Electronic Colloquium on Computational Complexity, Report No. 179 (2021)

Smoothed Complexity of Learning Disjunctive Normal Forms,
Inverting Fourier Transforms, and Verifying Small Circuits

Tatsuie Tsukiji*

December 8, 2021

Abstract

This paper aims to derandomize the following problems in the smoothed analysis of Spiel-
man and Teng. Learn Disjunctive Normal Form (DNF), invert Fourier Transforms (FT), and
verify small circuits’ unsatisfiability. Learning algorithms must predict a future observation
from the only m i.i.d. samples of a fixed but unknown joint-distribution P(G(x),y) to explain
an 7-noisy target P(y # fo(G(x))) <mn < 1/2. Inverters must retrieve the hidden parameter
f. The smoothed analysis can weaken the adversarial distribution P(z,y) by injecting an
appropriate perturbation G with larger min-entropy H..(G) := —logming Pr[G = g¢]. The
previous algorithms allowed H_(G) = poly(n) for avoiding the worst-case intractability. We
will derandomize them below H(G) < O(logn) and establish 1-10 for planted functions
(Goldreich’s PRG) fo(z) = f(foxy,...,00xy) with variables z; € {0,1,...,2n— 1} plugged
into fox; := 0(|x;/2])®x; € {0,1} in 1-4, fox; := 0(|x,;/2])-(—1)" € Z, of a large prime p
in 5 and 810, and fox; := 6;-|x;/2] - (—1)% in 6-7. 11-13 will verify the unsatisfiability of
small circuits in the worst case analysis (H.(G) = 0). Suppose logn > log % + k. Randomly
pick an example (X,Y’) from the observed m data.

1. At H_(G) = 0, MaxkCSP of any k-variate predicate f requires the sample size Q(n(*~/2)
< m < O(n*/?) to distinguish between | maxy P(y = fy(z)) — maxy P'(y = fo(z))| > Q(1)
and P(x,y) = P'(z,y) in n°® time by given access to both samplers P(z,y) and P’(z,v).
2. At H_(G) = clogs, the planted s-term DNF demands m > n®(°8%) for ¢ < 1, and
m < n2losstOM) for ¢ > 1, to make n?°8)_time PAC learning (even under a slight noise).
3. At H.(G) = clog 1 /e, planted AND needs m > n2oe ) for ¢ < 1, and m < n2 log = +0(1)
for ¢ > 1, to make (maxg P(y = fo(G(z)) + €)-accurate agnostic learning in n®1°81/¢)_time.
4. At H.(G) = O(log s), the monotone DNF with expanding s-terms is PAC learnable from
m =n - poly(s) data with Pr[| X;/2], | X /2]] > 1/n'T€ in n - O(s"°2 %) time.

5. At H.(G) = O(logp), the kFT fo(z) = 3, < fu [Ticow 0 © @ over Z, of p > n® is
invertible from m = O(n**+2p) data with Pr[{| X;, /2], -+, | Xi./2]}] = Q1 /n%), [Y| <r <
p /2 and PrlY £ fo(X) | [Xi, /2], [ X, /2]] < 1/(nr) in O(n*+3p) time.

6. LPN and LWE over Z, of p > n*(!) hiding small secrets Vi, |§;| = O(1) are breakable in
polynomial time. 7. GapSVPO(nQ) is breakable within polynomial time.

8. At H.(G) = O(logn), any bilinear form >=7,_, x;M;;x; with sparsity [{M;; € {~1,0,1} |
M;j # 0} < n?=°M) requires Q(n(loglogn)'~¢) size for algebraic NC' circuits over Z, of
p > n°M unless the matrix M is learnable from only m = n°1) data in n°®) time.

9. At H.(G) = O(n), any 27 by 2% matrix with sparsity 2"~ demands exp(n?()) size
PH< protocol unless it is learnable from m = exp(n) data in exp(n®) time.

10. PH< # PSPACE® or Vk,NP ¢ DEP[klogn]. 11. VP # VNP or Vk, quasi-NP ¢ NC.

12. PIT € DTIME[pPeyUoslosn)] or Ve Vk, NTIME[2™] ¢ SIZE[n*]. 13. quasi-NP ¢ TC°.

*School of Science and Engineering, Tokyo Denki University, Ishizaka, Hatoyama, Hiki, Saitama, 359-0394,
Japan. Email: tsukiji@mail.dendai.ac.jp.

ISSN 1433-8092



Keywords: agnostic learning, Algebraic circuits, Approximaton Algorithms, boosting, Com-
munication complexity, Correlation, cryptography, CSP, derandomization, DNF, Fourier trans-
forms, lattice, Linear programming, circuit lower bound, Learning with Error, Matrix Rigidity,
Min-entropy, natural proofs, NC, optimization, PAC learning, PIT, Polynomial Calculus, poly-
nomial hierarchy, Refutation algorithms, Resolution, SAT, SDP, Smoothed Analysis, Statistical
Analysis, sum-of-squares, SVP, Threshold Circuits, VNP, VP.

1 Introduction

This paper studies the computational complexity of learning a hidden parameter 6 of a fixed
but unknown data distribution Py(z). A learner aims to predict a new observation drawn from
Py(z) at a high confidence level. The only data given to the learner is a training dataset!
D ={z(1),...,2z(m)} composed of the i.i.d. (independent and identically distributed) outcomes
emitted from the unknown target distribution Py(z). The worst-case analysis is the gold standard
to measure the performance of algorithms learning the target class {Py(z)},. It guarantees
the algorithm’s performance no matter which 6 hides. Unfortunately, for many fundamental
computational learning problems, worst-case analyses have revealed the existence of hard-to-
compute points in the parameter space § € 7. The intrinsic difficulty of the learning relied on
either information theory, proof theory, or computational complexity theory. However, such a 6
might be so rare that the learner living in an uncertain environment would seldom encounters
it. For example, many easy-to-learn points may surround a rare hard one with a small degree of
“perturbation.” Then one can rarely observe a learning curve detecting the hard one. Spielman
and Teng [ST04, ST09] formulated such worst-case demanding but practically easy learning
situations in a smoothed analysis (SA). It interpolated between the worst-case |G| = 1 and the
average-case |G| = | Z| by a more prosperous perturbation space G inducing a weaker adversary:

SA1: Let the adversary first choose a distribution Py(z).
SA2: Randomly generate a G over Z permutation to cause a permutation G over T.
SA3: Let the learner access the permuted distribution Py(G(z)) = Peo (2).

Let us review the previous smoothed analyses in computational learning theory under typ-
ical perturbations G that have small quantity yet enough quality to circumvent the worst-case
computational intractability and provide efficient learning algorithms.

REVIEW1: Gaussian mixture learning observes z(j) ~ Py(z) emitted from a mixture of k
Gaussians over R" with means and covariances hidden in 6 [Das99]. The worst-case analysis
can estimate 6 in poly(n) time for £ = O(1) [FSO06, MV10, BS15]. However, it demands an
information-theoretic lower bound exp(k) of k > w(1) to the number of training examples
[MV10]. In a smoothed analysis, Ge, Huang, and Kakade [GHK15] gave a polynomial-time
algorithm to learn O(y/n) Gaussians. It disturbed a data z emitted from the unknown
mixture by adding a random vector z + G drawn from the i.i.d. Gaussians G; € R with
means E[G;] = 0 and variances E[G?] = €2 for all dimensions i € (n] := {1,...,n}.

REVIEW2: Perceptron learning receives a dataset D = {(x(1),y(1)),..., (z(m),y(m))} ~
P™(z,y) supervised by a halfspace y(j) = fo(z(j)) = sgn(d>_ i bixi(j) + 6p) of x(j) =
(xi(4))i=; € R™. The famous perceptron algorithm takes exp(n) time to retrieve a hidden

1A dataset may contain the same data multiple times.



0 € R"*! [MP17]. Under a small additive Gaussian perturbation (z(j) + G, fo(z(j) + G)),
Blum and Dunagan [BD02] analyzed that the perceptron algorithm ran in polynomial time.
Even more, the perceptron resolved Linear Programming (LP) as efficiently as the practical
standard simplex algorithm of Spielman and Teng in the smoothed analysis [ST04].

REVIEW3: PAC (Probably, Approzimately, and Correctly) learn a concept (i.e., a specific
expression class) of a Boolean function f : {0,1}" — {0,1} from a supervised dataset
[Val84]. Elementary yet general, the most studied concept is a Disjunctive Normal Form
(DNF) f(x) := Vizq Niey, Xi © fui of given fi; C (d] == {1,...,d} and f,; € {0,1}. We
write it as f € s-term DNFy, and f € s-term kDNF; when V| f| = k [Val85]. It is learnable
in quasi-polynomial time under the product distribution P(z) = [[;—, (pai+(1—p)(1—a;))
of mean p € [e,1 — €]™ [Ver90]. Kalai, Samorodnitsky, and Teng [KST09, Fell2] proved
that DNF is polynomial-time learnable under the product distribution of mean u + G

€ E]n

perturbed by the uniform random vector G € 5.5

REVIEW4: Low-degree Fourier inversion is the most successful method of learning DNF
over the real-number field R: Learn Y ~ 3, <, 0w [ ] (—1)%i by inverting the unknown
0, ~ Ex [Y Hiew(—l)xi] under the empirical distribution, i.e., the uniform random vari-
able (X,Y) over D [KKL88, KM93, Man95, GKKO08]. It has succeeded in quasi-polynomial
time PAC learning ACY [LMNO93], polynomial-time PAC learning DNF with membership
queries [Jac97], and even without membership queries [BMOSO05]. The former two results
assumed the uniform distribution P(z) = 1/]{0,1}"|. The last one took a random walk.

1EW

REVIEW5: Agnostic learning (empirical risk minimization) puts virtually no assumption
on a given dataset and asks to minimize err(D) = miny err(D) of the observed error rate
errg(D) = L1 > e f(2(4)) # y(j)] of a hidden concept f € F. VC-dimension theory
[BEHW89, Hau92, Vap06] promises a polynomial-size sample complexity O(log|F|), but
it might not provide polynomial-time learning. For example, AND := 1-term DNF took
n®W") time for agnostic learning [TT99, KKMS08], despite only O(n) time in PAC [Val84].

REVIEW6: RESAT refutation denies the existence of an assignment 6 € {0,1}" satisfy-
ing the OR predicate fy(z) := \/lee ox; = \/f:l 0(|x;/2]) ® z; for all constraints?
zelU C2n)k:={0,1,...,2n — 1}* drawn from P(z) = ﬁ, i.e., disprove err(U) =
ming errg(U) = 0 [CS88, Fei02]. It has noticed a constant ay, ~ 2¥In2—(141n2)/2 to make
a sharp threshold Ve > 0, lim,, Prlerr(id) =1 | m/n > aj — €| =1 = lim,, Prlerr(U) = 0 | m/n < oy, + €]
[Fri99, MPZ02, DSS15, COP16]. Moreover, its data size complexity m = min || of efficient
refutation has attained the following dichotomy. RESAT refutation is polynomial-time
solvable above m > O(2Fnk/2) [GK01, FGK05, COGL07, FO07, COCF10, BM16, AOW15],
but demanding exp(nQ(l)) proof-length or n®() proof-degree below m < n(1=9%/2 in the
well-studied proof systems [BKPS98, AR01, BSWO01, Gri01, Sch08, Tul09, BSI10, CLRS16,
KMOW17, BCR20]. Feige [Fei07] refuted the 3SAT of adversarial m = O(n*/?(loglogn)'/?)
constraints efficiently under i.i.d. perturbations x;(j) — 2|x;(j)/2] +zi(j) ® Gi; (|xi(j)/2])
by a flipper G € {0,1}" with a small mean E[G;;(|xi(j)/2])] = €. Abascal, Gu-
ruswami, and Kothari [AGK21] recently generalized it to the kCSP refutation targetting
the fo(z) = f(fox,...,00xy) of an arbitrary k-variable Boolean predicate f(xi,...,X).

REVIEWT: MaxkSAT approximation aims to measure the empirical accuracy rate acc(D) :=
maxg - > sy U fo(2(j)) = 1] = 1 — err(D) of the OR predicate fy(x) = \/f:1 0 o z; on the

2Satisfiability problem’s data (gr:(j)7 y(j))m suppose to take the only positive labels Vj,y(j5) = 1.

j=1



worst-case data D C [Qn)k. The (Bemp, Bsna)-gap approximation asks to distinguish be-
tween acc(D) < fsng and Bemp < acc(D) of 0 < fsng < Bemp < 1. The (1,1 — 1/2F 4 €)-gap
approximation is hard on the P # NP assumption [BGS98, Raz98, Has01]. Ezponential
Time Hypothesis (ETH) conjectures that 3SAT must take exp(n) time to distinguish be-
tween acc(D) = 1 and # 1 [IP01], which obliges 3SAT to take exp(n/plog(n)) time even for
(1,1 —¢)- gap approx1mat10n (GapETH) [Din07, BSS08, BV19]. Under ETH, MaxkCSP
of m < O(nF~!) must consume 2" ° approximation time [FLP16 MR17]. Meanwhile,
MaxkCSP enjoys polynomial-time approximation for m > Q(n*) [AKK99]. We will study
a “promise” problem to choose P(z,y) from a promised class, e.g., LPNs (in REVIEW9)
with Hamming-distance noise 0,1, 2, ... [Alel1]. RkCSP’s refutation of [AGK21] gives rise
to the promise-MaxkCSP’s approximation by only O(n*/2) constraints in n®*) time.

REVIEWS: Planted CSP asks to invert the secret assignment® 6 € {0, 1}" planted in a predi-
cate f(fox) := f(foxy,...,0oxy), which we call a planted predicate. Goldreich studied it for
a one-way function candidate generating pseudorandom bits f(6ox(1))--- f(foxz(m)) un-
der the uniform P(x) = 1/|[2n)¢| [Gol00, ATK06, App13, OW14, BBKK18, AL18, FPV18].
It involves several well-studied inversion problems, e.g., the planted dSAT by f = \/f:1 X;
[BHL*02, JMS07, KMZ14], the noisy dLIN* over Fy by (—1)7 ~ H;LI( 1)% [BFKL93,

ABW10, Alel1, DMQN12, BSV19], and the planted kDNF by f = \//% A¥| x;, ;i [DSS16].

REVIEW9: LPN and LWE? ask to invert the hidden coefficient vector 6 € Zg of a noisy linear
equation y(j) = > 0ixi(j) + E(j) of a given matrix (x;(5))i; € Zy*™ contaminated by
ii.d.errors E(j) € Z;. LPN supposes the uniform random matrix with Bernoulli noise
Pr[E () #0] = pu [AABl? BCG+20, CM21, JLS21], while LWE treats Gaussian error
Pr[E(j)] = 1/v/2g0 -~ P17/ (29) [AD97, Reg04, KS06b, BV14]. The current best attackers

take min (g Oliggn) 200 )) time for LPN and LWE having ¢ > (o logn)? (where o = ugq for
LPN) [BKW03, AG11]. Remarkably, LWE enjoys a worst-case hardness guarantee even
for the binary parameter 6 € {0,1}" [Reg04, LMO09, Pei09, BLPT13]. Its security stands
on lattice problems enjoying average-case hardness by assuming only the worst-case one,
e.g., GapSVPW6 [Ajt96, Cai%9, Mic02, Reg04, MR0O7, GPV08, GINX16].

REVIEW10: Matrix rigidity problem asks to invert the unknown 6 € FY¥*" from a limited
amount of data D = {M(i,j) € F | (i,7) € (VN] x (VN]} of a square matrix M over a field
F to satisfy Pr; s[M(I,J) =Y ., 0(I,k)M(k,J)] = 1. It tries to predict the randomly
picked entry M(1,J) by looking at only the first nm < o(IN) entries [Val77, Raz89, Pud94,
Lok01, PP06, AW17, GT18, DL19, GW20]. When M(4,5) € {—1,0,1} and —1 # 1 in
F, it expresses a linear Fourier inversion problem Pr[Y = Z?:l H(L%J)(—l)xl] ~ 1of a
randomly picked example (X,Y) ~ {((2i + %(”) i€ [n), M(4, ) # 0), M(, 7))}y
A more general problem asks to invert a secret § € Zj of a “noisy” degree-k Fourier
transform Pr[Y = > jw|<k fuw [Ticw 0(1Xi/2])(—=1)*] & 1 of the known coefficients fuw €.

REVIEW11: Boolean Circuit lower bounds have brought learnability”, and vice versa

3We may sometimes consider f(61 o z1,...,04 0 x4) with different §; and say that a target f hides 6 € {0,1}¢".

4LIN: Linear equations. LIN over Fy (the Galois field of order 2) is the same as the planted XOR.

SLPN: Learning Parity with Noise. LWE: Learning With Error.

6GapSVPW poses a lattice £ C Z"™ together with an integer d and asks to distinguish between v(£) < d and
v(L) > ~yd for the hidden shortest vector’s length v(£) := min,c,_ (o} 2]|2-

"Learnable, compressible, distinguishable and derandomizable are equivalent notions under the uniform distribu-
tion in many computational complexity frontiers [CIKK16, Will6, OS17, SCR*20].



[NW94, IW97, FK09, Wil13, OS17]. Linial, Mansor, and Nisan [LMN93] derived AC"’s
learnability from circuit lower bounds [Ajt83, Yao83, FSS84, Has86|. They inverted RE-
VIEW4’s Fourier coeflicients from quasi-polynomially many data of a low-degree polynomial
over R derived from the AC”’s circuit lower bound. Carmosino, Impagliazzo, Kabanets, and
Kolokolova [CIKK16] did it on AC°[p] lower bounds [Raz87, Smo87] via Nisan-Wigderson’s
pseudorandom generator (PRG) [NW94]. Murray and Williams [Will3, Willda, MW19]
established quasi-NP ¢ ACC by learning ACC from quasi-polynomially many data thanks to
Beigel-Tarui’s low-degree SYM*-computation®. The polynomial method [Bei93, Will4b,
Hop18| was a consistent mechanics to make these lower bounds work.

REVIEW12: Algebraic circuit lower bounds have been interplaying with derandomization
and learnability [SY10, CKW11, Sap14, KS19, GKS20]. Kabanets and Impagliazzo [KI104]
derandomized PITY. It plugged (unproved) exponential’® circuit size lower bounds of
explicit multilinear polynomials to Nisan-Wigderson’s PRG. Low-rank patrial derivatives
[Nis91, NW96, KS03, KSS14, GKKS14| have brought constant-depth circuit size lower
bounds [SWO01, RY09, KST16, KLSS17, KS17, LST21] and multilinear formulas [SS96,
Raz09], derandomized the PIT of constant-depth circuits [KMSV13, SV18, LST21], non-
properly learned multilinear depth-three circuits [BBBT00, KS06a], and properly learned
restricted depth-three circuits [Kay12, Sin16, KS19, GKS20, GMKP20].

Let us view these previous works of learning a dataset D = {(z(1),y(1)),..., (z(m),y(m))}
through the lens of smoothed analysis. First, SA1 chooses an adversarial variate (marginal)
distribution P(z) = >, P(z,y). SA2 disturbs the P(z) to P(G(z)) by a random perturbation
G € G while preserving the covariate distribution Py(y|x) intact. SA3 generates a dataset D
from the perturbed distribution P(G(z))Py(y|G(z)). Its density is the supremum of probability
mass p(G) = sup{Pr[G(x)|z] | P(z) > 0} [BV06, RV07, BM12], and its min-entropy is H.(G) =
—log p(G). In particular, the worst-case complexity assumes H,(G) = 0, while a smoothed
one H (G) < —log|G| with the equality H(G) = —log|G| < Vg¢,Pr[G = ¢g] = 1/|G|. The
shift G’ may look at the data {z(j)}j.; as a vector in the product space ((1),...,z(m)) €
X™ and perturb each z(j) by different marginals. For example, the ii.d.m data from the
uniform distribution over {0,1}" have the min-entropy H.(G) ~ mn by the mn i.i.d.flippers
G;j disturbing the 7th dimension of the jth example.

The previous works have taken the following H,(G) to reduce the worst-case complexity in
smoothed analysis. REVIEWS 1 and 2 are exponentially hard at H.(G) = 0 but polynomial-

time solvable under the Gaussian perturbation H.(G) = 5 log 2%;6' REVIEW3’s DNF learning is

intractable!! at H.(G) = 0 due to the hardness of learning [DSS16]’s canonical DNF in REVIEWS,
but tractable under the perturbed product distribution H.(G) = ©(nm), and even under the
random walk H.(G) = ©(mlogn). REVIEW6’s 3SAT refutation is coNP-complete at H.(G) = 0
[CooT1], but efficiently solvable under the flipper H.(G) = (:)(2”(% log ¢ +(1-7) log(l_%))). Similarly,
REVIEWT’s MaxkSAT approximation is NP-complete at H.(G) = 0 but tractable under the
dense constraints H.(G) = ©(kn*logn). Exceptionally, REVIEW9’s LPN and LWE are still
intractable even for the uniform random matrice H.(G) = mnlogg.

These worst-case intractable but average-case tractable problems separate unlearnable from
learnable by H.(G) = 0 versus H.(G) = poly(n). Derandomization effort might reduce this

8SYM™: Boolean functions g(f(z)) of a polynomial f over Z and g : Z — {0,1}. quasi-NP: NTIME[ZlogO(l)(")].
9PIT: Polynomial Identity Test asks whether a given syntactic polynomial representation is identically zero.
10An “explicit” polynomial must have a polynomial-size circuit (possibly nondeterministic) computation [KS19)].
HNo polynomial-time algorithm can learn DNF from the only training dataset (without membership queries).



min-entropy gap for computational complexity separation to more tight H.(G) = 0 versus
H.(G) < O(logn). In that case, the known average-case algorithms might learn DNF, approx-
imate MaxkSAT, and invert LWE from the worst-case data with a slight perturbation. Even
more, it might solve REVIEW10’s matrix rigidity problem in smoothed analysis, giving rise to
non-uniform circuit lower bounds beyond quasi-NP ¢ ACC. It motivates us to investigate these
smoothed complexities by fixing the min-entropy somewhere!? between 0 < H.(G) < O(logn).

In this paper, we prove the following Theorems 1.1-1.13 in the asymptotic analysis on the
problem’s increasing magnitudes d, k, n, p, ¢, s, and 1 /& under dominance'® k+log(ds/e) < logn,
s/e < d°M and 1 < p,q < n°WM. Our learnability proofs of the smoothed analysis may pick an
appropriate perturbation GG. The unlearnablility ones must endure any considerable G.

When the min-entropy is zero (the worst case), the promise-MaxkCSP of REVIEW7 must
have the number of constraints between n(!1=9%/2 < m < O(nk/2) for efficiency.

Theorem 1.1 (promise-MaxkCSP, informal). For any k-variable predicate f, distinguishment
between | maxg P(y = f(x)) — maxy P'(y = f(x))| = Q(1) and P(z,y) = P'(z,y) on n'zk data
must take Q(exp(n€)) time'# by giving access to both samplers P(z,y) and P’(z,y). Meanwhile,
O(n*/?) data can distinguish them in n°®*) time.

When the min-entropy grows to log s, the planted s-term DNF becomes PAC learnable.

Theorem 1.2 (PAC learning the planted DNF, informal). Below H(G) < (1 — €)log s, PAC
learning the planted s-term DNF on n%(1°8%) data must consume Q(exp(n<)) time. At H(G) =

log s + O(loglogn), it becomes PAC learnable from n21085+0() data in nCUogs) time.

Similarly, the agnostic learnability of the planted AND (Boolean conjunction) emerges at
H.(G) =~ log(1/¢) to achieve the prediction accuracy maxg P(y = f(x)) + €.

Theorem 1.3 (agnostically learning the planted AND, informal). Below H.(G) < (1—¢)log?,

agnostic learning the planted AND on n20°e2) data demands Q(exp(nf)) time. At H(G) =

logé-i-()(l) O(log%)

log % + O(loglogn), it is agnostically learnable from ns data in n time.

When the min-entropy goes beyond log s, Theorem 1.2’s data size barrier n®(°8%) becomes

breakable into a linear time of n for the “monotone”!® DNF with “expanding”!® terms.

Theorem 1.4 (PAC learning monotone DNF). At H (G) = O(logs), the planted monotone
DNF4 with c-wisely ¢ log s-expanding s terms for large constants ¢, ¢’ is properly PAC learnable
by inverting 6 € {0,1}% in n-O(s'°8¢) time on n-poly(s) data with pairwisely dense attributes!”.

When the min-entropy reaches O(logn), even low-degree multi-linear polynomials may be-
come “invertible” so properly learnable. We will investigate it for the planted Fourier Transform
(FT) f(x) = 3 i<k fw [Licw 0 0 Xi, 0 0 xi = 0(|xi/2])(—1)* of REVIEW10. Our FT inversion
algorithm can efficiently solve LPN and LWE with a binary secret 8, so GapSVP, too.

20ur theorems (e.g., Theorem 1.1) assume H.(G) = 0 unless mentioning on G nor H.(G) in their statements.

13The dominance applies to only those parameters bounding the learning problem’s magnitudes, say the dimension
d of the target concept, the number s of terms in the target DNF, and the learning accuracy ¢ to achieve.

M Theorems 1.1-1.3 claim Q(exp(n®)) lengths or Q(n) degrees in several well-studied weak proof systems.

5Tn REVIEW3’s terminology, f € DNF is monotone if i € fi N for=>fui = fari-

16We say that a DNF f is c-wisely k-expanding if |fu, U --- U fi.| > ck for every distinct x1,. .., Kec.

17A random variable X ~ [2n)? has pairwisely dense attributes if V(i # '), Pr[| X:/2], | Xi /2]] > Q=12 )-



Theorem 1.5 (inverting degree-k planted FT). Let 1 < k < O(1), n2 /2 « g € 2N + 1,
and r = q1/2k+1. At H(G) = O(log(ng)), the degree-k planted FT f over Z, is invertible in
O(d*n*+272) time on O(n**1r2?) data of the following kind. The covariate must be as small as

|Y| < r. The variate must be as k-wisely sparse and noiseless at every location (w,a) € (z) x [n)¥
as Pr[Vi € w, | X;/2] = a;] > Q(1/n¥) and Pr[Y # f(X) | Vi € w, | X;/2] = a;i] < 1/(nr).

Theorem 1.6 (inverting LPN and LWE). LPN and LWE over Z, are breakable in polynomial
time for any prime number p > n*(M) and O(1) size secrets Vi, |6;] < O(1) .

Theorem 1.7 (breaking GapSVP). GapSVPO(ng) is breakable in polynomial time.

Further, Theorem 1.5 can solve REVIEW10’s matrix rigidity problem and derive “natural”
circuit lower bounds [RR97, Wil16, SCR™20] in the following sense. Perturb an v~ x vN matrix
by a shift G' that preserves the density p(M) := |M|.o/N = |{(i,7) | M(i,75) # 0}|/N. We
say that an algorithm A learns the matrix M under G if A feeds the first o(N?) entries of the
perturbed matrix G(M) and predicts Prg 1, s[A(I,J) = G(M)(I,J)] = 1. Our natural lower
bounds claim that all small-density matrices must have a large circuit size or fast learning time,
so denying the existence of pseudorandom bits'® emitted from the tiny circuits. In this sense,
we will establish super-linear size lower bounds against algebraic circuits to compute quadratic
polynomials over finite fields [Val77, Lok08, SY10] and communication complexity lower bounds
beyond the polynomial hierarchy [BFS86, Wun12, GPW18].

Theorem 1.8 (non-linear size lower bound). At H.(G) = O(logn), the bilinear form of any nxn
{—1,0, 1}-matrix having density n~°) requires Q(n(log log n)l_g) size algebraic NC! circuits®®
over I, of any prime p > nf2(M) unless it is learnable in n°®) time.

Theorem 1.9 (PH*’s sub-linear depth lower bound). At H(G) = O(n), any 2"/2 by 2"/2
{=1,0, 1}-matrix of density exp(—nQ(l)) forces any PH protocol?” to have depth n£2(1) unless
it is learnable in exp(n€) time.

Theorem 1.9 can derandomize the unsatisfiability of Williams’s circuits [Will3, Will4a] to
verify a short PCP [BSV14] plugged into an easy-witness lemma [MW19, CR20], yielding:

Theorem 1.10 (PH # PSPACE in the communication). PH # PSPACE® or NP ¢ DEP[klogn]?!.

Similarly, we will establish new natural lower bounds to make Williams’s approach succeed
in the following breakthrough separations of REVIEW11’s Boolean complexity [Weg87, VLI1,
Pap03, AB09, Aar16] and REVIEW12’s algebraic complexity [Val79, Sapl4, Wigl9)].

Theorem 1.11 (deep network # NP). quasi-NP ¢ TCP.
Theorem 1.12 (P # NP in algebra). VP # VNP or Yk > 1, quasi-NP ¢ NCF.

Theorem 1.13 (derndomizing PIT). Either PIT is solvable in deterministic nPo¥(loglogn) time,
or Ve > 0,Vk > 1, NTIME[2"] ¢ SIZE[n"].

8We allow pseudorandom bits to be unbalanced (i.e., #1-bits < #0-bits) by assuming a fixed structure over
balanced bits, e.g., taking the k-wise conjunctions over balanced nk-bits to get unbalanced n bits of density Qik

19 Algebraic circuits compute either 4+ or x of syntactic polynomials over a field.

20 A protocol calculates M (3, j) by communication between the two parties knowing only i or j.

21DEP([d] is a language class computed by a series of non-uniform binary-fanin circuits of depth d.



We describe these theorems more formally in Theorems 1.14-1.30 with related notations and
previous works not mentioned in the REVIEWS. We will newly issue all of them in this paper.

Shifts in smoothed analysis: Let us call the SA2’s perturbation G € G a shift. It must
satisfy?? Py(G(z)) = Pé(e)(zi) at every ith dimension, as the previous works used to have. RE-
VIEW1’s Gaussian shift causes G(u;, 0?) == (i + 1(G(z)), 02 + 0%(G(2;))). REVIEW3’s mean
shift G (i) = pi + G, stems from the continuous data shift G (zi) = zi — G, over the real-value
interval z; € [0, 1] through the sigmoidal function z; = (sgn(z; — ;) +1)/2 € {0,1}. REVIEW6’s
polarity?® flipper induces G(0)(x;) = 0(|2:/2]) ® G(|x:/2)), zi € [2n) := {0,1,...,n —1}.

Our smoothed analysis will focus on REVIEW8’s planted functions. We will employ the most
general shift satisfying both robustness {x; — 0o (G(xi))}g = {x; = Oox;}, and symmetry
0o (G(%Z)) = G(G) o z;. These two notions are equivalent, inducing a unique decomposition
G = (?,¥) to an attribute permuter @ € S‘fl and a polarity flipper ¥ € {0, 1}d” such that
G(x;) := 20(|x:/2])+W (| x:/2]) and G(0)(x;) := 0(D(|wi/2])) ®¥(|x;/2]). A shift G is uniform
if it is the same over examples as z(j) = z(j)=G(x(j)) = G(x(j')). This paper considers non-
uniform shifts of the vectors (z(j))7; € A™ unless specified as uniform.

PAC learning the planted DNF in weak axiomatic proof systems: Theorem 1.2’s lower
bound supposes the PAC learner to reside in bounded proof systems. The learner observes
a training dataset D drawn from the unknown target distribution P(z,y) and must choose a
hypothesis h predicting err, (D) := P(h(z) # y) ~ 0 whenever erry(D) = 0. In addition, it
obliges the learner to prove errs(D) = 0 — err, (D) = 0 in the following axiomatic systems. We
study resolution (Res) [DP60, DLL62, Rob65, BSW01, MMZ101, AM20|, polynomial calculus
(PC) [CEI96, BIK ™96, IPS99, ABSRW02, LNSS20], Sum-of-Squares (SoS) [Ste74, Sho87, Nes00,
GVO01, Par00, Las01, Lau09, BS14, LRS15, HKP*17, AH19, BHK"19], LP extended formulation
(LP) [Yan91, CLRS16, KMR17, BCR20], and extended Frege [CR79, Bus91, Kra95, BP98, Bus12,
BBCP20]. Theorem 1.2 will measure the proof complexity of DNF’s learnability on these proof
systems. When the data is noisy, the learner must endure a slight amount of malicious noise
errf(D) ~ 0 [Valgh, KL93, CBDF199, KLS09, ABL17, DKS18, DKK"18].

Historically, PAC learning DNF in “polynomial time” had been a fundamental challenge
posed by Valiant [Val84, Val85]. Unless RP ## NP, it is hard to properly PAC learn s-term kDNF
for various specific (and unspecific) s and k [Val84, Val85, PV88, ABF108, KS08, Fel09, GS21],
where the proper learner must choose a hypothesis from the s-term kDNF or the kindred classes.
The fastest “non-proper” s-term DNF learning time is nO(n'/?log s) [Bsh96, TT99, KS04]. Re-
cently, Daniely and Shalev-Shwartz (DSS) [DLSS14, DSS16] dashed out hope for DNF’s non-
proper learnability as follows: Any PAC learner of the REVIEWS’s canonical planted k\DNF with
k = w(1) must spend n('=9%/2 examples unless he can refute the RESAT with that many con-
straints. This assumption is the so-called Feige’s hypothesis [Fei02, BKS13], on which many
problems rely (or challenge) their average-case hardness [Alell, DSS16, HS17, DJ19, VW21].

In this paper, we will establish the PAC learning hardness of the planted DNF as follows by
bringing the Daniely and Shalev-Shwartz reduction into the weak axiomatic proof systems.

Theorem 1.14 (hardness of learning planted kDNF). For k > 3, PAC learning the planted k\DNF

under the uniform distribution must consume Q(n%k ) data; otherwise, all of its SoS degree, PC
degree, and Res size must be Q(n¢), Q(n¢), and Q(exp(n©)). Similarly, the noisy planted \DNF

22We may write g:(2:) as g(z:) or gi(z) for a function g = (g;); over a domain Z =[], Z; composed of g; over Z;.
2We refer to x; mod 2 € {0,1} and |z;/2] € [n) as the polarity and attribute of a variate x; € [2n).



demands the same sample size Q(n%k), otherwise both SoS-degree Q(n¢) and LP-size 2",

Theorem 1.15 (hardness of learning DNF). PAC learning the planted s-term DNF under the
uniform distribution must spend Q(n%logs) data; otherwise, all of its SoS degree, PC de-
gree, and Res size must be Q(nf), Q(n), and Q(exp(nc)), respectively. Similarly, the noisy
planted s-term DNF needs the same sample size, unless SoS-degree Q(n¢) and LP-size (exp(n°)).

Theorem 1.16 (Theorem 1.2, hardness). At H (G) = (1 — ¢)logs, 0 < ¢ < 1, PAC learning

the planted s-term DNF hiding 6 € {0,1}%" under the uniform distribution needs Q(n o= 1°6%)

data. Otherwise, both the SoS and PC degrees must be (n%%). Similarly, the noisy planted s-term DNF
needs that sample size, unless SoS-degree Q(n%%) and LP-size Q(exp(n®%)).

Furthermore, we will establish the opposite direction of the Daniely and Shalev-Shwartz
reduction: The known RESAT refutation algorithms can transform into PAC learning ones.
Allen, O’Donnell, and Witmer [COCF10, AOW15, BM16] succeeded in a spectrally optimal
RESAT refutation via quadratic programming based on symmetric Grothendieck’s inequality
[Gro52, CW04, ABET05, AN06]. Abascal, Guruswami, and Kothari [AGK21] did it for the
malicious constraints perturbed by the random polarities of REVIEW6. We will translate them
to PAC learning algorithms working under the adversarial constraints and polarities.

Theorem 1.17 (PAC learning planted kDNF). For any k > 2, the planted kDNF hiding ¢ €
{0,1}" is distribution-free PAC learnable from O(n/*/21) data in n®*) time.

Theorem 1.18 (Theorem 1.2, algorithms). At H.(G) = log s + O(loglogn), the planted s-term
DNF of 6 € {0,1}9" is distribution-free PAC learnable on nz1085t00) data in nOU8s) time.

In summary, in the worst-case PAC learning, the known spectral threshold llzgg o~ k/2 of
the RESAT refutation on m-constraint transfers to the planted kDNF learning on m-data. In
smoothed analysis, learning the planted s-term DNF on n®0°25) data becomes tractable when

the min-entropy H.(G) becomes comparable to the logarithm of the problem size (i.e., log s):
PAC1: H(G) = 0 takes nO(d!/?logs) learning time by the current best algorithm [KS04, RS10a].

PAC2: H.(G) = 0 requires 2™ time to learn O(n% log5) data under the uniform distribution.

)
@)
)

PAC3: H clog s with ¢ < 1 still demands sub-exponential time for nf1°25) data.

N
ol
ol
PAC4: H(G) = log s + O(loglog n) enables us to learn any n318s+0() ata in nC089) time.

Agnostically learning the planted AND (a.k.a., planted Boolean conjunct) in weak
axiomatic proof systems: In REVIEW5’s agnostic model, the learner must search a hypothesis
h and its proof competing with n = minserr¢(D) by accuracy € to achieve erry(D) < n —
errp,(D) < n+ e for any malicious noise rate n < 1/2 — 2 [BEHWS89, Hau92, KSS94, Vap06].
Unfortunately, even the AND function is already too complex to agnostically learn properly
[AL88, KL93, Fel06, GR09, FGRW12, GS21] and non-properly [FK15, DSS16, DJ19].

We will translate the PAC model Theorems 1.14—1.18 to establish the following agnostic ones
of leaning the planted AND, XOR, kAND, kXOR, and kJUNTA?*,

Theorem 1.19 (hardness of agnostically learning planted AND). For 2 < d < log% —0(1), ag-
nostically learning the planted AND, under the uniform distribution must consume Q(n(l_e)d/ 2)
data. Otherwise, its SoS degree must be 2(").

**XOR := XORq4 = {@D

x; | w C (d]}. kJUNTA := {fr(x:,i € w) | w C (d],|w| <k, fx : {0,1}* — {0,1}}.
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Theorem 1.20 (hardness of agnostic learning planted XOR). For 2 < d, agnostic learning the
planted XOR4 under the uniform distribution demands Q(n(l_ﬁ)d/ 2) data or 224 SoS degree.

Theorem 1.21 (agnostically learning planted kJUNTA). The planted kJUNTA is agnostically

learnable from O(n/*/21) data under any distribution in n°®*) time.

Theorem 1.22 (Theorem 1.3, hardness). At H.(G) = clog %, ¢ > 0, agnostically learning the

log(1/¢e)
planted ANDy hiding 6 € {0, 1}%" under the uniform distribution must consume Q(n10+4 log(cﬂ))
data. Otherwise, its SoS degree must be (n?9¢).

Theorem 1.23 (Theorem 1.3, algorithms). At H.(G) = log% + O(loglogn), the planted AND

1 1
hiding § € {0,1}%" is distribution-free agnostic learnable from n-noisy n2 108 =2 TO)

1
nO(log m)

data in

time.

In summary, agnostically learning the planted ANDy within accuracy e from n1°81/¢) data
becomes tractable when H,(G) reaches the learning accuracy’s entropy (i.e., log(1/¢)):

AcN1: H(G) = 0 takes nO(@/?logn) Jearning time by the current best algorithm [KKMSO08].

AGN2: H(G) = 0 requires 2°(") time to learn O(n% log %) data under the uniform distribution.

Acn3: H(G) = clog% of ¢ > 0 still demands sub-exponential time for n®(08(1/¢)) data.
Acn4: H(G) = log% + O(loglogn) enables us to learn any n'°® $+0M) data in 2008 2) time.

Approximate Promise-MaxkCSP in weak proof systems: Theorems 1.19-1.21 imply
the sample complexity Q(n%k) < m < O(nl¥/21) of the following problem: For a predicate
f(xla R 7Xk)> prove ]acc(Pm(x,y)) - aCC((P/)m(x,y))| < %(chp - Bsnd) — P('x:y) = Pl(.%',y)
under a promise that either maxg P(y = fo(x)) > Bemp > Bsna > maxg P'(y = fp(x)) or
P(z,y) = P'(x,y) must hold. We call it (Scnp, Ssna)-gap (0r (Bemp — Bsna)-gap) approxima-
tion of the promise-MaxkSAT, promise-MaxkXOR, and promise-MaxkCSP when f = @le X;,
f= /\f:1 x;, and f:{0,1}* — {0, 1}, respectively. Recently, Abascal, Guruswami, and Kothari
[AGK21] established the matching upper bound O(n*/?) of the MaxkCSP under the random po-
larities, which brings out that of the promise-MaxkCSP (Theorem 1.26), too. Let A:= Bemp— Bsna-

Theorem 1.24 (Theorem 1.1, hardness). Any gap (> 47%) approximation of promise-MaxkSAT
under the marginally uniform distribution®® requires Q(n%k) constraints or Q(n¢) SoS-degree.

Theorem 1.25 (approximation hardness of promise-MaxkXOR). Any gap (> 27%-1) approx-
imation of the promise-MaxkXOR under a marginally uniform distribution requires Q(n%k)

constraints unless its SoS degree is Q(exp(nf)).

Theorem 1.26 (Theorem 1.1, algorithms). The promise-MaxkSAT is A-gap approximable from
O(n*/?/A%) constraints under any distribution in n®*) time. So is the promise-MaxkCSP from
O(n*/2(2%/7)®) constraints in n®®) time, too.

Theorem 1.27 (approximation hardness of the promise-MaxSAT in smoothed analysis). At
H.(G) = clog% and 1 — (26)°*! < Beng < Bemp — 47F any (Bemp» Bsna)-gap approximation of the
promise-MaxSAT under the marginally uniform distribution perturbed by any flipper G requires

log(1/¢) . , .
Q(nT+ils(1) ) constraints unless its SoS degree is Q(n%0%).

25 A joint-distribution P(z,y) is marginally uniform if it does not depend on z but may depend on y.
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Inverting monotone DNF, degree-k Fourier transforms, and LWE: When the min-
entropy reaches H (G) = sOM) | even the data-size barrier n®(°8%) persistent through PAC 2-4
in learning the planted s-term DNF becomes breakable for “monotone” functions. Theorem 1.4
properly learns the monotone planted DNF in almost-linear time by inverting the unknown pa-
rameter € in the following manner. After substituting arbitrary values but leaving a single

variable x; intact, a monotone function f(xi,...,%4) collapses to always x; or —x; unless it col-
lapses to the constants 0 or 1. Accordingly, the correlation E[(—1)%+f(0°X)] under | X;/2] = a
could detect either (—1)Xit0oXi = (—1)0(a) o (—1)Xit=00Xs — _(_1)0(9) exclusively so that the

statistical correlation analysis over the filtered dataset {(z,y) € D| |z;/2] = a} could invert
the hidden parameter 6(a). Notice that the correlation might diminish to the statistical zero if
the x; were a non-monotone variable of f. This correlation statistics gives rise to Theorem 1.4.

Similarly, suppose the target is REVIEW10’s FT: f(x) := >, <, fu [Licw, 0(xi/2])(—1)%.
Observe the outcomes over the restricted data Vi € w, | X;/2] = a; on a “query” (w,a) € (g) X
{0,1}". It collapses the target function to various subfunctions f(x,) : {0,1}" — F, inducing
the same Fourier coefficient } -, o 13w f(2w) [Lie,(=1)" = 2 f, [L;c, 0(ai) independently of
the different subfunctions. In this manner, the correlation analysis E[f(X)(—1)2icw Xi] over
the filtered dataset {(z,y) € D | Vi € w, |2;/2] = a;} may retrieve the hidden [];.,, 0(a;). The
correlation might vanish if w were not maximal, i.e., v D w, fv # 0. It can invert even LWE and
GapSVP due to Yao, Toda, Beigel, and Tarui’s modulus amplification [Ya090, Tod91, BT94].
LPN and LWE of REVIEW9 ask to invert the random LP instance under strictly bounded
additive i.i.d. (Bernoulli or Gaussian) noise. A smoothed analysis can invert the hidden secret
even under any “unbounded” additive i.i.d. noise:

Theorem 1.28 (inverting LWE in smoothed analysis). For constants 1 < ¢ < k and an odd
prime p > n?M) | the LP instance y(j) = Y27, 0; - G(x;(4)) + E(j) of any matrix (2;(j))i; €
[p)"™ contaminated by any i.i.d.noises E(1),...,E(m) € Zj is invertible with high confi-
dence to retrieve the secret § € {—c,...,c}" in poly(n) time under the following shift G €
{0,1}(=1/2 Tt flips the matrix z by G(z;(j)) = |z:(j)/2] - (—=1)%)+G(Lz:()/2]) such that
the random column (G(xz;(J)))™; is as k-wisely sparse and uniform at Vw € (}) and Vb € Z, as

Prvi € w, | 2$2] = 1] > Q((2)F) and Pr[Y,,, G(@i(J) + B(J) =b | Vi € w, 2| =1] =~ L.

We should note that Theorem 1.7’s GapSVP’s decryption [Reg04, Pei09, BLP*13] demands
m = poly(n) amount of data to Theorem 1.28, while the cryptographic LWE allows no larger
than m < O(nlogp) data for safety [GPV08, Reg09, LPR13, Peil4, BV14, ACD*"18].

Natural circuit lower bounds in smoothed analysis: Theorem 1.5, armed with the mod-
ulus amplification, can solve REVIEW10’s matrix rigidity and derive natural lower bounds in
Theorems 1.8-1.10. A natural lower bound against a circuit class F entails an efficient algo-
rithm that distinguishes between the truth table of a small F-circuit and the uniform random
one. Razborov and Rudich [RR97] proved that such lower bounds deny the existence of PRG
emitting the pseudorandom bits from a small circuit in class F. In this sense, the natural lower
bounds are too weak to support cryptography.

Theorems 1.8 demonstrates a natural super-linear lower bound to learn the quadratic poly-
nomials. Historically, algebraic circuits [Val79, SY10] have enjoyed explicit lower bounds, e.g.,
super-linear lower bounds of degree-w(1) polynomials on the general circuits [Str73, BS83],
super-polynomial lower bounds of permanent and determinant on multilinear formulas [Raz06,
Raz09], cubic lower bounds on formula size based on Nechiporuk’s argument [Nec66, Kal85],
Q(n2‘5) lower bounds on depth-4 circuits [Shal7, GST20], and super-polynomial lower bounds on
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constant-depth circuits [SS96, Raz10, LST21]|. However, super-linear lower bounds of constant-
degree (e.g., quadratic) polynomials against NC! circuits are still unknown. Valiant’s seminal
work [Val77] has already presented them for rigid matrices, although their explicit construction
is not yet known [Lok08, AW17]. Theorem 1.5 can supply a learning algorithm to it and derive
Theorem 1.8. Baur-Strassen’s partial derivates [BS83] translates a lower bound of a matrix M
to a lower bound of the bilinear form }; . x;M(i, j)x;.

Theorems 1.9 establishes a natural sub-linear depth lower bound to learn PH®, the communi-
cation complexity class?S corresponding to the polynomial hierarchy. Structural communication
complexity [BFS86, Wunl12, GPW18] has succeeded in separating primitive complexity classes
2T eg., BPP< ¢ (PNP)ee [PSS14], (PMA)c ¢ UPP® [RS10b, CM17], MA ¢ (ZPPNPIl)cc
[GPW18], AM®® N coAM*® ¢ UPP [Klall, BCH"19]. However, no explicit lower bounds are
known for PH® and even a much smaller AM®® N coAM® [GPW18]|. Razborov [Raz89] pre-
sented super-PH® lower bounds of rigid matrices. Again, Theorem 1.5’s learning algorithm
turns Razborov’s lower bounds to those of the h-alternating protocols of 2/2 x 2"/2 matrices:

Theorem 1.29 (Theorem1.9). Let logn < d < n/". At log(H.(G)) = O(n), any {-1,0,1}-

2_d2h+4 2d2h+4)

matrix of density ( ) demands depth d for PH}® unless it is learnable in O( time.

Theorem 1.5’s learning algorithm derives even Theorem 1.10, separating either PSPACE from
PH in communication complexity or quasi-NP from parallel-P in circuit complexity. The former
is a fundamental open problem in communication complexity classes [BFS86, GPW18], matrix
rigidity [Wun12], margin complexity of data classifiers (e.g., support vector machine) [LS09],
and graph complexity [PRS88, Juk12]. The latter is a lower bound beyond the class®® NC
containing cryptographic primitives [GGM86, KV94, Kha95, IN96]. Theorem 1.10 is a fruit of
Williams’s algorithmic approach [Will3, Will4a]. It is a reduction from the uniform time unary
language hierarchy [Zék83] to the unsatisfiability of a small depth circuit through Ben-Sassen
and Viola’s short PCP [BSGHT06, BSV14] armed with an easy witness lemma for circuit depth
[NW96, CR20] derived from Sudan, Trevisan, and Vadhalan’s PRG [STV01]. Theorem 1.5 can
solve this circuit unsatisfiability problem as follows. Let CMD (Connected Matrix Determinant)
be an explicit language in PSPACE®®, computing the modulo-2 determinant of the connected
matrix M, i.e., M(i,j) € {0,1} and i — j > 2=M(i,j) = 0.

Theorem 1.30 (Theorem 1.10). CMD ¢ PH® or quasi-NP ¢ quasi-NCF.

Natural circuit lower bounds in worst-case analysis: We will provide the new natural
lower bounds of Theorems 1.11-1.13. Previously, Boolean circuits size has enjoyed explicit
lower bounds, e.g., 5n lower bound for unrestricted circuit model [Blu83, IM02], exponential
lower bounds for monotone circuits [Raz85, AB87], AC® [Ajt83, FSS84, Yao85, Has86], and
ACY[p] [Raz87, Smo87]. After 30 years of silence, Murray and Williams broke this AC’[p] lower
bound barrier, establishing quasi-NP ¢ ACC [Will3, Will4a, MW19].

Theorem 1.11 is another fruit of Williams’s program obtained by providing a new worst-case
learning algorithm of TC?. As far as we know, this is the first explicit (quasi-NP) lower bound
against the class TCY = AC’[SYM]?* executing the basic arithmetic operations [Weg87, HAB02,
Vol16], PRG [KLO01, NR04, BPR12, AR16], cryptographic primitives [Kha95, BGIT12, AGS21],

26 7= denotes the two-party communication correspondence of a structural complexity class F.

2TBPP, ZPP, and UPP are probabilistic polynomial-time computations with bounded, zero, and unbounded errors.
AM/MA are those with bounded error to verify a proof that may/never depend on the verifier’s randomness.

Zquasi-F is a class of problems (circuits) F with the magnitude of time (size) 2(°# mo®,

2AC°[SYM] consists of the constant-depth circuits arming all symmetric gates of unbonded fan-in.
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and even deep neural networks [Danl7, Shal8, VS20, MYSSS21, VRPS21]. Previously, the
constant-depth MOD[m] circuits have succeeded in efficiently simulating OR [BBR94] and even
MAJ by a composite number m of O(logn) distinct primes [Tsa96, BGL06, OSS19, CW21].
Yao, Beigel, and Tarui simulated ACO[m] by SYM' = SYM o AND, of quasi-polynomially large
degree d [Ya090, BT94]. Our new learning algorithm will do it even for the depth-h TCO:

Lemma 1.31 (TCY ¢ SYM*). TC) ¢ SYM™[deg: (clog n)2h,norm: exp((clog n)Qh)].

Williams’s program brings out Theorem 9.12, too. Raz’s elusive function approach [Raz10,
SY10] can supply a natural lower bound of small algebraic circuits. It can learn a small sum of
multi-linearized bilinear forms from a limited amount of data, so a succinct algebraic circuit as
well since Raz’s multi-linearization can transform the latter to the former [Raz13]. Theorem 1.13
is a by-product of Kabanets-Impagliazzo’s derandomization [KI04] in REVIEW12.

Lemma 1.32 (learning elusive bilinear functions). Any sum of s (< y/n) set-multilinearized
bilinear forms over F is exactly learnable from O(s?n) data and O(s*nlog |F|) guess bits.

Organization: As in the title, this paper splits into three parts, learning DNF until Section 7.2,
inverting Fourier transforms in Sections 7.3-8, and proving natural lower bounds in Section 9.
Technically speaking, combinatorial optimization analysis (for upper and lower bounds) ends
in Section 6, statistical correlation analysis in Sections 7-8, and purely number-theoretic and
algebraic analyses in Section9 (Section 9 has nothing to do with the smoothed analysis in the
other sections). The reader can go immediately to Section 7.3 if interested in LWE inversion
and to Section 9 for circuit lower bounds to separate quasi-NP ¢ TCY and VP # VNP.

2 Preliminaries

This paper measures the computational complexities by the problem’s magnitudes n,d, k, p, g
s,t,1/,1/§ under dominance k + t + logg < logn, 5 < d°D and 1 < p,g < n°D. Our
upper bound proof will exhibit only sketchy algorithms that any standard assembler language
compatible with the Turing machine can compile, say the RAM program [AHU74]|. See any
computational complexity textbook for details, say [AB09, O’D14, Wigl9].

Numbers: Asusual, N, Z, Q, R, and F are the non-negative integers (i.e., natural numbers), the
integer ring, the rational-number field, the real-number field, and any (finite or infinite) field,
respectively. Write the ceil |a] = max{i € Z |i <a} and floor [a] = min{i € Z|i>a} of
acR. Let Zy :={[(1—¢)/2],...,0,...,[(g — 1)/2]} be the integer ring modulo ¢ represented
by the ¢ integers nearest to zero. Let a mod ¢ := b € Z; with a — b € gZ. For a,b € Z, define
a=bmodm < a—bemZ,and a® b= (a+bmod 2) € {0,1}.

Sets: Define [n) := {0,1,...,n—1}, (n] :== {1,2,...,n}, and [n] := {0,1,2,...,n}. In more
general, for integers m < n, [m,n) := {m,m+1,---n—1}, [m,n) := {mym+1,--- ,n—1},
and [m,n| := {m,m+1,--- ,n}. We sometimes abbreviate {a} as a. For sets S and T, write
their disjoint union by S U 7, a difference S\T = {a € S|a & T}, the complement S°¢
U\S for the (predetermined) universal set U D S, a power 2° = {T :T C S} = {0,1}¢
{o:8 —{0,1}}, a functional TS = {¢ : S — T}, a combination (‘Z) ={T CcS:|T| =k},
and cartesian products S x T = {(a,b) :a€ S,;be T}, S" =[], S = {(a1,...,a,) | a; € S}
(8 = {null}), and S* = [ [0°,S". We call v € 8" an S-vector (or sequence) of length n.
Specific vectors are a™ := (a,...,a) and 1; := (0,...,0,1,0,...,0) of 1 at the ith component.

11l

13



We write v C w v when a permuted v occurs in w as Jiy,...,%,,Vj,v; = w;;. A binary
vector may represent the binary number {0,1}" 5 v = > " | v;2°=1. The binomial coefficient
(D) = (n_”ikl),k, is identical with a combination (‘Z) = {v C S| |v| =k} of some order-n set S.

The binomial sum up to k < n/2 is close to the largest term () < Zi:o ") < () 2=k,

Functions: As usual, loga and Ina are the logarithms of a > 0 of base 2 and e = 2.718- - -
(the natural logarithm). Denote the range rng(f) := f(X) = {f(z) | z € X} and the domain
(support) dom(f) := supp(f) = f7'(V) = {f(y) [y €V} For fi : X — YV, f = (fi)Ly,
r e X = Hle X; and w C (d], write Xy = [[iep X Tw = (@)icw, f(2) = (f(z:))L, and
f(xw) = fu(@) = (f(2:))iew, say [2/2]w = 20/2] = |2i/2)icw for z € [2n)%.

Logics: Propositional calculus of Boolean predicates writes the truth values 0 := FALSE, 1 :=
TRUE, the implication ¢ — ¥ := =¢ V 1, and equivalence ¢ = ¢ := (¢ — V) A (Y — ¢). Write
{a | ¢(a)} and f(a|p(a)) for the subset and subfunction induced by the condition that ¢(a) is
TRUE. The indicator function 1[¢] € {0,1} takes one if ¢ is TRUE.

Graphs: A graph is a pair (V, ) of a variable set V and an edge set £ C (\2}) Subsets V' C V
and £ C & induce the subgraphs (V',E[V']) and (V[E'],E) of EV ] ={e€ & |enV #(}) and
VIE'={veV]|veTdee &'} It is bipartite if the vertex set divides into two non-empty parts
YV =7 U J between which the edges span, i.e., £ CZ x J.

Algebras: S, = S(S) is the permutation group over a set S of cardinality n, say S = [n). F,
is the finite Galois field of order ¢, identical with Fy, = Z; as rings. F; = F,\{0} and Z =
{a € Zy | a is coprime with ¢} are the groups of invertible elements. The n-variate polynomial
ring over F is F[x1,...,%x,] = {¥,enn wllicwX;" | aw € F} having F-linear summation and
multiplication. The multilinear one is a quotient ring {f € F[xo,...,Xp-1] | Vi,x? = x;} =
{f =2 wcp) @wllicwXi | aw € F}. A polynomial f’s degree is deg(f) = max {}; w; | aw # 0},
and the norm is norm(f) = >, |ay|. It is homogeneous of degree-k if > 7" | w; # k=a, = 0.
Fundamental theorem of algebra: Any degree-d single-variable polynomial over an algebraically
closed field must have exactly d zeros. Fermat’s little theorem: Va € Zq,am' = 1. Chinese
remainder theorem: If q1, ..., q, are coprime, Zp» 4, = I, Zqg, via a <+ (a mod ¢;)!.

Matrices: An square matrix M is degenerate (non-singular, invertible) if it prohibits a non-
trivial linear relation, i.e., a # 0= ZZ ; @iMi; # 0. The M’s rank measures the maximum size of
a non-degenerate submatrix rank(M) = max {|Z| = |TJ| | (M(i,]))iez,jes is non-degenerate}.
We write the (i, j)-entry M;; = M, ; = M(i,5) = M;(j), the ith row M; = (M;;);, the jth
column M7 = M(j) = (M), Mz = (M,)iez, and M7 = M(J) = (M(45))jes. We measure
Moo ={(3,7) | Myj # 0}, [IM]o = [Ml, and call % the density of an n by m matrix M.

Random variables: A capital letter X denotes a random variable of an outcome x € X
generated by a probability mass function Pr[X] = Prx[X = z]. Write X ~ P(z) for Vz, Pr[X =
z] = P(z) and Pr[X|X'] for Prx x/[X = z|X' = 2] = Pr[X = 2z, X' = 2']/Pr[X’ = 2].
Also, X ~ X is the uniform random variable X ~ Pr[X] = 1/|X|. Random variables X; are
independent if Pr[(X;);] = [ [, Pr[X;], and mutually independent if Pr[X;, X;/] = Pr[X;]Pr[X;/] for
all i # i/, written as X; 1 X;y. Their mixture is X = ), p;X; by a proportion >, p; = 1 obeying
to Pr(X] =", piPr[X;]. A random variable X is explicit if X’s sampler runs in plog|X| time (or
O(log | X|) space), i.e., there is a plog|X| time (or O(log|X]|) space) computable deterministic
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function X : Z — X to have Prx[X]| = Prz[X(Z)]. An event (a random Boolean predicate) E
occurs (becomes TRUE) with confidence 1—0 if Pr[E] > 1—§, or equivalently, with significance 6
if Pr[—E] < §. We say that E happens with high confidence (low significance) if E[E] > 1—-0(9).
A union bound guarantees Pr[E V E’| < Pr[E] + Pr[E’], which we will use without mentioning.
A PRG G : {0,1}" — {0,1}™ is secure against ¢ time if no probabilistic ¢-time algorithm A can
distinguish between G(U,,) and the genuinely random U,,, ~ {0, 1} by accuracy Pr[A(G(U,)) #
AUp)] > Q(1).

Measures: Denote by ¢, c, ¢, ... positive constants. Let € be a positive constant sufficiently
close to zero, while (g,9) = (&5, d,) are positive variables diminishing to zero. For a,b € R, write
arbela—bl <e anda < b< a/b<eby e taken in context. |S|, | X| and |v| are polymorphic
notions denoting the number of elements in a set S, the support size [{z | Pr[X = z] > 0}| of a
random variable X, and the length of a sequence (dimension of a vector) v, respectively. The
real vector’s fx-norm is |[v[|x := (33, [vil¥)'/F. The statistical distance between two random
variables X and X’ over the support X is dgt(X, X') = 33, c2|Pr[X =] — Pr[X’ =2]|. It
is equal to the minimum coupling distance dsy(X, X') = WD 2 2 pr(x]xPr[X/] PriX # X'], so
IE[g(X)] — E[g(X")]| < dst(X, X") max|g(X)| for any function g : X — R.

Asymptotics: For non-decreasing sequences ay, b, : N — R starting from ag = bg = 1, we write
an = O(by) & 0 < limy 00 an /by < 00, ap, = O(by) < limy, 00 ay /by, < 00, ay = Q(by) < 0 <
limy, 00 @n /by, an = 0(by) < limy, o0 an /by, = 0, and a, = w(b,) < limy, 00 apn /by, = 00. Let
poly(ay,) := {by | Jc > 1,lim;,_,o0 by /al, — 1}, plog(ay) := {by, | Ic > 1,lim, o0 by / log®(an) — 1},
qpoly(ay) = {by | 3¢ > 1,b,/2'°8° @) 1} and exp(an) = {bp | F¢ > 1,1limy,_y00 by /c® = 1}.
Denote O(a,) = O(an plog(an)). Polynomial growth means poly(n), quasi-polynomial qpoly(n),
exponential exp(n), sub-exponential exp(nf), quasi-linear O(n), linear ©(n), sub-linear ©(nc),
poly-logarithmic plog(n), logarithmic ©(logn), and constant O(1). For any sufficiently large scale

n, O(1) < O(logn) < plog(n) < B(nf) < ©(n) < poly(n) < gpoly(n) < exp(n€) < exp(n).

Computational Complexity: The complexity of a computational problem is the necessary
and sufficient amount of resource for the modern computer to solve it. The time and space
are the numbers of steps and memory size. It supposes an ideal mathematical machine, called
deterministic Turing machine, whose mechanics the modern computer has inherited. It has an
ultimate performance solving any constant-size problem in a moment to measure the asymptotic
behavior of the problem scaled by n. P is the class of polynomial-time solvable problems (lan-
guages in {0, 1}* or functions from {0,1}* to {0,1}*). A computational problem is tractable or
efficiently solvable if it belongs to P = DTIME[poly(n)], i.e., a computer can solve a given n-bit
instance within poly(n) time. NP is the class of efficiently verifiable problems, i.e., a computer
can verify a given proof of a given instance in polynomial time. For example, CSP € NP asserts
that a polynomial-time algorithm can ascertain whether or not a presented proof (assignment)
satisfies a given instance (constraints). The class quasi-NP is the same as NP but allows gpoly(n)
complexities for proof length and verification time. The class coNP = {£ C {0,1}* : £ € NP}
argues the efficient verification of the refutation x ¢ L. A language L is F-hard if it can efficiently
solve any M € F by simulation, i.e., YM € F,3f € P,Vx, x € M < f(x) € L. An F-complete
problem is an F-hard problem belonging to F. Randomized algorithms can observe the fair
coin flippings, defining the complexity classes DTIME[t], DSPACE[s], RTIME[t], and RSPACE[s]
of the problems solvable by deterministic/randomized algorithms within ¢/s time/space.
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Circuit complexity: A circuit is a Directed Acyclic Graph (DAG) labeling each k-fan-in node,
called a gate, by a k-ary function. Every gate receives inputs from the in-coming edges and
conveys the function’s output to the outgoing edges. The size of a circuit is the number of
edges. Its depth is the maximum path length, and the depth of a node is the maximum path
length from the root to that node. SIZE[s(n)] and DEP[d(n)] are the classes of size s and
depth d circuits has fan-in 2 Boolean gates and computing Boolean functions {0,1}" — {0, 1},
respectively. AC? consists of those languages admitting a non-uniform computation by a series
polynomial-size, constant-depth, and unbounded fan-in circuits consisting of AND and OR gates,
having the bottom nodes labeled by the 2n literals x; and —x;. AC°[p] is the same as AC°
but having MOD[p] = MOD,, = 1>, x; # 0 mod p] gates for a fixed prime p, and ACC :=
Um>2ACY[m]. In more general, SYM is the class of all symmetric functions, and AC°[G] can
use any unbonded-fanin symmetric gates of types in G € SYM, e.g., AC’[m] = AC°[MOD[m]].
A symmetric function is representable by a set of the adequate numbers of ones in the input
bits, say the parity,, = [n] N (2N 4 1). The classes ACY and quasi-ACY are the depth-h AC°
of size poly(n) and gpoly(n). Similarly, NC* and quasi-NC* are the classes of binary fain-in
Boolean circuits of (size, depth) = (poly(n),O(logk n)), (Q(IOg")k,O((log n)¥)). By definition,
AC® ¢ AC’[p] € ACC c NC! ¢ NC? C ---. An algebraic circuit over F is a DAG havingg
unbounded +-gates, binary x-gates? | and F-coefficient edges to compute syntactic polynomials
in F[x1,...,x,] at the gates. Its x-depth is the maximum number of x-gates on a path. It is
homogeneous/multi-linear if all gates compute homogeneous/multi-linear polynomials.

Communication complexity: A communication protocol is a binary {AND, OR}-tree to
compute a function f(z,y) : {0,1}" x {0,1}" — {0,1} by labeling to each leaf node w either
1[(z,y) € T X Jw] or its negation for some Z,,, J,, C {0,1}". DEP[d] is the class of depth-d
protocols. Its subclass PH} [d] C DEP“[d] has those protocols of all root-to-leaf paths switching
at most (h — 1) times between AND and OR gates, and PHj[d] = U~ PHj[d].

2.1 A Learning Model

Our learning model extends the worst-case standards with proof-theoretic refutation attached.

Definition 2.1 (learning in smoothed analysis). Learn a target class F by a hypothesis class
H from n-noisy>! data D under a shift G in a proof system Q in the following manner.

Device: Fix efficient embeddings of the classes F ¢ H C {0,1}".
Shift: Randomly pick a shift G € G.

Sufficiently . paw a dataset D ~ (P(G(x))P(y | G(x)))™ of size m > e~2({ +log ).

many examples

Verifiable

hypothesis’ Choose a hypothesis h and its proof £ € Q with confidence 1 — O(9) to verify

(n+ ce)-learning: 3f € F,err¢(D) <n — Py # h(x)) < n+ ce.

We say that F is learnable from m data in ¢ learning time and t' prediction time if a
probabilistic algorithm receives m data, runs in ¢t time, and outputs a function h € DTIME[t']
(or h € RTIME[t']). It defines the worst-case learning by H.(G) = 0, the proper one by H = F,

301f a degree-k polynomial has {4, x, +}-circuits of size s then it has {+, x }-ones of size poly(s, k, n) [Str73, HY11].
31The noise must be below n+4ce < 1/2—Q(e) to make the (1 + ce)-learning possible (even in the agnostic model).
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the exact one by Vz, h(z) = f(x), the uniform-distribution one by P(z) = 1/|X|, the marginally
uniform-distribution one by P(z,y) = P(y)/|X|, and the empirical one by P(z(j)) = 1/m. The
PAC model (REVIEW3) requires the clean (n = 0) or e-noisy (n = ¢) data, while the agnostic
model (REVIEWS) puts no assumption on 7. The white n-noise injects the independent random
classification error Vz,Vy, P(f(x) # y | ) < n [AL88, Kead8, BFKV98, KS05], on which the
PAC learner must achieve P(y # h(z)) < ce, while the agnostic one P(y # h(x)) < n+ ce.

In unbounded proof systems, say the extended Frege, hypothesis’s verification is automatic:
The learner may choose a hypothesis h together with its computational history & € {0,1}*
[CR79, Bus12]. Our learnability theorems will usually adopt this unrestricted proof system but
sometimes bound it among SoS, LP, PC, and Res.

2.2 Shifts

SA2’s shift (g(x),§(#)) consists of the following permutations g € S([2n)) and g € S({0,1}").
Lemma 2.2 (symmetry = robustness). The following four assertions are equivalent.

SHIFT1: Robustness: {x — o g(l’)}e ={z—0o l‘}g.

SHIFT2: Symmetry: Vx,0 0 g(x) = §(0) o x.

SHIFT3: 13¢ € Sy, 130 € {0, 1}, g(z) = 26(|2/2]) + ¥(|z/2]) & .

SHIFT4: 3¢ € S,,, 13 € {0,1}",5(0) = 0(¢) & 9.

Proof. We will demonstrate the following implications. SHIFT1 ="' |x/2] A lg(x)/2] is awell-

defined injective mapping =?* SHIFT3 =° fog(x) = 0(¢(|x/2])) ®¢(|x/2]) ® x =* SHIFT4 =°
SHIFT2 =° SHIFT].

=1 If ¢ is not well-defined, the robustness breaks down by |z/2] = |y/2]| A |g(z)/2] #
lg(y)/2] AOog(z) # bog(y) = (z— Bog(x)) € {z— bog(x)}y \{z — 0oz}, Also,if ¢
is not injective, then |x/2] # |y/2|A|g(z)/2] = |g(y)/2] Nbox # oy = (z — Hog(z)) €
{r=0oxty \{z—00g(x)},.

=2: The permutation ¢ over [n) induces z — (g(|x/2]), g(x) mod 2) := (¢(|x/2]),¥(|z/2])).
=% REVIEW6 has defined o as 0 o (2¢(|z/2]) + ¢(|z/2]) @ z) = 0(¢(|z/2])) @ ¥(|z/2]) ® .

=*: Suppose SA3’s distribution Py(g(z)) = Py () is an injection g(x) # g(z')=P(g(x)) #
P(g(z)). Tt forces Vx, g(0)ox = fog(x) = 6(p(|x/2]))DY(|x/2]) Bz, ie., §(0) = 0(p)B.

=°: SHIFT4 and SHIFT3 assert §(6) o x = 0(o(|z/2])) ® Y(|z/2]) ®x = 6 o g(z).

=% {z—0og(x)}y={z— g(0) oz}, ={x+— 0oz}, since § is a permutation over 7. O

2.3 Concentration Bounds

A random variable X € R can derive sharper concentrations around the average ;1 = E[X] from
higher moment analyses (see any textbook of the probabilistic method, say [AS98]).

Lemma 2.3 (momental concentration bounds). For any random variable X and any 0 < v < 1,

(a,b)-slice, a <E[X |a <X <b] <b. In particular, min X < E[X] < max X.

(min, max)-bound’
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Markov’s inequality: Pr[X > 0] =1 = Pr[X/E[X] > 1/v] <~.

Chebyshev’s inequality: Pr[|X — E[X]| > /E[(X — E[X])?]/7] <.

For the i.i.d. data analysis, Chernoff-Hoeffding Bounds [Che52, Hoe63] guarantees an expo-
nentially fast convergence to the hitting rate.

Lemma 2.4 (i.i.d.data’s concentration). For a sum X = ) . X; and the average pu(X) =
>, E[X;] of i.i.d. variables X; within range X; € {0,1} for CB and a < X; < b for HB,

2
Chernoff Bound (CB): Pr[X/u(X) > 1+79] < 6_2177“()() for all v > 0.

Chernoff Bound, Pr
below average -

2
[(X/u(X)<1—7] <e 7MY forall 0 <y < 1.

2 1w2(x)

Hoeffding Bound (HB): Pr[|X/u(X) —1| >~] < 2¢ 2 - for all 0 < v <1
We apply LLL to measure the probability of “dependent” events happening simultaneously.

Lemma 2.5 (Lovés’s Local Lemma [EL73]). For probabilistic events E; and 0 < ; < 1,
LLL: Vi, Pr[ﬁEl] < ’YZHE/.LEZ(l — ’)/Z‘/) = Pr[/\?zlE,} > H?:l(l — ’}/7;).

2.4 k-wise independence

When pseudorandom n bits look random at every local k-bits, they are k-wisely independent.
Definition 2.6 (local independence). Let (w,z) € (}) x {0,1}*. A random bit-sequence X is:
Perfectly k-independent: Yw, YV, Pr[Vi € w, X; = x;] = 27F.
e-away k-independent: Yw, Y |Pr[Vi € w, X; = ;] — 27F| < e
E[HiEU(_l)Xi]

Privi € w, X; = z;] — 27%| < e.

e-biased k-independent: (Yv,0 < |v| < k), <e.

e-approzimate k-independent: Yw, Ve,
k-universal: Yw,V, Pr[Vz' ew,X; = .I'Z] > 0.

Their relative strength (with [references]) are as follows: Perfectly k-independent [ABISG,
Lub86, CG89] = c-away k-independent [NN93] = e-biased k-independent [CGH'85, Vaz86]
= e-approximate k-independent [NN93] = k-universal [KS73, CKMZ83, Alo86, ABNt92]. A
converse holds from the e-bias to e-away independence [Vaz86].

Lemma 2.7 (from bias to away). If a random bit sequence is e-biased k-independent, then it
is ev2k — 1-away k-independent.

This paper considers several variations of k-independence over a finite alphabet space S.
Definition 2.8 (local independence). Let (w,z) € (}) x X,. A random vector X € [, &; is:
k-wisely p-dense: Yw,Vx,Pr[Vi € w, X; = z;] < 1/(|Xy|p).

k-wisely (u, @)-sparse: Yw, Ve, Pr[Xw = l‘w] > Oz,uk.
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k-wisely (u, o)-cover: Yx € X(k], Pr3w, X, C z] > Oéuk.

e-away k-independent: Yw, Zx|Pr[Vi cw,X; = I‘Z] — 1/|Xw|’ <e.

(hw, 0)-hashed g1 o functional hash {hy : S¥° — N}, of w® = (n] —w,

e-away k- independent *
Yw, V€, (Prihy(Xye) = & > 6= |PriVi € w, X; = x; | hy(Xue) = €] = 1/|X|| <e).
The probabilistic methods [Erd59, Erd61] can provide small k-wisely independent probability
spaces of almost matching size to the counting argument’s lower bounds.

Lemma 2.9 (k-wisely universal and 1/2-dense, probabilistic). There is a k-wisely universal and
1/2-dense random n bit sequence X of cardinality |X| = O(k2¥logn).

Proof. The random m ii.d.sampling X (j) ~ {0,1}" provides a desired one by a non-zero
probability of chance. Lemma2.4’s Chernoff bound parameter v = 1 guarantees the data size
m = 3-2%(In((})2%) + O(1)) to gain a probabilistic existence

Probabilistic, Py [Jy) e < ) 3z € {0,1}%, (0 < Pr[Vi € w, X;(J) = a;] < 2/2")]

method
< (-2 e <. O
Lemma 2.10 (biased k-independence, probabilistic). There is an e-biased k-independent ran-
dom n-bit sequence of cardinality O((k/e?)logn).

Proof. When k < n/2, Lemma2.9’s probabilistic method on m = 6%(in((@ 7:‘:2’2
ples (due to Z?:i (7)) < (}) 2=k ) and CB parameter v = ¢ demonstrates

2
M (-DXN 2 e < 8, (e 57 4 e
When k > n/2, take m = 5 (In(2") + O(1)) and apply S () < 2" instead of < (}) 2. O

)+ O(1)) sam-

22
2

)< 1

Prl <3¢ <k Juwe (j)

Lemma 2.11 (hashed k-independence, probabilistic) There is an (hy, d)-hashed e-away k-
independent random n-bit sequence of cardinality %2 2 = In(maxy, |hy (Xwe)|) + O(klogn).

Proof. Lemma2.10’s probabilistic method on m = —3=(In((} )2;: - maxy, [hw(Xwe)|) + O(1))
samples and CB of 7 = &’ produces a hashed ¢’-biased k-independent sequence. Lemma 2.7 of
bias ¢/ = ¢/v2F — 1 transforms it to the claimed e-away one:

(3w € (}), 36 € hul(Xue), Prlh(Xue) = €] 2 8), (0 # Jv C w),
\E[Hiex—l)& | h(Xue) = €]| 2 &

<max|h -()ZZ 1()(6 2+W52 +e” %%) < 1. [

Theorem 2.12 (limited independence [SSS95]). For a sum X = ). X; of the real numbers
0 < X; <1 of an e-away k-wise independent random vector X with the average p(X) = E[X],

Probabilistic.
method -~ Pr

Limited [p[iX*“(X)i > 5 +g] < e k2] for any 0 <y <1 and any k < 726_1/3M(X)a

independence’ 1(X)
Limited
igjzfzzeoﬁéiizfle,‘ P[% > v+ 5] < e 2 for any v > 1 and any k < ’yeil/S,u(X).

Proof. Schmidt, Siegel and Srinivasan [SSS95] proved them for ¢ = 0 on the kth moment in-
equality Pr[|X — u(X)| > 1/49] < YFE[|IX — u(X)|*] of 0 < v < 1 for the sum X = Y, X;
of perfectly k-independent X;. The claimed 1nequaht1es generalize them to an e-away k-wise
independent X on the differential bound |E[|X — u(X)|*] — E[|X — u(X)¥]| <e. O
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2.5 Explicit k-independence

Perfect k-independence has an explicit construction of cardinality O(n*/?) [ABI86, CG89], and
a matching lower bound Q(nl*¥/2) of any k-independent one®? [CGH*85, AGMO03]. Weaker
k-independence enjoys polynomial-size explicit constructions for k& = logn based on graph ex-
panders [LPS86, NN93| and three different algebraic structures [AGHP92]. One of [AGHP92] is
the inner product X; = (A%, B) := Zi;%) A? B, mod 2 of the uniform random A, B ~ Fae. The
fundamental theorem of algebra assures that the vector (X;)!=, is (n/2¢)-biased n-independent.

Theorem 2.13 (weak k-independence, explicit [AGHP92, NN93]). There are explicit construc-

tions of e-approximate k-independent n-bits of cardinality (klgfn)2, e-away k-independent ones
of cardinality 2’“(’“13#)2, and e-biased n-independent ones of cardinality (m)? They are

computable in quasi-linear time of the logarithm of their cardinalities.

Circuit lower bounds in Theorems 1.8-1.10 must employ an “explicit” shift for their smoothed
analysis. This section will provide it, beginning from its building block, a small construction of
a random splitter: A t-coloring ¥ € [t)™ splits the nt nodes if V/ € [t), [#~1(¢)| = n.

Lemma 2.14 (k-independent t-splitter, explicit). For k,t > 2 with logt € N, let ¢ = n~1/3 and
€spr = (2kt + 2 4 €)e. There is an explicit construction of egp1-away k-independent t-splitter
W e [t)" with @] = ntb ! (8L 10g(ntlog ).

2¢2
Proof. Let ¥ € [t)™ = {0,1}"*1°8¢ be a perfectly klogt-independent bit sequence. It is a
random t-coloring to split the nt nodes into the ¢ parts of equal size n in expectation V¢ €
[t),E[[¢~(¢)|]] = n and variance (e EL¥(z) = 4 — /1) =5 (Pri¥(z) = £ — 1/t?) =
(n/t)(1 —1/t). Although it is not precisely ¢-splitting, Chebyshev’s inequality of v = § gives

A
gty P[0 € 1)

0| —n| < VoGt Q- 1/8) < Vnje| 21—yt =1—¢.

To get an exact splitter, execute ¥ “sequentially” until some color gets exactly n nodes,
and stop there. The almost ¢-splitting may leave t\/n/e (or less) uncolored ones, so color them
appropriately to get an exact t-splitter w. If this sequential coloring ¥ starts from a randomly
picked node, and runs sequentially and circularly (the next to the last node is the first one), the
probabilistic distance between ¥ (x) and ¥(z) at a location w € (7};) is only:

Prgb‘;bilii”c: Pr[3z € w,¥(z) # ¥(x)] < Pr[-(almost t-splitting)] + Pr [ ¥ may leave

istanc some node in w uncolored,

<o+ VIR (14 kt)e.

We cannot explicitly construct a perfectly k-independent ¥ within the claimed size. However,
Lemma 2.13 provides an explicit ¥ € [t)" of size |¥| SA tk(% log(nt log t))2 having statistical
distance dgy (¥ (), ¥ (z)) < £2/2, yielding a t-splitter ¥ of the claimed size [¥| - nt by factoring
nt to pick up the start node of the sequential coloring. Markov’s inequality parameter v = £
applies to the expected difference e E[|[¢1(0)] — [#~1(0)]|] < &?n and bounds

Pr[3¢ e [t), ‘|¢_1(€)| —n| > Vnfe +e°n /7]

< Pr[3¢,|[T(0)] - n| > uje| + Pr[3¢, [|w1(0)] - ]@_1(6)]‘ >eln/y=en] <e+te.

32 Any random n-bit vector X having statistical distance dst(X, X’) < 1/2 from some perfectly k-independent
n-bits X’ must have |X| > n*/?/(2k*) [AGMO03], although Yw € (}), dst(Xw, X;,) < £/2 by definition.
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The probabilistic distance analysis on Pr[3z € w, ¥ (x) # ¥(z)] derives the claimed deviation

Statistical. 9, (,,, W) < 2dgy (Vo ) + 2dss (T, V) < €2 + Pr{Aw € w, U(x) £ F(x)]

distance

<e? 420+ MVIERE) < (o y 94 2kt)e. o

Theorems 1.8-1.10 want an explicitly defined k-wisely independent permutation over [N).
Our construction will color [V) by Lemma2.14’s k-splitter ¥ and permute the ¢-color nodes
{z € [N) | ¥(z) = £} by the bits (ACtDE+L BY of the modulo-k remainder £ € [k). We call it a
DFT-shift since (A(”j)k*e)m induces a Discrete Fourier Transform over Fae.

Definition 2.15 (DFT-shift). Let N := 2"*1°¢% for even n and log k. Let (1, k) € {i,0} x {r,c}.
k-splitters: Lemma 2.14 provides four i.i.d. egpr-away 2k-independent k-splitters ¥, ., of [VN).
DFT-bits: Let @y(i, j) = (AR BY and &y(2) := (3, Du(i, ) jemy : L5 — 25, L3 = 2l

Linear order: Over {$ = (xr,$c) € [\/ﬁ) X [\/N) | !7( ) = (!pbr(-fr) + WL,C(J;C)) mod k = f},
introduce a linear order #,(x) := (#,r(2r), #ic(xc), ¥ c(zc)) € [\/—kﬁ) X [%) x [k) = 723
via #,5(7) = {7}, < 2p | Ur(@)) = Vn(Ts) }H-

DFT-shift: Define @(x) =y < ¥i(x) = Uo(y) = L N #o(y) = Po(#1(2)).

Lemma 2.16 (k-wise independent permutation). For (z; # Ze)e o € (Z3 x Z3)*,

. . 2 2n+1
Permutation: Pr[All &, are non-singular linear maps] > 1 — & "ge

- imat _ 2
,j_%@;‘;ﬁgg; Prl|Prive, ®o(z) = Do(z))] — 27+ <] > 1 - 22,

Proof. Let @o(x|w) := 3 iy, X iem) xHDEH of 4y C [e), so > jein) Pe(2); = (pe(Alz), B). The
fundamental theorem of algebra over Fae on E[(—1){?¢(al2):B) | ©,(a|z) # 0] = 0 promises

DFT-bits are unbiased: ‘E[(—l)@e(mw)’B)H < deg((pg(x|w))/2€.

Permutation: Ler z 02/ = Z(M)GZXZ, 1;4; mod 2 of 2,2’ C [n). The unbiased DFT-bits can

estimate the inner products of Fourier character functions®® x,(z,2") := [I,c, [, jer(— 1)2e(:d)
over the uniform random vector Z C [n):

Elxe(ze, Z) - xe(24, Z)] = E[[] (= 1) "+ P05 | By(z0) = Bo(2))|Prle(z0) = Be(2)]
+ B[], (~) P02 | @y () # @o(2))]Pr(®y(z) # Do)
= Pra[®@¢(z0) = Pe(2)] + 0,
Elxe(20, Z) - Xe(24, Z)] = 27| = [B](—1)eeAlzeoteclAizee2).B) | 7 2 g)Pr(Z # 0]
< deg(py(x | 20 Z) + pu(x | 270 Z))/2° < 2kn/2°.
These inner product’s zé = () case assures that all &, must be non-singular. Some ®,’s sin-

gularity derives a contradiction on Markov’s inequality of v = 2k?n/2¢ - 22" on u(A, B, Z) :=
|Pr(®¢(Z) = 0"

S Ez[M(A,B,2) | Z £0] = Y MA B Z) < < &b gkn/2e

3By definition, &,(f) = 0™ and x.(z,0) = 1.
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= Prap[> Ez[u(A, B, Z) | Z #0] < 2k2n/(2e ) =27 >1-4

271171—27_221&2[\%@ Z)=0"] — HZ;&(/)]<22”

k-independence: Similarly, the inner products of the i.i.d. k tuples (Zg)lz;(} C [n)* yields

E| HgXE 20, Zo) - xe(zp, Zy)]
Hzngzg 1)PeGait P | e @y (20) = Dy(2))|Pr[VE, Dy(z¢) = Py(z))]
+E[IILeg,( (—1)PeCeatPeZ)s | 30, @y (2p) # By(2)|Pr[IC, Py(zy) # Do(2)]
= Pr[Ve, y(z) = Dy(2})] + 0,
BT, xe(20, Ze) - xe(20, Ze)] — 27*7]
<E[(-1 )<E/e k) Pe(AlzeoZe)+oe(Alzp0Ze),B ‘ 30, 2, 0|Pr3¢, Zo + 0] < 2kn/2".

Markov’s inequality parameter v = (2k?n)/(£2¢) on this expectation bound deduces

Pr[SC,|PrVe, @p(z) = By(2))] — 27| < 2k*n/(2%9) =] > 1—~ -

Theorem 2.17 (DFT-shift). Given any vN by vN matrix M of density 1/(k:((5N)i) L p=
|M‘7§° ,Z C[VN),and w € (ka)) Let pans ~ p|Z] and pieyr ~ k!(‘Mk‘#O)/Nk. If k2n2%kn <« 296,
Defin1t10n2 15’s DFT-shift ¢ permutes M as M o @(i,j) := M(P(i,7)) on the random J ~
[VN) = {0, 1}("Ho8k)/2 with high confidence in the following manner.

Inversion: @~ 1(y) is computable in O(n?) time, once having all ¥, () of (¢, k ) € {i,o}x
{r,c} x [VN) in O(VN) time, and all linear mappings &, of £ € [k) in ( n?) time.

Permutation: @ is a permutation.
U
doet: B ||(Z, J) N (M 0 D) 0| — pans|] <€ Hans T+ T

k-cover: ‘Pr[(w, J)C (Mo @)7&0, |Woyr(w)| =k|— ,ucvr‘ K Phevr/T+ 3espr-

Proof. Inversion: The ¥’s coloring induces Definition 2.15’s linear order #,(x) over the /(-
monotone nodes {x € [N) [ ¥,(z) = ¢} = [2"). Computing the nxn Fo-matrices &y and inverting
them for all £ € [k) takes only O(ekn?) time to execute the Foe-powers AGTDRHE of all (i, 5,0) €
[n) x [n) x [k) [SST1, Sch77]. The DFT-shift and its inversion conduct these operations.

Permutation: @ is a permutation if so are all @y, whose confidence level Lemma 2.16 guarantees.

Uniform-density and k-cover: Suppose that the four ¥, , are perfectly 2k-independent k-
splitters of [V/N]. Let g := 2%, €2 1= &%, € = 2%, and eg = ;T’“n Lemma2.16 on
k?n22k" < 2¢6 has provided those e-approx t-independent permutations of (e,t) € {(e1,1),
(e1,2), (eg, k), (e2k, 2k) } with high confidence. For yy,xz) € [N), vy € (],Z), and jy € [VN), let

E(z,y) = 1Y\, @(xzx) = yx | YA, Wi(z)) = To(yn)] for x = (zx)rea and y = (ya)rea,
E(v,j) = 1[VA,@(va) = (w,jx) | YA, [Pi(va)] = [Yor(w)| = k] for v = (vx)rer, 5 = (a)rea,
E(z,y) := E(z,y) — 27" E(v,j) := E(v,j) — 271k,
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Since @ is a permutation, = # 2’ < y # ¢/ under E(z,y) = F(2/,y") = 1. Similarly, vNv' =0
& j # j under E(v,j) = E(V',j') = 1. Let 03, ~ 30u3,. and 02, ~ 36u2,,. Lemma2.16’s
k-independent @ calculates the first two moments of the k-splitting and k-covering claims:

Uniform-density’s average: ‘E]H(Z, J) N (M o @)7&0” — ,Udns‘
= [(Zene, ye(z J)Pr[¢<x> — | W () = o(y) PrWs(2) = To(y)]) — fians|
= 13,5 ElE(@, )] < M Iz0lZ] = Spans.
Uniform-density’s variance: ‘EJ (Z,J)Nn(Mo @)750|] — ,Udnsl
1 §nl 2 inl Fnl
== m ZxEMﬂ)ZyGIX[\/ﬁ}E[E(x’y) ] + Z(Iyy);é(z/’y/)E[ (.T,y)E(Z/,y,)}
1 Z(m,y) (E[E(l‘, y)](l - an) - 27”E[E(x7 y)])
NS (BIE((@ '), (0.9)] — 27 (B[ )] + EE (o))
1 (Ml ZIVE(e 271 =27
SV M IRN (e 421 e) )
k-cover’s average: ’Pr w, J) C (M o @)7&0, ’!po,r(w” = k‘] — ,ucvr}
= |5 M#o)Pr[ (v) = (w, ) [ |#:(0)] = |For(w)] = K] = 27*7)|

= 515 e o) BB, DI < 5 (M) -1 = B
k-cover’s variance: |PI’J[€1571(U}, J) C M;,go | |Woyr(w)‘ = k] — MCVI‘Q
S e o) X (BB (1L = 277) = 2 E(w, )]) +
> gy BE((0,0),(5.47)] = 27" (B[E (v, 5)] + E[E(W', )]))
‘ ‘ 0 T e —Rn _ —Kn
. (k') (/V;# )ﬁ( E+2 k )(1—2 k ) 2 ( M2 -

kF +(\M\#o) (\M\#o - k’)N(e% 4 21_kn€k) ’ cvr: © JUNNkgE T /Nkk C"r )
k k

2

. |M‘#0‘I| ;u'dns
dns* ( k2/N2n - << Udns )

1 k2
= ﬁ(ﬁ)

Chebyshev’s inequality of v < 6~1/2 applies to these moments and establishes the claimed
concentrations. It must replace ¥, , with Lemma2.14’s egp1-away 2k-independent k-splitters
¥, . so that py with py(1 4+ O(egp1)) and oy with ox(1 + O(egp1)) for A = dns, cvr by ratios

3

Prl¥; <z):¢<>@1(w/>:@<y'n< ot (Wi (i, 730), Vi@, ) )

I ACET AT ACIET Ary R DS L < et (Vo (0 ; @ wy) ) =T
Pr{ ()] = 174 = Was(w) =] _ ety (P00, B0 )

P17 ()] = B3] = Fonw)] = A 1“( e (T (0 w)) st

Learning versus Refutation

The DSS reduction revealed that learning is equivalent to refuting on polynomial time compu-
tation by allowing False Negative Error (FNE) and possibly rejecting some satisfiable instances
[DSS16, Vad17, KL18]. This section will extend it from the worst-case to smoothed analysis in
the (usual) No FNE refutation [DLL62, CS88, CEI96, GKO01, Fei02, Appl16, FPV18, BBKK1S].
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Definition 3.1 (refutation in smoothed analysis). A randomized algorithm A refutes F if it
distinguishes between the training dataset D ~ (P(G(z))P(y|G(z)))" with noise n < 1/2—0(e)
and the random-label & ~ (P/(z) - $)™ drawn from an arbitrary variate distribution P'(z):

df € F,erry(D) <n=

>1-0(9).
Pra[A(U) = refute] = 1 A Pry[A(D) = refute] =0| — 00)

n-noisy refutation: P rpu

A reduction from refutability to learnability is immediate. The previous reductions from
learning to refuting transformed any refutation algorithm on m constraints into a weak learner,
then boosted it to O(e)-learner by spending O(m®) examples for ¢ > 3. However, they lacked
Uniform Generalization Error Bounds (UGEB) so that each new prediction might claim a new
training dataset. This section will compensate for UGEB to them. We will adopt a smooth
boosting [Imp95, DW*00, Ser03, Hat06] to realize an O(m?)-data reduction. It can endure even
malicious noise since it never puts too much weight on any single example.

Lemma 3.2 (learner to refuter). Any (1 + ce)-learner with 7+ ce < 1/2 — ec in Definition 2.1
must be Definition 3.1’s n-noisy refuter.

Proof. Let the given learner feed Definition 3.1’s dataset D' € {D,U}, and choose a hypothesis
h = h(D') to verify (err(D’) + ce)-learning with high confidence. Let the learner refute D’ if and
only if getting a proof of err(D’) > 7. Supply to the learner Definition 2.1’s sufficiently many

examples m > e~ 2(log |H| + log 1). Lemma2.4’s Chernoff bound of y = % guarantees

2
v

UGEB: P(erry(U) >n+ce) >1— |’H\e‘7'%m >1—o0(9).

With high confidence, Definition 2.1’s (174 ce)-learner can get a prof of err(U4) > 7, but can never
that of err(D) > n, realizing Definition 3.1’s n-noisy refutation. O

Theorem 3.3 (smooth boosting [Ser03]). SmoothBoost repeats producing distributions P, (x,y)
over a given dataset D and receiving h, € [—1,1]P for vy < Wgalﬁ) times. Finally, it outputs
hy) +1)/2. It weights and performs over D as follows.

vo
v=1

their majority vote h = (Sgn(y—lO >
Counting: Ny(x,y) = Ny_1(z,y) + (—1)Yh,(2) — a/(2 + ).
Weighting: P, 11(x,y) o< 1[N, (z,y) < 0] + (1 = )N =0/ AN, (2,y) > 0].
Boosting: Vv, E(x, v,)up, () [ (=1) — ho(X))[/2] < 1/2 — a=Pr(x y)p[h(X) Y] <e.
Smoothness: Vv, P,(x,y) < 1/(¢|D]).

Theorem 3.4 (refutation to PAC learning). Let d,, := ——=2——. If noise-free F is refutable
m*log” mlog =5

with significance O(d;4) from m data in ¢ time, F is PAC learnable from m? /¢ - O(log o5 log %)
data in t - m?*/e - O(log3 m log ?15) time, given free access to P(z).

Proof. Yao’s reduction on binary search: Let A be Definition 3.1’s refutation algorithm.
Suppose m = 21°6™. Let o ~ L. Let (X,Y) ~ D and (X’,Y’) ~ D' be the training and test
datasets of size m, respectively. Let U ~ {0,1}™ be the ii.d.random m labels. Write i; =
|i/2771] —2[i/27| (the jth bit of i). For i € [m) and b € {0,1}* with |b| < logm, define Z;,; =
Z), = (X, V) i 1< 3j < b, i =bmod 2P Aij = 0 # 1= bj; Zy; = 2}, = (XL,U;) if 1 <
3j < [bl, i = bmod 2P Ady = 10 = by; (Zb4, Z; ;) := (X4, Vi), (X[, Us)) otherwise. Let Dy,
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(Zpi)" and D)) = (Zé,i)?:ol' Let Ay, = 1[A refutes D;] — 1[A refutetes D). It parses

the given refutation gap E[Apyi1] ~ 1 into the m pieces by E[Ay] = E[Ag] + E[A1p], promising
E[Ay,] > a for some by € {0,1}°8™, Let?* A(x,y) := 1[A refutes (Db \ Zboby) U (2, 9) ] The
binary search version of Yao’s reduction gives rise to a weak learner A(z) := A(x, 1) A(z,0):
a < E[Ay,] = E[AX',U) - A(X, [1/2( ,Y’@l + AX', Y Y)]

E[A
_E[1/2)(Al 'Y’@l Y') + AX’ A(X,Y)]
[

/2
= (1/2)E[AX")(-1)"] + [ ( Y - IEA( )]
= Advantage: EJA(X")(— 1)Y’]>2a+2(E[A(X,Y)]—E[A(X,y’)]).

Weak learning: Let vy ~ 23, ko > (1o8™)2 Jog L1081 "y s, (L)210g %0 and i’ > T log L.
Sample D ~ P™(z, f(x)), D' ~ Pm( , f(z)) with DLD" and fix them. Subsample D, =
(X3, )t ~ (PyoD)™ and (X[, Y/)" ~ (P,0D')™ of Theorem 3.3’s weighting (P,0D)(z,y) =
P,(z,y | (x,y) € D), and feed them to Yao’s reduction. It transforms a given refuter A to an
advantageous weak learner A through binary searching a path b reaching to by by induction on

[b] =0,1,...,logm—1in the following manner. Draw the i.i.d. ko subsamples {(Dy, D;, )}

k=1’
feed them to Ay with E[A;] > (1 — € — log‘liln)ﬁ7 and detect v’ € {0b,1b} to preserve ]E[.Ab/] >
(1—e— log’nL) 2((1b, . Chernoff bound parameters p = (E[Ap] +1)/2 and v = m guarantees

the successful detections in all (v, [b]) with significance vy logm - e7"/21r0 — o(§). In addition,

Vv, |E[A (X V)] -E[A(X",Y')]| < 2ear since D and D' stem from the same target P(z, f(z)). CB

of p = (EJA(X,Y)] +1)/2 = (E[A(X’,Y")] + 1)/2 and = e/t guarantees it with significance
2

Vo - O(e_;TW'”’m) = 0(0), deriving weak learning of advantage Vv, ELA(X")(=1)Y'] > 2(1 — €)a.

Boosting: Theorem 3.3 takes the majority vote of these H, = A depending on {(Dys, Dy, )}Im

to get an e-learner H(x) over the test dataset x € D’. It consults only D’s data’s labels but
never to D"’s ones, so applying Chernoff bound parameter v =1 on |H| < [{0, 1}"| promises

UGEB: Pr[P(y # H(x)) > 2] < [H|e /> < 0(§).

The number of refutation calls is no more than vykg log m, so the learning time is gk logm-O(t).
All refutation calls may succeed with significance vgkglogm - 0(63‘4) = O(9). For every new
prediction, the learner must access P(z) and refresh Z’ in searching by of Yao’s reduction. ]

Theorem 3.5 (refutation to noisy PAC learning). If n-noisy F is refutable, then en-noisy F is
PAC learnable in the same way as Theorem 3.4.

Proof. Theorem 3.3’s smoothness for errf(D) < en guarantees errg(D,) < 1. Definition 3.1’s
n-noisy refutation promises E[Apy1] &~ 1 in Theorem 3.4’s Yao’s reduction on binary search. It
reduces Theorem 3.5 to 3.4. OJ

Theorem 3.6 (refutation to PAC learning in smoothed analysis). If noise-free F is refutable
with significance O(62,/d), F is PAC learnable under any shift in the same way as Theorem 3.4.

Proof. Definition 3.1 assumes that the refutations called in Theorem 3.4’s boosting attain the
significance levels no larger than O(d;,d) on average under a random shift G. Markov’s inequality
parameter v = § bounds the significance of picking a correct G over all these refutations by
voro logm - O(62,)/(76) = O(d54) with high confidence, reducing Theorem 3.6 to 3.4. O

34 (Do \Zbo b0 )L (@, Y) = (Zo0.0+- -+ Zog b1, (£,9), Zog bo1s -+ Zvgim—1) = (Zio.00- -+ Zao o1 (@2 4), Zby o 1s - -+ 1)) -
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Theorem 3.7 (refutation to noisy PAC learning in smoothed analysis). If n-noisy F is refutable
with significance O(62,/6), en-noisy F is as PAC learnable under any shift as in Theorem 3.4.

Proof. A reduction to Theorem 3.5, as Theorem 3.6 to 3.4. O

4 Proof Theoretic Hardness of PAC Learning DNF

The DSS of REVIEWS [DSS16] has reduced RkSAT-refutation to planted kDNF-learning. This
section will extend their worst-case reduction to smoothed ones and establish PAC2 and PACS3.

Proof ideas of PAC2 and PAC3 on SoS degree: As mentioned in REVIEWS, what they
have proved is the hardness of refuting 30 € {0, 1}", err ¢(gog) (U) = 0 for the uniformly random

data U C [2n)¥* x {0,1} and the canonical DNF expression f = \/;likl A, Xiyjk. Divide U =
P UN and observe that V0, err p(goq) (P) = 0 over P = {(x,y) € D | y = 1} with high confidence
when 27(1 — 27%)¥*k ~ 0, say d ~ k2*nIn2. Also, Vh,err,(U) ~ 1/2 since Definition 2.1
supplies sufficiently many examples. Definition2.1’s 7 = 0 case obliges the PAC learner to
prove V0, err ¢(goz)(N) > 0, or equivalently, Noyen /\jﬁi \/le(Q o xitjr @ 1) is unsatisfiable.
This worst-case reduction from refutation to learning is extensible to a smoothed analysis under
any polarity flipper G of min-entropy H.(G) = (1 — ¢)k, 0 < ¢ < 1. It reduces learning the
canonical DNF to proving A, A, 0)en /\;likl \/?:1(@(9) © iyjr @ 1) as unsatisfiable. Kothari,
Mori, O’Donnell, and Witmer [KMOW17] proved this refutation’s hardness in the following
manner. For every (j,(z,0)) € [d/k] x N, a linear algebra (Lemma4.12) on |S;| > 2F — 2(1=c)k
guarantees that the local solution space S; = {0, 1}"\{(g(|zi+jx/2]) @ ziyjx ® 1)?11}9 must
contain a (t — 1)-uniform subspace (Definition 4.8) for ¢t = (k). Then, any degree-n¢ SoS proof
may “think” the shifted KCNF satisfiable. Consequently, PAC learning DNF requires SoS degree
Q(n) even under the smoothed analysis of min-entropy H.(G) = (1 — ¢)k.

4.1 SoS Lower Bounds

Sum-of-Squares (SoS), known by Hilbert’s 17th problem [Pfi76], can prove non-negativity and
even positivity of low-degree multi-linear polynomials “efficiently” [Sho87, Par00, GV01, Las01].

Definition 4.1 (SoS proof). Let Qp[x] = {f(x) € Q[x1,...,x,]/{Vi,x? = x;} | deg(f) < D}.

Non-negativity proof degree: degSoS [f(X) > 0] = min{D | dfi € QD/Q [Xl, R ,Xn], f= Zl le2}.
>0

Positivity proof degree: deggqg[f(X) | = min{D | Je > 0,deggglf > €] < D}.

As far as we know, the SoS degree is currently the most promising proof complexity for
measuring the computational hardness of RCSP refutation. It has provided not only the state-
of-the-art algorithms of RESAT [GKO01, FO05], RkCSP [COCF10, RRS17] and t-uniform RCSP35
[AOW15, AGK21] but also the matching lower bounds of RESAT, REXOR [Gri01, Sch08, BM16],
2-uniform RCSP [Tul09, BCK15] and ¢-uniform RCSP [KMOW17]. This subsection will transfer
the SoS degree lower bound of [KMOW17] to PAC learning hardness results.

Definition 4.2. The unsatisfiability rate of an assignment 6 € {0, 1}" to ¥ = (Titjk)(i,j)e(k]x (m]
€ kCNF?" = [2n)*™ is unsaty (0) := Py [, 00 Tiyjr ® 1 at x = 0 of unsaty(x) € Q[x].

—m

35¢-uniform RCSP is RCSP of the t-uniform predicates supporting a t-uniform random variable in Definition 4.8.
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Theorem 4.3 (SoS hardness of RSAT refutation [KMOW17]). Any sub-linear degree SoS proof
is hard to refute the uniform random KCNF expression ¥ € kCNF}"' with k > 3 as follows:

n

SoS hardness of RESAT': Pr[degSOS [unsaty (x) > 0] > AV iog A

|>1 — &% for A:=m/n.

Theorem 4.4 (Theorems 1.14 and 1.15 for SoS degree®6). For 3 < k < log fogstogn PAC

learning the canonical planted DNF class {\/_; /\f:1 fowxiij |6 €{0,1}"} under the uniform
1—e¢

distribution requires either sample size Q(n 2 *) or SoS degree Q(n¢).

Proof. Suppose the sample size 2m ~ n(1=9%/2 and prove the SoS degree > D := n€ for the ran-

dom constraint U ~ (KCNF; x {0,1})™. Theorem 3.2’s UGEB has demonstrated Yh, err; (U) ~

1/2, so Definition 2.1 asks to prove errg(U) > 0. We will suppose degg,glerrs(Uf) > 0] < D and

derive a contradiction to Theorem 4.3’s SoS hardness of RECSP in the following manner.
Divide the data into the positive and negative ones & = P LUN, and accordingly decompose

PN decomposition: €rTy (U) = %erre (P) + W”fﬁerrg (N)

The i.i.d. random polarities X mod 2 of (X,1) ~ P must have, under log(1/§) < logn,
No FPE: Prlerrg(P) > 0] = Pr[3(X,1) € P,Vj € (s],3i € (k],0(| Xiyjr/2]) ® Xitjr = 0]
< [P|(1—1/25)% < (1 + o(1))n1=9F/2e=5/2" < 4(5).

It implies degg,g[errg(N) > 0] < D, or equivalently degg,g[unsaty(x) > 0] < D for the random

constraint ¥ € kCNFfLW‘, which contradicts to Theorem 4.3, under k + log s < logn, by

Sub-linear degree: A = (s/n) ’/\/" =~ sn(k72)(176)/2*6

= D> > (ne(Hﬁ))/(sﬁ(logs + klogn)) > nf. B

n
= A2/(-2)Jog A

Theorem 4.5 (Theorem 1.14 and 1.15 for SoS degree under noise®’). For 3 < k < log W,
PAC learning the e-noisy canonical planted DNF is PAC learnable as Theorem 4.4.

Proof. The e-noisy model asks to negate degg.glerrg(D) > ¢] < n€. It rewrites Theorem4.4’s

No FPE proof by Chernoft bound of v = U*fw —1lon (1- Zik)s < glge < ¢ as follows:

1 . .
Small FPE: Prlerrg(P) > ¢] = Prle < WZ(XJ)NPHV] € (s],3i € (k], 0(| Xixjn/2]) ® Xirjx = 0]]
< e 3(1=1/2°°IP| - o= (5-0(1))(e='5)m _ o(9).
Theorem 4.4’s sub-linear degree analysis has shown the claimed SoS degree lower bound. O
In summary, the worst-case learning hardnesses Theorems 1.14 and 1.15 on SoS degree are

fruits of the worst-case RSAT refutation hardness Theorem4.3. Similarly, the smoothed-case
hardness Theorem 1.16 will stand on the following smoothed-case RSAT refutation hardness.

Theorem 4.6 (SoS hardness of RSAT refutation in the smoothed analysis [this paper]). Any
sub-linear degree SoS proof is hard to refute the uniform random expression ¥ ~ kCNF]" of

ck
m < nT0-ikze ghifted by any flipper space of size |G| < 2(1=9% as follows:

SoS hardness of RESAT p
in smoothed analysis -~ r

log m in Theorems 4.15, 4.16, 4.27, and 4.30.
log m in Theorems 4.5, 4.17, 4.18, 4.21, and 4.22.

[deggosunsat,, g (x) > 0] > 2] > 1 - ¢*,

36Set k =
37Set k =
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Previously, Molloy and Salavatipour [Mit02, MS07] provided a detailed map of the resolution
refutation complexities under the uniform random solution spaces (mentioned in the proof ideas)
S; € {0,1}* in terms of the co-cardinality 2¥ — |S;|. Meanwhile, Theorem 4.6 allows even
malicious §;. It is a gift from a pretty general CSP refutation lower bound on SoS proof of
degree guaranteed by only an “expanding” property of factor graphs [KMOW17].

Definition 4.7 (graphical CSP). A factor graph is a bipartite graph (Z U J,&) between a
variable i € Z and a constraint j € J. It takes solution spaces S; C {0,1}¢V! and presents
a graphical CSP instance G = (ZU J,&,S) of density A := |7|/|Z| to minimize unsatg(f) =
|f17| Zjej 1 [(e(i))ieg[j] ¢ Sj]'

Definition 4.8 (uniformity of solution space). The uniformity of a space S; C {0,1}* is the
maximum dimension ¢ < k for § to support a t-uniform random variable X as

mif(S;) := max{0 < t < k | IX € S;,Vw € <]Z>,Vx € {0,1}",PrVi € w, X; = ;] = 27}

Definition 4.9 (expansion). Fix any ¢ = o(1). A kCSP instance G = (Z U J,&,S) must
have k-regular bipartite edges & € Z*IY| and solution spaces S; c Ao, 1}F. It is random if
the edge set £ is the uniform random variable, and D-expanding if any edge-induced subgraph
(ulv,w) CG=(ZUJ,E) with at most |v| < D constraints must satisfy

p-ezpanding:  |u| > |w| — (1/2 — {)|v| — (1/2)2j€vunif(8j).

Lemma 4.10 (RECSP is expanding [KMOW17]). For 3 <t = Q(k) and D < ﬁ, any
kCSP instance G to meet Vv C J, ) .., unif(S;) > (t — 1)|v| must be

JEV
RECSP is ezpanding: Prg[G is D-expanding] > 1 — * for the uniform random edge set &£.
Proof. The uniform random & ~ Z*7| assures Definition 4.9’s D-expanding with significance

Pre[Fw C & v = J[w],u = Zw], [v] < D, |u| < k||, [u] + (/2 = O|v] < |w] < klv]]

I (121 (hel 1
< P -
< eyt (i) Got) (i~ 1><\Jﬁﬁ§§@,Ha’6v "eye(, 1)) &7 C ¥

< Z|v"|u|7|w| (e|j\ )|v| (%)M (e|w\ )\v| (%)\w\

vl [ul [l

|u

24 fof Jullw] (July 51 A\

< o] 2L 121) 2 o <

= Z|v\,|u|,|w|<e o2 (m) A) (o ful + (/2 = O] < |w)

< L2e2tk kAt—22—2§ T 5—¢-1 ol .. <k <k
<Y S (e (0 NN Jul < Bl o] < ko)

N 2 t_ o
<2kl (o RATIE ) <y (o )

. 2 o
where < bounds the geometric sum by its start term k%e?** (kDA #2-% /|T])2 1o o(1). O

Theorem 4.11 (SoS hardness of expanding CSP’s refutation [KMOW17]). Any low degree SoS proof
is hard to refute any d-expanding CSP instance G of maxy valy(G) < 1 and Vj, |E]j]| < (D:

SoS hardness of expanding CSP: degg g[unsatg(x) > 0] > (D/3.

Lemma 4.12. For any set S; C {0,1}* and any integers 1 <t < r < k,

((’;) <2 A (2K — 28T < 1S5)) = wif(S;) > ¢
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Proof. Randomly generate a k X r matrix M ~ IE"QC X7 Then, all of its ¢ X r sub-matrices happen
to have the full rank ¢ with a probability of at least 1 —27"2¢ (];) > (. The probabilistic method
provides such a matrix M. Divide the k-dimensional linear space F§ by this M to make the
2= (or more if M is degenerate) cosets. Shifting the same linear kernel yields these disjoint
affine subspaces of F5 obtained. Then, the pigeon-hole principle over |F§ — Sj| < 287" can pick
a coset disjoint from F% — S;. It gives a desired t-uniform random variable supported by S;. [

o k L 3(n
Theorem 4.13. Let t4.13 = 1+10ge+1.725clog((1+10ge)/c) > 3 and Dy13 1= A2/ (b115—2-2C) > k/C for

0 < ¢ < 1. Any kCSP instance G with Vj,|S;| > 2F — 2(1=9* under the uniform random & has
of arient Wiisp+ Pre.pvi [deggos[nsatg(x)] > 0] > (Diy/3] > 1~ &
Proof. Since |S;| > 2% — 2F=("=1) for r = |ck|, Theorem 4.12 of t = t,,; shows unif(8;) > ¢ — 1:

1+4loge+1.725log ((1+loge)/c) < c((1+1loge)/c)"™ =

2<t—1>—<r—1>< k
t

1) < 2t—ck(%)t _ 2(1+10ge+10g(k/t)—ck/t)t < 2(1+10ge+1.72510g W%_%)t - 1.

Consequently, Theorem 4.10’s REKCSP’s expansion has revealed Prg [g is D4,13—expanding] > 1—€F
for D3 <€ ]I\/(k:AZ/(tM*Q*QO), so that Theorem4.11 with |£[j]| < k < (D,,; demonstrates
degg,s[unsatg(x) > 0] > (D,;/3 with confidence 1 — ¢*. O

Theorem 4.14 (Theorem4.6). Any low-degree SoS proof is hard to refute the uniform random
kCNF expression ¥ ~ kCNF!" shifted by any flipper of size |G| < 20-9% for 0 < ¢ < 1:

SoS hardness in smoothed analysis: Pr[degsos [unsat/\gg(g,)(x) > 0} > CD4,13/3] >1—¢".
Proof. Rewrite unsat, 4 () = unsatg(f) by a CSP G corresponding to ¥ = (x4 %) € kCSP":
Z=1[n),J = (ml,E(9) = {(lzirjn/2],5) | i € (K,j € T},

S; = {0, 17 N\ {(g(|zi1su/2]) & @i ® 1)Ey | PF[G = g] > 0},
unsatg(6) = =5 PrlG = g]3°" AL 0(g(|wisjn/2]) © ipjn © 1).

Since |S;| > 2F — |G| > 28 — 2=k Theorem 4.14 reduces to 4.13 and derives 4.6 by taking?®

(€,D,t,m) = (0.066, Dy sy, t415, n O=115%¢ )
= 2(1 +loge 4 1.725log ((1 + log e)/c)) < (1 — 6)(10 4 410g(1/c))

n > Cn/k _ (njk
RAFE2=o0) ~ ( =0N A =

0.06

= Sub-linear degree: CD/3 = >n

JEEANG: P E—— _1—e—2/
‘n 2)t T—(2Fo(1))/t nI=@Fe(1)/t

Theorem 4.15 (Theorem 1.16 for SoS degree under flipper). For 3 < k < 108 fog5Togn and

0 < ¢ < 1, PAC learning the canonical planted DNF {\/7_, N 6o Tiyji | 6 € {0,1}"} under
the uniform distribution shifted by any flipper G of H.(G) = (1 — ¢)k must take either sample
size Q(n1=9%13/2) or SoS proof of degree Q(nf).

38This sub-linear degree analysis will deduce not only Theorem 4.6 but also Theorem 1.16 from Theorems 4.15-4.18
and 4.22, and Theorem 1.22 from Theorems 6.11 and 6.12, too.
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Proof. Adjust Theorem 4.4’s one to H.(G) = (1 — ¢)k. No FPE analysis changes therein to

Pr[3g,3(9(X),1) € P,Vj € ( ],3i € (K], 0(| Xitjr/2)) ® Xitjx ® 9(| Xitj/2]) = 0]
< [GIIP|(1 = 1/2%)* < 20-9k(1 4 o(1))n(1=/2e=3/2" < ().

)
Since Pr[degg,s[unsatg ) (x)] > 0] > Q(6)= Jg,unsatyw)(x) > 0 < unsatAgg(W)(x) > 0,
(t,

Theorem 4.4’s sub-linear degree analysis at (¢,D) = (t,,5, Dsy3) derives a contradiction to 4.14:

2n/3 > ¢2n/3 > ne.

Sub-linear degree: (D/3 =
g g / LA2/(t—2—0(1)) = k.(n(l—e)t/Q-Q/t(S/n)Q/t)l—(2+la(1))/t OJ

Theorem 4.16 (Theorem 1.16 for SoS degree under flipper and noise). The e-noisy canonical
planted DNF is PAC learnable in the same way as Theorem 4.15.

Proof. Adjust Theorem 4.5’s proof to get the small FPE by

Prle < %Z(X,I)Npl[ﬂgﬁj € (s, 3i € (k],0([ Xirjn/2]) ® Xitji @ 9([Xirj/2]) = 0]]
< e~ FO-1/2)IP] £ 9(1=0kg=(5—o(D)(e="=)m _ ;5.

Sub-linear degree analysis is the same as Theorem 4.15, which contradicts 4.14. O

Theorems 4.15 and 4.16’s smoothed analysis under a flipper G € {0, 1}d" are extensible
to Lemma 2.2’s general shift G = (&;, %)%, € (S, x {0,1}")¢ for learning a planted function
fa(61 0x1,...,040x4) hiding an assignment 6 € {0,1}9".

Theorem 4.17 (Theorem 1.163Y for SoS degree). For 3 < k < log W and 0 < c < 1, PAC

learning the canonical planted DNF class {\/7_, /\f:1 Otk © Tivjr | 0 € {0,1}%"} under the
uniform distribution perturbed by any shift G € (S, x {0,1}")¢ of H(G) = (1 — ¢)k requires
either sample size Q((n/4(1=9k)(1=91/2) or SoS degree Q((n/41=k)e).

Proof. A reduction to Theorem4.15. Force SA1’s adversary to choose the hidden parameter
0, € {0,1}", v = i+ jk, in the following manner. Let O,(a) = {¢i(a) | (¢,,%.) € O} be the
orbit permuting an attribute a € [n), O; ' o O,(a) = {¢"H(¢.(a)) | (¢0,7.), (¢),%) € O}, and
A, C[n) be a maximal attribute set of these orbits with O(a) # O(a’)=0,(a)NO,(a’) = 0. Since
Uo,(@)ea, O 2 Oial O [n), [Af = n/|Of? ;= n’. Bound the adversary’s choice of the hidden
0 e {0 1}d” to make 6,0z, invariant modulo these orbits O,(a), i.e., Vi, |z,/2| € O,(a)=0,(z,) =
0,(a) @ x. Further, the adversary must choose 6 from #,(a) = #,(a’)=0,(a) = 0,/(a’), where #,
is a linear order over A,. Then, learning under G reduces to learning under the induced flipper
over H?Zl(AL x {0,1}). It replaces n with n/ = n/|O|?, 2m with 2m’ ~ n/0=9/2 of t = ¢, ,, and
D with D' = 3¢n’/(sm//n/)?/(¢=2=20) " Still, Theorem 4.15’s sub-linear degree analysis derives a
contradiction to Theorem 4.14:

Sub-linear degree: CD//B = 3Cn’/(sm//n/)2/(t72720 > /e ]

Theorem 4.18 (Theorem 1.16 for SoS degree under noise). For 3 < k < log W and 0 < ¢ <
1, PAC learning the e-noisy canonical planted DNF class {\/7_, /\f:1 0;1jk © Tigjr | 0 € {0,1}Fsn}
under the uniform distribution perturbed by any shift G € (S, x {0,1}")? of H(G) = (1 — ¢)k
requires either sample size Q((n/4(1_c)k)(1_6)“13/2) or SoS degree Q((n/él(l_c)k)e).

Proof. A reduction to Theorem4.16 as 4.17 to 4.15. O

39Set (k, nl7 2,',)1/7 d/7 6) _ (10g m7 ﬁu n/(l*E)td.13/27 SCTL,/(S’I’)’L,/'I’LI)Q/(M'H7272C>70~O65) = n'c> TLO'OS.
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4.2 General LP Lower Bounds

Linear Programming is the most popular approach taken in industrial applications of opti-
mization. It enjoys polynomial-time algorithms [Kha80, Kar84] and is a practically excellent
solver over the decades with reason, the simplex algorithm with polynomial-time smoothed com-
plexity [Dan51, ST04]. Moreover, Sherali-Adams LP hierarchy can solve CSP [0S18, HST20)]
and refute RCSP [OS18] as efficiently as SoS hierarchy, even matching to the known SDP
lower bound [CMMO09]. Worst-case LP relaxation size lower bounds hold for not only specific
lift and project schemes, e.g., Lovéds-Schrijver [LS91, ABLT06, STT07, AAT11, TW13] and
Sherali-Adams [SA90, CMMO09, BGMT12, OW14, ALN16], but also the general LP hierarchy
[Yan91, CLRS16, KMR17]. Recently, Brown-Cohen and Raghavendra [BCR20] have established
“average-case” sub-exponential size lower bounds of RCSP on the general LP.

Definition 4.19 (LP proof). A lift ¢ of a function f(0) : S — R are embeddings ¢(f), ¢(0) € R®
to a higher dimensional metric space?® R¢. Let P C R® be a polytope P = {z € R® | Az < b}.

3, IP,VO € S, f(0) = ((f), @(9)>A}

LP proof size: sizeLp[f(x) > 0] = min {6 QD(S) CPA m€17131<g0(f),x> >0

Theorem 4.20 (LP hardness of RSAT refutation [BCR20]). Suppose G = (Z U J,€&,S) with
log(1/e) < log |J| has solution spaces S; C {0,1}* with Vj € J,unif(S;) >t —1 > 2. Any
sub-exponential size LP proof cannot refute any such CSP instance G with the uniform random
bipartite edge span £ ~ TrII1 as follows:

( - )/ —5/
Egpansion:  Pr[sizepp[unsatg(x) > €] > exp((%)%1 )/k)] >1—o(1).

Theorem 4.21 (Theorems 1.14 and 1.15 for LP size under noise). For 3 < k < log W,

PAC learning the e-noisy canonical planted DNF class {\/7_, /\f:1 §oxipjr|0€{0,1}"} under
the uniform distribution requires either sample size Q(n*=9%/2) or LP-size Q(exp(n)).

Proof. To follow Theorem4.5’s proof, assume sizepplerrg(D) > €| < exp(n€). The small FPE
gives sizepp[unsaty (x) > £/2] < exp(n¢). Take 2m ~ n=%/2 t = k e = €(1 — €), and derive
a contradiction to Theorem 4.20 by replacing Theorem 4.4’s sub-linear degree analysis with

) _ eXp(Q(E/;U ne’(17e’)) — exp(ne).

. : € opk/2 | 20=¢)
Sub-exp size: S1Z€[,p [unsatg;(x) > 5] > exp((m

O]

Theorem 4.22 (Theorem 1.16 for LP size under noise). For 3 < k < log m and 0 <c<1,
PAC learning the e-noisy canonical planted DNF class {\/}_, /\f?:1 0oz | 0€{0,1}*"} under
the uniform distribution perturbed by any shift G' € (S, x {0,1}™)? of H.(G) = (1 —¢)k requires
either sample size Q((n/4(1fc)k)(1*6)t4-13/2) or LP-size Q(exp((n/4(1fc)k)€)).

Proof. A reduction to 4.21, like 4.18 to 4.16. O

4.3 Lower Bounds on Resolution and Polynomial Calculus

Resolution (Res) and Polynomial calculus (PC) are the most studied propositional and algebraic
proof systems in the fields of automated theorem proving and proof complexity lower bounds

40The inner product (a,b) = >, aib; induces the metric into the vector field R®.
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[BP98, Norl5]. PC may contain the twin variables*! to simulate Res for stronger lower bounds
on width and space [ABSRWO02]. They have provided not only the most popular SAT solvers
[DP60, DLL62, CEI96, BJS97, MS99, MMZ"01] but also the first breakthrough of proving RSAT
refutation hardness made in Res [CS88, BP96, BKPS98, BSW01] and PC [ARO1, BSI10].

Definition 4.23 (resolution proof). For disjunctive constraints &; € F = {\/,c,, x0i,w C [2n)}
over the n Boolean indeterminates {x(i)};c(,) with x o :=x([i/2]) @i for i € [2n),
Resolution proof size: SizeRes(/\je(m]fj 5_'5 1) =

3{§j}S_m+1,fe =0,Vj>m,Ji € [n),Irn < j,3Ix <j,I eF,
min< s | = .

& =&Vxo(2i)and & =EVxo(2i—1), or & =¢, V¢
Definition 4.24 (PC proof). For low-degree multi-linear polynomial constraints &; € Qp[x],

PC proof degree: degpc(/\?ill[gj = 0] #1):=
) | He,a{gj}fn:m+1,§e =1AVYj>m,3ie€[n),Ix < i3Ik <jJaeqQ,
min ¢ D .
& € {& +aky, & x0(2i), xo(2i) +x0(2i—1)—1}

Theorem 4.25 (Res hardness of RSAT refutation [BSWO01] ). Any sub-exponential size Res
proof is hard to refute the uniform random ¥ ~ kCNF}' with £ > 3 and A = o(n%) as follows:

PrykeNpm [sizeRes [unsaty (x) > 0] > exp( >1-o0(1).

A%/ (k=2)]og A
Theorem 4.26 (PC hardness of RSAT refutation [ARO01, BSI10] ). Any sub-exponential size PC
proof is hard to refute the uniform random kCNF ¥ ~ ECNF' with & > 3 and A = o(n%):

n

A2/(k—2) logA)] >1- 0(1)‘

Prykonem [degpc [unsaty (x) > 0] > Q(
Theorem 4.27 (Theorems 1.14 and 1.15 for Res size and PC degree). For 3 < k < log Togslogn
PAC learning the canonical planted DNF {\/7_, /\i-“:1 0oz |0 € {0,1}"} under the uniform
distribution requires sample size Q(n=9%/2) unless Res-size is Q(exp(n¢)) and PC-degree Q(nc).

Proof. The same with Theorem 4.4’s one but applying Theorems 4.25 and 4.26 for the sub-linear
degree analysis to derive contradictions to Res size and PC degree lower bounds, respectively,
instead of Theorem 4.3. ]

Berkholz [Berl8] showed that SoS could simulate PC over the Boolean variables with-
out blowing up degree and size, although neither non-Boolean SoS [GVO01], Nullstellensatz
[BOCIPO02], nor Sherali-Adams LP [Berl8] can do it.

Theorem 4.28 (PC to SoS [Ber18]). Any PCR proof of degp[unsaty(x) > 0] < D is rewritable
to an SoS proof of degg g[unsaty (x) > 0] < 2D in polynomial time.

Theorem 4.29 (PC hardness of RSAT refutation in smoothed analysis). Any low-degree PC
proof is hard to refute the uniform random kCNF expression ¥ ~ kCNF]" shifted by any flipper
space of size |G| < 2(79% for 0 < ¢ < 1 as follows:

Pr[degpc[unsat, 4w)(x) > 0] > (Dy15/3] > 1 - ek,

4 The twin variable of x; is another formal variable %; with the complementary axiom x; +x; — 1 = 0.
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Proof. A reduction to Theorem 4.14 via 4.28. O

Theorem 4.30 (Theorem 1.16 for PC degree). For 3 < k < log and 0 < ¢ < 1, PAC

learning the canonical planted DNF {\/7_, /\f”:1 0itjk © Titj | 0 € {0,1}**"} under the uniform
distribution perturbed by any shift of min-entropy H.(G) = (1 — ¢)k requires either sample size
Q((n/fufc)k)(176)”“‘/2) or PCR. degree Q((772%)¢)-

s
log slogn

Proof. The same with Theorem 4.17’s one but applying Theorem 4.29 instead of 4.14. O

5 PAC Learning DNF in Smoothed Analysis

The previous section established PAC2 and PACS3, the unlearnability of the planted s-term
DNF from n®U°8%) data when the min-entropy is below the problem size log s. This section will
demonstrate PAC1 and PAC4 for the learnability when the min-entropy goes beyond log s.

PAC1: Let us begin by reviewing the current best worst-case DNF learning algorithm.

Theorem 5.1 (computational complexity of LP [Kar84, Vai90]). Any LP with n variables and
m constraints is solvable to ¢-bit precision in deterministic O((m + n)'5nf) time.

Theorem 5.2 (threshold degree of planted s-term DNF [KS04]). Polynomial threshold functions
of degree D = O(d/?log s) can express any planted s-term DNF f(x,...,x4) by

Threshold polynomial of DNF: (—1)/(X1%a) = ggn (57, 4y (—1)ZicwXi), ay, € Q,w C [n), [w| < D.

Theorem 5.3 (PAC learning DNF [KS04]). The planted s-term DNF, hiding 6 € {0,1}9" is

d/3log s)

PAC learnable in deterministic n°( time.

Proof. Solve an LP instance Vj € (m], (—1)\9) = sgn(zwaw(—l)zz'ew 9i°xi(j)) of Theorem 5.2’s

threshold polynomial of DNF. Inside the sgn is a linear function of at most n’' := ZZ:O nk (Z)

variables x,, o = (—1)XZiew %(@) ¢ {1, —1} for (w,a) € ( ) xn¥, k < d. Hence, Theorem 5.1’s LP

algorithm can find a solution by O(log(n'/e)) blt prec181on in O(m!®n/log(n’/¢)) time. Since
);

this hypothesis has bit-length O(n'log(n’/c)), an n° d'/*10g %) amount of data assures Defini-
tion 2.1’s O(e)-learning with significance 20("' log(r /E))(l — &)™ = 0(9). O

PAC4: We will translate the known efficient RESAT refutation [COCF10, AOW15, BM16] and
its derandomization [Fei07, AOW15, Wit17, AGK21] of REVIEW6 into kDNF learning. They
are SDP algorithms [Kha80, Ans00, NN94, LSW15, JLSW20, JKL*20] to solve Grothendieck
Inequality (GIE) and find refutation certificates.

Theorem 5.4 (GIE [Gro52]). There is a universal constant c¢g < vy < 1.8 for any n by n
matrix M over R, u1,...,Up,v1,...,0n € R and z1,...,Zn, Y1,...,Yn € R,

Grothendieck . s s o
Inequality (GIE)" T8 |lu,|[,||lv; [ <1 Zi,j Mij (wi, vj) < Cg IMNAX |z, | |y;|<1 Zm‘ Mijziy;.

Symmetric GIE: Max| |y, ||,[lv; || <1 Z MU <U1,U]> < Cg MAX || |2;|<1 Z ./\/lzszl‘j if YM;; = 0.

Theorem 5.5 (computational complexity of SDP [J KLT20]). SDP with variable size n x n and
m constraints is solvable within precision e in time*? O(y/n(mn* + m* + n*)log(1/e)). It is
tsap(n) := O(n®®) when m = O(n).

42

w is the exponent in the matrix multiplication complexity. The current best is w = 2.472--- [Str69, AW21].
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Coja-Oghlan, Cooper, and Freize [COCF10, AOW15] reduced MaxkCSP’s “average-case”
approximation to planted kXOR’s “strong” refutation: Prove acc({(w(j),y(j))}?zl) <1/2+¢

for the parity predicate y(j) = @le 0 o z;(j) and the i.i.d.random constraints (z(j),y(j)) €
[2n)* x {0,1}. Furthermore, the refutation proof on the malicious constraints would yield the
planted K DNF’s PAC learnability. Recently, Abascal, Gurusuwami, and Kothari [Fei07, AOW15,
Wit17, AGK21] succeeded in derandomizing x(j) (y(j) is still random) in the following manner.

Theorem 5.6 (strongly refuting planted kXXOR [AGK21]). The following refutation’s proof
enjoys a witness computable by SDP in tsap(N?) - O(n) time with confidence 1 — & from any

m=>1,|Di|= N\/ﬁ-O(IOg;N) data of D; C [2N)? x {0, 1} having the i.i.d. random m labels:

. 1 n o
Strong refutation: 26{071}11{71?(6{071}” Ezizlz(x,y)ei)il[(z ox1)®(zoxe) =2y <1/2+e.

Theorem 5.7 (refuting planted kDNF). For k > 2, the planted s-term kDNF is refutable by
nk/2. O(s%(klogn)?) data in tsap(n”) - O(2%n) time.

Proof. Given the data D = {(:c(j),y(j)))};il,
/\f:1 0 o x; in the target planted kDNF function through a lens of Fourier coefficients:

Bias measurement: bian( )'* L ZT 1( ) ])+11[ ( ( )) ]

- ﬁz’]m_ ( ) i+ ]._[z 1Ea1€[n ( ( )+2i() )+1+1)1HJ;Z(])/2J :az‘]
- ch(k} Zae[n w MU’( )HzEw( 1)0( )

Fourier coefficients: Mw(a) = % Zj:wa(j)/2J:a(_1)y(j)+l HiEM(—l)zi(j)'H.
Let 1 < k = [|v]/2] or [|w|/2] < |k/2]. Lift and project the bias maximization problem
maxg bias¢(D) over 9 € {0,1}" to the following QPs (Quadratic Programming) over z =

(Za)acn)x € {—1 1} of z, = Hle(—l)e(ai) and 2/ = (z,’))be[n) of z, = (—1)9(b) e {-1,1}
to bound bias¢(D) < val(D):

our algorithm measures the bias of a term f =

QP by lift and project: val(D) = ZwC(k},|w|62Z max, Mo, (z) + Zvc(k],\v|62Z+1 maXg M, (z, Z/)7
Bven QP: My (2) 1= - en)x Doarefn) My(ad)zqz,y for |w| = 2k,
0dd QP: My(2,2") = 3 sein)e Darbefnystt M, (aa'b)zezq 2 for |v| = 2k + 1.

Solve all these maximization problems and distinguish D by measuring val(D).

Completeness: Take a threshold 8 ~ 1/(2s) as follows. We may assume |E[(—1)Y]| <
€8. Otherwise, the constant function is already Definition 3.1’s refuter to distinguish between
|E[(=1)¥]| > €8 and ‘E[(—l)yl] < €3 for the random-label data®® (X', Y’) ~ Y. It promises the
complete data err¢(D) = 0 to gain an advantage by choosing the heaviest f from the s terms:

Completeness: biass (D) = Pr(f(X) =Y = 1] >  — [[E[(-1)"]] := 8.

Soundness: Take the sample size m > n"-v/n/ - (klog n)3/65, N =n" and n' = n (resp. 1) for
odd QPs (resp.even QPs). Theorem 5.6 bounds bias (i) with significance 1/N:

Soundness: bian<U) < Val(Z/{) < %(Zw mZaX My, (Z) + Zv IBE;IX M, (Z, Z/)) < B.

43Chernoff bound parameter v =

1/2 guarantees a confidence level Pr[|E[(— ']| >ef] < 2e 7 /3m/2 « o0(9).
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Computational complexity: Theorem 5.6 solves both even and odd QPs and provides a
certificate of val(U{) < 3 for the soundness data . The overall confidence level is 1 — 2¥/N =
1 — 0(d) to succeed in Definition 3.1’s refutation of D’ € {D,U} only when getting a certificate
of val(D') < g from m data in tsap(n®) - O(n) - 2% time. O

Theorem 5.7’s refutation algorithm can PAC learn the planted DNF under the malicious label
y(j) (instead of the random label assumption of Theorem 5.7). Grothendieck inequality can do
it by O(n““m) data, so losing a y/n factor in the odd k case. Moreover, the refutation’s SDP
solution is too long to make a PAC hypothesis. Charikar and Wirth [GW95, Meg01, CW04]
rounded Theorem 5.4’s symmetric GIE solution in over R to a binary one over {—1,1}.

Theorem 5.8 (rounding symmetric GIE [CW04]). Any QP: maxx‘ziji 1 Z;V:1 Mijziz;| with
VM = 0 over z € {—1,1}" is approximable by ratio** Vg = Q(1/log N) in tsap(N?) time.

Theorem 5.9 (Theorem 1.17). For k > 2, planted s-term kDNF is PAC learnable from nl*/21 .
O(2%k(kslogn)?/e?) data in tsap(n®) - O(2Fn (kslogn)?/e) learning time.

Proof. Theorem 5.8 with N = n" of k = ||v|/2] or ||w|/2]| approximates Theorem 5.7’s QP by
lift-and-project to get even-QP’s M,,’s rounded solutions z(w) = (24(w))ae[n)s- Theorem5.8’s
QP requires removing the trace ), Moy (aa)2z4zq = D M, (aa). Theorem 5.6 divides odd-QP’s
M, into a sum over b € [n) of M, ,(z) = (—l)e(b)./\/lv\{i}(z) onDy = {(x(4),y(4)) € D| |=i(j)/2]
= b}. Theorem 5.8 provides M, ’s rounded solutions 2(v,b) = (24(v,b))ae[n)s, too. These
QP’s solutions induce a hypothesis function h : [2n)* — Q to bound bias;(D) < bias,(D) =

E[(—1)Y h(X)] over the empirical data (X,Y) € {(x(j),y(j))};n:l

Weak hypothesis: h

Trace: g

)
()
(x)
Gop(w) =1
(x)
()
bias (D) — bias, (D)
= 2 wc (], Max [Mu ()] + 37 vew), Dopep,) max [ Mop(2)]
|lw|€2Z |v|€2Z+1
< 'yigzwc(k],\w\eﬂz;biashw (D) + izvc(k],\v\ezzﬂzbe[n)biashw(D)
1 ()

= —biasy, (D) by Theorem 5.8’s ratio v := .
Ve log(n*)

Boosting: Theorem 5.7’s completeness proof has shown bias, (D) > 7g(biasy(D) — biasy(D))
> 7g( — biasy(D)) for B ~ . Theorem 3.3’s SmoothBoost turns this weak hypothesis h(z) =
hy,(x) feeding D = D, ~ (P, o D)* to an e-accurate hypothesis in the following manner. First
of all, we may assume |biasy(D,)| < €. Otherwise, SmoothBoost can feed g(x) or —g(x) for a

weak predictor. Take vy ~ m and m > nlk/2l 2’“1@(%)2. It is much larger than the

44 Charikar and Wirth’s Q(1/logn) approximation ratio is best possible [ABET05, AMMNO06, ANO06].
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Lk/2] (K

logarithm of the hypothesis size [{h,}, | < [, rng(z(w))] - Hu,b lrng(z(u, b))| < 92 (am)n”

Lk/2) (& r
o Entt (aepn)n , so the final majority vote enjoys UGEB by Chernoff bound parameter v = 1:

K k/2 K
UGEB: T, ¢y {0}, | - €735 < 90 I (30 gron S (b5 )n = Fem ).
ve|vo -

The overall learning time is vo(3>,, tsap(n™!) + Db tsap(nl'N) < 1 - tegp(n®) - O(2Fn). O

Theorem 5.10 (PAC Learning planted s-term kDNF with white noise). The planted s-term kDNF
with white n-noise is PAC learnable from nlsl. O((£2logny2y qata in togp(n*) - O(Zn (kslogny2)

e(1-2n) € 1-2n
time.
Proof. The white n-noise replaces 5 = % to 8 = % It changes Theorem 5.9’s boosting’s 1y
in accordance, proving the claimed sample size and learning time complexities. ]

Verbeurgt [Ver90] reduced DNF learning to kDNF learning under the uniform distribution.
Verbeurgt’s reduction is extensible to an arbitrary distribution in smoothed analysis.

Lemma 5.11 (DNF to ADNF in the smoothed analysis [Ver90]). Learning a planted s-term DNF
expression f under any k-wisely p-dense flipper G reduces to learning its degree-k sub-formula
f obtained by removing all terms longer than k:

No FPE: f(x) = 0= f(x) = 0.
Recall: Prg [f(G(x)) =1, f(G(x)) = 0] < s/(2F1p).

Proof. If f(x) is false, so are all its terms, hence so is f(x), implying No FPE. The k-wise
p-dense shift G bounds the recall of REVIEW3’s DNF’s term f, = A, 5. Xi® fri as

Pra[f(G(x)) # f(G(x))] = Pra[f(G(x)) = 1A fo(G(x)) = 0]
< Pra[Fk € (], [fsl =2 K+ 1, fu(G(2)) = 1]

=Pra[@k € (s], [ful > k+ 1,Vi € fu, G(|2i/2)) = 0(|2i/2]) ® 25 ® fus © 1] < 5/(2%0). [

Theorem 5.12 (Theorem 1.18%%). The planted s-term DNF is PAC learnable from any nl*/21.

k
0 ((@)2) data in tsqp(n*)-O (M) time under any k-wisely s7=-dense uniform flipper.

s
2k§
Proof. Let Theorem 5.9’s proof target only Lemma 5.11’s short terms in choosing Theorem 5.7’s
completeness’s f with significant biasy(D). Theorem 5.11’s recall guarantees biass(D) > (1—e—
ﬁ)/@s) = (1—e—¢€)/(2s) for the assumed density p = 575 by Markov’s inequality parameter
v = &/e with significance O(7). Hence, Theorem 5.12 reduces to 5.9. O]

Theorem 5.13 (PAC learning planted s-term DNF with white noise). The planted s-term DNF with
white 7-noise is PAC learnable from any nl(*+1/21.0((£s108m )2y qatq in tsdp(nk)-O(Zk—”(w)2)

e(1-2n) € 1-2n
learning time under any k-wisely -dense uniform flipper.

___s
2F5(1—2n)

Proof. By reducing to Theorem 5.12 in the same way as Theorem 5.10 to 5.9. O

*5Set k =log 2* and ; = O(1). Take Lemma2.9’s 1-dense dn-bit flipper of cardinality O(2k log(dn)).
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6 Smoothed Complexity of Agnostic Learning AND functions

This section translates the so-far obtained PAC theorems in smoothed analysis to the correspond-
ing agnostic ones, i.e., PAC 1-4 to AGN 1-4. Let us begin from AGN1 to review the current best
agnostic algorithm of learning planted ANDy. It owes to Kalai, Klivans, Mansour, and Servedio
[KOS04, KKMS08, BOW10], adopting £;-norm regression to Q(v/d)-degree approximation of
ANDg = {f(x) := Nigy X @® fi | f C (d], fi € {0,1}} [Pat92, NS94, TT99, KKMS08].

Theorem 6.1 (polynomial degree of AND.). The AND, functions enjoy a low-degree point-wise
approximation Vx € {0,1}", ‘(—1)/\?=1xi - fd(x)‘ < e by fi(x) € Q[x] of degree O(d'/?1og %)

Theorem 6.2 ([KKMS08]). The planted AND, is agnostically learnable from n-noisy data in
deterministic nO(d'/*1og(n/(1=20)) time.

Proof. Apply Theorem 6.1 to err(D) < n of the target /\f:1 x; function, giving a rational poly-
nomial fy of degree D = O(all/2 log%) to bound %ZTZI |fa(0 o z(j)) — (—1)y(j)] < n+e
Theorem 5.1 can solve this LP with n’ = >"p_,n* (g) variables in ¢ = O(m!°n’log(n//c)) time
by O(log(n'/e))-bit precision. The ¢;-norm regression chooses a hypothesis h = (sgn(f4(foz) —
t) + 1)/2 for an appropriate threshold ¢ € [—1, 1] to become a weak empirical learner achieving
errp(D) < n+ e+ o(e) [KKMS08]. Sufficiently many examples m = O(e?/n - n'log(n’/¢)) turn
this weak learner of description length O(n'log(n’/e)) to an actual one P(y # h(x)) < n+ ¢ by
Chernoff bound parameter v = ¢/n with significance:

vcER: 20(n'log(n'/e)) (6—72/(24"7)'77@\ Alp>el+e /PPl < p < e]) = o(d'). 0

6.1 Agnostic Learning versus Refutation

Theorem 3.4’s reduction from refutation to PAC learning is extensible to agnostic one by coop-
erating with agnostic boosting [BDLMO01, KS05, KK09, Fel10].

Theorem 6.3 (agnostic boosting [Fel10]). If n’-noisy F is (1/2 — a)-learnable with significance
§' for n < Vi < 1/2 —e¢, then it is (1 + 2¢)-learnable with significance O(¢’/a?) under the same
variate distribution P(z) by calling the (1/2—«)-learner for cs3/a? times. If the (1/2—a)-learner
runs in ¢ time, then the (7' + 2¢)-learner in O(t/a? + 1/¢2) time.

)

4 3
m*log® mlog ¢

Theorem 6.4 (noisy refutation to agnostic learning). Let d5, := . If p’-noisy F is

refutable for any n < n’ < 1/2 — ¢ with significance O(d;,) from m data in ¢ time, n-noisy F is
agnostic learnable from m?- O(log % log %) data in m*¢- O(log3 mlog %) + O(E%) learning time.

Proof. Theorem 3.4’s weak learning can provide Theorem 6.3’s agnostic booster a weak-learner
performing well under the same variate (but possibly different covariate) distribution with the
unknown target. For a ~ L vy = c5/a?, Ko > (bim)2 log 2 lggm, m > (1)%log% and
m' > = log %, Theorem 3.4’s boosting on the agnostic booster spends m’ data, runs in vgrg log m-
O(t/a?) + O(1/€?) time, and succeed with significance level vgrglogm - O(ds4) = O(6). O

Theorem 6.5 (noisy refutation to agnostic learning in smoothed analysis). If n'-noisy F is
refutable for any n < 1’ < 1/2 — ¢ with significance O(62,/9), n-noisy F is agnostic learnable
under any shift in the same way as Theorem 6.4.

Proof. 1t reduces to Theorem 6.4, as Theorem 3.6 to 3.4. O
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6.2 Proof Theoretic Hardness of Agnostic Learning AND functions

Section4 relied on Theorems 4.3 and 4.6 of PAC learning hardness. Similarly, the current
section will depend on Theorem 6.8 below of agnostic learning hardness. It is an extension of
Theorem 4.6 for weak refutation to a strong one.

Definition 6.6 (bounded expansion). A CSP instance G = (Z U J,&) is r-bounded (D,t)-
expanding if the number of edge-induced (d, t)-expanding subgraphs are bounded by r:

<r

0£wcC&ulv=_Ew],(V]je€ u=|wlj]| >t),}‘

r-bounded .
el o < ol = (2 - Ol — - 12

D, t)-expansion’

Lemma 6.7 (RCSP is bounded expanding [KMOW17]). For 3 <t = Q(k) and D < m,
any kCSP instance G of the uniform random £ and density A > 1 must be

r-bounded (D, t)-expanding: Pr[ g is ]I|%+<A—b0unded (D,t)—expanding] >1- e*.
Proof. Theorem4.10’s analysis can count the expanding subgraphs:
t t—1
S g sucePrelv = Tl u = Zlwl, o] < 0, [u] < kfol. ful + ( — Ofo] — 5 < ] < ko]
2+t (lullwly July §—¢=1 p ) o fuly - 52
< it (€ " i) () A) ()

t_r_ vl—1 N ——1
<Z|v|,\u|,\w\(k2ez+k(%)2 ¢ 1A)|| ,k262+k(%) (—3A

* t_— —
z ZMMZ|U|22€2+kk2’v|2m§+<A ) (k262+k(kDAt72272</\I])2 ¢ 1)|v\ 1

< ARSeMT[3 A (kpA TR /7)) 74T = HTE A,

The right-hand side of < does not count lu| = 1 since the case |v] + (§ — )|v| — 5 — |w| =
[v|+(t/2—¢)-1— 5L —|v| = 1/2 — ¢ > 0 never happens in Definition 6.6’s expansion. Markov’s

inequality parameter v = €’* on this expectation derives Lemma 6.7’s bounded expansion. [

Theorem 6.8 (SoS hardness of bounded-expanding CSP’s refutation [KMOW17]). For any r-
bounded (D, t)-expanding CSP instance G with Vj € J,|Z[j]| < {(D, and any integers 2 <t—1 <
t', there exists J' C J with |J'| = |J| such that for any ¢-uniform variable X; € {0, 1}I[j],

SoS hard 1 |71 = 1T"] ¢p
on bogndegregﬁgfmon’ degSoS [unsatg (X) > mszJ’Per [Xj g Sj] + 7 ] > 3

Theorem 6.9 (Theorem1.19). For 2 < d <log(1/e) — O(1) and 0 < n < 1/2 — O(¢), agnostic
learning the n-noisy canonical planted AND class { /\?:1 fox;| 6 e {0,1}"} under the uniform
distribution demands either sample size Q(n(lfﬁ)d/ ?) or SoS degree Q(nc).

Proof. Remake Theorem 4.15’s proof to derive a contradiction to Theorem 6.8’s SoS hardness
from the assumption degg.glerrg(D) > n] < (D/3 := n. Let us learn a joint-distribution
P(z, f(x)) having the uniform variate P(z) = 1/(2n)% and the white-ij-noisy covariate:

White notsy constraint sampler: f]P(J?) & \x, 0) +nP(x) ® ]x, 1) + (1 — 277)]3(37, f(a?))\af, f($)>
of f(z) = /\jzleoazi and 7:=n+ (c+e)e < % — Q(e).
This mixture draws a data (Xj,Y;) ~ D by first throwing the (7 : 77 : 1 — 27)-biased dice B; €
{0,1,2} and then sampling the example from P(z)® |x,0), P(z) ® |z, 1) and P(z, f(x))|z, f(x))
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when B; = 0,1,2, respectively. Lemma3.2’s UGEB has shown by Prlerrg(D) < n+ ce] <
{0, 1}|e=7*/27m < (§), so Definition 2.1 obliges the SoS learner to prove errg(D) > 1. Simi-
larly, the hitting sets J, := {j | B; = b} must have cardinality Vb, ]%—fﬂ < een) with significance

2 ~
2e~ 3 = (§) by Chernoff bounds of v = e£/7j. The J, with b = 0,1 induce CSP instances
Gy, = (I U Jp, E,Sb) of the uniformity ¢ = d:

Wiaghe T=[n) and € = {(4, [7:(9)/2)) | € (d.J € R}, Ty € Ty for |Fy| = |To| = n™ 27| .
Soptien: S1g = {(x:(j) ® D} and S,y = {0,110 = 8y 5.

_Oggfl-];y: Take (d — 1)-uniform variable Xj ; with Pr[X; € So;] =1 and Pr[X; ; € S1 4] = Qd—l_l.
|Z]

. n
These CSP instances G, appeal A, > T (@2 T=0/2=a)

57a—3—3c) > D to Lemma6.7’s

SoS hardness of bounded expansion, yielding a contradiction:

1 [T — |
Vb € {0,1},(D/3 < degg.g [unsatgb(x) > @Zjejgprxbd (Xp; & Sbj] + b\J;,| b ] =

7 Pr[ Xy & Sp s — |7
(/3 < degys err(D) = 5y Jwnsatg () > X (S I ¢ D)

m m

< degg,s [errg(D) > 7j(1 — Qd 1) +2nn~ 2ty 2eet)| < degg,g[erro(D) > 1] < C;

%:dglogé—O(l) = (1 — L) + 20~ 24 4 2¢ei; < 1.

2d1

O

Theorem 6.10 (Theorem1.20). For d > 2 and 0 < n < 1/2 — O(¢e), agnostic learning the
n-noisy canonical parity function class {@le Oox; | 6 € {0,1}"} under the uniform distribution
demands either sample size Q(n(l_e)d/ ?) or SoS degree Q(nc).

Proof. As in Theorem 6.9, take CSP instances G, = (ZU 7y, £, Sp) of the (d — 1)-uniform random
variable X}, ; € Sp; = {z € {0,1}9 | @;1:1 T, =b@ @?:1 x;(4)}, yielding

(D/3 < degg,g[errs(D) > 2~/ 4 2eei]] % deggg [errg(D) > n] < (D/3,
where % by 7(1 + (¢ + €)e/n)(2n /¢ 4+ 2e) < 1. O

Theorem 6.11 (Theorem 1.22% for AND function under flippers). For 0 < ¢ < 1, let t4y, :=

1+loge+1.72501gg((1+10ge)/c) >3 (i.e., tey = tys(kd)). For0<ec<1,2<d < %log% —O(1) and

Q(1) <n <1/2—0(¢), agnostic learning the n-noisy planted AND class {/\f:1 Qox; | 0 € {0,1}"}
under the uniform distribution shifted by any flipper G of H.(G)) = (1—c¢)d requires either sample
size Q(n(lfe)tf"“n) or SoS proof of degree Q(n®).

Proof. Adjust Theorem 6.9’s argument to take the shifted solution space as in Theorem 4.14,
i.e.,

gac: Sui = {(a(l

@xz(j) D 1) -1 ‘ Pr[ > 0} and 807]' = {0, I}IU]\SOJ,

Unif . pr[Xy; € So ] =1 and Pr[X,; € 1] > max {Pr[X € 8] | X is t-uniform} > 1—

-ormity’ QCd

By d = Llog(1/e) — O(1) and replacing 1 — 1+ c.
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Let t = t;1, of Theorem4.14. Since |5 ;| = 2(1=9)d and Lemma 4.12’s cosets disjointly cover Si,j,
Lemma 4.12 presents t-uniform random variables X ;, deriving a contradiction to Theorem 6.8:
_ L1 _

%D < degg,q [errp(x) > (1 — %) + 27in SRAgs 25577] < degg,q [errp( ) > n] CBD 0
Theorem 6.12 (Theorem1.22). For 0 < ¢ < 1, 2 < d < llog(1/e) — O(1), and Q(1) <
n < 1/2 — O(e), agnostic learning n-noisy, agnostic learning the 7-noisy canonical planted AND
{/\?:1 fox; |60 {0,1}%} under the uniform distribution perturbed by any shift of H.(G) =

(1 — ¢)d demands either sample size Q((ﬁ)(lﬁ)t“-“ﬁ) or SoS proof of degree Q((w%)d)e).

Proof. A reduction to Theorem 6.11 by the same adversary reducing Theorem 4.17 to 4.15. O

6.3 Agnostic Learning AND functions

Theorem 6.13 (refuting n-noisy kAND). For k& > 2, the planted kAND is refutable from any

n-noisy n*/2 . O(((kllfgs));) data in tsgp(n®) - O(2Fn) time.

Proof. Changing = % to (1 — 2n)/2 in Theorem 5.7’s completeness analysis proves Theo-
rem 6.13 since the target AND function f is a single-term planted kDNF satisfying 1 — 2n =
E[(—1)Y] + 2bias¢(D) over the data distribution (X,Y) ~ D, where n := Pr[Y # f(X)]. O

Theorem 6.14 (refuting n-noisy planted kXOR). For k > 2, the planted kXOR is refutable

((kllf%)ss) data in tsdp(”"%J) -O(n) time.

from any n-noisy n*/2 . O(
Proof. Adapt Theorem 5.7’s bias measurement to the canonical kXOR function f = @le fox;:
Bias measurement: biasf( ) =1 Z]_ 7/(7 +11[f( () =1] = Zae[n)k M(a) H?:l(_l)g(ai),

Fourier coefficients: M(a) = % Zjllwi(j)/QJ ’?_lza(_l)y(j)—H H?:1(_1)$i(j)+l-

Theorem 5.7’s computational complexity analysis brings Theorem 6.14’s running time since the
above bias measurement fixes w = (k| rather than running over w C (k]. O

Theorem 6.15 (Theorem 1.21 for kAND). For k > 2, the planted kAND is agnostically learn-

able from any n-noisy n!*/21 . O((elzlkigZZ))z) data in tsqp(n”) - O(an(kllfigg)Z) learning time.

Proof. Build Theorem 5.9’s weak hypothesis from Theorem 6.13’s refuter and apply Theorem 6.3’s

agnostic boosting. For 8~ (1 —2n)/2, vy = (IBWCQW’ m > nlk/2] -O((El(glkigzz))Q), Theorem 5.9’s

UGEB holds, and Theorem 6.3’s agnostic boosting finishes within 1y - tsdp(nk) -0(2%n) time. [

Theorem 6.16 (Theorem 1.21 for planted kXOR). For k > 2, the planted kXOR is agnostically

learnable from any 7-noisy n!*/2! . O((%) ) data in teqp(n®) - O(n(kllfiﬁg)Q) learning time.

Proof. Apply Theorem 6.3’s agnostic boosting to Theorem 6.14’s refutation as Theorem 6.15’s
argument did to Theorem 6.13’s one. O

Theorem 6.17 (Theorem 1.21). For k > 2, the planted kJUNTA is agnostically learnable from
any n-noisy nl/*/21. O((%) ) data in tegp(n®) - O(2kn(2kﬁ;g§")2) time.

Proof. Adjust Theorem 6.15’s one to target an exclusive OR of at most 2¥ terms, one of which

must have the completeness’s threshold § =~ L 221:], deducing the claimed complexities. ]
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Theorem 6.18 (Theorem 1.23%7). For k& > 2, the planted AND is agnostically learnable from
any 7-noisy nl*/?! ~O((Elzll‘ig22) )?) data in teap(n®) ‘O(n(kllfigg)Q) learning time under any k-wisely
o(

m)—dense uniform flipper.

Proof. A reduction to Theorem 6.15 as 5.12 to 5 7, since Lemma 5.11’s recall guarantees bias¢(D)
> B— 2k+1 ~ (B for f~ (1—2n)/2 and p > 2%,5 by Markov’s inequality parameter v = §/e. [

6.4 Approximate promise-MaxCSP.
This section translates Section 6.3’s Theorems to those for approximating promise-MaxCSP.

Definition 6.19 (approximation of promise-MaxCSP). The (Bcmp, Ssna)-gap (or A-gap, A:=
Bemp — Bsna) approximation of promise-MaxCSP assumes either acc(P) = fenp > Ssna = acc(P’)
or P = P’ must hold of the two unknown samplers P and P’ of MaxCSP’s constraints. It asks
to discern which is the case by observing the i.i.d. outcomes D ~ P™ and D’ ~ P'™ as follows:

Verifiable Completeness: Show a witness to verify?® |acc(D) — ace(D')| < 24— P = P'.

It attaches proof-theoretic refutation demand to the previous models. It covers Feige’s
(resp. Barak, Kindler, and Steurer’s) hypothesis [Fei02] (resp. [BKS13]) by taking Peyp and Pspa
over kCNF’s (resp. kJUNTA’s) satisfiable versus random constraints and Alekhnovich’s hypoth-
esis [Alell] by LPN’s random ones of Hamming-distance noise k versus k + 1. Moreover, it
involves distinguishment problems between “malicious” w(m) constraints D and D’ with a slight
difference acc(D) — acc(D’) = € by taking empirical distributions to draw m i.i.d. constraints D
and D’ from D and D', respectively.

Theorem 6.20 (Theorem 1.24). Any gap approximation of the promise-MaxkSAT under a
marginally uniform distribution requires either Q(n%k) constraints or 2(n¢) SoS-degree.

Proof. A reduction to Theorem 6.9 by filtering m > n"z *

positive data G, for k € {cmp, snd}:

quitive constmz’nt sampler' nRP(x)|x, 1> (1 _ 77/4) ( ( ))|x f( ))

(discard negative examples)’

k 1—1/2F
of f= \/2,2100@ and 77K,+(1*1/2/*’)(1*77K,) = Bemp - L[k = cmp] + Benq - 1[x = snd].

This mixture joint-distribution has the claimed accuracies B, since P(f(z) = 0) = 1/2F.
The 2m outcomes emitted from a mixture source G := Gepp ® | + 1) U Geng ® | — 1) must
take the weighted accuracy gap acc(Gemp) — acC(Gsna) < (1 + €)(Bemp — Bsna) With significance

e 2+v +(Bemp—Plana)m < 0(0) by Chernoff bound of v = ﬁ%snd.

pleteness obliges to prove degg,g[|acc(Gemp) — acc(Gena)| = errg(G) > 24] < (D/3 := n, a con-
tradiction against Theorem 6.9’s CSP instances Gy = (ZU Jx,€,S). Here Ji = {(zx(j), 1)},
collects the only m positive examples emitted from the positive constraint sampler, and S ; =
{0, 1}20) — {(.:(4) mod 2)%_,}. Take (k — 1)-uniform random variables X ; € S, ;.

Definition 6.19’s verifiable com-

(D3 < degisos [0110(G) 2 3, cup a5 (1 — st ()] (where s i= (~1)! 0=
€ Sk Pr[ X, & Sk = |7
< degSoS [erré’ 1+ (ﬁcmP /Bsnd + Z ( Lics; 2[m 3 ¥ Sl + |7 ‘Qm"] l)]
< degSoS [el‘rg 1+6 A+n 2+<] < degSoS [errg(g) ] < CD O

47Set k = log T=oms 2n)5 Take Theorem 2.9’s % dense dn-bit flipper of cardinality O(k2* log(dn)).

48The verifiable-completeness threshold 2 2 A could be any cA between 1/2 < ¢ < 1.
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Theorem 6.21 (Theorem 1.25). Any gap approximation of the promise-MaxkXOR under a
marginally uniform distribution demands either Q(n(l_e)k/ 2) constsrints or Q(n®) SoS-degree.

Proof. A reduction to Theorem 6.10 by letting MaxkXOR approximate P = Pepp @[+ 1) UPspa ®
| — 1) drawn from the following mixture and deriving a contradiction as in Theorem 6.20:
Positive- traint l
(discard megutive coampiea) M P(@) © 2,0) + (1 = 1) P, f(@))le, f(2)),
1/2

i g = Pe 1 = cmpl + fona - [k = snd].

where

Theorem 6.22 (Theorem 1.27%). At e(G) = (1 — ¢)k for 0 < ¢ < 1, any gap approximation of
the promise-MaxkSAT under a marginal uniform distribution shifted by any flipper G requires
either Q(n(l_e)t/’”m) constraints or Q(ne) SoS-degree .

Proof. A reduction to Theorem 6.20, like Theorem 6.11 to 6.9. O

Theorem 6.23 (Theorem 1.26 for promise-MaxkSAT). The promise-MaxkSAT is A-gap ap-
proximable by any n*/2 . O((klogn)3/A%) constraints in tsap (n*) - O(2"n) time.

Proof. Feed the difference of the i.i.d. random outcomes to Theorem 5.7’s completeness proof in
the following manner, instead of Definition 3.1’s random-label dataset U. Draw D ~ P™(x,y)
and D' ~ P"™(z,y) and measure their bias difference |biass(P, P')| = |1 Yyen (@) =
1]-1 > @ yep (@) = 1]|. Theorem5.7’s bias measurement on the random outcomes from
a mixture X ®|Y) ~ 1P(z)®|+1)+ 3 P'(z) ®|—1) distinguishes between |bias f( Pegp, Psna)| 4
(or larger) versus |biasy(P, P)| = 0. The former produces Theorem 6.13’s completeness proof by
replacing 1 — 27 therein with A= Scpp — Bsng, and the latter Theorem 5.7’s soundness one.  [J

Theorem 6.24 (Theorem 1.26 for promise-MaxkXOR). The promise-MaxkXOR is A-gap ap-
proximable by any n*/2 . O((klogn)3/a®) constraints in tsgp(n”) - O(n) time.

Proof. Adjust Theorem 6.23’s argument to Theorem 6.14’s bias measurement. O

Theorem 6.25 (Theorem 1.26). The promise-MaxkCSP is A-gap approximable by any nk/2 .
O((klogn)3 25%/A5) constraints in tsap(n®) - O(2"n) time.

Proof. Replace Theorem 6.23’s completeness’s threshold to 8 ~A /2F instead of A as we did in
Theorem 6.17’s one since the target predicate is an exclusive OR of (at most) 2¥ terms. O

Theorem 6.26 (approximating promise-MaxSAT). The promise-MaxSAT is A-gap approx-
imable by any n*/2 . O((klogn)3/a®) constraints in tsgp(n®) - O(2"n) time under any k-wisely

O(ﬁ)—dense uniform flipper.

Proof. A reduction to Theorem 6.23 as 6.18 to 6.15 via 5.11. O

9k = (c+ 1) log = implies Bong > 1 — 1/2% & Bapa > 1 — (26)°H.
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7 Inverting Planted Functions in Smoothed Analysis

We have so far confirmed that efficiently PAC learning the planted kDNF took Q(n(l_e)k/ 2)
data necessary for the uniform distribution, and Q(n/¥/21) data sufficient for any distribution.
It was so for agnostic learning the planted kJUNTA, approximating MaxkSAT, and refuting
kSAT, too. However, previous works have already broken this n*/2 barrier under the uniform
distribution [CMO01, Vio05, MST06, BQ12, ABR16, LV17], e.g., inverting kCSP in O(n*/3) time
by analyzing the correlation E[(—1)Zicw XitY | Vi € w,|X;/2] = a;] on a location (or place)
(w,a) € (g) x [n)¥ under the uniform random X ~ [2n)* [Appl6]. Our smoothed analysis
will work under any distribution to make the correlation analysis invert the monotone DNF
in only O(n) time. Moreover, the correlation analysis on larger min-entropy can invert even
non-monotone functions approximated by low-degree polynomials over [F,,.

7.1 Inverting Monotone DNF

The correlation analysis of the uniform random data can learn monotone DNF [KLV94, SM00,
Ser(04, Fel12], monotone Boolean functions [BT96, OS07], monotone JUNTA [MOS04], halfspaces
[TTV09, OS11, DDFS14], and LPN [Vall5]. We will extend them to any pairwise dense data
distribution to learn monotone DNF via approximate inclusion-exclusion [LN90, KL.S96, TT99].

Definition 7.1 (approximating inclusion-exclusion of monotone DNF). For a monotone DNF

expression [ = \/nef feof f:= /\ief,g X;, write fuw = ey fr and frw := A,y fr- Inclusion-
exclusion expands logical expressions f = b, f' =V of DNF f, f’, and b,bs, V' € {0,1} as

Inclusio?l—EE‘/)’acclusion: iec( = b) Z|w| waCf( )‘w‘+bwa~

— !/ b b/
tnctusion Eichsion” 1ee(f = 011 = V) = Dpwicet, Xy, ()M o A Fr)
w Yy w

Inclusion-Exclusion . bo—| faw
( on average : pe(f =0) = Z‘w‘ b 2w Cf( )‘w\ 9= frwl,

?gutzbzfgga{]lg’ pe(f =0, = b/) = E\wa’\Sc—l, Zwa, (_1)|w|+|w’\+b+b’2—|f/\wuf/\w,|.
b<|w| b <|w'|  w'Cf’

The IE of tripled DNF formulas f = b, f' = V', f” = b” develops in the same manner. Observe
that if = € {0, 1}¢ satisfies ¢ — 1 > ¢ terms of f, its contribution to ie.(f = b) —ie.(f = b) is
>0 _1( 1)" (C:l)\ = |ZZ_:B(—1)”(C:1)] = (Cc_l) which we call the truncated coefficient of x.
Its contribution to iey(f = b, f/ = V') —ie.(f = b, f' = V) is the same amount (5—12)7 once the
x satisfies ¢ — 1 terms of f U f’.

Definition 7.2 (p-spread). A random vector X ~ [[%_,S; is p-spread with significance § if
p-spread: VS C [[1_ Si Vi, |{z; € S; | w € S}/|Si| < p=Pr[vi, X; € SN S| > 10
Lemma 7.3. Any 1-wisely p-dense random vector is m—spread with significance J.

Proof. Suppose Vi, |3‘2;S|i‘ < d(1—65-f62/2)‘ Lemma2.5’s LLL at a; = ¢/d applies to

{z; € Si | x € S} J (1 _ m.\d—1
PriX; e SNSi| < Sh o S aissrey <Pill—pi)

of dependent n events X; € SN S;, deriving Pr[Vi, X; ¢ SNS;] > (1 —p;)¢ > 1 4. O
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Definition 7.4 ((«, 5)-inversion). We say that a randomized algorithm A (o, 8)-inverts {f}
planting 6 € {0,1}%" on data (X,Y) ~ D if it can retrieve the hidden parameter 6;(a) of any
a-heavy f-correlated place (i,a) € (d] x [n) as follows, where diny := d/d.

Correlation: corr;(D) = corr;(X,Y) := E[(—1)XY] — E[(-1)]E[(—1)Y].
Invariance: 0 < Jp; < 1,V(i, a), HCOI‘I‘Z'(D” - ,ui‘ < .
Pr[| Xi/2] = a] > a/n A|corr;(D)| >

=A(D,i,a) = 0;(a) > 1= O(0snv).

(v, B)-inwersion:  Prp 4

Algorithm 1 («, §)-inversion of monotone DNF

Given data (X,Y) ~ D and a query (i,a) (an index-attribute pair to invert).
: i D’L a
1: Filter D to (Xia,Yia) ~ Dia :={(z,y) €D | |F] =a}. If | D | < &, then return ?.
2: Compute the data’s output bias E[(—1)Y#¢] (or use the already computed value).
3: Compute corr;(X; 4, Y;,) and return zero if it is > 3, one if < —f, and ? otherwise.

Theorem 7.5 (inverting canonical DNF). Let 3;; := max(2ck(_ﬁ)5inv, (= 6£ipn)1/ 2)( ) Suppose
Brs < B < 1. Algorithm 1 can (a, B)—invert the canonical planted DNF {\/7 _, /\i:1 it 1k OLit ik |
0 € {0,1}**} from any noise-free n-O((i: ) /(ap?63,,)) data with pairwisely p-dense attributes

under any eB-away 2ck-independent flipper over {0, 1}#57,

Proof. Definition 7.1’s IE calculates Definition 7.4’s corr;(D;,) and exhibits Algorithm 1’s in-
version performance. For the target canonical DNF expression f =\/7_, Nic £, Xi, write for =
\/,{/G(S]\ (s} Jr and foi = Nyc Frm{i} X' They express the relevance and irrelevance of x; to f
by freii = fumi = 1A foy =0, firo := fu—i = f-x =0, and fiy1 := f_x =1 as follows. Let
p(f =1):= 27‘f|v p(f=0):=1~ 27‘f|v pre := pre(firo) — pe(firt), and p; == pe(freri)-

Relevance, . i =0=f =%i, fio=0=f=0, and fin =1=f=1.

dgil;rrri;gzgojn 1[frel,i] + 1[fir0] + 1[fir1] =1
Averages: Mc(frel,i) = :U’(fn—i = 1)/~Lc l(f—n = 0) Mc(firo) = l“l/(f/q/_i = O)Nc(f—m = O)7
pe(firt) = pe—1(f—x = 1), and E[(—1)Yie] & p,.

Claim: If G is perfectly 2ck-independent and D; , = {(G(z(5)), y(4)) }j satisfies the disjointness,
the other four assertions must hold with high confidence.

Disjointness: ¥(j # j'),V(i' # 1), |2:(j) /2] = a A D?z"( 7)/2] # |z (5")/2].
Low degree: (Vw \w[ > C) f_,.i Aw (9 OG ) )
Relevance: Prg[f_ (0 oG(x ) ~ pie(fow
Conhif " Ecleorri(G(a(j >> <y>)] (~1)*
Correlation. It ; [corry (G(z(J)), y(J)))] ~ (-1) ()Mz

|||
v

Low-degree: Since every term contains k (or k — 1 in f,_;) variables in a disjoint manner, the
ck-independence of G over the first ck — 1 variables x; of (fx—i V f—x)aw evaluates

Pri=low-deg(6 o G(x(5)))] < Pr[(Fw, [w| > ¢),Vi' € f—pnu b 0 Gli(j)) = 1] < () J2ck=1,
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Relevance: The inclusion-exclusion formula of f_, = b under low-deg approximates

’Pr for(00G(2(4))) = b] = pe(f-x =)
= |Prlf-(00 G(a(7))) = b] = Elie.(f-w = B)(02 G())]| < (3} )Prl-low-deg(G(a(;)]

The first equality stands on the ck-independence of G. The second one bounds the truncation
error of ie, at 2’ = 0 o G(x(j)) by Pr[-low-deg(z')] times the truncated coefficient (*_%) of .

Correlation on shift: The relevance on the rel4ir0+irl cover yields

‘E[(_1)G<wi<j>>+f(eoc(x<j>>)] _E[(=1)0@ )y — (—1)%(@)

(—=1)% D (Pr[ frer4(0 0 G(2(5)))] — pe(freri))
+E[(-1) @S (1) (Prlfixp(0 0 G(2(5)))] — el fixs))

Correlation on data: Averaging the correlation over the shifted data G(z(J)) has a bound

E[ ’EJ [(—1)C@ M+ ECEI] _ g [(—1)C@UDN], — (~1)@)y, — Z“
<3(:” f)E [Pr[-low-deg(G(x(J)))]]

for Z :=E;[(— re1i(G(2(J))) + (=)@ NS (—1)° Zi (G (a(])))],
Z(x) = Zu(z) — uc(f,{) and Z(z) = ie.(f)(0 o z) of k € {rel,ir0,irl}.

They have the zero-mean E[Z,,(G(z(J)))] = 0. The 2k-independence of G under the disjointness
makes them mutually perpendicular as E[Z,(G(z))Z(G(z'))] = 0 between x # a’. Thus,

= L3 E[((—)" 2o i (G((5) + (1) (<1 Zip (G (5))) )]
< L3 B[S, Z(GE0))) £ 5 (S <9 ( ) m

s—2
deriving Pr[|Z| > %] < diny by Chebyshev’s inequality parameter v = ﬁ. A similar

analysis gives E[(—1)¥(/)] ~ u by bounding Eg[’EJ[(—l)y(‘])] — = ZH <

Yo (Pr[9 0 xi(G(x)) = b, fre1,i 0 0(G(z))] — ;”C(frel’i))‘ <4 < >Pr[ﬁ10W deg(G(x))]

+ 3, (DY (Pr{firy(0 0 G(2))] — prel fiz))

Disjoint: The pairwisely p-dense attributes give Pr[|xy(J)/2] | |zi(J)/2] = a] < 1/;’;" ) yunder
H i(J)/2] = a] > a/n. Lemma7.3 distributes the attributes {|z;;/2],i" € [ks] — {i} |

2| = a} as L“% spread with significance diny. It extracts a sub-data D;, of
ks(1—0inv+07,,/2) )
(Slnv . k _2 3
size m ~ (5~ ) /(,6’251nv) < ma O:anf;m/?) (. (aa;ﬁjpn)lp(i—l) < ) from the given data D by
2
Chebyshev’s inequality parameter v = lDélinv‘I%id > 1 with significance e 2 0mlIPl 0(0iny)-
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s—2\2
Invariance: The corr-on-data measures on |D; .| =m > (Cfl_) and (i:%) (i)/20k*1 < Biny:

Attt B [eore, (G (). (1) — (~1)" @

-ance

J< (S0 ()t +7(00 ) Gamm) 2 < 148650,

It guarantees Definition 7.4’s invariance |corr;(G(z(J)),y(J)) — (_1)9¢(a)m‘ < €8 by Markov’s
inequality of v = O(dipny) with significance O(dipy). Although the actual flipper G is eB-away
from the perfectly independent G, The Claim’s assertions (so the invariance as well) still hold for
the G by adding an extra statistical deviation. For example, the low-degree is a local argument
at a location v of the first 2ck — 1 variables of (fx—; V f—x)aw to bound

Pr-low-deg(60 Glr())] < (°)/2% 4 dau (Glrn()), Gulru (1)) < 265.

(a, B)-inversion: The invariance detects 0;(a) for the following reasons. First, the corre-
lation’s average must be significant as |p;| > (1 — €)5. Otherwise, the invariance falsifies
|corr; (X q,Yia)| > B. Secondly, u; > 0 by the relevance p;/p(fe—i = 1) = pe—1(fox = 0) =
Pra[f-x(0 0 G(z(j))) = 0] > 0. Algorithm1 must succeed in inverting |D| > (1 + €) [Di.al

a/n
data, since then |D;,| > (- ) /(ﬁzémv) with CB’s significance /2Pl < o(fin,) under
Pr{|Xia./2] =a] > a/n. O

Definition 7.6 (expanding DNF). REVIEW3’s DNF expression f is c-wisely k-expanding if

c-wisely k-expanding: Yv C f,|v] < ¢ = ‘U f,.i‘ > k|v].

KEV

Theorem 7.7 (inverting monotone DNF). For ,, < f < 1, Algorithm 1 («, §)-inverts a mono-

s—2\2
tone variable of any planted s-term kDNF with c-wise k-expansion from any n - O( (2 af? 52, ) data

with pairwisely p-dense attributes under any ef-away 2ck-independent flipper over {0, 1}d".

Proof. 1t is similar to Theorem 7.5’s one which has relied solely on the c-wise k-expansion and
the monotonicity of a queried variable. This time, divide f = fy V fy(s—() to those terms
J € (] containing i and the others not holding it, and let fyu_; =\ ¢, fx—i for w C (t].

Relevance, . ¢ i = fo—i = INfurs) = 0, firo = fig—i = Sy = 0and firs i= fyq = 1.

irrelevance

rett 0 it 1 frer] + 1 firo) + L fira] = 1

cover

Averages: fc(fre1;i) = ,UC(fV(t]—i =1, f 5] = 0), e(firo) = MC(fV(t]—i =0, fv(t,s} =0)
and pe(fir1) = ,uc—l(f\/(t,s] =1).

Notice that the target DNF’s terms f, may be too long, mutually overlapping, and even con-
tracting to each other, but the ie. adjusts as follows to preserve Theorem 7.5’s proof:

1B: See(f = b) = 3200y Y p <ok (D Frw
1B on average: pie(f = b) = Y[ Ly D fru<ck, (~1IPIHP27IwL,

Doubeled IE: iec(f = b, f' =) = chf,wfcf’,\wauf/Aw,|<ck(—1)‘wuw/‘+b+b/wa U fiw- O
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Algorithm 2 Properly PAC learning monotone DNF

Input a dataset (X,Y) ~ D, initialize hp = 0 and v = 1, and repeat 1-6.

Stopping criterion. Finish and output h,_q if Pr[hl,_l(X) =0,Y = 1] <e

2: Variable selection. Guess a set of variables f, C (d]. Let 6, = S, = 0.

3:  Correlation retrieval. For each (i,a) € f, x [n) — S,, feed (D,i,a) to Algorithm 1 for (a,3)-
inversion. If the answer is 0 or 1, set it to 6,,;(a;) and put (4,a) into S,.

[

4:  Positively reliable cover selection. hl,(ac) = /\(Ll“i/QJ i)eS, 9,,71' o X;.
5:  Consistency measurement. Return FAIL unless both are true:

Recall: Prihy(X)=1]Y =1,hy_1(X) =0] > 1/s.
Small FPE:  Pr[Y =0,h,(X)=1] < (1+¢€)2°3.

6: Induction. hy :=h,_1V hy, v:=v+ 1.

7.2 Linear Time Proper Learning Monotone DNF

Theorem 7.8 (properly learning canonical DNF). If (i:%) (z)se%k < 202k Algorithm 2 can PAC
2

learn the canonical DNF {\/7_, /\i?t:1 Oijk0Tivjk | 0 € {0,1}F"} inn - O((kQS3 2k (5~ 2)) ) time

€62 c—1

2 2ck— 2
from n - O((kzs3 2k (s 2)) ) data with pairwisely % : (2(3)%)2—&310% attributes under any

€62 c—1
¢B-away 2ck-independent flipper over {0,1}**". It is a proper PAC learning by a hypothesis
class {V7_4 ANy 0;, w0 Tirjk | 0 € {0,1, 435"} to set O(|wipju/2]) = ¥=0 0 iy = 1.

ck—15. . '
2 (s)5lnv)2 . a6§:‘,n’ 1mply1ng 57‘5 < 6 <1

by (i:?) ) %k < 2(e=2)k, Algor1thm2 may succeed if Step 5 never fails on f, = {x; 4. | i € (k]}:

Proof. Set vg = 8, Oiny = @ = ks, 8= ,and p = (

AN Y@ 7), 00 g1, # +=00 1 = O
S PrlY = 0,hy -1 (X) = 1] < 300 'PrY = 0,h(X) = 1] < (1+ 2" Bro<(1 + e)e.

It converges to Definition 2.1’s 2e-learning by Theorem 5.9’s UGEB analysis
UGEB: Prp [Plhuy1(x) # y) — Prlhuy 1(X) £ Y] > e + 2] < [H|e 35 < (2F)0 e 5™ — o(5)
on [H| = [1%°" |H,| of |H,| counting the number 2¥" of the assignments 6, € {0, 1}*".

Recall: Step2 may choose the best f, among the s terms of the target DNF to cover the
remained positive examples by a ratio Pr[f,(X)=1[Y =1,h,—1(X)=0] > 1. Step5 can
attain the recall once Step 3 has correctly inverted 6, on the locations (i + jk, | X;4;x/2]) of all
(i,7) € (k] x (s]. Theorem 7.5 guarantees the inversion with significance ks - O(diny) = O(0).

FPE holds under Step3’s correct inversions and Definition 7.4’s prerequisite V(i,7) € (k] x
(s], Pr[[Xitjx/2]] > a/n. Lemma2.3’s (0,a/n)-slice of Pr[|X;/2] = a] over a € [n) guarantees
the latter with significance ks - a/n-n = ks = 6. We may write f, = /\i?:1 x; and (k' k] :=
{i e (k] | (i, | X; /2j) € S,}. Divide the hypothesis Step4’ h,, into h, = Ly,h, over u € {0,1}+™
of hy(z) :== hy A /\l L uiox;. Yao’s reduction takes the uniform random assignment U ~ {0, 1}*™
and calculates the probability differentials between the target hg = f, and the hypothesis A,
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along a sequence hg,...,h of AND functions h; := h, A /\f:1 U, oz, N /\f/:iJr1 0, o x,. For
hip :=h, ANZLU, oxb/\xZ@b/\/\f/:iHGLomL and i o= hy ANZTU oz AN, 6,0,
Pr[Y" = by by (X) = 1] — Pr[Y = b, £,(X) = 1]
=S PAY =0, hi1 (X) = 1] = PrY = b, hi(X) = 1))

= ZflgléE[ VWioXil[Y = b, hio(X) = 1]] (.- Theorem 7.5’s rel+ir0+irl decomposition)
=y o SELD X (1Y = b, hin(X) =1, freri(0 0 X))+ 1[Y = b, hin(X) = 1, fip(6 0 X)])]

<y ’11(Pr [hiw(X) =1, freri(0 0 X)] + E[(—1)%°Xi1[h; (X) = 1,firb(9 o X)]])
< ZiZOI%Pr INZ U 0 X = 1](Pr[freri(f 0 X)] + E[(—1)%N]E[firp(0 0 X)])

k—11 1 . . Theorem 7.5’s relevance, correlation-on-shift,
SZi:o 5 F(|M'L| + O(ﬂélnv)) ( : and correlation-on-data analyses )

Its b = 0 case on Pr[Y = 0, f,(X) = 1] = 0 gives rise to FPE because (i, | X;/2]) ¢ S, implies
|pi| < B (otherwise 0;(| X;/2]) is detectable) in a summation

Pr[Y =0, hy,( =3 PrlY =0, hy(X) = 1] = 2"Pr[Y = b, hyy(X) = 1]
< 2%(|uil + O(Biny)) < (14 €)2°8.

s—2\2
Computational complexity: Algorithm 2 spends Theorem 7.5’s 7 O( (2 52 52, ) data to execute
s—2
Step3 in kn - vy - 0(2263) ) time with O(ksdiny) + O(ksa) = O(6) significance. O

Theorem 7.9 (Theorem1.4°0). Suppose ¢ < 2% and (i:?) (‘Z)M < 2(=2k  Algo-

€ €28
rithm 2 can PAC learn the planted monotone s-term DNF hiding 6 € {0,1}%" and having c-

2
wisely k-expanding terms in n - O((’;i 5; 2k (S 2) (log N ) ) time. It works on any ee-noisy

n- O((k§§§ ok (s 2) log = ) ) data with pairwisely = (M)Q—dense attributes under any €/3-

()51a

away 2ck-independent flipper over {0, 1}#*". It loads a properhypothesis class {\/V i /\
zi | 0 € {0,1,x}rsnn(2)Y,

zll/zo

Proof. The same with Theorem 7.8’s one but adopting 7.7 for Theorem Algorithm 2’s step cor-
relation retrieval, once Step 2 can have |f,| < k. Setting v := glné (the other parameters are
the same as Theorem 7.8) and applying Theorem 5.11’s recall can provide it on oo K &

Prlhy(X) = 1] Y =1,hy 1 (X) = 0] > (Pr[Y = 1,hy_1(X) = 0] — es — %) /s > 1=

= Small FNE: Prlh,,—1(X) =0,Y = 1] = Pr[Y = 1|Pr[h,,—1(X) =0 | Y = 1]
=PrlYy = 1]1‘[50:’11(1 — Prih,(X)=1]Y =1,h,_1(X) =0]) < Prly =1](1 — @)”0‘1 <e.

7.3 Inverting Planted Fourier Transforms over Z,

The standard Fourier analysis (REVIEW4) is the correlation analysis of degree-k polynomials
under the uniformly distributed polarities (X; mod 2);e,, of w € ((g]). This section will extend
it to smoothed analysis induced by k-wisely independent shifts flipping the polarities.

50Get k = O(log s) and 1/e,1/§ < s°O),
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Definition 7.10 (planted Fourier transforms). Planted (probabilistic) degree-k Fourier trans-
forms over Z, of odd order ¢ > 3 are degree-k polynomial functions f(z), f(z|r) : 2n)¢ — Z,.
It explains a given n-noisy data (X,Y) ~ D by the unknown secret parameters 6 € Zg" and

known coefficients f,, € Zq as follows, where 6; o x; := 0;(|x;/2])(—1)*:

Planted flx Zl |<k:wa 0; o x; such that Pr[Y # f(X)] <n,
Ii)?ggc;gglh}spt%c f(x\R Z‘ \<kwaze OR,i o x; such that V(z,y) € D,Prrly # f(z|R)] <

They are non-degenerate if Yw € (z), fuw € Zy. Fourier (w, a)-coefficient is 0y, (a) := fuo [Licy, Oi(a).

Definition 7.11 ((«, )-inversion). We say that a randomized algorithm A («, 3)-inverts a
(w, a)-coefficient and a parameter 6 of a degree-k planted FT from data (X,Y) ~ D if it can
estimate them within accuracy ( as follows, where §;,; < % (resp. d71y < % when 0 € Z?).

Pr[| Xw/2] = a] > au* <resp. Pr[|X,/2] C a] > auk)
=[A(D,w,a) — b,(a)| < B
Parameter. Py, 4 [A(D) = 0] > 1 — O(9).

muersion

Coefficinet

(a, B)-inversion’ - Prp.a

>1—0(b71).

Algorithm 3 («, §)-inverting Fourier coefficients

Input a dataset D and a query (w,a) € (Z) x [n)k. Let Dyq = {(x,y) € D| |7w/2] = a}
(resp.{(z,y) € D | xy C a} when 6 € {0,1}").

1. Filter D to a sub-data (Xy.q, Yi,a) ~ Dwa- If [Dy.al/|D] < ap®, then return ?.

2:  Compute and output corry(Dy q) = corry(Xy. g, Yuw,ae) == E[Yw,a . ]‘[iEw(—l)X“’va’i].

Algorithm 3 can invert the Fourier coefficient 0,,(a) of a target degree-k planted FT f through
Definition 2.8’s hash functional h,,. It will employ the following three kinds of functionals

hiy(g) = B 5(9) == (h5(9), h5 (g )) indexed by x € {dim,hsh,rem} and the random J # J’
to pick wp (9(2(1)),y(1)), (9((T)), 9(7)) ~ D Let b = E52. et g € {0,119 be a
flipper g(x;(j)) = 2|x;i(j )/2J —i— xl( ) g(lzi(j)/2]). The Fourier (w a)-coefficient inversion

under g consumes My, := 525“1 + 57 " (resp.m! , := T >In 4 +2F In 2 . ) examples.

Small . h339(g) := g(2,e(j)) € [2n)*F and |Qusn| :=|[2n>d-k|=<2n>d-k.

dimension’

it 1heh(g) = f (v mod 2 | /2] = o, e = glawe(3))) € ZI"
and |Qnen| := (2r +1)2

rerizt)z(;;ilirs hrem( ) (f B Zv:vﬂw?ﬁ@ f’” HiEv 0; o xl) (ww mod 2 ‘ wa/% =, Tye = g(ch (])))
and |Qren| := ‘{& | Pr(p5™(G) = ¢] > (5rem}|.

Theorem 7.12 (inverting Fourier coefficients). Suppose m = m.,, (resp.m! ,) < ¢/r, 8 < 1,
2Fry < B36,,,. Algorithm 3 can (a, €8)-invert the (w, a)-coefficient of degree-k planted FT over
Zgq from any n-noisy data Dy, = {(G(x(j)),y(]))};il within range Vj, |y(j)| < r under any
(h%, 0, )-hashed 56;,,/r-away 2k-independent (resp. km-independent) flipper G.

Proof. Follow Theorem 7.5’s correlation-on-data analysis over Z. The large modulus 7|D,, 4|
< |Zg| can calculate Algorithm3’s Step2’s summation ) y(j) [];c, (—1)? 9@:i()) <« ¢ over Z

rather than the ring Z,. Let us first do it in an ideal situation that Prly(J) = f(G(z(J)))] = 1,
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VE, Prih5(G) = €] > 0=Pr[h/j(G) = £] > 0, and the shift G is perfectly 2k-independent.

Small coset: The D, , can identify the truth-table of hE‘Sh € {h?Sh(g)}gj under A%(G) = &.
Since G is (A%, 0 )-hashed 2k-independent, Chebyshev’s inequality of v = % makes the m >

% data in D, , to witness (G(z(j)) mod 2,y(j)) = (b, hgsh(b)) for every b € {0, 1}:
LT PG (5)) = bmod 2 | 1 (Gue) = €] — 5)?

2k
m ; i - :
= LS (PG, (7)) = bmod 2| i (Gue) = €] = 12 = A2 o
e prg [, [Pro [Gaa()) = bmod 2| 5(Gue) = €] = | = [ & £] <25 <06,

el ¥ € 0, 117, Y0  w, IR 0)| < 7 AN = 27450, PO, (1) <

Correlation on data: Fixing h%j(G) = £ induces a substitution @G (zye(J)) to collapse
hBR (G ye) to thh and yield h’gSh(x) = 0uw(a) [[ic (1) + ZUCw’U#w(thh)v [Lic,(—1)* of x €
{0,1}"*. It can invert 0,,(a) via the correlation-on-data analysis under the random flipper G:
E,[corry, (G(z(J)), y(J))]
= Y E[f (G@(D) L, (-1 | 1 (Gue) = 5] : Pr[h”(Gwc> =¢]

= Zng’fzbe{oyl}whl,gSh(b)HiEw(—l) P[RS (Guye) = Zg Pr[RS (Gue) = €] = Oy (a).
The zero-averaged correlatlons corrv( (z(y )) orrw( () — are mutually
perpendicular Eg[cort,, (G (z corrw( (x(5") ) = 5] = 0 on the perfectly 2k-
independence assumption, 1nvert1ng the 0, (a) for variance as well:

g [cott, (G(x(J)), y()))’]

= Yera 2, B [EoTEL (Gr(). y(0) EFEu (Ga(i).u(i) | B 50 (Gue) = €] - Pralhf ;1 (Gue) = ¢
= Y X B[ (corru (Ga(), u() — 0u(@)” | B (Gue) = €] - Pralh (Gue) = €]

= Yo (Y oo i eIy (1)) PrRS (Gue) = €]

Y e Y g FEIPH[AS (Gue) = €] <7228 = 1)/m. (- the small hash.)

Chebyshev’s inequality parameter v = O(ﬁ) and m > ;2 5" guarantees

C‘;Z”eég%on Pr(;[\corrw(G(Xw@))] >\ /r2(2k = 1)y/m > 5] < O(1/7v) = O(07.41).
(av, B)-inversion: The n-noisy label §(j) preserves the above correlation-on-data analysis by
EGJ[ (J) # f( (ac(J))) | W (Gue), G (J))] UBS 567” (. Qk”? < Béru1)
=Vb € {0, 13", Prg s [§(J) # hg™ () | R (Gue), G20 () = ] << (*.- Markov-ineq of v = 57“)

r
=, correration . ‘mw(G(Xw,a) wa)’ <e /3 4 max\?j( )‘ 5/r < 26/5_ ( carremtwn)

under noise on data

Although the actual shift G, may take 0 < Pr[h
(0, d;)-slice bounds its contribution Prhﬁ( )[Pr[ 5

k) = & < 0 for £ € Q,, Lemma2.3’s

3G =
(Gy)] < 55] <Oy - 1Qk| < @ in any three
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0. of k € {dim,hsh,rem}. The local shift G, (x(.J)) may be @—away from the perfect 2k-
independent G(z,(.J)) on the location (w,a), bounding the correlation under G, by Markov’s
inequality parameter v = 0, / €

EHWw(GN(Xw,a): Yw,a) H
3 Bf|corr(Gi(x()), 5()) — corr(G(x(.1)), 5() ] + max §(7)] - Pr[Pr{hj (Gue)] < 6]
N +E[[eort, (G(z(J)), 5())|] | Pria5(Gue) = €] > 6]

< max|j(4)| - B /r + max |§(4)| - 871, /7 +2€'8 (. the correlation under noise)
J J

= (@eB)  PreorT (G(Xuwa), Yua)| = 26867 + 268 = 4¢'8] < 1/7 = O(6,.,).

—1inversion

Inversion under stronger independence: The data size can reduce from m > m;, to m >
m/ , under mk-wisely independent shift G. Theorem 7.12’s k-uniformity and correlation-on-data
are achievable by Chernoff bound (instead of Chebyshev’s inequality for weaker independence):

. 62 m
k-unif . py [Vb, Prs[G(zw(J)) = bmod 2 | Kj(Gye) = &] — 2%\ > i} < 2k . eT 2Rk < O(6.y).

on data’ ok

OOT’/’ i PrG Umw(G(vaa))‘ Z 65} — PrG [‘COI‘I‘/[‘)(G(XU)A,Q))+2T o M’ Z 5/ - ;76]

on data’ 3

B /w)?

< e M < O(6y,) for p = fuld 20

3r O]

Algorithm 4 Inverting planted parameters

Input a dataset D, execute the following 1-4 and output 6 € Zg".
1. Linear case. When k = 1, query (D,i,a) to Algorithm 3 for (o, B)-inverting every 6;(a) of
(i,a) € (d] x [n), and finish. The following steps suppose k > 2.
2: A base location selection. Guess a base location (wqy U ig,ag) € (k(i]l) X [n)wot0 at which
B, (a0)0i, (0,4, ) is invertible. Let wg _; 14 1= (wo\i) s’ for (i,1") € wo x w§ = wo % ((d]\wo).
3: Fourier inverting the base parameters. Fix an arbitrary i1 € wqg. For all i € wyg, query (D, wo, ao)
and (D, wo,—i 44y, ap) to Algorithm 3, and retrieve 6;(ag ;) in the following calculus:
6;(ao,) _ 0i(ao ;) i0 (€0,ig) _ [icuw, Ox(a0x) . HEEWU,—qHﬂU 0(ao,r)
Oi(a0i)  Oig(aoio) Oinla0i)  llaew ;o O(@0k) [.cw 0x(aox)
= 05, (a0,1) = [0y, 0i(004) - H%%
4: Fourier inverting all parameters. Query (D, wq _; +i, a0 L a;) to Algorithm 3 for (a, B)-inversion

of 0, (a;r) = 0i(ao,) - H’fewo,_i,+i/6”((a0 U ai)r)/Tkew,0x(a0,x) until retrieving 6.

0
0

Theorem 7.13 (Theorem 1.5°!). Suppose m.,, (resp.m’,,) < q/r, B < 1, and 2%krn < B6.,,.
In Algorithm 4, suppose that X is k-wisely (1, @)-sparse (or (u, a)-cover when 6 € Zy) at every
location (w, a) queried in steps 3 and 4, and D,, , contains noise at most 7. Then, Algorithm 4 can
g-invert degree-k planted FT over Z, in O(((g) +dn)m) time from any data {(G(z(j)), y(j))};ll

of size m = O(2) (resp.m = O(%)) and range V7, |y(j)| < r under any (h2® 6,qp)-hashed

auk apk

B0;1/r-away 2k-independent (resp. £0;,,/r-away m. ,k-independent) flipper G.

5! Take aim <0(), g> n2+1/2k71, r= q1/2k+1, d:11 = 1/n, n € 1/(nr), and p = 1/n. Lemma2.11 provides a
probabilistic shift G' of cardinality O(q'/?(nr)?).
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Proof. If all («, B)-inversions of Q = {(wo,ao), (Wo,—i,+i,a0), (Wo —i+ir, a0 Uay)} queried in
Steps 3 and 4 succeed, Algorithm4 could identify the correct integer coefficients 6,,(a) due
to B < 1/2, so retrieving the secret parameter 6 € ZZ‘.

(a, B)-inverting Fourier coefficients: Algorithm4’s Step 2 must choose a location (wy, ag)
such that 6y, (ag) is invertible and Pr[| X,,/2| = a] > au*. They may query to Algorithm 3
for |{(a,?) € [n) x (d]}| locations. They can receive sufficiently many examples due to k-wisely
p-sparse (resp. cover) over the given m = O(m;,/(apf)) (resp.m = O(m! ,/(ap”))) data. CB
parameter v = 1 with significance level |{(a,?) € [n) x (d]}| - e 1/2outm o(9) guarantees:

Sufficiently
many examples’

V(w, a)a Mra2 (resp. m;m) < |Dw,a| <2m- O‘:uk < Q/T'
Since 9, < %, Step 4 inverts 6;(a) of V(i,a) € (d] x[n) with significance O(d,,,)-dn = O(9). O

7.4 Inverting Linear Fourier Transforms and Breaking LWE

Theorems 7.12 has demanded a large modulus |D,, | < ¢/r for Fourier inverting 6,,(a) over
Zg from Dy, o C [2n)¢ x Z,. Previously, modulus amplification have brought remarkable break-
throughs in computational complexity theory, e.g., Toda’s PP = @ P [Tod91], Beigel and Tarui’s
ACC C SYMo ANDyjog(r) [BT94], and Williams’s NEXP ¢ ACC [Will4a]. This section will show
that the modulus amplification can solve LWE and even GapSVPO(nz) thanks to the well-known

worst-case to average-case reduction [Ajt96, MRO7, Pei09, Reg09, BLP*13].

Lemma 7.14 (modulus amplification [Yao85, Tod91, BT94]). There is a degree-(2¢ — 1) and
norm-23¢ polynomial ¢y(x) with the leading coefficient (—1)¢*! (2(;__11)) such that

arnbts ¢ (z = 0 mod m=¢y(x) = 0 mod m‘) A (z = 1 mod m=¢y(x) = 1 mod m").

Theorem 7.15 (inverting linear Fourier transform). Let p be an odd prime number coprime
with (2“ 1)) k= (20 —1)v, and |Qren| = p (S0 Oren = 667“) Suppose m; 4, (resp.m’, ;) < pt/r,

B < 1, and 2%%rn/B < 6.,,. Suppose that X is k-wisely (,u, a)-sparse (resp. k-wisely (u, a)-cover
when 6 € Zy) at every location (w,a) queried in Algorithm4, and the sub-data D, , contains

noise at most 7. Then, the linear planted FT over Z, is invertible in O(((g) + dn)m) time from
any data {(G(2(5)),y(4)) }}_; of m = O(mzss/(ap?)) (resp.m = O(m7 ./ (an*))), V3, [y(i)] < 7,
and |y((m])] < v under any (h5™, drenm)-hashed [0, /r-away 2k-independent (resp. (5™, dren)-
hashed (0-,,/r-away (km!.,,)-independent) flipper G.

Proof. The variation assumption |y((m])| < s presents a modulus amplified polynomial

_ _ R y—v
Y =2 eympy 1y =ylmodp, 1y =y _Hyem(m]) Wy

amﬂgﬁ%%é%fm y =uly) == Zyey( VY qbe(Hy ey ((m])— {y}y )modp (.- Lemma7.14)

Algorithm 4 can f-invert from the modulus amplified covariate dataset {G(z(5)),ve(y(4))}72;-
Fixing h%*" (Gye) = Y icype fi0(a;)(=1)CEW) = ¢ ¢ Zp determines the hash function A5 (Gye) =
Yicw fif(a;)(=1)% + ¢ : {0,1}* — Z, and its modulus amplification hge™ (%) == the(h5P™ (Gue)) -
{0,1}* — Z,e. Accordingly, the modulus amplified degree-k Fourier transform hz*"(x) over Z,
makes Theorems 7.12 and 7.13’s proofs valid on the h3*"(Gye)’s sparseness |Qren| = P. O

52



Definition 7.16 (LWE in smoothed analysis). Let ¢ > 3 be an odd number. LWE over
Zg presents a dataset {(g(a:(j)),y(j))};zl about the following linear planted FT disturbed by
arbitrary i.i.d. noises E; € Zq. It asks to invert the hidden vector 6 € Zj with high confidence.

LWE: y(j) = flg(e(7)) = D_ fi- 0 [24(i) /2] - (-1)*=0) 1 ;.

Let 1,, = (1,...,1) be the all-one vector over i € w. Algorithm4 can invert LWE by
choosing ap = 1,, and making ZiewO 92-@0,1-(—1)6'(“04') = ZiEMO +0; concentrate near zero under
the i.i.d. signs of the small secrets 6;. This (a, §)-inversion algorithm queries about Wiy, iq.i; =
{(U)(b 1w0)} U {(wo,—i,-f—i’v 1’11)0,_1-7_‘_2-/)}7;6[”) of wp € ([Z))) /L'O g wo, il € wo, and 7' = Z/(Z) such that
(i € wo=1i = io)/\ (Z ¢ wo=1 = il)/\ (Z € wo U {20}:>91 =+ 0)

Theorem 7.17 (Theorem 1.6°2). Let p be an odd prime coprime with (2“—1)), v=2r-4+1,
2k 2

2k
|Qren| = v, k = (20 — 1)w, ven = (2klog ﬁ)lﬂ, My o= 2 5§§jj’j) + 55t 57 " (resp.m’T17 =

(SWE‘“) In(2 S’ysm)—l-% In 5~ +2%In %) Suppose m-;; (resp.m’,,.) < p'/r, B < 1, and syen < 7.
Suppose that X is k-wisely (i, o)-sparse at every place (w, 1) € Wiy igi,- Then, LWE over Z,

can retrieve small secrets Vi, |0;| < s in O(((i) +n)m) time from any m > m.,; - p/(ap”) data
under any (R5™, dren)-hashed 30.,,/r-away 2k (resp. km’,.) independent flipper G if 5™ (G e ) €
Zy is B6;,,/r-away from the uniform randomness.

Proof. A reduction to Theorems 7.12 and 7.15’s noise-free case n = 0, because the i.i.d. noise
E;j filters the data Dy 1,, to Dg = Dy := {(G(2(5)),y(j)) € Dw, | E =&} of B := h5™(Gye),
over which G is (hLf™, dren)-conditionally 80 ,,/r-away 2k-independent. Suppose the ideal case

discussed in Theorem 7.12. Chernoff (resp. Chebyshev) bound parameter v = ]Z;“é (resp. e B()SQZ;“:)W)

on gg(X) = D e, 0i(—1)" = h3%" — h*™ makes the smallness (resp. k-uniform-on-data) sharper:

Smaliness: Pra[|ge(G(zw(4)))| = svsm| < 2e~ 7"/ NE/2 B4, ]T
Smoothness: (1€] < — svsm:wqg( () +€] < 7)
A (81> 7+ 7= 06 (G(2w(J)) + €] > 7).
k-uniform. Pr[V{ € (1 — $Ysms T + $Ysn), V0 € {0,1}%,

on data *

PEIG@a( ) = bmod 2 | E=¢] - 1| > L2 m P ] <259 - 25 -5 < O(81).

72k 2k (57ygm )2

/
’Y2 Mya7

(Glrw(J) =bmod 2 | E=¢] ~ 1| > lk} < gy e T B < O(6,)

|

by v = ( o ) for km/ . independent flipper ( Myar > 3(;5’5:) and m/,, > 2 >2 ln(2’“s'ysm)).

Let C := {(z,y) € Dw1, | ¥ € Zar+1} be those data having range |y| < r and variation
|Zor+1] = 2r+1 = v. We will discard all data not belonging to C ﬂ(|_|£D5) and apply Theorem 7.12
to C N D=. We call a dataset Dz fully colliding when D= C C.

Inverting fully colliding data: Under the fully colliding D= C C, Theorem 7.13 has shown

Sufficiently V(w, 1y) € Waig iy, Marr < |Dz| < 2m - O[Mk/p < pf/r.

many examples

2Take p > nM, y = %, a =1, max {f,s} < O(1), and max {k, 7} < O(logn) to have 2%"n + 2*r?n <« p*~1.

53



It runs Algorithm 3’s Step 2 over Z rather than Z,. The smallness bounds ]h?s}l — Z| < $%sn.
Also, Theorem 7.12’s small-hash and correlation-on-data hold at (w, 1,,) € Wi ig,i,- Algorithm 3
can uniquely identify 6,,(1,,) of every (w, 1) € Wiy.io,ir- Algorithm4 can invert the hidden 6
from the coefficients 6,,(1,) via Theorem 7.15’s modulus amplification

x)+E—9y'\
amplication’ V(309 +€) = 2 e 5 ¥ (Hy'e{yum—{y}%) = Ge(x) ¢ mod Zy.

Inverting partially-colliding data: The partially-colliding D= ¢ C reduces to the full one by
adding to Theorem 7.12’s correlation accuracy an extra overhead g as follows. It couples two

symmetric partial collisions A%, ({0, 1}") NZgy41 and 2r +1+ hhs};nMH ({0,1}*)NZay41, where

2r+1=(r—4)— (—(r+£+1)) to make h*"({0,1}") fully colliding. The following correlation

analysis justifies it due to the k-uniform on data and smoothness in =, and $ysp < 7 in <:

E[hE"(G(1w)) - T],.,, (DD - RE(G(1y)) € Zopir, ({0, 1}Y) & Zoy11]]
he™(G(1w)) € Zort1,
RER({0,1}Y) & Zoyi1, E = (—1)"(r — )
hENG(1w)) € Zopia,
hE({0,1}") & Zopi1, E= (—1)" ' (r+ £+ 1)_

hESh(G(lw» € ZQT-H’ ]]

1EW

1+

S

3

WMM

m

E[thh(G(lw)) . Hiew(_l)Gi(l) -1 [

£y

—

E[RE™G(1w)) - [T, (- DD - 1 [

PEM({0, 1)) & Zorsr, B = (~1)(r — 1)
(_1)Gi(1)

E[hE(G(1y)) - H’L'Ew(_l)Gi(l) 1 [

1EW

+ B[ (B (G (L) + (-1)° - (2r + 1)) - T,
[ WM (G (1)) € Zopin, ] }
BER({0,13) ¢ Zopi1, B = (=)L (r + £+ 1)
+ E[(—l)*’”“(% +1)- [, (- 1)FO

' REN(G(1w)) € Zopia, |
({0, 1)) & Zor1, E = (—1)" N (r + £+ 1)
= 5 ERENG()) - T, (~DHO - 1RER{0, 1) ¢ Zars1,E= (-1 - 0]] + B,

) 2k . ¢B ) Pr[=e LI o [(=1)"%r — svem, (= 1) + s ] (2r+1)eB 259 ol
”8‘ < ZZ,R 27’ + 1 2 ($7yem )2 Pr[Z € [~r 4 $Yem 7 — Venl] < (8Ysm)2 21 — 28%sn < B

x 1

)
&

x 1

Inverting the actual data: Since the statistical distance between the ideal shift G and the
actual one over Dz is bounded by (34;,,/r, Theorem 7.12’s («, 3)-inversion has demonstrated
|corr,,(D=) — 0,(1,)| < B under the full collision D= C C with significance O(d;,,). The partial
one on the actural hash may add an extra accuracy cost €/ to derive |corr,,(CNDz) — 0, (1y)| K
f3, since the actural one may deviate from the ideal h%" (G, ) by statistical distance O(88;.,/7).

Inverting the almost-zero secret: When the small secret parameter 6 € Z7 is virtually zero
as [{i € (d] | 0; # 0} < k, add 1, to w C {i:0; =0}, and replace each data (x(j),y(j)) with

(1), y(F) + Xiew filzi(j )/QJ( 1)#0)) for inverting 6 + 1, O

Theorem 7.18 (GapSVP to LWE [Pei09, Reg09]). Let n > 1 and ¢ > 2"/2 be integers, and let
0 < a < 1 be such that ag > 2y/n. The worst-case GapSVPO(n/a) is reducible to LWE,, ; .
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Theorem 7.19 (search-to-decision for LWE [MP12]). Let ¢ be a power of 2, and « satisfy
1/q < a < 1/w(y/logn). Then, LWE,, , . reduces to decision LWE,, , o for o/ = a - w(logn).

Theorem 7.20 (LWE to binary LWE [BLP'13]). Let n,q,¢ > 1, m > n’ > 1 be integers,
where ¢ is a power of 2. Let o, 3,6 > 0 and 0 < £, < 1 be n’ > (n+ 1)logq + 2log(1/4),
a > /In2n(1 +1/¢))/7/q, B = (10n'a? + ﬁ(’;; In(2n/(1 + 1/€)))Y/2. As decision problems,

LWE,, ;. 4, is reducible to LWE, ,, , 3 with the binary secret such that any (-advantageous

algorithm of the latter problem produces that of the former one with an advantage %—:n‘s — 42£ —14¢&.

Theorem 7.21 (Theorem 1.7). GapSVP 5,2y is solvable in probabilistic polynomial time.

Proof. Take ¢ = 22, ¢ = p = O(ny/Togn), n' = (n+ 1)n/2 + 2log(1/68), a = 1/w(logn),
o =¢/n,and B = (10n'a’? + fr—z; In(2n/(1+1/€)))"/? < 1. Theorem 7.18 reduces GapSVP 5, /)

to LWE,, 4, Theorem7.19 reduces it to decision-LWE,, ; o/, and Theorem 7.20 to decision-
LWE,, ;, g with the binary secret. So, Theorem 7.17 inverts (search) LWE,, ,, g in poly-time. [J

8 Natural Lower Bounds of Matrix rigidity

This section will establish circuit lower bounds in Theorems 1.8-1.10. They apply Theorem 7.15’s
linear Fourier inversion to learn all sparse vN by vN matrices M having low F-complexity of
arguing circuit classes F in a smoothed analysis. Let G € {0,1}" be any 6, ,,-away 2ko-
independent flipper, & be Definition 2.15s shift, and M(z) := M(®(2))(=1)FPED) | 2 = (z,y).

Definition 8.1 (learning sparse matrices in smoothed analysis). Learning an vN by vN matrix
M of density [M].o/N under a shift (G, ®) asks a learner A to choose rows and columns Z C [N)
and J C (N] to access to M(z,y) of (z,y) € Z x (N]U[N) x J and predicts

ce-learning: Prg [Pryy [A(X,Y | M(Z x (NJU[N) x J)) # M(X,Y)] < c] > 1—0(9).

8.1 Unrestricted Super-Linear Lower Bounds

An F-linear circuit is an n-input n-output circuit computing an F-linear form f = ), fig; at
each gate f feeding the in-coming edges labeled by f; € F from the child gates g;. We call it
reversible [SR11, ZW17] if reversing and relabeling the edges produce a circuit computing the
same linear form at every gate.

Lemma 8.2 (reversibility). Any binary F-linear circuit computing a reversible matrix can trans-
form to a reversible one without changing the size and depth.

Proof. By an induction starting from an output (fan-out 0) node. An obtained reversible circuit
consists of the n lines connecting the n inputs to n outputs having reversible s-input s-output
Fredkin gates of varying s per gate. Every output node is a root node of the uniquely determined
maximum sub-tree having non-leaf nodes of fan-out one and leaf nodes of fan-out greater than
one, excepting at most one leaf node. If the output node o entails a binary tree of size s
computing o = Zie( 5] 0igi from the s leaves computing g;, do the following. Remove this size-s
subtree below o, take an arbitrary g; with o; # 0, and put a new s-input s-output reversible
Fredkin gate of size s computing g; L {gi’}i'e(s}—{i} — ol {gi’}z‘/e(s]—{i}' The g; might be an
input (fan-in 0) node of fan-out one, say x;. There is no more than one leaf node having one
fan-out due to the matrix’s reversibility. This case connects x; — o by a line and proceeds to
an induction step on the remainder (n — 1)-input (n — 1)-output circuit. In the other case, the
induction step takes the n output gates g;LI{0’ | o’ # o} to form an n by n reversible matrix. [
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Definition 8.3 (matrix rigidity). The rigidity rig,,(r) of a matrix M € F"*" is the minimum
number of flipping entries on each row to reduce its rank to r:

Matrixz rigidity: I‘igM (T) = min{max ‘./V’x|¢0 ’ rank(M + N) < T}.
x

Theorem 8.4 (Valiant). Any matrix M € F"*" computable by an F-linear circuit of fanin two,
node-size s, and depth d (a power of 2) must have rigidity V¢ rigM(ﬁ ) < 2% for dy = 27'd.
Further, for d;,, = (1—27%)"d, truncating ds to their tail nodes computing the F-linear forms
forces the circuit to have depth max(dy, d; u)

Proof. Let C = (V,€) be an arbitrary binary circuit of node-depth ¢ : ¥V — [d]. Cut all those
nodes v such that ¥ (u) < 1 (v) of the child nodes u of v differs at the ith bit for the most
significant ¢ € [logd). Take those ¢ bits and fix them to bound the cut edges by at most
r < @s. The truncated circuit has depth at most d;, so every node is reachable from 2% or
fewer input nodes. Any input-output path passing through none of these edges must increase the
accompanying node depths within 27%d bit patterns. As a dual, any input-output path passing
some of these nodes must progress them whthin the remaining (1 — 27%)d patterns. Repeating
it for u times reduces it to (1 — 27)“d of any path through the cut edges. O

Theorem 8.5 (formulas to partial derivatives [BS83]). Any algebraic fanin-2 circuit of size s
and depth d to compute a linear y-degree polynomial f(X1,...,Xm,¥1,---,¥n) = D iy g—)f Y
induces a multi-output parallel algebraic circuit of size 2s and depth 2d computing all partial

. . of n
derivatives (a—yi(x))i:l.
Theorem 8.6 (Theorem 1.8%3). Let N = n? = 2108k2los(N/k) by even integers log k and log N/k.
Let p be an odd prime coprime with (2(5__11))7 (10,0, | Qren|) = (1,3,p), k = 3(20 — 1), a = k!/kF,
B<1,d=0O(logn),d; =d/2!, d, = d(1-27)", r < stu/logd, §;,, = §/r, and n =~ 22d.utde /.
Suppose M, < min(pt, apfn), k < ko ~ 4% pu, and 22%y/B8 < §,,,. Any n by n {~1,0,1}-
matrix M of density y must refute any F)-linear circuit of size s and depth d computing M unless
each row of M is n-learnable from some 4‘1* u of the first 7 rows, and the first m = O(m;1,/(ap*))
columns, in O(((k) + kor)m) time.

Proof. Planted linear FT from matrix rigidity: Theorem 8.4 obliges that the shifted matrix
M(z,y) = M(®(z,y))(—1)FP@) realized by any Fp-linear circuit of size s and depth d must
have rig () < 2%. In addition, a permutation matrix®* A" € {—1,0,1}"*" makes M+ N
reversible. Theorem 8.4 presents an r by n matrix B consisting of the r linear forms computed
by the cut edges. An n by r matrix A calculates the output matrix AB = M + N with noise
Vi, M| 20 < 2% + 1 . Lemma8.2’s reversible circuit connects each output node to at most
20w edges in B. It deduces A71A = 1,4, by Vi, max(|Ay| o, [(A71)%]20) < 2%, (AAHE =
Az(A™1)T = 1,, for any index set ®® T € (’;) of non-degenerate Az, producing (AA~1)2AzB =
M + N with AzB = Mz + N¥ and Vz, |(AA NI, < 4%, Thus, N := N — (AA~INY
with Va, [N < 4% (29 +1) a nn brings out Definition 8.3’s matrix rigidity to invert the hidden
02y = (AA™)L €}, of the following planted FT to invert the zoth row:

PTake k <« ko < O(1 ) ~ Y2k ¢ = <logloglogn, u = (loglogn)2, p > n%* r = O(
ko

n —
(log log n)€/2 )’ § =

2—. Lemma?2.13 provides an explicit O(272dt”fd")-away 2ko-independent flipper

€

n(loglogn)' ¢,

|G| = O((2*% = F logn)? ) Lemma 2.17 gives an explicit DFT-shift |@| = n™).
*Permutation matrics must have (at most) one non-zero entry in every row and column.
551TXT is the r by r identity matrix.
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Matriz rigidity: (AA™)IMz = M+ N. Let T,y = {x € T | ,,(2) # 0} C .

Training dataset: Dy, = {((2#x + %(x’y) |z € Lo, M(LL’, y) # 0),/\;1(560, y))}yej,
where |J| = m and z is the (1 4+ #z)th smallest number in (Z,,].

Planted linear FT: f(x) := Y- 0, (|xi/2])(~1)%.

Inverting linear planted FT: Theorem 7.15 can invert this fy, (x) on |Z,| < 4%, ko =~ p|Z,|,
tnsn ~ p¥, and m < n. Lemma2.17’s DFT-shift makes the i.i.d. m samples J C (n] to have:

Unj, ~
dz:{;;;n VZL‘O S (n], PI’Yej[HIQCO N M};;O| — ;L|Ix0|‘ < ,LL|I$O|] ~ 1

k-cover: V:Uo S (n],VIC € (IZO), |Pry63[(IC, Y) C ./\;1750] - ,ucvr‘ < MUeyr-

Column- - \fzy € (n],Pryeg |2 € Lyy=N(2,Y) =0] > 1 —nu/8 - |Zs,| (- Markov’s ineqof v = 4).

wise error

Chernoff bounds of v = 1. guarantees them with significance n - (;) e /2A-gm 0(%).

G’s Bo;,,-away 2ko-independence implies its (hL™(G),0)-hashed (36;,;,-away 2k-independence.

Theorem 7.15 inverts® the f(x) and predicts M, from the entries over Z,, x (n]U[n) x J. O

8.2 Lower bounds beyond PH

Tarui [BFS86, Tod91, Tar93] presented low-degree probabilistic polynomials to approximate
PH languages with a Boolean guarantee. Razborov [Raz89, Tod91, Wun12] transformed them
into rigid matrices with two-sided error.

Theorem 8.7 (probabilistic polynomials with Boolean guarantee). Let d = 2221 dy, dgs =
2de+h and sg; = []'_, (1+2%)2d%et1 Suppose £ € PHEC[d] has the same type of gates at depths
(dk—1,dyx]. It admits a low-degree linear computation ¥(z, y) € {0, 1}7/2% {0, 1}/2, Pre[l(z,y) #
or(z,y)] = 0 under the random seed R € {0, 1}622:1 2%

i ‘ X
bﬁfﬁﬁﬁ’ﬁjjﬁ dr(x,y) = Zwe(dv;) bwr(1[x € Ly, y € Tu)) by Zu, Ju € {0,112,
and ¢, r € Z with Zwe(d” ) ’¢w,R| < 8g7.

Point-wise error: ¥(x,y), PrrlL(x,y) # ¢r(z,y)] < 1/2°.

Boolean guarantee: V(l‘, y), gbR(SE, y) S {0, 1}#(}53(36, y) = £($, y)

Proof. Replace binary NOR-subtrees of the PH7 [d] computation with Tarui’s probabilistic poly-
nomials [Tar93]. At the sth layer of PH5[d], it uses eZZZl 24« number of the i.i.d.coin flips
Ri js € {0,1} of bias E[R; j,] = 1/27 and transforms a depth-d, NOR-subtree to

I . dr dy dre
Probabilistic polynomial: NORR(gl, e ,92%) = (1 + Z?:lgi)szlnjzl(l - Z?ZlRi,j,ﬁgi)Q-

It satisfies the Boolean guarantee, i.e., NORg(g1,. .., goac) = 1=(1 + Licppan)9i) = 1=Vg; =1
and NORg(g1,--.,994.) = 0=3(1 — Z?iﬁRi,j,ggi) = 0=3g; = 1. This replacement gives a two-
sided error computation. It incurs an error at most 1/2%+¢ for each of the 2¢ NOR gates, owing
no more than 1/29¢.2¢ = 27¢ error in total. It expands into a hierarchy of (2d.e+1)-degree and
(1 4 24x)2dxe+1_norm polynomials at the xth layer, yielding the claimed linear expression. [

56Theorem 7.17’s proof takes care of the almost-zero 6’s case.
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Theorem 8.8 (Theorem1.9°7). Let N = 27 = 2l9gk2loe(N/k) by even integers log(N/k) and
logk. Let p be an odd prime coprime with (2(371)), (ro,v, | Qren|) = (1,3,p), k = 3(2¢ — 1),
o=k B <1, r< (dZ), Sy = 0/r, k < kg &~ ru, and n ~ 5;‘"—20 Suppose m,, K
min(p’, ap*vN), and 22kn/5 < 071 < 8. Any VN by vN {—1,0, 1}-matrix M of density p must
have lower bounds M~1(b) & PHS[d] for some b € {1, -1} unlebb M is n-learnable from M’s r
rows and m = O(pm7 2 columns in O(((¥) + kor)m) time.

Proof. Follow Theorem 8.6’s one. Suppose M~1(b) € PHS[d] for both b = 1, —1. Theorem 8.7’s
probabilistic polynomials ¢y, p approximate M=) e PH;[d] by point-wise noise rate no larger
than 1/2¢0, providing the linear planted FT to make M learnable. Theorem 8.6’s matrix rigidity
argument transforms Theorem 8.7’s linear expression into:

Mt (AAT)T( Mz +Nz) = M+ N by A€ Fy™" and N € Fy™ ¥ on T € (7))

Point-wise. \f(z,y), Pr[N(z,y) # 0] < Prg[3b, dypr(x,y) & {0,1}] < 2/2%.

error

Column- . Pry [V € T, M(z,Y) #0=N(z,Y) =0 | ZmGI\MY (M +N)(z,Y) mod p| > 1_2605

wise 67'7"0’/'

Theorem 8.6 has succeeded in learning M from the first m-columns of (Mz + N7) satisfying
the uniform-density and k-cover under a fixed reminder Eoer M, M+ N)(z,Y) =& € Zp.

Markov’s inequality parameter v = § provides my/p = O(m7 Mzg2 ) data enough to execute it. [

8.3 PH* # PSPACE® or quasi-NP ¢ quasi-NC*

As mentioned in Theorem REVIEW11, Williams’s algorithmic approach [Will3] has established
NEXP ¢ ACC [Willda] and even quasi-NP ¢ ACC [MW19]. This section will further extend it
to prove Theorem 1.10 in virtue of Theorem 7.15’s linear Fourier inversion.

Theorem 8.9 (NP hierarchy [Coo72, SFM78, Zak83] ). There is a unary language £ C {1}*
separating £ € NTIME[t] — Uy {NTIME['] | ¢'(n 4+ 1) = o(t(n))}.

Theorem 8.10 (short PCP [BSV14]). Every t-time verifier algorithm A(x, w) inputting 1™ and
a witness w can induce an (n 4 logt)?M-time computable generator 1 — C< of poly(n + logt)
size circuit with an oracle O,, of n = logt+0O(loglogt) input bits. If Jw, A(1",w) = accept then
30,CQ is unsatisfiable. If Vuw, A(1",w) = reject, then VO,CS has at least (1 — 1) satisfying
assignments. C, is a 3CNF of the n®®) inputs of the O’s answers.

Theorem 8.11 (easy witness lemma [MW19]). There is a universal constant ¢g,, > 0 such that
if NTIME[t¢"] C SIZE[n!], then every language in NTIME[t] must have a witness of SIZE[n®")].

Theorem 8.12. Jeg, Vh,¥¢, Vd < n/eg, P ¢ PH5[d] or NTIME[2¢"] ¢ SIZE[n"] .
Proof. Let N = t = O(2¢%oh/en) n = logt + O(loglogt), r < (2de1;+h)’ w =~ ko/r, and
p° = N9, Suppose NTIME[t®+] C SIZE[n!] and P C PH$[d] for a contradiction.

Witnessing small circuits: Theorem 8.9 presents £ € NTIME[t] — NTIME[ t'=°()], a unary
language separating non-deterministic time hierarchy. Theorem 8.10’s short PCP transfers its

5TTake % = O(1) and d = n°. Lemma2.13 gives an explicit O(1)-away 2ko-independent N-bit flipper of
cardinality O(n?). Lemma 2.17 provides the DFT-shift of cardinality NOW),
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t-time verifier to an n°() non-deterministic time algorithm generating a circuit 1" — COn of size

nOM). Since we have assumed NTIME[t®] C SIZE[n!], the easy-witness lemma (Theorem 8.11)
replaces its oracle O,, with a witness circuit W, of size no(ﬁ), yielding a circuit C¥V» of size n®(1).
Let 1" + M be the 0-1 truth table of =C)V» = 1 — C)V» arranged in a v¥ x v~ {0, 1}-matrix.
If 1™ € L, then all of its entries are one, while if 17 ¢ L, it has at most % fraction of the one
entries. Further, we reduce M’s one-entries to make |My|.o/N = p when |[M|.o/N =1, and
E[|Mz]40/N] < £ when |[M|.o/N < 1, say by drawing the uniform random U ~ [i] and forcing
My =0 if (z,y) # U mod 1/p. Let M(z,y) := My (D(z,y)) - (—1)F@@v),

Learning small circuits: The witness circuit W, is evaluable in deterministic n©M) time.
Our assumption P C PHj[d] gives it a PHj‘[d] protocol. Theorem8.7 presents a linear ex-
pression ¢r(x,y) to approximate W, (®(z,y)). Guess the ¢r(x,y) by log(no(ﬁg)) bits for the
circuit W, and 2n - VN bits for its 2n input rectangles 1z € Z;] and 1[y € J;] of all i € (n]
so that 1z € Zu,y € Jul = [Licwnon/2 I jcwnm/2n 1z € Zillly € Jj]. Since the short
PCP’s C, is a 3CNF, Theorem 8.7’s probabilistic polynomial (i.e., a NOR gate inputting ¢; =
or(x,y(0)dr(x' (1), (1)) or(z"(i),y" (i) transforms M (z,y) to Theorem 8.8’s matrix rigidity
M’ := M + N. It induces Theorem 8.6’s planted FT f(x) that Theorem 7.15 can invert from
the row data M’I under a guessed flipper G. Let 7 € (?) be Theorem 8.8’s matrix-rigidity
index set. Guess a permuter @ to satisfy

uniform density:  Pry [H{m S ./\;l(CC,Y) % 0}| — ,ur{ < ,ur] ~ 1.
k-cover: VI € (%), |Pry[(/C,Y) C M;,go] — ,Ucvr‘ < evr-

Theorem 8.8 has shown it to meet the small column-wise error, too. Let {z € Z | M'(z,y) # 0} C
I(y) C T with |Z(y)| = ko. For every = € [VN) and a € {—1,0, 1},

ecptanee |53, ) B || MEG)0) = a} [ A 00| o
estimation —(1£0(1/2°))PriM(X,Y) # 0]

It is a consequence of Theorem 8.8 to learn M’ via the probabilistic polynomial ¢r(z,y) of a
guess R to incur an error rate |[N|zo/N < 1/2°. It recognizes £ by accepting 1" if the result
is at least 1/2, and rejecting it otherwise. It runs in the following non-deterministic time of the
parameters i’oﬁ% = O(1), r = n€0og°") and t = 2", contradicting £ ¢ NTIME[t!~°()]:

‘U| X (Matriz entries calculation time 4+ Fourier inversion time 4+ Acceptance probability estimation time)

= \11/ull - (VaIZl - Om) + 1] - () + kor) - 222 + 12+ [Z(D) x {=1,0,1}*%] - O(p))

<L (VN e Om) + VW00 - AT N (]:0>3’f0 0(p)) < 170, .

— ko afko/r)k

Theorem 8.13 (Barrington’s theorem [Bar89]). Any depth-d circuit admits a permutation
branching program®® of width five and length 4.

Definition 8.14 (CMD and DCMD??). CMD,,(,41)/2 asks to compute the modulo-two determi-
nant CMD,,;,4.1y/2(M) = det(M) mod 2 of a Boolean connected matrix M, i.e., M(i, j) € {0,1}

58 A permutation branching program of width k and length ¢ is a sequence of branching permutations
{(zi;, £5,95) | fi>9; € Sk, € (n],j € (m]}. An input 2 € {0,1}" guides the branches to select and compose
the ¢ permutations hyo---ohy by h; = f; if Ti; = 1 and h; = g; otherwise.

59CMD: Connected Matrix Determinant. DCMD: Decomposed CMD.
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with @ > j 4+ 2=M(i,j) = 0. DCMD,s(,41)/2(Mi,1 < k < n?) = CMD(3_, M; mod 2) for
connected My. In particular, both CMD and DCMD belong to @ L C @ P C PSPACE".

Theorem 8.15 (CMD is @ L-complete [IK02, CR20]). Any permutation branching program
m(m+1)

C(z1,...,x,) of width k and length ¢ admits a projection mapping p(z) : {0,1}" — {0,1} 2
with m < k!-¢ such that the modulo-two counting of C(x)’s accepting paths equals CMD(p(z)).

Definition 8.16 (approximate sum). We say that a function f admits a Sum, o F circuit if
there are functions C; € F and coefficients o; € R approximate Y, | f(z) — > ,_; 2iCi(z)| < e.
Its weight is the sum of absolute coefficients ), ||

Lemma 8.17 (boosting DCMD by CMD [CR20]). If a non-uniform circuit class F can (1/2+4n)-
approximate DCMD,;3(,,1.1)/2, Sume o F can compute CMD,,;,41)/2 by O((%)Q) circuits in F
with the sum of absolute coefficients O(1/n).

Theorem 8.18 (easy witness lemma for depth [CR20]). If every quasi-NP (resp. NP) language
is (5 + 21%%") (resp. (3+ n—lk))—approximable by circuits of O(log* n) (resp. klogn) depth for some

k > 1, then every unary NTIME[exp(n)] language must have a witness of DEP[n€] (resp. DEP[en])
for any constant € > 0.

Theorem 8.19 (Theorem 1.10). Suppose PH® either computes CMD or approximates DCMD
by advantage %+Wlo(l)). Then DEP[k log n] cannot (%—kn—l,c)—approximate NP forallk > 1, 1i.e.,
some NP language £ cannot have DEP[klogn] circuits C,, of advantage Pry[L(U) = C,(U)] >

% + nik over the uniform random n-bit U.

Proof. Adapt Theorem 8.12’s proof to Theorem 8.11’s easy witness lemma for depth. Suppose
NP admitted (% + n—lk)—approximation by DEP|klogn] circuits. Take Theorem 8.12’s parameters

but € = 0(-357), d = en, d’ = 2(ch + 2)d + 3logn + 2log +n°M and @’ = 2epd’ +h +3 < n.
Witnessing shallow circuits: The easy witness lemma for depth (Theorem 8.18) makes any
exp(n)-time verifier V (1™, y) to compress an N-bit witness y of V(1",y) = 1 to a depth-d cir-
cuit, i.e., y must be a truth table of the circuit. Barrington’s theorem (Theorem 8.13) transfers
it to a permutation branching program of size 4¢ and Theorem 8.15 to CMD,,(1m41)/2(p(7))
by a projection mapping p(x) of m = 5!-4% By assumption, PH[clogn] must commute
CMD,,(p41)/2 or (% + m)—approximate DCMD,3(41)72, ¢ = o(1), so PHjf[clogm] must

contain CMD,;;(;,41)/2 Or (% + -approximate DCMD, 3,1 1)/2. In the latter case, The-

1
exp(nc))
orem 8.17 writes CMD, (5, 11)/2 € Sum, o PH$[clog m] by a linear combination of ()2 exp(n®)
PHcircuits with the weight exp(n¢). Let us derive a contradiction from the latter case since

the former is easier to do it (by avoiding Sum. computation).

Learning shallow circuits: Let V (x,y) have Theorem 8.10’s short PCP’s witness circuit C.
It admits a 3CNF computation, providing an (h+ 3)-layered circuit of fan-in O(n3) AND gate at
the top, fan-in 3 OR gate at the second, fan-in (%)2 exp(n¢) Sum, gate at the third, and fan-in
22¢d AND or OR gates at the remaining h layers. Theorem 8.7 transfers it to a probabilistic
polynomial of degree d” := 2eqd’ + h + 3 for dp43 = log(n?), dpi2 = 2, dpy1 = 2log(2) + nS,
dp = --- = dy = clogm, and d = Y!*3d,. The probabilistic polynomial NOR(g1, ..., gn3)
of the top AND gate may contain an additional error term O(n’cexp(n¢)) = o(1) since each
gi is OR of 3 Sum. gates having an error term e and the weight exp(n¢). Theorem 8.12’s
acceptance probability estimation recognizes {1" | 3y, V/(1*,y) = 1} € NTIME[t]\NTIME[t!~°()]
in NTIME[t'=°(1)] time, a contradiction. O
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9 Natural Lower Bounds for NP ¢ TC! and VP # VNP

In this section, in the worst-case analysis (H,(G) = 0), we translate number-theoretic/algebraic
structures of TC? and VP circuits into data-compressing exact learning algorithms in Lemmas
1.31 and 1.32. These learning algorihtms plug into William’s program in REVIEW11 to estimate
circuit’s acceptance probabilities and yield the circuit lower bounds of Theorems 1.11 and 1.12.

9.1 quasi-NP ¢ quasi-TC"

Let us briefly explain a number-theoretic mechanics to simulate TC? by SYM™ in Lemma 1.31.
It simulates every SYM gate feeding the outcomes g(x) € {0, 1} from the previous layer by a sum
of EXACT gates, and every EXACT gate by a truncated Taylor series via the Chinese remainder
theorem Y, g(x) = a & 32, MOD,, (2, g(w) —a) = 0 & Lo o Wi, (= MOPwZa 0079 (1) —
a; by k = O(1), distinct primes p; < Ina, and distinct base points ¢ = t + O(1). Vandermode
algebra in Lemmas 9.2 and 9.3 makes it a collision-free hash function. It promises the existence
of (at)t, and the modulus lifting of Lemma9.1 turns it into a SYM™ computation.

Lemma 9.1 (modulus lifting [BT94]). For any multi-linear polynomial f € Q[xy,...,x,] of
2norm(f) 4+ 1 < m’, and any integers a; € {0,1} + mZ,

Modulus lifting:  f(a; mod m,--- ,a, mod m) = f(¢e(ai),...,de(an)) mod mt.

Lemma 9.2 (Vandermonde’s kernel [PRO7]). The kernel of a generalized Vandemond matrix
Mip = (ai,)(t/J)e(t]X[n) of distinct numbers ay has dimension n — ¢ and admits a basis spanned

by the cyclic shifts vy, ..., v,—¢ of the following kinds. Let o(i) = Zl§t1<-~~<ti§t g, Aty - - - Qg
Vg = (07 e 707 (_1)tg(t)7 Tty (_1)10(2% Tty _0—(1)7 170 e 70)
k t—k
et

Lemma 9.3 (Vandermonde’s conditional number [DSSS21]). For n € 2% and the n distinct
primitive 2nth root of the unit ¢;, the conditional number || M ||g||M ~!{¢ of the Frobenius norm

M|l := / Tr(M*M) of the cyclic Vamdemond matrix M = (Cz‘])i,je[n) is n.

Definition 9.4 (ACC circuits). Let 2 = p; < pa < --- be the smallest prime numbers. An
SYM,, 4+ gate is t-tuple set f C N'/q to express f = 1[dein(f)g € f], i.e., each input
g of f associates a ¢-tuple number § = (gv)l_; € N'/¢ bounded by Zg Yy < m/q. A
depth-(2h + 1) circuit SYM o ACC, = SYM,p,, .4, © (ANDy, o {MOD|p1],...,MODI[p,,]})2_,
consists of these SYMy, 4,.m, gates at the top, AND gates of fanin k; at each depth 2d, and
MOD gates of modulus pgx,,) € {p1,---,ps,} of some & € Qg = ngl(sd]Adh of Agp, =
HZ’:d(kd’]' In this SYM o ACCy[¢] circuit, the AND gates at depth 2d must take the moduli
AND(MOD[Pg (14 195+ s MOD[Pg(kyn 4y1)]) along with a path A of depths from 2k down to 2d.

Lemma 9.5 (from AC’[SYM] via SYMoACC to SYM™ (Lemma 1.31)). Given increasing positive
integers h KAL< -+ <MK 28n/h and kg, Lgi, Ma, ng, Gae, Sq and tq as follows®.

G(2a+0(d))

A ~
Let kd = O(]-)vmd :Ad y Nd = O(A(leJrl)’ Sd = O(Ad)vtd = O(Ad)apd = H:ilpl ~ Sfida

~ h d+1 h gh—d’ . 9h—d
ka =1 _kadae —t = qar = O(Ag ") bai =>4y & Sqr + i A for A> 5441,

50Tn this subsection, we often write an index ij to mean i, j for convenience, say qq: = qd,t-
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Rd-1 0 ¢
Ugi < Lo, qat = 2ng—1 + t, qar = kq! th to satisfy ng = sqtq - |Q1al, Mg = <nd |;M\|21d\ d>7

~ ~ T d 1! 'Ll 1 / / T
eAdmd—IQ(d—l)ttd—l < Pa, 62Ad+1n2 < (2- E)td, Hd/ dHSd( () (23301 i mz )“d < pfd

Then, SYMj,0---0SYM; circuits having SYM,’s fanin e®¢ transform into SYM.,,. sugmq©(ANDy o
{MODIp1],...,MOD[p,,]})_, circuits, and even SYM*[deg: 22" norm: exp(A2 )] circuits of
A= O(A1). These transformations are deterministic O(logn)-space computation.

Proof. Truncated Talyor analysis transfers any SYMgo- - -oSYM;-circuit f to {( fgt)t € ACCd[g]}5
with f(x) =1 [Zg( fgts (%))t € f] in a recursion from the bottom-to-top layers:

Modularize SYM circuit: f(X) = Zaefl [dein(f)g(x) = a] ( f C N represents f(x) = 1[2 X; € f})

- Z agltl ¢, +CN A§’€Q1(d 1)/\t’ e(tg_1] [Z ZgéleACCd 1€ q(d 1)t/g£/tl( )_ aﬁlt/]
(Zélag/t/)t/ ef z.g/ e €9
(by induction hypothesis for an appropriate f C [pg]'*! taken in Z)
= S NN MODy, (5 oy () — ag) (. Chinese emainer by Vg < )

= 1[Z§(f5t ), € f] for fe(x) = (agw)y and [{(agw)e v | > elagw)y € FH < ma.

Truncated » k i
Tayler:fu(x) := kd—(](j(l: )>(th) of j(x) =3, t/ﬁMODm (X, dd-vederv (x) — agw) < na,
so that fy(x =2 cco., fer(x) of fei(x) == t/7§” e MODy, (Z q(a—1yrGere (%) — agry),

fgt(x) S ACCd[f] of Teryr € N, f (Al(dfl)) = é()‘l(dfl)% and f( ) = f()‘l(dfl)k) over A € Ayq.

We can verify = by induction on d because the Vandermond algebras (Lemmas 9.2 and 9.3)
guarantee = to incur no collision (y;(z)); # (y;(z'));= Do Ui (@) () #2245y (@) f(5) of

Hash - £() = (fuo())e for fi(§) := fu(x) of j := j(x).

function
. - ka [\ 1\k Lyg 1
avtsanition: F00) = S0 (1) G = (2001~ cua),
culi) = (é)/u s Ly [T (L 0. g g and k> )
0 it
Colliding. ;(x) = |{f € F | Y fe(x) € F,j(x) = j}| for a given F of size | F| < e“e+,

where j € [ng4] and ijoyﬂ x) < eldting,

cottvgron” (Wi(@))i # (i (") A3 yi(2) f(5) = 3w’
= By Lemma9.2 of a; =1+ 1/qg, Joj € R,

S ey = ((y(@) - i) (1 - etdm)) € (N"\0") (1 £ )

= [ := a;o(t) has a norm ||(5;);

(”éw))k] has the diagonals v"k € {1, —1} and the norm [|(~25 L’“J ) Yig = v

= Z.‘i ajxj : i [(x—a) Z thl(x/at—l)
= Zj 2oWi(@) —yj( M1 - Etd(]))X] in the polynomial ring Z[x]
1) “2 < 12l = AT, (5 = )i e - 1Dislle - 1) e

((ws(x) = y5(2") - (1 = eea(3)) 2
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for (; = 2™V (i4na/2)/(2na) ity ‘Q/at — 1‘ > \J1+1/a?

1—¢ < ng
(L+e)y/na-etsing = /sI,(1+ 1/af)

, contradicting to e*2d4+1n) < (2 — €)'

The modulus lifting (Lemma9.1) transfers the obtained f(x)(= fi(x)) € ACC,[€] to an
SYM™* circuit f(x) in a top-to-bottom recursion. Write f(x4) for the circuit f considering the
MOD-gates xg4, at depth 2d — 1 as the input variables x4 = (Xg4x)x- S0, X = X, f(x) = Xpi1,
and xg,; € MOD(p,] 0 ACCy_1[¢s] of px = pe(n,) and §x(Ma) = £(A1q) on every path A passing
through x4.. The induction hypothesis gives f(x4) of degree uq and asks to present a f;(xq_1)
of degree ugy_1 via replacing every x4, in the above f ’s construction of

T > ~ 7 k
Taﬁgcggﬁges: Xdr = Zfe]-}thfﬁnt(xd—l) — Q¢ = ZthfrgKtt/Hkilx(d,l),{/ — ag,, K = kkt'.

”{%%gs Induce f(x4) — f(x4_1) by substitution to all Xdﬁ = ¢y, (st_l) over depth 2d—1

so that f(x4) = f(xq-1) modp ~ on norm(f(xq)) < p%. Refine it to fd(i_l) — fai by
substitution Xg,.;) := ¢¢, (X} ) to the all variable of type xg,,;y € MODI[p;]oACCy_1[{,(5)]-

SYM™ degree: Let fqo := f(d+1)sd+17 ug = deg(fi), and ug; := deg(MOD[p;]) = the maximum
number of MOD[p;|-variables x4, (;y occuring in an AND-term of fa0. They increase by
deg(fai) — deg(fyi-1)) < deg(gbedl(ﬁ%l))) gy = (20g; — 1)(pi — Nug; = vg; for i =
1,...,54, 50 that deg(fa) < ¥l_ 555 D vgir of s4i(d) == sg - 1{d' > d] +i-1[d' = d].

SYM* norm: The ratios icrease by #&fﬂl) < norm (¢, (st—zl)))udi < (23Zdim§i—1)udi,

gdz

3 i— —1 20
so that norm(fy;_1)) < h_ dHSd( n (23@1” mb ) < it

Theorem 9.6 ([Wig94]). NL/poly C @ L/poly

Theorem 9.7 (Theorem 1.11). Suppose ACY[SYM] of size 20057 gither computes CMD or
approximates DCMD by advantage % + Then DEP[(logn)k] cannot (% + #)_

1
2(logn)o(1) : QIogkn

approximate NTIME[Z(IOg”)O(l)] for all k£ > 1.

Proof. Follow Theorem 8.19’s proof. Suppose AC) H[SYM] of size 9(logn)?) approximates DCMD

by advantage %+W Let {1}* D £ € NTIME[2"] —NTIME[2” /poly(v)]. Theorem 8.11 has

provided Theorem 8.10’s short PCP a witness circuit C}* of a 3CNF formula C,, and poly(n)-size
circuit W,,. If 1 € L, then the circuit C}» always outputs zero, while if 1¥ ¢ L, it outputs one
but at most 1/n fraction of error. Instead of measuring the acceptance probability of this C)V»
to distinguish these two cases, we will follow Williams’s trick [Will4a] to reduce the input bits
from n to n —n’ ~ n by measuring the induced OR-top circuit the acceptance probability of the
OR-top circuit er{o?l}y,n/ \/:pe{o,l}n’ CVr(x, ) of v = n+n/ = n+nc. The easy witness lemma
for depth (Theorem 8.18) would compress a witness y of exp(n)-time verification V(1",y) = 1
into a depth-d circuit with d = n¢/¢ for constants ¢, ¢, and ¢’. Consequently, Theorem 9.6
reduces \/;BE{O,I}"I CV(x,x) to a DCMD’s approximation. Suppose that quasi-ACY[SYM] of

fan-in 20987 admits the DCMD’S approximation by advantage % S gln)c . Let m = O(4%),
g0 = o(m) and eg ~ . Guess an Sum, o ACY[SYM] circuit (inputting m(m + 2)/2 bits)
of fan-in (m/eg)? at the top Sume gate and depths Ap= --- =A;= 2008(m(m+2)/2))* — 94°n® of

the ACY’s h layers to realize the vxE{O,l}"/ CVv(x, x) circuit. Lemma9.5 transforms it to f €
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SYM*[deg:22"4™ norm: exp(22"4°")] to compute Pr[f/(X) = \/xe{0 1y OV (X, z)] > 1-0.
Williams’s dynamic program [Will4a] can estimate it in a contradictory fast time

Nondeterministic time poly(n) - (2n + on’ . norm(f)) < gv(1—o(1))

for acceptance probability estimation’

9.2 VP # VNP

We take Raz’s elusive function approach to prove Theorem 1.12. It requires set-multilinear
polynomials, so we fix a number g € 2N of order ¢ = (logn)?(°8™) and identify a binary string
& with the g-nary vector z via [q)" 3 z = & € 2". It algebraizes a language £ C [¢)" = {0,1}"

to a set-multilinear polynomial £ := > zelgn L@~ Xi,z;, and F:={L|LeF}

Theorem 9.8 (circuits to formulae [Hya79]). Any size-s circuit computing a degree d polynomial
transforms to a formula of size s°1°89) and depth O(logd).

Definition 9.9 (multi-linear polynomial). A polynomial is set-multilinear over variables A U
- A, if every term (monomial) contains one A; variable. A circuit is set-multilinear if so is
every gate over subsets of {7, -+, X, }.

Lemma 9.10 (multi-linearization). Any algebraic circuit of size s and depth d computing a
set-multilinear polynomial over variables X; LI --- U X, can transfer to a set-multilinear circuit
of size (d+ 2)" - s and depth 2d.

Lemma 9.11 (Theorem1.32). Any sum f = 37, > 21" xiAi(k)p;(k)x; of s < n bilinear
forms over M,;(k) € F with multi-linearity Vi, Vj, Vk,i # j=X;(k)p;(k) # 0 is exactly learnable
from O(s?n) data and O(s?nlog|F|) guess bits in O(s?n) time.

Proof. Without loss of generality, we may assume that given s bilinear forms have disjoint keys
(i.e., specific indices) K = {ig,ji | k € (s], N, (k)pj, (k) # 0}. Otherwise, there exist 25’ (< 2s)
keys K to cover either {i | X\j(k) # 0} C K or {j | pj(k) #0} C K over all k > 5" so that f is
learnable by only s'n queries f(1;, + 1;) and f(1; +1;,) over {iy, ji} € K. Fix all these \;, (k)
and pj, (k) as non-zero values in F, and all \;, (k') and p;, (k') of k" # k as well. The same
argument holds for );, and fi;, induced in Gaussian elimination.

Gaussian elimination (Jacobian matrix triangularization) can force V(k' < k), \;

Nig (K) 4 2 o arr e iy, (K1) = 0 and VE < K, i, (k) = pj,, (k) + D 0o 0w, (K)
taking the inductively induced coefficients ay , and by in F. It makes

(

~

k

)
0b

A quadratic - R s .
polynomial : ()\Z-(k),,uj(k:) ’ i {ip | K <k}, {gw |k < k})kzl — (f(lZ + lj) | ( ) € A)k: 1
mapping

Flig +15) == f(Li, + 1) + 32, aw i f (Liy + 1), F(Li+15) = F(Li+ 1) + 3, bwnf(Li+15,)

an invertible mapping over F2k=12("=k) g5 uniquely identify the all argued A\i(k) and fi(k),

and all \;(k) and p;(k) as well. Additional s(s+ 1)/2 queries to evaluate f(1;, + 1;,,) over all
1 < k' <k < s can determine the unargued coefficients Ai, (k) and pj,, (k), too. O

— o(n)
Theorem 9.12. NP ¢ VSIZE[21ee® nloglogn | or Ve > 0,k > 1, NTIME[exp(n)] ¢ SIZE[n¥].
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Proof. Follow Theorem 9.7’s argument on Theorem 8.12’s way to apply the easy witness lemma
(Theorem 8.11). Suppose NTIME[t®+] C SIZE[y*en/€] for t := 2. Williams’s trick [Will4a)
has reduced the recognition of £ € NTIME[2”]\NTIME[2” /poly(v)] to measuring the acceptance
probability of an OR~top circuit Cpn(x) := Ve f0,13-7 CM (x,w) € NP of x € [q)" by taking 7 =

o(n) o(n)

v. The assumption NP VSIZE[s] of s = 2leg?filogloga = 2log?n presents an algebraic circuit

l1—e
3

Cp =YV of a homogeneous polynomial én(x) = Zxé[q)" Cp(2)x, of the terms x; = [[1 | Xi g,

Learning elusive bilinear decompositions of algebraic circuits: Theorems 9.8 and 9.10
transfer C,, to a set-multilinear formula of size no more significant than (d+2)"s°1°8™) and depth
d = O(log n). Decompose it to a sum of bilinear forms C,, = Zz;l >oweT, 2ye g, Xada (k) Ay (k)xy
of Iy x Ji, = [q)" with balance n/3 <log, |Zy| < 2n/3. There are s’ < ((d + 2)nsOlogn)yd formg
with (d + 2)? < ¢ and s < s90egn)d — 90(") " Lemma9.11 can identify them by querying
for Zzlzl(\l}cl + |Jk|) times to evaluate C, in s - ¢2"/3 . 2v=" . poly(v) < 2v(—cto()) time.
Once getting all coefficients A, (k) and A,(k), one can estimate the acceptance probability in
s g3 [T | Ji| < 8'-q™-q < 2v2/3=<Fo)) time, contradicting to £ ¢ NTIME[2” /poly(v)]. O

Theorem 9.13 (generalized easy witness lemma for depth [CR20]). Given smooth functions®!

¢(n),d(n) and log s(n). Suppose s(s(s(n)%s)e)es < 24EM) and t(n) := exp(ci'j(géfzg;l)) is non-
decreasing. If every NTIME[t(n)] language is (1/2 + 1/s(n))-approimable by circuits of depth

log s(n), then every unary NTIME[exp(n)] language must have a witness of DEP[d(n)].

Theorem 9.14 (Theorem 1.12). Suppose VP either computes CMD or approximates DCMD by
3
Then DEP|[(logn)*] cannot (3 + —5—)-approximate NTIME[Q(bg")k .

210gk n

1 1
advantage 5 + Z0os O -

Proof. The same with Theorem 9.12’s one but taking Theorem 8.19’s way to apply the general-
ized easy witness lemma for depth (Theorem 9.13). Take the same parameters with Theorem 8.18
but d(n) = en/log?(n), £(n) = logkn, and s(n) = 2(1°g”)(17€)k1/5, so t(n) = exp(log® nloglogn).
Apply Theorem 9.13 to the algebraic circuit class C, s = 2% and t = poly(n), yielding W, €
DEP[d(n)] of 15¢v = 7, so Cn € Sum,, o DEP[4%] by Theorem9.14 for Theorem 9.7’s m =
O(49M)), gy = 0(2(10gn)cl

position of the C, in a contradictory fast time. O

) and ey =~ @. Theorem 9.12 has learned the elusive bilinear decom-

Theorem 9.15 (combinatorial design [NW94]). For k = O(m?/logn) and n < 2™ there is
Si,...,8, C [k] with |§;| = m and i # j=|5; NS;j| < logn. Such an m-set family S is
constructible in deterministic poly(n,2*) time and called (m, logn)-combinatorial design.

Theorem 9.16 (hardness to derandomization [KIO4]). Let S be an (m,logn)-combinatorial
design. Let f(x) be an m-variate multi-linear polynomial which an algebraic circuit of size s
cannot compute. Let C(y) be an n-variate circuit of size s’ and degree d. If (s'nmd)® < s then

Cly) =0&C(f(x]81),..., f(x[Sp)) =0.

Theorem 9.17 (derandomizing PIT). Either PIT is solvable in deterministic nP°Y(1°g1087) time,
or € > 0,Vk > 1, NTIME[exp(n)] ¢ SIZE[n¥].

Proof. Theorem9.12’s algebraic circuit hardness derandomizes PIT. Suppose NWE[poly(m)]
o(m)

¢ VSIZE[s] for s = 2103 mloglosm . Let m = log n(loglogn)3+2¢. We have an m-variate f(x) € NP

1A function f(n) is smooth if f(2n) < cf(n) holds for a constant ¢ > 0.
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log n(log log n)€
whose algebraic circuit size must be s = 2% TogtosTosn ). Since (s'nmd)® < s for s’ = poly(n)
and d = n, PIT is solvable in [{0,1}™|- &' - 20(m*/logn) — ((glogn(loglogn)® ™) i by exhausting

the input space = € {0,1}" to evaluate Theorem 9.16’s C(f(:v [S1),..., f(z [SH)). O

10 Discussions and Open Problems

Our effort to understand smoothed complexities of min-entropy below O(logn) has brought
several new insights into machine learning, combinatorial optimization, cryptography, and com-
putational complexity by relying on only the well-established results and methodologies in these
fields. Can we go further from here without fundamentally new mathematical discoveries?

From refutation to approximation: MaxkSAT of O(n*~!) constraints required 27" time
to approximate maxg P(y = fp(z)) under ETH [FLP16]. Meanwhile, we have shown that
promise-MaxkSAT to distinguish between |maxy P(y = fo(x) — maxy P'(y = fg(z))| > € and
P(z,y) = P'(x,y) is possible with only O(n¥/2) constraints in n©®*) time. Is this sample
complexity gap persistent for the other fy in combinatorial optimization, as well as fy(z) =
A, 0ox;? For example, MaxCUT requires the sample complexities (number of edges) Q(n?~¢)
for 0(2"6,)—time approximation ([FLP16]), but only O(n) edges for the O(n)-time distinguish-
ment (Theorem 6.21 of k£ = 2). How about MaxkCSP, DensestkSubgraph, MinBisection, etc.?

PAC learning planted ADNF (in the worst-case): We have shown that the planted kDNF
is PAC learnable from any O(n/*/21) data in n®®*) time. The best possible might be O(n*/?)
data since all sub-linear degree SoS, sub-linear degree PC, and sub-exponential time Res have
demanded Q(n*=9/2) data. Sub-exponential size LP might require Q(n*=9/2) data learning
since it was so for noisy PAC learning [BCR20].

Linear time DNF learning in smoothed analysis: Our correlation analysis has derived
a linear time proper learning of planted monotone DNF with expanding terms. It has safely
detected the correlation Pr[(—1)¢(X)+Y | | X;/2] = a] under an O(log s)-independent flipper G.
Unfortunately, the correlation of a non-monotone variable X; could vanish. Thus, linear time
PAC learning (non-monotone) planted DNF in the smoothed analysis is wide open, even though
PAC learnability of monotone DNF implies that of non-monotone DNF [KLV94].

Inverting planted Fourier transform and LWE: Fortunately, degree-k multi-linear poly-
nomials f(x1,...,%Xa) = X<k [Licw 0([%i/2])(—1)" over Zq have the statistically non-zero
correlation Pr[Y - (—1)2icw X0 | | X, /2] = a] at any |w| = k. Our smoothed analysis has
retrieved the hidden Fourier coefficient [[;c,, 0i(a;) from any data of small max |Y'| with noise
PriY # f(G(X)) | | Xw/2] = a] = 0. It has solved LWE with arbitrary i.i.d. noise in polynomial
time due to the concentration of ) ;. +6; over the randomly flipping signs of the small secrets
Vi, |6;] = O(1). However, it does not apply to non-constant #;, nor a small ¢q. Particularly, LWE
with the random 6; € Z, and LPN with ¢ = 2 are still away from polynomial-time inversion.

Computational complexity lower bounds: We have shown that either PSPACE® ¢ PH
or Vk,quasi-NP ¢ quasi-NC¥ must hold. The latter quasi-NP ¢ quasi-NC* may not extend
immediately to quasi-NP ¢ quasi-NC (so NEXP ¢ PSPACE). For example, Theorem 8.12’s non-
deterministic time analysis allows a sparsity |M|.zo/vN > 2"~ but the hardness magnification
demands a much sparser |M|,o < 2°" for ¢ < 1 [CJW19]. We have established quasi-NP ¢ TC?
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in Boolean circuit complexity. It might be far beyond our reach to demonstrate lower bounds
of explicit problems beyond O(logn)-depth or O(logn)-space, say to prove quasi-NP ¢ NC!
and quasi-NP ¢ L. As for algebraic circuit complexity, we have shown either VP % VNP or
Vk, quasi-NP ¢ NC*. Extending Murray-Williams-Chen-Ren’s easy witness lemmas and replac-
ing the latter quasi-NP ¢ NC* with NP ¢ P/poly might establish VP # VNP.
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