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—— Abstract

Vanishing sums of roots of unity can be seen as a natural generalization of knapsack from Boolean
variables to variables taking values over the roots of unity. We show that these sums are hard to
prove for polynomial calculus and for sum-of-squares, both in terms of degree and size.
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1 Introduction

Statements from combinatorics, constraint satisfaction problems (CSP), arithmetic circuit
design, and algebra itself can be formalized either as statements about polynomial equalities
(and inequalities), or via propositional logic. The approach based on propositional logic is
amenable to state-of-the-art algorithms for satisfiability (SAT), usually variations of Conflict-
Driven-Clause-Learning SAT solvers (CDCL), see for instance [28, 29, 3]. These solvers are
surprisingly efficient, but their reasoning is ultimately based on the resolution proof system.
On problems coming from algebra, CDCL solvers do not exploit the algebraic aspects of
the problem, and therefore are typically unable to solve them. Switching to algebra allows
to leverage on tools as Hilbert’s Nullstellensatz and Grébner basis computation in order to
solve systems of polynomial equations [10], or semidefinite programming to solve systems
of polynomial inequalities [30, 25]. These algebraic tools have been successful in practice
for instance to solve k-COLORING [11, 12, 13] and the verification of arithmetic multiplier
circuits [22, 21, 23]. k-COLORING, and in general CSP problems over finite domains of
size k, are naturally encoded using x-valued variables. In particular, the algebraic tools
for K-COLORING use the Fourier encoding, which represents values via complex variables z
subjected to the constraint z® = 1 and hence such that

Ze{]'?C’Cz?"‘VCK/il}?

where ( is a primitive xth root of unity. A k-valued variable z can be alternatively
represented as a collection of indicator Boolean variables x1,...,x, equipped with the
additional constraint z1 +---+ x,, = 1.

Picking the right encoding is essential to leverage the algebraic structure of the problem.
Even simple changes, for instance adding new variables to represent Boolean negations may
already give significant speedups both in theory and in practice [14, 20].
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In this paper, following a general approach from proof complexity, we show that algorithms
leveraging Hilbert’s Nullstellensatz or Grobner basis computations cannot prove efficiently
the unsatisfiability of some natural sets of polynomials equations over the Fourier variables.

The proof systems we consider are polynomial calculus and sum-of-squares. Polynomial
calculus is a well studied proof system that captures Hilbert’s Nullstellensatz and Grobner
basis computations. It is a system that certifies the unsatisfiability of sets of polynomial
equations. It has been studied for polynomials over different fields or rings and, in particular,
also for polynomials over the complex numbers C, see for instance [7]. Given polynomials
D1, ..., Pm with coefficients in a field F, a refutation of {p; =0,...,p, = 0} in polynomial
calculus over F, denoted as PCp, is a sequence of polynomials pi,...,ps over F such that
ps = 1 and each py11,...,ps is either (1) r - pg for some polynomial r with coeffcients in F
and some k < i; or (2) a linear combination ap; + Bpy for j,k < i and o, 8 € F.

Regarding sum-of-squares, it is a systems to certify the unsatisfiability of sets of polynomial
equations and inequalities over R. A sum-of-squares SoSg refutation of the set of contraints
{p=0: pe PtU{h>0: he€ H} is an identity of the form

1= qp+ > an-h+) s,
peEP heH seS
where the s,¢qp,q, are polynomials over R and moreover the gs are sums of squared
polynomials. In presence of Boolean or {£1}-valued variables, SoSg p-simulates PCg [4, 34].

In this paper, we introduce a generalization of sum-of-squares with polynomials over
C, SoSc (see Section 2 for the formal definition). Since C is not an ordered field, this
generalization of sum-of-squares to C can only be used to certify the unsatisfiability of sets
of polynomial equations. For sets of polynomial equations over R and in the presence of
Boolean variables, SoS¢ coincides with the usual notion of sum-of-squares over R, but the
generalization is necessary to deal with Fourier variables or to reason about polynomials over
C. In presence of Fourier variables, SoS¢ p-simulates PC¢, see Section 2 for more details.

PC and SoS can be used to solve computational problems once they are encoded as sets
of polynomials equations. It is customary to discuss sets of polynomial equations simply as
sets of polynomials. We adopt this custom and we say that a set of polynomials over C is
satisfiable when it has a common zero a € C™. The most naive algebraic encoding is to use
variables ranging over {0, 1} to represent the truth values of variables. This Boolean nature
of a variable z is enforced via the polynomial 2 — . With this encoding then, for example,
the satisfiability of a propositional clause x V =y V z can be encoded as the satisfiability of
the set of polynomials {(1 — 2)y(1 — 2), 2? —x, y?> —y, 22 — z}. Truth values of variables
are sometimes also encoded in the Fourier basis {1} and, as we already mentioned, for
some CSPs it is convenient to use k-valued variables using the xth roots of unity.

Finding deductions in PC/SoS may be hard, and in general there are important proxy
measures to estimate such hardness: the maximum degree of the polynomials involved in the
deductions, and the number of monomials involved in the whole proof when polynomials are
written explicitly as sums of monomials (size). The degree is a very rough measure of the
proof search space, the size is a lower bound on the time required to produce the proof.

Studying size and degree complexity in algebraic systems over Fourier encodings is
particularly relevant to understand how to leverage to proof complexity techniques like
the Smolensky’s method in circuit complexity [33]. He proved exponential lower bounds
to compute the MOD),, function by bounded-depth circuits using the unbounded gates in
{A,V,MOD,}, for p and ¢ relatively prime, employing a reduction to low-degree polynomials
over GF(q) approximating such circuits. In proof complexity, it is a long-standing problem
to obtain lower bounds for proof systems over bounded-depth formulas with modular gates.
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Non-trivial degree lower bounds for Fourier encodings were first obtained for the Nullstel-
lensatz proof system and PC by Grigoriev in [18] and Buss et al. in [7] for the Tseitin principle
over p-valued variables (instead of the usual {0,1}) and the so-called MOD,, principles [7].

For PC/SoSg over Boolean variables we know degree and size lower bounds for the
encodings of several computational problems, see for instance [2, 17, 31, 32, 35]. For the
size lower bounds in PC and SoSg this is essentially due to degree-size tradeoffs: if a set of

polynomials over Boolean variables has no refutation in PC/SoSg of degree at most D, then
(D—d)?
it has no refutation containing less than 29( n ) monomials, see [1, 19].

No such degree-size relation holds for polynomials over the Fourier variables. For instance,
it is well-known that Tseitin contradictions over the Boolean variables {0,1} require an
exponential number of monomials to be refuted in PC, while PC can refute them with a
linear number of monomials if the encoding uses the variables {£1}, see [7].

To the best of our knowledge, the first size lower bounds in PC/SoSg for polynomials with
{+£1} variables are proved by [34] for the pigeonhole principle and random 11-CNFs. Moreover
that work provides a technique to turn strong degree lower bounds in that framework into
strong size lower bounds for the same polynomials composed with some carefully constructed
gadgets. We extend this latter approach to get size lower bound under the Fourier encoding
of k-valued variables, and we apply it to a generalization of KNAPSACK for these variables.

The classical KNAPSACK problem corresponds to the set of polynomials

n
2 2
{g CiT; — 1T, ml—xl,...,xn—xn}, (1)
i—1

where 7,¢1,...,¢, € C. For KNAPSACK are known linear degree lower bounds in PC, see
[19, Theorem 5.1], and, when all the ¢;s are 1 and r € R, degree lower bounds in SoSg of
the form min{2|min{r,n — r}] + 3,n}, see [17]. Size lower bounds are also implied by the
respective size-degree tradeoffs [19, 1].

Sums of roots of unity We consider the problem of when a sum of n variables with values
in the xth roots of unity can be equal to some value r € C, that is the satisfiability of

SRUZ’T::{Zzi—T, z'f—l,...,z,’i—l}. (2)
i€[n]

. . n
Linear relations of the form ) ;" ¢;¢; = 0, where ¢; are complex numbers and (; are roots

of unity, arise naturally in several contexts [9], and have been extensively studied in the
literature, see for instance [16, 15]. When r divides n, & | n, it is easy to see that SRU™ is
satisfiable, because the xth roots of unity sum to zero.

When « is a power of a prime number p, this is indeed the only possibility, that is SRU':L’O
is satisfiable over C if and only if p | n. (For the simple proof of this fact see Proposition 4 in
Section 2.) For the general case of x € N, Lam and Leung [24] characterize exactly the set of
natural numbers n such that SRU™ is satisfiable. As a corollary of their results, if & is not
a power of a prime then, there exists a ng(k) s.t. for every n > ng(x) the set of polynomials
SRU" is satisfiable.

Our results In this paper we show the hardness to certify in PC and SoS¢ the unsatisfiability
of SRUZ’0 when £ is a prime and does not divide n. For simplicity, we leave the discussion
for the case when & is a power of a prime for the journal version. Our main results regarding
PC/SoS¢ informally say that SoS¢ and PC¢ cannot capture divisibility arguments.
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A linear degree lower bound for SRU?L’0 follows immediately, via a linear transformation,
from the known degree lower bound for KNAPSACK in SoS, since the Grigoriev’s lower bound
in [17] can easily extended to SoS¢. In this paper we generalize this result proving degree
and size lower bounds in SoS¢ for SRU;;" for k£ an odd prime.

» Theorem 1 (Degree lower bound for SRU;"). Let n,d € N, k be a prime, r € C. Let r be
written as r1 + (rq, where 1,79 € R and ¢ is some kth primitive root of unity. If

kd <min{ry +ro+ (k—U)n+k, n—r —re + K},

then there are no SoSc-refutations of SRU™" of degree at most d. In particular, SRU"
requires refutations of degree Q(%) in SoSc.

From the set of polynomials in SRU%’T we can easily infer the polynomials in SRUZ’O,

via a linear transformation and a weakening. This is enough to prove degree lower bounds
for SRU™? in PC¢ since, Impagliazzo, Pudlik, and Sgall [19, Theorem 5.1] proved a linear
degree lower bound for KNAPSACK and therefore SRU?L’T for any r (see Appendix A). This is
not the case for SoSc: SRUZ™ is refutable in small degree and size in SoSc if 7 € C \ R, see
Example 6. In other words, in SoS¢, unlike the case of PC, it is not possible to reduce the
hardness of SRU%°, for k > 2 to KNAPSACK.

To prove the degree lower bound in SoS¢ for SRU"™ (Theorem 1) first we construct a
candidate pseudo-expectation for SRU" based on the symmetries of the set of polynomials.
Then we prove its correctness, following the approach by Blekherman [5, 6] as presented
in [27, Theorem B.11] but generalized to SoSc. We only show in Section 5 how to use the
generalization of Blekherman’s theorem (Theorem 25) to prove Theorem 1.

We also prove a size lower bound for SRU%* in SoS¢. We lift degree lower bounds to size
lower bounds generalizing to k-valued Fourier variables the lifting approach due to Sokolov
[34], originally designed for real valued polynomials and {+1}-variables.

» Theorem 2 (Size lower bound for SRU""). Let & be a prime and n € N, if n > & then the
set of polynomials SRUfL’O has no refutation in SoSc within monomial size 2°0™) .

Theorem 2, for k = 2, follows easily from the techniques of Sokolov [34] and Grigoriev’s
degree lower bound for KNAPSACK [17]. For x > 2 it requires some non-trivial extension of
the lifting technique from [34]. That is, the composition of polynomials with appropriate
gadgets (see Definition 8). Our generalization of the lifting from [34] is Theorem 11 in
Section 3.

Theorem 1 and Theorem 2 also hold for PC¢, since SoS¢ simulates PCc.

Structure of the paper In the next section, we give the necessary preliminaries on roots
of unity and the formal definition of SoSc¢. In Section 3 we lift degree lower bounds to size
lower bounds for sets of polynomials over the roots of unity and we prove Theorem 2. The
main technical ingredient of this proof is Theorem 9. Its proof is deferred to Section 4. The
proof of Theorem 1 is in Section 5.

2 Preliminaries

Given n,k € N, let [n] := {1,...,n}, and if k divides n we write k | n. For a € R and
beN, let (g) =1 and (Z) = w for b > 1. Boldface symbols indicate vectors,
and x denotes a vector with n elements (z1,...,2,). We denote with  Boolean variables,
with z k-valued variables and with y generic variables or auxiliary variables. Given a set of
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polynomials P C Cly], (P) denotes the ideal generated by P in C[y]. Let i be the imaginary
unit in C, i.e. 32 = —1.

Vanishing sums of roots of unity For a positive integer k, a kth root of unity is a root
of the polynomial z* — 1. All the roots of unity except 1 are also roots of the polynomial
1+z+-+21 indeed 25 —1=(z—1)- (1 +2z+ -+ 25"1). A xth root of unity ( is
called primitive if ¢t # 1 for all 1 < t < k. If this is the case the xth roots of unity are
indeed 1, ¢, ¢2,...,¢" 1. Some of the results of this paper hold for roots of unity in generic
fields but, for sake of clarity, we only consider roots of unity in C. Notice that the complex
conjugate of ¢t is (*~t. For concreteness, we denote as ¢ a specific primitive xth root of
unity, for instance e* /% and as Q, the set {1,¢,¢2,...,¢* '}, We often denote as w a
generic element in 2.

The sth cyclotomic polynomial is the unique irreducible univariate polynomial in Z[X]
that divides X* — 1 and does not divides X*" — 1 for any x’ € [k — 1]. The sth cyclotomic
polynomial is denoted as @, (X). If & is prime, then ®,(X) =1+ X +---+ XL If g = p™
for some prime p and integer m then the xth cyclotomic polynomial is

m—1

Do (X)=1+XP" 4+ X¥" 4 xDp

» Proposition 3. Let k be a prime number. The set of polynomials SRUZ’0 is satisfiable over
C if and only if K | n.

Proof. Let ¢ be a primitive xth root of unity. That is { is a root of the xth cyclotomic
polynomial ®,(X) =1+ X +---+ X" L If 5 | n, say n = k - a, then a solution is trivial to
construct: 14 -+ +14+C+ -+ C+--+ o " =0ad, () =0.

a a a

Suppose now the set of polynomials SRU';”L’O is satisfiable over C. Let yi1,...,y, be a
solution. For j =0,...,k—1,let a; = |{¢ € [n] : y, = ¢/}|. From the definition it follows
immediately that 25;3 aj = n and that for some j > 0, o; # 0.

That is ¢ is a root of the univariate polynomial p(X) = Z;:Ol a; X7, but then ( is also a
root of p(X) — ae_ 1P, (X) = Z;:g(aj — 1) X7. This polynomial has degree strictly less
than x — 1 and hence it must be identically 0, i.e. ag = a1 = -+ = a,_1. Since Z';;Ol a;=n
this implies « | n. <

» Proposition 4. Let k be a power of a prime number p. The set of polynomials SRUZ’0 is
satisfiable over C if and only if p | n.

Proof. Let { be a primitive p™th root of unity, i.e. all the p™th roots of unity are
1,¢,¢2,...,¢?P" =1, The polynomial 1+ X?"  + X2 " 4 ... 4 X@=DP""" i3 the monic
polynomial with integer coefficients of minimum degree with ¢ as a root.

If p | n, say n = p - a, then a solution is trivial to construct:

1

1+..._~_1+CPM71+...+CPM7 _|_..._|_Cpm71(P—1)+...+<Pm71(p_l):O_

a a a

Suppose now the set of polynomials in SRU’fL’0 is satisfiable. Let yi,...,y, be a solution.
For j=0,....,p—1,let aj = [{{ € [n] : ye = (¢?}|. Now, for every £ € {0,...,p™ "1 — 1} we
have

Cp’”"l(pfl)H _ _Cl(l + Cp’”"l 4t CPWHI(P*Q)) ’
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m—1 .
that is, similar as Proposition 3, ¢ is a root of a univariate polynomial p(X) = z;):o (p=1)-1 a;-XJ
but now o = o — ay where £ € {0,...,p" " — 1} is such that £ = j (mod p™~'(p — 1)).
As in Proposition 3, this polynomial must also be identically 0, i.e. for every j a;- = 0. That

m

. -1 m-1_1 . -1 .. .
is >0 o aj=pYj_y o Since YJ~)a; = n this implies p | n. <

We define the proof systems of interest in this work: we recall the usual definition of
polynomial calculus and introduce a variant of Sum-of-Squares designed to deal with complex
numbers and complex roots of unity.

PC over the complex numbers Given a set of polynomials P C Clz] and ¢ € C[x], a
refutation of P in polynomial calculus over C, denoted as PCc¢, is a sequence of polynomials
P1,--.,Ds in Clx] such that ps = 1 and each p; is either (1) a polynomial from the set P; (2)
r - py, for some polynomial r € C[z] and some k < i; or (3) a linear combination ap; + Bpx
for j,k < i and «, 8 € C. The degree of the refutation is max{deg(p;)} and the size of the
refutation is the sum of the number of monomials among all p;s.

SoS over the complex numbers The key concept at the core of the sum-of-squares proof
system is that squares of real valued polynomials are always positive. For a complex valued
polynomial p € Cly] we use that p-p* > 0, where p* is the function that maps the assignment
a to the complex conjugate of the value p(a). We need a polynomial representation of
function p* that we call formal conjugate of p. To have such polynomial, in general, we would
need to use a twin formal variable to represent x* for any original variable x. Furthermore
we would need to add to the proof system various axioms to relate x and x*. In this work
we focus on SoS¢ under the Boolean and Fourier encodings, hence we can represent formal
conjugates as polynomials without any additional axiom or variable. For a Boolean variable
x € {0,1} we have that «* is x itself. For a Fourier variable z raised to an integer power
0 <t < K, the function (2%)* is 2#~t. Then the operator * extends homomorphically on sums
and products, and it is equal to the usual complex conjugate on complex number. We are
now ready to define the sum-of-squares proof system over complex number.

» Definition 5 (Sum-of-Squares over C, SoSc). Fiz an integer k > 2. Consider a set of
polynomials P C Clx, z] where P contains z® — 1 and for each variable z, and contains

2% — x for each variable x. A refutation of P in SoSc is an equality of the form

1= g pt) s,

peP ses

where the s € S and q, for p € P are in Clx, 2] and each s* is the formal conjugate of s.

The degree of the refutation is max{deg(gp) + deg(p),deg(s-s*) : pe P, s S}. The
size of the refutation is the total number of monomials occurring with non-zero coefficients
among polynomials {¢p,p : p € P}U{s,s* : s€ S}.

Notice that, for polynomials p,q € Rz, 2|, (p + iq)(p — iq) = p* + ¢*>. Therefore for
P C R[z] and containing x? — x; for every i € [n], the notion of SoSc and SoSg coincide.

By Hilbert’s Nullstellensatz, SoSc is complete: for every unsatisfiable set of polynomials
P there is a SoSc-refutation. Conversely, only unsatisfiable sets of polynomials have SoS¢
refutations: for any assignment a of a polynomial s, polynomial s - s* evaluates to |s(ca)|?
which is a non-negative real number.
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» Example 6. The set of polynomials {3, z; — i, 22 —x1,..., ¥2 — 1, } has a simple
SoSc¢ refutation:

== =)D w i)+ (D 22
]

J€ln J€ln] J€[n]

Via similar algebraic equalities it is not hard to see that SoS¢ can refute easily the set of
polynomials corresponding to KNAPSACK in eq. (1) when r € C\ R and all ¢;s are real. By a
simple modification of [4, Lemma 3.1] and [34], we also have that, in presence of the axioms
yf — 1, SoSc simulates PC¢, that is PC¢ refutations can be converted to SoSc refutations
with just a polynomial increase in size.! Impagliazzo, Pudlak, and Sgall in [19, Theorem 5.1]
prove that the set of polynomials in eq. (1) is hard for PC¢, hence SoSc is strictly stronger
than PCc.

3 Size lower bounds in Sum-of-Squares

In this section we prove the size lower bound for SRUZ’0 in SoS¢ from the the corresponding
degree lower bound. That is we show how to prove Theorem 2 from Theorem 1. On a
very high level, this is done composing the polynomials in SRU;"" with some polynomials g,
obtaining then some new set of polynomials SRU;"" o g. Then a lifting theorem shows that
degree lower bounds on SRU;" imply size lower bounds on SRU;"" o g.

» Definition 7 (composition of polynomials). Let x,y,...y,, be tuples of distinct variables
where y; = (yj1,---,Yje;). Given a polynomial p € Clx] and g = (g1 ..., gn) with g; € Cly,]
we denote by p o g the polynomial obtained substituting each instance of the variable x; in p
with the polynomial gj(yj) and then expanding the obtained algebraic expression as a sum of
monomials in the new variables. The polynomial p o g then belongs to the ring Cly,,...,y,]-

Similarly, for a set of polynomials P C Clx] we denote as P o g the set of polynomials

{pog: peP}.

We are interested in composing polynomials with g with good properties. Those are a
generalization of the notion of compliant gadgets from [34, Definition 2.1].

» Definition 8 (compliant polynomial). A polynomial g € Clyy,...,ye] is compliant if it is
symmetric and there exists a function h : Q, — QY such that

1. goh=id, ie forallbe Q,, g(h(b)) = b;

2. for each b € Q,,, the first k coordinates of h(b) list all the elements of Q; and

3. [lcq, h(w) is a constant function.

We say that g = (g1 -, gn) with g; € Cly,] is compliant when each g; is compliant.

The original definition of [34, Definition 2.1] focuses on real polynomials and sets of values
{0,1} and {+£1}, while ours focuses on complex polynomials and the set of kth roots of unity.

The overall structure of the size lower bound is via a typical size-degree trade-offs that can
be found for instance in [8, 34, 1]. The idea is to show, first, that there exists a relatively long
sequence of restrictions such that the restricted polynomials have small degree refutations
(Theorem 9 below) and, secondly, that each individual restriction can only make the degree
decrease a little (Lemma 10 below). These two components will imply that the sequence

! The main difference with [4, Lemma 3.1] and [34] is to consider polynomials s - s* instead of squares s
and then to use the algebraic equality (p+ ¢)(p+¢)* + (p — q)(p — @)™ = 2pp™ + 2qq™ instead of the
one for the reals (p+ )% + (p — q)® = 2p* +2¢* .
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of restrictions must be very long and this will imply the size-degree trade-off. For the sake
of a cleaner argument we consider the notion of reduced degree: the reduced degree of a
refutation in SoSc of a set of polynomials P containing the polynomials 27 — 1 is the degree
of the refutation where we do not take in account the degrees of the polynomials g, where p
is 2%f — 1 (see Definition 5).

The first component comes from a generalization of [34, Theorem 4.1].

» Theorem 9. Let P be finite a set of polynomials of degree dy in Clx] containing the
polynomials =% — 1 for each j € [n]. Let g be a tuple of compliant polynomials with
gi € Clyi1, -, Yie,] and w1, w2, ... ,wy, € Q. If there is a SoSc refutation of PogU{yf; —
1: ¢ €n], j€[l]} of size s then there exists a sequence of variables x;,, ..., x;,  with
m > {*nln(s)/D such that

1. /= max; gi;

2. the choice of x;, only depends on w1,...,wi_1;

3. there is a SoSc refutation of Pluy, —w ..., =w, Of reduced degree at most D + dy.

.....

The proof of this result is in Section 4. The second component is the following lemma.

» Lemma 10. Let P be a finite set of polynomials in Clx| containing the polynomials z¥ —1
for each j € [n]. Suppose any SoSc refutation of P has reduced degree at least D. Then,
for any variable x; there is w € Q, such that SoSc refutations of Pl.,—. must have reduced
degree at least D — 2k + 2.

Proof. (sketch) For sake of contradiction, suppose there exists some variable  such that
for every w € Q,, P|,—, has a refutation of reduced degree D — 2x + 1. For every ¢ € N,
2t — wt is a multiple of  — w. Therefore, for every p € P, the polynomial p — p[,—., belongs
to the ideal generated by x — w. This means that we can transform refutations of P[,—,
into refutations of P U {z — w} without increasing the degree. Hence, there are refutations of
P U {z — w} of reduced degree D — 2k + 1 for every w € Q.

Let 7, be a refutation of P U {x — w} of reduced degree D — 2k + 1. Let q,(z) =
[T @ — ).

It is easy to see that multiplying 7, by the polynomial g,q, we get a derivation of —gq,,¢q;,
from P. This new derivation has reduced degree D—2k+1+2(k—1) = D—1. Now we can take
a linear combination (with non-negative real coefficients) of the previous derivations to get
the derivation of —1. More precisely we need numbers o, > 0 such that ) cq, Owluqs—1 €
(z" —1). Setting ay, = 1/q¢u(w)gu(w)* we get that that > o awqugs — 1 is zero for all
w € Q,; and therefore in the ideal (" —1). This finally gives a SoS¢ refutation of P in degree
D — 1, contradicting the assumption on P. |

Now we put together Theorem 9 and Lemma 10 to get the size-degree trade-off, which is
a generalization of [34, Theorem 4.2].

» Theorem 11. Let P a finite set of polynomials of degree at most dy in Clx] containing
the polynomials xf — 1 for each i € [n]. Let g be a tuple of compliant polynomials with
9i € Clyin, .-, vie,]- If P requires degree D to be refuted in SoSc, then

PoguU{yy—1: i€[n], jel[l]}

(D—dp)?

requires monomial size at least exp(m

) to be refuted in SoSc, where £ = max;cy,) £;.

Proof. Let s be the smallest size of a SoSc refutation of the set of polynomials PogU {y; —
1: i€n], j€[l]}. We alternate applications of Theorem 9 to pick x;, with applications
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of Lemma 10 to pick wy, and in the end we have a sequence of variables/values z;, =
.. = wm. By these choices, the restricted set of polynomials P[milzwh“
requires refutations of reduced degree at least D — 2km + 2m. By Theorem 9, we can set
m = (*nln(s)/D’ for some D' > 0 and get a refutation of reduced degree at most D’ + dy.
Hence, D' +dy > D — 2m(x — 1) and we get that In(s) > D(D=D'—dy)

2¢kn(k—1)
attained for D’ = (D — dyp)/2 and we get In(s) > 8(;%%.

W1,y..., 25

3 Lipy, =Wm

. The largest value is

<

We finally prove the size lower bound for SRU':I’O claimed in Theorem 2, using Theorems 1
and 11.

» Theorem 2 (Size lower bound for SRU""). Let k be a prime and n € N, if n.>> k then the
set of polynomials SRU,’?O has no refutation in SoSc within monomial size 2°().

Proof. Let n = (25 + 1)n’ + b with b € {0,...,2x}. Let {1 = -+ = ¢, = 2k + 2 and
lpy1 =+ =Llp =2k + 1. Consider the tuple g = (¢1,...,9n/) where g; € Cly;1,...,Yi,] is
the polynomial

1
9i(its - - yies) = —( > yig— (6 - 2k)) .
Jelt:]
We have that SRU%? after renaming of variables is a subset of
SRU ogU{y —1: ie[n'], jelbl]} (3)

with r = f%. By Theorem 1, there are no SoSc refutations of SRU”;" in degree % Each
gi is compliant. Indeed, the polynomial g; is symmetric and we can take as h; : Q. — Q%

the function mapping

hi:we (1,63, 1100 Lww,.. . w)
— ——
0;i—2kK K

where ( is a primitive xth root of unity in C. Clearly, g o h is the identity and

H hi(w) = ¢R=D/2 8 — rls=1)/2

W
since w is a xth root of unity. By Theorem 11, the set of polynomials (3) requires SoS¢
refutations of monomial size at least exp(%) = 2% if n > k. Therefore SRUS?
requires refutations size 24" too. <

4 Proof of Theorem 9

The whole argument in this section is a generalization of the proof of [34, Theorem 4.1].
Here, we fix a primitive xth root of unity ¢ and a tuple of polynomials g = (g1, ..., gn) with
gi € Cly;] compliant on Q,, = {1,¢,...,¢* !}, In particular, for each i € [n], £; > k + 1. Let
T be the set of terms in Cly,,...,y,]

Notation for terms in 7, We use a compact notation to denote the terms in 7,,. Given

i € [n],let a; = (u1,...,qu,) € N% and let Y, := [Licw, yf;’ We can uniquely write
each term t in Clyy,...,y,] as
t= H Y
1€[n]

for suitable tuples a; € N%.
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Permutations and symmetrizations of terms in 7, Let &, be the group of permutations
over {; elements. Given o € &y,, and «a; as above, let the image of the monomial ¥Y,** be
oYX =] el yzo;gj) We will be interested in 0 € &y, that are x-cycles. They always exist

since the fact that g is compliant implies that ¢; > & for each i € [n].

» Example 12. Say ¢ =4, k = 3, and 0 is the 3-cycle (1 2 3). The term t =y ,y1 5u7 391 4
is Y/* with a = (0,1,2,1). The permutation o maps ¢ to ot = y{ yy1 393 11 4-

In general, a term t € 7, has the form Hie[n] Y;** and given a permutation we want to

apply it only to the variables in ¢ relative to some index ig.
That is, given 49 € [n] and o € &y, , we consider the map (;1o) : T, — Ty defined by

(U;io)( 11 Yﬁi) =y [ v
i€ i€[nl.iio

The reason we consider the action of permutations on 7, is that we want to symmetrize
the terms in 7,, but only the part of them relative to some index ig.

» Definition 13 (the symmetrization SYM, ;, (t)). Givenig € [n], a termt € Ty, and o € &,
a k-cycle, we consider the polynomial SYM, ;,(t) defined as

SYM, i, () 1= _ (oi0)™(t)

where (0;i9)™ is (0;40) o --- o (0340) and (03i9)° is the identity.

m times

» Example 14 (Example 12 cont'd.). Recall that ¢ = 49 y{ 537 391 4 and 0 = (1 2 3). Let
ip = 1. We have (03 1)(t) = 7 5y1 31 151,4 and

0,1 .2 .1 0.1 .2 .1 0,1 .2 .1
SYMo,1(t) = Y1 191 297 3Y1,4 + Y1 2Y1,3Y1,1Y1,4 + Y1 3Y11Y1,2Y1.4 >
while, for instance, SYM, 2 (t) = 3t.

» Lemma 15. Let p,q € Clyy,...,y,], 0 € [n] and 0 € &y,. If q is invariant under (o o),
then SYMo,io (pQ) = SYMo,io (p)q

Proof. The action of (0;1g) is multiplicative, therefore

k—1

SYM, 4, (pq) = Z (05i0)™ (pq)

3
= o

> (0380)™ (p) - (370)™ (q)

0

m

—1
= Z (0510)™(p) - q (since ¢ is invariant under (o7;1g))
m=0
= SYMUJ'O (p)q .
<

We want to apply restrictions of a specific form to the symmetrized terms. The restrictions
we use are the 3; , defined below.
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» Definition 16 (the partial assignment 53, ;). Fori € [n] and a k-cycle 0 = (o j1 -+ Ju—1),
let Bi,o be the partial assignment on the variables y; mapping y; j,, to ("™, for every m =
0,...,& —1 and mapping the remaining variables y; ; to themselves. We denote the partial
assignment 3; , applied to a polynomial p as plg, , -

The main reason to consider the symmetrization together with the partial assignment

Bi.» is that, together, they act as if they were a partial restriction mapping some terms to 0.

» Lemma 17. Let ig € [n] and jo,...,jx—1 € [l;] be distinct indices. Let o be the k-cycle
(Jo j1 «-+ Ju—1)- Lett= Hie[n] Y™ be a generic term in T,. Then

. -1
0 Zf K Jf an:O QXig,jim
k-tlg, , otherwise .

SYMU,Z'O (t) Fﬁig,o = {

Proof. Since (0;i0)° is the identity, we have (0;40)%(t)ls,, ,= tlg,, .- For (g;ig)', we can
see that now f3;, , maps variable y;,;, to ("1

(@330) (D) g0 = w - 13y, »
Em—l o
where w = (Zm=0 “0im Likewise, for every 0 < m < k, we have that

(07 io)m(t) rﬂio,a: w™ - trﬂio,a

That is

Kk—1 .
SYMU,iO (t) {ﬁ,‘,oya: < Z wm>trﬁl00 {O if w # 1

o k-tlg, , otherwise,

where the last equality follows since all w # 1 are roots of the univariate polynomial

1+ X+ X2 +---+ X" 1. To conclude it is enough to observe that by definition, w # 1 if
. k—1

and only if K>~ g j,. - <

» Lemma 18. IfSYM, ;(t)[g, ,= 0 then SYM, ;(t*)5, ,= 0, where t* is the formal conjugate
of t.
Proof. By Lemma 17, SYM, ;()[, ,= 0 implies that « { an;lo Qi 4., - The exponent of the

variable y; ; in t* is kK — a; ;, therefore k { Z:;lo(m — ;.. ) and hence, again by Lemma 17,
SYM,.i (t*)13,,,= 0. <

> Lemma 19. Let t = [[;c, ;™" be such that for each i € [n], o € [k]% and suppose
the entries of the vector o, are not all equal. Then there exist a k-cycle o such that
SYMy.io (t)15s,.,= O-

Proof. By Lemma 17, it is enough to show that there are x distinct indices jo, . .., ju—1 € [¢;]

such that & { a;y j, +- - -+, 5., . Consider two distinct indices jo, j1 such that o, j, > @iy, j, -

Now consider arbitrary distinct indices ja,...,jx € [¢;]. We can find those indices since

0; > Kk + 1. It must be that either & { g j, + Dom_o Qig.jm OF K1 Qg jy + Dom_o Qg ..

Otherwise, if x divided both sums, then & | o, j, — @, 5, Which is strictly between 0 and &
and hence not divisible by «. |

Now, by linearity, we define SYM, ;(p)lg, , for every p € Cly,,...,y,]. Before proving

Theorem 9 we need to show that this operator behaves well on polynomials of the form pp*.

11
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» Lemma 20. For every polynomial p € Cly,,...,y,], every ig € [n] and every r-cycle
o € &y, , there are polynomials so, ..., S(x—1) such that

SYMio (00*) 81y = 5055 4+ + S(r—1)S(x_1) »

and moreover the total number of monomials in sosy +-- -+ 8(,{,1)32‘“71) before cancellations
is at most the number of monomials in pp* (again before cancellations).

Proof. The permutation o is a k-cycle, say (jo j1 ... js—1). Let t(a) the monomial

k=1 Qigjm o : :
[1—0 ¥iys.™, where the a,;,, are integers between 0 and x — 1. By construction the formal

k—1 K=Qigjm
m=0 Jigjm

conjugate of t(a) is | , which can be written as t(ke — &) where e is the vector

of dimension x with all entries 1. Let ||a| = Z;;lo Q44 j,, We divide the partition the vectors
of exponents a in Ag, A1, ..., A,—1) based on the residue of their norm modulo x. Namely

Ay ={a: |la||=m (mod k)}. We have that

P=Y pat(@)+ Y pat(@)+--+ > pat(a).

acAy acA, aGA(N,l)

Before computing SYM, 4, (pp*)|,, ., we observe that SYM, ;, (t(c)t(e')*)[5,, , is non-zero if
and only if k divides |||+ ||ke — &’|| (by Lemma 17), and the latter occurs when |la| = ||&/||
mod k. By linearity of SYM, ;,(-) and this observation we have that

SYMUJO (pp*) r,@io,o = Z papj;’ SYMU,io (t(a)t(a/)*) rﬂjo,a

a,a’ €A
= > PaPaSYMo, ()t (@) )g, .+ > PaParSYMo, (Ha)t(a))ls,, ,
el e Ay a,a’ €A,

=k > PaPat(@)lp,, 0@ ) s, Hme Y papat(@)ls, ., H) g, ,

.o Ay a,a’ €A1
=k ( Z pat(a)rﬁio,o) ’ ( Z pat(a)rﬁiov”) T

acA a€cAo
cotm (N pat@)lp,.) (Y pat(@)ls,,)

QCA( 1y a€A 1)

— 5038 + o+ 8(5_1)5?’{_1) 5

where each s, is VK- ) oc . Pat(@)lp,, . We conclude the proof discussing the size. Let ¢y,
be the number of monomials in » 4 pat(a). The polynomial s,, has no more monomials
than ¢,,,, being its restriction. Hence, the total count of monomials in sosg+- - -+s(,£_1)52‘ﬁ_1),

_ _ 2
before cancellations, is at most an:lo c2, which is less than (anzlo cm) , the number of
mononomials in pp* before cancellations. <

We have now all the ingredients needed to prove Theorem 9. For convenience of the
reader we restate it here.

» Theorem 9. Let P be finite a set of polynomials of degree dy in Clx] containing the
polynomials =% — 1 for each j € [n]. Let g be a tuple of compliant polynomials with
gi € Clyi1, -, Yie,] and w1, w2, ..., wy, € Q. If there is a SoSc refutation of PogU{yf; —
1: i€ n], j€[l]} of size s then there exists a sequence of variables x;,,...,x;, with
m > £*nln(s)/D such that

1. /= max; &‘;

2. the choice of x;, only depends on wi,...,wi—1;
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3. there is a SoSc refutation of Pl =wr,.. of reduced degree at most D + dy.

3 Ljy =Wm

Proof. Let 7 be a SoSc refutation of PogU{yf; —1 : i € [n], j € [;]} of size s. Proof w
has the form

1= qp+ Y e -+ e d, (4)

pEPog i€[n] qEQ
Jel]
where gp, gi;, ¢s are polynomials in Cly,...,y,]. Without loss of generality we can consider

a “multilinearized” version of (4) where each polynomial is reduced modulo the ideal
(yr; —1 : i €[n], j €[4]). That is each polynomial g, gs have variables y;; with degree at
most k — 1. This comes at the cost of increasing polynomially the size of the proof.

We say a term ¢ = Hie[n] Y;* is fat when there are at least D/x distinct indices ¢ so that
the entries of the vector a; are not all equal. By Lemma 19, if a term is fat there are at
least D/k maps (o;4) with distinct indices ¢ so that SYM, ;(¢)[ 3, o= 0.

Let F be the set of fat terms in the g,s and in g - ¢* before cancellations.? We have at
most £({ —1)...({ — k+1)/k < £7/k possible k-cycles in total, hence the maps (o;7) are at
most n - £%/k. Therefore by averaging we have a pair (o1,41) so that the fat terms t € F
where SYM,, ;, (t)[s,, ,,= 0 are at least B F| = 2 |F|.

Fix an arbitrary w; € Q.. By applying (01;i1)°, ..., (01;41)" ! to (4), summing and
restricting by 8;,,», we obtain the equality

—k= Z SYM;, o, (qp'p)rﬁil,ol + Z SYM;, o, (qij(y%_l))rﬁil,al + ZSYMihal (Q'q*)rﬂil,al :

pEPog i€[n] 9€Q
JE(ti]

()

Now, since g is symmetric, p is invariant under the action of (o1;41) and, by Lemma 15,
then

SYMil 01 (qp : p) rBil,al = SYMil 01 (qp) rﬂil,al 'prﬁil,al

For the same reason

SYMi, 00 (455 (Y5 — DI6i, 0y = SYMiy 0y (035185, 0, Wi — Dlgiy oy

Therefore, by Lemma 20, the expression in (5) is a SoSc refutation 7 of (Pog)lg,, , . Notice
that, by the properties of g, it is possible to extend f;, », to a ' setting all the remaining
variables in y; and such that g, (8'(yi; 1), B (¥ir 0, ) = w1

Restricting m by ' we obtain a SoSc refutation of (P [, —w,) 0 g. Let m be this
refutation. By Lemma 17 and Lemma 20, m; has size at most s and, by construction, mq
contains at most (1 — ;2 )|F| fat terms.

By repeating this process m times, we get a partial assignment x;, = wi,...,2; = wn

m

and a SoSc refutation 7’ of (Pl —w,.....z;, =w,,) ©g such that 7’ contains no fat terms. This
is because the number of fat terms in 7’ is at most

D\"™ Dm
R — < —
<1 €”n> s < exp < ™ Jrln(s)) <1,

2 This set of polynomials is the analogue of the quadratic representation in (34].

13
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if m > ¢"nln(s)/D. To conclude the argument we need to transform 7’ into an SoSc
refutation of Pl =wr,.. —w,, of reduced degree at most D + d.

For a € {0,...,k — 1} let x4(X) be the univariate polynomial that evaluates to 1 in
X = (% and 0 whenever X = ¢* with b # a. That is, y,(X) is the polynomial

REZ2Y

1 )
a X = ) X ¢
X ( ) H0§i<n,i7éa(<a - Cl) 0<i£[,i;éa( ‘ )

i.e., written as a sum of monomials

Ya(X) = !

~ Y (=1)eli(1,..., ¢t et L X
[o<icn,iza(C* —¢Y) ; !
where el; is the jth elementary symmetric polynomial on x — 1 variables.
To transform 7' into a refutation of Pls, —w, ..z, =w,, we need to set the remaining y;;

variables so that for any unassigned z;, the corresponding g¢;(y,) evaluates to z;. For each

.....

i € [n] and j € [¢;] we substitute all the occurrences of the variable y;; in 7’ with

Zh )iXa(Zi) (6)

recall that h;(¢%); is the jth coordinate of the image of (* under the function h; : Q, — 0L
witnessing the gadget g; is compliant.

We use the x,(z;) written as a sum of monomials. Let 7" be the result of this
transformation applied to 7. We have that no monomial in 7" has degree bigger than
Dk-1)<D.

To conclude we need to show how to modify 7" to a SoSc refutation of Pl —a,
The part of 7" that is a “sum of squares” of the form ss* after the transformation will remain
a sum of squares. We need to only show that the axioms (P, —w,, ..z, =w,,) © g, ONCE
converted back to the z-variables via the transformation in (6), are easily derivable from
Ple; =wr ..., =w,, and the axioms zf — 1 in degree at most D + dp.

Given polynomials p, ¢ € C[x], we write p = ¢ to denote the fact that p — ¢ is in the ideal
generated by f —1,..., 2 — 1. It is enough to show that

<Z h 1Xa ) Z h Z Xa xz)) =4 (7)
and that
(Z hi(C*)jXa( xz)> =1 (8)

If the two equalities above hold, then 7" can be easily modified to a SoSc¢ proof of
P s =wr,wi, =w, 0 reduced degree not exceeding D + do. To see this observe that

oy Ly =Wm *

an equivalence p = ¢ under the ideal generated by xf — 1,...,z5; — 1 can be proved in

degree at most max{deg(p),deg(q)} and here need to show equivalences between (restricted)

polynomials from 7’ and P of degree, respectively, at most D and dgy, both at most D + dg.
First notice that

Xa(:)? = Xa(z:)
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and, for every a # b in {0,...,k — 1}

Xa(Ti)xp(2i) =0

To see (8) we argue as follows

(Zh )i Xa(x; ) = Z H R(C*)Xa,(x:)

0<ay,...,ar <k L€[K]

tha )5 - Xa(i)

Similarly to prove (7) we argue as follows

9i <z_: hz(C IXa xz . Zh f Xa Zq > Zgl "'7hi(Ca)€i) 'Xa(xi)
a=0
= Z_:gi 0 hi(C") - Xa(z:i)
a=0

k—1

= Z ¢" - Xa(®s)
a=0

=ux;

The last equality claims that > ._ é C%Xq(x;) is identically equal to the polynomial x;. To see
this, we observe that > " é C%Xq(x;) is a univariate polynomial of degree < k, say >, i 0 ¢l
for some coefficients ¢;. When we evaluate it on the xth roots of unity it is always 0 unless
when z; is (* where it is (%, hence we can set-up a system of k linear equations to find
the value a of the ¢;s. The linear equations are linearly independent and there is a unique
solution. Setting c¢; = 0 for all j # ¢ and ¢; = 1, i.e., the polynomial is identically equal to x;,
is such solution. |

5 Degree lower bounds in Sum-of-Squares

In this section we prove Theorem 1, restated here for convenience of the reader.

» Theorem 1 (Degree lower bound for SRU"). Let n,d € N, k be a prime, r € C. Let r be
written as r1 + (ra, where 1,72 € R and { is some kth primitive root of unity. If

kd <min{ry +ro+ (k—1)n+k, n—ry —re + K},

then there are no SoSc-refutations of SRU;" of degree at most d. In particular, SRUZ’O
requires refutations of degree Q(%) in SoSc .

It is convenient to consider the following Boolean encoding of the sums of roots of unity,

bool-SRU"™ := { Z (Z - :cw) —r ol —ay, Y wg—1:icn)je [n]} . (9)
JE[x]

[n]  j€[k]

15
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The set of equations SRU" uses variables taking values in {1,(,¢?,...,¢(* !}, the encoding
in eq. (9) uses indicator variables to select the appropriate power of . For our purposes it is
enough to show the degree lower bound for bool-SRU!".

» Proposition 21. The degree needed to refute SRU" in PCc/SoSc is at least the degree
needed to refute bool-SRU;" in PC¢/SoSc.

Proof. (sketch) Take a refutation of SRU;"" of degree D. Necessarily k < D. We want
to argue that bool-SRUY’" has a refutation of degree D, as well. To avoid ambiguity we
consider SRU" defined on variables z and bool-SRU"" on variables . We apply the linear
substitution

i—1
Z > E iy,

J€(k]

to the degree D refutation of SRU"". We get a refutation of degree D of the resulting set of
polynomials. It is sufficient to show we can infer the these polynomials in low degree PC¢
from the axioms of bool-SRU;"". Indeed, from bool-SRU;"" we can easily infer x;;x;; = 0 for
each i € [n] and j # j' € [k], hence we have

( > Cj_lxij)n =pc > CUTVRE =pc Y wij=pc 1,
Jelx]

JElx] J€lx]

where with p =pc ¢ we mean that the p — ¢ is derivable in PC. The whole derivation of
bool-SRU;," has degree D. <

To show the degree lower bound for bool-SRU!"" we construct a degree-d pseudo-
expectation for bool-SRU;", i.e., a linear operator E : Cz] — C such that

B(1) = 1,

E(mp) = 0, for every p € bool-SRU;"" and m monomial such that deg(p) + deg(m) < d,
E(s - s*) € Rxo, for every polynomial s s.t. deg(s - s*) < d.
It is easy to see that the existence of a degree-d pseudo-expectation for a set of polynomials
P implies that P cannot be refuted in degree-d SoSc. The construction of an appropriate

pseudo-expectation E for bool-SRU." is the goal of this section.

Some notation In this section we consider fixed r € C and 71,79 € R such that r = r{ 4+ (ra.
Let e; be the vector of dimension x with the jth entry 1 and all other entries 0. For j € [x],
let ) := (214, ...,%,;). That is, bool-SRU" is a set of polynomials in C[z™®), ... x(®)].
Given a tuple of sets I = (Iy,..., 1), where I; C [n], let X1 =[] ILier, @i With || -]
we always denote the 1-norm. So [|z/)|| denotes the polynomial > i) Tij-

A potential satisfying assignment of bool-SRU}"" consists of v = (y1,...,74), the
allocation of the n roots of unity in the directions ¢°,...,¢*!. The sum Zje[n] Cj_le must
be equal to the target value r = ry + (72, so we spread uniformly n — 7y — 72 among the v;s,
and then add r; and r to 1 and - respectively. This leads to the definitions

Y=y,
Jo = BRI 4y (10)
v; === forj=>3.

Observe that ||vy|| = n. For ease of notation let 4 = *=="2 and r3 = --- = r, = 0.

Therefore, we can write v; =4 + r; for each j € [x].
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Given I = (Iy,...,1I,) with I; C [n], and variables v = (v1,...,v,), let S(Xr) be the
polynomial in the variables v defined by

|I;]—1
L H H ; if the sets in I are pair-wise disjoint ,
S(XI) = jelk] £=0

0 otherwise .
(11)

By linearity, extend S(-) to all polynomials. That is, given p = 3 ; ay Xy with ay € C, let
S(p) == > ;arS(Xr). We define

E(p) := S(p)(7)

and we show that E is a pseudo—expectation for bool-Kn/»""
Let B be the ideal (22 5~ Tig, ijrig i € [n], j,j" € [k], j # j'). Given polynomials
D, q € C[w(l o xle )}, we use the notation p = ¢ to denote that p — ¢ € B.

» Lemma 22. If p = q then E(p) = E(q).

Proof. By definition p = ¢ means there exists a polynomial s € B such that p = ¢+ s. By
construction, E maps to 0 every polynomial in B, in particular IE( ) = 0. By the linearity of
E, then E(p) = E(q). <

From the definition of E, it follows easily that the lifts of the polynomials in bool-SRU’"
are mapped to 0 by E.

» Theorem 23. For every I = (I,...,1;) with I; C [n] and i € [n], and every p €
bool-SRU.", E(Xp) = 0.

Proof. The fact that E(Xl(m?j — ;) = 0 is immediate by the definition of E.
Given a = (ay,...,a,) € [n]", let By = % [ e Zigl(’yj — {). Notice that for

every j € [k], Fate; = Ea% If the sets I; are not pair-wise disjoint then, by definition,
the pseudo-expectation is already 0, so it is enough to consider the case when the I;s are
pair-wise disjoint.

Let t = (t1,...,t.) where t; = |I;|. To show that E(XI(ZJ'G[H] x;; — 1)) = 0 we have two

cases. If i € ;¢ Ij, then

E(Xg( Zx” ~E;=0.
[x]

If i ¢ Uje[n] I;, then

. ) g, (i)
K 0 )= X v > 254 e (B0 ) <o,

J€[r] j€(r]

since ||v|| = n.
Finally we prove that E(XI(Z]'Q[H] G YD || =71 = Cr)) =

(Y T MeD ) —m =) =B Y M+ DY () T Bryey) = (1 + (o) By

j€lx] JElx] igujem 1; JElx]

17
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=B Y 7+ (= tl) Y ¢ Brre, — (14 Cra) By

JE[x] JE[x]
=E Y O+ By 7 Ny — 1) — (1 4+ Cra) B
J€Elx] j€lx]

=B | Y7+ > Iy 1) = (r+ Cra)
Jj€lr]

JE[K]

=B | > 07y = (1 +Cr2)

JE[K]

=B [ YT+ Iy = (r+ ()

J€[x] JE[K]

since ; =4 +r;, 75 =0 for j > 2, and 37, ¢/ = 0. <

This result, together with Theorem 24 below, implies that E is a degree-d pseudo-
expectation for bool-SRU™", and therefore a degree-d lower bound for the refutations of

n

bool-SRU"" and SRU" in SoSc, i.e. Theorem 1. The idea is to use to Blekherman’s
approach in [27, Appendix B,C]. Let us recall first some useful notation.

Let &,, be the symmetric group of n elements. For a set J C [n] and a permutation
o €6, let oJ:={0o(j) : j€ J}. Consider variables y = (y1,...,yn). For a set J C [n] let
Yy :=]l;c;y;j- Given a polynomial p € C[y], that is p(y) = ZJQ[n] p;Yy, with p; € C, let

op(y) ==Y psYos -
J
Then define the symmetrization of p as the polynomial Sym(p) € C[y] given by

Sym(p)(y) = % > oply) -

" oe6,
» Theorem 24. For every polynomial p € (C[:c(l), cee a:(")] of degree at most d, if
—(k=—Dn+rd—r<ri+ra<n—rd+sx,

then E(p - p*) > 0 where p* is the formal conjugate of p.
Proof. Let « be defined as in eq. (10), and recall 4 = 2="="2 Recall that the polynomial
S(X1) when evaluated on ~ is exactly E(X7), see the comment after eq. (11). We have that

E(p-p") =S(p-p")(7) [by the definition of E]
=Sp-p)ri+4,r2+5,. .., +9) [by the definition of ~]
= Sym(pl, -pl;)(Ye1) [by Theorem 26 below]

d j—1
= Zpdfj('?) Pa—i(%) H('Ay —i)(n—4—1), [by Theorem 25 below]
§=0 i=0
where p is the substitution given by p(zi;) := y; + -2 (recall that r3 = --- =7, = 0). Now,

pd—;j(§) - Pi_;(4) is always real and non-negative since it is the module of the complex
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number Pd—; (), hence to enforce the non-negativity of E(p -p*) it is enough to argue that
[I=5 (3% —i)(n —4 —i) > 0. This is true if 4 —d+1>0and n —4 —d +1> 0. Le. if

—(k—1n+rd—rk<ri+ro<n—rd+k. <

» Theorem 25 (adaptation of [27, Theorem B.11]). Given variables y = (y1,...,yn) and
p,q € Cly] with degree at most d < n/2,

d j—1
Sym(p-p*)(y) = > pa—s(lyl) - pa_; Iyl [Tyl = )(n =yl =)
j=0 i=0

where pa—j is a univariate polynomial with coefficients in C, py_ is the formal conjugate of
Pa—j and the degree of both polynomials is at most (d — j)/2.

This result is provable using exactly the same argument of Blekherman in [27, Theorem
B.11], adapted to complex numbers.

» Theorem 26. Given p € Clz(D),... x(®)],

S@)(ry+ Myl ra + llyll, s +llyll, - 7w + [lyll) = Sym(pl,)(y)
where p is the substitution given by p(xi;) := y; + -+ (recall that r3 = --- =1, =0).
Proof. Given a vector of variables y = (y1,...,Ym), let (”’t’”) be the polynomial
<||y||> _ lyldlyll=1)---(lyll -t +1)
t ) t! '

It holds that (HZ;“) = 1Cin) Y1. (See Lemma 27 on page 20). This immediately implies
\T]=t

I <||93:)|) - ) 7 X5 . (12)

that

JE[K] I=(I1,...,1.), 1;C[n]
[75]=t;
For a vector of sets I = (I3,...,I;) and a permutation o € &,,, let oI := (cl3,...,01,).
Given a polynomial p = >, pr Xy in Clz®,...,2")] and a permutation o € &,, let
op =Y prXor -
I
Now, for any polynomial p € C[z™), ... z(®)]
1 K
o > o =SE)([#M],. .., "] . (13)
eSS,

To see this equivalence, by linearity, it is enough to show that for every I with I; C [n]

1 K
] Y Xer=SN(lzM], - l2™]) -

ceS,

If the sets in I are not pair-wise disjoint it is immediate to see that % Za€6n X,1 € B, and
therefore % > ves, Xor = 0. Suppose then I = (I1,...,1,) and the sets I; are pair-wise
disjoint. Let ¢t; = |I;|, then

| (n = ) TTep &'
o2 Xer= o ) Xs
oEG, S=(S1,...,5x)

pair-wise disj.
IS51=t;
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(n =1t T e 14!
= n' . Z Xs

S=(51,...,5x)
|S;1=t;
(n— IItII ]
= t!- 14
o101 (" (1)
JElx] JElx]
= S(XD)(lz],..., |2 ,

where the equality in eq. (14) follows from eq. (12).

To conclude, it is then enough to observe that the statement we want to prove follows
from eq. (13) restricting both sides of the equality by p. To prove this we use that
oXrlp=0(Xrl,). <
» Lemma 27. (Hﬁt’“) =) 1Cn Y1

|I]=t
Proof. To prove the equality we proceed by induction on ¢. The base case is immediate to

see: (Hzf”) = |lyll = Zie[n] Yi-
For every n >t > 1,

> v Z YI_tZYI+ t-1 S v

1€[n] IC[n IC[n]
[I|= t 1 |I\ t [I|=t—1

That is, using the inductive hypothesis,
=t Y7 Jr
lyll ( E -1 i—1)

and therefore

_ =t +1/ Nyl lyll
> Vi= t (t—l) ( t ) h

IC[n]
|T|=t

6 Conclusions

The study of algebraic proof systems under Fourier encoding is still at its infancy. There are
many natural questions about its size efficiency. We understand reasonably well the strength
relation between resolution and PC in the Boolean encoding. Sokolov [34] stresses that we
do not even know yet whether PC with {£1} simulates resolution or not.

We mentioned already that the study of k-COLORING of graphs is a very natural application
of PC with Fourier encoding. There are some degree lower bounds in literature [26], but size
lower bounds are still unknown. Understanding size would allow to understand larger classes
of algebraic algorithms for this problem.
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A Degree lower bound for SRU”" in polynomial calculus

» Theorem 28. Let ¢q,...,c, € C\ {0}, r € C and k € N. The set of polynomials

n
{Zcizi—r, zf—l,...,zﬁ—l} (15)
i=1

has no refutations of degree smaller than |5 | in PCc.

Proof. Let ¢ be a primitive xth root of unity. If the set of polynomials in (15) is satisfiable
then the degree lower bound is obviously true. Suppose then it is unsatisfiable. This means
the set of polynomials

{Yaz—nGi—DeE =0 o= D=0 (16)
i=1

is unsatisfiable too. To prove a degree lower bound for the PCc-refutations of (15) is then
enough to prove a degree lower bound for the PCc-refutations of (16).
Now, the set of polynomials in (16) is unsatisfiable if and only if the set of polynomials

= T_Ei n] Ci
{Zcixi_fi{]vx%_wh”wxi_afn} (17)
i=1

is unsatisfiable. Moreover, via a linear trasformation we can transform PCc-refutations of
(16) into PCg-refutations of (17) and viceversa. The linear transformation is z; = z;((—1)+1.
This transformation does not preserve the size PCc-refutations but, being linear, it preserves

the degree. By [19, Theorem 5.1]% applied with m = PXC:%EI[”]C we get the desired degree
lower bound for (17) and hence for (16) and (15). <

The lower bound will hold for any univariate p with at least two complex roots and the
axioms p(zp),...,p(zn), instead of 2§ —1,..., 28 — 1.

3 The theorem was originally stated for real numbers, but it holds for complex numbers, too.
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