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Abstract

We construct explicit deterministic extractors for polynomial images of varieties, that is,
distributions sampled by applying a low-degree polynomial map f : Fy — Fp to an element
sampled uniformly at random from a k-dimensional variety V' C Fg. This class of sources
generalizes both polynomial sources, studied by Dvir, Gabizon and Wigderson (FOCS 2007,
Comput. Complex. 2009), and variety sources, studied by Dvir (CCC 2009, Comput. Complex.
2012).

Assuming certain natural non-degeneracy conditions on the map f and the variety V', which
in particular ensure that the source has enough min-entropy, we extract almost all the min-
entropy of the distribution. Unlike the Dvir—-Gabizon—Wigderson and Dvir results, our con-
struction works over large enough finite fields of arbitrary characteristic. One key part of our
construction is an improved deterministic rank extractor for varieties. As a by-product, we
obtain explicit Noether normalization lemmas for affine varieties and affine algebras.

Additionally, we generalize a construction of affine extractors with exponentially small error
due to Bourgain, Dvir and Leeman (Comput. Complex. 2016) by extending it to all finite prime
fields of quasipolynomial size.
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1 Introduction

Randomness is a powerful resource in computing. There are many useful randomized algorithms,
and randomness is provably necessary in cryptography and distributed computing. Naturally,
these uses of randomness assume access to uniformly random bits. However, it can be expensive or
impossible to obtain such high-quality randomness. A randomness extractor converts low-quality
randomness into high-quality randomness.

Low-quality random sources can arise in several ways. First, natural sources of randomness
may be defective. Second, in cryptography, if an adversary gains information about a string, then
conditioned on this information, the string is weakly random. Third, in constructing pseudorandom
generators, a similar situation arises when we condition on the state of the computation. Besides
the computer science motivation, randomness extraction questions are natural mathematically.

We model a weak source as a class D of distributions over a finite set 2. A randomness extractor
for D is a deterministic function that extracts randomness from any distribution in D.

Definition 1.1. An extractor for a class D of distributions with error €, or an e-extractor, is a
function Ext : Q — B such that for any D € D, the distribution Ext(D) is e-close, in statistical
distance, to the uniform distribution over B.

Typically the codomain B will be {0,1}"™.

The most general class of distributions is the set of distributions with high min-entropy, i.e.,
distributions that do not place much probability on any string. However, it is not hard to show
that it is impossible to extract from such sources. It is possible to extract using an auxiliary seed,
and there are many applications of such seeded extractors (see [Vadl2] for a survey). It is also
possible to extract from two independent general weak sources (e.g., [CZ19]). However, if we want
to avoid adding a seed and only have one source, we must restrict the class of distributions further.

Various models of weak sources have been studied. It is not hard to show that if there are not
too many distributions in the class, then most functions are extractors with excellent parameters.
Of course, we really want efficiently-computable extractors.

Models of weak sources tend to be either complexity-theoretic or algebraic. In this work, we
focus on algebraic sources. That is, we consider distributions over subsets {2 which have a “nice”
algebraic structure.

1.1 Algebraic Sources of Randomness

Suppose F is a finite field and 2 = F™. The simplest class of algebraic sources is the set of affine
sources. An affine source is simply the uniform distribution over an affine subspace V' C F™ of
dimension k. Note that since |V| = |F|*, the single parameter k also determines the min-entropy
of the uniform distribution over the source.

Gabizon and Raz [GROS| constructed an explicit extractor Ext : F* — FF~! assuming the field
size is bounded from below by a large enough polynomial in n. For a large enough field size ¢, their
construction extracts almost all of the randomness from the source and has error € = 1/poly(q).

The last feature is slightly undesirable, as ideally, one would like the error to decrease exponen-
tially with k, the dimension of the source. Such a construction was given by Bourgain, Dvir and
Leeman [BDL16], albeit their construction requires the field size to be slightly super-polynomial in
n, and only works for certain fields.



Over smaller fields, constructing affine extractors for small min-entropy is a more challenging
task. Further, it is possible to show that any function f : Fy — [Fs is constant on some affine
subspace of dimension 2(logn) (see, e.g., Lemma 6.7 of the arXiv version of [ABGS21]), and thus
one cannot hope to extract even a single bit when the min-entropy is smaller than logn (compare
this with the fact that over large fields, the Gabizon-Raz extractor works for any k).

Bourgain [Bou07] constructed an extractor that works over Fo for min-entropy k = cn for a
small constant c. This result was slightly improved by Yehudayoff [Yeh11] and Li [Lill]. Li [Lil6]
then presented a much improved construction which works when the min-entropy is as small as
k = log®(n) for some constant C, which was improved by [CGL21] to k = log'*°()(n). However,
one drawback of the last two constructions is that the error parameter ¢ is either constant or
polynomially small, whereas one would hope for it to be exponentially small in k, as in the earlier
constructions of Bourgain, Yehudayoff and Li.

There are several natural ways to generalize affine sources, but some care is needed when defin-
ing those generalizations. As we remarked earlier, for an affine subspace, the single parameter k
determines its size and hence the min-entropy of the corresponding source. For more complicated
algebraic sets, however, as we shall now see, there are multiple parameters controlling their “com-
plexity,” and the connection between those parameters and the min-entropy of the source is not
always obvious.

Dvir, Gabizon and Wigderson [DGW09] considered polynomial sources, which are defined by
applying a low-degree polynomial map P : F¥ — F™ on a uniformly random input from F¥. (Note
that affine sources are a special case of polynomial sources when the degree equals one.) They
further impose the algebraic condition that the Jacobian matrix of the map is of full rank, which
in particular guarantees that the min-entropy of the source is high, assuming the characteristic of
the field is large enough. The field size required by the construction of [DGW09] is poly(k, d, n)*.

Dvir [Dvil2] studied a different generalization called variety sources, which are uniform distri-
butions over sets V' C F™ that are the common zeros of a set of low-degree polynomials. Varieties
also have an associated concept of dimension, but unlike the affine case, over finite fields having a
large dimension does not guarantee by itself that the set V' is large, and thus this condition must be
imposed explicitly. Dvir presented two constructions. The first requires exponentially large fields
and works for any dimension k. The second requires the variety to have size larger than |F|”/ 2 but
the field size depends only polynomially on the degree d of the polynomials defining V.

Over [y, the situation is much more mysterious. This setting is well motivated, since it turns out
that explicit constructions of extractors (or even dispersers) for varieties with various parameters
would imply new circuit lower bounds. Golovnev, Kulikov and Williams [GKW21] proved multiple
such results. One is that explicit extractors for varieties of size at least 2" defined by constant
degree polynomials would imply lower bounds for general circuits of the form C'n for larger constants
C than what is currently known. They also showed that extractors for varieties of size at least 20-997
defined by polynomials of degree at most n’°! would imply super-linear lower bounds for boolean
circuits of depth O(logn), a long-standing challenge in complexity theory (see also [HR15]).

As for constructions over Fa, Li and Zuckerman [LZ19] showed how to use correlation bounds
against low-degree polynomials to obtain extractors for variety sources defined by degree d poly-
nomials for d = O(1) and size at least 2(1=¢4)" for some constant ¢4 that depends on d. Remscrim
[Rem16] proved that the majority function is an extractor for varieties defined by polynomials of
degree at most n® and size at least 2"‘”6, assuming a+ 5 < 1/2. Thus, all the known constructions
are not strong enough to imply new circuit lower bounds.



1.2 Our Results
1.2.1 Extractor for Polynomial Images of Varieties

In this paper, we study the class of polynomial images of varieties, which generalizes both variety
sources and polynomial sources. Informally, the source is specified by a variety V C F" and a
polynomial map f : V — F" and a sample from the source is a random variable X computed by
uniformly at random picking an element € V and outputting f(x). We would like to construct
an efficient extractor Ext : F — {0,1}"" that has small error ¢ and large output length m. The
largest m we can hope for is the min-entropy of the input, which is approximately kloggq, where
q = |F| and k is the dimension of the variety V (see Section |4] for a definition of this notion). Our
main result is a construction of an extractor with m = kloggq.

Formally defining such sources takes some care, since varieties and their associated complexity
parameters are easier to define over algebraically closed fields. As in previous work, we further
need to assume some natural non-degeneracy conditions on the variety V and the map f. We now
describe those sources in more detail.

Polynomial images of variety sources. Let F be a field. For hy,...,hs € F[X1,...,X,], define

ﬁhl,...,hs,F = {Co +cihi+---+cshs:co,y...,cs € IF} - F[Xl, .. ,Xn],

ie, Lny,. heF § the linear span of hq,...,hs and 1 over F. B
Denote by F the algebraic closure of F. An affine variety V CF" over F is the set of common
zeros of a set of polynomials in F[X,..., X,]. Two parameters naturally associated with a variety

V are its dimension, denoted dim V', which equals the length of the maximal chain with respect to
inclusion of distinct irreducible subvarieties, and its degree, denoted deg V', which is the number of
intersection points of the variety with an affine subspace of codimension dim V' in general position
(we refer to Section [4| for more formal definitions).

Definition 1.2 ((n,k,d) algebraic source). Let n,d € N* and k € N. We say a distribution D
over Ty is an (n,k,d) algebraic source over F, if there exist r € N, an affine variety V' C FZ over
Fy, polynomials hy, ..., hs € Fy[X1,..., X;] with deghy > --- > deghs, and f1,..., fn € Lp, . n.F,
such that D = f(UV(IFq)), where f : F,; — FZ is the polynomial map defined by f1,..., fn, and
Uy (r,) is the uniform distribution over V(F,) := V NFy, and further, the following conditions hold:

1. At least one irreducible component of V' of dimension dimV is absolutely irreducible.

2. For every irreducible component Vo of dimension dimV' that is absolutely irreducible, the
dimension of f(Vb) is at least k, where f(Vp) C FZ denotes the closure of f(Vy), i.e., the
smallest affine variety over Fy containing f(Vp).

3. degV - Hle degh; < d

In addition, we say D is an irreducible (n,k,d) algebraic source over F, if V' can be chosen to be
irreducible. We say D is a minimal (n,k,d) algebraic source over Fy if V' can be chosen to have
dimension k. Finally, we say D is an irreducibly minimal (n, k,d) algebraic source over Fy if V
can be chosen to be irreducible of dimension k.

'Note that dim f(V) > k by previous conditions. So we necessarily have s > k and degh; > 1 for i € [k]. This
also implies deg V' < d.



The conditions in Definition [T.2] may look a bit contrived at first glance. However, as we now
explain, they are quite natural, and indeed some form of them, as observed in previous work, is
necessary.

The third condition is simply a convenient way to “pack” multiple “complexity” parameters of
the components of the source that arise in the analysis. That is, d is a single complexity parameter
that, in particular, bounds the degree of the variety V and the product of degrees of the polynomial
map f. Having d as a single parameter simplifies the statements of our theorems and clarifies the
dependence between the various parameters: the larger d is, the larger the field size we require and
the smaller the output length of the extractor.

The purpose of the first two conditions is to guarantee that our source has enough min-entropy.
As observed in previous work [DGWO09, [Dvil2], it is quite easy to come up with simple varieties V'
(even of high dimension) or polynomial maps f (even of low degree) such that sources arising as
f(V) would have very few points in [y, so that there will be little to no randomness to extract.

The first condition is analogous to (and, as shown in Appendix roughly equivalent to)
Dvir’s [Dvil2] condition that the variety V' contains enough points in Fj;. The second condition is
analogous to (and, over fields of large characteristic, implied by) the full-rank Jacobian condition
of Dvir, Gabizon and Wigderson [DGW09|. Thus, not only is some form of conditions 1 and 2
necessary for proving any meaningful results, but moreover, these conditions naturally generalize
the conditions imposed by previous related works.

Finally, we note that the name “(n,k,d) algebraic sources” suppresses the dependence on the
parameter r in the definition, which is the ambient dimension in which the variety V lies. This is
because our result, stated next, has no dependence on r. Even in the case where r is very large
with respect to n, k and d, our results only depend on the latter three parameters. Further, note
that when r is very large, dim V' can also be very large compared with n and k. However, as the
definition hints, we will reduce this case to the case where dimV = k.

We can now state our main theorem.

Theorem 1. Let n,d € NT, k € N, and € € (0,1/2]. Let q be a power of a prime p. Suppose
q > (nd/e)¢, where ¢ > 0 is a large enough absolute constant. Then there exists an explicit

e-extractor Ext : Fy — {0,1}™ for (n,k,d) algebraic sources over Fy with output length m >
klogq — 4loglogp — O(log(nd/¢)).

It can be shown that any (n,k,d) algebraic source D over Fy, where ¢ > (kd)¢ for a suffi-
ciently large constant ¢ > 0, is (close to) a distribution with min-entropy at least klogq — O(logd).
Moreover, this estimate of the min-entropy is tight up to an additive term O(logd) if D is not an
(n,k+1,d) algebraic source over F,. See Lemma and Proposition Therefore, the extrac-
tor in Theorem [I| extracts most of the min-entropy from (n,k,d) algebraic sources. In addition,
Theorem [1| works over finite fields of any characteristic, while the extractors by Dvir, Gabizon, and
Wigderson [DGWO09] and Dvir [Dvil2] require large enough characteristics.

As is standard in the literature, by “explicit” we mean that the output of the extractor is
computable in time poly(n,logq) (note that the input length to the extractor is nlog q).

Along the way to proving Theorem[I], we construct several other algebraic pseudorandom objects
which are interesting on their own. We mention some of these constructions when we give an
overview of our construction in Section [L.3]



1.2.2 Affine Extractors for Quasipolynomally Large Fields with Exponentially Small
Error

Recall that an explicit affine extractor is an efficiently computable function Ext : F* — F™ such
that for every affine subspace V' C F" of dimension k, and a random variable X uniformly sampled
from V', Ext(X) is close to the uniform distribution over F. We would like m to be as close to k
as possible and, ideally, the error parameter € to be exponentially small in k.

As mentioned earlier, the extractor of Gabizon and Raz |[GRO§| achieves m = k — 1 and error
¢ only polynomially small in the field size q. In particular, the error does not decrease with k.
Bourgain, Dvir and Leeman [BDL16] constructed an affine extractor with m arbitrarily close to
k/2 and error g %) However, their construction requires ¢ to be slightly super-polynomial in n,
namely ¢ = nftloglogn) " and furthermore only works for “most” prime fields F,. We improve the
analysis of their construction and present a construction with identical parameters that works for
all prime fields, assuming ¢ = nfi(loglogn)
Theorem 2. For every 0 < 8 < 1/2, there exists a constant C such that the following holds: Let
k < n be integers and F be a prime field of size ¢ > nC1°81°8"  Let m = Bk. There exists an
eﬁ?ciently( computable function E : F™ — F™ which is an affine extractor for min-entropy k with
error q_Q k).

1.3 Techniques

Our construction from Theorem (1| combines several techniques used in previous related construc-
tions, as well as several new ideas which are required to successfully apply these techniques. It is
convenient to think of the construction as proceeding in several steps.

Preliminary step: decomposing the sources. Our definition for algebraic sources (Definition
is quite general, and it is convenient to work with slightly “nicer” sources. We start by approx-
imating general (n, k,d) algebraic sources as convex combinations of irreducibly minimal (n,k,d)
algebraic sources. Recall that this means that the variety V is irreducible and has dimension k.

This step is done in Section [/} we first decompose a general source into a convex combination
of irreducible sources in a manner that follows naturally from the decomposition of V itself as a
union of irreducible components. We then decompose an irreducible source into irreducibly minimal
sources roughly by intersecting it with a linear space of the appropriate dimension. Both parts of
the arguments incur a small error.

First step: extracting a short seed. Having reduced to the case of irreducibly minimal sources,
we first design an extractor that extracts a small number of bits from the source. One commonly
used technique for doing that is to show that the source is an e-biased distribution, i.e., a distribution
whose nontrivial Fourier coefficients are all small. Similar methods work when the source is close
to such a distribution or to a convex combination of such distributions. Analyzing and bounding
the Fourier coefficients is often done using bounds on exponential sums from algebraic geometry,
such as Bombieri’s estimate (Theorem . We follow this general paradigm as well.

However, the case where the field characteristic is small presents some unique challenges to
overcome. We first prove an extension of Bombieri’s theorem for small characteristic p. This exten-
sion bounds the corresponding exponential sums save for possibly a small set of “bad” characters.



Hence, we then define and study a more general class than e-biased distributions: (e, e)-biased
distributions, which are distributions in which all but at most e of the Fourier coefficients have
absolute value at most €. We show that the sources we consider are close to convex combinations of
such distributions (for meaningful values of ¢ and ¢), and construct extractors for such distributions.

Previously, the XOR lemma has been used to construct extractors for e-biased sources; see, e.g.,
Rao [Rao07]. We extend these ideas to the more general and challenging setting of (e, e)-biased
distributions. On the technical level, we construct explicit functions f : F; — IF; with the following
properties: for every nontrivial character v of Fé, both the L and the Lo, norms of the Fourier
transform of ¢ o f (which is a function from F} to C) are upper bounded by sufficiently small
quantities. We in fact present two constructions of such functions f. The first is based on standard
error-correcting codes over I, and the second is an improved construction based on rank-metric
codes. Those constructions appear in Section

Second step: applying a seeded extractor. Having extracted a small number of bits, we wish
to use them as a seed in an application of a seeded extractor on the source to extract almost all
the min-entropy. The challenge, of course, is that the seed is correlated with the source, whereas
a seeded extractor requires the seed to be independent of the source. Techniques for dealing
with these problems were developed in [GRS06] (GROS], as this is also the general methodology in
their extractor constructions. This is done by analyzing the conditional distribution of the source
conditioned on any possible output of the seeded extractor with a fixed seed, and showing that it
maintains some nice properties. We first analyze the case where the image f(V') of the polynomial
map is of full rank inside F*, using the effective fiber dimension theorem. We then consider the
general case. In order to reduce to that case, we apply a rank extractor for varieties, a notion we
define and develop in this work, building upon previous work which developed rank extractors for
linear spaces.

Rank extractor for varieties. Let V' C F" be a k-dimensional variety. We would like to obtain
a map F : F* — F* which “extracts” all the rank from V, in the sense that E(V) C F* is k-
dimensional. The first obvious challenge is that E(V') need not necessarily be a variety. It is thus
natural in this case to consider the closure of E(V') in F" where F is the algebraic closure of F.

Previous work has considered the case where V' is a linear subspace. In this case, observe that
if F is linear, then F(V) is also a linear subspace. However, there clearly cannot be a single map
E that preserves the dimension of all linear subspaces, as given any fixed F, one could take V to
be the kernel of E. Therefore, a natural relaxation is to consider seeded linear rank extractors,
which are collections of linear maps E1, ..., E; such that for every V', most of the maps preserve the
dimension. Such objects were first defined and constructed by Gabizon and Raz [GR0OS]. Improved
and optimal parameters (in terms of the “seed length,” i.e., the number of maps) were obtained by
Forbes and Shpilka [FS12], and a systematic study of these objects appears in [FG15].

In this work, we observe that seeded linear rank extractors for extractors are also seeded linear
rank extractors for varieties (see Section [5). The key insight is that rank extractors (for linear
subspaces) preserve the dimensions of the tangent spaces at nonsingular points of the variety,
which turns out to be a sufficient criterion.

Linear rank extractors are very useful because they enable us to condense sources that are not
full-rank to full-rank sources without increasing the degrees of the polynomial maps. However,
it turns out that it is also possible to construct deterministic rank extractors for varieties, which



we do in Section [6] Such extractors are obviously not linear maps, although in our constructions,
they are polynomials of fairly small degrees (polynomial in n and in the degree d of the variety).
We remark that Dvir [Dvil2] constructed such an extractor for one-dimensional varieties, and his
extractor is a polynomial of degree exponential in n. In addition, Dvir, Gabizon and Wigderson
[DGWQ9] constructed rank extractors for polynomial sources using a different technique.

Our construction adapts the construction of Dvir, Kollar and Lovett [DKL14], who constructed
different pseudorandom objects called variety evasive sets. By modifying their proof, we are able to
show that a similar construction yields a deterministic rank extractor for varieties. This essentially
follows because their map ¢ satisfies the property that for every low-degree variety V and every
point b € F*, the intersection o ~'(b) NV is a finite set. Dvir, Kollar and Lovett prove it only for
the case b = 0, but it is not hard to extend it to general b.

Explicit Noether normalization lemmas. As a by-product of the above construction of de-
terministic rank extractors for varieties, we prove explicit Noether normalization lemmas for affine
varieties and affine algebras. The Noether normalization lemma [Noe26, Nag62] is a classical result
in commutative algebra and algebraic geometry, which states that any affine variety of dimension
k admits a surjective finite morphism to an affine space of dimension k. We show that the con-
struction in [DKLI14] in fact gives a direct construction of such a finite morphism. In contrast,
the textbook proof of Nagata [Nag62] is iterative and uses polynomials of degrees that are at least
doubly exponential in the number of steps of the iteration.

Our proof is inspired by a geometric argument of Kolldr, Rényai and Szabd [KRS96]. See
Section [11] and Appendix [D] for more details.

Affine extractors with exponentially small error. Our proof of Theorem [2] follows a very
similar route to the proof of the main theorem of Bourgain, Dvir and Leeman [BDL16|, who
constructed such an extractor for prime fields IF, for “typical” primes ¢. Our main contribution is
an improved number-theoretic lemma (Proposition which shows how to find n distinct integers
di,...,d, with desirable number theoretic properties. The proof then proceeds by estimating the
Fourier coefficient of the distribution obtained by applying our extractor to a linear subspace using
an exponential sum estimate of Deligne, much in the same way as [BDL16].

1.4 Comparison with Previous Work

The two works closest to ours are by Dvir [Dvil2] and Dvir, Gabizon and Wigderson [DGWO09),
both of which construct extractors for sources with algebraic structures.

As mentioned earlier, Dvir, Gabizon and Wigderson [DGWQ9] study polynomial sources, defined
by picking an element x € IE"; uniformly at random and applying a polynomial map f : IE"(; — Fy of
degree at most d. This is a special case of the sources we consider when the variety V' is taken to
be IF’;.

They further add the non-degeneracy condition that the Jacobian of the mapping f, namely,
its matrix of partial derivatives, has full rank. This in particular guarantees that the source has a
high enough min-entropy. Their main theorem gives an explicit extractor that outputs a constant
fraction of the min-entropy over prime fields F,, of cardinality poly(n,d)“* for some constant C.
Our construction in Theorem [I} on the other hand, works for a larger class of sources, outputs
almost all the min-entropy, and works over finite fields of small characteristics as well.



Dvir [Dvil2] considers variety sources, which he defines as uniform distributions over sets of the
type {z: fi(z) = fo(z) = -+ = fi(r) = 0} in F};, where deg f; < d for all i. These sources are also
a special case of the type of sources we consider. One should note, however, the different usage
of the term “degree” in our definitions: Dvir always refers to the degree deg f; of the polynomials
which define the variety V', whereas we refer to the degree deg V' of V' as an affine variety, which is
often much larger.

Assuming dimV = k and |V| > p*~¢ for some small constant ¢ > 0, Dvir’s extractor [Dvil2]
outputs a constant fraction of the min-entropy over prime fields of characteristic p > d°* for some
constant C. Again, Dvir uses the parameter d differently than we do in Theorem|[I] In particular, in
our construction, the field size ¢ is only polynomial in the parameter d (but d might be exponential
in n).

As mentioned in the discussion after Definition [I.2] our assumptions are weaker than those of
[DGWO09] and [Dvil2]. Thus, as our sources is more general, the characteristic in our results can
be arbitrary, and our conclusions are stronger (since we extract more output bits), it follows that
in particular our result subsumes the extractors of [DGWQ9] and [Dvil2].

Dvir [Dvil2] also presents a different construction that outputs a very small number of bits
from very large varieties over small fields. This construction is incomparable with our results.

On the more technical level, we discuss a particular feature of our proof that distinguishes it
from [DGWO09, Dvil2] and, in particular, allows us to extend the output length.

For simplicity, consider the case of (1,1, d) algebraic sources. As mentioned in Section we
first prove an extension of Bombieri’s estimate that holds even if the characteristic p is small: if p
is small, this result implies that a (1,1, d) algebraic source D over F, is a convex combination of
(e, d)-biased sources. That is, we allow a few large Fourier coefficients. Then we use the machinery
developed in Section [3| to extract randomness from D. On the other hand, if p is large enough,
then D has no large nontrivial Fourier coefficients; it is e-biased. In this case, the XOR lemma is
sufficient, as argued in [DGWO09) Dvil2].

To apply Bombieri’s estimate to a high-dimensional affine variety V', we follow [DGW09, Dvil2]
and decompose V into a family of affine curves C; such that the polynomial f that does not vanish
identically on V still does not vanish on most C;.

In [DGW09], this is achieved using an argument based on the Jacobian criterion for algebraic
independence, but it works only when the characteristic p is large. Instead of using this argument,
we use the decomposition of (n, k,d) algebraic sources into irreducibly minimal (n, k, d) algebraic
sources proved in Section [7, whose proof is based on the effective fiber dimension theorem (Theo-
rem and works for any characteristic.

The last idea we introduce is the use of the effective Lang—~Weil bound (Theorem [4.6)), which
allows us to extract almost loggq bits. To explain the idea, consider an affine variety V C AI’FLQ
and write V(F,) as a disjoint union of C;(IF,) for a family of affine curves C; over F,. Let f be a
low-degree polynomial and assume for simplicity that f is non-constant on every C;. Let x be a
nontrivial character of IF,. The following win-win argument was used in [DGW09] to bound the bias
0= ‘EzEV(Fq)[X(f(J:))H: For a curve Cj, if |C;(F,)| is small, say |C;(IF,)| < A for some threshold
A, then its contribution to the bias § is small assuming that V' has many rational points. On the
other hand, if Cj(Fy) > A, then Bombieri’s estimate (Lemma [8.3), together with the fact that

Yacoep U@ [Sree, @y (/@)
[X(f(:c))]‘J eE | i ,



implies that ‘E:peci(qu)[X( f (a:))” is small. Considering all curves C; shows that the bias is small.
We note that no information about |C;(IF,)| was used in this win-win argument. For this reason, the
choice of threshold A cannot be too large or too small, and the resulting extractors only extract
a constant fraction of logg bits. To improve the output length, we observe that the effective
Lang—Weil bound (Theorem together with Lemma gives more information about |C;(Fy)|.
In particular, for an irreducible affine curve C, the number |C(F,)| is either close to ¢ or very
small, depending on whether C' is absolutely irreducible. Exploiting this fact yields an explicit
construction of deterministic extractors that output almost log g bits.

1.5 Open Problems

While improving the dependence on any of the parameters in our construction remains an open
problem, in our opinion, the main challenge is reducing the field size. In our construction for
polynomial images of varieties (Theorem , we require field size poly(n,1/e,d). We stress that for
certain varieties, d can be exponential in n (although it is by no means necessarily so). Can we
construct extractors for significantly smaller fields, perhaps even constant size?

As mentioned above, over very small fields, such as Fs, certain Ramsey-theoretic lower bounds
imply that constructions such as ours that work for any min-entropy cannot exist. A key reason to
study FFo is that explicit extractors with certain parameters imply new circuit lower bounds.

In our construction of new affine extractors (Theorem , we obtain a field size that is slightly
super-polynomial in n. It is a very appealing open problem to reduce the field size to a polynomial
in n.

A related problem is reducing the degree of our deterministic rank extractor. In Section [6] we
construct a deterministic rank extractor for varieties whose degree is poly(n, d) for degree d varieties.
Reducing the degree, perhaps to depend only on d, would help lower the field size requirement for
the extractor for polynomial images of varieties to depend only on the degree.

We end with two general questions. Can our constructions or techniques help in designing
extractors for larger and more general classes of sources, either algebraic or complexity-theoretic?
Do our constructions have any complexity-theoretic implications, such as lower bounds for certain
models of computation?

2 Notations and Preliminaries

Let N={0,1,...}, Nt ={1,2,...,}, and [n] = {1,2,...,n} for n € N. Write Z,, for the cyclic
group {0,1,...,n — 1} with addition modulo n.

The cardinality of a set S is denoted by |S|. We also use |c| to denote the absolute value of a
number ¢ € C. Denote by log z the base 2 logarithm of z, and by Inx the natural logarithm of «.
For sets A and B, denote by A\ B the set difference {x € A : = ¢ B}. The restriction of a map
f:A— Btoasubset A C A is denoted by f|as, which is a map from A’ to B.

A formal Laurent series over a field F has the form

h(T) = Cz‘Ti + Ci+1Ti+1 —+ ...

where i € Z and ¢; € F for j > i. Denote by ord(f) the least degree of the terms that appear in
f,ie., f=coTo) 4 ¢ TordD+ 4. where ¢y # 0. If f = 0, then let ord(f) = +o00. The set
of formal Laurent series over F is a field, denoted by F((7')). We say f € F((T)) is a formal power



series over I if ord(f) > 0. The set of formal power series over F is a subring of F((7')), denoted
by F[[T]].

We write x ~ D if x is sampled from a distribution D. The support of a distribution D over a
finite set 2 is supp(D) := {a € Q : Pr[D = a] # 0}. For an event A that occurs with a nonzero
probability under a distribution D, write D|4 for the distribution of D conditioned on A. The
product distribution of two distributions D, D’ is denoted by D x D’. The statistical distance
between two distributions D, D’ over a finite set  is defined to be

A(D,D") := max |Pr[D € A] — Pr[D’ € A]|.
ACQ

Two distributions D and D’ are e-close if their statistical distance is at most €, and we write
D =, D' for this statement.

The uniform distribution over a finite set S is denoted by Ug. For n € N, denote by U, the
uniform distribution over {0, 1}".

The min-entropy of a distribution D over a finite set (Q is

Hyin(D) := —log(max Pr[D = qa]).
a€fl
We say D is a k-source if Hyin(D) > k.

Let © and B be finite sets, and let D be a class of distributions over €. A function Ext : Q — B
is said to be a (deterministic) e-extractor for D if Ext(D) =. Up for all D € D. A function
Ext : Q x {0,1}¢ — B is said to be a seeded e-extractor for D if Ext(D x Uy) =. Up for all D € D,
where ¢ € N is called the seed length of Ext.

Facts about distributions. The following lemmas are standard and can be found in, e.g.,
[Sha08| Section 2].

Lemma 2.1. Let f: A — B be a map between finite sets. Let D and D’ be distributions over A.
If D = D', then f(D) =€ f(D,)

Lemma 2.2. Let D = (D1, D3) be a joint distribution over a finite product set A x B. Suppose T
is a subset of A such that Pr[Dy € T] > 1 — &1 and Da|p,—a =¢, D’ for some distribution D} over
B and all a € T Nsupp(D1). Then D =., 1., D1 x D).

3 Sources with Low Bias and Their Extractors

In this section, we consider several natural extensions of e-biased sources which are useful for our
extractor constructions. We then show how to extract randomness from such sources.

3.1 (g,e)-Biased Sources

Let A be a finite abelian group and let A denote the dual group of A, that is, the group of characters
over A. A distribution D over A is e-biased if | E[x(D)]| < € for all nontrivial characters xy € A. This
is a standard definition, introduced in [NN93|, which has been immensely useful in the construction
of extractors and in the theory of pseudorandomness in general.

We now introduce two natural generalizations. We say D is (e, €)-biased if | E[x(D)]| < ¢ for all
but at most e characters x € A. And we say D is strongly (g, e)-biased if the set of x € A satisfying
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|E[x(D)]| > ¢ is contained in an abelian subgroup of A of size at most e. The usefulness of the
latter definition will be clear shortly.

Note that if A is a vector space over a finite field of characteristic p, then an (e,e)-biased
distribution is also strongly (e, p®)-biased.

We have the following easy observation, which shows that strongly (e, e)-biased sources gener-
alize affine sources (of low codimension).

Lemma 3.1. An affine source of codimension at most k in Fy is strongly (0, p")-biased.

The following proposition states that (£, e)-biased sources are (close to) distributions with high
min-entropy.

Proposition 3.2. Let D be an (e, e)-biased distribution over A. Then D is &' -close to a k-source
if & > 28(e2 +|A|7e). In particular, this holds for k = min{2log(1/¢),log|A| —loge} —log(2/¢).

Proof. View D as a function D : A — R such that D(z) = Pr[D = ] for # € A. For x € A, we have
D(X) = EsealD()x(@)] = |41 (Sycs Pr{D = 2] X(2)) = |4 ERD)]. So [D(x)]| < A" for
all x € A, and ID(x)| < |A|" ¢ for all but at most e characters x € A. By Parseval’s identity,

S D) = 4] (B, (D)) =141 | 5 1B | <2+ 14

z€A XGA

Let A’ C A be the set of x € A such that D(z) > 27%. Then

e2+]A[ e > ) [D(@))? = ) |D(x) (ZD )

r€A xzeA’ xzeA’

So the total probability mass contributed by = € A’ is bounded by & = 2¥(¢? 4 |A|~'e). This
implies that D is €’-close to a k-source. ]

Next, suppose that A and B are finite groups. We wish to bound the bias of conditional
distributions over A (or B), assuming bounds on the bias of a distribution over A x B. We begin
with the following technical calculation.

Lemma 3.3. Let A and B be finite abelian groups. Identifying A x B with Ax B so that
(x:0)(z,y) = x(z)0(y) for (z,y) € Ax B and (x,0) € Ax B. Let D = (D1,D3) be a joint
distribution over A X B. For x € supp(D1) and 0 € B, we have

E[0(Ds|p,=s)] = Y Pr[Dy =a] "+ |A 7" x(x) - E[(x, 0)(D))].
xEA

Proof. Define 6, : A — {0,1} to be the indicator function such that d,(z) = 1 if and only if z = =.
Then

E[0(D2|p,=z)] = Pr[D1 E[6,(D

= Pr[ Dl) H(Dz)

11



x€A
=Y PriDi=a]"" A" x(2) - E[(x, 0)(D)]
xEA
where the last equality uses the fact @(X) =E.cal0:(2)x(2)] = |47t - x(2). O

As a corollary, we bound the bias of the marginal distribution Ds conditioned on any value of
Ds.

Corollary 3.4. Use the notations in Lemma 3.9 Let e,6’ > 0. Assume that every character
X € AxB=~AxB satzsfymg E[x(D)] > € is contained in the subgroup A x {1}. Then with
probability at least 1 — &' over x ~ Dy, the conditional distribution Da|p,—, is |Ale/e'-biased.

Proof. Let T be the set of x € A satisfying Pr[D; = 2] < |A|7'¢’. Then Pr[D; € T] =
Y ser Pr[D1 = x] < €. So it suffices to show that |E[f(Dz|p,—.)]| < |Ale/e’ holds for every
x € A\ T and every nontrivial character 6 of B.

Consider x € A\ T and a nontrivial character § of B. As x ¢ T, we have Pr[D; = x| > |A|7t¢".
By Lemma

|E[0(D2|py=)]| = |Y_ Pr[D1 =a] ™" - |A| ™" - x(2) - E[(x. 6)(D)]

YEA

< | X@ - ElG0D)]| /¢
YEA

<> IE[(x, 0)(D)]|/<.
xEA

Note that for y € A, (x,6) is not in the subgroup A x {1} since § € B is nontrivial. So
|E[(x,0)(D)]| < e by assumption. It follows that | E[6(D2|p,=)]| < |Ale/e’, as desired. O

3.2 Extraction via the XOR Lemma and Rank-Metric Codes

We need the following form of Vazirani’s XOR lemma, taken from [Rao07].

Lemma 3.5 (XOR lemma). Every e-biased distribution over a finite abelian group A is €| A|'/?-

close to the uniform distribution over A.

Large characteristic. Over fields of large characteristic, we use the mod-M function in our
constructions as an extractor for low-bias distributions, in a similar manner to [DGWQ9] and
[Dvil2]. We follow the treatment in [Rao07].

For a finite abelian group A and a function o : A — C, define ||h|; = > _ 4 |h(z)| and
Ill o = maxeea [(a)].

Lemma 3.6 ([Rao07, Lemma 4.3]). Let A and B be finite abelian groups. Let D be an e-biased
distribution over A. Suppose f : A — B is a map such that for every character ¥ of B, we have

that ‘w/o\le < 7. Then f(D) is €'-close to f(Ux), where ' = r¢|B|'/2.
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Lemma 3.7 (|[Rao07, Lemma 4.4]). Let f : Zn — Zpr be the map sending a mod N to a mod M
fora € {0,1,...,N — 1}. Let ¢ be a character of Zy;. Then HwofH1 < clog N, where c is an

absolute constant.

When p is large but F, is possibly non-prime, we simply apply the mod-M function to the last
[F,-coordinate of Fy and use the following corollary of Lemma

Corollary 3.8. Let f : Zi — Z?l X Zyr be the map that sends (ai,...,a—1,a mod N) to
(a1,...,a—1,amod M) for (a1,...,a;—1,a) € Z'E\Fl x {0,1,...,N — 1}. Let ¢ be a character of

th\?l X Zpg. Then H@ZJ/;)‘"Hl < clog N, where c is an absolute constant.

Combining Lemma [3.6] and Corollary [3.8] gives the following lemma, which allows us to extract
randomness from e-biased sources over F,.

Lemma 3.9. Let f : Z — Z%l X Zyr be the map in Corollary . Then for every e-biased
distribution D over Zk;, f(D) is €'-close to the uniform distribution over Zﬁ\?l X Zyg, where e =
e- (N*"IM)Y2 . clog N + M/N and c is an absolute constant.

Proof. By Lemma and Corollary f(D)is e - (N*"'M)'/2 . clog N-close to f(U). For each
b € Zy, the number of a € {0,1,..., N — 1} satisfying a mod M = b is either |N/M | or [N/M],
and its difference from N/M is bounded by one. So f(U) is M /N-close to the uniform distribution
over ZR?I X Zyr, and the lemma follows. ]

Small characteristic. The XOR lemma requires the distribution to be e-biased. However, when
the characteristic is small, we need to deal with the more general class of (e, e)-biased distributions,
where e is small. The following lemma states that we can extract randomness from such sources
using a function f, provided that the Ly and L., norms of the Fourier transforms of certain functions
1o f are reasonably bounded.

Lemma 3.10. Let A and B be finite abelian groups. Let D be an (5,6)—b7;9,\86d distribution over
A. Let f : A — B be a map such that for every nontrivial character ¢ € B, || o f||; < a1 and
Yo fllo < aoo- Then f(D) is €'-close to the uniform distribution over B, where ¢’ = (aie +
asoe)|B|Y2.

Proof. Let 1 be a nontrivial character of B. By the XOR lemma, we just need to prove that
| E[p(f(D))]] < aie + acce.

Let E be the set of Y € A such that |E[x(D)]| > e. Then |E| < e. Writing ¢ o f =
5600 x, we have

|ER(F(D)]| = | B[4 o f)(D)]
< S 100 F()I- (D))

xeA
= > [ f(l BRI+ Y 190 F(x)| - |EX(D))]
XEA\E XEE
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< 22 WeFGl| e+ [E]-max|do f(x)|
xeg\E X

< a1 + age
as desired. O

We turn to constructing functions f with the properties required by Lemma As a warm-
up, we first give a construction based on the inner product function and error-correcting codes.
Later, we give an improved construction based on rank-metric codes.

Construction of f based on the inner product function and error-correcting codes.
We construct f by adapting the inner product function IP(zy,...,z2,) = Zgzl To9;_1T9;. Suppose
r,n > 0 are integers such that 2r < n. Let 7 : F) — IFZQ)T be a projection over F),. Let C' C F), be a
linear code over F,, of dimension ¢ and relative distance d with a generating matrix G' = (¢; ;) € F5*"
(i.e., C is the row space of ). For i € [t], define f; : F), — [}, by

.
fi(x) = cijysj-1yzj, where (y1,. .., ya,) = 7(x) € Fy.
j=1

Letf:(flvvft)]Fg—)]F;

Lemma 3.11. Let f be as above. For every nontrivial character v € @, we have Hw/o\le <p"
and Hzp/o\fH < p7or,
o0

Proof. Note that 1 o f may be viewed as a function in 7(z) € IF?,T and hence can be written as
a linear combination of the characters of IFI%T. On the other hand, the projection 7 : F — FIZ)’"
induces an injective group homomorphism ¢ : IF%’" — I/FE via x — x o 7. This means the support of

—

1 o f is contained in the subgroup L(@’) - @ of size p?". By the Cauchy-Schwarz inequality,

1/2

[2e7], = X weroal< | X Wwetr | p=|der], =0

XGL(IF27) x€EL(F2r)

where the last equality uses the fact that o f takes values in the unit circle and hence Hw/o\f H2 =
by Parseval’s identity.

We now prove the second claim, i.e. \wo f)| < X O for x € IF" We may also assume
X € «(F2 2T) since the support of 1 o f is contained in L(FQT)

Fix a nontrivial character o of F,. Then (z1, ..., ;) = o(>.'_, usa;) for some nonzero vector
u = (up,...,u) € JF;. Let (v1,...,v,) = uG, which is a nonzero codeword in C. Note that by
definition,

(pof =0 (Z w; fi(x > =0 <Z Uiyzi_lygi> , where (y1,...,y2) =7(z) € IF'Z%T.
i=1
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As x € L(]F/g”), we have x(z) = U(Z?ll w;y;) for some (wy, ..., we,) € IF'I%’”, where (y1,...,y2r) =
m(z). Then

737001 =| 5, [we ]|

r 2r
= E o (Z Uiy2i1y2i> o (Z wi%)
i=1

27
(Y1,--y2r)EFZ =1

T
= E o (Z(wym—wgi — W2i-1Y2i—1 — w2iy2i)>] ‘

2
(W1sy2r)€FFT |\ S

T

11

=1

/
E. lo (Pi(y,y"))] ‘
where P;(y,y') := viyy’ —woi—1y—woy = (viy—wa;)y’ —wai—1y. Note that ‘E%y/eyp [0 (P;(y, y’))” <
1/p whenever v; # 0. (This holds since Eycr, [0 (P;(y,y"))] is zero when v; # 0 and y is assigned
a value in F), different from ws;/v;, in which case P;(y,y’) is a degree-1 polynomial in y'.) As C'is
a linear code of relative distance J, there are at least or indices i € [r] for which v; # 0. It follows
that [i7o f(x)| < p~. O

By choosing C' C F}, to be an explicit asymptotically good linear code over I, (e.g., an expander
code), we obtain the following result.

Corollary 3.12. There exist absolute constants ¢, > 0 such that the following holds. For integers
r,n > 0 such that 2r < n, there exists an explicit function F; — IF;), where t > cr, such that

HWHI <p" and Lw(@) < p=°" for every nontrivial character ¢ € @/FE.

Construction of f based on rank-metric codes. The bilinear maps used in the above con-
struction may be viewed as diagonal matrices with many nonzeros on the diagonal. We observe that
the analysis only requires the matrices to have a high rank, and they do not have to be diagonal
or even square matrices. This leads to the following improved construction of f based on rank-
metric codes, which are subspaces of matrices such that every non-zero matrix in the subspace has
a high rank. Here we use an optimal construction of rank-metric codes discovered independently

by Delsarte [Del78] and Gabidulin [Gab85].

Definition 3.13 (Delsarte-Gabidulin codes). Let k < r < s be positive integers. Fizx gi,...,g, €
Fps that are linearly independent over Fp. Also fix 7 : Fype — F} that is an isomorphism of vec-
tor spaces over F,. For u = (uy,...,u;) € JF';S, let fy := 25:1 wXP € Fp:[X] and M, =
(7(fulg1))s - - s 7(fulgr))) € F3X", where each 7(fu(g:)) € F, is viewed as a column vector.

Lemma 3.14. For any nonzero u € IF];S, the matriz M, has rank at least r — k + 1.

Proof. Let Z C Fps be the set of roots of f, in Fps. We have |Z| < deg(f,) < p*~!. Note that for
a column vector y = (y1,...,¥yr) € Fp, we have Myy = >0 vi7(fulgi)) = 7(fu(32i; igi)) since
7 is Fp-linear and f, is a linearized polynomial. So M,y = 0 iff "7 | y;gi € Z. As g¢1,...,g, are
linearly independent over F,,, the map y + >_._; y;g; is injective. So there are at most |Z| < pFt
choices of y such that M,y = 0. We conclude that the right kernel of M, has size at most p*~!
and hence has dimension at most k — 1. In other words, the rank of M, is at least r — k+1. O
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The map u +— M, is an Fj-linear injective map by Lemma So {M, :ue€ F’;s} is a linear
space of dimension ks over [F),, and any nonzero matrix in this space has rank at least » — k + 1 by
Lemma We record this in the following corollary.

Corollary 3.15. Let k < r < s be positive integers. Let t < ks. There exist explicit matrices
My,...,M; € FZXT such that for any nonzero ¢ = (c1,...,¢) € FZ, the matriz 22:1 c; M; has rank
at least r — k+ 1.

Construction 3.16. Suppose r,n > 0 are integers such that 2r < n. Let s = n—1r > r. Let
ke r] and t € [ks]. And let M, ..., M; be as in Corollary . Identify ¥ with Ty, x F),. Then
for i € [t], define f; : ¥y = F) x F) — T, to be the Fy-bilinear map sending (v,y) € F, x F}, to
T Myy, where x and y are viewed as column vectors. Finally, let f = (f1,..., ft): Fy — IF;.

—

Lemma 3.17. Let f be as above. For every nontrivial character ¢ € F., we have H@Hl <p"

o [557] <570+

Proof. Fix a nontrivial character o of Fp. Identify F; with F; x F). Then ¢ o f has the form
(z,y) = o(zT My) where M € F**" is a nontrivial linear combination of the matrices M, ..., M;.
Let R be the rank of M. Then r — k +1 < R < min{s,r} = r by Corollary

Let U,V C F, such that U is the left kernel of M and V' is a complement of U. We have
codimp, U = dims, V = R. Identify F with U x V. Identify F? with U x V x F, so that
(X1, X2, x3) sends (u,v,y) € U x V x F, = F} to x1(u)xa2(v)xs(y). Consider x = (x1, X2, X3) € I/FZ}.
We have L
0ot = E, |We N@x@]

N (U,v,y)EIEXVxIF; {U((u - ”)TMy)Xl(U)X2(U)X3(y)} 0
B (u,v,y)e%xVng [U(UTMy)Xl (U)X2(U)X3(y)]

N (v,y)ngIFg [U(UTMy)XQ(U)XS(y)} uIEU [Xl (u)}

—

Note E,cu [Xl (u)] = 0 whenever x; # 1. So the support of i o f is contained in the subgroup
{1} x V x @ of size pfit™ < p?. Also note that ¢ o f takes values in the unit circle of C and hence
er@ [V o f(x)|? = Eyerp [(¥ o f)(z)?] =1 by Parseval’s identity. Then by the Cauchy—Schwarz

inequality,
1/2

o7, = X werwls | X werl| v =y
xe{l}x\A/x]fg xE@

This proves the first claim.
We now prove the second claim, i.e., [¢po f(x)] < p~=F*D for y € Fy. We may assume

—

X = (x1,Xx2,x3) € {1} x V x FE since otherwise 9 o f(x) = 0. Choose w € V such that o sends
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v €V to o(vTw). Then

et =| B e Myee)] ‘

N (v,y)nglF; [U@T(My - w))XS(y)} ‘

_ yg% LIeEv [o(0T (My — w))] ~><3(y)H

< Pr [My = w].

T yelry,
The first equality holds by and the assumption x; = 1. The last inequality above holds since
Evev [o(vT (My — w))] = 0 when My # w. Finally, note Pryepr[My = w] is either zero or p
depending on whether My = w has a solution. In either case, we have |¢/o\f ()| < p B <
—(r—k+1) n
P .

Assuming that n is sufficiently large and ¢ is not too much larger than p~™/2, the construction
above gives explicit deterministic extractors that extract a constant fraction of min-entropy from

(¢, e)-biased sources over I, as stated by the following theorem.

Theorem 3.18. Letn,t,e € Nt and d, &’ > 0 such thatn > c and tlogp < ¢~ 'nlogp—2log(de/c’),
where ¢ > 0 is a large enough absolute constant. Let e = dp~™2. Then there exists an explicit
deterministic ¢'-extractor f : Fy — IF; for (¢, e)-biased sources distributed over Fy.

Proof. Choose r =n/4, s=n—r, and k = r/2. (For ease of readability, we omit floor and ceiling

functions.) Note t < ks assuming c is large enough. Let f : Fy, — IE‘; be as in Construction

Then H@H < p" and Hw/o\f‘
1

distribution D over F}!, f(D) is €”-close to the uniform distribution over F}, where & = (p"dp~™/?+

< p~"/? by Lemma [3.17, By Lemma [3.10} for any (e, e)-biased
(o]

p~"/%e) - pt/2. As c is large enough, the conditions in the theorem imply p"dp~™/2 - pt/? < ¢/ /2 and
p"2e . pt/2 < g’'/2. So &” <&’ and hence f(D) is ¢’-close to the uniform distribution. O

We also obtain an explicit construction of deterministic extractors that extract most min-
entropy from very dense affine sources, and more generally, (0, e)-biased sources. It is interesting
to compare and constant the theorem below with our construction in Section which requires a
large field size but works for arbitrary min-entropy, and is also based on very different ideas.

Theorem 3.19. Let n,t,e € N* and e € (0,1) such that t <n —3—2log,(e/e). Then there exists
an explicit deterministic e-extractor f : Fy — IF;, for (0,e)-biased sources, and in particular, for
affine sources of codimension at most log,, e.

Proof. Note that n > t +3 > 4. Choose r = [n/2] > (n—1)/2, s =n—r,and k = 2 < r.
Note t < ks since t < n and s > n/2. Let f : F) — IE‘; be as in Construction . Then

Hz/;/o\fH < p~(=%+1 by Lemma [3.17 By Lemma [3.10} for any (0, e)-biased distribution D over
X 1/2

F7, f(D) is ’-close to the uniform distribution over F},, where ¢’ = p~=k+D e pt/2 Finally, note
that &’ < e by the choice of t. O
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Extracting most min-entropy from strongly (¢, e)-biased sources. We now construct de-
terministic extractors that extract most min-entropy from strongly (e, e)-biased sources.
The following lemma allows us to reduce to the case of affine sources.

Lemma 3.20. Let  : F}) — F}' be a surjective Fp-linear map. Let D be a strongly (e, e)-biased
distribution over ;. Then 7(D) is &'-close to a convex combination of affine sources of codimension

m/2 /2.

at most log, e in T, where e’ = 2(p™/* - e - €)

D
Proof. Let A be a subspace of F) of size at most e and B be a complement of A such that
by identifying ) with A x B and @ with A x E, every nontrivial character y of I/FTZ} satisfying
|E[x(D)]| > ¢ is in the subgroup A x {1}. This is possible as D is strongly (e, ¢)-biased. Identify
A and B with the subgroups A x {0} and {0} x B of A x B respectively. Then the codimension
of B in [} is at most log,e. Let Dy and Dy be the marginal distributions of D over A and B
respectively.

Let g9 > 0, whose value is determined later. By Corollary [3.4] for x sampled from D, with
probability at least 1—¢g, the conditional distribution Ds|p,—, is |A|e/eo-biased. Fix x € supp(D;)
such that Da|p,—, is |Ale/ep-biased. We claim that 7(D|p,=,) is €1-close to an affine source of
codimension at most log, e, where €1 = p™?|Ale/ey. Note that 7(D|p,—z) = 7(z) + 7(Da|p,—z)-
So to prove the claim, we just need to show that m(Dz|p,=z) is €i-close to an affine source of
codimension at most log, e.

Let H = w(B). Then 7w|p : B — H is a surjective linear map. So the map x — xomw
sends a nontrivial character of H to a nontrivial character of B. As Da|p,—, is an |Ale/ep-biased
distribution over B, we see that m(Da2|p,—,) is an |A|e/eg-biased distribution over H. By the XOR
lemma (Lemma , 7(Da|p,—z) is |H|'/?|Ale /eo-close to the uniform distribution over H. Note

dim H = dim B — dim(B Nker7) > dim B — dim(ker )
=dim B — (n —m) = m — codim B.

So the codimension of H in F}" is at most codim B < log,, e. Therefore, the distribution 7(Da|p, =)
is |[H|'/2|Ale/eo-close to an affine source of codimension at most log,, e. This proves the above claim
as |H|Y?|Ale/eo < p™/?|Ale/eo = e1.

We have shown that for z sampled from D;, with probability at least 1 — gg, the distribution
D|p, = is e1-close to an affine source of codimension at most log,, e. It follows that D is (eo+¢1)-close
to a convex combination of affine sources of codimension at most log, e, where g1 = ™2 Ale/eo.
Finally, choose g9 = (p™/?|Ale)'/? so that

g0 +e1 =260 =207 |A] - &) /2 <2(p™ e e)'/2 O

Theorem 3.21. Let n,t,e be positive integers and e,&' € (0,1). Let n’ = min{|2log,(1/¢) —
2log,(16e/c")|,n}. Suppose t < n' —3 — 2log,(2¢/e’). Then there exists an explicit &'-extractor
Ext : F)} — Fl, for strongly (e, e)-biased sources.

Proof. We construct the extractor Ext as follows.

o Let m: ) — Fgl be an explicit linear surjective map.

e Let f: IF;}’ — IF; be an explicit deterministic ¢’/2-extractor for affine sources of codimension
at most log, e.
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e Finally, let Ext = f o .

Here the existence of f is guaranteed by Theorem ast <n'—3—2log,(2¢/c’). We claim that
Ext:F) — IF; is a deterministic ¢’-extractor for strongly (e, e)-biased sources.

Consider an arbitrary strongly (e, e)-biased source D. By the choice of n/, we have 2(p"// 2.e.
£)1/2 < ¢//2. So by Lemma 7(D) is €'/2-close to a convex combination of affine sources of
codimension at most log, e. Then by the affine extractor property of f, we know 7(D) is ¢’-close
to the uniform distribution. This proves the claim. ]

Remark 3.22. By Proposition an (g, e)-biased source over Fp, is ¢’-close to a source of min-
entropy at least min{2log(1/¢),nlogp — loge} —log(2/¢’). The output bit-length ¢logp in Theo-
rem matches this bound up to an additive term O(loge + log(1/€") + log p).

Remark 3.23. As (¢, e)-biased sources over ) are strongly (e, p®)-biased, Theorem also gives
deterministic extractors for (g, e)-biased sources at the cost of replacing e with p® in the theorem
statement. It is interesting to ask for deterministic extractors, explicit or not, that extract most
min-entropy from (g, e)-biased sources (up to the lower bound in Proposition without this
exponential blow-up. We note that the extractors in Theorem [3.18|could extract a constant fraction
of the min-entropy from (g, e)-biased sources assuming that ¢ is small enough.

4 Preliminaries on Algebraic Geometry

In this section, we introduce preliminaries and notations on algebraic geometry. One can also refer
to a standard text, e.g., [Sha94, [Vak22].

4.1 Terminology

All rings in this paper are commutative rings with unity. A proper ideal I of a ring R is prime
if ab € I implies a € I or b € I for a,b € R. This is equivalent to the condition that R/I is an
integral domain. An ideal I of R is radical if a™ € I implies a € I for every a € R and m € NT.

Affine varieties. Let F be a field and let F be its algebraic closure. For n € N, the affine n-space
Ag over I is the set F" equipped with the Zariski topology, defined as follows. A subset U C Ag
is closed if it is the set of common zeros of a set of polynomials in F[X1,...,X,]. And U C A} is
open if its complement is closed. A closed subset V' C Ag is said to be an affine variety over F,
and its elements are called points of VE| We say V is defined by a set S C F[X,...,X,,] if it is the
set of common zeros of the polynomials in S.

We often write A" instead of Az when F is algebraically closed and clear from the context.

A point a € Ay is said to be a rational point if the coordinates of a are all in F. For an affine
variety V over F, denote by V(F) the set of rational points in V. Each rational point is closed (as
a set containing the point itself) in the Zariski topology.

*When T is not algebraically closed, affine varieties (and affine spaces) are often defined in a different way such
that each point of an affine variety is not a single point in F, but an orbit consisting of all the conjugates of a point
in F" under the natural action of the automorphism group of F over F. Our definition instead follows that in [Dvil2],
which suffices for us and is more elementary. One can switch between these two definitions by splitting the orbits
into points in F" and vice versa. One notable difference between the two definitions is that, in our definition, points
are not necessarily closed in the Zariski topology over F when the field F is not algebraically closed, while they are
always closed in the other definition.
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For an affine variety V' C Af over F defined by S C F[X},..., X,], and an extension field K of
IF, denote by Vi the affine variety V’ C A} over K defined by S.

Remark. Note that under our definitions, Vf is the same as V' as subsets of F".

For two affine varieties V.V’ C A} over a field F, we say V is an affine subvariety of V' if
V C V'. We say V is the affine subvariety of V' defined by S C F[Xy,...,X,] if it is the set of
common zeros in V' of the polynomials in S.

Irreducibility and absolute irreducibility. An affine variety V over a field F is irreducible if
it is nonempty and cannot be written as the union of finitely many proper affine subvarieties over F.
Otherwise, we say V is reducible. A subvariety Vj of an affine variety V is an irreducible component
of V' if Vj is irreducible and maximal (with respect to set inclusion) for this property. Every affine
variety can be uniquely represented as the union of finitely many irreducible components.

An affine variety V' over IF is absolutely irreducible if Vi is irreducible. By definition, the Zariski
topology over F is finer than that over T, i.e., if a set is closed over F, then it is also closed over F.
So absolute irreducibility implies irreducibility.

Let V' C A% be an irreducible variety over F. The automorphism group Aut(F/F) of F over F acts
naturally on Vi such that 7 € Aut(F/F) sends a point a = (a1,...,a,) € Vi to (7(a1),...,7(an)).
Every 7 € Aut(F/F) permutes the irreducible components of V. When F = F,, the Frobenius
automorphism o : z — 29 of F, over F, generates a cyclic group that acts transitively on the set
of irreducible components of V. In particular, if V' is not absolutely irreducible, then o sends each
irreducible component of Vz to a different irreducible component.

The ideal-variety correspondence. For an ideal I of F[X7,...,X,], denote by V(I) the affine
subvariety of Af over F defined by I. Define V(fi,...,fx) = V({f1,..., fx)) for fi,...,fx €
F[X1,...,Xy]. For an affine variety V' C A" over I, denote by I(V) the ideal of F[X7,..., X,]
consisting of all the polynomials vanishing on V. The ideal I(V), and in fact every ideal of
F[X1,...,Xy], has a finite generating set by Hilbert’s Basis Theorem.

The map V +— I(V) is an inclusion-reversing one-to-one correspondence between the affine
subvarieties of Af over F and the radical ideals of F[X7, ..., X,], with the inverse map I — V(I).
An affine variety V is irreducible iff I(V') is a prime ideal.

For an affine variety V' C Ag over F, define

FV] := F[X1, ..., X/ I(V),

which is called the coordinate ring of V. When V is irreducible, the ideal I(V') is prime and F[V]
is an integral domain. In this case, define the function field of V', denoted by F(V'), to be the field
of fractions of F[V].

Dimension. The dimension of an irreducible affine variety V over a field F is defined to be the
largest integer m such that there exists a chain of irreducible affine subvarieties § C Vy C V; €
--+ C Vi, =V over F. More generally, the dimension of a nonempty affine variety V', denoted by
dimV, is the maximal dimension of its irreducible components. We have dimV = dim V5 for a
nonempty affine variety V over F.

The dimension of an irreducible affine variety V over F also equals the transcendence degree
of F(V)/F, i.e., the largest cardinality of an algebraically independent subset of F(V') over F. In
particular, dim A} = n as its function field F(X1, ..., X,,) has transcendence degree n over F.

20



A nonempty affine variety is equidimensional if its irreducible components have the same di-
mension. Equidimensional affine varieties of dimension one are also called (affine) curves.

The following fact is a geometric version of Krull’s principal ideal theorem. See, e.g., [Vak22|
§12.3].

Lemma 4.1. Let V C Af be an irreducible affine variety over a field F. Let f € F[Xq,..., X,] such
that f does not vanish identically on V.. Then either VNV (f) =0 or VNV (f) is equidimensional
of dimension dimV — 1.

Degree. Let F be an algebraically closed field. For an irreducible affine variety V' C Ag over
IF, the degree of V in Af, denoted by degV, is the number of intersections of V' with an affine
subspace of Af of codimension dim V' in general position. Following [HS80, Hei83|, for an affine
variety V' C Ag over F with irreducible components Vi,...,V}, we let degV := Zle degV;. For
an affine variety V' over an arbitrary field IF, let deg V' := deg V5.

For a nonzero polynomial f € F[Xi,...,X,], we have deg(V(f)) < deg f (and the equality
holds if f is squarefree).

The following version of Bézout’s inequality is very useful for us.

Lemma 4.2 (Bézout’s inequality [HS80| [Hei83]). Let V, V' C AJ be affine varieties over a field F.
Then
deg(VNV') <degV -degV".

Morphisms between affine varieties over a field F. Let F be a field. Let fi,...,fn €
F[X1,...,X,], which define amap f : A} — A sending a € Af to f(a) = (fi(a),..., fm(a)) € AF.
Now suppose V' C Ap and V' C Ag' are affine varieties over I such that f (V) C V'. Then the map
f restricts to a map ¢ : V — V'. It is associated with an F-algebra homomorphism

o F[V'| =F[Y1,..., Y]/ I(V') = F[V] = F[Xy, ..., X/ I(V),

which sends Y; + I(V’) to fi(X1,...,Xn) + I(V) for i € [m]. Note that ¢* simply sends a function
on V' to its composition with ¢, which is a function on V.

We say the pair (¢, o) is a morphism from V to V' (over F) and it is defined by fi,..., fm.
For simplicity, we usually suppress ¢ and denote the morphism by ¢ when there is no confusion.

A morphism between affine spaces is also called a polynomial map in this paper. Let ¢ : Ag —
A" be a polynomial map. If V' C Af is an affine variety defined by a set S of polynomials, then
¢ 1(V) C AZ is the affine variety defined by ¢#(S). So the preimage of a closed (resp. open) set
under a polynomial map is closed (resp. open).

Zariski closure and dominant morphisms. For a set S C Ag, the (Zariski-)closure of S,
denoted by S, is the smallest closed set containing S, i.e., the intersection of all affine subvarieties
of A} that contain S. We say S is dense in V if S=V.

Suppose V' C Af is an affine variety over F and ¢ : V — Ap' is a morphism defined by
polynomials fi,..., f;, € F[X1,...,X,]. The image ¢(V) is not necessarily a closed set in Ag.
To understand the closure ¢(V'), note that a polynomial P € F[Y7,...,Y,,] vanishes on ¢(V)
(or equivalently, on (V) iff the composition of P with ¢ vanishes on V, i.e., ¢(P) = 0. So
the ideal of F[Y7,...,Y,] defining p(V) is precisely the kernel of ¢ : F[Y7,...,Y,] — F[V]. Let
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ri =Xi +1(V) € FIXy,...,X,]/I(V) = F[V] for i € [n]. Then the coordinate ring F[p(V)] =
]

F[Yi,....Ynl/I (gp(V)) of p(V) may be identified with F[fi(r1,--.7n); -+ fm(T1,- -, 7m)] C F[V]

viaY; +1 (go(V)) = fi(r1y . ).
We say a morphism ¢ : V' — V' between affine varieties is dominant if o(V) =V'. If o : V = V'

is a dominant morphism between affine varieties and V is irreducible, then V' is also irreducible.
We also need the following lemma.

Lemma 4.3. Let V C Ag be an irreducible affine variety over a field F. Let f1,..., fs,91,...,9: €
F[X1,...,Xn]. The polynomials fi,..., fs (resp. fi,-.., fs,q1,--.,4¢) define a polynomial map 7 :
AR — AS (resp. mo i AR — AST). Then there exist distinct iy, ..., ik € [t], where k = dim (V) —
dimmy(V'), such that the polynomial map m : Af — A]‘;frk defined by fi,..., fs, i1, -, Gi, satisfies
dim7(V) = dimme(V) = dimm (V) + k.

Proof. Let 7, = X; + I(V) € F[Xy,...,X,]/I(V) = F[V] for i € [n]. Let f; = f(r1,...,m) for
i € [s] and g; = g(r1,...,m) for i € [t]. The function fields of 71 (V) and ma(V) are K; :=
F(f1,...,fs) and Ky := F(f1,..., fs, 31, .., ) respectively. So gi,...,d: is a generating set of
Ky/K;. The lemma then follows from the fact in field theory that a generating set of a field
extension Ky/K; always contains a subset that is a transcendence basis of Ky/K; (see [Lan02,
Chapter VIII, Theorem 1.1]). O

Fibers of morphisms. Let ¢ : V — V'’ be a morphism between affine varieties over F. For
b € V'(F), the preimage ¢~ 1(b) = {a € V : p(a) = b} is an affine subvariety of V over F. We call
o~ 1(b) the fiber of p over b, or the fiber of V over b if ¢ is clear from the context.

The following theorem, known as the fiber dimension theorem, relates the dimension of a general
fiber of a dominant morphism ¢ : V' — V' between irreducible affine varieties V, V' to the dimension
of V and that of V’.

Theorem 4.4 (Fiber dimension theorem). Suppose ¢ : V. — V' is a dominant morphism between
irreducible affine varieties over an algebraically closed field F. Then for every b € (V') and every
irreducible component Z of ¢~1(b), it holds that

dimZ > dimV — dim V'.

Moreover, there exists U C @(V) such that U is a dense open subset of V' and dim¢~1(b) =
dimV — dim V' holds for all b € U.

See, e.g., [Sha94l §1.6.3, Theorem 7] for a proof. We remark that the above version of the fiber
dimension theorem can be generalized in several ways, but this version suffices for us.

We also need the notion of generic fibers. Let ¢ : V' — V'’ be a dominant morphism defined
by fi,...,fm € F[X1,..., X,,] between irreducible affine varieties V" C A} and V' C AP over F.
Then F[V'] = F[Y1,...,Y,]/I(V') is identified with a subring of F[V] under ¢, so that Y; + I(V")
is identified with fi=fi+ I_(V) The generic fiber V,, of ¢ is then the affine subvariety of Vg
defined by fi — fi,..., fm — fm € F(V')[X1,..., Xy]. Its known from transcendence theory that V,
is irreducible of dimension dim V' — dim V. Thus, the second claim in Theorem states that the
dimension of the irreducible components of a general fiber equals that of the generic fiber.
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Finite morphisms. We say a morphism ¢ : V — V' between affine varieties V and V' over F is
a finite morphism if F[V] is finitely generated as a module over its subring ¢*(F[V’]). The image
of a closed set under a finite morphism is closed. In particular, a finite morphism is surjective if it
is dominant. Fibers of finite morphisms are finite sets.

4.2 Further Results

We list some further results in algebraic geometry, which are used in later sections.

Estimates for the number of rational points over ;. We start with the following elementary
upper bound on the number of rational points of an affine variety over a finite field I, which can
be derived from Bézout’s inequality [HS80, [(CMOG].

Lemma 4.5 ([HS80, Proposition 2.3]). Let V' C Ag be an affine variety of dimension k and degree
d over a field F. Let S CTF be a finite set. Then |V N S" < d|S|*. In particular, if F = F,, then
V()| < dg”.

If V is absolutely irreducible and ¢ is sufficiently large, one can do better than Lemma and
show that |V(F,)| is close to ¢%™V using the Lang-Weil bound. We need the following effective
version of this bound.

Theorem 4.6 (Effective Lang—Weil bound). Let V' C qu be an absolutely irreducible affine variety
over Fy of dimension k and degree d. Then

V(Fy) — | < (d—1)(d —2)g""/? + 5d"/3¢ .
In particular, we have |V (F,)| > ¢*/2 if ¢ > 20d°.

Theorem was proved by Cafure and Matera as [CM06, Theorem 7.1] with an extra condition
that ¢ > 2(k + 1)d*. However, a more careful analysis shows that this condition can be removed.
This was confirmed to us in [Mat22]. See Appendix |A| for more details. The fact that ¢ does not
need to depend on k is crucial to making our required field size independent of dim V', where V' is
an affine variety that defines an (n, k, d) algebraic source over F,.

Bombieri’s estimate for exponential sums. We also need Bombieri’s estimate for exponential

sums over rational points of curves over [Fy.

Theorem 4.7 ([Bom66, Theorem 6]). Let C C Aﬁq be an affine curve of degree di over a finite

field ¥y of characteristic p. Let o : F, — C* be the character x eZmiz/p of F,. Suppose
I € FylX1,...,Xx] is a polynomial of degree ds such that for any g € Fy[Xi,...,X,] and any
irreducible component Cy of C, the function f — (g — g) does not vanish identically on Cy. Then

> (coTrof)(x)| < (df +2didy — 3dy)q"/? + di.
zeC(Fyq)

where Tr denotes the trace map from Iy to .
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Noether normalization. The classical Noether normalization lemma proved by Noether [Noe26]
states that an affine variety V of dimension k over an infinite field F admits a finite morphism
p:V = Af;. Moreover, ¢ may be chosen to be a linear map. We give the following quantitative
version of this result, which states that the coefficients that specify the linear map can be chosen
from a finite subset S C [F provided that S is large enough.

Lemma 4.8 (Noether normalization). Let V' C A be an affine variety of dimension k and degree
d over a field F. Suppose S is a finite subset of F of size greater than d. Then there exists a
polynomial map ¢ : A — AE defined by linear polynomials ¢; = Z?Zl ¢ij Xi € F[Xq,...,X,] with
coefficients ¢; 1,...,cin €S fori=1,... k such that ply : V — Aﬁ- is a finite morphism.

For convenience, we also prove the following lemma, which guarantees the existence of linear
polynomials achieving simultaneous Noether normalization for two affine varieties.

Lemma 4.9. Let K; and Ky be extension fields of a field F. Fori=1,2, let V; C A be an affine
variety of dimension k; and degree d; over K;. Suppose S is a finite subset of F of size greater than
di + da. Then there exist linear polynomials {1, ..., laxik, koy € F[X1,. .., Xu] with coefficients in

S such that the morphism V; — AHIZ defined by £1,..., 0, is finite for i =1,2.
See Appendix [A] for the proofs of Lemma [4.8 and Lemma

Effective fiber dimension theorem. We also need an effective version of the fiber dimension
theorem. To suit our needs, we first formulate the theorem in the following general form. Recall
that for hy,..., hs € F[X1,...,X,], we denote by Ly, . . r the linear span of hq,. .., hs and 1 over
F.

Theorem 4.10 (Effective fiber dimension theorem — general form). Let V' C A™ be an irreducible
affine variety of dimension k over an algebraically closed fieldF. Let hy, ..., hs € F[Xy,..., X,] with
deghy > --- > deghs. Let fi,..., fm € Lp,,. . h,F, which define a polynomial map f : A" — A™.
Let k' = dim f(V).

Let j1,...,jw € [m] such that the morphism f': V — A¥ defined by fivs--os [, is dominant,
which exist by Lemma . Let Vi C Aﬁ*‘L(Yhm,Yy) be the generic fiber of f' (see the definition
after Theorem|4.4). Finally, let lq,... 0, € F[X1,...,X,] be linear polynomials such that both the

morphism w : V. — AF defined by (1, ... 0, and the morphism T : Vir — All;(é/,.--,Yk/) defined by

ly,...,0L_p are finite.

Let t € {0,...,k — k'}. Then there exists a polynomial P € F[Xq,...,X,] of degree at most
K - degV - Hf;l deg h; that does not vanish identically on V such that the following holds: Let
@+ A" — AT be the polynomial map defined by l1,..., 4, fi,..., fm. Then for every a € V
satisfying P(a) # 0, the fiber w[;l(go(a)) is equidimensional of dimension k — k' —t.

As a corollary, we have the following effective fiber dimension theorem, stated in a more standard
form.

Corollary 4.11 (Effective fiber dimension theorem — standard form). Let V' C A" be an irreducible
affine variety over an algebraically closed field F. Let hy,...,hs € F[X1,...,X,] with degh; >
-« >deghg. Let fi,..., fm € Lhy,.. n,F, which define a polynomial map f : A" — A™. Finally,
let W = f(V) C A™. Then there exists a polynomial P € F[X1,...,X,] of degree at most dim W -
degV - H?i:rﬁlwdeg h; that does not vanish identically on V such that for every a € V satisfying
P(a) # 0, the fiber f|/*(f(a)) is equidimensional of dimension dimV — dim W.
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Proof. Use the notations in Theorem [£.10] Note that the linear polynomials ¢1,. .., ¢} satisfying
the conditions in Theorem exist by Noether normalization (see Lemma [4.9). Now apply
Theorem [4.10 with ¢ = 0. O

Theorem [4.10] is proved in Appendix

Degree bound for the images of affine varieties. Finally, we need the following degree bound
for the images of affine varieties (or more precisely, their closures) under polynomial maps.

Lemma 4.12. Let V C Af be an affine variety over a field F. Let hy, ..., hs € F[X1,..., X,] with
deghy > --- > deghs. Let fi,..., fm € Lp,,. . h,F, which define a polynomial map f : Af — AR
Finally, let W = f(V) C Ag'. Then

dim W
degW < degV - H deg h;.
i=1
We prove Lemma in Appendix |C| It generalizes a bound in [BCS97, §8.5], which states
that deg W < d4mW if V' = A} and deg f; < d € NT for i € [m].

5 Linear Seeded Rank Extractors for Varieties

In this section, we consider the problem of constructing seeded rank extractors for varieties that
are linear: i.e., a set of linear maps such that for every variety V' most of the maps in the set
preserve the dimension of V. We show that these objects are simply linear seeded rank extractors
for subspaces, a well-known linear algebraic pseudorandom object for which explicit constructions
were given in [GROS, [FS12] [For14].

The proof is based on the notion of tangent spaces of varieties, which are linear subspaces that
are local first-order approximations of varieties. Intuitively, for an affine variety V', as we look at
smaller and smaller neighborhoods of a nonsingular point a of V', the tangent space T,V would
become a better and better approximation of V. Thus, one should expect that a linear map that
preserves the dimension of T, V', which is a subspace, also preserves the dimension of V. While it
is not entirely obvious what “smaller and smaller neighborhoods” mean in the Zariski topology, we
will see that the claim is indeed true and follows from general facts in algebraic geometry.

Fix IF to be an algebraically closed field throughout this section. We first formally define seeded
rank extractors for varieties and subspaces.

Definition 5.1 (Seeded rank extractors). Let ¢1,...,¢p : A™ — A™ be polynomial maps, where
n > m. We say (¢i)icjq is an (n,m,k,e) seeded rank extractor for varieties (resp. subspaces) if
for every affine variety (resp. linear subspace) V- C A™ over F of dimension at least k, all but at
most e-fraction of p; satisfy dim¢;(V)) = m (or equivalently, ¢;|y : V. — A™ is dominant). We
call log ¢ the seed length of the seeded rank extractor.

In addition, we say (‘Pi>z’e[z} is linear if each w; is a linear map, i.e., defined by linear polyno-
mials.

The optimal choice of k is k = m, in which case the seeded rank extractor is “lossless.” Explicit
linear (n,m,k,e) seeded rank extractors for subspaces with seed length O(logn + log(1/¢)) and
k = m was first constructed by Gabizon and Raz |[GR08]. We use an improved construction given
in [FS12, [Forl4].
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Lemma 5.2 ([FS12, [For14]). Let n € Nt and m € [n]. Let w € F* such that the multiplicative
order of w is at least n. Let s1,...,sy be distinct elements in F*. Fori € [{], let ¢; : A™ — A™ be
the linear map defined by the m x n matriz ((wj/_lsi)j_l)j/e[m]’je[n]. In other words, ¢; is given by

n n

n
Pi - (ab S an) = Z sg_laj, Z(wsi)J_laj, ceey Z(wm_lsi)]_laj
j=1

j=1 j=1
Then (¢i)icjq is a linear (n,m,m,¢) seeded rank extractor for subspaces, where e =m(n —m)/¢.
The main result of this section is the following theorem.

Theorem 5.3. An (n,m,k, ) linear seeded rank extractor for subspaces is also an (n,m, k,e) linear
seeded rank extractor for varieties.

Corollary 5.4. The construction (¢;)ic[q in Lemma is a linear (n, m,m,¢) seeded rank extrac-

tor for varieties, where € = m(n —m)/{.

5.1 Tangent Spaces and the Jacobian Criterion for Smoothness

The proof of Theorem uses the notion of tangent spaces.

Definition 5.5 (Tangent space). Let V' C A" be an affine variety over F. For a point a € V', the
tangent space T,V of V' at a is the linear subspace of A" defined by the linear equations

) 38)‘?(6) X =0, f=[f(X1,...,X,) € I(V).
i=1 ¢

To explain the intuition, note that at a point a = (ay,...,a,) € V, the inhomogeneous linear
equations > ;" ; %(a) (X;—a;) = 0with f € I(V) define an affine subspace of A" passing through
a, which can be seen as a first-order approximation of V' locally at a. The tangent space T,V is
defined to be the linear subspace that is a translate of this affine subspace.

The dimension of a tangent space is bounded from below by the dimension of the variety, as
stated by the following lemma.

Lemma 5.6 ([Sha94, §II.1]). dim 7,V > dim V' for every affine variety V over F and a € V.

The notion of smoothness can be defined in terms of whether the equality in Lemma [5.6| is
attained. For simplicity, we define it only for irreducible affine varieties, which suffices for us.

Definition 5.7 (Smoothness). Let V' be an irreducible affine variety over F and let a € V. If
dim7,V = dimV, then we say V is smooth or nonsingular at a, and a is a nonsingular point of
V. Otherwise, we say V is non-smooth or singular at a, and a is a singular point of V.

Denote by Viing the subset of singular points of V', called the singular locus of V.
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Jacobian criterion for smoothness. The singular locus Viine of V' can be determined via the
Jacobian criterion, which we explain now.

Definition 5.8 (Jacobian matrix). Let fi,..., fm € F[X1,...,X,]. The associated Jacobian ma-

trix Jg is an m X n matriz over the ring F[X1,...,X,], defined by
Ofi
Je= ( J ) .
9Xj / icim] jemn]

Lemma 5.9. Let V C A™ be an affine variety over F, and let fi1,..., fm € F[X1,..., X,] such that
{fi,---, fm} is a generating set of [(V). Then for a = (ay,...,a,) € V, the tangent space T,V is
the right nullspace of Jg(a).

Proof. By definition, we want to show the following statement: Z;”:l g—)@(a) ~aj =0 for all i € [m]
i)Y ;—)J;j(a) ~aj =0 for all f € I(V). The “if” part is immediate as fi,..., fm € I(V).

To see the “only if” part, consider f € I(V). Then f = >, gif; for some gi1,...,9m €
F[X1,...,Xy]. So for j € [n],

@ = (2@ + a0 Si@) =3 a0 S )

i=1 i=1

where the second equality holds as f; vanishes at a € V for i € [m]. It follows that if > 7, (98 )];Z (a)-

a; =0 for i € [m], then 377, aa—)é(a) ~aj = 0. O

Corollary 5.10 (Jacobian criterion for smoothness). Let V' C A" be an irreducible affine variety
of dimension k over F, and let fi,..., fm € F[X1,...,X,] such that {f1,..., fm} is a generating
set of I(V'). Then the singular locus of V is given by

Viing = {a € V : rank Je(a) < n — k},
which is an affine subvariety of V' defined by the set of all (n — k) x (n — k) minors of Js.

Proof. By Lemma the condition that rank J¢(a) < n — k is equivalent to dim 7,V > k. This is
further equivalent to dim T,V # k by Lemma, So the claim holds by definition. O

Remark. The above Jacobian criterion is related to but different from the Jacobian criterion for
algebraic independence. The latter states that the transcendence degree of F(f1,..., fm)/F equals
the rank of the associated Jacobian matrix Jg, and in particular, fi,..., f;, are algebraically in-
dependent iff rank Jf = m. However, this statement requires the characteristic of F to be zero or
large, or more generally, a certain separability condition to hold. On the other hand, the Jacobian
criterion for smoothness that we use holds without extra conditions. In particular, it works in any
characteristic.

We also need the fact that varieties are almost-everywhere-nonsingular.

Lemma 5.11 ([Sha94l §I1.1]). The set of nonsingular points of an irreducible affine variety V over
F is a dense open subset of V.. That is, Ving 1s a proper subvariety of V.
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5.2 Proof of Theorem [5.3|
The proof of Theorem is based on the following lemma.

Lemma 5.12. Let V C A" be an irreducible affine variety over ¥ and let a € V. Let f1,..., fm €
F[X1,...,Xy], which defines a polynomial map ¢ : A™ — A™. Let W be the right nullspace of
Je(a) = (g)é (a)>' il Suppose dim(W NT, V) =dimV —m. Then dime(V) = m.
em|, €N

Proof. Let b= (by,...,by) = ¢(a) € A™, so that a € ¢~ 1(b). As V Np~1(b) is a subvariety of both
V and o~ 1(b), we have T,(V Np=1(b)) C (T,V) N (Tae~1(b)). ) ) )

Note that the fiber ¢~ 1(b) C A" is defined by the polynomials fi,..., f; where f; := fi — b;
for i € [m]. So f; € I(go_l(b)) for i € [m]. Pick a finite enerating set {g1,...,9s} of I(p~1(b))
such that s > m and g; = f; for i € [m]. By Lemma [5.9, the tangent space T, 1(b) is the

right nullspace of Jg(a) = (g)% (a)) S g)]gj = 6f1 for i € [m] and j € [n], we have

) i€[s]jeln]
Je(a) = (88)]?'_ (a)) il As g; = fi for i € [m], the matrix Jf(a) is the upper m x n submatrix

of Jg(a). It follows that T, ~1(b) C W. So To(V Nep~1(b)) C W NT,V. Therefore,

dim(V N (b)) < dimT,(V N (b)) < dim(WNT,V) = dimV —m

where the first inequality holds by Lemma On the other hand, by the fiber dimension theorem

(Theorem [4.4),
dim(V N 1(b) > dimV — dim (V) > dimV — m.

This forces dim(V N ¢~(b)) = dimV —m and dim (V) = O
We are now ready to prove Theorem

Proof of Theorem[5.3 Let V' C A™ be an affine variety over F of dimension at least k, and let Vp
be an irreducible component of V such that dim Vy = dim V. Let a be a nonsingular point of V,
which exists by Lemma [5.11} Then dim 7,V = dim Vj > k.

We claim that for a linear map ¢ : A" — A™ if dim (T, V) = m, then dimm = m and
hence dim ¢(V') = m. Note that this claim implies Theorem This follows by choosing ¢ to
be each of the linear maps in an (n,m, k,¢) linear seeded rank extractor and noting that T,V} is a
linear subspace of A" of dimension at least k.

So it remains to prove the above claim. Assume dim ¢(T,Vy) = m. Suppose ¢ is defined by
linear polynomials fi,..., fm € F[X1,..., X,,]. Let W be the kernel of ¢. Then

dim(W NT,Vp) = dim T, Vo — dim p(T,Vp) = dim Vo — m

As ¢ is linear, W equals the right nullspace of the matrix Jp(a) = (g)?( )) A So
. USANISI
dim ¢(Vp) = m by Lemma This proves the claim and Theorem follows. O

6 Deterministic Rank Extractors for Varieties

Let F be an algebraically closed field. In this section, we consider the problem of constructing
explicit deterministic (lossless) rank extractors/condensers for varieties. These are polynomial
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maps A” — A™ that preserve the dimension of low-degree affine varieties V' C A" over F but
reduce the dimension of the ambient space.

Dvir, Gabizon and Wigderson [DGW09] constructed explicit deterministic rank extractors for
polynomial sources. These objects can also be viewed as deterministic rank extractors for varieties
that are the closures of the images of polynomial maps. A key technique used in their analysis is
the Jacobian criterion for algebraic independence, which requires the characteristic of F to be zero
or large.

To solve the problem for general varieties, one natural approach is generalizing the Jacobian
criterion for algebraic independence. A key step in the proof of [DGW09] is showing that a certain
polynomial associated with the Jacobian matrix is nonzero. Thus, it is natural for us to show that
a similar polynomial does not vanish completely on affine varieties and that this is sufficient for
constructing deterministic rank extractors for varieties.

While this idea can be made rigorous, the problem is that proving the nonvanishing of a polyno-
mial on an affine variety appears to be challenging. We need to show that not only is the polynomial
nonzero, but it remains nonzero modulo the ideal defining the variety. It is not clear to us how to
prove such a result due to the generality of the variety.

The DKL construction. Instead of using a Jacobian-based construction, we take a different
approach. Namely, we show that the explicit construction of variety evasive sets by Dvir, Kollar,
and Lovett [DKL14] can be used to construct deterministic rank extractors for varieties. Variety
evasive sets are large finite subsets of A™ that have small intersections with varieties of low degree
and low dimension. While they do not give deterministic rank extractors for varieties in general,
we show that the construction of variety evasive sets in [DKL14] does give such a construction.

More specifically, Dvir, Kollar and Lovett [DKLI14] construct explicit variety evasive sets by
constructing an explicit polynomial map ¢ : A™ — A™ defined by polynomials fi,..., fn €
F[X1,...,X,] such that the intersection of ¢~1(0) = V(f1,..., fm) with any low-degree variety
of dimension at most m is finite, where 0 denotes the origin of A”. We observe that this remains
true if ¢~1(0) is replaced by ¢~1(b) for any b € A™. In other words, for any low-degree variety
V' of dimension at most m, the polynomial map ¢ restricts to a morphism ¢|y : V' — A™ whose
fibers are all finite sets. In the terminology of algebraic geometry, this means ¢|y is a quasi-finite
morphism. By the fiber dimension theorem (Theorem , we then have dim ¢(V) = dim(V).

In this section, we construct explicit deterministic rank extractors and rank condensers for
varieties by adapting the analysis in [DKLI4]. We also formulate the construction in a way that
highlights the connection with linear error-correcting codes. In particular, a linear MDS code yields
a deterministic rank extractor for varieties in the sense that the coefficients of the polynomials that
define the rank extractor are specified by a parity-check matrix of the code.

In Section [IT] and Appendix [D] we will show that the polynomial map ¢ has the stronger prop-
erty that ¢|y is a finite morphism, not just quasi-finite, and this gives explicit Noether normalization
lemmas for affine varieties and affine algebras.

6.1 The Explicit Construction

We first define deterministic rank extractors and rank condensers for varieties.

Definition 6.1 (Deterministic rank extractors/condensers for varieties). Let n € Nt and m €
[n]. A polynomial map ¢ : A™ — A™ is an (n,m,k,d) deterministic (lossless) rank condenser if
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dim (V) = dim V' for every affine variety V. C A™ over F of dimension at most k and degree at
most d. When k = m, we also say ¢ is an (n,m,d) deterministic (lossless) rank extractor.

k-regular matrices. Let n € Nt and m, k € [n]. We say a matrix M € F™*" is k-reqular if any
k distinct columns of M are linearly independent. (The same definition was given in [DKLI14] but
for only for the special case where k = m.)

The following lemma gives a coding-theoretic characterization of k-regularity. Its proof is
straightforward.

Lemma 6.2. Let K be a subfield of F and let M € K™ C F"™*" where n € Nt and m,k € [n].
The following statements hold.

o M is k-regular iff there does not exist a nonzero vector u € K" of Hamming weight at most
k such that Mu = 0.

e Suppose k =m. Then M 1is k-reqular iff it is an MDS matrix, i.e., every mazimal minor of
M is nonzero.

In particular, assuming K is a finite field, the matrix M is k-regular iff the linear code C =
{u € K" : Mu = 0} over K defined by the parity check matrix M has minimum distance at least
k+1. And if K = m, then M is k-regular iff C is a linear MDS code of minimum distance k + 1,
i.e., it is a linear code of dimension n — k and minimum distance k + 1E|

The construction. We now present the explicit construction of deterministic rank extractors
and condensers for varieties. It is based on the explicit construction of variety evasive sets in
[IDKTL.14].

Let n,d € NT and m, k € [n]. Let dy,...,d, be n pairwise coprime integers greater than dE| Let
M = (¢ij)icim),jein) € F™*" be a k-regular matrix. Let ¢ = ¢(M) : A" — A™ be the polynomial
map

n n
. d; d;
o (ay,...,an) — E clvjaj,...,g Cm,j4,
j=1 j=1

We remark that, curiously, the construction above is very similar to the construction of an
affine extractor in Section although their purposes and the techniques used to analyze them are
substantially different.

The following theorem and its corollaries are the main results of this section.

Theorem 6.3. For every b € A™ and every affine variety V- C A™ over F of dimension at most k
and degree at most d, the fiber (¢ly)~1(b) = o~ 1(b) NV is a finite set.

Corollary 6.4. ¢ is an (n,m,k,d) deterministic rank condenser for varieties. In particular, if
m =k, then ¢ is an (n,m,d) deterministic rank extractor for varieties.

Proof (assuming Theorem . Let V C A" be an affine variety over F of dimension at most k and
degree at most d. Let Vy be an irreducible component of V. Then dim V) < k and degVy < d.
It suffices to show dim ¢(Vp) = dim V. This follows from Theorem and the fiber dimension
theorem (Theorem (4.4)). O

3We define the minimum distance of the zero code {0} to be n + 1, so that the statement also holds for k = n.
4While [DKTL14] assumes di > - -- > d,, this assumption does not really matter.
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Choosing dy,...,d,. We still need to argue that di,...,d, and M can be computed efficiently.
One can choose dy, ..., d, to be n distinct primes greater than d. The resulting deterministic time
complexity of computing these integers is poly(n,d). The polynomial dependence on d is due to
the fact that there is no known deterministic N°()-time algorithm for finding primes greater than
an integer N > 0.

To improve the time complexity, we may compute d; in the following alternative way. Compute
the smallest n distinct primes py,...,p,, which have order O(nlogn). For i € [n], let d; be the
smallest power of p; such that d; > d, so that d; = O(p;d) = O(ndlogn). Then di,...,d, can be
computed in time poly(n,logd).

Choosing the matrix M. We need to choose a k-regular matrix M. For the problem of con-
structing an (n,m,d) deterministic rank extractor for varieties (i.e., k = m), we need to choose
M € F"™ ™ to be an MDS matrix by Lemma This can be achieved by choosing M to be an
Vandermonde matrix (w§_1)i€[m],j€[n] with distinct wy,...,w, € F.

Suppose F has a finite subfield F,. Then using a Vandermonde matrix, we need ¢ > n to have
M € Fj**™. The condition ¢ > n can be relaxed to ¢ > n — 1 in general, and to ¢ > n — 2 in some
special cases as explicit MDS matrices M € F;"*™ are known in these cases [MST77].

In the case where k =m € {1,n—1,n}, we do not need any lower bound on ¢ as all-one vectors
and identity matrices are always MDS matrices, and so is the (n—1) xn matrix M = (¢; j)ie[n—1],je[n]
defined by

L 1=y
Cij = -1 j =n,

0 otherwise.

So we have the following corollary.

Corollary 6.5. For m € {1,n — 1,n}, there exists an explicit construction of an (n,m,d) de-
terministic rank extractor for varieties that is defined by polynomials fi,..., fm € F[X1,...,X,]
satisfying the following:

o All the coefficients of fi,..., fm are in {0,1,—1}, and hence are in every subfield of F.

e deg f1,...,deg fin = O((n + d)log(n + d)). And the sparse representations of fi,..., fm can
be computed in time poly(n,d). The time complexity can be improved to poly(n,logd) at the
cost of increasing the degrees of fi,..., fm to O(ndlogn).

A similar statement holds for general m € [n] and the coefficients of fi,..., f,, can be chosen
in a finite field [Fy, assuming [F, is a subfield of F and ¢ > n — 1. The time complexity would also
depend polynomially on log q.

The above explicit (n,m,d) deterministic extractor for varieties will be used in the proof of
Theorem but only in the case where m = 1. Previously, Dvir [Dvil2] Theorem 3.1] gave an explicit
construction of an (n, 1, d) deterministic rank extractor for varieties, where the polynomial defining
the rank extractor is recursively constructed and has degree poly(d™). Corollary improves the
degree of the polynomial to O(n + d) or O(nd).
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6.2 Proof of Theorem [6.3]

Theorem can be proved via a simple adaptation of the proof in [DKLI4]. For the sake of
completeness, we present the proof below.
First, we need the following two lemmas from [DKL14].

Lemma 6.6 ([DKLI14], Lemma 3.1). Let V. C A™ be an affine variety over F of dimension at least
one. Then there exist Laurent power series hi(T),...,h,(T) € F((T)) such that

1. at least one hi(T) has a pole, i.e., hi(T) & F[[T]], and
2. P(hi(T),...,hn(T)) =0 for all P € I(V).

Lemma 6.7 ([DKL14], Lemma 3.5). Let V. C A" be an affine variety over F of dimension k < n
and degree d. For every J = {i1,...,ig41} C [n] of size k + 1, there exists a nonzero polynomial
geI(V)NF[X;,..., X ] of degree at most d.

We adapt the proof of [DKL14] to prove the following lemma.

Lemma 6.8. Let M = (c; j)icim],jeln] € F™*" be a k-regular matriz, and let dy, . .., d, be pairwise
coprime integers greater than d. Let V- C A™ be an affine variety over F of dimension at most k and
degree at most d. Then, there do not exist hi(T),...,h,(T) € F((T')) that simultaneously satisfy
the following conditions:

1. At least one hiy(T') has a pole, i.e., hiy(T) & F[[T]].
2. P(hi(T),...,hn(T)) =0 for all P € I(V).
SADY cijhj(T)% € F[[T]] for all i € [m].

Proof. By replacing k with & = dim V', we may assume the dimension of V' is exactly k. Assume to
the contrary that there exist hi(T),...,h,(T) € F((T")) satisfying the three conditions. Let R be
the greatest integer such that the term 7~ appears in the Laurent series h;(T)% for some j € [n].
By the first condition, at least one of the h;(7T") has a pole, so we know R > 0.

Let .J be the set of j € [n] for which the term 7% appears in the Laurent series h;(T)%. Then
J # 0. We claim |J| > k + 1. To see this, let u; € F be the coefficient of the term T—F in h;(T)%
for j € [n]. Let u = (uq,...,uy,) € F™. Then the support of u is precisely J. By the third condition,
for i € [m],

Z CZ‘J‘h]‘(T)dj S F[[TH (2)
j=1

The coefficient of 7~ in the LHS of is Z?Zl ci ju;, which equals zero by and the fact that
R > 0. So we get the equation
Mu = 0.

By the k-regularity of M and Lemma the Hamming weight of u is at least k+1, i.e., |J| > k+1.
This proves the claim. Also note that this implies & < n as |J| < n.

From here, the rest of the proof is identical to that of [DKL14, Theorem 2.1]. We present the
proof for the sake of completeness. For j € J, let r; be the maximal integer such that T~"7 appears
in hj;, and it follows that r; = R/d;.
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Let {j1,...,Jk+1} be asubset of J of size k+1. By Lemma there exists a nonzero polynomial
9(Xj1, ..., X)) € I(V)NF[Xj,,..., Xj,,,] of degree at most d. By the second condition, we have

Jk+1 Jk+1
g(hjl (T)v R hjk+1 (T)) =0. (3)

Next, we observe that for every monomial Q = X]ll . -Xj:*ll, the term T~ i1 %75 appears in

Q(hj, (T),..., hj,, (T)). Choose a monomial X3 - - X;::l that appears in g such that S-% a;r;,
is maximized. Such a monomial exists as ¢ # 0. Then g must contain a different monomial
X XP1 guch that
J1 Jk+1
k+1 k+1

Z ;i = Z Bir;, - (4)
i—1 i—1

Otherwise, the term 7'~ S emi; would appear in g(h;,(T), ..., hj,,,(T)), which contradicts (3)).
k41
Let D = [] dj,. Plugging r;, = R/d;, into and then multiplying both sides of by D/R,
=1
we get '
k+1 k+1

> a;D/d;, = " BiD/d;,. (5)
i=1 i=1
Consider arbitrary i € [k + 1]. Taking modulo dj,, we get
a;D/d;, = ;D /dj, (mod dj,).
As D/dj, is coprime to dj,, we may cancel it from both sides, which gives
a; = f;  (mod dj,).

As 0 < @;,8; < deg(g) < d < dj,, we have oy = ;. As i € [k + 1] is arbitrary, we have

X0k £ Xﬂl i

(o1,...,ak41) = (Br, ..., Br41), contradicting the assumption that X 7' - X0 ]k+1t]

Remark. Lemma was implicitly proved in [DKLI14] except that the third condition was replaced
by the stronger statement Z?Zl cijhj(T)% = 0. Our observation is that the proof still works if
this condition is relaxed to 3%, cijhj(T)% € F, or even > e cijhj(T)% € F[[T]]. (As can be
seen below, the former relaxation suffices for proving Theorem but we will need the latter in
Section (11 and Appendix |§| when we prove that |y is a finite morphism.)

Now we are ready to prove Theorem

Proof of Theorem [6.3. Assume to the contrary that Theorem|[6.3]does not hold. Then there exist an
affine variety V' C A"™ over FF of dimension at most k and degree at most d and b = (by,...,by,) € A™
such that ¢ ~1(b) NV is not finite, i.e., dim(¢~1(b) NV) > 1. Applying Lemma [6.6/ to o~ (b) NV,
we see that there exist Laurent power series hi(T),...,h,(T) € F((T)) such that

1. at least one h;(T') has a pole, and
P(hi(T),...,hy(T)) =0 for all P € I(p~1(b)NV).
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As I(V) C I(p~1(b) N V), the second item implies P(h1(T),...,hn(T)) = 0 for all P € I(V). In
addition, for i € [m], we have (Z?:l cmX;lj) —b; € I(p7 (b)) C I(p~1(b) N V) by the definition
of ¢. So the second item also implies

i Civjhj(T)dj =becFC IFHTH for ¢ € [m]
j=1

But then hy(T),...,h,(T) satisfy the three conditions in Lemma , and M = (cij)icm),jeln) 19
k-regular. This contradicts Lemma O

7 Decomposition and Min-Entropy Estimation of (n,k,d) Alge-
braic Sources

In this section, we prove that every (n, k,d) algebraic source can be (approximately) decomposed
into a convex combination of irreducible, or even irreducibly minimal (n, k, d) sources. In particular,
this reduces the problem of constructing deterministic extractors for general (n,k,d) algebraic
sources to that for irreducibly minimal (n,k,d) algebraic sources. We will use this reduction in
Section [8

In addition, we show that every (n,k,d) algebraic source D over I, is close to a distribution
with min-entropy about klogq, and that this estimation is tight up to an additive term of order
O(log d) assuming that k is maximized, i.e., that D is not an (n, k + 1, d) algebraic source over F,.

7.1 Decomposition of (n,k,d) Algebraic Sources

First, we prove some useful lemmas.

Lemma 7.1. Let V C Af be an affine variety of dimension k over a field F. Let V,...,Vy be the
irreducible components of V. Suppose S is a finite subset of F. For i € [s], let B; be the subset of
Vi N S™ consisting of the points that are in the intersection of at least two irreducible components

of V. Then > ;_, |Bi| < (degV)?|S|k-1L.

Proof. For i € [s], we have |B;| < degV; - degV - ¢*~! by Bézout’s inequality (Lemma and
Lemma, So >0 |Bil <307 degVi-degV - g*1 = (degV)? - ¢* L. m

Lemma 7.2. Let V C Aﬁq be an affine variety of dimension k over F, such that no irreducible
component of V is absolutely irreducible. Then |V (F,)| < (degV)2gF~1L.

Proof. Naturally identify V(F,) with VFq N Fy. The Frobenius automorphism over Fy sends every
irreducible component of Vﬁq to a different irreducible component as these irreducible components
are not absolutely irreducible. But it fixes every point in V(IF;) since these points are rational. So
every point in V/(IF,) is in the intersection of at least two irreducible components of Vﬁq. Applying

Lemmaﬂwith F=F, and S =F,, we see |V (F,)| < (deg Vﬁq)qu—l = (deg V)%¢F 1. O

Lemma 7.3. Suppose S is a finite set and B is a proper subset of S. Let D and D’ be the uniform
distributions over S and S\ B respectively. Then D and D' are |‘]§‘| -close.
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Proof. Consider the following process: First sample x ~ D. If z € B, then output x. Otherwise
sample y ~ D’ and output y. The distribution of the output is exactly D’. So the statistical
distance between D and D’ is at most Pryplz € B] < %. O

The next lemma states that every (n, k, d) algebraic source D can be approximately decomposed
into a convex combination of irreducible (n, k, d) algebraic sources, and such a decomposition pre-
serves the minimality (i.e., the property that dimV = k). The idea behind the proof is quite
natural: we start by decomposing V' as a union of irreducible components. We then observe that
the contribution of components that are not absolutely irreducible or have dimensions strictly lower
than dim V' is small (using Lemma. In addition, the remaining irreducible components are ap-
proximately disjoint, namely, the intersection of any two distinct irreducible components is small
(by Lemma . This implies that these irreducible components approximately define a convex
combination of irreducible algebraic sources that is close to D.

Lemma 7.4 (Decomposition into irreducible algebraic sources). Suppose ¢ > max{20d’,2d?/e},
where ¢ € (0,1). Then every (n, k,d) algebraic source D over Fy is e-close to a convex combination
of irreducible (n, k,d) algebraic sources D; over F,. Moreover, if D is a minimal (n, k,d) algebraic
source over Fy, then each D; can be chosen to be an irreducibly minimal (n,k,d) algebraic source
over F,.

Proof. Let D be an (n, k,d) algebraic source. Let V' C qu and f : A{Fq — A]’F‘q be as in Deﬁnition
so that D = f(Uy,))-

Let Vi be the union of the irreducible components of V' that are absolutely irreducible and have
dimension dim V', and let V¢ be the union of the remaining irreducible components of V. Then
Vi # 0 by the first condition in Definition By the effective Lang—Weil bound (Theorem {4.6))
and the assumption that ¢ > max{20d®, 2d*/e}, we have

V(Fq) 2 [Va(Fg)| = ¢™™V /2 > a2V e, (6)

Consider an irreducible component V4 of V.¢. Either dim V4 < dim V holds or Vj is not absolutely
irreducible. In the former case, we have |Vy(F,)| < degVp - ¢2™V~1 by Lemma And in the
latter case, we have |V (F,)| < (deg Vp)2-q¥™ V-1 by Lemma Summing over all Vj, we conclude
that

VE(F)| < (deg VE)? - gV, ™
Let Uy, (r,) be the uniform distribution over Vi(F,). By Lemma the distributions Uy (r,) and

Uv, (r,) are €'-close, where

L WVEI\VE)] _ VEE)] B0 (deg V)2
S TVE) . S VE) S @ ®)

Let Vi,..., Vs be the irreducible components of V.. For i € [s], let U; be the uniform distribution
over V;(F,). Let N = Y7 | |Vi(Fy)| > |Vi(Fy)|. Define the distribution U’ to be the convex
combination

~ [Vi(E,)]
U/ :Z‘ w4 Ul
=1 N
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Let B be the set of points in V,(F,) that are in the intersection of at least two irreducible components
of Vi, and let B; = BN V;(F,) for i € [s]. Note that all the points in V,(F,) \ B have the same
probability 3 in the distribution U’.

Let pp = Pry [z € B] = w Consider the following process: Sample z ~ U’. If x € B,
then output z. Otherwise, output 2’ € V. (F,) such that each y € Vi (F,) is output with probability
Dy, Where
s Pre~vy, e, [z =y] if y € B,

—1 1 ~1 1 1) .
Pp (Pra:NUV*(Fq)[fU =yl - N) =Pp (\v*@pq)\ - N) ify ¢ B.

It is easy to verify that the probabilities p, do define a distribution over Vi (F,). Moreover, they are
chosen in the way that the output distribution of the above process is precisely Uy, ). 1t follows
that Uy, (r,) and U’ are pp-close. By Lemma we have Y7 | |B;| < (deg Vi)%q4™ V=1, So

Dy =

s . 2 dimV-1 2 dimV -1 2
_SLiIBI _ (degV)g . (degVi)’q Q Wegvi)® )
N N [V (Fy) d

As degV, + deg V.S = degV < d, we have

®. @ (degVe)? deg V,.)?
"+pp < 7( egcgp*) ~5+7( efp) e <e.

So Uy (r,) and U’ are e-close. It follows that D = f (Uy(r,)) and f(U’) are e-close. Recall that U !
is a convex combination of Uy, ..., Us, where each U; is the uniform distribution over V;(F,). And
by definition, f(U;) is an irreducible (n, k, d) algebraic sources over F, for i € [s]. It follows that
D is e-close to a convex combination of the irreducible (n, k,d) algebraic sources f(Ui),..., f(Us)
over [F,.

Finally, if D is a minimal (n, k, d) algebraic source over F,, then by definition, the affine variety
V may be chosen such that dim V' = k. Then we also have dim V; = k for i € [s] in the above proof.
In this case, each f(U;) is an irreducibly minimal (n, k, d) algebraic source over F, by definition. So
D is e-close to a convex combination of irreducibly minimal (n, k, d) algebraic sources over F,. [J

3

Next, we further decompose an irreducible (n, k, d) algebraic source into a convex combination
of irreducibly minimal (n, k,d) algebraic sources. Our main tool is the effective fiber dimension
theorem (Theorem [4.10)). Using this theorem and the results of Section [4] we intersect the variety
V with various translates of a carefully chosen linear subspace. There are some bad events that
could happen for some of these intersections. For example, the intersection may have the “wrong”
dimension, or the resulting variety might have the “correct” dimension k£ but none of the irreducible
components of dimension k are absolutely irreducible. Using the effective fiber dimension theorem,
we are able to show that these bad events correspond to small portions of the variety V, and
then we again obtain a natural way to decompose the remaining part as a convex combination of
irreducibly minimal (n, k, d) sources.

We start with the following application of the fiber dimension theorem.

Lemma 7.5. Let V C Aﬁq be an irreducible affine variety over Fy. Let o = (¢1,92) : V — Aﬁfq be
a dominant morphism defined by f1,..., fn, where o1 and po are defined by the first ny and the last
ny polynomials respectively and ny +mna = n. Let U be the subset of a € V(F,) such that ¢~ (¢(a))
is equidimensional of dimension dimV —n; — no. Then we have:
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1. Fora € U, the fiber V, () == o1 (¢1(a)) is equidimensional of dimension dimV — ny.

2. For a € U and each irreducible component Z of V,,,(4), we have dim v2(Z) < ng. Moreover,
the equality is attained if a € Z.

Proof. Let a € U. By the fiber dimension theorem (Theorem , every irreducible component of

Vipr(a) 18 at least dimV — dim¢1(V) > dimV — ny. Also note that ¢~ '(p(a)) = cpgl‘_/;l<a)(g02(a)).

Again by the fiber dimension theorem, we have

dim ¢ (p(a)) > dim Vor(a) — dimpa(V, (o)) = dim V(o) — na.

We know dim ¢! (p(a)) = dim V —n; —nsy by assumption. So dim Vor(a) < (dimV —ny—ng)+ng =
dim V' —ny. It follows that V,, (4) is equidimensional of dimension dim V' — nj, which proves the
first claim.

Let Z be an irreducible component of V(). We already know that

dim ¢2(Z) < dim @2(Vy, () < 2.

Now assume a € Z. Let W be the irreducible component of ¢~ !(¢(a)) that contains a. We have
dim W = dim V — ny — ng by assumption and dim Z = dim V' — n; by the first claim. Note that W
is an irreducible component of s|,'(¢2(a)). So by the fiber dimension theorem,

dimV —ny —ng =dimW > dim Z — dim¢y(Z) = (dim V' — n;) — dim ¢2(2)

which implies that dim ¢2(Z) > ng. So dim ¢2(Z) = na. O

Consider the setup in the previous lemma and further assume that V is absolutely irreducible.
The following lemma roughly asserts that for most values of b in the image of 1, the fiber V}, satisfies
the property that all but at most an e fraction of its points come from irreducible components Z
such that dim Z = dim V' — ny, Z is absolutely irreducible, and dim p2(Z) = ng. In other words,
the set of “bad” points in V4 that belong to other irreducible components is negligible.

Lemma 7.6. Let V C A]’I;q be an absolutely irreducible affine variety over Fy. Let ¢ = (p1,¢2) :
V- AITFL,I be a dominant morphism defined by fi,..., fn, where 1 and s are defined by the first
n1 and the last ny polynomials respectively and ny + ng = n. For b € Fyt, let V}, = gol_l(b), and
let Vi be the union of the irreducible components Z of Vi, such that Z is absolutely irreducible of

dimension dimV — n; and dim p2(Z) = ny. Define

§= Pr [dime (p(a)) #dimV —n).

aNUv(]Fq)

Let d € NT and ¢ = (2d*/q + 5)1/2. Assume ¢ > 20d°, degV < d, and degVy < d for all
b€ p1(V(Fy)). Then with probability at least 1 — & over b ~ ¢1(Uyr,)), it holds that

[Vo(Fg) \ ‘/Z(Fq)’ < e |Vp(Fy)l-

Proof. For b € ¢1(V(F,)), let W}, be the union of the irreducible components of V} of dimension
at most dimV' — n; that are not absolutely irreducible. By Lemma we have |W,(F,)| <
d2qdlmv_n1_1 Let BO == UbELm(V(Fq)) Wb(]Fq) Then

|Bol < |1(V(Fy))| - d?qt™V=m= < d?q™ V=1 < (2d%/q) - |V (Fy)].
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where the last inequality uses Theorem [£.6]

Let U = {a € V(F,) : dim¢~1(¢(a)) =dimV —n} and B = V(F,) \U. Then |B| =§ - |V (F,)|.
Also let U’ = Upey, (vr,)) Vs (Fq) and B =V (F) \ U".

By Lemma for every a € U, the irreducible component Z of V, (,) containing a satisfies

that dim Z = dim V' — ny and dim¢2(Z) = n2. So either Z is not absolutely irreducible (which
implies that a € Z C W, (o) € Bo),ora € Z C V;l(a) C U'. Tt follows that U C ByUU’ and hence

B’ C By U B. Therefore,

1(a

|B'] < |Bo| +|B| < (2d°/q +6) - [V (Fy)| = € - |V (Fy)]-

So we have

\Vb(Fq)\Vb’(Fq)!] . Vo)l [Vo(Fg) \ Vi (Fg)| _ |B'] >

= <es.
brep1 (Uy (5g)) Vo (Fq)| [V (Fq)| Vo (Fg)| [V (Fq)|

bep1(V(Fq))

By Markov’s inequality, the probability that [V, (F,) \V} (Fg)| > &V, (IF,)| holds over b ~ ¢1(Uy (r,))
is at most €. ]

As a consequence of Lemma we also prove the following lemma, which will be used in
Section [

Lemma 7.7. Let V C Aﬁ}q be an absolutely irreducible affine variety over Fy. Let p = (¢1,¢2) :
V — Aﬁq be a dominant morphism defined by f1, ..., fn asin Lemma . Letd e NT ande € (0,1)

such that €2 > 2(n +1)d%/q. Assume q > 20d°. Also assume that fi,..., fn € Lh,.,....he F, for some
hi,...,hs € Fo[X1,..., X,] with deghy > --- > deghs such that

degV - [ [ degh; < d.
=1

Let D = (D1, D2) = ¢(Uyx,)) where D; = ¢i(Uyr,)) for i = 1,2. Then with probability at least
1 — € over b ~ Dy, the distribution Da|p,—y is e-close to an (ng,ng,d) algebraic source over F,.

Proof. Note that degV < d as the fact that ¢ is dominant implies that degh; > 1 for i € [s].
For b € Fyt, let Vj and V) be as in Lemma ie., V, = ¢! (b) and V} is the union of the
irreducible components Z of V, such that Z is absolutely irreducible of dimension dim V' — ny and
dim p2(Z) = no.

Consider a € V(F;) and let b = ¢i(a). Note that V;, = VNV (fi — fi(a),..., fn, — fni(a)).
Recall that the polynomial f1,..., fn € L., F, are linear combinations of hy,...,hs and 1 over
F,. By Gaussian elimination, we can find integers 1 < j; < --- < ji < n, where 0 <t < nq, and
polynomials g1,...,g: € Fy[X1,...,X,] such that V(f1 — fi(a),..., fu, — fui(a)) = V(g1,...,9t)
and each g; can be written as a linear combination

9i = Cigihji + Cigirrhjier + o+ cishs 6
with ¢; j,¢; € Fy and ¢; j; # 0. Bézout’s inequality (Lemma then gives
t t
dengSdegV-Hdeggi:degV'Hdeghji <d. (10)
i=1 i=1

38



Let {51,-‘-7./7?54} = [s] \ {Jj1,--.,7¢}, where J1 < -+ < js_s. As gi,...,g; vanish identically
on Vj, adding to each f; a multiple of g; for j € [t| does not change f;|y,. In particular, for
i € [n], we can eliminate the dependence of f; on hj,,...,h;, and find f; € Eh3 vy such that

1 s—t
filv, = filv,- Then the morphism @y, : V3 — AITFL; is defined by the polynomials fu,+1,- .-, fn.
And
ng ng t n2 n
deg Vb'H deg hs < deg Vb-H deghs; < deg V-H deg hjz"H deg b < deg V-H degh; <d. (11)
i=1 i=1 i=1 i=1 i=1

Let 6 = PraNUV(Fq)[dim o Y p(a)) # dimV — n]. By the effective fiber dimension theorem
(Corollary [4.11), there exists a polynomial P € F,[X1,...,X,] of degree at most n - degV -
[T, degh; < nd that does not vanish identically on VFq such that for every a € VR satisfy-
ing P(a) # 0, the fiber ¢~1(p(a)) is equidimensional of dimension dimV — n. Let B be the set
of a € V(F,) such that dimp~!(¢(a)) # dimV —n. Then B C Vg, 0 V(P)NFy. By Bézout’s
inequality (Lemma and Lemma we have

|B| < degV - deg P g™V ™! < nd?q™™ VL,
Let 0 = Pro vy, [dim o~ !(¢(a)) # dim V — n]. Then

B ‘B’ nd2qdim V-1
V(Fg)| = q¢imV/2

where we use the fact [V (F,)| > ¢%™V /2 that follows from Theorem Soe > (2(n+1)d?/q)'/? >
(2d%/q + 6)'/2.

By Lemma with probability at least 1 — e over b ~ ¢1(Uy(g,)), it holds that [V,(Fy) \
Vi (Fy)| < e [Vy(IFy)|. Fix b such that this holds. Note that Da|p,—p = @2(Uy,,))- So it suffices
to verify that ¢2(Uy,(r,)) is e-close to an (ng,n2,d) algebraic source over F,.

The set V}/(F,) is nonempty as |V} (Fy)| > (1 — €)|V(Fy)| > 0. By definition, every irreducible
component Z of V}/ is absolutely irreducible of dimension dim V' —n; and satisfies dim 2(Z) = no.
So the distribution gOQ(UVb/(Fq)) satisfies the first two conditions of (ng,ng,d) algebraic sources in
Definition And the third condition also holds by (11). This shows that ©2(Uyy(g,)) is an
(n2,n2, d) algebraic source over Fy.

Finally, as [Vy(Fy) \ Vy(Fg)| < e - [Vi(Fq)|, the distributions Uy, ,) and Uyr(r,) are e-close by
Lemma It follows that Da|p,=p = ¢2(Uy;(x,)) is e-close to the (ng,n2,d) algebraic source
e2(Uvy(w,))- O

0 = 2nd?/q,

We now use Lemma [7.6] and the effective fiber dimension theorem to decompose irreducible
(n, k, d) algebraic sources, thus completing the proof of the main result of this section.

Lemma 7.8. Suppose q¢ > max{20d®,2(k + 1)d?/e%}, where ¢ € (0,1). Then every irreducible
(n, k,d) algebraic source over Fyq is 3e-close to a convex combination of irreducibly minimal (n, k, d)
algebraic sources over IFy.

Proof. Let D be an irreducible (n, k, d) algebraic source over F,. Let V' C Aﬁ;q and f : Aﬁq — qu be
as in Definition where V' is irreducible (and hence absolutely irreducible) and D = f(Uy(r,))-
Let ky = dim V' > k. By the effective Lang—Weil bound (Theorem , we have

V(Fq)| > ¢™ /2.
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By Lemma there exist distinct ji, ..., jx € [n] such that the morphism ¢9 : V — Af;q defined

by firs---, fj, satisfies dim po(V) = k. View @2 as a morphism over F, and let V,,, C A%q(thyk)

be its generic fiber. By working over the algebraically closure of Fy(Y7,...,Y)) and following the

proof of , we see that the degree of V,, is bounded by d. As ¢ > 2d, applying Lemma

with § = F,, we see that there exist linear polynomials (1, ..., 0, € Fy[X,..., X,] such that the
. k ky—k

morghlsms T:V = AF;/ defined by ¢1,... 4, and 7: V,,, — AFZ/(Y1,...,Y;€) defined by ¢1,..., 0k, &

are finite.

Applying the general form of the effective fiber dimension theorem (Theorem 4.10) to ¢a, where
we choose t = ky — k, we see that there exists a polynomial P € F,[X1,..., X,] of degree at most
k-degV - Hle deg h; < kd that does not vanish identically on VFq such that the following holds:
Let ¢ : VFq — A%‘q/ be the morphism defined by /1,..., 0k, g, fj1s- .., fj,- Then for every a € VFq

satisfying P(a) # 0, it holds that dim ¢~!(¢(a)) = 0. Note that ¢ is dominant by the finiteness of
T.

Let o1 : V — Af;;’*k be the morphism defined by /1, ..., f, _;. View ¢ as a dominant morphism
V — AI’;Z over F,. Then ¢ = (p1,¢2). Let B be the set of a € V(F,) = Vg, Ny satistying
dim¢~(p(a)) # 0. Then B C Vg, N V(P) N F,. The degree of Vg, N V(P) is bounded by
degV - deg P < kd? by Bézout’s inequality (Lemma . As P does not vanish identically on V,
either dim(V NV (P)) =ky —1 or VN V(P) = 0. So by Lemma [4.5|

|B] < [Vg, NV(P) N Fy| < kd*g™ .
Let 0 = PraNUV<Fq)[dim ¢ 1(p(a)) # 0]. Then

_ 1Bl _ kdigv!
V(E)l g /2

) = 2kd?/q.

For b € F’;V_k, let V = gol_l(b), and let V) be the union of the irreducible components Z of V},
such that Z is absolutely irreducible of dimension k and dim p2(Z) = k. As ¢ is a linear map, we
have deg V}, < deg V' < d by Bézout’s inequality.

Note that (2d%/q+6)'/? < (2(k+1)d?/q)'/? <e. By Lemma with probability at least 1 —¢
over b ~ ¢1(Uyr,)), it holds that

Vo(Fq) \ Vi (Fg)| < & - [Vi(Fy)l. (12)

Fix b € ¢1(V(Fy)) for which holds. Then Uy, is e-close to Uy, (r,) by Lemma|7.3
The set V}/(F,) is nonempty as |V} (Fq)| > (1 — €)|V,(Fy)| > 0. By definition, every irreducible
component Z of V}/ is absolutely irreducible of dimension k and satisfies dim ¢o(Z) = k. This also

implies that dim f(Z) > k for every irreducible component Z of V; as the output of ¢ is part of
that of flv. So the distribution f(Uyy(g,)) satisfies the first two conditions of (n, k,d) algebraic
sources in Definition And the third condition also holds as degV}, < deg V. Finally, we know
dim V) = k. It follows that f (Uvy(,)) is a minimal (n, k, d) algebraic source over F,. Therefore,
f(Uy,r,)) s e-close to a minimal (n, k, d) algebraic source over F,.

Let D" = Uy g, so that D = f(D'). For each b € 1(V (IFy)), the distribution Dl (pr)—p is ex-
actly f(Uy,,)). We have already shown that with probability at least 1—e over b ~ ¢1(Uy(x,)), the
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distribution D|y, (pr)=p = f(Uy(r,)) is e-close to the minimal (n, k, d) algebraic source f(Uyy(x,))-
It follows that D is 2e-close to a convex combination of minimal (n, k, d) algebraic source over F.

Finally, by Lemma every minimal (n, k, d) algebraic source over Fy is e-close to a convex
combination of irreducibly minimal (n, k, d) algebraic sources over F,. It follows that D is 3e-close
to a convex combination of irreducibly minimal (n, k, d) algebraic sources over Fj,. O

Combining Lemma [7.4] and Lemma [7.8] yields the following corollary.

Corollary 7.9 (Decomposition into irreducibly minimal algebraic sources). Suppose q >
max{20d°, 2(k + 1)d?/e?}, where e € (0,1). Then every (n,k,d) algebraic source over F, is de-
close to a convex combination of irreducibly minimal (n, k,d) algebraic sources over Fy.

7.2 Estimating the Min-Entropy of (n,k,d) Algebraic Sources

We first prove the following lower bound on the min-entropy of an (n, k, d) algebraic source D (or
more precisely, a distribution D’ close to D). The proof uses the decomposition into irreducible
(n, k,d) algebraic sources (Lemma [7.4)).

Lemma 7.10. Suppose q > max{20d°, 2kd?/c}, where ¢ € (0,1/2]. Then every (n,k,d) algebraic

source over Fy is 2e-close to a k'-source over the set Fy, where k' = klogq —logd — 2.

Proof. Assume k > 0 as otherwise the lemma holds trivially. Let D be an (n,k,d) algebraic
source over F,. By Lemma we know D is e-close to an irreducible (n,k,d) algebraic source
D" over F,. Suppose D' = f(Uyr,)) where V C Ap and f: Ay — Ay are as in Definition
and V' is absolutely irreducible. So f is defined by polynomials f1,..., fn € Lp, .. a,F,, Where
hi,...,hs € Fg[X1,...,X;], deghy > --- > deghs, and degV - H;“:l degh; < d. By the effective
Lang—Weil bound (Theorem , we have |V (F,)| > ¢@™V /2.

By Lemma there exist distinct i1, ... ,i; € [n] such that the polynomial map v : A%q — Af;q

defined by fi,,..., fi, satisfies dim¢(V) = k. Applying the effective fiber dimension theorem
(Corollary to ¢ (viewed as a morphism over F,), we see that there exists a polynomial
P e Fy[X1,...,X,] of degree at most k - degV - Hle deg h; < kd that does not vanish identically
on Vg such that for every a € Vg satisfying P(a) # 0, it holds that dimﬂ)h}ﬁlq (Y(a)) =dimV — k.

Let B={ac V(F,) : P(a) =0} = Vg, N V(P) Ny It follows from Lemma and Bézout’s
inequality (Lemma that

|B| < degV -deg P - ¢V =1 < pg?qdimV—1,

Let U’ be the uniform distribution over V(F,)\ B. By Lemma the distributions Uy g,y and U’
are £’-close, where

, |B‘ deqdim V-1
g = < :
V(F)| —  ¢imV)/2
So D' = f(Uy,)) and f(U’) are e-close. It follows that D and f(U’) are 2e-close.

It remains to prove that f(U’) has min-entropy at least klogq — logd — 2. As ¢(U’) can be
obtained from f(U’) by projecting to a subset of coordinates, it suffices to show that (U’) has
min-entropy at least klog ¢ —logd—2. Consider arbitrary a € V(IF,) \ B and let b = ¢(a). We have
P(a) # 0 and hence dim 1|}, (b) = dim V —k. The fiber 1|;," (b) is the subvariety of V defined by the
k polynomials fi, — fi, (a), ..., fi, — fi,(a) € Lp,,...n,F,- By Gaussian elimination, we can construct

=2kd*/q<e.
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polynomials g1, ..., g; from f;, — fi, (a),..., fi, — fi, (a) such that t <k, 1/1\‘_,1(13) =VnV(gi,.--,9t),
and g; € Ly,,...h,F, for i € [t]. In particular, we have degg; < degh; for i € [t]. It follows from
Bézout’s inequality (Lemma that

k

t
deg [, (b) < degV - [[ deggi < degV - [[ deghs < d.
i=1 =1

Lemma 4.5/ then gives ‘(zph_/l(b)) (Fg)| < dg¥™V~=F. Therefore,

o @) @] (@) (Fy)|  dgtmVE

Every element in the support of ¢(U’) has the form b = ¢ (a) for some a € V(F;) \ B. So ¥(U’)
has min-entropy at least — log(4d/q") = klogq — logd — 2, as desired. O

The next proposition complements Lemma and gives an upper bound on the min-entropy.

Proposition 7.11. Suppose ¢ > 20d°. Let D be an (n, k,d) algebraic source over Fy such that k is
mazimal with respect to this condition, i.e., D is not an (n,k+1,d) algebraic source over Fq. Then
the statistical distance between D and any (klogq + 2logd + 2)-source is at least 4id‘ Moreover, if
D is an irreducible (n,k,d) algebraic source over Fy, then the statistical distance between D and
any (klogq +logd + 1)-source is at least %

Proof. Suppose D = f(Uy,)) where V' C Aﬁq and f : A]’ﬁq — A]’qu are as in Definition As
D is not an (n, k + 1,d) algebraic source over F,, we know V has an irreducible component Vj of
dimension dim V' that is absolutely irreducible such that the dimension of f(Vp) is exactly k. We
have [V (F,)| > ¢¥™V /2 by the effective Lang—Weil bound (Theorem and the assumption that
q > 20d°. Also note that |V (F,)| < dg®™" by Lemma

Let W = f(Vp). Then degW < d by Lemma [4.12| and the third condition in Definition [1.2] So
|W(F,)| < dg* by Lemma

Let D' be a k'-source over the set Fy, where k' = klogq + 2logd + 2. Then

! / 1
Pr(D’ € W(F,)] < |[W(F,)|-27% <dg"27" = e

On the other hand, as f(Vo(F,)) € W(F,) and D = f(Uy,)), we have
Vo(Fg)| _ gt™V/2 _ 1

Pr|D F,)| > > - = —.
I‘[ GW( q)] = ‘V(]Fq)’ = dqdlmV 2d

So the statistical distance between D and D’ is at least ﬁ — ﬁ = 4—1d.

Now assume D is an irreducible (n,k,d) algebraic source over F,. So V may be chosen to be
irreducible. Then Vj = V and hence Pr[D € W(F,)] = 1. Let ¥’ = klogq + logd + 1 and let D"
be a k"-source over the set . Then Pr[D" € W(F,)] (W (Fg)|27%" < dg*27*" = 1. So the

statistical distance between D and D” is at least 1 — % = O

l\?h—l|/\
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8 Extracting a Short Seed

In this section, we consider the problem of constructing explicit deterministic extractors for (n, k, d)
algebraic sources over a finite field F, in the special case where k = 1.

The main results of this section are explicit constructions of deterministic extractors that extract
almost log ¢ bits from (1,1, d) algebraic sources and, more generally, (n, 1, d) algebraic sources over
F,. They are used as building blocks in the construction of the full-fledged deterministic extractors
that extract most min-entropy from (n, k, d) algebraic sources.

Formally, we prove the following theorems.

Theorem 8.1 (Extractor for (1,1,d) algebraic sources). Let d € N* and ¢ € (0,1/2]. Suppose
q > cod’/e%, where cg > 0 is a large enough absolute constant. Then there evists an explicit ¢-
extractor Ext : Fy — {0, 1} for (1,1,d) algebraic sources over Fy such that m > logq—2loglogp—

O(log(d/e)).

Theorem 8.2 (Extractor for (n,1,d) algebraic sources). Let d € NT and € € (0,1/2]. Suppose
q > (nd/e), where cog > 0 is a large enough absolute constant. Then there exists an explicit e-

extractor Ext : Fg — {0,1}™ for (n,1,d) algebraic sources over F, such that m > log ¢—2loglogp—
O(log(nd/e)).

Theorem is derived from Theorem As in [DGW09, [Dvil2], the proof of Theorem
uses Bombieri’s estimate for exponential sums (Theorem [4.7)). However, the argument in [DGW09,
Dvil2] works only when the characterisitic p is large. Moreover, it only yields an extractor that
extracts clogq bits for some constant ¢ < 1/2. We introduce new ideas that allow us to extract
almost log ¢ bits regardless of the characteristic p.

8.1 Exponential Sums over Finite Fields of Arbitrary Characteristic

The purpose of this subsection is to prove the following estimate for exponential sums over curves,
even over finite fields of small characteristics. Recall that Bombieri’s estimate (Theorem [4.7)) is
valid as long as the polynomial f does not have the form ¢” — g on the curve. One way to deal
with this difficulty is to require p to be large. However, we would like to get meaningful results for
arbitrary p, and we do this by paying the cost of excluding a small subgroup of characters from the
estimate.

Lemma 8.3. Let C' C AI}‘Q be an irreducible affine curve of degree di over a finite field F, of
characteristic p, and let f € Fy[X1,...,X,] be a polynomial of degree dy that is not constant on C.
Then the set of characters x € IFy for which

Y x(f@)| < (df +2did — 3d1)g"* + df (13)
z€C(Fy)

fails to hold is contained in a subgroup ofﬁ of size at most dyds.

Before proving Lemma [8.3] we require some preliminary results. Recall that for a formal
Laurent series f € F((T")), we denote by ord(f) the least degree of the terms that appear in f, i.e.,
f = coT° ) 4 ¢y 7ord(N+1 ... where ¢y # 0. And ord(f) = 400 if f = 0. For i € Z, denote by
coeff;(f) the coefficient of T% in f.
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Lemma 8.4. Let Cy C A™ be an irreducible affine curve of degree d over an algebraically closed field
F. Then there exists an F-linear field embedding 7 : F(Co) — F((T')) such that for any polynomial
f e F[Xy,...,X,] of degree d that is not constant on Cy, the map 7 sends f to f € F((T')) such
that

—deg(Cp) - d < ord(f) < 0.
We defer the proof of Lemma [8.4] to Appendix [C]

Lemma 8.5. Let F be a field of characteristic p. Suppose f,g € F((T')) such that f = g? — g and
ord(f) < 0. Let t <0 and e > 0 be integers such that t is coprime to p and tp°T! < ord(f) < tp°.
Then

e

S " (coeft ()P = 0.

1=0

Proof. The lemma can be proved by expressing the coeflicients of f in terms of those of g. We give
an alternative proof. Note that by taking a field extension, we may assume F is algebraically closed
and hence a perfect field. Then the map a — a!/? is an automorphism of F. We will instead prove

+o00

> (coeft, ()7 = 0. (14)

=0

Note that the LHS of is actually a finite sum and equals 5 (coeff,,i( fNYP". The lemma
then follows by raising both sides to the p®-th power.

Note that to prove , we may assume all terms in g have degree tp’ for i € N, as ignoring
the other terms does not affect the coefficients appearing in . Moreover, as coeff;i(-) and the
map z — 2P are both linear in characteristic p, if holds for f1, fo € F((T)), then it also holds

for fi + f2. So we may assume g contains only one term cTtpf where ¢ € F and ¢ € N, and hence
f=cPT%"" — T The LHS of (T4) is then (¢?)!/?""" — /7" =0, O

Proof of Lemma[8.3 Fix an irreducible component Cy of the affine curve CFq over F,. It is a

standard fact that the natural inclusion F,[C] < F, [CFq] induces an inclusion Fy[C] — E,[CO] In
particular, as f is not constant on C| it is not constant on Cy either.

Denote by o be the character z — 2%/ of F,. For o € F, denote by x, the character of F,
sending z to (0 o Tr)(awr). The map a — X, is a one-to-one correspondence between F, and ﬁ;.
Consider a character x, for which does not hold. Then by Bombieri’s estimate (Theorem,
there exists g € Fy[X1, ..., X,] such that af — (¢P — ¢) vanishes identically on C, and hence also
on Co.

View f and g as elements of Fq(Co). By Lemma there exists an F,-linear field embedding
7 :Fy(Co) — Fy((T)) such that f := 7(f) satisfies

—deg(Cp) - da < ord(f) < 0.

®This uses the fact that F, [Cg,] is an integral extension of Fo[C]. The kernel of Fo[C] — Fy[Co] is I NTF,[C],
where I is the minimal prime ideal of F, [Cﬁq] defining the irreducible component Cp. As Cﬁq is equidimensional of

dimension one, I is not a maximal ideal of F, [Cg,]. Then I NFy[C] is a prime ideal of Fy[C] that is not maximal
either by [AMG69, Corollary 5.8]. As C' is an irreducible curve, this implies I NF4[C] = 0. See [AM69, Chapter 5] for
more details about integral extensions.
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Let g = 7(g). Then af =g° — G as Tis an F,-linear field embedding and af = g? — g in F,[C).
Write ord(f) = tp® where ¢t < 0 is coprime to p. By Lemma

e

OZZ(coeﬁtp (af))P Zap B (coeff,i ( (f))P

=0

e—i

(15)

The RHS of is a nonzero polynomial in « independent of g, and its degree is bounded by p°.
Also note that this polynomial is a linearized polynomial, i.e., the degree of every monomial is a
power of p. So its roots in [F, form a subgroup H whose size is at most p°.

Then the set S := {xo : @« € H} contains all the characters for which fails to hold. As xq
is defined by z — (o o Tr)(ax) and Tr(-) is linear, the set S is a subgroup of E, whose size is at
most |H| < p¢ < |ord(f)| < deg(Co) - dg < dyds. O

Remark. We need the curve C to be irreducible in Lemma 8.3 so that the “bad” characters are
contained in a single subgroup of E‘; of size at most dids. For a reducible curve C, a similar proof
shows that these characters are contained in a subset S C @ of size at most djdy such that S is
the union of a collection of subgroups of E, one for each irreducible component of C.

8.2 Proofs of Theorem [8.1] and Theorem [8.2]

Theorem can be proved easily using the techniques we have developed so far. First, we show
that a distribution of the form f(Ugr,)) is a strongly (e, d)-biased source, and even an e-biased
source if the characteristic p is large, where C is a low-degree absolutely irreducible affine curve
over F, and f is a low-degree polynomial.

Lemma 8.6. Let C' C Afgq be an absolutely irreducible affine curve of degree dy over a finite field

Fq of characteristic p. Let f € Fy[X1,...,Xy] be a polynomial of degree do that is not constant on
C. Let d > didy and suppose q > 20d°. Then f(Uc,)) is strongly (e, d)-biased over the set Fy,

where € = 8d%/q"/2. Furthermore, if p > didy, then fWUew,)) is e-biased over the set Fy.

Proof. By Lemma , there exists a subgroup S C ﬁ‘; of size most didy < d such that for all
x € F,\ S, it holds that

> x(F@)| < (dF + 2didy — 3d1)g"/? + df < 4d%q"”.
z€C(Fq)

By the effective Lang-Weil bound (Theorem and the assumption ¢ > 20d°, we have |C(F,)| >
q/2. Tt follows that for x € F, \ S,

Secom U@ _ a2
CEN a2

By definition, this means f(Ug(r,)) is strongly (&, d)-biased.

Elx(f(UcwE,)]| = =8d%/¢"? = e.

Now assume p > dids. As the size of S C E is a power of p and |S| < djda, we must have
|S] =1, i.e., S contains only the trivial character. So f(Uc(,)) is e-biased. O
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We are now ready to prove Theorem [8.1] This follows by first reducing to the case of irreducibly
minimal (1,1,d) algebraic sources and then applying Lemma together with the constructions
in Section [3

Proof of Theorem [8.1. We will construct an (£/2)-extractor Ext for irreducibly minimal (1,1,d)
algebraic sources over F, with the claimed output length. By Corollary and the assumption
that ¢ > cod® /€2, every (1,1,d) algebraic source over F, is (¢/2)-close to a convex combination of
irreducibly minimal (1,1, d) algebraic sources over F. It follows that Ext is also an e-extractor for
(1,1,d) algebraic sources over F,.

Let g := 8d?/ ¢'/? and let ¢ > 0 be a large enough absolute constant. We consider two different
cases depending on how large the characteristic p is.

Case 1: p < (d/e)°. In this case, let Ext : Fy — F}, = {0, 1}"" be the (¢/2)-extractor for strongly
(€0, d)-biased sources given by Theorem where we set the parameters

n' = min{[2log,(1/e0) — 2 logp(16d/(5/2)2)J ,log,, q},
t=|n"—3—2log,(2d/(¢/2))], and
m = tlogp.

As g9 = 8d%/q"/? and p < (d/e)¢, we have

m > min{2log(1/eo),log ¢} — O(log(d/e)) — O(logp) = log ¢ — O(log(d/<)).

Consider an irreducibly minimal (1,1, d) algebraic source D over F,. By definition, there exist
r € N*, an absolutely irreducible affine curve C' C Aﬁiq over [F, of degree di, and a polynomial
[ €Fy[Xy,..., X,] of degree da that is not constant on C such that didz < d and D = f(Ugr,))-
By Lemma the distribution D is a strongly (o, d)-biased distribution over the set g, so that
Ext(D) is (¢/2)-close to the uniform distribution over F,. It follows that Ext is an (g/2)-extractor
for irreducibly minimal (1,1, d) algebraic sources, as desired.

Case 2: p > (d/e)° > dids. In this case, identify F, with the abelian group ZY;, where N = p
and t = log, q. Let Ext be the map Zh — Zﬁv_l X Zys in Lemma where the parameter M will
be determined shortly. By Lemma Ext is an ¢’-extractor for gg-biased distribution, where

e i=eo- (NT'M)V2 . Clog N + M/N = 8d*- (M /p)"/? - Clogp + M/p.

and C' > 0 is an absolute constant. By Lemma and the fact that p > dida, every irreducibly
minimal (1,1, d) algebraic source over Fy is eg-biased. So Ext is also an &’-extractor for irreducibly
minimal (1,1, d) algebraic sources.

We want to choose M € NT such that & < /2. As p > (d/e) and ¢ > 0 is a large enough
constant, such an integer M exists and we can choose M such that log M > logp — 2loglogp —
O(log(d/e)). So Ext is an (¢/2)-extractor for irreducibly minimal (1, 1,d) algebraic sources with
the output length

m = (t —1)log N + log M =logq — logp + log M > logq — 2loglogp — O(log(d/<)).

In both cases above, we ignore the technicality that the size of the range of Ext may not be a
power of two, i.e., m may not be an integer. But one can always turn the size into a power of two
at the cost of losing O(log(1/¢)) bits in the output by composing Ext with a suitable map. The
details are left to the reader. O
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Remark. In the case where p < (d/e)¢, the above proof shows that we could avoid losing 2loglogp
bits in the output. However, this does not make an essential difference as 2loglogp is dominated
by the term O(log(d/¢)) in this case.

We now prove Theorem [8.2] by composing the extractors in Theorem [8.I] with the deterministic
rank extractors for varieties constructed in Section [6l

Proof of Theorem[8.4 Choose sufficiently large d’ = ©(nd?logn). Let Ext’ : F, — {0,1}™ be an
explicit (e/2)-extractor for (1,1,d’) algebraic sources over F, as constructed in Theorem where

m > logq — 2loglogp — O(log(d'/€)) = log g — 2loglogp — O(log(nd/<)).

Let ¢ : Az — A% be an explicit (n,1,d) deterministic rank extractor for varieties defined by a
q q

polynomial F' € F,[X7, ..., X,] as constructed in Corollary where deg F' = O(ndlogn). View
© as a morphism Aﬁ%q — A]%-q over [F,.

Let Ext := Ext’ o Plen : Fg — {0,1}™. We claim that Ext is an e-extractor for (n, 1,d) algebraic
sources over IFy. To see this, consider an irreducibly minimal (n, 1, d) algebraic source D = f(Uc(r,))
arising from an absolutely irreducible affine curve C C A{gq and a polynomial map f : A]’l;q — Aﬁq
defined by polynomials fi,..., fn. Let dj = degC and dy = max{deg fi,...,deg f,}. We have
dids < d by Definition Then po f: A%q — Aﬂ;q is defined by the polynomial F(f1,..., fn) of
degree O(dy -ndlogn). Note that deg C-deg F'(f1,..., fn) = O(dids -ndlogn) = O(nd?logn) < d'.
So (D) = (po f)(Ucw,)) satisfies the third condition of (1,1,d’) algebraic sources over F; in
Definition with respect to C' and ¢ o f.

We have dim f(C) = 1 by Definition and deg f(C) < dids < d by Lemma Im As ¢ is
an (n,1,d) deterministic rank extractor for varieties, we have dim (¢ o f)(C) = 1. It follows that
@(D) = (po ) (Uc,)) is a (1,1,d) algebraic source over Fy. As Ext’ is an explicit (¢/2)-extractor
for (1,1,d’) algebraic sources over F,, Ext(D) = Ext'(p(D)) is (g/2)-close to Up,.

The above proof shows that Ext is an (¢/2)-extractor for irreducibly minimal (n, 1, d) algebraic
sources over Fy. By Corollary[7.9} every (n,1,d) algebraic sources over Fy is (¢/2)-close to a convex
combination of irreducibly minimal (n, 1,d) algebraic sources over [F,. So Ext is an e-extractor for
(n,1,d) algebraic sources over F,. O

9 Deterministic Extractors for (n, k,d) Algebraic Sources

In this section, we provide our main construction of deterministic extractors for (n, k, d) algebraic
sources. Recall that in Section (8| we considered the case of (n, 1, d) algebraic sources.

We start with the case of (n,n,d) algebraic sources, and we follow our general proof technique
as laid out in Section the first step of the construction is applying our extractor from Section ]
to obtain a short output, which is then, in the second step, used as a seed for a seeded extractor for
sources with high min-entropy (note that even though we have more structure in our source, since
we are anyway applying a seeded extractor we might as well use an off-the-shelf construction which
works for any source with high min-entropy). Proving that this indeed works requires analyzing the
conditional distribution of an (n,n,d) algebraic source under fixing of a subset of the coordinates,
which is done in Lemma [0.1} This construction is presented and analyzed in Section [9.1

In order to remove the assumption that k& = n and handle general (n, k, d) algebraic sources, we
apply a rank extractor which, roughly speaking, condenses a k-dimensional source in an ambient
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n-dimensional space to a k-dimensional source in an ambient k-dimensional space, and this enables
us to use the extractor from Section As discussed at the end of Section this can be done
using the deterministic rank extractor of Section [6 but it would have an undesirable effect on
the field size. Thus, we opt to use a linear seeded rank extractor (as defined in Section , where
the seed of the rank extractor is chosen pseudorandomly using our extractor for (n,1,d) algebraic
sources from Section [§

To summarize, in our composition theorem (Theorem , we start by applying the extractor
for (n,1,d) algebraic sources from Section |[§ in order to select a seed for the seeded linear rank
extractor from Section [b we apply the resulting linear map to the source, and then we use the
extractor for full-rank sources from Section to obtain the final output. The details of this
construction appear in Section [0.2

9.1 Deterministic Extractors for Full-Rank Algebraic Sources

The following lemma states that irreducible (n,n,d) algebraic sources have a nice recursive struc-
ture. The statement can be extended to general (n,k,d) algebraic sources in some way, but this
special case is simpler and suffices for us.

Lemma 9.1. Suppose q > max{20d°,2(n + 1)d?/e?}, where ¢ € (0,1). Let D = (D1, D3) be an
irreducible (n,n,d) algebraic source over Fy, where Dy and Do are distributions over Fyt and Fg?
respectively and n1 + ny = n. Then the following holds:

1. Dy is an rreducible (ny,n1,d) algebraic source over Fy.

2. With probability at least 1 —e over b ~ Dy, the distribution Da|p,—p is e-close to an (n2,na, d)
algebraic source over IFy.

Proof. Suppose D = f(Uy(x,)) where V C Aﬁq and f : qu — Aﬁq are as in Definition So V is
absolutely irreducible and dim f(V') = n. And f is defined by polynomials f1,..., fn € Lp, .. h,F,»
where hy, ..., hs € Fg[Xyq,..., X,], deghy > -+ > deghg, and degV - []""; degh; < d.

Let o1 : V — Aﬁ; be the morphism defined by fi,..., fn,, and similarly, let @2 : V' — Af;j be
the morphism defined by fn,+1,. .., fn- Then fly = (¢1,92) and D; = ¢;i(Uy ) for i = 1,2.

We know V' is absolutely irreducible. And the dimension of ¢1 (V) must be n; since otherwise
dim f(V) cannot reach n. By definition, D; is an irreducible (n1,n1,d) algebraic source over Fy.
This proves the first claim.

As €2 > 2(n+1)d?/q and ¢ > 20d°, by Lemma with probability at least 1 — € over b ~ D,
the distribution Dj|p, = is e-close to an (ng,n2,d) algebraic source over Iy, proving the second

claim. 0

We also need the following explicit construction of seeded extractors given by Goldreich and
Wigderson [GW97], which is based on expander graphs.

Theorem 9.2 ([GW97]). Forn € N, 0 < A < n and € > 0, there exists an explicit seeded
e-extractor Ext : {0,1}" x {0,1}* — {0,1}" for (n — A)-sources with £ = O(A + log(1/¢)).

We now provide our construction for full-rank algebraic sources. Our construction follows the
general paradigm mentioned in Section[1.3} we first apply our extractor from Theorem [8.1]to obtain
a short output, which is then used as a seed to the extractor from Theorem Proving that this
“randomness recycling” technique works in this setting requires Lemma [9.1
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Theorem 9.3 (Extractor for (n,n,d) algebraic sources). Let n,d € NT and € € (0,1/2]. Suppose
q > (nd/e), where co > 0 is a large enough absolute constant. Then there exists an explicit
e-extractor Ext : Fy, — {0,1}™ for (n,n,d) algebraic sources over F, such that m > nlogq —

2loglogp — O(log(d/e)).

Proof. If n = 1, then the statement holds by Theorem So assume n > 1. By Corollary
every (n,n,d) algebraic source over F, is (¢/2)-close to an irreducible (n,n,d) algebraic source
over F,. So it suffices to construct an explicit (e/2)-extractor Ext for irreducible (n,n, d) algebraic
sources over I, with the claimed output length.

Let ¢/ = £/10. We construct Ext as follows.

1. Let m1 = [(n —1)logq] and A = logd + 3. Let Ext; : Fi~' x {0,1}* — {0,1}™ be an
explicit seeded ¢’-extractor for k-sources, where k = m; — A < (n —1)logq — logd — 2 and
¢ = O(A + log(1/¢)). This can be done by using Theorem to construct an &’-extractor
Ext] : {0,1}™ x {0,1}* — {0,1}™ for k-sources and then composing it with an injection
Fo—t e {0,1}™.

2. Let Exty : Fg — {0,1}™2 be an explicit ¢’-extractor for (1,1, d) algebraic sources over F, such
that mg > log ¢ — 2loglog p — O(log(d/<)). Moreover, we assume the constant ¢o > 0 is large
enough so that mg > ¢ = O(log(d/e)). Such an extractor can be constructed by Theorem [8.1]

3. The map Ext takes (z1,22) € ngl x Fy and feeds x5 to Extp. Let y = (y1,y2) be the output
of Exta, where y; € {0,1}¢. (This is possible as my > £.) Then Ext outputs (Exty(x1,y1),%2).

Ext outputs m := mj +mso — £ bits. Plugging in the values of m1, mo, . We see that the output
length of Ext is as claimed.

Let D be an irreducibe (n,n,d) algebraic sources over F,. Write D = (Dy, Dy) where D; is
distributed over IF;L*I and D- is distributed over F,.

By Lemma with probability at least 1 —¢’ over 21 ~ D1, the distribution Da|p,—s, is £’-close
to a (1,1,d) algebraic source over F,. As Exty is an ¢’-extractor for (1,1, d) algebraic sources over
[F,, we see that with probability at least 1 —¢’ over z1 ~ Dy, it holds that Exta(D2)|p,=z, =2¢/ Un,-

By Lemma [2.2]
(D1, Exta(Ds2)) =3 D1 X Upp,-

By Lemma Dy is an (n — 1,n — 1,d) algebraic source over F,. By Lemma and the fact
that £ < (n —1)logq — logd — 2, the distribution D; is &’-close to a k-source D}. So

(D1, Exta(Ds)) =4 D} x Upp,. (16)
By the definition of Ext, implies
Ext(D) =4 Ext1(D] X Up) X Uppy—s- (17)
As Ext; is a seeded &’-extractor for k-sources, we see
Ext1 (D] x Up) = Upn, - (18)

It follows from and that Ext(D) =5o Uy X Upy—¢ = Uy, As b’ = €/2, we see that Ext
is an (¢/2)-extractor for irreducible (n,n,d) algebraic sources over F,, and hence an e-extractor for
(n,n,d) algebraic sources over F. O
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One can remove the full-rank assumption and construct an extractor for (n,k,d) algebraic
sources over [F, by composing the extractor in Theoremwith the deterministic rank extractor for
varieties in Section @ This argument was used by Dvir, Gabizon and Wigderson [DGW09, except
that they considered polynomial sources only and used a different construction of deterministic rank
extractors. The downside of this argument, however, is that such a deterministic rank extractor is
necessarily nonlinear. In particular, our rank extractor uses polynomials of degree at least poly(n),
and so does the one in [DGW09]. Composing with such a rank extractor increases the degree of
each polynomial in the polynomial map by at least a poly(n) factor. The resulting field size ¢ would
then depend at least polynomially on n*, or n™ if k = ©(n), assuming that we want to extract
about klogq bits.

In the next subsection, we show how to remove the full-rank assumption more efficiently using
a linear seeded rank extractor for varieties.

9.2 Removing the Full-Rank Assumption

We now remove the full-rank assumption in Theorem without significantly increasing the re-
quired field size. This is done by extending an argument in [GRS06, [GROS].

Lemma 9.4 ([GRS06, Lemma 2.6]). Let D = (D1, D2) be a joint distribution over a finite product
set Ax B. Suppose D is e-close to Ug x Dy. Then for ally € supp(D1), the conditional distribution
Ds|p,=y is €'-close to Dy, where e’ = 2¢ - |Al.

We also need the following lemma.

Lemma 9.5. Suppose ¢ > max{20d®,2(k + 1)d?/e?}, where ¢ € (0,1). Let D = f(UyE,)) be an
irreducible (n, k, d) algebraic source over Fy arising from an affine variety V. C A%q and a polynomial
map [ : A%q — AI’FL(I as in Definition . Let 7 : Aﬁ%q — A{;q_l be a linear map over F, such that
dim (7o f)(V)) = k—1. Then with probability at least 1 —e over b ~ (D), the distribution D| . py—p
is e-close to an (n,1,d) algebraic source over IFy.

Proof. The proof is similar to that of Lemma although we are not able to derive the statement
directly from Lemma [7.7] for technical reasons.

By definition, V is absolutely irreducible, and f is defined by polynomials fi,...,f, €
Lhy... hoF,s Where hi,... hs € Fo[X1,..., X,], deghy > -+ > deghs, and deg V - [, deg h; < d.

Append a coordinate Y, of qu for some u € [n] to the output of 7 to obtain a linear map
7 Ag — Aflﬁq such that dim (7’ o f)(V) = k. This is possible by Lemma

Let p = (7 o fly : V — A]’f;q. Then ¢ is dominant. We can write ¢ = (¢1,¢2) where
p1:V — Af;q_l equals (mo f)|y and w9 : V — AIIFq is defined by the polynomial f,. As 7 is a linear
map over Fy and the set Ly, . p,F, is closed under taking linear combinations over F,, we know ¢
is defined by polynomials in Ly, . s, F,-

Let § = PrQNUV(Fq)[dim o Y p(a)) # dimV — k]. We first bound 6. By the effective fiber
dimension theorem (Corollary , there exists a polynomial P € F,[Xy,...,X,] of degree at
most k-degV - Hle deg h; < kd that does not vanish identically on VFq such that for every a € VE
satisfying P(a) # 0, the fiber ¢ ~!(¢(a)) is equidimensional of dimension dimV — k. Let B be the
set of a € V(F,) such that dim ¢~'(p(a)) # dimV — k. Then B C Vg, N V(P)NTy. By Bézout’s
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inequality (Lemma and Lemma we have
|B| < degv . degP . qdimV—l < kd2qdimV—1'

Therefore,
‘B’ kd2qdim V-1
= dim V/
V(F)| —  qtmV/2
where we use the fact |V (F,)| > ¢¥™" /2 that follows from Theorem Soe > (2(k+1)d?/q)"/? >
(2d2 /q + 5)'/2.
For b € F’;_l, let V, = gpfl(b) and let V}/ be the union of the irreducible components Z of V4 such

that Z is absolutely irreducible of dimension dim V' — (k — 1) and dim ¢2(Z) = 1. By Lemma
with probability at least 1 — ¢ over b ~ ¢1(Uy(r,)) = (D), it holds that

6= = 2kd?/q,

Vo (Fg) \ Vi (Fg)| < & - [Vo(Fy)]. (19)

Fix b such that holds. Note that D[ p)—p = f(Uy,r,))- By and Lemma the
distributions f(Uv,r,)) and f(Uyy(,)) are s—close So it suffices to Verlfy that f(Uyy(g,)) is an
(n,1,d) algebraic source over F,.

The set V}/(F,) is nonempty as |V}/(Fq)| > (1 — €)|V3(Fq)| > 0. By definition, every irreducible
component Z of V is absolutely irreducible of dimension dim V —(k—1) and satisfies dim ¢2(Z) = 1.

This also implies that dim f(Z) > 1 for every irreducible component Z of V; as ¢3 is defined by
fu and hence its output is part of that of f|y. So the distribution f (Uvb/(]Fq)) satisfies the first two
conditions of (n,1,d) algebraic sources in Definition

We now verify the third condition in Definition As in the proof of Lemmal[7.7] by Gaussian
elimination, we can find integers 1 < j; < -+ < j; < n, where 0 < ¢t < k — 1, and polynomials
g1,--., 9t € Fg[X1,..., X;] such that V;, = VNV (g1,...,g:), and each g; can be written as a linear
combination

9i = Cigihg, + cijiprhjipr + -+ cishs + ¢

with ¢; ;,¢; € Fy and ¢; j, # 0. Bézout’s inequality (Lemma |4.2)) then gives

t t
deg V3, < degV-Hdeggi = degV-Hdeghji. (20)
i=1 i=1

Let {31, e ,/j\s—t} = [s]\ {j1,---, ¢}, where 31 <l < }s ¢t As g1,..., gt vanish identically on V},

adding to each f; a multiple of g; for j € [t] does not change filv,- In particular, for i € [n], we can

eliminate the dependence of f; on hj,,...,h;, and find fZ € [’h; 7_._7;13 F, such that fZ|Vb filv,-
1 s5—

Then the morphism f|y, : V; — qu is defined by the polynomials fl, cee fn And

k
deng'-degh?lgdeng-deghE < degV - Hdegh -degh;lgdegV-HdeghiSd.
i=1

So the third condition in Definition is also satisfied (with respect to the polynomials ﬁ) This
shows that f(Uyy(r,)) is an (n,1,d) algebraic source over Fg, as desired. O
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The following theorem shows how to compose all the ingredients in our construction: an ex-
tractor Exty for (n,1,d) algebraic sources, an extractor Exty for full-rank algebraic sources, and a
linear seeded rank extractor ¢, in order to obtain extractors for (n,k,d) algebraic sources. The
construction uses Ext; in order to select the seed for ¢, applies ¢ on the input, and then applies
Exty on the resulting “condensed” source.

Theorem 9.6 (Composition of extractors). Let n > k > 1 be integers. Let e,&' € (0,1). Suppose
we are given the following objects:

e an e-extractor Exty : Fy — {0, 1} for (n,1,d) algebraic sources over Fy,
e an c-extractor Exty : qu“_l — {0,1}2 for (k—1,k —1,d) algebraic sources over F,, and

o an (n,k — 1,k,&') linear seeded rank extractor (¢y)ycio1ye for varieties over F, (see Defini-
tion such that £ < mqy and each @y is defined by linear polynomials over F,.

Write Ext; = (Ext, Ext}), where Ext] and Ext| output the first £ bits and the last m1 — £ bits of Ext;
respectively. Assume q > max{20d°,2(k+1)d*/e*}. Then the map Ext : Fi — {0,1}™ x{0,1}"2 =
{0, 1}™+™2 defined by

Ext(z) = (Ext1 (%), Exta(pex (2 ()))

is a (6¢ - 2° + 4e + €')-extractor for (n,k,d) algebraic sources over F,.
Towards the proof of Theorem we start with the following lemma.

Lemma 9.7. Use the notations and assumptions in Theorem . Let D be an irreducible (n, k,d)
algebraic source over Iy arising from an affine variety V C Aﬁiq and a polynomial map f : Aﬁ}q —

Ay as in Definition . Let y € supp(Ext}(D)). Assume dimg,(f(V)) =k —1. Then

(Ethll(D)a EXtQ(SOy(D))”EXt’l(D):y T3ec-20+4¢ Um1+m2—é‘

Proof. By Lemma with probability at least 1 — e over b ~ ¢, (D), the distribution D, (py—s
is e-close to an (n,1,d) algebraic source Dj over F,. Fix b € supp(py(D)) such that this happens,
ie.,

D‘goy(D):b e D;) (21)

As Ext; is an e-extractor for (n, 1, d) algebraic sources over F,, we have
Ext1(Dy) =: Up, - (22)
Combining and , we conclude that with probability at least 1 — e over b ~ ¢, (D),
Ext1(D)|y, (D)=b =2¢ U, -
By Lemma [2.2] this implies
(Ext} (D), Ext{(D), py(D)) = (Ext1(D), py(D)) =3c Upm, X @y(D).
Therefore,

(Ext) (D), Ext} (D), Exta(10y (D)) =3 Uy % Exta(ipy(D)) = Up x Uy x Exta(y (D).
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By Lemma [9.4]
(Ext{ (D), Exta(py (D)) lext (0)=y =6e2¢ Umi—¢ X Exta(ipy(D)). (23)

By assumption, V' is irreducible and dim ¢, (f(V)) > k — 1. As ¢, is a linear map over [, and the
polynomials that define f are in Ly, . p,F,, which is closed under taking linear combinations over
Fy, we see that ¢, (D) = (¢y o f)(Uy,)) is a (k — 1,k — 1,d) algebraic source over F,. As Exta is
an e-extractor for (k — 1,k — 1,d) algebraic source over F,, we have

Exta(¢y(D)) =< U, (24)
Combining and yields
(Ethll(D)v EXt?(QOy(D))‘Ext’l(D):y —6e-20+¢ Ui +ma—t
as desired. O

Proof of Theorem[9.6, Let D be an irreducible (n, k,d) algebraic source over F, arising from an
affine variety V C Ap and a polynomial map f : Ay — Ag asin Deﬁnition Then dim f(V) >

k. Let T be the set of y € {0, 1}* such that dim ¢, (f(V)) > k—1. As (Py)yeqoye isan (n,k—1,k, ")
linear seeded rank extractor, we have

PriyeT]>1-¢. (25)
y~Us

As D is an (n, k, d) algebraic source and hence an (n, 1, d) algebraic source over F,, and Ext; is
an e-extractor for (n,1,d) algebraic source over Fy, we have Exti(D) = U,,. So Ext|(D) =. U,.
Combining this with yields

P eT|>1—ec—¢. 26
NEHE (20

By Lemma 9.7 we have
(Ext{ (D), Exta(y(D)))lext, (0)=y =6e-2¢+e Umi+my—e for all y € supp(Ext} (D)) N T. (27)
By Lemma and together yield
Ext(D) = (Exty (D), Ext{(D), Exta(Pexe, (0) (D)) Z6c2t 4o EXt1(D) X Upny+my—e-
Using the fact Ext}(D) = Uy again, we obtain
Ext(D) =z.2t e 4er Umatma-

The above proof shows that Ext is a (6¢ - 2¢ + 3¢ + ¢)-extractor for irreducible (n, k, d) algebraic
sources over ;. By Lemma every (n,k,d) algebraic source over F, is e-close to a convex
combination of irreducible (n, k, d) algebraic sources over F,. So Ext is a (6¢ - 2° + 4¢ + &’)-extractor
for (n, k, d) algebraic sources over Fy. O
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Putting it together. We now instantiate the objects in Theorem [9.6] and prove Theorem [T}

Proof of Theorem[1 If k = 0, the theorem holds trivially, and we may even use an extractor with
an empty output. If £ =1, the theorem follows from Theorem [8.2] So assume k > 1.

Let ¢ = [log(2n?/¢)]. Construct an explicit linear (n,k — 1,k — 1,0) seeded rank extractor
(¢y)yefoye for varieties with eg = (k—1)(n—k+ 1)/2¢ < /2 using the construction in Lemma
(see also Corollary . This is possible as [Fy| = ¢ — 1 > max{n,2‘}. By definition, (Py)yefo13
is also a linear (n,k — 1, k,eg) seeded rank extractor for varieties.

Let g1 = 6~3Z—4‘ Construct an explicit ej-extractor Exty : Fy — {0,1}™ for (n,1,d) algebraic

sources over F, using Theorem [8.2] such that
my > logq — 2loglogp — O(log(nd/e1)) = logq — 2loglog p — O(log(nd/¢)).

We may assume m; > ¢ as ¢ > (nd/e)¢ where ¢ > 0 is a sufficiently large constant. Write
Ext; = (Ext], Ext}), where Ext| and Ext] output the first £ bits and the last m; — £ bits of Ext;
respectively.

Finally, construct an explicit e1-extractor Exts : F’;_l — {0,1}™2 for (k — 1,k — 1,d) algebraic
sources over I, using Theorem such that

mg > (k— 1)logq — 2loglogp — O(log(d/e1)) = (k — 1)log g — 2loglogp — O(log(nd/¢)).

The choice of ¢y and e; guarantees that 6e; - 20 4+ 4eq + ggp < €. By Theorem the map
Ext : Fy — {0,1}™%™2 defined by Ext(z) := (Ext1(2), Exta(@eu, ()(2))) 18 an e-extractor for
(n, k, d) algebraic sources over F,, whose output length is

m1 + mgy > klogq — 4loglogp — O(log(nd/<))
as desired. ]

Remark. If d = 1, an (n, k, d) algebraic source over F, is simply an affine source over F,. In this
case, our output length in Theorem [1]is klogq — O(loglogp + log(n/e)), which is slightly better
than the output length (k — 1)log ¢ in [GRO8|, This is due to a more careful analysis that we use.
Namely, we use the fact that a linear seeded rank extractor is strong in the sense that most seeds
are good. This allows us to include the seed in the output, which yields the improved output length.
We remark that the analysis of [GRO§] can be easily modified to achieve such an improvement too.
Finally, when d = 1, an (k — 1,k — 1,d) algebraic source is already the uniform distribution, as
observed in |[GROS8]. So one can simply use the identity map F’;_l — F’;_l as Exto and get a slightly
better parameter mg = (k — 1) log ¢ instead of ma = (k — 1) log g — 2loglog p — O(log(n/e)).

10 Affine Extractors with Exponentially Small Error for
Quasipolynomially Large Fields

In this section, we construct affine extractors with exponentially small error, over prime fields of
size ¢ = n@Uoglog(n) and any characteristic. Our construction is in fact identical to the extractor of
Bourgain, Dvir and Leeman [BDL16], but our analysis is slightly improved. Specifically, Bourgain,
Dvir and Leeman constructed an affine extractor over prime fields IF, where ¢ = pOUoglogn) jg 5
so-called “typical” prime. Our construction works over any prime finite field of the same size.

Recall that “log” denotes logarithms in base 2. We use “In” in this section to denote natural
logarithms.
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Definition 10.1 (Divisor counting function). For positive integer n > 1, let w(n) count the number
of distinct prime factors of n, not counting multiplicity.

Bourgain, Dvir and Leeman use average-case bounds on w(q — 1) for a “typical” prime ¢. For
our purposes we need the following worst-case upper bound on w(n).

Lemma 10.2 ([Rob83|, Theorem 13). Let n > 26 be an integer. Then

(n) < Inn
n
Y= Tnnn — 11714
The following proposition replaces the use of [BDLI16] by finding a set of degrees dy, . . ., d, with
useful properties for the construction.

Proposition 10.3. Let q be a prime number. Fixze > 0 . Then, if ¢ > ngloglog(”), there exists
an efficient deterministic algorithm that, in time polynomial in n, finds n integers di < do < -+ - <
dp, € N such that LCM(dy, . ..,d,) < ¢° and each d; is coprime to q — 1.

Notice that these properties of dy, ..., d, are precisely those needed for the affine extractor for
IBDL16].

Proof. Suppose that ¢ = n€1°8108(") for a constant C' > 0 to be specified later. Let r = [logn]. Let
P1,---,Pr be the least r primes that are coprime to ¢ — 1. Then pq,...,p, all belong to the first
w(q — 1) + r primes.

By Lemma we know that for large enough n,

Ingq log ¢
-N< —— <1.01—"—.
wla=1 = g1 = "M oglog g
(Recall that we use log for logarithm in base 2). Therefore, p1,...,p, are among the first m primes,
where
log(q)
m < [logn] 4+1.01 . ————
[log] log log(q)

1.01Clog(n) - loglog(n)
log(C') + loglog(n) + logloglog(n)
< 1+log(n)+ 1.01Clog(n) < 2C'log(n)

<1+log(n)+

The last two inequalities are for large enough n and C.

Next, we would like to bound the magnitude of these m primes. By the Chebyshev bound on
the prime counting function (see, e.g., Theorem 5.4 in [Sho09]), [t] contains at least ;111111 ((23 primes.
Therefore, taking t = C'log(n) - loglog(n), where C' = 10C, we get that for large enough n, [t]
contains at least m primes.

Let D = pipa - - - py. Notice that D has 2M1°871 > distinct divisors, each of which is coprime to
q — 1. These distinct divisors are the di,...,d, in the theorem statement. In particular, we have
LCM(dy,...,d,) < D.

We can upper-bound D as p;.. We want to choose ¢ large enough that D < ¢°. Since p, <t
and r < log(n) + 1, we obtain

D < (C’ log(n) -log 1Og(n))log(n)+1

95



< nlog(C’ log(n)-loglog(n))+1

— nlog log(n)+log log log(n)+log(C’)+1

Moreover, ¢¢ = nC=loglog(m)  For large enough n, it follows that choosing C' > % is enough to
imply that D < ¢°.

Finally, observe that indeed dy, ..., d, can be found in time which is polynomial in n, by checking
all integers up to t = O(lognloglogn) for primality and co-primality with ¢ —1 in order to compute
P1, .-, Pr, and then multiplying all non-empty subsets of p1, ..., p, to output dy,...,d, ]

The rest of the proof continues in a very similar manner to the proof of Theorem 3.1 of [BDL16].
For completeness, we provide the main details of the construction and its proof. The following
lemma from [BDL16] gives a convenient form for representing affine subspaces.

Lemma 10.4 ([BDL16], Lemma 3.4). Let V' C F" be an affine subspace of dimension k. Then,
there is an affine map £ : F¥ — F™ whose image is V such that there exist k indices 1 < j; < jo <
<o < gk <m, such that

1. For alli < ji, 4;(t) is a constant in Fy.
2. For alli € [k], ¢;,(t) = t;.
3. For every i > 1 and j < j;, £;(t) is an affine function which depends only on t1,...,t;i_1.

We also need the following exponential sum estimate due to Deligne (see [Del74, MKO93,
BDL16]). For b € Fy, define x; : Fy — C to be the additive character x;(z) = wébm where
Wg = e2™/4 ig a primitive g-th root of unity. Note that this definition is valid even for n = 1.

Theorem 10.5. Let f be an n-variate polynomial over Fy of degree d. Let fq denote the degree-d
homogeneous component of f and suppose that fy is smooth, that is, the only common zero of the
n polynomials {de/axi}ie[n} is the all-zero vector. Then for every non-zero b € Fy,

Z xo(f(@)| < (d—1)"¢"/2.

z€Fy

Let A € F™*™ be a matrix where every m columns are linearly independent (e.g., a Vandermonde
matrix). Let d; < dy < --- < d,, be as in Proposition and define the function F : F" — F™ by

a:ill
E(zi,...,zn)=A-| : |. (28)

Theorem 10.6. For every 0 < 8 < 1/2, there exists a constant C' such that the following holds:
Let k < n be integers and F be a prime field of size ¢ > nC1°818"  Then for m = Bk the function
E . F*" — F™ as in is an affine extractor for min-entropy k with error ¢ ¥ That s, for
every affine subspace V. C F™ of dimension k, if Xy is a random variable uniformly distributed on
V, E(Xy) is ¢ ") -close to uniform on F*.
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Proof. As we mentioned earlier, our proof is identical to the proof of Theorem 3.1 of [BDL16]. We
provide the details for completeness.

Let V C F™ be an affine subspace of dimension k£ and let X be a random variable obtained by
picking a random element from V' and applying the extractor £ above. Let ¢ be an affine map
whose image is V' as in Lemma [10.4

By Lemma it is enough to give an upper bound on [E[x.(X)]| for every non-zero c € Fy.

Denote b = ¢* A, and observe that

b1t 4t b
Xe(E(x)) = wg'™! = xa (b 4 4 bugalin).

Hence,
[EDe(XO] = [a7" Y xa(bifa(®)® + - + balu(t) )] - (29)
teFk
Denote D = LCM(dy,...,d,) < ¢° and D; = D/d;, for every i € [k]. By performing the
change of variables t; = SZD  (which is invertible since dy, .. ., d,, are all coprime to ¢ — 1), we define

l :Ej(s?l,...,skD’“), so that becomes

|EDe(X)] = [g7% Y xa(rla()® + -+ 4 buli(s)™)] (30)

sclk
and the functions /1, ..., #; have the following properties (as in Claim 3.5 in [Bou(7]):

D

i -

1. For every i € [k], gi“ =s

2. For all j & {j1,...,7x}, g;l]- is a polynomial in s1,..., s, of degree strictly less than D.

This implies that we can write as

|EDe(X)] = |¢7F Y xalbjst + -+ bjs +9(s))|, (31)
scFk

where ¢ is a polynomial of degree strictly less than D.

Since ¢ is non-zero and every m columns of A are linearly independent, the vector b = ¢! A has
at most m — 1 < k/2 zero coordinates. Hence, at least k/2 of the values b;,,...,bj, are non-zero.
Suppose without loss of generality that these are the first k/2 coordinates. Thus, we estimate
as

| E[xe(X)]]

< qik/Q Z qik/2 Z Xl(bj181D +eee bjk/zskD/z + Gsp 41,58k (317 s 73k/2))

Sk/2415-SKkEFg 81,058 /2€Fg
with bj,,...,bj, , non-zero and deg(gsk/2+1 ..... sp) < d for every spoyq,...,8,. That is, for every
choice of sy /511, .., S, the degree D homogeneous component of the polynomial
D D
bjlsl +”'+bjk/28k/2 +gsk/2+1 ..... Sk(sla '7Sk/2)
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is smooth. By Theorem [10.5]

|Elxe(X)]| < ¢ /2. DF2 . @b/t < o(Z1/4Fe/2)k

Setting ¢ = 1/4 — /2 > 0 and applying Lemma , the statistical distance of X from the uniform
distribution on Fg* is at most
gDk gm2 <~ (e/2)k

which concludes the proof. O

11 Explicit Noether Normalization for Affine Varieties and Affine
Algebras

The Noether normalization lemma [Noe26, Nag62| is a cornerstone of commutative algebra and
algebraic geometry. It states that any finitely generated commutative algebra over a field FF, or
what we call an affine algebra over F, is not too far from a polynomial ring, in the sense that
it is always a finitely generated module over a subring that is isomorphic to a polynomial ring
F[Y1,...,Y)]. The geometric interpretation of this statement is that any affine variety V over F is a
“branched covering” of an affine space Aﬁ?, or more precisely, V admits a surjective finite morphism
oy V — A%

When F is an infinite field (or more generally, a sufficiently large field), the polynomials that
define the finite morphism ¢y may be chosen to be linear polynomials (see, e.g., Lemma .
In general, ¢y can always be chosen to be defined by polynomials of sufficiently large degrees.
In fact, counting arguments show that given the variety, a “random” polynomial map defined by
polynomials of sufficiently large degrees would almost surely yield such a finite morphism. See
[BEL9| for a quantitative analysis. However, it is not known how to completely “derandomize”
such counting arguments.

The first proof of the Noether normalization lemma for general affine algebras over arbitrary
fields was given by Nagata [Nagh3l [Nagh6], Nag62]. This proof has the interesting feature that it
actually constructs a “universal” polynomial map ¢ : Af — Aﬁ? that works for all low-degree affine
varieties. Namely, for any low-degree affine variety V' C A of dimension k, the restriction of ¢
to V gives a finite morphism ¢|y, : V — A{;. The existence of such a polynomial map ¢ that is
independent of V' appears to be stronger and more intriguing than the existence of finite morphisms
V — AI]}. In fact, we do not know how to prove the existence of ¢ via a counting argument.

While the polynomial map ¢ constructed by Nagata gives a uniform way of constructing finite
morphisms, a drawback is that the degrees of the polynomials that define ¢ can get extremely high
due to the iterative nature of the construction. More specifically, the map ¢ is constructed as a
composition of polynomial maps ¢; : AfFH — AfF, i =n—1,...,ksuch that their restrictions ¢;|v;_,
are finite morphisms, where we inductively define V,, = V and V; = ¢;(Vi41) fori =n—1,..., k. The
problem is that composing with a polynomial map can increase the degree of a variety exponentially
(see Lemma . The degree bound for the polynomials defining ¢ is at least doubly exponential
for this reason.

Thus, it is a natural question to ask if there is a more efficient construction of the universal
polynomial map . In this section, we show that the DKL construction in Section [0] is indeed such
a construction, which always works when |F| > n.
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The construction of ¢. We first recall the DKL construction in Section [6] Let F be a field.
Let n,d € N* and m,k € [n]. Let di,...,d, be n pairwise coprime integers greater than d.
Let M = (cij)icim],jen) € F™ ™ be a k-regular matrix, i.e., any k distinct columns of M are
linearly independent. Let ¢ = p(M) : A} — A be the polynomial map defined by fi,..., fm €

F[X1,...,Xy], where f; := 2721 civa;-ij. In other words, ¢ is given by

n n
: d; d;
o (ay, ... an) — E cl,jaj,...,g Cm,j4,
=1 j=1

The main results of this subsection are the following theorems.

Theorem 11.1 (Explicit Noether normalization for affine varieties). Let V' be an affine variety of
dimension at most k and degree at most d over a field F. Then ¢|y : V. — AR’ is a finite morphism.

Theorem translates into the following algebraic statement, Theorem [I1.2] which gives
an explicit Noether normalization lemma for affine algebras, i.e., finitely generated commutative
algebras over a field.

Recall that the Krull dimension of a commutative ring A is the supremum of the lengths of all
chains of prime ideals in A. If V' is an affine variety over a field F, then the Krull dimension of its
coordinate ring F[V] is just the dimension of V.

Theorem 11.2 (Explicit Noether normalization for affine algebras). Suppose A is a commutative
F-algebra gemerated by a1,...,a, € A such that the Krull dimension of A is at most k. Let the
ideal I of F[X1,...,X,] be the ideal of all polynomial relations satisfied by ai, ..., a,. Also suppose
the degree of the affine variety V(I) C A™ is at most d. Then A is a finitely generated module
over its subring S = F[fi(a),..., fm(a)], where fi,..., fm are the polynomials defining ¢ and
a=(ay,...,ap).

The fact that A is a finitely generated module over S implies that the Krull dimension of
S equals that of A. In the case where the Krull dimension of A is k and & = m, this means
fi(a), ..., fm(a) are algebraically independent over F, and hence S is isomorphic to a polynomial
ring F[Y1,...,Y,,] via fi(a) — Y;.

Theorem [11.1)and Theorem [11.2|are proved in Appendix|D| The proof is inspired by and closely
follows a geometric proof sketched in [KRS96, Remark 1].

Smaller fields. While £ x n MDS matrices are generally not known over small finite fields I,
which prevents us from choosing m = k over I, it may still be possible to choose larger m for which
(explicit) k-regular m x n matrices over F exist, and this would yield a finite morphism ¢|y : V —
A{F’:‘I by Theorem m As compositions of finite morphisms are finite [AM69, Corollary 5.4], by

replacing n with m and V' with V/ = ¢(V'), we reduce the problem of constructing a finite morphism
onV C qu to constructing that on V' C Aﬂ , where V' has the same dimension as V but lives in
a possibly much smaller affine space A{F’;. The degree of V', however, may be significantly larger
than that of V. See Lemma for a general upper bound on the degree.

For example, while we do not know the existence of k x n MDS matrices over small finite
fields F, one can still use a BCH-code-like construction to obtain an m x n k-regular matrix with
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m = O(klog,n), which can be much smaller than n if k¥ < n. Applying the resulting map ¢
reduces the dimension of the ambient space from n to m.

However, when ¢ is really small and k is close to n, it may be possible that one can only choose
m = n — 1 and hence only reduce the dimension of the ambient space by one at each step. This
is essentially the same method used in Nagata’s construction. Currently, all constructions of the
universal polynomial map ¢ : AI}‘Q — Aﬁ?q with £ = dim V' that we know over a constant-size field
[F, use polynomials of degree at least doubly exponential in min{k,n —k} due to the blow-up of the
degree of the variety. It is an interesting question to ask if there exist constructions with a better
degree bound over constant-size fields.

Appendices

A Noether Normalization via Linear Maps

In this section, we prove the quantitative Noether normalization lemma (Lemma and its variant,
Lemma We also explain how to remove the condition g > 2(k + 1)d? in [CMO06, Theorem 7.1]
and obtain Theorem [4.6]

Although Lemma concerns only affine varieties, we need to deal with projective varieties
that “complete” affine varieties.

Projective spaces and projective varieties. Fix [F to be an algebraically closed field. The
projective n-space P" over T, as a set, is the quotient set (IF"Jrl \ {0}) / ~, where 0 is the origin
(0,...,0) and ~ is the equivalence relation defined by scaling, i.e., u ~ v if u = cv for some ¢ € F*.
We use (n + 1)-tuples (xg, ..., z,) to represent points in P".

We equip P" with the Zariski topology over F, where a subset is closed if it is the set of common
zeros of a set of homogeneous polynomials in F[ X, X1,..., X,]. Call Xy,...,X,, the homogeneous
coordinates of P™. A closed subset V' C P" is said to be a projective variety over F.

The projective space P is covered by open subsets U; := {(zg,...,x,) € P" : z; # 0}, i =
0,...,n. Each U; can be identified with the affine space A" via the map

Zo Ti—1 Ti+1 Tn
(o). yxp) = | —, ..., , B E

And the subspace topology of U; induced from that of P™ is precisely the Zariski topology of A™ if
we identify U; with A™ this way.

While the sets U; are symmetric, we often fix ¢ = 0 and regard A™ as an open subset of P"
by identifying it with Uy C P" as above. Its complement P \ A" may be identified with P"~!
(for n > 0) via the map (zg,...,xn) — (z1,...,2,), and is called the hyperplane at infinity. The
projective closure of an affine variety V' C A™, which we denote by V., is the smallest projective
subvariety of P" that contains V' as a subset. And we have Vi NA" = V.

The notions of irreducibility, irreducible components, degree, and dimension all extend to pro-
jective varieties. We have deg V. = degV and dim V. = dim V for an affine variety V C A", i.e.,
taking the projective closure preserves the degree and the dimension.

The notions of morphisms and finite morphisms also extend to projective varieties. See, e.g.,
[Shad4]. If ¢ : V' — V" is a finite morphism between projective varieties, and ¢| -1y : o~ (U) = U
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is a morphism between affine varieties for some open subset U of V', then ¢lo-1(uy is also a finite
morphism ([Sha94] §I.5.3, Theorem 5]).

The following lemma gives a way of finding a finite morphism V — P* defined by linear poly-
nomials.

Lemma A.1 ([Sha94l §1.5.3, Theorem 7]). Let V' C P" be a projective variety over F. Suppose
Lo, ..., 0 € F[Xo,...,X,] are (homogeneous) linear polynomials that have no common zero on V.
Then they define a finite morphism V — P¥ that sends a € V to (fo(a), ..., lx(a)).

Thus, the problem of finding a finite morphism from a projective variety V to P*¥ reduces to
finding k£ + 1 linear polynomials that have no common zero on V. We use Chow forms to show the
existence of such linear polynomials.

Lemma A.2. Let V. C P" be an irreducible projective variety over F of dimension k and degree

d. There exists a nonzero polynomial Ry € F[Yyo,..., Y] such that for all cop,...,crn € F,
the linear polynomials £y, ..., 0 defined by ¢; = Z?:o ¢i;jXj have no common zero on V iff
Ry (cop,...,crn) # 0. Moreover, Ry is multihomogeneous of degree (d,...,d) in

{%,07 v y}/O,n}7 ) {Yk,O) v 7Y/€,n}a

i.€., it is homogeneous of degree d in each of the k + 1 group of variables.

The polynomial Ry is unique up to a scalar and is called the Chow form of V. See, e.g.,
[KPS01].
We also need the following lemma on the existence of a non-root of a polynomial.

Lemma A.3. Suppose P € F[X11,...,X},] is a polynomial such that for all i € [k], the (total)
degree of P in the variables X; 1, ..., X;, is at most d. Let S be a finite subset of F of size greater
than d. Then P has a non-root in S*".

Proof. We assign the values ¢;1,...,¢n € S to the k groups of variables {X;i,...,X;,} for
i =1,...,k one by one, such that at each step, the polynomial P remain nonzero. This is obviously
true at the beginning. Now at the beginning of the i-th step, assume that P remains nonzero after
the partial assignment X ; = ¢y ; for i < i and j € [n], and call this polynomial P;. View P;
as a polynomial in the variables X;i11,..., X}, over the ring F[X;,...,X;,]. Then as P; # 0,

it has a term whose coefficient () is a nonzero polynomial of degree at most d in X;1,...,X; .
By the DeMillo-Lipton-Schwartz—Zippel lemma [Sch80), [Zip79, [DL78]|, there exist ¢;1,...,cin € S
such that Q(¢i1,...,¢in) # 0, and hence P; remain nonzero after the assignment X;; = ¢,
j=1,...,n. Continuing this process, we see that P has a non-root in S*". 0

We are now ready to prove Lemma [4.8] For convenience, we first restate this lemma.

Lemma 4.8 (Noether normalization). Let V' C A} be an affine variety of dimension k and degree
d over a field F. Suppose S is a finite subset of F of size greater than d. Then there ezists a
polynomial map ¢ : Ag — Afﬁ defined by linear polynomials £; = 2?21 ¢ij X; € F[Xq,...,X,] with
coefficients ¢; 1,...,cin € S fori=1,... k such that ply : V — Aﬁi s a finite morphism.

Proof. We may assume that F is algebraically closed. This is because finiteness of morphisms over
F follows from that over F by a descent argument (see Appendix @)
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Suppose Vi, ..., Vs are the irreducible components of V', where dimV; = k; < k and degV; = d;
for t € [s]. Identify A™ with the open subset Uy = {(zo,...,xn) € P" : g # 0} of P", and let
H = P™\ Up be the hyperplane at infinity.

For ¢ € [s], let

P, = R(Vt)cl € F[}/O,Ov e ,th,n] - F[Yb?o, e 7Yk,n]-

That is, P; is the Chow form of the projective closure of V;. Then P; is multihomogeneous of degree
(dy,...,dy). Fort € [s], let P, € F[Y11,...,Yn] be the polynomial obtained from P, by assigning
(Y0,0,Y0,1,---,Y0n) = (1,0,...,0) and Y9 = --- = Y30 = 0. Then each P, remains a nonzero
polynomial. In fact, ]3t may be viewed as the Chow form of (V;)q N H as a projective subvariety of
H = P! of dimension k — 1. (If dim V; = 0, then (V;)a N H = () and P is a nonzero constant. )

Suppose €1 1,...,¢kn € S satisfy Py(coo,...,cn k) # 0 for all t € [s]. We claim the linear forms
;= Z?Zl ¢i;jX; define a finite morphism V' — A¥. To see this, note that by the property of
Chow forms, the polynomials ¢y := X and /1,...,¢; have no common zero on Vg = (J;_;(V4)al-

So by Lemma lo, ..., 0 define a finite morphism ¢ : V; — P*. Let U be the open subset
{(zo,...,zx) € P* : 29 # 0} of P*. As o = Xo, we have £o(z) # 0 for z ¢ Uy and hence
©(H)NU, =10. So oY (U)) = UpNVe = V. As ¢ is a finite morphism, so is ¢|y : V — U{. Finally,
note that |y is exactly the morphism V — A* defined by /1, ... ; Uy if we identify Uy with AF,

So it remains to prove the existence of ¢ 1, ..., cg, € S such that Pi(ci1,...,cx,) # 0fort € [s].
This follows by applying Lemma to P := [];_, P, and noting that P is multihomogeneous of
degree (d,...,d). O

One can prove an analogue of Lemma for projective varieties with a similar, and in fact,
simpler proof. But we only need Lemma for affine varieties in this paper.

Proof of Lemma[{.9. The proof is the same as that of Lemma [{.8] except that we consider V; and
V5 simultaneously and apply the union bound when picking each linear polynomial /;. O

The effective Lang—Weil bound. Lemma above can also be used to prove the effective
Lang—Weil bound (Theorem . We restate the theorem below for convenience.

Theorem 4.6 (Effective Lang—Weil bound). Let V' C A{F‘q be an absolutely irreducible affine variety
over IFy of dimension k and degree d. Then

V(Fy) — ¢"| < (d = 1)(d = 2)¢" /% + 5"/
In particular, we have |V (F,)| > ¢*/2 if ¢ > 20d°.

This bound was proved as [CM06, Theorem 7.1] with an extra condition that ¢ > 2(k + 1)d>.
We first explain why this condition was assumed in [CMO0G].

To prove [CMO0G, Theorem 7.1], Cafure and Matera first proved an effective Lang—Weil bound
when V' is an absolutely irreducible hypersurface in Ay without the condition ¢ > 2(k 4+ 1)d? (see
[CMO06l, Theorem 5.2]). To extend it to the general case, they further argued that if ¢ > 2(k +1)d?,
then there exists an affine linear map = : Aﬁq — A]blf:rl over [, defined by polynomials Z?Zl Xij X+
vi € Fg[X1,...,Xy], i =1,...,k+ 1, that induces a birational equivalence m|y : V --» H between
V and a hypersurface H C Aﬁjl. Such a birational equivalence may be thought of as an “almost
isomorphism” between V' and H. In particular, 7|y is an “almost bijection” between the set of
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rational points of V' and that of H, i.e., there exist dense open subsets U C V and U’ C H such
that the rational points in U are mapped bijectively to those in U’ under «|y. Furthermore, the
sets (V\U)(F,) and (H\U’)(F,) are small. The effective Lang—Weil bound for affine varieties then
easily follows from the bound for hypersurfaces.

To see intuitively why such a morphism 7 should exist, note that the quantitative Noether
normalization lemma (Lemma already guarantees the existence of a morphism V — Aﬁ? that
is finite (and hence surjective). However, this map is finite-to-one instead of (almost) one-to-one.
But note that a morphism Aﬁq — Af;:l has one extra coordinate in the output, and we can use

this extra coordinate to distinguish the finitely many preimages of a general point b € Afgq. Thus,

we should expect that a general affine linear map  : AI’FLQ — A{f,:l defines an “almost isomorphism”
from V to a hypersurface. Indeed, Cafure and Matera used the Chow form and the discriminant
to prove the existence of such a morphism 7. Specifically, they showed that there exists a nonzero
polynomial G in the variables (A;;)icrt1),jen) and (I's)icp41) over F, such that 7 is a desired
morphism whenever the coefficients (X j)ic(k+1]jen) and (7Vi)iejx+1) of the polynomials that define
7 form a non-root of G [CM06, Theorem 6.1]. Moreover, G has the property that its degree in
Ai1, ..o Ay, Ty is at most 2d for i € [k+ 1] (see the proof of [CM06, Theorem 6.1]). In particular,
its total degree is at most 2(k + 1)d>.

Next, Cafure and Matera used essentially the DeMillo-Lipton—Schwartz—Zippel lemma [Sch80),
Zip79,[DL78] and the fact that deg G < 2(k+1)d? to argue that a non-root of G exists in IF((;CH)(”H),
and this is where they need the condition ¢ > 2(k + 1)d? [CM06, Corollary 6.2].

However, we can take advantage of the fact that the degree of G in each group of variables
Aig, ..., Nip, T is at most 2d? for i € [k+1], and use Lemma instead. This immediately allows
us to relax the condition ¢ > 2(k + 1)d? to ¢ > 2d>.

Finally, observe that when ¢ < 2d?, the bound |V (F,) — ¢*| < (d — 1)(d — 2)¢* /2 + 5d3/3¢F 1
follows from the trivial lower bound |V (F,)| > 0 and the upper bound |V (F,)| < d¢* in Lemma
So we can remove the condition about ¢ completely.

B The Effective Fiber Dimension Theorem

We prove the general form of the effective fiber dimension theorem (Theorem [4.10) in this section.
The base field F is assumed to be an algebraically closed field.

Generalized Perron Theorem. We need the following result proved by Jelonek [Jel05], gener-
alizing a classical result of Perron [Per27] that bounds the degree of annihilating polynomials for
algebraic dependent polynomials.

Theorem B.1 (Generalized Perron Theorem [Jel05, Theorem 3.3]). Suppose f : A" — A™ is a
polynomial map defined by polynomials f1,..., fm € F[X1,...,X,], where deg f; = d; > 0. Let
V. C A™ be an irreducible affine variety over F, and let W = f(V) C A™. Suppose dimV =
dim W = m —1. Then there exists a nonzero polynomial Q € F[Y1, ..., Y] such that Q(f1,..., fm)
vanishes identically on V and deg(Q(Y{™,...,Y,%)) < degV - [, d;.

Proof of the effective fiber dimension theorem. Now we are ready to prove Theorem |4.10
For convenience, we first restate the theorem.
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Theorem 4.10 (Effective fiber dimension theorem — general form). Let V' C A™ be an irreducible
affine variety of dimension k over an algebraically closed fieldF. Let hy, ..., hs € F[X1,...,X,] with
deghy > --- > deghs. Let fi,..., fm € Ly, h,F, which define a polynomial map f : A" — A™.
Let k' = dim f(V).

Let jy,...,jw € [m] such that the morphism f':V — A¥ defined by firs--os fj is dominant,
which exist by Lemma . Let Vi C Ag(Yl,...,Yk,) be the generic fiber of f' (see the definition
after Theorem |{.4)). Finally, let £1,...,0, € F[X1,...,X,] be linear polynomials such that both the
morphism 7 : V. — A* defined by l1,... 0, and the morphism T : Vi — AI?(_XIEI,...,Y,C/) defined by
l1,...,lk_jr are finite.

Let t € {0,...,k — k'}. Then there exists a polynomial P € F[Xq,...,X,] of degree at most
K - degV - Hf;l deg h; that does not vanish identically on V' such that the following holds: Let
@+ A" — AT be the polynomial map defined by l1,..., 4, fi,..., fm. Then for every a € V
satisfying P(a) # 0, the fiber ¢|;' (p(a)) is equidimensional of dimension k — k' —t.

One special form of the effective fiber dimension theorem with V = W = A* was essentially
proved in [GSS19] using Perron’s bound [Per27]. Our proof of Theorem can be seen as a
generalization of this proof. It can also be seen as an effective version of a standard proof of the
fiber dimension theorem (see [Vak22, Proof of Theorem 12.4.1]).

Towards proving Theorem [4.10] we first prove the following lemma using the Generalized Perron
Theorem.

Lemma B.2. Use the notations in Thearem and assume that degh; > 0 for i € [s]. Suppose
dimV = dim f(V) = k = m. Also suppose at least u polynomials among fi,..., fr are linear. Let
g € F[X4,...,X,] such that deg g > 0. Then there exists a nonzero polynomial Q € F[Y1, ..., Yii1]
satisfying the following:

1. Q(f1,---, fx,9) € F[Xy,...,X,] vanishes identically on V.

2. View Q as a univariate polynomial in Yiy1 over F[Y1,...,Yx] and let Q* € F[Y1,..., Y] be
its leading coefficient. Then the degree of Q*(f1,..., fr) € F[X1,...,Xy,] is at most degV -
degg - H;n:”ll{k_u’s} deg h;.

Proof. Note that changing the coordinate system of A™ = A via an invertible linear transformation
does not affect the statement. So by permuting the polynomials f;, we may assume the linear
polynomials f; appear at the end of the list f1,..., fx. By applying Gaussian elimination, we may
further assume f; € Ly, . . F (i-e., fi does not depend on hy,...,hi—1) fori=1,..., min{k —u, s},
and deg(f;) < 1 for i = min{k — u,s} + 1,...,k. In particular, we have deg f; < degh, for
i=1,...,min{k — u, s}.

Let 1) be the polynomial map A" — A*+1 defined by f1,..., fi,g. The dimension of ¥ (V) is k
since it cannot exceed k = dim V" and the dimension of f(V') is already k. As dim f(V) = k, we
necessarily have deg f; > 0 for i € [k]. Applying the Generalized Perron Theorem (Theorem (B.1))
to 1, we see that there exists a nonzero polynomial @ € F[Y1,..., Yy 1] such that Q(f1,..., fx,9)
vanishes identically on V' and

k min{k—u,s}
deg (Q (Yldegfl, Lyl Y,j‘j%g)) <degV-degg-[[deg fi < degV-degg- [[ deghs
i=1 =1
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Let Q* € F[Y1,..., Y] be the leading term of @ in Yiy1. Then

deg(Q*(fr, .. fx)) < deg <Q* (Yldegfl’ o 7kaegfk>)

< deg (Q (Yf‘egfl, L ydes kaﬁg))
min{k—u,s}

< degV -degg - H deg h;.

i=1

To see that the first inequality holds, note that the monomials of Q* (Yldeg hoo ,kaeg ! ’“> corre-

spond one-to-one to the monomials of @*(Y1,...,Y%), and substituting f; for Yz-deg i within each
monomial does not increase its degree. O

We use Lemma to prove Theorem

Proof of Theorem[{.10 We may assume degh; > 0 for i € [s] by removing all polynomials h; that
are constants. Let ¢ : A” — A* be the polynomial map defined by £1,. .., l,_s, Jivseoos Jip- As

7 is finite, we have dim¢ (V) = dimV = k. And we have dim (V) = ¢t + k' as otherwise the
dimension of ¢ (V) cannot achieve k.

Consider i € {k — k¥ +1,...,k}. Applying Lemma to ¢ : A" — AF (which is defined by
Oy bkt fins oo fi € £h17_.'7h57[17W7gk_k,7F) with g = ¢; and u = k — K/, we see that there exists
a nonzero polynomial Q; € F[Y7,...,Y;41] satisfying the following:

L Qi(ly,-- le—pss fi1s-- -5 £, £i) vanishes identically on V.

2. Let QF € F[Y1,...,Y;] be the leading coefficient of @; in Yi4q1. Then the degree of
Qi1 ly—wry firy-- o5 [iy) €F[Xq,..., Xy] is at most deg V' - Hle deg h;.

For g € F[X1,...,Xp), let g := g+ I(V) € F[V]. Then &,....lp—ps, fji,---, f5, are al-
gebraically independent over F as |y : V — AF is dominant. In particular, we have
Qi (fy,. .. ,gk_k/,ﬁl,...,ﬁk,) # 0, or equivalently, QF(¢1,...,%k—p, fj1,---, fj,,) does not vanish
onV.

The Zariski closure of the image of V under the polynomial map A" — AFt! defined
by £y, le—ss fiys- -5 [ 4 18 a hypersurface of AFF1 defined by a single polynomial, which
we may assume to be ;. So @Q; generates the ideal of the polynomial relations satisfied by
fl, e 7€k—k’a fj17 R 7fjk/7€’i'

Let K = F(f;,,---, fjk,), which can be viewed as the function field of the target A¥ of the
dominant morphism f’. By the finiteness of 7, the coordinate ring K[Vy] of Vj is a finitely
generated module over K[f1,...,0,_1/]. So /; is integral over K[/1,...,lx_p/], i.e., it is a root of a
monic polynomial over the ring K[, ..., ;] [AM69, Proposition 5.1]. It follows that the leading
coefficient Q)7 of @); does not depend on Yi,...,Y; s, although it may depend on Yj_j/41,..., Y%
since fj,,..., f;,, are invertible in K. So Q} € F[Y_pr41,. .., Vil

Let P = H?:kfkurl Qi (fj1,--+5 fj,). Then P does not vanish identically on V' and has degree
at most k' - deg V' - Hiil deg h;.

Consider a € V such that P(a) # 0, and let Z be an irreducible component of ¢|;,*(¢(a)). Note
that dimZ > dimV — dim¢(V) = dimV — (¢t + k') = k — k' — t by the first claim in the fiber
dimension theorem (Theorem [4.4)).
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It remains to prove that dimZ < k — k' —t. For g € F[X1,..., X,,], let g := g+ I(Z) € F[Z].
Note that £; = ¢;(a) € F for i € [t] since ¢; —;(a) vanishes identically on ¢|;;' (¢(a)) 2 Z. Similarly,
we have fjl = f;,(a) € F for i € [K'] since fj, — f;,(a) vanishes identically on ¢|;,*(¢(a)) 2 Z.

Fori e {k—k +1,...,k}, as Qi(¢1,... . lx—s, fj1s-- -, [j,,,Li) vanishes identically on V D Z,
we see that Z is a root of the univariate polynomial

Qi(glﬂ s 7Z€—k’a fjn sy Ek/aYk+1)
=Qi(t1(a),. ... b(a), by, lopes fy(a), o Fi (@), Yig1) € (B[ligs oy Cp—p]) [Yiga )

Its leading coefficient is Q;(f;,(a),..., fj, (a)), which is a nonzero element in F since P(a) # 0.
So /; is a root of a monic polynomial over F[ls1,...,0p /] for i € {k — k' +1,...,k}. Tt follows
that F(f1,...,0;) is a finite extension of F({s41,...,0;_/). On the other hand, as the morphism
7 :V — A defined by /1, ... .Uy is finite and Z is an affine subvariety of V, we know F[Z] is a
finitely generated module over F[f, ..., fx]. So F(Z) is a finite extension of F(¢y,...,¢;), and hence

also a finite extension of F(sy1,...,0;_). Therefore, the trancendence degree of F(Z) over F is
at most kK — k' —t, ie.,dimZ <k —k' —t. O

C Miscellanea

Absolute irreducibility. The following lemma gives alternative characterizations of absolute
irreducibility when the finite field F, is large enough.

Lemma C.1. Let V be a nonempty affine variety over F, of dimension k and degree d. Suppose
q > 20d®. Then the following are equivalent:

(1) At least one irreducible component of V' of dimension k is absolutely irreducible.
(2) [V(Fq)l > /2.
(3) [V(E,)| > d2.

Proof. The fact that (1) implies (2) follows from the effective Lang—Weil bound (Theorem [4.6]).
And (2) implies (3) as ¢ > 20d®. Finally, to see that (3) implies (1), suppose that none of the
irreducible components of V' of dimension k is absolutely irreducible. Let V'’ be the union of the
irreducible components of V' of dimension k, and let V" be the union of the remaining irreducible
components. Then we have |V'(F,)| < (deg V')%¢*~! by Lemmaand [V"(F,)| < deg V"¢*~1 by
Lemma L5 Tt follows that

V(E)| < V()| + [V"(Fg)| < (deg V' + deg V")*¢" " = d?¢" .
So (3) implies (1). O

Lemma shows that the condition of absolute irreducibility in the definition of (n,k,d)
algebraic sources (Definition is useful as it guarantees the existence of enough rational points.
On the other hand, even if none of the irreducible components of V' is absolutely irreducible, it
may still be possible that the variety V has a substantial number of rational points, so that the
randomness extraction question is meaningful.
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Ezample. Let ¢ be an odd prime power, and let a be a non-square in Fy, i.e., a € F\ (IFqX)2.

Let 7 > 2. The affine variety V = V(X2 — aX?3) C Ay, over Fy is irreducible but not absolutely

irreducible as VE consists of the two hyperplanes of A% defined by X7 + /aXy and X7 — aXs
q

respectively. Let W = V(X1, Xy) C A{Fq, which is an affine subspace of codimension two and is
absolutely irreducible. Then V (F,) = W (F,) and hence |V (F,)| = ¢"2.

There is a general algorithm that, given an affine variety V C Aﬁ}q over [F, such that none of
the irreducible components of V' of top dimension (i.e., dimension dim V') is absolutely irreducible,
outputs an affine subvariety W of lower dimension such that W(F,) = V(F,) and W has an
irreducible component of top dimension that is absolutely irreducible. Namely, for every irreducible
component Vy of V' of top dimension, replace Vj by the intersection of the irreducible components of
(%)Fq' This yields an affine variety over [, as it is fixed by the Frobenius map over F,. Repeating
this process, we would eventually obtain an affine subvariety W C V such that W(F,) = V(F,) and
at least one irreducible component of W of top dimension is absolutely irreducible, as required by
Definition One can then choose the parameters k and d such that D = f(Uy,)) = f(Uw,))
is an (n, k,d) algebraic source over F,.

However, the problem is that we do not have a good bound on deg W or d. The general bound we
know on deg W is doubly exponential in dim V. It seems to be an interesting question to understand
how large deg W can be given other parameters such as deg V', dim V', and the dimension r of the
ambient space that contains V.

Proof of Lemma We prove Lemma [4.12] now. First, we need the following lemma.

Lemma C.2. Let f : A — A™ be a polynomial map over an algebraically closed field F. Let
V. C A" be an irreducible affine variety over F, and let W = f(V) C A™. Then there ezists
an affine subspace H C A™ of codimension dimV — dim W such that dim(H NV) = dim W and

FHAV) =W.

Proof. Consider a general point x € W and let ¢ = dim f ]‘_,1 (). Then t = dimV — dim W
by the fiber dimension theorem (Theorem [4.4)). Then there exists an affine subspace H C A"
of codimension ¢ such that H N f|,}(z) # 0, dim(H N f|,/'(z)) = dim f|;;*(z) —t = 0, and
dim(HNV)=dimV —t = dim W. (This can be shown by, e.g., taking H to be the intersection of
t general hyperplanes containing a fixed point of f\;l (z) and then applying Lemma ) Then

dim(f|hy(2)) = dim(H N f|;' (z)) = 0 = dim(H N V) — dim W.

Let W = f(HNV). By the fiber dimension theorem (applied to the morphism f|gay : HNV —
W), we must have dim W/ = dim W. As V is irreducible, so is W. It follows that W/ = W. O

For convenience, we restate Lemma, below before presenting its proof.

Lemma 4.12. Let V C Af be an affine variety over a field F. Let hy, ..., hs € F[Xq,...,X,] with
deghy > --- > deghs. Let fi,..., fm € Ly, h,F, which define a polynomial map f : Af — AR
Finally, let W = f(V) C Ag'. Then

dim W
degW < degV - H deg h;.

=1
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Proof. By replacing V' with Vi, we may assume that I is algebraically closed. By considering the
irreducible components of V' individually, we may assume that V is irreducible. Then W is also
irreducible. Also, noting that performing an invertible linear transformation on Aj’ (and replacing
f1s- -+, fm by their linear combinations accordingly) does not change the degrees of the subvarieties
of Af". So by Gaussian elimination, we may assume f; € Ly, .5 for ¢ € [m], where we let
L,

Next, we reduce to the case where dimV = dimW. By Lemma there exists an affine
subspace H C Ay of codimension dim V' — dim W such that dim(HNV) =dim W and f(HNV) =
W. Also note that deg(H NV) < degV by Bézout’s inequality (Lemma [4.2). Thus, by replacing
V with H NV, we may assume dim V = dim V.

Let £ = dimW. By the fiber dimension theorem (Theorem , there exists a dense open
subset U of W contained in f(V) such that dim f|};'(b) = 0 for all b € U. Let B = W \ U, which
is a proper subvariety of W. As W is irreducible, we have dim B < k. A general affine subspace
L C A™ of codimension k then satisfies LN B = () and |[LNW| = degW. Fix such L. As LN B = ().
We have LNW C U C (V). It follows that LN W = f(f|;,"(L)). Moreover, as dim f|;,' (b) = 0
for all b€ U and LN W is a finite subset of U, the set f|;,'(L) = f|;;'(L N W) is a finite set.

Suppose L is defined by degree-1 polynomials £1,...,¢;. Then f~!(L) is defined by the poly-
nomials ¢1(f1,..., fm),-- -, k(f1,-.., fm). By Gaussian elimination, we may assume that for each
i € [k], ¢;(f1,..., fm) does not involve the polynomials fi,..., fi—1, and hence ¢;(f1,..., fm) €
Lh,. . . r- In particular, we have deg¢;(f1,..., fm) < degh; for i € [k].

By Bézout’s inequality, we have |f|,*(L)| = |f~{(L)N V| < degV - H?Zl deg h;. Therefore,

k

deg(W) = [LOW| = [f(fl; (L) < |fH(L)] < deg V- [ ] deg hs
i=1

as desired. ]

Proof of Lemma We now prove Lemma which is restated below.

Lemma 8.4. Let Cy C A" be an irreducible affine curve of degree d over an algebraically closed field
F. Then there exists an F-linear field embedding 7 : F(Cy) — F((T)) such that for any polynomial
feF[Xy,...,X,] of degree d that is not constant on Cy, the map T sends f to f € F(T)) such
that

—deg(Cp) - d < ord(f) < 0.

Let Cy be as in Lemma, Regard the affine space A" as an open subset of the projective
space P" via (a1, ...,an) — (1,a1,...,ay). Let C be the projective closure of Cy C A™ in P™, which
is an irreducible projective curve over F whose degree in P™ equals deg Cy (cf. Section .

For a point y € C, the field F(C) of rational functions on C' has a subring O, ¢, called the local
ring of C at y, which consists of the rational functions that have no pole at y [LL89, Section 5]. It
has a unique maximal ideal m, ¢, which consists of the rational functions on C' that vanishes at y.

Let m : C — C be the normalization of C, which is a finite and surjective morphism from a
smooth and irreducible projective curve C to C [Shad4l §II.5].

We need the following facts.

Lemma C.3 ([LL89, Section 5]). For z € C and y = w(x) € C, there exists a field embedding
pr - F(C) — F((T)) such that pu(Oyc) € FI[T]] and pu(mye) C T -FI[T]).
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In addition, the following statement holds for the maps p, chosen in [LL89, Section 5].

Lemma C.4 ([LL89, Proposition 3]). Let € C and y = w(x) € C. Let f and g be linear
homogeneous polynomials nonzero on C such that g(y) # 0. Then f/g restricted to C is in Oy ¢,
and ord(px(f/g)) < degC.

Proof of Lemmal[8-4 Let f € F[Xy,...,X,] be a polynomial of degree d. Identify X; with Y;/Yp
for i € [n], where Yp,...,Y, are the n homogeneous coordinates of P". Consider arbitrary = € C.
We first show that

ord(pz(f)) > — deg(Cy) - d.

As f is a polynomial of degree d in Y7/Yy,...,Y, /Yy, it suffices to show that ord(p,(Y;/Yp)) >
—deg Cy for i € [n]. Fix i € [n]. Choose j € {0,1,...,n} such that Y; does not vanish at y. Such an
index j exists as Yp,...,Y, do not simultaneously vanish on P*. By Lemma and Lemma [C.4]
we have

0 < ord(p,(Yi/Y;)), ord(pa(Yo/Y})) < deg C = deg Co.

Then
ord(px(Yi/Yo)) = ord(px(Yi/Y;)) — ord(p.(Yo/Yj)) = — deg Co,
as desired.
Now assume that f € F[X1,...,X,] is not constant on Cp. It remains to show that there exists

z € C such that ord(py(f)) < 0. This follows from the following standard argument: Assume to
the contrary that ord(p,(f)) > 0 for all z € C. Then f is a regular function on C' and hence defines
a morphism from C to Al. Viewing A! as an open subset of P!, we get a morphism ¢ : C — P!
whose image is contained in A'. On the other hand, it is well-known that the image of a morphism
from a projective variety is closed [Sha94, §1.5.2, Theorem 2]. And as C is irreducible, we know
©(C) is also irreducible. The only irreducible closed subsets of P! are single points and P! itself.
As f is not constant on Cp, we know ¢(C) is not a single point. So ¢(C) = P!, which contradicts

the fact p(C) C Al O

Remark. The last part of the above proof can be strengthened to show that for a nonzero rational
function g on C,

S ord(pulg) =0,

zeC:ord(pe(g))£0

L.e., g has as many zeros as poles on 5’, counting multiplicities. This implies the existence of
x € C such that ord(pz(f)) < 0 as follows: As f is not constant on Cjy, there exists ¢ € F such
that g := f — ¢ is not identically zero on Cj but has at least one zero. Then g must also have

a pole on C, ie., ord(py(g9)) < 0 for some z € C. Then as f = g + ¢, we have ord(p;(f)) =
min{ord(pz(9)), ord(pz(c))} = ord(pz(g)) < 0.

D Explicit Noether Normalization

We first prove Theorem in the case where [ is algebraically closed.
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Proof of Theorem when F is algebraically closed. Assume that F is algebraically
closed. For each u € N, identify A" with an open subset of P* via (x1,...,2y) — (1,21,...,Ty)-
Define

F={(z,y) e VxA":y=p(z)} CA" x A" CP" x P

Let T be the (Zariski-)closure of I' in P x P™. Then I' N (A" x A™) =T as I is closed in A™ x A™.

Let ¢ : V. — T be the morphism = — (z,(x)), which is an isomorphism between the affine
varieties V and T over F. Let 7 : I — P" and my : I' — P™ be the projections from [ to the first
factor and the second factor respectively. Then ma|r ot = ¢y .

Claim D.1. If 7, '(A™) C T, then |y is a finite morphism.

To prove Claim we need a result from algebraic geometry. For a closed set Z of A™ x A™,
the projection from Z to A™ is an example of an affine morphism to A™, making Z an affine variety
over A™. Similarly, for a closed set Z of P" x A™, the projection from Z to A™ is an example of a
projective morphism to A™, making Z a projective variety over A™. See [Vak22| for the definitions
of these objects with various degrees of generality. We need the following fact.

Lemma D.2. A morphism to a variety is affine and projective iff it is finite.

See [Vak22| Corollay 19.1.6]. The projectivity of 7 can be relaxed to properness [Gro61l, Propo-
sition 4.4.2]. To shed some light on Lemma consider an affine and projective morphism from
a variety Z to A (i.e., a point) over F, which just means that Z is an affine and projective variety
over F. In this case, the lemma simply states that the coordinate ring F[Z] is a finite-dimensional
vector space over F. As Z is affine, the set of regular functions (i.e., functions with no poles) on Z
is F[Z]. On the other hand, it is well-known that any regular function on a connected projective
variety over F is constant. It follows that the dimension of F[Z] is indeed finite and equals the
number of connected components of Z. (In fact, Z is just a finite collection of points.) Lemma
states that finiteness holds more generally for any variety as the target of the morphism.

Proof of Claim[D.4} The map m|p : T' — A™ is an affine morphism. Suppose 7, '(A™) C I'. Then
I'=TnN(P"xA™). So ma|r is also a projective morphism. It follows from Lemma that mo|p is
finite. As ¢ is an isomorphism between V' and I' over F, the map ¢|y = ma|p o ¢ is also finite. [

By Claim we may assume that m, '(A™) contains a point u € L'\T. Let z = mi(u) € P"
and y = mp(u) € A™. Note that x ¢ A" as otherwise we would have u = (z,y) € 'N(A" xA™) =T
See the following diagrams for an illustration.

r — p» U —2— € P"\ A"
lﬂ? :Lﬂ'z
pm y € A™

Claim D.3. There ezist hi(T), ..., hn(T) € F((T)) satisfying the following conditions:
1. At least one hi(T) has a pole, i.c., hi(T) & F[[T].
2. P(hy(T), ..., hn(T)) =0 for all P € I(V).
3. fi(hi(T), ..., ha(T)) € F([TY] for i € [m].
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Proof. We follow the argument in [KRS96]. As I is the closure of ' in P" x P, the point u € I'\T
cannot possibly be an isolated point of r (i.e. a point that is an irreducible component of f) So
there exists an irreducible curve C C T' that passes through v and intersects I'. This can be shown
by intersecting T with general hyperplanes containing u to reduce the dimension, and then picking
an irreducible component of the intersection that contains wu.

Let O, c be the local ring of C' at u, and let m, ¢ be its unique maximal ideal. Then there
exists a field embedding p : F(C') — F((T")) such that p(O,.c) C F[[T]] and p(m, c) € T - F[[T]], as
we have seen in the proof of Lemma [8.4] in Appendix [C]

Write z = (x¢,...,2,). As z € P"\ A". We have g = 0 and z; # 0 for some j € [n|. Let
Xo, ..., Xy be the homogeneous coordinates of P". Then X; does not vanish on x, and hence not on
w either. It follows that X;/X; restricted to C is in O, ¢ for i =0,...,n. Let g;(T) = p(X;/X;) €
F[[T]] for ¢ = 0,...,n. As m(I') € A", the function X does not vanish on any point in I'. As
C intersects I', we see that X does not vanish identically on C. So Xy/X restricts to a nonzero
rational function on C' and hence go(T') = p(Xo/X;) # 0. For i € [n], let hi(T) = g;(T")/g0(T).

Recall that go(T") = p(Xo/X;). As xg = 0, we know X(/X; restricted to C' is in m, ¢ and hence
go(T) € T-F[[T]]. And g;(T) = p(1) = 1 by definition. So h;(T) = g;(T")/go(T") has a pole, proving
the first condition.

Consider arbitrary P € I(V). Let P(Xo,...,X,) = Xdeg(P) P(X1/Xo,...,Xn/Xo) be the
homogenization of P. We know P vanishes identically on V_and hence also on I'. So P vanishes
identically on its closure I', which contains the curve C. So P(X,/X; jse o Xn/X;) restricted to C
is zero. It follows that P(gO(T), cosgn(T)) = p(P (XO/X]7 L Xn /X)) = 0. Therefore,

P(h(T), ... ha(T)) = P(g1(T)/90(T); -+ ga(T)/90(T)) = go(T)~ “¥ L) P(go(T), ..., gu(T)) = 0,

proving the second condition.

Let Y1,...,Y,, be the coordinates of A™, which (restricted to C') are in O, ¢ as u € P" x A™.
Consider arbitrary i € [m]. Let F;(X1,...,X,,Y;) = fi(X1,...,X,) =Y. Let E(XO, e X, Y5) =
Xgeg(fi)(fi(Xl/Xo, ..., Xn/Xo) — Yi) be the homogenization of F; with respect to Xi,...,X,. By
definition, F; vanishes identically on I' C A™x A™ and hence F} vanishes identically on fﬂ(IP’" x A™).
As CN(P"x A™) is a subset of TN(P™ x A™) and is dense in C, we see that ﬁ(XO/Xj, X0 /X5, Y))
restricted to C is zero. Then Fi(go(T),...,gn(T),p(Ys)) = p(F(Xo/X;,. ., Xn/X;,Y:)) = 0.
Therefore,

fi(hl(T)7 R hn(T)) - p()/z) = E(hl(T)v s 7hn(T)7 p(}/z))
= Fi(g1(T)/90(T), - - -, gn(T)/ 90(T), p(Y3))
= g0(T)™ B Ey(go(T); .., ga(T), p(Y3))
= 0.
So fi(hi(T),...,hn(T)) = p(Yi) € p(Oy ) C F[[T]], proving the third condition. O

However, Lemma states that Claim cannot be true. So we obtain a contradiction,
implying that the assumption that L(A™) contains a point u € r \ I is false. This concludes the
proof of Theorem when F is algebraically closed.
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Proof of Theorem for arbitrary F. Theorem for an aritrary field FF follows from the
special case where F is algebraically closed and the fact that finiteness descends under a “faithfully
flat base change.” We explain this now.

In the following, all rings and algebras are commutative with unity.

Let R be a ring. For R-modules M and M’, their tensor product M ®@r M’ over R is defined to
be the R-module generated by the set of elements {a®b: a € M,b € M’} subject to the R-bilinear
relations a®@b+d @b = (a+d)®b,a@b+a®b =a®(b+1¥), and c(a®b) = (ca) ®b = a® (cb)
for a,a’ € M, b,/ € M’, and ¢ € R. For an R-algebra S and an R-module M, the tensor product
M ®pg S is an S-module.

An R-module is free if it has a generating set that is linearly independent over R. We need the
following fact about nonzero free modules (which holds more generally for faithfully flat modules
[Vak22 Definition 25.5.1]).

Lemma D.4. Let F be a nonzero free R-module. Let M — M’ be an R-module homomorphism.
Then M — M’ is surjective iff the induced map M Qr F — M’ Qg F is surjective.

Lemma [D.4] implies the following fact about descent of finiteness.

Lemma D.5. Let S be an R-algebra that is also a nonzero free R-module. Let M be an R-module.
Suppose M ®gr S is a finitely generated S-module. Then M is a finitely generated R-module.

Proof. Let {ry,...,r,} be a finite set of generators of M ®p S. By definition, we may write each r;
as a finite sum r; = Zjeli m;j & s;; over an index set I; with m;; € M and s;; € S. Form the free
R-module F with the basis {e;; : i € [n],j € I;}. Consider the R-module homomorphism F — M
sending e;; to m;j. The induced map F'®@r S — M ®pr S is surjective as Zjeli eij @ 85 is sent to
r; for ¢ € [n]. By Lemma the map F' — M is also surjective. So M is generated by the finite
set {m;; : 1 € [n],j € I;} as an R-module. O

Now we are ready to prove Theorem in full generality.

Proof of Theorem[I1.1. Let ¢ = ¢|y : V. — A}, which is associated with the F-algebra homomor-
phism &* : F[Y1,...,Y,] — F[V]. Let R = @*(F[Y1,...,Yy]) C F[V]. By definition, we want to
show that F[V] is a finitely generated module over R.

For an affine variety W over F, the coordinate ring of Wz may be identified with F[IW]@pF. As
we already know that Theorem holds over algebraically closed fields by the discussion above,
applying Theorem to the morphism Vi — AZ defined by fi,..., fm shows that F[V] @g Fisa
finitely generated module over R ®p F.

The ring R®rF is a free module over R since F is free over F and tensor products commute with
direct sums. By Lemma to show that F[V] is a finitely generated module over R, it suffices to
show that F[V] ®g (R ®F F) is a finitely generated module over R ®p F.

Finally, we have the canonical isomorphisms

F[V]®r (RepF) = (F[V]®r R) @ F 2 F[V] ®F F.

See [AM69, Proposition 2.14]. So F[V] ®g (R ®r F) is a finitely generated module over R ®p F, as
desired. O

72



Proof of Theorem [11.2 Theorem [T1.2]is almost equivalent to Theorem except that the
coordinate ring of an affine variety is always reduced (i.e., it has no nonzero nilpotent elements)
while the algebra A in Theorem [11.2] may be non-reduced. Nevertheless, we can easily derive
Theorem [11.2] from Theorem [I1.1] as follows.

Let R’ be an algebra over a ring R. We say R’ is integral over R if every b € R’ is a root of a
monic polynomial Xt + a;_1 X1 + ... + ag with the coefficients a; € R. We need the following
fact, which states that integrality is equivalent to finiteness for finitely generated algebras.

Lemma D.6 ([AMG69, Proposition 5.1 and Corollary 5.2]). A finitely generated algebra over a ring
R is a finitely generated module over R iff it is integral over R.

Now we give the proof of Theorem [11.2

Proof of Theorem [11.3, If I is radical, then I = I(V(I)) and hence A = F[V(I)]. In this case, the
theorem follows from Theorem and the definition of finite morphisms.

Now consider general I. Identify A with F[Xi,...,X,]/I and let A = F[X7,..., X,]/rad(I) =
A/nil(A), where rad(I) denotes the radical of I and nil(A) denotes the nilradical of A, i.e., the
radical of the zero ideal. As rad(I) is radical and V(rad(I)) = V(I), we see that A is a finitely
generated module over S by Theorem So A is integral over S by Lemma Now consider
arbitrary b € A. As A is integral over S, there exists a monic polynomial F € S[X] such that the
image of F(b) in A is zero, or equivalently, F(b) € nil(A). So F(b)" = 0 for some N € N*. Then
b is a root of the monic polynomial F'V. Therefore, A is integral over S and hence is a finitely

generated module over S by Lemma O
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