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Abstract

We consider the question of hardness self-amplification: Given a Boolean function f that is
hard to compute on a o(1)-fraction of inputs drawn from some distribution, can we prove that f is
hard to compute on a (3 —o(1))-fraction of inputs drawn from the same distribution? We prove
hardness self-amplification results for natural distributional problems studied in fine-grained
average-case complexity, such as the problem of counting the number of the triangles modulo
2 in a random tripartite graph and the online vector-matrix-vector multiplication problem over
5. More generally, we show that any problem that can be decomposed into “computationally
disjoint” subsets of inputs admits hardness self-amplification. This is proved by generalizing the
security proof of the Nisan-Wigderson pseudorandom generator, in which case nearly disjoint
subsets of inputs are considered.

At the core of our proof techniques is a new notion of feasible hard-core set, which generalizes
Impagliazzo’s hard-core set [Impagliazzo, FOCS’95]. We show that any weak average-case hard
function f has a feasible hard-core set H: any small H-oracle circuit (that is allowed to make
queries ¢ to H if f(g) can be computed without the oracle) fails to compute f on a (3 — o(1))-
fraction of inputs in H.
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1 Introduction

Average-case complexity quantifies the hardness of a function in terms of the difficulty of evaluating
it on a certain fraction of inputs. Depending on the fraction of hard inputs, we obtain two different
notions, weak average-case hardness and strong average-case hardness: A function f is said to be
weakly average-case hard if any efficient algorithm fails to solve f on a dé-fraction of inputs, where
0 > 0 is a small parameter. A Boolean function f is said to be strongly average-case hard if any
efficient algorithm fails to solve f on a (1/2—¢)-fraction of inputs for a small € > 0. The average-case
complexity of a function depends greatly on whether we use strong or weak average-case notions, as
any biased function cannot be strongly average-case hard.! The theory of average-case complexity
[BT06] would become very robust if there is a general proof technique that connects weak average-
case hardness of f and strong average-case hardness of f, ideally for natural problems f of practical
interest.

There are general proof techniques, called hardness amplification, that transform any weakly
average-case hard function f into a strongly average-case hard function g. For example, Yao’s XOR
lemma [Yao82; GNW11] states that if a Boolean function f cannot be computed by small circuits on
a 0-fraction of inputs, then the function g := f®* defined as f(xq,...,21) = f(x1) ® - @ f(ap)
cannot be computed by small circuits on a (%—e)-fraction of inputs for small parameters § and € > 0.
Hardness amplification theorems have had fundamental impacts on the theory of computation,
especially on cryptography [Yao82] and derandomization [Imp95; IW97]. The proof techniques
developed in these lines of research are geared to obtaining better parameters (e.g., trade-offs
between the parameters k,e, and 6 [GNW11], a small input length of g [Imp95; TW97], small
advice complexity [IJKW10], the monotonicity of g with respect to f [ODo04; Tre05; HVV06]);
consequently, hardness-amplified functions g tend to be highly artificial.

In this paper, we broaden the applicability of the proof techniques of hardness amplification,
by developing a general framework that enables us to show hardness amplification for natural
problems f and g over natural distributions over instances of f and g. Our framework, in fact,
allows us to show hardness self-amplification: The problem f and the hardness-amplified problem
g (as well as the input distributions) are identical. We prove that several natural problems studied
in fine-grained complexity admit hardness self-amplification.

1.1 Our Results

Before presenting our general framework, we provide examples of hardness self-amplification results
that follow from the framework, while reviewing literature. For a finite set S, we write x ~ S to
denote that x is sampled uniformly at random from .S. Throughout this paper, we use circuits as
a computational model.?

Parity of Triangles (Shown in Section 8). We consider the problem of counting the number of
triangles modulo 2 in a random tripartite graph. A graph G = (V1 UV, U V3, E) is tripartite if every
edge e € I lies between V; and Vj for i # j. A triple of vertices v1,v9,v3 forms a partite triangle
in G if {v;,vj} € E for every i # j and v; € V; for every i € [3].> Suppose n = |V4| = |Va| = |V5].
For every n € N, let TriParity,,: {0,1}3"" — {0, 1} be the parity of the number of partite triangles

'We say that a function f: {0,1}" — {0,1} is biased if Pry(0,13[f(2) = 1] % 3. Otherwise, f is said to be nearly
balanced.

2It is important for our results that a computational model is non-uniform. Whether our results can be extended
to uniform computational models is an important open question.

3We write [m] := {1,...,m} for m € N.



contained in the input graph, formally defined as

TriParity,, (z) := @ H x[v;, vjl, (1)

v1EV] 1<i<j<3

v2€Va

v3€EV3
where we identify the input = € {0, 1}3”2 with the tripartite graph by regarding = as the edge
indicator. It is not hard to observe that TriParity,, can be computed by an O(n*)-time algorithm
where w < 2.37286 is the square matrix multiplication exponent [AW21]. The running time of
this algorithm is deemed to be optimal: The k-clique hypothesis [LWW18] asserts that detecting a
k-clique in a given n-vertex graph requires n®*/3—°(1) time in worst-case. This hypothesis implies
that computing TriParity,, requires n@=°() time in worst-case, as the k-clique subgraph detection
problem can be efficiently reduced to the problem of computing the parity of the number of k-
clique subgraphs in the worst case (see, e.g., [BBB21, Lemma A.1]). We consider the average-case
complexity of computing TriParity,,(z) where the input x ~ {0, 1}3”2 is drawn uniformly at random.
In other words, the input is a random tripartite graph where all possible edges occur with probability
1/2 independently.

Worst-case-to-average-case reductions for subgraph counting prblems on Erdés—Rényi random
graphs and its variants have recently attracted much attention [GR18; BBB21; Gol20; DLW20;
HS21]. Boix-Adsera, Brennan, and Bresler [BBB21] showed that if there is a T'(n)-time algorithm
that counts k-clique subgraphs in a (1 — 1/ polylog(n))-fraction of Erdés-Rényi random graphs,
then there is a T'(n) - polylog(n)-time randomized algorithm that counts k-cliques in every n-vertex
graph. Goldreich [Gol20] presented a simplified reduction of [BBB21] in the case of counting k-
cliques modulo 2: If there is a T'(n)-time algorithm that computes the parity of k-cliques in a
(1 — 27¥*)-fraction of graphs, then there is a randomized O(T'(n))-time algorithm that computes
the parity of k-cliques in every graph. An important open question, raised in [BBB21; Gol20], is to
improve the error tolerance of the worst-case-to-average-case reductions; for example, the reduction
of [Gol20] can tolerate an error 2% of an average-case solver.

Why is it difficult to make the reductions error-tolerant? Goldreich [Gol20] noted that it is non-
trivial to prove even the fact that the parity of the number of k-cliques in an Erdés—Rényi random
graph is nearly balanced. Although this fact follows from a general result of Kolaitis and Kopparty
[KK13], any connection from worst-case hardness to strong average-case hardness for a function f
must prove the property of being balanced implicitly: If a function f is not nearly balanced (i.e.,
the probability that f(z) = 1 over a random input z is not close to 1/2), then a trivial algorithm
that always outputs either 0 or 1 succeeds with probability > 1/2, which can be combined with
an error-tolerant worst-case-to-average-case reduction for f. Thus, any worst-case-to-average-case
reduction for f that can tolerant an error ~ 1/2 can be seen as a “computational proof” of the fact
that the function f is nearly balanced. The fact that TriParity,,(x) is 1 with probability 1,242
over a uniformly random z follows from the “statistical” result of [KK13].4

As an application of our general framework, we prove that TriParity,, admits hardness self-
amplification: If there is a circuit of size s that computes TriParity,, on a (% + 5)—fraction of inputs,
then there is a circuit of size O(s 4+ n?) that computes TriParity,, on a (1 — €)-fraction of inputs,
where d,e > 0 are arbitrary small constants. By combining this with [BBB21; Gol20], we obtain
the following error-tolerant worst-case-to-average-case reduction for TriParity,,.

Theorem 1.1. For any constant § > 0, if there exists a circuit C' of size s satisfying

Pr [C(z) = TriParity,,(z)] > E + 4,
x~{0,1}372 2

4For completeness, we present a proof in Appendix A.



then there exists a randomized circuit C' of size O(n® + s) satisfying
2
E;[C’(a;) = TriParity,,(x)] > 3

for every x € {0,1}3"°.

Note that the success probability 1/2+ 6 in Theorem 1.1 is nearly optimal since a random guess
achieves the success probability 1/2. In other words, Theorem 1.1 indicates that one cannot do
better than the random guess unless the parity of triangle subgraphs can be efficiently solved in the
worst case. The success probability 2/3 in the conclusion of Theorem 1.1 can be amplified to any
constant less than 1, as the success probability of any randomized algorithm can be easily amplified
by repetition.

Online Vector-Matrix-Vector Problem (Shown in Section 9). In the Online Vector-
Matriz-Vector Multiplication (OuMyv) introduced by Henzinger, Krinninger, Nanongkai, and Sara-
nurak [HKNS15], we are initially given a matrix M and each query consists of a pair of vectors u;, v;.
Our task is to compute u;—M v; one by one, where the multiplications are over Boolean semiring.
It is conjectured that solving OuMv for n queries requries n3~°M) time. Henzinger et al. [HKNS15]
established fine-grained complexity of several dynamic problems based on this conjecture. OuMyv
has been well studied in the context of fine-grained complexity of dynamic problems. Several lower
bounds for OuMv and related problems have been known for cell-probe model [CKLM18; CKL18;
LW17] in which the computational costs are measured by the size of the data structure and the
number of cells probed by the algorithm answering a given query (in other words, we do not care
the cost of the time for constructing the data structure and for answering the query).

Here, we focus on OuMv over Fo on a uniformly random matrix and vectors. There is a
randomized reduction from OuMv over Boolean semiring to OuMv over Fy, which exploits the
well-known isolation technique [HLS22, Lemma 2.1]. We identify the OuMv problem over Fy with
the function OuMv,,: {0,1}"%" x {0,1}?" — {0,1} defined as

OuMv,, (M, u,v) = u' Mo, (2)

where the operations are over Fo. Here, the matrix M is given at the preprocess stage and a pair
of vectors u, v are given as a query.

Henzinger, Lincoln, and Saha [HLS22| presented a uniform worst-case-to-average-case reduction
for OuMv over Fy: If an average-case data structure computes OuMyv,, for (1 — e)-fraction of inputs,
then there is a randomized worst-case data structure that computes OuMyv,, with probability 1 — 8¢
for all inputs.

Very recently, Asadi, Golovnev, Gur, and Shinkar [AGGS22] developed a different framework
based on additive combinatorics and proved that the Online Matrix-Vector Multiplication problem
(OMyv), which is closely related to OuMv, admits an error-tolerant worst-case-to-average-case re-
duction for uniform computational model. Their framework is applicable to multi-output problems,
but may not be applicable to decision problems, such as QuMv.® Our framework is applicable to
decision problems and enables us to present such a reduction for OuMv in a nonuniform model of
circuits.

Specifically, we consider the following nonuniform model for static data structure problems: Let
C(Spre, £, Sans) be the class of circuits consists of preprocess part of size sy, data structure of length

®The framework of [AGGS22] relies on the fact that OMv admits an efficient verifier that checks the correctness
of the computation. Such a verifier can be constructed for multi-output problems, such as the matrix multiplication
and OMv.



¢, and query-answer part of size Sans. More formally, C' € C(Spre, £, Sans) is a circuit that can be
written as C(x;q) = Cans(Cpre(), q) for a preprocess circuit Cpre: {0,1}™ — {0, 1}4 of size spre
given z € {0,1}™ as a static data and a query-answer circuit Cyps: {0, 1} x {0,1}* — {0,1} of
size Sans given g € {0,1}" as a query. Note that £ corresponds to the size of the data structure.

Theorem 1.2. For any constant § > 0, if there exists a circuit C € C(Spre, ¥, Sans) satisfying
Pr(M,u,v)N{O,l}"2+2" [C(M;u,v) = OuMv, (M, u,v)] > 1/2+0, then there exists a randomized circuit
C" € C(O(Spre), O(£),O(n + Sans)) satisfying Pree[C'(M;u,v) = OuMv, (M, u,v)] > 2/3 for every
(M, u,v) € {0,1}" x {0,1}*".

Generalized OuMyv (Shown in Section 9). Jin and Xu [JX22] introduced the OuMvy, hy-
pothesis, which is an extension of the OuMv hypothesis to rank-k tensors. In OuMvy, we are
given a rank-k tensor M € {0, 1}"k at the preprocessing stage. Each query consists of k vectors
r1,..., 2 € {0,1}*. Our task is to compute

OUMV%k)(M,wl,...,(L'k) = Z M(il,...,ik)xl(il)--~xk(ik), (3)

i1 €[n],...,ix€[n]

where the operations are over Fo. Note that OuMv,, = Ou MV for k = 2. Jin and Xu [JX22] con-
sidered OuMyvy, over Boolean semiring and presented various lower bounds based on the conjecture
that OuMvy, for n queries requires n'T+=°() time.

In this paper, we consider OuMvy, over Fa. It is easy to see that OuMvy over Boolean semiring
can be randomizedly reduced to OuMv;, over o by the usual isolating technique as the special case
of k = 2 is shown in [HLS22, Lemma 2.1]. Our technique for proving Theorem 1.2 can be extended
to derive the following result.

Theorem 1.3. For any constant § > 0, if there exists a circuit C € C(Spre, ¥, Sans) satisfying
Pr(M7u1,...,uk)N{O,l}”k“’k” [C(M;uy,...,u;) = Oqu%k)(M,ul,...,uk)] > 1/2 4+ 6, then there exists
a randomized circuit C' € C(O(Spre), O(£),O(n*~1 + sans)) satisfying Pres[C'(M;ua, ..., up) =
Oqu,(lk)(M,ul, ug)] > 2/3 for every (M, uy, . .., ug) € {0,137 x {0, 1}+n.

1.2 A General Framework of Hardness (Self-) Amplification

More generally, we show that any problem that can be written as the sum of “computationally
disjoint” subsets of inputs admits hardness self-amplification. Specifically, for an input = € {0,1}"
and a subset S C [n], let z|g € {0,1}%] denote the string obtained by concatenating all the bits of
x indexed by S. Let g: {0,1}" — {0, 1} be a function that can be written as

k
g(x) = P f(als,) (4)

i=1
for some function f: {0,1}* — {0, 1} and for some subsets Si, ..., Sy of size £. For a size parameter
s € N, we say that a family of subsets Si,...,Sk is a s-computational design on f if for every

distinct pair ¢ # j € [k] and for every z|g,\ g5, € {0, 119\ there exists a circuit of size s that
computes the function f restricted by z|g,\s,, i.e., one that maps z|s;ns; to f(z). Our general
framework of hardness amplification can be stated as follows.
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Figure 1: The indices i1, 12,13 € [a] specify three vertex sets Vl(il), V2(i2), and V3(i3)

Theorem 1.4 (see also Theorem 7.1). Assume that g can be written as (4) for some s'-computational
design S1,...,Sk on f such that there are at least k' disjoint subsets in S1,...,Sk. If any circuit
of size s fails to compute f on a d-fraction of inputs, then any circuit of size s' fails to compute g
on a (1/2 — €)-fraction of inputs, where

€ = exp (_(Vfl) and s=s - KOF/),
This result generalizes Yao’s XOR lemma, which corresponds to the case when 51,..., S are

disjoint subsets. Our hardness amplification theorem generalizes Yao’s XOR lemma to highly
correlated inputs. For example, Theorem 1.1 is proved by applying it to

TriParity,,(z) = @ TriParity,, /4 (2ls,,) ()

me[a)3

for some family {Sm}me[a}S of subsets. More specifically, we partition each part V; of a tripartite
graph G = (V3 U Vo U V3, E) into a disjoint subsets V;-(l), .. .,V(a) of size n/a. For each m =

7

(i1,12,13) € [a]®, we define S;, 4,1, C [3n?] to be the indices of the edges in Vl(“) U VQ(ZQ) U ‘/3(13); see
Figure 1. Although the family of the subsets is far from being disjoint (for example, |S1 11051 12| =
n?), we observe that {Sm}tmefap 18 an O(n?)-computational design on TriParity,, Jat For any fixed
z|s,\s;, the function that takes z|gns; as input and outputs TriParity,, ,(z) is a linear function,
which can be clearly computed by linear-sized circuits. Using this “computational disjointness”,
Theorem 1.4 shows that weak average-case hardness of TriParity, ,, can be amplified to strong
average-case hardness of TriParity,,.

Our proof techniques build on and generalize those developed in the line of research on de-
randomized hardness amplification theorems. A celebrated theorem of Impagliazzo and Wigderson
[IW97], which is a culmination of [Yao82; BM84; NW94; BENWO93; Imp95], states that P = BPP if
E = DTIME(2°™) cannot be computed by circuits of size 2°™). The key technical contribution of
[IW97] is to prove a derandomized version of Yao’s XOR lemma, which states that if any circuit of
size 2°(") fails to compute a function f: {0,1}" — {0,1} on a (1/3)-fraction of inputs, then there
exists a function g: {0,1}°() — {0,1} such that any circuit of size 2°) fails to compute g on a



(1/2 — 27°")-fraction of inputs. Here, the function g is defined as

k
= P f(ls,. © G(y))
m=1

for some family of subsets S, C [O(n)] and for some function G.% In the literature of derandomized
hardness amplification, whether g is natural or not is not important; the only requirement is that
g € Eif f € E. Thus, the family {Sp}mex can be chosen to be nearly disjoint subsets of
[O(n)]. We say that a family {Sy, },,e[) of subsets is an s-combinatorial design if [S; N S;| < logs
for every distinct pair ¢ # j € [k]. Nisan and Wigderson [NW94] showed that there exists a
20(")_combinatorial design that can be efficiently computed. In general, for an s-combinatorial
design {Sm }mepk], Impagliazzo and Wigderson [IW97] showed that if f is weakly average-case
hard for circuits of size s°1) . O then g is strongly average-case hard for circuits of size s.
Theorem 1.4 generalizes such derandomized hardness amplification theorems:” whereas previous
results are applicable to s-combinatorial designs, our results are applicable to s-computational
designs on f. Note that any s-combinatorial design is also an s-computational design on f for
every function f because any function on logs-bit inputs can be computed by circuits of size
O(2°8%/log s) < s; moreover, the converse is not true, as the family of subsets in (5) is an example
of an O(n?)-computational design on TriParity,, /q that is not a 27°~1_combinatorial design.

2 Proof Overview

We now present proof ideas of Theorem 1.4, which generalizes derandomized XOR lemmas from
combinatorial designs to computational designs. At the core of our proofs is a new notion of feasible
hard-core set, which generalizes Impagliazzo’s hard-core set [Imp95]. In Section 2.1, we review the
proof techniques of derandomized hardness amplification. In Section 2.2, we introduce the notion
of feasible hard-core set. In Section 2.3, we outline the proof of the existence of a feasible hard-core
set for any mildly average-case-hard function.

2.1 A Review of Derandomized Hardness Amplification

Our starting point is an elegant exposition of [IW97] presented by Healy, Vadhan, and Viola
[HVVO06], which is based on the literature on hardness amplification within NP [ODo04; Tre03]. Let
f:{0,1}* = {0,1}, g: {0,1}™ — {0,1}, and o: {0,1}¥ — {0, 1} be functions and S, ..., Sy C [m]
be subsets of size n. Suppose that for every z € {0,1}™,

g(z) = U(f(z‘&)?' : af(z’Sk))

Note that (4) corresponds to the case of o(y1,...,yx) = @le y;. Hardness amplification can be
proved for every function o whose expected bias is small; thus, we present such a general proof
here. We first assume that the family {S;};cy is an s-combinatorial design for a small parameter
s € N and outline a standard proof of derandomized hardness amplification.

Impagliazzo [Imp95] showed that any mildly average-case hard function f has a dense hard-core
set H on which f is strongly average-case hard. Specifically, we say that f is 6-hard on H C {0, 1}"

5Theorem 1.4 requires the technical condition that there are k' disjoint subsets in S, ...,S;. This condition is
circumvented in [IW97] because of the usage of the function G.

"We note that the dependence of the size parameters s and s’ in Theorem 1.4 is significantly worse than [TW97].
Improving this is an interesting open question.



if any small circuit fails to compute f on a é-fraction of inputs in H. Impagliazzo’s hard-core lemma
states that if f is d-hard on {0,1}", then there exists a “hard-core set” H of size §2" such that f
is (1/2 — ¢)-hard on H.

Let f:{0,1}™ — {0,1} be a d-hard function on {0,1}". Let fy denote a random function
such that fy(x) = f(z) if * ¢ H and fg(x) is a uniformly random bit if x € H. Intuitively, fg
can be thought as an idealized version of f which is information-theoretically hard on inputs in
H. Impagliazzo’s hard-core lemma implies the existence of a large set H such that (z, f(z)) and
(z, fr(z)) are computationally indistinguishable, i.e.,

(z, f(x)) = (2, fu(2)), (6)

where x ~ {0,1}". Here, for random variables X and Y, we denote by X ~. Y that X and Y are
computationally indistinguishable by small circuits; i.e., for any small circuit C,

IPr[C(X) =1] - Pr[C(Y) = 1]| < €

for a small parameter € > 0.
Using a hybrid argument of Nisan and Wigderson [NW94], (6) implies

(va(z’51)7 . 7f(z‘5k)) e (zufH<z‘Sl)7 oo 7fH(Z‘Sk)) (7)

for z ~ {0,1}™. Specifically, the contrapositive can be proved as follows. Assume that (7) does not
hold. Then, by a triangle inequality, there exists some index i € [k] such that

(2, fZlsi)s oo f2lsy)s oo fu(Zls)) e (2, F(2ls0)s oo fu(ZLs))s - o fr(2]s,)- (8)

By an averaging argument, z|;,;\s, and the randomness in fu(z|s,,),. .., fu(z|s,) can be fixed.
Now, we use the assumption that {S;};cp) is an s-combinatorial design, i.e., |S; N S;| < logs for
every distinct pair (i, j). Since z|)\s, is fixed, given x := z|g, as input, the output

(f('z’5'1)7 .- -,f(Z|5i_1),fH(Z|Si+1), s 7fH(Z|Sk))

can be computed by a circuit of size O(k - 2'°8%/log s) < O(ks), as any function on log s-bit inputs
can be computed by a circuit of size O(2'°¢%/log s). By combining this circuit with the circuit that
distinguishes the two distributions of (8), we obtain a circuit witnessing (z, f(x)) % (x, fu(z)).
This completes a proof sketch of the contrapositive of (6) = (7). We mention in passing that Nisan
and Wigderson [NW94] used the same hybrid argument to construct a pseudorandom generator
based on a strongly average-case hard function.

By (7), we obtain

(2,9(2)) = (z,0(f(z]s1), - - [(2]s,)) =e (z,0(Fu(2ls1)s - -5 Fr(2]s,)))

because applying an efficiently computable function o preserves computational indistinguishability.
Finally, we argue that (z,0(fu(z|s,), ..., fa(z|s,))) is statistically close to (z,b), where z ~ {0,1}"™
and b ~ {0,1}. For simplicity, assume that o(y1,...,yx) = @le Yi, in which case if z|g, € H for
some i € [k], the output of o is completely uniform. Using the assumption of Theorem 1.4 that
there are k' disjoint subsets in Si,..., Sk, the probability that there exists no ¢ such that z|g, € H
is bounded by

(1 —0)* < exp(—dk)).



Thus, the statistical distance between (z,o(fu(2|s,),- -, fu(z]s,))) and (z,b) ~ {0,1}" x {0,1} is
at most exp(—dk’), which is small. We conclude that

(2,9(2)) ~e (2,0),

which is equivalent to saying that any small circuit C satisifes

P C(z) = <=
B EMCORYORSET
for a small parameter € > 0. This completes the proof sketch of a derandomized hardness amplifi-
cation theorem.

2.2 An Extension to Computational Designs

We now wish to extend the proof sketch presented above to the case that {S;}icy) is an s-
computational design on f. In this case, it is possible that |S; N .S;| > s for some distinct pair
(4,7); thus, the proof of (6) = (7) may blow up the circuit size exponentially in s. We need to
revise this proof in order to extend the proof for s-combinatorial designs to s-computational designs.

A First Attempt. Let us assume for a moment that H is efficiently recognizable, i.e., the char-
acteristic function of H can be computed by a small circuit of size s. In this case, it is easy to
observe that the proof of (6) = (7) is applicable to an s-computational design on f. Indeed, fix
2|im)\s; and the randomness in fr(2|s, ;) --, fu(z|s,). Consider a function that takes r = z[g; as
input and outputs

(f<2‘51)ﬂ .. '7f(z‘si—1)7fH(Z’Si+1)7 .. 7fH(z’Sk))

We claim that this function can be computed by a circuit of size O(sk). It is evident that
(f(zlsy)s---5 f(2]s,_,)) can be computed by a circuit of size O(sk) because of the definition of
an s-computational design. In order to compute fy(z|s;) for every j > i, we use the assumption
that the characteristic function of H can be computed by a circuit of size s. By the definition of
fu, the output of fr(z[s;) is defined to be f(z|s,) if 2|5, ¢ H and to be a uniformly random bit if
z|s;, € H. This can be computed by a circuit of size O(s) if H is efficiently recognizable.

Can we justify the assumption that a hard-core set H is efficiently recognizable? Unfortunately,
Reingold, Trevisan, Tulsiani, and Vadhan [RTTV08] gave the following simple counterexample: Let
f:{0,1}™ — {0,1} be arandom function that outputs f(x) = 1 with probability 1—¢ independently
for every x € {0,1}". This function is d-hard for any small (say, polynomial-size) circuit. For any
set H C {0,1}" with |H| > 62", we have |[H N f~1(1)|/|H| ~ 1 — § with probability 2-©Z") by the
Hoeffding inequality. By taking the union bound over all efficiently recognizable H (e.g., whose
characteristic function can be computed by polynomial-size circuits), we obtain a function f such
that f is d-hard and f is biased on every efficiently recognizable H. This counterexample shows
that the function f does not have any efficiently recognizable hard-core set.

A Second Attempt. The counterexample above exploits the definition of a hard-core set H
such that a function f must be nearly balanced on H (i.e., |[H N f=1(0)| ~ |H N f~1(1)| =~ |H|/2).
Reingold et al. [RTTVO08] proved the existence of an efficiently recognizable hardcore set by relaxing
the condition of being balanced.



Theorem 2.1 (Restatement of Theroem 3.1 of [RTTVO08]). Let f: {0,1}" — {0,1} be a é-hard
function on {0,1}" for circuits of size s. Then, there exists H C {0, 1}" with |H| > 02" such that

HAF )] [HO ()
{ a0 }+6

Pr [C(z) = f(x)] < max
x~H
for any circuit of size s' = O(6%es) and §/2 < |H N f~1(0)|/|H| <1 — /2. Moreover, there exists
a circuit of size s that can decide whether x € H or not on input x € {0,1}".

Can we use this theorem for our purpose? Unfortunately, this approach does not work for the
following two reasons.

1. Since f can be biased on the hard-core set H of Theorem 2.1, it does not necessarily imply

that (z, f(z)) ~. (2, fa(z)).

2. The circuit size s’ is always smaller than the size s of the circuit that decides H. In contrast,
to prove (6) = (7), we need to show that if (2, f(2)) = (2, fu(2)) for circuits of size s,
then (z, f(z]s,), .-, f(2ls,)) =e (2, fu(zls,)s- .-, fu(2]s,)) for circuits of size s”, where we
would like to maximize s”. Using that H is decidable by a circuit of size s, it can be
shown that if (z, f(x)) ~. (x, fu(x)) for circuits of size ¢, then (z, f(z]s,), ..., f(2,s,)) =
(z, fu(2lsy)s- -, fru(z|s,)) for circuits of size s” = s’ — O(sk). However, since s > s’, we have
s” < 0; thus, the conclusion is meaningless.

Although the first issue could be fixed using [SS93], the second issue appears to be an inherent
limitation of this approach.

Our Solution: Feasible Hard-Core Set. Our key technical contribution is to generalize Im-
pagliazzo’s hard-core set to a feasible hard-core set lemma. In the original notion of hard-core set,
H is said to be a hard-core set of f for circuits of size s if for every circuit C of size s,

1
Pric@ = f@] <5 +e

for a small parameter € > 0. Ideally, we would like to generalize this to H-oracle circuits CH, i.e.,

1
PriC(@) = f@) < 5+

Here, an H-oracle circuit CH is a circuit with H-oracle gates, which compute the characteristic
function of H. It is easy to observe that the proof of (6) = (7) works for H-oracle circuits.
Unfortunately, we failed to prove the existence of a hard-core set H for H-oracle circuits. However,
by imposing an appropriate restriction on H-oracle circuits, we are able to generalize Impagliazzo’s
hard-core lemma and prove the hardness self-amplification theorem.

The restriction on H-oracle circuits C¥ is as follows: Informally, we require that C¥ can make
a query ¢ to an oracle only if C¥ can compute f(g). To formalize this idea, it is easier to assume
that CH is a k-query nonadaptive oracle circuit, i.e., there exists a small circuit @; that, on input
x, outputs the i-th query ¢; of C¥ for each i € [k]. We say that an oracle circuit CH of size s
is f-trapdoor if for every i € [k], there exists a circuit of size s that computes f(Q;(x))) on input
x. In other words, an f-trapdoor oracle circuit is allowed to make a query ¢ only if f(¢q) can be
computed without an oracle.



Now, we introduce a new notion of feasible hard-core set. We say that H is a f-feasible (1/2—¢)-
hard-core set for k-query circuits of size s if H is a hard-core set for f-feasible k-query H-oracle
circuits of size s, i.e., for every f-trapdoor k-query H-oracle circuit CH of size s,

H 1
Pr[0F(a) = )] < 1 +e

It is not hard to observe that the proof of (6) = (7) works for f-trapdoor k-query H-oracle
circuits. Indeed, for all j € [k] \ {7}, the function z|s, — f(z|s;) can be computed by a circuit of
size s if z|[m}\5i is fixed; thus, an f-trapdoor circuit can ask a query z|s, to an oracle H and can
decide whether z|s; € H or not, which enables the computation of fr(z[s;). It remains to prove
the existence of a feasible hard-core set.

2.3 The Existence of a Feasible Hard-core Set

We now state the generalization of Impagliazzo’s hard-core lemma to the feasible hard-core lemma.

Lemma 2.2 (feasible hard-core set; see also Lemma 5.4). Let f: {0,1}" — {0,1} be a d-hard
function on {0,1}" for circuits of size s and suppose §22™ > 8-10*. Then, there exists an f-feasible
(1/2 — €)-hard-core set H C {0,1}" of size 02" for k-query circuits of size s', where

s’ =s-exp (—((56)70(1) -log k:) -0 (n/(56)0(1)> .

We prove this by generalizing the original proof of Impagliazzo’s hard-core lemma [Imp95],
which is based on a boosting algorithm.® The proof of the contrapositive of the feasible hard-core
set lemma proceeds by constructing hard-core sets Hy, ..., Hp inductively. The first hard-core set
is Hy = {0,1}"™ and H, is defined by using Hi,...,H;_;. Using the assumption that H; is not
a feasible hard-core set, we obtain some f-trapdoor k-query Hy-oracle circuit C’fl’f that computes
f on a (1/2 + €)-fraction of inputs in H;. The proof of Impagliazzo’s hard-core lemma [Imp95]
enables us to show that the circuit C' = majority(CfI oo ,C’g ) performs well over the uniform
distribution. However, this circuit has oracle access to Hy, ..., Hp. To complete the proof, we need
to make C’ oracle-free. To this end, we make an induction hypothesis that C’f{ oo, gtl’ ' can
be computed by small circuits Cf, ..., C|_; without any oracle. We claim the existence of a small
circuit C] that simulates C’th without any oracle. Now, we exploit the property that Cth is an
f-trapdoor circuit. By the property of the f-trapdoor circuit, for any query ¢ of C’f[t, there exists
a small circuit that computes f(g) without any oracle. Thus, to simulate Cth, it suffices to decide
whether ¢ € H; using f(q) as advice. In the boosting algorithm, whether ¢ € H; depends on the

“performance” of previous circuits C1'(q), . .., C’tlitl’ '(¢); we need to count the number of indices

i€ {l,...,t — 1} such that C’iHi(q) = f(q). Using the advice f(g) and the induction hypothesis
that C’Z-H ‘ can be computed by the small circuit C/, the number of such indices i can be counted
efficiently. Details can be found in Section 5.

We note that the parameters in our feasible hard-core set lemma are significantly worse than
standard hard-core lemmas: the dependence on § and ¢ is exponential. However, for our applica-
tions, it suffices to choose 61, ¢! and k to be constants independent of n, in which case the loss
in the circuit size s is negligible. Whether the dependence on parameters can be improved is an
interesting open question.

8Interestingly, the proof based on the minimax theorem does not work; see Section 5.2.
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2.4 Conclusion and Open Problems

This paper presents a general framework of hardness amplification for a function that can be written
as the sum of “computatuonally disjoint” components, which extends the nearly-disjoint generator
of Nisan and Wigderson [NW94]. This general framework enables us to obtain strong fine-grained
average-case hardness of natural problems.

This paper leaves many open questions and intriguing research directions. The first one is
to extend our hardness amplification framework to non-Boolean functions. For example, can we
amplify the hardness of counting triangles modulo ¢ for ¢ > 2?7 Can we amplify the hardness of
the matrix multiplication using our framework? The very recent work of Asadi, Golovnev, Gur,
and Shinkar [AGGS22] developed a different framework and showed a hardness-self amplification
theorem for the matrix multiplication. Interestingly, the framework of [AGGS22] works well for
non-Boolean functions, whereas our framework works well for Boolean functions. It would be an
intriguing research direction to generalize both frameworks to obtain a general framework that
works in both settings.

The difficulty of extending our framework to non-Boolean functions is that boosting algorithms
for proving the hard-core lemma requires a circuit that correctly computes f on at least (1/2 + €)-
fraction in any large set H (regardless of whether f is Boolean or not). Although it is possible
to encode a multi-output function as a Boolean function using Hadamard encoding or any error-
correcting code (as is common in the literature of hardness amplification), the goal of obtaining a
natural strongly average-case hard problem prevents us from using such proof techniques.

The second question concerns the range of applications: Can we apply our hardness ampli-
fication framework to other famous problems? For example, counting zero-weight triangles and
counting t-cliques over Erdés—Rényi random graph G(n,1/2) have been well studied in the litera-
ture of fine-grained average-case complexity. Despite effort, we could not construct computational
designs for these problems.

The third direction is to obtain a uniform hardness amplification in order to establish the strong
average-case hardness against uniform algorithms. The main obstacle to this goal is the construction
of the computational design. Although it is easy to extend the notion of computational design to
uniform computational models, we are not aware of a problem that admits such design. For example,
in Section 1.2, we exploit the fact that TriParity(x) becomes a linear function over O(n?) variables
if the input is partially fixed, but the coefficients of the linear function may not be computed by
uniform algorithms. There are proof techniques in the literature on derandomization [IW01; TV07]
that exploit downward self-reducibility and random self-reducibility to make reductions uniform,
which may be useful to investigate this research direction.

2.5 Organization

This paper is organized as follows: In Section 3, we briefly mention related works. In Section 4,
we present our notations and definitions. In Section 5, we present the first technical tool: feasible
hardcore lemma. In Section 6, we present the second technical tool: computational design. In
Section 7, we prove our new hardness amplification result using the technical tools. In Sections 8
and 9, we apply our general result to concrete problems and prove Theorems 1.1 to 1.3.
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3 Related Work

3.1 Relation to Coding Theory

A worst-case-to-average-case reduction for a function f can be seen as the following task: Compute
f(x) for an input € X given a function C: X — Y that is e-close’ to f as oracle. We usually
assume that f € F for some class of “tractable” functions. This task is referred to as local decoding
for F within relative distance €. Here, the target function f (i.e., the function in F that is e-close
to the given oracle C') is promised to be unique.

However, in the task of local decoding, the error tolerance ¢ must be so small that the uniqueness
condition holds. To obtain reductions for smaller €, consider the following task: Given a function
C: X — Y as oracle, enumerate all functions f € F that are e-close to C. This task is referred to
as local list decoding for F within relative distance e.

Local (list) decoding for F = RM,, 4, being the family of degree-d n-variate polynomials over IF,
has been extensively studied for decades [GL89; Sud97; GRS00; STV01; GKZ08; BL15], motivated
by a wide range of applications including derandomization, PCP theorems, and cryptography.

One may run a local list decoding algorithm using an average-case solver C as oracle and obtain
a worst-case solver C’ for f. This idea works if we use local list-decoding in implicit form in the
sense that the decoder outputs a list of oracle machines M, ..., M, ZC one of which computes the
target function f (in other words, the correct machine can be seen as a succinct representation of
f). Such computational task for 7 = RM,, 4, with large ¢ can be done by the work of [STVO01,
Theorem 29]. Sudan, Trevisan, and Vadhan [STVO01] presented a local list-decoding algorithm
for a Reed-Muller code F = RM,, 4, with large ¢ and used it to present an alternative proof of
the theorem of [IW97] without using XOR lemmas. We note that there are exponentially many
polynomials at the distance of 27 over Fy [KLP12]. This means that even list decoding algorithms
that enumerate all the polynomials close to a given string in an explicit form cannot be used to give
worst-case-to-average-case reductions. To the best of our knowledge, no efficient local list-decoding
algorithm for small F, is known: The currently known local list-decoders for RM;, 4, with small
q [GKZ08; BL15] recover all coefficients of f, which requires a running time of at least n<.

There is another line of works that puts a restriction on queries made by the decoder. Bafna,
Srinivasan, and Sudan [BSS20] presented a local decoding algorithm for RM,, g, within relative
distance 27904 that makes at most 201449 queries in {0,1}". Decoders in this setting can be used
to obtain a worst-case-to-average-case reduction for graph problems. The worst-case-to-average-
case reductions of Boix-Adserd, Brennan, and Bresler [BBB21] and subsequent works [DLW20;
HS21] can be seen as a local decoder for a specific family 7 € RM,, g, (called good low-degree
polynomials by Dalirrooyfard, Lincoln, and Williams [DLW20]) that makes queries in {0, 1}" within
relative distance 1/(logn)®@. Unfortunately, this decoder has small relative distance (i.e., small
error tolerance). Boix-Adserd, Brennan, and Bresler [BBB21] and Goldreich [Gol20] obtained a
local decoder for good low-degree polynomials over Fy within constant relative distance. Actually,
the decoder of [BSS20] already implies this result (see Appendix B for details).

3.2 Subgraph Counting on Random Graphs

In an H-subgraph counting problem, we are given a graph and asked to count the number of
subgraphs that is isomorphic to H. This is a fundamental task of graph algorithms and has been
widely investigated for decades.

9A function f over X is e-close to a function g over X if Proox|[f(z) # g(z)] < e
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There is a recent progress on average-case lower bounds for the subgraph counting on random
graphs. Goldreich and Rothblum [GR18] presented a worst-case-to-average-case reduction for K-
subgraph counting for fixed t, where the input is drawn from uniform distribution over some set
S of n-vertex graphs. Although their reduction has a large error tolerance of 1 — 1/ polylog(n),
the input distribution of the average-case solver is somewhat artificial due to their reduction steps.
Boix-Adserd, Brennan, and Bresler [BBB21] and subsequent works [DLW20; HS21] reduced H-
counting and similar problems to that on Erdés—Rneyi random graph. Goldreich [Gol20] obtained a
simple worst-case-to-average-case reduction for the parity variant of the K;-counting. Hirahara and
Shimizu [HS21] presented the framework of hardness amplification in fine-grained complexity for a
variant of H-counting problems and improved the error tolerance, though the input distribution of
the average-case solver is somewhat artificial (specifically, it is the disjoint union of n°!) random
bipartite graphs).

3.3 Fine-grained Average-case Complexity

In a pioneering work, Ball, Rosen, Sabin, and Vasudevan [BRSV17] investigated the fine-grained
average-case complexity of problems and constructed Proof of Work systems based on them. To
this end, they encoded famous problems in fine-grained complexity (e.g., Orthogonal Vectors, All-
Pairs Shortest Paths, 3SUM) as low-degree polynomial evaluation and then obtained worst-case-to-
average-case reductions for the encoded problems. They hope for constructing a one-way function
under a worst-case hardness assumption in fine-grained complexity setting. Motivated by this
research direction, LaVigne, Lincoln, and Williams [LLW19] constructed a cryptographic key ex-
change scheme in the fine-grained complexity setting under the average-case hardness assumption
on Zero-k-Clique (the problem of finding a zero-weight k-clique in an edge-weighted graph). In view
of this, one might think there is a tremendous gap in average-case complexity between “counting”
and “finding” problems: Is counting much harder than finding? Interestingly, this is not the case for
some problems: Dalirrooyfard, Lincoln, and Williams [DLW20] reduced the counting zero-k-cliques
to finding a zero-k-clique.

3.4 Other Natural Problems

The permanent perm(M) of a matrix M € Fy*" is defined by perm(M) = > .o Tlicp Mis)
where S, is the set of all permutations over [n]. It is widely known that perm admits a worst-case-
to-average-case reduction (oftenly reffered to as random self-reducibility) [Lip91] and subsequent
works [GLRSW91; GS92; FL92; CPS99] improved the error tolerance. In particular, Cai, Pavan,
and Sivakumar [CPS99] proved that if perm(M) for a (1/poly(n))-fraction of M ~ Fy*™ over
large finite field F; can be computed then perm(M) for any input M € ]FZX" can be computed
by a randomized algorithm with a polynomial overhead in running time. A worst-case-to-average-
case reduction for computing the permanent over a small finite field is not known (note that the
permanent over Fy is equal to the determinant and can be computed in polynomial time).

The matrix multiplication over a finite ring R is a classical example that admits a worst-case-
to-average-case reduction [BLR93]: Let A be the average-case solver that correctly compute the
matrix multiplication for 99% of inputs. For given matrices M, N ~ F g ", sample two random
matrices S,T ~ R™"™ and output A(M — SN —T) + AM — S,T) + A(S,N —T) + A(S,T).
This algorithm succeeds 96% over the choice of S, T for any inputs by the union bound. Very
recently, Asadi, Golovnev, Gur, and Shinkar [AGGS22] improved the error tolerance using additive
combinatorics.
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4 Preliminaries

For n € N, let [n] := {1,...,n}. We denote by Ug the uniform distribution over a finite set S. We
use the shorthand notation U, = Uy 1)y». We use z ~ D to denote that z is sampled according to a
distribution D. For a finite set .S, we use x ~ S for the shorthand of x ~ Ug. For a distribution D
over {0,1}" and function h: {0,1}™ — {0,1}", let h(D) be the distribution of h(X) for X ~ D. A
random function is a function that is sampled according to some distribution over a set of functions.
A (random) function f: {0,1}" — {0,1} is d-hard for size s over a distribution D if Pr[C(x) =
f(x)] < 1 — 6 for any size-s circuit C, where the probability is taken over random choices of
x ~ D (and f). Two distributions Dy and Dy are e-indistinguishable for size s if | Eyp,[C(z)] —
E,.p,[C(y)]| < e for any size-s circuit C. We invoke the following well-known results.

Lemma 4.1 ([Yao82]; see, e.g., Lemma 2.3 of [HVVO06]). If f: {0,1}" — {0,1} is (1/2 — €)-hard
over U, for size s, then the distributions (z, f(x)) for x ~ U, and Up41 are e-indistinguishable
for size s — O(1). Converesely, if (x, f(x)) for x ~ Uy, and U,y1 are e-indistinguishable, then f is
(1/2 — €)-hard over Uy, for size s — O(1).

Lemma 4.2 (folklore). Let C: {0,1}" — {0,1} be a circuit of size s and Dy, Dy be distributions
over {0, 1}" that are e-indistinguishable for size s'. Then, C(Dy) and C(D3) are e-indistinguishable
for size s — 5.

Proof Sketch. If C' is the distinguisher for C(D;) and C(Ds) of size s — s', then the circuit C' o C
has size s and distinguishes D and Ds. O

We identify a set H C {0,1}" with the characteristic function, i.e., for x € {0,1}", H(z) =1 if
r € H and H(x) = 0 otherwise. We say that H is 6-dense if |[H| > §2". In an oracle circuit C*7,
the circuit C' can access to H(x).

A measure is a function M: {0,1}" — [0,1]. The size of M is [M| := }_ 1o q3» M(2) and
the relative size of M is p(M) := |M|/2™. A measure M is §-dense if u(M) > 6. Let Ups be
the distribution that assigns M(a)/|M| to each a € {0,1}". We use © ~ M for the shorthand
of & ~ Up. Note that, if M(z) € {0,1} for every € {0,1}", then M can be seen as a binary
indicator for some subset H C {0,1}" and we have |H| = |M| and Uy = Ug. In this sense, a
measure can be seen as a continuous relaxation of a set. For a measure M, an oracle circuit C™
can access M (q) (with sufficient precision, say, O(logn) bits) for each query g € {0,1}". Actually,
throughout the paper, our circuit uses oracle M to toss a coin with head probability M(q) for a

query q.

5 Feasible Hard-core Set

In this section, we define the notion of feasible hard-core set, which is our key ingredient.

Definition 5.1 (Trapdoor Oracle Circuit). Let f: {0,1}" — {0,1} be a function. An f-trapdoor
oracle circuit is an oracle circuit C© such that C°(x) given x as input makes nonadaptive queries
q1(x), ..., qe(x) such that f(q;(x)) for given = can be computed by a circuit smaller than C© for all
i € [k] (here, the size of C© does not take the size of the oracle gate into account).

Definition 5.2 (Feasible Hard-core). Let f: {0,1}" — {0,1}, e € (0,1), and k € {0} UN. A set
(measure) H is a feasible e-hard-core set (measure) for size s with k-queries if Pryy[CT (z) =
f(x)] < 1/2 4 € for any size-s k-query f-trapdoor oracle circuit CH.
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Note that the definition above allows the case of £ = 0 in which the corresponding circuit would
be oracle-free. Therefore, the notion of feasible hard-core set is a generalization of the hard-core
set of [Imp95].

5.1 Feasible Hard-core Lemma

The original proof of the hard-core lemma by Impagliazzo [Imp95] consists of two steps. The first
and ingredient step is the proof of the existence of a hard-core measure M. Then, a standard proba-
bilistic argument shows that the random set H where every x € {0,1}" belongs to H independently
with probability M (z) satisfies Pry[Vsmall C, Pr,.g[C(z) = f(z)] = Prpom[C(x) = f(z)]] > 0.
This implies that the random set H is indeed the hard-core set with positive probability. Actu-
ally, the first step still works for our feasible hard-core setting as we will see in Lemma 5.3, while
the second part does not. Though a feasible hardcore measure (Lemma 5.3) suffices to prove our
hardness amplification result, we will work on showing the existence of a feasible hardcore set in
Lemma 5.4.

Lemma 5.3 (Feasible Hard-core Measure). Let f: {0,1}" — {0,1} be a d-hard function over U,
for size s. Then, there is a §-dense feasible (1/2—¢€)-hard-core measure M for size s’ with k-queries,
where s’ = W fort =622,

Proof. We invoke the proof of the original hard-core lemma by Impagliazzo [Imp95]. We prove the
contraposition. Suppose for every d-dense measure M that there is a size-s k-query f-trapdoor
oracle circuit C{7 satisfying Pryn[C3 () = f(x)] > 1/2 +e. We construct an oracle-free circuit
C’ that satisfies Pr,y, [C'(x) = f(x)] > 1 — §, which contradicts to the hardness of f. Our circuit
C' is of the form C’(z) = maj(Cy, ..., Cy) for some t < e 2672 (maj denotes the majority function).

Let v = de. Start with the constant measure M; = 1 (i.e., uniform distribution over all
inputs). For a measure M;, consider C]]\\i’ The circuit C]\%i is an oracle circuit at this point
but we will claim that it can be transformed into an oracle-free circuit C; at a cost of size. Let
Ri(z) = 375_1[Cj(x) = f()], where [Z] = 1 if Z holds and [Z] = —1 otherwise. For a € Z, let
m(a) =1ifa <0, m(a) =0if a > 1/v, and m(a) = 1 — ya otherwise. Define the measure M;;
by Mit1(z) = m(R;(z)) for every x € {0,1}". Terminate this process if pu(M;11) < 0. Suppose
we obtained C1,...,C; and let C" = maj(Cy,...,Cy). If C'(z) # f(z) then Ri(xz) < 0 and thus
My41(z) = 1. Therefore, Prpy, [C'(x) = f(z)] > 1 — pu(My1) > 1—0.

We bound ¢ by the same argument in [Imp95]. Let P = 3 ;i 2 peqo1yn Mi(2)[C)(2) = f(2)].
First, observe that Py = 3oy [M;](2 Pro<py, [Cj(x) = f(x)] — 1) > 2"+19¢. On the other hand,
we claim P, < 2"(ty/2 4 1/7). To see this, fix = € {0,1}" and consider the edge-weighted digraph
G = (V, A) defined by the vertex set V := {R;(x): j =0,...,t} (here we set Ro(z) = 0), edge set
A:={(Rj—1(x),Rj(x)): j =1,...,t} where each edge (R;j_1(x), Rj(x)) is associated with a weight
M;(z)(Rj(x) — Rj—1(x)) = m(R;—1)(Rj(z) — Rj—1(z)). Note that G can be seen as a walk visiting
Ro(z), Ri(x), ..., Ri(x) in this order. Consider the sum of edge-weights in G,. Suppose G, contains
a pair edges of the form (a,a+1) and (a+1,a). This pair contributes at most |m(a)—m(a+1)| <~
to the sum. After removing such (at most t/2) pairs, the remaining edges are of the form either
{a,a+1),....,(a+l—1,a+ 0} or {(a,a—1),...,(a—L€+1,a—{)}. The former type has weight
m(a)+---+m(a+£€—1) <1/v, whereas the latter one has —m(a) —---—m(a—¢+1) < 0. Thus,
the total weight of G is at most ty/2+1/v. Since P; is the sum of total edge weight of G, over all
x € {0,1}", we have P; < 2"(ty/2 + 1/7). Therefore, 2"yt < P, < 2™(ty/2+ 1/7), which implies
t<2/(372) <6272

Finally, we bound the size of C’. Suppose for simplicity that C A%l makes exactly k queries for

each M;. Note that the oracle circuit C’J\%l can be a circuit C7 of size s by replacing the oracle gate
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with the constant 1. Suppose that C; can be transformed into a size-s; circuit for each j € [i]. We

assume s1 < --- < s; for simplicity. We transform the size-s oracle circuit C' M_lill into an oracle-free
K3

circuit of size s;+1. For given input = € {0,1}", the circuit CJ\AZE runs as follows: First, run its
query-making part to construct queries qi(x),...,qr(x). Then, access the oracle M;;; to obtain
Mii1(b1), ..., Mit1(bg). Finally, decide the output depending on these responses. The first and
last steps can be done by a size-s circuit. Thus, it remains to compute M;;1(g;(z)) without oracle
for all j € [k]. By definition, Mi41(gj(2)) = m(Ri(x)) for Ri(z) = > c[Celqj(@)) = f(g;(x))],
which can be computed by an oracle-free circuit of size O(3 ¢ 5¢) = O(tsi) (note that f(g;(x))
can be computed by a size-s circuit). Therefore, C]\Aj:ll can be transformed into a circuit Cjqq
of size at most s + O(kts;). By solving the recursion s;y; < s+ O(kts;) and s; = s, we obtain
s; < (1+i(Lkt)?) - s for some absolute constant L > 0. Therefore, C' = maj(C1, ..., C}) has size at
most O(s(t + t2(Lkt)!)). The claim follows since t < 6 2¢ 2. O

Lemma 5.4 (Feasible Hard-core Set). Let f: {0,1}" — {0,1} be a §-hard function over Uy, for size
s and suppose 622" > 8- 10%. Then, there is a 5-dense feasible (1/2 — €)-hard-core set H C {0,1}"

—1,.-1
for size s' with k-queries, where s’ = S_Oé?i)li%(zkt)et ) fort=086"2e2,

Proof. We prove the contraposition. Suppose for every §-dense set H that there is a size-s k-query
f-trapdoor oracle circuit C# satisfying Prypy[CH (z) = f(x)] > 1/2+. We construct a circuit C’
satisfying Pr,y, [C'(z) = f(x)] > 1 — §, which contradicts to the assumption of the lemma. The
proof is almost identical to that of Lemma 5.3. The circuit C’ is of the form C’(z) = maj(C4,...,Cy)
for some t < §2¢2.

Consider the following randomized procedure that defines a sequence of circuits (C;);en. Start
with the constant measure M; = 1. For a measure M;, consider the random set H; C {0,1}"
defined by = € H; with probability M;(z) for all x € {0,1}". Here, we assume that the random
variables (H;(z))zeq0,1)» are pairwise independent for the sake of later argument. If |H;| < §2", let
C; be an arbitrary size-s circuit (say, the circuit that always outputs 0). Otherwise, let C; be the
oracle circuit Cgf Let Ri(x) = 23:1[055 (x) = f(x)]. Define the measure M;11 by M;yi(x) =1
if Ri(z) <0, Mj41(z) = 0if Rij(x) > 1/, and M;y1(x) = 1 — yR;(x) otherwise, where v := Je.
Terminate this procedure when p(M;11) < 1.014.

Suppose we obtained C1i,...,C by the procedure above and let C' = maj(Cy,...,Cy). If
C'(xz) # f(z) then Ri(z) < 0 and thus M;y;(z) = 1. Therefore, Pryoy, [C'(x) = f(x)] > 1 —
p(Mi1) < 1—1.016.

We claim ¢ < 6=2¢~2. Consider the potential P, = > zefo}n St Hi(2)[Ci(z) = f(x)], where
we recall that [Z] = 1 if Z holds and [Z] = —1 otherwise. Note that P, is a random variable due to
the random choice of H;. On one hand, we have

P> ) |Hi| ) [Cilz) = f(x)]

i€[t]: |H;|>62n zeH;
> 62" . . — —
> 62 oo INPEi[CZ(x) f(x)] —1)
i€[t]: |H;|>62n
> 5e2" T {0 € [t]: |Hi| > 627}

In the last inequality, we used the property of C;. By the pairwise independence of (H;(z)).c0,137>
we have Var[|H;(z)|] = > cq0130 Mi(2)(1 — Mi(z)) < Z'. From the Chebyshev inequality, we

obtain Pr[|H;(z)| > 62" > 1 — % >1- 5212% > 1 by our assumption on 4.
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On the other hand, fix x € {0,1}" and consider the edge-weighted digraph G, = (V,A)
defined by the vertex set V' = {R;: j = 0,...,t} (here we set Ry(x) = 0) and edge set A =
{(Rj_1(x),R;j(z)): j € [t]}. An edge (Rj_1(x), R;(x)) is associated with a weight H;(z)(R;(x) —
R;_1(z)) € {0,£1} (note that the weight is a random variable). Note that G can be seen as a
walk on Z that visits Ry(x), Ri(x),..., R¢(x) in this order. Then, the sum of edge weights of G
is equal to S := 37,y Hi(%)[Ci(z) = f(x)]. For a € Z, let m(a) =0 if a <0, m(a) =1 —~a if
0<a<1/vy,and m(a) =1if 1/v < a. Suppose that G contains a pair of edges of the form (a,a+1)
and (a + 1,a). This pair in expectation contributes E[H;(z) — H;(z)] = m(a) —m(a + 1) < 7 to
S for some i,j € [t]. Summing up these contributions over at most ¢/2 such pairs, the expected
contribution of such pairs in G to S is at most ~yt/2. If we remove these pairs from G, the remaining
part is a directed path visiting a sequence of vertices either (0,1,...,¢) or (0,—1,...,—¢) for some
¢ € N. The former pattern has a total weight at most 1/7 since an edge (b,b + 1) has weight 0 if
b > 1/v. The latter one has a total weight at most 0. Therefore, we have E[S] < ~t/2 4+ 1/~ and
thus E[P] < 2"(yt/2 + 1/7). Combining the upper and lower bounds of P;, we obtain

62" < E[R] <2"(vt/2+1/7),

which implies t = O(62¢2).

Finally, it suffices to show that we can make C’ oracle-free. This can be done by the same
argument as the proof of Lemma 5.3 except for sampling H;. The key difference is that the circuit
Cg: has a table (H;(2)).c{0,13» as oracle and looks at H;(q) when it makes a query ¢, as opposed to

the oracle circuit C Aj\gz in Lemma 5.3 that samples Ber(M;(q)) when it makes a query g. For example,

if the computations C’gz () and CIZI; (y) for x # y make a query ¢, then the response H;(q) of the
oracle must be the same value, while this consistence does not necessarily hold in the oracle circuit
C’AA/;[Z To ensure this consistency efficiently, the circuit C; first samples a random function h € ‘H
from a pairwise independent hash family H and then use h to sample H;(q) for every query q. Note
that M;(q) is represented by some B = O(tlog~y~!) bits. Let W = {0,...,2% —1}. Then, it suffices
to sample pairwise independent random variables (X).e(0,1}» such that each merginal distribution
is Uw. Sample r9 ~ Uy and r = (r1,...,7) ~ Uwn. Let h: {0,1}" — V be the random
function defined as h(x) = (7’0 + 2 iem) xir,) mod 28, Then, the family (h(z)),e(0,1}» are pairwise
independent over the random choice of i and thus has the desired property. The construction of h
can be done using O(nB) = O(ntlog~y~!) random bits. Suppose that Cg; can transformed to an
oracle-free circuit of size s;. By the argument in the proof of Lemma 5.3 combined with the size for
sampling h, we have s;11 < s + O(kts;) + ntlogy~! and s; = s. Therefore, C' = maj(C4,...,C})
has size at most O((s + ntlog(d~te 1)) (¢t + t2(Lkt)!)) for some constant L > 0. O

5.2 Does Nisan’s Proof Work?

Another well-known approach to the proof of the hard-core lemma exploits the minimax theorem
of Neumann, presented by Nisan [Imp95]. We briefly outline the argument and explain why this
approach fails to prove the feasible hard-core lemma.

Let f: {0,1}" — {0,1} be a function and consider the following two-player zero-sum game.
Player 1 chooses a d-dense set H and Player 2 chooses a size-s’ oracle circuit C. Let P(H,C) =
Pr,.y[CH(z) = f(z)] be the outcome of the game. The objective of Player 1 (Player 2) is to
obtain the small (resp., large) outcome of the game. Two players can take mixed strategy; Player
1 chooses a distribution H over all §-dense sets and then samples a set H ~ H. Similarly, Player 2
decides a distribution C over size-s’ oracle circuits and then samples a circuit C' ~ C. The expected
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outcome of the game is ¢(H,C) := Egy.c~c[P(H,C)]. Then, the minimax theorem implies
min max ¢(H,C) = maxmin c(H,C).
H C c H
Therefore, one of the following cases holds.

Case 1. miny maxc c(H,C) < 1/2 4+ €. Let H be the distribution that attains the minimum.
Then, it holds that maxc Egy [Preom[CF (z) = f(2)]] < 1/2+ €. Note that sampling « ~ H for
H ~ H yields a distribution Dy of x over {0,1}". Let M(z) = §2" Dy (z) be a measure.

If C is oracle-free, then the event C(z) = f(x) does not depends on H. Therefore, we would
have Eg .y [Pro~u[C(z) = f(x)]] = Pryom|[C(z) = f(z)] and thus the measure M is the hard-core
measure against any small oracle-free circuit. However, the same argument does not yield a feasible
hard-core measure since the event C(z) = f(x) depends on the choice of H, that is, we cannot
obtain the equality of the form Ep.y [Pryon[CH (z) = f(2)]] = Proam[CH (z) = f(z)].

Case 2. max¢miny ¢(H,C) > 1/2+e€. Let C be the distribution of circuits that attains the max-
imum. In the oracle-free setting, the well-known proof in [Imp95] claims that C’ = maj(C1,...,Cy)
for i.i.d. random circuits Cy,...,Cy ~ C approximates f well on U,. In the feasible hard-core
setting, there arise two questions: the way of defining C’ (note that C is the distribution of oracle
circuits but C’ must be oracle-free) and the proof of the performance of C’ on U,,. Indeed, the proof

of the performance of C’ on approximating f crucially depends on the fact that C’ is independent
of H.

6 Nearly Disjoint Generator and Computational Design

A (k,n,£)-collection is a family S = {S1,..., Sk} of subsets such that S; € ([ﬁ]) for all i € [k]. Let
f:1{0,1}™ — {0,1} be a function and (A, B) be a partition of [n]. For z € {0,1}?, we denote by
f(12): {0,1}* — {0,1} the function defined by f(y|z) = f(y, z). Intuitively speaking, computing
f(y|z) is the task of computing f(z) given a partial input z = z|4 € {0,1}* in advance.

Definition 6.1 (Computational Design). Let f: {0,1}" — {0,1} and S = {S1,...,Sk} be a
(k,m, £)-collection. We say that S is a s-computational design for f: {0,1}" — {0, 1} if, for every
i# 7 and every z € {0,1}5\% | f(-|2) can be computed by a size-s circuit C..

For example, suppose that a (k,n,f)-collection & = {Si,...,Si} satisfies |S; N S;| < d for any
i # j. Then, S is a 2°(9-computational design for any function.

For a function f and measure M, define fas: {0,1}" — {0,1} as the random function where
each fys(z) is the output of the following procedure: Toss a coin with head probability M (x). If the
coin is head, then output a uniform random bit U;. Otherwise, output f(x). Let f& : ({0,1}")* —
{0,1}* be the direct product of k independent copies of fy;. For a (k,n,¢)-collection S, define the
function NDg: {0,1}¢ — ({0,1}™)* by

NDS(U) = (O-|S1) s 70|Sk)'

Recall that, for a function f: {0,1}"™ — {0, 1},

fk © NDS(U) = (f(0'|51), SRR f(0|5'k))
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Lemma 6.2. Let k,¢ € N be parameters. Let M: {0,1}" — [0,1] be any measure and S be a
(k,n,0)-collection that is an s-computational design for f:{0,1}" — {0,1}. Suppose there is a
circuit D of size sp satisfying

E [D(a, 7 oNDS(a))} _E [D(J, 7k o NDg(0))| > e.

o~Up O'NkUZ
far

Then there exists a randomized size-O(sk + sp) k-query f-trapdoor oracle circuit CM satisfying

B 1CY (@, fla))] - ?EUZ[CM@:, OIS
oM M
cM

Proof. For every i =0,1,...,k, let

Hi(o) = (o, far (1), - - fur (), f(@iga), - f2r), (9)

be the hybrid distribution for o ~ {0,1}¢ and (z1,...,2;) = NDg(o). Note that Hy(o) = (o, f* o
NDs(0)) and Hy(o) = (o, f¥, o NDg(c)). Since the circuit D distinguishes the distributions Hy
and Hp, we have

c< E [Dy=1- E [Dy=Y

k
y~Ho(U1) y~Hy (Ue) =i

E D - E Dy)=1]].
Z (B 0]~ B D) =1)
Therefore, E;w3)[Eym,_, w,) [D(W)] — Byum,w,) [D(W)] > €/k. For i € [k], partition the random
seed 0 ~ Uy into 0 = (z,2) for z := ols;, ~ {0,1}" and z := o|g, ~ {0,1}*™™ so that the
distinguishing property of D can be rewritten as

E, [HE [D(Hir(2,2))] ~ B [D(Hi(.2))]| > /b
(2,2)~{0,1}¢

k3

Here, the probability takes the randomness of the probabilistic function fj; inside H; and H; 1
into account. By averaging, we can fix i € [k] and z € {0, 1}l\% satisfying

Hg [D(H1(2,2))) = g% [D(Hi(,2))] > (10)

For each j € [k] \ {i}, let E;: {0,1}% — {0,1} be the probabilistic function defined by

E](x) _ fM($|SiﬁSjﬂz|Sj\Si) 1f.7 < 1:7
f(x‘siﬂSﬁZ‘Sj\Si) if j > .
Note that Ej(r) depends only on z|s,ns;, and the distribution E;(Ug,;) coincides with the j-th

component of the input drawn from H;(Ug,, z). By the definition of H;, the inequality (10) can be
rewritten as

E [D(z,z, Ei(x),...,Ei1(x), f(x), Biy1(z), ..., Ex(x))]

- E [D(x, z, Ex (), ..., Bi1(2), fa(7), Bip1(2), .. ., Bg(z))] >

x~Up,
Er,..Ei1,fm

Eodi
—~
—
—_
~—
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Let C™ be the oracle circuit that, for given input (x,b) € {0, 1},
CM(z,b) = D(z, 2, E1(2), ..., Ei_1(x),b, Eiy1(x),. .., Ex(z)).

The circuit C™ uses the oracle access to M to compute E;(x) = fu(xls;ns;, 2ls,\s,) for j <i
(Note that f(z|s;ns;, 2[s;\s;) can be computed by a size-s circuit since z is fixed and § is an s-

computational design for f). Therefore, CM is a size-O(ks + sp) k-query f-trapdoor oracle circuit.
Moreover, CM has the desired distinguishing property from (11). O

7 Hardness Amplification

The intersection graph Gs of a (k,n,{)-collection S is the graph on vertex set [k] where a pair of
vertices 4, j € [k] forms an edge if and only if S; N S; # 0.

Theorem 7.1. Let n,k,¢ € N and 6 € (0,1] be arbitrary. Let f: {0,1}" — {0,1}. Let S be a
(k,n, £)-collection that is a s-computational design for f. Let dmax be the mazimum degree of the
intersection graph of S. Let g = ®j o f¥ o NDg.

If f is d-hard for size sy, then g is (1/2 — €)-hard for size sy, where €, sy and s4 satisfy

ok
€ Z exp |\ — ﬁ s
max

sp < (sk+ sg)ko(kz/EQ).

7.1 Information-Theoretical Hardness of @ o ff, o NWs

Definition 7.2. For a binary random variable X, let Bias[X] := |Pr[X = 1] — Pr[X = 0]| be the
bias of X. For a probabilistic function h: {0,1}" — {0,1}, let ExpBias[h] := E,y, [Bias[h(x)]].
Here, Bias concerns the randomness inside h(x) for every fized x.

Lemma 7.3 (e.g., [HVVO06]). Any random function f is (1/2 — ExpBias[f]/2)-hard for any size.

Lemma 7.4. Let S be a (k,n,l)-collection and o(Gs) be the size of the maximum independent set
of Gs. Let M be a measure of density 6. Then, for any k >0 and f: {0,1}" — {0, 1},

ExpBias[®; o f§; o NDg] < exp(—da(Gs)).

Proof. Fix arbitrary x1,...,z € {0,1}" and let A := J[,c;y(1 — M(;)). Then, we can write the
distribution of ;¢ fa(zi) (over the random choice of all fis(x;)) as the convex combination
Dicppy fu(@i) = Ala+ (1 — A)Ur, where 14 denotes the Dirac measure on A := P,y f(2i)-
Identifying a distribution over {0, 1} as a vector [0,1]?, we have
ExpBias[®y, o fi; o NDg] = E Bias[|[A14 + (1 — AUy — U
pBias[o flyoNDs] = B Bias{[ALu+ (1 - \Us - Uil
= E_[Al1la—Uilh]

[Ia- M(l‘i))] :

i=1

<2 E

1505 Tk

Here, || - ||; denotes the £!-norm.
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Let U C [k] be an independent set of Gs of size a(Gs). For a random seed o € {0,1}¢,
let (z1,...,2;) = NDg(o). Note that, if 0 ~ U, the random variables (x;);cy are mutually
indenpendent and x; ~ U, for every i € U. Therefore, we obtain

H(l - M(l’i))]

= (1= 0"l < exp(—|U]9).
t

Corollary 7.5. Under the assumption of Lemma 7.4, the function @, of%, o NDg is (1/2 —
exp(—0k/(dmax + 1)))-hard for any size, where dmax s the mazimum degree of the intersection
graph Gs.

Proof. Since any k-vertex graph with maximum degree dpax has an independent set of size at least
k/dmax, the claim follows from Lemmas 7.3 and 7.4 O
7.2 Next-Bit Predictor

We prove that an efficient distinguisher D for the distributions (z, f(x)) and (z, far(z)) yields a
small circuit that computes f(x) for x ~ M. The proof is identical to the argument of Yao’s
next-bit predictor [Yao82].

Lemma 7.6. Let M: {0,1}" — [0,1] be any 6-dense measure. Suppose that there exists a random-
ized oracle circuit DM satisfying

Pr [DY(z, f(2)) = 1] = Pr [DY(z, fu(2)) =1] > e

DM fm
D]\/I

Then, the randomized oracle circuit PM(z) := 1@ c® DM (x,¢) for c ~ Uy satisfies

PrPY() = f(a)] 2 5 +

P M

N | —
[STNe)

Proof. Note that PM(z) outputs ¢ whenewer DM (z,¢) = 1. Since ¢ = f(z) with probability 1/2,
we have

Pr [P (2) = f(x)] = 5 PrlDY (, f(2)) = 1] + £ Pr{D™ (2,1~ f(x)) = 0]

1 1
Therefore, it suffices to show E,_y; pu[DM (z, f(z)) — DM (2,1 - f(x))] > Z,

For z € {0,1}", let by ~ Ber(M(x)). Consider the distribution (z,bs;) for  ~ U,. Note that
the distribution of  conditioned on b, =1 is M. To see this, for any fixed a € {0,1}", note that

Pr[b, = 1|z = a]Prlz =a] M(a)
P =alb, =1| = — _
Lr lr=dl ] Protr, [bs = 1] 5on
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We regard b, as the indicator that fys(z) = U; and thus rewrite fus(z) = byc+ (1 — bg) f(z) for
¢ ~ Uj. Note that f(x) = fa(x) whenever b, = 0. From the assumption, we have

e< E [DM(x, f(x)) — DM(z, far(2))]

x~Up,DM
= Prlb, = 1] B [DY(z, () = DV (z,)lbs = 1
o)
D]W
=0 EM[DM(% f(@)) = DM(z,¢)]
emly
DZ\/I
0
xDN]W
This completes the proof. O

7.3 Putting All Together
We combine Lemmas 5.3, 6.2, 7.4 and 7.6 to prove Theorem 7.1.

Proof of Theorem 7.1. Let M be any d-dense measure and S be a (k,n, ¢)-collection that is a s-
computational design for f. Let dpax be the maximum degree of the graph Gs. Let g = @0 ff¥oNDg
and ¢’ = @y o f¥ o NDg.
We prove the contraposition. Suppose g is not (1/2 — €)-hard for size s;. From Lemma 4.1,
there is a circuit D of size s, + O(1) satisfying
E [D(o,9(0))] = E [D(0,b)] > €
U, o~Uy

o~

b~Uy

On the other hand, from Corollary 7.5, ¢ is (% — %exp <—#)>—hard for any size. Hence, the

circuit D satisfies

. 1 ok
_E [D(e.4/(0)) g%ﬁm‘”b)*z“p( 1)
~U1

and thus we have E, .y, [D(0,9(0))] — Egar, [D(0,¢'(0))] > € := € — 3exp (—ﬁ). From

Lemma 4.2, there is a circuit D’ of size s, + O(k) satisfying

E [D’(a, o NDS(O‘))] _E [D’(a, 5o NDS(a))} > €.

o~Uyp o~Uy

From Lemma 6.2, there exists a randomized admissible oracle circuit CM of size O(sk + s,) that
makes k queries and satisfies

B[OV @) - B [0 @] 2 5
CIVI Cﬂf

From Lemma 7.6, there exists a randomized size-O(sk + s,) k-query f-trapdoor oracle circuit pM
satisfying
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Finally, from (the contraposition of) Lemma 5.3, there exists a size (sk + sg) - kOW2/€%) circuit €
satisfying Pr,u, [C(z) = f(z)] > 1—4¢. Note that, if € > exp <—$), then ¢ > §. This implies
Theorem 7.1. O

8 Triangle Parity on Random Tripartite Graph

We consider the hardness of computing TriParity,, () defined by (1) for  ~ {0, 1}3"2. Previous
works [BSS20; BBB21; Gol20] proves the following worst-case-to-average-case reduction for triangle
counting'?.

Theorem 8.1 (Worst-case-to-average-case Reduction). There exists an absolute constant ¢y > 0

satisfying the following: If there exists a T'(n)-time algorithm A satisfying

Pr [A(x) = TriParity, (z)] > 1 — ¢
@~{0,1}3n2

for all n, then, there exists an O(T'(n))-time randomized algorithm A’ such that, for any n and any
input x € {0, 1}3"2,

P/"}"[A’(x) = TriParity,,(x)] > 2/3.

This section is devoted to proving the following result.

Theorem 8.2 (Hardness Self Amplification for Triangle Parity). For any d,e > 0, there exists
a = 0(y/log(1/€)/d) satisfying the following: Suppose that there exists a size-s circuit C' satisfying

1
Pr [C(x) = TriParity, (z)] > = + 4.
x~{0,1}3n? 2

Then there eists a circuit C' of size (n? + s)a®@*/<*) such that

Pr [D(z) = TriParity,, /,(z)] > 1 —e.
~e{0,1}3(n/a)2
Proof. We rewrite TriParity,, as TriParity,, = ®y, oTriParityffb, oNDg for a O(n?)-computational design
S for TriParity,,, where k = a® and n’ = n/a. Then we apply Theorem 7.1.

Let a = a(d,€) > 0 be sufficiently large parameter that will be specified later. We assume a
divides n for simplicity. For each i € [3], divide V; into a disjoint subsets Vi(l), ey Vi(a) C V; each
of size n/a. For each iy,is, i3 € [a], let Si, 445 C [3n?] be the subset such that the restriction
:c|5i17i272.3 e {0,130/ o) for input = denotes the edge indicator vector of the induced subgraph of z

induced by Vl(il) U VQ(iQ) u Vg(i:‘) (see Figure 1). Then we can rewrite TriParity,, as

TriParity,, (z) = @ @ H T[Va, vy

i1,i2,i36[a] vlevl(il) 1<a<b<3

U26V2(i2)
u36V3(i3)
— @ TriParity,, / (2[s,, ., .,) 12
i1,i2,43€[a)

= @ o TriParity?, o NDs,

10 Actually, the results of [BBB21; Gol20] concern an Erdés-Rényi random graph G(n, 1/2) but the same technique
works for random tripartite graph. For completeness, we prove Theorem 8.1 in Appendix B using the general local-
decoding algorithm of [BSS20]
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where § := (Si1,i2,i3)i1,i2,i3€[a]-

We claim that S is an O(n?)-computational design for TriParity,, /o Fix different triple of
indices (i1,12,13), (j1,J2,43) € [a]® with (i1,i2,3) # (j1,J2,73) and fix z € {0, 1}%123\51.52.5
Consider the function TriParity,, /,(w|z) for given w € {0, 1}9i1i2,330551.32.93 | where we recall that
TriParity,, /,(+|2): w + TriParity,, ,,(w, z)). Note that the string (w, 2) € {0, 11914233 vepresents the
subgraph of @ induced by Vi, UV;, U V,. Thus the function TriParity,, ,(w|2) equals to the parity
of the number of triangle subgraphs contained in the induced subgraph given by S;, ;, i, but edges
inside Sj, j, j, are fixed.

Suppose that i. # j. for all ¢ € [3]. Then, S, iyis NS, 4,55 = 0 and thus TriParity,, /,(w, z) is a
constant function. Similarly, S, i,is N Sj jojs = 0 if i1 = j1, 12 # jo, and i3 # j3. In both cases,
TriParity,, /a(w]z) can be computed by a constant size circuit.

Suppose that iy = j1, i = jo, but i3 # j3. In this case, the input w denotes edges in
E(Vl(il), Vz(iz)) and the fixed string z denotes edges in E(Vl(il)7 %(iS)) UE(Vg(iS), ‘/Q(iQ)), where E(S,T)
is the set of edges lying between S and T". Therefore, TriParity,, ,(w[2) is a linear function, i.e.,

TriParity,, ,(w|z) = @ Aypw(u, v

ueVi, weV,

where Ay, € {0,1} is a constant that depends on the fixed string z (specifically, Ay, is the parity
of the number of uv-paths that passes through a vertex in V3). Therefore, TriParity,, ,,(w[z) can be
computed by a size O(n?) circuit and S is the desired computational design.

Consider the intersection graph G' of §. Two vertices S;, iy iz Sj1 jo,js € S forms an edge in
G if their intersection is nonempty. This occurs if |{i1,42,73} N {J1, 72,73} > 2. Therefore, the
maximum degree dmax of G is at most 3a.

Finally, we apply Theorem 7.1. For any d,¢ > 0, take a = a(6,¢) = O(y/log(1/€)/d) such that
€ > exp(—da®/(3a + 1)) holds. Then, from the contrapositive of Theorem 7.1, if TriParity,, can be
solved by a size s4 circuit with success probability 1/2 + €, then TriParity,, /a Can be solved by a size

sy circuit with success probability 1 — 4§, where sy < (n?a®+ s¢) aP/e) = (n2 4 sg)ao(“ﬁ/ez). O
Combining Theorems 8.1 and 8.2, we immediately obtain Theorem 1.1.

Theorem 8.3 (Reminder of Theorem 1.1). For any constant § > 0, there exists a constant a =
a(0) > 0 satisfying the following: If there exists a size-s circuit C' satisfying Prz~{0,1}3n2 [C(x) =
TriParity,,(z)] > 1/2 + 8, then there exists a randomized circuit C' of size O(n? + s) satisfying
Pre[C'(z) = TriParity, (z)] > 2/3 for every = € {0,1}3"".

Proof. Let C be the size-s circuit satisfying Prmw{071}3n2 [C(x) = TriParity,,(z)] > 1/2+0 and ¢y > 0
be the constant mentioned in Theorem 8.1. Then, from Theorem 8.2 with letting ¢ = ¢y, we have a
randomized circuit C; of size O(n?+s) satisfying Pro omioayso/e? [C1(x) = TriParity,, /()] > 1—¢o
(note that a = a(d,€) is a constant). Then, from Theorem 8.1, we have a circuit Co of size
O(n? + s) satisfying Pre,[Ca(z) = TriParity,, /,(z)] > 2/3. By running C” for many times (with
independent random seeds) and taking majority, we can increase this success probability from 2/3
to 1—1/(3a3). Finally, we reduce TriParity,, to TriParity,, /, using (12). Let C’ be the circuit defined
by C'(z) = @iy ipisela)C2(Ts:, 4y, )» Where Si i, 4 is defined in the proof of Theorem 8.2. By
the union bound, it holds with probability 2/3 that Ca(zls,, ,,.,) = TriParity, /,(zs,, ,,,,) for all
i1,12,i3 € [a]. Therefore, from (12), we have Pre/[C'(z) = TriParity,, (z)] > 2/3. O
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8.1 Can We Extend to k-Clique Counting?

It is known by [BBB21; Gol20] that Theorem 8.1 can be extend to the parity of k-Clique subgraphs
in a random k-partite graph (indeed, the result of [BSS20] immediately implies a worst-case-to-
average-case reduction for any small subgraph on Erdés—Rényi random graph G(n,1/2) with a
constant error tolerance!). In view of this, it is natural to ask for an extension of Theorem 8.2 to
the parity of k-clique or more general graphs.

Unfortunately this is a nontrivial task for our framework. The most difficult part is to construct
a computational design. Recall that the proof of Theorem 8.2 is obtained by first constructing a
computational design & and then applying Theorem 7.1. The important property of counting
triangle subgraphs is that the function f counting the number of trianles in a tripartite graph
becomes linear function if edges are partially fixed, which ensures a computational design. We are
not aware of whether we can apply the same argument for counting k-clique subgraphs.

9 Online Vector-Matrix-Vector Multiplication Problem

9.1 Framework

We introduce a formal framework for computational complexity of static data structure problems.
A (decision) static data structure problem is specified by a function f: {0,1}™ x {0,1}" — {0, 1},
where the first m bits of input correspond to the static data and the rest n bits correspond to
the query. We write f(z;q) to specify the static data x and query q. A circuit C: {0,1}"+" —
{0,1} has preprocess size spre, data structure size £, and answer size sans if there exist circuits
Cpre: {0,1}™ — {0,1}* of size spre and Caps: {0,1}™ x {0,1}* — {0,1} of size sans such that
C(z;q) = Cans(Cpre(), q) for all x € {0,1}™,¢q € {0,1}". The class of such circuits is denoted by
C(Spre, £, Sans)- The circuit Cpre(2) can be seen as a preprocess in the sense that C,. outputs a string
representing a data structure for given offline input . Then, C,p5 receives a query ¢ and the data
structure Cpre() to compute f(x;¢). Note that we do not care update and therefore our framework
do not capture dynamic problems. Any circuit C': {0,1}™" — {0, 1} of size s has preprocess size
m, data structure size m, and answer size s by setting Cpre() = x and Cang(z) = C(x). This
corresponds to the case that each query is dealt with an offline algorithm (circuit).

Lemma 9.1. For any Ci,...,C; € (Spre, ¢, Sans) and any circuit D: {0,1}" — {0,1} of size sp, the
function (x,q) — D(Ci(z:q),...,Ci(z;q)) can be computed by a circuit D' € C(tSpre, t¢, tSans+SD)-

Proof. Write Ci(z;q) = Cl(ClL(x),q) for two circuits Cf,, and CL . Consider D] (z) =

(Core(@) - Chie(2)) € {0,1} and Dipe(y1,-- - 4,0) = D(Cans(y1,9),- -, Chas(2,9)). Then,
the circuit D'(z;q) = D},o(D}1e(2),q) € C(tSpre, tl, tsans + Sp) satisfies the claim. O

ans pre

9.2 Hardness Amplification for Static Data Structure Problems

Consider a function f: {0,1}" x {0,1}" — {0,1}. Let Dpye, Dans be distributions over {0,1}"
and {0,1}", respectively. We say that f is d-hard for C(Spre, ¢, Sans) 0ver (Dpre, Dans) if, for C' €
C(Spres £y Sans )y Pread,e,qnDans [C(239) = f(23¢)] < 1 — 0. Unless otherwise noted, Dpre and Days
are uniform distributions if we just say that f is §-hard.

Our hardness amplification result (Theorem 7.1) holds against circuits in C(Spre, ¢, Sans) since
the class is closed under taking majority with a slight blow-up of size due to Lemma 9.1. Let
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f:{0,1}™+" = {0,1} and g: {0,1}"*+" — {0,1} be functions satisfying

9(x;q) = @ o f* o NDs(; q) @ f (:cIS' Q|s")

where S = (S;)iciy is a (k,n +m,n’ +m/')-collection, S; = S; N [m'] and S} = S; N ([m' +n]\ [m'])
satisfy |S;| = m and |S]| = n.

Recall that S = (S;US] ),y is a s-computational design for f if, for every i # j and every fixed
w e {0,135V 2 € {0,1}%\% | the function f <x|5/05/ w; q|5um3n z) : {0, 1}31{03.; x{0, 1}S sy
{0,1} can be computed by a circuit Cy, . of size s. (Note that the circuit Cy, . does not necessarily
belong to the class C(spre, ¢, Sans)-)

Theorem 9.2. Let n,k € N and § € (0,1] be arbitrary. Let f: {0,1}"t™ — {0,1}. Let S be a
(k,n 4+ m,n" + m')-collection that is a s-computational design for f. Let dmax be the maximum
degree of the intersection graph of S. Let g = @, o f* o NDg.
If f is d-hard for C(Spre, !, Sans), then g is (1/2 — €)-hard for size C(Spue, s Spys) for some
Vs where the parameters satisfy

€ > exp <—5k>
- dmax + ]- ’

Spre = 0(5726728;“3),
(=022,
Sans = (sk + sansk)ko(k2 ),

pre? ) ansf

Proof Sketch. Since the proof is identical to that of Theorem 7.1 (see Section 7.3) we outline only

the sketch here.
Suppose that ¢ is not (1/2 — €)-hard for C( Spres 'y Sans)-  Then, by a slight modification of

)8
Lemma 4.1, we obtain a circuit D € C(s,,., ¥, shys + O(1)) satisfying

Spre» s Sans
E  [D(o,9(0))] = E [D(o,b)]>e¢
o~Upr 4t o~Uys gt
b~Uy

Here, for the input o = (z;q) € {0,1}”/+m/ and b € {0,1}, the circuit D can be written as
D(x;q,b) = Dans(Dpre(), q,b). Specifically, the circuit D(z;q,b) outputs 1 if g(z;¢) = b and the
uniform random bit otherwise.

For a d-dense measure M : {0,1}"™ — [0,1], let ¢’(x;q) be the function defined by ¢'(z;q) :=
@ o f¥ oNDg = @ie[k] Im <m|S£; q’SI/_/), where fjs is the random function defined by fys(a;b) =
f(a;b) with probability 1 — M (a,b) and far(a;b) = Uy with probability M (a,b) (recall that U;
denotes the uniform random bit). Then, by the information-theoretical bound, the function ¢’ is

(% — %exp (—ﬁ))—hard for any size. Therefore, the circuit D distinguishes g(o) and ¢'(o),

ie.,

E[D(0,9(0)] — E[D(0,¢'(0)] > € 1= — %exp (‘dm5k+1) '

Then, by Lemma 4.2, we obtain a circuit D' € C(s)4, ¥, shns + O(k)) satisfying

pre ) ans

E[D'(0, f* o NDs(0)] = E[D'(0, f3; o NDs(o)] >

DO
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where D' is of the form D'(z;q,b1,...,0x) = Dpps(Dpye(), , 1, . ., bg).
From the proof of Lemma 6.2, we have a trapdoor oracle circuit CM € C(s),0, ¢, shys + O(ks))

that makes at most k queries and satisfies

/

E CM x;q, x, - E CM xr;q, x, >i
wo O @ flma)l = B (O (@ ful )] > ¢
cM oM

Note that, in the proof of Lemma 6.2, the circuit C™ is of the form

CM(xv q, b) = D/(ZC, q, Cl($7 q)> R Ci—l(x; Q)> b7 Ci—l—l(x; Q), ceey Ck(xv Q))
= Dops(Dpre(2), 0, C1(23q), - .., Cim1(25.9), b, Ciya(x3q), - . ., Cr(5 ).

where C; are size-s circuits (since S is a computational design). This construction blows up only
the “answer” part.

From Lemma 7.6, we have a randomized trapdoor oracle circuit PM ¢ C (8pres &5 Sans + O(ks))
satisfying

1 €

Pr [PM(z;q) = f(z;9)] > = + —.

(W)QM[ (z3q) = f(z;9)] > 5T 5%
Pl\l

Finally, from the proof of Lemma 5.3, there exists a circuit C' € C(spre, ¢, Sans) that approximates
f well over the uniform distribution, where
Spre = O(t8rc);
(= 0(tl),

Sans = (sk + shpok) - kO

for some t = O(k%¢72). Note that, in the proof of Lemma 5.3, we claimed that the circuit C’ =
maj(C1, ..., Cy) performs well where C1, ..., Cy are circuits chosen by a suitable way. If Cy,...,C}
C(Spres £, Sans), then C" € C(tspre, t4, tSans + O(t)) from Lemma 9.1. O

9.3 Hardness Amplification for OuMv

Let OuMv,, be the function defined by (2). With this notation, the (circuit) OuMv Conjecture
can be stated as follows: Any circuit C' € C(Spre, ¢, Sans) of C(M;u,v) = OuMv, (M, u,v) satisfies
Spre + N8ans = n37°),

We consider the average-case complexity of computing OuMyv,, where the matrix M ~ {0, 1}"*"
and vectors u,v ~ {0,1}" are uniformly at random.

For completeness, we prove the following worst-case-to-average-case reduction (on uniform com-
putational model) for this problem that was already given by Henzinger et al. [HLS22]. The argu-
ment is essentially based on [BLR93].

Theorem 9.3. Suppose that there is a pair (Apre, Aans) of algorithms runs in time Tpre(n) and
Tans(n) respectively satisfying

M~{0,1}nx1::£u,y~{o,1}n[AanS(Apre(M)’ u,v) = OuMv,, (M, u,v)] > 1—¢
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for all n € N. Then there is a pair A = (A, A!

pre’ “*ans

O(Tpre(n)) and O(Tans(n)) respectively satisfying

) of randomized algorithms runs in time

Pr  [AL (AL (M), u,v) = OuMv,,(M,u,v)] > 1 — 8

ans \“‘pre

for alln € N and M € {0,1}"*" u,v € {0,1}".

Moreover, if the output of Apre has length at most €(n), then that of A7 . is at most 2¢(n).

pre

Proof. Let Apre, Aans be the algorithms satisfying the assumption. The randomized algorithm
Ale(M) given input M runs as follows: Sample Ry ~ {0,1}"*" and let Ry = M — R; and
output (Apre(R1), Apre(R2)). The randomized algorithm A} (u,v) given input w,v € {0,1}"
runs as follows: Sample ri,r] ~ {0,1}" independently and let 7o = w — r; and ), = v — 7.
Then, output Zie[2],je[2},ke[2] Aans(Apre(R;),75,75). By the union bound, with probability 1 — 8e,
we have Aans(Apre(Ri),7j,7.) = OuMvy,(R;,7j,7)) for all 4,5,k € [2]. If this holds, we have
Ans(Apre (M), u,v) = 37, & pe o) OuMvy (R, 75, 1) = OuMvy, (M, u, v). O

ans ( pre

Theorem 9.4. For any d,e > 0, there exists a = a(d,€) satisfying the following: Suppose there
exists a circuit C' € C(Spre, £, Sans) such that

Pr [C(M;u,v) = OuMv, (M, u,v)] > %—&-5.

M,uv
Then, there exists a circuit C' € C(Sppe,l's Spns) such that
Pr [C"(M;u,v) = OuMv,, /o (M, u,v)] > 1 —¢,

M~{0,1} (/@)% (n/a)
w~f0,1}7/a

where st = O(a*€ 2spre), ' = O(a*e™2(), and s\, = O(n + Sans)aC@' /%),

pre

Proof. We rewrite OuMy,, as OuMv,, = ®} o (OuMv,/)¥ o NDg for an O(n)-computational design S
for OuMv,,/, where k = a? and n’ = n/a. Then we apply Theorem 9.2.

Let a = a(6, €) be a sufficiently large parameter that will be specified later. We assume a divides
n for simplicity. Let R,C denote the row and column set of the given matrix M. Then, we have
uw € {0,1} v € {0,1}¢, and M € {0,1}7%C. Let Ry,..., R, and C,. .., C, be a partition of R and
C such that each R; and C; has the same size n/a, respectively. Let M;; = M|g,xc; € {0, 1}Rixcﬂ'
be the submatrix of M given by R; x C;. Similarly, for given vectors u € {0, 1} and v € {0,1}%, let
u; = ulp, € {0,1}% and v; = v|g, € {0, 1}% be the restriction of u on R; and v on C}, respectively.
Then, we have

OuMv,, (M, u,v) @ OuMv,, /o (M; j, u;, vj) = @koOquﬁ/aoNDg, (13)

1,5€[a)

where S = (Si,j)i,je[a] for S@j = (Rl X C]) UR; U Cj C (R X C) URUC.

We claim that S defined above is an O(n)-computational design for OuMv,,;. Fix distinct
Sij,Sirj» € S. Our task is to compute Oul\/lvn/a( ”,ul,vj) = u, MZJUJ by an O(n)-size circuit
where the input is partially hardwired. If ¢ # ¢’ and j # j/, then Sw NSy ;7 = 0 and thus the input
is completely hardwired. If ¢ = ¢’ and j # j/, then M;; and v; are hardwired. In this case, the
function OuMv,, /o (M; j, us,vj) = u; w for a fixed w is a linear function and thus computed by an
O(n)-size circuit. Therefore, S is the desired computational design.
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Consider the intersection graph Gs of S. Two distinct vertices S; j, Si7 j» form an edge if i = 4’
or j = j'. Therefore, Gs has maximum degree at most 2a.

Finally, we apply Theorem 9.2. For any d,e > 0, take a = a(d,e) = O(6 'log(1/e€)) such
that ¢ > exp(—da?/(2a + 1)) holds. Then, from the contrapositive of Theorem 9.2, we obtain the
claim. O

Combining Theorems 9.3 and 9.4, we obtain Theorem 1.2.

Theorem 9.5 (Reminder of Theorem 1.2). For any constant § > 0, there exists a constant
a = a(6) > 0 satisfying the following: If there exists a circuit C € C(Spre, ¥, Sans) Satisfying
PY (o) mf0, 1302420 [C(M;u,v) = OuMvy, (M, u,v)] > 1/2+0, then there exists a randomized circuit
C" € C(O(spre), O(£),O(n + Sans)) satisfying Prer[C(M;u,v) = OuMvy, (M, u,v)] > 2/3 for every
(M, u,v) € {0,1}™" x {0, 1}?".

Proof. Let C' € C(Spre, ¢, Sans) be the circuit of the assumption, i.e., Pr(M’u’v)NUn2+2n [C(M;u,v) =
OuMv,,(M,u,v)] > 1/2 + . Then, from Theorem 9.4 with letting ¢ = 0.01, we have a circuit
C1 € C(O(Spre, O(€),0(n + sans)) satisfying Pr(as,)[C1(M;u,v) = OuMv,, (M, u,v)] > 0.99,
where M ~ {0,1}(*/@*x("/@) and u,v ~ {0,1}"/* (note that a = a(d,€) is a constant). Finally,
from Theorem 9.3, we have a circuit Cy such that Prc,[C2(M;u,v) = OuMv,, (M, u,v)] > 2/3
for any input (M, u,v) € {0,1}*/@*(n/a) « [0, 1}2("/9) By repetition, we can amplify this success
probability and thus we may assume that the success probability of Cy is 1 — 1/(3a?). Note that
this repetition occurs a linear-blows in size parameters spre, £, Sans by Lemma 9.1. Let C” be the
circuit defined by C"(M;u,v) = @; jejq)C2(Mij;ui,vj). By the union bound and (13), we have
Pro [C'(M;u,v) = OuMv, (M, u,v)] > 2/3 for any input M, u, v. O

9.4 Hardness Amplification for OuMv, over [,

Let OuMv(® be the function defined by (3). We consider the average-case complexity of computing
OuMv(® for random tensor M ~ {0, 1}"k and vectors uy, ..., ug ~ {0,1}".
The following worst-case-to-average-case reduction is an immediate extension of Theorem 9.3.

Theorem 9.6. Suppose that there is a pair (Apre, Aans) of algorithms runs in time Tpre(n) and
Tans(n) respectively satisfying

Pr [Aans(Apre(M),ur, . . ., ug) = OuMvi®) (M uy, ... ug)] > 1 — €
M~{0,137F g, up~{0,1}7

for all n € N. Then there is a pair A = (A, Al

pre’ “*ans

O(2%Tyre(n)) and O(2FTons(n)) respectively satisfying

) of randomized algorithms runs in time

" P,IZV [Afns (Apre (M), w1, .. ug) = OuMvy (M, uy, ... ug)] > 1 — oktle

pre>‘tans

for alln € N and M € {0, 1}"k,u1, cooug € {0,137
Moreover, if the output of Apre has length at most £(n), then that of A7 . is at most 2¢(n).

pre

Proof. Let Apre, Aans be the algorithms satisfying the assumption. The randomized algorithm
Al (M) given input M runs as follows: Sample Ry ~ {0, 13" and let Ry = M — Ry and output
(Apre(Ro), Apre(R1)). The randomized algorithm A} (u,v) given input uy,...,u; € {0,1}" runs

ans

as follows: Sample r(()l), .. .,r(()k) ~ {0,1}" independently and let TY) = u; — r(()z). Then, output
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Z(io’._vik)e{m}kﬂ Aans(Apre(Rig ), r , (k)) By the union bound, with probability at least 1 —

71 ) z
2k+1le we have Aans(Apre(Riy) rD R )) = ouMviP (Ry,, Y, Z()) for all (ig,...,ix) €

s gy ik 109 141

{0, 1}*+1. If this holds, the output of A’ is correct. O

Theorem 9.7. For any 0, > 0, there exists a = a(d,¢€) satisfying the following: Suppose there
exists a circuit C' € C(Spre, £, Sans) such that

1
Pr  [C(M;uy,...,u) = Oul\/Iv( )(M UL,y ... uk)] > = + 0.
Mu,...,uy 2
Then, there exists a circuit C" € C(8pye, ¥, Sans) such that
Pr [C'(M;uy, ... ,u) = Oquflk/)a(M,ul, ougp)] > 11—k
M~f0,1} (/)"
ul,...,ukN{O,l}"/a
where s, = O(a*e¢ 2spre), U = O(a*e %), and sl,s = O(n*~ 1 + sans)ao(“4/62).

Proof. The proof is almost identical to that of Theorem 9.4. We rewrite Oqu%) as Oqu(k) =
Dgk © (Oqugf))ak o NDg for an O(nF~!)-computational design S for Oqufﬁ). Then we apply
Theorem 9.2.

Let a = a(d,e) be a sufficiently large parameter that will be specified later. We assume a
divides n for simplicity. Let I; x --- x I denote the index set of the given matrix M. Thus we
have M € {0, 1}/v>*Ie o, € {0,1}% for i € [k]. Divide each I; into a sets I;1,...,I;, each of
size n/a. For each j = (jl,...,jk) € [a]®, let M = Mlp, j, x-xIy;, € {0, 1} 10> >y be the
subtensor of M induced by I j, - X Iy, j, . Similarly, for given vectors u; € {0,1}/ and j € [a],
let u;j = uilr,; € {0, 1}1i3 the restriction of u; on I; ;. Then, we have

OuMvi®) (M, uy, ... ug) = @ Oul\/lvfl/)a(M UL s - Uk i)
=150k €lal®
= ® o (OuMvi?)a" o NDyg, (14)
where S = (Sj)je[a]k for Sjl 77777 g = (Il g1 - X Ika) U Ile U---u Ik,jk'

We claim that S defined above is an O(nk_l)—computational design for OuMyv,,. Fix distinct
S;, Sy € S. We claim that Oquflk/)a(]%,ul,jl,...,uk,jk) can be computed by an O(n*~1)-size
circuit if the bits indexed by S; \ Sy of the input is hardwired. In this setting, Mj is hardwired
since j # j'. Moreover, there is an index [ € [k] satisfying j; # j;. For simplicity, suppose
| = k for simplicity (the case of other I can be dealt with the same way). Then, uy ;, € {0,1}"/¢
is hardwired. Let W € {0,1}(/®" ™" be the rank-(k — 1) tensor satisfying W (i, ...,ix_1) =
> icin/a) Mj(irs - tk—1, @)up,j, (i). Note that W can be hardwired with (n/a)k=1 = O(n*~1) bits
and thus

Oqui/)a(Mj,ule,...,uk’jk) = @ W(Z‘l,...,ikfl) H Us,js

(i1,....ik_1)€E[n/a]k—1 s€lk—1]

can be computed by an O(n*~1)-size circuit. Therefore, S is the desired computational design.
Consider the intersection graph Gs of S. Two distinct vertices Sj, Sy form an edge if and only
if j; = j! for some i € [k]. Therefore, Gs has maximum degree at most ka.
Finally, we apply Theorem 9.2. For any 4, e > 0, take a = a(¥, ¢) such that ¢ > exp(—éda*/(ka +
1)) holds. Then, from the contrapositive of Theorem 9.2, we obtain the claim. O
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Theorem 9.8 (Reminder of Theorem 1.3). Let § > 0 be any constant. Suppose that there exists a
circuit C' € C(Spre, ¥, Sans) Satisfying

Pr [C(M;uq,...,u) = OuMV®) (M, uy, ... ug)] > 1/2 4 6.
(Muy ... ;up)~{0,1}n* +kn

Then, there exists a randomized circuit C' € C(O(spre), O(£), O(nF 1 + sans)) satisfying

fé}“[C’(M;ul, Coug) = OquT(f)(M, U, ... ug)] >2/3

for every (M, uy, ... ug) € {0,1}" x {0, 1}

Proof. Let C' € C(Spre, ¥, Sans) be the circuit of the assumption. From Theorem 9.7 with € =
0.1 x 27%71we have a circuit C1 € C(O(spre; O(£), O(n* ™ + sans)) satisfying Pr(ys ) [C1(M;u) =
Oqugj)a(M, u)] > 1-0.1x27%"1 where M ~ {0,1}/®" and u = (u1,...,uz) ~ {0, 1}¥("/9) (note
that a = a(6, €) is a constant). From Theorem 9.6, we have a circuit Cy € C(O(Spre, O(£), O(n*F~1 +
Sans)) satisfying Pre, [Co(M;u) = Oul\/lv;k/)a(M, u)] > 0.9 for any input (M,u) € {0,1}/" x
{0, l}k(”/ a), By repetition, we can amplify this success probability and thus we may assume
that the success probability of Cy is 1 — 1/(3a*). Note that this repetition occurs a linear-
blows in size parameters spre, £, Sans by Lemma 9.1. Let C’ be the circuit defined by C'(M;u) =
Bjela)r C2(Mj; ut jy s - - - g, j, ). By the union bound over j € [a]* and (13), we have Pre/[C'(M;u) =

Oquq(q,k)(M, u)] > 2/3 for any input M, u.

O
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A Balancedness of TriParity,,

Recall that TriParity,: {0,1}3"° — {0,1} is the number of triangles modulo 2 contained in the
tripartite graph given by = (see (1) for definition). In this section, we prove that TriParity(z) for
x ~ {0, 1}3”2 is nearly balanced using the technique of Kolaitis and Kopparty [KK13], who proved
that the number of arbitrary fixed subgraphs in an Erdés-Rényi random graph G(n,p) with any
constant p > 0 modulo a fixed constant is nearly balanced. We first recall the following result that
is a special case of [KK13, Lemma 3.3].

Lemma A.1. Let Zy,...,Z,, € {0,1} be i.i.d. random variables such that E[Z1] = p € (0,1).
Consider the random variable Q(Z1, ..., Zy), where Q € Falz1,. .., 2y] is a multivariate degree-d
polynomial written as

Q21 2m) = Z Hzl

FeFieF

for F C ([ZL]).

Suppose that there exists € = {En, ..., E.} C F satisfying (1) E; N E;
|F' N (Ui B3)| < d for every € F\E. Then, |E [(—1)TriParity,,( ]| <
constant in Q(-) depends on p and d.

=0 for alli # j, and (i1)
2= where the hidden

Proposition A.2. For z ~ {0,1}3", TriParity, (z) = 1 with probability s 2~n)

Proof. We apply Lemma A.1. Note that TriParity, (x) can be written as the degree-3 polynomial
over i.i.d. binary random variables (7;);c[3n2]- Specifically, write

TriParity,,(z) = Z T TywTwy = Z H Te,

ueUpeVweW FeF ecF

where U, V,W are the partite vertex set with |U| = |V| = |[W| = n and F = {{wv,vw,wu}: u €
U,v € V,w € W} is the set of all possible triangles (here, we identify uv with the edge {u,v}). Write
U={u,...,un}, V=Avi,...,v.}, and W = {wy,...,wp}. Let & = {{wv;, viw;, wiw;}: 7 € [n]}
be the set of n vertex-disjoint triangles. Note that for any disjoint £, E’ € £, ENE’ = () and for
any F' € F\ &, [FNUpee E| < 2. Therefore, from Lemma A.1, we have

|Pr[TriParity,,(x) = 1] — Pr[TriParity,,(z) = 0]| = ‘E {(—1)Tfiparityn(x)} ‘ < 979,
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B Local Decoding over Grids

In this section, we prove Theorem 8.1 using the following local decoder of RM,, 4, ([BSS20, Theo-
rem 5.4]) of Bafna, Srinivasan, and Sudan. Note that we can obtain the worst-case-to-average-case
reduction for the parity of ¢-clique subgraphs over G(n,1/2) of [BBB21; Gol20] by the same way.

Lemma B.1. For a finite field F of characteristic q, let f: {0,1}" — F be a n-variate degree-d

polynomial. Then, there are an integer k = k(d,q) < qd and an O((Qkk) + n)-time randomized

oracle algorithm A® that makes at most (Qkk) nonadaptive queries and, if the oracle O satisfies
Pr,foup[O) = F@)] 2 11/ (3% (%)), then PrlAO(2) = f(2)] > 2/3 for any z € {0,1)"
where the probability is taken for the randomness of A©.

Proof Sketch. For given input = € {0,1}", the algorithm A® runs as follows: Let k = k(q,d) be
the smallest power of ¢ that is strictly greater than d. Let h: [n] — [2k] be a uniform random

map (each h(j) is independently chosen uniformly at random from [2k]). For y € {0,1}%*, define
z = 2(y) € {0,1}" by z = yp(;) ® x;. Then, output (d}:k)_l >_yen O(z(y)) (the operations are over
), where B C {0, 1}2* is the set of binary vector y that is balanced (i.e., exactly k elements of ¥ is
one) and the last k — d bits are zero. Note that A® makes at most |B| < (Qkk) nonadaptive queries.

To see the correctness, consider the function g(yi,...,y2x) := f(21,...,2,). Note that g(y) =
f(z) = O(z) with probability 1 — (3 X (%f)) for each y € B (over the choice of h) since h is
a uniformly random and y is balanced. Therefore, by the union bound, the output A®(z) is
equal to (dzk)il Zye 5 9(y) with probability at least 2/3. We refer the proof of the fact that
(d;gk)_1 > yen 9(y) = g(0) = f(z) to the proof of [BSS20, Lemma 5.1]. O

Theorem B.2 (Reminder of Theorem 8.1). There exists an absolute constant e > 0 satisfying the
following: If there exists a T'(n)-time algorithm A satisfying

Pr  [A(z) = TriParity,,(z)] > 1 — €
x~{0,1}372

for all n, then, there exists an O(T(n))-time randomized algorithm A’ such that, for any n and any
input = € {0,1}37,

5}"[/1’(1‘) = TriParity,,(z)] > 2/3.

Proof. The oracle algorithm obtained by applying Lemma B.1 with f being TriParity,, and O being
the average-case solver A is the worst-case solver. O
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