is comes from DYES, and with probability 1/2 it

comes from DNO,
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Fix a small constant ¢ > 0 and let ¢ = yr~'(¢*/a)"/*(n/t)""/* for some universal constant y.
Consider any classical deterministic protocol that communicates at most C = ¢ — log(1/¢) bits.
Such protocol partitions the set of all 7" x’s into 2€ sets. These sets have size r"/2¢ on average,
and by a counting argument, with probability 1 — ¢, the set A corresponding to Alice’s message
has size at least er /2 = r"/2¢. Given Alice’s message, Bob knows that the random variable X
corresponding to her input was drawn uniformly at random from A, and he also knows his input
M. Therefore his knowledge of the random variable MX is described by the distribution

x € AlMx =z

pm(z) = Pr[MX = z|M, A] = w
Given one sample of w € me/ ! Bob must decide whether it came from DY (the distribution
MX) or from DNO (the uniform distribution U). According to Fact 37, the advantage of any classical
protocol in distinguishing between py and U is upper bounded by i|| pm — Ullwwd. We prove in
Theorem 40 below that, if « < 1/2 and ¢ < %(%)1/t(n/t)1_1/t, then the average advantage over all
hypermatchings M is at most e2/4,ie.,

B [llpw - Ullwal < ¢

tLn

Therefore, by Markov’s inequality, for at least a (1—¢)-fraction of M, the advantage in distinguishing
between par and U is £/4-small. Hence, Bob’s total advantage over randomly guessing the right
distribution will be at most ¢ (for the event that A is too small) plus ¢ (for the event that M is such
that the distance between MX and U is more than ¢) plus ¢/4 (for the advantage over random
guessing when ||par — Ullwa < €), and so ¢ = Q(r~ (e*/a) V! (n/t)'=1/%). |

THEOREM 40. Let x € Z! be uniformly distributed over a set A C Z of size |A| = r" /2° for some
¢ > 1. Ifa < 1/2, there is a universal constant y > 0 (independent of n, t, r and &), such that, for all
£>0,ifc < %(%)1/’@/1‘)1_1”, then

LB o = Ulloal < é2

tn

ProoF. Let f : Z' — {0, 1} be the characteristic function of 4, i.e., f(x) = 1iff x € A. We shall
bound the Fourier coefficients of py, which are related to the Fourier coefficients of f as follows:

(V) = an,, D oo D lHxeAiMx=z} 0

zZ€Z} z€Z}

|A| an/t

r—1
1 _
:WZ|{xeA:(Mx)~V:k}|-wrk

|A|rm/t Z|{xeA x-(MV)=k}|-o

_ 1 —x-(MTV)
|A]ran/t Zwr
xX€EA

rn
= |A|ran/t

We now start bounding the expected squared total variation distance,

FM™V).

B low = Ulla] < rrenlt B Allpw = UlL] (Cauchy-Schwarz)

tn
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= pRanjt MJ/E;A“ Z Ipm(V)|? (Parseval’s identity)
" Lvezemit foanity
rn 7 2
T lap M~IE Z FOEVIE).
Ln Vez;zn/t\{oan/t}

Note that there is at most one V € Z&" such that S = M7V for a given S € Z (and that the
only V that makes MTV = 0" is V = 0“"/!). This allows us to transform the expectation over
hypermatchings into a probability,

lpm-UlE < = B | > {Vez™ :MTV=Ss)-[f(S)
MNM |A| M~ Mtn sezm\{om}

=GE 2 B Ve TV =s] o)L
Sezp\{0"} hn

Now observe that Pry.pe [V € 7ot MTV = S] s exactly the probability from Lemma 17, i.e.,
given S € Z with k; = % -|{i € [n] : S; = j}| € Zfor j € [r — 1] (the number of entries from S
equal to j # 0 must be a multiple of ¢), and defining k = ¥ 1 kj, then

(V) ko ko ()
(g) GOU5g Kt T ()

wEr 3V e 7ot MV =S] =

and so

on an/t (zxn/t)

E -U 2 < r k
B o = Ul < G 25~

DL IFE)I

SeZ}
|S|=kt
Similarly to the quantum proof, we shall split the above sum into two parts: one in the range
1 £ k < 2rc, and the other in the range 2rc < k < an/t.
Sum I (1 < k < 2rc): in order to upper bound each term, pick § = k/(2rc) in Lemma 38, thus

2ré/ (14rd) n\2ré 1/t kt
2 ¢ IS| a1 (T 1 (r 2t2pc
7 2 s fmm Sovior < g () < () (5

SeZ} SeZ}
|S|= kt

IAI2

By using that ¢ < %(%)1/[(n/t)1_1/’ and (7) (2)_1 < (g)([_l)s (see [64, Appendix A.5]) for g =
n/t,s =k, £ = t, we therefore have

VZn 2rcz—1 O(k (nlit) Z |f(5)|2 B ZN‘Z—I ak (E)(l_l/t)kt (21/12rc)kt 3 zrcz_l (M)kt _ 8_4

2 . ) - 1/t - >

|A| k=1 (kt) SEZ': = n k L k / 2
|S|=kt

where we used that (“"/ ) <ak ("/ !) for « € [0, 1] at the beginning and picked y sufficiently small.
Sum II (2rc < k < an/t): first note that the function g(k) 2 (O’"/ ")/(;) is decreasing in the
interval 1 < k < an/t (since & < 1/2). Hence, by using Parseval’s identity }sczn |f(S)|2 |A]/r"
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and the inequality () (ffg)_1 < (3)([_1)3 (for ¢ = n/t,s = 2m, £ = t) in order to bound g(2rc),

r2n anft (ar]z/t)

. ore 2(t-1)re 2}’54/t 2(t=re &
[£(S)|* < 2°g(2rc) < 2°a®* (—) = 2°gPrelt (—) < —,
AR S () SZZ:;’ n/t (n/t)1/t 2
|S|=kt
where the last step used that 2(1 — 1/t)c > 1 = £2(171/9¢ < ¢ and picked y sufficiently small.
Summing both results, if ¢ < %(%)Utw/t)l_l/', then Eyr-pe [llpm — Ul,4] < €. By Jensen’s

inequality, we finally get By, [lpy — Ullnal < \[Emagz, llpas = UIE, ] < ¢ 0
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