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Abstract

Connections between proof complexity and circuit complexity have become major tools
for obtaining lower bounds in both areas. These connections — which take the form of inter-
polation theorems and query-to-communication lifting theorems — translate efficient proofs
into small circuits, and vice versa, allowing tools from one area to be applied to the other.
Recently, the theory of TFNP has emerged as a unifying framework underlying these connec-
tions. For many of the proof systems which admit such a connection there is a TFNP problem
which characterizes it: the class of problems which are reducible to this TFNP problem via
query-efficient reductions is equivalent to the tautologies that can be efficiently proven in the
system. Through this, proof complexity has become a major tool for proving separations in
black-box TFNP. Similarly, for certain monotone circuit models, the class of functions that it
can compute efficiently is equivalent to what can be reduced to a certain TFNP problem in a
communication-efficient manner. When a TFNP problem has both a proof and circuit charac-
terization, one can prove an interpolation theorem. Conversely, many lifting theorems can be
viewed as relating the communication and query reductions to TFNP problems. This is excit-
ing, as it suggests that TFNP provides a roadmap for the development of further interpolation
theorems and lifting theorems.

In this paper we begin to develop a more systematic understanding of when these connec-
tions to TFNP occur. We give exact conditions under which a proof system or circuit model
admits a characterization by a TFNP problem. We show:

— Every well-behaved proof system which can prove its own soundness (a reflection prin-
ciple) is characterized by a TFNP problem. Conversely, every TFNP problem gives rise
to a well-behaved proof system which proves its own soundness.

— Every well-behaved monotone circuit model which admits a universal family of func-
tions is characterized by a TEFNP problem. Conversely, every TFNP problem gives rise
to a well-behaved monotone circuit model with a universal problem.

As an example, we provide a TFNP characterization of the Polynomial Calculus, answering a
question from [24], and show that it can prove its own soundness.
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1 Introduction

In recent years, connections between proof systems and monotone circuit models have revolutionized the
areas of proof and circuit complexity, allowing for the tools from one area to be applied to problems from
the other. These connections take the form of

— Interpolation Theorems, which translate small proofs into efficient computations in an associated
model of monotone circuit [6, 16—18,29,33-35,40,42,44].

— Query-to-Communication Lifting Theorems, which translate efficient monotone computations into
small proofs in an associated proof system [10, 14, 15,20,26-28,32,36,38,39,43,46].

Recently, the landscape of rotal functional NP (TFNP) has emerged as an organizing principle for con-
nections between proof systems and models of monotone circuits [12,25]. For many of the proof systems
which admit an interpolation theorem or lifting theorem there is a TFNP problem which characterizes it
in the following sense: the set of TEFNP problems which are reducible to this problem, via query-efficient
reductions, is equivalent to the set of tautologies that can be efficiently proven in the system. This has re-
sulted in proof complexity becoming a major tool for proving separations in black-box TFNP. Conversely,
the novel perspective offered by TFNP has provided a number unique results for proof complexity, such as
complete tautologies for certain proof systems, as well as striking intersection theorems [24].

An analogous phenomenon has emerged for monotone circuit complexity. For many monotone circuit
models, the set of functions which can be computed efficiently is equivalent to the set of problems that
can be reduced to a certain TFNP problem using communication-efficient reductions. When these TFNP
problems collide — that is, when there is both a proof and circuit characterization of a particular TFNP
problem — then we immediately obtain an interpolation theorem between this proof system and circuit
model [45]! Moreover, many of the query-to-communication lifting theorems can be viewed as constructing
a query-efficient reduction to a particular TFNP problem out of a communication-efficient reduction to that
problem. This is exciting as it suggests understanding when TFNP problems admit such characterizations
as a pathway for developing further connections between proof complexity and circuit complexity.

In this paper we give exact conditions under which a proof system or monotone circuit model admits a
characterization by a TFNP problem. For proof complexity, we show that every well-behaved™ proof system
which can prove its own soundness (a reflection principle) is characterized by a TFNP problem — simply the
search problem associated with its reflection principle. This gives a recipe for constructing a TFNP problem
which characterizes a given proof system, simply write down the search problem for a reflection principle
corresponding to that proof system! Conversely, every TFNP problem gives rise to a well-behaved proof
system which proves its own soundness and which is closed under decision tree reductions. Furthermore,
this result is constructive: for every TFNP problem we give a proof system which it characterizes. As an
example, we provide a TFNP characterization of the Polynomial Calculus, answering a question from [24],
and show that it can prove its own soundness. For circuit complexity, we show that every well-behaved
model of monotone circuit which admits a universal family of functions is characterized by a natural TFNP
problem. Conversely, every TFNP problem gives rise to a well-behaved monotone circuit model with a
universal problem.

*We will say that a proof system of monotone circuit model is well-behaved if it satisfies some minor technical conditions
discussed in subsection 1.2.



1.1 Overview: Connections Proof Complexity, and Circuit Complexity, and TFNP

The connections between proof systems and monotone circuit models can be understood as relating the com-
plexity of two families of total search problems whose complexity characterizes proof and circuit complexity
respectively.

— False Clause. Sp for an unsatisfiable CNF formula F' = Cy A --- A Cp,: given an assignment
x € {0,1}" output the index 7 € [m] of a clause such that C;(x) = 0.

— Monotone Karchmer-Wigderson. mKW for a monotone boolean function f: given z,y € {0,1}"
such that f(z) = 1 and f(y) = 0 output i € [n] such that x; > y;.

The theory of total function NP considers the total search problems for which solutions can be efficiently
verified, grouping them into the class TFNP. There is believed to be no complete problem for TFNP [41],
and therefore much of the work on this subject has focused on identifying sub-classes which do admit com-
plete problems. This has resulted in a rich landscape of classes which capture a wide variety of important
problems in a range of areas including cryptography, economics, and game theory. These classes are typ-
ically defined as everything that can be efficiently reduced to a certain existence principle (of exponential
size). For example, PPA is the class of search problems that can be reduced to an (exponential size) instance
of the handshaking lemma. These exponential-size instances are given in a white-box fashion: they are
represented as a polynomial-size circuit which can be queried to obtain each bit of the input.

The principal goal in the study of TFNP is to understand how these sub-classes relate. However, a
separation between any pair of sub-classes would imply P # NP. Instead, a line of work has sought to
provide evidence of their relationships by proving black-box separations. As opposed to the white-box
setting, one is only given oracle access to the circuit, which may be queried for each bit of the input; one
may no longer observe how the circuit is defined.

Black-Box TFNP and Proof Complexity. Beginning with [3], proof complexity has become a major
tool for proving black-box TFNP separations. In fact, black-box TFNP — denoted TFNP% — can be
viewed as the study of the false clause search problem. Every TFNP® problem is equivalent to Sg for
some unsatisfiable CNF formula F'. Using this connection, G60s et al. [25] observed that many prominent
TFNP problems are characterized by associated proof systems in the sense that the CNF formulas F' that
are efficiently provable in that proof system are exactly the problems S that are reducible to the TFN pat
problem. This has led to the characterization of many well-studied TFNP# subclasses:

— FP% = TreeRes [37].

— PLS™ = Res [9].

— PPA% = F5-NS [25].

- PPAlet = F4-NS for any prime ¢ [30]
— PPADS® = unary-NS [24].

— PPAD% = unary-SA [24].

— SOPL% = RevRes [24].

— EOPL?% = RevResT [24].

That is, these proof systems are characterized by complete problems for these classes, and therefore an un-
satisfiable formula F' can be efficiently proven in one of these proof systems iff S lies in the corresponding
class. Thus, separations between these proof systems translate into separations between their corresponding
TENP? subclasses. This has resulted in a complete picture of how the most prominent TEFNP# subclasses
relate [2,7,24,25].



This relationship has led to a number of striking results for proof complexity as well. These include:

— Complete Problems: Any proof system which is characterized by a TFNP% problem Sy has F as its
complete problem, in the sense that it has short proofs of exactly the formulas F” for which Sg+ can
be efficiently reduced to Sg. [25]

— Intersection Theorems: Proof systems which can efficiently prove a formula iff that formula has short
proofs in several other proof systems [24].

— Coefficient Separations: Separations between the complexity of certain algebraic proof system when
their coefficients are represented in unary versus binary [24].

Despite all of this there are still many important TEFNP% problems — such as PPP%-complete problems
— which have thus far evaded characterization by a proof system, as well as many important proof systems
for which no corresponding TFNP% problem is known.

Communication TFNP and Monotone Circuit Complexity. Karchmer and Wigderson [31] showed that
the monotone formula complexity of any monotone function f is equal to the communication complexity
of mKW. Building on this, Razborov [44] considered reductions between black-box TFNP classes where
one measures the amount of communication needed to perform the reduction (for some suitable partition
of the input), denoted TFNP“, and showed that PLS““~complete problems characterize monotone circuit
complexity. There is good reason for this; analogous to how TFNP% is the study of the false clause search
problem, TFNP can be viewed as the study of the monotone Karchmer-Wigderson game. Indeed, every
R € TENP““is equivalent to mKW ¢ (over the same partition of the variables) for some associated monotone
function f [19,25].

Following these results, a number of TFNP®® problems have been characterized by models of monotone
circuits [17,25]. However, there remain many important circuit models for which no TFNP““-characterization
is known.

A Theory of Interpolation and Lifting Theorems. As we have just discussed, certain proof systems
are characterized by TFN pdt problems, while certain models of monotone circuits are characterized by
problems in TFNP“. Go6s et al. [25] observed that in all-known examples of TFNP problems which admit
both a characterization by a proof system and a monotone circuit, there exists both an interpolation theorems
and query-to-communication lifting theorem between that proof system and monotone circuit. This is to be
expected, as a key component of both interpolation and query-to-communication lifting theorems proceeds
by relating Sp to mKW/ for associated pairs (F, f). In fact, it is not difficult to see that whenever a
TFNP class admits a characterization by both a proof system and a monotone circuit model then there is an
interpolation theorem between this proof system and circuit model — this follows by the simple observation
that communication protocols can simulate decision trees [45]! Thus, the landscape of TFNP, together
with characterizations of TFNP problems by proofs and circuits, appears to provide a roadmap for potential
interpolation and query-to-communication lifting theorems.

1.2 Our Results

Our first main result is a characterization of when a proof system admits a characterization by a TFNP%
problem. We show that this occurs for any any proof system P which meets the following two criteria:

i) Closure under decision-tree reductions: whenever there is a small P-proof of a formula H, and Sg
efficiently reduces to Sy, then there is also a small P-proof of F'.



ii) Proves its own soundness: P can prove that its proofs are sound. That is, P has small proofs of a
reflection principle about itself, encoded in an efficiently-verifiable manner.

Conversely, we show that every TENP% problem has a proof system which characterizes it. Furthermore,
this proof system satisfies both conditions (i) and (ii). Out first main results can be informally stated as
follows.

Theorem 1 (Informal). The following hold:

— For any TENP¥ problem R there is a proof system P satisfying (i) and (ii) such that R characterizes
P in the sense that P has short proofs of F iff Sk is efficiently reducible to R.

— For any proof system P which satisfies (i) and (ii) there is a TFN P9 problem R such that R charac-
terizes P.

By writing down an efficiently verifiable reflection principle for a proof system, this provides a somewhat
systematic way of generating a TFN pat problem which characterizes that proof system. As an example, we
give a characterization of the Polynomial Calculus proof system by a TFNP% problem which we call IND-
PPA, and show that it can prove its own soundness.

Theorem 2 (Informal). IND-PPAY = Fy-PC and Fo-PC has small proofs of an efficiently verifiable reflec-
tion principle about itself.

Our second main result is a characterization of the conditions under which monotone circuit models
admit corresponding TFNP problems. We formalize the concept of a monotone circuit model as a mono-
tone partial function complexity measure (mpc) — a mapping of partial monotone functions to non-negative
integers. We show that a TFNP“ problem is characterized by a mpc iff the mpc meets the following criteria:

i) Closure under low-depth reductions: if whenever f is a partial function and h is computable by a
depth-d monotone Boolean circuit then mpc(f o k) is only polynomially larger in 2¢ and mpc(f).

i) Admits a universal family: a family of functions F;,, such that whenever mpc(g) < m for a monotone
partial function g, there is a string z, so that F'(z o z,) solves g(x).

Theorem 3 (Informal). Let mpc be a complexity measure. There is a R € TENP® such that R°° charac-
terizes mpc iff mpc satisfies (i) and (ii).

Finally, we investigate whether this characterization can be extended from partial function complexity
measures to total function measures. Since complexity measures on total functions induce measures on
partial functions, this allows us to give a general condition under which a complexity measure on total
functions has a TFNP characterization (Theorem 16) by applying Theorem 3.

A Note on the Provability of Reflection Principles. Theorem 1 establishes that the property of P having
short proofs of a reflection principle about itself is closely related to having a TFNP# characterization of P.
The reflection principle for propositional proof systems has already been studied in prior work. In particular,
Cook [11] showed that extended Frege (eF) has short proofs its consistency statements, and Buss [8] showed
that Frege (F) has short proofs of its consistency statements. From their results, it follows readily that both
proof systems, extended Frege and Frege, have short (polynomial size) proofs of their reflection principles.
It is also well-known that the extended Frege and Frege proof systems can be characterized as very strong



TFENP% classes characterizable in terms of second-order theories of bounded arithmetic, see [5]. Analogous
results were obtained for even stronger propositional proof systems by [22]. On the other hand, Garlik [21]
showed that resolution requires exponential length for refutations of (a particular “leveled” version of) its
reflection principle, and Atserias-Miiller [1] gave exponential lower bounds on resolution refutations of a
relativized reflection principle.

Theorem 1 requires that the proof system P has short proofs of a variant of a reflection principle about
itself. There are two main differences between our encodings and previous ones in the literature. The first
is that the reflection principle is parameterized by a complexity parameter c (see Section 2) rather than the
typical size parameter. The second is that the reflection principle must be efficiently verifiable, meaning that
an error in the purported P-proof in the reflection principle can always be verified by examining in a small
number of bits. Thus, for example, the bound of Garlik [21] does not contradict our results.

2 Proof Complexity and Black-Box TFNP

We begin by defining black-box TENP. A total search problem is a sequence of relations R,, C {0,1}" x
Oy, one for each n € N which is fotal — for each = € {0,1}" there is ¢ € O such that (z,7) € R,,. A total
search problem is in TFNP? its solutions are verifiable: for each i € O there there is a decision tree T7 of
polylog(n) depth such that
T (z) =1 < (z,i) € R,.
Reductions and TFNP Subclasses. A decision tree reduction from Q) € {0,1}*xO"to R C {0,1}" x O
is a set of decision trees T; : {0,1}° — {0,1} fori € [n] and T} : {0,1}* — O’ for j € O such that for
any z € {0,1}°,
(Th(z),...,Tu(z),j) € R = (2,T7(z)) € Q.

That is, the T;’s map inputs to from @) to R, and the 777’s maps solutions to R back to solutions to (). The
depth of the reduction is d, the maximum depth of any of the decision trees involved, and the size is n. The
complexity of the reduction is logn + d and the complexity of reducing @ to R, denoted R%(Q), is the
minimum complexity of any decision tree reduction from Q to R. The TFNP subclass associated with R,
denoted R¥, is the set of all Q € TFNP® such that R%(Q) = polylog(n).

Black-box TFNP is intimately connected with proof complexity. This connection can be summarized
by the following claim from [24,25].

Claim. Let R € {0,1}" x O be any search problem in TFNP%. Then there exists an unsatisfiable CNF
formula F' on |O|-many variables such that R is equivalent to Sp.

Proof. As R € TENP% there are polylog(n)-depth decision trees {7} };co which verify R. Define a canon-
ical CNF formula associated with R to be

Fi= \-17,
€O

where we have abused notation and associated 7}’ with the DNF obtained by taking a disjunction over the
(conjunction of the literals along) the accepting paths in T}’. This makes a =7} a CNF formula expressing
that 7 outputs 0. It is not difficult to check that a solution to S is equivalent to a solution to R. O



The upshot is that black-box TFNP is exactly the study of the false clause search problem! Thus, it
suffices to study the search problems for the canonical CNF formulas Sy associated with R € TFNP®
instead of R itself. Furthermore, note that this is robust as for any pair of decision trees {77} and {7}°}
that verify the same R € TFNP%, the resulting false clause search problems Sz and Sy are polylog(n)-
reducible.

Using this connection, G60s et al. [25] observed that many important proof systems are characterized
by associated TFNP? problems in the sense that the CNF formulas F' that are efficiently provable in that
proof system are exactly the problems S that are efficiently reducible to that TFNPY problem.

TFNP Characterizations of Proof Systems. The known characterizations of proof systems by TFNP%
problems are in terms of a somewhat non-standard, but very natural, complexity parameter. For a proof
system P and unsatisfiable CNF formula F' let the complexity required by P to prove F' be

P(F) := min{deg(II) + logsize(II) : IT is a P-proof of F'},

where deg denotes an associated degree measure of the proof system. For Nullstellensatz and Sherali-
Adams, this degree measure is the maximum degree of any polynomial in their proofs, while for Resolution,
degree is the proof width. While nonstandard, this complexity parameter is very natural. Indeed, all of the
query-to-communication lifting theorems referenced in the introduction lift lower bounds on a complexity
parameter for some proof system to lower bounds on some monotone circuit model.

We say that a TFNPY problem R characterizes a proof system P if R* = {Sp : P(F) = polylog(n)};
this is reflexive and so we also say that P characterizes R. In fact, many of these characterizations hold
in the following stronger sense: let P be any of the proof systems listed above, and R be the canonical
complete problem for its corresponding TFNP% class, then for any unsatisfiable CNF formula F,

P(F) = ©(R%(Sp)).

In this section we give necessary and sufficient conditions for such a characterization to occur. To do so,
we will need the notion of a reflection principle.

What is a Reflection Principle?

The second condition of Theorem 1 is that the proof system must be able to prove its own soundness. A
reflection principle Ref p for a proof system P states that P-proofs are sound; it says that if II is a P-proof
of a CNF formula H then H must be unsatisfiable. This is formalized with variables encoding a CNF H,
a proof II, and a truth assignment o to H. The formula (falsely) asserts that IT is a P-proof of H and «
satisfies H,

Proof p(H,II) A Sat(H, «v).

We say that a reflection principle is efficiently verifiable if it is encoded as a low-width CNF formula.
In this case, solutions to the false clause search problem for the reflection principle (also known as the
wrong proof problem [4,23]) can be efficiently verified, which is essential for the reflection principle search
problem to belong to TFNP.

For a proof system P, there are many ways to encode its proofs, with the choice of the encoding po-
tentially affecting the complexity of proving the associated reflection principle. Rather than worrying about
the particular encoding, we will instead define one reflection principle for each efficiently verifiable way of
encoding P-proofs, which we call a verification procedure. Recall that the complexity c of a proof is always
an upper bound on the width of the CNF being proven. For this reason, and to simplify notation, we will
bound the width of the CNF H by c.



Verification Procedure. A verification procedure V' for a proof system P is a mapping of tuples (n, m, ¢)
to CNF formulas that generically encodes complexity-c (or O(c)) P-proofs of n-variate CNF formulas with
m clauses of width at most c. Specifically, the CNF formula V/, ,,, . has three sets of variables x, H, II, such
that:

— An assignment to the variables H := {C;; : i € [m],j € [c]} specifies a CNF formula with m
clauses over n variables, where C; ; € [2n] is the index of the j-th literal of the i-th clause of H; if
C;,; < n then it specifies a positive literal, and otherwise it specifies a negative literal.

— An assignment to the variables II specifies a (purported) P-proof of H, such that any error in II can
be verified by looking at the assignment to at most poly-logarithmically many variables of V;, ,, c.

— The CNF formula V;, ,,,  has 20(c) many variables.

As the complexity parameter ¢ bounds the logarithm of the size of the proof, and by the third point, the
number of variables is exponential in ©(c), the second condition ensures that V;, ,,, . has width poly(c) and
can be verified by looking at polynomial-in-c many variables. The third condition can be relaxed, and larger
numbers of variables can be tolerated at the cost of worse bounds in Theorem 6. We give a concrete example
of a verification procedure for the Polynomial Calculus proof system in Section 2.3.

For concreteness, we have fixed a particular encoding of H in order to avoid pathological codings; e.g.,
ones in which a SAT oracle is used to decide whether the formula is satisfiable. Since we allow arbitrary
codings of proofs, this will be robust under different encodings of CNFs as long as they are polynomial-time
computable from ours.

We can now define a reflection principle for any proof system based on a verification procedure.

Reflection Principle. Let P be a proof system and V' be a verification procedure for P-proofs. The reflec-
tion principle Ref py associated with (P, V') is the unsatisfiable formula

Proof,,,; my.c(H,II) A Saty my.o(H, o),

where H is a CNF formula over ny variables with my clauses of width at most c. The j-th literal (if any)
of the i-th clause of H is specified by a vector C; ; of log(2ng + 1) many Boolean variables, and

— Proofy, ; my c(H,ID) := Vi o (H D).

— Saty,; my (dne)(H,; @) is the CNF formula stating that o is a satisfying assignment for H. This is
expressed as,

Vi € [mH], dj € [C] [([[C%] = :L‘k]] VAN ak) \Y ([[Ci,j = —hl’k]] A\ _‘Oék):|,

where [p = /] is the indicator function of p being equal to £. This can be encoded as a CNF formula
of width O(clog ng) and size my exp(O(clogny)).

For simplicity of notation, we will drop the subscripts P,V from Ref when the proof system and ver-
ification procedure is clear. One technicality is that TFNP% problems have one instance for each number
of variables n; to ensure that this is the case for Ref we could use a pairing function on the multiple sets
of variables for Ref, however we are going to ignore this detail. Each reflection principle gives rise to a
TFENP? problem. Indeed, by construction Ref is verifiable by observing polylog(n) many bits, where n is
the total number of variables.

We are now ready to prove Theorem 1 which we split Theorem 4 and Theorem 6 and prove in the
following two sections.



2.1 A Proof System for any TFNP Problem

We begin by describing how any TFNP% problem R can be transformed into a proof system for refuting
unsatisfiable CNF formulas of polylog width. The key observation is that because each TFNP problem is
equivalent to the search problem for some unsatisfiable CNF formula, we can view decision tree reductions
between TFNP? problems as proofs in a proof system — indeed, these reductions are sound and efficiently
verifiable! More formally, a proof II in this proof system, of the (unsatisfiability) of a CNF formula H,
will consist of a low-depth decision reduction from Sy to an instance of the false clause search problem Sg
for the unsatisfiable formula F' associated with the TFNP problem R. For this, we first define a notion of
reduction between CNF formulas.

Suppose C'is a clause over n variables, and T' = {7 }c|, is a sequence of depth-d decision trees, where
T; : {0,1}° — {0,1}. We write C(T') to denote the CNF formula obtained by substituting the decision
trees 7; for each of the variables z; in C' and rewriting the result as a CNF formula. Formally, C'(T') is
formed by creating the a stacked decision tree 7 that sequentially runs the trees 7} for each variable ;
used in C. A leaf of TC is labelled with a 1 if the root-to-leaf path causes the trees T} to output a satisfying
assignment for C'; the other leaves are labelled with 0. Then C'(7") is the CNF

c(T) = /\{—|p : pis a rejecting path of 7'},

where a path p is identified with the conjunction of the literals set true along the path, and —p is its negation.

Reductions Between CNF Formulas. Next, we define what is means to reduce one false clause search
problem to another. We say that a CNF formula H on ny variables and mpy clauses reduces to an un-
satisfiable ' = C A --- A C), over n variables via depth-d decision trees if there exist depth-d decision
trees T' = {T}}ien where T; : {0,1}"# — {0,1}, and {77 }icpp) With T : {0, 1}"# — [mpy] so that the
following conditions hold. Let F'g be the CNF formula

Fyg = /\ /\ Ci(T)\/—'p,

i€[m] peTY

where p ranges over all paths of 7. Since C;(T') is a CNF, Fy is readily written as a CNF by distributing
—p into C;(T"). Then each clause C;(T") V —p must either be tautological (contains a literal and its negation)
or be a weakening of the clause of H indexed by the label at the end of the path p.

Observe that a depth-d decision tree reduction of Sz to Sy introduces a new false clause search problem
Sp,, thatis directly a refinement of H. Clearly, if F is unsatisfiable, then so is £y and consequently also H
is unsatisfiable.

Canonical Proof System. Let S € TFNP?. The canonical proof system Py for Sp proves an unsatisfiable
CNF formula H on ny variables if H is reducible to an instance of F' on some n variables. A Pg-proof 11
consists of the decision trees 7' = {7;};c[,) and T = {T? }icm) of the reduction. The size of II is the
number of variables n of the instance of F, and the depth is the maximum depth among the decision trees.
The complexity of proving an unsatisfiable CNF formula H is then the minimum over all P-proofs of H,

Pr(H) := min{depth(II) + log size(II) : Il is a Pp-proof of H }.

This proof system is sound as any substitution of an unsatisfiable CNF formula is also unsatisfiable. To
see that it is efficiently verifiable, observe that it suffices to form the CNF F'y from F' and the decision trees



T; and Tio, and check that each of the clauses of Fy is either tautological or is a weakening of a clause in
H. This can be done in polynomial-time in the size of the proof.

The next theorem states that Pr has a short proof of H iff Sy efficiently reduces to Sg. This is almost
immediate from the definitions.

Theorem 4. Let Sy € TENPY and H be an unsatisfiable CNF formula. Then,
(a) If H has a size s and depth d proof in Pr, then Sy has a depth d and size O(s) reduction to Sp.
(b) If Sg has a size s and depth d reduction to Sy, then H has a size s2°Y and depth d proof in Pr.
In particular, S%(Sy) = ©(Pr(H)).

Proof. To prove (b), suppose 17,...,T, and T7,...,TY, is a size-s and depth-d decision-tree reduction
from Sy to Sp. Construct Fyy as above using these decision trees. Let L be a clause of C;(7T") for some
i € [m] and let p be a path in 7. If C;(T") VV —p is tautological, then we are done. Otherwise, we will argue
that it is a weakening of a clause of H. Fix any assignment = which falsifies L V —p, then C; is falsified
by the assignment 7' (), ..., T, (z) and T7(x) follows path p. Thus, by the correctness of the reduction,
whenever L V —p is false, the 77 (z)-th clause of —~H must also be false, and so L V —p is a weakening of
this clause. Each decision tree in the proof has depth at most d and therefore the size is at most s29(%).

To prove (a), let n, T1,...,T,, 17, ..., T}, be a Pp proof of H of size s and depth d. We claim that this
is also a reduction from Sy and S . Indeed, fix any assignment x such that 71, . . ., T}, () falsifies clause C;
of F" and the decision tree 7}(x) follows some path p. Then, a clause of the formula C;(T") V —p is falsified
under z, and furthermore that clause is a weakening of the 7°(x)-th clause of H. Thus, (z,7?(z)) € Sq.
This reduction has depth d and size n = O(s). O

Canonical Proof Systems Prove their own Soundness

In this section we define a natural formulation of the reflection principle for the proof system Pr for any
TFNP? problem Sy by way of defining a verification procedure for Pr. We show that the canonical proof
system can prove this encoding of the reflection principle. To encode proofs II in the canonical proof system
— which are decision tree reductions — we require the notion of a generic of a decision tree, which is a
template for decision trees of depth at most d — any decision tree of depth at most d (over a set of variables
ai, ..., and output set ) can be recovered from an assignment to the variables of a generic decision
tree.

A generic decision tree of depth d over variables a1, ..., «;,, and with output in O is a complete binary
tree in which the label of every internal vertex v is given by a vector of logn of variables z, whose value
specifies the index of some variable «;, and such that one child of v is labelled 0 and the other is labelled 1.
Each leaf [ is labelled with log |O| variables z;. For a given truth assignment to the variables x,,, the generic
decision tree induces a decision tree that queries the variables o, ..., o, as specified by the values of all
of the z,’s. Specifically, for a given internal vertex v, the truth values assigned to the vector x, at v in the
generic decision tree determines a value 7 so that «; is queried at the corresponding vertex of the induced
decision tree. Similarly, for a leaf [, the values of the variables x; specify an j € O which is the label for the
corresponding leaf in the induced decision tree.

Recall that in the reflection principle Proof (H, IT) states that the proof IT (which we will encode using
generic decision trees) is indeed a proof of H. To state Proof (H, H) it will be helpful to have the following
definition. The decision tree simulating a generic decision tree T is obtained from 7" as follows: Replace
each internal vertex v of T by a complete binary tree querying the variables of x,, and at each leaf where



Zy = i, queries «;. The leaves [ of the generic decision tree are replaced with complete binary trees querying
x; in which each leaf where x; = j is labelled by the output j € O.

Verification Procedure for Pr. LetSpr € TEN P9 We define a verification procedure vajimH’ (dnr) for
Pp, which encodes a complexity ¢ = (d+1logng) P-proof II of a CNF formula H on ny variables and m
clauses as follows. II is specified by nr depth-d generic decision trees Ty,..., T, np With output in {0, 1}
and mp depth-d generic decision trees Tf yees ,TA,% . with output in [m]. The constraints of Proof enforce
that each clause of the reduced CNF formula F}y is a weakening of a clause of H. For each i € [np|, let S;
be the decision tree simulating T; but eliminating the queries to the variables c;." Recall that the assignment
of truth values to the vector of variables z,, at a vertex v determines the index ¢ € [ny| of the variable being
queried at v in the decision tree. Let z;, € [np] denote the k-th variable of F.

We will construct the constraints of Proof from the following decision trees T¢,, for each clause C;
in F': First, it runs the decision trees Sy, for every k € [np] such that C; involves z: this determines the
literals which occur in one of the clauses of F';7, namely in one of the clauses that is formed by applying the
decision trees 7} to the clause C;. We temporarily use C” to denote this clause of F;. Note that C’ involves
variables of H; however, the truth values (the o; values) of the variables in C’ have not been queried and
are instead treated in the next phase as being set to the values that falsify C’. Second, it runs the decision
tree simulating T;. A vertex of T} labelled with an z, is handled by querying the variables x,,. The results
of the queries to x,, specify a variable a;. The variable «; may appear in C’ and if so is treated as having
the value that falsifies C”. If, however, the variable «; does not appear in C’, then it is non-deterministically
queried; that is, the tree T, branches to try both 0 and 1 as truth values for c;. The result of running the
decision tree simulating T; is a value ¢ specifying a clause of H. Third, it queries the vector of variables
Cy,j for j € [c]: this determines the literals of the ¢-th clause of H. If a path in this decision tree determines
that the clause C” of F is not a weakening of the /-th clause of H, then the path is called “bad”.

The CNF formula Proof,, ., ., (dnp) (H, 1) is Apyg ,, —p. expressing that there is no bad path. It thus is
satisfied only when the IT is a valid Pp-proof of H.

As each generic decision tree has depth at most d, F' has width at most polylog(nr), and H has width
at most ¢, the resulting CNF formula has width dpolylog(ng) + logmg + clogng.

Canonical Reflection Principle. Let Sy € TFNP%. We define its canonical reflection principle Ref - to
be the conjunction

PrOOan,mH,(d,nF) (H’ H) A Sath,mH,(d,nF) (H’ Oé),

where Sat is defined as in the definition of the reflection principle and Proof := Vrf; —_—

is a CNF formula of width dlogng +log mpy 4 clogng overn = mp24tl 4 pp2d logng +cmpylog2ngy
many variables. In particular, under any assignment to the variables, any clause of Ref - can be evaluated by
looking at the values of polylog(n) many variables, where n is number of variables of Ref. Thus,Sgef, €
TFNPY,

(dnp)” In total, this

Theorem 5. For any Sy € TFENP?, Pr(Refr) < polylog(n).

Proof. Fix an instance of Sref,.. By Theorem 4, it suffices to show that Sgef,. is reducible to an instance of
Sr. Let the instance of Ref i be specified with parameters (ng, m, (d,nr)), letting ¢ = d + log np. For
each generic decision tree ﬁ of Refp, let S; be the decision tree that simulates it. As well, let S? be the
decision tree that simulates Ti".

TProoan,mHy(d,nﬂ (H,1I) does not involve the variables ;.
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We will define the decision trees 71, . .., Ty, 17, ..., T}, of the reduction from SRef t0 an instance
of Sp on np variables. Define T; := S;, and let T be the decision tree implementing the following
algorithm which takes as input = € {0, 1}" and outputs a falsified clause of Ref (x) provided that the truth
assignment (77 (z), ..., T, (z)) falsifies clause C; of F'. First, the algorithm runs the decision trees 7; for
each 7 € vars(C;), and then it runs the decision tree for S?.

Let 2* be the restriction of x to the variables queried thus far in the algorithm. As (77 (z*),... T, (z*))
falsifies C;, there must be a clause of F falsified by z*. This clause should be a weakening of 777 (z*)-th
clause of H. To check whether this is indeed the case, we ask for the indices of the variables that occur in the
T?(x*)-th clause of H — this requires us to query at most ¢ log n g many variables. If our clause is indeed
a weakening of the T'?(z*)-th clause of H, then our z* must falsify the 7.?(z*)-th clause of H, violating a
constraint of SAT. Thus, our algorithm will output the index of this violated clause SAT. Otherwise, if this
is not the case, then 2™ must falsify a clause of Proof, and so we can output the index of this violated clause.

To convert this algorithm into a decision tree we must label the leaves which are the terminals of paths
which are not followed in any run of this algorithm. For a path not to be followed by this algorithm, it must
either correspond to a partial assignment x* such that (77 (z*), ..., T, («*)) satisfies C;, and therefore the
output at that leaf can be arbitrary. As H has width at most ¢ and F' has width polylog(nr), the depth d*
of the resulting decision tree is d* = O(c(dlognyg + logmp)) + polylog(ny) and the number of variables
is nr; thus the complexity of the reduction is d* + log ng, which is poly-logarithmic in 7, the number of
variables of Ref g. O

2.2 TFNP Problems for Proof systems which Prove their own Soundness

In this section we identify the necessary conditions for a proof system to be characterized by a TENP prob-
lem. The first necessary condition is that the proof system must be closed under decision-tree reductions, as
TFNP? is closed under these reductions.

Closure under Decision Tree Reductions. A proof system P is closed under decision tree reductions if
whenever there is a P-proof of complexity c of an unsatisfiable formula F', and H reduces to F' by depth-d
decision trees, then there is a P-proof of H of complexity O(cd).

It is not difficult to see that the canonical proof system is closed under decision tree reductions. More-
over, in all of the proof systems which are known to admit characterization by a TFNP% problem, closure
under decision tree reductions takes the form of directly substituting (an appropriate encoding of) decision
trees into the proofs, resulting in a proof of complexity O(cd). For example, if H reduces to F' and we have
a Resolution proof of F, then we can obtain a Resolution proof of H by replacing each variable in the proof
of F' by the (DNF formula corresponding to the accepting paths of) corresponding decision tree from the
reduction.

The second condition is that the proof system must be able to prove its own soundness. That is, it must
admit short proofs of a reflection principle about itself. As we will show, any verification procedure for its
proofs will do.

Theorem 6. Let P be a proof system that is closed under decision tree reductions and let V' be a verification
procedure for P. For any unsatisfiable CNF formula H,

i) S&.(Sy) € O(P(H)).
ii) P(H) € O(S&(Sy)P(Ref)).

11



In particular, if P has polylog(n)-complexity proofs of Ref then P is characterized by Sges.

First, we give a high-level sketch of the proof. Let P be any proof system that satisfies (i) and (ii).
Observe that Sges € TFNP? as Ref is efficiently verifiable, and consider any Sy € TFNP? such that
S%tef(H ) = polylog(n) (Sg reduces to Sres With polylog-depth decision trees). Then, as P is closed under
decision tree reductions and there is a O(polylogn)-complexity P-proof of Refp, there must also be an
efficient P-proof of H. Conversely, suppose that I is a polylog(n)-complexity P-proof of an unsatisfiable
CNF formula H. We can construct a reduction from Sy to Sges by hard-wiring H and IT into Sge, leaving
the only truth assignment variables free. On any input « to the variables of H, the hard-wired instance of
Sref must output a falsified clause of H as Il is a valid P-proof of H.

Proof of Theorem 6. Let H be any unsatisfiable CNF formula and recall that S‘é’;f(S u) denotes the com-
plexity of reducing Sg to Sgef. As P is closed under decision tree reductions, this implies that there is a
P-proof of H with complexity P(H) = O(S&(Sy ) P(Ref)).

Conversely, suppose that IT is a complexity ¢ := P(H) proof in P of an unsatisfiable CNF formula H.
Then, we can construct a reduction from Sy to an instance of Sger as follows. Let ng, my be the number
of variables and number of clauses of H respectively. The reduction T = (71, ..., T,) hardwires the input
(H,1I) into the instance of Sges With parameters n g, my, ¢, using constant decision trees, leaving only «
unspecified. Next, we argue that this reduction is correct. Let o € {0, 1}"# be any assignment to Sy then,
as II is a valid P-proof of H, the only outputs of Sref(7'(x)) are clauses of H which are falsified under
a. As the number of variables of the instance of Ref is exponential in ©(c), and the decision trees 7" are
constant, SE ¢(Syr) = O(P(H)). O

2.3 Example: The Polynomial Calculus

As an example, we give a characterization of the Polynomial Calculus by a natural TFNP% problem and
show that it can prove a reflection principle about itself, establishing Theorem 2. This answers an open ques-
tion from [24], asking for a characterization of the Polynomial Calculus. We will state the characterization
for Fo-Polynomial Calculus, however this can readily be extended for F,-PC (using a suitable IND-PPA,),
unary Polynomial Calculus over the reals (using a IND-PPAD), and even dag-like Sherali-Adams (IND-
PPADS), as we discuss at the end of this section.

The Polynomial Calculus (PC). The Fo-Polynomial Calculus proves that an unsatisfiable system of Fs-
polynomial equations {p;(x) = 0};c[,, has no solutions over {0, 1}. An unsatisfiable CNF formula F' =
C1A...N\Chp, is encoded as such a system of equations by mapping each clause to the equation C; such that
Ci(z) = 1iff C;(x) = 0 (for example, (z1 V ~z2 V x3) represented as (1 + z1)x2(1 + z3) = 0). Note that
the degree of C; is equal to the width of C;. We will operate exclusively with multilinear arithmetic; that is,
:L‘Z2 and z; are represented by the same function. Formally, we operate modulo the ideal <a:? = l"z')ie[n]-

A TF2-PC proof is a derivation of the trivially false polynomial 1 = 0 from {p;(x) = O};c|m] by the
following two rules:

Addition. From two previously derived polynomials p, g, deduce p + q.
Multiplication by a Variable. From a previously derived polynomial p, deduce z;p for some i € [n].

The size of a proof is the number of monomials (with multiplicity) in the proof, the length is the number
of lines (applications of rules), and the degree is the maximum degree of any polynomial at any step in the

12



proof. The complexity of proving an unsatisfiable CNF formula F' in Fy-PC is
min{size(Il) + log degree(II) : Fo-PC proofs II of F'}

We call the TFNP% problem which characterizes Fo-PC INDppp as it resembles an induction over the
PPA-complete problem LONELY. Before stating this problem formally, we will describe it at a high level.
An instance of IND-PPA is given by a set of N nodes along with a set of L pools which are (possibly
overlapping) subsets of the nodes. There is a distinguished node, which we will call 1, and the L-th pool
contains only the 1-node. These pools are arranged in a directed acyclic graph (dag), and for each pool
we have a matching on the nodes that occur (with multiplicity) in that pool and its immediate children,
such that only nodes of the same type are matched to each other; i.e., if £ € N occurs in this set then it
must be matched to another copy of x; see Figure 1. Since the L-th pool contains only a single node, there
must be some pool with an unmatched node. A solution is an unmatched or mismatched node. We remark
that this dag is specified by the input to the problem. This is crucial; if the graph was fixed in advance,
then this problem would be in PPA — there is a simple reduction to LONELY — and thus gives rise to a
Nullstellensatz proof. That is, if P(,Z) (using the notation below) was fixed then the resulting problem would
be PPA-complete.

Induction PPA. The IND-PPA problem is defined as follows

— Structure. [L] pools and [N] nodes. We think of each ¢ € [L] as being associated with its own copy
of [N].

— Variables. For each ¢ € L and ¢’ < { we have PZ(,Z) € {0,1} indicating whether ¢’ is an immediate

predecessor of pool ¢. For each pool ¢ € [L] and node m € [N], we have a variable AY e {0,1}
indicating whether node m is active at pool ¢. Finally, we have a matching between the nodes of
¢ € [{] and the nodes of all of its predecessors: For each ¢/ < ¢ and m € [N] there is a variable

M, e(/e )m, € [¢] x [N] indicating where ¢"’s copy of node m' is matched in the matching for pool ¢. The
root pool L has AgL) = 1and A,%) = 0 forall m # 1.

— Solutions. Since the root has an odd number of active nodes, and each matching is even, there must
be some pool ¢ € [L] with an erroneous matching. A solution is any triple (¢,¢',m) € [L]? x [N]
such that ¢ is a predecessor of £ and m is an active node for ¢/, and m is matched to some node m’ of
some pool ¢’ which is not matched to m. That is, Pz(,z) =1, A% =1, M ((é)m) = (¢",m’), and either

Pg(f) =0, Afﬁl,l) =0, or Mg(f) s # (0',m).

,m

Observe that IND-PPA € TENP% as any candidate solution can be verified by observing the values of
O(log n) many variables.

Theorem 7. For any unsatisfiable CNF formula F,

— IfSr has a size s and depth d reduction to IND-PPA, then there is a degree-O(d), size-s2°(4) Fy-PC
proof of F.

— If F has a size-s and degree-d Fo-PC(F) proof, then there is a depth-O(d), size-O(s?) reduction from
Sr to IND-PPA.

In particular, INDE5, (Sp) = ©(Fo-PC(F))
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[P3§4) =P = 1and PP = 0]

Pool 4

Pool 1

Pool 2 \

[M§42) = (2,2) and MY = (3, 2)]

Figure 1: An example matching for Pool 4. The pink area indicates the active predecessors of Pool 4. The
yellow circles indicate the active nodes for that pool; for example Pool 1 has only node 1 active: Agl) =1,

while A,(}L) = 0 for all m # 1. The edges correspond to the matching for pool 4. For example, M2(42) =(3,2)
and M3(42) = (2, 2) meaning that in the matching for pool 4, the copy of node 2 in pools 3 and 2 are matched.

We remark that an analogous statement holds for the Fo-PCR proof system, which builds on Fo-PC to
include additional “dual” variables Z; for each i € [n] to represent —x;, along with the additional axioms
x; + T; = 0. Indeed, this is only a change to the encoding of the CNF formula F as a set of polynomials
and does not affect the resulting TFN pdt problem. Note that this does not contradict the separation between
PC and PCR due to de Rezende et al. [13], as their separation is in terms of size, while this characterization
is in terms of the complexity measure.

We break the proof of this theorem into two lemmas, Lemma 8 and Lemma 9. In the proofs of both
lemmas we will crucially use the fact that any depth-d decision tree (as well as any path in that decision
tree) can be encoded as a degree-d polynomial.

Lemma 8. Let F' be an unsatisfiable CNF formula. If Sg is reducible to an instance of IND-PPA on
n variables using decision trees of depth at most d then there is an O(d)-degree and size-n?20(d) -
Polynomial Calculus proof of F.

Proof. Let F be an unsatisfiable CNF formula and suppose that S is reducible to an instance of IND-PPA
on n variables using decision trees of depth at most d. That is, each variable = of the IND-PPA is computed
by a depth-d decision tree T, querying variables of F'; for simplicity, we will abuse notation and associate

iIndeed, for any CNF formula F' of width w, there are 2w-depth decision tree reductions between Sr and Sp where D is the
encoding of F’ as a system of polynomial equations using dual variables. That S reduces to Sp is immediate. To reduce Sp to Sr
define decision trees T; = z; for each i € [n] (querying the positive dual variable for x;). For each clause C; of F' define decision
trees T} as follows: for each variable x; € Cj, query z; and its dual variable ;; if these variables are not consistent, output the
index of the constraint x; + Z; = 0 which is violated. Otherwise, if all x; and Z; are consistent, output the index of the (polynomial
encoding the) clause C}.
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each variable z with the polynomial formed by taking the sum over the (product of the literals on each of the)
accepting paths of T;.. As well, let {7}°}; be the decision trees for each solution of the IND-PPA instance.

For ¢ € L let
= Z A©)
me([N]

over Fy. We will derive by induction on ¢ = 1,..., L that ¢ = 0. Roughly, this polynomial states that
there is a perfect matching between the nodes in ¢ and the nodes in its predecessors. This will be sufficient

to complete the proof as AgL) = 1land Aq% ) = 0 for all m # 1, and so the decision trees for these variables
AL _ 4L _
me[N] “Am T A1 T

Now, suppose that we have derived g = 0 for all // < ¢ with with a degree-O(d) F5-PC proof; we
show how to drive ¢, = 0. At a high level, this follows from the fact that there is a perfect matching between
the nodes of pool ¢ and all of its predecessors. For simplicity of exposition, we will define an additional

(£)

variable Pg

are identically 1 and O respectively. Thus, we will have derived 0 = )

:= 1, whose decision tree is the constant 1 function.

Claim. There is a degree-O(d), size-IN L2°(@ Fy-Polynomial Calculus proof from F of the polynomial

ZP, > AL

<t me[N]

This claim is sufficient to complete the proof. Indeed, we can use it in order to derive gy = 0 from
qe = 0 for ¢/ < ¢ (which we have derived by induction) without significantly increasing the degree. To see

this, multiply each g, by P(,e) and sum them to obtain

4 l 4
124 124 me[N]
Adding this polynomial to ZE'SZ Pg(,e) Zme[ N] Afrll = 0, which has a low-degree proof from F' by the
previous claim, gives py = 0. Note that since every py is a degree-d polynomial, each of these polynomials
has degree at most 2d. Therefore, this inductive step requires degree O(d) and size LN 20(d), U

Proof of Claim. For a polynomial p and outcome i let [p = i] denote the indicator polynomial which is 1 iff
p(z) = i and 0 otherwise. For m € [N] and ¢’ < ¢ consider the polynomial

l l x % {4 * l A D
match), = S0 [l = )] POASD ST [, = ()]
m*€[N],t*€[(] me[N],icld]

which records all possible matchings for m and matchings of the node that it is matched to. That is,

)

match, ', is the sum over all of the paths in the decision tree that results from sequentially running the

decision trees for M (12)@/’ Pe(f ), A(ei), and finally M,Efl o AS matchgﬁ) 18 the sum over all of the paths in a

decision tree, it follows that matchfn) » = 1. Using this polynomial, define

match® := Z P(Z) Z A(“match
Vel me([N]

which records the matching for pool /. Note that match(®) = Zele[g] Zme P, A%/) as matchfi)z, =1
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We will partition the terms of match®) into two sets, where C'is the set of terms where the copy of m
belonging to ¢ is correctly matched — that is, for all ¢/ < ¢ and m € [N] with PK(,Z) =1 and A,(f;) =1,mis
matched to a node m* € [N] belonging to a pool £* < ¢ (M(Qn = (£*, m*)) with Pz(f) = 1and Aff;) =1

which is matched back to m (M Z(f )m* = (¢’,m)) — and E the remaining terms corresponding to erroneous
matchings. Observe that each term in C' occurs an even number of times, as (m, ¢) is matched to (m*, £*)
iff (m*, £*) is matched to (m, £’). Thus, summing over the terms in C' gives >, .t = 0.

Consider a term ¢ € E. This term corresponds to a node m in some pool ¢’ being incorrect matched; let
s be this incorrect matching and we will denote by ¢, that ¢ witnesses the incorrect matching s. Let 77 be the
decision tree for solution s and abuse notation by identifying it with the polynomial obtained by summing
over (the product of the literals on) each of its paths. Recalling that the result of summing over all paths in
a decision tree is 1, we have

match(®) = Zt*—i—Zts:O—I—Zts-Ts".

txeC ts€k ts€k

An incorrect matching s is a solution to IND-PPA. Thus, as this instance of IND-PPA solves Sg, any truth
assignment = which satisfies t; must also falsify the 72 (z)-th clause of F'. It follows each term of ¢5 - T
which is not identically 0 must contain the polynomial C' for some clause C of F', and therefore ts - T = 0
can be derived by multiplication from the axiom C' = 0. Thus, as each of the P(), M(©)_ and A®) variables
are computed by depth-d decision trees,

Z P Z AL — Z rY Z A%/)matchff;)e, = match®) = Z ts -T2 =0
o<t me[N] el me([N] ts€E

has a degree-6d and size- N L20@) F 5-PC derivation. O

We now prove the converse of Theorem 7, which follows from the next lemma noting that the length of
a [F2-PC proof is always upper-bounded by the size.

Lemma 9. Let F' be an unsatisfiable CNF formula on n variables. If there is a Fo-Polynomial Calculus
proof of F with size s, length-L, and degree-d then S is reducible by decision trees of depth O(d) to an
instance of IND-PPA on O(sL) variables.

A representation of this construction is given in Figure 2.

Proof. Let N be the number of distinct monomials that appear in the Fo-PC proof of F'. We construct an
instance of IND-PPA over pools [L] and nodes [/N]. We will abuse notation and associate each ¢ € [L] with
the /-th line in the proof and each m € [N] with its corresponding monomial.

Fix some ¢ € [L] and for each monomial m € [N] occurring in line ¢ define A to be the depth-d

%) = 0. Next, we set

decision tree which outputs 1 iff m(xz) = 1. For the remaining monomials m, set A
the predecessor variables as follows. If ¢ was derived by addition from ¢', ¢”, then set PZ(,Z) = Pe(f) =1 and
Pe(f ) = 0 for all other £* € [L]. Otherwise, if ¢ was derived by multiplication by a variable x; from ¢', then

we set PZ(,Z) = x; and Pg(f ) = 0 for all £* # ¢'. Finally, if ¢ was an initial clause of F' then we set Pg(f ) =0
for all ¢*.

Next, we set the matching variables of each ¢ which does not correspond to an initial clause of F' as
follows. Observe that if £ was derived by addition from ¢, ¢” then every monomial m in ¢ must occur in
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T1T2 + T1T3

r1x9 + T r1x3 + X1

r3 + X1

Figure 2: A IND-PPA instance constructed from a Polynomial Calculus derivation. Left: a Polynomial
Calculus derivation. Right: the corresponding IND-PPA instance. The non-zero variable of the IND-PPA is
labelled with the variables that they query in their decision tree. The red area is represents the children of
the pool corresponding to the line x1zs + x123 (i.e., P(4) P(4) 1), while the blue area indicates the

children of the line 123 + x1 (P1( ) — x1). The black lines indicate the matchings.

exactly one of ¢/, ¢ as otherwise it would have cancelled over Fo. Thus, if ¢ is the child of £ in which m
(0)

also occurs, then we set M, = (¢,m) and M Z(f;)n = (¢, m), matching those two occurrences of the m-th
node. Otherwise, if m does not appear in £, but is in one of the predecessors of £, say ¢, then it must also
appear in £”. In this case we set M, (,Z’ )m = (¢",m) and M, Z(f)m = (¢',m). Finally if m does not occur in any
of these lines, then we set )/, l(f )m arbitrarily for ¢* € {¢,0',("}.

Otherwise, if ¢ was derived from ¢’ by multiplication with some variable z; then we set the matching
in a similar way as above. A monomial m occurs in £ if either m or m \ x; occurs in ', but not both. For
each m € [N], if m occurs in £ then we set M, (c ) match it to the m or m \ x; that occurs in ¢/, and set
the matching variable for this node to match it back to (¢, m). Otherwise, if m and m \ x; occur in ¢’ then
set MZ(’,)m = (¢,m\ x;) and Me('gzn\x
arbitrarily.

Lastly, we set the matching variables of the / € L which correspond to an axiom A € {C' : C € F}.

(¢’;m). Finally, for match the m which do not occur in ¢ or ¢

Each M, (¢ ) is defined by querying the variables in A (of which there are at most d by definition). If A is
satlsﬁed then we fix an arbitrary matching between the monomials of A, and otherwise if A is falsified then
we fix an arbitrary false matching (say, match each of the monomials in A in a cycle).

Observe that violations occur only in the matchings of ¢ € [L] which correspond to clauses of F' that
are falsified. Thus, any solution to this instance of IND-PPA will be a solution to Sy and we can define the
output decision trees for these clauses as such. The output decision trees corresponding to other solutions
can be set to output a fixed arbitrary solution as those solutions will never occur. U
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The Polynomial Calculus Proves its own Soundness

Next, we state a reflection principle for the Fo-Polynomial Calculus using a natural verification procedure.

A Verification Procedure for Fo-PC. We define the following verification procedure VnPHC’mH’ (d,s.L) (H,1I)
for ¢ = d + log s 4 log L. For simplicity of description we have included a length parameter L, however
since . < s, we could have used s instead and included additional variables to indicate which lines are
actually part of the proof and which are not; this would only affect the complexity up to log-factors. As

well, for simplicity, we will group the Fo-PC rules into a single inference rule:

1 Iy
Lz +lay

forany x,y € {0,1,21,...,2,}.
Every line ¢ € [L] is described by a list of s degree-d monomials mony for m € [s], where mongf;)’i €

[ng] for i € [d] specifies the i-th variable in m. The (nj + 1)-st value is understood to indicate the 1

polynomial. However, not every line contains all s monomials, and so we include a variable a%) €{0,1}
which indicates whether the i-th monomial is active — that is, whether it occurs in line /. We reserve
the first my lines ¢ € [L] for the input clauses of H. Each line { > my has two predecessor pointers

p@ , pée) € [¢ — 1] indicating the lines from which ¢ was derived (if any), and a pair of indices v§€) , vé@ €

[ng + 2| indicating the variables x,y that the lines indicated by pgz), pg) were multiplied by in order to
obtain /; the final two values ng + 1, ng + 2 indicate the constants 0 and 1 respectively. Finally, to ensure
that each inference is sound, for every line ¢ there is a matching between the monomials of ¢ and those of
¢ < £. We will require that each active monomial for ¢ is matched to an appropriate active monomial of its
predecessors. The matching is given by variables match!’) € {0,1,2} x [s], where 0 indicates that m/ is

7ml
matched to a monomial in /, 1 to a monomial in pgg) and 2 means that it is matched to a monomial in pg).

For the leaves ¢ € [m | we enforce that there is a matching between its active monomials matchg%, € [s].
The constraints are as follows:

— Initial Clauses. We enforce that the first m lines are active, that the monomials of ¢ € [my] are
exactly the monomials of the /-th clause of H, and that each active monomial is matched with another
active monomial in /.

— Root. To require that this is indeed a proof of H, we enforce that the root L of the proof has agL) =1,

mong,Li) =ng + 1 (i.e., is the constant 1 polynomial) for all 7 € [d], and a%) =0 forall m # 1.

— Inference. To express the inference rule, we will require that if line £ > mpg was derived from lines
pg@) , py) with variables ng)’ vy), then the monomials of ¢ are exactly those in vy) pgf) + Uég) pg) after
cancelling mod 2. More concretely, that each active monomial in ¢ is matched to the active monomial
in pgg) or pg) from which it was derived.

Define RefPC := Sat A ProofPC where Proof™© := VPC. We show that F2-PC has efficient proofs of

RefPC.

Theorem 10. PC(Ref"%) < polylog(n).
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Proof. By Theorem 7 it suffices to construct a reduction from Sy _¢rc to IND-PPA Fix an instance of Ref PC

with parameters ng, mp, (d, s, L). We construct an instance of IND-PPA with L pools and s nodes. The
high-level idea of the proof is simple: we view Ref"C as IND-PPA, where each node for each line corre-
sponds to a monomial which is encoded by dlog ny bits. We then arrange the matching in the IND-PPA
instance so that two nodes m, m’ that are matched in Ref”“ are matched in IND-PPA if they were correctly
derived — if m is derived from m’ by multiplication by a variable z then we check that indeed m = m/x.

First, we define the decision trees for the variables of IND-PPA. For each ¢ € [L] and ¢/ < ¢, we
define its predecessor variables P(,Z) by querying pge) and pg) and outputting 1 if either of these is ¢, and 0
otherwise.

We define the ac(ti)vity A%) of the m-th node of ¢ by querying whether a( ) = 1, then querying the

¢

dlog ny bits of mony,’, and then checking that o; = 1 for all ¢ € Vars(monm ) (the variables in monomial

m). A%) = 1 if all of these checks pass, and 0 otherwise.

(5) (0)

. are defined as follows. If ¢/ # ¢ we query p;’ and p,
()

determine if ¢’ is one of the children of E. If it is not then the output of M, , can be arbitrary. Otherwise,

(0

if ¢/ = ¢ then we can continue. We query v, ’ to determine the variable y that was used to derive monomial

Finally, the matching variables M, ) ¢

m’, and we query match( ) to obtain a pair j € {0,1,2} x [s] and m* € [s] indicating to which child

of ¢ and which monom1a1 m™* the monomial m is matched. As well, we query match((l) to ensure

@)

() and monn}zl , where p(é) := (. If the variables

that this matching is consistent. Finally, query mon;,
occurring in m are not the the same as those in v( )m then let M e(/e ) be some arbitrary (é ) such that

/ #* p§€)7 Dy . 2 In particular, this means that ad = 0 and this will cause a violation (solution). Otherwise,
set Me(',)m = (pg ), ).

Next, we define the output decision trees for the solutions of this instance of IND-PPA. Let (¢,¢',m)
be a solution, we create a decision tree mapping this solution back to a falsified clause of Ref”< as follows.
If ¢ is one of the initial clauses Cy of H, i.e., £ < my, then we query whether Cy(a) = 0, and if so we
output the index of the falsified constraint of SAT which states that the /-th clause of H is satisfied under

(f)

a. Otherwise, this decision tree queries the decision tree for M, . If we discover that m is matched to a

(0)

monomial m* with m # vy ’m™, or if m is matched to a monomlal m* but that monomial is not matched to
m, then we output the index of the clause of Ref”“ which states that this should not happen.

This completes the description of the reduction. Each of the decision trees involved queries at most
polylog(n) many variables and thus by Theorem 7 it follows that there is a polylog(n)-complexity Fo-PC
proof of Ref"¢. O

3 Communication TFNP and Monotone Circuit Complexity

In addition to proof system characterizations of black-box TFNP problems, the communication versions of
TFNP problems have provided characterizations of monotone circuit models [25,31,44]. When combined
with lifting techniques translating decision tree lower bounds to communication complexity lower bounds,
this has resulted in numerous new lower bounds for a variety of monotone circuit models. For example,
bounds on the Fo-Nullstellensatz proof system, which is characterized by black-box PPA were lifted to
communication-PPA lower bounds, which characterizes Fo-monotone span programs [39]. Converseley, as
described in the introduction, a black-box and communication characterization of the same TFNP subclass

19



generically gives rise to a monotone interpolation theorem, translating small proofs in the associated proof
system into efficient computations in the associated model of computation.

In this section, we give generic conditions under which a monotone circuit model has a communication-
TENP characterization. We will formalize monotone circuit models as complexity measures on partial
monotone functions. As has been pointed out in the past, there is a direct mapping from TFNP problems to
partial monotone functions, and we utilize this mapping. This will allow us to give an exact characterization
of when a complexity measure on partial functions has a TFNP characterization, proving Theorem 3. Since
complexity measures on fotal functions induce complexity measures on partial functions, this also gives a
general condition under which a complexity measure on total monotone functions has a TFNP character-
ization. Unfortunately, we don’t have a converse statement for fotal functions and it is conceivable that
measures that don’t meet our criteria also have TFNP characterizations.

It would be plausible to propose that some of the results in this section might have analogs for non-
monotone models of computation. However, the techniques we use seem not to hold for these models,
which might indicate why TFNP or other communication complexity characterizations of non-monotone
circuits are much more difficult to use to prove lower bounds.

3.1 Communication TFNP

For n bit strings x and 2/, we say that 2’ dominates x, written x < 2/, if z; < x for every i € [n]. A partial
Boolean function f on n bit strings is described by two disjoint sets of inputs, No; which is the set of strings
that f rejects, and Yesy, the strings that it accepts. f is fotal if Nos U Yes; = {0,1}". A partial Boolean
function f is monotone if whenever 2 € Nos and 2’ < z, then 2’ € Nos and whenever y € Yesyandy < ¢/
then ' € Yesy. For partial functions f and g, we say f is solved by g if Noy C Noy and Yes; C Yes,. That
is, g contains f as a sub-function.

Let h : {0,1}"* — {0,1}", and let f be a partial function on n’-bit inputs. Then f o h is the partial
function where Yes;o, = {x|h(x) € Yess} and Noso,, = {z|h(x) € Nos}. If h is monotone in its input,
and f is monotone, then f o h is monotone.

Monotone Partial Function Complexity Measures. A monotone partial function complexity measure
mpc is a map from partial monotone functions to non-negative integers that is Monotone Under Solutions:
whenever g solves f, mpc(g) > mpc(f).? Typical such measures are the minimum circuit size in a mono-
tone model of a total function that solves f, but we won’t include a circuit model explicitly.

We are now ready to define what a communication-TFNP characterization of a measure means. For a
partial Boolean function f on n inputs, the Karchmer-Wigderson game for f, denoted KW, is the commu-
nication problem where one player has x € Noy the other has y € Yes; and the output is a position % so
that x; # y;. Similarly, for a monotone Boolean function f on n inputs, the monotone Karchmer-Wigderson
game for f, denoted mKW/y, is a restriction of the Karchmer-Wigderson game to require that the output is a
position 7 such that z; < y;. Karchmer and Wigderson [31] showed that communication complexity of KW ¢
(mKW}) is an exact characterization of the (monotone) circuit depth needed to compute f, or equivalently
communication-FP.

Communication TFNP. Consider relational communication problems defined by a predicate & C X X
Y x []. The corresponding communication problem has one player given € X, the other y € Y, and

$Recall that a partial function g solves f if No; C No, and Yes; C Yes,.
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the goal being to output an index i so that R(x,y, ) holds. We say this problem is in ¢-bit communication-
TENP if for every z € X, y € Y, for some i, R(x,y,7); and given i, there is a ¢-bit communication
protocol V' (z,y,1) to determine whether R(x,y, ) holds. We say that R € TENP“ if R is in polylog(n)-
bit communication TFNP.

We say that one communication problem R C X XY X [¢] mapping reduces to another R’ C X'xY"'x [’
with communication ¢ if there are functions My : X — X', My : Y — Y’ and a ¢-bit communication
protocol S(x,y,4") which outputs 7 so that

R,(MX(‘T)’ MY(y)’ i,) = R('T’ Y, S(xa Y, ’L,))

In particular this means that R requires at most ¢ more bits of communication than R’ to solve. We say that
two communication problems R, R are equivalent under t-bit mapping reductions if they ¢-bit mapping
reduce to each other.

The following lemma says that TFNP“ is exactly the study of the monotone Karchmer-Wigderson
search problem.

Lemma 11. For any search problem R C X x Y X [l] in t-bit communication TENP, there is a partial
function F, on 2t ¢ many variables, such that R is equivalent to mKW - under t-bit mapping reductions.

Proof. Let S(x,y,j) be a t-bit protocol that verifies that j € [¢] is a valid solution on input (z,y). We
define a partial function F' on N = 2!/ input bits. We think of each coordinate as representing a solution
j € [¢] and a communication pattern for S(z,y, 7). We then construct the accepting and rejecting sets for
F; for each € X we construct an input o(®) € {0,1}" in Noy as follows: for each j € [¢] and t-bit
communication pattern p € {0, 1} we set

Yip) =

(@) 1 ifthereisay € Y such that S(x,y, j) evolves according to p and S(x,y,j) = 1,
0 otherwise.

To construct Yesy we build an input 3¥) e {0,1}" in the same way, except we reverse 0 and 1:

ﬁ((?’)) = {0 if there is a © € X such that S(z,y, j) evolves according to p and S(z,y,j) = 1,
J7p

1 otherwise.

We claim that mKWpg is equivalent to R, using this construction as the map. Let j be a solution to R
on input (x,y). We simulate S(z,y,7) and output j together with the communication pattern p for the

simulation. This gives an index (4, p) such that ag;) =1>0= B((%), which is a solution to mKW x on
input (a(””), B8 (y)). In the reverse direction, if we are given a bit (7, p) such that a®) > BW then we know
that S(x,y, j) accepts, and we can return j. O

Thus, we can restrict attention to instances of the monotone Karchmer-Wigderson search problem. Anal-
ogous to black-box TFNP, we measure the complexity of reducing one search problem to another as the
amount of communication needed together with the logarithm of the number of bits of the resulting in-
put (up to a constant). Formally, let R, C X,, x Y,, x [{,] be a sequence of TFNP“-problems where
Xy, Yy, € {0,1}PY(™) and ¢,, = poly(n). Define the complexity measure R on monotone partial Boolean
functions f as

R*(mKW¢) := minlogn +t,
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over the set of n,? so that mKW; mapping reduces to R,, with ¢-bits of communication. We say that a
family of TFNP“ problems R characterizes a mpc if R°“(mKW;) = log®™)
function f.

We will also need the following notion which will essentially allow us to pad a search problem. Say that
the sequence R,, is paddable if there is a quasi-polynomial function p and a function ¢(n) = polylog(n)
so that R, is t(n’)-communication reducible to R, for all n’ > p(n). The condition that the sequence R,
be paddable looks a bit artificial at first. However, if we drop it, we would allow totally unrelated TFNP
subclasses to be used in a characterization, e.g., a class that is essentially PPA for infinitely many sizes and
suddenly switches to the pigeon-hole principle, and back again. Or have all of TENP by slowly introducing
TFNP problems into the sequence in a non-computable way. So we think natural subclasses of TFNP with
complete problems will have the paddable property.

In the remainder of this section we will prove Theorem 3. We will first give conditions for a TFNP¢
characterization which involve a stronger notion of a universal family of functions, which we will call
complete families (Theorem 12). Using this, we then weaken the requirement of having a complete family
to admitting a universal family (Theorem 16), which gives Theorem 3. In between, we explore sufficient
conditions for TFNP““-characterizations of total functions.

mpc(f) for every monotone

3.2 Complete Problems give TFNP Characterizations

Our first characterization of mpc measures with TFNP® connections involves three properties:

i) Closed Under Reductions. Say that an mpc is closed under reductions if for any 4 : {0,1}" —
{0, 1}”' that is computable by monotone Boolean circuits of depth d, and any partial monotone func-
tion f on n/ bit inputs, mpc(f o h) < poly(n,n/, mpc(f),24).

1) Admits a Complete Family. A complete family for an mpc is a family F,,, of partial functions on
N (m) < quasipoly(m) bit inputs such that for every partial monotone function f with mpc(f) < m,
there is a polylog(m)-depth monotone circuit computing a function h so that F;,, o h solves f, and
mpc(F,,) < quasipoly(m).9

We are now ready to prove the main theorem of our section which describes when mpc measures have
TFNP®¢ characterizations.

Theorem 12. Let mpc be a complexity measure. Then there is a paddable sequence of TENP communi-
cation problems R, which characterizes mpc iff (i) and (ii) hold. Moreover, the sequence R, can be made
explicit (i.e., computably described) iff the sequence of complete functions for f can be made explicit.

To prove this, we will use the following lemma which says that reductions between monotone Karchmer
Wigderson games and monotone reductions between functions are identical. Note that while this is intuitive
and has a simple proof, the proof does not seem to extend to non-monotone complexity. This might be an
important distinction between monotone and non-monotone circuit complexity.

Lemma 13. Let f and g be monotone partial Boolean functions. Then mKW ¢ has a communication-t
mapping reduction to mKW,, iff there is a function h computable by a depth-t monotone circuit so that go h
solves f.

TNote that in the definition of admitting a complete family are insisting that f reduce to Fj, for an m only dependent on its
complexity, not its input size. Most natural notions of circuit complexity have circuit size be always at least the number of bits the
function actually depends on, and the reduction can ignore the irrelevant bits, so this should not usually be a problem.
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Proof. As before, let Yesy,Nos and Yes,, No, be the set of accepting and rejecting inputs of f and g
respectively.

For the if direction, suppose that there is a function A computable by depth-¢ monotone circuits such
that g o h solves f. From this, we define a reduction from mKW, to mKW, as follows: first, we let h
be both Mx and My ; it remains to define S. Since g o h solves f, for every (z,y) € Noy x Yess, we
have (h(x),h(y)) € Nog x Yes,. Thus, (h(z),h(y)) is a valid input to mKW,. A solution to mKW, on
this input is a bit position ¢ such that h(x); < h(y);. Let h; be the partial function, defined on inputs in
No U Yess, which outputs the i-th bit of h. Since h is computable by depth-£ monotone circuits, so is h;.
Thus, by the Karchmer-Wigderson transformation [31], there is a ¢-bit communication protocol S;(x, y) for
mKW),,. Following this protocol on any input (z, y) for which h(x); < h(y); will output a position j such
that z; < y;, which is a solution to mMKW. Thus, we can define S as follows: on input (x,y,1) it runs
Si(z,y) and outputs the answer.

Conversely, suppose that we have a t-bit communication reduction Mx, My, S(x,y, i) from mKW to
mKW,. From the protocol S, which maps solutions i to MKW, on input Mx (x), My (y) back to solutions
S(x,y,i) to mKW/ on input (x,y), we construct a function h computable with depth-¢ monotone circuits
such that g o h solves f. For each ¢, consider the monotone partial function H; whose no-inputs are the x
for which there is an 2 < 2’ with 2’ € Noy and Mx (2’); = 0, and whose yes-inputs are those y for which
there is y < v/ with y// € Yes; and Mx (y'); = 1; we call such an input pair a dominating and dominated
pair for H;.

By the definition of reduction, whenever 2’ € Noys, Mx(z'); = 0,y" € Yesy and My (y'); = 1, the
communication protocol S(z',y’, i) returns a position j with 2. < y’. Given any input pair (z,y) to
mKW ¢ where there is a dominating and dominated pair (z’,’) for H; as above, the parties can, without
communication, find 2’ and y’ respectively and then run the protocol S(z’,y’,7) to obtain the index j.
By definition, z; < x; < y;- < y;, so this modified protocol solves the mKWy, game. Therefore, by
the Karchmer-Wigderson transformation [31], there is a depth-f monotone circuit computing a function h;
that rejects all € Noy with My (x); = 0 and accepts all y € Y with My (y); = 1; it follows that
hi(x) < Mx(x); for all z € Noy, and if y € Yesy then My (y); < hi(y). Letting h = (h1,...,hy),
where 7 is the number of input bits to f, we have that for each z € Noy, h(xz) < Mx(xz) € Nogy, so by
monotonicity of g, h(x) € Nog. Similarly, if y € Yesy, Mx(y) < h(y) and h(y) € Yes,. Thus, g o h solves
f and g is computable by depth-¢t monotone circuits. O

We will now use the lemma to prove the theorem.

Proof of Theorem 12. Let mpc be a complexity measure with properties (i) and (ii) and let F},, be the
complete family of partial monotone functions guaranteed by (ii). Let R,, := mKWpg,  be the mono-
tone Karchmer-Wigderson game for F),,. Observe that as F,, is complete, it reduces to F,,/ for all m’ >
mpc(F,,,) = quasipoly(m) via depth-polylog(m’) reductions. Thus by Lemma 13, R,, = mKWp, reduces
to R,y = mKWp , with communication-polylog(m’) for all such m/, and so R is paddable.

We claim R““(mKW;) = 1og®") mpc(f) for every monotone partial function f. Letting m = mpc(f),
f reduces to F},, with a polylog(m)-depth monotone circuit, as F;,, is complete. Then by Lemma 13, mKW
reduces to mKW g, with polylog(m) bits of communication. It follows by definition that R°“(mKW) <
polylog(m) = polylog(mpc(f)). In the other direction, let R““(mKW;) = M. Then there are n,t with
t+logn = M so that MKW is t-communication reducible to MKW, . By Lemma 13, it follows that F;,0h
solves f for some depth-¢ circuit ~. Then by monotonicity under solutions, and closure under reductions,

mpc(f) < mpe(F, o h) < poly(mpc(F,),2%) = poly(n, 2t) = 20,
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Next we prove the converse direction of the theorem. Let R,, be any paddable sequence of communica-
tion TFNP problems and define a monotone partial function complexity measure mpc as

mpe(f) = 2 (MKW)

for every monotone partial function f. By construction, mpc is monotone under solutions. We will show
that mpc has the properties (i) and (ii). First, assume goh solves f and h is computable by depth-¢t monotone
circuits. Then by Lemma 13, mKW has a ¢-bit reduction to mKW,. As well, mKW, has a t' bit reduction
to R,, where ¢ + logn = R“(mKW,). Stringing these together, f has a ¢ + ¢’ bit reduction to R,,, and
s0 R(mKWy) <t +t' +logn =t + R*(mKW,), and mpc(f) < 2'mpc(g). Therefore, mpc is closed
under reductions.

Finally, we give a complete family for mpc. Let Fy be the sequence of partial monotone functions
given by Lemma 11 such that Ry is equivalent to mKW . Note that by definition Fy has at most N2
many input bits where ¢t = polylog(V) is the number of bits that need to be communicated in order to verify
solutions to Ry, and also that mpc(Fy) = 25 (MKWry) < 9t — quasipoly (V).

We will show that for each m, there is an N’ = quasipoly(m) so that every partial function f with
mpc(f) < m reduces to F via a polylog(m)-depth reduction. Fix some f with mpc(f) < m and let
M = logmpc(f) = R“(mKW¢). Then mKW/ reduces to some R, in ¢ bits of communication, where
t+logn = M; in particular, ¢ is at most M and logn < M. Then by paddability, we can reduce this to some
Ry where N’ = quasipoly(n) < quasipoly(M) is a fixed function of m, and the further communication
is at most polylog(M). Then by Lemma 13, f has a polylog(M)-depth circuit reduction to Fi- as desired.
Thus, mpc is closed under reductions and admits a complete family. O

A Partial Characterization for Complexity Measures on Total Functions

Analogous to measures on partial functions, let a monotone (total function) complexity measure mc map
total monotone functions to non-negative integers. From any mc we can extract a monotone complexity
measure mpc on partial functions by

mpc(F') := min{mc(f) : total f solving F'}.

Observe that mpc will always satisfy monotonicity under solutions because if g solves f, the set of total
functions that solve g is a subset of those that solve f, so the min for g will be at least that for f.

Generalizing the definition for partial functions, say that a monotone complexity measure mc has a
complete family if there is a family of rotal monotone functions F},, such that for every total monotone
function f on n bit inputs with mc(f) < m, there is a log m-depth monotone circuit computing a function
h so that F},, o h solves f, and mc(F},) < poly(m).

We will prove the following lemma, whose corollary gives sufficient conditions for a monotone com-
plexity measure to give rise to a corresponding TFNP problem.

Lemma 14. mpc is closed under reductions and has a complete (partial function) family if and only if mc
is closed under reductions and has a complete total function family.

An immediate consequence is the following.

Corollary 15. If a monotone complexity measure mc is closed under reductions and has a complete fam-
ily, then it has a TENP® characterization by a sequence of paddable relations. If not, mc has no such
characterization.
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This still leaves open the possibility that there is a characterization of the complexity measure that does
not extend to partial functions for some complexity measures without complete problems.

Proof of Lemma 14. To prove the lemma, we will first assume mc is closed under reductions, e.g., mc(f o
h) < poly(mc(f),2%) when h is computable in depth d. Let F' be a partial function, and let f be a total
function of minimal complexity solving F'. Then f o h solves F' o h, so mpc(F o h) < mc(f o h) <
poly(mc(f),2%) = poly(mpc(F),2%). Conversely, since mpc(f) = mc(f) for total functions, it follows
immediately that if mpc is closed under reductions, then so is mc.

If F,, is a family of complete partial functions for mpc, let f,,, be the corresponding minimal complexity
total functions solving F,,. Note that mc(f,,,) = mpc(F,,) = quasipoly(m). Let g be any total function
and let m = mpc(g) = mc(g). Then there is a function h computable by polylogm-depth monotone circuits
such that F;,, o h solves h. Furthermore, f,, o h solves F},, o h, and so f,,, o h solves g. However, the only
way for one total function to solve another is if they are equal, so f,,, o h = g. It follows that f,, is also
complete and, by assumption, is total.

Conversely, if f,, is complete for mc, then let G be any partial function, let g be a minimal complexity
total function solving G, and let m = mpc(G) = mc(g). Then g = f,, o h for some function h computable
by polylogm-depth circuits, and so solves GG. Thus, f,, is also complete for mpc. U

3.3 Universal Functions vs. Complete Functions

We can simplify the condition that there be complete functions in the class to having universal families of
functions, replacing (ii) in Theorem 16 by the following:

(i") Admits a Universal Family. Let F,,, be a sequence of partial monotone functions, and let mpc be a
complexity measure on such functions. We say F,, is universal for mpc if whenever mpc(g) < m
there is a fixed string z, so that F'(x o z,) solves g(z). Observe that such an F;,, can be viewed as
complete under depth 0 reductions.

Theorem 3 will follow by combining the following theorem with Theorem 12. As well, using Lemma 14,
we can derive an analogous statement to Corollary 15 for total functions.

Theorem 16. Let mpc be a monotone partial function complexity measure satisfying (i) and (ii). Then mpc
admits a universal family if and only if it admits a complete family.

Proof. If there is a universal family F;,, for mpc then we can let G,, = F},, since as mentioned above, F},
is complete under depth O reductions.

Conversely, say that a monotone partial complexity measure mpc admits a complete family under d(m)-
depth reductions if there exists a family G, of functions such that mpc(G,,) < 24(m) and for every partial
monotone function f with mpc(f) < m, there is a depth-d(m) monotone circuit computing a function h
so that G,,, o h solves f. Suppose that G, (x) is complete under depth d(m) reductions, where the input
size x| = M < poly(m). We want to construct a partial function F},, which can code any composition
g(z) = Gp(h(zx)) for any g with mpc(g) < m and for any A computable by monotone circuits of depth
at most d(m). We will actually end up coding a more powerful set of reductions, because we cannot code
exactly this family and be monotone. Observe that i has at most m input bits, M output bits, and at most
24(m) gates total. Thus, we can embed h into a depth-2d(m) alternating unbounded fan-in A-V circuit with
m inputs, M outputs, and 2¢(™) M gates at each intermediate level. We can represent the connectivity of the
embedding by having one bit for each pair of gates, including inputs and outputs, saying whether the earlier
gate is an input to the later one.
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So, we let F},, be a partial monotone function with m + (m + (2d(m) — 2)M2%™) 4 M)? inputs. The
first m inputs to F},, code the input x to g, and the other bits, denoted B; ;, code the connectivity relation for
the circuit computing h. The gates at even levels will be V-gates, and those at odd levels A-gates. Because
we need the circuit evaluation problem to be monotone, we cannot enforce that each gate has exactly two
incoming wires, so we allow the gates to be arbitrary fan-in instead. If j is a gate on an even levels, for each
earlier gate 4 including input positions, we let B; ; be 1 if ¢ is an input to j and 0 otherwise. For odd levels,
we reverse the roles of 0 and 1.

To compute F;,,, we work our way up the circuit computing a bit H; for each gate i. For ¢ in the first
level, H; is the i-th input bit (the i-th bit of . For other levels, we use the rule H; = \/(H; A B; ;) at
even levels, and H; = A\(H; V B, ;) at odd levels, where the scope of i is all gates at earlier levels. After
computing the values H; for the gates at the top level, we apply G, to the result.

By construction, F},, reduces to G, via a depth 4d(m) monotone circuit with fan-in /2™ A’s and
V’s, which can also be computed by a depth 4d(m)(d(m)+log M) depth fan-in two monotone circuit. Thus,
by composition with reductions, mpc(F,,) is quasi-polynomial in m. Also, for any g with mpc(g) < m,
g can be solved by F' o h where h can be computed by monotone depth-d circuits. The input z, includes
the values B; ; according to the connectivity for h; unused bits in z, can be set to 0. By construction,
Fin(x 0 zg) = Gy (h(x)) which solves g. O

4 Future Directions

The TFNP connection, mapping proof systems to circuit lower bounds via lifting, has been extremely
successful. Our results show that this TFNP connection is generic , and characterize the conditions under
which it can be made. However, there are many gaps left in making these lower bounds systematic rather
than ad hoc, and extending them to new models of computation and proof systems.

In particular,

1. We have a generic relationship between proof systems and decision tree TFNP problems, and a
generic relationship between monotone circuit complexity problems and circuit lower bounds. Can
we complete the chain by proving a generic lifting theorem, and show that for each TFNP problem,
lower bounds for the corresponding proof systems and complexity measures are equivalent?

2. Our characterization of proof systems that correspond to TFNP problems involves proving their own
soundness. Can we use this to show a version of Godel’s second incompleteness theorem, that some
proof systems cannot prove their own soundness because they do not have a tight TFNP connection?

3. TFNP has a direct connection to monotone complexity via the monotone KW games. Can we simi-
larly characterize the class of communication problems corresponding to non-monotone KW games?

4. We showed that reductions between the monotone KW games were equivalent to small depth mono-
tone reductions between the corresponding functions. Does this extend to non-monotone games and
non-monotone reductions? If not, can we give an example of functions with reductions between the
KW games and no reductions between the corresponding functions? (Since this is interesting even
for sub-logarithmic bit reductions, this could possibly be shown unconditionally without proving new
formula lower bounds.)
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