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Strong XOR Lemma for Communication with Bounded Rounds
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Abstract

In this paper, we prove a strong XOR lemma for bounded-round two-player randomized communica-
tion. For a function f : X xY — {0, 1}, the n-fold XOR function f®" : X"x Y™ — {0, 1} maps n input
pairs (X1,..., Xy, Y1,...,Y,) to the XOR of the n output bits f(X1,Y1)®---D f(X,,Yy). We prove
that if every r-round communication protocols that computes f with probability 2/3 uses at least C' bits
of communication, then any r-round protocol that computes f®" with probability 1/2 + exp(—O(n))
must use n - (r’o(r) - C' — 1) bits. When r is a constant and C is sufficiently large, this is Q(n - C) bits.
It matches the communication cost and the success probability of the trivial protocol that computes the
n bits f(X;,Y;) independently and outputs their XOR, up to a constant factor in n.

A similar XOR lemma has been proved for f whose communication lower bound can be obtained
via bounding the discrepancy [ShaO3]]. By the equivalence between the discrepancy and the correlation
with 2-bit communication protocols [VWO8], our new XOR lemma implies the previous result.
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1 Introduction

In computational complexity, XOR lemmas study the relation between the complexity of a {0, 1}-valued
function f(z) and the complexity of the n-fold XOR function f®" where

fean(xl""vxn):f(ml)@"'@f(xn)

and @ is the XOR. A classic example is Yao’s XOR lemma for circuits [Yao82l], which states if f cannot
be computed with probability 2/3 on a random input by size-s circuits, then f®" cannot be computed with
probability 1/2 + exp(—£2(n)) on a random input by size-s’ circuits for some s’ < s (and small n). Such
lemmas can be used to create very hard functions in a blackbox way, which can only be computed barely
better than random guessing, from functions that are “just” hard to compute with constant probability. This
approach of hardness amplification has been used in one-way functions [Yao82, [Lev87], pseudorandom
generators [Imp93, TW97]|, and more recently, streaming lower bounds [AN21], CKP™21].

In general, suppose computing a function f with probability 2/3 requires resource s in some model of
computation (e.g., circuit size, running time, query complexity, communication cost, etc). Then the trivial
way to compute f©™ is to compute each f(x;) using resource s independently, and output their XOR. It uses
resource n - s in total, and each instance is correct with probability 2/3, hence, their XOR is correct with
probability 1/2 + exp(—©(n)): For two independent random bits by, b, if Pr[b; = 0] = 1/2 4+ a;/2 and
Pr[b2 = 0] = 1/2 + 062/2, then

Pr[b1 @ ba :O] = (1/2+C¥1/2>(1/2+a2/2)—|—(1/2—Ct1/2)(1/2—042/2) = 1/2+a1a2/2;

let b; = 0 if and only if f(z;) is computed correctly, applying the above calculation inductively gives the
claimed probability. A strong XOR lemma asserts that to achieve 1/2 4+ exp(—O(n)) success probability,
one must use (7 - s) resource — the trivial solution is essentially optimal.

Now suppose that we are given n - s/2 resource in total, and we want to compute f&". If we try to
solve the n copies independently, then no matter how we distribute the resource among the n copies, at
least half of them will get no more than s. The function f® is computed correctly with probability at
most 1/2 + exp(—(n)). Of course, since all n inputs (z1,...,x,) are given together, we can potentially
process them jointly. This may correlate the n copies, and in particular, it may correlate the correctness of
computing each f(x;). Hence, one difficulty in proving the strong XOR lemma from the technical point
of view is that in the above calculation of the probability of XOR of two independent bits, the linear terms
perfectly cancel only because b; and by are independent; when they are not independent, we may get a
linear term remaining, and do not reduce the probability bias as desired. In computational models where
one cannot expect the independence between the copies throughout the computation, a success probability
lower bound of 1/2 + exp(—£2(n)) (hence, a strong XOR lemma) is generally difficult to prove.

In this paper, we prove a strong XOR lemma for the two-player randomized communication complex-
ity with bounded rounds: Alice and Bob receive X and Y respectively, they alternatively send a total of r
messages to each other with the goal of computing f(X,Y). For f®, Alice receives (X1,...,X,,) and
Bob receives (Y1, ...,Y,), and they wish to compute f(X1,Y1) @ --- @ f(X,,Y,) after r rounds of com-
munication. Each player has half of the inputs for all copies, and can send messages that arbitrarily depend
on them, which can nontrivially correlate the n instances. Nevertheless, we show that one cannot do much
better than simply solving all n copies in parallel.

Let Rz(f) (f) be the minimum number of bits of communication needed in r messages in order to compute
f(X,Y) correctly with probability p. We prove the following theorem.



Theorem 1. For any {0, 1}-valued function f, we have
(157 2 n- (v REL(H) - 1)

In particular, when r is a constant, it implies that RY/)Q Lo (FEF) > Q (n (Rg})g( f)— O(l)))
To the best of our knowledge, such an XOR lemma was not known even for one-way communication and
without the factor of n.

As pointed in [BBCR13], the “—O(1)” term is needed. This is because for f(X,Y) = X @Y, we

have Rg})g
(locally) computing ;" ; X; and ;" Y; and exchanging the values.

We obtain Theorem [1] via the following distributional strong XOR lemma. Let suc,(f; Ca,Cp,r) be
the maximum success probability of an r-round protocol 7 computing f(X,Y) where

* Alice sends at most C'4 bits in every odd round,

* Bob sends at most C'p bits in every even round, and

* (X,Y) is sampled from p.

(r)
R J2+2-n

(f) = 2. On the other hand, f®™ can also be computed with 2 bits of communication by simply

Theorem 2. Let ¢ > 0 be a sufficiently large constant. Fix o € (0,7~") and C4,Cp > 2clog(r/a). Let
f: X xY —{0,1} be a function, and 1 be a distribution over X x ). Suppose f satisfies

suc,(f;Ca,Cp,7) <1/2 4+ /2,

then for any integer n > 2, we have

2-12p

1
sucun(f@”;2_8r_1n cCy,2 8 In. Cp,r) < 3 + a 5

This distributional strong XOR lemma states that for any fixed input distribution x and function f, to
compute f" when the n inputs are sampled independently from p, either the advantage is exponentially
small in (n), or one of the players need to communicate at least {2(n/r) times more than one copy. This
also gives a strong XOR lemma in the asymmetric communication, where we separately count how many
bits Alice and Bob send.

It is worth noting that Shaltiel [Sha03]] proved a similar strong XOR lemma for functions whose com-
munication lower bound can be obtained via bounding the discrepancy. By the equivalence between the dis-
crepancy and the correlation with 2-bit protocols [VWO08]], Theorem [2]implies their result. See Appendix [A]
for a more detailed argument.

Note that a simple argument shows that Theorem 2] implies Theorem [I| (see also Sectiond)). Therefore,
we will focus on the distributional version, and assume that the n input pairs are sampled independently
from some distribution .

Our proof of the distributional version is inspired by the information complexity [CSWYO01]]. We de-
fine a new complexity measure for protocols, the x2-cost, which is related to the internal information
cost [BJKS04, BBCR13|]. Roughly speaking, it replaces the KL-divergence in the internal information
cost with the y2-divergence, which can be viewed as the “exponential” version of KL. This provides bet-
ter concentration, which is needed in our argument. Throughout the proof, we will also work with dis-
tributions that are “close to” communication protocols, i.e., the speaker’s message may slightly depend
on the receiver’s input. Such distributions have also been studied in the proof of direct product theo-
rems [JPY 12| BRWY13a,BRWY13b]. We will provide more details in Section@

'Observe that since R, (f) < R{2o(f) < O(RYL, (f)). the constant 2/3 does not matter as long as it is in (1/2,1). Our
proof will also show that the base in 27" can be any constant.



1.1 Related work

As we mentioned earlier, Shaltiel [[ShaO3|] proved a strong XOR lemma for functions whose communica-
tion lower bound can be obtained via bounding the discrepancy. Sherstov [Shelll] extended this bound to
generalized discrepancy and quantum communication complexity.

Barak, Braverman, Chen and Rao [BBCR13]] obtained an XOR lemma for the information complexity
and then an XOR lemma for communication (with worst parameters) via information compression. How-
ever, their XOR lemma does not give exponentially small advantage. They proved that if f is hard to
compute with information cost C, then f®" is hard to compute with information cost O(n - C'). In fact, the
starting point of our proof is an alternative view of their argument, which we will outline in Section [2.1

Viola and Wigderson [VWOS] proved a strong XOR lemma for multi-player c-bit communication for
small c. As pointed out in their paper, it implies the XOR lemma by Shaltiel [Sha0O3]]. XOR lemmas have
also been proved in circuit complexity [Yao82, [Lev87, Imp95, IW97, IGNW 11|, query complexity [Sha03|
Shelll [Drul?2, BKL.S20], streaming [AN21]] and for low degree polynomials [VWOS].

Direct product and direct sum theorems, which are results of similar types, have also been studied in
the literature. They ask to return the outputs of all n copies instead of their XOR. Direct sum theorems
state that the problem cannot be solved with the same probability unless 2(n) times more resource is used,
while direct product theorems state that the problem can only be solved with probability exponentially small
in Q(n) unless ©(n) times more resource is used. The direct sum theorem for information complexity is
known [CSWYOI, BJKS04, BBCR13]. A direct sum theorem for communication complexity with sub-
optimal parameters can be obtained via information compression [BBCR13|]. A direct sum theorem for
bounded-round communication has been proved [BR11]], and we use a similar argument in one component
of the proof (see Section and Section [7). Direct product theorems for communication complexity (with
suboptimal parameters via information compression), bounded-round communication and from information
complexity to communication complexity have also been studied [JPY 12, BRWY13b, BW135].

2 Technical Overview

2.1 An alternative view of [BBCR13]

The starting point of our proof is an alternative view of the XOR lemma in [BBCR13] for information
complexity, which does not give an exponentially small advantage. Running a protocol on an input pair
sampled from some fixed input distribution defines a joint distribution over the input pairs and the transcripts.
Information complexity studies that in this joint distribution, how much information the transcript reveals
about the inputs. The (internal) information cost is defined as

where M = (M, My, ..., M,) is the transcript and M is the public random bitsE] We assume that Alice
sends all the odd M; and Bob sends all the even M;. The internal information cost of a protocol is always
at most its communication cost. It is also known that for bounded-round communication, the internal in-
formation complexity is roughly equal to the communication complexity [BR11] (up to some additive error
probability).

%In the usual definition, the public random string is not part of the transcript. We add it for simplicity of notations. This does
not change the values of the mutual information terms as it is already in the condition.
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(a) Protocol 7. (b) Protocol 7y,

Figure 1: Decomposition of 7r: [l is the inputs, [lf] is sampled publicly, [ ]is sampled privately.

For the XOR lemma for information complexity, we consider input pair X = (Xi,...,X,)and Y =
(Y1,...,Y,) sampled from . Suppose there is a protocol 7 computing f®" with information cost I, we
want to show that f can be computed with information cost ~ I /n.

To this end, we show that 7 can be “decomposed” into a protocol 7, computing f®”~! with informa-
tion cost /1 and a protocol 7,, computing f with information cost I such that I; + Iy ~ I, as follows (see
also Figure [T

* For n.,, given n — 1 input pairs, the players view them as X_.,, and Y_,, as part of the inputs for
7, where X_,, denotes (X,...,X,_1) and Y., denotes (Y7,...,Y,,_1); then the players publicly
sample X,, ~ px, and Bob privately samples Y, conditioned on X,,; the players run 7 to compute
Fo"(X,Y); Bob sends one extra bit indicating f(X,,, Yy,).

* For m,, given one input pair, the players view it as X,, and Y,,; then the players publicly sample
Yen ~ /ﬂ;—l, and Alice privately samples X, conditioned on Y.,,; the players run 7 to compute
fE"(X,Y); Alice sends one extra bit indicating 7' f(X;, Y;).

If 7 computes f&" correctly, then the two protocols compute f®*~1 and f correctly respectively. For
the information cost of m—,, (if we exclude the last bit indicating f(X,,Y,)), the first term is equal to
I(X<n; M | Yo, X, M), since X, is sampled using public random bits. It is also equal to (X ,,; M |
Y, X, Mp) due to the rectangle property of communication protocols. For the information cost of 7, (if we
exclude the last bit), the first term is equal to I(X,,; M | Y, My) since Y, is sampled using public random
bits. Therefore, the first terms sum up to exactly I(X; M | Y, M), the first term in the information cost of
7, by the chain rule of mutual information. Similarly, the second terms sum up to I(Y; M | X, M), the
second term in the information cost of 7.

Hence, including the last bits in the protocols, we have I1 + Iy < I+O(1). Thus, by repeatedly applying
this argument, we obtain a protocol for f with information cost I /n 4+ O(1), as desired. Note that in this
decomposition, the players do not need to sample the private parts explicitly. As long as they can send the
messages from the same distribution (e.g., by directly sampling the messages conditioned on the previous
messages and their own inputs), the information costs and correctness are not affected.

The original paper proves the same result by explicitly writing out the protocol for f obtained after
applying the above decomposition ¢ times for a random i € [n], and proving the expected cost is as claimed.
The two proofs are essentially equivalent for this statementE] However, as we will see later, our new view is
more flexible, allowing for more sophisticated manipulations when doing the decomposition.

2.2 Obtaining exponentially small advantage

The above decomposition preserves the success probability. However, if we start from a protocol for f&"
with exponentially small advantage, then we will not be able to obtain a protocol for f with success proba-

3The orginal proof embeds the input to f into a random coordinate 7 of f®", and samples X~; and Y; using public random
bits.
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(a) Bob’s view in m, (b) Alice’s view in 7y,

Figure 2: Decomposition of 7: [l is unknown inputs, [l is known.

bility 2/3, which is required in order to prove the strong XOR lemmaﬂ
Let adv(f(X,Y) | R) denote the advantage for f(X,Y’) conditioned on R, which is defined as

2Pr[f(X,Y) =1|R] - 1],

i.e., the advantage is « if the conditional probability is either 1/2 + «/2 or 1/2 — a/2.

Now let us take a closer look at the two protocols m—,, and 7, (see Figure |Z[) For m,, in Bob’s view
at the end of the communication, he knows his input Y, the publicly sampled X,, and the transcript M.
Hence, he is able to predict f®"~1(X_,, Y.,) with advantage adv(f®" 1 (X_,,,Y) | Xn, Y<n, M). By
letting Bob send one extra bit indicating his prediction, the advantage of the protocol achieves the same. For
Ty, in Alice’s view at the end of the communication, she knows her input X,,, the publicly sampled Y, and
the transcript M. Hence, she is able to predict f(X,,Y,) with advantage adv(f(X,,Y,) | Xn, Yepn, M).
By letting Alice send one extra bit indicating her prediction, the advantage of the protocol achieves the same.

Now an important observation is that X,, and Y,, are independent conditioned on (X,,, Y-,,, M), by
the rectangle property of communication protocols. Hence, f®"~1(X_,,Y.,) and f(X,,Y,) are also
independent conditioned on (X,,, Y-, M). Since fo*(X,Y) = f®" 1 (X_,, Y ,) ® f(Xn,Ys), by the
probability of XOR of two independent bits, we have

adv(f®(X,Y) | Xp, Yen, M) = adv(f*" 1 (X, You) | X, Yer, M)

x adv(f(Xn, Yn) | Xn, Yen, M). W

This suggests the following strategy for the decomposition:

* if the information cost of m, is large, then the information cost of m,, must be much smaller than that
of ;

* if the information cost of 7, is small and its advantage for f is large, then we have obtained a good
protocol for f;

« if the information cost of , is small and its advantage for f is small, then by (TJ), the advantage of
T« must be larger than that of m by some factor.

Hence, in each decomposition, if we don’t already obtain a good protocol for f, then when decrementing
n to n — 1, we must either significantly decrease the information cost, or increase the advantage by a
multiplicative factor. If we start with a protocol with a low cost and a mild-exponentially small advantage
for £, then we must obtain a good protocol for f by applying this decomposition iteratively.

*In fact, this is inherent for information complexity, since the strong XOR lemma for information complexity does not hold.
This is because the information complexity is an average measure, and it is at most the expected communication. A protocol can
choose to compute all f(X;,Y;) with probability € and output a random bit otherwise, which achieves success probability 1/2 + ¢
and expected communication en times the one-copy cost. However, the reader is encouraged to continue reading this subsection
pretending that they do not know about this counterexample.



It turns out that the main difficulty in applying the above strategy is to formalize the last bullet point.
Note that the expected advantage of m, (after Alice sending the one extra bit indicating her prediction)
is E[adv(f(Xn,Yn) | Xn, Y<n, M)], the expected advantage of m—,, (after Bob sending the one extra bit
indicating his prediction) is E [adv(f®" ! (X<n, Y<p) | Xn, Y<n, M)], and the expected advantage of 7 is
E [adv(f®"(X,Y) | M)], which is at most E [adv(f®"(X,Y) | Xp, Y<p, M)].

When we say that the advantage of 7, for f is small in the last bullet point, we can only guarantee
that this expectation is small. Equation (), which is a pointwise equality, does not directly give any use-
ful bounds on the expectations. For example, it is possible that both E [adv(f(X,,Yn) | Xn, Yen, M)]
and E [adv(f®" 1 (X<p, Yon) | Xn, Yen, M)] are very small, but adv(f(Xn,Ys) | Xn,Y<n, M) and
adv(fo" Y X<p, Yen) | Xpn, Yon, M) are always equal to zero or one at the same time, both concentrated
on a small probability set. Then we have E[adv(f¥"(X,Y) | Xy, Yep, M)] = E[adv (" Y (X, You) |
X, Yen, M)], the advantage may not increase at all. In this case, the advantage adv(f®"(X,Y) | X,,, Y=y, M)
is also concentrated on the same small probability set.

On the other hand, observe that if adv(f®"(X,Y) | X,,, Y<,,, M) takes roughly the same value (say, )
most of the time, then we do obtain an advantage increase:

E[adV(f®n_1(X<n7 Y<n) ’ Xny Yen, M)]
= E[e/adv(f(Xn, Yn) ’ Xns Yen, M)]
> ¢/ Eladv(f(Xn, Yn) | Xn, Yen, M)

by the convexity of 1/x.
This motivates us to consider the following two extreme cases:

1. adv(f"(X,Y) | X,, Y<pn, M) is roughly uniformly distributed among all (X,,, Y<,,, M);
2. adv(f®"(X,Y) | X,,, Yo, M) is concentrated on a tiny fraction of the triples (X,,, Y=, M).

Basically following what we just argued, the above strategy directly applies in the first case. The second
case is related to the direct product theorems, where we also want to analyze protocols that is correct with
exponentially small probability. This is because one possible strategy for the players is to compute all
f(X;,Y;) correctly with some probability £ and output a random bit otherwise. We must at least show that
in this case, £ < exp(—Q(n)).

2.3 Generalized protocols

For the second case above, we follow one strategy for direct product theorems [BRWY13b]. When the
advantage adv(f®"(X,Y) | X,,Y<n, M) is concentrated on a small set U of triples (X,,, Y<,,, M), we
restrict our attention to U by conditioning m on U. However, this immediately creates two issues.

The first issue is that although 7 | U is a well-defined distribution, it is not necessarily a protocol, since
conditioning on an arbitrary event may break the independence between a message and the receiver’s input,
e.g., M; may no longer be independent of Y conditioned on X EI

This issue was also encountered in the direct product theorem proofs. Instead of studying standard
protocols, we focus on generalized protocols, where we allow each message to depend on both player’s

SConditioning on an event also distorts the input distribution, which needs to be handled. But for simplicity, we omit it in the
overview.



inputs, and we wish to restrict the correlation between the odd M; and Bob’s input and the correlation
between the even M; and Alice’s input. In the previous work, it bounds

O(r) = I(MsY | X, Me;)+ Y I(M; X | Y, M),

odd even ¢

the mutual information between the message and the receiver’s input.

Intuitively, the #-value measures how close to a standard protocol a generalized protocol is. It turns out
that the 0-value of a standard protocol conditioned on a not-too-small probability event is small; on the other
hand, when the #-value is small, it is statistically close to a standard protocol. Furthermore, an important
feature of 0(r) is that the decomposition of 7 into 7, and 7, also satisfies that 0(7) = (7<) + 0(m,,).
Hence, when doing the decomposition, we can hope to obtain a generalized protocol for f that is very close
to a standard protocol.

The second issue is that conditioning on a small probability event U could greatly increase the infor-
mation cost, from I to (I / Pr[U]). Since I is close to the communication cost, such a multiplicative loss
in each step of decomposition is unaffordable. Such a loss occurs because the mutual information is an av-
erage measure (an expectation), which does not provide any concentration (also recall the counterexample
in footnote {] where the communication cost and the advantage are both concentrated on an e-probability
event, when we condition on this event, both the expected communication cost and the advantage increase
by a factor of 1/<). More specifically, consider the first term in the information cost, (X; M | V') (omit the
public random bits for now). For standard protocols, it is equal to

3 e we (") =2 s (i) =2 s ()]

x,yY,m

If we only have a bound on this expectation, then inevitably its value can greatly increase after condi-
tioning on a small probability event, not to say that the logarithm inside the expectation is not nonnegative,
so it can get worse than what Markov’s inequality gives.

We also note that the argument in the previous subsections crucially uses the rectangle property of the
communication protocols, which does not necessarily hold for generalized protocols. This turns out not to
be a real issue, since throughout the argument, we will maintain the rectangle property at all leaves, which
is sufficient for the argument to go through (see also Section [2.6).

2.4 O-cost and y>-costs

Our novel solution to the second issue above is to focus on the “exponential version” of the information
cost, i.e., for the first term,
2 ﬂ-(X | M7 Y)
&) = | ,
b <A Y)
which we call the x2-cost by Alice. The y2-cost by Bob, th (), is defined similarly for the second term

in the information cost (see Definition [T3]).
This notion of the cost has the following benefits.

e For a (deterministic) standard protocol wi its of communication, ) < . Hence, i
For a (det tic) standard protocol with C' bits of tion, X2 4(m) < 2°. H t
corresponds to the exponential of the communication cost.



* When conditioning on a small probability event U, we can essentially ensure that it increases by a
factor of O(1/7(U)) (Lemma [37| gives a more generalized statement). Effectively, this only adds
log(1/m(U)) to the communication cost, which becomes affordable.

Note that the mutual information is the expected KL-divergence, and the x2-cost is the expected x2-
divergence (plus one). Similarly, we also define an “exponential version” of 0(7), which we call the §-cost
of 7 (see Definition[T2). It also ensures that the value does not increase significantly when conditioning on
a small probability event.

On the other hand, going from mutual information to its “exponential version” loses many of its good
properties, most importantly, the chain rule. The next crucial observation is that the chain rule for mutual
information in fact holds pointwisely, which enables us to work with the y2-costs.

More specifically, let X, Y, Z be three random variables with joint distribution 7, the chain rules says
I(X;Y,2)=I1(X;Y)+ I(X;Z | Y). By writing the mutual information as an expectation, this is

w|os (" )] == e ()| el (i)

This equality holds pointwisely in the sense that for any concrete values (z, y, z), the equality holds for the
logarithms inside the expectation

by the definition of conditional probability.
Therefore, the “exponential version” also holds pointwisely:

Ty zlx) _wlylz) 7w(z]=y)
m(y, 2) m(y)  w(zly)

This is what we use in replacement of the chain rule for mutual information. See the next subsection for
more details.

2.5 Proof outline

We now give an outline of the proof of the following statement: Given an r-round standard protocol 7 for
f®™ with communication cost o(n - C) that succeeds with advantage a°(") on the inputs sampled from y",
we can obtain an r-round generalized protocol p for f with x2-costs =~ 2¢, f-cost ~ 1/a and advantage
~ «. We will then discuss how to convert such a generalized protocol to a standard protocol with low
communication cost in the next subsection.

We first show that 7 is also a generalized protocol with y2-cost 2° and 6-cost 1 (in the proof of
Lemma . Next, we decompose 7 into 7w, for f®*~! and 7, for f, and prove that the product of the
§-cost [resp. x>2-costs] of 7w, and T, is that of 7 pointwisely (Section . Now if the advantage of 7 is
not roughly evenly distributed, we will identify an event U such that the advantage conditioned on U is
much higher than the average advantage, and more importantly, the advantage within U becomes roughly
evenly distributed (not concentrated on any small probability event in U) (Section [6.1]). Conditioning on U
increases the advantage while also increases the §-cost and x2-costs, it turns out that they all increase by
about the same factor. Next, we partition the sample space of 7 into Shigh-costs Stow-cost and Siow-prob SUch
that

(nC)



* in Shigh-cost> T has high 6-cost or high X2—cost (excluding some corner cases), say > 1/« for f-cost
or > 2¢ for y2-cost,

* in Sjow-cost> n, has low #-cost and low Xz-cost (also excluding some corner cases),
* Slow-prob 18 the rest, which will happen with very low probability.

Since the advantage is not concentrated on any small probability in U, then (at least) one of Shigh-cost OF
Slow-cost Will have advantage about as high as the advantage of U. If Spigh-cost has the advantage as high as
U, then we prove that by the pointwise equality for the costs, Ty, | Shigh-cost Must have a much smaller
cost than 7 | U, while they have roughly the same advantage (Section . If Siow-cost has the advantage as
high as U, then if 7,, | Sjow-cost has high advantage, then we obtain a desired generalized protocol for f with
low costs and high advantage; otherwise we prove that m,, | Sjow-cost has @ much higher advantage than
7 | U (as the advantage of 7 is roughly evenly distribution within U), while they have roughly the same
costs (Section [6.3).

To summarize the above argument, if we don’t already find a desired generalized protocol for f, then
when decrementing n to n — 1, we first condition on an event U, increasing costs and advantage simultane-
ously by about the same (while arbitrary) factor, then either we reduce the 6-cost by a factor of > 1/a, or
we reduce the y2-costs by a factor of > 2¢, or we increase the advantage by a factor of > 1 /a. Since we
start with y2-costs 2°("C)_ f-cost 1 and advantage a°(™), we cannot repeat this for n steps without finding
a desired protocol for f. More formally, we will measure the progress by using a potential function that
depends on the costs and advantage of the current protocol, and show that each time we decrement from &
to k — 1, how much the potential must decrease (Section ).

2.6 Convert a generalized protocol to a standard protocol

Finally, we need to show that the existence of a good generalized protocol implies the existence of a good
standard protocol. We prove that if an r-round generalized protocol p has x2-costs 2¢, #-cost 1/c and
advantage «, then there is an r-round standard protocol 7 with communication cost ~ C' and advantage
~ a3. Together with what we summarized in the last subsection, we obtain the strong XOR lemma for
r-round communication.

[BR11]] converts a standard protocol p with constant rounds to a standard protocol with communication
matching the internal information cost of p. Using a similar argument, we can convert p to a standard
protocol with communication ~ C.. By the convexity of 2%, y2-cost of 2¢ implies internal information cost
of at most C'. It turns out that the (almost) same argument applies in our case, for generalized protocol p.

Then the next crucial observation is that we can ensure the generalized protocol p that we obtain from
the arguments in the previous subsection has the rectangle property with respect to . Roughly speaking, it

means that for all transcripts M, if we look at the ratio of the probabilities M,
WX,Y)

of X and Y, i.e., it is equal to g4 (X) - gp(Y) for some functions g4, gp that may depend on M. Note
that a standard protocol has the rectangle property, since each message depends only on either X or Y, and
the same property holds even conditioned on any prefix of the transcript M ;. A generalized protocol may
not have this property in general, but we can ensure that the protocol we obtain has this product structure
conditioned on any complete transcript M.

After generating a transcript M using [BR11]], the rectangle property allows the players to locally “re-
adjust” the probabilities (via rejection sampling) so that after the readjustment, the probability of a triple
(X,Y, M) is proportional to the “right” probability p(X, Y, M), which in turn, gives the advantage propor-
tional to that of p.

it is a product function



The probability that is sacrificed in the rejection sampling depends on how far p is from a standard
protocol, i.e., the f-cost of p. It turns out that the above argument gives an overall advantage of at least o/
divided by the 6-cost of p. See Section [/|for the formal proof.

3 Notations and Definitions for Generalized Protocols

3.1 Notations and standard probabilities

Throughout the paper, all logarithms have base 2. We use [n] to denote the set {1,...,n}. Let f : X x Y —
{0, 1} be a binary-valued function. We use f®" to denote the function f®" : X" x Y™ — {0, 1} such that

n
X, XN, Y = @D F(XGL Y,

where @ is the XOR operation.

Let X be a vector (X7i,...,X,). We denote the prefix (Xi,...,X;) by X<;. Similarly, X~; denotes
(X1,...,X;-1) and X+; denotes (Xj41,...,X,). For vectors X where we start the index from 0, X<;
denotes (Xo, ..., Xj;).

Let 7 be a distribution over triples (X,Y, M) € X x Y x M, where M = (M, ..., M, ). For an event
W C X x )Y x M, we use (W) to denote its probability. For a random variable M, we use (M) to
denote the probability of M in distribution 7, which by itself is a random variable that depends on the value
of M. It is similar for multiple variables, e.g., m(X, M ;) denotes the probability of (X, M.;).

Let S be a set of possible values of several variables, say, S is a set of possible values of (X, M.;). We
use 7(5) to denote the probability that (X, M.;) € S,i.e., n(S) = Pr; (X, M) € S] =7({(X,Y,M) :
(X, M.;) € S}). When there is no ambiguity, we may abuse the notation, and use S to denote the event
that (X, M.;) € S, which is the set {(X,Y,M) : (X, M.;) € S}, e.g., if T is a set of possible values
of (Y, Mcj), then S N T is the event that (X, M.;) € S A (Y, M.;) € T, which is the set {(X,Y,M) :
(X, Mos) € S A (Y, Moj) € T,

The x2-divergence of two distributions is defined as follows.

Definition 3 (y2-divergence). Let P and ( be two distributions over a sample space X'. The y2-divergence

from () to P is
e(PlQ) = Z

reX

Q 1=K [ggﬂ b

The KL-divergence of two distributions is defined as follows.

Definition 4 (KL-divergence). Let PP and () be two distributions over a sample space X. The KL-divergence

e . Pylog (£ = & [iog (EEN].
w(Pll@)=3 P <<x>> EJ%Q(@”

A simple calculation gives the following proposition.

Proposition 5. Let Rl, Ry € {0, 1} be two independent random variables such that Pr[R; = 0] =
and Pr[Ry = 0] = 2 + 2. Then Pr[Ry & Ry = 0] = § + %72,

N[
+
M‘S

10



3.2 Generalized communication protocols

For most standard communication protocols discussed in this paper, we pair it with an input distribution,
and study the joint distribution.

Definition 6 (standard protocols). An r-round standard protocol  for input distribution p is a distribution
over triples
(X, YYM) e X x Y x M,

where the transcript M = (Mo, ..., M, ), and each M; is chosen from a prefix-free set of strings that only
depends on M_,;. Moreover, (X,Y’) ~ u; the public random string M is independent of (X,Y"); for odd
1 > 1, M; (a message by Alice) is independent of Y conditioned on X and M.;; foreven¢ > 1, M; (a
message by Bob) is independent of X conditioned on Y and M ;. The output of 7 is a function of M.

Now we define suc,(f; C'a,Cp,r) to be the maximum success probability of a protocol computing f
under the communication cost constraints.

Definition 7. Let f : X x ) — {0, 1} be a function, and y be a distribution over X x ). For C4,Cp,r > 1,
let
SuCM(f; CA; CB: T)

be the supremum over all r-round standard protocols m where Alice sends at most C'4 bits and Bob sends
at most C'p bits in a round, the probability that the output of 7 is equal to f(X,Y’) when (X, Y") is sampled
from p.

Remark. Without loss of generality, we may assume that M, € {0,1}. This is because the output of the
protocol is a function of M. Instead of M,., we could always let Bob send the output, which has only one
bit.

Next, we define generalized protocols.

Definition 8 (generalized protocols). An r-round generalized protocol 7 is a distribution over triples
(X, YYM) e X x Y x M,

where M = (M, M, ..., M,), and each M; is chosen from a prefix-free set of strings that only depends
on M_;.

In this paper, we also only consider generalized protocols with M, € {0,1}.

Clearly, a standard protocol is also a generalized protocol. One still should think M as the public
random bits, and think M; as a message sent by Alice if ¢ is odd, and sent by Bob if 7 is even. The messages
and public random bits are allowed to be arbitrarily correlated with both players’ inputs.

We do not explicitly define the output of a generalized protocol in this paper. When we study the cor-
rectness of a generalized protocol when computing some function f, we characterize it using the advantage.

Definition 9 (advantage). Let 7w be a generalized protocol, and f be a binary-valued random variable (e.g.,
f=fX,Y)for f: X x) — {0,1}). The advantage of 7 for f conditioned on W is

adv(f | W) = [2m(f = 0 | W) — 1] = [2x(f = 1 | W) — 1.

We may omit the subscript m when there is no ambiguity.

11



Note that fixing 7 and f, adv,(f | W) is a function of W. For a standard protocol with input distribution
1, the larges probability that the output can equal f when the transcript is M is

1 1
B + 3 adv,(f(X,Y) | M).

Thus, the overall success probability is always at most

1 1
5ty B [dve(F(X,Y) [ M)].

For general protocols, we will also use Ent~r [adv,(f(X,Y") | M)] to characterize the success probability.
The (conditional) advantage is superadditive when weighted by the probability of the condition.

Lemma 10. Let W1, W5 be disjoint events and R be a set of random variables, then

7T(W1 U Wz) . E [adv(f(X, Y) ‘ R, W U Wz)]

T W1UWs
SR B v (JO5Y) | R+ (W) B fadv(£(X,Y) | R W)

Proof. By definition, we have

”(Wl)'ﬂ@v [adv(f(X,Y) | R, W1)] + m(W2) L [adv(f(X,Y) | R, W>)]

=7(W)- Y 7R | W) 27 (f(X,Y) = 1| R, W) — 1]

R
+ (W)Y w(R| W) - [27(f(X,Y) =1|R, W) — 1]
R
=Y [2r(f(X,Y) = LR, W) —w(R,W1)[ + Y [27(f(X,Y) = 1, R, W2) — 7(R, Wp)]
R R

which by the fact that WW; and W5, are disjoint, is
> 2n(f(X,Y) =1, R, W1 UWp) — m(R, Wy U W)

=r(W1UuWsy)- E [adv(f(X,Y) | R, W UWy).
7T|W1UW2

The following proposition states that knowing more could only increase the expected advantage.

Proposition 11. Let R, Ry be two random variables, then

E [adv(f|R)]< E  [adv(f|Ri,Ra)].

Ri~7 Ri,Ro~7

Proof. We have

E  [adv(f | Ri, Ra)]

Ri,Ro~m

12



m(R1,Ra) - 2n(f =1 | R1,Re) — 1]
2

m(R1) Y _m(Ra | Ry) - 27(f =1 | Ry, Ry) — 1
Ro>

o
b

1,

v I
2]

I
#1121

m(R1) - |Y 7Ry |Ry)-27(f =1| Ry, Ry) — Y _7(Ra | Ry)
Ro R

T(Ry) - [27(f = 1| Ry) — 1|

= [adv(f | R1)]-

1~VT

=z

2

3.3 The 6-cost and y>-costs

In a standard protocol, Alice’s message must be independent of Bob’s input conditioned on Alice’s input
and the previous messages, and vice versa, while we allow arbitrary correlation in a generalized protocol.
The #-cost of a generalized protocol measures this correlation.

Definition 12 (f-cost). The 6-cost of 7 with respect to p at (X, Y, M) is

W(X,Y|M0) 7T(MZ |X,Y,M<i) W(MZ‘X,}/,M<Z)
0, (r@X, Y M) :=———_—=" .
u( ) w(X,Y) H T(M; | X, M) H w(M; | Y, M<;)

odd i€[r] even i€[r]

_ m(X,Y,M)
m(Mo) - (X, Y) - Tloqasep ™(Mi | X, M<i) - [eveniepy 7(Mi | Y, M<i)

The #-cost of 7 with respect to p is

Ou(m) == E fu(r@X,Y,M)].
(XY, M)~

For an event W, the f-cost of 7 respect to p conditioned on W is

Ou(m | W)= E [fu(r@X,Y,M)].
(X,Y,M)~r|W

Remark. We emphasize that ,(m | W) is different from 6, (7 ) for 7y being the distribution of 7 con-
ditioned on W. According to the definitions, although (X,Y, M) is sampled from 7 | W in both cases,
the quantity inside the expectation is different. For 6,(7 | W), we still measure the 6-cost at (X, Y, M)
according to distribution 7, while for 6,, (7 ), we measure the §-cost at (X, Y, M) according to 7y .
Remark. Let T be the protocol obtained by “making 7 standard.” That is, 7(X,Y") is equal to u(X,Y);
7(My) is w(Mp), independent of (X,Y’). Each odd M; is sampled according to 7(M; | X, M;) inde-
pendent of Y, and each even M, is sampled according to w(M; | Y, M.;) independent of X. Then 7 is a
standard protocol such that

T(X,Y,M) =m(Mo) (X, V) [[ w(Mi| X, M) ] =M |Y, M)

oddi€(r] eveni€(r]

The 6-cost of 7 is simply the x2-divergence from 7 to 7 plus one.

13



By the above connection to y2-divergence, we have the following proposition.

Proposition 13. For any protocol w, we have

E[0,(raX,Y,M)"!] =1

™

Proof. Let 7 be the protocol by making 7 standard as described in the remark above. Then we have

_7T(X7Y7M)
Ou(r @ XY M) = 255D
Therefore,
o T Y M)
Efu(r@X, Y, M)~ = > «(X, VM) ooy =1
(X,Y,M)

O]

By standard bounds on conditional probabilities, we have the following bound on the conditional cost.
Proposition 14. For events Wy, W, we have

0 (m | Wh)

0 WinWwy) < ————~2,
N(Tr’ 1 2) = 7T(W2 | Wl)

Proof. Since 0,,(m @ X, Y, M) is nonnegative, we have

9#(71' | WiNnWy) = E [eu(ﬂ'@X, Y, M)]
(X,Y,M)NW‘W1QW2

= Y m(X,Y,M|WiNW,)-0,(rQX,Y,M)

(X,Y,M)
F(Xv}/aM | Wl)
< 0,(rQX,Y,M
— Z 7T(W2 ‘ Wl) M( )
(X,Y,M)
_ Ou(m | Wh)
(W2 | Wh)

O]

Next, the y2-cost measures the “communication cost” of a protocol: how different Alice’s input becomes
in Bob’s view at the end of the communication compared to that in the input distribution.

Definition 15 (x2-cost). Let 7 be a generalized protocol, and ;. be a distribution over the inputs. The y2-cost
of m by Alice with respect to p at (X,Y, M) is
2 (X [M,)Y)
X A(m@QX Y M) (= ————=;
i WX 1Y)
the y2-cost of 7 by Bob with respect to . at (X, Y, M) is

(Y | M, X)

2
b% TQX, Y M) :=
,u,,B( ) (]/ | >()

14



The 2-costs of 7 with respect to 1 are

Xpalm):= E  [xialr@X,Y.M)],
(X,YM)~r

Cpm = E  [CpreX,V,M).
(X,Y, M)~

For an event W, the y2-costs of 7 with respect to y conditioned on TV are

XZ,A(TF | W) = E [XZ,A(W@X’ Y7 M)] 3
(X,Y,M)~m|W
2 2
W)= E Q@ X,vy,M)].
XM,B(7r | W) (XY M| [X,L,B(7r )]

Remark. Similar to the #-cost, th 4(m | W) is also different from xi A(mw). The x2-cost of 7 by Alice
is the expected y2-divergence from s x|y to Tx|y,m plus one. Similarly, the x>2-cost of 7 by Bob is the
expected y2-divergence from Py |x to Ty x n plus one. Observe that for standard protocols, if we measure
the expected KL-divergence instead of the y2-divergence, then we obtain the internal information costs:

> I(X;M; | Y,Ms;)  and YOI M; | X, M),

odd i even i

Similar proofs to Proposition[I3]and Proposition[I4] give us the following two propositions.

Proposition 16. For any protocol w, we have

E[x;a(r@X, Y, M) '] =1,

and
E [Xi’B(Tr@X, Y,M)"!] =1.

Proposition 17. For any events W1, W, we have

X5 a(m | Wh)

2
WinNWy) <
X/J,A(ﬂ- ’ 1 2) = 7T(W2 | Wl) ’

and )
X, 5(m | Wh)

XZ,B(W | WiNWs,) <
3.4 Rectangle properties in generalized protocols
We will maintain the rectangle property for the generalized protocols throughout the proof.

Definition 18 (Rectangle property). A generalized protocol 7 has the rectangle property with respect to p,
if there exists nonnegative functions g; : X x M — R, g2 : J x M — R such that

(XY, M) = (X, Y) - g1(X, M) - ga(¥, M).

Let W be an event, (7 | W) has the rectangle property with respect to p if there exists nonnegative functions
g1: X XM —>R,g3: Y x M — R such that

7(X,Y, M| W) = u(X,Y) - 1(X, M) - ga(Y, M).

15



Equivalently, 7 has the rectangle property if for every transcript M, the posterior distribution 7 x y/nm
is equal to u rescaled by some product function with one factor depending only on X and another factor
depending only on Y. Note that this property holds for any standard protocol, since each message M;
conditioned on M ; only depends on one of X and Y. Hence, for standard protocols, we have such product
structure even conditioned on any prefix M_;.

When decomposing a protocol for k instances, we need the following definition of the partial rectangle

property.

Definition 19 (Partial rectangle property). Let 7 be a generalized protocol such that X = (X1,..., X}) and
Y = (Y1,...,Yy). 7 satisfies the partial rectangle property with respect to pP if there exists nonnegative
functions g1, g2, g3 such that

(X, Y,M) = p*(X,Y) - g1(X, M) - g2(Y, M) - g3( X, Yei, M).

Let W be an event, (7 | W) has the partial rectangle property with respect to x* if there exists nonnegative
functions g1, g2, g3 such that

(X, Y, M| W) =" X,Y) - g1(X,M) - g2(Y, M) - g3(Xp, Yei, M).

Proposition 20. If 7 has the partial rectangle property, then X o, and Y}, are independent conditioned on
Xiy Yo, My If 1 | W has the partial rectangle property, then X -, and Y}, are independent conditioned on
ka Y</€7 M7 w.

Proof. If 7 has the partial rectangle property, then
Tr(X<k7 Yk | ka Y</€a M)
= M (X,Y) - g1 (X, M) - g2(Y, M) - g3 (X, Yar, M) - (X, Yo, M) ™!

= (M (er Yar) - 1 (6 M) - (X, V) - g2(Y: M) - g(Xi, Yo, M) - (X, Yo, M) 7).

Note that given (X, Y-, M), the first factor only depends on X, and the second factor only depends on
Y:. By normalizing the two factors, we obtain that

T( Xk, Yie | Xppy Yerr, M) = 1(Xep | Xip, Y, M) - (Ve | X, Yei,, M).

The proof for | W is almost identical. We omit the details. O

For a protocol m, we define the follow sets that are related to the rectangle property and the partial
rectangle property.

Definition 21. Let Ux p/(7) be the set consisting of all possible pairs (X, M). Let Uy p(m) be the set
consisting of all possible pairs (Y,M). Let Ux, y_, am(m) be the set consisting of all possible triples
(Xk7 Y<k7 M)

Let Syec(7) be the collection of all possible events S such that there exist Sx ar € Ux v, Sy, € Uy s
and

S = {(X,Y,M) (X,M) € Sx.m A (Y,M) e SY,M}‘

Let Spi(m) be the collection of all possible events .S such that there exist Sx v C Ux, ar, Sy,m C

Uy, Sxyyep,Mm € Uxy v, v, and

S={(X, M) : (X,M) e Sx m N (Y,M) € Sy,m N (X, Yo, M) € SXk,Y<k,M}-

We may omit 7 and use Srec, Spt When there is no ambiguity.
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Intuitively, Syec(7) is the collection of events conditioned on which, 7 remains to have the rectangle
property. Similarly, S, () is the collection of events conditioned on which, 7 remains to have the partial
rectangle property.

Proposition 22. We have the following properties about Sy and Spy:
(i) if w has the rectangle property, then for any S € Syec, (7 | S) has the rectangle property;
(ii) if ™ has the partial rectangle property, then for any S € Sy, (7 | S) has the partial rectangle property;
(iti) Srec € Spts
(iv) both Siec and Sy are closed under intersection.
Proof. For (i), suppose S = {(X,Y,M) : (X,M) € Sx p A (Y,M) € Sy a}. Then
(X, Y, M| S)=n(X,Y,M)-1g, ,,(X,M) - 1g, , (V,M) - 7(5)"".

Thus, if 7 has the rectangle property, then (7 | S) has the rectangle property.
Similarly for (ii), suppose

S = {(X,KM) : (X, M) € SX,M A\ (Y, M) € SY,M A (Xk,Y<k,M) € SXk,Y<k,M}-
Then
(X, Y,M ’ S) = ﬂ-(X7 Y, M) ’ 1SX,]\/[(X?M) ) 1SY,A1 (Y,M) - 15Xk,y<k,M (X, Y<k7M) ’ W(S)il‘

Thus, if 7 has the partial rectangle property, then (7 | .S) has the partial rectangle property.
(ii1) and (iv) follow from the definitions. O

4 Main Setup

In this section, we set up the main framework for proving our main theorems.

Theorem 1| (restated). For any {0, 1}-valued function f, we have
R o (P 2 e (7700 R - 1).

Theorem (2| (restated). Let ¢ > 0 be a sufficiently large constant. Fix o € (0,77¢") and C4,Cp >
2clog(r/a). Let f : X x Y — {0, 1} be a function, and p be a distribution over X x Y. Suppose f satisfies

suc,(f; Ca,Cp,1) < 1/24 /2,

then for any integer n > 2, we have

—12
052

2

n

1
sucun(f@"; 2781 . Ca, 2781y . Cp,7) < 3 +

We first show that Theorem [2]implies Theorem [I]
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Proof of Theorem[Il Fix a function f, suppose there is an r-round protocol 7 for f®" with communication
cost T and success probability 1/2 4+ 27", Let a = r~2 for a sufficiently large c, then 7 has success
probability more than 1/2 + a2 ""/2. By setting Cy = Cp = 281 - T//n + 2clog(r/a) = O(r - T/n +
rlog r), Theorem [2] implies suc,(f; Ca,Cp,7) > 1/2 + «/2, i.e., for distribution , there is an r-round
protocol with communication cost at most O(r - T'/n + rlogr) in each round and success probability at
least 1/2 4 =9,

Since this holds for any p, by Yao’s minimax lemma, there is an r-round randomized protocol with
O(r - T/n + rlogr) communication in each round and success probability at least 1/2 + =) for all
inputs. By simply running such a protocol 7°(") times in parallel and outputting the majority, we obtain an
r-round protocol with (") . (T'/n + 1) total communication and success probability 2/3. Thus, we obtain

Rg)g(f) < o). (Ry/242-n(f¥")/n 4 1). Rearranging the terms gives Theorem O

In the rest of the paper, we will focus on proving Theorem [2| Let us fix a sufficiently large constant
¢ > 0, parameters C'4, Cp,, «, function f and input distribution p satisfying its premises. As mentioned
in Section [2| we will first define a potential function based on the costs and advantage, and then show that
the potential function value decreases as we decrement 7.

Definition 23 (Potential functions). For an r-round generalized protocol 7 for f®" and an event W, we
define the potential function ¢, (7 | W) (and ¢, $24¥) as follows:

log(1/a)
Ca — clog(r/a)

log(1/a)

¢n(7r ’ W) = logHHn(W ‘ W) + Cp — ClOg(T/Oz

log X2 (T | W) +

y +log Xop(m | W)

P (| W)

+ 32log ( E [adv, (fo"(X,Y) | M, W)]1> .

P (w|W)

We also define ¢y, p (7 | W) (and qﬁ?fgt) as follows:

log(1/a)
Ca — clog(r/a)

log(1/a)

Gnpt(m | W) =log byun(m | W) + Cp — clog(r/«a

log x5, (T | W) +

j +log Xop(m | W)

+ 32log ( E [adva(f(X,Y) | Xn, Yoy, M, W)]_1> :
w|W

P (T [W)

When W is the whole sample space, we may simply write ¢,,(7) or ¢, pt (7).

The first three terms in both potential functions ¢St are the (normalized) costs of 7. They are small
if 7 has low #-cost and low x2-costs. The last term in both potential functions depends on the expected
advantage. ¢, uses the standard advantage, while ¢,, ,,; uses the advantage conditioned not only on the
transcript, but also X, and Y.,,. As we will see later, it is used when decomposing 7. The last term is small
if the protocol has high advantage. By Proposition [T1| knowing more could only increase the expected
advantage. Hence, ¢y, p( () is always at most ¢, (7).

We have the following lower bound on the potential of 7 conditioned on W. In particular, when W is
the whole sample space, the potential function is nonnegative.
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Lemma 24. For any 7, event W and any n > 1, we must have

Pn(m | W) = =3log(1/m(W)).
Proof. For the 0-cost, by the convexity of 1/x, we have
Oun (| W) ™" = E lbumax.y, M)~
< Il%v [0, (m@ X, Y,M)™]

which by the fact that §,,» (7 @ X, Y, M) is nonnegative, is

which by Proposition[I3] is

Hence, log 0,,»(m | W) > —log(1/m(W)). Similarly, we also have log Xi"7A(W | W) > —log(1/m(W)),
and logxsz(w | W) > —log(1/m(W)). By the fact that log(1/a) < Ca — clog(r/a) and log(1/a) <
Cp — clog(r/«a), we have

o (m | W) > =3log(1/m(W)).

The advantage is always at most 1. Therefore, the last term is nonnegative. Hence, ¢, (7 | W) >
—3log(1/m(W)).

The following lemma shows an upper bound on the potential of a deterministic standard protocol
computing f®".

Lemma 25. Let m be a deterministic standard protocol where Alice sends at most T's bits in each (odd)
round and Bob sends at most Tg bits in each (even) round. If it computes <™ with probability % + 5 under
input distribution u'", then

T’y -log(1/a)
Ca — clog(r/a)

Tp - log(1l/a)
Cp — clog(r/a)

Pn(m) < [r/2] - +1r/2]- +32log(1/0).
Proof. By the property of a standard protocol, 6,» (7 @ X, Y, M) = 1 for any X, Y, M in the support of 7.
Hence, log §,,»(7) = 0.

For the y2-cost by Alice, we have

Xioal) = T

(XYM [ XY
[W(X|M,Y)}

(XY M)~r | (X |Y)

B m(X,Y,M)r(X | M,Y)

N Z (X |Y)

(X,Y,M)
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= > aM|X,Y)n(X|Y,M)r(Y).
(X,Y,M)

Since 7 is a deterministic standard protocol, My is fixed. All even messages (Ma, My, ...) are sent by
Bob such that each M; is determined by M_; and Y. Therefore, (Ms, My, . ..) are determined by all odd
messages (M1, Ms,...) and Y. Denote (My, My, ...) by Meyen and (M7, Ms,...) by Myqq, we have

Y. aM[X.Y)n(X | Y. M)a(Y)
(X,Y,M)
= D m(Meven | X, Moqa)T(Moaa | X,Y)m(X | Y, Modd, Meven )(Y)
(X,Y,M)
= Z ﬂ-(Meven | Xv Yvﬁ Modd )Tr(MOdd | X’ Y)’]T(X | )/’ MOdd )7T(Y)
(X,Y,M)
= Z W(Modd ’ X, Y)W(X7 Mevyen ‘ Y, Moad )W(Y)
(X,Y,M)
< Z 7T(X7 Meven ‘ }/7 Modd )W(Y)
(X,Y,M)

= Z m(Y)

(Y,Moaq)
= 1
Moaa
< 2[7“/21TA’

where the last inequality uses the fact that Alice’s messages have at most 74 bits in each (odd) round.
Similarly, we have x2(u, B) < 2l7/2/Ts,
Finally, by the connection between advantage and success probability, E. [adv,(f®*(X,Y) | M)] > o.
Hence,
T4 -log(l/a)
Cy — clog(r/a)

T -log(1/a)
Cp — clog(r/a)

bulm) < [1/2] - T lr/2) - +3210g(1/o).

O

In the rest of the paper, we will prove the following lemma, which shows that given a protocol for f®*,
we can construct a protocol for f&*~1 with a lower potential.

Lemma 26. For k > 2,

if there is a generalized protocol T for fOF with the rectangle property with respect to i* and an event
V € Srec(m) such that w(V) > 2712,

then there is a generalized protocol Tyey for fE~1 with the rectangle property with respect to p*~
and an event Vyew € Spec(Tnew ) such that Thew (View) > 2712, and

1

1
¢k—1(77new | Vnew) < ¢k(7r | V) - EIOg(l/a)

Our main theorem is a direct corollary of Lemma and
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Proof of Theorem[2] Since Cy,Cp > 2clog(r/a), Ca/2 < Ca—clog(r/a)and Cp/2 < Cp—clog(r/a).
Suppose there exists an r-round protocol (™) where Alice sends at most

278 n . Cy <27 n(Cy — clog(r/a))
bits in each round and Bob sends at most
278 In. Cp <277 n(Cp — clog(r/a))

in each round, which computes f®" correctly with probability 1/2 + o /2 when the input is sampled from
w". By fixing the randomness, we may assume that 7(") is deterministic. Then by Lemma , we have

dn(m™) < 27 Tnlog(1/a) + 321log(1/0).

Now we set V(™) to be the whole sample space of (™). Clearly, 7(™) and V(") satisfy the premise of
Lemma By inductively applying Lemma a total of n — 1 times, we obtain a protocol 7(!) for f and
event V(D such that 7V (V (1) > 2712 and

n—1

16

o1 (e | V) < g, (x M) — log(1/av).

On the other hand, Lemma [24)implies that the LHS is at least —3log(1/7() (V1)) > —36, implying
that

-1
du(n") 2 “ = -log(1/a) = 36 > 2 *nlog(1/a),

sincen > 2 and o < r~ ¢ for a sufficiently large c.
Combining the above upper and lower bounds on qﬁn(w(”) ), we obtain

27 "nlog(1/a) 4+ 32log(1/0) > 2 %nlog(1/a),

implying that log(1/0) > 27 '2nlog(1/a), i.e.,

This proves the theorem. O

S Decomposition of Generalized Protocols

To prove Lemma we will decompose a generalized protocol 7 for f€ into a protocol 7., for f*~1 and
a protocol 7, for f such that the costs of m., and 7 “add up” to the costs of 7 pointwisely. For simplicity
of notations, we will assume that r is even from now on, the case of odd r is similar.

5.1 Definition of 7, and 7,

Fix a generalized protocol 7 with the rectangle property with respect to p*. Let (X,Y, M) ~ 7. We view
the following tuple as the r-round generalized protocol 7 on inputs (X, V)

(X<k7 Y<k7 (MO o Xk7 M17 M27 ey M’r‘—17 MT)) )
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where we append X} to My. We view the following tuple as the r-round generalized protocol 7 on inputs
(X, Yi)
(X, Yi, (Mo, Y, 0o My, My, ..., M,_1,M,)),
where we prepend Y, to M.
It is useful to think that m.y, 7 and 7 are the same distribution over the same sample space, only
their inputs and transcripts are defined in different ways. Therefore, we may use 7w, (W), 7 (W), m(W)
interchangeably when measuring the probability of an event V.

For simplicity of notations, we use M(7<k) to denote (Mo o Xy, My, Ms, ..., M,), the transcript of
7<), and use M(™) to denote (Mo, Yy, o My, My, ..., M,), the transcript of 7. Mi(k’“) and Mi(ﬂk) are
defined similarly. Since (X,Y, M) determines (X .y, Y1, M("<r)), we define f-cost of 7, at (X,Y, M)
as

Huk*1 (7-(<k Q X,Y, M) = H,uk*1 (7r<k’ @ X<k:7 Y<k7 M(W<k))7

where (X, Yop,, M(7<k)) is the triple determined by (X,Y, M). Note that this cost does not depend on
Y}, given the other parts of (X, Y, M). The y2-costs of m., and the costs of 7, at (X, Y, M) are defined
similarly.

In the remainder of this section, we will analyze 7w, and 7. First, we observe that the partial rectangle
property of 7 implies the rectangle properties of 7., and 7.

Proposition 27. Let W be an event such that = | W has the partial rectangle property with respect to ji*.
Then Ty, | W has the rectangle property with respect to wF=1 and | W has the rectangle property with
respect to |i.

Proof. Since m | W has the partial rectangle property, there exists g1, g2, g3 such that
(XY, M W) = pH(X,Y) - g1(X, M) - g2(Y, M) - g3(Xg, Yoy, M).
Thus,
7T<k(X<kaY<kaM(7r<k) | W) =n(X, Y, M | W)
= WHXY) - (X, M) - g2 (Y, M) - g3( X, Yer, M)
Yy

= P (X, Vi) - n (X, M) - [ D (X, Vi) - g2(Vo M) - g3( X, Yy, M)
Y

Note that the second factor is a function of only X . and M("<#), the third factor is a function of only Y.,
and M(7<k).
For 7, we have

Wk(XkaYkaM(Trk) | W) = W(kay’M | W)
=) pFXY) - 1 (X, M) - g2(Y, M) - g3( X, Yer, M)

X<k

= 1w( Xk, Vi) - | D 91(X, M) - g3( X, Yer, M) | - g2(Y, M),
X<k
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The second factor depends only on X, and M (™) and the third factor depends only on Y}, and M) This
proves the lemma. 0

Similarly, we have the following relation between Syec (7<), Srec (%) and Sy (7).
Proposition 28. We have Syec(m<r) C Spi(m) and Syec(mr) C Spi (7).
Proof. Let S € Syec(m<k) be an event such that

S ={(X,Y,M) : (X, M"<H)) € Sx pp A (Yep,, MT<H)) € Sy},
for sets Sx ar € Ux, m(m<y) and Sy, nr € Uy, ar(m<y). Hence,
S ={(X,Y,M): (X,M) € Sx.as A (Xp, Yer, M) € Sy s}

is a set in Sp¢ ().

The proof of Syec(7) € Spt(m) is similar, and we omit the details. O
5.2 Decomposition of the costs

Below is the first main lemma of the decomposition, stating that the product of #-costs of m.; and 7, is
equal to that of 7 pointwisely.

Lemma 29. The product of the 0-costs of m«y and 7y, at (X, Y, M) is 0-cost of w at (X,Y, M),

0,1 (T, @ X, Y, M) - 0,(m, @ X, Y, M) = 0,4 (7 Q@ X, Y, M).

Proof. By definition, we have

0 k1 (m<, @X,Y, M)

I
(X g, Yap, MUT<0) | Méﬂ<k)) 1 1
- k_ ' iy ™ ’ s s
U 1(X<k7Y<k) oddiclr] 7T<k(Mi( <k) ‘ X<k’Mii<k)) even icr] 7T<k(Mi( <k) ‘ Y<k7Mii<k))
_ 7T(X7 Y<k,M ’ Xk-,MO) ) H 1 ) H 1
Y (X ek, Yar,) oddiclr] m(M; | X, M<;) even i€ ] w(M; | Xp, Y, M<;)
7T(X<k,Y<k,M ‘ Xk,Mo) 1 1
- =1(X_,. Y. i M-XM»'H M, | Xy, Yop, M—;)’ @)
H ( <k» <k) odd i€]r] 77( i ‘ s <z) even i€[r] 7T( i | ks Y <k, <z)
Similarly,
0,,(m, @ X, Y, M)
(X, Vi, M) | M) 1 1
'LL(Xk? Yk) oddi€(r] ﬂk(M'L(ﬂk) ‘ Xk, S;k)) eveni€|r] 7Tk<Mz(7rk) ’ Y, Szk))
(X, Y) 7(Yer, My | Xi, Mo) oddic(3ir] w(M; | Xy, Y, M<;) even ic] w(M; | Y, M<;)
(X, Y, M | M, 1 1
- (X | Mo) . H . H ) 3)
(X, Yi) - m(Yep | X, Mo) m(M; | Xk, Yer, M<;) (M | Y, M<;)

odd i€(r] eveni€(r]
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Combining Equation (2) and (3]), we have

0,01 (1< @ X, Y, M) - 0, (m), @ X, Y, M)

_ 7T(X<k,Y<k,M ‘ Xk,MO) ) H ]. ) H 1
pE= 1 (X ek, Yer) odaich] m(M; | X, M;) even ic[r] m(M; | Xg, Yep, M<i)
(X, Y, M | M) 0 1 1
(X, Yi) - (Y | X, Mo) oddich] m(M; | Xy, Yo, M<i) oven i€] m(M; | Y, M<;)
_ 7T(X<k,Y<k,M ‘ Xk,Mo)TF(Xk,Y,M | Mg) ) 1
Pk (XY ) (Yey | X, Mo) (M | Xg, Y, Mo)
0 arreas U sanvan
oddi€[r] W(Ml ‘ X’ M<Z) even i€(r] W(MZ ’ Y7 MZ)
_ 7T(X<k ‘ Xk,Y<k,M)7T(Xk,Y,M | Mg) ) H 1 ) H 1
,uk(Xv Y) ddi ﬂ—(MZ | X> M<z) B W(Mz ‘ Y7 M<z)
odd i€r] eveni€(r]

Then by the rectangle property of 7 and Proposition Y} is independent of X, conditioned on (X, Y., M).
It is equal to

m(Xap | X3, Y, M)m(Xp, Y, M | My) 11 1 1 1
/'Lk(Xv Y) Tr(M’L | X) M<Z) F(MZ | KM<’L)

oddi€(r] eveni€|r]

pH(X,Y) m(M; | X, M) m(M; | Y, M)

oddi€(r] eveni€|r]

=0,x(mQX,Y,M).
This proves the lemma. O

The second main lemma of the decomposition states that the product of the y2-costs of 7, and 7y, is
also equal to that of 7 pointwisely.

Lemma 30. The product of the x*-costs of T, and T, at (X,Y, M) is the x*-cost of w at (X,Y, M) by
Alice and Bob respectively,

Xik—17A(7T<k @ X7 }/7 M) : Xz,A(ﬂ-k @X7 Y7 M) = Xik7A(7T @ X? Y7 M)7

Xor1 p(Tak @X, Y, M) - X, 5(m @ X, Y, M) = X2 5(7@X, Y, M).

Proof. For the x2-cost by Alice, by definition, we have

Ten(Xep | Yep, MT<t))
PPN (X g | Yeg)
(X | Xy, Yei, M)
PPN (X g | Yep)

Xik—l,A(Tkk Q@X,Y,M) =

and

(X | Vi, M)
(X | Vi)

Xoa(me@X,Y, M) =
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_ W(Xk | Y7 M)
w( Xy | Vi)

Hence, by partial rectangle property of 7 and Proposition 20} their product is equal to

XZk—l,A(W<k QX Y.M) 'XZ,A(Wk Q@X,Y,M)
_ m(Xek | X, Yo, M) w(Xg | Y, M)
RN (X | Yar) (X | Y)

T(Xep | Xi, Y,M) - (X | Y, M)
pHXTY)

(X | Y,M)

pEXTY)

= Xk 4(TQ X, Y, M).

The x2-cost for Bob is similar,

Xik_l,B(ﬂ-<k @X7 Y7M> ' XZ,B(W/C@X7 Y7 M)
m(Yer | X,M)  7w(Yy | Xk, Yer, M)

B pFt Yy | Xak) pn(Yy | Xi)
— 7T(Yr<k | X)M) i W(Yk ’ Xa Y<k7M)
pr(Y | X)

=X p(TQ X, Y, M).

This proves the lemma.

6 Induction: Proof of Lemma 26|

In this section, we will use the decomposition of 7 to prove Lemma[26]

6.1 Identify event U

As we mentioned in Section to obtain a new protocol for f&*~1 from 7, we first identify an event U such

that the advantage of  is not concentrated on any S for S € Sp¢(7) and S C U.
Let U € Spi(m) and U C V be an event that maximizes

m(U)Y2. E [adv(f@k(X,Y) | Xy, Ve, ML, U]

Since S () is a discrete set, such U exists. If there is a tie, we fix U to be any maximizer. We first show
that conditioning on U reduces the potential function value, and the reduction is large when the probability

U is small.

Lemma 31. 7 | U has the partial rectangle property with respect to ji*, and

Grpt(T | U) < @p(m | V) — 13log(1/m(U | V)).
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Proof. By definition, we have

log(1/a)
Ca —clog(r/a

log(1/a)
Cp — clog(r/a

Grpt(m | U) = log 8, (m | U) + )-logxik,A(ﬂ | U) + )-logxik,g(ﬂ |U)

-1
+32log<IE [advﬂ(f@k(X, Y) | Xp, Yo, M, U)} )
w|U

By Proposition [I4] Proposition [I7]and the fact that U C V, we have

log 0,k (m [ U) <log 8, (m | V) +log(1/m(U | V))
log X2 4(7 | U) < log s (| V) + log(1/x(U | V)
log X p(m | U) <log X2 p(m | V) +log(1/m(U | V).

Then since U is the maximizer of Equation @) and V' € Syec(m) C Spe(m),
E [adve(f*(X,Y) | Xy, Yar, M, U)]
w|U

> n(U)"Y2 - w(V)V2 E |adv (f55(X,Y) | Xp, Yoy, ML V)|

=rUIVy R |adva (fo5(X,Y) | X Yar, M, V).

Since knowing less could only decrease the advantage (Proposition [TT)),

E [adva(f(X,Y) | Xp, Yo, MUV)| 2 E [adva(f55(X,Y) | M,V)].
w|V w|V

Combining the inequalities and using the fact that log(1/a) < C4 — clog(r/a) and log(1/a) < Cp —
clog(r/a), we have

log(1/a)
Cp — clog(r/«a

log(1/c)
Ca — clog(r/a)

Grpt(m | U) <logf,x(m | V) + 'IOgXik7A(7T V) + ) '10gXZk73(7T V)

+ 32log < I\Ev [f@k(X, Y) | M,V} —1> + 3log(1/7(U | V)) — 16log(1/m(U | V))

= ¢x(m | V) —13log(1/7(U [ V)).
This proves the lemma. O
We need the following proposition in the later proof.

Proposition 32. We have the following:
(i) forany S € Spi(m) and S C U, we have

7(S): B fadva(FHXY) | Xp, Ve, M, S)|
w|S
<7(S|U)Y2 . x(U)- E {ade(f@k(X,Y) ka,Y<k,M,U)]
7|U
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(ii) forany S € Spi(m) and S C U, if

") E [advﬂ( FERX,Y) | X, Yer, M, U)}

<sem(S)- E [adva(fFX,Y) | X, Yer, ML S)]
]S

for some s > 1, then for any t < 32, we have
¢2?;:;(7T | U) + tlog(1/m(U)) > (ﬁ%%;(ﬂ | )+ tlog(1/m(S)) — 32logs.
Proof. (i) Since U is the maximizer of Equation ), S € Spi(7) and S C U, we have

7(S) - E |advs(f®(X,Y) | Xp, Ver, M, 5)}
S

< 7(8)V2 . a(U)V2. E {advﬁ(fGBk(X,Y) ]Xk,Y<k,M,U)]

= (S| 02 m(U) - B |adva (f75(X,Y) | X, Yer, M,U)] .

(i1) By taking the logarithm on both sides of the premise, we have

log (EU 8V (FHXY ) | X Y M, U)]‘1> +log(1/x(U)

> log (WES [adv (/%4(X.Y) | X Yo M. 9) ) +log(1/x(S)) — logs.
i.e., (recall Definition
G (| U) + 321og(1/m(U)) > ¢y (w | S) + 321log(1/7(S)) — 32log s.
Since w(U) > 7 (S), for any ¢t < 32,
Gt (7| U) + tlog(1/m(U) = ¢y (m | S) + tlog(1/m(S)) — 32logs.
O

Now we will divide the set of all (X}, Y.x, M) with nonzero probability under 7 into subsets based
on the costs and the advantages of 7w, and 7. Then we show that for each subset, there is a way to
construct a generalized protocol for f€%~1 such that at least one of the protocols satisfies the requirements
of Lemma[26] To analyze the costs of these protocols, which we will construct later in this section, we need
the following two lemmas.

Lemma 33. Fix a set S of triples (X, Y<k, M) and a parameter n > 0. If for all (X, Y, M) € S,

0, (my, @ Xy, Yy, M) | > g,
YkN7T|Xk,Y<k,M,U

then we have
log 0 k-1 (m<k | SNU) <loglx(m | U) +log(1/m(S | U)) — logn,
where we abused the notation to let S also denote the set {(X,Y, M) : (X, Y, M) € S}
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Proof. By Lemma[29] we have

0,(m| SNU)
=E[0(rQ@X,Y,M)|SNU]
=E[01(rcx @X,Y,M) - 0,(m, @X,Y,M) [ SN U] .

By the construction of 7 and 7y, 0,51 (m<x @ X, Y, M) is a function of (X, Y, M) and does not depend
on Yy, and 6, (7, @ X}, Y, M) is a function of (X}, Y, M) does not depend on X . Thus, it is equal to

E [0-1 (7<) @X, Y, M) - 0,(m, @ X, Y, M) | SN U] .

K
Since Spy is closed under intersection and S € Sy by definition, we have that SNU € Sy¢. Hence, 7 | SNU
has the partial rectangle property by Proposition 22(ii). Then X, and Y}, are independent conditioned on
(Xk, Yo, M, S N U) by Proposition[20} Hence, it is equal to

1) [ 0,01 (< @ X, Y, M)] - E [0,.(m @ X3, Y, M)
(Xk, Yo, M)~ |SOU | X <o~ X, Yo , M, SNU Yi~or| X, Y 1o, M, SNU

K [eykfl(ﬂdc Q Xy, Y<k,M(W<k))]
(Xk, Y<i, M)~m[SOU | X cprom| X, Yk, MLSNU

X E [0,.(T1 Q@ X, Y, M(”’“))]] ~
Yi~m| X, Y i, M,SNU

Since S is a set of triples (X, Yor, M), (7 | Xg, Yer, M, SN U) is the same as (7 | Xy, Yer, M, U) (for

(Xg, Yo, M) € S). It is equal to

[Quk—1 (Tt @ X g, Yei, M(W<k))]
(Xk, Yai, M)~m|SOU | X cprom| X, Yk, M, SNU

X E [0, (7 @ X, i, M(”k))]]
Yy~ | X g, Yo, MU

>

0

P«k—l (7T<k @ X<k7 Y<k7 M(ﬂ—<k))] : 77]

(Xk7Y<k7M)N7r‘SmU [X<kN7er’7Y<k7M7smU

=01 (< [ SNU) - n.
Finally, by Proposition |14}
0 (7| U)

< 4.
Oulm | SNU) < Lo

Hence, we have
log 0 k-1 (m< | SNU) <logf(m | U) +log(1/m(S | U)) —logn.

This proves the lemma. O
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Next, by applying Lemma [30] and Proposition [I7] instead of Lemma 29| and Proposition the same
proof gives the following lemma for the x2-costs.

Lemma 34. Fix a set S of triples (Xy, Y-, M) and a parameter n > 0. If for all (X, Y<, M) € S,

E [xalmox, v, Mm™)] >y,
YkNﬂ"Xk,Y<k,M,U

then we have
l0g Xox1 4 (mer | SNU) <log X2k 4(m | U) +log(1/7(S | U)) - logn;

similarly, if for all (X, Y-, M) € S,

E (2 5 (m @ Xy, Yie, MOW)| > 3,
Yjrvm| Xy Yo, MU

then we have
log><i,€,17]3(7r<,yf | SNU) < logxik,B(Tr | U) +log(1/mn(S | U)) — logn.
We will also need the following lemma to relate the advantage for f€*~! to the advantage for f&F.

Lemma 35. Fix a set S € Spi(m) such that 7(S N U) > 0. Suppose there exists b € {0,1} such that for
any (Xg, Yoo, M) with m( X, Y., M, SN U) > 0, we have

a(fO Y X g, Yep) = b | X, Yo, M, SN U) > 1/2.
Then we have

E advﬂ(f®k’1(X<k,Y<k)|M(”<k),SﬂU)}2 E [advﬂ(f@k(X,Y)|Xk,Y<k,M,SﬂU).
w|SNU w|SNU

Moreover, if we further have

E [ade(f(Xk’>Yk) | Xka Y<k‘a M7 SN U)] < mn,

w|SNU
for
771/4 < 1 ) 7T(S N U)1/2 : Eﬂ"SﬁU [advﬂ(fEBk(X?Y) | Xk’>Y<k7 Mv SN U)]
-2 T(U)Y? - By [adva (fOF(X,Y) | Xp, Yep, ML U)] '

then we have

E adv (fE (X op, Yop) | MT<H) SN T)

1
5172 B fadva(FFGY) | X Yer, ML S D U)] .
w|SNU

The first condition 7(f®*~1(X_4,Yx) = b | Xp, Yo, M, S NU) > 1/2 is used to ensure that the
expected advantage conditioned on (M(“<k), S NU) is the same as the expected advantage conditioned on
(Yop, M(T<k) SN U).
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Proof. We have
adv, (fE* (X g, Yoi) | MT<0) SN D)
= advﬂ'(f@k_l(X<k’v Y<k) ’ Xk7 M7 SN U)
= |27 (fF N (X g, Yer) = b | Xp, M, SN U) — 1

= 2Z7T(Y<k | Xk>M7S N U) ' Tr(f@k_l(X<k’7Y<k) =b ’ Xk:7Y<k7M75 N U) -1
Yok

=) 7 (Ver | X5, M, SOU) - 2 (f (X ap, Yer) = b | Xp, Ve, M, SN U) = 1)) .
Yok

By the assumption that 7(f®* (X1, Yor) = b | Xp, Yor, M, S N U) > 1/2, the absolute value of the
sum is equal to the sum of absolute values:

ZW(Y<7€ | Xk, M, SN U) : (Qﬂ(f$k_1(X<k’7Y<k) =b ‘ Xk:7Y<kaM>S N U) - 1)
Yek

=S w(Yer | XM, SN U) - ‘27r(f®’f*1(x<k, Yor) = b| Xp, Yo, M, SO U) — 1
Yer

Ty |)I(E M,SNU [advﬁ(feek_l(X@a Yer) | X, Y, M, SN U)} )
<kN7r k> 9

By taking the expectation over (Xj, M) conditioned on S N U, we obtain
E [adve(f# 1 (X op, Yar) | M), S 01 0)]
w|SNU

= |,§I‘%U [advﬁ(f®k_l(X<kaY<k) ‘ Xk‘7Y<k7M7S N U):| . (5)

Since S,U € Spi(m), we have SNU € Sp(m). Therefore, X1 and Y}, are independent conditioned
on (Xg,Yer, M, S N U) by Proposition ii) and Proposition In particular, f*~1(X_; Y_;) and
f(Xg, Yy) are independent conditioned on (X, Y, M, SNU). By the fact that f(X,Y) = f&* (X4, Y1)@
f( Xk, Yx) and Proposition we have
adVTr(f@k(Xv Y) | Xk, Yer, M, SN U)
= advﬁ(f®k_1(X<k, Y<k) | Xk, Yo, M, SN U) . ade(f(X, Y) ‘ X, Yer,, M, SN U) (6)
< adv (fOF N (Xep, Yai) | Xk, Yeir, M, SN D).

Thus, the expected advantage is at least

E [advﬁ( FERLX L Yog) | MT<R) S U)}

> B [adva(fHXY) | Xp, Yo M S NU))|
w|SNU
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This proves the first part of the lemma.
For the second part, let 7" be the set of all triples (X, Y%, M) such that
7( Xk, Yo, , M, SNU) >0
and
adv (f(Xp, Vi) | Xp, Yer, M, SN U) > n'/2.

Then by Markov’s inequality, if we have

‘g*m [advr(f( Xk, Yi) | Xk, Yer, M, SN U)] < 7,

then 7(T | SNU) < n'/2,
Hence, for (X, Yor, M) ¢ T and 7( Xy, Yei,, M, SN U) > 0, Equation (6) implies that
adv. (fO8(X,Y) | Xi, Yo, M, S N U)
<n'? - adve(fO N (X ok, Yar) | Xp, Yar, M, SO U).
Hence, we have
E [adva(f# ! (X, Yar) | X Yo MLS N10)
w|SNU
> > w(Xe Yo, M| SNU) - adve (f N (Xan, Yer) | Xi, Yer, M, SO U)
(Xk7Y<k7M)¢T
> YT w (X Y, M| SN U) - adva (f¥5(X,Y) | Xg, Yai, M, SN U)
(Xp,Yer, M)ET

>y B [adva(fH(XY) | X Yer MLS ND)
w|SNU

V2 a(T | SNUY- B |adve(FER(X,Y) | Xg, Yer, M, S0 U)] .
w|TNSNU

Next we show that (the absolute value of) the second term is at most half of the first term. First since 7' is a
set of (X, Yok, M), we have

adv (fO*(X,Y) | Xp, Yer, M, SNU) = adv(f(X,Y) | X3, Yer, M, TN SNU)

for any (X, Y<x, M) € T. Hence, by the fact that T’ N .SNU € Sp(m) and U maximizes Equation (@), we
have that

AT|SNU)- B [adva(fo(X,Y) | Xp, Yor, ML SO U))|
w|TNSNU

=x(SNU)V?2.n(T|SnU)Y2. <7r(T nNSnu)?. g [advﬂ(féek(X, V)| X, Yo, M, TN S N U)D
w|TNSNU

<m(SNU)T2ptt. (w(U)”Q - E [advAf@’“(X,Y) | X, Y, M, U)}) :
w|U
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which by the bound on 7, is at most
1
SR [ade(f@k(X, Y) | Xp, Yer, M, S N U)} .
2 nsnU

Thus, we have

é[*%U [adVW(f@k_l(X<k7Y<k) | Xk, Yo, M, SN U)}

—_

> o2 B fadva(FER(X,Y) | X Yar, MLS O U))|

2 el

Combining it with Equation (3) proves the lemma. 0

6.2 High costs

We first consider all (X, Y., M) at which 7, has high costs. We will show that it leads to significant
lower ¢§°%.

High 0-cost. The first set of triples consists of all (X%, Y%, M) such that
a2 < E 0,(m, @ X3, Vi, M(W’“))} )
Yirom| X, Yer, MU &

927 (Carelos(r/e)) () < E X a7 @ Xy, Vi, MOW) |
Yi~m| X, Yo, MU L 77

9-27"(Cp—clog(r/a)) . o (77 < E -Xi 50T, @ Xy, Vi, M(mc))} ‘
Yir~m| Xp, Y, MU L 77

This is the set of triples at which 7, has high §-cost and not-too-low 2-costs.

Note that 6,, (7, @ X, Yy, M), x2 (7, @ Xy, Yz, M) and X2 (74 @ X, Yy, M(™4)) are func-
tions of (X, Y, M), hence, they do not depend on X ;. Denote this set of (X, Y.y, M) by Shigh-g. We
will also abuse the notation, and use Syigh-¢ to denote the set {(X,Y, M) : (Xj, Y., M) € Shigh-0}, Which
can also be treated as an event.

By applying Lemma @ and Lemma @] to Shigh-9 and the corresponding 7, we obtain the following
bounds on the costs of . conditioned on Spigh-on:

1
log -1 (<t | Snigh-o NU) < log G (m | U) + log(1/m(Shigno | U)) — 5 log(1/a),

10gxik717,4(77<k: | Shigh-o NU) < 10gxik7,4(77 | U) + log(1/m(Shighe | U))

+27°(Cy — clog(r/a)) + log(1/x(U)),
log Xik_l,B(ﬂ—<k | Shigh-o N U) < log Xiij(W | U) + log(1/m(Shigh-o | U))

+27°(Cp — clog(r/a)) + log(1/7(U)).

Thus, it implies that (recall Definition
1
SR (m<k | Shigno N U) < G (7 | U) + 3log(1/7(Shigno | U)) + 2log(1/7(V)) — 7 log(1/a), (1)
where we used the assumption that C'4 — clog(r/a) > log(1/a),Cp — clog(r/a) > log(1/a).
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High x2-cost by Alice. The next set consists of all (X}, Y<x, M) such that
a2 a(U) < o 0,,(m @ Xy, i, MW))} <a V2,
Y| Xpo, Y, Meomr|U &

QCAfclog(r/a) < E -X2 A(7Tk @Xka Yk; M(ﬂk))] 7
T Vil X Yo My L7

9~2"*(Cp—clog(r/a)) . 1(17) < E _XZ (T @ Xy, Y, M(ww)] ,
Yi | Xi,Yer,M~alU L7

This is the set of triples at which 7, has high x2-cost by Alice and not-too-low §-cost and x2-cost by
Bob. Denote this set of (Xj,Y<r, M) by Spign,2.4- The upper bound on the f-cost ensures that it is
disjoint from Shigh-9. Similarly, we also abuse the notation to let Sy, 2.4 also denote the set {(X, Y, M) :
(Xk, Yi, M) € Shigh-XQ-A}'

By applying Lemma @ and Lemma @] to Shigh-x2— A and the corresponding 7, we have the following
bounds:

1og 0,51 (T<k | Shighy2-a NU) < log bk (m | U) +1og(1/m(Shighy2-a | U))
+27%1og(1/a) + log(1/n(U)),
log Xik-—l,A(W<k | Shigh-y2-a NU) < log XZk,A(” | U) + log(1/7(Shighy2-a | U))
— (Ca — clog(r/a)),
log Xikfl,B(W<k | Shighy2-a NU) < log XZ&B(W | U) +10g(1/7 (Spighn2-a | U))
+275(Cp — clog(r/a)) + log(1/n(U)),

which also implies
1
1 (e | Shigh2-aNU) < ¢ (| U)+310g(1/m(Shigh-y2-a | U))+2log(1/7r(U))—Zlog(l/a). (®)

High y2-cost by Bob. The third case consists of all (X}, Yz, M) such that
a®”’ -m(U) < E -(9“(7Tk @Xk,Yk,M(”k))} <a V2
Yk‘Nﬂ-‘Xk7Y<k7M7U .

2—275(CA—clog(r/oz)) . 7T(U) < E _XZ A(7Tk: Q Xy, Y. M(ﬂ'k)):| < QCA—c.log(r/a)’
Yi~m| Xp, Yo, MU L 77

2Cchlog(r/a) < E -X2 B(ﬂ-k Q Xy, Y, M(ﬂk))i| )
N Yk‘Nﬂ-‘Xk7Y<k7M7U - -

This is the set of triples at which 7, has high y2-cost by Bob and not-too-low §-cost and y2-cost by Alice.
Denote this set of (X, Yk, M) by Syighy2.p- It is disjoint from Shigh.g and Spjgn ,2.4- Similarly, we also
use Spigh 2. to denote the set {(X,Y, M) : (Xy, Yei, M) € Spigh 28}

By applying Lemma@ and Lemma@to Shigh-y2-p and the appropriate 77, we have the following bounds:

log 0k—1 (T<k | Shighy2.p NU) <log 8k (m | U) + log(1/m(Shigny2 | U))
+2 % log(1/a) +log(1/x(U)),
log Xik—l,A(Tkk | Shighy2-8 NU) < log Xik,A(W | U) + log(1/m(Shighr28 | U))
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+27°(Cy — clog(r/a)) + log(1/x(U)),
log Xik—l,B(W<k | Shigh-y2s N U) < log Xik,B(W | U) +log(1/7(Shigh-y28 | U))
— (Cp — clog(r/a)),

which also implies that

1
N (Tak | Shighy28NU) < G (7 | U)+31og(1/7(Spigny s | U))+2log(1/m(U))~ log(1/a). (9)

Equation (7)), (8) and (9) implies that for 8 € {high-0, high-x2-A, high-x?-B}, we all have

i1 (men | SgNU) < ¢ (m | U) + 3log(1/m(Sp | U)) + 2log(1/(U)) — %108;(1/04)
< ¢ (x| U) + Blog(1/n(S5 NT)) — %log(l/a). (10)

The main lemma of this subsection is the following, stating that if the above three sets contribute a
nontrival amount of total advantage in U (weighted by the probability), then we can construct a protocol for
f®k=1 satisfying the requirements of Lemma (by conditioning 7, on a carefully chosen event).

Lemma 36. Let Shigh-cost be the union Spigh-g U Shigh—XQ— AU Shigh—XQ—B' If we have

7T(Shigh—cost N U) : E [advrr(f@k (X7 Y) ’ Xka Y<k7 M7 Shigh—cost N U)}

7T|Shigh—cnsth

> 7T(U) - E [advﬂ(f@k(X7Y) | kaY<kaM7U))] )

1
3 w|U
then Lemma 26| holds.

Protocol 7~ and event Sz M U may be one potential choice for myew and Ve in Lemma@ However,
Lemmarequires the probability of Ve to be €2(1), which is not necessarily true for any 3, since U may
have very small probability. On the other hand, we could also consider setting mey to the distribution of
<}, conditioned on SgNU and V;,ey to the entire sample space, but this protocol may have very large costs.

To resolve this issue, we will use the following lemma, which turns (7. | Sg N U) into a protocol
(m<k)c with bounded costs for some event G =~ Sz N U. Moreover, by dividing G into Gy U G according
to whether the function value is more likely to be 0 or 1 conditioned on Y and M, the lemma guarantees
that the costs conditioned on G, are also bounded (for b = 0, 1). This will allow us to apply Lemma [35]later
to lower bound the advantage.

Lemma 37. Fix any v € (0,1/2). Let p be an r-round generalized protocol over X x ) x M, W be an
event, v be an input distribution and h : X x ) — {0,1} be a function of the inputs. Then there exists a
partition of W into three events G, By, By and a partition of ) x M into Ey, E1 such that the following
holds:

1. all three events G, By, By have the form W N S for some S € Syec(p);

2. p(B() U B; ’ W) <7
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3. let pg be the protocol (p | G), Go = GN Ey and Gy = G N E4, then forb = 0,1,

log 0, (pc | Gv) <logy(p | W)+ (r+1)log ((r +3)/7) +log (1/((1 — 7)p(Gb))),
log X5 a(pa | Gb) <logxs alp | W) +1log((r + 3)/7) + log(1/((1 — 7)p(Gs))
log xi. 5(pc | Gb) <logxi p(p | W) +log((r + 3)/7) +log(1/((1 = 7)p(Gs))

Y

)
);
4. forb=0,1, and all (Y, M) such that p(Y,M | G}) > 0,

Note that we upper bound the costs of pg conditioned on G by the costs of p conditioned on W (plus
some small quantity). Thus, for p = m, and W = Sg N U, the costs are bounded due to Equation (I0).
To focus on our main proof, we will defer the proof of Lemma 37| to Section [6.5] Now we use it to prove
Lemma 36

Proof of Lemma[36] We first fix some 3 € {high-0, high-x2-A, high-x2-B}. By applying Lemma [37| to
protocol p = T, event W = Sg N U, input distribution v = ;*~! and function h = f*~1 for y = 2712,
we obtain sets Gﬂ,Bﬁjo,BﬂJ,Eﬂ}o,Eﬁ,l. Let G,B,O = Gﬁ N E@o, Gﬂ}l = Gﬁ N E/g}l, and (7r<k)G6
be the distribution 7, conditioned on Gg3. The lemma guarantees that Gz, B, Bg,1 all have the form
SgNU NS for some S € Srec(m<k) S Spi(m) (Proposition 28). Since Sg N U € Syi(m), we have that
G, Bgo, B € Spi(m). Since Eg o, Eg1 € Srec(m<k), We also have G0, G,1 € Spi (7).

For each 3, since G € S (), Proposition ii) implies that (7 | Gg) has the partial rectangle property
with respect to z*. Then Proposition 27| implies that (7, | G), i.e., (7<)a ;- has the rectangle property
with respect to p*~1. For each 3, b, since Egp € Srec(mer) = Srec((w<k)(;ﬁ), the protocol (7r<k)(;ﬂ and
the event Eg, are one candidate for myey and View in Lemma We will prove the following sufficient
condition for them to satisfy the requirements of Lemma [26]

Claim 38. If we have
7(Goo): B [adva(fHXY) | X Yo M, )|
TGab

2 2_6 . 7T(U) . IF, [advﬂ-(f@k(X,Y) | Xk7Y<k’M’U)):| )
w|U

1D

then (T<k)G, and event Eg y, satisfy the requirements of Lemma @ for Thew and Viey.

Before proving the claim, we first show that it implies Lemma If Equation holds for any
B € {high-6, high-x2-A, high-y?-B} and b € {0, 1}, then the lemma holds. Otherwise we must have for
every  and b,

7(Gao): E - [adva(/FGY) | X Yo M, Gig)|
TGab

<276 7(U) - E [ade(f@k(X,Y) | X1, Yer, M, U))} .
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On the other hand, since Bgy, € Spi(m), By € SgNU and m(Bgy | U) < m(Bgy | SpNU) < 212 by
Proposition [32(i), we also have

7(Bao): E - [adva(FOHXY) | Xi Yo M, Bo))|
T Dg.b

<270 7(U) - E [adv,r(f@k(X,Y) | Xk, Yer, M, U))] :

Since Gg,o U Ggyl UBgoUBg1 = Sﬁ NU, Shigh—cost = Shigh-9 U Shigh—xz—A @] Shigh—XQ-B’ and all 12 sets are
disjoint, by summing up the above inequalities for all Bg; and G35, and applying Lemma@l, we have

7"-(Shigh-cost N U) : E [advﬂ(f@k (X7 Y) | Xk:a Y<ka M, Shigh-cost N U))]

™ | Shigh-costh

<é-7r(U)- E [advﬁ(f@"’(X,Y) | Xk,y<k,M,U))},
w|U

contradicting with the lemma premise.

Now it suffices to prove the claim. We first observe that by Proposition [32(i), Equation (IT)) also implies
that w (Ggp | U)l/2 > 276, which in turn, implies that 7(Egp | Gg) = 7(Ggsyp | Gg) > 2712, ie., the
probability of Ejg in the distribution (7<¢)c, is at least 2712 as required by Lemma In the following,
we show that the bound on ¢y—1 (7<), | Esp) = ¢u—1 ((T<k)a, | Ga,p) also holds.

Bounding ¢ ((7<r)g, | Ggp). We first bound its ¢°% value. By Lemma [37) and the fact that
log(1l/a) < Ca — clog(r/a) and log(1/a)) < Cp — clog(r/a), we have
i (mer)es | Gap)
=log O k-1((7<k)cy | Gpp) +

log(1/a)
Cp — clog(r/a

log(1/a)
Cy — clog(r/a

j < log Xpr1 a(T<k)cy | Gpp)

j - log Xpr1 p((m<), | Gap)

log(1/a)
Cy — clog(r/a

< logeﬂk—1(7r<k | Sg N U)+
log(1/a)
Cp — clog(r/a)
+ (r+3)log ((r +3)/7) + 3log(1/ (1 = 7)m<k(Gpp)))
= 32 (mer | SpNU) + (r+3)log ((r +3)/7) + 3log(1/ (1 — )< (Gpp)))

) 'logxik,I,A(ﬂkk | SgnU)

: IOgXimgB(Wdf | SpNU)

which by Equation (I0), is at most
1
< ¢ (m | U) + O(rlogr) + 3log(1/m<x(Gpp)) + 3log(1/m(Sp N U)) — 7 log(1/)

< 67 | U) + 61og(1/m(Gp) — 5 loa(1/a), (12

where we used the assumption that log(1/«) > crlogr for a sufficiently large ¢, and the fact that 7 (S5 N
U) > n(Gpyp), and the fact that G 35, can also be viewed as an event in 7.
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Bounding ¢ ((7<x)c 5 | Ggp)- Next we bound its ¢34 value. Lemma [37|also guarantees that for all
(Xk, Y<i, M) such that 7( Xy, Yei, M | Ggp) > 0 (recall that M("<+) = (X}, M)), we have

(N X g, Yer) = b | Xg, Yei, M, Ggp) > 1/2.

This allows us to bound its advantage by applying the first part of Lemma 35|for S = G, € Spi(7) (note
that G C U). Thus, it implies

Ig [advﬂ(f@k_l(X<k7Y<k) | M(ﬂd)vGﬁ,b)}
w|Ggpb

> R [advﬂ(f@k(X,Y) |Xk7Y<kaMaGﬁ,b)} .
m|Gap

Note that the LHS is exactly the expected advantage of protocol (7<)q, conditioned on G :

B [adder(757 (X, Yor) | MO, Gy )
|G

= E adv_, (fF N X g, Yoi) | M<K Gy Gp)
<7r<k>|GB,GB,b[ <* (K, Yar) | ? ﬁ]

= E {adv(kk)% (F N Xk, Yei) | M{(Terlas), Gﬁ,b)] :
(m<r)aglGpp

Thus, by definition, that is
S (m<r)ay | Gap) < dipe(m | Gyp). (13)

Bounding ¢y 1 ((7<)c, | Gpp)- Now we sum up the two parts of the potential function. By Equa-

tion (12) and (13]), we have

de-1((m<)cy | Gpp)
= 0 (mer)ay | Gop) + B (ter)a, | Gap)

< G5 | U) + 9% | Gia) + 6log(1/m(Gp) — 5 low(1/a)
= O | U) = 6185 | U) + (857 | Gigg) + 6108(1/w(Gisa)) — 5 log(1/a)

which by Lemma [31] is

< Gl | V)~ 1310g(1/x(U | V) = s | U) + (95 | Giag) + 6108(1/m(Gisy) ) — 5 log(1/a)

which by the fact that log(1/7(U | V)) > 0 and 7(V) > 2712 is
< ou(m | V) = 6(10g(1/7(U) ~ log(1/7(V))) = 6ii(m | U) + (9 (m | Gap) + 6108(1/m(Giz)) )
~ S log(1/a)

< okl | V) = (635(m | U) + 61og(1/m(0)) ) + (637 | ) + 610(1/m(Gis)) )
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1
~3 log(1/a) + 72. (14)
Finally, by Equation and Proposition ii) (for s = 20 and t = 6), we have

(@ | U) + 61og(1/m(U)) ) = (@i | Gap) + 6log(1/7(Gip)) ) — 192

Plugging it into Equation (14]), we obtain

O (), | Gap) < dulr | V) — - loa(1/a),

since < 7~ for a sufficiently large constant c. Hence, (7<x)c, and Eg satisfy the requirements of
Lemma [26] This proves the claim, completing the proof of Lemma [36] O

6.3 Low costs

Now we consider the case where 7 has low costs. It consists of all (X, Y.x, M) such that
a2 n(U) < E 0, (T @Xk,Yk,M(’fk))} <a V2,
Yirm| X, Yeio, MU+

9—27°(Ca—clog(r/a)) -(U) < S Ey - -XZ,A(Wk Q Xy, Vs, M(ﬂ’k))i| < 9Ca—clog(r/a)
BT AR X <k, VLU &

9-27"(Cp—clog(r/a)) . 1 (17) < E _Xi (1 @ Xy, Vi, M(m)} < 9Cp—clog(r/a)_
Yio~m| X, Yo, MU L 77

This is the set of triples at which the costs of 7, are not high, nor too low. Denote this set of (X, Y., M) by
Slow-cost- By definition, it is disjoint from Shigh-cost- Similarly, we also use Siow-cost to denote set { (X, Y, M) :
(cha Y<ka M) S Slow—cost}-
By applying Lemma[33]and Lemma[34]to Siow-cost With the appropriate 7, we have the following bounds:
log k-1 (< | Stow-cost NU) < log 0,k (m | U) + log(1/7(Siow-cost | U))
+27°log(1/a) + log(1/m(V)),
log XikflvA(ﬂ-<k‘ ’ Slow-cost N U) < log Xik,A(ﬂ- | U) + 1Og(l/Tr(Slow—cost | U))
+27°(Cy — clog(r/a)) + log(1/x(U)),
log Xik—l,B(W<k ’ Slow-cost N U) < log Xik,B(ﬂ ‘ U) + log(l/W(SIOW—COSt ’ U))
+27°(Cp — clog(r/a)) + log(1/x(U)).

Therefore, we have

qﬁz"f} (m<k | Stow-cost NU) < quOSt(W | U) + 3log(1/m(Siow-cost | U)) + 3log(1/m(U)) + 3 - 275 log(1/a)
= 57 | U) 4 31og(1/7(Siow-cost N U)) + 3 - 275 log(1/). (15)
The main lemma of this subsection is the following, stating that if Sjow.cost cOntributes a nontrival

amount of total advantage in U, then we can construct a protocol for f&*~1 satisfying the requirements
of Lemma 26
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Lemma 39. If we have

7"'(Slow-cost N U) : E [advﬂ(f®k (X, Y) | Xk:a Y<ka M, Slow-cost N U)

7T|S]ow-costh
1
Z § . ﬂ—(U) : IFU [advﬁ(fEBk(X,Y) ’ Xk7Y<k7M7 U))] )
then Lemma(26 holds.

The proof will use the following lemma that converts a generalized protocol with low costs to a standard
protocol with low communication.

Lemma 40. Let 61,02 € (0,1/2) be any fixed parameter. Let p be an r-round generalized protocol and
let W be an event such that (p | W) has the rectangle property with respect to . Then for any function
f: X xY —{0,1}, there is an r-round standard protocol T such that

e in odd rounds of T, Alice sends a message of at most log XZ,A (p | W)+O(log(r/6102)+1oglog b, (p |
W)) bits;

* in even rounds of T, Bob sends a message of at most log XZ glp | W)+ O(log(r/6162)) bits;

* 7 computes f correctly under input distribution p with probability at least

o1
B + W <P(W) : p%v ladv,(f(X,Y) | X, M, W)] — 651) — 2rd,.

To focus on the main proof, we will defer the proof of Lemma 0] to Section

Proof of Lemma[39] Similar to the proof of Lemma [36] we first apply Lemma to p = m<k, event
W = Slow-cost N U, input distribution v = uk_l and function h = f@k_1 for v = 2-12 We obtain sets
Glow—cost’ Blow—cost,()a Blow—cost,l and Elow—cost,O, Elow—cosgl- Let Glow—cost,() = GIOW—COStmElOW—COSt,Oa C7110w—cost,1 =
Glow-cost N Elow-cost,1, ANd (T<k)Gpoycon P T<k conditioned on Giow-cost- Again, we have that Glow-cost,0-
Glow—cost,l’ Blow—cost,O’ Blow—cost,l and Glow-cost € Spt (77)’ <7T<k)G10W_cos[ has the rectangle property with re-
spect to p*~1 and for b = 0, 1, Elow-costp € Srec((T<k)Growcon)-

Thus, the protocol (7<) aNd the event Ejgy._cost,» are one possible candidate for Lemma We
will prove the following sufficient condition for them to satisfy the requirements of Lemma [26]

Claim 41. If we have
7T(Glow—cost,b) : E advﬂ(fEBk (X, Y) ‘ Xka Y<k7 M, Glow—cost,b))}

U | Glowfcost, b
(16)
> 270 w(U) E |adva(fH(X,Y) | Xy, Yar, MD))]

7|

then (T <) Growcon A4 Elow-cost,b satisfy the requirements of Lemma 26| for ey and Vyey.

Similar to the proof of Lemma 36} before proving the claim, we first show that it implies the lemma. If
Equation (16) holds for either b = 0 or b = 1, then the lemma holds. Otherwise, we have

W(Glow—cost,b) : E [ade(f@k (X7 Y) ‘ Xka Y<k7 Ma Glow—cost,b))

™ Glow-cost7 b
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<276 (U E [advﬁ(f@k(X,Y) | Xg, Yor, M, U))] ,

forb = 0, 1. Lemmaguarantees that 7(Blow-costy | U) < T(Blow-costd | Stowecost N U) < 2712, By
Proposition [32]i), we also have

7T(-Blow-cost,b) : E [ade(f@k (X7 Y) ’ Xk7 Y<ku M7 Blow-cost,b))]

7r ‘ Blow—cost,b

<276 (1) - E [advn(f@’“(X, V) | Xi, Yer, M, U))} :

By summing up the inequalities and applying Lemma[I0} we obtain

7"'(Slow—cost N U) : E [ade(f®k(Xa Y) | ka Y<k7 M7 Slow—cost N U)):|

™ | Slow-cosl nU

<2in)- B [adva (F55(X,Y) | X, Yo MLU))

contracting with the lemma premise.
Now it suffices to prove the claim. By Proposition i), Equation (I6) implies that 7(Giow-costb |

U) > 2712, Therefore, the probability of FElow-cost,p in the distribution (7<), .. 15 at least 2712 ag
required by Lemma In the following, we show that the bound on ¢,_1 ((T<k)Gioweo | Elow-costp) =

¢k—1((w<k)Glow-cosl | GIOW—COSt,b) holds.

Bounding ¢$° ((T<k) Gioweon | Glow-costp).  We first bound its ¢$°% value. Similar to the proof of Lemma
Lemma [37) guarantees that

G (7<) Groncon. | Glow-cost,b)
< ¢%O_bi (<t | Stow-cost VU) + O(rlogr) + 3 IOg(l/Tr(Glow—cost,b))
which by Equation (T3)), is
< ¢S (m | U) + O(rlogr) + 3log(1/7(Glow-costp)) + 310g(1/7(Siow-cost NU)) + 3 - 277 log(1/a)
< ¢ (m | U) + 61og(1/m(Glow-costs)) + 27" log(1/av), amn
where we use the fact that o > " for a sufficiently ¢, and 7(Giow-cost,p) < T(Stow-cost N U).

To bound its ¢, and then ¢y,_1, we will consider two cases: 7(U) < a'/® and 7(U) > /5.

Bounding qbz‘i"l( (T<k) Groweos | Glow-cost,p) When m(U) < al/8. We first bound its qbz‘i"l when 7(U) <
«'/8. Similar to the proof of Lemma 36 Lemma implies that

7T(f@k_l(){<ka Y<k) =b | ka Y<ka M7 Glow—cost,b) > 1/2'
Thus, the first part of Lemma@ for S = Glow-cost,p implies that

E [ade(feakil (X<k7 Y<k) ’ le M7 Glow—cost,b)]

™ | Glowfcnst, b
> B [adve(fF(XY) | X Yer, M, Glowconis)] -
™ | Glow—cast, b
That is,
(bzd_vl((77<k)Glow,wsl ‘ Glow—cost,b) < ¢2ﬂ§t (77 ‘ Glow-cost,b)~ (18)
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Bounding ¢; 1 ((T<)Gioycon | Glow-cost.s) When 7(U) < /8. By Equation and (T8)), we have

¢k 1 (7r<k)G10W_cost | Glow—cost,b)

CObt 7r<k‘)Glow-cosl | Glow—cost,b) + ¢2ivl((77<k:)Glow.cgsl | Glow—cost,b)

(
1(

< (;SCOSt (7'(' | U) + (beir:/t (7T ’ Glow-cost,b) +6 log(l/ﬂ-(GIOW-COSt,b)) + 273 log(l/a)
(| U)

= O pt\ 7T - ¢Zi§’t (ﬂ- | U) + ¢Zflgt(7r | Glow—cost,b) + 610g(1/7r(Glow—cost,b)) + 273 log(l/a)

which by Lemma[31] is

< Gp(m [ V) — (¢ zdgt(ﬂ- | U) + 6log(1/m(U))) + (gbzi;/t(ﬂ- | Glow—cost,b) + 610g(1/7r(G10w—cost,b)))
+2731og(1/a) — Tlog(1/x(U)) + 131log(1/n(V))

which by the assumption that 7(U) < o'/8 and 7(V) > 2712, is

< or(m | V) = (i3 (m | U) + 6log(1/m(U))) + (61 (7 | Grow-costp) + 6108(1/T(Glow-cost))

3
1 log(1/a) + 156.
By Proposition [32[ii), Equation (I6) implies that
G (| U) + 6log(1/m(U)) > i (7 | Glow-costp) + 6108 (1/m(Glow-costp)) — 192.

Thus, ¢r—1((T<k)Gioweon | Glow-costp) < dx(m | V) — Tlog(1/a), as v < r" for a large c. This proves
Claimwhen 7(U) < al/8.

Bounding d)adv (T<k) Grocoss | Glow-cost,p) When 7(U') > o'/8,  Next we consider the case where 7 (U) >

a1/8 To bound ¢ad" (T k) Groweos | Glow-cost,p) 1n this case, we will apply the second part of Lemma To
this end, we will first upper bound the advantage of 7, for computing f (X%, Y)) by applying Lemma 40| to
p = m; and W = Glow-cost,» and using the assumption on the communication complexity of f.

To verify the premises of Lemmaare satisfied, note that Gow-cost. 1S in Sp (1), hence, (7 | Glow-cost,b)
has the partial rectangle property with respect to ,uk by Proposition ii). Hence, (7 | Glow-cost,p) has
the rectangle property with respect to p by Proposition To bound the costs of 7 conditioned on
Glow-cost,p> DOte that since Sjow-cost 1 U € Spi(m), we have Y), and X, are independent conditioned on
(X, Yoo, M, Siow-cost N U) by Proposition Note that Glow-cost,p S Slow-cost N U, and note that whether
the event Glow-cost,» happens is determined by (X<, Yei, (Xi, M), Siow-cost N U), and whether Siow-cost
happens is determined by (Xj,Y<y, M, U). Therefore, when 7(X, Y, M, Giow-cost,5) > 0, the distri-
bution of Y}, conditioned on (X, Y.y, M, Glow-cost b) is the same as the distribution of Y}, conditioned on
(X, Yo, M, U), because

W(Ykz =i | X, Yer, M, Giow-cost,b)
T(Ye =y | X, Yar, M, Stow-cost N U, Glow-costb)  (Glow-costp © Stow-cost N U)
=7(Ye =ur | X,Ycr, M, Stow-cost N U) (Grow-cost,b implied by (X, Y, M, Siow-cost N U))
=Y = yk | Xk, Yk, M, Siow-cost N U) (X< LY given (Xg, Yo, M, Siow-cost N U))
=7(Ye = Y& | X, Yer, M, U, Stow-cost N U) (Stow-cost NU C U)
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=Yy =y | X, Yer,, M,U) (Stow-cost implied by (X, Y, M)).

Thus, the 6-cost of 7, conditioned on Giow-cost b 1S at most

‘9“(7'% | Glow—cost,b)

= E [0u(m, @ X, Y, M)]
(vavM)NW‘Glow-cosl,b

= E E 16, (m @ X, Y, M))]
(X7Y<k:aM)N7T‘Glow-cost,b _YkNﬂ"(X:Y<k7M7Glow-cosl,b)

= E E [QH(TFk@X,Y,M)]
(XY <k, M)~ Grow-cost,bp | Vil (Xg, Y<r, M,U)

< E [ Ofl/z}
(X7Y<k7M)N7r‘Glow—cnst,b -

-1/2.

=

For the same reason, its y2-cost by Alice is at most 2€4—¢1og("/®) "and its y2-cost by Bob is at most
2Cp—clog(r/a) By applying Lemmato p = Ty and event W = Glow-costp for 61 = a'/*and 6y = a-r~1,
we obtain a standard r-round protocol 7. Since c is a sufficiently large constant, we have that in T,

e Alice sends at most

Ca—c: IOg(T’/OZ) + O(log(r/(Sl(s?) + IOg log au(ﬂ-k ‘ Glow-cost,b)) <Ca
bits in every odd round;

¢ Bob sends at most
Cp —c-log(r/a) + O(log(r/61d2)) < Cp

bits in every even round;
» 7 computes f correctly under input distribution g with probability at least

1 )
§+320 (ﬂ'k ’ 1Gl tb) : <7Tk(Glow—cost,b) : E [adek (f(Xka Yk) ’ Xk, MOUC), Glow—cost,b)] - 651) —2rds.
1 ow-cost,

Tk |Glow-cost,b

By the our assumption on the communication complexity of f, the expected advantage of 7 must be at
most «:

01
: Glrow-costb) - Ave, (F( X, Vi) | X, M) Growecosin) | — 601 | —4rds < a.
160“(7% | Glow-cost,b) (Wk( lo cost,b) E [a v k(f( k> k) ‘ ks y Ulow-co t,b)} 1> o2 > &

Tk | Gluw—cosl, b

It implies that

Wk(GIOW-COSt,b) : E [advﬂ'k (f(Xky Yk) | X, Yo, M, Glow—cost,b)]

Tk Glow-cosl, b

169M(7Tk | Glow—cost,b)
01

< (a+4rdy) - + 601
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16 —-1/2
<(a+4a)- ali/zl + 6t/
«
= 860/,
Since Glow-cost,y © U, we apply the second part of Lemma@for S = Giow-cost,p and
n= 86&1/4 : 7T(leow—cost,b)il-
The premises of Lemma [33] are satisfied, because

(a) Lemma[37|gives that
TN ( Xk, Yer) = b | Xy Yeir, M, Growecost) = 1/2;
(b) by Proposition i), Equation (T6) implies that 7(Glow-costs | U)'/? > 276, hence,
(Growcosp) > 272 - w(U) > 2712 o/

(c) then we have

1/4
g4 = (86a1/4 - W(Glow-cost,b)71>

< (220a1/8) 1/4
— 95,1/32.
(d) Equation (16)) implies
1 7"'(CYYIOW—cost,la)l/2 : EW\GIOW,CM’,] [advﬂ(f@k (Xa Y) | Xka Y<k7 M) Glow—cost,b)]

2 W(U)l/Q-ETr|U [adv, (fOR(X,Y) | X, Yer, M, U)]
. 1 W(Glow—cost,b) : EﬂGlow_COSw [ade(f®k (X7 Y) | Xk, Yer, M, Glow-cost,b)]
2. 71'(Glow—cost,b | U)1/2 W(U) ’ Eﬂ'lU [ade(f@k(X7 Y) | Xy Yo, M, U)]
1
> 276
-2 71'((;low—cost,b ‘ U)1/2
> 277,

which is at least '/ by the upper bound on 7'/ in (c) and the fact that « is sufficiently small.

Hence, we obtain the following by the second part of Lemma[33]

E [ade(f®k_1(X<ka Y<k) | M(ﬂ<k)a Glow—cost,b)j|

™ ‘ Glow-cost,b

1 _
> 5 /| /2., E [advﬂ-(f@k(X, Y) ‘ Xiy Yer, M, Glow—cost,b)}

™ | CTYlow-cosl, b

which by the above upper bound on '/ in (c), is

> 2711 : 0471/16 : E ade(f®k(X7 Y) | ka Y<k7 M, Glow—cost,b)}

T | Gl(yw—cost, b

i.e.,

¢2ivl(<7r<k')Glow—cosl | GIOW'COSt7b> S QbZi;/t (7'(' ‘ GIOW‘COSt’b) - 210g(1/a) + 352
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Bounding ¢ 1 ((T<k)Giycon | Glow-cost,p) When w(U) > o'/8,  Combining Equation and (19), we

have
Dr—1((T<k) Giowcose | Glow-cost,b)
COSt( 7T<k)Glow-cosl ‘ GIOW-cost,b) + ¢2ivl((7r<k)6‘low_cosl ’ Glow-cost,b)
G (| U) + ¢ (7 | Glow-costs) + 610g(1/T(Glow-costs)) + 2% log(1/ar) — 2log(1/a) + 352
15
= ¢k,pt(7r ‘ U) - ¢Zi¥t(7r | U) + ¢z(,jgt(7r ’ Glow—cost,b) + 610g<1/7T(G10w_cost,b)) ) log(l/a) + 352

which by Lemma [31]and the fact that log(1/7(U | V)) > 0, is

< (| V) = (@5 (m | U) + 61og(1/(U))) + (635 (7 | Grow-cosn) + 6108(1/7(Grow-conp)))
_ %5 log(1/) + 352 + 6log(1/x (V)

which by Proposition [32{ii) and the fact that 7(V') > 2712 and « is sufficiently small, is

< op(m | V) —log(1/e).

This proves Claim 41| when 7(U) > a!/®, and completes the proof of Lemma O

6.4 Putting together

Now we are ready to prove Lemma[26] The two main lemmas in the previous two subsections show that if
either Shigh-cost OF Siow-cost CONtributes a nontrivial advantage in U, then Lemmaholds. ‘We will show that
the complement of their union has very low probability, hence contributes a small amount of advantage by
Proposition [32(i). Then the superadditivity of weighted advantage implies the lemma.

Lemma 26| (restated). For k > 2,

if there is a generalized protocol T for f&F with the rectangle property with respect to i* and an event
V € Srec(m) such that w(V) > 2712,

then there is a generalized protocol Tyey for fE*~1 with the rectangle property with respect to
and an event Vyew € Spec(Tnew ) such that Tpew (View) > 2712, and

k-1

(z)k—l(ﬂ'new ‘ Vnew) < ¢k(7r | V) - %log(l/a)

Proof. If the premise of Lemma[36|or Lemma [39] holds, then Lemma [26] holds.
Otherwise, we have that

7T(Shigh-cost N U) . E [advrr(f@k (X7 Y) ’ Xka Y<k7 M7 Shigh-cost N U)}

™ | Shigh—costh

< é -7(U) - E, [advﬂ(f@k(X,Y) | Xk, Y, M, U))] , (20)

and

71'(Slow—cost N U) . 5 E U |:adV7r(f®k(X7 Y) | ka Y<ka M7 Slow-cost N U)
T | Olow-cost
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< g mU)- B [adva(FC0Y) | X Ve MUY @

On the other hand, by construction, the complement of Shigh-cost U Stow-cost 1S the set of all triples
(X, Y, M) such that either

o [eu(wk Q@ X, Yo, MO | < 02 2(U), or
YkNﬂ"Xk,Y<k,M,U =

E X A1 ® X, Vi, M) < 27275 (Cameloslr/e) (), or
Yierom | Xpo, Y, MLU .

E [X/QL,B(Wk @ Xy, Yy, M) | < 27277 (Co=elos(r/a)) (),
YkNﬂ'le,Y<k,M,U -

Denote this set by Siow-prob. Clearly, we also have Siow-prob N U € Spi ().
However, by Proposition[I3] we have

E [eﬂ(wk@xk,yk,MW))—l] <x(U)lE [eu(wk@xk,yk,MW)—l} — a(U)"L.
w|U s

Since 0,, (7 @ X}, Yy, M(™)) is a function of (X}, Y, M), by the convexity of 2!, we also have

-1
[eu(wk@Xk,Yk,M(m)D < gy |2 @ X, Vi M)
BT A R Y <tV

E
Y| Xe, Y, MU

and hence,

-1
K E - [oumexevi,Mm™)] )| <)
(Xk, Yo, M)~7|U Yie~m| X, Yo, , MU

By Markov’s inequality, we obtain

Pr E [eu(wk Q Xy, s, M(’Tk))] <o’ 1) <.
(X, Yaro, M)~r|U | Viror| X, Y g, MLU
Similarly, by invoking Proposition [I6] we have
Pr E [XZA(M Q Xk, Y, Mm))} < 2727 (Careloslr/o) () | < 9727 (Carcloslr/e)),
(X Yo, M)~lU | Vior| X Y, MU &

and

[Xi B(T‘-k @Xk’Yk’M(wk))} < 2—2*5(03—c10g(r/a)) . 7T(U) < 2—2*5(CB—clog(r/a)).

Pr E
(Xi, Yo, M)~m|U | YVimorr | X, Yo s, MLU
Thus, by union bound, we have

W(Slow—prob | U) < Oé2_5 +272_5(CA7010g(7"/a)) + 272_5(Cchlog(r/a)) < 1/9’
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since a < 7", Cy, Cp > 2clog(r/a) for a sufficiently large c. By applying Proposition i) on Siow-prob N
U, we obtain

7I'(Slow—prob N U) : E [ade(f@k(X) Y) ’ le Y<ka M7 Slow—prob N U)}

™ | Slow—pmb nU

1
<3 -m(U)- E [advﬂ(f@k(X, V)| Xk,Y<k,M,U))} . 22)

By summing up Equation (20), (2I) and (22)), we get a contradiction with Lemma [0} This completes the
proof of Lemma 26 O

6.5 Proof of Lemma 37|

In this subsection, we prove Lemma which lets us convert a protocol conditioned on an event to a
generalized protocol with bounded costs.

Lemma(restated). Fixany v € (0,1/2). Let p be an r-round generalized protocol over X x Y x M, W
be an event, v be an input distribution and h : X x Y — {0, 1} be a function of the inputs. Then there exists
a partition of W into three events G, By, B1 and a partition of Y x M into Ey, F such that the following
holds:

1. all three events G, By, By have the form W N S for some S € Syec(p);
2. p(BO U By ’ W) <7

(
log 6, (pc | Gb) < logfy(p | W) + (r+1)log ((r + 3)/7) +log (1/((1 —7)p(Gb))) ,
log xi. a(pc | Gy) <logxi a(p | W) +1og((r +3)/7) +1og(1/((1 = 7)p(Gy))
log xi 5(pc | Gb) <logxi p(p | W) +log((r + 3)/7) +log(1/((1 = 7)p(Gs))
4. forb=0,1, and all (Y, M) such that p(Y,M | G}) > 0,
p(h(X,Y)=b|Y,M,Gy) >1/2.

Y

)
);

Proof. 1deally, we could simply let G be the intersection of W and all (Y, M) such that p(h(X,Y) =0 |
Y, M, W) > 1/2, and G; be the intersection of W and all other (Y, M). In this way, the last line of the
lemma holds, since Gy, is a set that depends only on (Y, M, W) and is a subset of W,

However, the new protocol pg (for G = W in this case) may not have low costs, since the denominators in
the definitions may become arbitrarily small (recall Definition[I2]and Definition[I5]). To ensure that the costs
of the new protocol pg are bounded, we will identify all (X, M) and (Y, M) at which the denominators in
the definition of §-cost and y?-costs becomes much smaller, and repeatedly remove such pairs from the
support.

More specifically, we repeatedly remove from the support of p, all My whose probability becomes much
smaller after conditioning on G, we also remove pairs (X, M) [resp. (Y, M)] such that either p(X, M) or
for some odd i, p(M; | X, M;) [resp. p(Y, M) or for some even i, p(M; | Y, M.;)] becomes much smaller
after conditioning.

Formally, consider the following processﬁ

SNote that W may not necessarily be a subset of X x ) x M, it could be any event.
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L. Wimp < W // the current W
2. Bxy + @ // the bad (X, M) pairs
3. Byy < @ // the bad (Y, M) pairs
4. repeat
5. if Img such that 0 < p(mo | Wimp) < 715 - p(mo)
6. BX,M%BX,MU(XX{MZM():TRQ})
7. thp — thp \ (X X Y X {M : My = m()})
8. if 3z, m such that 0 < p(z, m | Wimp) < 775 - p(z, m)
9. BX7M<—BX7MU{(1‘,III)}
10. thp — thp \ ({.T} X Y X {m})
11. if Jy, m such that 0 < p(y, m | Wiyp) < 735 - p(y, m)
12. BY,M<—BY7MU{(y,m)}
13. Wimp ¢ Wimp \ (X x {y} x {m})
14. if 3z,0dd i € [r], m<; such that 0 < p(m; | x,m<i, Wimp) < 715 - p(mi | £,m<;)
15. BX,M — BX,M U ({$} X {M : MSZ' = mgl})
16. thp — thp \ ({1‘} X Y x {M : Mgi = mgz})
17. if Jy,eveni € [r], m<; such that 0 < p(m; | y, m<i, Wimp) < 535 - p(mi | y, m<i)
18. BYJ\/[ — BY,M U ({y} X {M : Mﬁi = mgz})
19. thp — thp \ (X X {y} X {M : Mgi = mgz})
20. until none of line 5,8,11,14,17 holds
21. G + thp
22. Eg < {(YYM) : p(YYM |G)=0Vph=0]Y,M,G) >1/2}
23 By« {(YYM): p(YM | G)>0Aph=1|Y,M,G) >1/2}
24. Go <~ GNEy
25. G1 <+~ GNE;
26. BQ(-WO{(X,Y,M):(X,M)GBX’M}
27. Bl<—Wﬂ{(X,Y,M)Z(X,M)%BxyM,(Y,M)EBKM}

28. return (G, By, By, Ey, El)

By construction, (G, By, B1) is a partition of W and (Ey, E1) is a partition of )V x M. To see that
Item 1 holds, note that the set By js and its complement are in Ux ps, the set By, s is in Uy, (recall
Definition 21), and note that G is also the set W N {(X,Y,M) : (X, M) ¢ Bx s, (Y,M) ¢ By, }. Thus,
G, By, By have the form W N S for some S € S;ec.

Since for b = 0, 1, for all (Y, M) such that p(Y,M | G},) > 0, we have

Item 4 also holds.
It remains to bound p(By U By ), and bound the costs of pg conditioned on Gy,

Claim 42. We have p(By U By) < - p(W).

To see this, first observe that by construction, By U By contains all triples that are “removed from W”
in the whole process. Let us first focus on step 5-7, and upper bound the total probability of all mg that are
removed in step 7. Observe that each mg can only be removed at most once. Each time we remove a my,
p(Wimp) decreases by p(mg, Wimp) (for the Wiy, at the time of the removal). Since p(mg | Wimp) <
5 - p(mo) at the time of the removal, we have

p(m07 thp) = p(thp) : p(mO | thp)
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<o) (25 ploma) )

Therefore, during the entire process, p(Wimp) can decrease in step 7 by at most

S0 (1 ptme) ) = 1),

Similarly, in step 10 and step 13, p(Wimp) can also decrease by at most 1 - p(W) respectively.
Next, consider step 14-16, and fix an odd ¢. Each time we remove a pair (2, m<;), p(Wimp) decreases
by p(x, m<i, Wimp)- Since p(m; | z,m<i, Wimp) < % -p(m; | x,m<;), we have

p(a:, m<i, thp) = P(afa M, thp) . p(mz ‘ T, M, thp)

< p($am<i7W) : (

r+3 - p(m; | $,m<i)> :

Therefore, during the whole process, the probability p(Wimp,) can decrease in step 16 for a fixed i by at
most

S e W) (2ol |2

(a;vmgi)

_ 7 ,
“rs X sema)
T,M<y

Y
r+3 (W)

Similarly, p(Wimp) can decrease in step 19 for a fixed i by at most 15 - p(W).

Hence, summing over all ¢ for step 16 and 19 and over all steps, p(W;np) decreases by at most y- p(W),
ie., p(BoUBy) < v-p(W), proving Claim[@2] Equivalently, p(BoU By | W) < v,and p(G | W) > 1—+.
Hence, Item 2 holds.

Finally, it remains to bound the costs of pg conditioned on GY for Item 3. Since G is the final Wy,p,
which passes line 20, pg must satisfy

My) > - p( M 23
pa( 0)_T+3 p(Mo) (23)
for My with pg(Mp) > 0,
B
X, M) > -p(X, M 24
pa(X M) = T (X, M) @4
for (X, M) with pg(X,M) > 0,
B
Y. M) > -p(Y,M 25
paVM) = T (.M @
for (Y, M) with pg(Y,M) > 0,
pe(M; | X, Mai) > - p(M; | X, M) (26)
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for all odd 7 € [r] and (X, M<;) with pg(X, M<;) > 0, and
pe(M; | Y. Ma) 2 o p(M; | Y. M) @7

for all even ¢ € [r] and (Y, M<;) with pg (Y, M<;) > 0.
The 6-cost of pi conditioned on Gy, is

log 0, (pc | Gb)

=1 pG(X7Y7M) ]
=1lo

g E
(X, Y M)~pc |Gy [pG(MO) ' V(X7 Y) ' Hoddie[r] pG(MZ | X7 M<Z) : Hevenie[r] pG(MZ | Yv’ M<’L)

which by 23), (26) and (27), is

< log E
(X,Y,M)~p|GYy

(7“ + 3)T+1
Y p(Mo) - v(X,Y) - Tloaaiep) P(Mi | X, Mai) - Tleven ey P(Mi | Y, M)

p(X,Y,M|G) ]

< log E
(X,Y,M)~p|GYy

(r + 3)7““ . p(X,Y,M)/p(G)
Y p(MU) ’ V(X’ Y) ’ Hoddie[r] IO(M’L | X7 M<’L) ' Hevenie[r} p(M’L | }/’M<2)

= log E [0,(p@Q X, Y, M)] + (r + 1)log ((r + 3)/v) + log (1/p(G))
(XY, M)~plGh

=log,(p | Gp) + (r+ 1) log ((r +3)/7v) +log (1/p(G))

which by Proposition[I4]and the fact that G, C W, is

<logf,(p | W) +1log(1/p(Go | W)) + (r + 1) log ((r + 3)/7) + log (1/p(G))
=log b, (p | W) + (r + 1) log ((r +3)/7) + log(1/p(Gp)) + log(1/p(G | W)
<logf,(p | W)+ (r+1)log ((r+3)/7) +1og(1/((1 = 7)p(Gy)))-
For the y2-cost by Alice, we have
[pG(X | M’Y):|
(XY M)~peley L V(X |Y)
p(X, Y, M| G)

= log E ]
(X,Y,M)~p|G}, Lpc(MLY )v(X | Y)

log X5 a(pc | Gb) = log

which by (23), is

[ p(X, Y, M)/p(G)
=18 v [0 1 3)p(ML Y (X | Y)]

=log X7 a(p | Gy) +1log((r + 3)/7) +log(1/p(G))

which by Proposition [I7] is
<logxy alp | W) +10g(1/p(Gy | W)) +log((r +3)/7) +log(1/p(G))
<logxi alp | W) +1log((r +3)/7) +1og(1/((1 = 7)p(Gy)))-

Similarly, log x7, 5(pc) < log X7 g(p | W) + log((r + 3)/7) + log(1/((1 = v)p(Gy))). This proves the
lemma. O
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7 Compression of Generalized Protocols: Proof of Lemma (40|

In this subsection, we design a standard protocol with lower communication from a generalized protocol
with low costs. We will use the following lemma as a subroutine, whose proof is similar to Theorem 4.1
in [BR11]]. The lemma lets the players sample from a distribution P with low communication, where only
Alice knows P, and Bob knows a different distribution (). The success probability depends on how “close”
the two distributions are.

Lemma 43. Let P,(Q be two distributions over U, such that Alice knows P and Bob knows Q). For any
C > 0andd € (0,1/2), there is a (standard) one-way communication protocol with shared public random
bits, where Alice sends one message of C' + O(log(1/9)) bits to Bob. Then Alice and Bob simultaneously
output an element in U such that Alice outputs x with probability P(x) for every x € U; conditioned on
Alice outputting x, Bob outputs

* the same x with probability at least min{1, 2% - Q(z)/P(z)} — 6,
* some different x € U with probability at most 6,

e | otherwise.

In particular, for each = such that P(z) < 2€Q(x), the players will agree on x with probability at least
(1—10)P(x).

Proof. Lett = [2log(2/d)]. Consider the following protocol.

Protocol sample(P; Q):

Part I: Alice samples x

Alice and Bob view the public random bits as a sequence of 2t |Uf| uniform samples (z;, p;) inU x [0, 1]

Alice finds the first pair (z;, p;) such that p; < P(x;)

if such pair does not exist
Alice outputs an  ~ P, and sends “0” to Bob /1 “0” indicates “fail”
upon receiving “0”, Bob outputs L, and the protocol aborts

otherwise, Alice outputs x;, and sends 1

SAENANE I S

(to be cont’d)

So far, the protocol describes how Alice samples . Now, we show that Alice indeed samples x according
to P. Fix x € U, for each sample (z;, p;), the probability that z; = z and p; < P(x) is
1
— - P(z).
U

Summing over all possible z, the probability that p; < P(x;) is equal to ﬁ The probability that Alice

outputs x is

2|

5 ) o

=1

(- (-))

Note that (1 — 1/ ]U\)Zt"u‘ < e~2108(2/9) < §/2. The probability that Alice finds a pair in stepis at least
1 —6/2, and conditioned on finding such a pair, x; is distributed according to P. Next, Alice tries to inform
Bob by hashing the index s.
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Part II: Bob outputs =
7. the players view the remaining public random bits as a uniformly random hash function h : [2¢ - [U]|] —
{0, 1}C+[1og(2/6)+10g(2tﬂ
8. Alice sends v = h(i) to Bob
9. upon receiving v, Bob finds all i € [2t - [U|] such that k(i) = v and p; < 2 - Q(x:)
10. if there is only one such ¢

11. Bob outputs z;
12. else
13. Bob outputs L

It is clear that the communication cost is at most
C +1og(1/6) + loglog(1/6) + 7 < C + O(log(1/4))

bits.
Conditioned on Alice outputting z;, p; is uniform in [0, P(z;)]. Hence, the correct 7 will be found in
step |§I with probability min{1, 2¢ - Q(z;)/P(x;)}. Next, we bound the probability that Bob finds any other
j # 1, conditioned on Alice outputting z;.
For each (z;,p;), if j > i, the probability that p; < 2¢ - Q(z;) is min {1,2° - Q(z;)} <29 - Q(x;). If
j < i, conditioned on Alice outputting x;, p; is uniform in (P(z;), 1]. The probability that p; < 2¢ - Q(z;)
is
max{0, min {1, 2C . Q(:c])} — P(zj)}
1= P(z;)

Independently, the probability that h(j) = v is equal to 2~ (C+[l0a(2/0)+log(20)])
Therefore, the probability (z;, p;) satisfies both conditions is at most

< 20 . Q(xj)

o
o —(C+log(2/8)+log(2t C
% Pr[%_m].g( [log(2/8)+1og(2)]) . o ‘Q(m)<4t-7lul'

By union bound, the probability that any other (x;, p;) satisfies both conditions is at most /2.
To conclude, Bob outputs the same x; when

* Bob does not output L in step (with probability > 1 — §/2), and
* Bob finds the correct i in steplgl (with probability min{1, 2¢ - Q(z;)/P(z;)}), and
* Bob does not find any other j # 7 in step@] (with probability > 1 — §/2).

By union bound, Bob outputs the same x; with probability at least min{1,2¢ - Q(x;)/P(x;)} — 6. Bob
outputs some different x; only when

* Bob does not output _L in step[5] and
* Bob does not find the correct i in step[9] and
* Bob find some other j # i (and x; # x;) in step@](with probability < §/2).

Bob outputs some different x; with probability at most §/2. Otherwise, Bob outputs L. This proves the
lemma. O

We will use the above lemma to sample messages M; given M;. The next lemma proves that most of
time, in Alice and Bob’s view, the probabilities of M; are not too different.
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Lemma 44. Let p be an r-round generalized protocol and W be an event such that (p | W) has the rectangle
property with respect to i, and let (X, Y, M) ~ p | W. Then for any T > 1, the probability that

* there exists an odd i € [r] such that

p(MZ | )(7 M<z) 2
>T. W),

or

* there exists an even i € [r| such that

,O(Mz | Y, M<z) 2
T- w
p(Mz | X, M<z) > X,u,B(p‘ )7

is at most 61 - T~1/% . p(W)~1,

Proof. We first fix an odd ¢ € [r], and upper bound the probability that % >T- th Alp | W).
Recall that
p(X Y, M)]

XalP | W) = %v[ WX )

and we have

p(X |Y,M) _ p(X |V\M) p(X|Y)
WXY) . pX[Y)  u(X[Y)
p(M|X,Y) p(X|Y)
pM[Y)  p(X|Y)

p(Mci| X,Y) P(M | M<17X Y) p(Msi | M<;, X,Y) p(X|Y)
p(M; | Mci, X <,0 M<1 | X,Y) p(M; | Mei, X,Y) p(Ms; | M<i, X,Y) p(X | Y))

p(M; | Mo, Y) \ p(M<i [Y)  p(M; [ Mo, X)  p(Msi | M<i,Y)  u(X[Y)
p(M; | Moy,
—. (( |’ Mj )) (F\-Fy-F3-Fy), (28)
’L’

where F1, Fy, F3, Fy denote the four fractions in the parenthesis respectively. Note that the fraction outside
the parenthesis is what we want to upper bound. We now show that F, F», F3, F) are all not-too-small with
high probability.

For F}, we have

en/) - A ]

M. | X,)Y)
p(M<;i |Y)

= > XY, My

5T p(Mo; | X)Y)
= Y pXY) p(Mi|Y)

XY, M;
= p(X,Y)

XY
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Similarly, we can show that
E[l/F)] =E[1/F5] =1,
P p

and
_ _ X Y) _ _
pEj [1/Fy) = ;YP(X’ Y) 7p( 5% = Eyyp(Y),u(X |Y)=1.

Since I, Fy, F3, Fy are all nonnegative, by Markov’s inequality, we have

Pr[1/F;>67"] <9,
P

forj =1,2,3,4and any § € (0,1). Thus, Pr,y [1/F; > 671 < 6/p(W).
By union bound and plugging into (28], we have

p(Mi | Mci,X) _ 4 p(X |Y,M)
PV |:p(Mz ’ M<¢,Y) =z ,u(X | Y) :| < 46//)(W)

Thus by union bound over all odd i € [r], we have

’ p(MT ‘ M<i7Y)

Pr [Eoddi € [r]

—4 Pl ) r )
pIW = wX 1Y) } < dlr/21-0/p(W).

By Markov’s inequality again, we have

P(X | Y aI\’I) -1 .2 ]
Pr|m——>2———~2>§"- Wl <.
plW [ wX|Y) — X“’A(p| )| <

Combining the two inequalities, we obtain

p(M; | M<i, X)
Cp(M; | M, Y)

v

pf|)1/¥/ [Eioddz' € [r] 50 Xi,A(P | W)} <A4[r/2]-6/p(W) + 0.
Similarly, for even ¢, we can prove that

,p(MZ ’ M<i7X)

Pr [Heveni € [r]

b > 57 2 (o | W)} < 4lr/2] - 5/p(W) + 6.

Finally, by setting 6 =T ~1/5 and applying a union bound on the odd and the even case, the probability is at
most
Ar - T3 ) p(W) + 2T7Y° < 6rT Y5 /p(W).

This proves the lemma. O

We will also use the following lemma in the proof.
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Lemma 45. Let p be an r-round generalized protocol and W be an event such that (p | W) has the rectangle
property with respect to i, and let (X, Y, M) ~ p | W. Then for any T > 1, the probability that

X,Y,M, W)

p(
0.(p@X,Y,M) - T-6 W
o (X, Y, M, W)
p Y Y )
0, (p@X, Y M) ——————= < 1/T
/J«(:O P ) p(X,Y,M) < / )
isatmost2-T~1. p(W)~L.
Proof. The first half is bounded using an application of Markov’s inequality and the fact that % <
1:
I|DV1;/ [0u(p@X,Y,M) >T-0,(p | W) <1/T,
p
implying that
p(X,Y,M, W)
Pr |0,(p@X, Y M) ——F——>T-40 W)l < 1/T.
v 0,00 ) T Tl W)| <
For the second half, similar to the proof of Lemma[d4] we have
1 pX, Y, M) }
E [0,(p@X,Y,M)"1. 22"/ _
p|Ww |: #(p ) ,O(X,Y, M, W)
pMO'luX’Y‘ oirpMi X’MZ evenirpMi Y’MZ
_ s ey . P HEY) Tt <X;MV;> [Movenicp P(M; | Y. M)
X,Y,M p( y Ly 9 )
1
=0 > op(Mo) (X, Yy [ p(Mi| X, M) [ p(Mi ] Y, M)
P X,Y'M odd i€]r] even i€|r]
1
=0 > opMo) (X, Yy [ pMi| X, Mo)- [ p(M; | Y M)
P XY, M, odd i€[r—1] eveni€(r—1]
L S p(Mo) (X, )
= — 0) - u(X,
p(W) X,Y,MQ
1
p(W)
Hence, by Markov’s inequality,
X,Y,M)
pr|o,pax, v, vyt LEYM e gy,
pr |: ,u(ﬂ y Ly ) p()(’}/7 M, W) > < p(W)
We prove the lemma by an application of the union bound. 0

Finally, we are ready to prove Lemma 0]

Lemma 40| (restated). Ler 61,62 € (0,1/2) be any fixed parameter. Let p be an r-round generalized
protocol and let W be an event such that (p | W) has the rectangle property with respect to ji. Then for any
Sunction f : X x Y — {0, 1}, there is an r-round standard protocol T such that
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e in odd rounds of T, Alice sends a message of at most log XZ,A(F’ | W)+O(log(r/d0162)+1oglog b, (p |
W) bits;

* in even rounds of T, Bob sends a message of at most log XZ,B (p | W)+ O(log(r/162)) bits;

* 7 computes f correctly under input distribution p with probability at least

01
B + W (P(W) . p%V ladv,(f(X,Y) | X,M,W)] — 651> — 2rd,.

Proof. Let us first consider the following “ideal protocol” 7* that cannot necessarily be implemented in the
standard communication setting. But we can still analyze the probability that 7* computes f(X,Y’). Then
we construct a standard protocol 7 with low communication and statistically close to 7* when (X,Y") is
sampled from p.

The ideal protocol consists of two parts: In the first part, the players generate a transcript M given the
inputs (X, Y); in the second part, they use rejection sampling, and accept M with some carefully chosen
probability (and output a random bit if they reject).

“Ideal protocol” 7" (X;Y):
Part I
1. Alice and Bob use public random bits to sample My from p(Mo)
2. fore=1,...,r—1
3 if 7 is odd, Alice samples M; from p(M; | X, M«;) and sends it to Bob
4. if 7 is even, Bob samples M; from p(M; | Y, M<;) and sends it to Alice
5. Bob locally samples M, from p(M, | Y, M<,) // recall that M, € {0,1}
6. forj =0,1
7 Alice examines the distribution of p(f(X,Y") | X, M, W) pretending M, = j
8. Alice sends Bob the more likely value p; € {0,1} of f(X,Y") in this conditional distribution
Part IT
9. Alice and Bob accept M with probability equal to v - 0, (1@ X, Y, M) -
at most 1), for some fixed parameter ~y
10. if the players decide to accept

p(X,Y,M,W)

FIERAYy (assuming it is

11. Bob sends pa,.
12. else
13. Bob sends a random bit

Success probability of 7*. Given X, Y, Alice and Bob generate transcript M with probability
p(Mo)- [ p(Mi| X, Mo)- [ p(M;]Y, M),
odd i€(r] eveni€(r]

p(X,Y,W|M)

where M, is only known to Bob. Then it is accepted with probability v - 6,(¢ @ X, Y, M) - XYM

Recall that
p(X,Y, M)
w(X,Y) - p(Mo) - [oadsep) P(Mi | X, Mei) - Tlevenief P(Mi | Y, Mai)

Hence, for (X,Y) ~ p, the probability that the players generate and accept (X, Y, M) is

p(X, Y, M, W)

odd i€r] even i€[r]
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=7" p(X7Y7 M7 W)

Thus, the probability that 7* accepts is v - p(W). Alice does not know M,., so she sends the more likely
value p; conditioned on (X, M) for both possibilities of M., and Bob outputs this bit when they accept.

Since conditioned on accepting, (X, Y, M) follows the distribution of p(X,Y, M | W), and Alice has
told Bob in advance what is the more like value of f(X,Y") conditioned on (X, M, W). Intuitively, this
should imply that the overall advantage should be v - p(W) - E,jw [adv(f(X,Y) | X, M, W)]. We now
formally prove that this holds. We use 7*(R) to denote the probability of R in the distribution induced
by running 7* on (X,Y) ~ pu. Note that the transcript of 7* is (M<,, po,p1,p). The expected overall
advantage of 7* is at least

> T (Mey,p) - 27 (F(X,Y) =1 | Moy, p) — 1

M<7‘)p
> Y T (Marp) - @ (F(XY) =p | Mayp) = 1)
M<7‘)p
=2 Z T*(f(X, Y) =D M<7’7p) -1
M<T‘7p

= 2 Z T*(f(X7Y) =D, M<7“7pa accept) + 2 Z T*(f(Xv Y) =D, M<T’7p7 rejeCt) -1

Mcr,p Mc<r,p
The first term is
2 Z (X, Y, M, pp,. = p, accept)
X, Y, M,p=£(X,Y)

=2 ) 7 X, Y.MW)
XYM, =f(X,Y)

=2 7 p(X. M W) plpar, = f(X,Y) [ X, M, W)
XM
which by the fact that py, is the more likely value of f(X,Y") conditioned on (X, M, W), is

=2 Z v-p(X, M, W) - (; + % ~adv,(f(X,Y) | X,M,W))
X,M

=7 p(W)+v-p(W)- p%/ [adv,(f(X,Y) | X, M, W)].

The second term is equal to
1, }
2 Z 37 (f(X,Y) =p, Mo, reject) — 1
Mcr,p
= —7"(accept)
=—7 - p(W).

The two terms sum up to y - p(W) - E,jw [adv,(f(X,Y) | X, M, W)].
Hence, we have proved the following claim.
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Claim 46. If the probability that a protocol generates and accepts a triple (X,Y,M) is equal to -y -
p(X, Y, M, W), and it outputs a random bit otherwise, then this protocol computes f(X,Y") correctly with
probability at least

pIW

Standard protocol 7. Next, we will construct a standard protocol 7 that simulates 7*. Similar to 7%,
protocol 7 also has two parts: In the first part, the players generate a transcript M; in the second part, they
decide if they will accept M.

For the first part, the players first use public randomness to sample M. Then for the subsequent mes-
sages M;, Alice knows the distribution p(M; | X, M.;), and Bob knows the distribution p(M; | Y, M;).
For odd i, the players use Lemma [43|to sample from p(M; | X, M.;) where Alice sends a message; for
even i, they sample from p(M; | Y, M.;) with Bob sending a message. Finally, Bob locally samples the
last message M,. We will show that Lemma [#4] guarantees that the probability of sampling M is a good
approximation of

p(Mo)- [ p(Mi| X, Mo)- [ p(M;] Y, M),

odd i€(r] eveni€(r]
Protocol 7(X;Y):

Part I

1. fix parameters 1,02 € (0,1/2)

2. Alice and Bob use public random bits to sample My from p(Mo)

3. fori=1,...,7r—1

4. for odd 7, use Lemma43|to sample M; from p(M; | X, M<;) given that Bob only knows p(M; |
Y, M<;), where we set C := Co = log x5 a(p | W) + 5log(6r/61) and § := 5,  // Alice sends one
message

5. for even ¢, use Lemma [43| to sample M; from p(M; | Y, M<;) given that Alice only knows
p(M; | X, M<;), where we set C := C1 =logx. g(p | W) + 5log(6r/61) and & := 6, // Bob
sends one message

6. in Bob’s local memory: acc <— 1 /I the final value of acc indicates if they will accept

7. if any player outputs L in any round

8. acc <0

9. Bob locally samples M, from p(M, | Y, M) (to be cont’d)

Each player will send one extra bit indicating whether they output | in the previous round. Hence, Bob
knows if any player outputs L in the first 7 — 1 rounds (including round r — 1, for which he does not need
to send the extra bit).

Next, we use rejection sampling, and accept M with probability roughly v-0,,(p @ X, Y, M)- %
for some carefully chosen «y > 0. The rectangle property of (p | W) ensures that this rejection sampling can
be done approximately using very little communication.

More specifically, by the rectangle property of (p | W) with respect to i (see Definition , there exists

X,Y,M,W
g1, g2 such that p(X, Y, M | W) = u(X,Y) - g1(X, M) - go(Y, M). Hence, 0,,(p @ X,Y, M) - W
can be written as

pPXY,MW) _
Hﬂ(p@Xava) p(X,Y,M) —gA(X,M) gB(}/,M),
by letting g4 (X, M) : PW)a1(XM) a4 g5 (Y, M) = g2(Y:M)

T Tloaaier) POVGIX, M) P(Mo) [even ieir) P(MilY,M<i) "
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Suppose we let Alice accept with probability v4 - ga(X, M) and Bob accept with probability vp -
gB(Y,M) for y4yp = 7, then they will be able to accept with the correct probability by sending only
one bit, i.e., whether they accept locally. We will also need to choose y4 and yp carefully so that both
probabilities are at most one. This is done by applying Lemma which ensures that most of the time
0.(pQX,Y,M) - % is between ¢ and 6,,(p | W) /6 for small 6 > 0. Thus, they can coordinate
the values of 74 and yp by Alice sending a small hash value of some approximation of g4 (X, M).

Part II

10. for j = 0, 1, Alice computes ga (X, M) pretending M, = j, and computes e4 ; := |log ga (X, M) ]
Bob computes gg (Y, M) and eg := |log gg(Y,M) |

11. let R := [log(326,.(p | W)/d%)/82], Alice and Bob use public random bits to sample a hash function
h:Z — [R]

12. forj =0,1

13. Alice samples a bit ba ; such that Pr[ba ; = 1] = ga(X, M) - 274.5+D pretending M, = j

14. Alice examines the distribution of p(f(X,Y") | X, M, W) pretending M, = j

15. Alice sets p; € {0, 1} to the more likely value of f(X,Y") in this conditional distribution

16. Alice appends (h(ea,0),h(ea,1),ba,0,b4,1,P0,p1) to her last message M,_1

17. let L1 := [log(4/61)] and L2 := [log(0.(p | W)/d1)]
18. upon receiving (vo, v1,b4,0,b4,1, Po, p1), Bob checks:
if there is one unique integer €’y € [—ep — L1, —ep + Lz] such that h(e)y) = vas,
19. Bob samples a bit bp such that Pr[bg = 1] = gg(Y,M) - 2¢a—L2-1
20. setacc < 0 if there is no such €’4, or €/ is not unique, or b ar,, = 0,0rbg =0
21. ifacc =1
22. Bob sends pa,.
23. else
24. Bob sends a random bit

Note that Alice’s new messages are sent before Bob starts sending the last message, hence, it is still part of
round r — 1. In step |13} since g4 (X, M) < 2¢4.5F! for j = 0, 1, the probability is at most 1. In step
since e’A — Ly —1 < —(ep + 1), the probability is also at most 1. Hence, the protocol is well-defined.

Communication cost. By Lemma[43] in odd rounds, Alice sends a message of length at most
log Xj., 4(p | W) + 5log(6r/d1) + O(log(1/52)),

in even rounds, Bob sends a message of length at most

log X 5(p | W) + 5log(6r/61) + O(log(1/53)).

They also send one extra bit indicating if the lemma outputs L in the previous round. In Alice’s last message
(round r—1), Alice further sends two hash values h(e4 ), h(ea,1) and the bits b4 o, ba 1, po, p1, Which takes
at most

2[log R| +4 < O(loglog8,(p | W) +loglog(1/d1) + log(1/d2))

bits in total. This proves the communication bound of 7 we claimed.
The first part of 7. We first analyze the first part of 7 and estimate the probability that we generate a triple

(X,Y,M). By Lemma[d4] for (X,Y, M) ~ p | W, the probability that (recall the value of Cj in line[d]and
the value of C in line[5]of 7)
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* there exists an odd ¢ € [r] such that
p(M; | X, M<;)

2%,
or
* there exists an even i € [r] such that
P(Mz‘ | Y, M<i) 9C1
p(M’L ‘ X7 M<Z) ’

is at most 67 - (2510g(67~/51))—1/5 .

p(By | W) < b1 - p(W) L.

Now consider any (X,Y, M) ¢ B;, and we estimate the probability that M is generated by the players
given X,Y. By Lemma[43] conditioned on (X,Y, M.;), for odd i € [r], the probability that both players
agree on M; in step []is at least

p(W)~t = 61 - p(W)~L. Denote this set of (X,Y, M) by B, hence,

. M; | Y, M)
1,900 PO TY Map) | M; | X, Mei) > (1= 85)p(M; | X, M,
(i {1,260 2SR ) (0, | X, M) > (1= 60)p(0; | X, M)

as % < 2¢0 for (X, Y, M) ¢ Bj. Similarly, for even i € [r], both players agree on M; in stepis

at least
(1 — 52),0(M2 | Y, M<z)

Bob generates the last message M, with probability p(M, | Y, M.,). Thus, conditioned on (X,Y"), the
probability that the players generate and agree on M is at least

1= (r=1d)p(Mo) - [[ »pMi| X M) ] »p(Mi] Y, M),
oddi€(r] eveni€|r]

where we used the fact that (1 — &2)"~! > (1 — (r — 1)d2).

On the other hand, for all (X, Y, M) (not necessarily in B;), the probability that the players agree on M;
is at most p(M; | X, M;) for odd i € [r] (since this is the probability that Alice outputs M; by Lemma43),
and p(M; | Y, M.;) for even i € [r]. Thus, the probability that they agree on M is at most

p(Mo) - [ p(Mi| X, M) ] p(Mi| Y, Msy).
odd i€r] eveni€(r]

Also, by Lemma 3] and union bound, the probability that the players do not agree on the same M; in
some round is at most (r — 1)d2. Otherwise, some player outputs L, and acc is set to 0. Thus, we obtain
the following claim.

Claim 47. There is a set By such that p(By | W) < 61-p(W)™L, and given (X,Y’), the protocol T generates
M in Part I of T with probability at most

p(Mo) - [[ p(Mi| X, Mo)- [ »(Mi| Y, Mc);
odd i€]r] eveni€(r]
furthermore, if (X,Y, M) ¢ By, T generates M with probability at least
(1= (r=1&)pMo) - [[ oM | X, Ma)- [ o(M; | Y, M)
oddie[r] even i€|r]

Moreover, the probability that the players do not agree on the same M is at most (r — 1)da.
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The second part of 7. Consider a triple (X,Y, M), we analyze the probability that it is accepted in
the second part, conditioned on it being generated in the first part. Alice does not know M,., but it has
only two possible values. Alice pretends that M, = j for 5 = 0,1, and computes the corresponding
ga(X,M),ea,;,ba; and p;. She sends both copies (for j = 0,1) to Bob, and Bob only looks at the copy
corresponding to the actual M,.. In terms of the correctness, this is equivalent to Alice knowing M,.. For
simplicity of notations, we will omit the subscript j, and use g4 (X, M), e4, ba, p to denote the copy for the
actual M.

If for a triple (X, Y, M), we have —L; < e4 + ep < Ly (note that e 4, e are determined by the triple),
then the probability that there is a unique integer €’y € [—ep — L1, —ep + L] such that h(€'y) = h(ea) is
equal to

(1—1/R)"+0,

and in this case, we must have €/, = e 4. Then the probability that by = 1 is
gA(X7 M) . 27(6A+1)7

and the probability that bp = 1 is
gp(Y,M) - 264~ F2~1,

The players do not set acc to 0 in Part II with probability

(1= 1/R)17E2 - ga(X, M) - 27 4% (Y, M) - 2047 P2

1 Li+Ls  o—La—2 ) P(

On the other hand, if for a triple (X, Y, M), eithere4 +ep < —Lj oreg+ep > Lo, then the probability
that the players accept it conditioned on it being generated is at most the probability that there exists some
e’A that matches the hash value of e 4, which by union bound, is at most

(L1+ Lo +1)/R = ([log(4/61)] + Nog(0,u(p | W)/61)] + 1)/ Nog(320,(p | W)/67) /0]

< (log(40,(p | W)/87) + 3)/(log(320,(p | W)/61)/62)
= 0o.

We denote the set of (X, Y, M) such that either es+ep < —Lj orea+ep > Loby Bs. If egs+ep > Lo,
then we have

X.YM
log (9H<p@x,xM) | p(W>>

p(X,Y, M)
= log(ga(X,M)gp(Y,M))
>eq+ep

> Lo

> log(0.(p | W) /1)

Ifeq + ep < —L4, then we have

XYM
log <9H(p@X,Y,M) . p(,,,W)>

p(X,Y, M)
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= log(ga(X,M)gp(Y, M))
<eq+ep+2

< —Li+2

< log d;.

However, by Lemma5] for (X,Y, M) ~ p | W, the probability that

p(X,Y,M, W)

Oulp @ XYM V)

> 0u(p | W)/61,

or
p(X,Y,M, W)
0,(pQX Y M) — """~
S S Ay
is at most 281 - p(W)~1. This implies that p(By | W) < 261 - p(W)~L. Hence, we obtain the following
claim.

Claim 48. There is a set By such that p(By | W) < 281 - p(W) ™Y, and for (X,Y, M) ¢ Ba, the probability
that T accepts (X, Y, M) conditioned on T generating (X,Y, M) is equal to

<51

X, Y, M, W)
L 1/RV+le 9-La=2 g (a x y . P M W)
( /R) M(p y £y ) p(X,KM) 9

for (X, Y, M) € By, the probability that T accepts (X,Y, M) conditioned on T generating (X,Y, M) is at

most Jds.

Overall success probability. If all (X, Y, M) were generated in the first part with probability equal to
p(Mo)- [ p(Mi| X, Mo)- ] p(M;] Y, M),
odd i€(r] eveni€(r]

and accepted in the second part with probability equal to

- X,Y,M, W)
1-1 L1+L2.2 Lo 2'9 @XYMP( s £y )

then 7 would be the ideal protocol in Claim IAE] for vy = (1 — 1/R)1+E2 . 2712=2 Hence, to lower bound
the overall success probability, it suffices to compare 7 with 7*, and bound the total probability difference
in generating and accepting a triple (X, Y, M).
By Claim and Claim for (X,Y,M) ¢ By U By, the probability that it is generated and accepted
is at most
(1= /Ry 97 Ea2 L p(X, ¥, M, W) = 5 - p(X, Y, M, W),

and at least
(1—(r—1)d) (1 —1/R)yFtl2. 27122 p(X YV M, W) > (1 — (r — 1)d2)y - p(X,Y, M, W).
Hence, the total probability difference between 7 and 7* for these (X, Y, M) is at most

ST =1y p(X,Y, M, W) < (r— 1)day - p(W). (29)
(X,Y,M)¢B1UB>
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For (X,Y, M) € B; \ B, the probability that it is generated and accepted is at most

Hence, the total probability difference for these (X, Y, M) is at most

Y v pX Y, M W) <y p(Bi | W) - p(W) < 761 (30)
(X,Y,M)E[ﬁ\[j’g

For (X,Y, M) € B, the probability that it is generated and accepted is at most

g p(Mo)- [ »(Mi| X, M) [ »(Mi] Y, M)

odd i€[r] even i€[r]

Hence, the total probability difference for these (X, Y, M) is at most

> max{-p(Mo)- [[ M| X, M) J[ p(M; | Y, Msy), v+ p(X,Y, M, W)
(X, Y M)eBo odd i€]r] eveni€(r]

< >0 (| GpMo) - T pMi| X, Mo) - [ p(Mi | Y, M) + - p(X, Y, M, W)

(X, Y M)eB, odd i€[r] eveni€|r]
<02+ p(Ba | W) - p(W)
< 0z + 2701. (€20)

Finally, the players do not agree on the same M with probability at most (r — 1)Js.

Summing up Equation (29), (30), and the probability that they do no agree, the statistical distance
between 7 and 7* is at most 3yd; + 2rds, where we used the fact that v < 1 and p(W) < 1. Combining it
with Claim[46] we obtain that 7 computes f correctly with probability at least

% + <. (p(W) - E [adv,(f(X,Y) | X,M,W)] — 661> — 2rds.
plW

Finally, note that if p(W) - E, [adv,(f(X,Y") | X,M)] —66; < 0, then the lemma holds trivially by setting
T to the protocol that outputs a random bit, otherwise, we have

y= (1 1/R)"+e gl
> (1— (L1 + Lo)/R) - 271272
1
> (1=02) 75
89#(#’ | W) /61
01
> L
166, (p | W)
Hence, the success probability is as claimed in the statement. This finishes the proof of the lemma. O
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A Theorem 2] Implies Shaltiel’s XOR Lemma

Recall that the discrepancy of a function f : X x Y — {—1, 1} isﬂ

disc(f) := 1t Z f(z,y)

. max
|X]-|Y| R=XxY:XCx,YCY X ey

"For {0, 1}-valued functions, we map the value to {—1, 1} then apply this definition.
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Shaltiel’s XOR lemma states that
disc(f®™) = O(disc(f))?™.

We show that Theorem [2]implies this bound. First by viewing a protocol with C' bits of communication
as a partitioning of X x ) into 2¢ combinatorial rectangles, any C-bit communication protocol cannot

compute f with probability better than

1
3 + 29 . disc(f),

when the inputs are sampled from the uniform distribution p over X x ). In particular, it applies to 2-round
protocols, and we obtain that

suc,, < f: ilog(l/dise( ), i log (1 /disc( ). 2> < % + dise( )2,

Thus, for disc(f) smaller than a sufficiently small constant (otherwise, the bound holds trivially), Theorem
with C4 = Cp = Llog(1/disc(f)), a = disc(f)*/1%¢(> 2disc(f)'/?) and r = 2 implies that no 2-round
protocol with communication O(n log(1/disc(f))) solves f®" with probability

1
5 + disc(f)™.
In particular, no protocol with two bits of communication can solve f©™ with this probability.

Finally, as pointed out in Remark 3.12 in [VWOS]], the discrepancy of a function is equal to the maximum

advantage over 1/2 that a 2-bit protocol can achieve on the uniform distribution (up to a constant factor).
This proves that disc(f®") = O(disc(f))™.
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