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List-Decoding XOR Codes Near the Johnson Bound
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Abstract

In a breakthrough result, Ta-Shma described an explicit construction of an almost optimal bi-
nary code (STOC 2017). Ta-Shma’s code has distance % and rate Q(€2+0(1)) and thus it almost
achieves the Gilbert-Varshamov bound, except for the o(1) term in the exponent. The prior best list-
decoding algorithm for (a variant of) Ta-Shma’s code achieves is due to Alev et al (STOC 2021).
This algorithm makes use of SDP hierarchies, and is able to recover from a 1;2"—fraction of errors
as long as p > 2108(1/9)/° " 1n this work we give an improved analysis of a similar list-decoding
algorithm. Our algorithm works for Ta-Shma’s original code, and it is able to list-decode almost all

the way to the Johnson bound: it can recover from a %—fraction of errors as long as p > 2+/e.

1 Introduction

Error correcting codes (ECCs) allow a sender to encode a message so that the receiver can recover the
full message even if some codeword bits are lost or flipped during transmission. A binary (linear) code
is a (linear) map C : {0, 1}* — {0, 1}" which sends m € {0, 1}* to the codeword C(m) € {0, 1}". Two
important parameters of a code are the distance and rate, which are respectively measures of the code’s
quality and efficiency. Rate is the ratio k/n, the number of message bits per codeword bit; distance is
the minimum fraction of coordinates on which two distinct codewords disagree. Explicit constructions
of asymptotically good codes (codes with constant distance and constant rate) have been known since
the 70s [Jus72]. One of the holy grails of modern coding theory is to construct a code with the optimal
tradeoff between distance and rate. It is known that codes with optimal distance € = 1/2 must have
exponentially small rate [Plo60]. The Gilbert-Varshamov (GV) bound [Gil52, Var57] states for any
e € (0,1/2), there exists a code with distance ¢ and rate 1 — H(e) — 0,(1) where H(-) is Shannon’s
binary entropy function. This is proved non-constructively, we do not know of an explicit construction
which achieves the GV bound. For distances ¢ close to 1/2, the GV bound says that there exists a code
with distance 1—55 and rate 2(g?). On the other hand, it is known that any code with distance % must
have rate O(£? - log(1/¢)) [ABNT92].

Most applications of ECCs require an efficient decoding algorithm which recovers the message
m € {0,1}* from y € {0,1}", provided the Hamming distance, A(y, C(m)) := Pr; ) [y; # C(m);]
is at most 1—52 for some parameter p > (. In the worst-case error model, unique decoding becomes
impossible as soon as the decoding radius is at least half of the distance of the code. In order to handle
smaller values of p where there might be more than one valid codeword within the Hamming ball of
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radius %, we require the decoding algorithm to output the list of all valid codewords which are close
to y. Formally, the list decoding problem for an ECC is the following: given y € {0,1}" and p > 0,
efficiently recover

LIST(y, p) := {m € {0,1}* : A(y.C(m)) < %}

The list decoding problem makes sense as long as the set LIST(y, p) is guaranteed not to be too big;
certainly if [LIST(y, p)| is super-polynomial (in n) then it cannot be efficiently recovered. If an ECC
has distance 1%5 then ‘ LIST (y, p) ‘ is exponentially large whenever p < €, so the best one can hope for is
a list-decoding algorithm which works for p > ¢. It is possible to show, non-constructively, that binary
linear codes exist which achieve the GV bound, and for which LIST(y, p) has polynomial size for all
y € {0,1}™ whenever p > ¢. Such codes are said to achieve list decoding capacity; giving an explicit
construction of such a code along with an efficient decoding algorithm is a fantastic open problem.' It
is not true for general codes of distance % that ‘LIST(y, p)‘ will always be at most polynomial size
whenever p > ¢. The best bound we have that holds in general is the Johnson bound which ensures

that |LIST (y, p)| = poly(k) whenever p > /€.

Recent Progress. As mentioned above, currently we do not know of an explicit binary linear code
which matches the GV bound; constructing such a code has been a major open problem for nearly
70 years. A few years ago, in a major breakthrough, Ta-Shma [Ta-17] gave a construction which got
very close: his code achieved rate (¢2+°:(1)) and distance % Ta-Shma’s original paper described
only the encoding algorithm, it did not give an efficient decoding algorithm. A decoding algorithm
based on semidefinite programming hierarchies has been developed in subsequent work [AJQ'20,
JQST20, JST21]. These algorithms can efficiently recover LIST(y, p) as long as p > 27©Ues(1/ ),

As 27000s(1/2)) 5, /2 > ¢ there is significant room for improvement.

1.1 Our Main Result

In this work we prove the following theorem.

Theorem 1 (Main). For any ¢ > 0, there is an explicit construction of a binary linear code with
distance 1%5 rate Q(€2+0(1)), and which is efficiently list-decodable from a 1—ge—fmction of errors
whenever p > 2/c.

Our theorem is proved by improving a key step in the analysis of a decoding algorithm which has been
developed in an extensive (perhaps daunting) tower of prior work. In the next section, we present an
overview of the decoding algorithms from prior work in a simplified setting.

1.2 Background — SDP Decoding of Random Walk XOR Codes

Basic Setup. Let A be (the vertex set of) a regular graph, and let RW', denote the set of t—length
walks in A. So RWY = {(a1,...,a;) € A': a; ~ a;1 Vi=1,...,t — 1}, where a; ~ a;; indicates
that a; and a;,; are neighbors in A. The random walk XOR code sends a message x € {0, 1} to the
codeword y € {0, 11”4 where for @ = (ay,...,a;) € RW',, yz = X4, @ - - - @ X,,, where & denotes

Explicit constructions of codes with large alphabets are known which achieve list-decoding capacity (see [GR08] and
the references therein).



XOR. The list decoding problem for this code is: given y € {0, l}RWtA and p > 0, algorithmically

recover
1+p

LlST(S’: 10) = {X € {07 1}A : Pr(i~RWf4 [S’E = Xy DD Xat} > T}

Currently the best decoding algorithms we have are based on semidefinite programming hierarchies.
The basic idea is to, given y € {0, 1}RWf4, set up and solve a semidefinite program to obtain what
has become called a pseudodistribution on {0, 1}#. Our algorithm will use the same SDP as was used
in [JST21], details can be found in Section 5. For now, let us jump ahead in the decoding algorithm to
the point after the SDP has been solved.

Pseudodistributions. A pseudodistribution can be thought of as an oracle O which is interacted
with through the following interface: we send O any subset S C A of size at most |S| < r and O
probabilistically generates and returns a string o € {0, 1}1*!, which we think of as being an assignment
to the elements of S. The properties of the SDP will ensure certain consistency requirements. For
example, for any S C A of size |S| < r and any a € S, the marginal distribution on o, is identical to
the distribution O(a) obtained by sending {a} to O. The ideal situation would be that O is returning
the size < r marginals of some actual distribution on {0, 1}*. This will be the case when 7 = | A| but
will not be the case in general for smaller r. The runtime of the SDP solver is roughly | A|", so efficient
decoding necessitates choosing r < |A|, and so O might not correspond to an actual distribution
on {0,1}*. For this reason, the next step of the decoding algorithm involves converting O into an
actual distribution on {0, 1} in such a way so that some key properties of the pseudodistribution are
maintained. This is called rounding, and we discuss it next.

Rounding. Probably the most straightforward way to recover a distribution on {0, 1} from a pseu-
dodistribution is to draw o, ~ O(a) for each a € A, and then output o = (04).ea € {0,1}*. The
size-one marginals of this distribution will be identical to the size-one marginals given by O, but larger
marginals could vary significantly since the distribution is ignoring all correlations among the bits. This
turns out to be a problem in the analysis, since certain arithmetic properties of the pseudodistribution
might fail to hold for the distribution. Rounding refers to a different method to produce a distribution
which much more accurately imitates O. For simplicity, at this point we describe the rounding method
used in [BRS11, AJQ™20, JQST20, JST21] (ours will be slightly different due to some technicalities
which arise in the analysis). The rounding distribution in these prior works works as follows.

e First, a subset S C A of size |S| < r and a string 0 ~ O(S) are drawn; the S part of the output
string is set to o (the pair (.5, o) is called a slice).

e Then foreacha ¢ S, 7 ~ O(SU{a}) is drawn such that 7|s = o, and the a—th bit of the output
string is set to 7.

So each bit of the distribution is drawn independently from O, subject to all of the bits being correlated
with (S, o).

Notation. Let O denote the pseudodistribution where for a set T C A such that [T U S| < r,
the distribution O%)(T') draws 7 ~ O(S U T) conditioned on 7|s = o, and outputs 7|y € {0,1}T.
The consistency conditions mentioned above will imply that for all S,7" C A such that [SUT| < r
the 7" marginal of the distribution O(S U T) is identical to the distribution which draws o ~ O(.S) and
outputs 7 ~ O9)(T). As has become the custom when working with pseudodistributions, we call

2



expectations of random variables which are defined over the “local” distributions {O(S ) } ¢ Dseudoex-
pectations, and we denote them E. So, for example, if {X g} s is a collection of random variables where
each Xg draws o ~ O(S) and outputs Xg(c), then we write E[Xg] instead of Eono(s)[Xs(c)]. For

a slice (.5, o), we denote by E(5:9) the conditional pseudoexpectation corresponding to the conditional
pseudodistribution O7).

The Decoding Algorithm and Analysis Overview. The decoding algorithm works as follows given
y € {0,1}RWa.

1. it sets up and solves an SDP obtaining a pseudodistribution O;
2. it chooses a slice (S, o) and for each a € A, draws a ~ O59)(a) and sets X, = «;
3. itoutputs X € {0, 1}4.

The analysis involves showing that for all x € LIST(y, p), the decoding algorithm outputs x which has
good agreement with x with non-negligible probability. Our final construction makes use of an inner
“base code” to recover x from X, and also repeats this procedure to recover x with high probability,
rather than with non-negligible probability. So what we need to show is that for any x € LIST(y, p), a
non-negligible fraction of the slices (S, o) are such that

EaNA [E(S’U) [(_1)xa@a]] 2 Phbase (4)

where o ~ 039 (q) is implied by the notation E(59), and where Pbase 18 the list-decoding radius of the
base code, of which x € {0,1}# is a codeword.? This enables recovering x using the base code’s list
decoding algorithm. The properties of the SDP will ensure that

E&’NRWtA [E[(_l)m@.--@at@yaﬂ > p (1)

holds, where @ = (av, ..., ;) ~ O(d) is implied by the E notation. This will follow easily from the
optimality of the pseudodistribution recovered by the SDP solver and the assumption that some valid
codeword exists within distance % of y. In words, (1) says that the random variable which draws
a ~ RWY and @ ~ O(@) and outputs a; @ --- @ a; € {0,1} will have good agreement with the
corrupted codeword y € {0,1}RW4. The derivation of (4) from (1) from [AJQ*20] (and subsequent

works) proceeds in three steps. First, it is shown that (1) implies
EaNRWtA |:E|:(_1)(al®xal)@-..@(at@xat)]:| > 4. o

Namely, the pseudodistribution has good agreement with the valid codewords which are close to y.
This is arranged by having the SDP minimize a certain “convex entropy proxy” which decreases as
the pseudodistribution is made to agree with more valid codewords. The next step is to show that (2)
implies that with non-negligible probability over the slice (5, o),

Ez rwt [E(SJ) [(_1)(a1@xa1)@...@(at@x%)}:| > ,OH. 3)

The random walk XOR construction amplifies distance so it is critical to assume that x is already a codeword of some
good, but not optimal code.



This step uses a theorem of [BRS11] as a blackbox. In this work we improve this part of the analysis
by tailoring the techniques of [AKK 08, BRS11] to the specific setting of decoding random walk XOR
codes. We will discuss this in more detail momentarily. The final step involves deriving (4) from (3).
This requires proving that random walks on expander graphs are good parity samplers. This is proved
in [Bog12], and more recently Ta-Shma [Ta-17] proved the same for wide replacement product walks
which was a key component of his breakthrough construction of nearly optimal binary codes.

Parameters. The above discussion has introduced parameters ppase, 0, 0’5 0. The way to think about
these parameters is as follows: pp.e 1S non-negotiable since it is the list-decoding radius of our base
code building block; p should be set as small as possible so that (4) can be derived from (1). The
proof that (3)=-(4) requires p” > péjss = (the exponent is improved to ¢ + o(1) by working with wide
replacement product walks [Ta-17]). In other words, the relationship between pp,se and p” is the same
as the relationship between the distance of the base code and the distance of the random walk XOR
code. This means that if we use a base code which is efficiently list-decodable for all ppase > Epase
(such as the code from [GRO8]), and if we could derive (3) from (1) with p = p”, then we would have
given an explicit construction of a binary code with efficient decoder almost achieving list-decoding
capacity.> Unfortunately, both of the steps (1)=(2) and (2)=-(3) from [AJQ*20] and subsequent work
incur loss. The loss in the (1)=-(2) step is quadratic, p’ > ,/p is required. The loss in the (2)=-(3)
step is much larger, requiring p” = (p’)°"). Our main technical contribution is a new analysis for the

(2)=-(3) step which incurs essentially no loss.

A Closer Look at the (2)=-(3) Step From Prior Works. The key to proving (2)=-(3) is to show that
with non-negligible probability, the slice (.5, o) will be such that

t
A(S’U) — ]E(TNRWfq |:]E(S’U) [(_1)&@xai| _ H ]E(S,o) [(_1)%‘@)&11}

i=1

is small, where the first pseudoexpectation is over @ ~ O'%?)(), and where the i—th pseudoexpecta-
tion in the product is over @; ~ O?)(a;). In words, we must show that with very high probability over
@ ~ RW,, the distributions O59)(@) and T[], O9)(a;) are close with respect to the “RW XOR test”
which, given @, outputs (—1)%®%a_ If A(5) is not small, then it must be that significant correlations
exist, on average, between the bits output by O*)(7). Following the ideas of [AKK*08], it is possible
to show that if the output bits of O%7)(g) are correlated with good probability over @ ~ RW', and if
A is a good expander, then the output bits of O>?)(@) will also be correlated with good probability
over @ ~ A'. Essentially this means that (S, ¢) is a bad slice, since it is precisely the slice’s job to
remove such global correlations. Specifically, it is shown in [BRS11] that if (S, o) is a bad slice, then
(S’,0") will be a much better slice with good probability over S’ O S such that |S’| = |S| + 1, and
o' ~ O39)(8"). It can be shown that such significant improvement cannot be the norm, from which it
follows that most slices are good.

The Idea Behind our Improved (2)=-(3) Step. The setting considered in [AKK*08, BRS11] is not
quite the same as our setting. These works consider expander edges rather than longer walks and it is
shown that if O®9%) ({a, a'}) is far from O*?)(a) x O%)(d') in statistical distance for a random edge
a ~ a', then these distributions are also far for independent a,a’ ~ A. This step incurs an additive

3“Almost” because of slight suboptimality of Ta-Shma’s code which carries over also to our (3)=-(4) step.
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loss of \, the expansion of A, which means the conclusion that the distributions are far for independent
a,a’ ~ A (which is needed in order to show that (S’, 0’) will be a drastically improved slice) can only
be obtained if the distributions are at least A—far for a random edge a ~ a'. The decoding algorithm
in [AJQ120] (and subsequent work) extends the main theorem from [BRS11] to longer random walks
using a hybrid argument, and inherits the requirement that the initial statistical distance must be at least
tA. Thus, they are only able to show that A3 < ) holds for most (S, o) (we are oversimplifying;
their algorithm uses several additional ideas and does slightly better).

Our starting point is that if A% is not small, then it means that the RW XOR test distinguishes
O9)(@) and [, O (a;) for an average @ ~ RWY. Since random walks on expanders are good
parity samplers, perhaps we could expect the distinguishing probability of the RW XOR test to decay
like \*/2+°() rather than like t\. We prove this by showing that the “random walks on expanders are
good parity samplers” theorem extends to pseudodistributions. The result is that we are able to show
that A(59) < \/2+o(1) with non-negligible probability over (S, ¢); a substantial improvement over the
bound obtained in prior work.

2 Technical Overview

In order to demonstrate our techniques, in this section we prove the key lemmas needed to give an
improved list decoding algorithm for the random walk XOR code. Our main theorem will follow
from the analogous result for the wide replacement walk XOR code. We begin this section with a
short preliminaries section where we introduce just the concepts needed for the proofs in this section.
Another, more substantial preliminaries section will follow this one where we will introduce the rest of
the background material needed for this paper.

2.1 Preliminaries

Notation. For a distribution D, we write © ~ D to mean that x € Supp(D) is drawn according to
D. For a set S, we write  ~ S instead of x ~ Unif(S). Vector norms in this work refer always to the
¢,—norm. For an integer r € N, we write [r] as shorthand for {1,...,r}.

Basic Statistics. For a real-valued random variable X, we write Var(X) for the variance of X, namely
Var(X) = E[X?] — E[X]?>. We will use that variance is non-increasing under conditioning. So if X and
Y are jointly distributed real-valued random variables, then Var(X) > E,.y[Var(X]|y)]. This follows
from Jensen’s inequality:
Var(X) — Eyoy [Var(X[y)] = E[X*] — E[X]* — E,oy [E[X*|y] — E[X|y]?]
2
= E,v [EX|y] - Eyv [EX]y]]” >0

For jointly distributed real-valued random variables X and Y, we write Cov(X, Y) for the covariance of

Xand Y: Cov(X,Y) = E[XY] — E[X]E[Y]. The following claim was proved in [BRS11] (Lemma C.2);
we include a proof in Appendix A.

Claim 1. Suppose X and Y are jointly distributed real-valued random variables, and moreover that X
is supported on a set of size 2. Then

Cov(X,Y)?/Var(X) = Var(Y) — E,.x[Var(Y|z)].
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Random Walks on Graphs. Let A be the vertex set of a graph. Given a,a’ € A, we write a ~ a’
if @ and o’ are connected by an edge. For a € A, let N(a) C A denote the neighborhood of A, i.e.,
N(a) :=={a’ € A:a ~ d'}. For an integer d > 1, we say that A is d—regular if | N (a)| = d for all
a € A. For an integer k£ > 1, let

RWA = {(ay,...,ar) € A¥ tay ~a Vi=1,... k—1}

denote the set of k—length random walks in A. Similarly, for a € A, RW¥(a) is the set of k—length
random walks in A which begin at a, so RW (a) := {(ay,...,ar) € RW¥ : a; = a}. We will often
view RW" as a distribution, where (a1, ..., a;) ~ RW" means that a; ~ A is drawn uniformly and
then a;4; ~ N(a;)is drawn fori = 1,. ..,k — 1. In this section, we write RW" instead of RW", since
the graph A will not change.

Expander Graphs. The expansion of a graph is the second largest eigenvalue of the graph’s adja-
cency matrix,* i.e.,

where the max is over all nonzero x,y € R4l — {0} which are perpendicular to the all 1s vector 1. The
expander mixing lemma is recovered from this definition for any f, g : A — R by setting x,y € R/

tobe z, = f(a) — purand y, = g(a) — p,.
Claim 2 (Expander Mixing LLemma). If A is a A—expander then forall f,g: A — R,

Eawa [f(a) - g(a")] = pippg| < Ay,

where iy and Ty are the expectation and standard deviation of the random variable f(a) (namely,
iy = Eq[f(a)] and 7} + 115 = Eo [ f(a)?], and similarly for jiy and 7).

We also will need the following “high-dimensional” version of the EML.

Claim 3 (EML for Vector-Valued Functions). Suppose A is a \—expander, and let f,g : A — RY
be vector-valued functions defined on A. We have

Eovar [(f(a), g(a"))] — (fiy, fig)

< AT4Tg,

where fiy == E,[f(a)], and 7y € R is such that 73 + |fig|* = Eq[| f(a)|*] (and similarly for [ig, T,).

Proof. Fori =1,...,N,let f;,g; : A — R be the coordinate functions of f and g, respectively. Note
that 77 = >~ 77 . We have

N

<A Z TfiTgi

=1

Eqna [(f(a)vg(a/)ﬂ - <:Jf>ﬁg> Eqna fz z( /)} — Mg,

\/Z - \/ZT v

by the triangle inequality, Claim 2 (applied to the coordinate functions), and Cauchy-Schwarz. U

IN

*The adjacency matrix of the graph A is M € {0, 1}/41*I4] where M (a,a’) = 1 iffa ~ a’.
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2.2 Bias Amplification via Expander Random Walks

In order to get a sense of our techniques, we begin with a short proof that random walks on expanders
are good parity samplers.

Claim 4. Let A be a regular A—expander, let x : A — {0, 1} be such that |E, [(—1)*]
forall k € N,

E
2

(4N)5.

l\l)l»—A

B rwr [(—1)"“’1@"'@"%}
Proof. For k € N, define the function g, : A — R via
9r(a) = By g [ (1)1 &7 ].

Define the statistics €, := |E gr(a | and 73, such that 5k + Tk =E, [gk(a)ﬂ. We prove by induction
that for all k € N,

1
er < §<4A)%, and 7, < (4\)' 7

This proves the claim because it gives the desired bound on ;. For the base case, note ; < v/ holds
by hypothesis and 7; < 1 is trivial. The key point for the induction step is that for k£ > 2,

gr(a) = (=1 - Eurn(a) [gr-1(a")].

This lets us bound €, and 7, in terms of lower order statistics using the EML (Claim 2):

ara’ [ 1)*e - gr ')” < VA1 + AMpo1s

cex = |Eqlgr(a)]| = |E

2 < e+ 7 = Ea[n(0)’] = B [Eano [(-1)%]° - B [o1 (@)

< Eo[Ewan(@lgr-1(a)?] = Barn par [gr-1(a’) - groa(a”)] < &f 4 + X704,

where a’ ~ 42 a” indicates that (a’,a”) is a uniform edge in A% (a \>—expander). We have used that
the distribution which draws a ~ A, @', a” ~ N(a) and outputs (a’, a”) is identical to the uniform edge
distribution on A2. Plugging in the inductive hypothesis into the right hand sides of the above bounds
and simplifying proves the induction step. U

2.3 Bias Amplification for Good Pseudodistributions via Expander RWs

We now demonstrate our new technique by proving that random walks on expander graphs are good
parity samplers for “good” pseudodistributions. For a pseudodistribution to be “good”, it must satisfy
the technical requirements specified below. We will show later on that if O is the pseudodistribution
obtained by solving the SDP of the decoding algorithm, then the pseudodistribution O:?) will be
good with non-negligible probability over the slice (S, ). This will require adopting the argument
of [BRS11] to our modified rounding technique. We handle this, and other issues in Section 2.4. For
the remainder of this section, we fix a good pseudodistribution O on {0, 1}, where A is a \—expander.
We will specify what it means for O to be good below, after we set some notation.

e The Random Variables {Yz}: For d € RW*, with k < ¢, let Y; be the distribution on {#£1} which
draws @ ~ O(@) and outputs (—1)"*a, Note that the {Y;} are pairwise jointly distributed as
long as O supports queries of size 2¢: given @, @ € RW=', (Y, Ya) is the distribution which
draws (@, @) ~ O(a U a') and outputs ((—1)3%a, (—1)7®xa),
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e The Covariance Vectors {v;} and {v;} : Since the {Y5} are pairwise jointly distributed, we define
their covariances Cov(Yz,Yz) = E[Y5Ya] — E[Y4]E[Ya#]. As covariance matrices are positive
semidefinite, there exist real vectors {V;} such that (v, v4) = Cov(Yg, Ya) forall @, @’ € RW=".
For @ € RW=', let v; be the vector vz with one extra coordinate which is equal to ]E[Y ]. Note
forall d,a’ € RW<t

E[YaYaz] = COV(Y@‘, Ya'/) —+ E[Ya]E[Yal] = <\75, \75/> + E[Y@*}E[Y@/] = <V5, Va:/).

o The Statistics {cy, /1, 7. }: For k < t, define g, : A — R by gp(a) = E; gwe( [E[Ya]]. and
let ep = |Eq[gk(a)]|. Similarly, for a € A, define the vector wy(a) := E; rwh(a[Val. Let
pir, = |Eq[wi(a)]| and let 7, be such that pi + 72 = E, [[wy(a)[?].

e Good Pseudodistribution: Fix § > 0 such that § < §(9X)'"'. We say that a O is a good pseudodis-
tribution if it supports queries of size 2¢, and if for all k, k' < ¢:

E srwt [[(Va, Va)|] < 0.

Lemma 1. Let A be a A\—expander, and suppose O is a good pseudodistribution on {0,134 which
supports queries of size 2t and for which ’Ea [E[Y,]] ‘ < V. Then

1 t
—-(9N)2.
S (9%

Bovrue (B[] <

Proof. We will use induction to show that forall k = 1,...,¢:

k
2

-(9A)2; and 7, < (9)\)

COIH

This proves the lemma since it gives the desired bound on ¢,. For the base case, £ < v/\ holds by
assumption, and 7; < 1 is trivial. For the induction step, we will show that for all £ > 2:

(i) ex <6+ VA1 + A1;
(i) 7 < VO +ep 1+ M.

Invoking the induction hypothesis on the right hand side of (i) gives

Kk 4] 1 1 1 k
e < (9N)2 - + -+ = —-(9))2,
since § < % - (9N) 3. Similarly, invoking the induction hypothesis on the right hand side of (ii) gives

7 < (9N) T - {% + % + @} < (9N,

since 0 < % - (9\)*~L. Thus, it remains to establish the bounds in (i) and (ii).



(i) — Bounding ;,: We have

er = [Eaorur [ElYal]| = [E s [E[Y.Ya]]| < |Eﬂ,j;§¢k_1 [E[Y.Ya]]| + A
S E o [[(Va, Vadl] + |Ea[EIYa]]| - | rwr—1 [EIY2]] | + A

< 9 + \/X&“k;fl + )\Tk,1
The inequality on the first line is the EML, using the identity

E a~a [E[YaY&’/H = ana/ [(Va7 kal(a/)ﬂ .

d/NRWk—l(a/)

The inequality on the second line follows from the triangle inequality and Jensen’s inequality;
the final inequality has used that O is a good pseudodistribution.

(i) — Bounding 7,: We have

% < E 4 [ENaYa]] =E . [IE[YMY%]} =E oo [E[YaYa]]

@,a ~RWF (a) @@ ~RWF (a) a~RWF—1(q)
a/NRWk—l (a/)

< Egaoorwet [[(Va, Va)|] + Eqana [EIYZE[Yz]] + A2, <6 +ef; + N7y,

from which 7, < v/0 4 £,_1 + A7i_; follows. The first bound is trivial since 72 < i} + 72; the
last equality on the first line holds because @ and @ share the same first vertex and so oy = o)
holds with probability 1 over (&, @') ~ O(d U d@'); the inequality on the second line is the EML
on A? (a A\2—expander); the inequalities on the final line hold by the triangle inequality, Jensen’s
inequality and since O is a good pseudodistribution.

O

The Key Takeaway. So to summarize, the proof of Lemma 1 is very similar to the proof of Claim 4.
For example, the identity

E[iNRWk’ [E[(_l)&@xaﬂ =K aNak’_ [E[YaniH =K a~a’_ [(Vm Vd’>] = ana/ [(Vm kal(al)>:|7
a~RWF=1(q) a~RWF=1(q)

means that the quantity E_gy+ [E[(—1)7®%7]] is subject to bounds via the (high-dimensional) EML,
just as the quantity E__ s\« [(—1)"6} was bounded using the (one-dimensional) EML in the proof of
Claim 4. However, this method when applied to pseudoexpectations leaves behind some extra “casualty
terms” of the form E,_, ; rw+—1 [|(Va, Vz)|] which did not appear in the proof of Claim 4. These
casualties are (absolute values of the) covariances between Y; and Yz for independent @, a’ € RW=E,
These can be bounded using a version of the “correlation potential” argument from [BRS11], as we
will now demonstrate.

2.4 Decoding the Random Walk XOR Code

Armed with Lemma 1, let us now step back and describe in more detail the rounding step of our
decoding algorithm and its analysis. For this discussion, let us pick up the decoding algorithm after it
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has already solved the SDP (on input § € {0, 1}R"") and obtained a pseudodistribution O on {0, 1}
such that (2) holds; namely so that

Egrw [INE[(_D&@’%H >y,

where o = 2 - (9X\)? is twice the bound obtained in Lemma 1, and x € LIST(¥, p). Our rounding
method, described next, will probabilistically generate a list L of data which determines a conditional
pseudodistribution O'. The consistency conditions of O will ensure that for all @ € RW’, the distribu-
tion which draws L and then draws and outputs @ ~ O'(@) is identical to O(&). Thus, with probability
at least p'/2 over L, we will have

Egrw [EL [(_1)&@)(5}} > p'/2.
We will prove that with probability at least 1 — p’/4 over L, O will satisfy:

Ed’wRW’“ [|<<’67 ‘A’a’m <9,
@ ~RWF’

for all k, k' < t. It then follows from Lemma 1 that with probability at least p’/4 over L,
Ega [EH[(-1)°9%]] 2 VA

Since VA > 2ppase, this implies that with probability at least p/ /4 over L, the decoding algorithm will

] > 0

output, with high probability, a string & € {0, 1}** such that Pr,.4 [a = x, , which will allow

recovering x using the list decoding algorithm of the base code.

Our Rounding Method. The rounding step of our decoding algorithm works as follows.
1. Draw s = (s1,...,8;) ~ {1,...,r}" uniformly.
2. Draw a random subset S C RW=f such that |S N RWk| =spforallk=1,... 1.
3. Draw o ~ O(9).

4. Output L = {(@,®oz) : @ € S}, where Boz denotes the bit o, @ -+ D 0o, € {0,1}, where
(Cays - ., 04,) are the bits of o which correspond to @ = (a, .. ., ax).

So the rounding step outputs a “slice” L ¢ RW=' x {0, 1} of size at most ¢r. Let S C RW=' denote the
projection of L onto the first coordinate; for @ € S, we denote the element of L whose first coordinate is
a as (@, 8z). Given L, the pseudodistribution O, on receiving a set ' C A such that |SUT| < t(r +2),
draws 0 ~ O(SUT) such that ©oz = (35 holds for all @ € S, then outputs o7 € {0, 1}*. Note for all L
drawn according to the rounding procedure, the pseudodistribution O' can be queried on any set of size
at most 2¢. As discussed above, the following key lemma implies the the correctness of the decoding
algorithm.

Lemma 2. Assume r > 4t2/(62p'). Then with probability at least 1 — p' /4 over L, both of the following
hold for all k, k' € [t]:

where ¥ is the notation from Section 2.3 instantiated with the pseudodistribution O".
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Proof. Let L denote the slice distribution. We must show that with probability 1 — p’/4 over L ~ L,
we have

@ ~RWH
for all k, k" € [t] where V5 refers to v from Section 2.3 instantiated with the pseudodistribution O". In
this proof we are explicit about L because we will have to consider these random variables for different
slices. Recall (VL VL) = Cov(YL, YL), where Yt is the random variable which draws @ ~ O"(@) and
outputs (—1)*a, By Claim 1 we have

N N 2 ’
E 7 rwt WV!% Vzlifm <E; rwt [COV(Y:%» YCI%/)Q} < E; rwt [Var(Yé) - ]E(—i/NRWk’ [Var(Yé )H 5
@ ~RWH’ @ ~RWH BYL,

where L' = LU{(d, #)}. We say that L' is a k' —th increment of L since it is obtained from L by adding a
single element (&', 3) € RW* x {0, 1}. Let £ (L) denote the distribution which outputs a random slice
which is a &'—th increment of L. So £¥ (L) draws @ ~ RW¥', 8 ~ YL and outputs L' = L U {(@, )}
For k € [t], define the potential ®;(L) := E; g+ [Var(Y5)]. These notations simplify the above, we
now have
E oorwt [[(95 98] < (L) = Euopwy [@4(L)]-
@ ~RWF

Thus, by the union bound and Markov’s inequality, in order to prove Lemma 2, it suffices to show that
forall k, k' =1,...,t,

, 52 /
Eior [‘Pk(L) —Ey e [Dx(L )H < 45 : M

Now recall that £ first draws s = (s1,...,8;) ~ [r]" and then outputs a random slice L subject to
LN (RW* x {0, 1})| = s forall k = 1,...,t. Let L be the distribution which outputs a random
slice subject to satisfying this size condition. So £ draws s ~ [r]* and outputs a sample from L,
while the distribution which draws L ~ £ and outputs a sample from £ (L) is identical to the dis-
tribution which draws s ~ [r]" and outputs a sample from Ly where s’ is the £’-th increment of s,
namely, s;, = sp + 1 while s} = s; for all j # k. Let ®4(s) := Err, [®(L)]. Then the left hand
side of () becomes Eg [@k(s) — Py (s )} , where s’ denotes the &’'—th increment of s. But for all
S1y.vySk—1sSkt1s-- -, St € [r], we have

1> ®p(s1) > Pi(sg) > -+ > Py(s,) >0,
where s, denotes (s1, ..., Sk_1,V, Sk+1, - - -, Sr) € [r]. This is because variance is non-increasing under
conditioning. It follows that the LHS of () is at most 1/r < §2p'/(4t?). O
3 Preliminaries

In this section we give the rest of preliminaries which we have not already given in Section 2.1.

Basic Notations. For subsets S, 7" C U of some universe U, we write S @ T for the “exclusive OR”
of Sand T: S®T = (SUT)\ (SNT). Forastring @ = (av,...,a) € {0,1}*, we will frequently
write (—1)9 as shorthand for (—1)*1®®ax,

11



3.1 List-Decodable Codes

Definition 1. Let {Cy} be a family of binary linear codes with Cy, : {0,1}* — {0,1}", and let p > 0.
We say that {Cy} is p—list-decodeable if there exists an efficient® family of algorithms {Dy}, which
takes j € {0, 1}" as input and outputs LIST (7, p) C {0, 1}*, where recall

LIST(3.p) 1= {m € {0,1}* : A3, Ce(m)) < %}

The following is proved in [GROS].

Proposition 1 (The Base Code.). For any e,,s > 0, there exists an explicit family {C*¢},. of binary
linear codes with Cp** : {0,1}* — {0,1}" which has distance =22, rate )(e},..) and which is
Pbase —list-decodable for all ppase > Epase-

3.2 The Lasserre Semidefinite Programming Hierarchy

The Lasserre hierarchy is a convenient framework for wielding the SDP algorithmic machinery to
optimize constraint satisfaction problems (CSPs). Practically speaking, the Lasserre setup it is part
of an SDP program, and instantiating the hierarchy involves completing the setup to a full SDP by
incorporating some “problem specific” components. Our decoding algorithm will be looking for an
assignment x : A — {0,1} and so we will set up a SDP which has variables {zs, }s,, and which
includes the following constraints:

e Variables: There is one variable zg,, for each S C A of size | S| < r and o € {0,1}5.

e Lasserre Constraints: There are four types of Lasserre constraints.

) zp0f* =1;

(1) |Zaol* + |Zaa> =1V a € A;

(iii) (zs,,27,) =0V S, T C Asuchthat SNT # 0 and o|snr # T|snrs

(V) (2so,2r+) = (257 01,27 )V S, T, 8" T C Ast. SUT =S"UT" andoUT =0"UT.

Our decoding algorithm will “complete” this setup to a full SDP by specifying a convex objective to
minimize and by adding some additional constraints. When all is said an done, the final SDP will
be solvable to within additive accuracy 1 > 0 in time poly(2"|A|",log(1/n)) since there are (fewer
than) 2"|A|" variables. Upon solving the SDP, one obtains vectors {zs, }s, which (nearly) optimize
the objective. Working with the SDP solution directly, while possible, carries significant notational
overhead which can obstruct the intuition of the rest of the algorithm. For this reason, convenient
language has been developed for reasoning about Lasserre-type SDP solutions. We will also use this
language and here we briefly discuss how to convert the above into a nicer form.

The starting point is that the Lasserre constraints imply that for all S C A of size |S| < r,
> |zs.|> = 1, and so for all S, the SDP solution describes a distribution O(S) on {0, 1}° which
outputs ¢ € {0,1}° with probability |zs,|? (this was the notation used in Sections 1.2 and 2). It
follows from the Lasserre constraints that for S C 7', the S marginal of O(T) is identical to O(.5).

>In this work, we consider an algorithm efficient if it runs in expected polynomial time in n; we allow the exponent to
depend on p.
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Definition 2 (Pseudodistributions). A level r Lasserre pseudodistribution on {0, 1} (or just a pseu-
dodistribution) is an oracle O with the following syntax and and which satisfies the following consis-
tency requirement.

e Syntax: On receiving a set S C A of size |S| < r, O probabilistically generates and returns
the string o € {0,1}°; we let O(S) denote the distribution that O uses to respond to the query
S.

e Consistency: forall S C T, the S—marginal of O(T) is identical to O(S5).

For any S C A such that |S| < r and any o € {0,1}°, we define the conditional pseudodistribution
OS) by letting O (T) be the distribution which draws T ~ O(S U T) such that 7|s = o and
outputs 7|7 € {0,1}". Note O5)(T) is defined for all T C A such that |S U T| < r, and so O is
a level r — |S| pseudodistribution.

In order to maximally simplify the notation of the SDP, it is common to define the remainder of the
SDP in terms of the pseudodistribution O rather than the variables {z( 5,0)} s Thus, when using the
Lasserre hierarchy, we will wind up with an SDP that looks like this:

e Minimize: ¢(O);
e Problem-Specific Constraints: I';(O) < a, fori=1,2,...;
e Lasserre Constraints: O is a level r Lasserre pseudodistribution;

where ¢ and the I'; are convex functions. Convexity in this context means that for any two pseudodis-
tributions O and O, and any v € (0,1), ®(7O + (1 — 7)0’') < ¥®(O) + (1 — 7)®(O'), where
7O + (1 — )’ is the pseudodistribution which, for S C A of size |S| < r outputs o € {0, 1} with
probability vPr[O(S) = o] + (1 —v)Pr[0'(S) = o].

3.3 The Wide Replacement Product

Ta-Shma’s code used a special graph product called the wide replacement product to combine two
expanders. This method was introduced in [BT11] where it was used to get almost Ramanujan expander
graphs via the zig-zag product. We describe this method as it applies to combining the two specific
graphs used in the construction.

Cayley Graphs Given a finite group GG and a subset U C G, the Cayley graph Cayley(G, U) has
vertex set G with g ~ ¢ iff g-'¢’ € U. Note that Cayley(G,U) is |U|—regular; additionally, if
U is closed under inversion, then Cayley (G, U) is undirected. Cayley graphs play a key role in many
explicit constructions of expander graphs. Both the outer and inner graphs used in this work are explicit
expander constructions based on Cayley graphs.

3.3.1 The Outer Graph

Rotation Maps and Local Invertibility. In any d—regular, undirected graph G = (V, E), we can
define the rotation map ¢ : V x [d] — V defined via ¢ : (v,i) — ¢/, where v/ € N(v) is the i—th
neighbor of v. Note that if v/ = ¢(v,4) then there must exist some i € [d] such that v = ¢(v',7’),
since G is undirected. In this case we say that i’ is the inverse of i with respect to the vertex v, since
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v = (b(gb(v, i), z"). We say that G is locally invertible if for all i there exists ¢’ such that v = gb(gzﬁ(v, i), i/)
holds for all v € V. In Cayley graphs, the rotation map is simply multiplication: ¢(g,u) = gu.
This means that undirected Cayley graphs are locally invertible, since for all ¢ € G and v € U,

g =o(d(g,u)ur).

For our outer graph A we use the explicit construction of [Alo21] which, though not a Cayley graph, is
locally invertible as it is a combination of Cayley graphs.

Proposition 2 (The Outer Graph). For all integers n,d € N there is an explicit construction of an

undirected, d—regular, locally invertible graph A with n - (14 0,(1)) vertices and expansion A4 < \%.

3.3.2 The Inner Graph

For our inner graph B we use the explicit construction of [AGHP92].

Proposition 3 (The Inner Graph). For all integers r,{ € N such that { < r /2, there exists an explicit
construction of an undirected 2% —regular Cayley graph B over F}, with expansion A\g < (r — 1)27°.

The Shifted Neighborhood Distribution. We will introduce parameters s, m € N such that r = ms
so that our inner graph B is a Cayley graph on FJ**. We will view elements b € B as s—tuples
b= (b[1],...,b[s]) € (F5")* and we write b € Fy' for the first coordinate of b, namely b = b[1]. We
define the “shift operator” via shift : (b[1],...,b[s]) — (b[2],...,b[s],b[1]). For b € B, we define
the shifted neighborhood distribution of b, denoted N (b) as the distribution which draws ¥’ ~ N (b)
and outputs shift(d’). The shifted neighborhood distribution was introduced in [RR22] to simplify the
notations of Ta-Shma’s construction, which draws a random walk (by,...,b;,) ~ RW% and then used
the indices (b1[1],02[2], ..., b[t mod s]) € (F5")". This is equivalent to drawing a shifted random walk

(b1, ..., by) ~ /R\VV/tB (i.e., drawing b; ~ B and b;,; ~ N(b;) fori = 1,... t — 1), and then outputting
(by,...,b) € (F3)t. Tt is easy to see that the expansion of B is not affected by using the shifted
neighborhood distribution instead of the original neighborhood distribution:

E pp [f(b) g(V)] = sitg
b N (b)

- ‘Ezf?lﬁ(b [F(0)- 9] = psng

< Aojog = Aosoy,
)

where § = g o shift; clearly (uz,05) = (uy,0,). Note that by replacing the normal neighborhood
distribution with the shifted neighborhood distribution, we turn B into an undirected graph. To fix
this, we can define the reverse shifted neighborhood distribution N~ (b) which draws b’ ~ N (b) and
outputs shift ' (¥'), where shift ' shifts the coordinates of b in the opposite direction to shift. The key
point we will use is that the following distributions are identical: 1) draw b ~ B, i/ ~ N (b) and output
(b,b') € B 2)draw b/ ~ B, b ~ N~'(I/) and output (b,¥') € B2. The following easy claim will be
useful.

Claim 5. For k < s, the distribution which draws (by, ... by) ~ /FWV/% and outputs (by, . .., b,) € F*
is identical to Unif (FJ%).

Proof. Let D, be the distribution which draws (b, ..., b;) ~ RW% and outputs (b, ..., b;) € F-.
We must show that D, = Unif(IF3**) for all k& < s. It suffices to prove this for & = s, since when
k < s, Dy, is identical to the distribution which draws (131, e ,135) ~ D, and outputs (131, . l;k) As
B is a Cayley graph on F**, there exists a subset U C 5 such that, for all b € B, the neighborhood
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distribution N (b) draws u ~ U and outputs b + u. Thus, D, draws b = (b[1],...,b[s]) ~ F™ and
Uy, ..., us—1 ~ U, and outputs

(bi,... b)) = (bm + uli— 5+ 1]) _emp

~

Uniformity of (by, ..., b,) follows from the uniformity of the b[i] ~ FZ". O

3.3.3 The s-wide Replacement Product

Let A and B be the outer and inner graphs described above, respectively. The wide replacement product
is a distribution parametrized by integers s,¢ € N which uses a t—step walk on B to derive and output
a walk (ay, ...,a;) € RW,'. We denote the s—wide replacement product distribution as s—WRWfA, B-
Since A and B will not change, we omit them from the syntax and we relocate the s, writing WRW?
instead of S—WRWtA 5% In order to ensure compatibility between A and B, we set d = 2™, where d is
the degree of A and B is a Cayley graph on F7**. This allows viewing b = (b[1],...,b[s]) € B as an

element of [d]°. Fora € A and b € B, we interpret ¢(a, b) as the j—th neighbor of a where j € [d] is
the value which corresponds to b = b[1] € F3* ~ [d].

The Distribution WRW’. With the above setup in mind, the distribution WRW!, draws a ~ A,

~

(by, ..., by) ~ ﬁ\VVtB and outputs (ay, ...,a;) € A", where ag = a and a;,; = ¢(a;,b;) for i =
0,...,t—1. Fora € A, WRW(a) is the distribution WRW/ conditioned on ay = a; for (a,b) € A x B,
WRW: (a, b) is WRW?, conditioned on (ag, b1) = (a, b).

4 The Code

We now describe the binary code {Cy}, of Ta-Shma [Ta-17], which almost achieves the Gilbert-
Varshimov bound. Fix £ € N and € > 0. The construction of C; uses the following building blocks.

e The Base Code: Let Cp> : {0,1}* — {0,1}" be an explicit code of distance 1=, which is
Pbase —list decodable for all ppase > Epase. We use the construction of Proposition 1, which has
rate (£} e ) -

e The Outer Graph: Let A be the undirected d 4 —regular graph with expansion A 4. We use the con-
struction of Proposition 2, so that Ay < 8/v/d4 and [A| = n - (1 + 0,(1)).

e The Inner Graph: Let B be a dg—regular Cayley graph over F with expansion \z. We use the
construction of Proposition 3 so that Az = (r — 1) - 27* and dp = 22 for integers ¢, € N such
that ¢ < r/2.

The building blocks carry several parameters which we now connect. In order to set up the s—wide
replacement product, define additional parameters s,m € N such that r = ms, and let d4 = 2™, so
B ~ [d4]®. Tt will be important for our analysis to have A4 < )sz; in order to arrange this, set m = s
and ¢ = s/5. This gives

8 8
=827 = . 27" < (ms — 1) 27 = A},

/dA 26/2

®We intend WRW to stand for “wide replacement walk”.

Aa <
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where the final inequality holds whenever s > 2. We will also require £p,se < Ag/2 which we ensure
. 2 . . .

by setting £pase = % -275/5_ At this point, all parameters so far have been defined in terms of s. Note

that our setup allows us to use B to take s—wide replacement walks in A. We now describe the code.

The Encoding Algorithm C;. On input msg € {0, 1}*, and given &, > 0, C;, works as follows.
1. Sets,t € Nsothat ns > 60logs and t > s% so that (2\g)!(1=4/%) < ¢

2. Compute CP**¢(msg) € {0,1}", and define x € {0, 1} by setting

[ c(msg) a= ()
“ 0, otherwise

where ¢ : [n] — A is some fixed embedding.
3. Compute y € {0, 1}WRW: by setting yz = Xy @ - - - ® Xq, for @ = (ag, . .., a;) € WRW-.

4. Output y.
Proposition 4. The code {Cy}, has distance at least 5=, and rate Q(e*™).

Proof. The rate of Cy, is

k k 1 1
—>_._._:Q€3 .2_8
WRWE 1A TB g )

To bound the bias of C;, we use the following lemma which was proved in [Ta-17]. This result is also
implied by Claim 7, since the constant pseudodistribution is technically good. The reader can also see

also [RR22] for a proof of precisely this result which uses language similar to the rest of this paper.

2

Rate, = ) dg(tfl) _ Q(S—G ) 2—52) _ dg(tfl)‘

Lemma 3 (Bias Reduction of Wide Replacement Product Walks). Let integers s,t € N and graphs
A and B be as above; so in particular A and B are Ay and \g expanders with A, < )\QB. Let
x : A — {0,1} be any function such that |E,[(—1)*]| < Ap. Then

EaNWng [(‘Dxa}
Note that the function x : A — {0, 1} defined in the second step of C, satisfies
Eq[(=1)] B [(—1) 8]

and so Lemma 3 ensures that Bias, < (2Ap)%
together and using A\g = (s* — 1)/v/dp gives

< (2)\3)7&(174/3).

S 2- S 28base S >\B;

1-4/s) Putting the calculations of Rank; and Bias

Rate, = Q(s’f‘ (87— 1) A5 (2A3)8t/8) - Bias} = Q(s*“ : (2)\3)8“5) - Bias?,

where the right most equality holds whenever 6log s < 2s/5 (implied by s > 100) and ¢ > s. Note,
therefore, that for ) € (0,1/2), Rate, = Q(Bias;™") holds whenever (2\p)!("=41/5=8/5) < 575 which,
if n > 24/s is implied by (2Ap)"/? < s7°. Finally, by plugging in Az = (s? — 1) - 27°/°, we see that
this holds whenever ns > 60 log s.

So finally, let us prove the theorem. Suppose that we are given ¢ > 0 and n € (O, 1/ 2), and we
want to construct C;, such that Bias, < ¢ and Rate, = Q(Bia52+’7). We let C;, be the construction
defined above with s chosen large enough so that ns > 60 log s; this ensures Rate, = Q(Bias?") as
noticed above. Finally, let us choose ¢ large enough so that ¢ > s2 and (2\g)"! /%) < ¢; this ensures
Bias;, < ¢, as desired. O
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5 The List Decoding Algorithm

In this section, we describe the list-decoding algorithm. As already mentioned, this algorithm is es-
sentially the same as the algorithms from [AJQ™20, JQST20, JST21] except for a modified rounding

step.

The Decoding Algorithm D,. Let p > 0. On input § € {0, 1}WRWs, D, does the following.

0.
1.

Set parameters 6 = 27 p% r > 1?23 £, and ¢ = Lp°

Set up and solve the SDP to within accuracy (:
- minimize ;7 wrwt [E[(—l)&@&/]z];
- subject to Eg_wrw! [fE[(— } > p;
- subject to O being a level (rst + 2)(s + t + 1) Lasserre pseudodistribution.

Round:

- Draw S = (S, 1)) ~ [r]* uniformly.

- Draw a subset S C { (a,d) e RWK X WRWk ap = ao} randomly, subject to the require-
ment that | S N (RWY x WRWE)| = S, forall £ € [s] and k € [{].

- Draw o ~ O(S), where O is the optimal pseudodistribution recovered in Step 1.
- Output L = { (@@, (®oz)®(Poz)) : (@,d') € S}, where Bog = 0,4, ®- - -®o,, € {0,1},

where (0,,, ..., 0,,) are the bits of ¢ which correspond to @ = (ay, . .., a), and similarly
for ®oy.

Compute x € {0, 1} as follows:

- For any a which appears in any of the paths in S, set X, = 0,;

- For all other a, draw X, ~ O'(a), where O' is the conditional pseudodistribution on {0, 1}
created from the pseudodistribution O obtaines in Step 1 and the set L produced in Step 2.
So specifically, for 7' C A such that [SUT| < (rst+2)(s+t+1), Ot draws o ~ O(SUT)
such that (Boz) & (Bow) = Bz forall (d,d’) € S, then outputs o7 € {0, 1}7.

Run the inner decoder:

- Compute Lpyee = DP*%(x) and Li,.. = DP*¢(x’), where DP>* is the ppas.—list-decoding
algorithm for the inner code D2, and where X’ is the opposite of x (i.e., every bit is

flipped);’

- If Lpase U Lf,.. # 0, output a random element from either set, otherwise give no output.

base

Theorem 2 (Main). The above algorithm Dy, runs in time kP*Y(/?) and provides the following output
guarantee: if y € {0, 1}WRWYS and msg € {0, 1}* are such that A(y,Ci(msg)) < 552, for p > 2/E,
then Dy,(msg) outputs msg with non-negligible probability.®

If Db is given a string x € {0,1}“ as input, then it first recovers :7*(x) € {0,1}" and ignores the bits of x

corresponding to a ¢ Image(¢).

8Recall from Proposition 4 that the distance of Cy, is at least 5

1—¢
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Note that Dy (y) can be called repeatedly to recover the full list

{msg € {0,1}": A(y,Cr(msg)) < ?}

with high probability.

5.1 Analysis Overview

Here we give the high level proof of Theorem 2 by reducing it to the proof of two key lemmas, Lem-
mas 4 and 5, below. These lemmas in turn will be proved in the following sections. First note that the
running time of Dy, is dominated by Step 1, which runs in time poly (n("s/ T2+ 17 /() = gpolv(1/p),
So now, assume y € {0, 1}"WRW: and msg € {0, 1}* are such that A(¥,Cx(msg)) < 52. We must
show that Dy (y) outputs msg with non-negligible probability. Define the set

LIST(y, p) :== {X € {0, 13" : Egowrwe [(_1)&5@)(5] > P}-

This is an abuse of notation because technically this list should be a subset of {0, 1}*, but this list will
be our main focus during this proof. Let x = ¢ o Cx(msg) € {0,1} and note that x € LIST(y, p).
Thus, it suffices to show that for all x € LIST(y, p), the string x € {0, 1}* computed during Step 3
of D(y) will, with non-negligible probability, be such that |E,[(—1)*®*]| > 3ppa /2. Indeed, this in
turn implies that ’Eiw[n] [(—=1)®%%®]| > ppase, and so msg will appear either in Ly, or L] since the
inner code is ppase—list decodeable.

Now, recall that Dy (y) produces X by drawing each bit independently from the size 1 marginals
of the conditional pseudodistribution O, where L is produced in Step 2 via the rounding procedure.
Therefore, by the Chernoff-Hoeffding inequality, x & X will be 3ppas./2—biased with high probability
whenever

IEq [EX[(—1)%%]]| > 2ppase, (+)

where E" is the conditional pseudoexpectation corresponding to O'. So in summary, we need to show
that (+) holds for all x € LIST(y, p). The following lemma was proved in [AJQ*20] (combination
of Lemmas 6.3 and 6.4). We include a shortened version of their proof, converted to our language, in
Appendix A.

Claim 6. Let O be the pseudodistribution obtained during Step 1 of Dy(y). For all x € LIST(y, p),

" GDAPX - DA’ 1
Ez & ~wrw! [E[(—1)x @@ o)) > ZP4- (++)
So the core of our analysis involves deducing (+) from (++). This is accomplished using the following
two lemmas which will be proved over the next two sections. Both lemmas involve the notion of a good

conditional pseudodistribution which is a technical condition defined in Definition 3 in Section 5.2.

Lemma 4. Assume r > 1

of decoding is good.

?5;12. Then with probability at least 1 — 11—6 pt, the slice L drawn during Step 2

Lemma 5. If O is a pseudodistribution on {0, 1}* and L is a good slice such that
i xzDADX 5 DA’ 1
Egaowrwt [EH[(—1) @& 4] > §P4
holds, then (+) also holds.
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These lemmas combine to complete the proof of Theorem 2 since it follows that if (++) holds for the
pseudodistribution O recovered in Step 1, then with probability at least %p‘* over the slice drawn during
Step 2, (+) holds as well. In Section 5.2 we define good and prove Lemma 4; Lemma 5 is proved in
Section 5.3.

5.2 Good Pseudodistributions and Proof of Lemma 4

In this section we define what it means for a pseudodistribution on {0, 1} to be good, and we prove
Lemma 4. We first set some notation.

e The Graph Expansion Parameters: The code uses two expander graphs B and A with expansions
A = Aand A4 < )2, respectively, where A > 0 is chosen so that A < 2ppe, the list-decoding
radius of the inner code. Additionally, the width s and length ¢ of the replacement walks are such
that (2X)(1=4/%) < 1p? (since p > 2./2).

e The Random Variables {Ys}: For S = {a,...,a;} C A, with |S| < s+t+1, let Yg be the distri-
bution on {£1} which draws o = (0, ...,0%) ~ O"(S) and outputs (—1)71E%ar) S S(okxay),
Note that the {Yg} are pairwise jointly distributed since O supports queries of size 2(s + ¢ + 1):
given S, 5" C A, (Ys,Y%) is the distribution which draws (o, 0”) ~ O-(S U S’) and outputs

((_1)(Ul@xal)@"'@(ﬁk@xak)7 (_1)(03@xa3)€9-..€9(0;€/@xa;€/ )) .

We will be particularly interested in Yg for S = @ for a wide random walk @ € WRW='; this
will be our main case of interest. However, we will also need to consider Yg for S = @ @ @ for
@ € RWY and @ € WRW* for ¢ < s and k < ¢ such that a; = .

e The Covariance Vectors {vs} and {vs}: Since the {Ys} are pairwise jointly distributed, we can
define their covariances Cov(Ys,Ys') = E[YsYs| — E[Y5]E[Ys]. As covariance matrices are
positive semi-definite, there exist real vectors {Vg} such that (vg,vg) = Cov(Yg, Y ) for all
S,S" C Asuchthat |S|,|S’| < s+t+1. Let vg be the vector vg with one extra coordinate which

is equal to E[Yg]. Thus, fE[YSYS/} = (vg,vg) forall S, 5" C Asuchthat|S|,|5'| <s+t+ 1.

M. We say that a level

Definition 3 (Good Pseudodistributions). Let 6 > 0 such that 6 < 6—14(2
€ [s]and kK € t], the

2(s +t + 1) Lasserre pseudodistribution on {0,1}* is good if for all ¢
following holds:
EaNRWQ,a’NRWQ’ [|<\A’a@a~, ‘A’d’@ﬁ’“m <9,
@'’ ~WRW¥ (a,)
a""~WRW*' (al,)

where a, and a;, denote, respectively, the final vertices in the random walks @ and @'

Lemma 4 (Restated). Assume r > *

during Step 2 of decoding is good.

(?5;22. Then with probability at least 1 — % p*, the slice L drawn

Proof. Let L denote the slice distribution. We must show that with probability 1 — %6 ptoverlL ~ L,
we have
L L
E(L) := Eaz.ana [|(Vasar Vaean)|] <6,
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forall /, ¢ < sand k, k' < t, where the expectation is over @ ~ RWY, @ ~ RWY, @' ~ WRW’;”(aZ) and
@" ~ WRW?Y (a,). Here V%, ., refers to V55 from Section 2.3 instantiated with the pseudodistribu-
tion OL. In this proof we are explicit about L because we will have to consider these random variables

for different slices. Recall (V. v, V5 ozn) = Cov(Y5azr, Yo oan), where Y5, is the random variable

ada ada’’ adpa

which draws (@, @") ~ O-(d@ @ @") and outputs (—1)¥®*xa®d"&xa" By Claim 1 we have

E(L)2 S E,—iﬁlﬁn’a‘/// [COV(YE@(—W, Yg’@&’”’)ﬂ S Eaﬁﬂ [Var(Y;@a,,) —E a.a" [Var(Ygl@au)H s
BNY(I-}@&//

where L' = LU{(a’ ®a", 3)}. We say that L’ is an (¢, k") —th increment of L since it is obtained from L

by adding a single element (@' ©a@"”, ) € RWY x WRW* x {0, 1} with a}, = aly'. Let L*)(L) denote

the distribution which outputs a random slice which is an (¢, k') —th increment of L. So £“* (L) draws

@ ~ RWY, @ ~ WRW¥ (ay) and 8 ~ YL, . and outputs L' = L U {(@ & a@”, 8)}. For { € [s] and

k € [t], define the potential

Dur (L) =E a~RWY, [Var(Yg@a,,)].
@’ ~WRWF (a,)

These notations simplify the above, we now have E(L)? < @, (L) — Ey oz w [@(@J@(L/)}. Thus,
by the union bound and Markov’s inequality, in order to prove Lemma 4, it suffices to show that for all
0,0 € [s]and k, k' € [t],

Ey oy |®n(l) —E By (L' PN
L | Py (L) = By peran 1) [Py (L) ()

~ 16522
Now recall that £ draws the tuple S = (S())ex ~ [r]* and then outputs a random slice L subject
to [L N (RWY x WRWE x {0,1})| = Sy forall £ € [s] and k € [t]. Let Lg be the distribution
which outputs a random slice subject to satisfying this size condition. So £ draws S ~ [r]** and outputs
a sample from Lg, while the distribution which draws L ~ £ and outputs a sample from £+ (L)
is identical to the distribution which draws S ~ [r]** and outputs a sample from Lg where S’ is the
(¢, k')-th increment of S, namely, S{,, ;) = Sz ) + 1 while all other indices of S and S’ are equal. Let

@(gJﬂ(S) = EL~£S [@(g7k)(L)} . Then the LHS of ('l') becomes ESN[T]st [(I)(g’k)(S) — @(g7k)(sl)] , where S/
denotes the (¢, k')—th increment of S. But for all S € [r]*~1, we have

12> @ (S1) = Py (S2) > -+ > P (Sy) >0,

where S, € [r]* has the (¢, k')—th coordinate equal v and all other coordinates equal S. This is
because variance is non-increasing under conditioning. It follows then that the LHS of (}) is at most

2 4 .
1/r< 1565—5)#’ as desired. O

5.3 Bias Amplification

In this section we prove Lemma 5 and show that wide replacement product walks are parity samplers
for good pseudodistributions. Let us keep using the notations from the previous section, i.e., the random
variables {Ys} and the vectors {Vs} and {vg}, all instantiated using some good pseudodistribution O".
Additionally, define the statistics {ju, 7k, € } as follows. For k& < t, let the vector-valued function wy,
on A X B be defined via

wi(a,b) = EaNWwa:(a,b) [val,
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and let p = |Eqp[wi(a,b)]|, and 7, be such that pf + 72 = E,[|wy(a,b)|?]. Additionally, let
€ 1= ‘EJNWRWE [E[Yd]] ‘ In this section, all pseudoexpectations are for the pseudodistribution O';

since there is no chance for confusion, we write E instead of E to keep the notations simpler.

Lemma 5 (Restated) If Ot is a good level 2(s + t + 1) pseudodistribution on {0,1}* such that
}EGNA[ ” < )\, then

Eg arwrwt [E[YaYa]] < 2(20)2074/9),

Proof. Note E[Y;Y#] = (va,var) = (Va,Va) + E[Ya]E[Yz#]. Thus,

[E[YﬁY&”H ’ < Ea,a'~WRW§ [|<‘A’ﬁa ‘A’&’m + |E5~WRW§ [E[Yaﬂ ‘2 <o+ 51527

where the last inequality holds by definition of &, and because O is good (using ¢ = ¢’ = 1 and
k = k' =t). So it suffices to show that for all k£ < ¢:

< (20)F0749); and 7, < (20) 208, ()
We prove this by induction. The following claim captures the core of the proof; we prove it in Section 6.

Claim 7. Suppose O" is a good level 2(s +t + 1) pseudodistribution on {0,1}* and ‘Ea [E[Yaﬂ } <A\
Let €}, and 1y, be as above. Then we have the following bounds.

o Part 1: When k < s, we have e < V3 + $(2\)F+L.
o Part 2: When k < s, we have 7, < 3v/0 + 2(2)\)k-1
e Part 3: Whenk > s+ 1, we have e, < V4 + $(2N)* [ep—s + 3Ti—s).
e Part4: When k > s+ 1, we have
72 <2V 4 (20 [ens + 37k s ena + 2M 2N D [y + 3] P+ A2

Establishing (x) from Claim 7 is a straightforward induction. The base cases follow immediately from
the bounds given in Parts 1 and 2. To prove the induction step, first note that the induction hypothesis
implies that (2X)* 4 [e5_s + 37— < (2A)FO4/9) 4 3(2X)*=2(1=4/9) Plugging this into the right side
of Part 3 and simplifying proves the induction step for €. Finally, plugging in the induction hypothesis
into the right side of Part 4 bounds 77 by

2V/6 2 1

k—2)(1—4/s) 3 2-8/s 8 2-8/s 8/s
(20 / D= (2N [(20)275/% + 3] + 32083 [(20)27%/* + 3] + yica
which is at most (2)\) ~2)(1-4/9) gince each term in the brackets on the right can be upper bounded by
1/4 (using § < &;(2X)* and A < 1/6). O

6 Bounding the Statistics

Our use of the wide replacement walk introduces several complications on top of those encountered
in Section 2 for the “vanilla” random walk. For this reason, we begin with a section where we collect
the key ideas used in the proof of Claim 7. This will avoid repetitions and generally will facilitate a
smoother reading of the proof, which is central to our main result.
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6.1 The Tool Kit

Setup and Notations. We continue using the notation of Section 5.3. So specifically, A is a A>—expander
and B is a A—expander for a small parameter A > 0. We have a fixed level 2(s + ¢ + 1) good pseu-
dodistribution on {0, 1}, and we defined vectors {Vs} and {vs} such that (Vg, Vs ) = Cov(Yg, Ys),
and (vg,vg) = E[YgYg], for S, C Asuchthat |S|,|S'| < s+t + 1. We will use the idenity

ElYsYs] = (Vs,vs) + E[YS|E[Ys],

which follows from the definition of covariance. We will assume that ‘IE [ [Yal ] | < X and additionally
that the pseudodistribution is good, which means that for all ¢, ¢’ € [s] and k, k' € [t],

EdNRWi,awRWﬁ U<Va®a”= Vagar) < 6, (6.1)
a’ WRWk(aZ)
g WRWk( )

for a small parameter § < (2/\)4t Some of the tools which we develop in this section will be applied
several times during he proof of Claim 7 to different vector combinations. In order to state our tools
with sufficient generality, throughout this section, we define vector-valued functions z,z; on A x B
for ¢ € N via

zi(a,b) := EENWRW’g(aJ;) [Vaes]; and zy(a,b) := EJNWRW’g(mb) [Vaas),
S~D(ax) S~D'(ay)
for distributions D and D’ which, given a € A, output subsets of A of size at most ¢ + 1, and where
ay, 1s the final vertex in a@. Note the vector-valued functions w;, have this form with D the constant
distribution which always outputs the emptyset. Define the statistics ji,, = ‘Ea,b [zk(a, b)] ,
such that p2 + 72 = B, |[|z1(a, b)|?]. Additionally, for a € A, let z;(a) := Ey[2x(a,b)] and 7, (a)
be so ]zk( )|? + 75, (a)? = Ey[|zi(a,b)|?]. Note |E,[zi(a)]| = pig,. Finally, let 7,, be such that
pz, 4 72 = Eq||zi(a)[?]. Define [z > Tl » Z1. (@), Tz (@), and 7, similarly.

Applying the EML Directly on Pseudoexpectations. For k € N, let z;, and z, be the vector-valued
functions on A x B described above. Suppose we want to bound either

Q== ‘E a~Ab~b [E[Yﬁ@sYaf@s’H ; or Qg = ‘E a~a’ [E[Yﬁ@sYﬁ’@S’H ‘
a~WRW¥ (a,b),S~D(ay) a~WRW? (a),S~D(ay)
a' ~WRW¢%(a,b'),5"~D(aj) @ ~WRW%(a),S'~D(a},)

Since Q1 = |Eq b [(zk(a, ), z)(a,b'))] | and Q2 = |Eqnar [(z1(a), z)(a’))]], these quantities are sub-
ject to bounds via the EML. In order to streamline the analysis in the next section, we will often apply
the EML directly on the quantities in pseudoexpectation form; this will save considerable space because
we will avoid having to convert between pseudoexpectation form and inner product form. Specifically,
during the proof of Claim 7, we will frequently use:

QS[E  wrsinn  [ElVaasYaos]]| +Anm; (6.2)
@~WRW? (a,b),S~D(ay) )
@ ~WRW%(a,b),5'~D(a})
and

QS[E  ages  [ENassYoos]]|+Xrm, (6.2)
@~WRW¥ (a),S~D(ay,) )
@ ~WRW%(a),S'~D(a})
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which follow from the EML and E,, [Tzk (CL)Tzz (a)} s TapTa) < Ta, Ta,- Indeed, 7,, < 75, holds because of
Jensen’s inequality:

fi, + 7oy = Ea[|zi(a)*] < Eaplzi(a,b))’] = pz, + 75,

Additionally, E, [Tzk(a)rzz(a)]Q < Eao |7, (a)?|Bq[7(a)?] < 7277, where the first inequality is

Zl z"’
Cauchy-Schwarz and the second holds because ‘

Eo [|zi(a)[* + 72, (a)*] = Eap [lzs(a, )]*] = 115, + 7,

and pi2, < E,[|zx(a)[?], again by Jensen’s inequality.

Starting the Wide Replacement Walk in the Middle. Recall that for (a,b) € A x B, the distribution
WRW*(a, b) outputs (ay, . .., a,) € RW5H!, generated as follows:

- a shifted random walk (by, ..., bg) ~ ,RVV/%(Z)) is drawn;

. setaozaandfori:1,...,k—1,ai+1:¢(ai,l§i).

Recall ¢ is the rotation map of A and b, is the first coordinate of b; when realized as an element of [d]®.
Because of the regularity of the explicit expander graphs used, it is possible to specify a distribution
which is identical to WRW* but which “starts the walk in the middle” by first drawing some a; ~ A
for z > 0 and b; ~ b;;; and then proceeding outward from a with wide replacement walks in both
directions. Specifically, we will use that for all k£ > s:

Abe B an~ADb~Y

- an~Ab~ N TP

{“ " (ao, ..., ax) ~ WRW*(a, b) } =@ (000, 00) WRVXEE“’ b 63
(as, Gss1, - - ag) ~ WRWS *(a, b))

where both distributions output @ = (ay, .. ., a), and where WRW?(a, b) is the same distribution as

WRW:(a,b) except that in the first step a reverse shifted random walk in B is drawn, rather than

a shifted random walk as usual. We use the convention that WRW:(a, b) outputs (as, ..., ay) with

as = a.

Pseudorandomness. In Claim 5 in Section 3, it is proven that for all £ < s, the distribution which
draws a k—length shifted random walk in B, (by, ..., b;), and outputs (b, ..., by,) € [d]* is identical to
the uniform distribution on [d]*. The same holds of course if a k—length reverse shifted random walk
in B is drawn and (l;l, e ,Bk) is output. It follows from this that short wide replacement walks (of
length < s) are true random walks in A. This property was referred to as pseudorandomness in [Ta-17]
and will be very useful for us. Specifically, we will use that for all £ < sand all a € A,

WRW*(a) = RWXH (a) = WRW(a). (6.4)

Pseudodistribution Consistency. Forall 7' C S C A such that |S| < 2(s 4t + 1), the distribution
which draws 0 ~ O(S) and outputs o|r € {0,1}7 is identical to O(T). It follows that for any
distribution on subsets (7', S) of size at most 2(s + ¢ + 1) such that 7" C S,

Ers[E[Y7] = Er[E[Yr], (6.5)

where the second expectation is over 7' drawn according to the marginal of the distribution in the first
expectation; the first pseudoexpectation is over O(S), the second is over O(T').
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The “Ignore First Step” Trick. The observation here is that any two @, @ € WRW*(a, b) with the
same starting pair (a, b) begin at the same vertex and take the same first step since both walk to ¢(a, b).
This allows for a simplificaion to the expectations which show up in the standard deviation bounds.
Specifically, let z; be the vector-valued function on A x B introduced above. The key identity is:

2 - 22
T S B 6*/N3\/~R<‘/vk 1(a) [E[YaéesYa’@S’H T AT 6.6)
S~D(ag-1),8'~D(a;,_,)
This is proved as follows
2. < pi 475 =Eop[|z(a,0))?] = E a~Ab~B [EYaosYaas]
a~WRW¥ (a,b),S~D(ay)
@' ~WRWF* (a,b),S'~D(a},)
~ (6.5) ~
= E a~Ap~B [ElYa,osYa as]] = B acape v [E[YzasYaas]]
a~WRW¥ (a,b),S~D(ay,) a~WRWF =1 (a,b)
@' ~WRW* (a,b),S'~D(a},) a/(NWR\)/vfg—l(a(,b’) :
S~D(ag—1),5'~D(a)_,
(6.2) - 5 o
< E 4 [ElaosYaas]] + X7, .

@,@ ~WRWFE=1(q)
SND(ak,l),S’ND(a%_l)

The first equality on the second line holds because YzosYaas = Ya,. k@sY 7, S since oy = ay, holds
with probability 1 over O(@ © S @ a’ @ S’) (since ay = agy). The second equahty on the second line
holds by pseudodistribution consistency, since if we do not care about the common starting point of two
k—step wide replacement walks which take the same first step, then we can instead draw their common
second vertex randomly, and two random neighbors (in B) of the original b and take (k — 1)—step wide
replacement walks.

Generalizations of Lemma 1. Consider the vector-valued function z; on A x B introduced above,
and recall that for a € A, zx(a) = Ey[zx(a, b)]. Note that when k& < s, we have

(6.4)

zi(a) = EbNB,aNWRw’;(a,b) [Vaas] E; ~RWEFL(q )[Va@s]-

S~D(ay) S~D(az)

Define and recall the statistics €, , 4, , and 7, so that

€y, *= ‘EENRWZH [E[Yaes] ’; and Mzk + 7A—z2k =k 4~,aNA k1 [EYaosYaos)
S~D(ags1) YN
SND(ak+1) S ~D(aj 1)

Then as long as D is such that

]Ea~A,d~RW'j, [|<‘A’a7{’a‘@s>” <9; and E **/NRW’“ [|<‘Afaeas,‘76’@5’>” <9,
S~D(ay) S~D(ax),S D(aﬁc)

then we have that for all £ > 1,

1
Ea < VO + 5 (2N (ea + Moy ) and yif, + 75, <46+ (200 V(g +A7%,)% (67
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These bounds are proved using the same methods as used in the proof of Lemma 1. Specifically, we
use an EML calculation to prove that for all £ > 1,

€ap SO+ A, + NFp yand pg + 7, <O0+en  + XN, (%)
From (x), an inductive argument can be used to show that for all £ > 1,
1
£a. < V0 + 5(2)\)’“(5% + My ); and 7, < 3V6 4+ (20 ey + My ). (%)

This establishes the bound on ¢, stated in (6.7); the bound on ,uzk +%z2k in (6.7) is recovered by plugging
in the bounds of (xx) into the right hand side of the bound for ,uik + %22k given in (x) and simplifying.
Deriving (**) from () is a simple induction once note that (x) implies 7, < Vo+ Egy_y T A\?Tg,_,, since
Tor < (2 .t %ZQk)l/ 2. Plugging in k = 1 gives the base case of (xx); the induction step is established by
plugging in the induction hypothesis into the right hand sides of (x) and simplifying. Finally, to derive
the bounds in () we note that for £k > 1 we have

. (EML) .
€Zk == E awa’ [E[YCLYEI:@S]] g EG/\/A,&‘NRWIXZ [E[YaYa:@S:H ) _|_ )\2Tzk71

@~RWY (a) S~D(ay,)

S~D(ak)
< 0+ Aoy, + A,
. ~ 6.5 N
Mo +7n = E a~A [ElYapsYaas]] =0 a~ 20 [ElYaesYaes]]

a,a'~RW} " (a) @~RW¥ (a),5~D(az,)

S~D(ak+1),5'~D(aj ;) a’'~RWHE (a'),8'~D(a})

(EML) -
422 2 422
S E L_I‘NRWIZ,SN,D(GA]C) []E[Y&’@SY&"@S/]} + )\ Tzk—l S 5 + E:Zk—l + )\ Tzk—l.
@' ~RWH,S'~D(a})

6.2 Proof of Claim 7

We establish the four bounds of Claim 7 separately. In each part we will define a parametrized family
of “helper functions” zg, for k£ € N. These are vector-valued functions on A x B, which will always
have the form

zi(a,b) == Ea‘NWng (a,b) [Vd‘@S} )
S~D(ay)

for some distribution D which, given input a € A, outputs a subset S C A of size at most t. As
usual, we define the statistics 115, = |Eq[2z4(a,b)]| and 75, such that 2 + 72 = Eq,[|z4(a, b)]?].
Additionally, for a € A, let z;(a) := Ey[z4(a,b)], and let 7,, be such that p2 + 72 = E,[|zx(a)]?].

Finally, let ¢, = |E; wrws [E[Yaas]] |- We stress that the definition of z; will vary in the four parts.
S~D(ay)

Part 1 — Bounding ¢, when k <'s. Letz(a,b) := E; wrwk(ap[Val (so forall a € A, the distribu-
tion D(a) outputs the emptyset with probability 1). Note that when k < s,

zi(a) =E .5 val =" Ezrwe+iay[Val,
a~WRW? (a,b)

and so has the form required to apply generalizations of Lemma 1. Note, £,, < A by assumption, and
Tz < 11is trivial. Thus,

(6.7) 1
er =65 < VO+ 5(2/\)’”1.
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Part 2 — Bounding 7, when k& < s. Continuing with zx(a, b) := E;_wrw (4 [Val, We have

(6.6) N _ 5
2 < E s [EYaYa)] + 0272, B wa [BIYaYa]] + N7,
@,d' ~WRWF=1(q) @@ ~RW¥ (a)
(6.7)
+AZ72 <48+ (202D L N22

_ 2 ~2
o Nqu + Ta—1

from which it follows (e.g., by induction) that 7, < 3v/8 4 2(2))* 1.

Part 3 — Bounding ¢;, when & > s. Let us keep z(a,b) := E; \wrwk(qp[Val as before and addi-

tionally define the function z} (a, b) := B rws (o) [Va,.._,]- Note that

~ (6.5) =
™ < E aaps  [El¥a. Ya,. ] = E acaper [ElYaYa]]
a@,@ ~WRW: (a,b) a~WRW: "1 (a,b)

@ ~WRWS™ 1 (a,b)
(6.2)+(6.4) - -
< E e [EBNYaYa]] + N, DE e [EYaYal] A,
a,a NRWA(a) jiNRWx}:i (a)
a'~RW? ™~ (a’)
(6.2)+(6.1)
< §+e? 4+ N2, + N2
and so 7, < VO 45 g+ N7y o+ A1y < 3V6 + 2(2))*!, via the bounds in parts 1 and 2. We can
now bound ¢, as follows:

€k = ‘EENWRWf; [fE [Yci” ‘ R

E acapy E[Yay._,Ya] } ‘
@~WRW5 (a,b)
@' ~WRWF~5(a,b/)

(6.2)+(6.4)+(6.5) -
< ’E ar~a' [E[Yd’Y&"H ‘ + )\ngkas
a~RW? (a)
a' ~WRWF=5(a’)
(6.2)+(6.1) 1
< 0+ Es_1Ek—s + )\27'5—17_]@—5 + )\ngTk—s < \/S + 5(2)\)3 [5k—s + 37—k—s] .

Part 4 — Bounding 7, when £ > s. For k£ > s, define the quantity 7, so that

M =E e [E[YzYa]].
a,a' ~WRW¢ (a)

Since 72 < n?_, + A*77_, by (6.6), it suffices to bound 7?_,. For this purpose, for k, ¢ € N, define

Zo(a,b) == E&,NW<—RW£(a7b) [Va@a'}; and zy ;. (a,b) := E TR (ab) [Va;o:e_l@a/}.

@ ~WRWH =1 (q0) @' ~WRW*~1(ay)

Since k& > s will remain fixed for us, we write z¢(a, b) and zj(a, b) instead of z(a, b) and z ; (a,b).
Note that when ¢ < s,
(6.4)

z(a) = EbNB@NWng(a,b) [Vﬁ@@”} = E zrwiti [Vﬁ@&”}’
@' ~WRW*~1(qg) @' ~WRW*~L(a,, 1)
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and so has the correct form needed to apply the generalization of Lemma 1. Note ¢,, = €,_2 and

TZQO = %2 <mn?_,, thus EZO +/\sz < €& 2 + Ang_1. The same argument used to derive the bound in (6.6)

shows thatfor€< Sy Toys Tor < iy, + 710 +NT2 <464 (202D (g g+ A1) ?+N2T2, using

Zp) 'z, Zp—1 Ze1 Zzl’

also (6.7). This implies (e.g., by induction) that for all £ < s, 7,,, 7, < 3V 4+ 2(20) 2 [ep_s + A1)
We can now bound 7;_, as follows:

(6.3) ~
By o= B ea BVl PR ey [ENaerYal]
@,a'~WRW ™" (a) a’Nvag(a,b)
a' ~WRWF— 1(a0)
_'”NWRWk s( )
(6.2)4(6.4)+(6.5)
< E a~a’ [E[Ya@a’Y_’”H + /\Tz’sTk;—s

a~RW?, (a)
@ ~WRW* 1 (q)
@’ ~WRWX =5 (a")

(6.2)+(6.1)+(6.7) 1
\/5 + 5(2)\)8_1(€k_3 + 3Tk—s)(5k—2 + )\nk_1>.

This implies (via completing the square)

A2
ni_y <2V + (20)°7 Menos + 3Ths|Ep2 + = (2>\) =) [5k—s+37k—s]27

as desired.
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A  Omitted Proofs

We include the proofs of Claims 1 and 6.
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Claim 1 (Restated). Suppose X and Y are jointly distributed real-valued random variables, and
moreover that X is supported on a set of size 2. Then Cov(X,Y)?/Var(X) = Var(Y) — E,x [Var(Y|z)].

Proof. Without loss of generality, we can assume that E[X] = E[Y] = 0 and E[X?] = 1. With these
simplifications, we must show that E[XY]?> = E, x[E[Y|z]?]. Note that as X has E[X] = 0, E[X?] = 1
and has support of size 2, there exists a > 0 such that X = a with probability 1/(a?+ 1) and X = —1/a
with probability a?/(a? + 1). Let A := E[Y|X = a] and B := E[Y|X = —1/a]. This gives us
EXY]? = (2% (A—B)?, and E,x [E[Y|z]?] = &' - (A>+a®B?). A calculation shows that these
are equal if and only if A + a?B = 0, which holds because A + a*B = (a* + 1) - E[Y]. O

Claim 6 (Restated). If O is the pseudodistribution obtained during Step 1 of Dy(y), then for all
x € LIST(y, p),
n aPabxz Pa’ 1
Eg aowrwe [E[(—1)X @@ ST] > — *

=~

Proof. For a pseudodistribution O on {0,1}4, 7 € {0, 1}"YRW: and x € {0, 1}4, define

val(0) = Ega ~WRW? [E[( 1)&%/]2}; val(O, x) := Ea,deng [E[(—l)x'ﬁ&@xal@&ﬂ’

where both of the pseudoexpectations are over (d,d’) ~ O(@ U @'). Now, let O be the pseudodis-
tribution on {0, 1}‘4 which is recovered by the SDP solver during Step 1 of the execution of Dy (¥y)
for y € {0,1}"WRWS, and let x € LIST(y, p). Consider the pseudodistribution O, which is a convex
combination of O and the constant pseudodistribution which answers according to x. So specifically,
on input S C A, @X(S ) returns a sample from O(S) with probability v, and returns xg with proba-
bility 1 — ~, for some v € (0,1) which we will fix later. A straightforward computation shows that
val(Oy) = 72val(O) + 2v(1 — y)val(O,x) + (1 — )2, so since O is an optimal pseudodistribution
for minimizing val(O) subject to the constraints holding, it must be that val(O) — zp% < val(Oy)
(it is straightforward to check that the constraints also hold for Oy, since x € LIST(y, p)). Setting
v =1 — ;p* and rearranging implies

1 1

§val((’)) - Zp‘l < val(0,x).

Finally, we show that val(Q) > p*, which implies that val(O,x) > 1p*, completing the proof. This
final bound holds because O satisfies the constraints of the SDP. Indeed,
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where the final inequality is Jensen’s inequality, and the inequality on the second line holds because
Ez &7~ wrwt [Cov((—1)¥a®d (—1)¥a®)] = Var(EaNWRW’; [E[(-1)¥=%4]]) > 0. u
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