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Abstract

We analyze the sketching approximability of constraint satisfaction problems on Boolean do-
mains, where the constraints are balanced linear threshold functions applied to literals. In partic-
ular, we explore the approximability of monarchy-like functions where the value of the function
is determined by a weighted combination of the vote of the first variable (the president) and
the sum of the votes of all remaining variables. The pure version of this function is when the
president can only be overruled by when all remaining variables agree. For every k > 5, we
show that CSPs where the underlying predicate is a pure monarchy function on k variables
have no non-trivial sketching approximation algorithm in o(y/n) space. We also show infinitely
many weaker monarchy functions for which CSPs using such constraints are non-trivially ap-
proximable by O(log(n)) space sketching algorithms. Moreover, we give the first example of
sketching approximable asymmetric Boolean CSPs. Our results work within the framework of
Chou, Golovnev, Sudan, and Velusamy (FOCS 2021) that characterizes the sketching approx-
imability of all CSPs. Their framework can be applied naturally to get a computer-aided analysis
of the approximability of any specific constraint satisfaction problem. The novelty of our work
is in using their work to get an analysis that applies to infinitely many problems simultaneously.
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1 Introduction

In this paper we consider the sketching complexity of solving constraint satisfaction problems
(CSPs) approximately where the constraints are given by linear threshold functions over a collection
of Boolean literals. We introduce these terms below.

CSPs: Given a Boolean function f : {—1,1}* — {0,1}, the Boolean CSP associated with f,
denoted Max-CSP(f) is the following optimization problem. Given m constraints C1,...,C,, on n
Boolean variables X7, ..., X,,, where each constraint applies f to a sequence of k distinct literals
from the set {Xy,..., X, —X1,...,—X,}, find the maximum fraction of constraints that can be
satisfied by an assignment to the n variables. For an instance ¥ of Max-CSP(f) we use valy to
denote this maximum value. We are interested in approximating valy and this task is known to
be equivalent to solving a gapped decision version of Max-CSP(f). For 0 < f < v < 1 we define
the (v, 5)-gapped version of Max-CSP(f), abbreviated to (v, 3)-Max-CSP(f), to be the following
promise decision problem: Given an instance ¥ satisfying valy > v or valy < 8 decide which one
of the two conditions holds.

Sketching algorithms: The class of algorithms we consider (and rule out) are randomized
sketching algorithms. Inputs to these algorithms arrive as a stream of elements, in our case a
stream of constraints. We consider algorithms that use some bounded amount of space, denoted
s(n), to process the stream and maintain a sketch of their output. When the stream ends the
algorithm outputs it verdict based on the current sketch. A key restriction of a sketching algorithm
is that its sketch should satisfy the following composability property. Given two streams o and 7
and a fixing of the randomness, the sketch of their concatenation S(o o 7) should be determined by
their sketches S(o) and S(7) alone.! Most existing algorithms for streaming CSPs are sketching
algorithms. We say a sketching algorithm solves a (gapped) decision problem if on every input its
answer is correct with probability at least 2/3.

Approximability and approximation resistance: For a € [0, 1], we say an algorithm is an
a-approximation algorithm for Max-CSP(f) if the following holds: on every input instance ¥, the
algorithm outputs v such that a - valy < v < valy with probability at least 2/3. Note that the
existence of an a-approximation algorithm is equivalent to the existence of an algorithm for solving
(7, B)-Max-CSP(f) for every 7,3 € [0,1] with 8 < a - 7.

For a function f : {—1,1}* — {0,1}, define p(f) = 2% - |{x € {~1,1}*|f(x) = 1}|. For every f
and every instance ¥ of Max-CSP(f), a random assignment satisfies p(f) fraction of the constraints
in expectation and so every ¥ satisfies valy > p(f). Thus the (1, p(f))-Max-CSP(f) problem is
trivially solvable by the algorithm that always outputs valy > 1 (since the set {¥|valy < p(f)} is
empty). We say Max-CSP(f) is sketching approximable within space s(n) if there is an € > 0 and a
sketching algorithm using at most s(n) space that solves (1 —¢, p(f) +¢)-Max-CSP(f). We say that
Max-CSP(f) is approximation resistant to space s(n) if for every ¢ > 0, every sketching algorithm
for (1, p(f) + €)-Max-CSP(f) requires Q(s(n)) space.

'In contrast, a general streaming algorithm maintains a state S(o o 7) that may depend on S(o) and all of 7.



1.1 Motivation and related work

There has been an increasing interest in studying the approximability of CSPs in the stream-
ing setting [KK15, KKS15, KKSV17, GVV17, GT19, KK19, CGV20, CGSV21, CGSV22, SSV21,
BHP*22, CGS™22]. In particular, recently Chou, Golovnev, Sudan, and Velusamy [CGSV21,
CGSV22] gave a dichotomy result for sketching approximability of all finite CSPs. Specifically,
they proved the following theorem.

Theorem 1.1 ([CGSV22]). For every k, every predicate f : {—1,1}* — {0,1} and every 0 < 3 <
v < 1 one of the following holds: (1) (v, B)-Max-CSP(f) is solvable by an O(log(n))-space sketching
algorithm, or (2) for every e > 0, (v — &, + €)-Max-CSP(f) is not solvable by any o(\/n)-space
sketching algorithm. Furthermore there is a decidable procedure that determines, given F, v and
B, which of the two conditions hold.

We note that a followup paper by the same authors [CGSV21] extends the result to a more
general setting: Specifically they allow non-Boolean variables, allow a set of predicates rather than
a single function; and allow the predicates to be applied to variables rather than literals. While
their result is more general all results in this paper work in the more restricted setting of [CGSV22]
and so we will describe our results in their language (which can be somewhat simpler for problems
that are expressible in their setting).

While the results of [CGSV22] imply a dichotomy, to explicitly get the optimal sketching approx-
imation ratio for a given predicate f, they need to solve an optimization problem which in general
needs computer-aided analysis. In order to get more explicit results one needs to restrict the fami-
lies of functions considered, and even then it is unclear if there can be a closed-form expression. In
the only example we are aware of, Boyland, Hwang, Prasad, Singer, and Velusamy [BHP 22| gave
closed-form expressions for the optimal sketching approximation ratio of some symmetric Boolean
CSPs. This still leaves the question of exploring the sketching approximability of other subfami-
lies of CSPs and extracting some qualitative results yielding necessary or sufficient conditions for
non-trivial approximability.

1.2 Main results

In this paper we study sketching approximability of CSPs on linear threshold functions. Below we
define the classes of linear threshold functions and balanced linear threshold functions.

Definition 1.2 (Linear threshold function). A linear threshold function, or LTF, is a Boolean
function f:{—1,1}* — {0,1} of the form

k
f(z) = sign (Z wix; + 9) ,

=1

where wy, ..., wg,0 € R. The function sign(z) has value 1 if z > 0 and 0 if z < 0; wq,...,wi are
called the weights of f and 0 is the threshold.

Definition 1.3 (Balanced linear threshold function). A balanced linear threshold function, or bal-
anced LTF, is an LTF with threshold 0 and the additional restriction that for every x € {—1,1}*,
we have Zle wiz; # 0. Specifically, a balanced LTF f satisfies f(—x) =1— f(x) for every z.



Note that for a balanced LTF f, p(f) = 1/2, and the goal of approximability is to beat this
factor. Balanced LTFs form a technically important class of functions to study visavis CSP ap-
proximability. For instance Potechin [Pot19] studies them in the polynomial time regime giving a
(somewhat complex) approximation-resistant function in this class. In the sketching setting, inter-
est in this class of functions comes from [CGSV22, Theorem 1.3] which shows that if a function f
supports one-wise independence (i.e., f~! supports a distribution on {—1,1}* that is uniform on
each of the k marginals) then Max-CSP(f) is approximation resistant to o(y/n) space streaming
algorithms. Balanced LTFs are the most basic class of functions that do not support one-wise
independence and hence are not covered by this theorem. Studying this class thus offers the pos-
sibility of finding new classes of CSPs that are approximation resistant to o(y/n)-space streaming
algorithms.

Our first result shows that every balanced LTF on up to 4 variables is sketching approximable.
(So to search for new approximation resistant functions we need to look at functions on more
variables!) We note that there are only finitely many such LTFs, but already this theorem gives
the first example of an asymmetric Boolean CSP which is approximable by sketching algorithms.?

Theorem 1.4. For every balanced LTF f on k < 4 wvariables, Max-CSP(f) is sketching approx-
imable in O(log(n)) space.

Our next result shows that there do exist balanced LTFs functions on 5 or more variables that
are sketching approximation resistant. The specific family of functions we show this for are the
“Monarchy” functions. For k& € N, MONy : {—1,1}* — {0,1} is given by MONg(x1,...,73) =
sign ((k — 2)x1 + x2 + - - - + x). It may be easily verified that MONy, is a balanced LTF. We have
the following theorem.

Theorem 1.5. For every k > 5, Max-CSP(MONy,) is sketching approximation resistant to space
o(yv/n).

Thus we get the first examples of functions that do not support one-wise independence that are
approximation resistant to space o(y/n) sketching algorithms. In fact, the theorem gives infinitely
many such examples. We suspect that the Balanced LTF constructed in [Pot19] should also be
approximation-resistant but so far we don’t have a proof. The monarchy functions, by virtue of
the simplicity allow a simpler analytic proof, though admittedly even in this case we do not have
great intuition for the proof and do not know how to extend it to other classes of functions.

Finally we also give an infinite subclass of balanced LTF's that are approximable using O(log(n))
space. The functions we consider here are what we call “weak monarchy” functions.®> For
j <k €N, let WMONg; : {—1,1}* — {0,1} be the function given by WMONy_;(z1,...,xx) =
sign (j - x1 + o2+ - - + ). It may be easily verified that when j + & is even, then WMON, ; is a
balanced LTF. We have

Theorem 1.6. For all integers j > 2 and k > 753 such that k + j is even, Max-CSP(WMONj ;) is
sketching approzimable in O(log(n)) space. In particular, for every j, there exist infinitely many k
such that Max-CSP(WMON, ;) is sketching approzimable.

The results above give the first examples of asymmetric Boolean CSPs for which Max-CSP(f)
is sketching approximable. Again we get an infinite family of such functions.

*Note that Max-DICUT (shown to be sketching approximable in [CGV20, CGSV21]) is not considered a Boolean
CSP in [CGSV22] since the Max-DICUT constraints are applied on variables and not on literals.
3Such functions are also sometimes called presidential type predicates [HP20].



Comparison to the polynomial time regime. Hast [Has05] proves that (a generalization of)
Theorem 5.1 holds in the polynomial time regime (thus, implying an analogue of Theorem 1.6
in the polynomial time regime). Austrin, Benabbas, and Magen [ABM10] prove that MONj is
approximable in polynomial time, which is in sharp contrast to the result of Theorem 1.5 in the
sketching setting. Huang and Potechin [HP20] show that almost all WMON predicates are approx-
imable in polynomial time. Finally, Potechin [Pot19] gives a balanced LTF which is (conditionally)
approximation resistant in the polynomial time regime.

Organization of the paper. We start with giving formal definitions and stating relevant previ-
ous results in Section 2. The three main theorems are proved in Section 3, Section 4, and Section 5,
respectively.

2 Preliminaries

We use N, R, and R>¢ to denote the sets of all natural, real, and non-negative real numbers,
respectively. We use [n] to denote the set {1,...,n}. We write vector variables in boldface, e.g., x,
and we use x; to denote their ith entry. For two vectors of the same length x,y € RF, x @y € R*
denotes the entry-wise product of x and y. For p € [0, 1], Bern(p) denotes the Bernoulli distribution
taking value 1 with probability p, and value —1 with probability 1 — p. We adopt the convention
that (}}) =0 for k <0 or k > n. By (}) we denote the sum Zf:o (.

2.1 Sketching approximability and approximation resistance

For a function f: {—1,1}* — {0,1}, let p(f) = 27% - [{a € {~1,1}*|f(a) = 1}| denote the
probability that a uniformly random assignment of the variables satisfies f.
Definition 2.1 (Sketching approximation resistance). For a function f: {—1,1}* — {0,1}, we
say that f is sketching approximation resistant to space s(n) if for every € > 0, every sketching
algorithm for (1, p(f) + €)-Max-CSP(f) requires 2(y/n) space.
Definition 2.2 (Sketching approximability). For a function f: {—1,1}* — {0,1}, we say that f
is sketching approximable in space s(n) if there exist € > 0 and a sketching algorithm that solves
(1 —&,p(f) 4+ €)-Max-CSP(f) using space s(n).

At first glance, it seems that if f is not sketching approximation resistant then it’s not necessarily
sketching approximable. Nonetheless, [CGSV22] proved that every f is either approximable or
approximation resistant.*

2.2 Characterization of approximability from [CGSV22]

In this work, we focus on CSPs that use a single function f applied to literals. Thus, we will
use the machinery from [CGSV22] instead of the more general (and more notationally-heavy)
version in [CGSV21]. For a distribution D € A({—1,1}*), by u(D) we denote its marginals, i.e.,
[,L(D) = (ul, e Mk) where p; = EbND[bi] for all 7 € [/C]

4Concretely, as the sets K¥, K~ are closed (see Lemma 2.4), an algorithm for (1, p(f) +¢&)-Max-CSP(f) implies an
algorithm for (1 —¢’, p(f) +¢&)-Max-CSP(f) for some ¢’ > 0, which in turn implies that Max-CSP(f) is approximable.



Definition 2.3 ([CGSV22, Definitions 2.1 and 2.2]). For~, 8 € R, we define the sets of distributions
S}// and Sév as

Sy =SY (N ={Dr €A=L | E /()] 2}

and

SY=SY(D—{DyeA(-LUY | E  E [f(boa)<Aavpe 1),
b~Dy a~Bern(p)*

and the sets of marginals of these distributions
KY = KY (f) = { n(Dy) | Dy € S}
and
K = KJ(f) ={ m(Dn) | Dy € 55}
We will use the following properties of the sets K%f and K éV .

Lemma 2.4 ([CGSV22, Lemma 2.4]). For every v, € [0,1] the sets Kév and Ké/ are bounded,
closed and convex.

With these definitions, we are ready to present the approximability criteria from [CGSV22].°

Theorem 2.5 ([CGSV22, Corollary 1.2]). For every k € N and every function f : {—1,1}F —
{0,1}, ifK%/(f)ﬂKé\(ff)(f) = (), then f is sketching approzimable within space O(log(n)), if KI (f)N

Kl])\(ff)(f) # 0, then f is sketching approximation resistant to space o(y/n).

2.3 (Weak) Monarchy functions
Definition 2.6. A monarchy predicate on k > 2 variables MONj,: {—1,1}* — {0,1} is defined as

k
MON(x1,...,xx) = sign ((k‘ —2)x1 + ZQTZ) .
1=2

Here x1 is commonly referred to as the president and the rest of x;s are called citizens.

Definition 2.7 (Weak monarchy functions). A weak monarchy predicate of order j on k > 2
variables WMON, ;: {—1,1}* — {0,1} is defined as

k
WMON;CJ(xl, NP ,:Ek) = sign <] - T+ Z$1> .

i=2
Similar to ordinary monarchy functions, x1 is commonly referred to as the president and the rest
of x;s are called citizens.

It is straightforward to see that MONy is a balanced LTF for every & > 2 and WMON ; is a
balanced LTF whenever k + j is even.

®Strictly speaking the statement in Corollary 1.2 in [CGSV22] is somewhat different, but their proof of Corollary 1.2
asserts this explicitly.



2.4 Fourier analysis of Boolean functions

We will need the following basic notions from Fourier analysis over the Boolean hypercube (see, for
instance, [0’D14]).

Definition 2.8 (Characteristic functions). For every S C [k] such that |S| > 1, the characteristic
function xs : {~1,1}* — {=1,1} is defined as xs(z) = [[;cg@i- The characteristic function
corresponding to the empty set is defined as the constant function xg(xz) =1 for all x € {—1, 1}F.

Definition 2.9 (Fourier expansions). The Fourier expansion of a Boolean function f : {—1,1}F —
{0,1} is given by
F=>Y F(9) xs,
SC[k]

where f(S) = E, unit{—1,13%[f(2) - xs(z)] and Unif({-1, 1}¥) denotes the uniform distribution on
{—1,1}F.

Definition 2.10 (Chow parameters). The Chow parameters of a Boolean function f: {—1,1}F —
ﬂ) 1} are the degree-0 Fourier coefficient and the k degree-1 Fourier coefficients of f, i.e.,

FO), F({1}), -, F({kD).
Proposition 2.11. For every Boolean function f: {—1,1}¥ — {0,1},
1. p(f) = J(0),
2. for every S C [k], |f(S)| < f(0), and
3. for every x € {—1,1}%, —f(0) -k <0, F({i}) -2 < F(0) - k

Proof. The first statement of the proposition follows directly from the definition of p(f): p(f) =
Equnif{—1,13% [f ()] = f(0). For the second statement, observe that for all S C [k],

1F(9)] = [Epumit(1.1y4) [ (@) - xs(2)]|
< Emenlf{ 1,1}%) [1f(z) - xs()]
= Epunifq—1,13%) [ (2)]
= 1 ().

It immediately follows that for all z € {—1,1}¥,

k
> F{i) -
i=1

(
(

k
| <3 IFEEY) @l < F0) - k.
i=1

3 Approximability of Balanced LTFs on 4 variables

In this section, we show that all balanced LTFs on at most 4 variables are sketching approximable
in O(log(n)) space. We start by proving that Max-CSP(MONy) is approximable.



3.1 Approximability of MON,
Recall that by Theorem 2.5, it suffices to show that K7 (MON,) ﬁKi%(MONZL) = (. For k > 2, the

inputs w3, ...,z are symmetric, and we will only consider distributions D € A({—1,1}*) where
all vectors having the same sum of coordinates and the same value in the first coordinate have
the same probability masses. Concretely, for x,y € {—1,1}*, if z; = y; and > Ti =YV, then
D(x) = D(y). Such a distribution D is uniquely specified by a pair of vectors u = (uo, ..., ux_1),v =
(vo, .-+, vk—1) € RE with >, u; +v; = 1, where for 0 <i <k — 1,

u; = Pr{z; =1 and exactly i of the rest of a;s are 1},

v; = Pr{z; = —1 and exactly i of the rest of z;s are 1} .

Note that when ), u; +v; = 1, u, v define a distribution D with marginals u(D) = (1,4, ..., 1)
where

k—1 k—1

= 3 — ) and = S0~ 1) ) (31)

i=0 i=0
Next we show that for MON functions, restricting our attention to this class of distributions
is without loss of generality.
Definition 3.2. For v, € R and k > 2,

I?}y/(MONk) = { (Ml,ﬂl> | (Mh,u/? o 'a:u/) S K}y/(MONk’)}
and K3 (MONy) = { (pa, 1) | (pa, 4/, .. 1) € KE (MON)}.

Lemma 3.3. Forv,5 € R and k > 2,
KY(MONy) N K (MONy) = 0 if and only if K¥ (MONy) N K5 (MONy) =0 .

Proof. First, if (ug, p',...,p') € I?y(MONk)ﬁI?éV(MONk), then by Definition 3.2, (u1, 1/, ..., 1) €

For the other direction. Assume that there is a vector p = (p1, o, ..., uk) € K}Y/(MON;C) N
K év (MONy). Consider two distribution Dy € S}Y/ and Dy € Sév yielding the vector p = pu(Dy) =
p(Dy). Given that the variables xo,- -,z are symmetric, any distribution that is yielded by
permuting xg,---, 2, in Dy (or Dy) is also in S}y/ (or Sév) Note that the marginals of these

distributions are also permutations of p. By Lemma 2.4, Kf and K év are convex, so they also
contain the averages of these vectors: (ui,p/,...,p') € KX(I\/ION;C) N Kév(MONk) for p' = (p2 +
...+ )/ (k — 1). Finally, by Definition 3.2, (1, 1) € K (MONy) N K5 (MONy). O

Next, we characterize the set IN(%/(MON;C).
Lemma 3.4. For every k > 2, KY (MONy) = {(u1, 1) € [-1,1]2: pua(k — 2) + 4/ (k — 1) > 1}.

Proof. For pq,u' € [—1,1] satisfying u1(k — 2) + p/(k — 1) > 1, consider the distribution Dy given

by u; = %(_12_)”,),1%—1 = (k_l)ué?k(ﬁ;)Q)ul_l’vk_l = (1—p)/2, and u; = 0 for i € {1,k — 1}




and v; = 0 for j # k — 1. Note that uj,v_1 > 0 from pi,p € [-1,1], and ug_1 > 0 from
ui(k —2) + py/(k—1) > 1. Tt is also easy to check that u; + ug_1 + vg_1 = 1 which implies
that Dy is a distribution, and that it is supported on the preimages of 1 under MONg. Therefore
(u1, 1) € KY (MON).

For the other direction, a distribution Dy supported on the preimages of 1 under MON, satisfies
up + ...+ up_1 +vg_1 = 1. Then, from (3.1),

k—1 k—1
pa(k—2) +p'(k—1) = (k—2)> (ui—vi) + Y (20 — k+ 1) (u; +v;)
1=0 =0

k—1
= Z(QZ — 1)ui + V1
=1

k-1
> Zui+vk—1 =1,
i—1

where the second equality uses that ug = 0 and v; = 0 for j < k — 1. This concludes the proof of
the lemma. O

Now we show that for the MON, function, k1 and K{\;Q are disjoint, and, thus, MONy is
approximable in O(log(n)) space.

Lemma 3.5. Max-CSP(MON,) is sketching approzimable in O(log(n)) space.

Proof. Note that Lemma 3.4 gives that I?f/(MONZ;) = {(p1, ') € [-1,1]%: 2u3 +3p/ > 1}. We show
that Kl and K1/2 are disjoint, and then Lemma 3.3 and Theorem 2.5 imply that Max-CSP(MONy)

is sketching approximable in space O(log(n)). Next, we prove that no distribution D € SIZ\;Q has

marginals that lie in K 1.
We start by characterizing K 1/2 (for general MONy,). Take a distribution D € A({—1,1}*). In

order for D to lie within S1 /20 the following needs to be satisfied:

B E [f(boa)<pVp. (3.6)
b~Dx a~Bern(p)k

Let the function hp(p) denote the probability of an assignment from D that has undergone bit
flips with respect to Bern(p)¥ to satisfy the monarchy predicate with the probability of 3 = 1/2 or
less. With this definition, D € Slj\;Q if and only if hp(p) < % for all 0 < p < 1. Note that negating
all variables x; flips the output of the monarchy predicate. Therefore, the negation of a “true”
assignment is “false” and vice versa. This gives that hp(p) =1 — hp(1 —p) for all 0 < p <1 which

implies that D € 5'1/2 if and only if for all 0 <p <1

1
h =—.
p(p) 9
We now write down the coefficients of the polynomial Ap(p) in terms of u; and v; describing
the distribution (as used earlier in this section).



If one draws an assignment from D where £; = 1 and exactly 7 of the rest of the variables are 1,
the probability of the resulting assignment satisfying the monarchy predicate after the Bernoulli
flipping is

p(L =1 =p)p" ) + (1= p)*"p .
Similarly, if 21 = —1 and exactly ¢ of the rest of the variables are 1, the probability of the resulting
assignment satisfying the monarchy predicate after the Bernoulli flipping is

(1—p) (1= (1 =p)p" 1)+ (1= p)itoiptt

This gives that

k—1
ho(p) = ) ui [p(l—(l—p)"pk‘1 Z)+(1—p)’“‘ipi]
+ > (1= p)(1 = (1= p) P 4 (1= p) (3.7)
=0

To prove this lemma, we form the polynomial hAp(p) for £ = 4 and show that no set of u;s
and v;s satisfy both hp(p) = % and 2y + 34/ > 1 (where, by (3.1), ug = Z?:o(“i — v;) and

=300 (% = 1)(ui +vi).)

+uy [p(1 = (1= p)p®) + (1 — p)°p]

+u [p(1 — (1 —p)°p) + (1 — p)*p”]

+uz [p(1 = (1= p)*) + (1 - p)p’]

+vo [(1 = p)(1 = p®) + (1 — p)°p]

+o1 [(1—p)(1 = (1= p)p*) + (1 — p)*p°]
+ug [(1=p)(1 = (1 —p)*p) + (1 —p)p’]
+o3 [(1=p)(1 = (1 - p)*) +p']

= ug+ v+ v1+ v
+p - (—3ug + 2uy + ug — v1 — 2v9 + 3v3)
+p2 - (6ug — 3ug + 3us — 3vg + vy — 6v3)
+p3 - (—dug + 2uy — 2uz + 2vy — 2v + 4v3)

Every distribution (whose marginals are) in IN({\;Q(I\/IONLQ must satisfy the following system

of equations and inequalities, where (3.8)-(3.11) are equivalent to hp(p) = 3, and (3.12)-(3.14)
guarantee that u;s and v;s describe a distribution.

1
ug+vg+v1+v2 ==

. (3.8)
—3ug +2up +uy —v; —2v3 +3v3 =0 (3.9)
6ug — 3u1 + 3us — 3vg + 3vg — 6v3 =0 (3.10)
— 4dup + 2uy — 2uz + 2v9 — 2ve + 4vg =0 (3.11)



NE

(ui + UZ') =1 (3.12)
=0

u; >0, V0<:<3 3.13)

v; >0, V0<:<3 14)

Summing up (3.9) multiplied by 3, (3.11) multiplied by —13/6, and (3.12) multiplied by 2/3,
we have that

2/3 =wup/3 + Tu1 /3 + 11ug/3 + bug — 11vg/3 — Tv1 /3 — va + v3
> —ug + u1 + 3ug + dbug — dvg — vy — v2 + v3
=2u1 + 34,

where the last equality uses (3.1). By Lemma 3.4, [?Y(MON4) = {(u1, ') € [-1,1]%: 2u1+3p" > 1},
1/2(|\/|ON4) satisfies 2p1 + 3y’ < 2/3. This

implies that I?%/(MONZL) N I?{\/[Q(I\/IONAQ = (), and finishes the proof. O

and from the above inequality every vector (ui,pu’) € K

3.2 Balanced LTFs on 4 variables

In this section, we prove Theorem 1.4.

Theorem 1.4. For every balanced LTF f on k < 4 wvariables, Max-CSP(f) is sketching approz-
imable in O(log(n)) space.

We remark that there are non-balanced LTFs on fewer than four variables that are approxima-
tion resistant. For example, if f(z1,z2) = 1 OR 22, then Max-CSP(f) is approximation resistant
to space o(n) even in the larger class of streaming algorithms (see, e.g., Corollary 4.2 in [CGV20]).

Proof of Theorem 1.J. After relabeling and negating some of the variables of f, we can assume that
flx1, 29, 3, 14) = sign(wy 1 +wors+wsxs+wyexy), where wy > we > wg > wy > 0 (if f depends on
1 < 4 variables, then we set w; 1 = ... = wg4 = 0). Since f is balanced, ;w1 +&awe+E3ws+Eqwy # O
for all & € {—1,1}. Now consider the following three cases.

o If w) > wo+ w3+ wy, then f = sign(z;) is a dictator function, so Max-CSP(f) can be trivially
(1 — ¢)-approximated in O(log(n)/e?) space by an /1-sketch algorithm [Ind00, KNW10].

o If wo + w3z —wy < wy < we + w3 + wy, then f = MONy is a monarchy function on k = 4
variables. Indeed, in this case only the sum of the votes of the three last variables overrules the
vote of the first variable. By Lemma 3.5, Max-CSP(f) is sketching approximable in O(log(n))
space.

o If wi < wy + w3 — wy, then f = MAJ(x1,x2,x3) is the majority function on 3 variables.
Indeed, the sum of any two weights of the first three variables outweighs the sum of the
remaining weights. In this case, Max-CSP(f) is known to be sketching approximable in
space O(log(n)) (this follows from the characterization of sketching approximable symmetric
functions in [CGSV22, Lemma 2.14] and the fact that a balanced LTF doesn’t support one-
wise independent distributions).

10



Another way to see that the majority function is sketching approximable is via Theorem 5.3.
Indeed, since majority is a symmetric function, the (non-empty) Chow parameters of the
majority function are all equal and non-zero (see, e.g., [0’D14, Theorem 5.19] for the exact
values of the Fourier coefficients of the majority function). Then the Chow parameters define
the majority function itself, and, by Theorem 5.3, Max-CSP(f) is sketching approximable in
space O(log(n)). O

4 Approximation resistance of Monarchy Functions

In this section, we prove Theorem 1.5: we show that for k > 5, the MON}, function is approximation
resistant. Recall that by Lemma 3.3 it suffices to show that K} (MONy) N K{\/B(MON;C) # () for
k > 5.

In the following we show that for k > 5, there exist vectors (u,v) with certain properties that
will be useful in showing that K{ (MON) N Kf\/fz(MONk) # 0.

Lemma 4.1. For every k > 5, there exists u,v € R’go satisfying the following conditions.

(1) >, (ui +v;) = 1, ice., u,v define a distribution D. In particular, the marginals of D is
(Mlnu/v s >:u/) where H1 = Zz(ul - U’i)’ and ,U,/ = Z’L(k?—ll - 1)(“1 + Ui)'

(i) u and v satisfy

k-1 k—1
(1/2=6)Y wi+(1/2+68) > v;
=0 i=0
k—1
£ (/240 (1/2 01 4 (12— 6)i(1/2 + 8))
=0
k—1
+ Zvi (-(1/2 + 5)@'+1(1/2 — 5)16714 +(1/2 - 5)i+1(1/2 + 5)1?714)
=0
~1/2

for every 6 € [—=1/2,1/2]. In particular, this implies that D € SIJ\;Q.

(iii) p' > 1 — =2p; where p' = Prxoplzs = 1] = 25 (3, iu; + 3, iv;) and p1 = Prxoplzy = 1] =
> ui. In particular, this implies the existence of Dy € S and u(Dy) = (w1, 1, ..., i').

Now, we are ready to prove Theorem 1.5 using Lemma 4.1 and Theorem 2.5.

Theorem 1.5. For every k > 5, Max-CSP(MON},) is sketching approzimation resistant to space
o(yv/n).
Proof. For every k > 5, let u,v € Rgo, and 1, " € [—1,1] be the vectors given by Lemma 4.1.

Note that condition (i) guarantees that u, v define a distribution D with marginal (u1, 1/, ..., u').
First, we show that condition (ii) is a sufficient condition for (ui,u’) € K{\;z- Recall that

Dy € Slj\;Q(MONk) if for every § € [—1/2,1/2], EbEDNEaNBern(1/2+6)[MONk(b @a)] = 1/2 Since
Pry[MON(x) = 1] = Pry[z1 = 1] — Pry[x = 10F71] + Pry[x = 01¥71], we have that

Ebepy BanBern(1/245)[MONk(boa)] = Pribioa; = 1]-Pr[boa = 1(—1)k’1]+§r[b®a = (—D1*1).
a a ,a

11



We compute these three probabilities in terms of u, v, d.

k—1 k—1
Eg[b1®a1:1]:(1/2—5); (1/2 +0) Z;v
k—1
= — kz z+1 k—1—i
Pr Prboa=1(-1 Zul 1/2 4+ 6)'(1/2 +Zz;vz 1/2+6)"(1/2 - 6) :
k—1 A A
Priboa=(- 1)1 Zu (1/2 =8 (1/24+ )"+ w;(1/2 — 6T (1/2 + 6)F 1.
# =0

Note that condition (ii) implies that

1

Er[b1 ©a; = 1] —i—%’r[b@a = 1(-1)F1 —i—tf)’r[b@a = (=111 = 5

for every 6 € [-1/2,1/2] as desired. This implies that D € S /Q(MONk). As condition (i) gives
w(Dn) = (p1, iy .., 1), we have (u1, ') € K1/2 as desired.

Next, as p’ = £5= +1 and 1—£=2p; = 1— %, condition (iii) implies p (k—2)+p/(k—1) > 1.
By Lemma 3.4, th1s implies that (11, 1) € KY (MONy,) as desired.

To sum up, Lemma 4.1 gives us (u1, /) € KY N Kll\/f2 for every k > 5 and Lemma 3.3 implies

(pa, gy .. 1) € KY' N Kl/2 By Theorem 2.5, we conclude that MONy, is sketching approximation
resistant to space o(y/n) and, hence, complete the proof of Theorem 1.5. ]

4.1 Proof of Lemma 4.1

In the proof of Lemma 4.1 we will use the following combinatorial identity.

Lemma 4.2. For every 6 € [-1/2,1/2] and m € N,

3 apearaz-om (1) (7))

i=[m/2]

_ i (1/2 =0+ a/2+ 0" ((T) B (le))

i=[m/2]
=20.

Proof. Let X1, ..., X;41 be independent identically distributed random variables, each having the

distribution Bern(1/2+0). For j € {0,...,m+1}, let 1; be the indicator of the event that exactly
Jj variables from Xi,..., X;,+1 are ones. First observe that for i € {0,...,m + 1},

Elzy - 1] = (1/2 4 6)/(1/2 — §)™+1 <(ZT1> - <’7)> :

12



Using the above, we are going to show that the left hand side of the equation in Lemma 4.1 equals
to S E[xy - 1,] = E[z1] = 26. By changing summations’ limits and updating the binomial
coeflicients accordingly, we have

i=[m/2]

i (1/2+6) (172 - <( )
)- <@+1>>
[m/2]

i=[m/2]
- > otz (7
- 20 (1/2+ 0" (1/2 - o) <(T> - (/111))

_i:;%“(m —6)/(1/2 + gyt ((ZZ) - (T)) '

Using (Lmr72 J) = ((mW/Lﬂ)? we update the first summation’s limits:

[m/2]

=2 (/2+amrasz - oy <<m> : <iqfl>>

m+1

S5 e (1) ()

—Z (1/2 = 0)'(1/2 + &)m ! <(z> - <¢T1>>

m+1
= > E[z1- 1] = E[zy] = 24,
i=0
which concludes the proof. O

We are now ready to prove Lemma 4.1.

Proof of Lemma 4.1. We prove this lemma by considering three cases: kK =5, k > 5 is even, and
k > 5 is odd.

Case I: k =5. In this case, we consider the following pair of vectors
1
u = (U(), uy, ’U,2,U3,U4) = (01 Oa 07 07 3> ’
( ) 0.0, 111
v = (vg, v1,V2,v3,V4) = .
O’ 17 27 37 4 3 6 6

(i) It’s straightforward to verify that >, (u; +v;) = 1.

13



(ii) For 6 € [—-1/2,1/2), using the substitution y = (1/2 +0)/(1/2 — ¢), we have

(1/2-10 Zu (1/2+9) sz

£ (/24 8 (12— 8 (12— 8)i (/2 + 6

N
—_

<.
[e=]

E
—_

+ v (—(1/2 + O (L/2 - 0)F T (172 - 8) T (1/2 + 5)’6*1%‘)

=0
=1/2+446/3
+1/3(—(1/2+0)4(1/2 = 8) + (1/2 = 6)*(1/2 + )
+1/3(—(1/2+0)3(1/2 = 6)% + (1/2 = 6)3(1/2 4 6)?)
+1/6(—(1/2+0)4(1/2—=0) + (1/2 = 6)*(1/2 4 9))
+1/6(—(1/2+0)° 4 (1/2 — 6)%)
=1/246/3+(1/2 =6 (—y*/3+y/3 —v*/3+ /3 —y*/6 4+ y/6 —y°/6 + 1/6)
=1/246/3—(1/2—6)°(y — )(y+ 1)*/6

4
—1/246/3— (1/2— 6)° <1/225_ 5) (1/21_ 5) /6
—1/246/3-25/6=1/2.

For 6 = 1/2, it’s easy to see that the sum above equals 1/2, too.

(iii) Since p1 =, u; =1/3 and p/ = % (> 9w + >, iv;) = 19/24, the inequality p’ > 1 — %pl
holds.

Case II: £ > 5 is even. Let T = (k;/2) 2. Consider the vectors u,v € ]Rgo as follows.

T_9 e k—1)_ (k-1 .
w; = o7 N lf 1= k/2 and v = ( i )T(H—l) , lf i Z k’/2
0 , otherwise. 0 , otherwise.

(i) Note that

Semr 3 (1) - (00) () - () - 5

z:k/2
Thus,
k—1 k—1
T—-2 T+2
2wt = gty =L

(ii) From the definition of u and v, using Z 0 v = T+2 and applying Lemma 4.2 with m = k—1,
we have that for every ¢ € [— 1/2 1/2],

(1/2—-46 Zuz (1/2 +6) quz

14



W

+ uz( (1/240)"(1/2 — 6)*~ (1/2__5y<1/2_%6)hﬂ>

@
Il
o

+k1%( (1/2+0)"H(1/2 — &)k~ H‘+(1/2—5)@‘+1(1/2+5)'%H)
1=0
k — —
%a«% 1> : <z::>>< T LT

=(1/2+25/T)—25/T =1/2.

(iii) From the definition of u and v, we have that p; = Z’g_l Uy = %

1 k—1 k—1
] <Z 1u; + sz>

iy (e () (’Z;f)))
T A (z/;) }(k -5 )
o (e W_l(z/;)#“k X 1>)

- 7T ((T Nk/4+ (k/2 — 1) (kk/21> L gk

Using (%5) = 5 (4y0) = (T +2)/2

= (T = 2)k/a+ (k/2 = 1)(T +2)/2+ 22 |

Using 2572 > k + () —2)/2 =k +T/2 for k> 6

S Tk/2+k—1
=T Tk-1)
Tk —2T — 2k + 2
2T (k — 1)
k—2 T-2
k—1 2T

>1-—

15



k—2
=1- .
k_lpl

Case III: £ > 5 is odd. Let T = 2(’2;11) — 2. Consider the vectors u,v € ]Rgo as follows.

2
T—2 e k—1 k1 ) (A1 o _
u = AT ,lf’l—‘TOI‘Z—T and v = (Z)T(z+1) ’lfzz%
0 , otherwise. 0 , otherwise.
(i) Similarly to Case IT, >-F " v; = L2 and S+ v =1,

(ii) Using S2F} o Vi = L2 and Lemma 4.2 with m = k — 1, we conclude that for every § €

[—1/2,1/2],

k—1 k—1
(1/2=6)> ui+ (1/2+8) > v
1=0 =0

3 (/2 £ 02 0 4 (172 912 + 0)

=0
5 1%( (1/2+8) 1 (1/2 = 9)F 17 4+ (1/2 = 91 (1/2 4 0) 1)
=0

< 1/2— )+T+2(1/2+5))

T4T2( (1/2+6)7 (1/2=6)F +(1/2-0)% (1/2+8)F )

P22 (a2 0 T 20T 1 /20 (/24 5)'T)

+% kzl ((k . 1) - ("f N 1)) (—(/24+0) (12 = )7 4 (172 ) (1/2 + 61

i=(k-1)/2 1 1+1
=(1/2426/T)—-25/T =1/2.

(iii) Similarly to the previous case, p; = ]871 U; = 2% = %, and
1 k—1 k—1
/o YT Y.
p = m (Zzul—I—szl)
=0 =0
1 (T—2)X<k—l+k+1>+ = <( 1) <k:—1>>
T(k—1) 4 2 2 =t i+1
1 k—1 k—1
= T—-2)k/4
i (2w ) (W)
k—1 k—1
-1 -1
CE )-8 )
. ? ) 1+ 1
i=(k—1)/2 i=(k—1)/2—1



@2+ (55 1) (4 00) (< 1)

+2)/

<
(T
<T 2kﬂ+<k21—1)@“4V2+<§£:1W9>
<7%/2—3774 iV2+-< (k:ip@>>

3

2

Using (<o 1)) = ( 1) +k—2=3T/4+k — 1/2 which holds for every k > 7

kl)

TW2+k—2
= T(k-1)
Tk — 2T — 2k + 4
2T(k — 1)
k—2 T-—2
k-1 2T
k—2

k_lpl

—1-

This concludes the proof of Lemma 4.1. O

5 Chow parameters and the approximability of weak monarchies

In this section, we prove that infinitely many weak monarchy functions are sketching approximable
within O(log(n)) space. We first prove in Sections 5.1 and 5.2 that every LTF defined by its Chow
parameters (i.e., degree-1 Fourier coefficients as weights and threshold 0) is sketching approximable
within O(log(n)) space. And later in Section 5.3, we prove that infinitely many weak monarchy
functions are balanced LTFs defined by their Chow parameters.

5.1 Approximability of LTFs defined by their Chow parameters
Theorem 5.1. For every Boolean function f : {—1,1}* — {0,1} of the form

().

Max-CSP(f) is sketching approzimable in O(log(n)) space.
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Definition 5.2. Define eo(f) = min{Zlef({i}) -x; : f(x) = 1}. Define e*(f) =

co(f) 260(f)2}
3k 2 9p(f)k2-

We will use the following theorem to prove Theorem 5.1.

min{

Theorem 5.3. For every Boolean function f: {—1,1}* — {0,1} and every e > 0, there exists an
O(log(n)) space (p(f) + €*(f) — €)-approxzimation algorithm for Max-CSP(f).

First we show how to prove Theorem 5.1 using Theorem 5.3.

Proof of Theorem 5.1. If f(x) is the constant zero function, then it’s trivially approximable
in O(log(n)) space. Otherwise, when f(z) = sign (Zle F{ih -xi>, we have go(f) =
min{Zle F({i}) -z : f(z) =1} > 0 and hence £*(f) > 0 by their definitions. Now for & = £*(f)/2,
Theorem 5.3 implies that there is a (p(f)+¢*(f)/2)-approximation algorithm for Max-CSP(f), and
finishes the proof. O

Before we prove Theorem 5.3, we will describe some useful definitions and lemmas from
[CGSV22].

Let f : {—1,1}* — {0,1} be a Boolean constraint function of arity k& and Xj,...,X, be
variables. A constraint C consists of j = (j1,...,jx) € [n]¥ and b = (by,...,b;) € {—1,1}* where
the j;’s are distinct. The constraint C reads as requiring f(b ® X|;) = f(b1.Xj,,..., 0 Xj,) =1. A
Max-CSP(f) instance ¥ contains m constraints C1, ..., Cy, with non-negative weights wq, ..., wp,
where C; = (j(i),b(i)) and w; € R for each i € [m]. For an assignment o € {—1,1}", the
value valg (o) of o on ¥ is the fraction of weight of constraints satisfied by o, i.e., valy(o) =
# Yicim) Wi - f(b(i) © olj;)), where W = 377", w;. The optimal value of ¥ is defined as valy =
maxXye(_1,1}n Valy (o).

Definition 5.4 (Bias (vector)). For A = (\,...,\) € RF,  and instance ¥ =
(C1,...,Crywi, ..., W) of Max-CSP(f) where C; = (j(i),b(i)) and w; > 0, we let the A-bias
vector of U, denoted biasy(¥), be the vector in R™ given by

. 1 .
biasx(¥)e = - - | Z. e b(i)
i€|m],te[k]:j ()=~
for £ € [n], where W =3, wi. The A-bias of ¥, denoted Bx(¥), is the {1 norm of biasx(¥),
i.e., BA(\I/) = Z?:l |bl'aS>\(\If)g|.
Lemma 5.5 ([CGSV22, Lemma 4.7]). For every A € RF,  we have By(¥) =

maxae{_u}n <a, bIaS)\(\I/)> .

Lemma 5.6 ([CGSV22, Lemma 4.4)). For every vector A € RF and ¢ > 0, there exists a
O(log(n)) space sketching algorithm A that on input a stream o1,...,0p, representing an in-
stance ¥ = (C1,...,Cpiwi, ..., W), outputs a (1 + €)-approxzimation to Bx(V), i.e., for every
U, (1 —¢)BA(V) < A(V) < (14 ¢)Bx(¥), with probability at least 2/3.

Below, we describe Algorithm 1 and show that it is an O(log(n)) space (p(f) + £*(f) — &)-
approximation algorithm for Max-CSP(f).
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Algorithm 1 A sketching (p(f) + €*(f) — €)-approximation algorithm for Max-CSP( f)
Input: a stream oy,..., 0y representing an instance ¥ of Max-CSP(f) where o; = ((j(¢), b(7)), w;).

1: Let A= (f({1}),..., f({k})) € R* and ¢’ = /8.
2: Use the algorithm A ffom Lemma 5.6 to compute B to be a (1 & ¢’) approximation to By (V),
ie., (1 —€)Ba(V) < B < (1+¢')BA(¥) with probability at least 2/3.

3: Let 5 = min{i, %}

4: Output: v = p(f) + %.

It is clear that the algorithm above runs in O(log(n)) space (in particular by Lemma 5.6 for
Step 2). We now turn to analyzing the correctness of the algorithm.
5.1.1 Analysis of the correctness of Algorithm 1

Before we analyse Algorithm 1, we establish some upper and lower bounds on valy in terms of

BA(W) where A = (F({1}), .. F({k})).

Lemma 5.7 (Lower bound on valy). Let f : {—1,1}* — {0,1} be a Boolean function, and ¥ be
an instance of Max-CSP(f). Then

valy > p(f) + Ba(¥)d(V),

where X = (F({1}),--, F({k})) and (%) = min{g, 3253},

Lemma 5.8 (Upper bound on valy). Let f: {—1,1}¥ — {0,1} be a Boolean function, eo(f) be as
defined in Definition 5.2, and VU be an instance of Max-CSP(f). Then

Ba(Y) +p(f) - &
eo(f) +p(f) -k~

Va/\p <

~ o~

where X = (f({1}),..., f({k})).

We defer the proofs of Lemma 5.7 and Lemma 5.8 to Section 5.2. We now show the correctness
of Algorithm 1 using these lemmas.

5.1.2 Proof of Theorem 5.3

Proof of Theorem 5.3. First, by Lemma 5.6, with probability at least 2/3, Bis a (1+¢) approxi-
mation to Bx(¥), ie., (1 —&')BA(¥) < B < (1 +¢')Ba(¥). Next, we show that with probability
at least 2/3, (i) v < valg and (ii) v > (p(f) +€*(f) —¢) - valy.

(i) v < valg. We have

B0 < o)+ BA®)(W) < valy,

UZP(f)‘*‘m

where the last inequality follows from Lemma 5.7.
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(ii) v > (p(f) +€*(f) — e) -valg. We have

1—¢

v=p(f)+ T

—— 2
B 22pu>+3xwwmo( ) > o)+ BA@SW)(1—2).  (5.9)

(1+¢)
where the last inequality follows from the choice of &’. Let us first consider the case when By (V) >

eo(f). We have
i’ 250(f) > 8*,
3k 9p(f)k? ) —
where the last equality follows from the definition of *(f) in Definition 5.2.
Combining Eq. (5.9) and Eq. (5.10), we get

v p(f)+e ()1 —e) = (p(f) +e7°(f) —e)valw,

BAVI(E) 2 2o() - { (5.10)

where the last inequality follows from valy < 1.
Now, let us consider the case when Byx(V) < eo(f). It follows from Proposition 2.11 that
eo(f) < p(f)k. Therefore,

9BA(D) _ 2e0(f) _ 2 1
90U/ = 9p(N = 0k 3k

and so §(V¥) = 52),])3(}()‘1152) Combining Eq. (5.9) and Lemma 5.8, we have

2By (¥)?

gy (p(f)+gp(f')]g2) <p(f)+€o]if)> _

valy p(f) + 220

We show that for 0 < By (V) < go(f),

2B (¥)?2 2e0(f)?
P + St _ )+ e

> : (5.11)
o)+ 2 o)+l

This immediately implies that

v 250(f)2 * *
> (1 - > (1 - e,
i 2 =9 (o4 20 ) = (=0l +° (1) > o) +2°(1)
. . P+ 522 . .
Consider the function g(p) = iy - In order to show Eq. (5.11), it suffices to show that in the

range p € [0, Eolgf)], g(p) attains the minimum value at p = Eolif), i.e, ¢'(p) < 0 in this range. We

2(p+p(M? _ 11p(4)
9p(f)

have ¢'(p) = COEL and for p € [0, Eol(cf)], we have
<2(p+p(f))2 B 11p(f)> - (2(<€o(f)//f+p(f))2 B 11p(f)> S8 Up(f) _ p(f) _
99(f) 9 )= 9(f) 9 )= 9 9 3 =
This completes the proof of Theorem 5.3. O
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5.2 Proofs of Lemma 5.7 and Lemma 5.8

In this section, we prove Lemma 5.7 and Lemma 5.8.

Proof of Lemma 5.7. Let Bern(p) € A({—1,1}) denote the Bernoulli distribution where 1 is
sampled with probability p. Given an instance ¥ = (C1,...,Cp;wi, ..., wy) of Max-CSP(f)
where C; = (j(i),b(i)) and w; > 0, let v = 3 -6(¥) = min{y, 35(}5}@} Let o =
arg maxae(_1,13»(a, biasy(¥)). It follows from Lemma 5.5 that Bx(V) = (o, biasx(¥)). In order to
prove the lemma, we will show that

E (HTW))"[VaLII(a ©® o) = p(f) + Ba(¥)5(¥).

aN(Bern

The lemma then directly follows from the fact that valy > E_ (Bern(1£7))" valy(a ® o).
2
We have

EaN(Bern(H%))n[val‘I’(a © U)] = EaN(Bern(H—W))n T Z Wy a’.] © U’J(Z) © b(l))]

= EaN(Bern(HT'Y))n T sz Z f “ XS a|J © 0-|J(Z) © b(l))]
=1

(Fourier expansion of f)

K"*)

Z (e [Xs(@li) @ oli) @ b(@))]

i:

(Llnearlty of expectation)

)

~

1 « .

N
=

[
(Since xs(a ®b) = xs(a) - xs(b))

7w Z ) © i) -7
i: SClk
(Smce EaN(Bem(lﬂ))n[a ¢) = for all £ € [n])

f@‘F*ZwZZf{t} t on

1€[m] te(k]

+%Zwi- PURCESCEL DR

i=1 k]3| S|>2

=f0)+ > (&/ > FUt) - w; - b(i)t) o0y

Le[n] i€[m)tek]:5(4) =~
1 & ~ ,
+ 3 > w; - (S) - xs(b(i) @ &) - 4!
i=1 SClk]):|S|>2



(Rearranging the summations)
> f(0) +y(biasa(¥),0) = > f(S)]F
SC[K]:|S|>2
(By the definition of A, biasy(¥)), and |xs(:)| < 1)
>p(f)+7-Ba(®) —p(f) >, A
SCIk]:|S|>2
(By the definition of o and Proposition 2.11)
k
k
:P(f)‘i”Y'BA(‘I/)_P(f)Z( ) "

T
r=2

We now prove that p(f) Zf’f:Q (’:) < %'Y - Bx(V). Consider the combinatorial identity
(k) _ k(fj)

. 1
. . Since v < T and r > 2, we have

k k("D 1 (k-1 L1k )
R VY N AL
(7’)7 P =0 (r—l) T<g (r—l) "

2B (V)
3p(f)k?’

p(f)-f:@)-vrgp(f).2.<’;>.72§wh(;’)"ﬁ

r=2

Hence Zf:2 (’f,) <2 (’;) - 2. Since v < we have

Recall that v = 36(¥). Finally, we conclude that

- BA(¥) = p(f) + BA(¥)5(¥) .

w2

VaI‘I' = EaN(Bern(H%))n[val‘I’(aQ 0)] > p(f) +
U

Proof of Lemma 5.8. Let ¥ = (C4,...,Cp;wi, ..., wn,) be an instance of Max-CSP(f) where C; =
(j(i),b(i)) and w; > 0. Let a* € {—1,1}" denote the assignment that satisfies the maximum
weight of constraints in W, i.e., a* = argmax,e_113» valy(a). It follows from Lemma 5.5 that
Bx(¥) > (a*,biasx(V)). Let S be the set of indices corresponding to constraints of ¥ satisfied by

a*, ie., S ={i€m]: f(a"j; ©b(i)) = 1}. We have

(a*, biasy (¥)) = Z aj - % : Z Atw;b(i)

Le(n] i€[m],te(k]:j ()=~
1 ) .
=5 2 Wi ) A b 4,
i€lm]  t€[k]

(Exchanging the summations)

= 3w YD T b a,

i€lm]  t€[k]
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(A= (F{LD, -, F{RD))

1 ~ 1 n ) %
= W w; ({t}) b(@)t 50) + W Zwi Z f({t}) ) b(2>t O
€S telk] i¢S  telk]
1 1
2 5 2 Wi eo(f) — — > wi-p(f) -k
i€s i¢S

(By the definition of S and €y(f), and Proposition 2.11)

=valy - go(f) — (1 = valw)p(f) - k
(By the definition of a*).

Therefore, we get
Bx (V) > valy - eo(f) — (1 —valy)p(f) - k.
Rearranging the terms, we get

valy <

BA(V) +p(f) - k
eolf) +p(f) -k~

5.3 Approximability of weak monarchy functions

In this section, we analyze the streaming approximability of Max-CSP(f) where f is a weak monar-
chy function. Note that in order for WMONj ; to be a balanced LTF, the total number of votes,
i.e., j+ k — 1, needs to be odd. Therefore, we make such assumption throughout the rest of this
section.

Lemma 5.12. For all integers j > 2 and k > 753 such that k + j is even,

k
WMON,, j(x) = sign (Z WMO\NM({Z})%> .

i=1
Note that Lemma 5.12 along with Theorem 5.1 directly conclude Theorem 1.6 restated below.
Theorem 1.6. For all integers j > 2 and k > 753 such that k + j is even, Max-CSP(WMONy, ;) is

sketching approximable in O(log(n)) space. In particular, for every j, there exist infinitely many k
such that Max-CSP(WMON, ;) is sketching approzimable.

Proof of Lemma 5.12. We start by finding the Chow parameters of WMON, ;. As mentioned ear-
lier, we only consider the case where k + j is even. For the president,

WMON, ;({1}) = Pr{z; =1, WMONy(z) = }>< 1
Pr{z; = —1, WMON ;(z)

Pr{z; =1 WMONk]( )
Pr{z; = -1, WMON ;(z)

k—

1 k—1
AN e
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= (22 VL))
2k <=

WMON,;({i}) = Pr{z; =1,2; =1, WMONy(z) =1} x 1
Pr{z; =1,2; = =1, WMON ;(z) = 1} x (—1)
Pr{z; = —1,2; = 1, WMON; ;(z) = 1} x 1
Pr{z; = -1,2; = =1, WMONy, ;(z) = 1} x (1)
Pr{z; =1,2; = 1, WMONy, ;(z) = 0} x 0
Pr{z; =1,2; = =1, WMONy_;(x) = 0} x 0
Pr{z; = —1,2; = 1, WMONy ;(xz) = 0} x 0
Pr{z; = —1,2; = =1, WMON, ;(z) =0} x 0

1 k—2 k=2 N\ ( k-2 k—2
I A A R S &
= w5 (50)

AN AL AN sl

(52
9k—1

For citizen x; (i > 1),

Note that in order for functions WMON ;(x) and sign (Zle WM/kaj({z})xz) to be the same,

it suffices to have .
_ WNMON,,({1})

WMON;; ({i})

Thus, in the rest of the proof, we find values for k£ that guarantee the bounds above. We start with
the upper-bound:

<j+1.°

j_

Yo - k—1 ; _
WMON,,;({1p) _ 2"~ () - ()

MY _ 2 < -2 (5.13)
WMONL; (i) (552 (%)
The last inequality holds as below:
k—2 _ k=2 _ : _
o Ik — 1is odd: 22 = 37,2, Gjl):>2k*2—-Lﬁ%§)::§Zki%l(k15 <3 (i)

(2

o If k—1iseven: 282 = %(12%11) + Z::%; (kfl) = 2k=2 _ (fk_;lj) < % : (11211)

WMONG ; ({1})
WMONy, ; ({i})’

sign (wxl +3F, xl) = sign (jml +3k, :cz> = WMON; ; ().

Indeed, letting w = if j —1 < w < j+ 1, then we have that sign (Zf:l WM/O\N;W({Z})L) =

24



Therefore,

- (k—1)! -
WMON,;({1}) _ j @Fgn g k=1 (B -1 (51+1
WMONy;({i}) — 2 s 2 15 (- (5D

(A2 —1)1(EEH —1)!

1 =1y ) VT
.2<1+ >< 2 __ >
k—2 k—j
2
j—1
. 1 kE+2\ 2
() (75)
i-1 j
. 1 J+2\ = . Jj+2Y
= . — . Ea— < j. LA
() (35) T ()

o\ J
For any given j, (1 + %) tends to 1 as k goes to co. Therefore, there exits some K such that for

WMON,; ({1})
WMON, ; ({1})

IN

rO | .

IN

all k£ > Ko,
This way,

< j+ 1. More precisely, we take k to be at least Ko = 252 4+ 452 +j < 753.

WMONk; (1)) j.<1+1.2> Sj-<1+j-1.+j2- L +>
WMON;, ;({i})

1
J

We now proceed to the lower bound.

WMON,,;({1)) _ 2~ (5i5) N 5 () _—
WMONk;({ih) (%) (7)) '

Similar to the upper-bound case, the last inequality can be observed as follows:
A 7

o If k—1is odd: 2F72 = Zj:%; (ki.l) = 2k=2 (f&) = Z.k%ifj (kil) > % : (]Z:Jl)
2 =5

k=3 .
o If k —1is even: 272 = %(’Z%ll) +>.2% (k_.l) = 2k=2 _ (fk_;lg) >3- (E)

(2

2 2
Therefore,
_— k—1 k—2 k—2 k—2
WMON,,(11) g, () 5 G vlgn) 5 f 0 ()
WMONL;(fi}) — 2 (7)) 2 (7)) 2 (57)




. j—1
— 11 O .
! <+k—j>

This lower bound is larger than j for every k > j. Thus, for every k > 253 + 452 + j,

« WMON,;({1})
= WMON,.,;({i})

< j + 1 which implies that WMON, ;(z) = sign (Zle WVO\Nkj({z})xl), and

concludes the proof. ]
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