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Abstract

In this paper, we obtain several new results on lower bounds and derandomization for
ACC circuits (constant-depth circuits consisting of AND/OR/MOD,, gates for a fixed constant
m, a frontier class in circuit complexity):

1. We prove that any polynomial-time Merlin-Arthur proof system with an ACC® verifier
(denoted by MA,0) can be simulated by a nondeterministic proof system with quasi-
polynomial running time and polynomial proof length, on infinitely many input lengths.
This improves the previous simulation by [Chen, Lyu, and Williams, FOCS 2020], which
requires both quasi-polynomial running time and proof length.

2. We show that MA, -0 cannot be computed by fixed-polynomial-size ACCO circuits, and
our hard languages are hard on a sufficiently dense set of input lengths.

3. We show that NEXP (nondeterministic exponential-time) does not have ACC? circuits of
sub-half-exponential size, improving the previous sub-third-exponential size lower bound
for NEXP against Acc® by [Williams, ]. ACM 2014].

Combining our first and second results gives a conceptually simpler and derandomization-
centric proof of the recent breakthrough result NQP := NTIME[2P°108(")] ¢ ACC? by [Murray
and Williams, SICOMP 2020]: Instead of going through an easy witness lemma as they did, we
first prove an ACCY lower bound for a subclass of MA, and then derandomize that subclass into
NQP, while retaining its hardness against ACC’.

Moreover, since our derandomization of MA o achieves a polynomial proof length, we
indeed prove that nondeterministic quasi-polynomial-time with n¢(!) nondeterminism bits
(denoted as NTIMEGUESS[2PoY1o8(1) (1)) has no poly(n)-size ACC? circuits, giving a new
proof of a result by Vyas. Combining with a win-win argument based on randomized encodings
from [Chen and Ren, STOC 2020], we also prove that NTIMEGUESS[2Pol¥1o8(") #«(1)] cannot be
1/2 4 1/poly(n)-approximated by poly(n)-size ACC? circuits, improving the recent strongly
average-case lower bounds for NQP against ACC® by [Chen and Ren, STOC 2020].

One interesting technical ingredient behind our second result is the construction of a PSPACE-
complete language that is paddable, downward self-reducible, same-length checkable, and
weakly error correctable. Moreover, all its reducibility properties have corresponding ACY[2]
non-adaptive oracle circuits. Our construction builds and improves upon similar constructions
from [Trevisan and Vadhan, Complexity 2007] and [Chen, FOCS 2019], which all require at least
TCP oracle circuits for implementing these properties.
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1 Introduction

Background. Proving unconditional circuit lower bounds for explicit functions (with the flag-
ship problem of NP ¢ P, is one of the holy grails in complexity theory and theoretical com-
puter science. As the first step toward lower bounds for general circuits, constant-depth circuits re-
ceived a lot of attention in the 1980s, with classical works culminating in exponential lower bounds
against AC [Ajt83, FSS84, Yao85, Has89] (constant-depth circuits consisting of unbounded fan-in
AND/OR gates) and AC"[g] (AC° circuits with MOD, gates) for prime power q [Raz87, Smo87].

Unfortunately, after the 1980s, the initial successes met an obstacle: lower bounds for AC®[m]
have been extremely difficult to establish for composite m, despite the conjecture that AC°[m] can-
not compute the majority function. In fact, it had been a notorious open question whether NEXP
(nondeterministic exponential time) has polynomial-size ACC® circuits (ACCY denotes the union
of AC%[m] for all constants m), until a decade ago Williams [Wil11, Wil14] finally proved such a
lower bound, via an algorithmic approach to circuit lower bounds [Wil10, Will3a]. Combining
many classical results from complexity theory, such as the nondeterministic time hierarchy theo-
rem [SFM78, Zak83], hardness vs. randomness [NW94], and the PCP theorem [ALM 198, AS98],
Williams” work shows how non-trivial circuit-analysis algorithms can be generically applied to
prove circuit lower bounds.

In 2018, Murray and Williams [MW18] significantly improved Williams’ lower bound by show-
ing NQP := NTIME[2ro¥1°8(")] is not contained in ACC’. A line of recent work [COS18, CW19,
Chel9, CR20] generalized the algorithmic approach to the average-case setting, culminating in the
result that NQP cannot be (1/2 -+ 1/poly(n))-approximated by poly(n)-size ACC® circuits [CR20].!

Motivation: making the algorithmic method direct. Most of the proofs following the algorith-
mic method are indirect and make heavy use of proof by contradiction or win-win analysis.> These
proofs are considered by some to be conceptually hard to understand. A natural question is
whether we can give a more direct (i.e., no win-win analysis or proof by contradiction) proof
of the separation NQP ¢ ACC® [MW20], which might be (hopefully) easier to understand.

Inspired by [Wil13b, Will6] and motivated by the goal of proving average-case lower bounds
for NQP against ACC’, Chen [Che19] proposed a derandomization-centric perspective of the algo-
rithmic method, which consists of the following two steps:

1. Assuming that the desired lower bound is false (e.g., NQP C ACC’ or NQP is average-case
easy for ACC®), [Che19] gave a derandomization of a certain sub-class of MA into NQP.

2. [Chel9] then proved that this sub-class of MA contains a language that is hard against ACCY,
and its hardness is retained after the aforementioned derandomization into NQP, from which
the desired lower bound for NQP against ACC? follows immediately.

Following this perspective from [Chel9], [CR21] managed to refine both of the two steps
above to prove the strongly average-case lower bounds for NQP against ACC’. Still, the proofs
from [Chel9] and [CR21] are not direct, since the first step involves a proof by contradiction.?
Later, [CLW20] managed to give a derandomization of the sub-class of MA with ACC? verifier (i.e.,
MA ,cco; see Definition 3.4 for a formal definition.)

1The journal versions of [MW18] and [CR20] are [MW20] and [CR21], respectively.

2A win-win analysis often goes as follows: for some classes A and B, if A C B, then our desired lower bound
follows in one way, and if A Z B, then our desired lower bound follows in another way.

3Tt can be interpreted as a “conditional derandomization”, since we can derandomize MA assuming the lower bound
is false.



One may hope that we can replace the derandomization in the first step of [Che19] by a direct
application of the new derandomization by [CLW20], but this does not work for the following
technical reason: The specific sub-class of MA considered in [Chel9] is MAyc, meaning that the
verifier of the Merlin-Arthur protocol has polylog(#)-depth circuits. This is (much) stronger than
the class MA o that [CLW20] can derandomize. So to make [Che19]’s derandomization-centric
perspective completely direct, we will need a lower bound for MA, o against ACC’, so that the
derandomization of [CLW20] can be applied to the corresponding hard language.

1.1 Owur Results

Let ¢ be a circuit class. We use MA¢ to denote the sub-class of MA whose verifier can be imple-
mented by ¢ circuits. More formally, we say that L € MA if there is a polynomial-time algorithm
V(x,y,z) with |x| = n and |y|, |z| < poly(n) such that (1) x € L implies that there exists y satisfy-
ing Pr;[V(x,y,z) = 1] = 1and (2) x ¢ L implies that for all y it holds that Pr, [V (x,y,z) = 1] < 1/3.
And we say that L € MAg if V can be computed by polynomial-size % circuits.*

1.1.1 A direct proof of NQP ¢ ACCO

Our first result is an affirmative answer to the question above by proving the following results.

Theorem 1.1 (Informal). For every k,d,, m, € IN, there is a language L € MA,o and a constant
¢ € IN such that for every sufficiently large n € IN, there exists an input m € [n,n] such that Ly, (the
restriction of L on m-bit inputs) does not have m*-size ACS* [m,] circuits.

Intuitively speaking, our hard language L is not only hard against m*-size ACS* [m,] circuits,
but its hard input lengths are not sparse in the sense that every interval [, n¢| contains a hard
input length.® This stronger hardness condition is crucial for the hard language to remain hard
after the infinitely often derandomization from [CLW20]. Combining Theorem 1.1 and the deran-
domization from [CLW20], we then have an alternative proof of NQP ¢ ACC®7

A subtle caveat. Interestingly, the direct derandomization proof above indeed only proves
(L1) : NQP ¢ ACS* [m,] for every d,, m, € N,

which is different from
(L2) : NQP ¢ ACCYS8

This issue occurs in [MW20] as well, as a direct application of their easy witness lemma (which is
the core technical result of [MW20]) also only proves (L1). Nonetheless, [MW20] resolved this issue

4Our formal definition of MA¢ is slightly more technical and contains more languages (see Definition 3.4), but for
the sake of the introduction, it might be easier to think of this simpler definition.

5The hard language also needs one bit of advice per input length, we omit this technical issue in the introduction.
We also indeed prove a weakly average-case lower bound against ACg* [m,]; see Section 6 for more detail.

6This is weaker than the “almost almost-everywhere” hardness notion in [MW?20].

"We remark that there are previous papers [JMV15, BV14] that simplifies some parts of Williams’ original
proof [Willl]. However, these works do not change the high-level structure of Williams” proof: they still argue by
a proof of contradiction using an easy witness lemma. Our goal here is to eliminate the proof by contradiction com-
pletely.

8(L2) implies that there is fixed language L € NQP such that L ¢ ACg* [m,] for every d,, m, € IN, which a priori looks
stronger than (L1).



by proving that (L1) implies (L2) via a simple win-win analysis.” Unfortunately, we do not know
how to get rid of this particular win-win analysis and leave this as an intriguing open question.
Still, we believe that a direct proof of (L1) is already sufficiently interesting.

In Section 2, we give a detailed overview of new derandomization-centric alternative proofs for
the main results of both [MW20] and [CR21].

1.1.2 Animproved derandomization of MA ;o

Our next result is an improvement of the derandomization of MA, 0 from [CLW20]. Below,
NTIMEGUESS[T(n), G(n)] denotes the class of languages computable by nondeterministic algo-
rithms with T(n) time and G(n) bits of nondeterminism; see Definition 3.2 for a formal definition.

Theorem 1.2.
MA cco C i.0.-NTIMEGUESS[2PO108(") poly ().

Theorem 1.2 is most interesting when viewed as a derandomization of randomized proof sys-
tems. It says that we can derandomize Merlin Arthur proof systems with ACC? verifier into a
nondeterministic proof system with roughly the same proof length, albeit the running time goes
up to a quasi-polynomial of the original running time. We hope such derandomization might
have some applications in the derandomization of some recently purposed algebraic proof sys-
tems whose verifiers are randomized (i.e., they are MA proof systems), for example [GP18].

As a consequence of Theorem 1.2, we give another proof of a result by [Vyal9].

Corollary 1.3 ([Vyal9]). For every a(n) > w(1),
NTIMEGUESS[2Po1o8(m) ya(m)] ¢ ACCO,

Combining the win-win argument from [CR21], we also strengthen Corollary 1.3 to the average-
case, thus improving on [CR21].

Theorem 1.4. There is a p € IN such that for every a(n) > w(1), NTIMEGUESS[ZIOgﬁ ", n*("] cannot
be 1/2 + 1/poly(n)-approximated by ACC’.

Indeed, similar to all previous works following the algorithmic method, we prove a generic
connection between circuit analysis algorithm and NTIMEGUESS[2P°1o8(") ;< (1)] Jower bounds;
see Section 5 for formal statements.

1.1.3 An improved lower bound for NEXP against ACC°

Our third result is an improvement over the original lower bound for NEXP against ACC? in [Wil14].
Roughly speaking, we say that a reasonable time-bound!? function g(n) is sub-half-exponential if

for every k € IN, g(g(n)F)k < 27" and we say call g sub-third-exponential if g(g(g(n)¥)*)k < oV

for every k € IN. In [Will4], it was proved that NEXP has no sub-third-exponential-size ACC°

circuits. We improve that size bound to be sub-half-exponential.

Theorem 1.5. For every sub-half-exponential reasonable time-bound function g(n), NE has no g(n)-size
ACCO circuits.M!

f p [0 ACCY, clearly (L2) is true. If P C ACCY, then P /poly collapsed to ACg* [m,] for some fixed dy, m, € N>,
hence (L1) implies NQP & P/, .

0gee Section 3 for a formal definition.

Here NE := NTIME[29(7)].




Although our proof of Theorem 1.5 is still an indirect argument via a win-win analysis that
is similar to and inspired by [Will6], we managed to nicely abstract out the indirect part by the
following lemma. Recall that E := TIME[2°(")] denotes the class of languages computable by
single exponential-time deterministic algorithms.

Lemma 1.6 (Informal). Let g(n) be a sub-half-exponential reasonable time-bound function. Assume that
E has g(n)-size ACC° circuits. Then

MATIME .o [2"”“’} ¢ i.0.-SIZE[g(n)).

Theorem 1.5 then follows immediately by the following win-win argument: If E has no g(n)-
size ACC?, then we are done; otherwise, we apply our quasi-polynomial-time derandomization to
show

MATIME .o [2""] C 1.0-NTIME[2"],

which immediately implies that NTIME[2"] ¢ SIZE[g(n)].

1.14 An improved construction of PSPACE-complete language

Finally, as a key technical ingredient behind the proof of Theorem 1.1, we construct a PSPACE-
complete language with several nice reducibility properties that can all be implemented by non-
adaptive AC’[2] circuits; see Section 3.5 for formal definitions of these properties.

Theorem 1.7. There is a PSPACE-complete language LPSPACE that is paddable, non-adaptive AC°[2]
downward self-reducible, non-adaptive AC°[2] same-length checkable and non-adaptive AC°[2] weakly error
correctable.

Theorem 1.7 improved upon a similar construction from [Chel9, CR21] (following [TV07,
San(9]), which gave a PSPACE-complete language that is paddable, non-adaptive TC? downward
self-reducible, non-adaptive TC same-length checkable and non-adaptive TC? weakly error cor-
rectable.

1.2 Intuition

Let us briefly discuss the intuition behind our results.

Lower bounds for MA, -~ and construction of PSPACE-complete languages. We will first dis-
cuss the intuition and technical challenges behind the proof of Theorem 1.1 and Theorem 1.7. Our
proof of Theorem 1.1 follows the proof of a similar statement from [Che19].'? In the following, we
will ignore all minor details and only focus on the part relevant to us. In the framework of [Che19],
to prove a lower bound against ¢ circuits, the verifier of the constructed hard MA language first
guesses a ¢ circuit C of a certain size and then runs the instance-checker of the PSPACE-complete
language from [Chel9]. Thus, because the PSPACE-complete language from [Chel9] only admits
a TCY instance checker, the complexity of the verifier above is at least TC’, even if we only aim to
prove lower bounds against weaker classes such as ACC’.

Since our new Theorem 1.7 improves the instance-checker complexity of the PSPACE-complete
language to AC°[2], we managed to prove Theorem 1.1 by plugging this new ingredient into the
old framework of [Che19]. Along the way, we need several clever technical manipulations.'?

12Roughly speaking, [Che19] proved that MATIMEy [2P08(")] has no logd n-depth circuits for any fixed d.
13 ¢.¢., Lemma 6.2 and the choice of working with a specific sub-class of ACC? called AES [m]
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Next, we explain the ideas and technical challenges behind our proof of Theorem 1.7. It is
instructive to recap some relevant details from the construction of the PSPACE-complete lan-
guage L1 from [Chel9]. Roughly speaking, on input length 1, L*"*!® computes a polynomial
P,: ]FZM) — F,, where IF,, = GF(2'(") for some r(n) € N>;. Omitting many details,'* the compu-
tational bottleneck in implementing these reducibility properties (say, instance-checkability) is in-
deed polynomial interpolation on a single variable. That is, for example, for some fixed xo, .. ., Xm(n) €
IF,, we wish to interpolate a polynomial p: F,, — [F, such that p(x) = P,(x,x2,...,x,) for every
x € [F,, given oracle access to P,.

A direct algorithm for the task above first queries P, to obtain Py (zs, x2,...,x,) for ¢ € [d + 1],
where z; is the /-th element in [F,, and d is the degree of P, and then uses Lagrange interpolation
to obtain the description of p. Unfortunately, the Lagrange interpolation (as well as other interpo-
lation methods) requires multiplying at least d elements from FF,, together. Since d > n in [Che19],
we will need a TCY circuit [HAB02, HV06] to compute the interpolated polynomial p.

To improve the complexity of computing p to AC°[2], we observe that for the argument above
to work, d only has to be greater than the maximum individual degree of P, as opposed to the to-
tal degree.!> Moreover, interpolation over [, for a constant-degree polynomial can be done in
AC’[2] (see Corollary 7.2, which supports up to logn degree). Hence, we made several careful
non-trivial modifications to the language L“"¢!9 so that the corresponding polynomials always
have a constant maximum individual degree while preserving the required AC°[2] downward self-
reducibility. These modifications allow us to implement the instance checker in AC’[2]; see Sec-
tion 7 for more detail.

Improved derandomization of MA, . Next we discuss the intuition behind the proof of Theo-
rem 1.2. Fixd,, m, € N>y, our goal is to derandomize MAAcg (] into NTIMEGUESS [2P°1yl0g("), poly(n)].

Let € = ACY_[m,].

For the sake of gaining intuition, let us assume that we have a magical PRG construction G,
such that when given a function f: {0,1}" — {0,1} that is worst-case hard against S(n)-size €
circuits, G/ takes O(n) bits of seeds and fools all S(n)-size € circuits.'® Then we can start from
the worst-case witness lower bound against ¢ from [Wil16]. Roughly speaking, [Wil16] proved
that there exists ¢ € (0,1) and a linear time algorithm Vi;: {0,1}* — {0,1}, such that for infinitely
many n € N, Vi (tt(f)) = 1 for some f: {0,1}" — {0,1},"” and for every f: {0,1}"" — {0,1} such
that Vit (tt(f)) = 1, we know that f has no 2" -size ¥ circuits. Again, for the sake of intuition, we
assume that the condition above holds for all n € IN, instead of only for infinitely many n € IN.

Making these two unrealistic assumptions, we can easily derandomize MATIMEy [n]. Let L €
MATIME¢ [n] and V (x,y, z) be its verifier, such that x € L implies that there exists y € {0,1}" such
that Pr,[V(x,y,z) = 1] > 2/3, and x ¢ L implies that for all y € {0,1}" we have Pr;[V(x,y,z) =
1] < 1/3. We can construct the following new verifier V/(x, (y, f)), where 218 lfl = # (ie., |f| =
21081y V' first verifies that Vi (f) = 1, and then verifies that Prycoqog |7 [V (%, Y, Gf(s)) = 1] >
1/2. We can see that V' runs in quasi-polynomial time, and indeed V' puts L € NQP.

However, the derandomization above requires that the whole truth-table f is given as the

4 These polynomials are derived from the proof of IP = PSPACE [LFKN92, Sha92], following [TV07].

15The individual degree of a polynomial p with respect to a variable x;, is the largest power of x; appearing in a
monomial of p.

16This PRG is too-good-to-be-true for two reasons: it starts from worst-case hardness instead of average-case hard-
ness, and the circuit size it fools has no loss compared to its hardness. But we only use it to highlight the key intuition
behind our proof.

17For a function f: {0,1}" — {0,1}, tt(f) denotes the 2"-length string that represents the truth-table of f.



witness, which has length |f| = 2P°Y1°8(") | To improve this, we consider a thought experiment:
letting ¢ = log | f| = log!/¢ n, whatif for some f: {0,1}* — {0,1} such that Vi (tt(f)) = 1, f indeed
has a 22 -size € circuit? Assuming this is true, then we observe that we do not have to guess the
whole truth-table f in our verifier V/ anymore, and can instead just guess a 2218 lfl = poly(n)-

size circuit C: {0, 1 }k’gl/E " — {0,1} and use its truth-table as f! Hence, in this thought experiment,
we dramatically reduce our witness length from 2P°Y108(") to poly(n).

Of course, what if the hypothesis in our thought experiment is not true? Namely, what if for
every f: {0,1}¢ — {0,1} such that V(tt(f)) = 1, f has no 22*-size ¥ circuits as well? Staring
at this for a moment, one can realize that now V certifies not only 2% hardness, but indeed 22
hardness! This essentially means that we can keep doing this argument and eventually obtain a
quasi-polynomial-time derandomization of MA¢ with only poly(n) witnesses.

Of course, the above is just an idealized setting that captures our key ideas; see Section 4 for
detailed proofs of how we managed to get rid of the “magic PRG assumption” using machinery
developed in [CLW20]. In a sense, Case (1) in the proof of Theorem 4.1 is an implementation of
what we described above.

2 Opverview of the Derandomization-centric Perspective on the Algo-
rithmic Method

This section aims to give a detailed overview of the derandomization-centric perspective on the
algorithmic method.

In Section 2.1, we will first provide an overview of the original proofs from [Wil14] and [MW20].
We will give a somewhat different presentation from that of [Wil14, MW20]. Our presentation is
centered around the concept of easy witness lemmas (EWLs), which converts witness lower bounds
into circuit lower bounds for nondeterministic time classes. Thus, we can decompose the proof into
two parts: first, we prove a witness lower bound; second, we apply an easy witness lemma to
convert the obtained witness lower bound into a circuit lower bound for nondeterministic time
classes.

Next, in Section 2.2, we give an overview of our results on circuit lower bounds for nondeter-
ministic time classes, which follows a derandomization-centric perspective. Roughly speaking, our
proofs are centered around derandomization of Merlin-Arthur classes. Our proofs for lower bounds
for nondeterministic time classes can also be naturally decomposed into two parts: first, we prove
a circuit lower bound for a certain subclass of Merlin-Arthur protocols; second, we derandomize
the same subclass into a nondeterministic time class. To obtain average-case circuit lower bounds
for nondeterministic time classes, it amounts to start from average-case lower bounds for Merlin-
Arthur classes and apply a careful win-win analysis (adopted from [CR21]).

We first recall the definitions of the following standard derandomization problems.

e CAPP (CIRCUIT ACCEPTANCE PROBABILITY PROBLEM) with error § (denoted CAPP;):
Given a circuit C on n inputs, estimate Pryc_(o11:[C(x) = 1] within an additive error of .
When not explicitly stated, ¢ is set to be 1/3 by default.

o~ —

e CAPP with inverse-circuit-size error (denoted as CAPP): Given a circuit C of size S on n
input bits, estimate Pryc (91} [C(x) = 1] within an additive error of 1/S.

Notation. We use IN to denote all non-negative integers and IN>; to denote all positive integers.
We say a circuit class ¢ is concrete if we can talk about the 4 complexity of a single function
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f:{0,1}" — {0,1} (as opposed to a family of functions { f, }sen.,). For example, for fixed d,m €
N>, ACY[m] is a concrete circuit class, but AC’ is not (because the depth can vary). We say a
concrete circuit class € is typical if it is closed under (1) taking the negation of the output, (2)
taking the projections of the input, and (3) flipping input bits; see Section 3.1.1 for more formal
definitions.

2.1 An Overview of Williams” EWL-centered Proofs

We begin by formally stating the generic connection between non-trivial circuit analysis algo-
rithms and lower bounds from [Wil13a, Wil14, MW20].'8

Theorem 2.1 ((Will3a, Will4]). Let € be a typical concrete circuit class. If there is a 2" /n®(-time
algorithm for CAPP of poly(n)-size n-input ACy o € circuits, then NE ¢ €.

Theorem 2.2 ((MW?20]). Let € be a typical concrete circuit class and ¢ € (0,1). If CAPP for 2" -size
ACY o € can be solved in 2" /n“(") time, then NQP ¢ €.

Notation. Lets: N — IN and ¢ be a concrete circuit class. We say that NE does not admit s(n)-size
€ witnesses, if there exists a verifier V(x,y) that takes input |x| = #, |y| = 2" and runs in 20"
time, such that for infinitely many x € {0,1}*, the following hold:

1. there exists y € {0, 1}2‘X| such that V(x,y) = 1;

2. for every y € {0,1}2" such that V(x,y) = 1, it follows that func(y) has no s(n)-size ¢
circuit.'

Moreover, we say that unary NE does not admit s(n)-size ¢ witnesses, if for some verifier V and
for infinitely many n € IN>1, the above two conditions hold for x = 1". This is a stronger statement
and implies that NE does not admit s(n)-size ¢ witnesses.

2.1.1 Overview for the proof of Theorem 2.1
The easy witness lemma of [IKW02] says the following;:

Lemma 2.3 (EWL for NE [IKWO2]). Let € be a typical concrete circuit class. If NE does not admit
poly(n)-size € witnesses™, then NE ¢ €.

Indeed, the original statement says the contrapositive of Lemma 2.3: if NE C ¢, then NE admits
polynomial-size ¢ witnesses. Hence the name of easy witness lemma (i.e., NE admits small circuit
implies that NE admits easy witnesses).”! We present it in this way since it is clear that witness
lower bounds imply circuit lower bounds.

Williams then gave a way to prove witness lower bounds from non-trivial derandomization.
The lemma below is from [Wil13b], but the proof ideas are similar to that from [Wil13a, Wil14].

18We remark that in Theorem 2.1 and Theorem 2.2, CAPP can be replaced by Gap-UNSAT: a circuit-analysis problem
that is weaker than both CAPP and SAT (see [MW20] for details). We will work with CAPP for simplicity.

9Here we use func(y) to denote the |x|-bit Boolean function whose truth-table is y; see Section 3 for a formal defini-
tion.

20More precisely, NE does not admit n*-size ¢ witnesses for every k € N>1.

21[IKW02] indeed talks about NEXP instead of NE; we choose to work with NE since it simplifies the discussions.
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Y
¢ witness lower bounds Easy witness lemmas
(Lemma 2.4 and Lemma 2.6; see Appendix A) (Lemma 2.3 and Lemma 2.5)

NE/NQP lower bounds against ¢
(Theorem 2.1 and Theorem 2.2)

Figure 1: High-level structure of Williams” EWL-centered proofs
Lemma 2.4 ([Wil13b]). Let € be a typical concrete circuit class. If CAPP for polynomial-size AC3 o €
circuits can be solved in 2" /n®") time, then unary NE does not admit poly (n)-size € witnesses.

Combining Lemma 2.3 and Lemma 2.4 immediately proves Theorem 2.1.

2.1.2 Overview for the Proof of Theorem 2.2

To obtain lower bounds for NQP, [MW20] proved the following easy witness lemma. Again, we
state their lemma in the contrapositive.

Lemma 2.5 (EWL for NQP [MW?20]). Let € be a typical concrete circuit class. If NE does not admit
2" ~size € witnesses for some ¢ € (0,1), then NQP ¢ €.

We note that the lemma above is weaker than the easy witness lemma for NQP in [MW20],%
but we observe that it still suffices for circuit lower bounds for NQP. To obtain NQP ¢ %, we need
the following adaption of Lemma 2.4.

Lemma 2.6 ([Wil13b]). Let ¢ be a typical concrete circuit class and ¢ € (0,1). If CAPP for 2" -size
ACY o € can be solved in 2" /n®V) time, then unary NE does not admit 2" /?-size € witnesses.

We give a proof of Lemma 2.6 in Appendix A for completeness. Now, combining Lemma 2.5
and Lemma 2.6, Theorem 2.2 follows immediately.
2.2 NQP Lower Bounds via Derandomization of Merlin-Arthur Protocols

In the rest of this section, we give outlines of our alternative proofs of the following two results:
(1) NQP ¢ ACC® [MW20] and (2) there is a constant B € N> such that NTII\/IE[ZIOgﬁ”] cannot

22]ts contrapositive says that if NQP C ¢, then NE admits 2" -size ¢ witnesses for every ¢ € (0,1); this consequence
is weaker than NQP admits polynomial-size ¢ witnesses.
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Y
Derandomization of MA4 into NQP

(Theorem 2.7)
Y
MA¢ lower bounds against ¢ _| NQP lower bounds against ¢’
(Section 6) - (Section 5)

Figure 2: High-level structure of the new derandomization-centric perspective for proving NTIME
lower bounds

be 1/2 + 1/poly(n)-approximated by poly(n)-size ACC® circuits [CR21].>> See Theorem 2.12
and Theorem 2.16 for detailed statements. In Section 5, we prove stronger versions of Theo-
rem 2.12 and Theorem 2.16 using our improved NPRG construction from Theorem 4.1, but the
proof outlines are identical.

Derandomization of MAy. Recall that MA4 denotes the sub-class of Merlin-Arthur protocols
whose verification can be simulated by & circuits for every possible witness, and NPRG is a
weaker version of PRG that suffices to derandomize Merlin-Arthur protocols; see Section 3.1.3
and Section 3.2 for formal definitions.

The following theorem is from [CLW20].

Theorem 2.7 ((CLW20, Theorem 7.1]). Let € be a typical concrete circuit class and € € (0,1). Suppose

that CAPP of 2" -size ANDy o € o AC) circuits can be solved in 2"~"" time. Then thereisa 5 € (0,1) and
an infinity often NPRG for 27 size € circuits with error 27, seed-length poly(n), and 2P°Y (") running
time. Consequently, MA¢ C i.o.—NTIME[ZlOgﬁ”] for some B € IN>q.

2.21 NQP Lower Bounds via Derandomization

In order to apply Theorem 2.7 to get circuit lower bounds for NQP, (roughly speaking) we will
prove an MA¢ lower bounds against €. In more detail, we will prove the following theorem.

Theorem 2.8. Let ¢ be a typical concrete circuit class. There is a universal constant d, € IN>1 such that
forall a € N>y, it holds that

(MAAcgv[zlo%)/l ¢ €-SIZE[n").

2We note that both of [MW20] and [CR21] indeed proved NQP lower bounds against 2log" n_gize ACCY circuits for
every a € N>;. We only consider lower bounds against all polynomial-size ACC? circuits in this paper for simplicity,
but our proofs can be straightforwardly modified to prove the same lower bounds from [MW20, CR21].




It seems that assuming the required CAPP algorithm for ACSV 1[2] 0% o AC and applying The-

orem 2.7,%* we will be able to derandomize the hard (MA AC [2]0‘5) " language from Theorem 2.8

into NTIME[ZIOgﬁ”] (we ignore the extra one bit of advice in the hard language for now), which
should imply NQP ¢ €. However, there is a huge caveat that we explain below.

Retaining the hardness after derandomization. The issue is that the MA /; hard language L
from Theorem 2.8 is only infinitely often hard, meaning that we only know for infinitely many
input lengths n € IN>4, L, is hard against ¢ circuits. Also, the derandomization of Theorem 2.7
works infinitely often too, in the sense that our new NQP language L’ only agrees with the hard
language L on infinitely many input lengths n. Let In,.g and Igerand be the input lengths that L, is
hard and L), = L,, respectively. We see that it is possible that Ihard N Igerand = &, meaning that our
new NQP language L’ does not retain any hardness of L.

Following [MW?20], the idea is to make both I,,rq and Igerand larger so that they must intersect at
infinitely many input lengths.

In more detail, we first strengthen Theorem 2.7 by showing the following theorem.

Theorem 2.9. Let € be a typical concrete circuit class. Suppose that there is a constant € € (0,1) and an
infinity often NPRG for 2™ -size € circuits with poly(n) seed-length and 2P°Y") running time.

Then, there is a constant B € IN>q that only depends on € such that for every L € (MAy) 1 and
¢ € N>y, thereisan L' € NTIME[ZIOgﬁ”]/O(loglogn) such that for infinitely many n € IN, for every
m € [n,n¢|, L and L' agree on all m-bit inputs.

Combining Theorem 2.7 and Theorem 2.9, we immediately have the following strengthening
of Theorem 2.7.

Corollary 2.10. Let € be a typical concrete circuit class and e € (0,1). Assuming the hypothesized CAPP
algorithm from Theorem 2.7, the conclusion of Theorem 2.9 holds.

Roughly speaking, Corollary 2.10 says that by allowing O(loglogn) bits of advice, we can
enlarge Iyerand from a set of infinitely many integers to a union of infinitely many segments of the
from [n, n], where c is a constant of our choice.

Next, we have the following strengthening of Theorem 2.8, which fits perfectly with the larger
Iqerang above.

Theorem 2.11. Let € be a typical concrete circuit class. There is a universal constant d,, € IN>q such that

forall a € IN>q, there is a constant ¢ € IN>q and a language L € (MAAC% [z]o%’) " such that, for all large
enough n € N>q, there exists m € [n,n¢| such that L, does not have m®-size € circuits.

Essentially, it says that we can enlarge Ihaq to be a hitting set for all segment [n, n¢|: for every
large enough n € N>, [11, 1] N Iharg # @. This fits perfectly with the Igerand above, which consists
of infinitely many segments of the form [n, n°]. Hence, we have that Ihard N Igerand is an infinite set.

Therefore, combining Corollary 2.10 and Theorem 2.11, we immediately have the following
theorem.?

24We recommend reader to think of ¥ = ACg [6] for some large constant d € IN>q, then we only need non-trivial

CAPP for ACY., (6], which follows from [Wil14, Wil18b].
B A direct application of Corollary 2.10 yields a hard language in NQP /O(loglog ) instead of just NQP. Those advice

can nonetheless be removed via a straightforward enumeration trick (from [COS18]); see Section 5.5 for details.
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Theorem 2.12. Let € be a typical concrete circuit class, ¢ € (0,1), and d, € N> be the constant

from Theorem 2.11. Suppose that CAPP of 2™ -size ACd 41[2] 0% o ACY circuits can be solved in 2" -
time. Then NQP ¢ €.

As a corollary from the theorem above and Williams” #SAT algorithm for ACC® [Wil14, Wil18b],
we immediately have that NQP ¢ ACg* [m,] for every d,,m, € N, which implies NQP ¢, as
discussed in Section 1.1.1.

2.2.2 Average-case Lower Bounds for NQP via Randomized Encodings

Finally, we strengthen Theorem 2.12 to give average-case lower bounds as well. Given the discus-
sions above, it seems that we can simply strengthen the MA4 lower bounds of Theorem 2.11 to
average-case, and our derandomization from Corollary 2.10 would immediately imply average-
case lower bounds for NQP.

We are indeed able to strengthen Theorem 2.11 to an average-case lower bound, but only with
very weak inapproximability.

Theorem 2.13. Let ¢ be a typical concrete circuit class. There are universal constants d,, T € IN>1 such
that for all a € IN>q, there is a constant c € IN>q and a language L € (MAAch mwﬂ) " such that, for

all large enough n € N>, there exists m € [n, n®| such that Ly, cannot be (1 — m~")-approximated by
mi-size € circuits.?®

Combining with Corollary 2.10, we immediately have the following theorem.

Theorem 2.14. Let € be a typical concrete circuit class, ¢ € (0,1), and d,, T € IN>q be the constants

from Theorem 2.13. Suppose that CAPP of 2" -size ACd 11[2] 0 € o ACY circuits can be solved in 2"~
time. Then NQP cannot be (1 — n~")-approximated by poly( n)-size € circuits.

To improve the inapproximability of Theorem 2.14 from 1 — n~ " to 1/2 + 1/poly(n), we wish
to perform some mild-to-strong average-case hardness amplification (e.g., an XOR Lemma; see Lemma 5.16).
Unfortunately, we currently do not have such an amplification for weak circuit classes such as ACC°
(and there are barriers against such possibilities, see, e.g., [SV10, GSV18]).

Chen and Ren [CR21] overcame the issue above with a clever win-win argument based on
randomized encodings [IK02, AIK06] and approximate linear sums. Recall that for a Sum o ¢’ circuit L =
Yicm @i+ Ci (where each C; is a € circuit; see Section 3.1.2 for a formal definition), the complexity

of L is defined as
(Z la;], Y SIZE(C ))

ie[m] i€[m]

For a function F: {0,1}" — {0,1}, we say that F admits a Sumg o € circuit of complexity S, if
there exists a Sum o ¢ circuit L with complexity at most S, such that |F(x) — L(x)| < J for every
x € {0,1}".

Using the techniques from randomized encodings, [CR21] proved the following win-win re-
sult.

Lemma 2.15 ([CR21]). Let € be a typical concrete circuit class. There is a language L € P such that one
of the following holds:

26We remark that in Section 5 we will indeed prove a stronger version where the hard language L is in
((MA N coMA) AC [z]o%‘) P ; see Theorem 5.3. We will discuss why this is needed at the end of this subsection.
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1. For every k € N>, L cannot be (1/2 + n~*)-approximated by n*-size & circuits.

2. There is a constant oy € N> such that every S-size formula admits a Sumg 1 o € circuit of complex-
ity S7.

In other words, either (Item (1)) we already have strongly average-case lower bounds for P
against ¢, or (Item (2)) formulas can be simulated by Sum o € with a polynomial blow-up in
size. The key observation now is that an NPRG that fools ¢’ circuits with a small error also fools
functions admitting low-complexity Sum o % circuits. Hence, now we are able to perform the
following win-win analysis:

* Suppose Item (1) of Lemma 2.15 holds. Then it immediately follows that NQP cannot be
(1/2 +1/poly(n))-approximated by poly(#)-size € circuits.

¢ Otherwise, Item (2) of Lemma 2.15 holds. Then under the condition of Theorem 2.7, we
would have i.o. NPRG for formulas (note that the i.o. NPRG from Theorem 2.7 indeed has a
small error). Applying Theorem 2.9, this implies that we can now derandomize MAFymula as
follows:

There is a constant f € IN>1 such that for every L € (MAgomula) /1 and every ¢ € IN>q, there

isan L' € NTIM E[Zl"gﬁ "] /0(10g log n) Such that for infinitely many n € IN, for every m € [n,n¢|,
L and L' agree on all m-bit inputs.

Noting that formulas are closed under taking an ACY[2] circuit at the top, we now can use
the derandomization above together with Theorem 2.13 to obtain an NQP language that is
(1 — n~7)-hard against polynomial-size formulas, which can then be amplified to (1/2 +
1/poly(n))-hardness against formulas, using mild-to-average-case hardness amplification
for formulas.

If we further assume that ¢ can be simulated by Formula, then we also have that NQP cannot
be 1/2 + 1/poly(n)-approximated by poly(n)-size ¢ circuits.

To summarize, we have the following theorem.

Theorem 2.16 (strong average-case lower bound for NQP via an additional win-win argument).
Let € be a typical concrete circuit class that can be simulated by formulas. Suppose that for some y € (0,1),

CAPP of 2" -size ANDy o € o ACY circuits can be deterministically solved in 2"~"" time. Then, there is
B € IN>q such that NTIME[ZIOgﬁ "] cannot be 1/2 + 1/poly(n)-approximated by poly(n)-size € circuits.

Note that applying the theorem above directly only shows that for every d,,m, € N>,

there is B € IN>; that depends on d,, m, such that NTIME[2!°8° ] cannot be 1/2 + 1/ poly(n)-
approximated by poly(n)-size ACg* [m,] circuits. To swap the quantifiers before d,, m, and B, we
can apply another win-win analysis from [CR21]; see Section 5.6 for details.

Finally, we give one technical remark.

Mild-to-strong hardness amplification requires (NNcoN)QP lower bounds. Recall that we wish
to apply an XOR Lemma (Lemma 5.16) to the mildly average-case hard NQP language L from The-
orem 2.14. This causes a subtle issue: L™?(x,y) := L(x) @ L(y) may not be in NQP, since to certify
L%2(x,y) = 1, one needs to prove exactly one of L(x) and L(y) is 1 and the other one is 0; we
cannot prove (say) L(y) = 0 since this requires that L € coNQP.

12



To resolve this issue, we wish to get a mildly average-case hard language L from (NNcoN)QP
instead of NQP. It is easy to see that the derandomization from Corollary 2.10 also derandomize
(MA N coMA) /1 languages into (NNcoN)QP ) (1e 165 ) languages. Hence, we strengthen Theo-
rem 2.13 so that the hard languages now belong to (MA N coMA) /;; see Theorem 5.3 for details.

3 Preliminaries

We use IN to denote all non-negative integers and IN>; to denote all positive integers. We use
GF(p") to denote the finite field of size p”, where p is a prime and r is an integer. For a set X, we
often use x €r X to denote that we pick an element x from X uniformly at random. We also use
U, to denote the uniform distribution over {0,1}".

For r,m € IN, we use F,,, to denote the set of all functions from {0,1}" to {0,1}". For a
language L: {0,1}* — {0,1}, we use L, to denote its restriction on n-bit inputs. For a function
f:{0,1}" — {0,1}, we use tt(f) to denote the truth-table of f (i.e., tt(f) is a string of length 2"
such that tt(f); is the output of f on the i-th string from {0,1}" in the lexicographical order). For
astring Z € {0,1}?", we use func(Z) to denote the unique function from %, ; with the truth-table
being Z.

Let X be an alphabet set. For two strings x,y € X%, we use x o y to denote their concatenation.
We sometimes use ¥ (i/, Z, etc.) to emphasize that ¥ is a vector. For X € X" for some n € IN, we use
X.; and X<; to denote its prefix (x1,...,x;—1) and (xq, ..., x;), respectively. We also define ¥~ ; and
X>; in the same way.

We call f: N — IN a reasonable time-bound function, if f is time-constructible and increasing,
and f(cn) < poly(f(n)) for every constant ¢ € IN>.

We assume knowledge of basic complexity theory (see [AB09, Gol08] for excellent references
on this subject).

3.1 Complexity Classes and Basic Definitions
3.1.1 Basic Circuit Families

Unless otherwise specified, all circuits appearing in this paper consist of fan-in 2 AND/OR gates
and fan-in 1 NOT gates.

A circuit family is an infinite sequence of circuits {C,: {0,1}" — {0,1} },en. A circuit class is
a collection of circuit families. The size of a circuit is the number of non-NOT gates in the circuit,?’
and the size of a circuit family is a function of the input length that upper bounds the size of
circuits in the family. The depth of a circuit is the maximum number of wires on a path from an
input gate to the output gate.

We will mainly consider classes in which the size of each circuit family is bounded by some
polynomial; however, for a circuit class ¢, we will sometimes also abuse notation by referring to
¢ circuits with various other size or depth bounds.

AC? is the class of circuit families of constant depth and polynomial size, with AND, OR and
NOT gates, where AND and OR gates have unbounded fan-in. For an integer m, the function
MOD,,: {0,1}* — {0,1} is one if and only if the number of ones in the input is not divisible by
m. The class AC°[m] is the class of constant-depth polynomial-size circuit families consisting of
unbounded fan-in AND, OR, and MOD,,, gates, along with unary NOT gates. We denote ACC? =

27We do not count the number of NOT gates here for a technical reason; see our definition of typical concrete circuit
classes below for more explanations.
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Unm>2AC[m]. We also use ACY (resp. ACY[m]) to denote the subclass of AC? (resp. AC°[m]) with
depth at most 4.

The function majority, denoted as MAJ: {0,1}* — {0,1}, is the function that outputs 1 if the
number of ones in the input is no less than the number of zeros, and outputs 0 otherwise. TCO
is the class of circuit families of constant depth and polynomial size with unbounded fan-in MAJ
gates. NCK for a constant k is the class of O(log" n)-depth and polynomial-size circuit families
consisting of fan-in two AND and OR gates and unary NOT gates.

Forn € N and ¢ € (0,1/2), we define Approx-MAJ, . to be the function that outputs 1 (resp. 0)
if at least a (1 — ¢) fraction of the inputs are 1 (resp. 0), and is undefined otherwise. We also use
Approx-MAJ,, to denote Approx-MAJ,, ; /3 for simplicity.

The following standard construction for the approximate-majority in AC° will be useful for the
proofs in this paper.

Lemma 3.1 ([ABO84, Ajt90, Vio09]). Approx-MAJ,, can be computed by uniform ACg.

We say that a circuit family {C, },en is uniform, if there is a deterministic algorithm A such
that A(1") runs in time polynomial of the description length of C,, and outputs C,,.28

For a circuit class &, we say that a circuit C is a € oracle circuit if C is also allowed to use
a special oracle gate (which can occur multiple times in the circuit, but with the same fan-in), in
addition to the usual gates allowed by ¢ circuits. We say that an oracle circuit is non-adaptive if,
on any path from an input gate to the output gate, there is at most one oracle gate.?

Typical concrete circuit class. We say that a circuit class ¢ is concrete, if we can talk about a
single € circuit C: {0,1}" — {0,1} for a fixed input length n € IN. For example, AC? is not a
concrete circuit class while ACY for any fixed d € IN is. For two concrete circuit classes ¢ and 2,
we say ¢ can be simulated by Z, if there exists a constant ¢ € IN>1 such that for every n,s € IN>¢
satisfying s > n, an s-size ¢ circuit on n-bit inputs has an equivalent s°-size Z circuit. We use
Formula and Circuit to denote the concrete circuit classes of fan-in 2 De-Morgan formulas and fan-
in 2 De-Morgan circuits (i.e., general circuits), respectively.

For a concrete circuit class ¢ and a function f: {0,1}" — {0,1}, we define ¢-SIZE(f) to be
the minimum size of a ¢ circuit computing f exactly. We say that a circuit C: {0,1}" — {0,1}
y-approximates a function f: {0,1}" — {0,1}, if C(x) = f(x) for at least a 7 fraction of inputs
from {0,1}". For a parameter v € (1/2,1], we define heur,-SIZE(f) to be the minimum size of a
circuit y-approximating f. Note that heur;-SIZE(f) = SIZE(f).

We say that a concrete circuit class ¢’ is typical, if given the description of a circuit C of size s,
for indices 7, j < n and a bit b, the following functions

—\C,C(xl,. e Xio1, X @b,xi+1,. . .,xn),C(xl,. . .,xi_1,b,xi+1,. . .,xn)

all have € circuits of size 5,°’ and their corresponding circuit descriptions can be constructed in
poly(s) time. We also require that ¢ can be simulated by Circuit. That is, ¢ is typical if it is closed
under both negation and projection, and general circuits can simulate it up to a polynomial blow-up
in size.

For two concrete circuit classes ¢ and 7, we use € o Z to denote the class of circuits consisting
of a top € circuit whose inputs are the output gates of some bottom ¥ circuits. Note that we are

28That is, we use the P uniformity by default.

2INote that the function computed by the oracle circuit C depends on the truth-table of the oracle.

30Note that the straightforward construction of these circuits above can have more NOT gates compared to the orig-
inal circuit C. This is why we do not count NOT gates when defining the size of circuits.
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overloading the notation o (which also denotes the string concatenation). But the meaning of the
symbol o (concatenation of strings or composition of circuit classes) will always be clear from the
context.

3.1.2 Linear Sums of Circuits

We recall the definitions of Sum o € circuits and their variants, which are introduced in [Wil18a]
and [CW19].

Sum o ¢ denotes the following set of circuits: every C € Sum o % can be described as C(x) =
Y.ia; - Ci(x) where each «; € R and each C;(x): {0,1}" — {0,1} is a € circuit. Moreover, if C
satisfies the promise that C(x) € [0,1] for all x € {0,1}", we also say C is a [0, 1]Sum o ¥ circuit.

The size of C is defined as the total size of each C;: |C| = }_; |C;|. The complexity of C is defined
as max(|C|, Y; |«;|). We use [0, 1]Sum o €'[S(n)] to denote the set of functions can be computed by
[0,1]Sum o € circuits of complexity S(n).

For a function F: {0,1}" — {0,1}, we say that F admits a Sum, o % circuit of complexity S, if
there exists a Sum o ¢ circuit L with complexity at most S, such that |F(x) — L(x)| < ¢ for every
x € {0,1}".

3.1.3 NTIME and MATIME

We first recall the definitions of NTIME[T(n)] and NTIMEGUESS[T (1), G(n)].

Definition 3.2. Let T,G: IN — IN be two time-constructible functions. A language L € NTIME[T (n)]
if there is an O(T (n))-time algorithm V (x,y) such that |x| = n and |y| = T(n) and

xele e {01} Ty (xy) =1.

We call V an NTIME[T (n)] verifier for L. Moreover, L € NTIMEGUESS|T (n), G(n)] if V only takes
G(n) bits of witness (i.e., |y| = G(n) instead of |y| = T(n)), and call V an NTIMEGUESS|T (n), G(n)]
verifier for L.

In particular, NP = Jeny NTIME[1F], and NQP = Ugen NTIME[ZIng”]. Also, we will often use
NTG as an abbreviation for NTIMEGUESS for notational convenience.
MA is a randomized version of NP. We now recall the definition of MATIME[T (n)].

Definition 3.3. Let T: N — IN be a time-constructible function. A language L € MATIME[T (n)] if
there is an O(T (n))-time algorithm V (x,y,r) such that |x| = nand |y| = |r| = T(n) and

xeL=3ye{0,1}7D re{olgT(‘x‘)[V(x,y,r) =1 =1,

and

xeL=Yye {01} pPr [V(xyr) =1 <1/3.
re{0,1} (D)

We call V an MATIME([T (n)] verifier for L.

In particular, MA = (Jicpy MATIME[1F].
We will also pay attention to the complexity of the verifiers in MATIME[T(n)]. We define
MATIMEy [T (n)] as follows.
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Definition 3.4. Let T: IN — IN be a time-constructible function, and € be a concrete circuit class. A lan-
quage L € MATIMEq [T (n)] if there is an MATIME[T (n)] verifier V for L that also satisfies the following
additional condition:

e Forevery x € {0,1}" and y € {0,1}7"), V(x,y,-) (the restriction of V to the randomness part)
has a T (n)-size € circuit.

We call V an MATIMEy [T (n)] verifier for L.
In particular, MAy = Jgeny MATIME [1F]. We also define

MATIME[T ()] pc0 = |J MATIME[T (n)]pco and MATIME[T (n)]pcco = |J MATIME[T(1)] pco-
deN d,meN

MA 0o and MA, -0 are defined similarly.
We note that the additional condition in Definition 3.4 is weaker than requiring that V itself
has a T (n)-size € circuit, so it applies to more languages.

3.1.4 MANcoMA and NP N coNP Algorithms

We also introduce convenient definitions of (MA N coMA)TIME[T ()] and (NNcoN)TIME[T (n)]
algorithms, which simplifies the presentation.

Definition 3.5. Let T: IN — IN be a time-constructible function. A language L is in (MAN coMA)TIME[T (n)],
if there is a deterministic algorithm V (x,y,z) (V is called the predicate) such that:

e V takes three strings x, y, z such that |x| = n, |y| = |z| = T(n) as inputs (y is the witness and z is
the collection of random bits), runs in O(T (n)) time, and outputs an element from {0,1, L }.

e (Completeness) For every x € {0,1}*, there exists a y such that

Pr[V(x,y,z) = L(x)] = 1.

4

e (Soundness) For every x € {0,1}* and every y,

I;r[V(x,y,z) =1—-L(x)] <1/3.

Moreover, we say that L € (MA N coMA)TIME [T (n)], if L further satisfies the following condition:

e Forevery x € {0,1}" and y € {0,1}7"), V(x,y,-) (the restriction of V to the randomness part)
has a T (n)-size € circuit.

Remark 3.6. (MA N coMA) (resp. (MA N coMA)y) languages with advice are defined similarly, with V
being an algorithm with the corresponding advice.

Definition 3.7. Let T, G: IN — IN be two time-constructible functions. A language L is in (NNcoN) TIME[T (n)]
(resp. (NN coN)TG[T (n), G(n)]), if there is an algorithm V (x,y) (which is called the predicate) such that:

e V takes two inputs x, y such that |x| = n, |y| = T(n) (resp. |y| = G(n)), runs in O(T(n)) time,
and outputs an element from {0,1, L }.

* (Completeness) For all x € {0,1}*, there exists a y such that
V(x,y) = L(x).
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* (Soundness) For all x € {0,1}* and all y,
V(xy) £1-L(x).

Remark 3.8. (NNcoN)TIME[T ()] or (NN coN)TG[T(n), G(n)] languages with advice are defined sim-
ilarly, with V being an algorithm with the corresponding advice.

3.2 DPseudorandom Generators

Throughout the paper, we will deal with different types of pseudorandom generators (PRG). In
the following, we recall their definitions.

3.2.1 PRGs and NPRGs

Letr,m € Nand ¢ € (0,1), and let X C F,, 1 be a set of functions. We say G € F,,, is a PRG for
H with error ¢, if for every D € H

P D(G(z))=1— P D(z) =1 <=
ZER{grl},[ (G(z)) =1] ZER{O{M[ (z) =1]| <
We call r the seed length of G.
We also need the notion of nondeterministic PRGs, defined below.
Letw € IN. We say a pair of function G = (GP,GY) such that GF € {0,1}* x {0,1}" — {0,1}"
and GW € F, 1 is an NPRG for H with error ¢, if the following hold:

1. Forevery u € {0,1}%,if GV (u) = 1, then GP (1, -) is a PRG for H with error .
2. There exists u € {0,1}% such that GV (u) = 1.

Here, we call r the seed length of G and w the witness length of G.

Although an NPRG, in general, does not compute the same PRG for different witnesses u (i.e.,
GP(uq,-) and GP(uy, ) can be two different PRGs for H), it is still useful for the derandomization
of MA. We remark that the concept of NPRG is already implicit in [IKWO02]. Our definition is from
the journal version of [Che19].3!

3.2.2 Family of PRGs and NPRGs

Most of the time, we will be interested in a family of PRGs (NPRGs) G = { G, } that fools a family of
sets of functions H = {H,}. In this case, for seed length 7: N — IN, error ¢: IN — (0, 1), output
length m: IN — IN and witness length w: N — N, we say G = {G,} is a PRG (resp. NPRG)
family for H = {#,} if for every n € IN, (1) H, C Fmya (2) Gn is a PRG (resp. NPRG) for H,
with error €(n), seed length 7(n) (and witness length w(n) for G being an NPRG).

Let Z C IN>;. We call G a PRG with range 7 (resp. NPRG with range 7) for H if the two
conditions above hold for every n € Z. When 7 is an infinite set, we also say that G is ani.o. PRG
(resp. i.0. NPRG) family for H.

We say that a PRG G = {G, } is computable in T: IN — IN time, if there is a uniform algorithm
A:IN x {0,1}* — {0,1} such that A, (meaning the first input of A is fixed to n) computes G,
in T(n) time. Similarly, we say an NPRG G = {G,} is computable in T: IN — IN time, if there
are two uniform algorithms AP: N x {0,1}* x {0,1}* — {0,1} and AW: N x {0,1}* — {0,1}

31Gee http://www.mit.edu/~1ijieche/Che19-journal-version.pdf for the draft.
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such that AY computes G7 and AY computes G\, both in T(n) time. Note that a T(n)-time
computable NPRG G also has witness length at most T(n). So if we do not specify the witness
length parameter, it is the running time T by default.

We can similarly define PRG and NPRG computable with «: IN — IN bits of advice by allowing
algorithm A, (resp. A} and AY) to use a(n) bits of advice. (Note that in the case of NPRG, the
advice for A} and AY are the same.)

3.3 Derandomization of MATIME [T (n)] from NPRGs for ¢

Now we show that NPRGs are enough for the derandomization of MA¢ [T (n)].

Lemma 3.9. Let Z C IN>1. Suppose there is an s(n)-seed-length, w(n)-witness-length NPRG G for T (n)-
size € circuits with range Z, error 1/10, and running time Tg(n). Then, for every L € MATIME4 [T (n)],
there is an L' € NTIMEGUESS[2°") - Tg(n) - T(n), T(n) + w(n)] such that L and L' agree on all n-bit
inputs for every n € I.

Proof. Let L € MATIME [T (n)] and V(x,y,r) be the corresponding MATIME[T (n)|4 verifier. We
construct a new deterministic verifier V' as follows:

e V'takesbothy € {0,1}7™ and u € {0,1}*(") as the witness. (i.e., V' takes T (n) 4 w(n) bits
as the witness.)

* Acceptif GY(u) = 1and Pr,c (g 1y [V(x,y, G (1)) =1] > 1/2.

It is then easy to verify that V' is the desired NTIMEGUESS[2°(") - T¢(n) - T(n), T(n) + w(n)]
verifier for L when the input length n € Z, which completes the proof. W

There are two useful special cases of Lemma 3.9: (1) when Z = IN> (i.e., G is an NPRG), then
we have MATIME4[T ()] € NTIMEGUESS[25(") - T5(n) - T(n), T(n) + w(n)] and (2) when Z is an
infinite set, then we have MATIME [T ()] C 1.0.-NTIMEGUESS[25(") - T5(n) - T(n), T(n) + w(n)].

Remark 3.10. If the NPRG mentioned in Lemma 3.9 requires a(n) bits of advice to compute (for Gy). Then
the resulting NTIMEGUESS simulations also need a(n) bits of advice on n-bit inputs.

3.4 Probabilistically Checkable Proofs (PCPs)

We need the following construction of PCPs by Ben-Sasson and Viola [BV14].

Lemma 3.11 ([BV14]). Let M be an algorithm running in time T = T (n) > n on inputs of the form (x,y)
where |x| = n. Given x € {0,1}", one can output in poly(n,log T) time circuits Q: {0,1}" — {0,1}"
for t = poly(r) and R: {0,1} — {0,1} such that:

® Proof length. 2" < T - polylogT.

e Completeness. There is a polynomial-time algorithm E such that, for every y € {0,1}T0") such
that M(x,y) accepts, E(x,y) outputs the truth-table of a map 7t: {0,1}" — {0, 1} such that for all

z € {0,1}, R(mt(q1),...,7(q¢)) = 1 where (q1,...,q:) = Q(z).

e Soundness. If noy € {0,1}7") causes M(x,y) to accept, then for every map 7t: {0,1}" — {0,1},
at most nz—fo distinct z € {0,1}" have R(7t(q1),...,7t(q:)) = 1 where (q1,...,q:) = Q(z).

o Complexity. Q is a projection, i.e., each output bit of Q is a bit of input, the negation of a bit, or a
constant. R is a 3CNF.

Note that this is an extremely efficient PCP: the 3CNF R and the projection Q collectively form
the verifier for the PCP.
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3.5 A PSPACE-complete Language with AC’[2] Reducibility Properties
We first define the desired reducibility properties below.
Definition 3.12. Let L: {0,1}* — {0, 1} be a language, we define the following properties:

1. L is ¢ downward self-reducible if there is a uniform € oracle circuit family {Cy, } nen such that
for every large enough n € N and for every x € {0,1}", Ab-1(x) = L,(x).

2. L is paddable, if there is a polynomial time computable projection Pad (i.e., each output bit is either
a constant or only depends on 1 input bit), such that for all integers 1 < n < mand x € {0,1}", it
holds that x € L if and only if Pad(x,1™) € L, where Pad(x, 1™) always has length m.

3. L is same-length checkable, if there is a randomized oracle algorithm M with output in {0,1, L}
such that, for every input x € {0,1}%,

(a) M asks its oracle queries only of length |x| and runs in poly(|x|) time.

(b) M*% outputs Ly (x) with probability 1.

(c) MO outputs an element in {L(x), L} with probability at least 2/3 for every oracle O: {0,1}" —
{0,1}.

We call M an instance checker for L. Moreover, we say that L is € same-length checkable if there is
an instance checker M that can be implemented by uniform € oracle circuits.>?

4. Lis ¢ weakly error correctable, if there is a constant Tyczac > 1 such that for every large enough
n € N and for every function f: {0,1}" — {0,1} such that f (1 — n="<2c)-approximates Ly,

there exists an n™<2<-size ¢ oracle circuit C, such that C} (x) = Ln(x) for every x € {0,1}".

Additionally, we say that L is non-adaptive ¢ downward self-reducible, same-length checkable, or
weakly error correctable if the corresponding € oracle circuits are non-adaptive.

The following PSPACE-complete language was given by [San09] (modifying a construction of
Trevisan and Vadhan [TV07]).

Theorem 3.13 ([TV07, San09]). There is a PSPACE-complete language LV that is paddable, TC® down-
ward self-reducible, and same-length checkable.>®

Later, [Che19] gave a modification of the language LT that is also non-adaptive TC® same-
length checkable, which is further modified by [CR21].

Theorem 3.14 ([Chel9, CR21]). There is a PSPACE-complete language L"*'° that is paddable, non-
adaptive TC® downward self-reducible, non-adaptive TC° same-length checkable, and non-adaptive TC°
weakly error correctable.

In this work, we further improve the complexity of these reducibility properties to AC°[2].
For convenience, we sometimes allow an algorithm A to take some integers ay,...,a; as input
parameters, and a Boolean string p with length at most poly (}_;c [ «;) as input. For simplicity we

32Formally, suppose M uses at most p(n) < poly(n) bits of randomness on inputs of length 7, and let M(x;7)° be
the output of M given input x and randomness r. There is a polynomial-time algorithm A such that, for every n € N,
A(1") outputs a € oracle circuit C, such that (1) C,, takes n + p(n) bits as input and (2) C(x;7)° = M(x;7)° for every
(x,7) € {0,1}" x {0,1}P(") and oracle O: {0,1}" — {0,1}.

33[TV07] does not explicitly state the TC? downward self-reducible property, but it is evident from their proof.
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require that || only depends on ay, . . ., a;. We will use A,
its input parameters are set to a1, ..., ay.

We say that A can be implemented by a uniform % circuit family, if there is an algorithm B such
that for every ay,...,ar € IN, B(ay, ..., ax) outputs a poly(};cpq a)-size ¢ circuit that computes

«, to denote the restriction of A when

.....

Theorem 3.15. There is a PSPACE-complete language LPSPACE that is paddable, non-adaptive AC°[2]
downward self-reducible, non-adaptive AC°[2) same-length checkable and non-adaptive AC°[2] weakly error
correctable.>*

Moreover, there are two algorithms DSR and Aux satisfying the following>:

1. Aux takes n € IN>q as input parameter and X € {0, 1}" as input, and outputs a value from {0,1}.
2. Aux can be implemented by a uniform AC°[2] circuit.

3. DSR takes n € N1 as input parameter and ¥ € {0,1}" as input, and functions hy: {0,1}"~1 —
{0,1} and hy: {0,1}" — {0,1} as oracles.

LPSPACE Aux,,

4. Forevery n € N1, DSR," " computes LESPACE,

5. DSR can be implemented by a uniform non-adaptive XOR o AND3 oracle circuit family. In more
detail, DSR first queries its oracles on some projections of the input X to obtain some intermediate
values and then applies an XOR o AND3 circuit on those intermediate values and the input X to obtain
the output.

See Section 7 for a proof of Theorem 3.15. The following corollary follows immediately from
the paddable property of LPSPACE in Theorem 3.15.

Corollary 3.16. For any typical concrete circuit class €, €-SIZE(Ly,) is non-decreasing.

4 Nondeterministic PRGs with Short Witness Length from Non-trivial
Derandomization

In this section we prove the following theorem.

Theorem 4.1. For a typical concrete circuit class €, if for some 7 € (0,1), CAPP of 2""-size ANDy 0 € o
AC circuits can be deterministically solved in 211" time, then there is a constant € € (0,1), size parameter

S(n ) = 290%) and an infinity often nondeterministic PRG for S(n)-size € circuits with S(n)~'-error,
200%) itness- length poly (n)-seed-length, and 2P°Y") running time.

4.1 Technical Ingredients

We begin by recalling some needed technical ingredients.

3When we say that LPSPACE s non-adaptive AC’[2] weakly error correctable, we mean it is non-adaptive ACY 2]
weakly error correctable for a universal constant d € IN.

3The conditions below are stronger than only being AC’[2] downward self-reducible, and will be useful in our proofs
in Section 6; see Lemma 6.2.
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4.1.1 Two standard PRGs

We will use two standard PRGs from the literature. The first is the famous Nisan-Wigderson(NW)
PRG ([NW94]), which uses a (presumably hard) function f in its design. Recall that Juntay is the
family of k-juntas, i.e., functions that only depend on k input bits. The key property of the NW PRG
is that, given a ¢ circuit that breaks the NW PRG based on some hard function, the complexity of
approximating that hard function is ¢ o Junta, for some parameter a. Therefore, in order to fool ¢
circuits, the hard function f used by the NW PRG needs to be hard to approximate by % o Junta,
circuits.

Lemma 4.2 ((NW94]). Let m, £, a be integers such that a < { and t = O(¢*> - m'/?/a). Let € be a typical
concrete circuit class. There is a function GNW: {0,1}* x {0,1}* — {0, 1}* such that the following hold.
For any function Y: {0,1}* — {0,1} represented as a length-2° truth table, if Y cannot be (1/2 + e/m)-
approximated by any € o Junta, circuit whose top € circuit has at most size S, then GNW (Y, U;) 3¢ e-fools
every € circuit of size S. That is, for any € circuit C of size S,

Pr [C(GNY(Y,s))=1]— ©Pr [C(x)=1]|<e
seR{g,l}f[( (Y,s)) =1] XER{él}",[ (x) =1]| <e

Moreover, the function GNW is computable in poly (m,2") time.

We also need the following construction of PRG from [Uma03]. Roughly speaking, it shows
that if a function f is hard against general circuits of a certain size, then f can be used to produce
a PRG fooling circuits of roughly the same size.

Lemma 4.3 ((Uma03)). There is a universal constant ¢ € N and a function GY™2"s: {0,1}* x {0,1}* —
{0,1}* such that, for every s and Y : {0,1}* — {0,1}, if Y cannot be computed by circuits of size s$, then
GYmans(Y, Uyy) 1/ s-fools circuits of size s. That is, for all circuit C of size at most s, it holds:

P C(GYmas(y x))=1]— P C(x)=1]| <
XER{Or,l}g[[( (Y, x)) =1] redb (x) =1]| <

© | =

Furthermore, GY™3" is computable in poly(|Y|) time.

4.1.2 Hardness amplification with linear sums

We will need a technical tool from [CLW20]: an XOR Lemma based on approximate linear sums
(see Section 3.1.2 for formal definitions). Now we are ready to state the needed XOR Lemma.

Definition 4.4. Let f: {0,1}" — {0,1} and k € N>y, define the function f*¢: {0,1}¥" — {0,1} to be
FOR(xy, o, xp) o= Dicji) f(xi), where x; € {0,1}" for every i € [k].

Lemma 4.5 ((CLW20]). Let f: {0,1}" — {0,1} be a Boolean function. Let 6 € (0, %), for any k € N>y,
leter = (1—08)1(3—06). If

E ~H 5
vty () = H)| >

n-s
(6-e)?

for every [0,1]Sum o € circuit H of complexity O <
€ circuits of size s.

), then f&F cannot be (3 + e)-approximated by

For notational convenience, if a function f satisfies the hardness condition in Lemma 4.5, we

say f is o-far from [0, 1]Sum o ¢ [O (ﬁ)}

3674, denotes uniform distribution over {0, 1}
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4.2 Proof of Theorem 4.1

Our starting point is the proof of [CLW20, Theorem 7.1]. We state the following lemma, which is
implicit in their proof.

Lemma 4.6. There is a universal constant § € (0,1) such that, for a typical concrete circuit class €, if for

somen € (0,1), CAPP of 2" -size ANDy o € o ACY circuits can be deterministically solved in 2"~"" time,
then there exists € € (0,1) such that at least one of the following statements hold:

1. There is a polynomial-time algorithm V: {0,1}* x {0,1}* — {0, 1} such that for infinitely many
n € IN, the following holds:

(@) V(1",w) = 1 for some w € {0,1}*".
(b) Foreveryw € {0,1}?" such that V(1",w) = 1, it holds that func(w) has no 2" -size circuits.

2. There are two polynomial-time algorithms Ve : {0,1}* x {0,1}* — {0,1} and H: {0,1}* x
{0,1}* x {0,1}* — {0, 1} such that for infinitely many n € IN, the following holds:

(a) Vge(1%',C) = 1 for some 2™ -size circuit C: {0,1}"* — {0,1}. (Here, Vo takes the descrip-
tion of the circuit C as an input, which is of length 2°"°).)

(b) For every 2™ -size circuit C: {0,1}" — {0,1} satisfying Vo (12", C) = 1, it follows that fc €
Fonr, defined by fc(z) == H(1",C, z) for z € {0,1}*", is 6-far from [0,1]Sum o € o ACI[2"].

Proof Sketch. Item (1) and Item (2) of the lemma correspond to the Case (1) and Case (2) of the
proof of [CLW20, Theorem 7.1] directly. Item (1) follows immediately from the proof of [CLW20,
Theorem 7.1].

To see Item (2), we observe that the lists of functions Y, Z: {0,1}' — {0,1} in Case (2) of the
proof of [CLW20, Theorem 7.1] do not have to be guessed, and instead their values on each input
can be computed from the circuit C in poly(|C|) time, using [CLW20, Lemma 3.11]. N

Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. Let 6,¢ € (0,1) be the constants from Lemma 4.6. We analyze the following
two cases separately.

Item (1) of Lemma 4.6 holds. Note that in this case, we can without loss of generality assume that
¢! € N simply by changing e to [¢~1]71.

Let S be the set of n € IN such that the conditions in Item (1) of Lemma 4.6 hold, and let V be
the algorithm from Item (1) of Lemma 4.6. For every n € S, we define «, as the minimum integer
s such that there exists an s-size circuit C: {0,1}" — {0, 1} satisfying Vi (n,tt(C)) = 1. Note that
from Item (1.a) of Lemma 4.6, «, is well-defined for n € S, and from Item (1.b) of Lemma 4.6,
a, > 2",

Let ¢ € IN be the constant in Lemma 4.3. Now we construct the following NPRG family
G = {(GF,GW)}, as follows:

¢ Given the parameter n € IN. Let m be the largest integer such that mt <nandl=n—m"

o If0 ¢ {mm+1,...,m '}, define GP and GV be trivial functions that always output 0, with
appropriate input lengths. (i.e., we give up this parameter n.)

* G takes the description of a circuit C: {0,1}* — {0, 1} with size at most 2", and outputs
1if and only if V(14,tt(C)) = 1.

22



e GF takes the description of a circuit C: {0,1}* — {0,1} with size at most 2"*+!, together with
a seed r of length ¢ - £, and outputs GYm(tt(C), r).

From the description above, we note that G has seed length O(¢) = O(m* ') = O(n), witness
length poly(Zm“) < 20(”S), and running time 20(6) < 20(n), Next, we will show G is ani.o. NPRG
for 2(")size circuits (this is stronger than the required i.0. NPRG for % circuits).

For every sufficiently large ¢ € S, let m be the unique integer such that a, € [2,2""1). Note
that we have m € [¢£,¢). Letn = m* ' 4 {. We claim that for some S(m) = 22", G, = (GP,GW) is
an NPRG for S(m)-size with error S(m)~1, which completes the proof for this case since Q)(m) =
Q(ne).

To see this claim, on this particular parameter n, we have a, € [2”1,2’”“]. In particular, it
means there exists a circuit C: {0,1}¢ — {0,1} of size at most 2"*! such that V(1¢,tt(C)) = 1.
Also, for every such circuit C, we know that C, as a Boolean function, has no (2™ —1)-size circuits.
Hence, by Lemma 4.3, it follows that G, is an NPRG for S(m)-size circuits with error S(m)~!, for
some S(m) = 200m),

Item (2) of Lemma 4.6 holds. Let S be the set of n € IN such that the conditions in Item (2)
of Lemma 4.6 hold, and let Vi and H be the algorithms from Item (2) of Lemma 4.6.

In the following, we construct the required NPRG family G = {(GF,GW)}. For n € N, G
takes as input a 2™ -size circuit C: {0,1}" — {0,1} and outputs Vo (12", C).

Now, fix a sufficiently large n € S. For every 2" -size circuit C: {0,1}"* — {0,1} such that
GV(C) = 1, we define fc: {0,1}?" — {0,1} as in the Item (2) of Lemma 4.6. By Item (2)
of Lemma 4.6, fc is -far from [0, 1)Sum o € o AC[2""].

We set k = @(nf) so that g = (1 —6)F1.(1/2 — ) = 27"/10. By Lemma 4.5, it follows that
féBk cannot be (1/2 + ¢;)-approximated by any % o Junta,. 19 circuits whose top ¢ circuit has size
at most 2" /1037 Plugging fC@k into Lemma 4.2, we obtain a PRG fooling S(n)-size ¢ circuits with
error S(n) ! seed length £(n) < poly(n), for some S(n) = 220"),

Finally, we define G so that it takes a 2" -size circuit C: {0,1}" — {0,1} and a seed r €
{0,1}4(") as the input, and outputs GNW (tt(fZF), 7).

By the above discussions, we have that G is an i.0. NPRG for S(n)-size ¢ circuits with error
S(n)~1. Now we analyze the parameters of G. From its description, the witness length and seed
length are bounded by 2°(") and poly(n), respectively. The running time is dominated by the
running time of GNY, which can be bounded by 2P°'¥("). This completes the proof of the whole
theorem. W

4.3 Application: Derandomization of MA , -0

We say a function T: IN — IN is nice for ¢ € (0,1), if for every ¢ € (0,1), for all large enough
¢ € N, there exists n € IN such that T(n) € (2¢(=1°,2¢¢]. Tt is easy to verify that functions

such as n* and 218" are nice for every constant ¢ € (0,1). Applying the #SAT algorithm for ACC’
from [Wil14, Wil18b], we immediately have the following corollary of Theorem 4.1.

Corollary 4.7. Let d,,m, € N>1. There is a constant ¢ € (0,1), a function S(n) = 22), and an
infinity often nondeterministic PRG for S(n)-size ACS* [m,] circuits with S(n)~'-error, 2°00°)-witness-
length, poly(n)-seed-length, and 2P°Y (") running time. Moreover, for every time-constructible function
T: IN — IN that is nice for €, we have

MATIME \co (,,,1[T(1)] € 1.0.-NTIMEGUESS[2P°Y1o8(T() 1oly (T(n))].

37Here we use the fact that a Junta, can be simulated by 27-size ACg circuits.
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Proof. The desired i.0.-NPRG follows directly from the 2"~"'-time #SAT algorithm for ACS* [m,]
from [Wil14, Wil18b].

To show the “moreover” part, let L € MATIME [T (n)]. By definition, there are d,, m, € N
such that L € MATIME pco (.| [T(n)]. Letco,e € (0,1) and G = {G,} be ani.o. NPRG for 2" -size
ACY [m.] circuits with 20(")-witness-length, poly (1)-seed-length, and 2P°(") running time.

We now define another NPRG G = {én}neN as follows: for each n € IN, we let £, € IN be
the smallest integer such that 2% > T(n), and set Gn = Gy,. We claim that G is an i.0.-NPRG
for T(n)-size ACg* [m,| circuits with poly(T(n))-witness-length, polylog(T(n))-seed-length, and
2polylog(T(m) yunning time. The parameters of G follow from its construction and the parameters
of G. To see that G, works for infinitely many input length 1, note that if G, works and T (1) €
(260 (ta=1) 200°li] then G, works as well (here we use the assumption that T(n) is nice for €).

Finally, L € i.0.-NTIMEGUESS[2PY1o8(T(1)) noly(T(n))] follows from Lemma 3.9, which com-
pletes the proof. W

The following corollary will be useful for our proof of Theorem 1.5.
Corollary 4.8. Let T(n) < 2" be time-constructible. It holds that
MATIME 5o [T(n)] Ci.0.-NE.

Proof. Let L € MATIME, [T (n)]. That is, there are constants d,,n, € IN>; such that L €
MATIMEac, m,)[T(1)]. Let e € (0,1) be the constant from Corollary 4.7 corresponding to d., 1.,

and T € N> be a large enough constant. Note that T(1) = 2" is nice for e.
From Corollary 4.7, it follows that

L € MATIMEnc, () [T(1)] C L.o-NTIME[2PWO8(T0D)] C 0.-NE,

the last containment follows from the fact that 7 is large enough. W

5 Circuit Lower Bounds via Derandomization

We say a function a: IN — IN is a nice unbounded function if « satisfies the following: (1) a(n) >
w(1); (2) « is non-decreasing; (3) a(n) is computable in O(n) time.*®
In this section, we prove the following two theorems.

Theorem 5.1 (Weakly average-case lower bound for NQP via direct derandomization; a stronger
version of Theorem 2.14). Let € be a typical concrete circuit class, and «(n) be a nice unbounded function.
There are two universal constants d, T € IN>q such that the following holds. Suppose that for some 11 €

(0,1), CAPP of 2" -size ACY[2] o € o ACY circuits can be deterministically solved in 2"~ time. Then,
there is B € IN>1 such that neither

NTG[ZlOgﬁ " ] nor (NN coN)TG[21°gﬁ ")

can be (1 — n~")-approximated by poly(n)-size € circuits.

38Conditions (2) and (3) may not be necessary; we include them for technical convenience.
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Theorem 5.2 (Strongly average-case lower bound for NQP via an additional win-win argument;
a stronger version of Theorem 2.16). Let € be a typical concrete circuit class that can be simulated by

Formula and a(n) be a nice unbounded function. Suppose that for some n € (0,1), CAPP of 2" -size
ANDy o € o AC) circuits can be deterministically solved in 2"~"" time. Then, there is B € N1 such that
neither

NTG[2°8° " n*™] nor (NN coN)TG[2L08" ?, pa(m)] 4

can be 1/2 + 1/poly(n)-approximated by poly(n)-size € circuits.

We remark that while Theorem 5.2 is stronger than Theorem 5.1 in the sense that it requires a

CAPP algorithm for a weaker circuit class (AND4 0 € o ACJ vs. ACJ[2] 0 € o AC)) and gives stronger
average-case lower bounds (1/2 + 1/poly(n) vs. 1/2 +n~7),* the proof of Theorem 5.2 needs an
additional win-win argument. In contrast, the proof of Theorem 5.1 is a straightforward direct
derandomization, which we believe is easier to understand.

5.1 Technical Ingredients
We will need several technical ingredients, some already discussed in Section 2.

Theorem 5.3 (Weakly average-case lower bounds for MA M coMA; a stronger version of Theo-
rem 2.13). Let € be a typical concrete circuit class. There are universal constants d,, T € IN>1 such that
forall a € IN>q, there is a constant ¢ € IN>q and a language

L€ ((MANCOMA) ey 1) B
such that, for all large enough n € IN>1, there exists m € [n,nc| such that L,, cannot be (1 —m~7)-
approximated by m“-size € circuits.

Reminder of Lemma 2.15. Let € be a typical concrete circuit class. There is a language L € P such that
one of the following holds:

1. For every k € N>, L cannot be (1/2 + n~*)-approximated by n*-size & circuits.

2. There is a constant oy € N> such that every S-size formula admits a Sumg 1 o € circuit of complex-
ity S7.

Theorem 5.4 (A variant of Theorem 2.9). Let € be a typical concrete circuit class. Suppose that there is
a constant e € (0,1), size parameter S(n) = 220"), and an infinity often NPRG for S(n)-size € circuits
with S(n)~'-error, 200%) witness-length, poly(n)-seed-length, and 2°°Y(") running time.

Then, there are constants B, A € IN>q that only depends on € such that for every L € (MAN coMAy) /1
and every ¢ € N>, thereisan L' € (NN coN)TG [ZIOgﬁ ", poly(n)] /x1oglogn Stich that for infinitely many
n € N, for every m € [n,n¢|, L and L' agree on all m-bit inputs.

39We remark that Theorem 5.2 also requires ¢ to be weaker than Formula, while Theorem 5.1 do not. So, strictly
speaking, they are incomparable.
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5.2 The Derandomization Condition and the MA Lower Bound Condition

To simplify our presentation, we define the following two conditions, capturing the derandom-
ization consequences of Theorem 5.4 and the lower bounds from Theorem 5.3, respectively.

Definition 5.5 (The derandomization condition for €). Let € be a typical concrete circuit class. We say
that the derandomization condition holds for €, if the following holds:

* There are universal constants B, A € IN>1 such that for every L € ((MANcoMA)y) ,, and every
c € N>, there is an

L' € (NNcoN) TIME[2'%8 ", poly (1)] A loglogn
such that for infinitely many n € IN and for every m € [n,n°|, L and L’ agree on all m-bit inputs.

The following is a direct corollary of Theorem 4.1 and Theorem 5.4.

Corollary 5.6. Let € be a typical concrete circuit class. If for some n € (0,1), CAPP of 2" -size ANDy o
€ o ACY circuits can be deterministically solved in 2"~ time, then the derandomization condition holds
for €.

Definition 5.7 (The MA lower bound condition for ¢ and ). Let € and 2 be two typical concrete
circuit classes. We say that the MA lower bound condition holds for € and 2, if the following holds:

* Let T € IN>q be a universal constant. For all a € IN>4, there is constant ¢ € N> and a language
L € (MANcoMA)g)
such that for every n € IN, there exists m € [n,n°] such that heury_,,«)-¢-SIZE(Ly,) > m".
For simplicity, when € = 2, we simply say that the MA lower bound condition holds for €.
The following is a direct corollary of Theorem 5.3.

Corollary 5.8. Let € be a typical concrete circuit class and d, be the constant from Theorem 5.3. The
MA lower bound condition holds for € and AC[OIv 2] 0.

5.3 Weakly Average-case Lower Bounds for NQP via Direct Derandomization

We will first prove the following weaker version of Theorem 5.1, which allows for O(loglogn)
bits of advice. Later, these advice bits will be eliminated or reduced in Section 5.5.

Theorem 5.9. Let € be a typical concrete circuit class and a(n) be a nice unbounded function. There are
two universal constants d, T € IN>q such that the following holds. Suppose that for somen € (0,1), CAPP
of 2" -size ACY[2] o € o ACY circuits can be deterministically solved in 2"~"" time.

Then, there are constants B, A € IN>q such that (NﬂcoN)TIME[ZlOgﬁ "] /Aloglogn cannot be (1 —n~7)-
approximated by poly (n)-size € circuits.

We will prove a more general result, showing that weakly average-case lower bounds for &
follow from appropriate derandomization condition and MA lower bound condition.

Lemma 5.10. Let € and 2 be two typical concrete circuit classes and a(n) be a nice unbounded function.
Suppose that the derandomization condition holds for &, and the MA lower bound condition holds for ¢
and 9.

Then, there are constants B, T,A € N>y such that (NN coN)TG[ZlOg/S”,n“(”)]/)\logbgn cannot be
(1 — n~7)-approximated by poly(n)-size € circuits.
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Proof. Leta € IN>1. Letc € N>jand L € ((MANcoMA)g) ,; be the constant and hard language
guaranteed by the MA lower bound condition for ¢ and 2. Next, from the derandomization condition
for 2, there are universal constants B, A € N> and a language

B
L' e (N ﬂCON)TG[zlog n,POIY(n)]//\loglogn

such that for infinitely many # and for every m € [n,n], L and L’ agree on all m-bit inputs.

Now, from the MA lower bound condition for ¢ and &, for every n € N>, there exists m ¢
[n,n°] such that heur(;_,,—+-¢-SIZE(L,,) > m". Putting together with our guarantee on L’, it
follows that for infinitely many m € N>, heur(,_,, +)-4-SIZE(L;,) > m".

Since a is arbitrary and a () is a nice unbounded function, it follows that (N N coN)TG [ZIOgﬁ n e, Moglog n
cannot be (1 — n~7)-approximated by n”-size ¢ circuits for everya € N>1. W

Now, Theorem 5.9 follows directly from Corollary 5.6, Corollary 5.8 and Lemma 5.10.

5.4 Strongly Average-case Lower Bounds for NQP via a Win-win Argument

Next, we move to prove strongly average-case lower bounds. We will first prove the following
weaker version of Theorem 5.2, which again allows for O(log log 1) bits of advice.

Theorem 5.11. Let € be a typical concrete circuit class that can be simulated by Formula and a(n) be a
nice unbounded function. Suppose that for some 1 € (0,1), CAPP of 2""-size ANDy o € o ACY circuits
can be deterministically solved in 2"~ time.

Then, there are constants B,A € IN>q such that (N ﬂcoN)TG[ZlOgﬁ(”),n"‘(")]//\loglogn cannot be
(1/2 + poly(n))-approximated by poly(n)-size € circuits.

We need the following lemma first.

Lemma 5.12 (Approximate linear sums preserve PRGs). Let ¢ be a typical concrete circuit class,
s € Nsy, and 6 € (0,1). Let H C F., be the set of all functions that admit Sumg o € circuits with
complexity at most \/s. If G is a PRG for s-size € circuits with error s1, then G is also a PRG for H with
error 1//s + 26.

Proof. Letr € N be the seed length of G, and let f € #. From the definition of 7, there are m < /s
many ¢ circuits {Ci} ey, together with m coefficients {a;};c, such that for every x € {0,1}°, we
have

f(x) - ‘Z[:}“i‘ci(x) <4

We also have [C;| < s foralli € [m] and Yicpy @il < /5. Welet L(x) = Ycppai - Ci(x) for
notational convenience.
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Then, we show G is also a PRG fooling f with the desired error as follows:

_E UG- _E (G0
<|E @)= E (UG +2 (If = Ll <0
< Z LE GE)-E [Ci(G(r))]‘ 126 (the definition of L)
< _Z lj| -s71 26 (C; has size at most s)
<1/+/5+20. (Eicm lail < V/s)

Hence, G is a PRG fooling H with error 1/+/s + 26 as well. W

The following corollary follows from Lemma 5.12 immediately.

Corollary 5.13. Let € be a typical concrete circuit class, s € N>y and 6 € (0,1). Let H C F;1 be the set
of all functions that admit Sumgs o € circuits with complexity at most \/s. If G = (G, GW) is an NPRG
for s-size € circuits with error s—1, then G is also an NPRG for H with error 1/+/s + 26.

We need the following lemma, a simple corollary of Lemma 2.15 and Corollary 5.13.

Lemma 5.14. Let € be a typical concrete circuit class that can be simulated by Formula. There is a language
L € P such that one of the following holds:

1. For every k € N1, L cannot be (1/2 + n=*)-approximated by n*-size € circuits.

2. If for some y € (0,1), CAPP of 2""-size ANDy o € o AC) circuits can be deterministically solved in
2"~ time, then the derandomization condition holds for Formula.

Proof. We first assume that Item (1) does not hold, then by Lemma 2.15, every S-size formula
admits a Sums o € circuit of complexity at most S for some ¢ € N1, where 6 = 0.01.

From the assumed algorithm for AND4 o € o ACg circuits from Item (2) and Theorem 4.1, it
follows that there is a constant ¢ € (0, 1) size parameter S(n) = 220"), and an infinity often
NPRG for S(n)-size € circuits with S(n)~-error, 20(")-witness-length, poly()-seed-length, and
2poly(n) running time.

Now, combining Corollary 5.13, the i.0. NPRG for %, and the simulation of formulas by Sum 50
%, it follows that there is another size parameter So(n) = 22(") and an infinitely often NPRG for
So(n)-size € circuits with 2°")-witness-length, poly(n)-seed-length, and 2P°Y(") running time.
The second item then follows from Theorem 5.4.

Since ACSv [2] o Formula can be simulated by Formula, we have that the MA lower bound condition
holds for Formula from Corollary 5.8. Hence, the following lemma follows immediately from Lemma 5.14
and Lemma 5.10.

Lemma 5.15. Let € be a typical concrete circuit class that can be simulated by Formula and a(n) be a nice
unbounded function. There is a language L € P such that one of the following holds:

e Forevery k € N>y, L cannot be (1/2 + n~*)-approximated by n*-size € circuits.
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e If for somen € (0,1), CAPP of 2" -size AND4 o € o ACY circuits can be deterministically solved

in 2"~ time, then there are constants B, A € Nx1 such that (NN coN)TG[ZlOg/S ", 1M1 ) loglog n
cannot be (1 — n~")-approximated by poly(n)-size formulas.

Finally, we need to perform some mild-to-strong hardness amplification to prove Theorem 5.11.
The following lemma follows from a careful analysis of Levin’s proof of Yao’s XOR Lemma [Lev87,
GNW11].40

Lemma 5.16. Let ¢ be a typical concrete circuit class. There is a universal constant ¢ > 1 such that, for
everyn € N, f € Fy1,6 € (0,001),k € N, gy = (1—6)*1 (3 —6)and { = c- 105,;7;5*1, if f cannot be
k

(1 — 56)-approximated by MAJ, o € circuits of size s - £ + 1, then f&* cannot be (3 + ¢ )-approximated
by € circuits of size s.*!

Lemma 5.17. Let € be a typical concrete circuit class, T € N1, and a(n) be a nice unbounded function.
For every B > 2 and every language L € (NN coN)TG[2los"n, n“(”)]/o(loglogn), there is a language L' €
(NN coN)TG[ZlOgﬁ ()] /O(loglogn) Stich that, for two nondecreasing unbounded functions S, £: N —
IN such that n < £(n) < 0(n) the following holds:

* If L cannot be (1 — n~")-approximated by O(£(n)S(n))-size MAJy(,) o € circuits, then L' cannot
be (1/2 + £(n"/ (T3 =1/3) approximated by S(n'/ (7+3))-size € circuits.

Proof. We first define L' as follows: Given an input x € {0,1}" for some n € IN. Letting m be
the largest integer such that m™?2 < n, and k = min(n — m™2,m™1), we set L'(x) = LE* (x<tm),
where x -y, denotes the first km bits of x. Using the straightforward algorithm for computing L’,
it follows that L’ € (N1 coN)TG[298" 7, n2()] 100100 22

Now, there are infinitely many n € IN>; such that L, cannot be (1 — n~T)-approximated by
£(n)S(n)-size MAJy(,) o € circuits. We say that these 1 are good.

For every sufficiently large good n € IN>1, we set 6 = n~7/5 and k = k(n) be the smallest
integer so that ey = (1 —0)*"1 (3 —6) > £(n)1/3. Let ¢y be the universal constant in Lemma 5.16.

Since n is sufficiently large and ¢(n) > n, {y = ¢; IOgE g ey (n). Now, by Lemma 5.16 and the fact
that L, cannot be (1 — 56)-approximated by ¢y - S(n) +1 < €(n) - S(n)-size MAJy, o € circuits, it
follows that (L, ) cannot be (1/2 + £(n)~!/3)-approximated (note that &, < £(n)~!/3 from our
choice) by S(n)-size € circuits.

From our definition of L/, it follows that for infinitely many n € N>, L;,l 2 k(n

choice of k and the assumption that £(n) = 2°("), we have that k < n™*2) cannot be (1/2 +
¢(n)~1/3)-approximated by S(n)-size € circuits, which completes the proof since both S and ¢ are
nondecreasing. Wl

) (from our

Now, Theorem 5.11 follows immediately from Lemma 5.15 and Lemma 5.17.

405ee Appendix B of the journal version of [Chel9] for a proof, which can be found in http://www.mit.edu/
~lijieche/Chel9-journal-version.pdf.
41Gee Definition 4.4 for a formal definition of f&k,

“We remark that this step uses the facts that (1) L is in (NﬂcoN)TG[ZlOgﬁ”,nM”)] J0(
NTG[zlogbn’nzx(n)]/o(

loglogn) instead of

loglogn) and (2) a(n) is non-decreasing.
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5.5 Eliminating or Reducing the Advice

Finally, we apply the following lemma to get rid of or reduce the advice in Theorem 5.9 and The-
orem 5.11. The same trick was used in [COS18] as well.

Lemma 5.18. Let a(n) be a nice unbounded function. For every B > 2 and every language L €
(NN coN)TG[ZlOgﬁ",n”‘(”)]/o(loglogn), there are T € N and languages L1 € NTG[21°8° " ()] and
L e (NN coN)TG[2lOgﬁ " n*M] 1 such that the following holds:

e For every typical circuit class €, S: N — N and e: N — (0,1/2) such that S, if L can-
not be 1/2 + e(n)-approximated by S(n)-size € circuits, then neither Ly nor Ly can be 1/2 +
e(m(n))-approximated by S(m(n))-size € circuits, where m(n) is the largest integer such that
m- 2T~10glogm < 1.

Proof. Let T € N> be the constant such that L € (NN coN)TG[21°gﬁ "M oglogn-

For every n € N>, let ¢, = Tloglogn, and {wl(") }ic[pt] be an enumeration of the set {0, 1},
We will prove the lemma for L and L, separately.

NTG lower bounds. We first prove the case for L; € NTG [2105[3 ", n*")]. We define L; € NTG [ZIOgﬁ ()]
by the following algorithm Aj: on an input of length 1, let m be the largest integer such that
m-2m < n,and k =n —m -2 4+ 1; A; simulates the nondeterministic algorithm for L), with the
advice wy on the first m bits of the input. (If k > 2/, A; simply outputs 0.)

Since L cannot be 1/2 + &(n)-approximated by S(#)-size ¢ circuits, there are infinitely many

pairs (m;,a;) € IN x [ZZ"H‘] such that the nondeterministic algorithm for L,,, with advice w,, com-
putes a function that cannot be (1/2 + ¢(m;) )-approximated by S(m;)-size € circuits.
By the construction of L, for infinitely many (m;,4;) € IN X [Z&"i} , (L1)n, cannot be (1/2 +

e(m;))-approximated by S(m;)-size € circuits, where n; = m; - 2 4 a; — 1.

(NN coN)TG,, lower bounds. Now we define L, € (NN coN)TG[Zlogﬁ ", n*(")] 1 by the following
algorithm Ay: on an input of length 7, let m be the largest integer such that m - 2" < 5, and

=n—m-2' 4 1; we set the advice bit a,, = 1 if and only if k < 2fm and wy, is the correct advice
for input length m of language L; when «,, = 1, A, simulates L,, with the advice wy on the first m
bits of the input; otherwise, A, simply outputs 0. A similar argument as that of the previous case
completes the proof. Wl

Finally, applying Lemma 5.18, Theorem 5.1 and Theorem 5.2 follow immediately from Theo-
rem 5.9 and Theorem 5.11, respectively.
We also note that the proof above for Theorem 5.2 indeed proves the following.

Remark 5.19. Let € be a typical concrete circuit class that can be simulated by Formula and «(n) be a nice

unbounded function. Suppose that for some 17 € (0,1), CAPP of 2" -size ANDy o € o AC) circuits can be
deterministically solved in 2"~ time. There is a language L € P such that one of the following holds:

e Forevery k € N1, L cannot be (1/2 + n=*)-approximated by n*-size € circuits.

® Thereis B € N>q such that neither
NTG[2%8"" 4% nor (NN coN)TG[2108" ", a(m)] 4

can be 1/2 + 1/poly(n)-approximated by poly(n)-size formulas.
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5.6 Proof of Theorem 1.4

Finally, we apply our generic connection Theorem 5.2 to prove Theorem 1.4.

Reminder of Theorem 1.4.  Let a be a nice unbounded function. There is a B € IN such that
NTIMEGUESS[ZlOgﬁ ", n*("] cannot be 1/2 + 1/poly(n)-approximated by poly(n)-size ACC® circuits.

Recall that [Wil14, Wil18b] proved that for every d,m € IN>1, there is an ¢ € (0,1) (that de-

pends on d,m) such that CAPP for ACY[m] circuits can be solved in 2"~ time. Combining this
algorithm with Theorem 5.2, we immediately obtain the following weaker version of Theorem 1.4.

Corollary 5.20. Let a be a nice unbounded function. For every d,m € N>y, there isa B € IN such that
NTIMEGUESS[2°8" ", n®(")] cannot be 1/2 + 1/poly(n)-approximated by poly(n)-size ACY[m)].

We note that Theorem 1.4 is stronger than the corollary above since it asserts the existence
of a single constant § € IN>; such that NTIMEGUESS[2198° ", n#("] cannot be 1/2 + 1/poly(n)-
approximated by poly (n)-size AC)[m], for every d,m € N>;.

Now we prove Theorem 1.4 by a careful win-win argument, similar to [CR21].

Proof of Theorem 1.4. Let L € P be the language from Lemma 2.15. If L cannot be 1/2 4 1/poly(n)-
approximated by poly(n)-size ACC? circuits, then we are done. Otherwise, there are constants
d., m,, k € N> such that L can be (1/2 4+ n~¥)-approximated by n*-size AC) [m.] circuits. Apply-

ing Remark 5.19 and the CAPP algorithm for ACg* [m,], thereisa p € IN such that NTIMEGU ESS[Zlogﬂ n ()]
cannot be 1/2 4 1/poly(n)-approximated by poly(n)-size formulas, which also implies the theo-
rem (since ACC? can be simulated by Formula).

6 Circuit Lower Bounds for (MA N coMA),cop)., against ¢

In this section, we prove Theorem 5.3; see Theorem 6.3 for a formal version.

6.1 Technical Ingredients
We begin with some technical ingredients.

Theorem 6.1. Let s: N — IN be a space-constructible function such that s(n) < 2°0") and s(n) > n
for every n € N>q. There is a universal constant ¢ € N>y and a language L € SPACE[s(n)¢] such that
heurgg9-SIZE(L,) > s(n) for all sufficiently large n.

Proof. In the following, we always assume that n is large enough. Let c; € IN>1 be a large enough
constant and let £ = ¢q log s(n). There are 22" = s(n) many distinct functions in F; ;. Also, there
are at most 25(")’ many /(-input s(n)-size circuits. We claim that there exists a function f € F;
that cannot be 0.99-approximated by s(n)-size circuits.

To see the claim. Fix an {-input s(n)-size circuit C. We draw a random function f € F;;. By
a Chernoff bound, C 0.99-approximates f with probability at most 27002 < 2-06m) < 2=
the last inequality follows from the fact that ¢; and 7 are large enough. Our claim then follows
from a union bound over all 22("* many ¢-input s(1)-size circuits.

Now, letting ¢ = 2c¢y, our algorithm computing L first enumerates all /-bit functions to find the
lexicographically first fy € F;; that cannot be 0.99-approximated by all s(1)-size circuits. Note
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that by our claim above, such fj exists for all sufficiently large n. Then our algorithm computes
fo on the first £ bits of the input and ignores the rest. (Note that here we use the fact that ¢/ <
O(logs(n)) < o(n).) This algorithm can be implemented in s(1) space in a straightforward way,
and the average-case hardness for L follows from our construction of fo. W

The concrete circuit class KES [2]. Ford € IN>q, we define AEE 2] as a sub-class of ACJ[2] such
that the top-gate must be an XOR gate and the second layer (counting from the top layer) must all

be AND gates. An S-size Kég [2] circuit is by definition also an S-size ACY[2] circuit and an S-size
ACY[2] circuit has an equivalent O(S)-size AVCZ 12[2] circuit by adding two dummy layers at the
top. (Note that for our proofs, we do not need AVCS 2] to be typical.)

We work with AY:E 2] instead of ACY[2] because of the following lemma.

Lemma 6.2. Let € be a typical concrete circuit class. There are two universal constants dy,co € IN such

that the following holds. For every d,. € IN such that d, > dy, letting 2 = AEZ* [2] o €, for all sufficiently
large n € N1, we have

9-SIZE(LPSPACE) < (@_SlZE(LgﬁF{ACE) +nCO>CO’

where LPSPACE js the PSPACE-complete language from Theorem 3.15.

Proof. Let DSR and Aux be the algorithms from Theorem 3.15. We set dy € IN so that Aux, can

be implemented by poly(n)-size AVCEO [2] circuits. The lemma then follows from the properties of
DSR and Aux, and the observation that a size-S (XOR o AND3) o AVCdO [m,] circuit can be converted

into an AVCdO [m,] circuit of size poly(S), since an AND3 o XOR; circuit can be converted into an
XORop(sy © AND; circuit. Wl

6.2 Lower Bounds for (MA N coMA) o0 pjo against ¢ Circuits
We will prove the following theorem, from which Theorem 5.3 follows immediately.

Theorem 6.3 (Formal version of Theorem 5.3). Let € be a typical concrete circuit class. There are
universal constants d,, T € IN>q such that the following holds. For all a € N>y, there is a constant
c € N> and a language

such that the following hold:
1. For all sufficiently large T € N> and n = 27, either
) heur(l_nq)-‘é-SIZE(Ln) > nt, or
* heur(;_y,+)-¢-SIZE(Ly,) > m", for some m € (n°,2-n) NIN.
2. For every n € IN>q, if the advice for L on n-bit inputs is 0, then L, is the all-zero function.

Proof of Theorem 6.3. Let LPSPACE be the language from Theorem 3.15 and 8 € IN>1 be the constant
such that for every n,s € IN>; such thats > 7, an s-size ¢ circuit on n-bit inputs has an equivalent
sP-size general fan-in 2 Boolean circuit (such f exists since % is a typical concrete circuit class).
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Applying Theorem 6.1 with size function S(n) = nf, there is a language L4 € PSPACE such
that heur 99-SIZE(LG*%) > nP for all sufficiently large n € IN. Since LPSPACE is PSPACE-complete
and paddable, there is c; € IN such that Lfliag can be reduced to LPSPACE on input length 7! in
O(n“) time. Let dy, co be the constants from Lemma 6.2.

Let dyeac be such that LPSPACE jg ACSWC2ac [2] weakly error correctable, and let T be the cor-
responding constant Tyc2ac. We then set ¢ = c; and also let dg = do + dwcoac + 2. We then set

9 = H:Sg [2] o €. Let b € IN>q be a sufficiently large constant to be chosen later.

The algorithm. Let T € IN>; be sufficiently large, n = 27, and m = n°. We first provide an informal
description of the (MA N coMA) /1 algorithm A;, that computes the hard language L. There are two
cases:

1. When 2-SIZE(LPSPACE) < nP. That is, when LLSPACE is easy. In this case, on inputs of length
n, we guess-and-verify a & circuit for L,';SPACE of size at most n?, and use that to compute
dia
L;"8.

PSPACE
Lm

2. Otherwise, we know that is hard. Let ¢ be the largest integer such that

P-SIZE(LTSPACE) < nb.

On inputs of length m; = m + £, we guess-and-verify a & circuit for LY>PACE, and compute
LPSPACE on the first ¢ input bits. Note that by Corollary 3.16, we have 0 < ¢ < m and
therefore m + £ is not a power of 2.

Intuitively, A; computes a hard function because either it computes the hard language Lfliag
on inputs of length n, or it computes the hard language LY°>PAE on inputs of length m. A formal
description of Ay is given in Algorithm 6.1, and the algorithm A,q, for setting the advice bits of
Ap is given in Algorithm 6.2. Since m + ¢ at Line 9 is never a power of 2, a,, can only be set once
in Algorithm 6.2.

Now we verify that A computes a language satisfying our requirements.

Ay satisfies the MA N coMA promise. We first show that A satisfies the MA N coMA promise
(see Definition 3.5). The intuition is that it only tries to guess-and-verify a circuit for LPSPACE
when it exists, and the properties of the instance checker (see Definition 3.12) ensure that in this
case Ay, satisfies the MA N coMA promise.

Formally, there are three cases:

1. &y, = 0. In this case, A; computes the all-zero function and satisfies the promise.

2. ay, = land nisapower of 2. In this case, from Algorithm 6.2, we have @-SIZE(LfnSPACE) < nb
for m = n°. Therefore, at least one guess of the circuit C is the correct circuit for LF>PACE and
on that guess, A; outputs LPSPACE(z) = [98(x) with probability 1, by the property of the
instance checker (see Definition 3.12). Again by the property of the instance checker, on all
guesses of C, Ay outputs 1 — LPSPACE(z) — 1 — 928 () with probability at most 1/3.

3. ay = 1and nisnota power of 2. In this case, from Algorithm 6.2, we have 2-SIZE(LPSPACE) <

n(b). Therefore, at least one guess of the circuit C is the correct circuit for LESPACE, and on
that guess, A; outputs LFSPACE(z) with probability 1, again by the property of the instance

checker. Similar to the previous case, on all possible guesses of C, A, outputs 1 — LJSPACE(z)
with probability at most 1/3.
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Algorithm 6.1: The (MA N coMA) /; algorithm Ap,

Input: x € {0,1}"
Advice: « = o, € {0,1}

1 if « = 0 then

N

11
12
13

14
15
16

17
18

L return 0

Let m = nS;

Let ng = ng(n) be the largest integer such that nf < n;
Let mo = ng;

Let £ = n — my;

if n is a power of 2 then

/* We are in the case that Z-SIZE(LLSPACE) < b, */

Compute z € {0,1}" in O(m) time such that L3¢ (x) = LPSPACE(3);

Guess a Z circuit C of size at most n’;

Compute in poly(n) < poly(n) time a non-adaptive AC°[2] oracle circuit IC,, that
implements the instance checker for L,F:ZS PACE,

Let rnd,, < poly(m) be the number of random coins used by IC,,, draw r €g {0, 1}rmdn;

return 1CS (z,7);

Ise

/* We are in the case that .@—SIZE(L,F,;%PACE) >nf and ¢ is the largest
integer such that .@—SIZE(LE’SPACE) <nj. */

Let z be the first £ bits of x;

Guess a Z circuit C of size at most n(b, ;

Compute in poly(¢) < poly(n) time a non-adaptive AC[2] oracle circuit IC, that
implements the instance checker for LESPACE ;

Let rnd; < poly(#) be the number of random coins used by IC,, draw r €g {0,1}™;

return |C%(Z, r);

Algorithm 6.2: The algorithm A,q, for setting advice bits in Algorithm 6.1

1 All the &, are set to 0 by default;
2 fort=1— ocodo

© o N o U e W

Letn = 27;
Let m = nf;
if 2-SIZE(LPSPACE) < 1P then
‘ Setua, = 1;
else
L Let ¢ = max{{ : 2-SIZE(LYSPACE) < nb};
Set Ky = 1;
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The following claim summarizes what we have.

Claim 6.4. A with advice set by Aaqy is an (MA N coMA) /1 algorithm for a language L such that, for
every n € N>1, Ly, is defined as below:

1. Ifx, = 0, then L, is the all-zero function.
2. Ifa, = 1and n is a power of 2, then Ly, is the same function as L€

3. If o, = 1 and n is not a power of 2, then Ly, is the n-bit function that computes LYSPAE on the first
¢ bits and ignores the rest of the input.

Now, Item (2) of the theorem follows directly from Item (1) of Claim 6.4.

The verifier complexity of Ar. We also need to show that Ay is an ((MA N coMA) ACY. [m*]> P
algorithm. Let dic € N> be such that the instance checker for LPSPACE can be implemented by
non-adaptive K(Egic [2] circuits. Then, we can see that for every possible guess C in Algorithm 6.1,
ICS,(z, ) (resp. ICS (z,-)) is a polynomial-size ,&(:gg +d.[2] 0 € circuit. We now set d, = dg + dic.

Ar computes a hard language. Finally, we show that the algorithm A indeed computes a hard
language as stated. Let T be a sufficiently large integer, n = 27, and m = n°. There are two cases:

1. 2-SIZE(LPSPACE) < nP. In this case, we have a, = 1 by Algorithm 6.2. By Item (2) of
Claim 6.4, we have that L, is the same function as Lﬂ'ag, and therefore heurgg9-SIZE(L,) >
nf%, which implies heurgg9-%-SIZE(L,) > n°, by the definition of j.

2. 9-SIZE(LFSPACE) > pnb. Let £ be the largest integer such that 2-SIZE(LPSPACE) < nb. By
Corollary 3.16, we have 0 < ¢ < m.

Note that .@—SIZE(LEETACE) < ((£+1)% 4+ 2-SIZE(LPSPAE))% from Lemma 6.2. Therefore,

1/
@_SIZE(LE’SF’ACE) > (@-SIZE(L;ETACE)) o B (£+ 1)Co > nb/CU — mb = nb/Co — ncc.

—~0
Furthermore, recall that 2 = ACy 4., 12[2] and LPSPACE is AC)  [2] weakly error cor-
rectable with constant T, = 7.*3 We also have

heur(y_y «)-€-SIZE(LFSPACE) > [nb/co - n”o] JO(£7).

Now, on inputs of length m; = m + ¢, we have a,,, = 1 by Algorithm 6.2 (note that m; &
(m,2m) as ¢ € (0,m)). We set b large enough so that
[/ —peeo] JO(7) > (2n)™*1 = @m)* > mi

hence we also have heur(l_ng)—%—SIZE(LESPACE) > mj.

Then by Item (3) of Claim 6.4, we have that L, is the my-input function that computes
LPSPACE on the first £ bits and ignores the last m input bits. Hence, we have

heur(l_m;r)—cf—SIZE(Lml) > heur(lfg_r)—%—SQE(Lml) > mli,
which completes the proof.

“3The +2 in the depth of 2 corresponds to the fact that A(Zgwczac [2] can be simulated by ANCSMC 12[2] with a linear
blow-up in size.
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7 A PSPACE-complete Language with AC’[2] Reducibility Properties

In this section, we prove Theorem 3.15, which is restated below.

Reminder of Theorem 3.15. There is a PSPACE-complete language LPSPACE that is paddable, non-
adaptive AC°[2] downward self-reducible, non-adaptive AC°[2] same-length checkable and non-adaptive
ACP[2] weakly error correctable.

Moreover, There are two algorithms DSR and Aux satisfying the following:

1. Aux takes n € IN>1 as input parameter and X € {0,1}" as input, and outputs a value from {0,1}.
2. Aux can be implemented by a uniform AC°[2] circuit.

3. DSR takes n € N> as input parameter and ¥ € {0,1}" as input, and functions hy: {0,1}""1 —
{0,1} and hy: {0,1}" — {0,1} as oracles.

LPSPACE Ay,

4. Forevery n € N>q, DSR,"! computes LPSPACE,

5. DSR can be implemented by a uniform non-adaptive XOR o AND3 oracle circuit family. In more
detail, DSR first queries its oracles on some projections of the input X to obtain some intermediate
values and then applies an XOR o AND3 circuit on those intermediate values and the input X to obtain
the output.

7.1 Preliminaries

To avoid confusion, we often use bold letters (e.g., x and y) to emphasize that they are formal
variables.

7.1.1 Finite Fields

Throughout this section, we will only consider finite fields of the form GF(22'3Z) for some ¢ € N,
since they enjoy simple representations that will be useful for us. For every ¢ € IN, we set pw;, =
23" and use F) to denote GF(2P¢).

Let £ € IN. We will always represent F(Y) = GF(2P"r) as IFp[x]/ (xP"¢ + xP¥¢/2 4-1).** That is,
we identify an element of GF(2P"¢) with an IF,[x] polynomial with degree less than pw,. To avoid
confusion, given a polynomial P(x) € IF[x] with degree less than pw,, we will use (P(x))gq) to
denote the unique element in F(*) identified with P(x).

Let x(¥) be the natural bijection between {0,1}P¥ and IF(*) = GF(2P"¢): for every a € {0,1}P%,

kO (a) = (Zie[pwé,] a; - xiil)w). We always use «(©) to encode elements from F(*) by Boolean

strings. That is, whenever we say that an algorithm takes an input from F(), we mean it takes a
string x € {0,1}P"* and interprets it as an element of F() via x(®), Similarly, whenever we say that
an algorithm outputs an element from F(), we mean it outputs a string {0,1}P"¢ encoding that el-
ement via x*). For simplicity, sometimes we use (a)g( to denote x(*)(a). Also, we order elements
from F(¥) by the lexicographical ordering of their corresponding Boolean strings from {0, 1}P"
(i.e., we use i-th element in F(*) to denote the element in IF() encoded by the i-th lexicographically
smallest Boolean string in {0, 1}P").

Finally, for each n € IN, we set £, to be the smallest integer such that pw, > n. We also let
sz, = pwy, = 23/, F, = F(“) = GF(2%"), and x,, = (/). Note that 2" < |IF,| < 23",

44,23 133 11 ¢ IF;[x] is irreducible, see [VL99, Theorem 1.1.28].
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7.1.2 Uniform AC’[2] Circuits for Arithmetic Operations over [F,,

We will need the following uniform AC°[2] circuits for arithmetic operations over IF,, in [HABO2,
HVO06].

Lemma 7.1 ((HABO02, HVO06]). Let n,t € IN be input parameters. There are uniform AC°[2] circuits for
the following two tasks:

1. Iterated addition: given a list ay, ... ,a; € IF,,, compute 21’6[1‘] a;.
2. Iterated multiplication: given a list ay, ..., a; € IF, such that t < logn, compute [ e}y a;.

Applying Lemma 7.1, we will give two algorithms for polynomial interpolation. Let a1, ..., a;
be the first t non-zero elements from IF,, and B4,...,B: € F, be the input. Let p be the unique
degree-(t — 1) polynomial such that p(a;) = B; for every i € [t]. The first algorithm allows us to
compute p(x) for any x € F, (given as an additional input) in uniform AC°[2], but only works for
t < logn. The second algorithm only allows us to compute p(0) in uniform AC°[2], but works for
any t. Jumping ahead, the first algorithm will be useful in our construction of instance checkers,
and the second algorithm will be useful for establishing weakly error correctability.

Corollary 7.2 (Interpolation in AC°[2]). There are two algorithms D™ and D'™PC satisfying the follow-
ing:

1. (Input) D™ and D0 both take n, t € IN as input parameters, a list By, . . ., Br € By as input, and
outputs an element from IF,,. For D', we also require that t < logn (i.e., D'™P aborts immediately
if t > logn) and it takes an additional x € IF,, as input.

2. (Output) Let p(x): F, — F, be the unique polynomial with degree at most t — 1 such that p(«;) =
Bi for every i € [t], where a; is the i-th non-zero element in F,. D™P outputs p(x) and D"PO
outputs p(0).

3. (Complexity) Both of D™ and D™ can be implemented by uniform AC°[2] circuit families.
Proof. For every i € [t], we define a polynomial ¢;(x): IF, — [, as follows:
X — CK]'

jelf\{iy

ei(x) = .
1 _ [x]

We have that p(x) = Ycyei(x) - Bi- Applying Lemma 7.1, p(x) can be computed by a uniform
ACP[2] circuit given x and { Bi}icy as input (note that the a; are constants) when t < logn. Also,

p(0) can be computed by a uniform AC°[2] circuit given { Bi}icp as input (since all of the ¢;(0) can
be precomputed in polynomial time). W

7.2 An Adaption of the Construction from [TV07]

We need the following lemma, which builds on the proof of IP = PSPACE theorem [LFKN92,
Sha92]. The proof follows similar ideas from the proof of [TV07, Lemma 4.1] but requires several
modifications.

Lemma 7.3. There is a collection of polynomials F 1V = {f,;: F! — Fru}uen.,, icln) with the following
properties:
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1. (Term polynomial) There is an algorithm Term satisfying the following:
(a) Term takes n,i € N>q such that i € [n] as input parameters, and X € F,, as input, and output
an element from IF,,.

(b) Term can be implemented by a uniform AC°[2] circuit family.
2. (Self-reducibility) There is an algorithm Red satisfying the following:

(a) Red takes n,i € IN>q such that i < n as input parameters, and X € I}, as input, and functions
hy,hy: F: — TF, as oracles.
(b) Red™ ™™ computes £, .

(c) Red can be implemented by a uniform non-adaptive XOR o AND; oracle circuit family. In more
detail, Red first queries its oracle on some projections of the input X to obtain some intermediate
values and then applies an XOR o AND;, circuit on those intermediate values and the input X to
obtain the output.

3. (Base case) For every n € N1, fun is the constant-one polynomial.

4. (PSPACE-hardness) For every L € PSPACE, there is a pair of algorithm (A", A™4) satisfying the
following:
(a) A" takes n € N>y as input and outputs an integer in poly(n) time; A® takes x € {0,1}*
as input, and outputs a vector Z € 7 for m = A" (|x|).
(b) For every n € Nx1, A" (n) < ¢ - n°t for some constant ¢;, € N> that depends on L, and
for every x € {0,1}", it holds that L(x) = fy,1(Z), where m = A" (|x|) and Z = A™4(x).®

5. (Low degree) For every n € N> and i € [n|, f,; has individual degree at most cgeg, Where Cgeg is
a universal constant.

6. (Instance checker) There is a randomized algorithm |C that takes n,i € IN>q such that i € [n]
as input parameters, and X € F,, as input, and n — i + 1 functions f;, fiz1,..., fn: Fjy — F, as
oracles, and outputs an element in IF,, U {_L}. The following properties hold for 1C:

(@) If fj = fu, for every j € {i,...,n}, then ICf,'l.""f”(J?) outputs f, ;(X) with probability 1 for
every X € [F}..

(b) For every fi, fis1,..., fn: F' — F, and every ¥ € TF!, ICfr’i“"f”(J?) € {fni(X), L} with
probability 1 — 1/2", over the internal randomness of 1C.

(c) IC can be implemented by a randomized uniform non-adaptive AC°[2] circuit family.

We prove Lemma 7.3 together with some additional properties of .Z TV below.

7.3 A PSPACE-complete Problem TQBF"

We first introduce a variant of the standard PSPACE-complete problem TQBF (True Quantified

Boolean Formula), which we call TQBF". For n € N>1, we let ¢5"% be a bijection from [8 - (})] to
([g}) x {0,1}3. Here, for a set S and an integer m € IN, we use (i) to denote the set of all size-m

subsets of S.

®ie, fu1(2) = (L(x))E,-
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Definition 7.4. The TQBF" problem®® takes a vector i € {0,1}%G) as input, and the goal is to decide
whether the following quantified Boolean formula holds:

Qix1Qox2 - Quxn N [7yu V @u(X)]. 1)

u€(8-(3)]

where Q; equals 3 for odd i, ¥ for even i, and X = (x1,...,xp).
Foru € [8-(3)], letting (S,T) = ¢5"%(u), where S = {s1,52,53} for s1 < s, < s3, Py(X) is defined
as
q)u(f) = \/ [(xsi A Ti) \ (_'xSi A _'Ti)] :
i€[3]

We use TQBF;, to denote the TQBF" problem with parameter n (and input length 8 - (3)).
We first show that TQBF" is still PSPACE-complete.
Lemma 7.5. TQBF" is PSPACE-complete.

Proof. Recall that the standard TQBF problem is defined as follows: given an n-variable m-clause
3-CNF ¢(X) as input, the goal is to decide whether Q1x1Q> - - - Qux,, ¢(¥) holds, where Q; equals 3
for odd 7, and V for even i. By adding dummy variables or dummy clauses, we can assume n = m.

Let i = 0%() initially. For every j € [n], letting Cj(¥) be the j-th clause in ¢(X), there exists an
index u € [8- (3)] such that C;(X) = ®,(¥) and we set i, = 1.

Now we can verify that TQBF" (/) = TQBF(¢) from (1). This proves the PSPACE-hardness of
TQBF" as TQBF is PSPACE-complete [SM73] (see also [AB09, Theorem 4.13]). From its definition,
it is also clear that TQBF" is in PSPACE, which completes the proof. W

7.3.1 Construction of Z "™V

Next, we will formally define the collection of polynomials .7 T = {f,,i: F; = Fn}nen.,, icp-

We begin with some notation. For a vector X € F!, i € [n], and z € F,, we use X% to denote
the vector obtained from X by changing x; to z. For a polynomial p(¥): F* — F and i € [n], we
use deg, (p) to denote the maximum degree of x; in p.

We also state the following lemma, which details how the self-reduction Red in Item (2) of Lemma 7.3
is implemented.

Lemma 7.6 (Self-reduction for F# ™). Let TV = {f,i: Fii — Fu},en.,, ic[s) and Term be as in
Lemma 7.3. For every n,i € N> such that i < n, one can compute an index | = J,; € [n] and a type
Q = Qu; € {3,V,LIN,MUL} in poly(n) time such that the following hold for every vector X € IF}i:

1. If Q =V, then
Fui(®) = fuiin(F0) - fr i ().
2. If Q = 4, then
fui(®) =1= (1= fuisn(F0) - (1= fria (FH).
3. If Q = LIN, then
Fui(®) =27 fuin () + (1= x7) - friia (FT0).

46, stands for universal, since in (1) we have a universal formula that can simulate every n-variable 3-CNF.
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4. If Q = MUL, then
fun,i(X) = Term,, i (%) - fr,i41(X).

To simplify our presentation, we further define three polynomials S3, Sy, Syy as
L. Sy(x,yo,41) = yo - 1.

2. 53(x,y0,y1) =1 = (1 =yo) - (1 =w1)

3. Sun(x,y0,y1) = xy1 + (1 — x)yo.

Now the first three cases in Lemma 7.6 can be succinctly written as

fni(%) = SQ(x]/fnlJrl( ) fn, +1(_'] 1)) (2)

Construction of # V. Now we are ready to define .# V. Let n € IN and m be the largest integer
such that 20m® < n. We will use {fyi};c[s to encode the problem TQBFj,. When 1 < 20, we set
fn,i to be the constant-zero n-variate polynomial for all i € [n]. So we can assume m > 1. We also
let my = 8- (3). (Note that TQBF}, has m, input bits.)

Recall that for i € [m], Q; = I for odd i and Q; = V for even i.

Letting A = m + m, + 1. For convenience, we first construct two other polynomial families
{ggg): F, — Fu}ijen and {Terml(”): F! — IF,}; as follows:

1. g /(\n]) are all set to be constant-one polynomials for every j € [A].

2. For every i from m + m, down to 1:

(a) Ifi € [m], we set
813 (¥) = So,(xi, g1t (), g1y, (7)) ©
for every ¥ € IF]l.

(b) Otherwise i > m. Letu = m+m,+1—iand (S,T) = ¢5%(u) such that S =
{s1,82,83} C [m] where 51 < sy < s3. We define

Term™ (%) = 1= (1 — xupu) - ]| [1 e xs, + (1= 1) - (1—xs,)] ] (4)
Le(3]

and
g (%) = 811 (%) - Term(™ (3). )
(c) For every j from m + m, down to 1, we set

g1 () = Sum(x;, 8170, (F0), g7, (F171). (6)

Intuitively speaking, in the process above, we start from the base constant-one polynomial
and keep multiplying the last polynomial with the arithmetization of a single term in (1), and
then apply linearization to all variables to reduce the individual degrees of all variables. Then, we
obtain the multi-linear extension of the base formula*’

/\ [_‘xm+u \ q)u(f)] . (7)

u€(8-(3)]

47Note that here we concatenate ¥ and 1/, 50 Yy corresponds to X4y
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After that, we apply the 3 and V quantifiers alternatively, each followed by LIN operators, just
asin [TV07].

We will first prove some properties of the family { gi(,';) : F, — Ty }jje(p), and then show how to
construct # TV based on them.

Lemma 7.7. For every i € [A] the following hold:

1. The individual degree of gz.(g) is at most 1.

2. For every j € [A], the individual degree of gf/?) is at most 2.

3. gfﬁ) agrees with gfl'}\) on all points from {0,1}".

()
ij
) = 0). Next, by the definition of Sy together with (6), we can see that

Proof. First, we observe that for every i,j € [A], &
()
i,
forevery i,j € [A — 1], we have (1) deg,. (gl@) <1,(2)deg, (31(7)) < deg,, (gl(;z)rl) for ¢ € [n]\ {j},
and (3) ggf) and gi(f.lzrl agree on all points from {0, 1}".

From the discussions above, Item (1) and (3) follow immediately (the case of i = A follows
from our definition). To see Item (2), again by the above discussions, it suffices to verify that the

individual degree of gz.(”;) for every i € [A — 1] are bounded by 2. When i € [m], this follows from

does not depend on any variable x; with

k>m+my (ie., deg, (g

the definition (3) and the fact that gl@lll has individual degree at most 1. When i > m it follows

from the fact that Terml(”) has individual degree at most 1 and the definition (5). W

(m)

; : 48
mi11 IS the linear extension of (7).

Lemma7.8. g

Proof. We first note that for every i € [m +m,] \ [m], letting y; = m + m, + 1 — i, from (4), TermZ(")

is the linear extension of the clause
Ci = ~Xppp; V Dy, (X).

We will use a simple induction to prove the following claim, which easily implies this lemma
(by setting i = m + 1).

Claim 7.9. For everyi € [m+my]\ [m], gf’q) is the linear extension of

Yi= N\ ["Xmeu VOu(X)].
ue[pi]
The base case i = m + m, can be established by the fact that gl(,’;\) = gl(j_)lll . Terml(”) = Terml(”)
and Item (3) of Lemma 7.7. Now, assuming that the claim holds fori +1 € {m+2,...,m +m,},

(n)

we show it holds for i as well. Since g; 11

()
1
points from {0,1}". Now, from Item (1) and Item (3) of Lemma 7.7, we know that gi(ﬁ) is both

multi-linear and agrees with '¥; on all points from {0, 1}". Therefore, gffll) is the linear extension of

Y. N

is the linear extension of ¥; 1, ¥; = ¥;.1 A C;, and

(n) (n) ()

Term;” is the linear extension of C;, we know that ;') = g; 411 Term; agrees with ¥; on all

48\\e treat (7) as a Boolean function on 7 bits by adding n — (m + m,) dummy variables at the end.
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Finally, we show that ggql) correctly encodes TQBF,,.

Lemma 7.10. For every ¥ € {0,1}",Z € {0,1}" "™, and § € {0,1}", ¢\") (%, 7,Z) = TQBF% (7).

Proof. For every i € [m + 1], we define the following quantified formula

Ai(%7) = QixiQit1Xit1 - Quxm N\ ["yu VPu(X)],
uc(8:(3)]

where ¥ € {0,1} "' and i/ € {0,1}".

In particular, Ap1(%,¥) = Auefs.()) [7¥u V Pu(¥)] and Aq (7) = TQBF,, (§).

We will again use a simple induction to prove the following claim, which easily implies this
lemma (by setting i = 1).

Claim 7.11. For every i € [m+1], ¥ € {0,1}!, @ € {0,1}" (-1, Z € {0,1}" " ™, and ij €
{013, g (5,8,7,2) = A(Z.§).
The base case i = m + 1 is exactly Lemma 7.8. Now, assuming that the claim holds fori +1 €

{2,...,m + 1}, we show it holds for i as well. Note that A;(¥,7) = Qxi+1 Ait1(X, xit1,7), the
claim then follows from the definition of g; » (see (3)) and Item (3) of Lemma 7.7. W

Now, recall that m, = 8- () < 2m® and 20m°® < n. We have A? = (m + my + 1)2 <16-m° < n.
We are now ready to define Z ™V = {f, i} en.,, icis as follows: for every (i,j) € [A], we set

fui-t)yadi = 81-(,’;)

Now we are ready to set Q,, ¢, J,, ¢, and Term,, ; for every ¢ € [n] accordingly to prove Lemma 7.6.

and for every ¢ € [n] \ [A%], we set f, ; to be the constant-one polynomial.

Proof of Lemma 7.6. For every ¢ € [n—1]\ [A%], we set Q,;, = LIN and J,, = 1. We note that
when f, ;11 is the constant-one polynomial, from (2), f,, is also the constant-one polynomial.
Hence, Lemma 7.6 holds for ¢ € [n — 1]\ [A?].

Next, for every i,j € [A]:

1. Letl=(i—1)-A+].
2. Ifj <A, wesetQ,,=LINand ], , = j.
3. Otherwise,

(a) Ifi > m, we set Q,, = MUL, ], = 1,and Term,,, = Term").
(b) Otherwise i € [m], weset Q, ¢ = Q;and J,, = i.
For every ¢ that Term, , is not defined above, we set Term, ; to be the constant-zero func-

" and Term™. [ |

tion. Lemma 7.6 then follows from the definition of g; j ;

7.3.2 Proof of Lemma 7.3

Now we are ready to prove Lemma 7.3. We first prove every item except for Item (6).
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Proof of Lemma 7.3, except for Item (6). First, Item (1) follows immediately from the definition of
Terml(n) in (4), and Item (3) of Lemma 7.3 follows immediately from the definition of f,, .

Item (2.b) follows immediately from Lemma 7.6. To see Item (2.c), we note that according
to Lemma 7.6, (1) f,,;(X) can be computed by a degree-2 polynomial over ¥ and the outputs re-
turned by queries to f, ;+1 and Term,, ;, and (2) the queries to f, ;11 or Term,, ; are projections on X.
Item (2.c) then follows from the observation that degree-2 polynomials over IF, can be computed
by XOR o AND; circuits.

Item (4) follows from the fact that f,; = ggfll), Lemma 7.10, and the PSPACE-completeness of
TQBF" (Lemma 7.5); Item (5) follows immediately from the definition of f, ; and Lemma 7.7. [l

Finally, to prove Item (6) of Lemma 7.3, we give a detailed implementation of the instance
checker ICin Algorithm 7.1 and show that it can indeed be implemented by a randomized uniform
non-adaptive AC°[2] circuit family.

Proof of Item (6) of Lemma 7.3. Fix n,i € N1 such that i € [n]. Let ¥ € I} be the input and
fis fix1, oo os fui By — ]Fn~ be the n — i + 1 oracle functions. We first note that throughout Algo-
rithm 7.1, we have r; = f;(&;) for every j € {i,...,n}.

Completeness. We first establish Item (6.a) (i.e., the completeness). Assuming that f] = fn, for
every j € {i,...,n}, it follows that in Algorithm 7.1, D,igfp([,, «) always equals to fy i1 ((#;)7%)
for every & € F,.¥ Since we also have rp = fj(&j), by Lemma 7.6, we know that Algorithm 7.1
always passes the check on Line 11, Line 14, and Line 18. F~ina11y, since ry, = fu (@) = fun(@y) =1
(by Item (3) of Lemma 7.3), we know that IC outputs r; = fi(&;) = f,,;(¥) with probability 1.

Soundness. Next we establish Item (6.b) (i.e., the soundness). We will do so by establishing the
following claim.

Claim 7.12. For every j € {i,...,n}, if r; # fy;(&;), then for every fixed randomness z;, ..., z;_1, with

probability at least 1 — (n — j) - cgeg /2" over the random choice of z;, ..., z, 1, we have ICf”i”" (X) €

{fn,i(f)r L}'

Proof. We will prove the claim by induction. For the base case j = n, the claim immediately
follows from the final check (Line 20) of Algorithm 7.1 since IC would always output L.

Now, assuming that the claim holds for j+1 € {i +1,...,n}, we will show it holds for j as
well. The case for Q = MUL follows straightforwardly from the definition of f, ; and f, j11, so in
the following we assume Q € {3,V,LIN}.

Let p: F, — F, be the degree-c4es polynomial such that p(«) = D:ﬁp(ﬁ,a) for every a € IF,
(see Item (2) of Corollary 7.2), and q: F, — T, be the restriction of f, ;1 defined by g(a) =
fu,j+1((#)T%). Note that g has degree at most cgeg by Item (5) of Lemma 7.3. We consider two
cases separately, p = gand p # g.

First, suppose p = 4. In this case, we have

So((&);, DiP(£,0), D (L,1)) = Sq((#);,9(0),4(1))
= So(@))y, fu,j+1((@) ), fu i1 (@) 1) = fuj(&))-

49Here we crucially used the fact that the individual degree of f, ; is bounded by the constant cqeq, so that Corol-
lary 7.2 can be applied.
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Algorithm 7.1: The instance checker IC from Item (6) of Lemma 7.3

1
2
3
4

® N o G

10

11
12

13
14
15

16
17
18
19

Given n,i € N1 such that i € [n] as input parameters, and ¥ € [, as the input;

Given n — i + 1 functions ﬁ,ﬁ+1, ... ,fn: F! — TF, as the oracles;

Letd; = Xand r; = f;(¥); // The initial goal is to verify the claim f,;(X) =r;

forje {i,i+1,...,n—1}do

/* The goal at the j-th stage is to verify the claim f,;(d&;) =7, */

Compute | = ], jand Q = Q,, ; from Lemma 7.6;

Draw Zj €R F,;

if Q € {3,V,LIN} then

Lett = cqeg + 1 and wy, ..., w; be the first t non-zero elements in IF;; // Cdeg is
the constant from Item (5) of Lemma 7.3

Set By = fi1((&))/ ") for every £ € [t];

Let £ = {Be}repn;

if r; # So((&;);, Dyi*(L£,0), Di*(£,1)) then
L return | ;

/* Reduce the verification of f,;(&;) =r; to the verification of
fnj(@j1) = rjm */

Setdj.1 = (&) % and rj1 = fi(&41);

if rjy1 # D,\P(L,z;) then

L return _L;

else
Setdji1 =djand rjt1 = fj41(@j11);
ifr; # rj11- Term, ;(d;) then

L return | ;

/* Finally, check the final claim to see if it is correct. It should equal
to 1 according to Item (3) of Lemma 7.3 x/

20 if 7, = 1 then

21

‘ return r;;

22 else

23

| return L;
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Hence, it follows that r; # So((d;), D;”/;p (L£,0), Din"/;p(ﬁ, 1)) and IC does not pass the test on Line 11,
and outputs L immediately.

Next, suppose p # g. Since both polynomials have degree at most c4eg and note that z; is
independent of p and g (they both only depend on z;, .. ., z;_1, which are fixed by the assumption),
it follows that p(z;) = q(z;) with probability at most cqeg/[Fn| < cqeg/2". Conditioning on the
event that p(z;) # q(zj), we have that r;,; = p(z;) (otherwise the check on Line 14 fails and IC
outputs | immediately) and f, ;11(d;11) = q(zj) # rj;1. Hence, by the induction hypothesis, it

follows that ICﬁ’i""f "(¥) € {fni(¥X), L} happens with probability at least 1 — (1 — j) - Cqeg /2" OVer
the random choice of zj, ..., z, 1. [ |

atleast 1 — 7 - cqeg /2". This error probability can be further amplified to at most 1/2" (the stated
error probability in Item (6) of Lemma 7.3) as follows: run the IC = O(1) times to obtain outputs
ay,. .., output L if any of the a; equals L or they are not all identical (i.e., there are i < j such
that a; # «;), and output a1 otherwise. The amplification procedure can be implemented in AC,
so it does not affect the complexity of IC, which is discussed below.

Complexity. Finally, we show that IC can be implemented by a randomized uniform non-adaptive
AC°[2] circuit family.

The crucial observation here is that we can first draw z;,...,z,_1 €r [F,; beforehand and run
each iteration of the for loop in Algorithm 7.1 in parallel (and return L if any of the checks on
Line 11, Line 14, or Line 18 fails). Note that for each j € {i,...,n} and ¢ € [n], we have

(@) = {xe there isno j' < jsuch that ], » = £ and Q,, # MUL @)

Zj. Otherwise,

where jmay is the maximum j' < j such that Jny = £and Q,; # MUL.

Using (8), foreveryj € {i,...,n}, we can compute & j by a uniform projection given X, z;, . .., 2, 1.
It then follows from Algorithm 7.1, Corollary 7.2, and Lemma 7.1 that IC can be implemented by
a randomized uniform non-adaptive AC) circuit family.

7.4 Construction of the PSPACE-complete Language

In this section, we prove Theorem 3.15. We will first construct a PSPACE-complete language
LWH-TV "and then prove it satisfies all the desired properties stated in Theorem 3.15 except for
the paddability. Then we modify L™ TV into another PSPACE-complete language LPSPACE that
also satisfies the paddability.

7.4.1 The Language L"WH- TV

To construct our PSPACE-complete language LWHTV, we apply Walsh-Hadamard codes to turn

the polynomials from Lemma 7.3 into Boolean functions. (Indeed, WH-TV stands for “Walsh-
Hadamard version of # V"))

Let ZTV = {f,i: FI = Fyp}uen.,, ic[n] be as in Lemma 7.3. First, we list all polynomials in
Z TV in the following order

f1,11f2,2/"'/f2,1/f3,3/--'/f3,1/"-/fl/l,}’l/"'/fn,ll"' . (9)
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For every k € IN, we let g, be the k-th polynomial in (9). We also set 1, and i so that g, = f,, ;.
When their meanings are clear from the context, we may write n and i instead of 7 and ix. Recall
that x,, is the bijection from {0, 1}** to IF,, described in Section 7.1.

Construction of the interpolated polynomial Gx. We now define the following polynomial G : IF}; x
F! — F,:
3
Ge(%,§) = ) fuj(X) - yj, (10)

J=ik
where X € F! and i/ € [F..
We define F;: F2" x {0,1}%" — {0,1} as

F(Z,7) = (1, (Gk(2)),7), (11)

where (x,;1(Gy(Z)),7) denotes the inner product between the two vectors over GF(2).
Fy can be interpreted as a function from {0,1}% to {0,1}, where ex = (2 - nx + 1) - sz,,. The
following claim follows immediately from the definition of e.

Claim 7.13. For every k € IN>q, it holds that ey < ey 1.

The language LWHTV.  Now we are ready to define LWH-TV via the following algorithm.

Algorithm 7.2: Algorithm AWH-TV for [WH-TV

1 Given an input x € {0,1}" for some m € N;
2 if m < e1 then
L return 0

4 Let k be the largest integer such that ¢, < m;
5 return F(x<,, );

From Claim 7.13 and Algorithm 7.2, the following claim is immediate.

Claim 7.14. For every k € N1, LY"" ™ equals F.

7.4.2 Verifying Properties of L"WH-TV

Next, we verify that LWH-TV has all the desired properties stated in Theorem 3.15. First, we show
LWH-TV is non-adaptive AC’[2] same-length checkable.

Lemma 7.15. LWV is non-adaptive AC°[2] same-length checkable.

Proof. Let m € IN be an input length, and we can assume m > e; since otherwise, Am/H'TV com-
putes the constant-zero function. Let k be the largest integer such that ey < m. Note that it suffices
to establish the instance checkability of F. In the following, we use n to denote 7 and i to denote

k.
Instance checker for G,. We first show how to establish an instance checker G-IC for Gy.
Recall that

(%, 7) : Z y], (12)
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for every X, € IF};.
Note that for every j € {i,i +1,...,n}, letting 7; be the vector from [F}; with every entry being
0 except for the j-th entry being 1, we have

fn,]-(a?) = G (%, 7]-) for every X € FFj, (13)

meaning that the oracle access to f,, ; can be simulated by the oracle access to G; via fixing part of
the input. G-IC works as follows:

1. Given ¥ € F" and i/ € F! as input, and access to an oracle G: F2" — [, that is supposed to
compute Gy.

2. Foreveryj e {i,i+1,...,n}, G-IC runs IC, ; (from Item (6) of Lemma 7.3) on input X with
oracle access to fj’_}rl,. .., fu simulated by G via (13) to obtain an output uj € F,U {1}

3. If any of the u; equals L, we output L. Otherwise, we output }i'; u; - ;.

Since IC,, ; can be implemented by a randomized uniform non-adaptive AC°[2] oracle circuit, so
does G-IC. (Applying Lemma 7.1, we can use a uniform AC’[2] circuit to implement the algorithm
above.)

Now we show that when G = Gy, G-IC outputs Gi(%, ) with probability 1. Note that for every
jedii+1,...,n}, since G = Gy, we have fg = fyoforevery £ € {j+1,...,n} from (13). Apply-
ing Item (6) of Lemma 7.3, it holds that with probability 1, u; = f, ;(¥) foreveryj € {i,i+1,...,n}.
Therefore, with probability 1, G-IC outputs }.;"; u; - y;, which equals Gi(¥, %) by definition.

Next we show that for every oracle G, with probability at least 2/3, G-IC® outputs either
Gk(X, ) or L. We first note that by Item (6) of Lemma 7.3 and a union bound, with probability at
least 2/3, u; € {f,;(X), L} for every j € {i,i+1,...,n}, which implies that G-IC outputs either
Gy (X, ) (when no ujequals 1) or L (when some u; equals ). This completes the construction of
the instance checker G-IC for Gy.

Instance checker for F.. Next we show how to construct the desired instance checker F-IC for Fy:

1. Given ¥ € F?" and Z € {0, 1}%* as input, and access to an oracle F: F?" x {0,1}** — {0,1}
that is supposed to compute F;.

2. F-IC simulates G-IC on input ¥ given oracle access to the function!
X F(%,81)0F(¥,&)o0---0F(X,e,),
to obtain an output u € F,, U {_L}.
3. F-IC outputs L if u equals | and outputs (x, } (1), Z) (inner product is over GF(2)) otherwise.

Since we encode an element of F,, via x,,, when F = F, G-IC above indeed gets access to Gg, and
hence F; outputs (x, ' (Gx(X)),Z) = F(%, Z). Also, for every oracle F, from the promise of G-IC, we
know that G-IC outputs an element in {Gy(X), L} with probability at least 2/3. This implies that
F-IC outputs an element in {F(X,Z), L} with probability at least 2/3 as well. Therefore, F-IC is an
instance checker for F;. Since G-IC can be implemented by a randomized uniform non-adaptive
AC°[2] oracle circuit, so does F-IC. W

OThatis, fy(¥) = G(¥ 7)) forevery £ € {j+1,...,n}.
51Below &, denotes the sz,-bit vector with every entry being 0 except for the ¢-th entry being 1
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To prove that LYHTV is non-adaptive AC’[2] weakly error correctable, we need the following
standard decoder for Reed-Muller codes. While the decoding algorithm is a standard interpo-
lation, we analyze its complexity carefully using Lemma 7.1 and show that the decoder can be
implemented by an AC°[2] circuit.

Lemma 7.16 (AC°[2] decoder for Reed-Muller code, [AB09, Section 19.3, 19.4]). Let n,m € N> and

F = F,,. Suppose there is a (hidden) degree-d m-variate polynomial P over IF, and § & (0, ¥> For

3(d+1)
any oracle O: "™ — IF such that

Pr [O(F) = P(¥)] > 14,

there is a non-adaptive AC°[2] oracle circuit C of size poly(m,n), such that for every ¥ € F", CO(%) =
P(X).

Proof. Let X € ™ be the input. We will show a randomized non-adaptive AC’[2] oracle circuit CO
(with the oracle set to O) of size poly(m, n) that computes P(X) with probability at least 2/3. Then
by Adleman’s argument, we can obtain a deterministic oracle AC’[2] circuit of size poly(m,n)
that correctly computes P by drawing poly(m, n) independent samples from C° and applying
approximate majorities to the output (which can be done in AC’; see Lemma 3.1).

We choose a random vector v €g [F", and for every a € F we define Q(«) = P(X¥ + a - V) (note
that Q: IF — IF has degree at most d). Let a1, ..., ;.1 be the first d 4 1 non-zero elements from IF.
We then query O to obtain ; = O(X + «; - V) for every i € [d + 1], and output D:t;pfl({ﬁi}ie[tﬂ]).
This algorithm can be implemented in AC°[2] by Corollary 7.2.

To show the correctness of the algorithm above. Let z denote the number of i’s from [d + 1]
such that O(X + «; - V) # Q(w;), then E[z] < é(d + 1), and by Markov bound Pr[z = 0] > 2/3. If
z = 0, we know that D';Z'fl ({Bi}ie[t+1)) = Q(0) = P(¥), which completes the proof. Wl
Lemma 7.17. LWHTV is non-adaptive AC°[2] weakly error correctable.

Proof. Letm € N be an input length, and we can assume m > e; since otherwise L)Y TV computes
the constant-zero function. Let k be the largest integer such that e, < m. Note that it suffices to
establish the weakly error correctability of F;. Again, in the following, we will also use n to denote
ng and i to denote . Without loss of generality we can assume m = ¢, = (2-n+1) -sz,. Letu > 1
be a sufficiently large universal constant.

Let f: {0,1}" — {0,1} be a function that (1 — 1/m#)-approximates LYHTV. By Markov bound
and recall that the definition of Fy from (11), for at leasta (1 —1/ mi‘*l) fraction of inputs Z € F2",
we have

_ Pr [f(Z7) = (5,1 (Ge(@),7)] 21-1/m. (14)
7er{0,1}s2n
We say that an input Z is good if (14) holds. If some Z € IF?" is good, then for every i € [sz,], we can
compute the i-th bit of x,, 1 (G¢(Z)) with probability at least 1 — 2~4"?: by the following algorithm:

1. We pick 7 €g {0,1}%% and output f(Z,7) ® f(Z,7 ® &), where ¢, is the sz,-bit string with 1 on
the i-th bit and 0 everywhere else.

2. We repeat this procedure poly(#, sz,) times and take an approximate majority of the results
(this can be done in AC?, by Lemma 3.1).
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By a union bound, we can fix the randomness used by the above algorithm and obtain a polynomial-
size non-adaptive ACY[2] oracle circuit C with f oracle gates that correctly computes «, (G (Z))
for every good Zz. In other words, cf computes «, ' (G¢(Z)) onan (1 —1/m"~1) fraction of inputs Z.
Since Gy : F?* — FFis a degree-O(m) polynomial and y is sufficiently large, we can use Lemma 7.16
to compute Gy in the worst-case by a polynomial-size non-adaptive AC°[2] oracle circuit D with
f oracle gates. From the definition of Fy in (11), we can convert Df into another polynomial-size
non-adaptive AC[2] oracle circuit E/ that computes Fy. This completes the proof. [l

Next, we prove the “Moreover part” in Theorem 3.15, which also implies that LWH-TV is non-
adaptive AC’[2] downward self-reducible.

Lemma 7.18. There are two algorithms DSR and Aux satisfying the following:
1. Auxtakes m € N>q as input parameter and X € {0,1}™ as input, and outputs a value from {0,1}.
2. Aux can be implemented by a uniform AC°[2] circuit.

3. DSR takes m € N> as input parameter and X € {0,1}™ as input, and functions hy: {0,1}"~1 —
{0,1} and hy: {0,1}™ — {0, 1} as oracles.

LT Ay WH-TV

4. For every m € IN, DSR,, computes L, .

5. DSR can be implemented by a uniform non-adaptive XOR o ANDg3 oracle circuit family. In more
detail, DSR first queries its oracle on some projections of the input X to obtain some intermediate
values and then applies an XOR o ANDg circuit on those intermediate values and the input X to
obtain the output.

Proof. Let m € IN be the input length. We note that when AWH TV and AVHTV (we use AWH TV to
denote the restriction of AYHTV on m-bit inputs; AWH-TV is described in Algorithm 7.2) computes
the same function on their prefixes, DSR,, and Aux;,, can be constructed trivially.

Hence, from now on, we can assume that for some k € IN, A)’nv'_*iTV computes F;_1 and
computes Fy (i.e., m = e;).>> Let ny and iy be such that ¢, = fn,i.- There are two different cases:

WH-TV
Am

1. iy = ng. In this case we have n_; = ny — land iy_; = 1.
2. i < ng. In this case we have ny_1 = ny, and i1 = i, + 1.

For simplicity, in the following, we will use n to denote 7y and i to denote i;. And our goal is
to compute F; given oracle access to Fx_; and Aux,, (we will define Aux, later).

Case I: iy = ng. In this case, we know that ¢y = f,,, and from (10), we have Gi(¥, ) =
Yn * fun(X) = yn for every X,ij € F} (note that f,, is the constant-one polynomial by Item (3)
of Lemma 7.3). Hence, F(¥X,Z) = (x,;!(Gx(X)),Z) can be computed by an XOR o AND; circuit
without querying Aux;, or Fr_;, from which we can construct the desired DSR;,. (Aux;, does not
matter here. For concreteness, we set it to be the constant-zero function.)

52For convenience, we will simply say that AYYHTV computes F, when it computes Fy on its prefix of length ey.

49



Case II: i, < ng. We first note that by the definition of Gx_; and Gy in (10)

Gk(fl]?) = kal(f/]?) +fn,i(f) " Yi (15)

for every ¥,/ € FF),.

We first show how to compute Gy with oracle access to Gi_1. From (15), it suffices to compute
fn,i(X) with oracle access to Gx_1. Let 7,1 be the vector from [F}; with all entries being 0 except for
the (i 4+ 1)-th entry being 1, we have

fri+1(X) = Gr—1(X, Fis1).

Hence, oracle access to f, ;+1(X) can be simulated by oracle access to Gy via the projection X —
(X,7i+1). Now we can compute f, ;(X) by running the algorithm Red,, ; with oracle access to f; ;11
simulated by oracle access to G_1, and we define Aux,, to be a Boolean version®® of Term,,; and
simulate oracle access to Term, ; by oracle access to Aux,. This gives us a non-adaptive XOR o
AND; circuit computing f, ;(X) given oracle access to Gx_1 and Auxy,.

Now, we note that f,;(¥) - y; can now be computed by a non-adaptive XOR o ANDj3 circuit
given oracle access to G and Auxy,, and so does Gy (via (15)).>* Finally, note that a single query to
Gk_1 can be simulated by log |IF,,| queries to F;_; and recall the definition of Fy in (11), we obtain
the desired non-adaptive XOR o AND3 oracle computing Fy given oracle access to F,_; and Auxy,,
which completes the proof.

Finally, we show the PSPACE-completeness of L'"WH-TV.
Lemma 7.19. LWWH-TV is PSPACE-complete.

Proof. We first note that L"YH-TV € PSPACE since every downward self-reducible language is in
PSPACE (see, e.g., [AB09, Exercise 8.9]).

Let L € PSPACE, and let (A", A™d) be the pair of algorithms in Lemma 7.3. The following is
a polynomial-time reduction Ry, from L to LWH-TV.

1. Givenaninput x € {0,1}" forn € N, let m = Al*"(n).
2. Compute Z = A®(x) and let k € IN be such that gy = fy, 1.

3. Let if be the vector from F}; with all entries being 0 except for the first entry being 1, and
ii € {0,1}** be the vector that u; = 1and u; = 0 for j > 1.

4. Output LXI:’H'TV (Z,9,u).

By Lemma 7.3, we have f,,1(Z) = (L(x))g,. Since L(x) € {0,1} and we encode F,, as a
Boolean string in {0, 1}**" via «,,. One can see that

(' (Fan @), = L(): (16)

Now, by the definition of G in (10), we have that G¢(Z,%) = gx(Z) = fm1(Z). Then by the
definition of F, Claim 7.14 and (16), we have

LY@ ) = REG D) = (6 (fua(2), = L),

Therefore, LWH-TV is PSPACE-complete. [l

3For example, we can apply the Hadamard-Walsh encoding to turn Term,, ; into a Boolean function, similar to (11).
54Here we use the observation that degree-3 polynomials over [F;; can be computed by XOR o ANDj3 circuits.
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7.4.3 The Final Language [ PSPACE

Finally, we modify LWH-TV into a new language LPSPACE that is also paddable via Algorithm 7.3.

Algorithm 7.3: Algorithm APSPACE for [ PSPACE

1 Given an input x € {0,1}" for some m € IN;

2 Letig,, =1land at =1;

3 Letres =0;

4 whileat +i.,, — 1 <mdo

5 res = res & LX\T_TV(X[at,at-i-icur)) ; // @ denotes XOR, and X[ ,4i,) denotes
(xat/ Xat+1r++ -/ xat+icur71)

6 at = at + 1y

icur = icur + 1;

8 return res;

g

APSPACE t]

In other words, partitions the input x € {0,1}" into consecutive blocks ?c[ll, xB, Al
oflength 1,2,3, ... until running out of the input bits, and output ®;c|y L}NH‘TV(X[’] )-
Now we are ready to prove Theorem 3.15.

Proof of Theorem 3.15. The PSPACE-completeness of LPSPACE follows from the PSPACE-completeness
of LWHTV_ Given an input length m € IN>1. We aim to establish the paddability from LPSPACE
to LESPACE the downward self-reducibility from LFSPACE to [PSPACE the instance checkability of
LPSPACE ‘and the weak error correctability of LF>PACE,

Let t be the largest integer such that (tgl) < m. We first note that if (t;rl) < m, then indeed

APSPACE and APSPACE compute the same function on their first (thl) input bits, and downward

self-reducibility and paddability are trivial. So it suffices to consider m = (“51) for paddability
and downward self-reducibility. We can also observe that only considering m = (thl) suffices
for establishing instance checkability and weak error correctability as well. So from now on, we

assume m = (tgl) without loss of generality. For an input x € {0,1}*, we use x[! to denote

@+ 1)
From the definition of Fy in (11) and Algorithm 7.2, we can see that L}"""TV(0%) = 0 for every
£ € IN. Hence, we have

LPSPACE (1) = @LyVH-TV(x[i]) — LPSPACE (xg@ ° Ot) )
i=1
which establishes the paddability.
To see the downward self-reducibility, we note that

t
LEZSPACE(X) — @ L}NH_TV(X[I]) — Lzs—PlACE(xg(é) o 01‘71) ® L\tNH_TV(X[t]).
i=1

It is easy to see that oracle access to L}V""TV can be simulated via oracle access to LPSPAE by a
projection, so the required algorithms DSR and Aux can be established using the corresponding
algorithms from Lemma 7.18.

Now, to see the instance-checkability, we note that for every i € can be simulated
via oracle access to L}°PAE by a projection, hence we can first run the instance checker for LWVH-TV

[t], L}NH-TV
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on each of x[!l with the simulated oracle, returns L if any of them returns L, and output the XOR
of all the outputs otherwise. And it is straightforward to see that the instance-checker above for
LPSPACE can also be implemented by uniform AC°[2] circuits.

Finally, we will prove that the non-adaptive AC°[2] weakly error correctability follows from
that of LWH-TV. Let 1 be the constant from the weakly error correctability of LWYHTV (Lemma 7.17)
and f: {0,1}" — {0,1} be a function that (1 — m~*)-approximates L;>"ACE. Now we fixani € [t],
by an averaging principle, there exists JE[”, e, f[i_l], J?[i+1], e, #lt] such that

Pr 7Gx g, ) — LPSPACE (gl gli=1) ol i), )] > 1
xlleg{o1} " N

For notational convenience, we use £/~ to denote /1 ..., #li=1 #li+1 5l and #[- o xl
to denote &1 ..., &1 [l i+l %l From the definition of L,':ZSPACE, the above simplifies to

P |f T oxl) = TVl e @) LTV 21—z 1
Henlony tel

Now we define §(xl1) = F(zl-1 o xll) @ Dre\ i} L\zNH_TV(J?m). By Lemma 7.17, there is an
i#-size non-adaptive AC°[2] circuit Cyjj such that Cﬁ] computes LVH-TV. Since -1 is fixed, oracle
access to ¢ can be simulated via oracle access to f by a projection, and there is an O(i* - m)-size

non-adaptive AC’[2] circuit D such that Df;} computes LYVH-TV.

Finally, we define a non-adaptive AC°[2] oracle circuit Ef(x11,... xl) = Dicpy ij] (x[1). From
the discussions above we know that Ef computes L7SPACE and it has size at most m#*+2. Setting
Twe2ac = M + 2 completes the proof. [l

8 Sub-half-exponential Lower Bounds against ACC’

Reminder of Theorem 1.5. For every sub-half-exponential reasonable time-bound function g(n), NE
has no g(n)-size ACCP circuits.

To prove Theorem 1.5, we will need the following lemma.

Lemma 8.1. Let g(n) be a reasonable time-bound function. Assuming that E has g(n)-size ACC? circuits,
we have
E C MATIME yccs[poly ()]

Proof. Fix L € E, we will show that L € MATIME AC) ] [poly(g(n))] for some constants d, m € IN>.

Let T(n) = 2°" for some constant ¢ € IN>; be such that L € TIME[T(n)]. We define a machine
M such that M(x,y) always outputs L(x) regardless of the second input y. Note that M runs
in T(n) time for x € {0,1}". Let r(n) < 2logT(n) be the randomness parameter obtained by
applying Lemma 3.11 to M. For simplicity, we can assume that r(n) = 2logT(n) = 2c-n by
ignoring the unused random bits.

Now we define a new language L’ as follows: for every n € IN and x € {0,1}", for every
w € {0,1}'", L'(x,w) = 1if and only (1) x € L and (2) E(x,17™) outputs a map r: {0,1}"")
such that 7t(w) = 1.
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Since E is computable in poly(T(n)) time, L’ € E as well. From our assumption, we know that
L’ has g(n)-size ACY[m] circuits for some d,m € IN. In particular, it means that for every n € IN
and x € {0,1}",if x € L, E(x,17(") outputs a map 7r: {0,1}'" — {0,1} that is computable by
g((2c + 1) - n)-size AC)[m] circuits.

Now, let S(n) = g((2c+1) - n) < poly(g(n)) (since g is a reasonable time-bound function).
We define the following MA algorithm Ay, for L:

1. Given an input x € {0,1}" for some n € IN.
2. Ay first applies Lemma 3.11 to compute an AC? oracle circuit V;, such that:
(a) If x € L, then E(x,17(")) outputs a map 7: {0,1}"" — {0,1} such that

Pr [Vi(w)=1]=1.
wER{OJW[ ¢ (w) =1]

(b) If x ¢ L, then for all oracles 7r: {0,1}"") — {0,1}, it holds that

Pr [Vi(w)=1]<1/3.
weR{O,l}r<”)

3. Ap guesses an S(n)-size ACY[m] circuit C: {0,1}* — {0,1}, draws w € {0,1}""), and
outputs VE (w).
Now we verify that the algorithm above is an MATIME \co o)1 [poly(g(n))] algorithm for L.
+

First, for each guess C, we can see that the verifier’s restriction on random inputs, V< (w), is an
ACY +o(1) [m] circuits of size at most S(n) + poly(n) < poly(g(n)), since V; is an AC® oracle circuit

and C is an ACg [m] circuit. Next, for x € L, by Condition (2.a) above and previous discussions,

there exists an S(n) size ACY[m] circuit C such that VE(w) = 1 for all w. When x ¢ L, by Condi-

tion (2.b), Pr,[VE(w) = 1] < 1/3. Therefore, A is an MATIME o o 71 [poly(g(n))] algorithm
+

computing L, which completes the proof. Wl

Now we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. Let g(n) be a sub-half-exponential reasonable time-bound function. If E has
no g(n)-size ACC circuits, then clearly NE also has no g(n)-size ACC® circuits. Hence, we can
assume that E has g(n)-size ACC? circuits from now on.

By Lemma 8.1, we know have

E C MATIME,cco[poly(g(n))]- (17)
By a standard diagonalization, there is language L € TIME [23 (”)2} such that
L ¢ i.0.-SIZE[g(n)].

Now we use a padding argument to show L € MATIME,o [Z”U(l)]. Formally, we define an-
other language L’ so that x € L if and only

2o 08D Il ¢ /.

We can see that L’ € E, and therefore L’ € MATIME ,.[poly(g(n))] by (17). This further implies
that

L € MATIME,cco[poly(g(g(n)*))].

From the assumption that g(n) is sub-half exponential, it follows that L € MATIME ;o (20",
Applying Corollary 4.8 completes the proof. [l
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A  Witness Lower Bounds from Non-trivial Derandomization

Now we are ready to prove Lemma 2.6. The proof idea will be to use the assumed non-trivial
CAPP algorithm to contradict a certain NTIME hierarchy theorem. For this purpose, we will need
to construct a slightly faster nondeterministic algorithm for a language L € NTIME[T], which is
described in Algorithm A.1.

We summarize the important properties of Algorithm A.1 below.

Lemma A.1. Let T,L,¢,K,S,VPCPy be stated as in Algorithm A.1. Under the assumption from Algo-
rithm A.1, the following holds:

1. APCP runs in poly(n,log T) + T/ (log T)“(V) time and guesses poly(S(£)) bits.
2. For every x € {0,1}* such that L(x) = 0, it holds that APCP(x) = 0.%°
3. Forevery x € {0,1}* such that L(x) = 1 and APCP(x) = 0, it holds that

Gince APCP is a nondeterministic algorithm, we use APCP(x) = 0 to denote that APCP reject all guesses on the
input x, and APCP(x) = 1 to denote that APCP accepts some guesses on the input x.
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Algorithm A.1: The algorithm APCP attempting to speed up L
Setting: Let T(n) be a time-constructive function, and L € NTIME[T(n)]. Let

¢(n) =log T + O(loglog T') be the number of random bits from Lemma 3.11
when the running time is set to T(n). Let K € IN> be a sufficiently large
universal constant.
Parameters: Let S(n) be a size parameter.
Assumption: CAPP for nX - §(n)-size AC) o % circuits can be solved in 2" /n®() time.
Input: x € {0,1}"
1 Apply Lemma 3.11 to L to obtain a poly(¥)-size ACJ oracle circuit VPCP,: {0,1}' — {0,1}
that queries an oracle O: {0,1}* — {0,1};
2 Guess an S({)-size {-input ¢ circuit C, and run the assumed algorithm for CAPP on
VPCP¢ to obtain an estimate p € [0,1];
// Note that VPCPS is an (K.S(f)-size AC) 0% from the complexity part
of Lemma 3.11
3 if p > 1/2 then accept;

4 else reject;

(a) There exists O: {0,1}* — {0,1} such that

Pr [VPCPY(r)=1]=1.
rer{0,1}¢

(b) Forevery O: {0,1} — {0,1} satisfying the above, O does not have S({)-size € circuits.

Before proving Lemma A.1, we show it immediately imply Lemma 2.6. In fact, we will prove
a more general version of it.

Theorem A.2 (General version of Lemma 2.4 and Lemma 2.6). Let € be a typical concrete circuit
class, K € N> be a sufficiently large constant, and S(n) be a size parameter. If CAPP for nX - S(n)-size
ACY o € circuits can be solved in 2" /n®") time, then unary NE does not admit S(n)-size € witnesses.

Proof. Let T(n) = 2" and L be a unary language such that L € NTIME[T(n)] \ NTIME[T(n)/n],
whose existence is guaranteed by the nondeterministic time hierarchy theorem [Z4k83]. Now we
consider APCP with T, L, and size parameter S, and set K to be the constant K in Algorithm A.1.
Note that the assumption of Algorithm A.1 is satisfied with our choice of S(n) and K.

By Item (1) of Lemma A.1, APCP runs in poly(n) +2"/n®“() < T(n)/n time, meaning that
APCP cannot solve L. Hence, from the fact that L is a unary language and Item (2) of Lemma A.1,
it follows that for infinitely many n € IN>;, we have L(1") = 1 and yet APCP(1") = 0. We say
these n are good.

Now we are ready to define our verifier V(x,y). Without loss of generality, we can assume that
¢(n) = n+ O(logn) is an increasing function. For every a« € N>, V(1%,y) rejects immediately if
there is no n € IN>; such that ¢(n) = a. Otherwise, there is a unique n € N> such that /(n) = «,
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and V(1%,y) accepts if and only if

func(y)
Pr |[VPCP,, r)=1 =1
reR{o,uf(n)[ o () =1]

Note that V(x,y) runs in 2°(0*) time. Also, by Item (3) of Lemma A.1, for every good 1,
V (14", y) accepts some y, and all the accepted y have no S(¢(n))-size € circuits. This implies that
unary NE does not admit S(n)-size witnesses. W

Finally, we are ready to prove Lemma A.1.

Proof of Lemma A.1. Item (1) follows from the fact that the running time is dominated by the com-
plexity of applying Lemma 3.11 (which is poly(n,log T)) and running the assumed CAPP algo-
rithm (which is 2¢/¢¢() = T /(log T)“(M).

Letx € {0,1}". To prove Item (2) and Item (3), note that from the completeness and soundness
part of Lemma 3.11, we have:

(Completeness) If L(x) = 1, then there is an oracle O: {0,1}* — {0,1} such that

Pr [VPCPY(r)=1]=1.
T’GR{O,l}/

(Soundness) If L(x) = 0, then for all oracle O: {0,1}* — {0,1}, it holds that

Pr [VPCPY(r) =1] < 1/n'°
I’ER{O,l}[

To see Item (2), from the soundness condition above, we know that when L(x) = 0, for all
guessed circuits C, the estimate of Pr,_ (o1} [VPCPS(r) = 1] is at most 1/n1 4 1/3 < 1/2 (recall
that the error parameter of CAPP is set to 1/3 by default). Hence APCP(x) = 0 as well.

Now we turn to establish Item (3). Item (3.a) follows immediately from the completeness
condition above. To see Item (3.b), suppose for the sake of contradiction that there exists an S(¢)-
size ¢ circuit C such that Pr g1y [VPCPS(r) = 1] = 1. Then such C would be guessed by APCP

on the input x and its estimate of Pr,c g1y [VPCPS(r) = 1] isatleast 1 —1/3 > 1/2, meaning that
APCP(x) = 1. This contradicts the assumption of Item (3). W
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