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Abstract

We study the polynomial equivalence problem for orbits of read-once arithmetic formu-
las (ROFs). Read-once formulas have received considerable attention in both algebraic and
Boolean complexity and have served as a testbed for developing effective tools and techniques
for analyzing circuits. Two n-variate polynomials f, g € [F[x| are equivalent, denoted as f ~ g,
if there is an A € GL(n,F) such that f = g(Ax). The orbit of f is the set of all polynomials
equivalent to f. We investigate the complexity of the following two natural problems on ROFs:

* Equivalence test for ROFs: Given black-box access to f, check if it is in the orbit of an ROF.
If yes, output an ROF C and an A € GL(#, F) such that f = C(Ax).

* Polynomial equivalence for orbits of ROFs: Given black-box access to f and g in the orbits of
two unknown ROFs, check if f ~ g. If yes, output an A € GL(#n, F) such that f = g(Ax).

These problems are significant generalizations of two well-studied problems in algebraic com-
plexity, namely reconstruction of ROFs and quadratic form equivalence. In this work, we give
the first randomized polynomial-time algorithms (with oracle access to quadratic form equiv-
alence) to solve the two problems. The equivalence test works for general ROFs; it also implies
an efficient learning algorithm for random arithmetic formulas of unbounded depth and fan-in
(in the high number of variables setting). The algorithm for the second problem, which invokes
the equivalence test, works for mildly restricted ROFs, namely additive-constant-free ROFs.

The equivalence test is based on a novel interplay between the factors and the essential
variables of the Hessian determinant of an ROF, the essential variables of the ROF, and certain
special structures in the ROF that we call “skewed paths”. To our knowledge, the Hessian of
a general ROF (or even a depth-4 ROF) has not been analyzed before. Analyzing the Hessian
and combining the knowledge gained from it with the skewed paths to recursively discover
formulas in the orbits of sub-ROFs of lower depth (without incurring an exponential blow-up
due to unbounded depth) constitute the main technical contributions of this work.
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1 Introduction

The study of isomorphism or equivalence of two mathematical objects, such as graphs, groups,
rings, algebras, tensors, polynomials, and formulas, under natural bijective transformations has
a rich history. The corresponding computational problems of determining isomorphism between
two such entities are not only interesting from a theoretical standpoint but also important for their
potential applications in other areas — most notably, in cryptography [P’at96,1019,]OSY19].

Our focus, in this work, is on the isomorphism or equivalence of polynomials. Two n-variate
polynomials f(x) and g(x) over a field F are said to be equivalent (denoted as f ~ g) if they are
equal under the action of an invertible linear transformation on the variables, i.e., if f = g(Ax) for
an A € GL(n,F). The orbit of f (denoted as orb(f)) consists of all polynomials that are equiva-
lent to f. Equivalent polynomials share many common algebraic and geometric properties. The
computational task of checking if two polynomials — given as lists of coefficients — are equivalent
is known as the polynomial equivalence or isomorphism problem (PE). PE is one of the most important
problems in algebraic complexity and is also widely studied in cryptography.

The exact computational complexity of PE remains an enigma despite decades of research.
Over finite fields, PE is in NP N coAM [Thi98, Sax06], and so, it is not NP-complete unless the
polynomial hierarchy collapses. But, no subexponential-time algorithm is known for PE over IF,.
The best-known complexity of PE over other fields, such as C and R, is the same as that of checking
solvability of a system of polynomial equations, which is a potentially harder problem. Research
on PE has therefore focused on understanding the complexity of the problem for restricted (yet
interesting) classes of polynomials; see Section 1.4 for a brief account of known results on PE.

1.1 Motivations
1.1.1 Generalizing quadratic form equivalence

One of the very few natural classes of polynomials for which PE is known to be efficiently solvable
is the class of quadratic forms or homogeneous polynomials of degree 2 (see Section A.2 for the
complexity of quadratic form equivalence over various fields). Are there bigger classes of poly-
nomials for which PE is easy? An obvious way to generalize quadratic form equivalence is to
solve PE for higher degree forms. Unfortunately, even cubic form equivalence is at least as hard
as graph isomorphism and possibly harder (see Section 1.4 for a discussion on this). But there
is another natural way to generalize quadratic form equivalence: Over C, an n-variate quadratic
form with no redundant variables' is in the orbit of x1xy + x3X4 + ... + X,_1X,, if n is even?. The
expression xjX2 + x3x4 + ...+ x,_1x, is a read-once arithmetic formula (ROF)’. An ROF is an
arithmetic formula in which every leaf node is labelled by a distinct variable or a constant (see

1i.e., the number of variables cannot be reduced by applying an invertible linear map on the variables.

2If n is odd, the quadratic form is in the orbit of xyxp + ...+ x,_2x,_1 + x%. The “odd n” case can be reduced to the
“even n” case of the quadratic form equivalence problem over C by simply adding xfl 41 to both the input forms. The
correctness of this reduction follows from Witt’s cancellation theorem [Wit37]; see [CMM17] for a self-contained proof.

3That F = C is not very crucial here. Over an arbitrary [F of characteristic # 2, a quadratic form is in the orbit of
some 4, x% + ...+ ayx2, where a; € F. Observe that a; x% + ...+ ayx2 is an ROF with every x; replaced by x%. We call a
formula a power-substituted ROF if it is derived from an ROF by replacing every x; by x;' for some ¢; € N. Although we
work with conventional ROFs in this work, our results and analysis are likely to generalize (after some modifications)
to power-substituted ROFs. See Section 6 for an evidence supporting this belief.



Section 2.1.4). The quadratic form equivalence problem (QFE) over C can thus be viewed as PE
for orbits of quadratic ROFs. Is PE for orbits of higher degree ROFs easy? More generally, we ask:

Can we solve PE for orbits of general ROFs efficiently?

In other words, is there an efficient algorithm which, when given black-box access to f and g in
the orbits of two unknown ROFs of unbounded degree and depth, decides if f ~ ¢? Theorem 2
answers this question (almost entirely) positively, thereby implying a vast and rare generalization
of efficient quadratic form equivalence.

1.1.2 Learning orbits of well-studied circuit classes

Learning or reconstructing arithmetic circuits is one of the three most fundamental problems in
arithmetic circuit complexity alongside proving circuit size lower bounds and polynomial identity
testing (or constructing hitting-sets). While learning general circuits or formulas is believed to be
a hard problem, significant progress has been made in designing efficient learning algorithms for
various interesting special classes of circuits. Sparse polynomials (or depth-2 circuits)*, ROFs,
and read-once algebraic branching programs (ROABPs)” are notable instances of such classes (see
Section 1.5 in [GKS20] for a brief account of known results on circuit reconstruction).

As two equivalent polynomials are essentially the same function (up to a choice of the coor-
dinate system), it is natural to wonder if the known learning algorithms for the above-mentioned
circuit classes can be generalized to work for their orbits®. Unfortunately, the techniques used to
learn these classes do not extend in a straightforward manner to learning their orbits. So, study-
ing these orbits may lead to strengthening of existing techniques and discovery of new ones in the
process. But there is also a deeper reason to investigate orbits of simple-looking circuit classes that
originates from a connection between affine projections’ and orbits.

Affine projections of apparently weak circuit classes can be extremely powerful. For instance,
affine projections of sparse polynomials constitute depth-3 circuits — a surprisingly powerful class
[GKKS16, Tavl5]. Likewise, affine projections of ROFs and ROABPs capture general formulas
and ABPs, respectively. It turns out that the affine projections of a polynomial f are contained in
the closure® of orb(f). In this sense, orb(f) is a dense subset of affine projections of f. Therefore,
it is necessary to analyze orbits of the above-mentioned classes to better understand their affine
projections. Spurred by these reasons, [MS21], [ST21], and [BG21] have recently given hitting-
set constructions for orbits of sparse polynomials, ROFs, and bounded width ROABPs. Can we
design learning algorithms for the same orbits? In this work, we answer the question for ROFs. To
our knowledge, learning orbits of sparse polynomials and, more generally, ROABPs remain open.

Formally, the learning problem for orbits of ROFs is as follows: Given black-box access to a
polynomial f, check if it is in the orbit of an ROF. If yes, then output an invertible A such that
f(Ax) has an ROF. We call this problem equivalence test (ET) for ROFs.

Can we solve equivalence test for ROFs efficiently?

* A polynomial is s-sparse if it has at most s monomials with non-zero coefficients.

5An ROABP is an expression 17 - My (x1) - - - My, (x;,) - 1, where 1 is the all-one column vector and each M;(x;) is a
matrix whose entries are univariate polynomials in x;. ROABPs generalize sparse polynomials and ROFs significantly.

®Orbit of a circuit class €, denoted as orb(%), is the union of the orbits of circuits in €. Learning orb(&) amounts to
outputting a circuit C € € and an invertible A from black-box access to a f(x) € orb(®) such that C computes f(Ax).

’The set of affine projections of an n-variate polynomial f(x) is the set { f(Ax+b) : A € F"*"and b € F"}.

8The closure of orb(f) is the Zariski closure of the set of coefficient vectors of polynomials in orb(f).
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Theorem 1 answers the question completely in the affirmative. ET for ROFs is a substantial gener-
alization of the well-studied problem of learning or reconstructing ROFs [[HH91, BHH95a,5V14,
Vol16, MV18]. Indeed, the proof of the theorem requires significantly new ideas on top of those
used for ROF reconstruction (see Section 1.3).

The above question is closely related to the question posed in Section 1.1.1. A typical algo-
rithm to solve the search version’ of QFE over C finds invertible linear transformations that map
the two input quadratic forms to the canonical ROF x1x; + x3x4 + ... + x,_1%,. In other words,
such an algorithm solves the ET problem for quadratic ROFs. Similarly, our algorithm in Theorem
2 invokes the ET given by Theorem 1 to map the input polynomials to certain canonical ROFs and
then solve the PE problem for canonical ROFs.

1.1.3 Learning random or non-degenerate formulas

As mentioned before, a formula is an affine projection of an ROF. Learning formulas in the worst-
case is a potentially hard problem (see Section 1.2 in [KS19] and Section 1.4 in [GKS20] for discus-
sions on this). However, it may be possible to formulate natural distributions (or non-degeneracy
conditions) under which formulas are learnable.!’ A natural distribution on formulas is defined
as follows: pick a tree of size s arbitrarily, label the internal nodes by + and x operations to form
alternating layers of + and x gates, and label the leaves by random linear forms in n variables. The
corresponding learning problem asks to reconstruct a random formula — picked according to this
distribution — from black-box access to the formula. This problem was studied in [CKQ14] by fix-
ing the underlying tree to be a complete binary tree; the formulas we thus get are called formulas
in alternating normal form (ANF). [CKQ14] gave an efficient learning algorithm for random ANFs.
On the other hand, an ET for ROFs gives a learning algorithm for random formulas, irrespective
of the underlying tree, provided n > s. This is because a random formula is in the orbit of an ROF
with high probability if n > s and |F| is sufficiently large. Thus, ET for ROFs provides supporting
evidence for efficient learnability of random formulas (that are not necessarily ANFs).

1.2 Main results

Our results hold over any field IF of characteristic 0 or of sufficiently large characteristic and size.
As for the computation model, we assume that it allows basic field operations in unit time and
univariate polynomial factoring in randomized polynomial time. We say an algorithm is efficient
if it runs in randomized polynomial time. Also, we will work with a slightly general definition of
the orbit of a polynomial that allows translation (see Definition 2.4).

For the ease of stating the theorems, we consider ROFs in canonical form (see Definition 2.6).
The orbit of every ROF contains a canonical ROF (Observation 2.6). So, by removing redundant
variables from the input polynomial (see Observation 2.7 and Claim 2.2), we can assume without
any loss of generality that the underlying ROF is canonical. x1x + x3x4 + ... 4 x,_1X, is a canonical
ROF. Other natural examples of canonical ROFs are read-once formulas in alternating normal form
(ROANF) (see Definition 2.7) and the sum-product polynomial SP := } e T Tic (g i 1

The search version of PE asks to find an A € GL(n,F) s.t. f = g(Ax), if such an A exists. For the search version of
QFE over C, we work with a computation model that allows basic complex arithmetic and square root finding.
198everal prior works have given efficient non-degenerate case learning algorithms for various subclasses of formulas
for which worst-case learning are likely hard (see [GKS20, KS19, KNS19, GKQ14, GKL.11, BGKS21]).
'The Boolean analogue of the SP polynomial is a read-once DNF which is also known as the tribes function.



Our first result gives an efficient algorithm to solve ET for general ROFs. The algorithm is
randomized and has oracle access to the search version of QFE. In subsequent discussions, we
will mention “QFE” to mean “the search version of QFE”. We will also identify an ROF with the
polynomial it computes and denote the set of n x n matrices with entries in IF by M(#n, F).

Theorem 1 (ET for ROFs). Let n € IN, char (F) = 0 or > n?, and |F| > n'3. There is a poly(n)
time randomized algorithm (with oracle access to QFE over IF) that takes input black-box access to an n-
variate polynomial f € F[x|, which is in the orbit of an unknown canonical ROF C, and outputs (with high
probability) an A € GL (n,F) such that f(Ax) = C(PSx+b), where P € M(n,F) and S € M(n,TF)
are permutation and scaling (i.e., diagonal) matrices respectively, and b € F".

Remarks. 1. As C(PSx + b) is an ROF, we can apply any of the known polynomial-time ROF re-
construction algorithms [HH91, BHH95a,5V14, MV 18] to first get an ROF for C(PSx + b),
and then obtain a formula for f by applying A~! on the variables of the reconstructed
ROEFE. We present a randomized polynomial-time ROF reconstruction algorithm in Ap-
pendix F as we need to use some of its properties in the proof of Theorem 2.

2. QFE can be solved efficiently over C, R, IF; and also over Q with oracle access to integer
factoring (see Fact A.3). Hence, ET for ROFs can be solved efficiently over these fields.

3. Although ET has been studied for polynomial families like the determinant and IMM
(see Section 1.4), to our knowledge no ET was known for any natural circuit class of
unbounded depth, degree and fan-in (or even depth-4 ROFs) before this work.

4. Recently, [MS21] showed that ET for ROANFs and sum-product polynomials can be
solved efficiently. As ROANFs are special fan-in 2 ROFs and sum-product polynomi-
als are depth-2 ROFs, the theorem generalizes these two results considerably. Also, our
proof approach is entirely different from the ones in [MS21] (see Sections 1.3.1 and 1.3.4).

5. The constraints on char(FF) and |IF| originate primarily (but not solely) from the use of the
black-box multivariate polynomial factorization algorithm [KT90] in the equivalence test.
We have not made an attempt to optimize these constraints.

The second result gives an efficient algorithm to solve PE for orbits of ROFs that are additive-
constant-free. An ROF is additive-constant-free if no IF-constant appears as a child of a 4--gate. For
e.g., the canonical ROF x1x; 4+ x3x4 + ... + x,_1x, is additive-constant-free. ROANFs and sum-
product polynomials are also examples of additive-constant-free canonical ROFs. An additive-
constant-free ROF is in the orbit of an additive-constant-free canonical ROF (see Observation 2.6).

Theorem 2 (PE for orbits of additive-constant-free ROFs). Let n € N, char (F) = 0 or > n2, and
|IF| > n'3. There is a poly(n) time randomized algorithm (with oracle access to QFE over F) that takes
input black-box access to two n-variate polynomials f1, f» € F[x|, which are in the orbits of two unknown
additive-constant-free canonical ROFs, and checks if fi € orb (f2). Furthermore, if f; € orb (f2), then the
algorithm outputs (with high probability) an A € GL (n,F) and ab € F" such that f; = fo (Ax+b).

Remarks. 1. As mentioned before, the above result is a broad generalization of efficient QFE.

2. We strongly believe that the additive-constant-free restriction is mild and can be dis-
pensed with entirely with some more technical effort. To support this belief, we show
in Section E that this indeed possible for depth-4 ROFs.



1.3 Proof ideas

First, an example. The algorithm in Theorem 1 is based on a few crucial properties of the Hessian
determinant of an ROF (see Definition 2.9). The effectiveness of the Hessian, in this context, is
best demonstrated by an equivalence test for the sum-product polynomial SP := } (g I Lje(a) Xi s
which is an ROF of product-depth 1. Assume thatd > 3. The algorithm takes inputan f = SP(Bx),
where B € GL(sd, F) is unknown. It computes the Hessian determinant of f, which is denoted as
det(Hy). By Fact 2.8, det(Hy) is a non-zero [F-multiple of det(Hsp ) (Bx) — the Hessian determinant
of SP evaluated at Bx. Now, it can be shown that det(Hsp) factorizes as follows:
det(Hsp) = (—1)*@=V . (d —1)*- I xﬁj_z.
i€[s]jeld]

So, the algorithm factorizes det(Hy) into irreducible factors and figures out'? B from the factors.
The test can be implemented in the black-box setting by observing that black-box access to the
second-order partials of f can be computed efficiently (see Fact A.1) and by invoking a black-box
polynomial factorization algorithm (see Fact A.2). The running time is polynomial in s and 4.

1.3.1 A basic approach

Can the Hessian determinant be exploited to devise an equivalence test for ROFs of arbitrary
product-depth and fan-in? A rudimentary approach is outlined in [Kay11]: Letg = g1(x1,...,x;) +
22(Xi41,...,%,), where g1 and g are variable disjoint polynomials. Given black-box access to
f = g(Bx), where g and B € GL(#, F) are unknown, can we find an A € GL(#, F) such that f(Ax)
can be expressed as a sum of two variable disjoint polynomials?'® [Kay11] gave an algorithm that
finds such an A provided the number of essential variables' of det(Hy) is exactly n.

The algorithm uses the fact that det(Hy) = det(Hy,)(x1,...,x;) - det(Hg,)(xit1,...,X,), and
so, det(Hy) is a non-zero F-multiple of det(Hy, )(Bx) - det(Hg,)(Bx). It turns out that an A €
GL(n,F) can be found efficiently from black-box access to det(Hy) such that det(Hy, ) (BAx) and
det(Hg,)(BAXx) are variable disjoint; this step involves black-box factorization of det(Hy) [KT90]
and elimination of redundant variables from the irreducible factors of det(Hy) in a careful way
(see Claim 2.4). Now, it can also be shown that if the number of essential variables of det(Hy) is
exactly n, then g1(BAx) and g»(BAx) are variable disjoint (see Observation 2.2).

The correctness of the algorithm depends critically on the condition that the number of es-
sential variables of det(Hy) is exactly n. If this condition does not hold, then the algorithm fails
completely. The approach can be viewed as a generalization of the algorithm given in the above
example for the SP polynomial. Indeed, the number of essential variables of det(Hsp) is n = sd.

Can the basic approach be used to learn orbits of ROFs? At a high level, the basic approach is
encouraging as a +-rooted ROF is a sum of variable disjoint polynomials. Let C = T1 + ... + T;
be a 4-rooted canonical ROF, where Ti, ..., T are the terms of C, i.e., the polynomials computed

2The algorithm finds an A = PSB, where P is a permutation matrix and S is a diagonal matrix, from the factors of
det(Hy). It then interpolates f (A~x) (using the sparse polynomial interpolation algorithm in [KS01]) to learn P and S
(up to the symmetries of the polynomial SP).

13This problem was referred to as the polynomial decomposition problem in [Kay11]. It should not be confused with
the functional decomposition of polynomials which is also known as the polynomial decomposition problem.

14See Definition 2.1.



by the second (from the top) layer of gates in C. Given black-box access to f = C(Bx) = T1(Bx) +
...+ Ts(Bx), where C and B € GL(n,F) are unknown, we hope to apply the approach in [Kay11]
to find an A € GL(n,F) such that T;(BAx),..., Ts(BAx) are variable disjoint. If we succeed in
finding A, then we wish to obtain efficient black-box access to T1(BAx), ..., T;(BAx) by exploit-
ing their variable disjointness. From black-box access to T;(BAx), we get black-box access to
Qi1(BAXx),...,Qim (BAx), where Q;1,...,Q;m, are the irreducible factors of T;. Claim 2.3 then
lets us find a C € GL(n,F) such that Q;1(BACx), ..., Qi (BACx), for all i € [s], are variable
disjoint. At this point, we plan to recurse on Q;1(BACX), ..., Q;,, (BACx) that are in the orbits of
variable disjoint +-rooted ROFs of smaller size and depth.

Although the method looks promising, there are a few significant hurdles that render the
basic approach almost useless. First, we shall see (in the next section) that the number of essen-
tial variables of the Hessian determinant of a canonical ROF can be dramatically smaller than 7,
although the ROF itself has no redundant variable. This is indeed a serious problem for the ap-
proach as the step of making T; (BAXx), ..., Ts(BAx) variable disjoint may break down completely.
Second, even if we manage to make T;(BAx), ..., T;(BAx) variable disjoint, the complexity of the
recursive algorithm may grow exponentially with the product depth of the ROF unless we gener-
ate super-efficient black-box access to T; (BAx), ..., Ts(BAx). In the next section, we elaborate on
these (and more) hurdles and explain how we overcome them and salvage the basic approach.

1.3.2 Outline of the ROF equivalence test: Salvaging the basic approach

Without loss of generality, assume that the root node of an ROF C is a +--gate; if not, use black-box
polynomial factorization to reduce to the 4--rooted case. We need to answer two questions:

(A) How do we efficiently find a transformation that makes the terms variable disjoint?
(B) How do we get efficient black-box access to the terms once they are variable disjoint?

We now elaborate on the technical hurdles that we encounter and deal with while answering these.

A. Making the terms variable disjoint

We know that the terms can be made variable disjoint if the number of essential variables in
det(H() is exactly n. But this need not be the case. In fact, we face an even more basic hurdle.

¢ Hurdle 1: The Hessian determinant of a non-zero canonical ROF can be identically zero.

For instance, the Hessian determinant of (x1x2 + x3x4) (X5X¢ + x7x8) + (y1y2 + y3ya) (Ysye + y7ys) is
identically zero over IF3; the Hessian determinant of x;x2x3 + x4 is zero over any IF. None of these
ROFs have redundant variables (see Observation 2.7), and yet their Hessian determinants are zero.

When is the Hessian determinant non-zero? We show in Lemma 3.1 that the Hessian determinant of
a non-zero n-variate canonical ROF C is non-zero provided char(FF) = 0 or > n and none of the
children of the top +-gate of C is a variable!®. Henceforth, we assume that char(FF) = 0 or > n.
We call a variable that is directly connected to a +-gate a dangling variable, and a variable that
is directly connected to the top +-gate the top dangling variable. Since C is in canonical form (see
Definition 2.6), it can have at most one top dangling variable.

1°Observe that if the top +-gate has a variable child, then the Hessian determinant is identically zero over any F.



Few words on the proof of Lemma 3.1: We show that the coefficient of a certain high degree
monomial in det(Hp) is a product of “small”, non-zero numbers. Depending on the structure
of C, we first carefully pick a variable x in it and treat det(H) as a univariate polynomial over
F[x \ {x}]. We then show that the coefficient of the highest degree term in x is a product of the
Hessian determinants of “smaller”, x-rooted ROFs. We repeat this process inductively on these
smaller ROFs to show that their Hessian determinants are non-zero. The inductive process con-
structs a high degree monomial implicitly. The base case of the induction deals with Hessians
of monomials of degree at least 2. The Hessian determinant of a degree d monomial is itself a
monomial with a non-zero coefficient. Thus, the coefficient of the special monomial constructed
by the inductive process is a product of the coefficients of the Hessian determinants of monomials.

The presence of a top dangling variable makes det(Hp) zero. We will see shortly how to
prevent det(H¢) from vanishing. At first, let us assume that C has no top dangling variable. Now,
even if the Hessian determinant of C is non-zero, there is no guarantee that the number of essential
variables of det(H() is the maximum possible. This poses the second and the main hurdle.

* Hurdle 2: The number of essential variables of det(Hg) # 0 can be much smaller than 7.

For example, the Hessian determinant of x; (xpx3 4+ x4) + y1(y2y3 + y4) has merely two essential
variables; the Hessian determinant of x1x2x3 + x4x5 has only three essential variables. For ease of
explanation, we split the above hurdle into two questions. The first one is,

e Hurdle 2a: Which variables of a canonical ROF C are essential for its Hessian determinant?

The notion of “skewed paths” turns out to be quite useful in answering this question.

Skewed paths, truly essential variables, and good and bad terms: A skewed path in C is a special structure
that can be identified with a unique “marker” monomial (see Definition 3.1). In Claim 3.2, we
show that every variable other than the dangling variables along skewed paths, the variables in
quadratic forms along skewed paths, and the variables in the (top) quadratic form of C, are truly
essential for det(H) (see Definition 2.2)'°. This knowledge enables us to categorize the terms of C
into three types — good, bad, and the quadratic form of C. A bad term looks like x - Q, where x € x
and Q is a +-rooted ROF. In the example, both x1(x2x3 + x4) and y1(y2y3 + y4) are bad terms. In
x1(x2x3 + x4), the “marker” monomial x; (which is a variable in this simple case) defines a skewed
path, x; and x3 are the variables of the quadratic form along this skewed path, and x4 is the dan-
gling variable along this skewed path. Terms that are not bad and have degree > 3 are good.

Making good terms variable disjoint. If T is a good (similarly, bad) term of C, then we say T(Bx)
is a good (respectively, bad) term of the input f = C(Bx). It follows from Definition 3.1 that the
skewed paths in C occur only in the bad terms of C, and so, from Claim 3.2, all the variables of the
good terms of C are truly essential for det(Hp). This fact along with Claim 2.4 and Observation
2.2 help us infer that a slight variant of the basic strategy given in Section 1.3.1 succeeds in finding
an Ap € GL(n,TF) such that the good terms of f become variable disjoint under the action of Ay.
See Step 1 in Section 4.1 and Appendix G for a more detailed and pictorial overview of this step.

16See the paragraph before Claim 3.2 for relevant terminologies. Partitioning a set of essential variables into truly
essential variables and ordinary essential variables helps us crucially in the arguments.



Making the good terms of f variable disjoint is the first step towards overcoming Hurdle 2.
But it is far from sufficient even if C is devoid of bad terms, the top quadratic form, and the top
dangling variable. This is because the algorithm may encounter bad terms, quadratic forms and
dangling variables at deeper levels of the recursion, whence the basic strategy will fail. Therefore,
we must answer the following (second) question to tackle the acute loss of essential variables in
the Hessian determinant due to the presence of skewed paths in bad terms.

¢ Hurdle 2b: How do we handle the bad terms and the quadratic form of C?

We call the dangling variables along skewed paths, the variables in quadratic forms along skewed
paths, and the variables of the top quadratic form of C the bad variables of C. The remaining vari-
ables are the good variables. Note that a good term of C has only good variables, whereas a bad term
has both good and bad variables. For example, x; is a good variable of the bad term x; (x2x3 + x4),
and xy, x3, x4 are its bad variables. By Claim 3.2, the good variables are truly essential for det(HC),
but they need not be the only essential variables. Some bad variables can be truly or ordinarily
essential for det(H() or totally absent from det(Hg); this complicates the matter a bit.

Making the bad terms and the top quadratic form variable disjoint. It turns out that Claim 3.2,
Claim 2.4 and Observation 2.2 together imply that the transformation Ay is such that BAy maps
every good variable of a (good or bad) term Ty to a linear form in z; C x, where the variable sets z;
(as Ty runs over all good and bad terms) are disjoint. Let z be the disjoint union of these sets z;, and
y :=x\ z. Let £, := BAg o x for x € x. Observe that the y-variables appear only in the linear forms
{x where x is abad variable. Let [/,], be /, restricted to the y-variables. Loosely speaking, we make
the bad terms and the top quadratic form of f variable disjoint in three (implicit) steps: “access”
the linear forms [/ x]y, map them to distinct y-variables, and then remove “external variables” from
each of the terms. Let us elaborate on these steps by focusing on the bad terms.

Mapping “garbled” skewed paths back to monomials to access [{x]y: How do we access [(]y, where
x is a variable in a quadratic form along a skewed path or a dangling variable along a skewed path?
The answer lies in the fact that a skewed path is identified with a unique “marker” monomial .
This monomial can potentially help us access [(,]y, where x a quadratic form or a dangling vari-
able along the skewed path u. But the problem is that the transformation BA, may have “garbled”
the variables of y. If for every variable z of j, we find ¢, € FF[z], then we can map /¢, to a distinct
z-variable and get back a marker monomial — this works as z is a good variable. By Claim 3.1,
such an /; is a factor of det(Hy)(Aox). We can factorize det(H)(Aox) and try to find /;, but there
is a problem: det(Hy)(Aox) might have other spurious linear factors that are not /; for any z € x.
Fortunately, we can distinguish ¢, from spurious linear factors of det(Hy)(Aox) by examining the
number of essential variables of f(Aox) modulo affine forms; this crucial result is proved in Claim
2.1. So, we can safely assume without any loss of generality that ¢, = z for every variable z in .

Processing quadratic forms along skewed paths and the top quadratic form: We focus on a quadratic
form q = yiy2 + ... + y;_1y; along a skewed path p, and let § = [£y, ]y [0y, ]y + ... + [€y, ,]y[Cy]y-
We can access § as follows: Treat f(BAox) as a polynomial in y over [F|z] and extract out black-box
access to the homogeneous degree-2 component in y; call it 7. As the degree-2 monomials in y are
contributed only by the quadratic forms on skewed paths and the quadratic form of C, and there
are at most n different skewed paths, 7 is n>-sparse as a polynomial in Fly, z]. We find the dense
representation of § using the sparse polynomial interpolation algorithm of [KS01]. Observe that
the coefficient of y in 7 (as a polynomial in z over Fly]) is §. Once we collect all the § for quadratic




forms along skewed paths, we map them simultaneously to quadratic SP polynomials in distinct
y-variables using Claim 2.3 and the QFE oracle. The existence of such a map A; is ensured by
Claim 3.3 which shows that the variables of a quadratic form are either all truly essential for
det(Hg) or they are absent from det(Hg). We then argue (in Claim 4.5) that g(BAgA1x) can be
expressed as (y1 + h1)(y2 + h2) + - - + (yi—1 + hj—1) (y; + hy) for some (hitherto unknown) linear
forms hy, ..., h; € Flz]. A similar process for 4 = 1 takes care of the top quadratic form of C. See
Step 2.1 in Section 4.1 and Appendix G for a more detailed and pictorial overview of this step.

Handling dangling variables on skewed paths: Now let ¢ := BAyA; o x and u be the y-variables
that have not been “used up” by the QFE oracle in the previous step. Consider a dangling variable
x along a skewed path y. We can access [{y]y using y, just as we accessed g before, by treating
f(BApAix) as a polynomial in u over F[x \ u] and extracting out the homogeneous degree-1 com-
ponent in u. However, unlike the variables of a quadratic form along a skewed path, a dangling
variable x might not enjoy the property that it is either truly essential for det(H) or it is absent
from det(Hg). So it may not be possible to map all the linear forms [¢,], for dangling variables
along skewed paths to distinct u-variables. This makes the argument here a bit subtle: We show,
using Observation 4.2, Claim 4.7 and Observation 4.4, that it is sufficient to work with any basis
% of the vector space spanned by the linear forms [/,], as x varies over dangling variables along
skewed paths. Mapping the elements of % to distinct u-variables, using a transformation A,, au-
tomatically ‘takes care of” the linear forms outside %. At a high level, this strategy works because
the elements of B essentially corresponds to a set of redundant variables of det(H). See Step 2.2
in Section 4.1 and Appendix G for a more detailed and pictorial overview of this step.

Removing external variables from the terms: Let £ := BAgA1A3 o x for x € x. For a bad term T,
let yi be the union of the y-variables appearing in all /,, where x is a variable of a quadratic form
along a skewed path in Ty, and the u-variables present in all ¢,, where x is a dangling variable
along a skewed path in Tj. The variables not in z; ¥ y are the external variables of Ty. Observe that
the external variables appear in ¢, only if x is a dangling variable along a skewed path in Ty or a
variable of a quadratic form along a skewed path in Tj. In this step, we intend to remove these
external variables and complete the process of making the bad terms and the top quadratic form
of f variable disjoint. At a high level, this is done by examining some carefully chosen first-order
partials of f(BApA1A»x) and engaging the skewed paths again to access the external variables.
The proof of correctness of this step involves a few “disambiguation arguments" (see Observa-
tions 4.5, 4.6 and 4.7) which ensure that relevant monomials are generated “uniquely”. See Step
2.3 in Section 4.1 and Appendix G for a more detailed and pictorial overview of this step.

Handling the top dangling variable. If det(Hr) = 0 (which, by Lemma 3.1, happens if and only
if C has a top dangling variable) then we can reduce to the non-zero Hessian determinant case
as follows: Apply a random transformation on the variable set x = {xy,...,x,} and consider the
Hessian of the resulting f with respect to only x1, ..., x,_1. Intuitively, the random transformation
lets us assume two facts — one, the top dangling variable of Cis x,, i.e., C = C1(x1,...,X,-1) + Xp,
where C; is a canonical ROF with no top dangling variable; two, f = C;(Bx) + ¢(x) for some
B € GL(n,F) such that Bo x, = x, and ¢ is an affine form. Now observe that the determinant
of the Hessian of f with respect to x1,...,x,-1 is an F-multiple of det(Hg )(Bx), which is non-
zero as C; has no top dangling variable. We can then remove the redundant variable x, from
det(Hg, ) (Bx) and hope to find a D € GL(n,F) such that T1(BDx), ..., T;_1(BDx) are variable

disjoint, where Ty, ..., T;_1 are the terms of C;. Once D is obtained, we are left with finding ¢(Dx)



from black-box access to f(Dx) = C1(BDx) + ¢(Dx). Indeed, the knowledge of D and ¢(Dx) is
sufficient to construct an A € GL(n, F) such that Ty (BAx), ..., T;(BAx) are variable disjoint (here,
Ts = x,). See Step 3 in Section 4.1 for a more detailed overview on how to find ¢(Dx) by exploit-
ing the Hessian determinant again! A special case of this problem when / is a constant also arises
in the resolution of the final hurdle (stated below). We give the proof idea for this special case next.

B. Obtaining efficient black-box access to the terms

The above process finds an A € GL(n,F) such that the terms T; (BAx), ..., Ts(BAx) are variable
disjoint. Let 7;(x;) := T;(BAXx).

e Hurdle 3: How do we get efficient black-box access to r1(x1), ..., 7s(xs)?

In other words, how do we simulate a black-box query to r;(x;) using only one query to the black-
box for the input polynomial f. It is important to use only one query to f, as otherwise the time
complexity of the recursive algorithm will become exponential in the product-depth of the ROF.
The product depth of an n-variate ROF can be as high as ()(n). We address this issue as follows.

At first, we examine the second-order derivatives of f to learn the variable sets x1, ..., x; (see
Claim 4.13). Then, we set the variables in xi,...,X;_1,Xj+1,...,Xs to arbitrary field constants to
reduce the problem to securing black-box access to r;(x;) from black-box access to g; := r;(x;) + ¢,
where ¢ € F is unknown. If 7; is quadratic or linear, then we simply interpolate g; and know r;.
Otherwise, we can still hope to learn ¢ as it is the unique constant such that g; — c is reducible 7.
The uniqueness of c follows from the irreducibility of a 4+-rooted ROF (see Fact 2.5). But how do
we learn c efficiently? The Hessian determinant comes in handy again.

Finding c. Suppose 7i(x;) = ri1(X;) - ... Tim (X;), where 1i1,...,¥;,, are the irreducible factors
of r;, and deg(r;) > 3. It follows from Corollary 3.1 that det(H,,), which equals det(H,,), has
as one of its irreducible factors an F-multiple of r;; for some j € [m;]. The efficient black-box
polynomial factorization algorithm [KT90] gives us black-box access to all the irreducible factors
of det(Hg,). Now suppose we pick the irreducible factor « - 7;;, where « € F*, from among the
irreducible factors of det(Hgi). Define a random substitution map 7t on the variables of x; as
follows: 7t(x) := cyt, where cy €, F and t is a fresh variable, for every x € x;. Interpolate the
univariate polynomials 77(g;)(t) and 7r(a - r;;)(t) that are non-constant with high probability, if
|IF| is sufficiently large. The degrees of 77(g;) and 7r(a - 7; ;) are upper bounded by 7. To find ¢, we
set up and solve a linear system via the equation 71(g;) = (a,—1t" "' +... 4+ ag) - w(a - 1ij) +co, '®
by pretending that a,,_1, ..., a0 and cg are variables. The system has a solution that is obtained by
choosing a, 1" 1+ ...+ a9 = m(a™! TLepm\ ) ri1) and co = c. This solution is unique. To see
this, suppose a,,—11,...,40,1,¢01 and a,_12,...,4a02,co2 are two different solutions. Then,

((an_Ll — an_llz)tn_l + ...+ (110,1 — aorz)) . 7T((X . T’i,]‘) + (CO,l — CO,Z) =0,

indicating that 7r(« - 7; ;) divides (co1 — co2). But this is not possible as 7r(« - 7; ;) is not a constant.
So, we solve the above system and declare the solution for cg as c. This procedure works if we
pick an irreducible factor of det(Hy,) that is an F-multiple of r; ; for some j € [m;]. But what if we

i

"More generally, this is true if 7; is a multilinear polynomial having at least two non-trivial factors. But, c need not
be unique if ; is not multilinear. For example, if r; = x2, then gi — cis reducible for bothc = 0and ¢ = 1.
'8 As deg(a - ;) > 1, the degree of a ™! - [Ticm\(j) 7ig is at most n — 1.
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pick a “wrong” factor? Indeed, the Hessian determinant can have other “spurious” factors. The
point is that irrespective of what factor we choose, we can run the above procedure and find some
co. If no cp is found, then we know immediately that a wrong factor is chosen. Otherwise, we
check if g; — ¢¢ is reducible, and if so, then take cg as c. The uniqueness of c implies that we always
find the right c. Once we know ¢, we can simulate a black-box query to r; using only one query to f.

Preparing for recursion. From efficient black-box access to r;, we need to gain efficient black-box
access to the irreducible factors of r; as the algorithm essentially recurses on these factors. This
is done as follows: Use the efficient black-box polynomial factorization algorithm [KT90] to get
(not necessarily efficient) black-box access to «; - 7; ; for every j € [m;], where a; € F* and a1 - a5 -
... @y, = 1. Claim 2.3 then allows us to find a C; € GL(|x;|,F) such that aq - 7;1(Cix;), ..., -
tim: (Cix;) are variable disjoint. Notice that we can easily get efficient black-box access to r;(C;x;)
from the efficient black-box for r;. It is now sufficient to create an efficient black-box for a; - 7; ;(C;x;)
from the black-box for r;(C;x;). Substitute the variables in a; - ; ;(Cix;) by random field constants
for every I € [m;]\{j}; denote this substitution map by p. Let B; = p(a; - r;;(Cix;)). Observe
that we know f; from the already acquired (possibly inefficient) black-box for a; - 7;;(Cix;). Also,
B1 # 0 with high probability. Then, the relation a; - 7; j(Cix;) = p(ri(Cixi)) - TTicpm\j B; ! produces
an efficient black-box for &; - 7; ;(Cix;). The algorithm recurses on «; - 7; ;(C;x;) with this black-box.

To summarize, irrespective of the level of the recursion, a required black-box can be obtained
as an expression af (Cx + ¢) + B, where C € M(n,F), c € F", and a, B € F are known. Thus, the
black-box query time is independent of the recursion depth. Moreover, the time taken to prepare
a black-box for a subsequent level of the recursion (i.e., to make ready the knowledge of a relevant
affine projection C, ¢ and appropriate constants «, ) is independent of the recursion depth.

1.3.3 The approach for PE for orbits of ROFs

Let f1, f2 € F[x]| be polynomials in the orbits of additive-constant-free ROFs. We can assume that
they are equivalent. If not, then we run the algorithm on input f; and f,, obtain an A € GL(n, FF)
and b € F"” and check if fi = fo(Ax + b) using the Schwartz-Zippel lemma [Sch80, Zip79]. This
check will fail with high probability and we will conclude that f; and f, are not equivalent.

If fi ~ fo, there exists a additive-constant-free ROF C such that fi, f € orb(C). Using Theo-
rem 1, we find Aj, Ay € GL(n,F) such that there exist permutation matrices P;, P, € M(n,F),
scaling matrices S1,S, € M(n,F), and translation vectors dy,d, € F" satisfying f1(A1x) =
C(P1S1x+dj) and f2(Azx) = C(P,Sox + dy). We reconstruct the ROFs f;(A;x) and f,(A2x) that are
in the PS orbit (see Definition 2.5) of C. It turns out that an ROF in the PS orbit of a canonical ROF
can be reconstructed uniquely up to scaling of the leaves (see Section F). As C is additive-constant-
free, all leaves of f1(A1x) and f>(Axx) are either variables, or constants that act as translation or
scaling of the variables. Let C; and C; be the ROFs obtained by reconstructing f1(A1x) and f(A2x)
respectively. Once we recover the scaling and the translation of all the variables in C; and C, (see
Section F.3), we can transform C; and C; in such a way that they resemble C and differ by only a
permutation of the variables. We find this permutation using the tree isomorphism algorithm in
[AHUS83] (see Fact A.4). Then, an A € GL(n,F) and b € F" such that f; = f,(Ax + b) can be
found using this isomorphism, the recovered scaling and translation, and A, A;.

We believe that the additive-constant-free restriction can be completely removed with some
more technical effort. As an evidence supporting this belief, we show in Section E that the additive-
constant-free restriction can be dispensed with for depth-4 ROFs.
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1.3.4 Brief comparison with other approaches

The Lie algebra associated with a polynomial'® has been used extensively to design equivalence
tests for a number of important polynomial families [Kay12,Grol12, KNST19,G519,GGKS19,MNS20].
Can Lie algebras be used for ROF equivalence tests? It turns out that the Lie algebra of the sum-
product polynomial SP is sufficiently rich and one can indeed devise an equivalence test for SP
based on it (provided deg(SP) > 3). But this is not the case for an arbitrary ROF. For example,
the Lie algebra of the ROF (x1 + 1)(x2 +2)(x3 + 3) + (x4 +4) (x5 + 5)(x¢ + 6) is trivial; it gives
practically no information about the ROF.

It was observed in [MS521] that the average-case ANF reconstruction algorithm from [GKO14]
already gives an equivalence test for ROANFs. But the time complexity of the algorithm in
[GKQ14] degrades rapidly with increasing fan-in of the +-gates. An arbitrary ROF has no fan-
in restriction. So, it is unclear if the algorithm in [GCKO14] can be easily adapted to give an ROF
equivalence test while preserving its efficiency.

[MS21] also observed that the average-case homogeneous depth-3 circuit reconstruction al-
gorithm in [K519] gives an equivalence test for the sum-product polynomial®”. The approach in
[K519, GKS20] is based on a scheme for obtaining an average-case learning algorithm for a cir-
cuit class from lower bounds for the same class. The scheme is potentially useful in developing
an average-case formula reconstruction algorithm from formula lower bounds. Average-case for-
mula reconstruction being a (possibly) stronger objective, it is likely to imply an equivalence test
for ROFs. But currently, no super-polynomial lower bound is known for formulas. So the ap-
proach in [K519, GKS20] does not yet provide an equivalence test for general ROFs.

1.4 Related work

Cubic form equivalence and associated problems. It has long been known that the polynomial
equivalence problem can be solved efficiently for quadratic forms (see Section A.2). But the diffi-
culty of the problem increases sharply for cubic forms. Cubic form equivalence is at least as hard as
the graph isomorphism problem and possibly harder [AS05]. Several other important problems—
algebra isomorphism, matrix space isometry, matrix space conjugacy, group isomorphism for cer-
tain p-groups, 3-tensor isomorphism, and trilinear form equivalence-are polynomial-time equiv-
alent to cubic form equivalence [CO21, FGS18, BW15, AS06, AS05]. The best-known worst-case
complexity of cubic form equivalence is not significantly better than that of polynomial solvability.
However, a moderately exponential-time algorithm is known for a natural average-case version
of the cubic form equivalence problem over finite fields [COT21].

The supposed hardness of constant-degree form equivalence (even in the average case) led
to the development of a cryptographic authentication scheme [’at96]. The main problem studied
in this context is known as isomorphism of polynomials with one secret (IP1S). In the IP1S problem,
we are given two tuples of polynomials (fi, ..., fm) and (g1, ..., gm) and we wish to check if there
is an invertible A such that f; = g;(Ax) for all i € [m]. Efficient algorithms are known only for the

quadratic IP1S problem [I1O19,BFP15],i.e., when f1,..., fi, and g1, ..., gm are quadratic forms?!.

“The Lie algebra associated with (the group of symmetries of) an n-variate polynomial f is the space of matrices
- . 9
(“i,j)i,je[n] satisfying the equation ):i,je[n] a ij{i =0.
20The SP polynomial is thus a unique example for which three different equivalence testing algorithms are known.
IEven the quadratic case is quite non-trivial for IP1S as we are dealing with tuples of polynomials.
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Special polynomial families. Spurred by applications in algebraic and geometric complexity
theory, [Kay11] studied an interesting variant of the polynomial equivalence problem for well-
known polynomial families. In this setting, we fix a polynomial family (say, the determinant),
take input black-box access to a polynomial f, and check if f is in the orbit of a polynomial in
the family. Starting with the algorithms in [Kay11], efficient equivalence tests were given for a
number of polynomial families, namely the power symmetric polynomials, the elementary sym-
metric polynomials, the sum-product polynomials, the determinant, the permanent, the iterated
matrix multiplication (IMM) polynomials, the design polynomials, and the continuant polynomi-
als [Kay11,Kay12,Grol12, KNST19,G519, GGKS19, MINS20, MS21]. Some of these equivalence tests
have interesting applications in circuit reconstruction [KNS19,BGKS21]. [GKP18] gave an efficient
equivalence test for the family of sums of univariates, which is a generalization of the family of
power symmetric polynomials. Recently, [K521b, KS521a] gave a randomized polynomial-time al-
gorithm (in the Turing machine model) to solve the decision version of equivalence testing for the
power symmetric polynomials over C, where the input polynomial has rational coefficients.

Results on ROFs. Reconstruction algorithms and hitting-sets have been intensely studied for
ROFs [HIH91, BHH95a, BC98, BB98, SV14, Vol16, MV18]. Deterministic polynomial-time recon-
struction and hitting-sets are known for ROFs [MV18,5V14]. Recently, [M521,5T21] gave quasi-
polynomial time hitting-sets for orbits of ROFs. It is worth noting that despite its apparent weak-
ness, the ROF model has served as a testbed for developing effective tools and techniques for
analyzing circuits. For example, a construction of k-independent polynomial maps that played a
vital role in hitting-set constructions for several important circuit classes originated from a study of
ROFs [SV14]. [RS11] studied a special case of ET for ROFs; they gave a polynomial-time algorithm
to check if two constant-free ROFs are permutation equivalent?”. They also observed that permu-
tation equivalence for read-2 formulas and PE for read-4 formulas are graph isomorphism hard.
Efficient learning algorithms are also known for Boolean read-once formulas [AHK93, BHH95b].
Read-once formulas have been used as “hard functions” in finer lower bounds and separation
results for low-depth Boolean circuits [Sip83, HRST17, HHTT22]. [Gur77, KLN 93] gave a char-
acterization of functions computable by Boolean ROFs, and [Vol16] gave a characterization of
polynomials computable by arithmetic ROFs.

Other results on PE. Two natural special cases of the polynomial equivalence problem are trans-
lation equivalence and scaling equivalence. In the translation equivalence problem, we are given
black-box access to two n-variate polynomials f and ¢ and we wish to determine if there is a
b € F” such that f = g(x+ b). In the scaling equivalence problem, we wish to find out if there
a diagonal matrix S € GL(n,F) such that f = g(Sx). Efficient algorithms are known for both
translation and scaling equivalence tests [DdOS14, Kay12, BRS17].

[Kay1l1] gave an efficient algorithm to check if a given n-variate polynomial f is equivalent
to a multilinear polynomial, provided the dimension of the space spanned by the second-order
partials of f is (5). This result implies that equivalence test is easy for random multilinear poly-
nomials. But notice that the dimension of the second-order partials of a typical ROF (for e.g., the
sum-product polynomial) is substantially smaller than (5).

22Two polynomials f, g € FF[x] are permutation equivalent if there is a permutation matrix P such that f = g(Px).
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2 Preliminaries

Notations. Forn € N, [n] = {1,...,n} and x = {xy,...,x,}. For ¢ € F[x], var(g) is the set of
variables appearing in g. The space of polynomials having degree at most d will be denoted as
F[x]<4. For S C F[x], (S) is the F-linear space spanned by S. GL(#, F) is the set of n x n invertible
matrices over F. For A € GL(n,F), Ax is the column vector obtained by multiplying A with
(x1---x4)T. A detailed list of other notations is given in Table 1 of the appendix.

2.1 Structural preliminaries
2.1.1 Essential and redundant variables

Definition 2.1 (Essential and redundant variables). The number of essential variables of an n-variate
g € F[x] is s := minycqp (s 5 [var(g(Ax))|. The number of redundant variables of g is (n — s).

Following [Car06], we denote the number of essential variables of g by Ness(g). [Car06] gave
a polynomial-time algorithm that takes input the coefficient vector of g and finds an A € GL(n, FF)
such that |var(g(Ax))| = Ness(g). [Kayll] gave a randomized polynomial-time algorithm that
does the same given black-box access to g. These algorithms use a neat relation between Niss(g)

and dim <g—§ P x € x>. See Claim 2.3 in [KNST19] for a proof of the following fact.

Fact 2.1 (Essential variables and partials). Let d € N and char(IF) = 0 or > d. If ¢ € F[x]<y, then
Ness(g) = dim<g—§ DX E x>. Forz C x, {g—f 1z € z} is a basis 0f<g—§ DX E x> if and only if there is
an A € GL(|x|, F) that maps every variable in x \ z to itself, var(g(Ax)) = z, and Ness(g(Ax)) = |z|.

We say a set z C x is a set of essential variables of g if {g—g 1z € z} is a basis of <g—§ P X € x>;
variables in x \ z are redundant for g. We categorize the essential variables further as follows.
Definition 2.2 (Truly and ordinary essential variables). An x € x is a truly essential variable of
¢ € F[x] if for every A € GL(|x|,[F) that maps x to itself, x € var(g(Ax)). If z is a set of essential
variables of g, then a z € z that is not truly essential is an ordinary essential variable of g in z.
Observation 2.1 (Characterizing truly essential variables using partials). Let d € IN and char(FF) =
0or > d. If g € F|X|]<4, then x € x is a truly essential variable of g if and only if Y 1c, zxx/aa—f, = 0 for

ay € IFimplies ay = 0, i.e., no F-linear dependence of {% s x' e x} involves g—i.

It follows that every set of essential variables of ¢ contains all the truly essential variables.
The proof of the observation is in Section B.1. The next fact follows from the proof of Fact 2.1.

Fact 2.2 (Structure of a matrix for removing redundant variables). Let d € IN,char(F) = 0 or
> d, and § € F[x]<4. Let z be a set of essential variables of g, zy the set of truly essential variables of g,
zp =z \ z1,andy = x\ z. Then, there is an A € GL(|x|,F) that maps every variable in z; W'y to itself,
maps every z € z to a linear form in y & {z}, and var(g(Ax)) = z.

The proofs of the following observations are given in Sections B.2, B.3, and B.4.

Observation 2.2 (Truly essential variables map to linear forms in essential variables). Let d &
N, char(IF) = 0 or > d, x and y be disjoint sets of variables, and h € F[x]<4. Let z C x Wy and
A € GL(|x| + |y|,F) such that |z| = Ness(h) and h(A - (x,y)T) € F[z] (where we pretend that h is a
polynomial in x W'y). Then, A maps every truly essential variable of h to a linear form in z.
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Observation 2.3 (Truly essential variables from factors). Let d € IN, char(FF) = 0 or > d, and x and
y be disjoint sets of variables. Let h(x,y) = g(x)°- p(x,y) € F[x,y|, where g(x), p(x,y) are coprime,
deg(h) <d,and e > 1. If Ness(g) = |x|, then every x-variable is truly essential for h.

Observation 2.4 (Truly essential pairs of variables). Let d € IN,char(FF) = 0 or > d, and {x1,x2}
and 'y be disjoint sets of variables. Let h(x1,x2,y) = Yi>0 pi(y) - (x1x2)" be a polynomial of degree at most
d such that p;(y) # 0 for some i > 1. Then, x1 and x; are truly essential for h.

2.1.2 Essential variables modulo affine forms

Let ¢ € F[x] and ¢ = } ;c(,) @ix; + B, a non-constant affine form in [F[x]. Let I = {i € [n] : a; # 0},
and < a monomial ordering on IF[x]. Suppose, x; has the highest precedence among {x; : i € I}
according to <. There is a natural ring isomorphism between the quotient ring F[x]/(¢) and
F[x\ {x;}], where (/) is the ideal generated by /. We define ¢ modulo / (denoted g/) as:

gri=8 xl,...,xj,l,—txfl Z Déixi‘f'ﬁ ,x]‘+1/---/xn .
ie[n\{j}

Definition 2.3. The number of essential variables of ¢ modulo ¢ is defined as Ness(g¢)-

Notice that the ordering < is implicit in the above definition. But, the following observation
shows that the exact choice of < is unimportant here. Its proof is given in Section B.5.

Observation 2.5 (Soundness of Definition 2.3). For j € I, let W; = <aqg§g) tXE x>, where ¢;(g) is

obtained by substituting x;j in g by —a; (Zie[n]\{j} a;x; + ,B) Then, for j1,j2 € I, dim W;, = dim W,.

2.1.3 Orbit of a polynomial

Definition 2.4 (Orbit of a polynomial). The orbit of ¢ € F|x], denoted orb(g), is defined as orb(g) :=
{g(Ax+Db) : A€ GL(]x,F), b € FX}.

Remark. Our results, especially Theorem 1, hold even if we consider a more general definition of
the orbit of a polynomial: Let x, y be sets of n and m variables, where n > m,and h € F[x], ¢ € F[y].
Then, h € orb(g) if there is exista A € F"*" of rank m and b € F" such thath = g(Ax+b).

Definition 2.5 (PS orbit of a polynomial). Let g, € F[x]. We say that / is in the PS orbit of g,
denoted PS-orb(g), if there exist a |x| x |x| permutation matrix P, a |x| x |x| invertible diagonal
(scaling) matrix S, and a b € FX! such that 1 = g(PSx + b).

The following facts are easy to prove.
Fact2.3. Ifh € orb(g), then Ness(g) = Ness(h).

Fact 2.4. Let d € N, char(F) = 0or > d, ¢ € F[x|<4, ¢ € F[x] a non-constant affine form, A €
GL(|x|,F), b € FX, ¢’ = g(Ax+b), and ¢' = £(Ax+b). Then, Ness(g)) = Ness(g0)-
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2.1.4 Read-once formulas

An arithmetic formula C over FF is a tree whose leaves are labelled by variables and [F-constants,
other nodes (gates) are labelled by + and X operations, and edges by F-constants. A node v
computes a polynomial naturally: if v is a leaf, it computes its label; if v is a 4- gate (similarly, a x
gate) having vy, ..., vy, as children such that for every i € [m], v; computes g; € F[x] and the edge
connecting v and v; is labelled by «; € F, then v computes Yic[m) Xigi (respectively, [Ticpm @i gi). We
will identify a node with the polynomial it computes and C with the polynomial computed by its
root node. Without loss of generality, C has alternate layers of + and x gates, every non-leaf gate
has fan-in at least two, and every child of a x gate computes a non-constant polynomial.

An arithmetic formula C over F is a read-once formula (ROF) if every leaf in C is labelled by
either a distinct variable or an [F-constant. The product-depth of C, denoted A, is the number of
x gates in a longest path in C from the root to a leaf. We call C a +-rooted (similarly, a x-rooted)
ROF if the root of C is a 4 gate (respectively, a x gate). The following fact is easy to verify.

Fact 2.5 (Irreducibility of an ROF). The polynomial computed by a +-rooted ROF is irreducible over IF.
Definition 2.6 (Canonical ROF). An ROF C is canonical if it satisfies the following properties:
1. Chas alternate layers of + and x gates.
Every non-leaf gate in C has fan-in at least 2.
Every child of a x gate computes a non-constant polynomial.
There are no labels on the edges of C.

A + gate has at most one constant and at most one variable among its children, but not both.

AL N

Suppose there is a + gate that has among its children a variable and a x gate v such that v
has two children — a variable and a + gate v’. Then, v has no constant among its children.

Let C be a +-rooted canonical ROF over F. The equation C = T; + - - - + Ts + v means that
Ty, ..., Ts are the non-constant children and 7y € F is the constant child of the root + gate. Note
that a constant in a canonical ROF C only appears as a child of a + gate. Thus, all constants present
in C are additive-constants. An example of a canonical ROF is an ROANF.

Definition 2.7 (ROANF). A canonical ROF C is in the read-once alternating normal form (ROANF) if
it is a complete binary tree, the root of C is a + gate, the bottom-most layer of C contains x gates,
and all the leaves are labelled with distinct variables.

Definition 2.8. An ROF is additive-constant-free if it has no additive-constants.
The following observations are proved in Section B.6 and B.7 respectively.

Observation 2.6 (Orbit of a canonical ROF). Let C be an ROF over IF. Then, there is a canonical ROF
C" over TF such that C' € orb(C). If C is additive-constant-free, then so is C'.

Observation 2.7 (Essential variables of a canonical ROF). The set of variables labelling the non-
constant leaves of a canonical ROF C is the set of essential variables of C, i.e., C has no redundant variable.
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If C is not canonical, then all the variables of C need not be essential. For e.g., x; + - - - + x, is
an ROF with only one essential variable. The above observations imply the following:

Observation 2.8. Let C be an ROF, C' a canonical ROF, and C' € orb(C). Then, Ness(C) = |var(C’)|.

We now state an important property of a canonical ROF which will be used in the equivalence
test in Section 4. A proof of this is given in Section B.8.

Claim 2.1 (Canonical ROF modulo an affine form). Let n € N, char(F) # 2, |[F| > n, Cbe a +-
rooted n-variate canonical ROF, and ¢ an affine form which is not a constant multiple of some variable.
Then, Ness(Cp) > n — 2.

2.1.5 Hessian of a polynomial

Definition 2.9 (Hessian of a polynomial). The Hessian of ¢ € [F[x], denoted as Hg, is the n x n

2
matrix whose (i, j)-th entry is %agx/- The determinant of Hy is called the Hessian determinant of g.

The Hessian matrix appears naturally in the Taylor expansion of a polynomial and has im-
portant applications in optimization, second derivative tests, etc. In algebraic complexity, the rank
of the Hessian plays a crucial role in the best known lower bound on the determinantal complexity
of the permanent [MR04, CCL10]. As mentioned in Section 1, the Hessian determinant is an effec-
tive tool for designing equivalence tests for the sum-product polynomial, the power symmetric
polynomial [Kay11], and the sum of univariates model [GCKI’18]. A suitable 4-th order general-
ization of the Hessian has been used in [GKP’18] to study the Waring decomposition problem in
the average case. In this work, we focus on understanding the essential variables of the Hessian
determinant of a general ROF (see Section 3) to devise an equivalence test for ROFs.

A few basic properties of the Hessian are given below.

Observation 2.9. Let C = Ty + - - - + T; + 7y be an ROF over IF, where for every | € [s], T; is a x-rooted
sub-ROF of C and -y € . Suppose the rows and columns of Hp are labelled by var(Ty),...,var(Ts) in
order. Then, H is a block diagonal matrix, where for | € [s], the I-th block on the diagonal is Hr,.

Fact 2.6 (Chain rule). Let ¢ € F[x| and h = g(Ax) for A € M(|x|,F). Then, H, = AT - Hg(Ax) - A.
Fact 2.7. Let g € F[x] and b € FX. Then, Hy(y 1) = Hg(x +b).

Fact 2.8. Let ¢ € F[x], A € GL(|x|,F), b € F¥ and h = g(Ax +b). Then, det(H),) = a>-
det(Hg)(Ax +b), where « = det(A).

2.2 Algorithmic preliminaries

Algorithms to remove redundant variables from a polynomial are known [Car06, Kay11]. In the
claim below, we mention a slightly general version of such an algorithm. Its proof follows from
Fact 2.1 (see also the proof of Claim 2.3 in [KINST19]).

Claim 2.2 (Elimination of redundant variables). Let d € IN, char(IF) = 0 or > d, and |F| > 2|x|d.
There is a randomized poly(|x|,d) time algorithm Remove-Redundant-Vars that takes input black-box
access toa § € F[x|<gand asety C xs.t. x \ 'y contains a set of essential variables of g, and outputs an
A € GL(|x|,F) s.t. A maps every y-variable to itself and g( Ax) is y-free and has no redundant variables.
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If ¢1,...,gm are pairwise variable disjoint, then it can be shown that Ness (g1 - - - §m) = Ness(g1) +
...+ Ness(gm) over any field. The following claim proves the converse and, more importantly, pro-
vides an algorithm to find a transformation that makes g, ..., g pairwise variable disjoint.

Claim 2.3 (Making polynomials variable disjoint). Let d € IN, char(IF) = 0 or > d, and |F| > 2|x|d.
There is a randomized poly(|x|, d) time algorithm that takes input black-box access to g1, ...,gm € F[x],
where g1+ gm € F[X|<g and Ness(81 -~ §m) = Liem) Ness(8i), and outputs an A € GL(|x|,IF) such
that g1(Ax), ..., ¢m(AX) are pairwise variable disjoint and individually free of redundant variables.

The claim is proved in Section B.9. The next claim, which generalizes the above claim, is used
crucially in the equivalence test presented in Section 4. It is proved in Section B.10.

Claim 2.4 (Making factors variable disjoint). Letd € N, char(IF) = 0or > d, and |IF| > max {2|x|d,d®}.
There is a randomized poly(|x|,d) time algorithm that takes input black-box access to an f = ¢(Bx + d),
where B € GL(|x|,F), d € FX, and g € F[x]<, such that g = g1 - - - g for pairwise variable disjoint
g1, --,8m € F[X] <4, and does the following: (Here, B,d, g, and g1, . .., gm are unknown to the algorithm.)

1. It computes an A € GL(|x|,IF) such that ¢1(BAx +d),...,gm(BAx + d) are pairwise variable
disjoint and individually free of redundant variables. (g1, ..., gm need not be irreducible.)

2. It computes a set V of pairwise disjoint subsets of x such that for every i € [m], there exist hj1, ..., hiy, €
Fx] satisfying [Ticpm,) hij = gi(Bx+d), and V = {var(h;;(Ax)) : i € [m],] € [m;]}.

3 The Hessian of an ROF

In this section, we state some important properties of the Hessian determinant of a canonical ROF.
These properties play a crucial role in the equivalence test given in Section 4 and allow us to
use the Hessian determinant to learn valuable information about the matrix mapping the input
polynomial to a canonical ROF. We shall denote the Hessian of a polynomial ¢ by Hg.

Lemma 3.1 (det(Hp) # 0). Let n € N and char(F) = 0or > n. Let C = Ty +---+ Ts+y bea
canonical ROF over FF, where for every k € [s], Ty is a x-rooted canonical ROF, |var(Ty)| < nand y € F.
If for every k € [s], Ty computes a polynomial of degree at least 2, then det(Hp) # 0.

The above lemma is proved in Section C.1. For our equivalence test, the mere non-zeroness
of the Hessian determinant is not enough; we also need some knowledge about its factors. The
following claim, proved in Section C.2, gives us some of these factors.

Claim 3.1 (Factors of det(Hg)). Let IF be an arbitrary field and C a canonical ROF over F. Let Q be a
++-rooted sub-ROF of C or a variable connected to a x gate in C. Let Q1, ..., Qn be the siblings of Q, i.e.,
for every | € [m], Qy is either a variable or a +-rooted sub-ROF of C and has the same parent as Q. If
|var(Q1)| + - - - + |var(Qu)| = e, then the multiplicity of Q as a factor of det(H) is at least (e — 1).

The following corollary is an immediate consequence of the above claim.

Corollary 3.1. Let IF be an arbitrary field and C = Ty + - - - + T + y a canonical ROF over I, where for
every k € [s], Ty is a x-rooted canonical ROF and vy € F. If k € [s] is such that Ty computes a polynomial
of degree at least 3, then there is a +-rooted or a variable child Q of Ty such that Q is a factor of det(H).
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In the remainder of this section, we describe the variables that are essential for det(H) and
the variables that do not appear in it. We first define the notion of “skewed paths" which helps us
in characterizing these variables.

Definition 3.1 (Skewed path). Let Q be a 4--rooted sub-ROF of C and Tj, ..., T, be the product
gates on the path from the root of C to Q. If for all i € [m], T; has just two children — a +-rooted
ROF containing Q and a variable x; — then we say that the path to Q is skewed and identify this
path with the “marker” monomial pt = [[ic[,y Xi- We say xy, ..., xp, are in the skewed path.

Few other terminologies. We call a variable x a dangling variable if its parent in C is a + gate. For
a +-rooted sub-ROF Q = T + - - - 4+ Ts + 7y, where at most one of T1,..., Ts is a variable and the
rest are x-rooted ROFs, we call the sum of all T; computing a degree two monomial the quadratic
form of Q. Also, a variable x is said to be in the quadratic form of Q if it is in var(T;) for some T;
computing a degree two monomial. Suppose that the path to a +-rooted sub-ROF Q is skewed,
and the skewed path to Q is identified by the monomial . Then, if x is a dangling variable
connected to the top-most + gate in Q, we say that x is the dangling variable along the skewed path
u. Similarly, we call the quadratic form of Q the quadratic form along the skewed path yu. We now
describe the essential variables of det(H() using these terminologies.

Claim 3.2 (Essential variables of det(Hp)). Let n € N, char(IF) = 0or > n,and C = Ty + - - - +
Ts + 7y be a canonical ROF computing an n-variate polynomial such that for all k € [s], deg(Ty) > 2 and
v € IF. Then, every variable in var(C) other than the variables in the quadratic form of the top-most + gate
of C, the dangling variables along skewed paths and the variables appearing in the quadratic forms along
skewed paths is truly essential for det(H).

The above claim is proved in Section C.3. The following two claims proved in Sections C.4
and C.5 describe some (but not all) variables that are not present in det(Hg).

Claim 3.3 (Variables of quadratic forms). Let Q be a +-rooted sub-ROF of C and y be the set of all
variables in the quadratic form of Q. Then, either all y-variables are present in det(Hg) or all are absent.
Further if all y-variables are present in det(Hg), then they are also truly essential for det(H).

Claim 3.4 (Missing dangling variables). Let C = Ty + --- + Ts + 7y, where Ty, ..., T; are X-rooted
sub-ROFs and vy € FF. If for any k € [m], T = xQ for a +-rooted sub-ROF Q, and y is a dangling variable
connected to the top-most + gate of Q, then y is not present in det(H).

4 Equivalence test for ROFs

In this section, we prove Theorem 1. Suppose that we are given black-box access to an f € F[x] in
the orbit of an unknown canonical ROF C. We can assume that C is +-rooted: Suppose the root of C
isa x gateand C = g7 - - - g, where for every i € [m], g; is either a variable or a +-rooted canonical
ROF. We obtain black-box access to the irreducible factors fi,..., f,y of f using the algorithm
in [KT90]. Fact 2.5 implies m = m’. We can assume that for every i € [m], f; € orb(g;) *.
Then, we apply the algorithm given in Claim 2.3 on fi, ..., f;, to compute an Ay € GL(n, F) such
that f1(Aox),..., fm(Aox) are pairwise variable disjoint. For i € [m], let x; = var(f;(Aox)) and
fl(xi) = fi(Aox). Suppose, for every i € [m], we could compute an A; € GL(|x;|,IF) such that

23Here we are using a slightly general definition of orbit; see the remark after Definition 2.4.
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fl(Aix;) € PS-orb(g;). Let A := diag(As,..., Ay), which is block-diagonal. Then, f(AAx) €
PS-orb(C). Thus, the problem reduces to performing equivalence tests for +-rooted canonical
ROFs. Before giving the equivalence test, we first give a high-level description of it.

41 An overview of the algorithm

We are given black-box access to an f € FF[x] such that there exista B € GL(n,F),ad € F",and a
canonical ROF C satisfying f = C(Bx+d). LetC = Ty + - - - 4+ Ts + 7y, where at most one of the terms
Ty,...,Ts is a variable and the rest are x-rooted ROFs, and v € FF. Also, f = Tl + -+ Ts + 7,
where for all k € [s], Ty = Ty(Bx + d). The equivalence test can be divided into two phases. In the
first phase, we compute an Ag € GL(n,F) such that T; (Aox), ..., Ts(Aox) are variable disjoint. In
the second phase, we recursively perform equivalence test on the factors of T (Aox), ..., T, (Apx).
A pictorial overview of the algorithm is given in Appendix G.

Phase 1: Making terms variable disjoint

We rearrange and divide the terms of C and of f into four groups: Terms Ty, ..., Ts, are called the
“good” terms of C if none of them is a dangling variable, nor a degree 2 monomial, nor does
it look like x - Q for some x € x and a +-rooted ROF Q. Similarly, Tl,...,Tsl are the good
terms of f. Terms Tg, 1q,...,Ts, are called the “bad” terms of C if each of them looks like x - Q
for some x € x and a +-rooted ROF Q; similarly Tsl+1/ s, T52 are the bad terms of f. Observe
that the skewed paths in C occur only in the bad terms of C. If C has a top dangling variable,
then without loss of generality T; = x,, and T, 1 + - -- + Ty is the top quadratic form where
s’ = s — 1. If C does not have a top dangling variable, then T;, .1 + - - - + Ty is the top quadratic
form where s’ = s. If C has a top dangling variable, then let ¢ := TS. This phase can be divided
into three steps. In the first step, we make all the good terms variable disjoint. In the second

step, we make all the bad and quadratic terms variable disjoint and ensure that Zi/:sz 1 Tk maps
to (y1 +c1)(y2+c2)+ - (y—1+c-1)(y; + ) for some yy,...,y; € xand cy,...,¢; € F. If Chas
a top dangling variable, then in the third step, we map ¢ to an affine form in a single variable.

Step 1: Making the good terms variable disjoint. To make the terms variable disjoint, we make
extensive use of the Hessian determinant. If C does not have a top dangling variable, then h =
det(Hy) # 0 (see Lemma 3.1 and Fact 2.8). Otherwise, we apply a random transformation R €
F"*" to f and compute 1 = det(H;); here H; is the Hessian of f(Rx) with respect to {x1,...,x,_1}.
In this case, we refer to x, as ug. If C does not have a top dangling variable, then let R = I,,», and
Hy = Hy. Let H, be the Hessian of } ¢(s Ty.>* Note that H; and Hj are n x n matrices if C has
no top dangling variable and (n — 1) x (n — 1) matrices otherwise. We show in Claim 4.2 that in
both cases, 1 is a non-zero constant multiple of det(H,)(BRx + d). We then invoke Make-Factors-
Variable-Disjoint() (see Claim 2.4) on h to compute an Ay € GL(#n,F) that makes the factors of &,
i.e., hy = det(Hr,) (BRx+d), ..., hs, = det(Hr, ) (BRx + d) variable disjoint.”

For all k € [sp], let var(hx(Aox)) = z; as hi(Aox) has no redundant variables, all variables in
z are essential for it. Let z; C z; be the set of truly essential variables and z;' := z; \ z, the set of
ordinary essential variables in z;. Let z = Wic(s,zx and y = x \ z. From Claim 3.2, all variables

24We stress that the Hessian of a polynomial g is with respect to var(g) (unless mentioned otherwise).

25We need not mention det (HTS ., det (HTg,) as these are nonzero constants.
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in C other than the top dangling variable, the variables appearing in the top quadratic form, the
dangling variables along skewed paths (see Definition 3.1) and the variables appearing in the
quadratic forms along skewed paths are truly essential for det(H,). In particular, for all good
terms Ty, [var(Ti)| = |z;| = |z/; by applying a permutation on the variables in C if necessary, we
can assume that var(T;) = z; = z;. We then argue (using Observation 2.2) that for all k € [s;] and
all z € z, BRAg o z € F[zi]. Hence, the good terms T (RApx), ..., Tsl (RApx) are variable disjoint.

We also use Claim 2.1 to compute an affine transformation’® Cx + b that maps all the “good”
linear factors of 1(Apx) to constant multiples of distinct variables (while preserving the variable
disjointness of Ty (RAgx), . .., Ts, (RAgx)). A linear factor of h( Agx) is good, if there exists an x € x
connected to a x gate (of C) computing a polynomial of degree at least 3 such that BRAyx + d
maps x to a constant multiple of that factor. Finally, we update A to RA¢C and b to RAgb.

Step 2: Making the bad and quadratic terms variable disjoint. The only variables in a bad term
Ty that need not be truly essential for det (H;) are the dangling variables along skewed paths and
the variables appearing in the quadratic forms along skewed paths — call these the “bad” variables.
We show (using Observation 2.2) that all other variables are already mapped to affine forms in z;
by BAox + Bb + d. Thus, we only need to handle the linear forms that these bad variables map
to. Here skewed paths help us. If z € z, is a variable in a skewed path in Ty and its sibling in
Ty is Q, then by “absorbing” an appropriate constant in Q(BAox + Bb + d), we can assume that
BAox + Bb + d maps z to a variable z’.?” In fact, by permuting the variables in C if necessary, we
can assume that z’ = z. Hence, each skewed path in f(Aox + b) is a “marker” monomial in z.

Step 2.1 (Processing quadratic forms along skewed paths). At first, we treat f(Aox + b) as a polynomial
iny = x\ z over F[z] and obtain black-box access to the homogeneous degree-2 component §
in'y of f(Aox + b). The coefficients of the y-monomials of g are n-sparse polynomials in F[z];
the monomials of these coefficients correspond to skewed paths and the constant terms of these
coefficients originate from the top quadratic form of C. As 7 is an n3-sparse polynomial in F|z,y],
we can interpolate it using the sparse polynomial interpolation algorithm in [KS01]. Now, by
treating 7 as a polynomial in z over F[y|, we see that the coefficients of the z-monomials of 7 are
related to the “unprocessed” quadratic forms along skewed paths as follows.

Let go be the top quadratic form of C, g1, ...,qn the quadratic forms along skewed paths
whose variables do not appear in det(Hy) (see Claim 3.3), and i1, . . ., iy, the corresponding skewed
paths. If g; = y1y2 + - - - + y;_1y;, then we show that the coefficient of y; in § (if i = 0, then the F[y|-
constant term in 7) is g; := Vyl]y Vyz]y +oF [Eym]y [Ey,]y. Here, for any x € x, £y = BAgox

and [Ex]y is ¢, restricted to the y-variables. So, we can use Claim 2.3 and QFE (see Fact A.3) to
map the coefficients of all the z-monomials of 7 to variable disjoint, canonical quadratic forms
(i.e., quadratic forms that look like y112 + - - - + y;_1y;). We then argue (in Claim 4.5) that if A}
is the matrix obtained by combining the matrices output by QFE on 73, ...,4,; and A; = ApAj,
then for 7; := g;(Bx + d), gi(A1x +b) = (y1 + 1) (y2 + h2) + - -+ + (yi—1 + 1) (y1 + ) for some
(hitherto unknown) affine forms hq,...,h; € IF[Z].28 We can assume that the y-variables in ¢; and

26Although Phase 1 computes an affine transformation Aox + b, it only outputs Ag. Indeed, the terms of f(Ayx + b)
are variable disjoint if and only if the terms of f(A(x) are variable disjoint.

%7 Absorbing an appropriate constant into Q (i.e., rescaling Q) essentially means that we are starting with a different
(but equally valid) B and d. But this is fine as the algorithm is oblivious to the choice of B and d.

28The affine form k; in Step 2.1 should not be confused with the Hessian determinant /; in Step 1.
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7i(A1x + b) are the same by applying a permutation on the variables of C if necessary.

Step 2.2 (Handling dangling variables along skewed paths). Call the y-variables not appearing in §o(Aix +
b),...,Gu(A1x + b) the u-variables. The u-variables appear only in the linear forms correspond-
ing to the dangling variables along skewed paths (that are not truly essential for det(H>)) and the
top dangling variable. We treat f(A1x + b) as a polynomial in u over FF[x \ u] and obtain black-
box access to the homogeneous degree-1 component 7in u of f(Ai1x + b). The coefficients of the
u-variables of ¢ are n-sparse polynomials in [F|z]; the monomials of these coefficients correspond
to skewed paths and the constant terms of these coefficients originate from the top dangling vari-
able. As 7 is an n-sparse polynomial in [F[z, u], we interpolate it using [KS01]. Now, by treating 7
as a polynomial in z over [F[u], we see that the coefficients of the z-monomials of 7 are related to
the “unprocessed” dangling variables along skewed paths as follows.

Let ug be the top dangling variable of C, x4, . .., x,» the dangling variables along skewed paths
in C that are not truly essential for det(Ha), and iy, . . ., pt,y the corresponding skewed paths. Then,
[(x,], (Where /,, is the linear form that BA;x maps x; to) is the coefficient of y; in 7 and the F[u]-

constant term in £ is [Euo]u. We then find a basis % of the coefficients of z-monomials (which are
linear forms in u) and compute an A/, that maps these basis elements to distinct u-variables. Now
there is a subtle point to address here: The size of % can possibly be strictly less than m’ 4 1, which
is the number of “unprocessed” dangling variables. And yet we wish to show that A} takes care
of all the m’ + 1 dangling variables. Let us see (at a high level) how this works.

We argue that the elements of & are of two kinds. First, we show (in Observation 4.2) that
for x € {ug,x1,..., %}, [{x], is always in B if x does not appear in det(H,); this part of % is
independent of the choice of the basis %. Second, we show in Claim 4.7 that the remaining ele-
ments of & correspond to a set of redundant variables of det(H,) among the variables appearing
in det(Ha); this part varies with the choice of %. This structure of % helps us prove the follow-
ing: Fork € {s1+1,...,52}, let x; be the set of all x € var(Ty) such that [¢,], is in B. Let yj be
the union of the y-variables present in the quadratic forms along skewed paths in T;,(A; Ajx + b)
and the u-variables in £,(A%x) for x € x;. Then, we show in Observation 4.4 that as long as we
map /x(A5X) to a linear form in [F{z, & y;| for all x € x;, we would have mapped all ¢,,, where
x" € var(Ty) is a dangling variable along a skewed path, to linear forms in FF|z; & yg|.

It follows that [¢,,],, is in B (as ug ¢ var(det(H,))) and A’ maps it to ug (without loss of gen-
erality by applying a permutation on var(C) if required). Apart from [¢,,], let [¢x ], , ..., [(x,], De
the other B-elements. Then, ¢,,(A}x) looks like ug + ho1(y \ u) + ho(z) and ¢y, (A%x) looks like
u;j + hi1(y \ u) + hj»(z), where h;1(y \ u) is an affine form in y \ u and h; (z) is an affine form in
z for all 0 < i < m. In fact, by renaming the variables of C if required, we can assume x; = u;
foralli € [m]. So, we will refer to x| as ux. We save V := {(1,uo), (#1,u1), ..., (#m, um)} for Step
2.3. Let Ay = A1 A and /, be the linear form that BA, maps x to. Our goal in the next step is
to compute a linear transformation that for all k € {s; +1,...,s2} removes “external” variables,
i.e., variables not in z; Wyy, from all /, and ¢, for y € y; \ ux and u € u;. Also, we want to map
the top quadratic form to an expression (y1 +¢1)(y2 +¢2) + - (y;_1+c1-1) (y; +¢;), where ¢; € F.

Step 2.3 (Removing external variables from terms). We first remove external z-variables from ¢, for
y € y \ w; such an £, does not have external y-variables. We also remove external (y \ u)-variables
from /¢, for u € u; such an ¢, does not have external u-variables. This is done as follows: For all
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y € y\u, compute g = YD)

is at most 21, so we can interpolate it. If ¥ is multiplied by the z-monomial y in g (4 can be 1),
then we express g as u(y’ + ¢') + r(z), where ¢’ is an affine form in z, and r(z) € F[z]. Suppose
¥ € yi \ ux (k can be figured out from y). We show in Observation 4.5 that for every z ¢ z; in ¢/,
the coefficient  of z in £’ can be assumed to be the same as its coefficient in £,/. So, by translating
y' by —pz we can remove z from /,;. Then, we show in Observation 4.6 that for all monomials
pi in r(z) (4; can be 1) such that (y;, u;) € V and u; ¢ uy, the coefficient B of y; in r(z) can be
assumed to be the same as the coefficient of y in ¢,,. So, to remove y from the latter, we just
need to translate u; by —By. The transformation A} computed thus removes external z-variables
from /, for y € y \ u and external (y \ u)-variables from ¢, for u € u. It also follows from the
disambiguation argument in Observations 4.5 and 4.6 that A} maps the top quadratic form to
(yi+ca)ya+c2)+--- (i1 +c-1) (i +¢) forc; € F.

Let A3 = Ay A/ and ¢, be the linear form that BAz maps x to. Then, we only need to remove
the external z-variables from ¢, for all u € ug and k € {s;+1,...,s2}. Let u; € u;. To remove
z ¢ z from ¢,, we obtain g from f(Asx + b) by setting all variables other than var(y;) and z to
0. Then, using the disambiguation argument in Observation 4.7, we show that the coefficient B of

; it will contain only one y-variable, say y’. The sparsity of g

z in ¢, can be readily derived from the coefficient of y; in g—f. Thus, by translating u; by —pBz, we
can remove z from the ¢,,. If A} is the transformation computed this way and Ay = A3A}, then in
f(Asx+ b) all non-linear terms are variable disjoint.

Step 3: Learning the top linear form. Let /, be the linear form that BA4; maps x to. If C has
a top dangling variable, then Steps 1 and 2 ensure that ug is only present in the linear form /.
Moreover, Step 2.3 implies that ¢, is free of y \ {1} variables. In particular, none of the variables
in the quadratic term Zi/:sz 41 Tk(A4x +Db) isin 4,,. So, we only need to remove the variables in

Tl(A4x +b),..., T52(A4X +b) from &,O.ATowards this, we first use second derivatives (in Claim

4.13) to learn Var(ﬂ (Agx+Db)),...,var(Ts,(Agx +b)); let these variable sets be zy, . . ., z5,.>’ Then,
we iteratively learn /,, in s, iterations. In the k-th iteration, we learn [/,,], . To do this, we first
obtain T := Tk(A4x +b) + [{y] o T 9', where 9/ € F, by setting all but z;-variables to zero. The
argument to learn [(y,], from T is a generalization of the argument used for ‘Finding ¢’ under
Hurdle 3 in Section 1.3.2. However, it is more involved as (unlike the constant ¢ in Section 1.3.2)
[€u,], is not uniquely determined. This leads to a couple of complications: One, the circuit that we
derive by “learning” w”o]zk is strictly speaking not canonical. Two, it is now unclear how to test
if a chosen factor of the Hessian determinant of T is “good”. We elaborate on these next to show
how the non-uniqueness of [{,,], is handled.

We use the factors of //, Athe Hessian determinant of T with respect to the zi-variables, to learn
an affine form /; such that T — / is reducible. Observe that /' is the Hessian detel*minant of Ty
evaluated at BAgx + Bb + d. Corollary 3.1 implies that at least one of the factors of Ty(A4x + b) is
a factor of h'. We will refer to the factors of h' that are also factors of Ty (Asx + b) as “good” fac-
tors of 1/’. Let Q be a constant multiple of a good factor of 1'. We now show how to learn ¢ using Q.

Q is not linear. Let ay, ... sz be random [F-vectors of size |zx| and t be a fresh variable. For all

29Here, we are overloading the notation a bit. In Steps 1 and 2, z; was the variables of the Hessian determinant of Tj
evaluated at BRApx + d. In other words, the new set of z; variables is the disjoint union of the old z; and yj.
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i € [|z], interpolate Q(ta;) and T (ta;). Discover Q/(t) of degree at most 1 and B0, Bi1 € F such
that Q(ta;) - Qi(t) + Bi1 - t + Bio = T(ta;) by solving a system of linear equations in the coeffi-
cients of Q/(t) and B;o, Bi1. One solution is Q) = (Tk(A4x + b)/Q) (tai), Bix = [luy),, (a;), and
Bio = 7. We show in the proof of Claim 4.15 that this solution is unique with high probability
over the randomness of ay, .. ., ay, |- Then, we set ¢ to be the affine form obtained by interpolation
using B1,1,-- -, Bjz |1 and Bip = 7. Hence, {; = [Cugl,, + 9/, and T — £ = Ti(Asx + b) is reducible.

Q is linear. Suppose that Q = z (recall that in Step 1, we would have mapped Qtoa single variable).
Letay, ..., a), -1 be random [F-vectors of size |z;| — 1 and t a fresh variable. For all i € [|z| — 1],

interpolate the bivariate polynomial T(z,z \ {z} = ta;). Find Q\;(Z, t) of degree at most n and
Bio, Bi1, Biz € F such that zQ!(z,t) 4+ Biz -z + Bia1 -t + Bio = T(z,z¢ \ {z} = ta;) by solving a
system of linear equations in the coefficients of Q!(z,¢) and B;o, Bi1, Bi2. One such solution is
Q = ( (A4x—|—b)/Q) (z taj), ip = cz, the coefficient of z in [ly ], , Bix = [Cuc],,\ (2 (ai) and
Bio = 7. We show in the proof of Claim 4.16 that ;1 and ;¢ are unique with high probability
over the randomness of ay, ..., a), |_;. So, after using B1,1,...,B|,|-11 and B;o = 7' to interpolate
an affine form ¢, we get £, = [{y,],\ (., + 7. Hence, T — f; = 2(Ti(Agx +b)/z + ¢;) is reducible.

What if Q is not good? As at least one factor Q of ' is good, by iterating over all its factors, we
ultimately find an #; such that T — ¢ is reducible. If Q is good, then either ¢, = [Cuol,, + 7' and
T — l = Te(Asx+Db) or { = [Cuo) g g2 + v and T — ¢ = z(Tp(Agx+b)/z +c,) (where Q = 2).
But, what if Q is not good? It turns out that the algorithm only needs to care about finding an ¢
such that T — Yy is reducible; such an /i is always the desired one. This is because, it is implied

by the proof of Claim 4.17 that if T — /4 is reducible, then the following holds: If Tk(A4x +b)
has no linear factors, then ¢, = [{, ] + v'. On the other hand, if Tk(A4x +b) = le O g

and Qk,l = z, then {; and [(,,], must agree on the coefficients of all variables in z, except per-

haps that of z. In both the cases, T— 1l = Qk,l <Qk,2 e Qk,mk + c) for some ¢ € F. Thus, if we

redefine Ty (Asx + b) as Qk,l (Qk,z e Qk,mk + C>, then Ti(Asx +b) = T/ (BAsx + Bb 4 d), where
if Te = Qi1+ Qum, then T} := Q1(Qi2- - Qm, +¢). Let C' be obtained from C by replac-
ing T with T/ whenever necessary. If As is obtained from A4 by translating ug by the linear
part of Yie,, U, then f(Asx +b) = Ty(Asx +b) + -+ + Ty (Asx +b) + ug + 7 for v € F, and
f(Asx+b) = C'(BAsx+ Bb + d). Notice that all the terms of f(Asx + b) are variable disjoint.

Re-canonizing the ROF. Circuit C’ need not be a canonical ROF as Property 6 of Definition 2.6 may
fail. However, for all k € [s7], all the factors of T,ﬁ are canonical. As we recursively perform ET on
only the factors of Tk(A5x), C’ not being canonical is not a problem during recursion. However, at
the end of the recursion, we are left with reconstructing a canonical ROF where Property 6 may
not hold. But this is not an issue as the ROF reconstruction algorithm (Algorithm 13) in Section
F works for canonical ROFs that may not satisfy Property 6. Once an ROF is constructed using
Algorithm 13, we go over the ROF in linear time to ensure that Property 6 is satisfied.
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Phase 2: Recursively performing equivalence test on the factors of variable disjoint terms

To perform equivalence test on the factors Qi 1(Asx), ..., Qk/mk (Asx) of Ti(Asx) we need to obtain
black-box access to each of the factors using only one query to the black-box of f. Itis important that
a single query to f is used, or else, the running time of the algorithm will blow up exponentially
with the product depth of the ROF. A detailed overview of this phase is already provided in the
discussion following Hurdle 3 in Section 1.3.2. Other details are given in Sections 4.3.4 and 4.3.6.

4.2 The algorithm

Having given a high level overview of the algorithm, we now describe it formally.

Algorithm 1 Find-Equivalence(f(x))

Input: Black-box access to an n-variate polynomial f in the orbit of an unknown +-rooted canon-
ical ROF C such that every x € x is essential for f.
Output: An A € GL (n,F) such that f(Ax) € PS-orb(C).

/* The base case. */

1. Ifdeg(f) = 1, return L.

/* Making the non-linear terms of f variable disjoint. */
2. Ao, b,z,{up},{z1,...,Zm} < Make-Good-Terms-Var-Disjoint(f) (Procedure 2).
3. A < Make-Bad-And-Quadratic-Terms-Var-Disjoint(f (x), Ao, b, z, up) (Procedure 3) .

/* Learning var (ﬂ (Ax + b)) ,...,var <ﬁ2(/\x + b)) */

y<x\z. E«~Q, G+ ({z1,...,Zn} Wy, E), a graph.
fori, j € [m] do

If for any z; € Z; and z; € Zj, afam%ﬂﬁ # 0, add edge {Z;, Z;} to E.
end for
fori € [mjandy € y do

Ifforanyz € Z;and y €y, % # 0, add edge {z;,y} to E.
10. end for
11. zq,...,Zs, < the variable sets of size more than 1 corresponding to the different connected

components of G. z < W2z, y < x\ .

o %0 N G

/* Learning the top linear form if it exits. */
12. if {up} # @ then
13. ¢’ + Find-Top-Linear-Form(f (Ax + b)) (Procedure 5). Update A to map g to ug — ¢'.
14. end if

15. fork € [s;] do
16. T < Compute-Term-Black-Box(f (A (z,x \ zx = 0))) (Procedure 6).

R R /* Making the factors of E(Ax) variable disjoint. */
17. Q1,...,Qm, < black-boxes of the factors of T obtained using the algorithm in [KT90].
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18.  Compute an Ary € GL(|z|,F) s.t. Q1(Axozi), ..., Qm, (Axozx) are variable disjoint using
Make-Polys-Var-Disjoint() (see Claim 2.3). VI € [my], 0, O (Axozi), zx)  var <Ql)

/* Performing equivalence test on @1, L, (:),,,J\‘ */
19.  F <+ asubset of IF of size n°.’" a < a vector of size z; containing random elements from F.
20. for!l € [my] do

21. a’ < arestricted to entries corresponding to z \ zy .
22. Br — Tremp iy Qu (zi 2z \ 2k = ). Qv = B+ T (Ao (zip, 26 \ zis = @)). Ay
Find-Equivalence (Q 1) .

23.  end for

24, Constructan A; , € GL(|z|, F) that maps every z € zy; to A0z, VI € [my]. Ay < AroAy .

25. end for

26. Construct an A’ € GL(n,F) that maps all z € z; to Ayoz, Vk € [sz] and ally € y to y.
A+ AA'.

27. if {up} # @ then

28.  f" < Reconstruct-ROF(f (Ax)) (see Appendix F, Algorithm 13).

29.  For every term of f’ that looks like (x1x + a)Q and Q has a constant  attached to the top

+ gate but not a dangling variable, modify A to map ug to ug — a1 - B - x.

30. end if
31. Return A.

Recall that the algorithm is given black-box access to an f € IFF[x] such that there exist a
B € GL(n,F), ad € F", and a canonical ROF C satisfying f = C(Bx + d). Also, there are no
redundant variables in f. Further C = Ty 4 - - - + T 4y, where Ty, - - - , T are X-rooted canonical
ROFs and v € F. Also, f = Th+- -+ T+ v, where for all k € [s], Ty(Bx+d) = Te. T4, ..., Ts,
are the “good” terms of C, i.e. none of them is a dangling variable, nor a degree 2 monomial, nor
does it look like x - Q for some x € x and a +-rooted ROF Q. Similarly, Ty, ..., Ts, are the good
terms of f. Ty, 11,..., Ts, are the “bad” terms of C, i.e. they look like x - Q, while TS]H, een, TSZ are
the bad terms of f. If C has a top dangling variable, T; = x,,, s’ :=s—1,and Ty,41 + - - - + Ts_1 is
the top quadratic form. If C does not have a top dangling variable, then Ty, 1 + - - - + T; is the top
quadratic form and s’ := s. If C has a top dangling variable, then ¢ := T..

We shall give a formal description of the procedures Make-Good-Terms-Var-Disjoint(), Make-
Bad-And-Quadratic-Terms-Var-Disjoint(), Find-Top-Linear-Form(), and Compute-Term-Black-Box()
while analysing the algorithm. Make-Good-Terms-Var-Disjoint() outputs an A9 € GL(n,F) and
ab € F" such that Ty (Agx), ..., T, (Aox) are variable disjoint. Make-Bad-And-Quadratic-Terms-
Var-Disjoint() outputs an A € GL(1n,F) and b € F" such that T;(Ax +b),..., Ty (Ax + b) are
variable disjoint and Zi/:sz-i-l T (Ax +b) = Zi/:szﬂ (yk1 +ck1) (Yk2 + ck2), where ¢k, ¢ € F.
Find-Top-Linear-Form() maps ¢(Ax) to a single variable uy. Compute-Term-Black-Box() helps ob-
tain black-box access to Tj(Ax), ..., Ts,(Ax) using just one query to the black-box of f. Finally
Steps 15-25 recursively perform equivalence test on the factors of T; (Ax), ..., Ts, (Ax).

30Here n° is somewhat arbitrary. We simply want to ensure that after we apply union bound to the error probabilities
in different steps of the algorithm, the total error probability is still small.
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4.3 Analysis of the algorithm
In this section, we prove the following lemma. This lemma along with the analysis of the running
time in Section 4.3.6 proves Theorem 1.

Lemma 4.1 (Correctness of Algorithm 1). Let IF be a field of char(IF) = 0 or > n? and |F| > n'3. Given
black-box access to an n-variate polynomial f in the orbit of an unknown +--rooted canonical ROF C such
that every x € x is essential for f, Algorithm 1 outputs an A € GL(n,F) such that f(Ax) € PS-orb(C).

Towards proving this lemma, we first formally describe the Make-Good-Terms-Var-Disjoint(),
Make-Bad-And-Quadratic-Terms-Var-Disjoint(), Find-Top-Linear-Form(), and Compute-Term-Black-
Box() procedures in the following sections.

4.3.1 Making the good terms variable disjoint

The following procedure is used to make all the good terms variable disjoint.

Procedure 2 Make-Good-Terms-Var-Disjoint(f(x))

Input. f(x), a polynomial in the orbit of a +-rooted canonical ROF C.
Output.

1. Ay € GL(n,FF),b € F" such that fork # k' € [s1], var(Ti(Aox+ b)) Nvar(Ty (Apx+b)) = @.

2. Forall x € x connected to a x-gate in C computing a polynomial of degree > 3, BAgx 4 Bb +
d maps x to constant multiple of a variable. If C has a top dangling variable, then 1y = x,.

3. {z1,...,Zn} such that there exists a partition I,...,I;, of [m] such that for all k € [sp],
Lﬂielkii = var (det(HTk)(BA()X + Bb + d)) Z= @ie[m]/z\i.

/* Computing the Hessian determinant of f. */
1. if det(Hy) = 0 then
F < a subset of F of size at least n°. R < an n x n random matrix with entries picked
independently and uniformly from F. ug < x,.
h < the Hessian determinant of f(Rx) with respect to x \ {ug} variables.
Ap < Remove-Redundant-Vars(h, ) (see Claim 2.2).
else
{up} <+ @, h + det(Hf), R« Lixn, Ao < Lixn.
end if
AL Z1,...,Zy < Make-Factors-Var-Disjoint(1(Aox)) (see Claim 2.4). Ay < AgAj). z
var (h(Apx)).
/* Mapping the good linear factors of /I(A[]X) to distinct variables. */
9. V « the set of all linear factors of h(Agx). C < I;x,, b’ + 0.
10. for ¢’ € V do
11 If Ness (f(RApx) mod ¢') < n—2,pickaz € var(¢') and update C and b’ such that ¢(Cx +
b’) = z (see Claim 2.1).
12. end for
13. b + RAOb/, Apg <+ RA(C. Return Ay, b, z, {uo} , {21, e ,/Z\m}

5

N

® NS kW

We now prove the following lemma which establishes the correctness of the above procedure.
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Lemma 4.2 (Correctness of Procedure 2). Make-Good-Terms-Variable-Disjoint(f(x)) outputs an Ag €
GL(1,F) and a'b € F" such that T\ (Apx +b), ..., Ts, (Aox + b) are pairwise variable disjoint. Further
forall x € x connected to a x-gate in C computing a polynomial of degree at least 3, BAox + Bb + d maps
x to constant multiple of a variable. Moreover, there exists a partition I, ..., Is, of [m] such that for all
ke [Sz], L‘Hielkfz\i = var (det(HTk) (BA()X + Bb + d)) and z = L'Uie[m]ii-

Proof. If C has no dangling variable, then we know from Lemma 3.1 that det(Hp) # 0; from
Observation 2.8 this implies det(Hy) # 0. Otherwise, we apply a random transformation R to
x in f and compute the Hessian determinant of f(Rx) with respect to x \ {uo} = {x1,...,x,-1}
variables. Notice that f(Rx) = C(BRx + d). The following two claims show that this Hessian
determinant is non-zero with high probability. Their proofs are given in Sections D.1 and D.2.

Claim 4.1. The sub-matrix [BR], 1,1\ {uo} Of BR, whose rows and columns are labelled by x \ {uo}-
variables is invertible with high probability.

Claim 4.2. Let Hy, Hy be the Hessians of f(Rx) and C with respect to x \ {ug}-variables, respectively.
Then, h = det(H;) = B?det(H,)(BRx + d), where B = det ([BR]X\{uo},x\{uo}) and h # 0 with high
probability. Also, ug is redundant for h with high probability.

It is easy to see that H, is the Hessian of } (s Tk + 7. Since H, is a block-diagonal matrix
with Hr,, k € [¢] as the diagonal blocks, Claim 4.2 implies that h = 2 - [Txefs) det(Hr, ) (BRx +d).
Observe that for every k € [s;], det(Hr, ) is non-constant. So for every k € [sy], det (Hr, ) (BRAox +
d) is a non-constant factor of h(Agx). Thus, after we compute A}, by invoking Make-Factors-Var-
Disjoint() on h(Agx) and update Ay to be ApA[ in Step 8, Claim 2.4 implies that for k; # k, €
[s2], det (HTk1> (BRApx + d) and det (HTkz) (BRApx + d) are variable disjoint.

For all k € [s], let x; = var(Ty), hy = det(Hr,) (BRx+d), and g = I (Apx), where Ay
is as after Step 8. Then from Claim 2.4, gy has no redundant variables. Let z; = var(gy). Fix a
k € [s']. By permuting the variables of C if necessary, we can assume that z; is also a set of essential
variables for 11 := det(Hr, ). Let Cx € GL(n,F) be a matrix that removes redundant variables from
hy and g; = h;(Cyx). Then, var(g,) = var(gx) = z. Let z be the set of truly essential variables,
z] = zi \ z; be a set of ordinary essential variables, and y; = x; \ z be a set of redundant variables
for hy. Lety = Wics)yx & {10} Note that z = var (h(Aox)) = Wyc[y2k, and define 2’ = Wy (o2,

2" = W[y} Notice that x = z' W z" Wy. For all x € x let /'Y be the linear form that x is mapped

to by BRAg. The following claim about the structure of BRAg is proved in Section D.3.
Claim 4.3 (Structure of BRAy). For every k € [s'],

1. Forall z € z,, 0 e IF(z].

2. Forallz € z}/, 00 =+ EZO ocyﬁéo), where ¢}, € F(z;| and for all y € y, Nvar (h}), ay € F.
Vyarz,;'{l;()
Claim 3.2 implies that z; = z; = x;. Hence, the above claim immediately implies that Tl (Apx),. ..,
T,, (Aox) are pairwise variable disjoint.
Now consider the for loop of lines 10-12. Claim 3.2 implies that for all x € x connected
to a x gate in C computing a polynomial of degree at least three, a constant multiple of the

affine form ESCO) + dy that BApx + d maps x to is in V. Also, as N, (C mod x) < n — 2, Fact
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2.4 implies that Niss (f(Ron) mod (f,(co) + dx)> < n — 2. Conversely, if ¢ € V is such that

Ness (f(RApx) mod ¢') < n — 2, then it follows and from Claim 2.1 and Fact 2.4 that there exists
an x € x such that ¢’ is a constant multiple of &((0) + dy. Observe that if x is not connected to a
product gate computing a polynomial of degree at least three, then N,;(C mod ax) > n — 2 for
any « € F*. Hence from Fact 2.4, we have that x is connected to a product gate computing a poly-
nomial of degree at least three. Thus the affine forms ¢’ € V such that N (f(RApx) mod ¢') <

n — 2 are exactly the constant multiples of 09 4 d,, where x is connected to a x gate computing

a polynomial of degree at least three. Because {E&O) 1x € x} is linearly independent, it is possible

to map all such ¢ to distinct variables.

Observation 2.3 implies that every x connected to a x gate computing a polynomial of degree
at least three is in z’. Also, Claim 4.3 implies that if x € z;, then ¢’ € F[z;]. Thus after the loop has
been executed and A updated to be RAyC, the affine transformation BAox + Bb + d maps every
X € xi connected to a X gate computing a polynomial of degree at least three to a constant multiple
of a zi-variable. Also this means that T (Agx +b), ..., Ts, (Agx + b) are still variable disjoint.

Immediately before Step 8 is executed, det(Hr, ) (BRAox +d), ..., det(Hr, ) (BRAox + d) are
non-constant factors of (Apx). So from Point 2 of Claim 2.4 there exists a partition I, . . ., I;, of [m]
such that after Ap has been updated tobe AgAj, forallk € [sy], Wic1,Z; = var (det(Hr, )(BRAox +d))
and z = Wic[,)Z;- As for all k € [s7], C only maps some variables in z; to linear forms in IF[z;],
we have that var (det(Hr, ) (BRAox +d)) = var (det(Hr,)(BRAo(Cx+b’) +d)). Because Ay is
updated to be RAoC and b := RA(b’ in Step 13, the moreover part of the lemma follows. O

Remark. After Ay has been updated to be RAgAj, in Step 13, for all x € x, we redefine E,(CO) to be the
linear form that x is mapped to by BAj. Notice that Claim 4.3 continues to hold.
4.3.2 Making bad and quadratic terms variable disjoint

The following procedure is used to make all the bad and quadratic terms variable disjoint as well.
After this procedure is executed, all the non-linear terms will be variable disjoint.

Procedure 3 Make-Bad-And-Quadratic-Terms-Var-Disjoint(f (x), Ao, b, z, up)

Input. f(x). Ao, b, z, and uy are as returned by Make-Good-Terms-Var-Disjoint(f(x)).
Output. A € GL(n, F) such that all the non-linear terms of f(Ax + b) are variable disjoint.

Ly« x\z

/* Discovering the y parts of quadratic forms. */

2. g < the degree-2 homogeneous component in y of f(Apx + b) when it is viewed as a polyno-
mial over F|z].

3. Use sparse polynomial interpolation to interpolate . {gi,...,4m} < the coefficients of non-
constant z-monomials when 7 is treated as a polynomial in F[y]. gy < coefficient of 1.

4. A} <Make-Polys-Var-Disjoint(go, . .., §m) (see Claim 2.3). u < y.

5 fori=0,...,mdo

6.  p < the canonical quadratic form in var (g;(A}x)). C; < QFE(7;(A}x), p). Extend C; to map

every variable in x \ var (7;(A}x)) to itself. u <— u \ var (§;(A}x)).
7. end for
8. Al + AITTL, Ci. A1 + ApAl.
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/* Discovering the u parts of dangling linear forms. */
9. ¢ < the degree-1 homogeneous component in u of f(A;x + b) when it is viewed as a polyno-
mial over F|z].
10. Use sparse po/l\ynom&al inte/e\rpolation to interpolatef. Let ui,...,p,, be the non-constant z-
monomials of ¢, and ¢; ..., ¢, be their coefficients. ¢; < the coefficient of 1.

~

1. 4y, .. ,Z-m < a basis of <E1, . ,Zm/>. Construct a matrix A’2 that maps E-l, ... ,Zim to distinct u
variables, say u;,,...,u;,, such that if Zg maps to ug. Also, A} acts as identity on x \ u.
12. V + {(.”;1/”1'1)'- .., (.”;,,,/”z‘m)}- Ay +— A1A),.

13. C < Remove-External-Vars(f(x), A2, b, z,y,u, 1, V) (Procedure 4).
14. A + A;C. Return A.

For now, we postpone describing the Remove-External-Vars() procedure and start the proof
of correctness of the Make-Bad-And-Quadratic-Terms-Var-Disjoint() procedure. In particular, we
prove the following lemma.

Lemma 4.3 (Correctness of Procedure 3). Make-Bad-And-Quadratic-Terms-Var-Disjoint(f(x), Ao, b, z,
up), where Ay, b,z, and ug are as returned by Make-Good-Terms-Var-Disjoint(f(x)) outputs an A €

GL(n,F) such that Ty (Ax +b),..., Ty (Ax + b) are pairwise variable disjoint. Also, Zilzszﬂ Ti(Ax +
b) = Zi/:szﬂ (Y1 + cx1) Yk + cko), where forall k € {sx+1,...,s'}, ck1,cka € F. Further, for all
x € x connected to a x-gate in C computing a polynomial of degree at least 3, BAx + Bb + d maps x to
constant multiple of a variable. Also, if C has a top dangling variable, then uq only appears in {(Ax +b).

Proof. We begin by stating the following useful claim whose proof can be found in Section D.4.

For a linear form ¢/, we denote its projection to variables in a variable set x” by [¢],,. Recall that

for an x € x, £ is the linear form that x is mapped to by BAy.

XN~

Claim 4.4. { [650)} (Y € y} is linearly independent.
y

From Claim 3.2, only the top dangling variable, the variables in the top quadratic form, the
dangling variables along skewed paths, and variables appearing in the quadratic forms along the
skewed paths in C need not be truly essential for det(H;). Hence, from Claim 4.3, if for some
k € [s], x € x is such that &(CO) ¢ Flzy], thenk € {s1+1,...,s2} and x is either a dangling variable
along a skewed path or a variable appearing in some quadratic form along a skewed path in Tj
which is not truly essential for det(Hy), or k € {sx+1,...,s'} and x is a variable appearing in
the top quadratic form of C. Also, if x is a variable appearing in a skewed path in T, then from

Lemma 4.2, /) + b, = az for some z € z; and & € F*. Suppose that the other gate connected to
the parent of x is Q. Then by ‘absorbing’ f inside Q(BAox + Bb + d), we can assume without loss
of generality that B = 1.! Thus each skewed path is a monomial in F[z]. Also, we can assume
without loss of generality that every variable appearing in a skewed path in C is mapped to itself
by the affine transformation BAox + Bb + d, i.e. the skewed paths in C and f(Aox + b) are the

31 As mentioned in Section 4.1, absorbing B in Q means that we are starting with a different but equally valid B. This
‘new’ B is obtained from the ‘old’ B by scaling rows labelled by appropriate variables in z’. Hence, Claim 4.3 continues
to hold.
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same. This is so because if a variable x appearing in a skewed path in C is mapped to z # x, then
we can permute the variables in C so that the leaf labelled by x is now labelled by z.*?

Let qo be the top quadratic form of C and py, ..., un be all the skewed paths in f(Aox + b)
such that no variable of the quadratic forms 4, ..., g, corresponding to these skewed paths in C
appears in det(Ha) (see Claim 3.3). Also, let the corresponding quadratic forms in f(Aox + b) be
qo,---,Gm- Then foralli € {0,...,m}, §; = q;(BAox + Bb + d). Suppose that §; = 5932,1@322 +
et K;?/Bni/l éﬁ?ililz. It follows from the discussion in the above paragraph that § = §o + u141 +
.. ~ 5 — [p0 (0) . (0) (0) o 2.

+ UmGm, where g; |:€yi,1,1] , [Z%M} y + + [@mi,l] , [Z%,milz} y Observe that each g; is an n
sparse polynomial. As there are at most n skewed paths in C, this means that 7 is an n3-sparse
polynomial and can be interpolated efficiently. Claim 2.3 ensures that after Step 4 is executed,

Go(A1X),...,Gm(A}x) are variable disjoint and have no redundant variables. The proof of the
following claim can be found in Section D.5.

Claim 4.5. After the for loop of lines 5-7 has been executed and A’ updated to be A|TTiL,C;, for all
i€ {0, m, G (AP0 = (Vi +hian) (Voo +hinz) 4 (Vg + i ) (Vi + Bimz)
for some yi 1, Yiqo - .,y;ml_,l, %m,-,z € y and affine forms hi11, hi1p, ..., Nim, Nim,2 € Flz].

The following observation is easy to see.

Observation 4.1. All the y-variables appearing in 1 (A}x), ..., G (A} x) are distinct. Also, A} € GL(n,TF)
and acts as identity on variables not in var (g1 (A1x)) W - - - Wvar (g, (Ai1x)) i.e. on zWu.

In Step 8, A1 := ApA]. Forevery k € {s1+1,...,5'} let uy be an arbitrary subset of u \ {uo}
of size equal to the number of dangling variables in Tj which are redundant for det(H,). While
defining us we ensure that for k # k’, uy and uy are disjoint. Redefine yj to be the union of the
set of y variables appearing in the quadratic forms in Ti(A1x +b) and u;. Then, by permuting
the variables in C if necessary, we can assume that yj \ uy are the y variables appearing in the
quadratic forms in T that are redundant for det(H;) and uy are the dangling variables in Tj that

are redundant for det(H,). For all x € x, let Ej(cl) be the linear part of the affine form that replaces x

in f(A1x+Db). Thatis, forall x € zWu, ¢ = o0 (A}x) is the linear form that x is mapped to by

BA;, while forally € y\ u, ify = y;;;, then 6;1) = yg,j,l + hj ;1. Also by permuting the variables

in C if required, we can assume that y = v/ il

Claim 4.6. { [5&1)} tu € u} is linearly independent.

u

A proof of the above claim can be found in Section D.6. Recall that in f(Aox + b), y-variables

are only present in Z,(CO) if x the top dangling variable, a variable in the top quadratic form, a

3If the permutation matrix that we need to apply to C is P, then the new ROF is C(Px) and the matrix transforming
it to f(Agx + b) is P"1BAg. While we proved Claim 4.3 for C and BA,, it continues to hold for C(Px) and P~!BA,.
This is so, because if the leaf in C labelled by x is labelled by x” in C(Px), then the linear form that P~!BA maps x’ to,

i.e., the ‘new’ Zi?), is the “old” Z,(CO) . In other words, permuting the variables in C just results in the leafs of C and the
rows of BA( being relabelled consistently. Through out the analysis, we shall permute the variables of C many times,
however each time we do this, everything that we have proved up to that point for C and the matrix transforming it to
f(Agx+ b) would continue to hold for the new C and the new matrix.

(0)

333/2,]‘, ; + hij; need not necessarily be £, (A}x). This is so, because for any i € {0,...,m}, an invertible matrix
mapping g; to g; need not be unique.
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dangling variable along a skewed path or a variable in some quadratic form along a skewed
path which is not truly essential for det(H,). Also, A] acts as identity on z, and [6;1)} is a

y
single variable in y \ u for all y € y\ u. Hence, a u-variable is only present in &(Cl) if x is

the top dangling variable (i.e. up) or a dangling variable along a skewed path which is not

truly essential for det(Hy). So, if uy,...,u,s are dangling variables that are not truly essential

for det(H,) and uj,...,u,, are the corresponding skewed paths, then ¢ in Step 10 looks like

{E%)} + 1y [55,11)} +o M‘B] . Because m’ < n,  is n?-sparse and can be interpolated ef-
u u u

ficiently. If & = {Eil, ... ,Eim} is a basis oAf <€1,. . .,me> = <[€,%)L, e, [E,(Alm),}u>, then it is clearly

possible to map the linear forms Z&/ ..., ¢;  to distinct u-variables. Claims 4.3 and 3.3 imply that
< {&@L cx €z W (ug ﬂvar(h;())> = <[€£1)L TUE ug ﬂvar(h2)> forevery k € {s1+1,...,s2}.
Thus, Claim 4.6 implies the following observation.

Observation 4.2. For any u ¢ var(det(Hy)), [&(})} € RB. Also, forany k € {s1+1,...,52}, &
u

contains |uy N var(hy)| many linear forms from { [&(41)} SuEuN Var(hi)}.
u

In particular, if C has a top dangling variable, then ?0 = [6%)} € % and it is mapped to ug

u
in Step 11. So, after Aj is set to A1 A}, {(Ayx + b), i.e. the top linear form in f(A;x + b) contains
ug. Also, because A] acts as identity on z W u and A} act as identity on z Wy, A| A} is identity on

z. Forevery k € {s1 +1,...,5}, letx; C z/ Wuy, [x;| = |u| be such that { [&(51)} tX € x;(} C &.
u

Let x' = Wy, 11<k<s, X W {10 }. Then the following observation is easy to see.

Observation 4.3. Forall x € x, (\") (Alx) looks like u + hj,, for some u € wand h), € Flz,y \ u]. Also,
if the skewed path corresponding to x is y, then (p,u) € V.

We now show that x’ is in a set of redundant variables for det(H>).
Claim 4.7. X' & (y \ u) is a set of redundant variables for det(Ha).

The above claim is proved in Section D.7. Using an argument similar to the one used to prove
Claim 4.3, we can prove the following observation.

Observation 4.4. Forallk € {s1 +1,...,s2}andall x € z] & (ux Nvar(hy)), o = v+ a;/ﬁg),
x'ex'n
var(h},)

where 0} € Flz] and !, € F for all x' € x; Nvar(hy,).

For all x € x, let &(CZ) = Egl)(A’zx) be the linear part of the affine from that replaces x in
f(Ayx +b). Because A] A} acts as identity on z;, Observations 4.2 and 4.4 imply that if for all k €
{s1+1,...,5} and x € x;, we can remove variables not in z; & y - i.e. “external” variables - from
E,(Cz), then all linear forms corresponding to dangling variables along skewed paths in Ty would
just be in z; W yj variables. Similarly, because A} acts as identity on y, Claim 4.5 implies that if we
can remove variables not in z; from Eéz) for all y € yi \ uy, then all linear forms corresponding to
variables appearing in quadratic forms along skewed paths in Ty would just be in z; ¥ y; variables.
Then all the non-linear terms of f(A»x + b) would become variable disjoint. We now describe the

Remove-External-Vars() procedure and show that it does just this.
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Procedure 4 Remove-External-Vars(f(x), A2, b,z,y,u,up, V).

Input. f(x), A2, b, z, y, u, up, and V are as in Step 12 of Procedure 3.
Output. A € GL(n, F) such that all the non-linear terms of f(Ax+ b) are variable disjoint.

/* Removing external z-variables from quadratic forms and external y-variables from linear

forms. */

1. AL < Lixn.

2. fory € y\udo

3. Interpolate g + af(Aa;nyrb). If y is the z-monomial multiplied to the only y-variable, say 1/,
in g, then write ¢ = u(y' + £}, + ay) + r(z), where (;, € F[z] is a linear form, &,, € F, and
r(z) € Fz].

4. Update Aj so that it maps y" to y' — £;,.

5. for every monomial y’ in 7(z) do

6. If there exists a #’ such that (¢/,u’) € V, update A to map u’ to u’ — By, where B is the

coefficient of y' in r(z).

7. end for

8. end for

9. Az AzAg

/* Removing external z variables from linear forms. */
10. A} < Iyxn. F < asubset of FF of size nd.
11. for (yu,u) € V such that deg(y) > 2 do

12. forz czdo
13. g < f(As(var(u), z, x\ (var(u) W {z}) =0) +b).

14. Interpolate g—i. Let a be the coefficient of y in g—g. Update A} to map u to u — az.
15.  end for
16. end for

17. for (u,u) € V such that deg(y) =1 do

18. forz € zdo

19. Set all variables in f(A3zA)x + b) other then var(y) and z to random elements from F.
g « the resulting polynomial.

20. Interpolate %' Let « be the coefficient of y in g—‘g. Update A} to map u to u — az.
21.  end for
22. end for

23. A < AzAj. Return A.

We first consider the for loop of lines 2-8 and show that the matrix A% computed by this loop

is such that it removes all variables not in z; ¥ y; from 6;2) forally € yrand k € {s1+1,...,5'},

and removes all variables in y \ y from ({2 for all x € x.and k € {s1 +1,...,s,}. Before arguing

this, we remark that in any iteration of this loop, g is a 2n-sparse polynomial. This is so, because

any y € y is only present in ﬁ;z) and in 69 for x € x'. Thus, every monomial in 7(z) is a skewed
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path and there are at most n skewed paths. The following claim is proved in Section D.8.

Claim 4.8. The matrix A} computed after the execution of the for loop of lines 2-8 is such that for every
ke{si+1,...,5} andevery y’ € yi \ uy, E;%)(Agx) € Flzy W ygl.

To show that BA, A} maps the top quadratic form to Zi/:sﬁ_l (Y1 + k1) (k2 + cko) and A3

removes external y variables from E,S%), we shall use the following two observations.

Observation 4.5. Foranyy € Lﬂi/':sZHYk’ andany k € {s1+1,...,s2},if Ty = zQ and the top dangling

variable of Q is x, then it can be assumed without loss of generality that y is not present in &(Cz).

Proof. Suppose that yy’ is a term in Zil,zsz +1 T and that the coefficient of y in 65(2) is B. Then we

‘absorb” Bz in E;%) and subtract 8 (@2) +c— y) from &(62) ; here c is the constant term of the affine
form that replaces y in f(A»x + b). This does not change f(Ax + b). O

Observation 4.6. If C has a top dangling variable, then for any y € LJ_rJ,S(,:s2 1Yk it can be assumed without
loss of generality that the affine form replacing y in f(Axx + b) has no constant.

Proof. Suppose that T, = 11y, for some k € {s;+1,...,s'} and that T (Ayx +b) = (éﬁ) +

cl)(éb(,? + ¢3), where ¢1,¢c; € F. Then we add czﬁg) + 01653) to E%) and add cyc; to the constant
of the affine form replacing uo in f(A»x + b). This does not change f(Axx + b). O

We call every x € x’ such that some T, = zQ and x is the top dangling variable of Q, a bad
dangling variable. For every y € &Jiﬁ: s,+1Yk, every bad dangling variable x, and uy we redefine

Eéz), E,(CZ) and Eﬁi) as mentioned in the proofs of the above observations.

Claim 4.9. The matrix A} computed after the execution of the for loop of lines 2-8 is such that for every
Y € Wy t1<k<s' Vi E;%)(Agx) =1y +cforsomec € F.

A proof of the above claim can be found in Section D.9. Claims 4.8 and 4.9 ensure that external
variables are removed from the linear forms corresponding to variables appearing in quadratic
forms along skewed paths and the top quadratic form. The following claim proves that external y

variables are removed from linear forms corresponding to dangling variables along skewed paths
and the top dangling variable. It is proved in Section D.10.

Claim 4.10. The matrix A, computed after the execution of the for loop of lines 2-8 is such that for every
ke{si+1,...,5}and x € x, ¢? (A%x) does not contain any variable from'y \ yy. Also if C has a top
dangling variable, then E%) (Afx) does not contain any y variable other than uy.

After Az has been defined as Ay A%, let €§C3) be the linear part of the affine form replacing x

in f(Asx +b). Note that for all x other than those in W, ;1<x<¢yk, bad dangling variables, and
Uo, ES) = Z,@(Agx). Now from Claim 4.8, for all k € {s1 +1,...,s2}, the only x € x; for which
¢ contains variables not in z; Wy, are dangling variables along skewed paths. Also, for all

x € x;, Claim 4.10 implies that 0% e Flz Wy,]. Now A}Aj acts as identity on z and Claim 3.4
implies that no bad dangling variable is in var(det(H;)). Thus Observation 4.4 implies that for all

ke{si+1,...,s}, x €z Juy, &(Cg) € Flz Wyy]. The following claim is proved in Section D.11
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Claim 4.11. The matrix Ay computed after the execution of the for loop of lines 11-16 is such that for every
ke{si+1,...,50}, x € x is not a bad dangling variable, 6553) (A}x) € Flzy W ygl.

The above claim immediately implies that forallk € {s; +1,...,s2}, 0P (A}x) € Flzy Wyl
for all x € z] Wu; which is not a bad dangling variable. To prove an analogous statement for the
bad dangling variables we need the following observation. Note that Claim 3.4 and Observation
4.2 imply that every bad dangling variable is in x'.

Observation 4.7. Suppose that x1, ..., Xy, are all the bad dangling variables, the corresponding skewed

paths are yi, ..., um, the sole u variables in &({?), ... ,&(31) are uy, ..., Uy, and the for loop of lines 17-22
processes (p1,11), ..., (Um, Um) in that order. Then, it can be assumed without loss of generality that for

alli € [m|and all j < i, ES’) does not contain z;.

Proof. Foralli € [m] and all j < i, let the coefficient of z; in HS) be B;;. Forall j € [m], we ‘absorb’

izir1 Bijziin &(S) and remove f; ;z; from ES’) for alli > j. This does not change f(Asx+b). O

For every bad dangling variable x, we redefine €§3) as mentioned in the proof of the above

observation. The following claim shows that variables in z \ z; are removed from /¢ 3((3) for every

bad dangling variable x € x; as well. It is proved in Section D.12.

Claim 4.12. The matrix Ay computed after the execution of the for loop of lines 17-22 is such that for every
ke {s1+1,...,s2}, and every bad dangling variable x € x|, ¢ (A}) € Flzx Wyy].

Let ¢{") be the linear part of the affine form replacing x in f(Ax +b). For all k € [s'] and
X € Xy, ESI) is now a linear form in z; Wy; = x;. Also, Claim 4.9 and the fact that A) acts as

/

s
identity on y implies that Y, Ty(Ax+b) = Y (yk1+ck1) (V2 + ck2). Now, as seen in the
kesr+1 kesr+1
proof of Lemma 4.2, for every x € x connected to a x gate computing a polynomial of degree at
least three, Ej(cl) is a constant multiple of a z-variable. As A) - - - A acts as identity on z, so is £§C4).

Moreover, if C has a top dangling variable up = x,,, then from Claim 4.10, the only u variable in

Eﬁ) was ug. As A merely translates 1 by constant multiples of y-variables and A} acts as identity

on u, the only u variable in KE,%) is ug. Also, ug ¢ var (&(f)) for any x # uy. O

4.3.3 Discovering the top linear form

We begin by stating the following useful claim whose proof can be found in Section D.13.

Claim 4.13 (Learning variable sets). After Step 11 of Algorithm 1 is executed, zy = var (Tk(Ax + b))
forall k € [sp].%*

3 Here we are overloading the notation. Now z; = var <Tk(Ax + b)) but in Sections 4.3.1 and 4.3.2 it was a set of
essential variables of det(Hr, ) evaluated at BRAx +- d. The new z is the union of the old z; and z,.
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Because of Step 12 of Algorithm 1, the following procedure will only be called if C has a top
dangling variable. It finds an affine form ¢’ such that when we map ug to up — ¢/ in f(Ax+b), all
its terms become variable disjoint and ¢( Ax + b) becomes u( + ¢ for some ¢ € F (recall that / is the
affine form that the top dangling variable is mapped to by Bx + d). This is done in s, iterations. In
the k-th iteration it finds ¢’ restricted to z variables, denoted by /.

Procedure 5 Find-Top-Linear-Form(f”)
Input: f' = f(Ax+b), where A and b as after Step 3 of Algorithm 1.
Output: An affine form ¢’ such that all terms in f (x \ {uo}, up = up — ¢') are variable disjoint.
1. fork € [sp] do
2. T+ f'(z,x\z =0). /' « the Hessian determinant of T with respect to z;-variables. N
the set of irreducible factors of i’. F < a subset of [F of size at least n°.

3. for QAG N do
4. if Q is not linear then
/* @ is non-linear. */

5, aj, ..., < vectors of size |z| containing random elements from F. t < a fresh
variable.

6. Vi € [|z|], interpolate Q(ta;) and T(ta;). Discover Q)(t) and B;g, Bi1 € T such that
Q(ta;) - Qi(t) + Bi1 - t + Bip = T(ta;) by solving a system of linear equations in the
coefficients of Q;(t) and Bio, Bi1-

7. Interpolate } ., a.z using Bi1,..., By 1. If T - Y zez, 422 — P10 is reducible, £y «
Y sez %22 — P1o and T < T — /4. Break.

8. else R

/* Qis linear. */
9. Suppose Q = z;if not, move to the next iteration. a,, ..., az, |1 ¢ vectors of size |zx| — 1

containing random elements from F. t <— a fresh variable.

10. Vi € [|zx| — 1], interpolate T(z, z; \ {z} = ta;). Find Q;(z,t) and Bio, Bi1, Biz € F such
that z- Q}(z,t) + Bin -z + Bi1 -t + Bio = T(z,z \ {z} = ta;) by solving a system of
linear equations in the coefficients of Q;(Z, t) and Bio, Bi1, Bia-

11. Interpolate Y ¢\ (-} @22 using Bi1, ..., Bz -11- If T — Yotez\(z) XzZ — P is Te-
ducible, ly < Yoreq\ (2} 222" — P10 and T + T — /. Break.

12. end if

13.  end for

14. end for

15. &' <= Yrels,] bk Return £/,

We now prove the following lemma.

Lemma 4.4 (Correctness of Procedure 5). Find-Top-Linear-Form(f(Ax + b)), where A and b are as
after Step 3 of Algorithm 1, finds an affine form ¢’ such that when ug is mapped to ug — ¢’ in f(Ax+b),
all its terms become variable disjoint and £( Ax + b) becomes 1o + « for some a € F.
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Proof. Because of Step 12 of Algorithm 1, this procedure will only be called if C has a top dangling
variable. Recall that the variable sets of T (Ax +b),..., T;,(Ax + b), and Z,i;sz 1 Ti(Ax + b) are
Z1,...,2Zs,, and y \ {up} respectively. From Observation 4.3 the coefficient of g in /(Ax +b) is 1,
and from Claim 4.10noy € y \ {uo} appears in /(Ax+b). Let {(Ax+b) = g+ Y ., ¢z - 2+ co;
recall thatz = z; W - - - Wz,,. Fixa k € [sp]. We now show that in k-th iteration of the loop of lines
1-14 (the outer loop), the procedure finds ¢, which is ¢’ restricted to z; variables. Towards this, we
tirst show that in the k-th iteration of the outer loop, T is reducible after the execution of the for
loop of lines 3-13 (the inner loop).

Claim 4.14. For any k € [s2], after the execution of the inner loop during the k-th iteration of the outer
loop, T is reducible.

Proof. At the beginning of the k-th iteration, T = Ty(Ax +b) + [/(Ax + b)] o +7/ forsomey’ € F.
In the procedure N is the set of irreducible factors of i’ which is the Hessian determinant of T with
respect to the zi-variables. Let Ty = Qg1 - - - Qg m, - It follows from Corollary 3.1 and Fact 2.8, that at
least one of the Qk,l (Ax+Db),..., Qk,mk (Ax + b) is in an irreducible factor of 1’. Hence, a constant
multiple of at least one of the lel(Ax +b),..., Qk,mk(Ax + b) is present in N along with some

other ‘bad’ factors. Fix a Q € N. Then it is either a “good’ non-linear factor, ‘good” linear factor, or
a bad factor. In the following two claims we show that in the first two cases, T is made reducible.

Claim 4.15. If@ is a constant multiple of one of the Qk,l (Ax+Db),..., Qk,mk(Ax + b) and is non-linear,
then after the execution of the first inner loop, T is reducible.

Claim 4.16. If@ is a constant multiple of one of the QM (Ax+Db),..., Qk,mk (Ax +b) and is linear, after
the execution of the first inner loop, T is reducible.

The above claims are proved in Sections D.14 and D.15, respectively. Consider an iteration
of the inner loop for a bad Q. If in this iteration T is made reducible, then there is nothing to
prove. Otherwise it follows from the above two observations that for all previous iterations of
the inner loop, Q must have been a bad factor. It follows from Corollary 3.1, that at least one of
Qk 1(Ax+Db),..., Qk m, (Ax + b) is an irreducible factor of /'. This means that the next iteration of
this loop will be executed and this will continue to happen until for an iteration Q is a constant
multiple of Qg1 (Ax +b), ..., O m, (Ax+b). The claim follows from Claims 4.15 and 4.16. O

The proof of the following structural result can be found in Section D.16.

Claim 4.17. Suppose that Q1 - - Qu + u is a canonical ROF. Let T = Qq -+ Qu + £(z), where £ is a
non-zero affine form and Qq - - - Qy, is not a quadratic polynomial. Then T is reducible if and only if for
some | € [m], Qy is an affine form in a single variable and ¢ is a constant multiple of Q.

We complete the proof of the lemma by combining Claims 4.14 and 4.17. As the k-th iteration
of the outer loop only works with z;, we can analyse each iteration in isolation. Claim 4.14 implies
that after the execution of the inner loop, T is reducible. Initially, T = Ty(Ax+b) + [((Ax +b)], +

7' for some 9/ € F. The inner loop only subtracts an affine form from T. So after the execution
of the inner loop, T = Ti(Ax +b) + £ for some affine form /. Notice that T € orb(T; + ¢') for

0:=1(A"'B"'(x—Bb—d)). Let Ty = Qi -+ Qi T = Qk1--- Qmy and Oy = - Qri(Bx +d)
for all I € [my]. Claim 4.14 1mp11es that T is reducible. Then, if none of the factors Qk 1r-- Qk,mk
are linear, Claim 4.17 implies that 7 = 0. On the other hand, if one of the factors, say lel is linear,
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then Claim 4.17 implies that £ = ¢ - lel for some ¢} € F and T= lel <@k,2 e Qk,mk + ci) In the
first case, £x must be [((Ax)], + 7'. Because Qy, is a variable connected to a x gate computing
a polynomial of degree at least 3, Lemma 4.3 implies that lel(Ax + b) is a constant multiple
of a variable, say z. Thus, in this case, {; and [{], must agree on the coefficients of all z’ € z
except perhaps that of z. For every k € {sy+1,...,s'}, every k € [sy] such that Tj is in the first
case, and every k € [s;] in the second case that looks like xQ, where Q has a top-dangling v, let
T; = Tx. For every other k, let T, = Q1 (Qk2- - Qkm, + ¢;). We also redefine d as follows: For
every k € [sp] such that Ty is in the second case, it looks like zQ, and the top dangling variable
of Q is y, we add c; to the y-th entry of d; all other entries remain unchanged. If we redefine
T(Ax+b) = T/(BAx+Bb+d),andC' = T| + - + T, + 7, then f(Ax+b) =Ty +- -+ Ts +7 =
C' (BAx+ Bb + d). Now, when we map ug to up — ¢’ in f(Ax+ b), all its terms are variable disjoint
and /(Ax + b) becomes 1 + « for some « € IF. O

Remark. Notice that C’ need not be a canonical ROF. However, for all k € [s5], all the factors of T;

are still canonical. As we only recursively perform equivalence test on the factors of Ty(Ax), C’
not being canonical is not a problem.

4.3.4 Obtaining efficient black-box access to a term

The next procedure is used to obtain black-box access to a term Tj.( Ax) using a single query to f.

Procedure 6 Compute-Term-Black-Box(g)

Input: Black-box access to a term of f(Ax) plus an unknown constant.
Output: Black-box access to the term using just one query to the black-box of f.

1. F + a subset of FF of size at least n°.

2. Obtain black-box access to det(Hg) with respect to var(g) and factorize it using the algo-
rithm in [KT90]. N < set of black-boxes of the irreducible factors.

. forr € N do

a < a vector of size |var(g)| containing random elements from F. For a fresh variable ¢,

interpolate r(ta) and g(ta).

5. Discover #'(t) and B € F such that r(ta)r'(t) + B = g(ta) by solving a system of linear

equations in the coefficients of 7’ and .
6. If g — Bisreducible, then return black-box access to g — B.
end for

=~ W

N

The following claim proved in Section D.17 establishes the correctness of the above procedure.
Lemma 4.5 (Correctness of Procedure 6). Compute-Term-Black-Box(f (A (zx,x \ zx = 0))) gives black-
box access to Ty (Ax) with high probability. Also, one query to Ty (Ax) needs just one query to f.

4.3.5 Proof of Lemma 4.1

By induction on the product-depth A of C. If A = 0, as C is a canonical ROF, C = x; and f is an
affine form. Since all variables in f are essential, n = 1 and f = a1x1 + «¢ for some g, a1 € F,
a1 # 0. Then, f(I,xnx) € PS-orb(C) and the algorithm works correctly for product-depth 0 ROFs.
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Assume that the algorithm works correctly for all polynomials in the orbit of a canonical
ROF of product-depth A > 0 and let C be a canonical ROF of product-depth A + 1. Recall that
the algorithm is given black-box access to an f € [F[x| such that there exist a B € GL(n,F) and a
d € F" satistying f = C(Bx +d). Also, there are no redundant variables in f. Further C = T; +

.-+ Ts + <y, where Tl, -+, T; are x-rooted canonical ROFs and «y € . Also, f = T1 +oe Ts +,
where for all k € [s], T = Ty(Bx+d). Ty, ..., Ts, are the good terms of C, while, T1, . TS1 are the
good terms of f. Similarly, Ts 41,...,Ts, are the bad terms of C, while Ts1+1/ .. TSz are the bad
terms of f. If C has a top dangling Variable, itis Ty = xy, 8’ :=s—1,and Ts, 41 —|— -+ + Ts_q is the
top quadratic form. Otherwise, T, .1 + - - - + T is the top quadratic form and s’ := s. If C has a
top dangling variable, then ¢ := B o x,, + dn, where d,, is the n-th coordinate of d

It follows from Lemma 4.3 that after Step 3 is executed, T (Ax +b),..., Ty (Ax + b), and
hence T;(Ax), ..., Ty (Ax) are variable disjoint while Zk:serl Ti(Ax) = (y1 + c1) (ya+c2)+---+
(Yom—1 + com—1) (Yom + com), where ¢y, ..., c2m € FF. Then, Claim 4.13 implies that after Step 11,
Z1,...,Zs, are variable sets of Ty (Ax),..., TSZ (Ax), respectively. Further, if there is a dangling vari-
able, then Lemma 4.4 implies that ¢(Ax) = ug + ¢ for some ¢ € F. However, now f € orb(C’),
where C' is as defined in the proof of Lemma 4.4. If C does not have a top-dangling variable, then
let C" = C. We first show that after Step 26 is executed, f(Ax) € PS-orb(C’). As there are no redun-
dant variables in T; (Ax), ..., Ty (Ax), forall k € [s], |z| = |var (T})| and |y| = |var (Sj_,, 1 T}) |-
So there exists a permutation matrix Py € M(n,F) (that maps ug to 1) such that for all k € [s],
var(T}(Pox)) = z and var (Y;_,, 1 T;(Pox)) = y. There exists a B" € GL(1,F) and d’ € F" such
that f(Ax) = C'(Py(B'x+ d’)). Notice that it suffices to prove that f(Ax) € PS-orb(C'(Pyx)). We
now analyse the for loop of lines 15-25. For any k € [s], as the k-th iteration of the loop only
works on Tk(Ax) and z;, we can look at it in isolation.

Claim 4.18. For any k € [sy], after the execution of the k-th iteration of the for loop of lines 15-25 there
exists a permutation matrix P € M(|zk|,F), an invertible scaling matrix Sy € M(|z«|, ), and a by €
Elz! such that Ty (A (Akzk,x \ Zk)) = TIQ(PO (PkSka + by, x \ Zk)).

The proof of this claim is given in Section D.18; here we finish the proof of the lemma assuming
the claim. After Step 14, there already exists a permutation matrix P, 11 € M(]y|, F), an invertible
scaling matrix Sg,11 € M(]y|,F) (such that Ps,1Ss,+1 019 = t9) and a bs, 41 € EW! such that

Z Tk AX Z Tk PO (Psz+1ssz+ly+b52+1/ ))
k= SQ+1 k= Sz+l

Let P € M(|z|,F) be a permutation matrix that maps every z € z; to P oz for all k € [sp] and
every y € y to P;, 1 oy. Similarly, let S € M(|z|,F) be a scaling matrix that maps every z € z to
Syozforallk € [sy] and and every y € y to S5,+1 0 y. Also, let b € F" be such that for all k € [s3],
its coordinates corresponding to zj are by and those corresponding to y are by, 1. As A} maps
every z € z; to Ay oz, Vk € [s2] and maps every y € y to itself, after A is set to AA’ we have that
Ti(Ax) = T'(Py(PSx 4 b)) yielding f(Ax) = C'(Py (PSx + b)) € PS-orb (C').

If C' = C, then we are done. Otherwise, in Step 29 f(Ax) is reconstructed. From Lemma F.1,
we have that the terms of the reconstructed ROF f’ are constant multiples of T|(Py (PSx + b)), ...,
T.(Py (PSx+b)). In fact, as T{ (Py (PSx+ b)), ..., T,(Py (PSx + b)) are variable disjoint and hence
linearly independent, the terms are exactly T|(Py (PSx+b)),..., T.(Py (PSx +b)). Fix any k such
that Ty # Tj. Recall that in this case, Ty = zQxs - - - Qkm, and T} = z (Qxz2 - - - Qm, + ). From
Lemma F.1, the corresponding term of f'is (cajx+ca}) (¢ (Qra -+ Qim,) (Po (PSx+b)) +c 1),
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where ajx = PyPS oz, a is the z-th entry of Pyb, and ¢ # 0. Hence in Step 29, a1 = ca)
zlnd B = c lc. Notice that PyPS o ug = ug. So after A is updated to map ug to up — a1px,
T (Ax) = Ty (Po(PSx + b)) yielding f(Ax) € PS-orb (C). O

4.3.6 Running time of Algorithm 1

Notice that whenever a recursive call is made to Find-Equivalence(), it is for a polynomial in the
orbit of a distinct 4--rooted sub-ROF or variable of the original ROF C. As there are at most n
many +-rooted sub-ROFs and n variables, there are at most 2n many recursive calls. Thus to
prove that Find-Equivalence() runs poly(n) time we only need to argue that the time required by
each recursive call (not counting the time spent in any sub-calls) is poly(#). We divide this time
into three parts: the time required to query the black-box of the input polynomial, time required to
prepare black-boxes for sub-calls, and the time required to do everything else. The last of these is
poly(n) because the Procedures 2, 3, 6, 5, and Algorithm 13 run in time poly(n). This is so as all the
operations that they perform like sparse polynomial interpolation, computing partial derivatives
of order at most two, computing determinants of symbolic matrices, and factoring polynomials
can be done efficiently in black-box fashion.

We now analyze how much time is required to query the black-box of the input polynomial
and prepare black-boxes for sub-calls. To do this, let us understand how the black-boxes for the
factors of the terms Ty (Ax), ..., Ts,(Ax) are prepared in the for loop of lines 15-25 in first call to
Find-Equivalence(), i.e., the call for f. Observe that for any k € [s;], Compute-Term-Black-Box()
obtains black-box access to Ty (Ax) by setting all variables other than those in z; to 0 in f(Ax) and
subtracting a known constant § from the resulting polynomial. Thus black-box access to Ti(Ax)
is obtained by evaluating f at known affine forms /4, ..., ¢, (obtained from A by setting variables
not in z to 0) and subtracting a known constant § from f(¢4,...,¢,).

For any [ € [my], to obtain black-box access to the factors of Ty (Ax), we first compute a matrix
Aro € GL(|zk|, F) such that the factors O1,..., ka of Tk(A(Ak,Ozk, x \ zx)) are variable disjoint. To
obtain black-box access to Q; for some I € [m], we first set the variables in z; \ 2y to random field
elements a’ and compute the constant §; from the (possibly inefficient) black-boxes of QL e, ka
obtained from T (A(Ayoz,x \ z)) using the black-box factorisation algorithm in [KT90]. We then
compute 51_1 T (Ako (zk1, 21 \ 2k = a’)). Notice that this is the same as evaluating f at known
affine forms ¢}, ..., ¢}, (obtained from /1, ..., ¢, by setting z; \ z;; = a’), multiplying it by a known
constant B, ! and subtracting a known constant §; ' 8 from it.

In any recursive call to Find-Equivalence(), the black-boxes for sub-calls are prepared in the
same way. Thus the discussion in the above paragraph implies that no matter the recursive depth
for a recursive call for a polynomial f’, the black-box for f” would look like af(¢4,...,¢,) — B,
where «, f are known constants and /¢4, ..., ¢, known affine forms in var(f’). Thus the time to
query the black-box of f’ is poly(n); not poly(|var(f’)|), but still independent of the recursive
depth. Similarly the time required to prepare black-boxes for sub-calls is also poly(n) and inde-
pendent of the recursion depth as all that needs to be done is to compute appropriate affine forms
¢}, ..., 0, and constants «’ and p'. Thus the algorithm runs in time poly ().
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5 Polynomial equivalence for orbits of ROFs

In this section, we shall prove Theorem 2. Let ROF; be the class of all additive-constant-free
canonical ROFs.

5.1 The algorithm
The following algorithm decides whether f1(x), f2(x) € orb (ROFy) are equivalent or not.

Algorithm 7 Equivalence-Test( f1(x), f2(x))
Input: Black-box access to f1(x), f2(x) € orb(ROFy).
Output: Whether or not f; and f, are equivalent. If they are equivalent, then A € GL(#n,[F) and
b € F" such that f1(x) = f(Ax+Db).
/* Reconstructing canonical ROFs equivalent to f; and f5. */

. fori € [2] do

A; + Find-Equivalence(f;(x)) (Algorithm 1).

C! + Reconstruct-ROF( f;(A;x)) (Algorithm 13).

S;,b; < Canonize(C;) (Procedure 14), where S; € GL(n, F) is a scaling matrix, b; € F".
Ci + Ci(Six+Db;), G; < the underlying tree of C; wherein all internal nodes are unla-
belled and the leaves are labelled by variables.

6. end for

Ol W N e

/* Checking if C; and C; are equivalent */
7. if G; and G; are isomorphic as rooted trees then
8.  If 0 is the permutation such that 0(G,) = Gy, construct a permutation matrix P that maps x;
to o(x;) Vi € [n] using Fact A.4. A < A2S;PS; 1AL, b+ Asby — AyS:PS; by,

9.  Use the Schwartz-Zippel Lemma to check if f1(x) = fo(Ax +b). If yes, return EQUIVALENT,
A and b. Else, return NOT EQUIVALENT.
10. else
11. Return NOT EQUIVALENT.
12. end if

5.2 Analysis of the algorithm

We establish the correctness of the above algorithm by proving the following lemma.

Lemma 5.1 (Correctness of Algorithm 7). Given black-box access to two n-variate polynomials f1(x),
f2(x) € orb(ROFy), Algorithm 7 correctly determines with high probability whether they are equivalent
or not provided that char(IF) = 0 or > n? and |F| > n'3. Moreover, if they are equivalent, it returns an
A € GL(n,F)andab € F" such that f(x) = fo(Ax+Db).

Proof. If fi ¢ orb(f2), then Step 9 ensures that the algorithm returns NOT EQUIVALENT with
high probability. So suppose that fi € orb(f;). In this case, there exists a C € ROFj such that
fi, f2 € orb (C). Then, f1 (A1x), f2 (A2x) € PS-orb(C) (from Lemma 4.1), and so the only non-zero
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additive-constants in them are translations, i.e. constants attached to + gates which have a vari-
able as a child. As, from Lemma F.1, C and f; (A1x), C5 and f, (A2x) are equal up to scaling of the
leaves, the only non-zero additive-constants in C} and C} are also translations. We now use this
fact to show that C; and C; are the same as C up to a permutation of variables.

As mentioned above, f1(A1x), f2(A2x) € PS-orb(C) and C},C), are same as f1(A1x), f2(A2x)
up to scaling of leaves. This means that Cj,C) can be obtained from C by permuting, scaling,
and translating the variables and scaling the additive-constants (as they are also leaves of C}, C}).
However as the only non-zero additive constants in C} and Cj are translations, these two ROFs
differ from C by just permutation, scaling and translation of the variables. From Observation F.1,
C1 and C; are constant-free regular ROFs obtained from C] and C), by recovering the scaling and
translation of variables. Hence, they must be equal to C up to a permutation of variables.

As Cq and C; are the same up to a permutation of variables, their underlying trees G; and G,
are isomorphic as rooted trees. So, a permutation ¢ such that 0(G,) = Gj exists. As o is completely
determined by its restriction to the leaves of Gy, if P is as defined in Step 8, then C;(x) = C(Px).
A simple calculation shows that this implies f1(x) = f(Ax +b) for A and b defined in Step 8. [

Running time of the algorithm. Find-Equivalence(), Reconstruct-ROF(), and Canonize() run in
time polynomial in n. Also as mentioned in Fact A.4, a polynomial time algorithm exists for the
rooted tree isomorphism problem. Moreover, the Schwartz-Zippel lemma also yields a polynomial
time algorithm for checking if f1(x) = f2(Ax+ b) in Step 9. Thus, Algorithm 7 runs in time
poly(n). This along with Lemma 5.1 proves Theorem 2.

6 Conclusion

In this work, we give the first randomized polynomial-time equivalence test for ROFs (Theorem
1) and use this result to solve PE for orbits of (slightly restricted) ROFs (Theorem 2). These re-
sults are substantial generalizations of two well-studied problems in algebraic complexity, namely
quadratic form equivalence and reconstruction of ROFs. As PE is graph isomorphism hard for
even cubic forms, it is indeed satisfying to know that PE can be solved efficiently for an unbounded
depth, unbounded-degree, and unbounded-fanin circuit class such as orbits of ROFs. Theorem 1
also implies efficient learning of random arithmetic formulas (without any restriction on the un-
derlying tree structure) in the high number of variables setting.

The algorithms are based on a novel interplay between a few crucial properties of the fac-
tors and the essential variables of the Hessian determinant of an ROF, the essential variables of
the ROF, and certain structures in the ROF called “skewed paths”. Proving these properties of
the Hessian and combining them effectively with the skewed paths to make up for the dearth of
essential variables and to recursively discover formulas in the orbits of sub-ROFs of lower depth
(without blowing up the complexity exponentially due to unbounded depth) constitute the main
technical contributions of this work. The approach developed in this work and the insights ob-
tained thus may turn out to be independently useful for learning other related circuit models.

We end this section by noting a few future directions that can be pursued:

1. Generalizing our results. We believe that the mild “additive-constant-free" restriction on
the ROFs in Theorems 2 can be removed completely by building on the techniques of this
work. Indeed, we show in Section E that this relaxation is possible for depth-4 ROFs. It
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is worth showing the same for general ROFs. Another interesting generalization of Theo-
rem 1 would be an equivalence test for power-substituted ROFs and, more generally, for
univariate-substituted ROFs . An equivalence test for univariate-substituted ROFs would
greatly generalize the equivalence test for the sums of univariates model studied in [GKP18]
and the reconstruction algorithm for preprocessed ROFs in [SV14]. We believe that our
equivalence test and its analysis can be extended to work for univariate-substituted ROFs. To
support this belief, let us consider the power-substituted sum-product polynomial SPP :=
Yicls [jeqa) x?]] , where ¢;; € IN. It turns out that det(Hspp) factorizes as:

— e; ivd—
det(Hspp) = (—1)S(d DI H €ij- H (61‘,1 +...+eq— 1) . H xi,]’.’ 2.
i€[s],jeld] i€|s] ic(s),jeld]

So the equivalence test for SP, described in Section 1.3.1, works (almost as it is) for SPP.

. Learning orbits of sparse polynomials and ROABPs. As mentioned in Section 1.1.2, study-
ing the orbit of a circuit class is a natural first step towards understanding affine projections
of the class. Efficient proper learning algorithms are long known for sparse polynomials
[KS01] and ROABPs [BBB 00, KS06]. Recall that affine projections of these classes capture
immensely powerful circuit classes such as depth-3 circuits and ABPs. Like ROFs, can we
design efficient learning algorithms for orbits of sparse polynomials and ROABPs?

. Learning random formulas. Theorem 1 solves the learning problem for random formulas
when the number of variables 7 is larger than the size s of the underlying tree of the formula.
A more interesting setting of parameters is s = poly(n). Can we design an efficient learning
algorithm for random formulas (of even constant depth) if s > n?
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Notations Usage
C, A An ROF and its product depth, respectively

T, Q (with or without subscripts)

x-rooted and +-rooted sub-ROFs, respectively

A,B,C,P,R,S

Matrices over IF

uw Spaces spanned by the first order partials of polynomials
E,F,I,],N,V Sets

f,.8hpqtr Polynomials

t,u,x,y,z Variables

X,y,z,u Sets of variables

«,B,v,c Elements of F

deijkIl,mmn,s Natural numbers

a,b,d« Vectors over [F

Table 1: Notations

A Some useful algorithmic facts

A.1 Black-box polynomial factorization

Fact A.1 (Black-box for partials). Let d € IN, char(FF) = 0 or char(F) > d, and g € F[x] be a degree d
polynomial given as a black-box. Then, for x € x, a black-box for % can be computed in poly(|x|,d) time.

The above fact is well-known; a proof of it can be found in Section 2.2 of [KNST19].

Fact A.2 (Black-box polynomial factorization [KT90]). Let d € IN, char(IF) = 0 or char(FF) > d, and
|IF| > d°. There is a randomized algorithm, with oracle access to univariate polynomial factorization over
IF, that takes input black-box access to a polynomial g € F[x] of degree d and outputs black-boxes for the

irreducible factors of g in poly(|x|,d) time.

Remark. Since our model of computation allows univariate polynomial factorization, we will as-
sume that black-box polynomial factorization can be done in randomized polynomial-time. This
assumption is justified particularly for finite fields and Q [Ber70, LLL82].
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A.2 Quadratic form equivalence

Known algorithms for quadratic form equivalence (QFE) over C, R, Q, and finite fields are based
on well-known classification of quadratic forms. Refer to [Ser73, Lam04, Arall] for a comprehen-
sive discussion on this. We record the complexity of QFE over these fields in the fact below. Over
R and C, the model of computation is an arithmetic circuit with oracle access to a square root find-
ing algorithm; every operation in the circuit takes a unit time. Whereas, over Q and finite fields,
the model of computation is a Turing machine, i.e., the running time is measured as bit operations.

Fact A.3 (Complexity of QFE). Let n be the number of variables in each of the two input quadratic forms.
1. (Over C and R). There is a deterministic poly(n) time QFE algorithm.
2. (Over finite fields). Let char(IF) # 2. There is a randomized poly(n,log |F|) time QFE algorithm.
3. (Over Q) [Wall3]. There is a deterministic poly(n,b) time QFE algorithm with oracle access to
integer factoring, where b is the bit length of the coefficients of the input quadratic forms.
A.3 Rooted tree isomorphism

Definition A.1 (Tree isomorphism). Two rooted trees G; = (V4,E1,v1) and Gy = (Va, Ep, v2) are
isomorphic, if there is a bijection 77 : Vi — Va s.t. (v,v') € E1 < (71(v), m(v')) € Ez and 71(v1) = v3.

Fact A.4 (Efficient tree isomorphism [AHUS3]). There is an algorithm that takes input two rooted trees
G1 = (W1, Eq1,v1) and Gy = (V3, Ey, v2) and decides if Gy and G, are isomorphic. If the answer is yes, it
also outputs an isomorphism. The running time of the algorithm is poly(|V4|, | Va]).

The following observation is easy to show.

Observation A.1. Let G; = (V4,E1,v1) and Gy = (Va, Ep, v2) be rooted trees and 1t an isomorphism
from Gy to Gy s.t. 1(v1) = va. Then, 7t is completely determined by its restriction to the leaves of Gy.

B Missing proofs from Section 2

B.1 Proof of Observation 2.1

Let x be a truly essential variable of g. Suppose there exists ay € F, for every ¥’ € x, such that

Yvex\ {x} ocx/% = ucxg—i, where w, # 0. Then, it follows from Fact 2.1 that there isan A € GL(|x|, F)

which maps x to itself and g(Ax) is x-free. Hence, by Definition 2.2, x is not truly essential.
Suppose x is not a truly essential variable of g. Then, there exists an A € GL(|x|,F) that

maps x to itself and g(Ax) is x-free. Suppose the column of A labelled by x is (ay,x)jex. Then,

it follows from the chain rule of derivatives that 0 = agg;xx) = Yyex zxy,xg—i(Ax), which implies
Y yex txx,yg—i = 0. As A maps x to itself, ax x = 1 # 0. This completes the proof. O
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B.2 Proof of Observation 2.2

A, A

Ay Ay

and columns of Ay, Ay are labelled by x and y, respectively. It is sufficient to show that A; = 0.

Let ¢ = h(A(x,y)T) € F[x]. Pretend that g, h are polynomials in xWy. Let Vg = ([Vglx, [Vgly)T,
= a—g = a—g = i 1 = T

where [Vg]x = ( BX)xex and [Vg], ( )yey 0. Similarly, let Vi = ([Vh]y, [Vh]y)T, where

%y
[Vh]y = 0. By the chain rule,

Assume that z = x and all x-variables are essential for /1. Suppose, A = [ ] , where the rows

Vg =A"-[Vh(A(xy)"). 1)

Since x is the set of essential variables of &, the entries in [Vh]y are F-linearly independent, and
thus, the entries in [Vh]x(A(x,y)T) are also F-linearly independent. Now, it is easy to see from
Equation (1) and the structure of A that AlT = 0. Otherwise, we get a non-zero linear combination
of 1(A(x,y)T), x € x, which is equal to 0 (as [Vg]y = [Vh]y = 0), and this leads to a contradiction.

Now, suppose x # z. Let P € GL(|x| + |y|,F) be a permutation matrix that maps x to z, z to
x and every other variable to itself. We know h(A(x,y)?) € F[z]. Then, note that h(AP(x,y)T) €
F[x]. It follows from the above argument that AP maps every x-variable to a linear form in x. This
implies A maps every x-variable to a linear form in z.

Now, suppose that not all x-variables are necessarily essential for h. Let C € GL(|x| + |y|, F)
be such that 1(C(x,y)T) has no redundant variables. Then, Fact 2.2 implies that every truly essen-
tial variable of  is in var(h(C(x,y)T)). The argument in the above paragraph implies that C~! A
maps all variables in var(i(C(x,y)T)) to linear forms in z. Because C maps every truly essential
variable of & to itself, A maps every truly essential variable to a linear form in z. O

B.3 Proof of Observation 2.3
Suppose, )  ex txx% + Yyey ﬂy% = 0.Since h = g(x)°- p(x,y) and e > 1, we get

szx< —+eg a) Zﬁy

XEX yey

On dividing the above equation by ¢¢~! and rearranging the terms we get

(;{axax-FZ:Bya)—F p(Zax ):o_

yey XEX

As g and p are coprime, and deg (ZXEX zxxg—i) < deg(g), we get Y ocxg—f = 0. But, this implies
xex

ay = 0 for every x € x, since N,ss(g) = |x|. Hence, every x-variable is truly essential for h. d

B.4 Proof of Observation 2.4

Let a; ax + ”‘28x2 + Lyey IByay = 0, where a0y, a5, By € Ffory € y. Since h = ¥~ pi(y) (x1x2)’,

(Zz pi - 11x2>+zx2 (21 pi - xhxh >+Zfsy <Z x1X7) ap,) = 0.

i>1 i>1 yey i>0 Ay
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Notice that aq (Zi>1 i-p;- xli’lxé), o <ZZ~>1 i-pi-xah 1) and Y ey By (Z (xlxz)i%’;’) are mono-
- - i>0
mial disjoint. Thus, each of these three polynomials is zero. Suppose a7 # 0. Then, Y i-p; -
i>1
xi‘lxé = 0. As char(F) = 0 or > d, we get p; = 0 for every i > 1, which is a contradiction. Thus,
a1 = 0. Similarly, ap = 0. Hence, x; and x; are truly essential for h. O

B.5 Proof of Observation 2.5

For j € I, let ¢; be the substitution map defined as: ¢;j(x;) = —a;! (Zie[n]\{j} ax; + ﬁ), and
¢(x) = x for every x € x\ {xj}. For ji,jo € I, letg; = ¢;(g) and g;, := ¢;,(g). Observe that
S, — 8j, € (£), which implies g;, = ¢} (gj,), as ¢, (£) = 0 and g;, is x; -free. Hence, by chain rule,

agjl _ agjg -1 ag/z 3
= Pin ( o, ) - ) (W) As gj, is xj,-free,

0jr _ -1 9%j» 9 _ 1y, 980 9}
oxj, Y 2 P <8le> - ox; M oxj, i (axi ) '
Notice that the space spanned by { I (x].;l:xi . 3%1 DX € x} is W;,, which (by the above equa-

8

tions) is U := <goh (E)x ) DX € x>. As g, is linear, dimU < dim W;,, implying dim W; <

dim W;,. Similarly, we can show that dim W;, < dim W,. Therefore, dim W; = dim Wj,.

B.6 Proof of Observation 2.6

From the definition of a formula, the first three properties of Definition 2.6 are satisfied by C.
We now “push" the labels on the edges of C down to the leaves so that the variables labelling
the leaves are scaled. Then, we apply an invertible diagonal transformation S to x to rescale the
variables appropriately. This ensures that property 4 is satistfied. To satisfy property 5, observe
that if a + gate has variable children x;,...,x;, and constant children 7,..., v, then we can
replace all the constants by v = 71 + ... + 7%, and apply an invertible affine transformation that
maps x;, to x;, — (xj, + - - + x5, + ) and every other variable to itself.

Suppose u is a + gate that has among its children a variable x and a x gate v such that v has
two children — a variable y and a + gate v’. Suppose v’ has a constant child y. The polynomial
computed at v is of the form x + y(T + ) + other terms = (x + yy) + yT + other terms, where
T is x and y free. Now, if we apply an invertible linear transformation that maps x to x — yy and
every other variable to itself, then property 6 is satisfied with respect to nodes u and v. Finally, it
is easy to see that this canonization process does not introduce any extra additive-constant.

B.7 Proof of Observation 2.7
Let var(C) = x. Over any field, N,ss(C) > dim <aC x € x> So it is sufficient to show that

dim < €. ye x> = |x|. We will prove this by induction on the product depth A of C. In the base

aC .

case, A = 0, and C computes a polynomial x + v, for v € F; so, d1m< tX € x> = x| =

Suppose that the induction hypothesis holds for canonical ROFs of product depth A — 1 or less.
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LetC = T; + ...+ Ts + 7 be a canonical ROF of product depth A, where each T; is a x-rooted
ROF having at least two non-constant, variable disjoint factors. Consider an [F-linear dependence
Y orex ocx% = 0, where ay € FF. Then, Y, cvar(r, )zxx% € F for every i € [s]. This is because T; and
T; are variable disjoint for i # j. But ¥ cyar(r;) @x aan € F implies ). cyar(Ty) &x aax 0,as Tjis a
product of at least two non-constant factors and a common root of these variable disjoint factors

is also a root of ¥ evar(T) ¥x %7; Now suppose ay # 0 for some x € var(T;) and i € [s]. Let
T; = Q1+ Qu, where Ql, .., Qn are variable disjoint +-rooted canonical ROFs of product depth
at most A — 1 Suppose that the x mentioned above is in var(Q;). By the induction hypothesis,

Y yevar(Q)) (xy E)y # 0 unless every &y = 0. So the dependence ) cyar(r, )ocx% = 0 implies Q;
divides },cvar(g)) ocy ay # 0, which is not possible as the latter has a smaller degree. Therefore,

ay = 0 for every x € x, and so, d1rn<aC x €x> = |x|.

B.8 Proof of Claim 2.1

Letx = {x1,...,x,} bevar(C), where C = T; + - - - + Ts + 7y is a canonical ROF. Let £ = Y, , axx +
«, where either |var({)| > 2, « € F and for every x € x, ay € For |var({)| =1 and a« € F*.
Let X' = x\ {y1}, 1 = Lyew —x — &, where for every x € X, &}, = aca,' and &' = an, .
Notice that ¢; # 0. Then, we know that C;, = C(y; = ¢1,x’). As C is canonical, there exists at
most one [ € [s], such that T; is a variable. If such an [ exists and var(T;) Nvar({) # @ then
we assume without loss of generality that / = 1. We also assume that y; € var(T;). Then, note
that C;, = T + To + - -+ + Ts + 1y, where T] := Ti(y1 = {1, var(Ty) \ {y1}). For [ € [2,5]%, let
x; = var(T;) and x; = var(Ty) \ {y1}. We first prove the following two useful observations.

Observation B.1. U := <aC x € var(Ty),l € [s], |var(T;)| > 2> does not contain a non-zero constant.

Proof. Suppose there exists an a € UNTF\ {0}. Let C' = Y;¢(q) jvar(ry)|>2 T1 + &y, where y is a fresh
variable. Then, C’ is in the orbit of the canonical ROF Ylefs)var(T))|>2 11 +y and it follows from Fact

2.4 and Observation 2.7 that N,ss(C') = |var(C')|. Thus, W : {aaC x € var(C’ )} is [F-linearly
independent. Note that U = (W) but dim U < |W|; a contradiction. So UNF \ {0} = @. O

Observation B.2. If |var(Ty)| < 2, then Ness (Cp) > n — 2.

Proof. There are two cases, T; = y; and T; = yjy for some y € x'. For both cases, it follows
from Observation 2.7 that {aT’ le2s], xe Var(Tl)} S {aTl} is [F-linearly independent. Now,

9y
for any I € [2,s] and x € var(T;), ag{‘ = % - oc;g%. Thus, {aC/ x € var(Ty),l € 2, s]} is IF-
linearly independent. Hence, from Fact 2.1, when T; = y1, N,ss (C/) > n — 1, and when Ty = 11y,
Ngss (Cg) Z n— 2 D

As C is multilinear, for every x € x, the individual degree of x in C is at most 2. Since

char(FF) # 2, for every | € [s],x € xl,a—cf # 0. For!l € [s],x € x, let B;, € T, such that

%Form <n €N, [m,n]:={m,...,n}
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Yiels) Lvex! ﬁz,x% = 0, which implies

)3 Zﬁu(an aT) Zﬁlxar—- b)

le[2,5] xex]

Let] ={l € [s] : |var(T;)| =1} and ] = [2,s] \ I. As Cis canonical, |I| < 1.If] € I, we call Tj as z.
Now, we prove the claim by induction on the product-depth A of C.

Base case: A = 1. Then, C; = (1T] + To + - - - + Ts + 1y, where for every | € [2,s], T} is a multilinear
monomial and Tj" = [,c, x. Because of Observation B.2, we can assume that z ¢ var(¢;). Thus
Equation (2) becomes

Y. ) Bix (-0/ >+Zﬁzz+ Zﬁ1x<— +£1> —0. 3)
le] xex] lel xex]

If |xj| < 1, we immediately have from Observation B.2 that Ness(Cy) > n —2. So suppose that
IX{| > 2. Then for every I € ], x € x|, the coefficient of in the above equation is §;,, which

implies B, = 0. Also, as T}’ and 7, are non-constant monomlals for every x € xj and as
Il <1,B,,=0.1If ler(ﬁl) Nvar(Tj) = @, then Equation (3) becomes }_,c,: f1,x - 61%{/ = 0 which
implies erx Bix- T—l = 0. Then from Observation 2.7, B1, = 0 for all x € x] and N,s(C/) = n—1.

Otherwise p1c1< any y € var(41) N Var(T’ " arb1trar11y Observe that the polynomial multiplied by
y? in Equation (3) is —a y Laex\ (v} PlLxys y L. As is a canonical ROF, it follows from Observation

2.7 that B, = 0 for all x € x\ y. Then, from Equation (3) we have 1, (—(xyTl’/ + 6171) = 0.

As the coefficient of T in this polynomial is —2aj1,, and char(F) # 2, 1, = 0. Hence, again
Ness(Cy) = n — 1. This proves the base case.

Induction step: Suppose A > 1 and the claim holds for all canonical ROFs of product-depth at
most A — 1. Let Ty = Q1 - - - Qu, where for every i € [m], Q; is either a variable or a +-rooted ROF.
As in the base case, if [x]| < 1 or z € var(/;), then there is nothing to prove. So, suppose that
Ix]| > 2 and z ¢ var({1). We assume without loss of generality that y; € var(Qq). It follows
from the definition of C,; that T{ = Q{Q2- - Qm, where Q] = Qi1(y1 = 4, var(Q1) \ {y1}). For

i€ 2m,letQ = Q [Ticm iy Qi and Qi = Q- Qu. Let Xj1 = Var(Q1 \ {y1} and for
i € [2,m],x); = var(Q;). Fori € [m],x € x| ;, rename the coefficient of in Equation (2) as ¢; ,.
Then, Equation (2) becomes

Z 513{ +Z,Blz+Ql( Z ﬁlx

le]xex lel

Z sza)‘i‘ZQz(Zsz )O.

le]xex; '6 m],xex;; i€(2,m] XEX];
(4)

Observation B.3. If T # y1Qy, then for every l € ], x € x}, B = 0.

Proof. If m > 3 then we substitute roots of Q, and Q3 in Equation (4). As |F| > n and Q; and Q3
are variable disjoint multilinear polynomials, roots of Q, and Q3 exist over IF. Then, Observation
2.7 implies forl € [,x € x}, B, =0and as |I| < 1,p;, = 0.
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Now, suppose m = 2. Let the polynomial multiplied with Q= Q) in Equation (4) be ;.
We plug in a root a of Q; in Equation (4). Let i’ = Zle],xe(; ,Bl,x% and h = h' + Y )1 B1.- Then
h = h(x;, = a,x'\ x| ,), and Equation (4) implies that h = —q;(a)Q}(x], = a,x" \ x],). Note that
q1(a) € F. If either g1 (a) = 0 or var(¢;) N (Wi¢jx]) = @, then Observation B.1 implies that i’ =
Otherwise, deg(Qj(x;, = a, X'\ x{,)) = deg(Q’) Also, in this case, deg(Q}) = deg(Q1). A
Q1 # 1, deg(Q1) > 2. Hence, deg(Ql(x1 , =aXx \x1 ,)) > 2. Then there exists a monomial p in
Q, (x|, = a,x'\ X, ,), such that deg(p) > 2 and var(p) Nvar(Q;) # @. Clearly, p is not in /, and
ash = —q1(a)Q] (x’1 , =a,Xx \x{,), we geth = 0. This along with Observation B.1 implies #’ = 0.
Thus from Observation 2.7, Bix = 0 for everyl € J,x € x]. O

It follows from the above observation that when T; # y1Q>, Equation (4) becomes
~ Qi | _
Z,Bl,z + Q1 Z Cix a + Z Qz Z sz =0. (5)
lel ie[m},xexlll i€[2,m] xexll x

Now, we consider all the possible cases of T;. Recall |x}| > 2, which implies that if m = 2 and Q]
is a linear polynomial then deg(Q>) > 2.

Case 1: m = 2,deg(Q1) > 2, and Q; = y for some y € x'. Then, Equation (5) looks like

/

0
Zﬁlz“—y Z Clx Ql +Coy +Q/1C2,y =0. (6)
ay

lel Jcexl1

If y ¢ var(/;), we put y = 0 in Equation (6). As Qj(y = 0,x'\ {y}) = Q}, c2y = 0. As |I| < 1,
Bi- = 0. Thus we are left with )y | c1x anl = 0. Leta € F¥ %1l be a point such that £1 (x| X, =
a, x1 1) # 0; such a point exists. Notlce that N (Q] (x /\x’ll1 =a, x/1,1)) < Ness(Q}). Because Q; is
a product depth A —1ROF and ¢1(x"\ x} ; = a,x] ;) # 0, it follows from the induction hypothesis

that Ness (Q) (X' \ X}, = a,X] > |var(Qq)| — 2. This means that at least |var(Q;)| — 2 man
1,1 1,1 y
Q] .

elements in { tX EX) 1} are [F-linearly independent. Hence, at least n — 2 many elements in

{acf X € X } are F-linearly independent, and N, (Cy) > n — 2.

If y € var({1), Q) = yQ + 4 for some Q € F[x,] and g € F[x"\ {y}]. If 4 is not a constant,
just as before, we set y = 0 in Equation (6). This gives us ¢, = B, = 0. If g € IF, note that x;; €

var(Q), and hence y2 divides y - axl forall x € x| ;. This means that };c; B, + c2, (y L+ Q) ) =

0. Now yaQ1 = yQ. Thus, yan + Q) = 2c2,yQ +q. As char(FF) > 2, ¢, = 0, and thus ;. = 0.
Then, using the induction hypothesis as before, we get Ness(Cp) > n — 2.

Case 2: m = 2,Qq = y1, and deg(Qz) > 2. If y» € var(41) N X/1,2 then we redo this entire analysis
by considering C; = C(y2 = £2,x\ {y2}), where {, := —a,, (¢ — ay,y»). Definition 2.3 and Obser-
vation 2.5 ensure that N (Cy) is not affected by making this change to the definition of C,. Then,
this case is same as Case 1 and we get the desired result. Otherwise, Equation (4) looks like

Z ;lea +Z,BIZ+Q2( Z ﬁuﬂx&) + 0 ( Z Cz,xaanz) —0.

le]xex lel le]xex; XEX] H
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If Q> has a dangling variable connected to its top + gate, let it be y». We shall consider the
above equation without czyan Observe that any monomial of the highest degree in Q; is not
present in any other summand in the above equation. Hence } ¢ rex — Bzl = 0. Also, for every

x € x5 \ {y2}, aa% € FF[x|,]. Hence, Yrcx \ (1) Cz,x% = cforac € F. It follows from Observa-

tion B.1 that ¢ = 0, and hence from Observation 2.7 that c; x = O forall x € x], \ {y2}. Observation
B.1 and the fact that |I| < 1 imply that §;, = 0. Then, from Observation 2.7 p;, = O foralll € |

and x € x;. Hence, {aa—cjf cxex'\ {yz}} is F-linearly independent and N, (Cy) > n — 2.

Case 3: m = 2,deg(Q1) > 2, and deg(Q>) > 2. In this case, Equation (5) becomes

Eﬁl,z"‘QZ( 2 Cix an)‘f‘Q1<Z CZxaan) = 0.
ie2

lel | xexy; xexy,

Let the polynomials multiplied by Q} and Q; in the above equation be g; and g5, respectively. Let
v be the parent of y; in C and path(v) be the path from the root of C to v. If v is the top-most + gate
then substitute a root a of Q in the above equation; g1(a) € F. As deg(Q}) > 2and |I| <1, we
get B, = 0. Otherwise, there exists a x gate v’ on path(v), such that Q. ; and Q. , are children
of v/, where Q, ; lies on path(v) and Qs » does not. Clearly, ¢; is present in Q. 1, and Q,, is a
+-rooted sub-ROF or a variable of Q;. We first substitute a root a of Q. , in the above equation
and then plug in a root of Q(x], = a,x' \ x{,). In this process, note that x| , U var(¢;) \ x| is
untouched. As |I| < 1, B, = 0. Further, since Q, is irreducible (Fact 2.5), we get that Q» either
divides Q] or g1. As deg(Q2) > 2, Q, contains a monomial not present in Q] and Q, does not
divide Q). As deg(Q2) > deg(q1), Q2 dividing q; implies that g; = 0. Thus, using Observation
2.7 we get that ¢, = 0 for all x € x; . Then, using the induction hypothesis like in Case 1, we get
Ness(Cg) >n— 2.

Case 4: m > 3. By putting the roots of Q; and Qs in Equation (5), we get §;, = 0. For i € [2,m],
let g; be the polynomial multiplied with @i in Equation (5). Then for every i € [2,m], Q; divides
Qiqi. As Q; is irreducible (Fact 2.5), Q; must divide g; or Q. Suppose there exists an i such that
Q; divides Qi. This happens if and only if Q; = x and Q] = ¢; = —a’x, where x € x". Note that
such an i is unique, say i = 2. Now, for every j € [3,m], Q; must divide g;. As deg(Q;) > deg(q;),
g; = 0. Then, Equation (5) becomes ¢ x(—axQ1 + Q2) = —2c5 vty TTjej3m Qj = 0. As char(FF) # 2
and &) # 0, c;, = 0. If such an i does not exist, then gi = Oforallj € [2,m]. In either case,
using Observation 2.7 we get, c;, = 0 for every j € [2,m],x € x| ; j- Then, Equation (5) becomes

erx’ C1,x axl = 0. Using the induction hypothesis like in Case 1, we get Nss(Cy) > n — 2. O

B.9 Proof of Claim 2.3

Algorithm 8 Make-Polys-Var-Disjoint(g1, . .., gm)

Input: Black-box access to g1, ... gm € F[x] such that Ness(g1 -+ - gm) = Ness(g1) + -+ + Ness(gm)-
Output: An A € GL(|x|,F) such that g1 (Ax), ..., gm(Ax) are pairwise variable disjoint and indi-
vidually free of redundant variables.

1. A+ I|x|><|x|/ y — Q.
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2. fori=1,...,mdo

3. A; < Remove-Redundant-Vars(g;(Ax),y) (see Claim 2.2); y; < var(g;(AAx)).
4. A<+ AA,y <+ yUy,

5. end for

6. Return A.

The correctness of the algorithm follows from the observations below.
Observation B.4. For every i € [m], Ness(g1 -+ i) = Ness(g1) + - - 4 Ness(i)-
Proof. Follows from the fact that over any IF, Ness(h152) < Ness(h1) + Ness(h2), for hy, hy € F[x]. O

Observation B.5. Suppose x = yWzand hyi(y), ha(z,y) € F[x| such that Ness(h1) = |y| and Ness(h1hp) =
Ness(h1) + Ness(h2). Then, z contains a set of essential variables of hy.

0z
Fact 2.1, Ngss(hih2) < 1+ |y|, which implies Ness(h2) < I (as Ness(h1) = |y| and Ness(hiha) =

Ness(h1) + Ness(h2)). On the other hand, dim<% 1z € z> = | implies N,s(h2) > 1. Hence,

Ness(h2) =1, and so by Fact 2.1, z contains a set of essential variables of h;. O

Proof. Observe that dim <a;gzh2 1z € z> = dim <% 1z € z> ; let this dimension be I. Then, by

B.10 Proof of Claim 2.4

Algorithm 9 Make-Factors-Var-Disjoint(g(Bx + d))

Input: Black-box access to a g(Bx +d) € F[x|<4, where g = g1 - - - g for pairwise variable disjoint
g1,.-.,8m- (B €GL(|x,F),d € FX,and g,g1,...,gn are unknown to the algorithm.)

Output: An A € GL(n,F) and a set V as stated in Claim 2.4.

Factorize g(Bx + d) using Fact A.2. Let F < {hy,..., h.} be the set of (black-boxes for the)
irreducible factors of g(Bx +d).

2. while Ness(TTherh) # Yper Ness(h) do,

[uny

3. Forthefirst] € [|F|]s.t. Ness(h1---hi) # Yjep) Ness(hj), findak € [I — 1] s.t. Ness(hy -+ - hgq -
h) = Zje[k—l} NESS(hj) + Ness (hl) but Ness(h1 + -+ - hl) # Zje[k] NeSS<hj) + NeSS(hl)-

4. F <« FU{hx -}, F < F\ {h, Iy }. Rename the elements of F as {hy, ..., hs}.

5. end while

6. LetF = {hy, -, hs}. A < Make-Polys-Var-Disjoint(hy, ..., hs) (see Algorithm 8).

7. V < {var(hi(Ax)),...,var(hs(Ax))}.

8. Return A and V.

The correctness of the algorithm follows from the following observation. Note that the num-
ber of essential variables of a polynomial can be computed efficiently using Claim 2.2. As we are
merging factors in Step 4, it is clear that the running time of the algorithm is poly(|x|, d).

Observation B.6. At Step 4, hy and h; are factors of g;(Bx + d) for some i € [m].

Proof. For contradiction, suppose Fy is a factor of g;(Bx + d) and £ is a factor of g;(Bx + d) for
i # j. Let p be the product of all h € {hy,..., hx_1} such that h is a factor of g;(Bx+d), g

57



the product of all i € {hy,..., 1} such that & is a factor of ¢j(Bx + d), and r the product of
all h € {hy,..., hx_1} such that h is neither a factor of g;(Bx + d) nor a factor of g;(Bx + d).
Then, hy - --h_1 = pgr. Observe that Ness(pgrh;) = Ness(p) + Ness(r) + Ness(ghy), as g1,- -+, §m
are pairwise variable disjoint. On the other hand, from the condition Nis(hy - --hy_q - h) =
Ness(hl) + .. Ness (hk—l) + Ness(hl) in Step 3, Ness(pqrhl) = Ness(P) + Ness(ﬂ) + Ness(r) + Ness (hl)
Hence, Ness(qh;) = Ness(q) + Ness(hy). For a similar reason, Ness(phy) = Ness(p) + Ness ().
Now, Ness(pqrigh;) = Ness(phy) + Ness(qhy) 4+ Ness(r), as g1, - - ., §m are variable disjoint. This im-
Phesr Ness(pqrhkhl) = Ness(p> + Ness (hk) + Ness<q> + Ness (hl) + Ness( ) Z]e ess( ) + Ness (hl)z
which contradicts the condition Negs(hy - - - by - 1) # Ness(h1) + - . . Ness(hg) + Ness(hl) inStep3. O

C Missing proofs from Section 3

C.1 Proof of Lemma 3.1

Structure of det(H(). Notice that % = 0if x € var(Ty) and y € var(Ty) for k # k' € [s]. Thus

H is a block diagonal matrix with the diagonal blocks being Hr,, ..., Hr,. Hence, det(Hp) =
[Tke[s det (Hr,). So to prove that det(Hg) # 0, it suffices to show that det (Hr,) # 0 for all k € [s].

Lemma C.1. Let n € IN, F be a field with char(IF) = 0 or > n, and x be a variable set with |x| < n. If T
is a x-rooted canonical ROF computing a polynomial in IF[x] of degree at least 2, then det(Hr) # 0.

Proof. We begin by developing an understanding of the entries of Hr. To do this, we first under-
stand the derivatives of T. Let path(x) denote the path from the root of T to the leaf labelled by
x. For an x € x, we define the product-depth of x, denoted by A,, to be the number of x gates on
path(x). We say that x is a dangling variable if x is directly connected to a + gate. For an x € x,
we expand T along path(x) as follows: let T = Qy 11 - Qx1,m, and x € var (Qy11). Let Qy11 =
Tea1+ -+ Txis, +71, and x € var(Ty11). Let I be any number less than A, — 1. After induc-
tively defining Q. ;; and T, i foralli € [I],j € [m;], and j' € [s;], let Ty ;1 = Qx 111+ Qul1,m s
with x € var(Qy41,1), and Qy 11 = Tepyi1 + oo+ Taggis,, + Y1, with x € var(Ty1q1). If x
is not a dangling variable, let Ty a, 11 = XQxa, 2" " Qx,a,m,, (here Qya 1 = x). If x is a dangling
variable, let Ty, - 1= = Qe Quagmy, and Qa1 = X+ Tya 2 + -+ Toa sy, + 74, (here

Tya,1 = x). Then, 3T = T IT Qi

ic[Ay] 2<j<m;

The entries of Hr. For x,y € x, let [Hr],, denote the (x,y)-th enrty of Hr. Because T is multilinear,
[Hr]xx = 0 for all x € x. For x # y € x, we define the first common ancestor of x and y, denoted by
fca(x,y), to be the first gate that appears on both the path from the leaf labelled by x to the root of
T as well as on the path from the leaf labelled by y to the root of T. There are two cases: fca(x,y)

is a + gate and fca(x,y) is a x gate. We now describe 2 Svou ay in both these cases.

Observation C.1. Forall x # y € x such that fca(x,y) is a + gate, [Hr|ry = [Hr]y» = 0.

Proof. Suppose that fca(x,y) = Qy1 for some 1 <1 < min{A,,A,}, and y € var(Ty ). aa;—aTy =

92Q, 0°T,, 0°T,,
agaél [T TI Quij= ( Toy T 8x8;2> [T TI Qxij=0.50, [Hrlyy = [Hrlyx =0. O
ie[l] 2<j<m; ic[l] 2<j<m;
The second case is when fca(x,y) is a X gate. Suppose that fca(x,y) = T or fca(x,y) = Ty ;1

for some 1 < | < min{A,,A;}. As we expanded T along path(x), we also expand it along
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path(y) by defining Qyi1,...,Qyim foralli € [A,] and Ty;s,..., T,y foralli € [A)]if yisa

Y5
dangling variable, and for all i € [A, — 1] otherwise. Notice that for all i € [I], every Q,;; = Q,,;
and every Ty;» = T, ;. Also, we can assume without loss of generality that Q, ;111 = Q112

Qui+11 = Qyus12,and Qy i1 ;= Qyuyjforall3 <j<myy =mp . LetQey =TT TI Quij-

ic[l] 2<j<m;
[T Q1) Noticethat Qxy = IT TI Quij- II  Qyus1j- Then,

3<j<m iell) 2<j<m] 3<j<my,,

Observation C.2. Forall x # y € x such that fca(x,y) is a x gate,

[Hrlxy = [Hrlyx=Qxy [1 TI Quij- T1 TI1 Quij-

I+T<i<A 2<j<m; I+1<i<Ay 2<j<m!
Proof.
=T TT Quy
- x1,]
oxdy el 2<j<m, oxdy
~TT T Quy 5
- X0 A A,
icilj 2<j<m; dxdy
_ N S 0Qui11 9Qy1410
ST IT Quyp T Quuy 2zens. %
iefl] 2<j<m; 3<j<my Y
=Qu I IT Quij- IT II Quis
IH+1<i<A, 2<j<m; I+1<i<Ay 2<j<m]

O]

Having gained an understanding of the entries of Hr, we proceed with the proof of the
lemma. We shall call a x-rooted canonical ROF a (A, m) ROF if it has product-depth A and has
exactly m many product-depth A — 1 ROFs connected to the top-most x gate. Let H]. be the matrix
obtained from Hr by taking x~1 common from the x-th row and the x-th column of Hy. Observe
that for all x,y € x, [H}]xy = xy - [Hr|yy. Also, notice that it suffices to show that det(H?) # 0.
We show this by induction on tuples of the form (A, m).

Base case. T'is a (1,m) ROF, where 2 < m < |x|. Then, T is a multilinear monomial, say x1 - - - Xy,
and det(Hy) = (=1)" "' (m — 1) [T *" # 0, as char(IF) = 0or > n > |x|.

Induction step. T is a (A,m) ROF, for some A > 2. Assume, by the way of induction, that
det(H%,) # 0 for all (A’,m") ROFs T’, where:

1. N=1landm’' €{2,...,|x|}, or
2. 1< AN <Aandm' € [[x|], or
3. A=A and m' < m.
Pick a variable x € var(T) as follows: arbitrarily pick a factor of T with product-depth ex-

actly A — 1. If there is no dangling variable inside this factor, then let x be any variable in it.
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Otherwise let x be a dangling variable with the smallest product-depth in it. As before, we ex-
pand T along path(x) by defining Q,;; for all i € [Ay] and Ty, for all i € [A,] if x is a dangling
variable, and for all i € [A, — 1] otherwise. Also, we assume without loss of generality that
Qx 1,1, -+ -, Qx1,m are the only sub-ROFs of T with product-depth A — 1. If x is not a dangling vari-
able, let x = Ay — 1; otherwise let x = Ay. Let U = {y € var(T) : fca(x,y) isa x gate} & {x} and
U = var(T)\ U = {y € var(T) : fca(x,y) isa + gate}. The following, easy to see observation
gives a characterisation of U and U.

Ob tionC3. U= W W ) dU= ¥ W Tyii).
servation 2 2§]‘Sinl'var(Qx,,,]) {x}an . 2§]‘SSivar( x,,,])

We now upper bound the degree of x in det(H7), denoted by deg (det(H?})), in terms of |U].
Observation C.4. deg, (det(H?)) < |U]|.
Proof. det(Hy) = Yyeg (—1)%"() [Tyex[H7ly,o(y), where Sy is the group of permutations of x. It

follows from Observations C.1 and C.2 that the only rows of H’T containing x are the rows labelled
by variables in U. Thus, for any ¢ € S, [H’T]y,a(y) contains x only if y € U. Hence, at most |U]|

many entries in {[H/T]y,a(y) (Y € x} contain x. Also, the degree of x in each of those entries is at
most 1. The observation follows. ]

Let N C Sx be the set of all o € Sy such that the image of U under ¢ is U, and let N =S\ N.

Observation C.5. Forany o € N, deg, (Hyex[H’T]W(y)) < |ul.

Proof. As 0 € N, there exists a y’ € U such that o(y’') € U. It follows from Observations C.1
and C.2 that the only columns of H/ containing x are the columns labelled by variables in U.

Hence, x ¢ var ([H’T]y/,a(y/)). Then, even if all entries in {[H/T]ylg(y) Yy £y € U} contain x,
degx (Hyex[H,T]y,U(y)> < ‘u’ O

Now,

det(Hr) = Y (=" TT[Hr]y o) + 2 (=1 OTTHL00)-
ceN

ceN yex yeX

Let the first summand in the above expression be h. It follows from Observations C.4 and C.5 that
to prove det(H7) # 0, it suffices to show that deg (k) = |U]|.

Claim C.1. h = ( Y (=1)%"@) 1 [H’T]ym(yl)> : ( Y, (—1)%8n(@) H[H}]Wz(m).

01ESy y1€U O'QGSU yzeu

Proof. For any o € Sy, let 01 be o restricted to U and o7 be ¢ restricted to U. For any ¢ € N, notice
that op € Sy and 0, € Sg. Thus,

h= Y (-1)%"® [ 11H]y00)

cEN yEX
= Z (_1)sgn(01)+sgn(tfz) H [H/T]ymﬁ(yl)' I_L[H/T]yz,tfz(yz)
?fessli nel yacl
u
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= L U [T o) | L GO T i)

nE€Sy y1eld UzESU el
= Z (_1)5g7’1(¢71) H [Hﬂyl,m (yl) : Z (_1)527’1(172) H [H%]}/z,az(yz)
€Sy yieu nEST el

Observation C.6. degx< Y (—1)5g”(‘72) H[H/T]yz,vz(yz)> =0.
00 €Sy yzeu

Proof. 1t follows from from Observations C.1 and C.2 that for no y, € U, does the row of H;
labelled by > contain x. O

Claim C2. ¥ (—1)%"%) [T [H}]y, 0(y) # O-

UzESU yeld

Proof. Notice that the given polynomial is the determinant of [Hr|y; ¢, the sub-matrix of [Hf]
whose rows and columns are labelled by variables in U. We show that [H|; 17 is a block diagonal
matrix and all the diagonal blocks have non-zero determinant.

From Observation C.3, the rows and columns of [H7 ;7 are labelled by variables in b? ] 2<L{d<
ie[x]25j<s;

var(Ty,;;). We claim that ax ax = 0 for all x; € var(Ty,;,) and xo € var(T,z ), where i # i’ or
j#j . 1fi=1i, thenboth T,;;and Ty are children of the gate Q, 1, and fca(xq, x2) = Qy;;. As
Qy,i J is a + gate, from Observation C.1, ax ax = 0. On the other hand, if i # i’, assume without
loss of generality that i < 7. Then observe that Ty ; s is a sub-ROF of Ty ;. Thus fca(xq,x2) is

again Q,; ;, and just as before ax ax = 0. This implies that [H}];; 7 is a block diagonal matrix with
diagonal blocks [H7]yar(r, Ty )var(Ty;) fOr 1 € [X]and 2 <j <s;.
We now show that foralli € [x] and 2 < j < s;, the determinant of [H/T]Var(Tx,i,;),Var(Tx,i,j) is non-

zero; this would prove the claim. Fixani € [x]andaj € {2,...,s;}. Observe that for any x;,x, €
2 Ty
Var(Tx,i,j)/ 5)3?1737;2 = Wax; ) i/gi} zg}gm,, Qx,i’,j" So, [HHVar(Tx,i,j),var(Ty/i,/-) = i’gi]Zgjgm/ Qy, i [ xz]]
and it is sufficient to prove that det([Hr, ii]) # 0.7 We claim that T, ; j is not a single variable. The
only way it can be a single variable is if it is a dangling variable. If x is not a dangling variable,
then because of the way we picked x, there is no dangling variable inside Qy,1,1. As Ty ; is a sub-
ROF of Qy,1,1, it is not a dangling variable. Otherwise, as x is a dangling variable in Q, 1 ; with the
smallest product-depth, forall i/ < Ay —1,and 2 < j <y, T,y can not be a dangling variable.
Also, xand Ty a2, - -, Tx,a,s,, are children of the same gate, viz. Qya,,1. Because T is a canonical
ROF, Ty, 2, - - Ta,a, 55, can not be dangling variables. Thus, Ty ;; is not a dangling variable, and
is a (A’,m") ROF for some A’ < A such that if A’ = 1, then m’ > 2. Then it follows from the
induction hypothesis that det( [H/Tw]) # 0, proving the claim. O

¥Since Ty, j is a x-rooted sub-ROF of T, we can define [H/Tm] in the same way as [HY).
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Because of Claim C.1, Observation C.6, and Claim C.2, to prove that deg (h) = [U|, we
only need to show that for ¢ := Y. (—1)%"(@) [T [H’]y] o) deg (g) = |U|. Let T' be the

o ESy yle
ROF obtained from T by replacing Ty p + - - - + Tyis, + i by 0 for all i € [x]. Notice that T =

x IT Il Quij=x- aT Hence, ‘3£ = 837;. Also, from Observation C.3, var(T’) = U.
i€[Ay] 2<j<m;

Claim C.3. When g and det(H?,) are viewed as polynomials over F[x \ {x}], the coefficient of x!Ul is same
in both the polynomials.

P?’OOf. 8§ = L (_1)Sgn(gl) I1 [H/]yl a1 (1) det(H/T’) = L (_1)Sgn(al) I1 [H/T’]ylm(yl) and for

€Sy j1€ €Sy y16U
all y1,y2 € U, [H7]y,y, and [H}, ]y, , are multilinear. Thus, it is sufficient to show that the coef-
ficient of x is same in [H7|y, ,, and [H7/]y, 4, for all y1,y2 € U. This is the same as showing that

a[Ha}xyl w9 Ta'i“ 2 for all y1, > € U. There are three cases.

Case 1: Neither y; nor y; is x. Then,

o[HTly,y, O 9T o> (0T > (T _ olHrlyy.
T Ay T 3, \Yi2n o ) = Vil 5, | — Yib2 =3,
ox ox Y10y 0y10yz \ ox Ay 0yy \ Ox ox

Case 2: Exactly one of y; and y; is x; say y1 = x. Then,

JoHY]yy, O 0°T o (oT 9 [oT
— = XYoo | =Yoo=\ 5 | =Yoo | 5
ox  ox 0x9Y> dyn \ dx Yz \ 0x

Case 3: y; = y» = x. In this case, both [H%], 4, and [H7, ]y, 4, are 0. So,

0 02T’ B[H/T,]yl v
~ox M2 ox

OHrlyiy, _ OHplyrwn _
ox - ox =0 O

Now, every non-zero entry of H/, contains x and the rows of H, are labelled by variables in
U. Because we can take x common from all the rows of H7,, if det(H7,) # 0, then deg, (det(H’,)) =
|U|. Thus Claim C.3 implies that, deg (g) = |U| if and only if det(H},) # 0. Recall that T is a
(A, m) ROF. If m > 2, then it follows from the definition of T’ thatitis a (A, m — 1) ROF. Otherwise,
if m =1, i.e., if Qy;1 is the only sub-ROF of T of product-depth A, then T’ is a (A’,m") ROF for
some A" < A and m’ < |x|. Also as T is a x-rooted ROF, its fan-in, m; > 2. Thus, if A’ = 1, then
m’ > 2. So from the induction hypothesis, we have that det(H?,) # 0. This proves the lemma. O

C.2 Proof of Claim 3.1

LetT = Q-Q;---Qubea x-rooted sub-ROF of C. Let C = T; + - - - + Ts + 7. We saw in the proof
of Lemma 3.1 that det(Hg) = [Iie[ det(Hr, ). Thus, if T is a sub-ROF of Ty, then it is sufficient

to show that Q°~! is a factor of det(Hr, ). Let x € l LJ[d ]Var(Ql) and consider the x-th row of Hr,.
e\m

Like in the proof of Lemma 3.1, we expand Ty along the path(x). Then for any y € var(Ty),

[Hr]xy = % ( IT TII Qx,z-,]). Notice that for some A, € [A,] and j € [m,, ], say for j = 2,
i€[Ay] 2<j<m;

Q = Qu,2- Thus, Q is not a factor of [Hr, ]y, only if y € var(Q). For suchay,

8
[Hr, ]xy Q IT TII Quij- I] Qe (7)

i€[Ay—1] 2<j<m; 3<j<my,
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We take Q common from every row of Hr, labelled by variables in l E[rJ ]Var(Ql) to obtain a
Elm

matrix Hy,. Now, det(Hr,) = Q°det(Hr, ). So it suffices to show that det(H, ) is either a polyno-

mial, or if it has a denominator, the denominator is just Q. Notice that the only entries of H’T/k which

are not polynomials but rational functions are [H7, ]x,, where x € E[rJ ]Var(Ql) and y € var(Q).
leim

Let 0 € Syay(1,) be any permutation that maps x; # x € le?m]var(Ql) toy1 # 2 € var(Q). Define

0" € Syar(r,) such that it maps x1 to y2, x2 to y1, and for all other x € var(Ty), 0’(x) = o(x). Then,

(_1)5811([7) H [HTk]XU'( ) T (_1>sgn(a’) H [HTk]xa’( )

xevar(Ty) xevar(Ty)

s <_1)Sgn(0) I_I [HTk]XU( ) ([H%(]xl/yl [Hé—/'k]eryZ - [H!I,’k]xl’yZ [Héfk:lXZ’yl) )
xevar(Ti)\{x1,x2}

Now, expanding T along path(x;) as well as path(x;) we get,

QZ ([H%(]xpm [Halk]xz,yz - [Hﬁ]xl,yz [H%C]Xz,yl)

0 0
— (Q 1_[ H Qx,i,j- H pr)\xl,j) (QZ 1_[ H Qx,i,]'- H sz,/\xz,j)

Iy €[y, —1] 25j<m; 3<j<m,, Iy i€[Aey—1] 2<j <! 3<j<m),

d d
(Q H H Qx,i,j : H Qxl,)\,(l,]) (Q : H H Qx,i,j : H sz,)xrz,j)

ay2 i€[Ay —1] 2<j<m; 3§j§m/\x1 ayl i€[Ay, —1] 2<j<m] 3§j§m;\x2
(from Equation (7))
=0.
Let U be the set of all permutations ¢ such that o maps at most one variable in LTJ }Var(Ql)
lem
to a variable in var(Q). Then,

det(HE] = Y (-1)*" [T [Hflror)-

cel xevar(Ty)

As at most one of the {[Hﬁ] xo(x) X € Var(Tk)} has a denominator and this denominator is Q,

either det[H’T’k] is a polynomial, or if it has a denominator, the denominator is just Q. Thus, QE*1
is a factor of det(Hr, ). O

C.3 Proof of Claim 3.2

From Lemma 3.1, det(Hg) # 0. Suppose that x € var(C) is not a variable in the quadratic form
of the top-most 4 gate of C, nor a dangling variable along some skewed path, nor a variable
appearing in a quadratic form along some skewed path. There there exists a x-gate T on the path
from the root of C to the leaf labelled by x such thatif T = Q;--- Q,y, then x € var(Q;) and
|var(Q2)| + - - - + |var(Qu)| > 2. Then, Claim 3.1 implies that Q; is a factor of det(H¢). Now Q;
is either a variable or a 4+-rooted sub-ROF, and therefore is irreducible (Fact 2.5). Then, the claim
immediately follows from Observation 2.3. O
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C.4 Proof of Claim 3.3

Suppose that y; € y is present in det(Hg). Let the quadratic form of Q be y1y2 + ... +y;_1y;. Let P
be a permutation matrix acting on x := var(C) such that P maps y; to v, y» to y1, and every other
variable to itself. As, C = C(Px), det (Hp) = det (HC(PX)>' Also, from Fact 2.8, det (HC(PX)> =

det (Hg) (Px). As y1 is present in det (Hg), y2 is present in det (Hg) (Px) = det (Hg). For any
oddi <1 —1,let P be a permutation matrix mapping v to y;, y2 to yi+1, ¥i to y1, yiy1 to yo, and all

other variables to themselves. Again det (Hp) = det (HC(PX)) and det (HC(PX)> = det (Hg) (Px).

As y1 and y; appear in det (Hg), y; and y;.1 also appear in det (Hg) (Px) = det (Hp).
For any odd i < I —1, let S be a scaling matrix mapping y; to 2y;, yi+1 to 5% and every

other variable to itself. C = C(Sx), and hence det (HC) = det (HC(SX)>' Also, from Fact 2.8,
det (HC(SX)> = det(Hg)(Sx). Consider a monomial y of det (Hp) in which the degree of y; is d,

that of y;11 is d;;1, and whose coefficient is . In det (Hg) (Sx), the coefficient of y is f8 - 2fi=dit1,
Thus, d; = d;;1. Then from Observation 2.4 y; and y; 1 are truly essential for det (HC) O

C.5 Proof of Claim 3.4

As argued in Section C.1, det(Hg) = [Tie[s det (Hr,). It is sufficient to show that y is not present
in det (Hr, ). It follows from Observations C.1 and C.2, that y does not appear in any entry of Hr,

because the only x” € x for which g;,g"y # 01is x. But é?;’gky = 1. Hence, y ¢ var (det (Hr,)). O

D Missing proofs from Section 4

D.1 Proof of Claim 4.1

[BR] o ugtx\ {0} = Blx fuodx [Rlxx fuo}- Where [Bly g1 is the sub-matrix of B whose rows and
columns are labelled by variables in x \ {uo} and x, respectively, while [R], ,\ {up) 15 the sub-
matrix of R whose rows and columns are labelled by variables in x and x \ {uo}, respectively.
For x € x\ {up}, let ¢, be the linear form that x is mapped to by B. Let R = (7y /)y ex- Then
the (x, x")-the entry of [BR]\ 1,1\ {uo} 18 ¥x(tv), where 1y = {r v : x € x}. As B is invertible,
{€x(x) : x € x\ {uo}} is linearly independent. Thus, the columns of [BR],, 1} x\ s} are evalua-
tions of linearly independent, degree 1 polynomials at independently chosen random points from
F", where |F| > n®. It is well known (see for instance Claim 2.2 of [KNS19]) that any such matrix
is invertible with probability at least 1 — % O

D.2 Proof of Claim 4.2

H, 0
0 0
(BR)T ‘ HC (BRX + d) ‘ (BR) It iS easy tO that H1 = [BR]I\{UO},X\{L{()} ‘ HZ(BRX + d) ‘ [BR]X\{M(]},X\{MO}’

which implies h = det(H;) = B det(H,)(BRx +d), where B is the determinant of [BR o\ {ug}x\ {110}
From Lemma 3.1, det(H;) # 0 and from Claim 4.1 § # 0 with high probability. Hence, & is also

non-zero with high probability. Also, ug ¢ var(det(Hz)) and hence N, (det(Hz)) < n — 1. Now,

Observe that H; is the Hessian of } ;¢ (s Tx + . Then Hp = [ } - Fact2.6 implies that Hy (g, =
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[Vh]x\{uo} = [BR]f\{Llo},X\{uo} ’ [v det(HZ)]x\{uo} (BRX+ d),where [Vh]x\{ug} and [v det(HZ)]x\{uo}
are the gradient vectors of I and det(Hy) restricted to the entries corresponding to variables
in x \ {up}. From Claim 4.1, [BR]Z\ (1o} x\{up} 1S invertible with high probability. So the spaces

<g—f’{ tx ex\ {u0}> and <% det(Hz) : x € x\ {u0}> have the same dimension with high probabil-

ity. Then Facts 2.3 and 2.1 imply that a subset of x \ {uo} contains a set of essential variables of h
with high probability. Thus, 1 is redundant for & with high probability. O

D.3 Proof of Claim 4.3

Ti(Rx) = Ti(BRx + d) implies that g(x) = g;(C,'BRAox + C;'d). As var(gy) = var(g}) = 2
and none of them have any redundant variables, z; are the truly essential variables of ¢ and g’.
Thus Observation 2.2 implies that C; 'BRA( maps every z € z to a linear form in z;. Also, from
Fact 2.2 we have that C; maps every z € z; and every y € yj to itself, and every z € z to a linear
form that looks like z + } ayy. Multiplying Cy to C- 'BRA yields the claim. O

yeyvar ()
D.4 Proof of Claim 4.4
(0)

BA is invertible and from Claim 4.3, for every z € Z/, [EZ ] = 0. Hence, the sub-matrix
y

[BAO]Z”HJy,y
ing to variables in y is full rank. From Claim 4.3, we have that all rows of [BAy]

of BA( containing rows corresponding to variables in z” &y and columns correspond-
2y are in the

IF-span of the rows of [BAo], .. Thus [BA|, . is full rank. The claim follows by noticing that the

entries of [BAo]y y Yy are exactly the linear forms [E;O)] forally €y. O
’ y

D.5 Proof of Claim 4.5

Observe that for every i € [m], the i-th iteration of the loop only works with g;(A}x) (where A}
is as in Step 4) and computes a C; which only acts non-trivially on var (§;(A}x)). Thus, we can
analyse every iteration of the loop in isolation, and it sufficient to prove that after the i-th iteration,

Gi(A1Cix) = (Yirq +hing) (Wio +hin) +---+ (y;,m,»,l + Rimy1) (yg,m,ﬂ + iy 2) -

Fixani € {0,...,m} and letvar (§;(A}x)) = {yg,l,l’ Vit Yim 1 yg,mf,Z}' As mentioned before,

7i(A}x) has no redundant variables. Thus, C; € GL(2m;, [F) output by the QFE algorithm is such
that after it has been extended to map every variable in x \ var (§;(A}x)) to itself, §;(A]Cix) =

VitWiiot T YimaYim o
Forallj € [m;] and ! € [2], leta;; be the y; ;-th entry of Bb +d and p;; = [ESZ) } + ;. Then,

ji

) (WH ot Pf,1> (sz} ,t Pf,2> (A1Cx) = ) (Lia+pja) (bia+pj2) .

jelmi] j€[mi]

where for j € [m;], | € [2], {;; := |:€‘1(/?’]?'1:|y (A]Cix). Since A1C; € GL(n,F), Claim 4.4 implies that
{¢;1:j € [mi], I € [2]} is linearly independent. Now §;(A1C;) = Ljcpm, £j1¢j2 and § € orb(g;).
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Also neither g; nor g; have any redundant variables. Hence from Observation 2.2, for all j € [m;]
and [ € 2], ¢;; is a linear form solely in { YViia Yitor- - Yimas yg,mhz}. Expanding the right hand
side of the above equation,

Y. Wia+pi)Uin+pia) =Y, Lialio+ Y, (iapja+Liapin) + Y. piapie- (8)

jé€[m;] jé€m;] jelm] j€lm;]

Fpr j € [mi], let h; ;1 and h; ;> be tne coefficients nf Yij2and yij1in Yiepm) (€102 + €2pj1) respec-
tively. Then, h; 1, hijo € F |z] are linear polynomials a}nd Zje[mil (¢ i1Dj2 —|— Ciopin) = Yie[m] (yijahij2+
yi,j,Zhi,j,1)~ NOW, Z]G[m,} gj,lgj,Z = Z]'E[m,-] yi,j,lyi,j,2~ Puttlng these in equatlon (8),

Y, Gatpi)Gatpia) = Y Wija+hii)Wija+hije) + Y (Piapia = hijahij2) )
j€lmi] j€lmi] j€[mi]
Substitute y; j; = y;,; — h; j; for every j € [m;],] € [2] in the above equation. Then we get
Y. G +pi) G +1i0) = Y Vigaija+ Y, (pjapj2 — hijahija),

j€lmi] j€lmi] j€lmi]

where for every j € [mj], | € [2], p;, € F[z] is a linear polynomial. Note that the right hand side
of the above equation does not have a monomial containing variables from both y and z. Thus we
get Ljcim) (61P), +¢j2p),) = 0. Since {£;; : j € [m;], I € [2]} is linearly independent, it is easy to
see that for every j € [mi], pj; = p}, = 0, which implies };c [, (pj1pj2 — hijahij2) = 0. Hence,

7i(A1Cix) = ';] <[£§OJ)1} + Pj,1> <[f§0,)z}y + Pj,2> (A1Cix)
je[m
= Y (G +pi)a+pj2)

j€mi]

= Z (yi,j,l + hi,j,l) (yi,j,Z + hi,j,Z) (from Equation (9)).

jé€[m;]

O]

D.6 Proof of Claim 4.6

{&(Cl) 1X € x} is linearly independent. As A] acts as identity on z & u (Observation 4.1), from

Claim 4.3, we get that Ve F[z] for all z € z’. Hence, dim < [E,(Cl)} cx €z L+Jy> = |y|. From
y

Claim 3.3, no y € y \ uis in var(det(H;)). Thus, by applying A’ on both sides of the equation in
the second point of Claim 4.3, we get that for all z € z”, oM = U+ Y e a, 05", where V. € Flz].

Hence, eﬁ” cze7'\ e Fspand [¢W] .y e ; SO (W] Ly e is linearly indepen-
y P vy yey vy yey y P

dent. Now, { [Eél)}y yey\ u} =y \ u. Thus, { M,l)} JUE u} is linearly independent.
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D.7 Proof of Claim 4.7

Immediately after Step 8 of Procedure 2 is executed, det(Hy)(BRAox + d) = h(Aox) € F|z]. Be-
cause C computed in the for loop of lines 10-12 only maps some variables in z’ to linear forms in
IF[z], after this loop is executed, det(H;)(BRA((Cx + b) + d) € F[z]. Thus, after Ay is updated to
be RA(C and b := RAb’ in Step 13 of Procedure 2, det(H,)(BAox+ Bb + d) € F[z]. Since A] acts
as identity on z and Ay = ApA}, I’ := det(Hz)(BA1x+ Bb + d) € F[z]. Now, from the chain rule
of derivatives we have that

V' = (BA;)T [V det(H,)] (BA1x+ Bb +d),

where VI' and V det(H,) are gradients of i’ and det(H,) with respect to x, respectively. As I’
does not contain any u-variable,

0= [VI], =[(BA1) ][V det(H,)] (BAix+ Bb +d),

where V'], is VI restricted to entries corresponding to u and [(BA;)T]y is (BA;)T restricted to
rows corresponding to u. Thus,

[(BA1) Jux [V det(H2)]y = —[(BA1) ]y [V det(H2)]

x' x' 7

where [(BA1)"|yx and [(BA1)T],, \x are the sub-matrices of (BA;)” whose rows and columns are
labelled by variables in u, X' and u, x \ X' variables respectively. As B = [BA1]y yu, [(BA1)T]ux
is invertible. By right multiplying its inverse on both sides of the above equation, we get that for

allx’ € X/, a% det(H,) € F-span {% det(Ha) : x € var(det(Hy)) \x’}. Hence, X’ is redundant for
det(Ha). Then, as no variable y \ u is present in det(H>), the claim follows.

D.8 Proof of Claim 4.8

Pick any arbitrary k € {s1+1,...,s2} and ¥’ € y;. If K;%) contains a variable not in z; W yj, because
of Claim 4.5 and the fact that A/, acts as identity on z ¥ (y \ u), it must be in z \ z;. Suppose that

yy' is a term in the quadratic form along a skewed y in Ty. Fix any z € z \ z; if z € var ([ﬁ)l

then during the y-th iteration of the for loop of lines 2-8, g contains the monomial yz. We now
argue that the only place in f(A»x + b) which can contribute yz to g is ;M;%). This implies that the

coefficient of iz in g, i.e., the coefficient of z in E’y, after Step 3 is equal to its coefficient in EJ(;).

For uz to be present in g, jizy must be present in f(Axx + b). We claim that pzy is not present
in Ty (Axx+b) forany k' # k. If k' € [s1], then this directly follows from Claim 4.3 and the fact that
Aj A} act as identity on z;. Forak’ € {s1+1,...,s}, note thatask € {s; +1,...,s2}, deg(p) > 1.

Because y and variables in var(y) are not in zy Wy, y can only be present in eﬁf) for some x € xy if

x is a dangling variable along some skewed path. Hence any monomial of Ty (A2x 4 b) containing
y can not contain any other variable in z; W yk. So, uyz is not present in Tje (Axx + D).

Now, apart from E;Z), y can only appear in &(52) for some x € xy, if x is a dangling variable
along some skewed path, say u’. However, since z ¢ z, z ¢ var(y'). So, yzy can not be present
(2) (2)
X yl

is equal to its coefficient in Eﬁ)

in /457, This only leaves uf;’ as the place that can contribute yz. Hence the coefficient of z in E’y,

. Now, notice that y’ is not present in ¢ in any iteration of the for
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loop other than the y-th iteration. Hence, through out the execution of the loop, A} only acts on v’
during the y-th iteration. In this iteration, after Step 4 is executed, é;%) (A4x +b’) does not contain
z as Ay is updated to map y' to y’ — £],. Since this is true for any z € z \ z, the claim follows.  [J

D.9 Proof of Claim 4.9

Pick any arbitrary k € {s, +1,...,s'} and ¥’ € yy. If é;%) contains a variable not in yj (as zx = @),

because of Claim 4.5 and the fact that A} acts as identity on z & (y \ u), it must be in z. Suppose
(2)
y/

lines 2-8, ¢ contains z. We now show that the only place in f(Asx + b) that can contribute z to ¢

is 8;‘?‘). Observe that for z to be present in g, yz must be present in f(A>x + b). Apart from 8@2),

y is only present in 02 if xis a dangling variable along a skewed path in some bad term Ty or
x = ug. However, Observation 4.5 implies that we can assume without loss of generality that the
only place in f(A>x + b) that contains zy is %2) E;%). Thus, after Step 4 is executed, v’ is mapped to

an affine form in y' in f(A2Alx+b). O

that Ty = yy'. Fixany z € z; if z € var (E ), then during the y-th iteration of the for loop of

D.10 Proof of Claim 4.10

Fixak € {s1+1,...,s52} and an x € x;. Suppose that y € y \ y is present in ¢?). Then, in the y-th

iteration of the for loop of lines 2-8, the monomial y’ representing the skewed path corresponding

to x is in r(z). Observe that deg(y’) > 1. Note that the only time A, translates the sole u-variable
(2)

u' in ;" by a multiple of y is in the y-th iteration of the loop. So it suffices to prove that in this

iteration, B in Step 6 is the coefficient of y in 6&2). We do this by showing that the only place in

f(Axx+ b) from which p’ can appear in g is from y’&(cz).

For 3 to be present in g, u'y must be present in f(Ayx +b). We claim that 4"y can not be
present in Ty (Axx + b) for any k' # k. Because of Claims 4.8 and 4.9, variables in var(y’) can only
be present in Eg) for some x’ € xp if ¥’ is a dangling variable along some skewed path in Ty or
x" = u. Hence any monomial of Ty (Asx + b) containing a variable in var(j) can not contain any
other variable in z; W yj. So, y'y is not present in Ty (Axx + b).

Now, in Tk(Azx +b), y is only present in ES) for some x’ € x; if x’ is a dangling variable along
some skewed path. However, if that skewed path is 3"/, then the monomial present in T (Ax + b)

2) (2)

is u"y. Hence ¢}’ can contain the monomial y'y only if 4" = p’ and x’ = x. Thus only u'¢;

contributes i’ to g, and B is precisely the coefficient of y in 69). Hence, after A} has been updated
to map ' to u’ — By in Step 6, ¢? (A%x) does not contain y.

Foranyy € E%), in the y-th iteration of the loop, r(z) contains a constant, say . Because uy is
only translated by a constant multiple of y in the y-th iteration of the loop, it is sufficient to show
that B is the coefficient of y in E%). If y € yi forsome k € {s1+1,...,s,}, then every monomial in
f(Ax + b) containing y must also contain a skewed path. Observation 4.6 implies that A} maps
the top quadratic from to Z,s{/:sz 11 Yx1Yk2- Thus By is also not present in the top quadratic form.

Hence B is exactly the coefficient of y in K%). Also, in this case when Step 6 is executed, u’ = u.

So after A} has been updated to map ' to 1’ — By, EE,%) (A%x) does not contain y. O
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D.11 Proof of Claim 4.11

Fix any k € {s1+1,...,s2} and x € x; which is not a bad dangling variable. If the corresponding
skewed path is y, then deg(y) > 2. Also, from Observation 4.3, if the sole u variable in éﬁ[g) is u,
then (, u) € V. We analyse the iteration of the for loop of lines 11-16 corresponding to (y, u). Fix
any z € z \ zx. We show that in the z-th iteration of the for loop of lines 12-15 the coefficient of yz
in g is exactly the coefficient of z in o) R R

As deg(y) > 2, uz is not present in Ty (Asx + b) for any k' # k. Also, in Ty(Asx +b), z is
only present in Ef) for some x € xy, if x is a dangling variable along a skewed path. However, if

the skewed path corresponding to x is j/, then we get the monomial y'z form p'¢ ,((3). This means

that 4/ = y and hence in Ty(A3x + b), yz is only obtained from ]/1&(63). This means that in Step 14,

« is precisely the coefficient of z in ¢ 3({0’)‘ Hence, after that step is executed and A} updated to map
utou—az, 523) (A)x) does not contain z. Also, observe that the only monomials containing z in
T (As(var(y'), z, x \ (var(p') W{z}) = 0) +b), for k' # k can be of degree at most 2. Further
any monomial containing z in Ty (As(var(y'), z, x\ (var(¢’) W {z}) = 0) + b) must look like 'z,

where p’ is a sub-monomial of y. Hence, g—‘g is sparse and can be interpolated efficiently. O

D.12 Proof of Claim 4.12

We prove the claim by showing that the following loop invariant holds: The matrix A computed
after the i-th iteration of the loop is such that for all j < i, if x; € x|, then E,({j’) (A}x) € Flzr Wy
Suppose that the invariant is true before the execution of the i-th iteration of the loop; it is trivially
true before the first iteration. Suppose that x; € x;. First we consider the z-th iteration of the
for loop of lines 18-21 for a z ¢ z; U {z1,...,zp}. Since for any k € [s], the only x € x; such

that Eg(f) (A)x) contains variables not in zy are x € {ug, x1,..., xn }, the only place in f(A3Ajx+b)
that can contribute z;z to g is z; - €§(3) (A)x). Hence, in Step 20 « is exactly the coefficient of z in

KE[?)(AZIX). Thus after that step is executed and Aj is updated to map the sole u variable u; in
&(3) (A}x) to u; — az, 63((,3,) (A)x) does not contain z. Fora z € {zy,...,z;_;}, the assumption that the

loop invariant is true before the i-th iteration and Observation 4.7 imply that z;z is not a monomial

in ¢ and hence z is not present in g—i. On the other hand, for all z € {z;;1,...,zx}, Observation
4.7 implies that in Step 20 « is exactly the coefficient of z in ES) (A)x). Hence, after that step is

executed and A updated to map the sole u variable u; in 63(3) (A)x) to u; — az, E,(C?) (A)x) does not
contain z. Notice that this also implies that the monomial z;z is no longer present in f(Ajx + b).
Also, in the i-th iteration, A does not act on any variable other than u;. Hence, the invariant is
also true after the execution of this iteration. O

D.13 Proof of Claim 4.13

There are two cases.
Case 1: k € [s1],say Ty = Qk1 - - Qkmy, M > 2 o1 neither Qg 1 nor Qx  is linear, Ty = Qg1+ - - Qkm,.

and Qk,l = Qi (Bx+d) forall I € [my]. Then from Claim 3.1, lel (RApx), ..., Qk,mk (RApx) are ir-
reducible factors of 1(Agx) where R, Ay, and & are as just before Step 8 of Procedure 2 is executed.
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Because Zj, ...,z are returned by Make-Factors-Var-Disjoint(( Aox)), from Claim 2.4, for every
I € [my], there exists an i € [m] such that var (@k,l(RAOX>> C z;, where Ay is as after Step 8 of

Procedure 2 has been executed. It follows from Observation 2.2 that every variable in var(Qy )
is mapped to a linear from in z; by BRAg. As C only maps some of these linear forms to con-
stant multiples of variables in Zz;, even after Ay is updated to be RA(C in Step 13 of Procedure 2,

var (Qk,,(on + b)) = var (lel(on)> C Z;. Because in Procedures 3 and 4, A],..., A} act as
identity on z, var (Qk,l(Ax + b)) C z; where A and b are as after Step 3 of Algorithm 1.

If var (Qk,l (Ax + b)) U---Uvar (Qk,mk (Ax + b)) C z;, then var (Tk(Ax + b)) is clearly con-
tained in a single connected component of G. So suppose that there exist disjoint sets I1, I, C [m]

and i # j € [m] such that U var (ril(Ax%—b)) C z;, Uepvar (Qk/l(Ax+b)> C zj, and

?f(Ax+b)
821822 -

2T, ~ ~ ~
PR — 2 (Tier, Qur(Ax+1b)) - 5 (Thier, Qi (Ax+1) ) - (Tligner, Qui (Ax+b) ) # 0. So
the edge {Z;,Z;} is added to G, and var (Tk(Ax + b)) is in a single connected component of G.

Ugrw, vVar (ril(Ax%—b)) N(z;Wz;) = @. Then, for any z; € z; and 20 € Z;,

Case 2: k € {s1+1,...,s2}, say T, = leléklz, where Qk,l is in the orbit of a variable. If there
exists an 7 such that var (le(Ax +b)> U var (ka(Ax+b)> C Z;, then var (Tk(Ax + b)) i

clearly contained in a single connected component of G. Otherwise, it follows from Lemma

4.3 that Qk 1(Ax + b) is a constant multiple of a variable, say z; € Z;. Let x be any variable in
2f(Ax+b) _ 82Tk(Ax+b) _

Qr2(Ax + b). First suppose that x € Z; for some j # i and x = z5. Then

- 02102 02102 -
% <Qk,1(Ax+b) . %ﬁ;m). As, M # 0,2z € var (le(Ax+b) %ﬁ;m). Thus,
% # 0 and the edge {Z;,Z;} is added to G. Now, if x € y and x = y, even then using the

same argument as above, Ff(Axtb) 0 and the edge {Z, v} is added to G. Thus var Tk Ax+b
) 9219y ge1zy
is contained in a single connected component of G.

So forallk € |sy|, var Tk Ax + b) ) is contained in a single connected component of G. Also,
& p

fork # k' € [s'] and any z; € Tx(Ax+Db), z, € Ty (Ax+Db), % = 0. Thus, var (Tk(Ax + b))

corresponds to a connected component in G. Further for any y;,y2 € var (TSZH(AX + b)) W

~ 2
.. Wvar <TS/(Ax + b)) observe that % is never computed, hence they are in distinct con-

nected components of G of size 1 each. ug is also in a connected component containing just
itself. Hence the only connected components of G with more then 1 variable correspond to

var (T1(Ax+b)>,...,var <T52(Ax+b)>. O

D.14 Proof of Claim 4.15

Fixani € [|z/]. Asa; is chosen randomly, deg(Q(ta;)) > 2 with high probability. Notice that there
exist Ql/,BzO/ Bi1 such that Q(tal) Q’( )+ Bi1-t+Bio = T(ta;) is satisfied; one solution is Q/ =

(Tk(Ax +b) /Q) (ta;), Big = (Lzeq €z - 2)(ai), and Bip = 7'. We claim that this solution is unique
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with high probability. Suppose that there existed two solutions Q/, B;0, 81 and QY, B/, B} - Then

Q(tay) - (Qi(t) — QY (1)) = (Biy — Bin) -t + Big — Bio. As deg(Q(ta;)) > 2 with high probability,
this is only possible if Q}(t) = Q/(t), Bi1 = Biiand Bip = Bi,. Inparticular B;; = (¥,¢,, ¢z -2)(a;)
and B;o = 7. Thus, after we interpolate }_,c, a.z using Bi1,...,B|, |1 and set x = Y., a:z +
Bro, T = Te(Ax+b) 4 [{(Ax +b)],, + 9 — £ = Ty(Ax + b) is reducible. O

D.15 Proof of Claim 4.16

Fixani € [|z¢| — 1]. Because deg(T) > 3, Lemma 4.3 implies that Qisa variable. Notice that there
exist Q}(z,t), Bia, Bi1, Bio satisfying z - Qi(z,t) + Bin -z + Big -t + Bio = T(z,2z¢ \ {z} = a; - t); one
such solution is Q] = (Tk(AX + b)/Q> (z,ta;), Bi2 = ¢z, Big = (Lrrez\(z) €= - Z')(a;) and Bip = 7.
We now show that f; 1, and B; o are unique with high probability. Suppose there are two solutions
Qi(z,1), Bia Bin1 Bio and Q' (z,1), Bio Biy, Bip- Then, z- (Qi(z,t) — Qi (z,1)) + (Bip — Bin) "z =
(Bi1—Bi1) -t + (Biy — Bio)- By putting z = O it can be seen that f;1 = B} = (L.ez\ (2} ¢ - Z') (a))
and Bio = Biy = 7'. Thus, after we interpolate }.ic,,\ (-} ®x2' using Bi1, ..., |51 and set { =
Y otez\ (2} 422 + B1o, T = Te(Ax +b) + [L(Ax+b)], + 7 — £ = Te(Ax + b) is reducible. O

D.16 Proof of Claim 4.17

One direction is simple. If £ = ¢ - Q; for some I € [m], then it is clear that T is reducible.

For the other direction, pick a z € var(¢) and let its coefficient be c. Note that there must exist
an ! € [m] such that z € var(Qy), for otherwise T is in the orbit of the +-rooted ROF Q1 - - - Qy, + z
and therefore irreducible. So assume without loss of generality that z € var(Q). Let T = r; - 1,
where r; is an irreducible factor of T containing z and r; is not necessarily irreducible. Note that
as T is multilinear rq and r; are variable disjoint. Now,

rra=QiQ+c-z+ ¢

where Q = Q- Qpuandl =c-z+ 0. Let Q1 = ¢1-z+ g and 11 = wy - z + wp where g1, g2, w1,
and w, are z-free polynomials. Then,

(wy-z+w) ro=(g1-2+8) Q+c-z+/. (10)
Observation D.1. w; € F*.

Proof. Taking derivatives with respect to z on both sides of Equation (10), we see that w; - 1, =
g1 - Q +c. If g1 is a non-constant polynomial, then the latter is a + rooted ROF and therefore from
Fact 2.5, irreducible. Hence, ; is irreducible and ¢; € FF.

If g1 is a constant and g is also a constant, then as Q1 Q + u is a canonical ROF, either Q must
be a product of at least two + rooted ROFs or if it is just a single + rooted ROF, then it can not
have a constant attached to its top-most + gate. In either of these cases g1 - Q + c is irreducible
and hence we again get that r; is irreducible and g; € F.

Suppose that g; is a constant, but g> is not. As Q is non-constant (since m > 2), there exists
azy € var(Q). Then, for any z; € var(gz), as zz; does not appear on the right side of Equation
(10), z1 ¢ var(w;) or var(rp). Also, for any z), € var(Q), z, ¢ var(wj). This is so because, for any
z} € var(g»), z}z} appears on the right side of Equation (10). If z} were to be in var(w; ), then 2z}
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can not appear on the left side of (10) since z| ¢ var(w;) or var(r;). Thus, no variable in var(g»)
or var(Q) can be present in var(w; ) forcing w; to be a constant. O

Assume without loss of generality that w; = 1. Thus,
(z+wp) ra=(g1-2+) Q+c-z+71,
which implies that 7, = g1 - Q + ¢. Hence,
(z4+wp) (g1-Q+c)=(g1-2+%) Q+c-z+ 1.
Observation D.2. ¢; € F\ {0}.
Proof. By contradiction. Suppose that g; is a non-constant polynomial. Then we have
(z+wp) (g1-Q+¢c)=(g1-2+%) Qtc-z+ /0
= (w2 91— 9)Q=—c-wp+ /0.

Suppose that w; - g1 — g2 # 0. Then Q and w, must be variable disjoint, we get

1. Qislinear and so as it is a canonical ROF is an affine form in a single variable,

2. wy- g1 — Qo € F¥, sayitisc/, and

3. w» is an affine form.

Hence, Q1 = g1-2+ ¢ = g1 -2+ g1 - w2 — ¢’. We claim that ¢’ must be 0. It given that Q1Q + u
is a canonical ROF and Q is an affine form in a single variable. Thus it follows from property 6
of the definition of a canonical ROF that Q; can not have a constant attached to its top-most +
gate; hence ¢’ = 0. However this contradicts our assumption that ¢’ = w, - g1 — g2 # 0. Hence,
wy - g1 — g2 = 0. S0, g2 = wy - wy. This implies that Q1 = ¢1(z + wy), which implies that g; € F*
because Q1 being a +-rooted ROF is irreducible. O

Assume without loss of generality that gy = 1; if it is not, then replace Q by g1 - Q and g» by
g:' g2. Then,

(z+w)(Q+c)=(2+g) Q+c-z+/
= (W — $2)Q=—c-wy+ /0.
Then, just as before, Q and w; are variable disjoint. Thus,
1. Qis linear and so as it is a canonical ROF is an affine form in a single variable,
2. wy — g € FX, sayitisc¢”, and
3. w» is an affine form.

Suppose wy — g» # 0. Hence, Q1 = z + wy — ¢’ and as Q; is canonical, w; has to be a constant. But
then, Q; and Q are both affine which contradicts the hypothesis that Q; - - - Q;; is not a quadratic
polynomial. Thus, wy = ¢». Then,

(z+w)(Q+c)=(z+wp) - Q+¢
= (z4+wy) -c = L.

Now, as Q1 = (z + wy) is a canonical ROF, w;, € F. Hence, { = ¢ - Qs. ]
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D.17 Proof of Lemma 4.5

As f(Ax) = Ti(Ax) + --- + Ts(Ax) 4+ v, Ti(Ax),..., Ts(Ax) are variable disjoint, and for all
k € [s2] zx = var (Tk(Ax)), f(A(z,x\ zx = 0)) = Ti(Ax) + 9/ for some 9/ € F. So all that

needs to be done to obtain black-box access to Ti(Ax) is to find 7/ and subtract it from g =
f (A (zg,x\ zx = 0)). We show that this is exactly what the procedure does.

In the procedure, N is the set of irreducible factors of det (Hg). Suppose that Tk = @k,l e Qk,mk-
It follows from Claim 3.1 and Fact 2.8, that a non-zero constant multiple of at least one of the fac-
tors Qr1(AX), ..., Qk,mk (Ax) is in N along with some other ‘bad’ factors. First let us analyse the be-
haviour of the for loop of lines 3-7 when r is a constant multiple of one of the lel (Ax),..., Qk,mk (Ax).
In this case, there exist '(t) and B € F such that r(ta)r'(t) + p = g(ta); one solution is '(t) =

(Tk(Ax) / r) (A(ta)) and B = /. ¥'(t) and B can be discovered as follows: first interpolate r(ta)

and g(ta) which are univariate polynomials in ¢. Treat the coefficients of () and  as unknowns.
Then, by equating the coefficients of monomials on both sides of r(ta)r'(t) + p = g(ta), we get a
system of linear equations in these unknowns which the procedure solves. As mentioned before,
this system has a solution, we now show it is unique.

Suppose that there existed two solutions r(f), B1 and r5(t), B2. Then, r(ta) (ry(t) —r5(t))
= B2 — B1. Because a is chosen randomly, with high probability r(ta) is a non-constant polynomial
in t. Thus, this is only possible when r}(f) = r;5(t) and 1 = B2 = 7. Hence, if 7 is a constant
multiple of one of the lel(Ax), .. .,Qk,mk(Ax), then B = 7/ and g — B is reducible. Thus, the
procedure returns a black-box of g — 8 = Ti(Ax).

On the other hand, when r is one of the bad factors, there are two cases: p = 7' and B # /. In
the first case there is noting to prove. On the other hand, if  # 9/, then notice that ¢ + 9’ — B isin
the orbit of Ty + ¢’ — B. As the latter is a +-rooted ROF, Fact 2.5 implies that it is irreducible. Hence
g — B is also irreducible. Now, the fact that the for loop was executed for this bad factor implies
that in all of the previous iterations, r must have been a bad factor, for otherwise as seen above,
the loop would have terminated. This along with the fact that N contains a constant multiple of at
least one of the QkJ (Ax),..., Qk,mk (Ax) implies that in this case, the next iteration of the loop will
be executed. This will continue to happen until the loop is executed for an r which is a non-zero
constant multiple of one of the Qk,l (Ax),..., Qk,mk(Ax) and v’ is discovered.

Notice that Ty(Ax) = f (A (zt,x\ zx = 0)) — B. Hence, to query Ti(Ax) at z; = a, for some
a € Fl#l, f(Ax) just needs to be queried at the point (z; = a,x \ z; = 0) and then B, which is a
fixed, known constant, subtracted from the result. Now as A is known to us, to query f(Ax) at
any point, we just need to query f at one point. O

D.18 Proof of Claim 4.18

Fix a k € [s]. The hypothesis of Claim 4.5 is satisfied. Hence after Step 16 is executed, T is
the black-box of T;,(Ax). Suppose that Ti(Ax) = Qg 1(Ax) - -- Qk,mk(Ax), the corresponding term
T;(Pox) of C'(Pyx) is a product of +-rooted canonical sub-ROFs Qy1, . .., Qkm, and forall I € [my],
@k,l(Ax) = Q(B'x+d"). The factors O1,..., ka of T computed in Step 17 are non-zero con-
stant multiples of Qk,l (Ax),..., Qk,mk (Ax), respectively, say they are c; lel (AX),...,Cmy Qk,mk (Ax);
here [Tiejm)cr = 1. Now, as Qx1,. .., Qum, are variable disjoint ROFs, Ness (Qk1 - Qkm,) =

Noss (Qk,l) + -+ + Ness (ka> Also, for all I € [mk] Ness (Ql) = Noss (Qk,l(Ax)> = Noss (Qk,l)
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and similarly Npss (@1 e ka) = Ness (Qi1 - Qkm, ). This means that N (Ql e ka> =
Noss <Q1> + -+« 4 Noss (ka) So from Claim 2.3, there exists an Ay € GL(|z|,FF) such that

Ql(Ak,OZk)/ cee, ka(Ak,OZk) are variable disjoint. It also implies that Ql(Ak,ozk),~ ey ka(Ak,OZk)
do not contain any redundant variables. In Step 18, Q; has been updated to be Q;(Axozx) for
all I € [my]. Now Ql(Ak,OZk>/ |var (Qx;) | = |zk|, where z; = var (Ql (zk)>. So, there exists a
permutation matrix P,y € M(|zx|, F) such that for all | € [my], var (Qx;(Prozk)) = 2k,

Much like the outer loop, the I-th iteration of the inner loop of lines 20-23, also only works
with Q) (zx) and z; ;; so we can also look at an iteration of this loop in isolation. We now analyse the
I-th iteration of this loop for some I € [my]. a is a random vector of size |z¢| and @’ is a restricted to
entries corresponding to z \ zy ;. Also f; = Hlle[mk]\{l} Ql/ (21,2 \ 2k = a'). Because a is random,
B # 0 with high probability. Thus Q; = :Bl T (Ao (zk), 2z \ 2y = ') = c,Qk,;(A(Aklozk,x \ zx)).
Now consider a product-depth A canonical ROF Q; obtained by multiplying Qy (P ozx) by ¢,
pushing it down to the leaves, and removing it from any non-constant leaf. Let B” = P 0_1B Alor
where P/, € M(n,IF) maps every z € 2 to Pyp o z and every other variable to itself, while Ako €
GL(n,TF) maps every z € z to A oz and every other variable to itself. Also, letd” = Py ,~ d'.
It can be verified that Q; = Q; (B"x+ d”). To recursively perform equivalence test on Q, we shall
show that there exists a B; € GL(|z,|,F) andad; € Fl#! such that Q, (zx;) = Qi (Bizi; + dl)

Because var (Q;) = z, Ql(zk,l) = Q ([B”]Zklx+ [d"]Zkl>, where [B"],,, and [d"]

Zg,

B” and d” restricted to the rows corresponding to z;;. Also, since var (Ql) = zy, Ql(zk/l) =

Qi ([B” Loy w2, 21 + (47 ]Zk/l>, where [B"], .,  is B” restricted to the rows and columns corre-
sponding to zy;. It follows from Observation 2.2 that [B”] 2%z, 1S invertible. So we can set
B = [B"],, xz, and d; = [d"],, .

Thus, by the induction hypothesis, Ay; computed in Step 22, is such that there exist a per-
mutation matrix P; € M(|z,|,TF), a scaling matrix Sy; € M(|zy,|,F) and a by € Fl#!! satisfying
Ql(Ak,le,l) = Qi(Py Sk 1z + by;). Since this is true for all I € [my], after the execution of the
for loop of lines 20-23 and Step 24, for all I € [my], Cl@k,l(A(Aka,X \ zx)) = c;Qx(PkSkzi + by),
where for all | € [my] and z € z;, Py maps z to Py 0 zy;, Sy maps z to Sy o zx; and the z-th co-
ordinate of dy is the same as that of [P, O]Zk - dy;. Because [Tjcpm 1 = 1, Tk(A(Akzk,x \z)) =
T} (Po(PiSkzi + by, x \ 2¢)), proving the claim. O

E PE for orbits of product-depth 2 ROFs

In Section 5, we gave an algorithm for PE for orbits of additive-constant-free canonical ROFs. Here
we show how to solve PE for product-depth 2 canonical ROFs with additive-constants.

The issue with additive-constants. Let f; and f, be two n-variate polynomials in the orbits
of ROFs and suppose that they are equivalent. Then there exists a canonical ROF C such that
fi, f2 € orb(C). If A1, Ay € GL(n,F) are matrices obtained by invoking the Find-Equivalence()
algorithm (Algorithm 1) on f; and f,, respectively, then fi(A1x), f2(Azx) € PS-orb(C). In particu-
lar, the additive-constants other than translations in f;(A1x) and f,(Axx) are the same. However,
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when we reconstruct f1(A1x) and f>(A»x) using the Reconstruct-ROF() algorithm (Algorithm 13)
and recover the translation of variables using the Canonize() procedure (Procedure 14), the out-
puts C} and Cj are equal to f1(A1x) and f>(Azx) up to scaling of the leaves. This means that the
additive-constants in C} and C} might not be the same. Thus if we were to construct a permuta-
tion matrix P from the isomorphism that maps the underlying tree of C] to that of C}, C| need not
be equal to C5(Px). So the strategy used in Section 5 does not work in a straightforward manner.
In this section, we show how to overcome this issue for the case of orbits of product-depth 2 ROFs.

The idea. Suppose fi € orb(f;); then C; = C; = C, where C is a product-depth 2 canonical ROF
and thus, from Theorem 1 f;(A1x) € PS-orb(f2(A2x)). We reconstruct fi(Aix) and f»(A2x) to ob-
tain C} and Cj, recover, and remove the translations of variables in both C} and C}. We then show
that there is a way to transform C} and Cj such that all the non-zero additive-constants in them
are 1 and that as ROFs, they only differ by permutation and scaling of variables; we exploit this to
give an equivalence test. We then recover the scaling of variables in C} and C}. After that we check
if for every term Tj in C there exists a term T in C) such that the number of factors of both having
1 as additive-constant and having 0 as additive-constant is the same. Furthermore, we check that
for every factor of T1 having 1 (respectively, 0) as additive-constant, there exists a factor of T, also
having 1 (respectively, 0) as additive-constant such that their underlying trees are isomorphic. If
f1 € orb(f2), this must be true for all terms of C] and C) and we are thus able to check for equiv-
alence. Note that here we do not need to worry about their additive-constants as they are the same.

Transforming C| and C). Let f(x) = fi(x),A = A1,C'(x) = Ci(x) (or f(x) = fa(x),A =
Ay, C'(x) = Ch(x)). Suppose that f(Ax) = Ty +---+ Ts + . Then from Lemma F.1 as C' and
f(Ax) are equal up to scaling of leaves and each gate in C' computes a non-zero constant multiple
of the corresponding gate in f(Ax), if C'(x) = T] +--- + T, + v/, then T! = ¢;T; for all i € [s] and
')/’ = cgy, where ¢y, . . ., ¢s are non-zero constants.

Observation E.1. ¢gy,...,cs = 1.

The proof of the above observation can be found in Section E.1. Let b be the translation
vector output by Canonize(C'). Then, from Claim F.3, b is also the translation vector of f(Ax). So,
f(Ax +b) is free of translations and is the same as C'(x + b) up to scaling of the leaves. We shall
transform the terms of C'(x +b). Let T = Q1 - - - Qy, be a term of f(Ax + b). Then, from Lemma
F.1 the corresponding term of C', T" = Q] - - - Q,, will be such that Q! = B;- Q;, Bi # 0 for all
i € [m]. There are two kinds of T":

¢ Kind 1: The additive-constant of at least one of the factors Q’l, ...,Ql, is0.
e Kind 2: The additive-constant of all the factors Q/, ..., Q;, are non-zero.

In the following claims we see how to transform each of the above two kinds of terms. Their
proofs can be found in Sections E.2 and E.3.

Claim E.1. Let T' be a term of kind 1 such that for some k < m, the additive-constants of Q). 4, ..., Q, are
zero, while the additive-constants oy, . .., a; of Q}, . .., Q) are non-zero. Also, let ay, . . ., &y, be the additive-
constants in T. Then, if we transform T' by bringing out &y, ..., a; and absorb the product &' = [Ticjq

in Q,, we recover T' as L -+ % - (Bri1Qust) -+ (Bu-1Qm-1) - (B~ & - BuQu), where p = TTicp i
and a = [Ticpq ai- Also, the only non-zero additive-constants in T' are all 1.
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Claim E.2. Let T' be a term of kind 2 and the additive-constants of Q},...,Q;, be a},. .., a;,. Also, let
a1, ..., 0y be the additive-constants of T. Then, if we transform T' by bringing out o}, .. ., «},, we recover
T as o - % e %Z’, where x = ]—L-E[m] ;. Also, all additive-constants in T' are 1.

Now, suppose that fi € orb(f) and by, b, are translation vectors of C} and C) recovered
using the Canonise procedure. Then from Claim F.3, as they are also translation vectors of f;(A1x)
and f>(Azx), fi(Aix+bq) and fo(Axx + by) are free of translations. Moreover, as ROFs they only
differ by permutation and scaling of variables. Notice that, in this case, the above two claims
imply that the same relationship also holds between C (x + b1) and C5(x + by). As we exploit this
property to give an equivalence test for f; and f», we record it as an observation.

Observation E.2. If fi € orb(f2), then after modifying Cy(x 4+ by) and C,(x + by) according to Claims
E.1and E.2, C{(x + by) and C,(x + by) as ROFs only differ by permutation and scaling of variables.

The Algorithm

Algorithm 10 Product-Depth-2-Equivalence-Test( 1 (x), f2(x))
Input: Black-box access to f1(x), f2(x) in the orbits of product-depth 2 canonical ROFs.
Output: Whether or not f; and f, are equivalent. If they are equivalent, then A € GL(n,F) and
b € F" such that f1(x) = f2(Ax+Db).
/* Reconstructing canonical ROFs equivalent to f; and f, and transforming their terms. */

1. fori € [2] do

2. A; < Find-Equivalence(f;(x)) (Algorithm 1).
3. C! <+ Reconstruct-ROF( f;(A;x)) (Algorithm 13).
4
5

b; < translation vector returned by Canonize(C;) (Procedure 14). C; <— Ci(x + b;).
Transform all terms in C; according to Claims E.1 and E.2. C; < the ROF obtained after the
transformation and recovering scaling of variables, S; < the scaling matrix.

6. end for

/* Checking if C| and C) are equivalent. */

7. if the additive-constants of C| and C} attached to the top + gate are not equal then

8.  Return NOT EQUIVALENT.

9. end if
10. Np < set of terms of C}, N, < set of terms of C}, P <— I, the permutation matrix mapping

the variables of C] to the variables of C}.
11. for T] € N; do
12.  If T} isaterm of kind 1 and 3 T} € N; also of kind 1 such that Check-Kind-1(Tj, T}) returns
SUCCESS, then N <— N, \ {T;}. Update P so that it maps var(T}) to var(T,) appropriately.

13.  If T] is a term of kind 2 and 3 T} € N; also of kind 2 such that Check-Kind-2(Tj, T}) returns
SUCCESS, then N, <— N, \ {T;}. Update P so that it maps var(T}) to var(T;) appropriately.

14. end for

15. if N, = @ then

16. A<+ ASPS;TATY, b+ Asby — A3S,PS by

17.  Use the Schwartz-Zippel Lemma to check if f;(x) = fo(Ax+b). If yes, return EQUIVALENT,
A and b. Else, return NOT EQUIVALENT.
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18.
19.
20.

else
Return NOT EQUIVALENT.
end if

The checks on lines 12 and 13 are performed using the following procedures.

Procedure 11 Check-Kind-1(T7], T;)

Input: Terms T} of C} and T} of C; of Kind 1.
Output: SUCCESS if they are equivalent, FAILURE otherwise.

1.

SNSRI

o N

Suppose Ty = Q1+~ Qqy, - Qupyr - Quuy ad Ty = Qoy -~ Qo - Qogyiq -+ - Qo Where
Qli Qll,kl and Q5,,- -, Q’Z,k2 are the only factors with additive-constants.
if k1 7é k2 or mq 7& (%) then
Return FAILURE
end if
if there exists a bijection ¢ : [m3] — [m1] such that o ([k1]) = [k1] and Vi € [m;], the rooted
trees of Q' ; and Q/M(i) are isomorphic then
Return SUCCESS.
else
Return FAILURE.
end if

Procedure 12 Check-Kind-2(T7, T;)

Input: Terms T; of C} and T} of C; of kind 2.
Output: SUCCESS if they are equivalent, FAILURE otherwise.

Ok @ N

L *® N

Suppose T} = a} - Q-+ Q4 and T = a} - Q4 -+ Q.
if o} # & or my # m; then
Return FAILURE
end if
if there exists a bijection o™ : [m;] — [m1] such that Vi € [m], the rooted trees of Q} ; and Q) o)
are isomorphic then
Return SUCCESS.
else
Return FAILURE.
end if

Analysis of the algorithm

We establish the correctness of the above algorithm by proving the following lemma.

Lemma E.1 (Correctness of Algorithm 10). Given black-box access to two n-variate polynomials f1(x),
f2(x) in the orbits of two unknown product-depth 2 canonical ROFs, Algorithm 10 correctly determines
whether they are equivalent or not provided that char(F) = 0 or > n? and |F| > n'3. Moreover, if they
are equivalent, it returns an A € GL(n,F) and ab € F" such that f1(x) = fo(Ax+b).
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Proof. If fi ¢ orb(f2), then Step 17 ensures that the algorithm returns NOT EQUIVALENT with high
probability. So suppose that f; € orb(f2). Then, from Observation E.2, we have that after Step 5
of the algorithm, C| and C} as ROFs only differ by permutation of variables (because the scaling
of variables has already been recovered). Thus, if the additive-constants attached to the top-most
gates in C} and C} are not equal, f; ¢ orb(f2) and so Step 8 is correct.

Now for every term T; of fi, there must exist a term T of f, such that T; € PS-orb(T5). Then,
Observation E.2 also implies that the corresponding terms T; and T, of f] and f; as ROFs must be
same up to permutation of variables. It is easy to see that this is true if and only if, depending on
the kind of these terms, either Check-Kind-1(T}, T}) or Check-Kind-2(Tj, T}) succeeds. Hence the
algorithm correctly determines whether f; and f, are equivalent or not. A simple calculation then
shows that f1(x) = f2(Ax+b) for A and b as defined in Step 17. O

Running time of the algorithm. Find-Equivalence(), Reconstruct-ROF(), and Canonize() run in
time polynomial in n. Also as mentioned in Fact A.4, a polynomial time algorithm exists for the
rooted tree isomorphism problem. This implies that Check-Kind-1() and Check-Kind-2() run in
time poly(n). As [Nj|,|[N2| < n, this means that the for loop of lines 11-14 also runs in poly(n)
time. Moreover, the Schwartz-Zippel lemma also yields a polynomial time algorithm for checking
if f1(x) = f2(Ax+b) in Step 17. Thus, Algorithm 10 runs in time poly(n).

E.1 Proof of Observation E.1

Since f(Ax) and C'(x) are the same polynomials, we get 0 = C'(x) — f(Ax) = (g — )Ty + -+ - +
(¢s —1)Ts + (co — 1)y. Now each of the terms Ty, ..., Ts contains a variable not contained in any
other term or in . This means T7, ..., T, y are linearly independent forcingco = --- =¢s =1. O

E.2 Proof of Claim E.1

As Q! = BiQi, o} = Bi; for all i € [m]. Thus, when we bring out «f,...,a; from Qf,...,Q;
we recover T as T = (Byay) - - - (Brag) - B2 .. B (g 10 1) - -+ (BwQu), which implies T =

B Brak
(Braq) - - - (Brexk) - % e % “(Br+1Qx+1) - - - (BmQm)- So, after absorbing a] - - - a; = (B1a1) - - - (Bra)
in Q,, we get T' in the desired form. Also, the only non-zero additive-constants are those in
Qo , %f and they are 1 by the definition of ay, ..., . O

Dél"

E.3 Proof of Claim E.2

As Q! = B;Q;, a) = Bin; for all i € [m]. Thus, when we bring out «},...,a;, from Qf,...,Q;, we

recover T"as T/ = (Byar) -+ (Butn) - B2 - - G2

getT' =uw- % oo Qu By the definition of «1, ..., &, all additive-constants in T' are 1. O
1 K

. Observation E.1 implies 1 - - - B = 1 and we

F ROF reconstruction

We present an algorithm that reconstructs an ROF in the PS-orb of a canonical ROF® In this sec-
tion, we slightly abuse the terminology and call an ROF that satisfies Properties 1-5 of Definition

%The algorithm can be easily adapted to work for a general ROF. However, since we only need to reconstruct ROFs
in the PS-orb of a canonical ROF, we present the algorithm and its analysis just for ROFs in this form.
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2.6, but does not necessarily satisfty Property 6, a canonical ROF. We also give an accompany-
ing procedure to recover a translation vector and a scaling matrix that convert the reconstructed
ROF to a canonical ROE. While randomized [HH91, BHH95a] and deterministic [SV14, MV 18]
polynomial-time ROF reconstruction algorithms are known, we provide a randomized algorithm
here as we need some special properties of this algorithm in Section 5 and Appendix E.

E1 The algorithm

Before formally describing the algorithm, let us see a high-level description of it.

The idea. Suppose that we have black-box access to an ROF C = T; + - - - 4+ T 4 v in the PS-orb
of a canonical ROF, where Ty = Qg1 - - - Qgs, for all k € [s], Qy; is either a variable or a +-rooted
sub-ROF of C for every | € [s¢], and v € F. We first use the second-order derivatives of C to learn

var(Ty),...,var(Ts). Then, we obtain black-box access to Ty, . . ., Ts as follows: As C is in the PS-orb
aC _
Bx,-x]- - O

forall j # i € [n], we can find out x;. On the other hand, for k € [s — 1] and for a x; € var(Qx,),

of a canonical ROF, at most one of the T, say T;, is a scalar multiple of a variable x;. As

o _
axi_

rectme [ Qs
relsi\{1}

where rq, - - -,y are pairwise variable disjoint, and every 7; is either a variable or a 4--rooted sub-
ROF of Q. As sy > 2and Qg 1, . .., Qks, are non-constant polynomials, for every Qy , there exists

xj € var(Ty) such that Qg is an irreducible factor of g—g (because of Fact 2.5). Thus, by obtaining

black-box access to the derivatives of C with respect to the variables in var(Ty), factoring them,
collecting all the factors and then discarding a factor r if there exists another factor " such that
var(r) C var(r'), we get black-box access to Qx1, ..., Qks, up to constant multiples. However,
notice that if we want to query the black-box of a Qy ; at one point, we need to query the black-box
of C at poly(n) points. So, if we try to recursively learn Qy, ..., Qks,, the running time of the
algorithm would be exponential in the depth of C.

We need to be able to get black-box access to Qx 1, ..., Qs in such a way that to obtain the
value of Qi ; at one point, we only need to query the black-box of C at one point. We do this by
first learning var(Qy1),...,var(Qgs, ) and some roots of Qy1, ..., Qks, using the black-boxes of
Qk1,---,Qxs, that we obtained above. Then we set all variables in x \ var(Qy;) to random field
elements. This gives us black-box access to ¢, ;Qx; + ¢} ;, for some unknown cx; # 0,c;, € F.
Plugging in the root of Qy; into this black-box we learn Ci;- Subtracting this from cy, Qs + Chl
gives us black-box access to ci ;Qy 1, where ¢y ; is unknown. Notice that now we only need to make
one query to the black-box of C to learn the value of ¢;; Q.

We learn v by finding a common root a = (a3,...,a,) of Q; for all k € [s],] € [s¢] and
setting v = C(a). Then, we find out ¢;...,¢cs € Fsuch that Y, cx - [1}%; cks - Qxy = C— 7y and
multiply Q11,...,Qs1 by c1,...,cs, respectively. After that, we learn Tj by recursively learning
CkCr1Qx1s Ck2Qk2, - - -/ Ck 5, Qi s, and multiplying them. We now describe the algorithm formally.

Algorithm 13 Reconstruct-ROF( f(x))

Input: Black-box access to an n-variate ROF f(x) in the PS-orb of a canonical ROE.
Output: An ROF C in the PS-orb of a canonical ROF computing f.
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/* Learning var(Ty), ..., var(T;).*/

Let E <+~ @, and G < (x, E) be an undirected graph.
fori,j € [|x|] do

1f 2L #0,add edge {x;, x;} to E

ox; 7V &€ 1 XisXj :
end for
Let € < {x1,...,Xs} be the set of connected components of G, where s < |€|.
/* Discovering factors of Ty, ..., Ts. */

SRR

6. if Jk € [s] such that |x¢| = 1 then

7. If X = {xi}, T < x;, N <+ {xi}.

8. end if

9. for k € [s] such that |xx| > 2 do

10. N+ @.

11.  forisuch that x; € x; do

12. Compute black-box access to %{i and then obtain black-box access to all its irreducible fac-

tors. Add all the irreducible factors to N.
13.  end for
14. forry,rp € Ny do

15. If var(ry) C var(ra), Ny <= N\ {r1}. Else, if var(ry) C var(ry), N <= N\ {r2}.
16.  end for
17. end for

/* Obtaining efficient black-box access to the factors of T, ..., Ts. */
18. for k € [s] such that |x¢| > 1 do
19. forr € N do

20. a, < a vector of size |var(r)| which is a root of r. a), +— a random vector of size n — |var(r)|.
21. Br < f (var(r) = a,, x\ var(r) = a}). r < f (var(r),x\ var(r) = a,) — B;.

22.  end for

23. end for

/* Learning y and cy, ..., ¢s. */

24. Constructa = (ay,...,a,),a common root of [[,en, 7, ..., [Lren, 7. v < f(a).

25. Solve for cy,...,cssuchthat f —y =c1 - [Ten, 7+ +cs - Then, 7

26. For all k € [s], replace an arbitrary r € Ny by ¢ - r. If 3k € [s] such that |xi| = 1, Ty < cxT.
/* Reconstructing Ty, ..., Ts. */

27. for k € [s] such that |x¢| > 2 do

28. T, « 1.

29. forr € Nido

30. y < var(r). Ty < T xReconstruct-ROF(r(y)).
31. end for

32. end for

33. C« Ty + - -+ T; + . Return C.

E2 Analysis of the algorithm

We will assume, without loss of generality, that an ROF has no edge labels and every leaf node is
either a constant or a constant multiple of a variable.
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Lemma F.1. If f(x) computed by an ROF C' in the PS-orb of a canonical ROF, then the ROF C returned by
the algorithm is equal to C' up to scaling of the leaves with high probability. Moreover, there is a one-to-one
correspondence between the gates of C and the gates of C' with a gate of C computing a non-zero constant
multiple of the polynomial computed by the corresponding gate of C'.

Proof. We induct on the product-depth A of C'. If A = 0, then as C' is in the PS-orb of a canonical
ROF, C' = ¢;x; + 7, where ¢; # 0,7 € F. In this case & has only one connected component
x1 = {x;}. InStep 7, Ty = x;. Step 24 can be implemented by simply setting a to be the all zero
vector and Step 25 by computing %’;. Thus, C = €’ and for A = 0, the lemma is true.

Now, suppose that the lemma is true for all ROFs of product-depth at most A > 0 and let ¢’
be a product-depth A + 1 ROF. Let C' = T} + - - - + T, + /. There exists at most one k' € [s], such
that [var(T},)| = 1 and for every k € [s] \ {k'}, let Ty = Q; ;- -~ Q},, Where s, > 2 and for every
I € [si], Qy, is either a variable or a +-rooted sub-ROF of C'.

Claim E1. There is a bijection 7t : [s] — [s] s.t. the connected component Xy = var(Ty}) for all k € [s].
Proof. Fix any k € [s]. If |var(T})| = 1, say T; = c - x; for some ¢ € F*, then %ij =0forallj e
[s]\ {i}, and so, {x;} is a connected componentin &. If |var(T};)| > 2, then as C’ is in the PS-orb of a
canonical ROF, Ty = Q; ;- -+ Q; , where s, > 2. If x;, x; € var(T}) are such that x; € var(Qy; ;) and

2
xj € var(Qi/l,), forl # I’, then as %{x/ #0, {xi,xj} € E. On the other hand, if | = I, then as s, > 2
2
and Qj ,, ..., Q,, are non-constant, there exists a x,, € var(Qy;»), I” # I such that % # 0and

2
% # 0. Thus, {x;, x}, {xj, xm} € E and so x; and x; are in the same connected component.

Moreover, as for any x; € var(Ty) and x; € var(T}) W - - Wvar(T,_;) Wvar(T, ;) ¥ - Wvar(T{),
% = 0, this connected component is exactly var(T}), proving the claim. O
Claim E.2. After Steps 6-8 and the for loop of lines 18-23 have been executed, for all k € [s|, with high
probability, Ny = {Qx1, s Qks, } where Qy; is a non-zero constant multiple of Qi forall 1 € [s¢] and
7t is the bijection given in Claim F.1.

Proof. Fix any k € [s]. If |var(T])| = 1, say var(T}) = {x;}, then Claim F.1 immediately implies
that after Steps 6-8 have been executed, N, = {x;}. On the other hand if |var(T})| > 2, then
observe that for any x; € var(Qy ),

o’
ST Tme H Q;c,zu
dx; reisd\ii}

wherery, - - -,y are pairwise variable disjoint and every 7; is a variable or a +-rooted sub-ROF of
Qi ;- Hence, after the for loop 11-13 has been executed, Ny ) will contain two types of factors:

e constant multiples of Q; ¢,..., Q; 5 and
* constant multiples of +-rooted sub-ROFs of Q} ;, ..., Q 50"

The first kind of factors are present because sy > 2, Q,’d, o Q) 5, are non-constant polynomials and
being +-rooted sub-ROFs are irreducible (see Fact 2.5). As all variables appearing in any +-rooted
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sub-ROF of le are also variables of le , the second kind of factors are removed from N, ) by
the for loop of lines 14-16. Moreover, as le and Qk ;» are variable disjoint for | # I’, the first kind
of factors are not removed. This means that after the for loop of lines 9-17 has been executed, for
allk € [s], Ny = {Qk 1, - Qks, } where Qg is a non-zero constant multiple of Qi forall I € [si].
Thus, a root of le is also a root of le

Now, inside the loop of lines 18-23, for r = Q,, f (var(r), x\ var(r) = a;) = cx,Q;; + ¢}, for
some ¢, ¢;; € F. As every coordinate of a; is chosen randomly (say, from a subset of IF of size n),
with high probability cx; # 0. As a, isaroot of Q; ;, By = f (var(r) = a,, x\ var(r) = a;) = ¢ ;.
Hence, after this loop has been executed r = ¢;Qy | , proving the claim. O

Thus, for all k € [s], T{ is a non-zero constant multiple of the product of the polynomials in
Ny (k- So, for some cy, ..., cs € F*,C' = T{ +--- T{ + 9" = Yepy k - [Tiefs,) Qkt + 7. Since in Step
24, a is a common root of Qi ;, forall k € [s] and I € [s¢], v/ = f(a) = 7. As the polynomials

in {Hle[sk] Qi ke [s]} are linearly independent, cy, .. ., ¢; are unique. Once cj, .. ., ¢; have been

learnt in Step 25 and Nj, .. ., N; updated in Step 26, we have for all k € [s], T} is equal to the product
of the polynomials in Ny . Forall k € [s] and | € [s], as Qx, is a product-depth A ROF in the
PS-orb of a canonical ROF, from the induction hypothesis, the output of Reconstruct-ROF(Qy ;) is
a ROF in the PS-orb of a canonical ROF and is equal to Qi ; up to scaling of the leaves. After the
loop 27-32 has been executed, for all k € [s], Ty is an ROF in the PS-orb of a canonical ROF and
is equal to T} up to scaling of the leaves. Hence, C' = T{ +---+T.+9' =Ty +---+ T, +y =C.
For the “moreover” part of the lemma, notice that from the induction hypothesis, we have the
desired one-to-one correspondence between gates of the ROF output by Reconstruct-ROF(Qy ;)
and the gates of Q; for all k € [s] and I € [sy]. Then, as T,y = T, this yields the desired
one-to-one correspondence between the gates of C’' and C. O

Running time of the algorithm

We will show that the algorithm runs in time poly(n). From black-box access to f, a black-box

f

access to %, for any i,j € [n], can be computed in poly(n) time (Fact A.1). Whether 5 is

zero or not can be determined in poly(n) time using the Schwartz-Zippel test. Hence G can be
constructed in time poly(n). The connected components of G can also be computed in poly(n)
time. Clearly, lines 6-8 run in poly(#n) time. Now we analyse the runtime of the loop of lines 9-17.

A black-box access to % can be obtained in poly(n) time from black-box access to f. Once we

have black-box access to %

-, black-box access to its irreducible factors can be computed in poly(n)
time using the algorithm in [KT90]. Hence, the for loop of lines 11-13 executes in poly(#) time. For
Step 15, var(r1) and var(r;) can be determined by obtaining black-box access to the derivatives of
r1 and ro with respect to all x variables and checking using the Schwartz-Zippel lemma which of
them are non-zero. Thus this step, and hence, the for loop of lines 14-16 executes in poly(n) time.

Once we have black-box access to all polynomials in Ny, ..., N, for all k € [s] and all » € N,
a, and a, can be computed in poly(n) time. To construct a,, first set all but one variable appearing
in r to random values. After doing this, r becomes an affine form whose root can be computed
easily. Notice that on line 21, we obtain black-box access to Qi ; using only one query to f.

The vector a can be constructed in poly(#) time by just combining all a,’s constructed in the
loop of lines 18-23. To compute cy, . . ., ¢s in Step 25, we can simply evaluate f and [Tics, Qk,i for all
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k € [s] at s many random points by, ... bs and solve the linear system of equations

{f(bi) —y=3 - []Qub):ke [S]}

ke[s] lesy

forcq,...,cs. As {Hle[sk] Qi ke [s]} are linearly independent, with high probability, the coeffi-
cient matrix of this system will be invertible.

So far we have shown that for each call to the algorithm, the time spent outside the recursive
calls on line 30 is poly(n). Now, given input f, the total number of recursive calls is at most
poly(n). This is because each leaf of the recursion tree corresponds to a distinct variable in x and
whenever Reconstruct-ROF(r) is called from inside Reconstruct-ROF(7’), var(r) C var(r’). Thus,
the runtime of the algorithm is poly(n), as a black-box query to r amounts to only one query to f.

E3 Canonization: Recovering scaling and translation

We shall slightly abuse the terminology in this section and say that a leaf of an ROF is a variable
if it is a constant multiple of a variable. This is consistent with our assumption in the previous
section that any leaf of an ROF is either a constant multiple of a variable or a constant. To recover
the scaling matrix and the translation vector, we use the following procedure.

Procedure 14 Canonize(C)
Input: An ROF C in the PS-orb of a canonical ROF.
Output: A scaling matrix S € GL(|x|,F) and a vector b such that C (Sx + b) is a canonical ROF.
1. Ni < set of all 4--gates in C directly connected to a variable. N, < set of all variable leaves
connected to x-gates. Initialize S <— I, and b = (by,...,b,) = 0.
2. forv € Ny W N, do
3. If v € Nj and the variable and constant children of v are «;x; and B; respectively, where

w; € F*, then b; + _a—/?"ands + diag (O,...,O,ocl._l,O,...,O) - S.

4. Else, ifv € Ny and v = a;x;, a; € F*, S < diag <O,...,O,oci’1,0,...,0) -Sand b; «+ 0.
5. end for
6. Return S, b.

Clearly, the procedure runs in poly(n) time; its correctness follows from the next observation.
Observation E1. Let S,b = Canonize(C). Then, C(Sx + b) is a canonical ROF.

Proof. Let v € N; and let the variable and constant children of v be a;x; and B;, respectively. As

b; = —Bi and S is updated as diag (O, ...,0, ocl._l,O, .. .,0) - §, after the execution of the loop of

&

lines 2-5, a;x; + B; from C becomes x; in C(Sx + b). Similarly, if v € N, and v = a;x;, because S is
updated as diag (O, ...,0, 06;1, o,..., O) - S, after the execution of the loop of lines 2-5, a;x; becomes

x; in C(Sx + b). Since the only difference between a canonical ROF and an ROF in its PS-orb is that
in the latter a variable can be scaled and translated, this proves the observation. O

We now show that not only does Procedure 14 recover the translation vector but also that this
vector is recovered uniquely. The following claim comes in handy in Appendix E.
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Claim E3. Let C' be an ROF in the PS-orb of a canonical ROF, S’ be a scaling matrix and b’ a translation
vector such that C'(S'x +b') is a canonical ROF. Also, let C = Reconstruct-ROF(C'(x)) and S,b =
Canonize(C). Then,b =b/.

Proof. Let v € Nj W Np. From Lemma F.1, the corresponding gate v’ in C’ is such that v = ¢ - ¢’ for
some ¢ # 0. So, if v € Ny, then v' must be a + gate with variable and constant children. If the
variable and constant children of v’ are a}x; and B, respectively, then the variable and the constant

children of v are cax; and ¢, respectively. Observe that b = _Tél Thus, b; = _ij L= 4 =D

Similarly, if v € N, then ¢’ is also a variable leaf. Thus, b; = b} = 0. O

G A pictorial overview of Algorithm 1

In this section, we pictorially depict the execution of Algorithm 1. We consider the following sim-
ple example to show the working of Phase 1 of the algorithm mentioned in Section 4.1.

‘5X1+x2+x7+4x12*39€15+1

6x3 + 3x13 + 5x14

The original ROF C f € orb(C)

‘ 2x7 + x3 + 6x7 4+ 2x13

In the following figures, ¢;, (; j, /;

ijo his i, hij, i ; etc. denote affine forms.

(©)
6 6 e —Yo + Y23+ lo(z1,22) ‘

21,1 21,2 21,3 221 e ‘ 4y3,1 =+ 53/1 (Z1, Zz) ‘ 3y3,2 + £3,2 (Zl, Zz) ‘

6 6 ‘ 724+ £24(21,22) ‘
223 224 225 222 e

e ‘ 5y23 + Y22 + Y24 + €23(21,22) ‘

‘ 6121 + €2,1(21,22) ‘ ‘ 222+ Y21 + 22(21, 22) ‘

Step 1
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In Step 1, all the good terms of f are made variable disjoint. Furthermore, every “good” linear
factor - affine form connected to a x gate computing a polynomial of degree at least 3 in f -
gets mapped to (a constant multiple) of a distinct variable. In our example, the good term has
three good linear factors, which have been mapped to zj1,z12,213. Also, there are five good
linear factors in the bad term; these have been mapped to z,1,...,225. Let zy := {z11,212,213},
2y = {221,...,225}, 2 := z1 Wz, and y := x \ z. Step 2 extensively uses skewed paths. In the
above figure, there are two skewed paths identified by the “marker monomials” z, 1 and z5 125 .

y31+h31(z1,22) Y32+ h32(z1,22)

=l ) = [

‘ 525 + Y24 + €5 4(21,22,y \ {y23, Y24}) ‘

Y21 +h21(21,22) Y202 +h22(21,22)
Step 2.1

In Step 2.1, every affine form corresponding to a variable in the top quadratic form or a quadratic
form along a skewed path which is redundant for det(Hg) is mapped to an affine form of the
type yi; + h;j(z). In the above figure, the y-variables corresponding to affine forms in the top
quadratic form and in the quadratic form along the skewed path z; 125, are y3 1,32 and y21, 22,
respectively. We shall refer to all the remaining y-variables, i.e., yo, 2,3, Y24 as u-variables.

Q)

e 6 ‘ uy + hy(z1,22,y \ u) ‘
el ) E X0

e ‘ uy + hy(z1, 22,y \ u) ‘

Y21 +h21(21,22) Y22 +h22(21,22)

Step 2.2

In Step 2.2, every affine form corresponding to a dangling variable along a skewed path which is
redundant for det(H) is mapped to an affine form of the type u; + h;(z,y \ u). There might be
dangling variables along skewed paths that are present in a set of essential variables of det(H).
In our simple example, such variables are not present. In the general case, such variables can be

85



handled by picking a basis of an appropriate vector space. This space is spanned by the u-parts of
the affine forms corresponding to the dangling variables along skewed paths and the top dangling
variable (see Section 4.1 for more details). A word of caution: the affine form corresponding to the
top dangling variable has not been handled; it will be fixed in Step 3. Let yo = {u1, U2, ¥21, Y22}
In the above figure, the variables in z; and y \ y» are external for the bad term and all variables in
x \ {y3,1, 3.} are external for the top quadratic form. These will be removed in Step 2.3.

Y31+ a3 Y32+ 32

‘ Uy + h5 (22, Y21, Y2,2) ‘

‘ 223 ‘ ‘ 22,4 ‘ ‘ 225 ‘ ‘ 22,2 ‘

‘ ur + hy(z2, Y21, ¥2,2) ‘

Step 2.3

In Step 2.3, external variables are removed from the affine forms in the top quadratic form, quadratic
forms along skewed paths and corresponding to dangling variables along skewed paths. In the
above figure, 1]  and /] are obtained after removing external variables from ; ; and h;, respectively.

7
() () © o

Z1,1 Z12 Z1,3 231 e ’ Y31+ a3 ‘ Y32+ 32 ‘

!
6 6 ‘ Uy + 1 (22, Y21, Y2.2) ‘
223 224 225 222 e

6 ‘ uy + 1 (22, Y21, Y2,2) ‘

Y21+ Hy 4 (22) Y22+ hyo(22)

Step 3

In Step 3, the affine form corresponding to the top-most dangling variable is mapped to 1 + xg, &g €
F. Now, all the terms of f are variable disjoint. After this, we recursively call Algorithm 1 on the
factors of the good and the bad terms to map them to variable disjoint ROFs.
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