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Abstract

Random walks in expander graphs and their various derandomizations (e.g., replacement/zig-
zag product) are invaluable tools from pseudorandomness. Recently, Ta-Shma used s-wide replace-
ment walks in his breakthrough construction of a binary linear code almost matching the Gilbert-
Varshamov bound (STOC 2017). Ta-Shma’s original analysis was entirely linear algebraic, and
subsequent developments have inherited this viewpoint. In this work, we rederive Ta-Shma’s anal-
ysis from a combinatorial point of view using repeated application of the expander mixing lemma.
We hope that this alternate perspective will yield a better understanding of Ta-Shma’s construction.
As an additional application of our techniques, we give an alternate proof of the expander hitting
set lemma.

1 Introduction

Error correcting codes (ECCs) allow a sender to encode a message so that the receiver can recover the
full message even if several codeword bits are lost or flipped during transmission. ECCs are incredibly
useful, both in theory and in practice [Sha79, STVO1, CJW19] (and many, many more). Formally, a
binary code is a map C : {0,1}* — {0,1}" which sends a message m € {0,1}"* to the codeword
C(m) € {0,1}". Two important parameters of a code are the distance and rate, which are respectively
measures of the code’s quality and efficiency. Rate is the ratio k/n, the number of message bits per
codeword bit while distance refers to the minimum fraction of coordinates (in [n]) on which two distinct
codewords disagree. One of the holy grails in coding theory is to find the best tradeoff between the
distance and rate of a binary code. It is known that codes with optimal distance § = 1/2 must have
exponentially small rate [Plo60]. The Gilbert-Varshamov (GV) bound [Gil52, Var57] states for any
d € (0,1/2), there exists a code (), with blocklength n and distance d with rate 1 — H(J) — 0,(1)
where H(-) is Shannon’s binary entropy function. Unfortunately, this is a probabilistic (or greedy)
construction and we do not know of explicit binary codes matching this bound. For distances J close to
1/2, the GV bound states that there exists a code with distance (1-¢)/2 and rate Q(¢?). On the other hand,
it is known that any code with distance (1-¢)/2 must have rate O (e2-log(1/¢)) [ABN*92]. Constructing
an explict code matching the GV bound even for these distance parameters is a major open problem.
A few years ago, in a breakthrough result, Ta-Shma [TS17] described an explicit construction which
got very close: he constructed a family of codes {C,, },, with rate (s2+°<(1)) and distance (1-¢)/2. The
core of his construction is an amplification procedure which increases the distance of the code using
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certain special types of random walks on expander graphs. Specifically, Ta-Shma encodes a message
m € {0, 1}* as follows.

1. Use a “base code” Cy : {0, 1}F — {0, 1}™ with a good (but not optimal) rate /distance tradeoff, to
encode message m € {0, 1}* into a n-bit codeword Cy(m) which we will equivalently interpret
as function f : [n] — {0, 1}.

2. Identify the coordinate set [n] with the vertices of an expander graph A.!

3. Let W C A" = [n]' be a special subset of the set of all ¢-length walks in A. Define g : W —
{0,1} by g(ay,...,a;) = f(a1) @ --- @ f(as), where @ is the bit XOR. Output g € {0, 1}"1.

The ingenious component in TaShma’s construction is the choice of the subset IW. As we will soon see,
choosing T to be the set of all ¢-length walks in A does not yield an optimal distance /rate tradeoff.
TaShma, instead, uses a derandomized subset of walks, resulting from taking an s-wide replacement
product walk on A. In the ordinary replacement product, another expander B is chosen with |B| =
deg(A) so that given a € A, each b € B corresponds to some ¢’ € N(a). A t-length replacement
product walk in A chooses a random a ~ A and a (¢ — 1)-length walk (by,...,b;_1) in B and outputs
the walk (aq,...,a;) in A where a; = a and a;,4 is the b;-th neighbor of a; for ¢ = 1,...,¢t — 1.
Note the set of replacement product walks in A is a proper subset of the set of all walks. The s-wide
replacement product is a parametrized version of the ordinary replacement product. We explain the
s-wide replacement product in detail in Section 2.

1.1 Our Contribution

In this note, we rederive the analysis of TaShma [TS17] using repeated applications of the Expander
Mixing Lemma. TaShma’s original analysis, as well as subsequent developments, convey a strongly
linear algebraic viewpoint. In this writeup, we take the expander mixing lemma as our starting point
and proceed from there in a combinatorial fashion. Thus, we demonstrate that no linear algebra is
needed for the analysis of Ta-Shma’s code beyond that which is needed to prove the expander mixing
lemma. We would like to be forthcoming and stress that our analysis is completely equivalent to Ta-
Shma’s original analysis. So if you are hoping to read about a new code with improved parameters,
you should read something else. This paper is for those researchers who have had difficulty penetrating
the intuition behind Ta-Shma’s construction. We believe that this alternate perspective will appeal to a
wider audience and make it easier for the scientific community to innovate on Ta-Shma’s breakthrough
work.

Our proof is the same as the original proof insofar as a random walk on a graph can be modelled
both as a random process and as a linear operator. The original analysis takes the linear operator view,
we take the random process view. In theory, the linear operator view is convenient for quantitatively
reason about random walks because it reduces the task to understanding repeated multiplication by a
fixed matrix. However, when analyzing replacement product walks from the linear operator perspective,
the adjacency matrices of the outer and inner expander graphs have to be combined using some kind of
tensor product. The situation is worse for the s—wide replacement product since then one has to keep
track of s different tensor product matrices and the iterated matrix product needs to alternate over these
s matrices. Thus, it seems there are diminishing returns in terms of the simplicity afforded by the linear
operator perspective when the set of all random walks is to be derandomized. By using the random

"'We abuse notation by refering to A both as the graph and the vertex set.



process view, we are able to express the same ideas in a much simpler way. This, in turn, makes it
easier to see what is going on in certain key steps of the argument.

1.2 Techniques: Expander Mixing LLemma and consequences

Notation. Throughout this paper, we refer to graphs by their vertex sets, and use ~ to indicate that
two vertices are connected with an edge. So for example, if A is a graph and a, a’ € A are vertices, we
write a ~ a’ if there is an edge between a and a’. We write RWY, (resp. RW'(a)) for the distribution
which outputs a t—length random walk in A (resp. a t—length random walk in A which begins at a).
Given two distributions D and D', we will write D = D’ to denote that they are same.

In order to get a sense for our technique, let us analyze the distance amplification procedure resulting
from taking a random walk on an expander. Typically expander graphs are defined via the second largest
eigenvalue of the adjacency matrix of the graph; in this paper we will use the following equivalent
definition (similar definitions have been used in other works, e.g., [DK17]).

Definition 1. We say that a graph A is a A—expander if for all f, g : A — R, the following holds:

Eoa [f(a) - g(a')] — pgag

< Aoyoy,

where iy and oy are the expectation and standard deviation of the random variable f(a) (namely,
iy = Eqo[f(a)] and 0% + p3 = Eq | f(a)?], and similarly for g and o).

Now consider the distance amplification framework above instantiated with A being a constant
degree, d—regular A—expander, and WW being the set of all t—length random walks in A. Note that
|W| = n - d"™!, and so the rate of the resulting code is O(d~*). If A is Ramanujan (i.e., an expander
with the best possible relationship between A and d) then A ~ 2/+/d which makes the rate O ((\/2)*).
Regarding the distance, note that for any n—bit string f : [n] — {0, 1}, if the fraction of non-zero coor-
dinates is 1—55, thene = —E,p, [(—1)f (“)} . For this reason, we show that the amplification framework
above decreases bias, where

Bias(f) :=

By [(—1)7] ‘

The claim below shows that when W is the set of all {—length walks in A, a regular Ramanujan
expander graph with expansion ), and when Bias(f) < v/A, then Bias(g) < 1 (4N)"2. It follows that
if the distance of the amplified code is 1%5, then the rate is 9(54 . 8_2t). For any constant a > 0, it is
possible to choose parameters so that e < 872, in which case the rate is Q(g+9).

Claim 1. Let A be a regular A\—expander, f : A — {0,1} a function of bias |E,[(—1)7@]| < VA
For k > 1, define hy, : A — R as

-----

Let ¢j, := ’Ea [hk(a)] ‘ and oy, be such that o} + 3 = E, [hk(a)z}. Then forall k > 1:

(AN o < (JBy [Ir(a)?] < (4X0)F

We will actually prove the following slight generalization of Claim 1, which will be more useful in our
analysis later on. Note Claim 1 is recovered from Claim 2 by letting // be the constant function which
always outputs 1, and noting that &, < v/A and 61 < 1.

e <

DN | —
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Claim 2. Let A be a regular A—expander, [ : A — {0, 1} a function of bias ‘Ea [(—1)7@)] ‘ < VA
and H : A — R any function. Fork > 1, let hy, : A — [0, 1] be defined by

h(@) = Epay .0y om0 [(_1)f(a1)®---€9f(ak) . H(ak)]

~

Let &y, .= ’E [hk } ’ and 6y, such that 67 + é; = E, [hk(a)Q]. Then for k > 2,

e <22 (N8 + A26y); and 6y, < \[Eu[hu(a)?] < 282 (A2 “51).

Proof. The key observation is that for k > 2, hy(a) = (—1)7 - Ey (s [r—1(a’)]. This lets us bound
€k and 0y, in terms of £;_; and J;_; using the expander mixing lemma (Definition 1) as follows:

€ = ‘E [hk ” = |Ea~a [(— 1)f@. ﬁkfl(a/)” < VA1 + Aopa;

62 < 62+ 22 = B, [hn(a)?] = Eq [Ea (o) [ (a )}2] = By o [ 1 (@) - i1 ()]

IN

€t TG4,
where @’ ~ 42 a” indicates that (a’, a”) is a uniform edge in A% (a A>—expander). We have used that

the distribution which draws a ~ A, a’,a” ~ N(a) and outputs (a’, a”) is identical to the uniform edge
distribution on A2. The claim follows by induction. [

1.3 Improving the rate via s-wide replacement product walks

The rate of the above code is roughly £, which is too low. In order for it to have rate ~ 2, we would
have needed ¢, < A* rather than what we got which was £, < A\/? (actually we got something weaker,
we are oversimplifying to clarify the discussion). The recursive formulas which appeared in the proof
were:

- ep < Bias(f) - g1 + Aog_1 < VAer_1 + Aoy_1 (we assumed Bias(f) < V)

- o < €p_1 + Aog_1 (implied by 07 < &7 | + Noi ).

The problem here is the bound o}, < ;1 + A\oj_1, specifically the €;_; term on the right since we are
moving from a k—th level term to a (k — 1)—th level term without gaining a factor of . Plugging this
into the first equation gives 5, < \/ng,l + Aep_a + A\20,_o, where the first two terms are problematic
(we are moving from level k to level £ — 1 and k — 2 but gaining only one factor of v/ and A,
respectively). The first problematic term could be fixed by choosing A such that Bias(f) < \; but the
second problematic term cannot be easily fixed. This phenomenon was observed in [TS17] where the
problem is summarized by saying “one out of every two steps works”.

A natural idea for derandomizing W is to work with a set of replacement (or zig-zag) product walks.
Unfortunately this yields no improvement as the “one out of every two steps works” problem persists.
Ben-Aroya and Ta-Shma [BATS11] solved this problem in a different context by using an expander
graph B on a slightly larger vertex set of size d° for s > 2, and by analyzing the resulting walk s steps
at a time. This is called the s-wide replacement product. Ta-Shma was then able to successfully argue
that “s — 4 out of every s steps work”. When interpreted in our language, this observation translates to
a recursive formula like e, < \*™% - g;,_,, where we move from a k—th level term to a (k — s)—th level
term, while gaining (s — 4) factors of A. Gaining s factors of A\ would have let us solve to the optimal
er < M, obtaining rate of ~ ¢2; gaining (s — 4) factors of ) lets us solve instead to g;, < A\F(1=4/5)
which is almost as good when s is large.



2 Preliminaries

Random Walks on Graphs. Let A be the vertex set of a graph. Given a,a’ € A, we write a ~ a’
if @ and @ are connected by an edge. For a € A, let N(a) C A denote the neighborhood of A, i.e.,
N(a) :=={a’ € A:a ~ d'}. For an integer d > 1, we say that A is d—regular if | N (a)| = d for all
a € A. For an integer k£ > 1, let

RWZ::{(al,...ﬂk)EAk:aiNaiHVz':l,...,k—l}

denote the set of k—length random walks in A. Similarly, for a € A, RW?(a) is the set of k—length

random walks in A which begin at a, so RW% (a) := {(a1,...,a;) € RW’ : a; = a}. We will often
view RW" as a distribution, where (a1, ..., a;) ~ RW" means that a; ~ A is drawn uniformly and
then a; 1 ~ N(a;) isdrawn fori =1,... k — 1.

Expander Graphs. Graph expansion is usually defined as the second largest eigenvalue of the graph’s
adjacency matrix,? i.e.,

R TI ey

where the max is over all nonzero x,y € R/l — {0} which are perpendicular to the all 1s vector 1. Our
Definition 1 can be recovered from (1) for any f, g : A — R by setting z, y € R4l tobe 2, = f(a) — g

and y, = g(a) — .

Cayley Graphs. Given a finite group GG and a subset U C G, the Cayley graph Cayley(G, U) has
vertex set G with g ~ ¢ iff g7'¢’ € U. Note that Cayley(G, U) is |U|—regular; additionally, if U
is closed under inversion, then Cayley(G, U) is undirected. Cayley graphs play a key role in many
explicit constructions of expander graphs. Ta-Shma’s original construction used two Cayley graphs as
explicit expander constructions. The first Cayley graph was over F%, and the second was over PGLy(F,),
the projective general linear group over a large finite field. The use of this second Cayley graph put
restrictions on some of the parameters, which required some care in order to navigate. Subsequently
to Ta-Shma’s original paper, new constructions of expanders based on Cayley graphs have been given.
We will use a new construction, due to Alon [Alo21], instead of the PGLQ(Fq) construction as it will
give us more flexibility.

Theorem 1. We have the following expander constructions from [Alo21] and [AGHP92], respectively.

The Outer Graph: For all integers n,d € N there is an explicit construction of a d—regular

Cayley graph with n - (1 + 0,(1)) vertices and expansion A < \%.

The Inner Graph: For all integers r,{ € N such that { < r /2, there exists an explicit® construc-
tion of an undirected 2% —regular Cayley graph over % which is a (r — 1)2~‘—expander.

’The adjacency matrix of the graph A is M € {0, 1}1AIXI41 where M (a,a’) = 1iffa ~ a'.
3This Cayley graph construction is actually fully explicit, in the sense that given any vertex, the i—th neighbor can be
computed in polylogarithmic time.



The Shifted Neighborhood Distribution. Let B be a Cayley graph on F}**, and let d = 2™. For
any b = (b[1],...,b[s]) € B = [d]*, let shift(b) = (b[2],...,b[s],b[1]) € B be the element obtained
by circularly shifting the coordinates of b. Given b € B, the shifted neighborhood distribution of b,
denoted N (b), draws u ~ U (the generator set of the Cayley graph) and outputs shift(b+ u) (note b+ u
is a random neighbor of b in B). It is clear that the expansion of B is not affected by using the shifted
neighborhood distribution instead of the original neighborhood distribution. Indeed,

= Epon [F(0)-G(0)] — prpg

E B [f(b) : g(b,)} ~ Hikyg b'~N(b)

< Aojog = Aosoy,
b’ ~N(b)

where g = g o shift; clearly (ugz,05) = (114, 04). Let RW’; denote the set of k—length shifted random
walks in B. We prove the following claim about RW];, when £ is small.

Claim 3. For all k < s, the distribution that chooses (b, ..., by) ~ RW]; and outputs the tuple
(b1[1], bo[1], ..., bk[1]) € [d]* is identical to the uniform distribution on [d]*.

Proof. 1t suffices to prove the claim for £ = s, since when k < s, the distribution RW; is identical
to the distribution which draws (bi, ..., b;) ~ RW} and outputs (b, ..., b;). Note that RW}, draws
Uy, ..., us—1 ~ U, by ~ Bandoutputs (by,...,bs) € B, where b; = shift(b;_1+u;_1)fori =2,...,s.
This means that forall i = 1,..., s, bi[1] = bi[i] +>_;_; u;[i — j + 1] (addition over F3"). Unlformlty
of (b1[1],ba1], ..., b:[1]) follows from the uniformity of by = (bi[1], ..., bi[s]) ~ [d]*. O

2.1 The s-wide Replacement Product

Let A and B denote, respectively, the outer and inner graphs promised by Theorem 1. So A is a
d—regular graph on (roughly) n vertices, while B is a Cayley graph over F**, where 2™ = d, so that
vertices of B are identified with s—tuples of elements in [d]: b = (b[1],...,b[s]) € [d]*. Givena € A, a
vertex b € B can be identified with an s—tuple of neighbors of a since | N (a)| = d. Define the rotation
map ¢ : A X B — Avia ¢(a,b) = a’ where @’ is the b[1]—th neighbor of a. Since ¢ only depends on
the first coordinate of b, we write ¢(a, b) where b is shorthand for b[1]. For any k > 1, the k—length
s—wide replacement walk distribution, denoted sRW", ap draws a ~ Aand (by,..., b 1) ~ RW, ,
and outputs (ai,...,a;) € A* where a; = a and a;1, = gzﬁ(ai,l;i) fori = 1,...,k — 1. Since
the graphs A and B will be fixed throughout this paper, we write sSRW* rather than sRWZ’ - Given
a € A, the distribution sSRW”(a) outputs a sample from sRW* conditioned on a; = a. Likewise, given
(a,b) € A x B, sRW¥(a, b) outputs a sample from sRW" conditioned on (a;, b;) = (a,b). The s—wide
replacement walk is shown in Figure 1.

For our graphs A and B (specifically, since A is d—regular and B is a Cayley graph over Fy** = [d]®)
the next fact follows immediately from Claim 3.

Fact 1 (Pseudorandomness). Forall k = 1,2,...,s,5 + 1 and all a € A, sSRW*(a) = RW¥ (a).

Following Ta-Shma’s nomenclature, we will refer to the fact above as the pseudorandomness property.
This property will play a crucial role in our proofs below as it will allow us to transform a short s—wide
walk into a pure random walk on A, thus eliminating the dependency on the graph B.
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Figure 1: Illustration of s-wide random walk on A using a graph B.

Local Invertibility. Since A is undirected, its edge relation is symmetric. This means that whenever
a,’ € Aand b € B are such that @’ = ¢(a, b), there must exist some &' € [d] such that a = ¢(d’, V).
In this case we say that (b, ') are inverses with respect to the A—edge (a,a’). Local invertibility in
our context means that these inverse relations are independent of the A edges. So, specifically, for all b
there exists &' such that (l;, v ) are inverses with respect to all A edges. This means, for example that for
all o € A, if you walk to @’ = ¢(a, b) and then continue to a” = ¢(a’, '), then a” = a. This property is
easy to establish in our situation because A is a Cayley graph.

Practically speaking, what this means for us is that s—wide replacement walks can be “started in the
middle”. For standard random walks, the distribution RW" which outputs (a1, . . . , a;,) is identical to the
distribution which first chooses a; ~ A randomly, and then draws (a;, a;11,...,ax) ~ RWZ_i+1(ai)
and (a;, a;_1,...,a1) ~ RWY(a;), outputting (a1,...,a;). This follows from the regularity of A.
Likewise, because of local invertibility, the s—wide replacement walk distribution sRWH* is identical to
the following “start in the middle” version which draws a; ~ A and b; ~ B, thendraws (b;,...,bx_1) ~
RW’;_Z(bi) and (b;, ..., b;) ~ RW(b;) (in this case the shifted neighborhood distribution needs to shift
the other way), then sets a;11 = ¢(a;, Bj) forj=4i,....,k—1and a;_y = ¢(aj, 13;) forj =1,...,2,
where ZA); is the inverse of ZA)j; finally (ay,...,ax) is output.

3 Main theorem

Theorem 2. For every ¢ > 0 there exists an explicit linear code {Cy}\ that has distance > % — ¢ and
rate = Q%)

Proof. Fix k € N. The construction of Cj, uses the following building blocks.

o The Base Code: Let Cy : {0, 1}* — {0, 1} be an explicit code of bias &y and rate Ry. We use
the construction in [ABN¥92], so that Ry = O(g;°).

e The Outer Graph: Let A be the d4—regular Cayley graph with expansion A4. We use the
construction of Theorem 1, so that Ay < 8/v/d4 and |A| = ng - (14 0,,(1)).



e The Inner Graph: Let B be a dg—regular Cayley graph over [F;, with expansion A\g. We use
the construction of Theorem 1 so that Az = (r — 1) - 27¢ and d = 2% for integers £, € N such
that ¢ < r/2.

The building blocks carry several parameters which we now connect. In order to set up the s—wide
replacement product, define additional parameters s, m € N such that » = ms, and let d4 = 2™, so
B =~ [d]*. It will be important for our analysis to have A4 < \%; in order to arrange this, set m = s
and ¢ = s/5. This gives
8 _ 8 _ _
M < ——==8-27"2= . 272 < (ms —1)2. 272 = \%,

/dA - 9¢/2

where the final inequality holds whenever s > 2. We will also require g < Ap/2 which we ensure by

setting €p = 527_1 -27%/5_ At this point, all parameters so far have been defined in terms of s; we will

specify s later. Note that our setup allows us to use B to take s—wide replacement walks in A. We now
describe the code. Given = € {0, 1}*, Ci.(x) is computed as follows.

* Compute Cy(x) € {0,1}", and define f : A — {0, 1} by setting

f(a) = { Co(w)i, a=1(i)

0, otherwise
where ¢ : [ng] <— A is some fixed embedding.
« Define g : sSRW' — {0, 1} by setting g(aq, - . ., a;) = f(ag)®---® f(ay). Output g € {0, 1}RW",

The rate of Cy, is

Rate, = ) d};(tfl) _ Q(Sfﬁ . 2752) ) dg(tfl).

k
> =
[sSRW'| = |A] |B] di"
To bound the bias of C;, we use the following lemma which is proved in the next section.

Lemma 1 (Bias Reduction of Wide Replacement Product Walks). Let integers s,t € N and graphs
A and B be as above; so in particular A and B are Ay and \g expanders with A, < )\QB. Let
[+ A= {0,1} be any function such that |E, [(=1)7@]| < Xp. Then

77777

Note that the function f : A — {0, 1} defined in the first step of computing Cy(z) satisfies

B [(—1)@]] <2 [Boupu [(-1)%]| < 20 < 2,

and so Lemma 1 ensures that Bias;, < (2)\3)“1‘4/ s), Putting the calculations of Rank; and Biasy
together and using A\p = (s* — 1)/V/dp gives

Rate;, = Q(s‘G (52— 1)72 . g 225 (2>\B)8t/3> . Bias? = Q(s—f’t : (2>\B)8t/5> - Bias,

where the right most equality holds whenever 6log s < 2s/5 (implied by s > 100) and ¢ > s*. Note,
therefore, that for € (0,1/2), Rate), = Q(Biasi”) holds whenever (2)g)!("=47/5=8/5) < s~5 which,
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if n > 24/s is implied by (2Ag)"/? < s7°. Finally, by plugging in Az = (s? — 1) - 27%/°, we see that
this holds whenever ns > 60 log s.

So finally, let us prove the theorem. Suppose that we are given ¢ > 0 and n € (O, 1/ 2), and we
want to construct C;, such that Bias, < ¢ and Rate, = Q(Bia52+’7). We let C;, be the construction
defined above with s chosen large enough so that ns > 60 log s; this ensures Rate, = Q(Bias?") as
noticed above. Finally, let us choose ¢ large enough so that ¢ > s2 and (2\g)"1 /%) < ¢; this ensures

Bias;, < ¢, as desired. U

4 Proof of Lemma 1

In this section we prove the key bias reduction lemma that was the core of Theorem 2. Our proof will
be by induction, just like Claim 2, so we will need to modify the statement of Lemma 1 so it adheres to
an inductive argument.

4.1 Lemma Statement

Let A and B be the graphs from Section 3. Write A instead of \g for the expansion of B and recall
that Ay < A2 Let f : A — {0, 1} be a function such that }]Ea[(—l)f(“)ﬂ < A. For any k& > 0, define
g : A X B — Rby

9r(a,0) = E(y 0 )msRWE(a,h) [(—l)f(ao)@-~~eaf(ak)] )
Lete, = ’]Ea’b [gx(a,b)] ’ and let oy, be such that o7 + 7 = E,,[gx(a, b)?]. We prove the following.
Lemma 2 (Implies Lemma 1). Assume the above setup. For all k > 0
< (NP9, 5, < (2)B-DO-4/5),

As mentioned, we prove Lemma 2 by induction. The following two claims combine to easily prove
Lemma 2; we will prove them in Sections 4.3 and 4.4.

Claim 4 (Base Case.). Assume the above setup. Forall k =0,1,... s:

Ek S . (2>\)k+1; O S 2- (2)\)]671

N | —

Claim 5 (Induction Step.). Assume the above setup. For all k > s:
er < 5(2N)%(ep—s + 30%—s);
. 0']3 < %(2)\)5_2(€k_2 + >\Uk—1)(5k—s + (2 + )\)O'k_s) + )\SO'k_SO'k_l + )\20',%_1

Proof of Lemma 2. Claim 4 clearly establishes the base cases since 1 - (2A)FF1 < (2X)1=4/%) and
2 (201 < (20)(+=2(=4/5) For the first part of the induction step, we have

ern < = (20)° - (Erms + 301_s) < = - (2N)° - [(2 A)E=9)(1=4/5) | g, (9))(k-s=2)(1=4/5)

DO | —

1
2
= 8T [(20)F019) 43 (20) (D0~ 4/5} < 2N2(4N2 4+ 3) - (20)F11/9) < (2))R(A=4/5),



The bound 2)\?(4\? + 3) < 1 holds because A < 1/3. The second part of the induction step is similar:

1
op < 3 (20572 - (g_g + )\O'k_l)(Ek_s + 2+ )\)ak_s) + X001 + N2op
< %_(2/\)2. [(2/\)@_2)(1_4/3) X A(Q)\)(k—3)(1—4/s)] ) [(2/\)k(1—4/s) T2+ )\)(2>\)(k—2)(1—4/s)] .
+ /\5(2)\)(k—s—2)(1—4/s)(2/\)(k—3)(1—4/s) +)\2(2/\)2(k—3)(1—4/s)

2)\2(2>\)(2k—2)(1—4/8)+2)\3(2>\)(2k73)(174/s)+(4)\2_'_2)\3)(2)\)(%74)(1—4/3)+
+ (4)\3+2)\4)<2)\)(2k—5)(1—4/5)+24—5)\4<2)\)(2k—5)(1—4/8)+)\2<2)\)(2k—6)(1—4/s)
<

1
[2A2 + 2)\3 + (4)\2 + 2)\3) + (2)\2 + )\3) + 2373)\3 + Z:| . (2)\)(2]’674)(174/8) < (2)\)(2]674)(174/8)’
where the last bound has used 8\? + 63 < 3/4 which holds because \ < 1/4. O

4.2 Key Intuition

In this section we zoom in on some of the key steps in the coming proofs in order to give extra expla-
nations and intuitions.

s—wide Replacement Product Walks in A. Recall that a random s—wide replacement product walk
in A (i.e., a random sample from sRW*) is produced as follows:

1. choose base points (a,b) ~ A x B;

2. generate (b, ..., b) € B* as follows:

(1) setbhy = b;
(7i) fori > 2, draw b; ~ N(b;_1) and set b; = shift(b;), where shift cycles the coordinates of an
element of B ~ [d]*, so shift (b;[1], ..., bi[s]) = (b;[2], ..., bi[s], b;[1]).

3. generate and output (ay, . .., a;) € A¥ as follows:

(1) setag = a;
(i1) fori > 1,seta; = ¢(a;_1,b;) where b; = b;[1] € [d] denotes the first coordinate of b; € [d]°,
and where ¢ is the rotation map of A.

Pseudorandomness. As mentioned in Section 2, when k < s the distributions sRW* and RW™
are identical. That is, a random k—step s—wide replacement product walk in A is just a random
(k 4+ 1)—step random walk in A. The following is an example of how this concept manifests itself in
the next section. Let e,(a) = Ey[gx(a,b)].

..........

whenever k£ < s, where hy is the function defined and analyzed in Claim 1.



The Ignore First Step Trick. This refers to a key step in the proof that for all £ > 1,
o < Eqlep1(a)?] + Nop_y. 3)

This bound is useful as it reduces the task of bounding o7 to the task of bounding E,, [5k_1 (a)z] , which
will turn out to be much easier. The proof of (3) requires other ideas as well. Recall from the previous
paragraph the definition of ;,(a); additionally let o4 (a) be such that oy, (a)? + e5,(a)? = By [gx(a, b)?].

UZ < UZ + 6% = Ea,b [gk(% 5)2} = Ea,b [Ewa(b) [91:—1(@/, b/)f] =K 4oa , [gk—l(aa b) : gk—l(@; b/)}

b pob
< E, [ek,l(a)z} + \°E, [Uk,l(a)ﬂ <E, [Ek,l(a)Q] + Xo? .
The second equation on the first line holds because gi(a,b) = (—=1)7@ - Eyy@) [gr-1(a’, V)], where
a = ¢(a, E), the first inequality on the second line follows from the expander mixing lemma (Def-
inition 1) on B? (a A\*—expander); the final inequality has used E, [04_1(a)?] < o7_, which holds
because
Eq[ok-1(a)® + ex-1(a)’] = Eop[gr-1(a,b)’] = oh_y + €11,

and e | < E, [5k_1(a)2} (Jensen’s inequality). The ignore first step trick is the reasoning behind the
final equation on the first line. The observation is that the distribution which draws (a,b) ~ A x B
and b/, 1" ~ N(b) and outputs (o', ¥, b") where a’ = ¢(a, ) is identical to the distribution which draws
a’ ~ A and a random edge V' ~g2 0" in B% and outputs (a’, V', b"). See Figure 2 for intuition.

k length walk k — 1 length walk

Figure 2: “Ignore first step” trick.

Starting the Replacement Walk in the Middle. A useful feature of random walks on an undirected
d—regular graph is that the steps can be generated out of order. Specifically, the vertices in a k—step
random walk can be generated by choosing a; ~ A first for any ¢ € [k] and then drawing two walks
(a5, Gig1, - - ar) ~ RWET N (a)), (a5, ai-1, . .., a1) ~ RWY (a;) and outputting (a1, . . ., az). Replace-
ment product walks also have this feature, though correctly formulating it requires precision. We will
use that the following distribution is identical to sSRW* for any i € {0,1..., k — 1}:

1. a; ~ A and arandom edge b; ~ b;;1 in B; set b; 11 = shift(b;11);
2. generate (b, ..., b) € B” as follows:
(i) forj > i+ 2,draw b; ~ N(b;_1) and set b; = shift(b,);
(ii) for j <i—1,draw b; ~ N(b;;1) and set b; = shift ™" (b;);
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3. generate and output (ag, . .., a;) € A**1 as follows:

(i) fori > i+ 1, set a; = ¢(a,_1,b;) where b; = b;[1] € [d] denotes the first coordinate of
b; € [d]*, and where ¢ is the rotation map of A;

(i) forj <i—1,seta; = ¢ '(aj1,b;) where ¢~ '(a,b) = ¢(a,b') where V' is the local inverse
of b.

An example of how this is used is the first step of the bound for €, when k& > s:

e = ‘E(ao ..... ak)~sRWE [(—1)““3)'(—1)““0)@"'@““5)-(—1)f(a5)@w®f(ak)H

IEaswA |:<_1)f(as) : ?5(a87 bs) ' gk—s(asu bs+1)i| "

where 7,(a,b) indicates that the repalcement walk is drawn in the “backwards” fashion according
to Steps 2(ii) and 3(ii) above. Equivalently, g,(a,b) is the expectation of (—1)/(@0)®~&f(as) gyer
(ag, . ..,as) ~ sSRW? conditioned on (as, bs) = (a,b).

b, b, byt b, b, b, by by
r‘\ : o/—\o o .0’\ .O/\Q .0
a k A
(k + 1) length walk (s + 1) length walk (k — s + 1)-length walk

Figure 3: Starting the Replacement Walk in the Middle.

4.3 Bounding the ¢, Terms
In this section we bound the ¢, terms in Claims 4 and 5, thereby proving half of each claim. We bound

the o}, terms in the next section.

The Base Case. This follows directly from the pseudorandomness property, and the analysis already
done in Section 1.2 (Claim 1). Specifically, when £ < s, we have

where ¢;(a) = hyy1(a) by pseudorandomness (hy1 is the function defined in Claim 1).

- (20)FF L,

l\DI»—t

& = Eq [ht1(a)] ‘

The Induction Step. Fix £ > s. We have

Ek =

By [ (1705, (a,b): g,H(a,b')Hg

Eoos [(_1)f(a) -2s5(a) .5k_5(a)] ' + \osOk_s,
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where the equality holds by starting the replacement walk in the middle, and the inequality is the
expander mixing lemma (Definition 1) on B. We are using the shorthand z,(a) for E; [g,(a, b)], and we
have used Cauchy-Schwarz to bound the standard deviation terms, just as we did in the computation in
the “ignore first step trick” paragraph in Section 4.2. Specifically,

B, [54(a) - 04_s(0)] < VE[7:(0)?]y/Balor+(a)?] < 5y0k_s = 7305 s.

By pseudorandomness, (—1)f(@ .2,(a) = (—=1)7@ . h 1 (a) = Eo/mN(a) [hs(a’)] = Eyn(a) [58_1(a’)],
and so we get the desired bound on ¢, via the expander mixing lemma on A, as follows:

e <

ana’ [5s—l(a) : gk—s(a,)} ‘ + )‘Uso-k—s S €s-1€k—s T /\QUs—lo-k—s + Aasak—s
1

<
-2

(2)\)8(8k,3 + 30']675).

4.4 Bounding the o, Terms

The Base Case. We have already noted that when 1 < k < s, €;_1(a) = hi(a) by pseudorandom-
ness. Thus, E, [e4_1(a)?] = Eq[h(a)?] < (2X)%*72, by Claim 1. It follows from the first step trick
that o2 < (20)%72 + X\2¢2_,, which implies oy, < (21)F~1 + Aoy_;. Iterating this bound gives

op K A2 2R b 24 1) <20 (20
The Induction Step. Fix k£ > s. As mentioned in the “ignore first step trick” paragraph in Sec-

tion 4.2, 0} < E,[e4_1(a)?] + A207_, holds and so it suffices to bound E, [¢;_1(a)?]. By starting the
replacement walk in the middle, we get

Ea [gk—l(a)2] - ]EasflwA [(_1>f(a571) : gk—s(as—b bs) : G(as—la bs—l)] )

bs—1~bs

where G : A x B — Ris defined by G(a, b) := E(q,.. a,_,) [(—1)7(@-)&®/a0) . o1, (q4)], where the
expectation is over (aq, . . ., as_1) drawn as follows:

- setby_; = b;for 1 <i < s —2,draw b; ~ N(b;;1) and then set b; = shift ™' (b;);
cseta,_; =a;for0<i<s—2seta; = qﬁ‘l(aiﬂ,l;i“).

The expander mixing lemma (Definition 1) on B gives
Ea[ee1(0)?] < By | (-1) - 2 4(a) - (@) | + Ao,

where p = E,.,[G(a,b)], pela) == Ey[G(a,b)] and og is such that 0% + p2 = E,[G(a,b)?].
By pseudorandomness, 11 (a) = E(a,....a0— 1 )~RWS, (a) [(—1)f(“0)@'”@f(a3*1) '€k_1(as_1)] = ﬁs(a), where

defined in Claim 2, instantiated with H(a) = ;1 (a). We have (—1)7@ - ig(a) = Epon(a) [ﬁs_l(a’)] ,
and so by the expander mixing lemma on A and Claim 2 we have

]Ea [gkfl(a)ﬂ Earva’ [51673(@) : Itbsfl(a/)} + AakfsUG

<
S Ek—s * 28_3()\5_2 : él + )\8_1(}1) + )\20'k_5 . 28_3(>\S_3€A1 + )\8_261) + )\O'k_sa'g,
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where &, and &, are the notations from Claim 2. In our case, £§; = E, [(—1)f(a) . 5k_1(a)} = €p_9,
and 61 = VEE (@07~ 8 < VEulgp (@b =8 = \Job_ +eb —h, < opr. We

have used Jensen’s inequality and that €;,_5 > ¢;_;. Using these values and remembering the bound
op < Eqlep-1(a)?] + No7_, gives

07 < (2N 2 (epo + A1) (Ehes + A\Op_s) + Aop_s0q + Nop_ ;. %)

This is almost the required bound except we still need to simplify 0. For this purpose, let us add a
parameter to our notation for GG, writing G5 instead of G, since it is an expectation over a length (s—1)
“backwards” replacement walk. For r < s — 1, let p1, := E, [Gr(a, b)] let p.(a) = E, [Gr(a, b)]
and 7, such that 72 + p? = E,;[G,(a,b)?]. We need to boundr,_;. By the ignore first step trick and
expander mixing lemma on B2,

721 <Eap|Gsoi(a,b)?] =Eqea /[GS_Q(a, b) - Gy _o(a, b’)} < Eo[ps—2(a)’] + X725,

B b~ p2b

We have already seen that j;_o(a) = izs_l(a), and so by Claim 2 and our computation of £; and 7,
above, 72 | < (2027 %(g_o+Aop_1)?+ 272, which implies 7,_; < (20)* 3 (e_o+Aop_1) +ATs_o.
Iterating this bound (and using 7y < 0_1) gives

Teod SN 3 epo+ Ao 1) (27242 - )+ XN <20 (2N P (epg + Aog1) + A og g

Plugging this into (4) gives the desired bound:

1

0']% < 5(2)\)8_2(61.3_2 + )\O'k_l)(ék_s + (2 + )\)Uk—s) + NOp_s0p_1 + /\20,%_1.

S Expander Hitting Set Lemma

Just for fun, we include a new proof of the classical expander hitting set lemma.

Lemma 3. Let A be a \—expander, and let S C A be a set of size |S| = p|A|. Then for all t > 1,

.....

Proof. Let 1g: A — {0, 1} be the indicator function of S. For k > 1, define g, : A — R by

gk(@) :Pr(al 77777 a/k)NRWk(a) |:CL7; € SVZ: 1,,]{:]

Let e), := E, [gr(a)] and o be so o} + €7 = [, [gx(a)?]. Our proof is by induction on ¢; it is clear that
the lemma holds in the base case. For k > 2, note that g;(a) = 1g(a) - Eoona) [gk,l(a’)] holds, and
SO

o +er =E, [gk(@ﬂ = Ea,a;,f*wN(a) [HS(G) “gr-1(d’) 'gk—l(a/')] = E2k-1-
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We have used that 15(a)* = 1g(a) holds for all a € A, and that choosing a ~ A and then two (k — 1)
length walks starting at a is identical to simply choosing a random walk of length (2k — 1). Now, fix
t>2andk,? > 1suchthatt = k + (. We have

ge = By, anrwWt []15(@1) _ ]ls(at)} =E, o [gk(a) . gg(a’)} < eper + Aopoy

-----

< \/Ez + )\0’2 . \/5% + )\0’% = \/(1 — )\)52 + )\Egk_l . \/(1 — )\)5? + )\525_1

where the last inequality on the first line is the expander mixing lemma on A and the first inequality on
the second line is Cauchy-Schwarz. Note that if 2k — 1 < ¢ then we can use induction to bound the
terms on the right hand side:

2k—2 2k—1

(1=Nei +Aeopa <p-(p+ A1 —=p)" - [(1=Np+A] =p- (p+A1—-p))

Therefore, if ¢ is even, we can set k = ¢ = ¢/2 to obtain g, < p - (p + A1 — p))til, as desired. This
does not fully work if ¢ is odd since if we set k = [t/2] and ¢ = [t/2], then 2k — 1 = ¢ and so we
cannot use induction to bound e5;,_;. However, we can bound ¢, €/, €941 by induction; this gives

< (=N (p+ A1 = )" 4 0e) - (plo+ M1 =p)* ) =242+ B,

where A =22 (p+ A(1 - p))t_2 and B = (1—X\)p*(p+ A1 — p))2t_3. Collecting the terms in this
way allows us to proceed by completing the square. We get ¢, < A + v/ A% + B and we complete the

proof by showing that A ++v/ A% + B = ,0(,0 +A(1— p))til. For this last calculation, set the shorthand
¢ :=p+ A(1— p). We have

2
A+VA2+B=p-d72. B+ )\Z+p(1—/\)<1>} =p-dh

where the final equation holds because ® = \/2 + 1/A2/4 + p(1 — \)®, which is verified by a simple
calculation. n

Acknowledgement

The authors would like to thank Prahladh Harsha and Aparna Shankar for many helpful discussions.

References

[ABN'92] Noga Alon, Jehoshua Bruck, Joseph Naor, Moni Naor, and Ron M Roth. Construction of
asymptotically good low-rate error-correcting codes through pseudo-random graphs. IEEE
Transactions on information theory, 38(2):509-516, 1992.

[AGHP92] Noga Alon, Oded Goldreich, Johan Hastad, and René Peralta. Simple construction of
almost k-wise independent random variables. Random Struct. Algorithms, 3(3):289-304,
1992.

[Alo21]  Noga Alon. Explicit expanders of every degree and size. Combinatorica, pages 1-17,
2021.

14



[BATS11] Avraham Ben-Aroya and Amnon Ta-Shma. A combinatorial construction of almost-

[CIW19]

[DK17]

[Gil52]

[Plo60]

[Sha79]

[STVO1]

[TS17]

[Var57]

ramanujan graphs using the zig-zag product. SIAM Journal on Computing, 40(2):267-290,
2011.

Lijie Chen, Ce Jin, and R Ryan Williams. Hardness magnification for all sparse np lan-
guages. In 2019 IEEE 60th Annual Symposium on Foundations of Computer Science
(FOCS), pages 1240-1255. IEEE, 2019.

Irit Dinur and Tali Kaufman. High dimensional expanders imply agreement expanders. In
2017 IEEE 58th Annual Symposium on Foundations of Computer Science (FOCS), pages
974-985. IEEE, 2017.

E. N. Gilbert. A comparison of signalling alphabets. The Bell System Technical Journal,
31(3):504-522, 1952.

Morris Plotkin. Binary codes with specified minimum distance. IRE Transactions on
Information Theory, 6(4):445-450, 1960.

Adi Shamir. How to share a secret. Communications of the ACM, 22(11):612-613, 1979.

Madhu Sudan, Luca Trevisan, and Salil Vadhan. Pseudorandom generators without the xor
lemma. Journal of Computer and System Sciences, 62(2):236-266, 2001.

Amnon Ta-Shma. Explicit, almost optimal, epsilon-balanced codes. In Proceedings of the
49th Annual ACM SIGACT Symposium on Theory of Computing, pages 238-251, 2017.

R. R. Varshamov. Estimate of the number of signals in error correcting codes. Docklady
Akad. Nauk, S.S.S.R., 117:739-741, 1957.

ECCC ISSN 1433-8092
1 5 https://eccc.weizmann.ac.il




