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is closed to a finite field, and every polynomial is associated with related
elements in the finite field. In our construction a polynomial from the poly-
nomial ring is associated with its iterated derivatives. Our analysis boils
down to solving a differential equation over a finite field, and uses previ-
ous techniques, introduced by Kopparty (in [Kop15]) for the list-decoding
setting. We also observe that these (and more general) questions were stud-
ied in differential algebra, and we use the terminology and result developed
there.
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1 Introduction

A condenser is a probabilistic mapping from a large universe {0, 1}" to a smaller
universe {0, 1}" that preserves the entropy of not too large sets. More formally,
C:{0,1}" x [D] — {0,1}" is a (k;, k2, €) condenser, if for every distribution X on
{0, 1}" with k; min-entropy, the output distribution C(X,Up) is €-close to having
ky min-entropy (see Definition 2.4 for a formal definition).

Ideally, we would like to explicitly build a condenser for any n, k| < n, and € =
€(n) > 0 and have D as small as possible, k, as close as possible to k; +1og(D),
and have k; as close as possible to m. Let us call d = log(D) the seed length of
C, it measures the amount of randomness the probabilistic construction uses, and
clearly the smaller the better. Similarly, let us call k| +d — k; the entropy loss of
C. The entropy loss measures the difference between the amount of entropy in
the system (k| + d) and the amount of entropy we preserve (k»), and we want it
small. Finally, let us call m — k; the entropy gap of C. The entropy gap measures
how dense the output distribution C(X,Up) is in its ambient space {0, 1}", and the
smaller the better. Thus, in this terminology, given n, k; and € we would like to
find an explicit construction simultaneously minimizing the seed length, entropy
loss and entropy gap of the condenser.

An important special case is when the entropy gap m — ky is 0, and then
C is called a (k;,€) extractor. Non-explicitly, there are extractors (and so the
entropy gap zero) with entropy loss 2log(%) + O(1) and seed length log(n —
ki) + 210g(%) + O(1), and each one of these bounds is tight (even individually)
[RTSO00].

Dodis et al. [DPW14] observe that if we allow some entropy gap (and in par-
ticular even if it is only a constant) then non-explicitly the entropy loss dramati-
cally drops to O(loglog(1)) and the seed length to log(n —k) + 1 -log(1) + O(1).
With larger entropy gaps, the entropy loss continues to drop until it basically turns
into zero, and then we get a lossless condenser. For the dependence of the entropy
loss on the entropy gap see [DPW14] (and also [ATS19]).

The GUYV lossless condenser [GUV09] has logarithmic seed length and con-
stant fraction entropy gap. Specifically,

Theorem 1.1. (The GUV condenser)[GUV09, Theorem 1.7] For everyn € N, kq <
n,€ >0, and 0 < a < 1, there exists an m < 2d + (1 + &) kyqx and an explicit func-
tion

C:{0,1}"x {0,1}¢ — {0,1}"



withd = (1+1/a) - (logn+logkpax +1og1/€)+ O(1) such that for all k < kg,
Cis an (n,k) —¢ (m,k+d) (lossless) condenser.

The GUV condenser has found numerous applications (as can be easily seen
by looking at the hundreds of papers that cite it). In particular, GUV present
an extractor construction by first applying the GUV lossless condenser, and then
an extractor construction specifically designed for high min-entropy sources (see
[GUVO09, Section 4]). Roughly speaking, this extractor construction inherits its
entropy loss from the entropy gap of the lossless condenser. As a result, the ex-
tractor construction presented in [GUV09] has linear entropy loss.

The problem of constructing explicit extractors with short seed length and
small entropy loss is widely open and there has been only modest improvement
over the extractor of [GUV09] that has linear entropy loss. Specifically, [DKSS13]
construct explicit extractors with the slightly sub-linear entropy loss Wog(k).
Their construction uses improved mergers that are obtained using the polynomial
method with multiplicities. In another work, [TSU12] modify the GUV condenser
construction and using again the multiplicity method of [DKSS13] together with
other ideas, give a condenser with small entropy loss and the slightly sub-linear
entropy gap Wog(n)' This condenser implies an explicit extractor with a short
seed and the same slightly sub-linear entropy loss. Constructing an extractor with
a short seed and a better entropy loss is still a major open problem.

In this paper we give another explicit construction of a GUV like lossless
condenser. While we do not improve the parameters, our construction uses a
different analysis that we believe has the potential to substantially improve current
state of the art results. Specifically, we prove:

Theorem 1.2. (Our condenser) For every n € N, kyq < n,€ >0, and
o <1, there is an m < d + (1 + &)kyax and an explicit function

C:{0,1}" x {0,1}¥ — {0,1}"

withd = (1+1/a) - (logn+1ogkyax +1log1/€) + O(1) such that for all k < kyqy,
Cis an (n,k) —¢ (m,k+d) (lossless) condenser.

In a similar fashion to [GUV09], our condenser follows from a new construc-
tion of an unbalanced bipartite expander graph.

Theorem 1.3. For every field Fy,n,s € N such that 15 < s+2 < n < char(F,),
there exists an explicit graph I' : Fj x Fy — IF;”, which is a (K,A) expander for
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every K > 0 with

_ns+2)

- (gK)s2. (M

A=q

In [GUV09] there is a similar expression withA =g — (n—1)(s+1)(K ST — 1).

While the bound on m in Theorem 1.2 is slightly better than the one in Theo-
rem 1.1, the former has more restrictions on & then the latter. In any case, those
two differences are minor, and as stated before, the main contribution of Theo-
rem 1.2 is the method used to prove it, which is very different then the one used
in [GUV09], as we next explain.

1.1 Our construction and the GUV construction

Both our construction and the GUV construction have the following structure.
The input that we want to condense is interpreted as a degree n — 1 uni-variate
polynomial over [y, i.e., as an element f from IFq<" [X]. Given the output length
s+ 1 € N (with s+ 1 < n) both constructions associate with f s+ 1 different
polynomials fy, ..., fs where f; € FZ"[X]. In GUV the association is done as
follows:

1. First, put a field structure on F;” [X] and fix h € N, that way f' a (where mul-
tiplication and powering is in the field) can also be interpreted as a degree
less than n polynomial.

2. Define f; :fhi.

For example, one may choose a degree n irreducible polynomial E € [F,[X] and
define the field F = F,[X|mod E. Then, the condenser construction is as follows:

The condenser C

Parameters: Fix a field Fy, n,s € N, n,s > 1. Identify the elements of Fg
with univariate polynomials of degree less than n.

Construction: Define C: Fy xF; — F gs+2) by:

C(f,y) = 0, fo(¥), f1(¥)s -+, £s()) (2)




Our construction has the same structure, but our choice of the associated func-
tions fo,..., f; is different. Instead of choosing fy, ..., f; as in GUV, we choose

fi=f?,

i.e., fU0) is the i’th iterated derivative of f in F,[X].

To see why our construction is natural, let us look at it from a coding theory
perspective. We can associate a function C : V x [D] — X with a linear code of
length D and alphabet X, where for every v € V we have the codeword

(c(W)1,...,c(v)p) € EP

where ¢(v); = C(v,7). Using this translation, the GUV construction exactly corre-
sponds to the PV code [PV05] and our construction exactly corresponds to multi-
plicity codes [KSY 14, GW13].

PV codes and Multiplicity codes are among the few explicit constructions of
ECC with close to optimal list-decoding capacity. In the list decoding problem
our goal is to find a construction such that for every given word (wr,...,wp) € £P
there are few v € V such that ¢(v) is close to w. In the condenser construction
problem we wish to solve the list recoverability problem, where the input is a
large subset W C XP, and the output should be the (hopefully few) v € V such
that ¢(v) € W (or the variant where ¢(v) is close to a word in W). Indeed, GUV
write that the known connection between codes and extractors (pointed out, e.g., in
[TSZ04]) and the fact that PV codes have list decoding close to capacity motivated
them to explore whether PV codes give condensers with good list recoverability.

Looking at it from this perspective, in this paper we ask whether multiplicity
codes, which are known to have list decoding close to capacity, also have good
list recoverability and hence give good condensers. In Theorems 1.2 and 1.3 we
show that this is indeed the case.

While our construction and the GUV construction are similar in structure, they
are very different in implementation. In GUV the ring of polynomials IF;”[X | is
“lifted” to a finite field, and the associated functions f; are chosen so that they lie
on a curve, specifically, over the extension field [, all the functions f; are just poly-
nomials in one common variable. The challenge is proving that if Q(y, fo,- -, fm)
is a non-zero polynomial in the polynomial ring, then Q composed with the curve
is a non-zero, univariate polynomial over the extension field F. In general, prov-
ing that a non-zero polynomial composed with a given curve remains non-zero
is a non-trivial challenge, and GUV solve it with a specific trick, that works, but
gives constant entropy gap.



In contrast, our construction does not lift to an extension field. Instead the as-
sociated functions are just the derivatives of the given input. Thus, we completely
avoid the question of proving that a non-zero polynomial composed with a curve
remains non-zero, and, instead, we are left with a question similar to interpola-
tion from derivatives. This leads to a widely different analysis as we explain next.
We hope that further extensions of it might lead to constructions better than the
current state of the art.

1.2 The proof technique

We give a proof sketch of Theorem 1.3 (the expanding graph). It is enough to
prove that for every W C IFf]+2 of size at most AK — 1 we have |LIST(W)| < K.
Fix aset W C Ff;“z of size AK — 1. Our goal is to bound the number of degree
n— 1 polynomials f such that I'(f) C W.

Our starting point is to find a non-zero, low-degree, multi-variate polynomial
0(X,Yy,...,Y) such that Q(w) = 0 for every w € W. This step is identical to the
first step in the proof of GUV. The total degree of Q is O(|W|"/(%2)ys). Itis a
standard observation that for every f with I'(f) C W it must be that

Qodf = Qx, f(x),f (x),...,f¥(x))

is the zero polynomial, i.e., f solves the differential equation Q. The challenge
now is to bound that number of functions f such that T'(f) C W.

To bound the number of degree n — 1 polynomials such that I'(f) C W we
adapt the list-decoding algorithm of [Kopl5] to the list recovery setting (much
the same as GUV adapt the [PVO5] list decoding algorithm to the list recovery
setting). The main lemma Kopparty uses is that given (y,wo,...,ws) € Fy x IF;“,
there is usually at most one degree n — 1 polynomial f such that:

« The first s derivatives of f at y agree with w,...,wy, i.e., f)(y) = w;, for
i=1,...,s, and,
« Qodf is the zero polynomial.
Formally, this is true whenever the Separant of the equation, g—%, is non-singular
atw, i.e., 5 '
0
— (y, W, ..., W 0.
&Ys (y7 0 ) s) 7&

Kopparty proves this lemma using Hensel lifting. We rephrase the proof using dif-
ferential algebra terminology and intuition from [Rit50]. We believe our proof is

5



simpler, and also more amenable to generalizations. Furthermore, this theory was
generalized in [Lim15, FZV22], where generalized Separants were introduced,
and we believe these generalization might be useful for future improvements of
the analysis.

Going back to the list recovery problem, and following the list decoding algo-
rithm from [Kop15], let us denote by W the set of all w € W such that 3—% (w) #0.
We see that for every f such that I'(f) C W and I'(f) NW; # 0, we can recover f
by going over all w € Wi, and for each such w output the unique suitable degree
n — 1 polynomial, given by the above main lemma.

We are then left with the task of outputting all the degree n — 1 polynomials
such that T'(f) C Wy = W \ W;. We notice that each of these polynomials solve the
lower degree differential equation g—%(x, f(x),...,f)) = 0. Reiterating the pro-
cess we get a new list of solution. As each time we get a lower degree differential
equation, we can iterate the process at most deg(Q) times. Doing the calcula-
tion more carefully (as is done in [Kop15]) saves even this loss, and, furthermore,
shows expansion by a factor of about g — sn ”\Z/W . We explain the thin in detail
in Section 4.

2 Preliminaries
We use the following notation:

(n)y=n-(n—=1)-...-(n—t+1)=

(n—1)!’
where for = 0, (n)o = 1. Thus, (n), =1!(7).
Also, for J = (J1,...,Jp) and I = (I,...,I,) we define

D1 =1L, (o),
J Jy
<I) = 2”:1(16), and,
I =IT0" ;.
Thus, (J)1 = I!({). Finally, J =L = (ji —it,- .-, jm — im)-

2.1 Multi-variate derivatives

Let R =F[Xj,...,X] be the ring of polynomials in m variables over F. For I =
(i1,...,im) with iy, ... i, € N we define the partial derivative in direction I as the
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linear operator on R defined by aa—XIJ = (D)1 -XI-1. We denote

oM (x) =22 (x)

The order of I is w(I) =1, + ...+ 1,. Notice that for uni-variate polynomials
Q(X), 0 (X) coincides with the i’th iterated derivative.

Let w = (wy,...,w,) Where w; € N. The w-weighted degree of a monomial
XJ = le L. XJmis Y wiJi. The w-weighted degree of Q, denoted deg,,(Q),
is the largest w-weighted degree of a monomial in Q. We let |w| denote Y w;,
I1(w) = Ilw;, and M,,; the number of monomials XJ with w-weighted degree at
most . Beged-Dov gave upper and lower bounds on My ;:

Lemma 2.1. [Bd72]

m m
My, < D"
m!-TI(w) ’ m!-TI(w)

2.2 Condensers
In this subsection let C : {0,1}" x {0,1}¢ — {0, 1}™.
Definition 2.2. We say C is a (K,A) expander if for every S C {0,1}" of cardinality
K the set
rsy= U iy

seS,ye{0,1 }d

has cardinality at least K - A.
A simple lemma is:

Lemma 2.3. [GUV09, Lemma 3.2] C is a (K,A) expander iff for every set T C
{0,1}" of cardinality at most AK — 1, LIST(T) has cardinality at most K — 1..

We next define a condenser:

Definition 2.4. We say C is an (n,k) —¢ (m,k") condenser if for all distributions
X with min-entropy at least k, the distribution C(X,U,) is €-close to a distribution
with min-entropy at least k'. The condenser is explicit if C can be computed in
time poly(n, 1).



To prove that a function is a condenser, we use the “list-decoding” approach
described in [GUV09]. For C: {0,1}" x {0,1}¢ — {0,1}"and T C {0, 1}" define:

LIST(T) ={x:T'(x) C T}
LIST(T,¢) = {x ; I;r[C(x,y) €T > 8}

Lemma 2.5. [TSUZ07, Thm 8.1],[GUV09, Lemma 5.4] Let C:{0,1}" x {0,1}¢ —
{0,1}™ be a function.
« IfCisa (K, (1 —€)2%) expander, then C is a (n,k) —¢ (m,k+d) condenser,
i.e., it is a lossless condenser with error €,

o Ifforall T C {0,1}" of size at most L the set LIST(T, €) has cardinality at
most H, then C is a (n,Jog(Z)) =3¢ (m,log(£) — 1) condenser:

3 The Separant

Let Q € Fy[X,Yy,...,Y]. When we think of Q as a differential equation, we look
for all (low-degree) polynomials f € F,[X] such that

Q(X7f<X)>f(l)(X)77f(3)<X)) =0 S FQ[X]
Let us define

df =X, FX), fVX),., fOX), .., F(X),. )

Notice that if f € F;"[X], then f ()(X) is identically zero for all i > n. Let us also
think of Q as a polynomial Q € F,[X,Yy,...,Y;,...,Y,...] that depends only on X
and Yy, ..., Y. In this notation f solves the differential equation Q iff Q odf=0¢
Fy[X].

A differential equation Q can be itself derived. While formally Q depends on
X and Yy,...,Y,, ..., we think of ¥j as a function depending on X, ¥y = f(X) and
of Yj11 as % This motivates the following definition:

Definition 3.1. Ler Q € Fy[X, Yy, ...,Y;]. define the infinite sequence of polynomi-
als 00,00 .. where QW) € FIX,Yo,...,Yiis| is defined by:

0V =0
aQ(k) k+s aQ(k)
(k+1) _ .Y,



The motivation behind this definition is apparent given:

Lemma 3.2. For every f € Fy[X]| and { >0

(Qodf)¥) =0 odf.

Proof. By induction. The case ¢ = 0 is immediate. Assume for ¢ and let us prove
for £+ 1. Using the chain rule:

(Qodf)" V) =((Qodf) V) = (0¥ odf)
aQ S s—MaQ(f) af

T X =9y, °df Sx
aQ(ﬁ) o S+€8Q N

= odf + odf - fiHh
oX Z%an

900 s oo _

=% ,'zo—aYi Yip1)odf

:Q(f-i-l)oW?

where the first equality is because we use iterated derivations, the second is induc-
tion, the third is the chain rule (and notice that Q(Z) depends on X, Yy, ..., Ys10).
]

We call QU the ¢-th derivative of Q. This operation comes from differential
algebra [Rit50]. As its name suggests, this operator has some properties similar
to regular derivative

Claim 3.3. /Rit50]

1. (linearity) For every Q,P € Fy[X,Yy,...],A,u € Fy, >0
A0+ uP) ) =200 4 up

2. (Leibniz product rule) For every Q,P € F[X, Yy, ...]
(P-0)V =p1.g4p.00)

3. (repeated derivation) For every Q € F4[X,Yp,...],01,6, >0

(Q(fl))(ﬁz) — Q(€1+€2)
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Claim 3.4. Let Q € F [X,Yy,...] and £ € N,
* deg(07l7l7.-.) Q(é) = deg(o,l,l,...) O, and,

* degpi2123,.) 0 < 0. Le., if we give X,Yy,...,Ys weight 0, and Yoyj
weight j, then the (’th derivative degree is at most (.

. . 0 . .
Proof. For the first item notice that %LX is either zero or does not change the

degree in Yp,.... Also, the effect of % -Y;11 is to reduce the degree in Y; by one
and increase the degree in Y;, | by one.

For the second item, we prove by induction. The case ¢ = 0 is immediate. For

oW

. . (0
the induction step, %Q_X and aa—y

-Y;y1 for i <, are either zero or do not change
. . 0 . . .
the weighted degree, while aaQ_Y,- - Y11 for i > s increase the weighted degree by

one. O]

One consequence of Claim 3.4 is that Yy, appears with degree at most 1 in
Q(e) and that the coefficient of ¥, in Q(e) is a function of X,Y),...,Y, alone.
Indeed, we next prove the coefficient of Y, in Q(E) is 3—%

Definition 3.5. (Separant) Let Q € F[X,Yy,...,Y;]. The separant of Q, denoted
SQ, Is

_ 90

=

A classical lemma from differential algebra (see [Rit50, Page 30]) states that:

So

Lemma 3.6. For every { > 1,
0" =Sp Yoo+ Ry
where Ry € F[X .Yy, ...,Ys 1] does not depend on Y. .

Proof. By induction. For ¢ = 1, the only way to get Y, in 0W is in the term

g—g - Ys4+1. Assume for ¢ and let us prove for £+ 1. The only way to get Y, .| in

l
O+ is by taking gg—il By induction, Y, only appears in 0" in the linear term
0+1) ;. 90 Ysr0)
) v

So + Ysq¢. Thus, the only term involving Yy, in ol Yoo =

S0 Ysyr41- O

Lemma 3.7. Fix Q € F [X Yy, ..., Y], (ot,b) = (@, by, ...,bs) € F5"2 and So(at, b) #
0. Suppose f € IFy[X] such that:
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e fO(a)=b;, fori=0,...,s and

« Qodf =0
Then there are unique values bgy1,. .., b, such that f)(a) = b;.
Proof. We prove by induction on n. The base case n = s is clear. Assume for
n and let us prove for n+ 1. By assumption we know there are unique values
bsi1,...,b, such that b; = f(’)(oc) fori=s+1,...,n. Our goal is to show there is
a unique value possible for £+ (a).

We will use Q51 and the fact that Y,+1 appears linearly in it with coeffi-
cient Sp, and that at (a,b), Sp(o,b) # 0. First we notice that

Q"D (at b, .. b, S (@) =@V (e, f(@), .. S D (@)
=0 odf(a)
=(Qodf)" "V (a) =0,
where the first equality is by induction, the second by definition, the third using
Lemma 3.2, and the last equality because we know Q od f is the zero polynomial
in I, [X].
Next we recall that by Lemma 3.6

Q"X Yo, oy Y1) =S0(X, Yo, . Y5) Yot +R(X Yo, Vo),
and therefore

0=0"*D(a,by,...,b,, f" D (a))
:SQ((X?b) ’f(n—i_l)(a) —f-R(O{,bo, ce ;bn)

1 _ R(abg,..by) s :
Thus, £+ (e) = —W is uniquely determined. ]

In words, this means the following. f solves the differential equation if Qo
df =0. We can think of the conditions 1 (a) =b;, fori=0,...,s, as s+ 1 initial
conditions on the Taylor expansion of f at o. In this terminology, Lemma 3.7
says that that if the separant S¢ is non-zero at the point (¢¢,b) then there can be
at most one solution to the differential equation Q with degree smaller than the
characteristic, satisfying the initial conditions (a,b).
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4 Reconstruction with the Polynomial Method

In this section we present a “de-condensing” procedure that given I' : Fg x Fy —

Fy andaset W C IF“;+2 outputs LIST(W). Throughout this section we assume that
n < char(IF;). The de-condensing algorithm works as follows. Given W we first
find a low-degree polynomial Q that vanishes over W, namely,

Claim 4.1. There exists a non-zero polynomial Q € F,[X,Yy, ... Y] with

1
deg(i . .n5Q <D= [n [IW! : (s+2)!} ”ﬂ

that vanishes on W.

Proof. By Lemma 2.1 the number of monomials in F,[X,Yy,..., Y] with (1,n,n—
l,...,n—s)-weighted degree at most D is some value F such that

DS+2
> 5 .
(s+2)! [Tizo(n—Jj)

> |W]|.

To find a polynomial Q that vanishes on W, we write a homogeneous linear system
over [F, where the variables are the coefficients of the above monomials, and for
every w € W we have a linear equation forcing that the polynomial vanishes on
w. As the number of variables is larger than the number of constraints, there is a
non-zero solution. [

It then follows that every f € F"[T] with I'(f) C W satisfies the differential
equation Q(x, f(x), ..., f¥)(x)) = 0. Formally,

Claim 4.2. If f € LIST(W), and q > D, than
is the zero polynomial.

Proof. Asdeg, , (Q) <D and deg(f") < n—i, Ry has degree at most D.
Also, for every a € [F,

Rp(@) = Q(at, f(),..., ¥ (a)) =0.
As g > D we must have Ry = 0 in Fy[T]. O
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The main challenge is proving the number of low-degree solutions to the dif-
ferential equation Q with starting conditions W is small, and designing an algo-
rithm finding all such solutions. For that we define algorithm Solve. The input
to the algorithm is a polynomial Q € Fy[X,Yp,..., Y] and W C ]Fﬁ;rz. The output
contains all polynomials f € F "[X] such that I'(f) C W and Qodf =0. The
algorithm works as follows:

1: procedure SOLVE(Q, W)

2: If O does not depend on Yy, ..., Y; return 0.

3: Let s* be the largest j € {0,...,s} for which O depends on Y.
4: Set % + 0 and

W1<—{w€W\§Y (w )7&0}

5: for w = (a,wp,...,ws) € W; do
6: Assuming there exits some polynomial g € F,[X] such that
Qodg=0¢cTF,[X]and g (a) = w; forall 0 < i <s,
find the unique values wg,1,...,w,_ such that gl () = w;
for all 0 <i < n. Such a unique solution exits by Lemma 3.7.
7: Define
709 = L Yoo
8: IfFT(f) CW add f to 4.
9: Set

W0<—{weW| ast*( ) = o}.

10: A eSOLVE(%,WO).
11: return %, U %)

With that the de-condensing algorithm is:

Decondensing

Input:
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* Parameters g, s,n and the condenser I': Iy x F; — Fgﬁ—z).

e AsetW C IF;“ of size B.
Algorithm:
1
s+2
1. Set D = [n- [ywy : (s+2)!] w .
2. Construct a non-zero polynomial Q € Fy[X,Y),...,Y] with
deg(l,n,...,n—s) Q <D

that vanishes on W.

3. Output Solve(Q,W).

4.1 Analysis of Solve

Lemma 4.3. (Correctness of Solve) Fix a non-zero polynomial Q € Fy[X,Yy, ... Y]
such that deg, ., (Q) <gq, and W C IF;“. Every f € F;"[T] for which
O(x, f(x),... ) (x)) =0and IT'(f) C W appears in the output of Solve(Q,W ).
Proof. The proof is by induction on the degree of Q as a polynomial in Yy, ..., Y,
i.e., deg . 1)(Q). In the Base case Q depends only on X, thus Q = Q(X). As

Q # 0, there are no solutions to Q(T, f(T),...,f®)(T)) = Q(T) =0 and £ =0

is the correct output.
Now let f(T) € F;"[T] such that T'(f) C W and O(T, f(T),... fU(T)) =0.

We have two cases:

1. 22(T, £(T),...,f(T)) # 0. Note that

J
deg <ayi (T,f(T),...,f(s>(T))) < deg(i . n—s) (T&(X’YO""’YS)>

Therefore there must be some o € F, for which

0

a—w(a,f(a)’--~,f(s)(a)) 7 0.
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As (o, f(a),...,f9(a)) € T(f) C W, in the for loop we iterate over this
vector and therefore in Line 6 we find the unique solution of the ODE with

these initial conditions, and because of the uniqueness this solution must be
f-AsT(f) CW we add it to the list .Z in Line 8.

2. ;Ti(T,f(T), ..., fY)(T)) = 0. We notice that in this case ['(f) C W, as for
every o € F, we have ;—Q(Oc,f(a), ... ,f(s)(oc)) =0. Also deg(O,l,...,l)(&aé) <

Yyr
deg(o....1)(Q), hence by induction f € %.

]

Lemma 4.4. (List size of Solve) For every non-zero Q € Fy[X,Yy,...,Ys| with
deg(i -1, n5)(Q) <D < g and every W C Ff1+2, the size of the output of

- 4
Solve(Q,W) is at most =

Proof. We prove by induction on the (0,1,...,1)-degree of Q. If deg(y;, 1)(Q)
is zero, the list is empty, the list size is zero and the claim holds. We next prove
the induction step.

For every w = (&, wy, ..., ws) € W, there exists a unique f that may be joined
to the list. Furthermore, since w € W; we have that:

a_Ys*(aaf(a%' o 7f (a)) - &YS* ((X wo,..., s) % Oa

thus aQ ~(T, f(T),... ,fUN(T)) # 0, and its degree is at most D, meaning that it
equals 0 for at most D values of T, hence it is non-zero for at least ¢ — D values of
T € F,. Also, if f appears in the list then I'(f) C W. Hence, each of those ¢ — D
values lies in W (and therefore in W) and reconstructs f. We conclude that f is

reconstructed from at least ¢ — D different points in Wy, thus |.Z}| < qlW”

aYQ ,Wo).

Since degq ;. )(ay*) <deg,,. 1)(0Q), and the (1,n,....n—s)-weighted de-

We remain with the list size of % which is obtained from Solve(

gree of a—Q is at most D, we know by induction that | %p| < K—"l'). Altogether,

\Wll \Wol |W\

4.2 Putting it together

Proof. (of Theorem 1.3) By Lemma 2.3 it is enough to prove that for every W C
IE‘;+2 of size at most AK — 1 we have |[LIST(W)| < K. Fix aset W C IF‘Z+2 of size

15



AK —1 < gK. Let Q be as in Claim 4.1, with

Where the second to last inequality is due to the fact that (k!) ky1< % for every
k > 15. Let .Z be the output list of Solve(Q,W). Then,

1% AK —1
LIST(W) < |.Z| < W] < <K,
q—D— q—D

where the first inequality is by Lemma 4.3, the second by Lemma 4.4 and the last
inequality by using the fact that A < g — D. 0

By choosing the parameters of in the same way as done in [GUV09, Theorem
3.5] we get the following expander

161 logN
Theorem 4.5. For every positive integers N, Kpq < N, all € >0, and % <

a < 1, there is an M < D - K% and an explicit (< Ky, (1 — €)D) expander

max

[": [N] x [D] — [M] with degree D = 0(((logN)(10g[(max))/£)l+l/a).
For completeness we repeat the proof from [GUV09].

Proof. Let n=logN and k = log Kynax. Let hg = (2nk/€)V/®, h = [hy)], and let ¢
be a prime in the interval (h'+% /2 n1+¢].

Set s+2 = [k/logh], so that ! < K < B2 As15<s+2<n<q=
char(F,), by Theorem 1. 3 the graph I": F) x F, — F$ 2 is a (< h*T2, A) expander

forA=q— (s+2) -(gK) 2 , because K,,x < h*72, itis also a (< Kjpayr, A) expander.
Note that the number of left-vertices in I is q” > N, and the number of right-
vertices 18

max

The degree is

D:q§h1+a < (h0+1)1+06
= O(hy™®) = O((nk/e)' /%)

16



Lastly, we consider the expansion factor, A = g — w -(gK) = >g— nkhgs+2 ’
of the graph, first notice

h1+a
nkh < e

<eq

where the first equality is due to the fact that nk/e < h%/2. Secondly, we can
convert our lower bound on & to a lower bound on k

and by using it we get

B1007 (2) _ Shlog? (%) _ Mlog? (22)

2> > o
St ~ logh — logh - logh - logh
16log®hy _ 4log”h
= > =4logh> (1+a)logh >1
logh — logh ogh 2 (1+a)logh = logg

by combining the two inequalities

nkhql/(s+2)

5 = nkh -

By substituting back to A we get A > (1 —€)q = (1 — €)D, which concludes the
proof. ]

Finally, Theorem 1.2 is an immediate consequence of Lemma 2.5 applied to
Theorem 4.5.
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