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HYPERCONTRACTIVITY ON HIGH DIMENSIONAL EXPANDERS:
APPROXIMATE EFRON-STEIN DECOMPOSITIONS FOR £-PRODUCT SPACES

TOM GUR, NOAM LIFSHITZ, SIQI LIU

ABsTrRACT. We prove hypercontractive inequalities on high dimensional expanders. As in the settings of
the p-biased hypercube, the symmetric group, and the Grassmann scheme, our inequalities are effective
for global functions, which are functions that are not significantly affected by a restriction of a small
set of coordinates. As applications, we obtain Fourier concentration, small-set expansion, and Kruskal—
Katona theorems for high dimensional expanders. Our techniques rely on a new approximate Efron—Stein

decomposition for high dimensional link expanders.

1. INTRODUCTION

High-dimensional expanders (HDX) are sparse simplicial complexes with strong structural properties.
More accurately, a simplicial complex X is a e-HDX (or an e-link expander) if the 1-skeleton of each link
of the complex X is a spectral expander graph whose second-largest eigenvalue is bounded by €. In recent
years, HDX have received much attention in theoretical computer science [33, 45, 34, 42, 41, 35, 27|, finding
applications in property testing [32, 14, 28], coding theory [13, 10], statistical physics [3, 7, 2], complexity
theory [1, 4, 12, 29|, and beyond. Notably, very recently the study of HDX led to a breakthrough
in quantum computing, breaking the /n distance in quantum LDPC [19], as well as to a resolution
of one of the most important questions in coding theory, namely, the first construction of O(1)-query
asymptotically good locally testable codes [11].

In this work, we focus on analysis of Boolean functions on high dimensional expanders, whose system-
atic study was recently initiated by Dikstein et al. [9]. This continues a long line of investigation of Fourier
analysis of Boolean functions on extended domains beyond the Boolean hypercube, such as the Boolean
slice [44, 20, 25, 24], the Grassmann scheme [15, 39, 18], the symmetric group [23, 21, 8], the p-biased
cube [17, 40, 22|, and the multi-slice |26, 6]. The foregoing extended domains arise naturally throughout
theoretical computer science, and indeed, the study of analysis of Boolean functions on extended domains
has recently led to a breakthrough regarding the unique games conjecture [38, 16, 15, 39].

Hypercontractive inequalities are amongst the most powerful technical tools in Fourier analysis, yield-
ing a plethora of applications in algorithms, complexity, learning theory, statistical physics, social choice,
and beyond (see [43] and references therein). Loosely speaking, such statements assert that functions of
low Fourier degree are “well behaved” in terms of their distribution around their mean. Concretely, in
the Boolean hypercube, the simplest example of a hypercontractive inequality is Bonami’s lemma, which
states that for every function f: {0,1}" — R of Fourier degree at most d, it holds that || f|ls < v/3¢||f]|2.
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Alas, in the setting of high dimensional expanders, where the domain is not a product space and the
induced measure is biased, general strong hypercontractivity cannot hold. The heart of the problem is
that some highly local functions, such as dictators (i.e., f(x) = z;), provide strong counterexamples to
hypercontractivity. A similar phenomenon also occurs in several prominent extended domains, such as
the p-biased cube and the Grassmann scheme.

Fortunately, as observed in the setting of the p-biased cube [36], all of the aforementioned examples are
local, in the sense that a small number of coordinates can significantly influence the output of the function.
This led to the definition of ‘global’ functions. For Boolean valued functions, these are functions wherein
a small number of coordinates can change the output of the function only with a negligible probability.
For real valued functions, this is captured by the 2-norm remaining roughly the same when restricting
O(1) coordinates of the input. More precisely, consider the setting of a general product measure. Let
(Vi, ;) be probability spaces, let Vs =[], g
by . Every function f € L? (V[k], u) is equipped with an orthogonal decomposition ) SCin] =5 known

V; and equip Vs with the product measure, which we denote

as the Efron-Stein decomposition. The function f=° in the Efron-Stein decomposition plays a similar

role to the function f (S) xs in the Boolean cube. Using that analogy we write
=30,
|s|<d

and f is said to be of degree d if f = f<¢. Keevash et al. [37] introduced the following notions. The
Laplacians of f are given by

Ls[f) =Y (-7 f=T.

TS
For x € Vg the derivatives are given by restricting the laplacians

DS,zf =Ls [f] (xv ) )

and the (S, x)-influence of f is defined as

Is [f] = | Ds.s [f]1I5.

In this setting, a function f is (r,d)-global if ||f (z, ) ”%mn]\s < 0 for each |S| < r. We remark that here,
being (r, §)-global for a small § > 0 is, in a sense, equivalent to having Ig, [f] < ¢’ for a small ¢’ for all
|S| <r and all z. In fact, d,d’ can be taken to be within a factor of 2" of one another.

In [37], it was shown that if f € L? (V, ) is of degree d, then the following hypercontractive inequality
holds:

(1.1) I1£13 < 10004 > " By Is.a [£]° -
S

This allowed them to deduce if a function f of degree d is (d, 0)-global, then
1£113 < 58000 £113-

Here when setting 6 = 100|| f=%||2 one gets the statement || f|l4 < C¢| f|2, which replicates the behavior
in the Boolean cube. Moreover, the statement is useful even for larger values of 4.

In this work, we raise the following question.

Does hypercontractivity hold for high dimensional expanders?
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1.1. Main results. We answer the question above in the affirmative. Namely, our main contribution is
a hypercontractive inequality for functions on the k-faces of an e-HDX. We denote by X (k) the k-faces of
a simplicial complex X, and denote by p the uniform measure on its k-faces. We define the influences I 55.(;

<4 analogously to their definition on the p-biased cube (see Section

and the degree restriction operator (-)
4 for precise definition). We then prove the following hypercontractive statement for high dimensional

expanders in the spirit of (1.1).

Theorem 1.1. Let X be an e-HDX, and let f € L? (X (k), ). We have

170 < 207 D7 () B I35 1) + O () 11311 £
|S|<d
In the setting of eHDX, we say that a function f is (d,d)-global if for each |S| < d, we have
ILf () l2 (v, pp) < 6. We show that we can bound the infinity norm of global functions and obtain

the following strong hypercontractive inequality for global functions on e-HDX.

Corollary 1.2. For each (,d,k > 0, there exists e¢g = €g ((, k,d), 00 = 6o (¢,d), such that the following
holds. Let € < €y,d < dg, let X be an e-HDX, and let f € L* (X (k), ). If f is (d,d)-global, then we have

1= < CIIFI3-

We remark that, in fact, we prove our results in a slightly more general setting, to which we refer as

e-product measures. See Section 7 for details.

1.2. Applications. As corollaries of our hypercontractive inequality for high dimensional expanders, we

obtain several applications, which we discuss below. See Section 8 for more details.

1.2.1. Fourier spectrum concentration theorem. Fourier concentration results are widely useful in com-
plexity theory and learning theory. Our first application is a Fourier concentration theorem for HDX.
Namely, the following theorem shows that global Boolean functions on e-HDX are concentrated on the
high degrees, in the sense that the 2-norm of the restriction of a function to its low-degree coefficients

only constitutes a tiny fraction of its total 2-norm.

Theorem 1.3. For each (,d,k > 0, there exists g = €y (¢, k,d),00 = 00 (¢,d), such that the following
holds. Let € < €g,0 < &g, let X be an e-HDX, and let f: X (k) — {0,1} be (d,)-global. Then

17=4115 < CIFI3-

1.2.2. Small set expansion theorem. Small set expansion is a fundamental property that is prevalent in
combinatorics and complexity theory. In the setting of the p-noisy Boolean hypercube, the small set
expansion theorem of Kahn, Kalai, and Linial [31] gives an upper bound on Stab,(14) = (14,T,14)
for indicators 14 of small sets A. The noise stability Stab,(14) captures the probability that a random
edge (x,y) of the p-noisy hypercube has both its endpoints in A. Hence, an inequality of the form
Stab,(14) < ¢|[14]3 for an arbitrarily small ¢ and sufficiently small A implies that that small sets are
expanding in the sense that the random walk makes you leave them with probability > 1 — (. Our second
application is a small set expansion theorem for global functions on e-HDX, captured via bounding the
natural noise operator in this setting. Let p € (0,1) be a noise-rate parameter. The noise operator is
given by

T,f(z):= > (1= p)* B, [f () lys = xs].
SClk]
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In other words, T, corresponds to the random walk that starts with = chooses a p-biased random S C [k],
keeps g, and re-randomises x given xg. Our small set expansion theorem tells us that if we start with
a small subset A C X (k) and we apply one step of the random walk, then we leave A with probability
0.99.

Theorem 1.4. For each (,d,k > 0, there exists eg = € ((, k,d),00 = o (C,d), such that the following
holds. Let € < €9,0 < 6o, and let X be an e-HDX. If f: Vi — {0,1} is (d, 0)-global, then

1T, 15 < CIFI5.

1.2.3. Kruskal-Katona theorem. Our last application is an analogue of the Kruskal-Katona theorem in
the setting of high dimensional expanders. The Kruskal-Katona theorem is a fundamental and widely-
applied result in extremal combinatorics, which gives a lower bound on the size of the lower shadow
0 (A) of a k-uniform hypergraph A on n vertices. The lower shadow is defined to be the family of all
(k — 1)-sets that are contained in an edge of A. More generally, if A C X (k), then we similarly let 9 (A)
be the family of all k — 1-faces that are contained in a k-face of A.

Filmus et al. [23] used their hypercontractivity theorem to prove a stability result for the Kruskal-

Katona theorem. We prove a similar stability result for e-HDX.

Theorem 1.5. Let X be an e-HDX, for a sufficiently small € > 0. Let § < (200d)7d, and let A C
X (k—1) be (d,d)-global. Then

p@A) 2 () (14 5.

1.3. Techniques. Conceptually, one can view the theory of expanders and pseudorandom graphs in the
following perspective: Given a pseudorandom regular graph G = (V, E) and (z,y) ~ E, the goal is to
show that x,y behave similarly to independent random variables x,y ~ V, i.e., as an approximation of a
product space.

In the theory of high dimensional expanders, we are given a distribution p on (k+1)-tuples by choosing
a random k-face (z1,...,xps1) of a sparse simplicial complex, and the goal is again to show that the
variables {x;} approximately behave as though they were independent. Thus, our main objective is to
generalise results from the product space setting, where the z;’s are independent, to the setting of HDX,
where we only have local spectral information about the links. However, such a generalisation yields
significant challenges.

One of the fundamental tools for studying the product space setting is the aforementioned Efron—Stein
decomposition. Its role in the analysis of product spaces is that it allows us to easily generalise techniques
from the Boolean cube by replacing the Fourier expression f (S) xs with the function f=*.

Our high-level proof strategy is to develop new Efron—Stein decompositions for HDX. We show that
despite the more involved setting, and despite the fact that we only have mere local spectral information,
we can still obtain similar structural properties as in product spaces. We now list a few of the challenges
that we are facing, which require fundamentally new ideas and techniques.

Dikstein et al. [9] gave a decomposition of the form f = ZZ:O f=%. We provide a new decomposition
{ =5 } SClk] such that f =>" SClk] =%, and despite not having orthogonality, we can still show that the
inner product (f=%, f=7) is negligible compared to || f||3. This allows us to generalise the Laplacians,

derivatives and influences, but we have to deal with the following problems:
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e Let F C [k] be a small set. We would like to say that g = Y ¢ » f= is supported on F, but we

have no way of knowing that looking at {g:S}sc[ as g~ may be nonzero even for S ¢ F. This

leads to the problem of how to even define the d](z]gree of a function. We would like to say that
fsd = Z\S|§d =% is of degree at most d, and that f is of degree d if f = f=%. Alas, according
to this definition the function f<% is not of degree d.

e We can and do define the derivatives Dg , to be the restrictions of the Laplacians. In the product
case the derivatives decrease the degree by |S|, and this is a very desirable property as our proof
goes by induction on d. However, this is no longer true in the HDX setting.

e We may define the influences by taking 2-norms of the derivatives. However, now it is no longer
true that having small influences is equivalent to being global. This leads us to the following
problem which is the source for all of the difficulty.

e The spectral information tells us that HDX should behave similarly to product spaces with respect
to the L?-norm. However, we care about L4 information when bounding || f||4, and we deal with
L.-hypothesis as the globalness notion is about all the restrictions. There is no reason for HDX

to behave well with respect to L4 and even more so for L.

At first, the above, and especially the last point, seem as fundamental barriers to this approach.
Nevertheless, we overcome this barrier by developing an alternative notion, which we call the approz-
imate Efron—Stein decomposition. Our new notion has the following properties that fix all of the above

problems.

o If {fs} sc(k] 18 an approximate Efron-Stein decomposition, then crucially, {fs} g is an approx-
imate Efron-Stein decomposition for g f=°.

e If f is approximately of degree d, in the sense that {fs} is an approximate Efron-Stein decom-
position for f, then the derivative Dg , [f] may be Ls-approximated by Dg , [f]gd*ls| .

e We find a way of proving an inequality of the form

ExNIJ«SIg,:r [f] < 6]E:E~,us [IS,I] )

without having the traditional hypothesis max, Is . [f] < § at our disposal.
e We show that we may move freely between different approximate Efron—Stein decomposition up

to a small Ls-norm error term.

We believe that our approximate Efron—Stein decomposition provides the desired comfortable platform
for analysing functions on HDX in the same way one would analyze a product space.

See Section 4 for a detailed exposition of our approximate Efron—Stein decomposition, and see Sec-
tion 5 for a more detailed proof overview of our main hypercontractivity results, which build on the

aforementioned decomposition.

1.4. Related work. Simultaneously and independently to this work, Bafna, Hopkins, Kaufman, and
Lovett [5] also obtained hypercontractive inequalities for high dimensional expanders. We remark that
while the main hypercontractive inequalities in both papers achieve essentially the same parameters, the
techniques are completely different. Namely, in [5] the proof strategy follows the approach of analogous
results in the setting of the Grassmann graph, whereas our approach generalises Efron—Stein decom-
positions and hypercontractivity for general product spaces. We further note that our approximate
Efron—Stein decomposition extends approximate Fourier decompositions that appeared in several recent
works [34, 35, 9, 1, 30].



1.5. Organisation. The rest of the paper is organised as follows. We start in Section 2, where we recall
the notions of hypercontractivity and globalness in general product spaces, as well as provide an alter-
native proof of a slightly weaker hypercontractive inequality that is more amenable for generalisation to
non-product spaces. In Section 3, we present the framework of e-product spaces, of which high dimen-
sional expanders are a special case, and we also define key operators in this setting and show some basic
properties they satisfy. Next, in Section 4, which is introducing a new approximate Efron—Stein decompo-
sition and developing a framework for proving hypercontractivity results using this decomposition. Then,
in Section 5, we give a detailed proof overview of our hypercontractive inequalities for high dimensional
expanders, which build on the foregoing framework. In Section 6, we define the notions of laplacians,
derivatives and influences in the setting of e-measures, give bounded approximated Efron—Stein decom-
positions related to the Laplacians, define globalness, and show that it implies small influences.. Then,
we provide the full proof of our main hypercontractivity results in Section 7. Finally, in Section 8, we

show how to derive the applications from our hypercontractive inequalities.

Acknowledgments. We are grateful to Alessandro Chiesa for participating in early stages of this re-
search. We thank Yuval Filmus and Dor Minzer for insightful discussions. We further thank Yuval Filmus

for insightful comments on a previous version of this work.

2. RECALLING GLOBALNESS AND HYPERCONTRACTIVITY IN THE PRODUCT SPACE SETTING

We begin by recalling the Efron—Stein decomposition, as well as derivatives and Laplacians in the
setting of general product spaces, and state the hypercontractivity inequalities for product spaces that
were shown in [37]. We then give a proof, inspired by [18], of a slightly weaker hypercontractivity

inequality that we will later generalise to approximate product spaces.

2.1. Efron-Stein decomposition. Let (Vi,pu1),...,(Vi,ur) be a probability space. Let u be the

corresponding product measure p; ® --- ® pg. For a set S C [k], we write Vs = [[,.o Vi, and we

€S
write pg for the product measure ps = @, g pi- The Efron-Stein decomposition is a decomposition of
L? (Vjy, 1) into 2% orthogonal spaces {WS}Sg[k] . Every function f € L? (Vj, ) can then be decom-
posed as f = ngk] =9, where f=9 is the projection of f to Ws. The Efron-Stein decomposition is
characterised by the orthogonality of {Wg}, the fact that Y ¢ Ws = L? (V, i), and the fact that the space
Wy is composed of functions depending only on S.

The functions f=° also have an explicit formula for 2 € Vi, where we denote

Asf (@) =B, (v ) f (9]

S
where S = [k] \ S. We then write
f:S _ Z (71)\S\T| Arf.

TCS
The function Ag [f] then has the following neat Efron—Stein decomposition
As(fl=> 17"
TCS

See [43, Chapter 8] for more details.



2.2. Notations. We write a = b & € to indicate that a € (b —€,b+ €). We use a < O (b) to denote that
the inequality holds up to an absolute constant, and a < Oy (b) to denote that the inequality holds up

to a constant only depending on k.

2.3. Derivatives and Laplacians. Let y = p; ® - - ® py, be a product measure. Let f € L2 (V[k],u) ,
S C [n]. The Laplacian is given by the formula

Ls(fl=>_ =Y )" Apprf-

T2S TCS
For S C [n] and z € Vg the derivative Dg, € L? (Vg, pg) is defined by
DS,:Df =Ls [f] ({II7 ) :

For convenience, we also write Dg f = f. The (S, x)-influence of f is defined as

IS',z [f] = ”DS,z [ﬂ Hg

This includes the case S = @, where we have I [f] := || f||3.
We now state a few facts from [37] that we generalise. The following lemma, which appears in [37],

shows that the notion of small influences corresponds to small 2-norms of the restriction of f.

Lemma 2.1. Suppose that Is . [f] < & for each set S of size at most r. Then || f (z,-) ||§7ILM\S < 64" for

each S and x € Vg. Conversely, if ||f (z,-) H%,u[ < 6 for each |S| <r and x € Vg, then Ig, [f] < 04"

n\§ —
for each S of size at most r and x € Vg.

For the above reason they gave the following definition.
Definition 2.2. A function f is said to be (r,d)-global if Is , [f] < 6 for each |S| < r.

The degree of a function is the largest S, such that f=° # 0. The derivatives decrease the degrees for

the following reason.
Lemma 2.3. Dg, [f:T] is 0 unless S C T, and if S CT, then
Ds. [f7T] € WS,
Consequently, if f = ZIS\Sd =5 is of degree d, then Dg, [f] is of degree d — |S|.
2.4. Hypercontractivity. The following result is by [37].
Theorem 2.4. If f € L*(V, 1) is of degree d, then

I£114 < 10000y EoTs. [£)°.
S

To show the implication of the theorem for global functions they use the following inequality.

Lemma 2.5.

Y Eulse [f] < 245115
S

Proof. The right hand side is equal to

SILsIAB=>" > 1713 <2 17715 = 27I£113-
S S T28S,|T|<d T
7



Combining Theorem 2.4 and Lemma 2.5, we obtain the following corollary.
Corollary 2.6. If f of degree d is (d,8)-global. Then | f<?||3 < 620007 f||3.
Proof. We have

SC[n]

< 61000y " By [ 15,0 [£] 13
S
< 620007 £|I3.

O

2.5. An alternative proof of hypercontractivity on product spaces. We give an alternative proof
of the following slightly weaker version of Theorem 2.4. The proof is inspired by a future work by Ellis,
Kindler, and the second author [18]|, who show that the same idea works in the Grassmann setting. In

this paper we show that it generalises to HDX as well.
Theorem 2.7. Let f € L?(V,u) be of degree d. Then

1A <2097 > 90)TE, 15 (1]
IT|<d
2.5.1. Proof overview. Before providing the full proof, we first describe the high-level approach for proving
Theorem 2.7. The strategy is to first show a lemma that gives the following bound

5
(2.1) I3 < ChIfls+ Y (@)™ 1 Ls (1113,
SCn]
for a constant C. Using this lemma, we can give an inductive proof by first noting that || Ls [f] ||} =
E.||Ds.||4, and then applying induction using the fact that Dg , is of degree d — |S|. Finally, using the
fact that Dg . D1 = Dgur,(z,y), We can get our desired hypercontractive statement.

Hence, the key step is to prove the aforementioned lemma. To this end, we first use the fact that

E[] =317 13

We then expand the summands of (f2):S as sums of terms of the form (f:Tlf:TZ) s Next, we note
that the nonzero terms either satisfy Ty N'T5 NS # & or satisfy Ty AT, = S. Terms of the first kind are
cancelled out by L; [f]* for an i € Ty NT>N.S on the right hand side of (2.1). (The terms || Lg [f] || appear
because of over counting, which we resolve by inclusion exclusion.) Terms of the latter kind correspond
to the situation in the Boolean cube where f=7 = f(T) xr and xrXxs = xXras. We then upper bound
[ (f:Tlf:T2):S ll2 by |f=T 2]l f="2||2. This allows us to translate the problem of upper bounding the

terms of the first kind to the problem of upper bounding the 4-norm of a low degree function on the

> 1 laxr

|T|<d

Boolean cube. Namely, the function

8



Finally, we use hypercontractivity to upper bound the 4-norm by its 2-norm, which is equal to the 2-norm

of f. This concludes the proof overview.

2.5.2. Proof of hypercontractivity on product spaces. We now give a formal proof of Theorem 2.7. We

shall first need the following key lemma, which admits the inductive approach.

Lemma 2.8. Let f € L?(V, u) be of degree d. Then

SIAIE < 971 + S ()™ 2 (711

T4

We are now ready to prove the lemma.

Proof of Lemma 2.8. By Parseval we have

A =S 1) 77 I3.

We bound each term || ( f2):S |2 individually. By expanding and using the linearity of the -=> operator
we have
2\=5 _ =Ty p=T5\=5
(727 = 2 =)
T1,T>
We now divide the pairs (77, T3) into three sums.

(1) We let I; be the set of pairs (T1,T5) such that Ty NTo NS # @. If i is in T3 N Ty N S, then the

_ s

summand ( f=hf :TQ)_S appears as a summand when expanding (Li [ f]g) . This explains the
role of the Laplacians in the right hand side.

(2) We let I5 be the set of pairs such that T3 ATy = S. These kind of pairs have a similar behavior

to the one in the Boolean cube. There f=% = f(S) xs and

F5F7T = £(S) £ (T) xsar-

We show that the contribution from the pairs in I is < C?| f||3.
(3) We let I3 = (T3, T») such that either (TZ/AT»)\ S # @ or S\ (T3 UT,) # @. We show that in
this case (f:Tlf:TQ):S =0.
It is easy to verify that each pair (T7,7T%) belongs to at least one of the sets I, I, I3. We additionally
have 1 NI, = @.

Upper bounding the contribution from 7. Let us start by upper bounding the contribution from
pairs corresponding to I;. For a nonempty T' C S write I (T') for the pairs (17, T3), such that TyNTy O T.
Then

()= X

(Tl,TQ)GIl(T)
Now I = [J;cg 11 (i), so as a multiset inclusion-exclusion shows that we have

L= ()" ne=3 )" nm).
TCS €T TCS
We therefore have the equality:

ST = > )" (e P

(Th,T2)elr TCST#2



By the triangle inequality and Cauchy—Schwarz, we obtain that

Ty pmTo\ =5 al |S] — |T| 2\ 7Y 9
1Y e s (X () s ) (S alsy™ (o) g
(Ty,T2)€lL i=1 TCS
< 3 @S (e 117) I
TCS

Summing over all S we have

SIS (PR T <> @) L (A 114
T

S (Ty,Ta)eh
Upper bounding the contribution from ;. We now upper bound the contribution from I5. Let
TiAT; = S. Then for each S’ C S, we assert that Ag/ (f=7 f=72) = 0. Let i € S\ S’. Then i € Ty AT5.
Assume without loss of generality that ¢ € T;. Then

Asior, (fF1f77) = TR Agun =1 = 0.
This shows that Ag/ [szl sz"‘} = 0. Hence,
(7)™ = As (P F7) = (57 (0,0 57 () g
By Cauchy—Schwarz we have

D DI (e R TR SRR € Fa s B (¥t I

(T17T2)€]2 TWATy=T3ATy=S

S S oo e,

T1ATy=T3AT4=S 2
Now, for each (T, Ts) € I we have

2

—g|2
H (f:Tl f:TQ)isHQ = ]E:ENNS <f:T1 (33, ) 7f:T2 (JJ, .)>L2(,u§)
< Eanps (1577 @) 122, ) 17 W
= a7 3B s £
= 17 313

where in the second equality we used the fact that ||f=7 (z,-) ||2L2(#—) depends only on xrng, so these
S
are independent for T'= T; and T = T5. This establishes

E (7)™ () T < I R T

Summing over all S, we obtain

=Ty (=Tp\=5 =
oY () ||§SE<{O’1}n,7#%> S%%]U laxs

S (T1,T2)EI,
2
<9E (Y15 5 laxs)?]

=97 f13.
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Here the first inequality follows by expanding both terms and the second is a well known consequence of

hypercontractivity in the uniform cube.

Showing that there is no contribution from I3. We recall that I3 consist of the pairs with either
(THATy)\ S # @ or S\ (T1 UTy). Then we claim that (f:Tlf:Tz):S = 0. If T3 UT; does not contain
S, then

f:T1 f:T2 = Anum, (f:Tlf:TQ) = Z (f:Tlf:TQ)ZS/ .

s'CS
The uniqueness of the Efron—Stein decomposition shows that ( = f:T2):S = 0. Suppose now that
there exists ¢ € (T1AT3) \ S. Without loss of generality i € Ty. We then have

Appgy (FF7) = 77 Apgpa S =

In particular, (f:Tlf:TQ):S =0 as for each S C [k] \ {¢} we have
S

(=7 =) [Apggy (P =0

Combining the contributions from I; and I5. The lemma now follows by Cauchy—Schwarz. We

have

AL < ST~ 13
S22 X 1B Y 1A 7IB

(Tl,Tz)Gfl (Tl,Tz)GIQ

<23 (4d) " L [£ 114+ 2 91113
T

Finally, using Lemma 2.8, we can derive Theorem 2.7 as follows.

Proof of Theorem 2.7. The proof is by induction on d. Since Dt [f] is of degree d — |T'|, we have

SIAIE <91+ 3 ()™ e 1)1

T#AD
— 04+ 3 (4d) T Epmpr | D1 A1 114
T#AD
_ T T
<OUIFI3+ D 2- 9T )™ ST (8)" By B
T#2 T'Cn\T
—olf+ > 2Tt )™ R, L, D 1] 14
TNT' =&
<9' Y (90" Enur 17,

TCS
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3. €-PRODUCT SPACES AND THE OPERATORS Ag, 1

In this section, we present the framework of e-product spaces, of which high dimensional expanders
are a special case. We also define key operators in this setting and show some basic properties that they

satisfy.

3.1. Complexes having e-pseudorandom links. It is useful for us to consider measures on V; x- - - xV
rather than pure (k — 1)-dimensional complexes, which can be identified with subsets S C V*. Instead

we identify a set with the uniform measure over it.

Projected complexes. Let y be a probability measure on V; x --- x Vi. We say that u is a, weighted
k-partite, (k — 1)-dimensional complex. Let S C [k] we write pg for the projection of p on S. We write
pi rather than pg;y. We write Vs for the support of ug inside [, g Vi. We write S for the complement
of S.

Restricted complexes. Let x € Vg. We write p,, for the measure on Vg given by

_ ()

We write V,, for the support of p,,. We refer to (V, u,) as the link of pu on .

e-pseudorandom weighted graphs. Let Vi, V5 be finite sets. A measure 1 on Vi x V5 can be thought
of as a weighted bipartite graph. We say that u is e-pseudorandom if for each f1: Vi = R, fo: Vo = R

we have
B2y wo)mn [f1 (1) f2 (22)] = Bay oy [f1 (21)] By [f2 (22)]] <
e/ Vatz, oy [ (@1)] Vatsymps [f2 (22
We let A5 be the operator from L? (Vi, 1) to L? (Va, u2) given by

A12f (x) = E'UNHQ: [f (y)]

We have the following standard lemma.

Lemma 3.1. The following are equivalent.
(1) p is e-pseudorandom
(2) A2z = E[22 < e
(3) The second eigenvalue of AjaA1o is < €2

e-pseudorandom links. Now let p on V; X - - X Vi.. We say that p has e-pseudorandom skeletons if for
each S of size 2 the measure ug is e-pseudorandom.

We say that u is e-product if for each S C [k] of size < k — 2 and each © € Vg the link u, has
e-pseudorandom skeletons.

In all that follows we assume that p is an e-product measure on Vi x --- x V.

Inheritance. The definition of e-product makes it easy for inductive type argument for the following

reason.

Lemma 3.2. Let pu on Hlevi be e-product. Let S,T C [k] be disjoint. Then for each x € Vg, the

probability measure (pz)p = (psur), is e-product.
12



Proof. All the skeletons of links of (ps—4), are also skeletons of links of . d

Pseudorandomness as a measure of independence. Let S,T C [n]. Then we have an operator

Ast : L? (Vs, us) — L? (Vr, ur) . The operator is given by

Astf(y) =Eonp lf (5) |27 = 9]

We write A’SLI to stress that the operator is taken with respect to p. We write Ag for Ay s, the operator
given by restricting S and taking expectation.
When S, T are disjoint we expect Ag rf to be close to E[f], as in the product case Ag 1 is equal to

the expectation. In fact, we do have the following.
Lemma 3.3. Let u be e-product. Let S, T C [k] be disjoint, and let f € L? (Vs, us). We have
[Asrf —E[f]115 <ISITIF]3

Proof. We prove it by induction on k. The case where £k = 2 is Lemma 3.1, so we assume k > 2.
Given a probability space (€2, i) we write 1+ for the subspace of L? (€, 1) consisting of functions that are
orthogonal to the constant function 1. We write ||Ag 7|| for the L? operator norm of Ag r as an operator

from 1+ to 1+. Le. A5 S|
~AS T~ — max ESTIN2
sl = e 1

[Aszll < VIS[ITe.

Discarding the trivial cases. If T' = &, then Agr = E and the result is trivial. If SUT # [k] the result
follows by working with the space (Vsur, usur) rather then (V[k], ,u[k]) . We also have HAS,TH = ﬂAg,Tﬂ

Our goal is to show that

as Asrl = 1. As AS p = Ar s we may assume that [T < [S]. As k > 2 we may therefore assume that
IT| > 2.

Completing the proof in the case where |T| > 1. Assume without loss of generality that 1 € T.
Let f € 11+, Using the fact that the equality

IX15 = E[X)* + 1X —E[X] |3
holds for every random variable X we have
1As 23 = Eynpur Bz, [f (25)]
= Eanpun | 4%5% 1, F1I3
= B [E2.S + 1450 1y f — B f13]
= Eampn [As1f2(0) + |40 1, = By, S13]
By induction we may upper bound the right hand side we have
RHS < gy, [Asf? (@) + IS T = 1 €132,
= [[As. fl3 + ST = 1] €| £113
<|S|+IS[1T -1 ] f13
= S1ITI ] £13

13



O

Understanding the operators Ag and their compositions. We now deduce that we have a similar

upper bound of the form

|Asr — As,snrll2—2 < V/[S]|Te.
Corollary 3.4. Let S,T C [k], and let f € L? (us). Then
[As.rf — As,sarflls < 1S||T] €| 13-

Proof. Lemma 3.3 covers the case S NT = @. This shows that the corollary is true in p, for each

x € Vgnr. Therefore
[Asrf = As,sorfll3 = Eonpsor 1A 1 s f — A7 0 122 ()
< |S||T| €Eal f122,0.
= |S||T| | £113.

We now show that compositions behave similarly to the product space setting.

Lemma 3.5. We have

A1, A1, — A7y, |22 < [Thl [T e

Proof. We may assume that 77 N T = @. Indeed, if the lemma holds for 77 N T = @ then it holds in
general. Indeed, write
Ty =T\ Ty, To =To \T1,A=[k]\ (T NT3).

Let « € Vyar,. Then we have
(A, Ar, f) (2,) = (Al %) (£ (2,9))
and
ATlﬂTzf ($7 ) = ]Ey'\',ux [f (mvy)] .
Therefore once we prove the case 71 N'T, = @ it would imply that for each x

Eywpm ('ATQATlf (.’t, y) - AT1ﬂT2f (.T, y))2 S |T1| |T2‘ €2Ey~,umf (l',y)2 .

The lemma will then follow by taking expectations over x.
Let us now settle the case 71 N Ty = @. Write T = Ap, Ap,. Then

T - AT17T2AT1.
Write g = Ap, f. We have ||g]l2 < || f]l2 by Cauchy—Schwarz. By Lemma 3.3 we have

ITf —E[f]I3 = [|A7y 7.9 — Egll3
< |T1l|T2] €913
< T |T2| € £113.
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4. EFRON—-STEIN DECOMPOSITIONS FOR LINK EXPANDERS

In this section, we introduce a new approximate Efron—Stein decomposition for high dimensional
expanders. In fact, it is more convenient to state and prove our results in the more general setting of
e-product spaces, of which high dimensional expanders are a special case. We proceed to discuss this
setting below.

We first define the Efron—Stein decomposition via the usual formula for it.

Definition 4.1. Let f € L? (V, ) and S C [n]. We write
- S\T
5= () Ay,
TC[s]
The functions f=9 are defined in terms of the operators Ay. L2-wise the composition of the operators
{AT}TC[k] behave similarly to the compositions in the product case setting. We satrt this section by
making use of that and showing that many known facts from the product setting generalize to the

e-product setting up to a small error.

4.1. L?-approximations for the Efron—Stein decomposition. Thinking of € as tending to 0 in a

much quicker pace than % Our goal is now to show that if y is e-product, then we have:

(1)
I£13 = > 177515 = o (I1£113) »

SCIk]

(2) and more generally

(o) = (F=5,97%) = o If I2llgll2) -

s
One main tool involves the notion of a junta. We say that g: V' — R is a T-junta if g () depends only
on z7. Equivalently, g is a T-junta if Arg = g.
Our first step towards the proof is a near orthogonality result between f=7 and g=° for T # S.
We start by a Fourier formula that holds exactly, this is unlike most of the results in this section that

only generalize the situation from the product space setting up to a small error term.

Lemma 4.2. We have

Asif1=> " (@).

TCS
In particular f = ngk] f=5.
Proof. We have
Yort= ()T ag
TCS TCST'CT
DI ED I
T'CS T'CTCS

where the last equality follows from the fact that whenever 77 # S and i € S\ T the pairs

(T, TA{i})



contribute opposing signs to the sum Y ;. crcg (—1)|T\T’| . The ‘in particular’ part follows by taking
S =[k]. O

The following lemma holds even without assuming that u is e-product.
Lemma 4.3. We have ||Asrl2—2 <1 and

1£=5 2 < 21511 £l

Proof. The triangle inequality implies that it suffices to prove the former claim. Now by Cauchy—Schwarz

we have

1As. 2 f113 = Eanpr As,rf (2)?
=Eonpr (EyN(Mm)Tf (y))Q
< By By f (1)°
= | f1I5-

Lemma 4.4. Let f: V = R, T be a set not containing S, and g be a T-junta. Then
(1=%,9) < eV/IS1IT12 fl2llg]l2-

Proof. As Ar is the dual to the inclusion operator L* (V) — L? (V}) we have
(17%.9) = (A", 9).
By Cauchy—Schwarz it is sufficient to show that
[ Az f=l2 < €|S| T2 £l

Now

Arf=5 = 3 ()19 arag .

s'Cs
Roughly speaking, we rely on Lemma 4.2, which says that ||[ArAs: — Arnss|la—2 is small together with
the fact that

(4.1) S () agngf =0,
s'Cs
The equality follows by choosing an arbitrary ¢ € S\ T" and noting that the sets (5", S’A{i})g g

correspond to the same term A rnss, while appearing with opposite signs. This shows that we have

Apf=5 = Z (71)|S\S/| (ArAgs f — Arns f) .
5'CS

By Lemma 3.5 we have

[ArAs f = Arns fll2 < VITHSlel fll2 < VIS T el £1]2-
Hence,

A7 f=5]l2 < V/|S[|T[2"5e.

16



Proof of our near orhogonality result.
Corollary 4.5. Let T # S. Then (f=5,g=7) < 225+2Tl¢| |15 g]l2.

Proof. The function ¢g=7 is a T-junta. By Lemmas 4.4 and 4.3 we therefore have the following chain of

inequalities if 7' does not contain S.

(£=5,97") < eV/ISTITI23MI f12llg=" Nl < €225H2171) £l lg] 2.
A similar chain of inequalities holds when S does not contain 7. O
Parseval holds approximately for the Efron—Stein decomposition.

Lemma 4.6. We have

(fog) = D (f=5,975) < 2"l fllzllgll:-
]

SClk

Moreover, if f is a T-junta, then

(fr9) = > (F=5,975)| = 2""e| fll2llg 2.

scr
Proof. We have (f,g) = > scpy (f=5,97%) + dS4T (f=5,9=T) . By corollary 4.5 we have
> (75,677 < 2% fll2llgll2-
S#T

For the ‘moreover’ part note that if f is a T-junta, then

(f:9) = (f,AT9) 121y -

We may then apply the first part of the lemma in pr noting that (ATg):T/ = g:T/ foreach 7/ CT. O

- - =5 T=25
(f:S)fs is L?-close to f=°.. In the product space setting we have (fzs)fT = / . Here
0 T#S

we have the following instead:
Lemma 4.7. Let g = f=°. Then:
(1) If S#T, then
lg="113 < 25% |1 £113

(2)

lg=% — gll3 < 2'%€| f]13.

Proof. We have

g:T = Z (*1)|S\S |+|T\T | AT’AS'f'
T'CT,S'CS

= S (IR A g .
T'CT,S'CS

Write

By Lemma 3.4 we therefore have

|h— g~y < 2% max || Az As: — Arins a2 fll2 < 2%e| £l

17



Now we claim that & = 0. Indeed, assume without loss of generality that 7' is not contained in S and let
i €T\ S. Then the terms Arng appears with opposing sums for the pairs 7" and T"A {i}.
(2)-follows by the fact that

g™ =gl =D a7 <D Mg~ ll2 < 2%€l|£]l2-

T#S , T#S
d
4.2. Approximate Efron-Stein decomposition. Again think of € as tending to 0 much more quickly

than % We now define a notion of (a, €')-approximate Efron—Stein decomposition. We show that a

version of Lemma 4.6 still holds for these approximate Efron—Stein decompositions.

Motivation. One reason that demonstrates our need for an approximate Efron—Stein decomposition is
as follows. Let f<¢ = Z\S\<d f=5. Then we do not have

TR
0 |S| > d

but we would nevertheless like to work with the decomposition { =3 } |5|<q 35 an approximate Efron—Stein

decomposition for f. We capture that notion as follows.
Defining the (o, ¢ )-approximate Efron—Stein decomposition.

Definition 4.8. We say that {fS}SC[k] is an (o, €’)-approximate Efron—Stein decomposition if

(1) [Ifll2 < e
2)
1f = fslla <€,
S

(3) For each S there exists hg with ||hg|l2 < a and
1h5% = fslla < €.

It turns out that we have an approximate Parseval theorem for every approximate Efron—Stein decom-

position.

Lemma 4.9. Let ay,qq,€1,62 > 0. Suppose that f has an (a1, €1)-bounded approzimate Efron—Stein

decomposition {fs} and g has an (aq, €3)-bounded Efron—Stein decomposition {gs}. Then

< 96k (6102 + €201 + eajag) .

‘<f79>—z<fs,gs>

S

Proof. For each S C [k] let fs, s be with || fs|l2 < a1, [|gsl2 < az

155 — fslla < e,

and

155° — gsll2 < e
18



Let

and

By Lemma 4.5 we have

Z vagS Z <f,/9’g’/1">
S

SETC[K]
Z (f$:95 % eay .
s
Now by Cauchy—-Schwarz
(fra) =" d) +{fg—9d)+{f -9
= (fo.g5) £ (2%earaz + | ll2llg — o'll2 + lf = F'll2llgll2)
5

= Z (£6,95) £ (2% earan + 2% a1 + €102)

where the last equality used
112 <> 15l < 25 8lar < 2%an,

which follows from Lemma 4.3.

To complete the proof we note that we similarly have
(f5:95) = (fs.95) £ | fsll2llgs — gsll2 + Ifs — fsl2llgsl2
= (fs,95) + aes + 2%e1an.

O

The above approximate Efron—Stein decomposition works well when we care about Lo-norms. We
actually care about closeness in higher norms specifically 4-norms. Our strategy when wishing to upper

bound || f — f/||4 is to use the inequality

1 =15 < 1F = FIEUf oo + 1 Nse) -

Where we hope that the L?-closeness is sufficient to overcome the loss of using infinity norms. We would

therefore like everything to have a relatively small infinity norm.

Definition 4.10. We say that {fs} is a (8, «, €')-bounded approzimate Efron-Stein decomposition if it

is an (o, €¢’)-approximate Efron—Stein decomposition and moreover for each S:

1755 oo 1 f5lloos 1 flloc

are all < 3. Here hgs is as in Definition 4.8.
We now show that the different Efron—Stein decompositions of a function f are all close in Ly.

19



Lemma 4.11. Suppose that {fs},{f5} are (8,a,¢€')-bounded approzimate Efron-Stein decompositions
for f. Then

(1)
Ifs — F5113 < Ok ()7 + Oy, (ea?) ,
(2)
Ifs = fslli < Ok (¢°B%) + O (ea®B?),
(3)
1Y (fs = £9) I3 < Ok (€25%) + Ox (€225?)
S
(4) and

1f = fsllt < 0k (€28°) (o + |1 £13) -

SC[K]

Proof. (3) is an immediate corollary of (2). (4) also follows immediately from (3) by setting f5 = f=9
while applying it with 2*4 rather than §. Indeed, || f=5]|oc < 2% fl|oc < 2¥8. Therefore { =%} ¢, s a

(2¥8, a, 0)-approximate Efron-Stein decomposition for f. (2) follows immediately from (1) as we have
Ifs = fslli < ILfs — 5131 fs — fsl%
and ||fs — fsll3, < 48°.

We now prove (1).

Reducing to the case that f; = f=°. First we assert that we may assume that fe= f=* for each S.
Indeed, { =5 } is a (8, a, 0)-Efron—Stein decomposition. By the triangle inequality we have

Ifs = fslla < Ifs = F=5M2 + /=5 = f5ll2,
which implies (by Holder) that
Ifs = f5l3 <2l fs — =215 + 21/~ = f5l3.
This shows that it is sufficient to prove the theorem when {fs} = {f=%} and when {f{} = {f=5}.

Without loss of generality we may assume that f§ = f=5.

Reducing to the case that fs = hg”. Let hg be with ||hs|l2 < a and | fs — hg¥[|2 < €. Setting
fs = h5° we obtain by the triangle inequality that {fs}sc[k] isa (8,a, (2% + 1) ¢')-bounded approximate

Efron—Stein decomposition for f. We have

Ifs = F=515 < 20 fs = fsll3 + 21 fs = F=52 < 2¢ + 2 fs = /=52

Therefore it is sufficient to prove (1) when fg is replaced by fs.

Proving the lemma when fgs = hgs and fg§ = f=5. By Cauchy-Schwarz and Corollary 4.5 we have:

(fs=1=5.0)=>_ (fs = =5, 17")

TC[k]

={fs— 15,17+ > (75 = n5%,#77)
T+#S

= (fs = 7%, F7%) + Ox (ea?).

20



Again by Corollary 4.5 and Cauchy—Schwarz we have:

(fs=F=5.f) = <fs - f—%ZfT> + <fs — =5 f - ZfT>
T T
= (fs =[5, fs) + Ok (e®) + || fs — f=|2¢'.

Rearranging we obtain,

Ifs = F72113 < Ok () (177 = fsll2) + Ok (e0?) -

This shows that
Ifs = F=513 < Ok () + O (e0?) .

5. PROOF OVERVIEW

Building on the framework we established in Section 4, we can now give a proof overview for our
hypercontactive inequality on high dimensional expanders. Recall that in the setting of direct products,
we first prove a key lemma, (Lemma 2.8) and then use it to derive the theorem via an inductive argument.

We now give a sketch of how to generalise this approach to the e-product setting.

5.1. Generalising Lemma 2.8. Recall that we would like to show a lemma of the form

113 < SIS+ (4d) 5| Ls [£] 14
S

We instead show a similar lemma that holds up to a small error term of Oy (e|| f|13]| f]12.):

1 < <
(5.1) S <or=ts+4 37 @) ILE 115+ Ok () 1131 £
0<|T|<d

However, first note that we do not have a useful notion of a low degree function. Instead we work with
;=
|S|<d
In turn, instead of Lg [f] we have
<d =T
L'ifl= Y,
T25,|T|<d
We show that when expanding
2\ =% —T T\ =S
(=97) 7= > )™,
T1,T>
there are three kinds of terms: (1) terms that vanish in the product space setting, but here they do not;
(2) terms with Ty NTo NS # @; and (3) terms with T3 ATy = S.
Our high-level approach is to show that the same proof as in the setting of product spaces works up
to an error term. We accomplish that by expressing everything in terms of our operators {Ag}, and we

then replace equalities that hold in the product space by Lo-approximation of the form

|AsAr — Asar|2—2 < O (€) .
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At first glance, it might appear that this approach would not suffice, as we eventually would like to
upper bound 4-norms of terms, or 2-norms of expressions involving the product of two functions such as

( = f :TZ)S . Nevertheless, we are able to accomplish that via inequalities of the form

1113 < IAIBIA115-

We then use the fact that all our terms are bounded by Oy, (|| f|lec), and our Ls-approximations involve

¢, and therefore beat the Oy, (1)-terms. This allows us to generalise Lemma 2.8 and prove (5.1).

5.2. Applying induction. After having an inequality of the form
s
17=405 < CUF=UE + D ()T ILS (11115,
s

we would like to use a similar idea to the one we used in the product space setting; that is, restrict .S to
some = € Vg, and then apply induction for the function Lgd [f] (z,-). The problem is that the restricted
function L§d [f] (x,-) is no longer of degree d — |S|, and hence we can no longer use induction.

We overcome this problem by using the notion of our approximate Efron—Stein decompositions.
Namely, we show that Lgd has two different approximate Efron—Stein decomposition. The first one
is

{F b rosimizar

and the other one replaces f=7 by the function fr

(z,y) = (Ls [f] (2, )™ ().

We then obtain that ZITDS ir|<a JT (@) is of the form D;‘i_‘s‘7 which allows us to use induction

similarly as in the product space setting.

After applying induction we get the compositions of two derivatives, and we are again able to translate
them back to expressions of the form EwN#SI?g’I by showing that Dg,Dr, and Dgyr (s, are both
approximate Efron—Stein decompositions of the same expression.

The remaining step is to upper bound the influences. We achieve that by generalising the inequality

Erps [152] <0l Ls [f1153

from the product space setting, where crucially, we obtain that without upper bounding ||7s |-

6. LAPLACIANS, INFLUENCES, AND GLOBALNESS ON ¢-MEASURES

In this section, we define the notions of laplacians, derivatives and influences in the setting of e-
measures, give bounded approximated Efron—Stein decompositions related to the Laplacians, define glob-

alness, and show that it implies small influences.

6.1. Defining the Laplacians, derivatives and influences.

Definition 6.1. We define the Laplacians via the formula
Li[f]=f = Appgay -

Lemma 6.2. We have

Li[f]=)_ 1%

S3i
22



Proof. This follows immediately from Lemma 4.2, which shows that

Apn 1= Y 75
SClk\ {4}

Definition 6.3. We define Lg [f] = ETQS f=T. Alternatively,

Ls[f1= > (1) Ay f.

TCS

Let © € V. We let Dg,, = Ls [f] (z,), i.e. the function in L? (V,, u,) obtained by plugging in z in the
S coordinates. We let
Isa [f1=1Ds e [flL2(ve i)

6.2. Bounded approximated Efron—Stein decompositions related to the Laplacians.

Lemma 6.4. . There exists C = Oy (1), such that {f:T}TDS is a (C||f|lso, Cll fll2,0)-bounded approxi-
mate Efron-Stein decomposition for Lg [f] .

Proof. We have
155l < D AT flloo < 29911 £lloo

TCS
and
s (oo < D AT lloo < 25V flloc-
TCS
The other properties are easy to verify. O

Let f € L? (V[k],,u[k}) and let gr € L? (Vr, ur) be given by

gr (z) = It [f].

Then gr can be interpreted interms of the Laplacians and the averaging operators as

gr = Ar (LT [f]Q) :

Suppose that {fs} SClk) 18 @ (8, a, €' )-bounded approximate Efron—Stein decompositions for f and set
B —2

L/;/[f] = >_sor fs. The following lemma essentially shows that the function Ar <LT [f] > is a good

Lo-approximation for the function gr. This can be interpreted by saying that the generalised influences

could be computed via any (8, @, ¢')-bounded approximate Efron—Stein decomposition for f.

Lemma 6.5. Let {fs} and {f5} be (B, a,€')-bounded Efron-Stein decompositions for f. Then
2 2

A7 | Y fs | IB<20lAr | Y f6] 13+ Ok (€28%) + Ok (ea?B%) .

S2T S'oT

Proof. By Cauchy—Schwarz we have
2 2 2

Siks| <2 Do fs] w2 D] fs—fs

SoT SoT SoT
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Therefore
2 2 2

Az (> fs | IB<20Ar [ D0 &) 13+2040 | D fs—fs | 13-

ST §/2T $oT
Now since Ar contracts 2-norms (Lemma 4.3). We have

2

20Ar [ D fs—fs | 13<21 > £5— fsli-

SoT SDoT

Lemma 4.11 now completes the proof. (I

We now show that Lemma 6.4 is a special case of a more general phenomenon. Whenever { fs} SCIK] is
a (8, a, €')-bounded approximate Efron—Stein decomposition for f, we obtain that { fT}T2 gisa (B ,Q, €>—

bounded approximate Efron—Stein decomposition for suitable values of B , &, €. We show the following.

Lemma 6.6. There exists C = Oy (1), such that the following holds. Suppose that {fT}Tg[k] s a
(8, o, €')-Approzimate Efron—Stein decomposition for f. Then {fT}TQS is a (OB, a,C (€ + ay/€))-Approximate
Efron—Stein decomposition for Lg[f].

Proof. The only requirements that are not automatically inherited from f are the upper bounds on

[Ls [f]lloo, and on [|Lsf — > 7~g frll2- The former inequality follows from the inequality

ILs [£]lloo < 21 flloo < 28

While the latter follows from Lemma 4.11 and the triangle inequality:

ILsf = frlla =1 (f=" = fr) l-

T2S TDS

< T = frlls

To8
< Oy (6/) + Oy, (a\/g) .

6.3. Low degree functions and truncations.

Definition 6.7. We define the low degree part of f by setting
fEh=50 8
IS|<d
we define the low degree Laplacians of f by setting
L=

S2T,|S|<d

We now show that if { fT}Tg[k] is a (5, o, ¢ )bounded approxiate Efron-Stein decomposition for f, then

we may turn it into an Efron-Stein decomposition for f<¢ and L§d [f] in the obvious way.

Lemma 6.8. There exists C = Oy (1), such that the following holds. Suppose that {fr}rcp is a
(8, a, €')-Approzimate Efron—Stein decomposition for f. Then

(1) The functions {fT}|T|§d are a (CB,a, Ce + C€)-approzimate Efron-Stein decomposition for f<.
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(2) the functions {fT}\T|QS,|T|§d are a (CB,a, Ce + C¢')-approximate Efron—Stein decomposition for
L5 (1.

Proof. Tt is sufficient to prove (2) as (1) is the special case where S = @. By Lemma 4.11, we have

Ifr = =" |2 < Ok (€) + O (Vear) .

Hence, by the triangle inequality we have

LS - S frlle < > 1T - frlls

T2S,|T|<d T2S,|T|<d
= O (6/) + O (\ﬁa) .

Moreover,

I e = Y. 7

T28,T|<d

< 2 max 175

o0

< 4¥)| flloo < 4FB.
O

6.4. Globalness. Unlike the product space setting the two possible definitions of globalness are not

equivalent. It turns out to be more convenient to work with the notion concerning the restrictions.

Definition 6.9. We say that f is (d, d)-global if for each |S| < d and each x € Vg we have

1 @) 2 vy <6
Claim 6.10. If f is (d, d)-global and e is sufficiently small, then for each T of size < d we have

£~ |oo < 2716

Proof. This follows from the triangle inequality once we show that || A f||co < 6 for each T" C T'. Indeed,

for each x we have
A f(2) = Ev, oy f (@) <\ (250) 2 (v a) <0
O
Lemma 6.11. Suppose that f is (d,d)-global. Then {f:S}|S|<d is a (kd5, ||f|\2,0) -bounded Efron—Stein
decomposition for f<¢.

Proof. We have || f=5]|o < 2% by Claim 6.10. We also have

1o < ST 15 oo < K.

The rest of the conditions hold automatically. O

Definition 6.12. We say that f is of (8, )-degree d if f =} g <4 fs and fs = hg® where ||hs|2 < a,
17550 < B and [ fll2 < @, || flloc < B-

If f = Z|S|§d fs is of (B, a)-degree d as above, then {fs} is one (8, a,0)-bounded Efron—Stein de-
composition for f. We now show that in this case the canonical {f:S}|S|<d is also (f’, &, €/)-bounded

Efron—Stein decomposition for the right parameters.
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6.5. Other approximate Efron-Stein decompositions for Lt [f] ,L%d [f]-

Definition 6.13. We define the low degree derivatives for T' C [k] and = € Vr
D L () = L2 (Vs i)
via
Die U = L3 1f] (=)
The low degree influences for T' C [n] and = € Vi are defined by

Lﬁi[f]::HL%d[f](z70\@ﬁ(Vmuxr

We now move on to the critical lemma for our inductive approach. In the product space setting our
inductive approach relied on the fact that Dy, f is of degree < d —|T'| whenever f is of degree d. Here we
show that Ly [f] has an alternative (3, a, €)-bounded approximate Efron-Stein decompositions {fs} ¢~

that gives rise to a function

L= > 1

SOT,|S|<d

with the property that for each x L%d [f] (z,-) is of degree d — |T'|.
Lemma 6.14. Let fs(z,y) = D;i\T[f](y). Then for each f:

eset {fs 1sa 005 2,CE€ 2)-bounded approximate Eifron—>Stein decomposition
1) Th fs}sorisa (Cll flleos Cl fll2; Cel| fl2)-bounded i Efron—Stein d iti
for Lt [f].
(2) The set {fs}s5r sj<a 18 @ (Cllflloo, Cllfll2, Cel[ f||2)-bounded approximate Efron-Stein decom-
s <d
position for L7 [f].
(3) IET" O T, then the set {fs}gop isa (C| flloc; C| fll2, Cel| f||2)-bounded approximate Efron Stein
decomposition for Ly [f].
(4) The set {fs}sor 51<a 18 @ (Cl|flloc, C|| fll2, Ce[ f||2)-bounded approximate Efron-Stein decom-
s <d
position for Lz, [f].
(5) If f is (d, 0)-global. Then {fs}g57/ g<q is a (C6, C||f|[2, Ce| f||2)-bounded approximate Efron-

Stein decomposition for L%,d [f]-

Proof. Due to Lemma 6.8 (1) implies (2)-(4). By Lemma 4.3 all the operators A; contract co-norms. We
therefore have
1/slloe < max 2N\ D1 flloo = 25V Ly flloe < 21511 £]|cc-

To complete the proof it is sufficient to show that

Ifs = f=5ll2 < O (€l f112)

as this will also imply that

I fs=Lolfllla=11D fs= > =52

SOT ST ST
= Ok (e[| fll2) -

‘We have
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fs= 3 0l ag Ly,

S5 T Ag Ayt

S'CST'CT

Write
e XY O g
S'CST'CT
Then by Lemma 3.4 we have
[fs = hll2 < Ok (€) [| f]2-
We then observe that whenever S’ 2 T the inner sum corresponding to it is 0. In this case there is

some i € T'\ S” and T",T" U {i} appear with alternating signs and correspond to the same term Ag 7.

Therefore we have
h= 3> 3 )T ag g = 3T () T ag g = 8.
TCS'CST'CT S"CS
This shows that ||fs — f=%||2 < Ok (€) || f||2, which completes the proof. O

6.6. Globalness implies small influences. In the product space setting we had ||I7 . ||co < 4962 and

we used it via the inequality
(6.1) Eonpr [17.2] < Bonpr [I7.2]476% = 4%6%|| L [f] 3.

See the proof of Corollary 2.6. Here we find a convoluted way of proving an analogue of (6.1) without

having any upper bound on || I ;|| at our disposal.
Lemma 6.15. Suppose that f: Vi) — R is (d,d)-global, and let |T'| < d. Then
Eomsir |(Fra [F)?] < 290 0% B ey I + Ok (E1111) -

Proof. Write g () = Ip, [f]. Then g = Ap [(LT [f])z} . We would like to upper bound ||g||3. We accom-
plish that by upper bounding ||g||3 by E[gg"”] for a function g” with a small co-norm.
By Cauchy—Schwarz we have

L [f) <2V 7 Ar (1.
T'DOT
This shows that
(6.2) g <2 3" Ap {(AT’f)ﬂ ;
T'CT
on all z. Let us denote by ¢’ the right hand side of 6.2. Also let
g’ =2 Z At [(AT/f)Q} ~
T'CT

Then in the product space setting the functions g’, g"” would have been equal. Here we have an L2 —approximation

between them.

Claim 6.16.

9" = 9"ll2 < Ok () I £113.
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Proof. As (Ap f)? is a T’-junta we have
(A f)* = Ars [(AT'fﬂ :
By Lemma 3.4 we have
|ArApr — Apari |22 < Ok (€) .
We therefore have
lAr (A7 £)] = Azes [(Ar )] 1B < Ok () 1| (A7 £)° 11
< Ok () |1 £1I4,

as Aps contracts 4-norms. Therefore,

lg" = " 112 < Ok () I £1I3.

As 0 < g < g’ we have
E[¢°] <Elgdg) <E[g"g] +E[(¢' —¢")g].

By Cauchy—Schwarz we have

El(g' —9") gl < llg" = g"l2llgll2 < Ok () IF113]lg]l2-

Now either
(6.3) E [¢’] <2E[g"g]

E[9°] <2E[(g' — ") 9] < Ok (&) [ fIZllgll2-

In the latter case we have

(6.4) lgll3 < Ox (%) I£13-

after rearranging. We can now sum the upper bounds of (6.3) and (6.4) corresponding to each of the

cases to obtain the upper bound
E [¢°] <2E[¢"g] + Ok (¢*) I /13-
that is true in both cases. The following claim completes the proof.
Claim 6.17. ||¢g"]| < 2462
Proof. By Cauchy—Schwarz we point-wise have (Az f)2 < Ap ( f2) . We therefore have
Aror: [(Arf)?] < Averr Az (£2) = A (£2) < 6%

This shows that ||g"||e < 2952. O

The same proof works for the truncated influences.
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Lemma 6.18. Suppose that f: Vi) — R is (d,§)-global. Suppose additionally that € < e (k). Then we

have
2
Ecmpr [(I%fi 1) } <2,y 155 + Oc (EIFIZNIS1B)

Proof. Write

g1 () = | (D /)51 )2.

We now proceed with the following steps.

2
Upper bounding E,. ., {(ITSC; [f]) } in terms of g;. By Lemma 6.14 the functions

Dr. [f]7° ,

{ 7 f] }|S\§d—|T\

is an alternative (Ogl|flloos Okllf |2, Ok (€| f]|2))-bounded approximate Efron—Stein decomposition for
L5%[f]. Therefore by Lemma 6.5 we have

(6.5) Eunpr 155 (1] < 2Banpa [0 @)?] + Ok (el FIBIFIZ)

Repeating the proof of Lemma 6.18. Now by Lemma 4.9 we have ¢; (x) < 2Ip , for each z, provided
that € is sufficiently small. Write go (z) = It [f]. Similarly to the proof of Lemma 6.18 we let

gh =27 Z Ar [(AT’f)Q}
T'CT
and let
g =2 3 A [(Ar)?].

T'CT
By Cauchy—Schwarz we have

9113 < 2E [g192] < 2E [g195] < 2E [g195] + 2E [g1 (g5 — 95)] -

Now either
9113 < 4E [g5¢1],

which would imply
91113 < 4E[g591] < 2720E [g1]

by Claim 6.17, or
lg1ll3 < 4E [g1 (g5 — 95)) < 4llg1ll2llg5 — g5 |2

and rearranging, we obtain

lg1ll5 < 16]lg5 — 95113 < Ok (¢*[I£113)
by Claim 6.16. This shows that

(6.6) 91113 < 24726 [g1] + Oy (€3[| £113) -

Moving back from g; to I%‘i. By Lemmas 6.14 we have

I (Dro [/) =T = DEL[£1113 < Ok (¢*II£113)
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yielding
(6.7) E 1] < 21D75 (115 + Ok (€1I£113)
= 2Ex~;t:r[7§“,i [f] + Oy (62) ”fH%

by the triangle inequality and Cauchy—Schwarz. By combining (6.5), (6.6) with (6.7) we obtain

Eonur [158 117] < 201113 + Ox (el S I31F1Z.) -
< 28R [g1] + On (ENFIBIF1%) + Ok (11£13)
< 21H36%E [g1] + Ok (S FIZIFIZ) -

The lemma now follows by putting everything together. ([l

7. PROVING HYPERCONTRACTIVITY FOR €-PRODUCT MEASURES

We suggest revisiting Section 2 before reading this section. Our strategy is the same as in the product

case, and we deal with the differences by appealing to the tools developed in Sections 3-6.

7.1. Upper bounding ||f<?¢||} by 4-norms of non-trivial Laplacians and ||f<9||3. We now move

on to preparing the ground for the proof of our hypercontractive inequality.
Lemma 7.1. Let f be (d,d)-global. Suppose that € < €y (k). Then we have

1
SIFEE<otIr=z+4 D0 @) ILE (1115 + Ok () I F I A1
0<|T|<d

Proof. Let g = f<%. By Lemma 4.9 we have

=S
gl <2> 1(g*) " I3
S
We now upper bound || (gz):S 2. We have
= _ — =S
(g2> S _ Z (fle f'—Tz) .
|T1|<d,|T2|<d
Let
(1) L = {(Tth) :ThNTyNS # @}.
(2) IQ = ((Tl,TQ) : TlATQ = S)
(3) 13 = (TlATQ)\S ;é g or S\(Tl UT2) 7é .

Our first step is to show that the contribution from I3 is negligible. This is to be expected as in the

product space setting we were able to show that the contribution from I3 is 0.

Claim 7.2. Let (T1,T3) € Is. Then

(=7 =)™ )12 < Ok () IIFIZN I

Proof. Suppose first that (T1ATy) \ S # @. Then without loss of generality we may assume that there is
some ¢ € T1 \ (T, U S) . By Lemma 4.9 we have

_ _ S _ _
1= =) 775 < 20 App gy (ST F772) 113,
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Now
Appgy (FTF7) = (Appgy (F77)) 17
By Lemma 4.7 we have
_ _ =7’
[ App gy £~ 2 < Z 1(F7™) 7 2 < Ok (e) I fl2-
T'%i

This shows that
||A[k]\{i} (f:Tlf:Tz) ||§ < ”A[Ic]\{i}f:T1 ”%”f:TQHgo
< Ok (%) I F1I5I1F13-

Suppose now that S\ (T3 UTy) # @. Let i € S\ (T3 UTy). Then the function g = f=11f=T2 is a
T U Th-junta. This shows that ¢ = Ar,ur, 9.

Hence by Lemma 4.7 and the triangle inequality we have

lg=5 2 = || (A7, u1,9) =" |I2
<1 Y (™)
TCT UT,
< 04 (€) |gll2.
It now remains to note that [[g3 < | /=" |2 /=" [|oc < 22| f]l2l| ]| c- O

We now move on to our next step of upper bounding the contribution from the pairs in I;.

; =Ty p=T5\=5 T|+1 <dp2)~7
Claim 7.3. 3, ppyen, (fTHF7) 7 = Ypes (—n)Tryy (LT [f] ) 13-
Proof. The proof is exactly the same as in the product case so we omit it. O

It now remains to consider the contribution from Is, i.e. the case T1AT, = S . Here just like the

product case it is sufficient to show the following claim
Claim 7.4. Let T1'ATy = S. Then we have

(77777 o < 2177 Ml 2 + Ok () £ 121l

provided that € is sufficiently small.

Proof. First let S" C S. As T'ATy = S, there exists ¢ € (T1ATy) \ S’. Without loss of generality i € T}.
By Lemmas 4.9, 4.7, and 4.2 we have

[As (F77f7"2) |2 < 21l Ason, (77 F72) 12
<2 Asun T 2 T2 oo

< Ok () [ 11201 lloo-

By the triangle inequality this shows that
T T\ =S ’ T
(=T =) 5 < 30 (1)1 T g, (7 o).
SI

< 1 As (FF7F77) ll2 + Ok () 1 £l f

We now upper bound [|Ag (f=7 f=72) ||,.
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By Cauchy—Schwarz for « € Vg we have
AS (f:Tlf:Tz) (.’E) = <f:T1 (.’E, ) 7f:T2 (1'7 .)>L2(V17Uz)
<HF @) Ne e 172 (20) 22 -

This shows that

() s (£ 52) 13 < Bams [0 (00 By o 157 ) o]
We have
=" (,) ||2L2(Vz,uz) = Ag [(szl)Q} = AgAr, (f=T1)2
By Lemma 3.4
|AsAr, — Asar |l2—2 < Ok (€) -
Hence,

lAsAz, (/~)* = Asea, [(/7)°] 13 < Ox (157" 13)
< Ox (NI fIBIFI15) -
By Cauchy—Schwarz this shows that

RHS of (7.1) = <ASAT1 (f:Tl)Q,AS (f:T2)2>

= <ASQT1 (f:Tl)z ’ AS (f:T2)2>L2(Vs,#S)

+ Ok (el fll2ll Flloo) 145 (£77) |1

L%(Vs,us)

As we have
14s (£=72)* 13 < Ok (IIF12) < Ok (IF13I1F11%) -

Therefore,
45 (F77 7Y 13 < (Aser, (/77)7 As (/7)) + O (el FIBIFI1%)
L2(Vs,us)

= (Asor, (/71" Aser, (F72)°) |, + Ox (EFIBIFIZ)-

Now
Asnr, (f:T2)2 = Asnn A, (f:T2)2

and ||[Asnr A, — E|l2—2 < € by Lemma 3.4. Therefore we similarly have
—TN 2 —2 N

(Asoz, (F77)" Asor, (7)) = (Asor, (F77) 157 13) + Ox (I FIBIF11%) -

= £ BIF=113 + On (ell FIBIFI1Z) -

L2 ()

This completes the proof of the claim.
The rest of the proof is the exactly the same as in the product case setting.

Now the only thing to remains is to apply the inductive hypothesis.

Theorem 7.5. We have || f<44 < 2093 gy (4d) ¥ Bprepu ISE 1117 + O () [ £IB11 £11%.
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Proof. The proof is by induction on d. By Lemma 7.1 we have

(7.2) 1F5913 < 2997513 + 2 > ()5 | LEY 1A 114 + Ok () IIFIBIIF 11 -
S4o

Write g5 (y) = (Ds» [f])gd*m (y). Then by Lemma 6.14 and Lemma 4.11 we have:

d
E.||D55 /113 < 2Esllgs.cli + Ox (%) IFIB1 /1%

By induction, we have

_ T
(7.3) lgs.][4 < 204151 3 (4d) " Eypn 12, 195.2] + Ok (€) 195,012 ]195,2 | % -
TNS=,|T|<d—|S|

By Lemma 6.14 we have ||gs,s|lco = Ok (|| f]loo). By Lemmas 6.14, 4.11, and 4.9 we have

<d
(7.4) Eonpsl95:2ll3 < 2Banps D515 + Ok (€2) 1£113
< O (IIF13)

Taking expectations over (7.3), and plugging in (7.4) we obtain:

T
Ellgsolli<2 Y (4d) T By oy psn Iy [95.0] + Ok (o) 1121112
TNS=2,|T|<d—|S|

By Lemmas 6.14 and 4.11 we have

E (o) mnsor Lty 195.:2] = Benpirus Irus,- 191+ Ok (€) IFIB1 /1%

Hence,

! 2
E.lgsald <2050 3 @)l E,, (I54101) + 0n @ 113171
S'D8|8|<d

This gives

- SN\S 2
ED5S (A4 <2200 37 @) VB, (152 101) + Ok @ 1B
S'DS|8'|<d

The proof is now completed by plugging this inequality in (7.2). Indeed, we have
17513 < 2- 9% £1l2 + O (el £IIIFIIZ)
/ 2
+ Y @20 S @l lEL, (15 1)

0<|S|<d S'D8157|<d
2
S
<20 3 (1) Eeny, (152 111) + Ok (elFIBIF12)
|S"|<d

O

7.2. The case where || f||o is large. Here we show a hypercontractive inequality whose error term

does not include the factor || f||oo. This may be useful when || f||o is significantly larger than o.
Theorem 7.6. Suppose that f is (d,d)-global, then
1£=9015 < 200 37 () B I35 LT + Ok (6%) 11111

|S|<d
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Proof. By applying Theorem 7.7 with f<? rather then f and using || f<¢||., < & we obtain

<d 2
IS <20 Y (4d) By o 152 [F597 + O (82) || £1I3.
|S|<d

The theorem now follows from Lemmas 6.11, 4.11 and 6.5. ]
Theorem 7.7. Let e < €g (k) be sufficiently small. Suppose that f is (d,d)-global. Then we have
1F=4014 < (100d) 6| =413 + Ox (€21 £113) -

Proof. By Theorem 7.6, Lemma 6.18, and 4.9 we have

17504 < 20" 3 () B (I52171) + Ok (CISIRISIZ)

[S|<d

<201 3 (3)* 0%, [152 1] + O (el FIZI 1)
[S|<d

<200 3 828 Y 1F7TIE + O (ellFIEIFI1%)
IS|<d T28,|T|<d

< (40d)* 6% > 1£7TIB + Ok (ell 130 £1%)

|IT|<d

< 2(40d)" 8|1 F <15 + O (el fI311 f1I3) -

8. APPLICATIONS

In this section, we show our applications of the hypercontractive inequality on high dimensional ex-
panders, which we have shown in the previous section. The applications follow in a fairly straightforward

way, and hence we present them with brevity.

8.1. Global Boolean functions are concentrated on the high degrees. Fourier concentration
results are widely useful in complexity theory and learning theory. Our first application is a Fourier
concentration theorem for HDX. Namely, the following theorem shows that global Boolean functions on
e-HDX are concentrated on the high degrees, in the sense that the 2-norm of the restriction of a function

to its low-degree coefficients only constitutes a tiny fraction of its total 2-norm.
Corollary 8.1. If f: Vi) — {0,1} is (d, 6)-global and € is sufficiently small. Then
17573 < (Ox (V) + (200d)" 32 ) 1 £13.

Proof. By Lemma 4.9 we have
1/=45 = (F=4,F) = Ok (&) | f1I3-

We also have by Theorem 7.7
FE4L) <= all £1] 5
< (100d)" % \/IL =<)L £l 5 + O (VELFISIFIS A1l 3 ) -
<2(100d)" 62 /11211 £l 5 + Ox (VeI £113)
< (200d)" 82| 113 + Ox (Vel £113)
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The Corollary completes the proof of Theorem 1.3.

8.2. Small-set expansion theorem. Small set expansion is a fundamental property that is prevalent
in combinatorics and complexity theory. In the setting of the p-noisy Boolean hypercube, the small set
expansion theorem gives an upper bound on Stab,(14) = (14,T,14) = E[1a(z)14(y)] for indicators 14
of small sets A, which captures the probability that a random walk starting at a point z € A remains in
A, hence showing that small sets are expanding. Our second application is a small set expansion theorem

for global functions on e-HDX, captured via bounding the natural noise operator in this setting.

Definition 8.2. Let p € (0,1). Given z € V}; we let N, (x) be the distribution where y ~ N, () is
chosen by choosing a random set S where each 7 is in S independently with probability p, then choosing

z ~ g and setting y = (zg,2) . We then set

pf( ) y~N (z)f
Alternatively we can use the averaging operators to give the following equivalent definition:

= > A=A 1],

SC[k|
We have the following formula for the noise operator, which is similar to the one in the product space

setting.
Claim 8.3. We have T, f = > ¢ plS1f=5.
Proof. We have

T,f =Y o (1—p) " Ag[s]

SClk]
SOCIE b e
SC[k] TCS
k s
— Z Z pISI [S|
k] ST
-
TCK]
O
Via a standard argument we have the following bound on the noise operator.
Lemma 8.4. We have
1T, 713 < 1FS1E + (o + Ok (0) 1713
Proof. This is immediate from Lemmas 8.3 and 4.9. (]

Our small set expansion applications are as follows.

Corollary 8.5 (Small set expansion theorem). If f: Vi — {0,1} is (d,0)-global. Then

ITof13 < (o + (1000)" 8 + Ok (V€) ) I1713-

Proof. This follows immediately from Lemma 8.4 and Corollary 8.1. (]
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8.3. Kruskal-Katona theorem. Our last application is an analogue of the Kruskal-Katona theorem
in the setting of high dimensional expanders. The Kruskal-Katona theorem is a fundamental and widely-
applied result in algebraic combinatorics, which gives a lower bound on the size of the lower shadow of a
set A, denoted 9(A) = {x: y < z, for some y € A}.

We first consider the natural up-down walk in our setting.
Definition 8.6. The operator corresponding to up-down random walk is

k E—1S| _
- X Ao =3 1] s

S

w\H

By applying the approximate Parseval inequality (Lemma 4.9), we obtain the following claim.

Claim 8.7. We have J
(=8 ) = 7= - Ox (1713

By our Fourier concentration theorem, (Corollary 8.1), we have the following lower bound on the

2-norm of the high degree part of f.

Claim 8.8. Let § < (200d) >, and € < € (k) be sufficiently small. If f: Vi) — {0,1} is (d, 6)-global.
Then

1
172405 = S 1£13.
Combining the above claims we get the following.

Claim 8.9. Let § < (200d)™>?. We have

(F=T5.) > I3

We are now ready to prove the Kruskal-Katona theorem in the setting of high dimensional expanders.

Corollary 8.10. Let X be an e-HDX, for a sufficiently small ¢ > 0. Let § < (200d)_d, and let A C
X (k—1) be (d,d)-global. Then
d
p@) = n() (14 57).
Proof. Let f =14. We have
-T = P P A Al.
(f=Tf f) wa(i_l)ﬁﬂgo[ﬁe T2 ¢ Al

< Pro € O(A), f () ¢ A
= 1 (D(A) — 1 (4).
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