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On Approximability of Satisfiable £-CSPs: 11
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Abstract

Let ¥ be an alphabet and 4 be a distribution on X* for some k& > 2. Let o > 0 be the minimum
probability of a tuple in the support of y (denoted by su pp(,u))E] We treat the parameters X, k, i1, « as
fixed and constant.

We say that the distribution p has a linear embedding if there exist an Abelian group G (with the
identity element O¢) and mappings o; : ¥ — G, 1 < i < k, such that at least one of the mappings is
non-constant and for every (a1, asg, .. .,ax) € supp(pu), Zle oi(a;) = Og. In [3], the authors asked the
following analytical question.

Let f; : ¥™ — [—1, 1] be bounded functions, such that at least one of the functions f; essentially has
degree at least d, meaning that the Fourier mass of f; on terms of degree less than d is negligible, say at
most §{|If 1 has no linear embedding (over any Abelian group), then is it necessarily the case that

[f1(X1)f2(X2) T fk(Xk:)] = 0d,6(1)»

(x1,%2,.., X )~ p®m

where the right hand side — 0 as the degree d — oo and § — 0?

In this paper, we answer this analytical question fully and in the affirmative for k¥ = 3. We also show
the following two applications of the result.

1. The first application is related to hardness of approximation. Using the reduction from [S]], we
show that for every 3-ary predicate P : ¥* — {0,1} such that P has no linear embedding,
an SDP integrality gap instance of a P-CSP instance with gap (1,s) can be translated into a
dictatorship test with completeness 1 and soundness s + o(1), under certain additional conditions
on the instance.

2. The second application is related to additive combinatorics. We show that if the distribution x on
¥:3 has no linear embedding, marginals of z are uniform on 3, and (a, a,a) € supp(u) for every
a € X, then every large enough subset of 3™ contains a triple (x1,X32,x3) from 1®™" (and in fact
a significant density of such triples).
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1 Introduction

The motivation for this paper is to study the following quantity associated with the product of functions
fl,fz,...,fk : X" = R,

E [fi(x1) fa(x2) -+ fa(xp)], (1)

(X1,X2,.0,Xp )~ p O™

where each coordinate of (x1,Xa, . ..,Xy) is distributed independently, according to the same distribution
p on ¥, We assume that all the functions are bounded, i.e., ||fi|lco < 1. This expression appears nat-
urally in many areas including additive combinatorics, social choice, pseudorandomenss and hardness of
approximation. Here are a few examples.

1. Example 1: For 1 < i < 3, let f; : Z; — {0, 1} be the indicator functions of the sets A; C Zy. Let p
be the uniform distribution on the three-term arithmetic progressions (z,z + y,« + 2y) in Z,,. Then
the quantity E(x, x, x3)~pen [f1(X1)f2(x2) f3(x3)], up to a normalization factor, precisely counts the
number of arithmetic progressions (x1, X2, x3) from Z; such that x; € A; for every i € [3].

2. Example 2: Consider a Boolean function f : {—1,+1}" — {—1,+1}. For a given p € [—1, 1], the
stability of f, Stab,(f), is defined as E [f(x) f(y)] where for each ¢ € [n], x; and y; are uniformly
distributed, and E [x;y;] = p. The Majority is Stablest Theorem [[18]], which is instrumental in the
area of hardness of approximation and the theory of social choice, is about estimating Stab,(f) for
the class of so-called low-influence functions.

3. Example 3: Fix a predicate P : ¥ — {0, 1} and a distribution x on ¥*. Dictatorship tests corre-
sponding to a predicate P and a distribution p are extensively studied in hardness of approximation.
Here, one is given a function f : 3" — Y and the acceptance probability of the test is precisely

Pr [(f(x1), f(x2), - f(xx)) € PH(D)].
(X1,X2,...,Xp )~ O
One is interested in estimating this probability for the class of low influence functions. Using the
multilinear expansions of P and f, the above expectation can be expressed as a linear combination of
expectations of the form (T).

Let ¢ = Pr(g, o, ap)~pl(ar, a2, ... ar) € P7H(1)]. It is seen that the test accepts any Dictatorship
function, namely f(x) = x;, for a fixed co-ordinate i9 € [n], with probability c. While tests with
imperfect completeness, namely with ¢ < 1, are interesting and well-studied in hardness of approx-
imation in the current paper, we exclusively focus on tests with perfect completeness, namely with
¢ = 1. That is, we assume that supp(x) € P~%(1). In fact, we will generally assume that ; has full
support, i.e. supp(x) = P~1(1) and then talk interchangeably in terms of either the predicate P or
the distribution u. In terms of hardness of approximation, this amounts to studying approximability
of Constraint Satisfaction Problems (CSPs) on (fully) satisfiable instances, and this indeed has been
the main motivation for authors” work in [3]], continuing in the current paper.

One way to analyze the expectation from is to write each function f; as the sum of two functions
gi + h;, where g; is the structured part of f; and h; is the remaining unstructured part (resembling noise).
The idea is that whenever the term h; appears in the product of functions, then the expectation is negligible.
Therefore, the expectation can be estimated by replacing each f; by its structured part g;. For instance,

3Indeed, Example 2 corresponds to the hardness of approximation result for the Max-Cut problem. Here the predicate is & # y
over a binary alphabet, 1 is the p-correlated distribution on {—1, 1} as mentioned, completeness ¢ = %, and —1 < p < 0.



in Example 1, Roth’s Theorem [23] estimates the desired density of arithmetic progressions; therein, the
structured part is taken as all the heavy-weight Fourier terms of f;. It is shown that the contribution of the
unstructured part is negligible; formally, if we let f; be the Fourier terms of f;, then we have

E [f1(x1) f2(x2) f3(x3)]| < min [|f;][oc-
(x1,X2,%3)~pu®n 1<i<3

On the other hand, it is often useful (especially in hardness of approximation) to take the structured
part as the low-degree part of f;. In this case, after replacing the functions f; by their low degree parts g;,
provided that g; are low influence functions, it is possible to estimate the expectation well using invariance
principles. Here, one replaces the discrete inputs from X" by Gaussian inputs and then the expectation is
estimated using bounds in the Gaussian space. Still, the question remains as to when one can argue that the
expectation is negligible for the unstructured, i.e. the high-degree, part of the functions. Specifically, one is
naturally led to the following analytic question.

Question 1.1. (Informal) Find the necessary and sufficient condition on the distribution i on Y* such that

E [f1(x1)fa(x2) - fo(xx)]| = 0 as d— oo, (2)

(X1,X2,..., X )~ @™
where the functions are bounded in [—1, 1] and at least one function (essentially) has degree at least d.

Mossel [[17] showed a sufficient condition: if the distribution u is connected, then Conclusion (2)) as
above holds. The connectedness condition is defined as follows: for every pair of tuples (a1, az, ..., ar) €
supp(p) and (af, a, . .., a;) € supp(p), there is a way to convert the first tuple to the second by replacing
only one coordinate at a time such that every intermediate tuple remains in supp(u).

The connectedness condition however is not necessary. An example is noted implicitly in [4]]. Let
GG be a non-Abelian group with no dimension one representation. Consider the group-equation predicate
P:G? — {0,1}, P~Y(1) = {(z,y,2)|x -y - 2 = 1¢}, along with the distribution g that is uniform on
P~Y(1). The distribution 1 is (clearly) not connected and Conclusion (2) still holds as can be shown using
basic representation theory.

A certain necessary condition was observed in [3] (for Conclusion (2) to hold), namely that the distribu-
tion p has no linear embedding as defined below. To illustrate that this condition is necessary, one considers
the contra-positive: if the distribution p does have a linear embedding (in particular, it is not connected),
then there do exist high-degree, bounded functions that make the expectation in (2)) non-negligible.

Definition 1.2. We say that a distribution 1 on ¥F has a linear embedding (or that ju satisfies a linear
equation or simply that y is linear) if there exists an Abelian group G and mappings o; : ¥ — G, 1 < i < k,
such that (i) at least one of the maps o; is non-constant and (ii) for every (ay,as,...,ar) € supp(u),

S oi(as) = 0c.

The illustration is as follows. Suppose i does have a linear embedding as in the definition. We show
that it is possible to achieve non-negligible expectation in (2)). To see this, let y be any non-trivial character
of the Abelian group G, namely a non-trivial group homomorphism y : G — C, and define f;(x;) =



[T5=1 x(oi((x:);)). Now,

Here one uses the multiplicativity of the character x and that x(0g) = 1. For every 1 < j < n, we have
Zle 0i((x;);) = Og noting that the tuple ((x1)j,...,(xx);) € supp(x) and using the definition of the
linear embedding. Moreover, for large n, whenever o; is non-constant, the corresponding f; is a (essentially)
high-degree functionE]

Motivated by these examples and certain long-term applications to approximability of constraint satis-
faction problems (CSPs) on satisfiable instances, authors of [5] hypothesized that the non-linearity is indeed
the necessary and sufficient condition. We state the hypothesis below.

Hypothesis 1.3. (Informal): The necessary and sufficient condition on a distribution 11 on ¥F so that the
Conclusion @) holds is that 1 has no linear embedding over any Abelian group.

In [5]], the authors were able to prove the hypothesis for a sub-class of 3-ary predicates referred to therein
as semi-rich predicates. A predicate P: X3 — {0, 1} is called semi-rich if for each (x,y) € ¥ x X, there
exists a z € ¥ such that (z,y, z) € P~1(1) and also, for every (z, z) € ¥ x X, there exists ay € X such that
(x,9,2) € P~(1). We recall that while considering predicates, we always have an underlying distribution
w (in this case on ¥3) such that supp(1) = P~1(1) and we may interchangeably talk in terms of either the
predicate P or the distribution .

In this paper, we prove the hypothesis for all 3-ary predicates. The result, referred to as the Main Lemma
in the rest of the paper, is stated below. It is more convenient (and general) to work with distributions ;2 on
> x I' x @, allowing a different alphabet for each co-ordinate. In this case, a linear embedding consists
of maps into an Abelian group G, 0 : ¥ — G, v : I' = G, ¢ : & — G, not all constant, such that
o(xz) +v(y) + ¢(2) = 0O¢ for all (z,y,2z) € supp(p). We assume, unless stated otherwise, that the
marginals of x4 have full support on X, I', ® respectively. In the following, m denotes the maximum size of
Y, T, ® and a > 0 denotes the minimum probability of a tuple in supp(u). We always treat p as fixed and
m, « as fixed constants.

Lemma 1.4 (Main Analytical Lemma). Suppose |X|, |T'|,|®| < m and p is a distribution over ¥ x I x ®
such that

“The functions here are complex valued with absolute value 1; one can take their real part if one insists on having real valued
functions.



o The support of | cannot be linearly embedded.
o w(x,y,z) = aforsome a > 0andall (x,y,z) € supp(u).
* Marginals of |1 (denoted as fiz, jiy, - resp.) have full support on 3, 1", ® respectively.

Considering m and « as fixed, for all € > 0, there are £,6 > 0 such that the following holds. If
f:3" = [-1,1], g: T™ = [-1,1], h: " — [—1,1] and Stab;_¢(h; p.) < 0, then we have that

[f(x)g9(y)h(z)]| <e.
(x,y,2)~pu®"

We clarify the condition that Stab;_¢(h) < 6. Note that we have dropped s, from the notation for
convenience. The parameter Stab;_¢(h) denotes the stability of & under the noise parameter £. It is defined
as (h, T1,§h> where T7_¢ is the standard Beckner (noise) operator. We refer to Section 2| for all analytic
definitions and basic tools.

The condition that Stab;_¢(h) < 6 serves as a proxy for the condition that the function A is essentially
of high degree. Indeed, if Stab;_¢(h) < 4, it implies that the Fourier mass of / on terms of degree less than
L is at most O(6). Conversely, if the Fourier mass on terms of degree less than O(% log($)) is at most %,
then Stab;_¢(h) < J. Hence the low-stability condition is a proxy for the high-degree condition and turns
out to be more convenient to work with.

One may wonder when a function A is bounded in [—1, 1] as well as essentially of high degree. A natural
example is when A/ : ®™ — [—1,1] is an arbitrary function and h = h’ — T_¢h/. In this case, since A’
is bounded and T _¢ is an averaging operator, /1 is also bounded. In addition, the operator T7_¢, roughly
speaking, retains only the low-degree part of /’, and hence h = b’ — T _¢h/, roughly speaking, corresponds
to the high-degree part of h’. More precisely, the Fourier mass of i on terms of degree less than g is at most
0 EI In applications, it is almost always the case that the lemma is applied with h = h’ — T _¢h’ for some
bounded function h’. One refers to h as a soft-truncation of &/, as opposed to a hard-truncation that would
simply drop terms of degree less than a certain degree threshold. The advantage of using soft-truncation is
that it preserves boundedness of functions whereas the hard-truncation in general does not.

1.1 Applications

In this section, we state a couple of applications of our main analytical lemma.

Hardness of approximation: Our first application is new results on dictatorship tests from integrality gap
instances of constraint satisfaction problems (CSPs). Given a predicate P : ¥* — {0, 1}, for some alpha-
bet X, a P-CSP instance consists of a set of variables z1, xo,...,x, and a collection of local constraints
C1,Cy, ..., Cp. Each constraint is of the type P(x;,, Zi,, - . ., j, ). The constraints might involve literals
instead of just the variables. An algorithmic task is to decide if there exists an assignment to the variables
that satisfies all the constraints. In a related problem, called the Max-P-CSP problem, the task is to find
an assignment to the variables that satisfies the maximum fraction of the constraints. An a-approximation
algorithm is a polynomial-time algorithm which always returns an assignment that satisfies at least o - OPT
fraction of the constraints, where OPT is the value of the optimum assignment.

3Given the connection between stability and degree before, h also has low stability, albeit with somewhat different parameters.



Assuming the Unique Games Conjecture [15]], Raghavendra [22]] gave optimal hardness of approxima-
tion result for every Max-P-CSP. His work can be succinctly described as a two-step scheme:

SDP integrality gap = A dictatorship test = A hardness of approximation result.

However in his work, one necessarily loses perfect completeness and the hardness result does not hold
on CSP instances that are (fully) satisfiable.

In order to prove hardness results on satisfiable instances, one would need a similar scheme that pre-
serves perfect completeness in both the steps. Towards this goal, the Rich 2-to-1 Games Conjecture was
introduced in [[7]] and further explored in [6]. Under this conjecture, [7, 6] showed how to convert, in certain
specific cases, dictatorship test with completeness 1 and soundness s to a hardness result on satisfiable CSP
instances with hardness threshold s + ¢, for every constant € > 0. This result can be interpreted as fulfill-
ing the second step in the scheme above (albeit only morally speaking, since the implication is not entirely
seamless and general yet).

It thus remains to fulfill the first step in the scheme while preserving perfect completeness. The au-
thors [5] made progress on this question, showing that a (1, s) integrality gap instance for certain CSPs can
be converted into a dictatorship test with completeness 1 and soundness s + . Their result however was
limited to (non-linear) 3-ary predicates satisfying the aforementioned semi-richness condition, and this was
because in [3]], the authors were able to prove analytic Lemma|l.4] only under the additional semi-richness
condition. Since we are now able to prove the lemma for all (non-linear) 3-ary predicates, we now get the
intergality gap to dictatorship test implication for all such predicates. The formal statement of our result
appears below (one wishes that the condition (2b) therein could be dropped; if so, we would have a full-
proof implication). For definitions and a more detailed discussion, we refer to Section[§|and the introductory
section of [3]].

Theorem 1.5. Let P: ¥ — {0,1} be any predicate that satisfies the following conditions: (1) P has
no linear embedding, (2a) there exists an instance of Max-P-CSP that has a (1, s)-integrality gap for the
basic SDP relaxation, (2b) on every constraint, the local distribution in the SDP solution is not linearly
embeddable. Then for every € > 0, there is a dictatorship test for P-CSP that has perfect completeness and
soundness s + €.

Counting Progressions: In additive combinatorics, finding a certain fixed progression (i.e. a pattern) in a
subset of a given group is a cornerstone question. Such questions have had huge implications in understand-
ing the pseudo-random properties of subsets of a group. Below we list a few of these results answering this
question in different settings.

Fix a finite Abelian group (G, +). A subset A C G is said to be three term arithmetic progression (3-AP)
free if there is no arithmetic progression of size 3 in A. In other words, there are no elements z,y,z € A
such that x 4+ z = 2y. The famous Roth’s Theorem [23] shows that any 3-AP free subset of Z must be of
size o(N). In the contrapositive, any constant density subset of Zy contains a 3-term AP. Szemerédi [24]
generalized Roth’s Theorem to any k-term AP. In these and similar results quoted next, one actually shows
that a density § subset of the group contains an ¢ fraction of all the progressions; the precise dependence of
¢ as a function of J is also interesting, but for the sake of conciseness, we skip quantitative statements to that
effect.

Now let (G, -) be a finite group that is not necessarily Abelian. A subset of G is called product free if it
does not contain three elements x, y, z with x - y = z. If G is any Abelian group, then it is easy to come up
with product-free sets of constant density. Gowers [12]] showed that this is not true for a class of non-Abelian



groups called quasirandom groupsE] That is, every constant density subset of a quasirandom group contains
the progression (x,y, xy). Tao [25] extended Gowers’ result to other progressions of the form (xz, g, zg?)
and (z,xg, g%, vg3) for some very specific quasirandom groups. Bergelson and Tao [2] established it
for progressions (x, zg, gz) and (g, x, xg, gx) for every quasirandom group. Recently, following the work
by Peluse [20], Bhangale, Harsha and Roy [3] established it for the progression (z,zg,xg?) for every
quasirandom group. In a high-dimensional setting, finding the largest size of the 3-AP free set in [y has
received considerable attention [8) (16} [1]. Ellenberg and Gijswijt [[11], building on a beautiful work by
Croot, Lev, Pach [10], obtained a substantial quantitative improvement over Roth’s Theorem (applied to
F2).

We now state our general theorem that establishes a similar result in high-dimensional setting for arbi-
trary 3-ary progression provided that the progression has no linear embedding (along with a couple of other
conditions).

Theorem 1.6. Suppose i is a distribution over X3 such that (1) the marginal distributions fi, [y, bz are
uniformon ¥, (2) {(z,z,x) | x € £} C supp(u), and (3) supp(u) cannot be linearly embedded. Then for
all 6 > 0, there exists € > 0 such that for S C X" with |S| > 0|X|",

Pr xeSyeSzeS>e.
(x.y,2)~p®n

Note that the condition (2) is necessary for such a conclusion to hold. This can be seen by the following
example. Consider X = {0, 1,2} and x be uniform on %3\ {(0,0,0}. It is easy to check that y is not
linearly embeddable. Now, if we take S C X" tobe S = {x € X" | 1 = 0}, then clearly the conclusion
does not hold. Our theorem is comparable to the result by Hazta, Holenstein and Mossel [13] with the same
conclusion under the additional condition that the distribution p is connected. As there are distributions that
are not linearly embeddable as well as not connected, Theorem @] extends their result.

1.2 Techniques

In this section, we elaborate on the ideas involved in proving Lemma We focus only on a few high-
level ideas here. Since we will skip many technical (and even conceptual) details, there might be some
discrepancies between the high-level exposition here and formal proofs appearing later.

Let x be a distribution on ¥ x I" x ® such that supp(y) is not linearly embeddable. We wish to show
that

fx)g(y)h(z)]| =0, 3)
(x,y,2)~puen

where f : ¥" — [-1,1], ¢ : ™ — [-1,1], h : ®" — [—1,1], are {--bounded and at least one of the
functions essentially has high degree. We begin by sketching Mossel’s proof [[17] that works in the 2-ary
case, i.e. for a (non-linear) distribution g on ¥ x I'. This will help us understand various hurdles and new
ideas needed to overcome these hurdles in our proof of the 3-ary case as above.

1.2.1 The 2-ary Case: Sketch of Mossel’s Proof

Let 1 be a distribution on 3 x I' such that supp(u) is not linearly embeddable. It is easily seen that the
non-linearity condition, in this special 2-ary case, is same as saying that supp(u), viewed as a bipartite

8 A group (or rather a family of groups) is quasirandom if the minimum dimension of any non-trivial group representation grows
with the size of the group.



graph G, on the vertex set X U I, is connected. Indeed, if this graph were disconnected, with components
CoU Dy,...,Cr_1 U D,_4, then an embedding o : C; — j, v : Dj — —j is an embedding of 3 and I"
respectively into Z, and for all (z,y) € supp(u) (i.e. the edges of the graph G,), we have o(x) +v(y) =0
in Z,.

We intend to show that if f : 3" — R, g : I' — R are n-dimensional /.-bounded functions where g
has high degree, then |E (x y)~,en [f(x)g(y)]| is small. For simplicity of exposition, we assume that g in
fact has full degree nﬂ In this case, we are able to show that |E(x,y),\,u®n [Fx)g)]| < @ =7)"fll2llgll2
for some constant 7 = 7(x) > 0. We emphasize here that one gets an upper bound in terms of the /2-norm
of the functions. This of course implies an upper bound in terms of the £,,-norms. Thus we really do not
need the n-dimensional functions to be ¢,,-bounded in the 2-ary case. This is one aspect (among many)
in which the 3-ary case is fundamentally different, where one does need the n-dimensional functions to be
£so-bounded (as we will soon demonstrate via an example).

Continuing the consideration of the 2-ary case, the proof proceeds in two steps: first establishing a
base case inequality (for n = 1) and then observing that the inequality tensorizes, leading to an inductive
proof and the desired bound for the general case of n-dimensional functions. The base case inequality is
necessarily an /3-inequality and this fact is essential for the inductive proof (and the same holds in the 3-ary
case).

Towards stating the base case inequality, let f : > — R, g : I' — R be functions. By Cauchy-Schwarz,

E [f(z)g(y)]

< |1 fll2llgll2-
(@,y)~p

We refer to this essentially trivial inequality as the (base case) sanity check inequality. The inequality that
is actually needed is that when |E [f] = E [g] = 0, we in fact have the improvement

E [f(z)g9(y)]

<A =7)|fllzllgllz,  E[f]=Elg] =0, 4)
(zy)~p

for some constant 7 = 7(u) > 0. It is not difficult to see that this follows from the connectedness of
the distribution p (or equivalently the graph G,), but we skip the proof. An equivalent way to express the
inequality is that the operator T : Lo(T; 1) — La(X; ) defined as Tg(z) = E(2/ )~ [9(W)|2" = ]
has operator norm at most 1 — 7. Here Lo(I'; 1,,) denotes the subspace of La(T'; s1,) consisting of those
functions g for which I [¢g] = 0 (and similarly for Lo(X; ;). The operator norm of T, denoted ||| =
max.gg—o [|79ll2/]|gll2, is at most 1 — 7 according to the equivalent interpretation of the inequality (),
which can then be derived as:

E [f(z)g(y)]

(zvy)"’u

= (£, Tl < fll20Tgll2 < 1A=l T gl < (1 =) Fll2llgll2-

Now we consider the n-dimensional case. Let f : X" — R, g : ' — R be n-dimensional functions.
As mentioned before, we assume that g has full degree, which amounts to saying that g € Lo(T; u,,)®". In
this case, it follows directly that

E [f(x)g(y)]

(%,y)~p®n

< (L =7)"17112llgll2,

"This amounts to saying that after restricting any n — 1 co-ordinates, the expectation of g over the remaining co-ordinate is zero.



using the well-known fact that the operator norm is multiplicative (i.e. it tensorizes), namely that || 7%"|| =
IIT||™ < (1 — 7)™. Using this fact, one immediately concludes that

FEgW| = [(LT" )| < I 10T gllz < 0T [llgll2 < (1 =7)"[[f]12llgll2,

(%,y)~p®m

as desired. If one wishes, one can prove the multiplicativity of operator norm by induction and view the
overall proof as an inductive proof, using the base case inequality () and “gaining" a factor 1 — 7 in each
step of the induction. While we don’t demonstrate it here, we mention it because the proof for the 3-ary
case proceeds along similar lines, albeit with many conceptual and technical hurdles. Therein, it is rather
challenging even to formulate the “correct” base case inequality.

1.2.2 Towards 3-ary Base Case: Restoring Sanity First

Moving onto the 3-ary case, let i be a distribution on X x I" x ® such that supp(y) is not linearly embeddable.
One hopes to write down a suitable base case inequality and use it towards an inductive proof. However, it
turns out that even the sanity check inequality fails in general! Thatis, for f : X > R, g: ' - R, h: & —
R, while we desire a base case inequality (say when E [f] = 0) of the form

E [f(@)g(y)h(2)]

(z,y,2)~p

< (L=7)[Ifll2llgll2lIA ]2, (5)

it may actually happen that

E [f(z)g(y)h(z)]

(x7y7z)N/J/

>[I fll2llgll2l1A]l2-

In other words, we may not even have the upper bound of || f||2||g||2]|2]|2 in the 3-ary case whereas the
corresponding upper bound in the 2-ary case is the essentially trivial application of Cauchy-Schwarz! Here
is an example.

Suppose that 3 = T" = @, |X| = m > 54, and p has a probability mass of 1 — ¢ uniformly spread on
the triples {(z, z, z)|x € ¥} and the remaining probability mass of ¢ uniformly spread on all the remaining
triples in 3. Clearly, supp(z) = X3 and hence  is not linearly embeddable. The marginals of p are
uniform on . We can certainly construct a function f : ¥ — R such that E [f(z)] = 0 and E [f(z)3] >
| £ll3. For instance, f could take the values 2m, —m, —m at three distinct points in ¥ and zero at the
remaining points in X. In this case, E [f(z)] = 0,E [f(z)?] = 6m, and E [f(z)?] = 6m?, and thus
E [f(z)}] = /m/6-||f]I3 = 3| f||3. Letting f = g = h and recalling that the triples (z, z,z) receive
1 — ¢ of the probability mass, it follows that

e [f(2)gW)h(2)] = (1 = ) [f(2)°] — €~ Om(1) = 2- 1113 = 2 || fll2llgll2]1 B2,

by making e sufficiently small. This example also shows that in order to claim the desired bound for n-
dimensional functions as in Equation (3), we must use the fact that the functions are /.-bounded (i.e. in
[—1,1])! Indeed, consider the same example here and let n-dimensional functions f = g =h : ¥ — R be
all equal to f©" /|| f"||o. Then these have all £2-norm 1, whereas
TN 1
E[foimhe] = B (F@ewhe)"

(%,y,2)~p®n (z,y,2)~p | ngn

> 2"
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We thus face a seemingly intractable hurdle and a contradictory set of constraints: (i) we do need the .-
boundedness of the n-dimensional functions, (ii) an inductive proof is some form of tensorization argument
and hence inherently an ¢2-proof; consequently, the intermediate functions arising during the induction can
only be assumed to have /5 norm at most 1, (iii) the inductive argument requires a base case {3-inequality
such as (3) which actually happens to fail miserably!

We now show how to overcome this hurdle step-by-step. This is achieved in a round-about manner, by
carefully transforming the distribution and the alphabet (X x T x ®, u) to another distribution and alphabet
(X x T' x @, f1). Formally, we show that

* If u was not linearly embeddable to begin with, then [ isn’t either.
* If Lemmal[l.4](i.e. our Main Lemma/Result) holds for fi, then it also holds for .

In this sense, we are able to reduce our task of proving the lemma for the original distribution g to proving
the same lemma for the new distribution f. In fact, there will be a series of such transformations. The (first)
transformation will ensure that the marginal of i on I x ® is a uniform, product distribution. Once we have
this additional property, we at least have the (base case) sanity check inequality as demonstrated next. For
the sake of notational convenience, we rename the new distribution and the alphabet again as (X x I' x @, u)
and assume that the marginal of  on I' X ® is a uniform, product distribution. If so, it is easily seen that we
get the (base case) sanity check inequality, namely that for f : ¥ - R,g: ' > R, A : & — R, we have

[f(@)g()h(2)]]| < I fll2llgll2lIA]]2-

(z,y,2)~p
Indeed, by Cauchy-Schwarz,
@) < E [f@?] E [9)°h(z)"]
(z,y,2)~p T ph (Y2)~py, =
= E [f@? E [9®)°] E [h(2)’]
T~ Y~ Hy 2z
= [IFI3NglIII2 13, (6)

where in the second step, we used the property that (y, z) are uniform and independent! It is also possible to
ensure (after the transformation) another property of p that is quite convenient: for all pairs (y, z) € I' x @,
there is a unique = € ¥ such that (z,y,z) € supp(u) (we then say that (y, z) determine x). The details
of this transformation and related proofs appear in Section [/} some of its ingredients are borrowed from
authors’ earlier work [5].

1.2.3 The 3-ary Relaxed Base Case: Overcoming the Horn-SAT Obstruction

We will henceforth assume that the distribution g on 3 X I' X ® has no linear embedding and has uniform
marginal on I' x ®. Now that we at least have the sanity check inequality, we ask ourselves whether we can
claim the desired base case inequality as below:

Question 1.7. (Desired, Hypothetical Base Case Inequality:) If i has no linear embedding and has uniform
marginal on I x @, is it necessarily the case that for f : 2> - R, g: I - R, h: ® = R,

E  [f(@)gwh(z)]| < A =7@)lfll2llgll2llpll2,  EL < (1 =0)fll2: v

(@,y,2)~
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To avoid the trivial case when f,qg,h are all constant functions, we added here the condition that f is
non-constant and has some variance, the condition captured by the requirement |E [f]| < (1 — 0)||f||2.

We note that such a base case inequality seems necessary towards an inductive proof since one hopes to
“gain" a factor of 1 — 7 in each step of the induction. However it turns out that such an inequality need not
necessarily hold and there could be an obstruction that we refer to as the Horn-SAT obstruction (and this is
the only possible obstruction).

Definition 1.8. Assume that a distribution p on % x I' X ® has no linear embedding and its marginal on
I’ x ® is unform. We say that u has a Horn-SAT embedding if there are Boolean functions f : ¥ — {0, 1},
g:I'"—={0,1}, h : & — {0,1}, such that

* Forall (x,y,z) € supp(u), we have f(z) = g(y)h(2).

* f is non-constant (and in that case so must be g and h).

The condition f(z) = g(y)h(z) for Boolean functions is equivalent to the conjunction of clauses f(x)V
g(y), f(x) V h(2), f(z) V g(y) V h(z). These are all Horn-SAT clauses (i.e. having at most one positive
literal), explaining the term Horn-SAT embedding. We now make several remarks towards understanding
how a Horn-SAT embedding is an obstruction towards the desired inequality and how it is the only

possible obstruction.

* Firstly, we note that having a Horn-SAT embedding violates inequality (7). Indeed, since f(z) =
9(y)h(z) in supp(p) and (y, z) are uniform and independent, we have || f||2 = ||g||2]|2||2 and then

E [f@gwh=)]= E [9@)?h(=)?] = lglalnls = [ fll2llgll2llbl2-
(zy,2)~p (Y,2)~ by,

One also notes that since f is Boolean and non-constant, it does have constant variance.

* Secondly, we note that if the inequality is not possible, then there is necessarily a Horn-SAT
embedding. A sketch of the proof is as follows. For a fixed 6, suppose that there are functions that
violate the inequality for all 7 — 0. Then by standard compactness argument, there are functions
f:X—=R,g:T—=R,h:®P— R, such that

[F(@)g(y)h(2)] = [ fll2llgll2[lP]l2;

(,y,2)~p

i.e. achieving an exact equality. This means that the application of Cauchy-Schwarz in Equation
(6) must be tight and therefore f(x) = g(y)h(z) in supp(u) (as equality of real numbers). If f(x)
is always non-zero, then so are g(y) and h(z). In this case, if at least one of f, g, h has a non-
constant sign (i.e. positive and negative), then turning f(x), g(y), h(z) into their {41, —1}- signs,
sign(f(x)) = sign(g(y))sign(h(z)), yields a linear embedding of p, a contradiction. On the other
hand, if f, g, h all have constant sign, then w.l.og. this sign is positive, and then log f(z) = log g(y) +
log h(z) gives a linear emebdding, again a contradiction. Here f has some variance, so log f(z) is
non-constant and the embedding is non-trivial. The embedding is not into a finite Abelian group, but
this is not difficult to fix. One concludes therefore that f(x) takes the zero value for some x € ¥ and
of course also takes a non-zero value for some 2/ € 3. We can now define the Horn-SAT embedding
by turning f(z), g(y), h(z) into Boolean 1 if the value is non-zero and Boolean 0 if the value is zero!

11



* In the definition, if f is non-constant, then so must be g and k. Let’s suppose on the contrary that
g is constant (the same proof applies for h). If g = 0, then the condition f(x) = g(y)h(z) implies
that f = 0, reaching a contradiction. If g = 1, then one concludes that f(x) = h(z) for all (z, z) €
supp(pz,2). Since y is not linearly embeddable, its marginals are not linearly embeddable either
In particular, p, . has no linear embedding and hence is connected, implying that both f and h are
constant, again a contradiction.

Considering these remarks, if ;1 does not have a Horn-SAT embedding, then we do have the base case
inequality (7)) and we can hope to carry out the induction. However, if ;1 does have a Horn-SAT embedding
as in Definition then the embedding serves as a violation of the inequality and we are stuck with a
similar hurdle as before. The Horn-SAT embedding leads to n-dimensional functions f = f&"/|| "],
3= g%"/|1g%"|, h = h®"/||h®"||, with f3-norm 1, and

E F()g(y)h(z)| = 1.

(x7y7z)NM®n

As before, this hinders the possibility of proving the n-dimensional inequality (3) by induction: there is no
base case inequality and there is a counter-example if one allows functions to have ¢ norm 1 instead of £,
norm 1.

We overcome this hurdle in a similar manner as before, albeit with even more subtleness. We carefully
transform the distribution and the alphabet (X x I x ®, 1) to another distribution and alphabet (X xT'x ®, ji).
Formally, we show that

o If Lemma|I.4](i.e. our Main Lemma/Result) holds for fi, then it also holds for .
 All the key properties of u are retained by fi which has further additional properties.

In this sense, we are able to reduce our task of proving the lemma for the original distribution g to proving
the same lemma for the new distribution fi. Now we state what additional properties ji has. For the sake of
notational convenience, we rename the new distribution and the alphabet as (X x I" x ®, 1) again. The key
additional property is stated below, referred to as the relaxed base case inequality.

Definition 1.9. (Relaxed Base Case Inequality) Suppose a distribution 1 on ¥ X I' X ® has no linear
embedding and has uniform support on I' X ®. We say that . satisfies the relaxed base case inequality if:

* There is some X' C X, |¥!| > 2, and constants C > 0 and 0 < ¢ < 1 such that the following holds.
Forall T > 0, let functions f: 3 — R, g: I' = Rand h: & — R be such that f has variance at least
71113 on Y, that is

[(f(z) = F(@))?] = 7IIf15.

' e’

Then

e [f(@)g(p)h(2)]| < max(1 =7, )| fllzllgll2]All2.

e Furthermore, the distribution on ' x T' x ®, derived as (x,y, z) ~ p conditioned on x € X', cannot
be linearly embedded.

8This is seen easily from the definition of a linear embedding, Deﬁnition If marginal of 1 on a subset of co-ordinates has a
linear embedding, then so does w by letting the embedding on other co-ordinates to be Og.
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We remark that if ¢ did not have a Horn-SAT embedding, no transformation is needed, and one can
simply take ¥’ = X in the above definition. However in general there might be a Horn-SAT embedding
and the transformation would be needed. The transformation is rather subtle and while we do consider it
to be one of the key ideas, we skip the discussion here and refer to Section [7.3] for details. To summarize,
we reduce the task of proving our Main Lemma [1.4] to the same task with the additional property that p
satisfies the relaxed base case inequality, i.e. to the task of proving the lemma stated below. In the following
lemma, properties numbered 1 and 2 are as before, 3 and 4 can be assumed from the authors’ earlier work
as discussed in Section and that numbered 5 is the key relaxed base case inequality.

Lemma 1.10. (Main Analytical Lemma under Relaxed Base Case Inequality) Suppose |X|, |T'|,|®] < m
and 1 is a distribution over ¥ X I X ® such that:

1. p(x,y,z) > aforsome a > 0andall (x,y,z) € supp(p).
supp(u) cannot be linearly embedded.
The marginal p, . is uniform and independent over I' x ®.

Forall (y,z) € T' X ®, there is a unique x € X such that (z,y, z) € supp(u) (i.e. y, z determine x).

A

w satisfies the relaxed base case inequality as in Definition 1.9}

Then for all € > 0, there are £,6 > 0 such that the following holds. If f: ¥" — [-1,1], g: T — [-1,1]
and h: ®" — [—1,1] satisfy that either Stab,_¢(g) < 6 or Staby_¢(h) < 0, then we have that

[f(x)g9(y)h(z)]| <e.
(%,y,2)~p®m

1.2.4 The Inductive Argument (without the Horn-SAT Obstruction)

Armed with the “correct” relaxed base case inequality, we now give an overview of the inductive proof (of
Lemmal[I.10). It is instructive and less cumbersome to first consider the special case when there is no Horn-
SAT embedding and we already have the base case inequality as in (7). We will indicate how to incorporate
the relaxed base case inequality later. Formal proofs appear in Sections 3| {] 5] and [6]

So let us focus on this special case and assume the base case inequality (7)) holds. The inductive proof
proceeds in several steps. We emphasize again that an inductive proof must necessarily work with £ norms
of functions that arise as intermediate functions during the induction and we have no control over their £
normsﬂ We are given that either g or h has essentially high degree, so let’s say this holds for g, formalized
in terms of its low-stability. The first step towards the inductive proof is to note that it is sufficient (and
necessary as far as our proof goes) to focus on the case when f, g, h are homogenous functions. We will
skip details regarding how this is sufficient towards the general case. Therefore let’s assume that f, g, h are
homogenous and define the parameter

Brdydo,ds = SUD By a~uen [ (X)9(y)A(z)]
T e [ £ll2llgll2]R]]2 ’

“When there is no Horn-SAT embedding, we do not need an £, bound on the original functions either. This is indeed the
special case we are considering here. When there is a Horn-SAT embedding, as noted before, we must somehow use the fact that
the original functions f, g, h do have /o, norm at most 1. We still have no control however over the ¢, norm of the intermediate
functions. This issue is addressed later.
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where the maximum is taken over all f: 3" — R, g: I — R, h: ®* — R homogenous of degrees
di1,do, ds respectively. Since we assumed that g had high degree, we think of dy as (roughly) the largest
among the degrees. Indeed, it is sufficient to consider the case when dj,ds < 10ds, and we make this
assumption skipping the details. We will be able to show an exponential decay, namely

/Bn,dl,dz,d;g < (1 - Qa,m(l))dQ,

completing the proof. We now describe how this exponential decay is proved. First, we reduce the dimension
n so that n < O(dz). Then comes the core inductive argument, where we “gain" a factor 1 — ,,,(1) in
each step of the induction, reducing the degree do by one, until we have reduced it to say %2.

Reducing Dimension: We show here that it is sufficient to consider the case when n < O(dz) (and we
already assume that d;, d3 < 10d2). The idea is as follows. As long as n >> da, we can find a coordinate
i € [n] which has very small “influence” on f, g and h; assume without loss of generality that this co-
ordinate is ¢ = n. If the influence was zero, then f, g and h would only be functions of the first n — 1
co-ordinates, and hence we would conclude that ), 4, d4,.d; < Bn—1,d;,ds,ds» Making “progress” in reducing
n. However in general, that influence may be very small but still non-zero. In that case one may write the
decompositions
f=h+f, 9=a+d, h=h+1,

where f1, g1, h1 depend only on the first n — 1 co-ordinates, and f’, ¢’, b’ do depend on the n'" co-ordinate
but have very small /o-norm (which is precisely what influence is). Since f, ¢’, ' have very small norm, one
doesn’t expect them to contribute much, and one still hopes to deduce that 3, 4, d.ds < Bn—1,d1,ds,ds- Alas,
this doesn’t quite work. While their contribution is very small, it is still non-zero, and a naive application of
this idea would only give B, 4, dy.ds < PBn—1.dy,ds,ds +0(1), and the o(1) error terms will keep accumulating
in successive inductive steps. To overcome this difficulty, we perform a more detailed analysis, and need
more refined decompositions of f, g and h. For the sake of simplicity, we consider only a specialized
scenario that allows us to write

f=h+Ffh  9=g9+ 920, h = hy + hohl,

where f1, g1, h1 depend only on the first n— 1 coordinates and have the same degrees as f, g, h, the functions
f2, g2, ho also depend only on the first n — 1 coordinates but have degrees one less than f, g, h respectively,
and f4, g, hf, are functions that only depend on the last coordinate and have very small £2-norm. Using this
decomposition, we can write

E  [f(x)g(y)h(z)] = E  [fix)g(y)hi(z)]
(%,y,2)~pdn (x,y,2)~p®n-1
+ E  [pXge®h(E)] E [f(x)gh(y)]
+ E  [Ea®h(z)] E [f3(x)h5(2)]
(%,y,2)~pu®n—1 (x,y,2)~p
+ E  [LXge®h(z)] E [f(x)95(y)h(2)]
(x,y,2)~p®n-1 (%,y,2)~p

-+ Other terms.

The other terms are zero thanks to the fact that y, . is uniform and independent. The first term is the
dominant term, the second and the third terms constitute as error terms, and the fourth term can be ignored
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when compared to the second and third terms. Roughly speaking, the reason is that if € denotes the small
norm of f5, g4, h%, then the corresponding expectations are of the order 2 in the second and third terms, and
of the order €2 in the fourth term.

The second and third terms are error terms, which however cannot be ignored altogether (as said before)
and require care. Skipping many details, it turns out that the key is to bound the expectation

B [fa(x)(g2(y) + ha(2))].
(xy,z)~p

This can be upper bounded by (1 — Q(1)) || f5ll2v/11g5]13 + ||R5]|3. We emphasize here that this is an in-
equality on functions of a single co-ordinate. It is referred to as the additive base case inequality (see
Lemma [2.17)). Using this bound, one can obtain an effective enough bound on the second and third terms
above, somehow recover the loss from these error terms and get that 3,, 4, dy.ds < Bn—1,dy,ds,d5 as desired.

The Core Induction: We now show the core inductive step giving the exponential decay, namely that
Brdy do.ds < (1 — Qavm(l))d? We assume that n < O(dz) as discussed and that d;, d3 < 10ds. Skipping
details, it is sufficient to assume further that d; > 2(d2) as well. It follows from these assumptions that
average influence of a coordinate on f is 2 > Q(1). Let us assume that the coordinate n has influence (1)
on f. For the sake of simplicity, consider furthermore only a specialized scenario that allows us to write f,
g and h as
f=hHf, g=gg  h=hh,
where f1, g1, h1 depend only on the first n — 1 co-ordinates and have degrees one less than f, g, h, and the
functions f1, ¢}, h} depend only on the single coordinate n, and f] has constant norm (which amounts to
the said influence). In this case, we would have that
E [f(x)g(y)h(z)] = E (X)a)m(z)] E  [fix)d)hi(z)].
(x,y,2)~pu®" (x,y,z)~p®n 1 (xy,z)~p
By the inductive hypothesis, the first term is at most 3,1 4,—1,d,—1,d3—1 and by the base case inequality,
IE(x,y,2)~u [f1(x)91(¥)h1(2)]| < A =1—Q(1). Hence we get that

Bn,dl,dz,d3 < Aﬁn—l,dl—l,dg—l,dg—l)

as desired, and iterating this gives an exponential decay.

In general, the main complication is that f, g and h need not take the specialized form as above, and
instead one has to decompose them in a more complicated manner (amounting to decomposing a tensor into
a sum of mutually orthogonal rank one tensors). Using a more complicated argument (but vaguely similar
in spirit) one can still recover that 8, 4, d ds < ABn—1,d1—1,do—1,d3—1-

1.2.5 The Inductive Argument (incorporating the Relaxed Base Case Inequality)

As discussed before, in general the base case inequality does not hold and we are able to use only the
relaxed base case inequality in Definition We now indicate the main modification necessary in the
inductive proof, skipping most other details from this overview.

Let X C X be the subset that exhibits the relaxed base case inequality in Definition We consider
the effective influence and effective degree of the function f : > — R. We recall that the standard influence
of the i** co-ordinate is

E [(f(x—i,z) — f(x—i,2}))?].
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That is, the influence is the variance of the function on the i** co-ordinate after randomly restricting the rest
of the co-ordinates. We define the effective influence as

E [(f(x_s i) — f(X—z‘75U;))2]7

X_ 4,

- ’
xl7£i€E

which is similar, except that the variance is considered only over the subset X’

We also indicate the related notion of the effective degree of f. We set up a suitable orthonormal basis
B of characters for (single co-ordinate) functions in Lo(X; i, ). We ensure that B = By U By so that
characters in By span all functions that are constant on Y’ (including the All-1 function), and characters in
B, are zero outside Y. The effective degree of a monomial is then the degree when only the characters in
B: are counted towards the degree. The inductive proof is now carried out assuming that f not only has
high degree, but also has high effective degree.

We do mention a crucial detail here. We do need to argue that starting with the original function f :
Y™ — [—1,1] that has essentially high degree, we can “reduce" to the case where it has high effective
degree as well. This argument does need that the original functions f, g, h are Eoo—boundedm As noted
before, Lemmas [I.10]could simply be false (for certain distributions 1) if only ¢2-norm of the functions
is assumed to be 1.

1.3 Organization

The rest of the paper is organized as follows. We start with preliminaries in Section[2] We set up the neces-

sary machinery in Sections [3|and ] that are needed to formulate the inductive statement towards proving the

main analytical lemma under relaxed base case inequality. The proof of this lemma, which is divided into

two parts, spans Sections [5|and [6] Finally, in Section[7|we derive our main analytical lemma, Lemma [T.4]

from Lemma([I.10] In this section, we show how to get around the issue of the Horn-SAT embedding.
Section [8]is devoted to proving applications of our main analytical lemma.

2 Preliminaries

In this section, we record some basic definitions and tools from analysis of Boolean functions that will be
used throughout the paper (see O’Donnell’s book [19]] for reference). We begin with some notations.

We denote A < B to refer to the fact that A < C - B for some absolute constant C' > 0; we denote
A 2 B to refer to the fact that A > ¢- B for some absolute constant ¢ > 0. If this constant depends on some
parameter, say m, we denote this fact by A <,, B. We use the normal letters z, y, z to denote elements
from the domain X, I', @, respectively, and the bold face letters x,y, z to denote strings from > ', ",
respectively.

2.1 Degrees and Homogenous Functions

We start with the definitions of a monomial and a degree-d monimial.

Definition 2.1. Let I be a finite set, and let v be some probability measure over I'. A monomial over 1 is a
function x: (I',v) — R whose expectation according to v is 0.

'%0ne needs £ -boundedness also while transforming the original distribution y to achieve additional properties.
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Definition 2.2. Let I" be a finite set, n > 1, and let v be some probability measure over I'. A func-
tion x: (I, v®") — R is a degree d monomial if there are distinct indices i1, ... ,1q and monomials
Xiis---» Xig: I — Rwith respect to v, such that

d
x) =[] x, i)
j=1

Based on these definitions, we now define homogeneous functions of degree d.

Definition 2.3. Let I be a finite set, n > 1, and let v be some probability measure over I'. A function
g: (T™,v®") — R is a homogenous degree d function if it can be written as a linear combination of
monomials of degree d with respect to v.

2.2 Efron-Stein Decomposition

For a product space (I', %), we will use the standard Efron-Stein decomposition. Given a function
g: (™, v®") — R, one may write (in a unique manner)

9(y)=> a7 (y),
=0

where g~ is a homogenous function of degree i. We denote by V=/(I'", 1®") the space of homogenous
functions of degree ¢, and often omit the domain and the measure if these are clear from the context. Hence

g~" € V=", The Efron-Stein decomposition is a refinement of the above. For each i = 0, ..., n, one may
write '
Ty = >, 5,
SCn],|S|=i
where ¢g=°(y) is a homogenous function of degree i whose value on y only depends on yg, namely the

co-ordinates in the set S. We denote by V=5(T"", v®™) the space of degree |S| homogenous functions
depending only on co-ordinates in S. So, g=° € V=°. Furthermore, this decomposition is unique, and
satisfies that g=° and g=7 are orthogonal for any S # T, i.e. (§7°, 477 ) = Eyeon [¢7°(y)g™ 7 (y)] = 0.
We define

Ty =Y, W =D_9"), =D g

SOT i=0 i=d+1
Next, we define the standard notion of the influence of a variable and the total influence of a function as
follows:

Definition 2.4. The influence of a variable i on g: (I, u®™) — R is defined as

Li[g] = E [(g(yfz}yi =a) —g(y_i,yi = b)?|.
y—i~p™ 1t abep

n

Definition 2.5. The total influence of g is defined as Ig] = >_ I;[g].
=1

The following fact relates the total influence with the Efron-Stein decomposition of a function.
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Fact 2.6. I[g] = 252[3 ] S| lg=5 113 = 2 le 1g="113-
Cln i=

Definition 2.7. The variance of g: (I, u®™) — R is defined as

varlg) =5 B [0 - o)) =B lofy)?] - Elo(y))”

2.3 A Markov Chain Lemma

We mention below a bound on the second largest eigenvalue of a Markov chain. We include the proof since
we could not find this specific bound in literature (we need dependence on £ to be linear and not quadratic).

Lemma 2.8. Let X be a finite alphabet of size at most m and p(x,y) be a symmetric, connected distribution
over ¥ X Y. Suppose that p(x) := ZyEE w(x,y) = «a for all x € ¥ and whenever u(x,y) > 0, we
have p(z,y) > & Let T be the associated Markov chain on E. Then the second largest eigenvalue
)\2(T) g 1— Qa,m(f)'

Proof. Note that y is the stationary distribution of T. Let f: > — R be the eigenvector of T corresponding
to A\2(T). We have,
E [fx)]=0, E [fx]=1 X(T)=(fT/).
X~ X~
It follows that there is « € ¥ such that | f(x)| > 1, and without loss of generality f(z) > 1. Since E [f] = 0,

there is y such that f(y) < 0. Since T is connected, there is a path z = 20 — 2! — ... — zt =y, where
¢ < |2 < m, so that p(2?, z71) > 0 forall i < £ — 1. We note that

~
[y

1< [f(@) = fy)] <Y [f@@™) — f(z)],

i=0
so it follows that there is 4 such that ‘f(xi“) - f(:n’)‘ > 7 > L. Therefore,
E[(F6) ~ F0)Y) 2 nloy) oy > 2
(x,y)~p m m
On the other hand, the left hand side is 2| f||3 — 2(f, Tf), so we get that A\o(T) = (f, Tf) <1 — ﬁ, and
the proof is concluded. O

Lemma 2.9. In the setting of Lemma if f: (X", u®") — R is any function, then
1T =52 < (1= Q€)' 15752
Proof. Assume without loss of generality that S = {1,...,t}.
ITE" =52 = [ T1((T2 0.0 To) f=5)ll2 < (1 = Qam())[(T2 0.0 Ty) f=7|lo,

where we used Lemma [2.8|and the fact that (T3 o ... o Ty) f=° has expectation 0 over x1 for any setting of
the remaining co-ordinates. The proof is concluded by iterating the above inequality over zo, . . ., z;. O

" Alternately, T is the adjacency matrix of a random walk on Y where one leaves a vertex x with the edge probabilities
w(x, y)/p(x).
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2.4 Effective Degrees and Effective Influences

Fix a distribution pz on X X I' X ® as in Lemma and fix ¥’ C ¥ to be the subset evidencing the fact
that it satisfies the relaxed base case, Definition We may choose an orthonormal basis of La(X; 11,) as
B = Bj U By where Bj consists of functions that are constant on ', and By consists of functions only
supported on X’ and orthogonal to By. Thus, a basis for Lo (X"; u2) is given by

B®" = {X(X) = HXz‘(fL‘i)

7

XiEBlLJBQVZ'G[n]},

and a given function f: X" — R can be uniquely written as

)= > FO)x(x),  where f(x) = (f,x).

xEB®™

We now define the effective degree of a character x, which is the number of components from {x;} that
are not constant on Y’

Definition 2.10. Given x € B®", we define the effective degree of x as

effdeg(x) = [{i € [n] | xi € Ba}|.

To be compatible with the standard notion of degree, we will introduce a special notation for the trivial
character in B; which is the constant 1 function on ¥, and we denote it by Xconst. Thus, we note that
degree of a character x is [{7 | Xi # Xconst }|,» and as Xconst i in By, one has that effdeg(x) < deg(x) for all
x € B®™,

We also define the effective influence of a variable analogous to Definition[2.4] except we only resample
the assignment to the variable if it belongs to 3.

Definition 2.11. For a function f: ¥ — R and i € [n], we define

Ii,effective[f] = E [(f(X) - f(y))2]7

(x,y)

where we sample x ~ p3", take y; = xj for all j # i, and for the ith co-ordinate, if x; € ¥\ ¥/ we take
yi = x4, and if T; € X, we sample y; € ¥ independently.

Definition 2.12. For a function f: X" — R, the total effective influence is defined as

n
IefFective [f] = Z Ii,effective [f]
=1

Based on how we defined the effective degree and the effective influences, we have the following fact
analogous to Fact[2.6]

Fact 2.13. For a function f: X" — R and i € [n], we have

Ii,effective[f] =2 Z J/f\(X)Qa Ieffective[f] =2 Z effdeg(x) f(X)Q'
X

X:Xi€B2
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2.5 High Degree is preserved under Random Restrictions

We will often consider random restrictions of functions and would need to argue that if the original function
has high degree, then so is the restricted function w.h.p. We recall that having high degree is formalized in
terms of having low-stability. In the lemma below, a random restriction of a function g : (X", u™) — R
includes every co-ordinate in the set I with probability s and then samples each co-ordinate in I according
to ;. For the restricted function g7_,y on [n] \ I, each co-ordinate has marginal v5. It is easily checked that
to get the marginals “correct”, we need . = sv; + (1 — s)ve.

Lemma 2.14. Let vy, 15 be distributions over Y. whose support is full and the probability of each atom is at
least o and |X| < m. Let jp = svy + (1 — s)va. Then for some ¢ = c¢(a)) > 0 we have

IIIE [Staby_¢(grsy; v2)] < Staby_c(1—5)e(g; ).
y~vi

Proof. The left hand side is

where (x,x’) are sampled by taking, for each ¢ € [n] independently, x; = x} ~ v; with probability s;
otherwise with probability 1 — & we take x; = 2 ~ 1o, and with probability £ we take z;, 2, ~ 1o
independently. We denote this Markov chain by T, and note that the stationary distribution of it is g,
and also that as the support of v» is full, T is connected. Additionally, for every a,b € > we have that
T(a,b) > (1 — s)éa?. We may now write the above expectation as

(9. 7%"g) = (a5, T2 T) = S a5, T65) < 3 g5 o TS .

S,T s s
Using Lemma [2.9] we get that
(9.T%"9) <3 (1= Qam((1 = )" [lg= I3 = Staby_c1-s)e(9).
s
where ¢ = ¢(m, a) > 0. O

2.6 Embedding into the Infinite Cyclic Group

In our proofs, towards arriving at a contradiction, we will often get an embedding of supp(x) into an infinite
cyclic group. Here, we argue that if supp() cannot be embedded into a finite Abelian group, then it also
cannot be embedded into an infinite cyclic group (say, [0, 1) with addition mod 1). Therefore, the finiteness
of the Abelian group is not essential to the definition of linear embeddability.

Claim 2.15. Suppose that a finite set S C 3 X I' X ® cannot be linearly embedded. Then S cannot be
embedded non-trivially into the infinite cyclic group.

Proof. Suppose towards contradiction it can be. Then there are 0: ¥ — [0,1), ¢: & — [0,1) and y: T —
[0,1) not all constant such that o(z) + ¢(y) + v(z) = 0 (mod 1). Without loss of generality, o is non-
constant. Consider the set of numbers S = Image(c) U Image(¢) U Image(7), let r = || + |®| + |T'| and
let N = N(r) € N to be determined. Then |S| < r, so by Dirichlet’s approximation theorem we may find

_bi| <« _1

integers p;, ¢ such that for each s; € S we have that a| S v

54
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Let

a= min  min |z + o(z) — o(z')] .
z,x'o(x)Fo(x') zEL

We choose N = (2)", define o’ by o’ (z) = % (mod 1) if o(x) = s;, and similarly define ¢',~’
1. First, we show that o/, ¢/, is an embedding. Fix (z,y, z) € supp(1); then we have

o'(x) + ¢'(y) +7'(2) = o(@) + d(y) +7(2) + A,

Noting that o(x) + ¢(y) + v(2) is an integer (as it is 0 mod 1), it follows that
N1 —577 < 1/q. On the other hand, by definition

of o/, ¢',~" it is a number of the form P/q for some integer P, hence it can either be an integer or at
least 1/q far from one. It follows that it is an integer, so /() + ¢/(y) ++'(z) = 0 (mod 1).

where |A| < Nl/T
o'(z) + ¢'(y) ++/(z) is very close to an integer, up to

2. Second, we show that at least one of them is not constant. Indeed, take x, 2’ € ¥ on which o differs,
and suppose towards contradiction that o/(x) — o’(2’) = 0. Let ¢,j be such that o’(z) = p;/q,
o'(z') = p;j/q, and o(x) = s;, o(x’) = s;. Then we get that (p; — pj)/q is an integer, and as s; — s;
is A-close to it for |A| < qN%/T, we get that s; — s; is § close to an integer. This contradicts the
definition of c. O

2.7 The Additive Base Case

In this section, we deduce a certain auxiliary (base case) inequality that follows solely under the assumption
that the distribution  has no linear embedding. We emphasize that it holds irrespective of whether or not p
has a Horn-SAT embedding. The inequality is used while reducing the dimension and making it comparable
to the degree during our inductive proof (as in the overview Section[I.2.4).

Claim 2.16. Let u be a distribution on % X I' X ® that has no linear embedding. Then there exists ¢; =
c1(p) > 0, such that for f: ¥ - R, g: ® — Rand h: T' — R that each have average equal to 0 we have
that

[f(2)(g(y) + h(2))]

(,y,2)~p

< (@ =)l fl2llg + Rll2-

Proof. Assume this is not the case, so that we may find a sequence of functions (fi,, gm, hm) such that
I fmll2 = llgm + hmll2 = 1, E[fm] = Elgm] = E[hm] = 0 and }E(x,y,z)wu [fm(2)(gm(y) + hm(z))H >
1-— % Passing to subsequences, we may assume that f,, converges to a function f, g,, converges to a
function g and h,,, converges to a function h, so that we get E[f] = E[g] = E[h], ||f]l2 = |lg + h||2 = 1 and
|E(2,5,2)~u [f(2)(9(y) + h(2))]| = 1. By Cauchy-Schwarz we have that

[f(x)(9(y) + h(2))]

(%,y,2)~p

ﬁ@,ﬁw[ﬂ@% E [(g(y) +1(2)?) = [Ifll2llg + hll2 = 1.

T,Y,2)

hence we get that Cauchy-Schwarz is tight and so f(x) = 6(g(y) + h(z)) for some § € {—1,1} for all
(z,y,2) € supp(p). As the 2-norm of f is 1 and its average is 0, the function f is not constant, and so after
diving them by a sufficiently large constant and adding a constant (so that their image is contained in [0,1]),
we get that f, —0g, —6h form a non-trivial embedding of ;. Together with Claim [2.15] this contradicts the
assumption that ;4 has no linear embedding. O
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Lemma 2.17. Let p be a distribution on ¥ X I X ® that has no linear embedding and i,  is uniform. Then
there exists ¢ = ¢1(u) > 0, such that for f: X — R, g: ® = Rand h: T' — R we have that

e [f(@)(g(y) + h(2))]| < 2/ (Elg] + E[R])? + (1 — e1) (Wi [g] + Woa[h]).

Here W_,|g] denotes the variance E [¢*] — E [9]? (and similarly for W1 [h]).
Proof. Write f = E[f] + f~!, g = Elg] + ¢~ and h = E[h] + h~! so that

B V@) +hE) = EVIEG 4 ER) + B[ @670 07 E)]

By Claim[2.16 we get that

E [fH@) g™ @) +hH )] < =)l fl2llg™ + A2,

(z,y,2)~p
and so
e [f(2)(9(y) + h(2))]| < [E[f] [Elg] + E[A)] + (1 = e) [l f lallg™ + A7 "l2
T,Y,2)~
< VEU2 +17=1B (Blg) + EIRD? + (1 - e1)2llg=! + h=L3
= ||f||2\/(E[9] +E[R])? + (1 — c1)?llg= + 2713
where we used Cauchy-Schwarz. As p, . is uniform we get that ||g=! + h=1|3 = |73 + ||h™!|3

Ol

W_1[g] + W—1]h] and the proof is concluded

3 The main homogenous statement

In this section, we reduce Lemma|[I.10|to a similar statement about homogenous functions. Namely, we state
Lemma 3.1} and show that it implies Lemma|[I.T10] There are two key differences between the two lemmas.
The first of which is that whereas Lemma is only concerned with bounded functions, Lemma
applies to general real-valued functions. It can be seen, however, that if the base case fails, i.e. if there
are non-trivial functions for which (7)) fails with 7 = 1, then Lemma [I.10] would not hold for unbounded
functions. Therefore, in exchange for relaxing ¢.-boundedness to /2-boundedness, we get to assume that
the functions f, g, h are all homogenous, and the effective degree of f is significant. A precise statement
follows.

Lemma 3.1. There are C(m,a) > 0 and D(m,«) € N such that the following holds for all d > D.
Suppose p is a distribution over ¥ x T' x ® satisfying the conditions of Lemma and f: X" — R,
g: I'" = R, h: " — R are functions such that

1. f is homogenous of degree at most dlog!® d, ¢ is homogenous of degree at most dlog'® d and at least

log%d’ and h is homogenous of degree at most 2d1og'° d.
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2. The effective degree of f is at least logQ%d. Namely, for all x € B™ such that f(X) = 0, we have that

eff-degree(y) > log2%d'

Then

[fX)g(y)h(@)]| < (1= OV D] Flla ] g]l2] R
(x,y,2)~pu®"

The rest of this section is devoted to showing that Lemma [3.1| implies Lemma We prove the
implication using the following sequence.

Lemma3.Jl= Lemma[33] = Lemma[3.2l= Lemmal[L. 10| ®)

Then, in Sections {] [5| and [6] we prove Lemma [3.1]

3.1 Soft truncations

In this section, we define a couple of noise operators that will be used in stating the intermediate lemmas

from (8).

The noise operators. Let ¢ € (0, 1] be some parameter.

1. We define the operator T_¢ acting on Lo(3) as follows. Consider the Markov chain on 3 that on
xr € ¥ generates 2’ ~ Ti_gz by: with probability 1 — § we take 2/ = =, and otherwise we re-
samples =/ ~ 11, We let T1_¢ be the corresponding averaging operator on Lo (X), i.e. Ti_¢f(x) =
Ex/~Ty ¢z [f(xl)]

2. We define analogs of the operator T'y_¢ on Lo(I"), Lo(®) in the same way. For notational convenience,
we will use the same notation for them, i.e. T'1_¢, and it will be clear from the context which operator
is applied.

3. We define the operators E;_¢. Let X' C ¥ be evidencing the fact that p satisfies the relaxed base
case. Consider the Markov chain on ¥ that on = € ¥ generates 2’ ~ E;_cz by: if x € ¥\ ¥/, we
take 2/ = x. Otherwise, with probability 1 — £ we take 2’ = x, and with probability £ we re-sample
x' ~ p, | X'. We let Eq_¢ be the corresponding averaging operator on La(X), i.e. Ei_¢f(z) =
Ea'nb, o [f(27)].

The noise operator 7_¢ when applied on a function f dampens (in the /> measure) the high-degree
terms from f. Analogously, as we will see, the operator £/1_¢ when applied on a function dampens the high
effective-degree terms from the function.

3.2 Intermediate Lemmas

With these operators, we can now state the relaxed analogs of Lemma [3.1] wherein the degree conditions are
replaced with analogous soft truncations (but in return, we still retain the boundedness of the functions).
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3.2.1 Softly truncating g from both sides, and f from above

In the first relaxation, we softly truncate the degree of the function g from both sides and the degree of the
function f from above using the noise operators 7 _¢.

Lemma 3.2. Forall o > 0, m € N, and M > 0, there is &y > 0 such that the following holds for all
0 < & < &. Suppose i is a distribution over ¥ x I' x ® satisfying the conditions of Lemma and
f:¥"—=[-1,1], g: ' — [-1,1], h: ®" — [—1, 1] are functions. Then

1
T,_ o : Ty _¢/9 —T4_ h < —.
(x,y,zI})EJNp@”[ 1-M¢g/1 g(1/§)3f(x)( 1-£/2 1-¢)9(y) (Z)] ~ logﬁ(l/f)

3.2.2 Softly truncating the effective degree of f from below

In the next relaxation, we further softly truncate the effective degree of f from below. We do this using the
operator Ey_¢.

Lemma 3.3. Forall o > 0, m € N, and M > 0, there is £y > 0 such that the following holds for all
0 < & < &. Suppose i is a distribution over ¥ x I' x ® satisfying the conditions of Lemma and
f:¥"—=[-1,1], g: '™ — [-1,1], h: ®" — [—1, 1] are functions. Then

1
E (I = E1-merog1/6)100) T1- e/ 10g176)2 f (X)(T1gj2 — Ti—g)g(0)0(2) || S 517
oo on | €log(1/) &/ 1o8(1/¢) ¢/ ST
We defer the proofs of the implications Lemma 3.1 = Lemma[3.3] = Lemma[32] =
Lemma to the Appendix. All these proofs follow from the standard arguments that use the fact that the
noise operator essentially gets rid of the high degree part of the functions.

4 The main inductive statement, and set up

In this section, we re-phrase and state a sharper version of Lemma [3.1] which will be more convenient for
us to work with.

4.1 The parameter 53, 4, 4, 4,

We begin by defining the parameter 3, ; ;. ;. forall di,dz, ds, n € N (whichis a close variant of By, 4, ds,ds
which will be shortly defined):

|E (xy e LF(X)g(y)h(2)]]

/ —
Bn’dl’dQ’d?’ N f: Z"—>Rdeg};?3l{1 homogenous, HfHQHgHQHhHQ

eff—deg(f)>d1/ log?°(d1)
g: I'"—=R degree d2 homogenous,
h: ®™—R degree at most d3 homogenous

Using Cauchy-Schwarz, it is clear that 3,, 4, 4, 4, < 1 always. The following lemma asserts that if dy, da, d3
are roughly the same up to poly-logs, then f3,, 4, 4,4, 18 actually almost exponentially decaying in d.
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Lemma 4.1. For all K,m € N and o > 0, there are C dy € N such that the following holds. Let j1 be a
distribution over X x I' x ® as in Lemma and let dy, da, d3 < n be such that d; < d; logK (dj)for all
1,7 =1,2,3, and d; > dg for all i. Then

dq

/ T 102C (d1)
5n,d1,d27d3 S 2 e,

We note that Lemma . 1| immediately implies Lemma [3.1 hence we will focus henceforth on proving

thatis true. We will actually need to adjust the parameter B,’% dy do.ds @ Dit and state a statement similar to

Lemmal4.1|but stronger. The main difference will be that instead of working with the function f over x, we
will work with the function F'(y, z). Given a function f, as in ;1 we have that y, z implies x, we may define
F: (I x CI)",MEQ) — R by

F(y,Z) = f(X)7

where x is the unique point in X" such that (z;,y;,2z;) € supp(p) for all i € [n]. We denote this as an
operator
W Ly(X", pu3") = Lo(I™ x ", u™), so that ' = W f.

It will be more convenient for us to work with F since the distribution over y, z is uniform (whereas the dis-
tribution over x may not be), but to facilitate that we need to translate the information that f is homogenous
and has high effective degree.

4.1.1 Setting up the basis to define the effective degree of F’

Consider any two basis elements x, x’ € B1 U Bs, and note that

Wx, Wx"y = (x,X) = Ly=y,

50 {Wx} p,up, form a partial orthonormal basis for Lo (I x ®", u5"). We may complete it to an orthonor-
mal basis using some set {)Z}Xec. Thus, any function F': I'” x " — R may be written as

F(y.z) = > FX)x(y, ),
XE(W B1UW BoUC) @7

where

n o~

Xy 2) = [[Xilvi-z),  and F(%) = (F,X).
i=1
Noting that the function Wxconst is the all 1 function, we define the following notion of degree for

monomials over y, z.

Definition 4.2. The degree of x € (W By UW By U C)®" is defined to be the number of coordinates i such
that X; # W Xconst-

We also define the effective degree.

Definition 4.3. The effective degree of x € (W BiUW By UC)®" is defined to be the number of coordinates
i such that x; € W Bo.

Finally, we define a property of functions F'(y,z) which is equivalent to it being in the image of the
operator .
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Definition 4.4. Consider the graph G = (V, E) whose vertices are I' x ® and (y, z) and (', 2') are adjacent
if there is some v € X such that (x,y,2),(z,y’,2') € supp(u). Consider the graph G®™ = (V" E’)
where ' = {((y,2), (", 2)) | (3, 20), (4! ) € E Vi,

We say a function F': T®" x ®®" — R is constant on connected components if F is constant on all of
the connected components of G®".

We have the following claim.
Claim 4.5. For a function F: IT™ x ®" — R, the following are equivalent:
1. F'is constant on connected components;
2. Thereis f: X" — R such that F = W f.
3. F(x) = 0for x & (WB; UWBy)®™.

Proof. 1t is clear that the third item implies the second item, and that the second item implies the first item.
We next show that the first item implies the third item. Towards this end, assume that F' is constant on
connected component, and let xy & (W By U W Bo)®™. Then x; € C for some i = 1,...,n, without loss of
generality assume that ¢ = 1. Then

(y-1,2—1)~pgs " Y1,21)~fhy, =

F(x) = E sz'(yz»zi)( E  [Fy,2)xi(y, )]
1=2

Fixy_; = y_1 and z_; = z_1; we show that the inner expectation is 0. To see this, first note that since
Fro . mdsy_1,2—2) (y1, 1), as a function of yy, z1, is constant on connected components, it suffices to show
that each basis element in C' is perpendicular to functions that are constant on connected components. To
see that, it suffices to show that for each connected component C' of G, the indicator of it 1o (y1, 21) is in
span(W By U W By), and we next show this is true.

Indeed, let C' be some connected component. Define

f(z) =1c(y, 2)

where (y, z) are chosen so that (x,y, z) € supp(i). We note that this is well defined, since if we have two
(y,2) and (v', ') such that (z,y, z) and (z,v’, ') are both in supp(u), then they lie in the same connected
component of H and hence 1¢(y, z) = 1¢(y/, 2’). It follows that 1o = W f, hence 1¢ € span(W By U
W Bs,). 0

The following claim encapsulates the properties we need about F' = W f.

o~

Claim 4.6. Suppose that f: X" — R is a degree d homogenous function, and for all x such that f(x) # 0
we have eff — deg(x) > d'. Then F = W[ is adegree d homogenous function, it is constant on connected
components and for all X such that F(X) # 0 we have that eff — deg(x) > d’.

Proof. Note that writing f(x) = > ]?(X) X(x), we get that
XE(BluBg)®"
Fly,z)=Wfy.2)= Y, fOOWV)(.2),
XG(B1UBQ)®”

so we get that F/(Y) is non-zero only if ¥ € (WB; U WB5)®", and it is equal to f(x) where Y = Wy.
From this and Claim[4.3] the assertions of the claim immediately follow. O
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4.1.2 The main inductive statement

We are now ready to define 3,, 4, 4,4, and state a stronger form of Lemma We define

‘E(x,yz)wu@” [F(y7 Z)g(y)h(Z)H

max
F: T x®"™—R degree d; homogenous, HFHQ ||g||2 H hH2
F is constant on connected components,
eff—deg(F)>d; /log?°(d1),
g: I'"—R degree d2 homogenous,
h: ®™—R degree at most d3 homogenous.

/Bn,dhdz,ds =

Lemma 4.7. For all K,m € Nand o > 0, there are C dy € N such that the following holds. Let y be a
distribution over X X I' X ® as in Lemma and let dy,dy, d3 < n be such that d; < d; logK (dj) for all
1,7 =1,2,3, and d; > dg for all i. Then

__d
5n7d1,d27d3 <2 logC(dy)

Lemma 4.1 follows from Lemma 4.7 by the virtue of Claim

The proof of Lemma spans Sections [5] [6] and in the rest of the current section we set up some
machinery and explain the high level overview of the argument. Our overall approach to the proof of
Lemma[4.7)is inductive, and so we will need to be able to write down a function over n variables as linear
combination of products of a function of n — 1 variables and a function over a single variable. Towards this
end, we employ the singular-value decomposition as presented in the next section.

Throughout, we will have a partition the set of coordinates [n] into I U J where |I| =n—1and |J| =1,
which for now will be arbitrary (we will later explain how to choose it so that it satisfies several additional
properties that we need).

4.2 SVD decompositions

In this section, we state claims asserting an SVD decomposition for homogenous and non-homogenous
functions. The proofs of these claims are deferred to the Appendix. Throughout, I, .J is a partition of [n]
wherein |J| = 1and |[I| =n — 1.

4.2.1 The SVD decompositions for homogenous functions

The following decomposition claim is phrased in terms of the function g. However, it applies to functions
over z, as well as to functions over y, z. We will use it for both g and h, and may use it also for F. However,
for F' we need a few additional properties, which we establish in Claim[4.10]

Claim 4.8. If g: I'" — R is a homogenous function of degree d and ||g||2 = 1, then we may write

9y) = Mgr(yD)gh(ys),

r=1
and R = {i | \; # 0} where
1. Forr € R, g,: 'l — R is an orthonormal set of functions.
2. If 1 € R, then g1 is homogenous of degree d and for v > 2 in R the function g, is homogenous of
degree d — 1.
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3. Forr € R, g.: I — R is an orthonormal set of functions.

4 g, =
m
5.0 =1
r=1
Proof. We defer this proof to the Appendix. O

A natural question is what can be said about the coefficients ); in the above SVD decomposition, and
indeed this will help us in choosing an appropriate partition. We have

Claim 4.9. Let g: I'™ — R is a homogenous function of degree dy and ||g||2 = 1, and write

=> Age(yn)gh(y ),

r=1
as in Claim Then if j is the unique variable in the set J in the partition [n| = I U J, then

1
M=1- o 1ilgl:

Proof. Consider I;[g], and note that

2
Llgl=  E  [(9(yr,a) —g(yr,b)*] = (Z)\rgr y1)(g,(a) — giﬂ?)))

y~pn—lab y~ ;L" La,b

=D Midn grlagmﬂE (g7, (@) = g1, (0))(g}, (@) — g1, ())]-

1,72
For 1 # r9 we have (g, , gr,) = 0, so the last sum is equal to
Z)\Q gr(a) — gi.(b —QZ)\2vargT —22)\
r#1
as the variance of g is 0, and the variance of any other g/. is 1. Hence

Ij[gr] 2 2
1—T:1—Z)\T:>\1.

r#£1

We next state an SVD decomposition statement that addresses the function F'.

Claim 4.10. Suppose F': T x®"™ — R is a homogenous function of degree d which is constant on connected
components, | F||2 = 1, and the effective degree of each monomial in F is at least d'. Then we may write

Fly,z)=> wF(ynz)F(ys,z),
t=1

and T = {t |y # 0} where
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1. Fort € T, Fy: T! x ® — R is an orthonormal set of functions.

2. If 1 € T, then Fy is homogenous of degree d and for t > 2 in T the function F; is homogenous of
degree d — 1.

3. If 1 € T, then in F) the effective degree of monomial is at least d'. and for T > 2 in T the effective
degree of each monomial in Fy is at least d' — 1.

4. The functions F} and F| are constant on connected components for all t.

5. ForteT, F{: ' x ®/ — R is an orthonormal set of functions.

6. F{ =1
m
7.3 =1
t=1
Proof. The proof of this claim is also deferred to the Appendix. O

4.2.2 The SVD decompositions for non-homogenous functions

In this section, we state the decomposition for non-homogenous functions. For such functions, we do not
get the guarantee that one of the functions in the decomposition is the constant 1 function (and hence we do
not have one of the functions in the decomposition to have full degree).

Claim 4.11. If g: T — R satisfies that gS% = 0 and ||g||2 = 1, then we may write

9y) = Mar(yngr(ys),

r=1
and R = {i | \j # 0} where
1. Forr € R, g,: 'l — R is an orthonormal set of functions.
2. Forr € Rwe have that (g,)S4"! = 0.

3. Forr € R, g.: T — R is an orthonormal set of functions.

3

4. S A =1

r=1

Proof. The proof is similar to the proof of Claim[.8]and is deferred to the Appendix. O

Claim 4.12. Suppose F: T x ®" — R satisfies F<* = 0, is constant on connected components,
and the effective degree of each monomial in F is at least d'. Then we may write

Fla=1,

m
F(y,Z) = Z’tht(yI7ZI)Ft/(yJ7ZJ)7
t=1

and T = {t |y # 0} where

1. Fort € T, Fy: T! x ® — R is an orthonormal set of functions.
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2. Forte T, (Ft)<d_1 = 0, and each monomial in F; has effective degree at least d' — 1.
3. The functions F; and F| are constant on connected components for all t.

4. Fort € T, F}: T x ®/ — R is an orthonormal set of functions.

5.5 =1
t=1
Proof. The proof is similar to the proof of Claim .10} as is omitted. O

4.3 Roadmap of the proof of Lemma

The proof of Lemma [4.7] comprises two steps. In this section, we give an overview of these two steps. In
Section[5] we formally show how to perform the first step of reducing to the case of nearly-linear degree and
in Section [6] we show how to prove Lemma 4.7 when the degrees of the functions are nearly-linear in the
number of variables.

The first step: reducing to the case of nearly-linear degree. In the first step, we show an inductive step
that manages to show (roughly speaking) if n is much larger than max(dy, da, d3), then one has

ﬁn,dl,dg,dg < min(ﬁn—l,dl,dg,dg,a (1 - C)ﬁn—l,dl—l,dg—l,d3—1)7

where ¢ = ¢(m, ) > 0. Iterating this bound, we either manage to prove that 3, 4, 4, 4, is at most (1—c)h/2,

or else we reduce n to be small enough so that the inductive step can no longer be made. In the first case we
are done, and in the second case we have shown that

6n,d1,d2,d3 < Bn’,d/l,dé,dé

where d; > d;/2 fori = 1,2,3 and n’ < max(d}, dS, ds). Since dy, da, d3 are originally of the same order
up to poly-logs, we are reduced to proving a variant of Lemma {4.7|in the case that ', d/, d5, df are of the
same order up to poly-logs; we refer to this case as the “nearly-linear degree case”.

The overarching idea of our argument is that since n is much larger than ds, d2, ds, we may choose the
partition I U J so that the variable in J has small influence in all of F' g, h, and hence when we use the
SVD decompositions from Claims [4.8]and 4.10| (and using Claim .9), we get that most of the mass of the
functions lies on F1, g; and h; which are functions on one variable less that are homogenous of the same
degree, and the lower bound on the effective degree of F still holds. If all of the mass lied only on these
functions, we would immediately get that 3, 4, dy.ds < Bn—1,d;,do,d3- However in general there may be
some small mass outside these. Intuitively, since this is a very small mass, it shouldn’t matter that much;
indeed our arguments show that something along these lines is true.

The second step: the case of nearly-linear degree. Thus, it remains to bound 3,, 4, 4, 4; Whenn, d1, da, d3
are all the same, up to poly-logs. In this case, when we take F g, h that achieve 3, 4, 4,45, it follows that
each monomial in F has effective degree at least Q(dy), and from this it follows that there is a variable
(actually, many of them) ¢ such that coordinate ¢ has significant effective influence on F' (more precisely, of

the order (2 ( logé @ ) ). We show that this implies that when we write F' according to its SVD decomposition
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as in Claim according to the partition [n] = I U J where J has size 1 and it contains a variable with
significant effective influence, we have

F(y,Z) = Z’tht(yI7ZI)Ft/(yJ7ZJ)7
t

and we show that there is some ¢ such that v F} has significant variance in >’ C X (here ¥’ is chosen so
as to satisfy the conditions of the relaxed base case). This means that when bounding the expectation of
F/g.h, over y j,z;, we may appeal to the relaxed base case to obtain a stronger bound than we originally
had (the trivial bound is 1). Indeed, our argument proceeds in a similar way (though not exactly in this way
due to technical reasons), and we (morally) prove that

1
Brdydo,ds < (1 - <logcd1>> Brn—1,d1—1,do—1,d3—1- 9

Iterating this argument for d; /2 times, we get that

__ 4

/2
0gC’
>> 5n_d1/27d1/27d2_d1/2,d3—d1/2 g 2 log™" (dy) 5

1

Brdy dads < (1 -Q (bgcdl

concluding the proof.

Our formal argument follows the same spirit as the moral argument above, with two distinctions. First,
we do not know how to establish inequality (9). Our inductive argument necessitates appealing to an induc-
tive assumption on functions over n — 1 variables that are non-homogenous functions (even if the original
functions F', g and h were homogenous). Hence we cannot really work with the parameter 3,, 4, 4, 4,, and
we define a similar parameter to it, y,, 4, where the conditions that the function F'is homogenous of degree
d is replaced with the condition that F<¢ = 0 (i.e. that F only contains monomials of degree d and more),
and the conditions about g and h are dropped altogetherm The upside of moving to the parameter ,, 4 is
that it facilitates an inductive argument as described above. The downside of moving to the parameter v, ¢
is that we may no longer use SVD decompositions as given in Claims due to the lack of homo-
geneity. Nevertheless, one still has a similar SVD decomposition as given in Claims @.11] 4.12] where the
main difference is that we can only say that the degree of each Fj is at least d — 1. Thus, we lose 1 in the
degree parameter for each iteration. Such tradeoff would not be beneficial in the context of the previous step,
since there we do not necessarily manage to show that the parameter f3,, 4, 4,.4, actually decreases when we

increase d;. In the context of this step however, we manage to gain a factor of (1 —-Q < bgé y )) from each
1
iteration, and since (as we show) we can perform §2(d) such iterations, the move to -, 4 is affordable and

leads to an exponentially decaying bound.

5 The first step in the proof of Lemma{.7: reducing to n < max(ds, ds, d3)

In this section, we prove the following lemma. It states that either we reduce the number of variables by one
without reducing any of the degrees and without gaining any factor, or we reduce at least one of the degrees
by one along with the reduction in the number of variables by one and gain an additional multiplicative
factor of (1 — ¢) for some constant € > 0.

<d2

"It is also possible to replace the condition on g with a condition of the form g = 0, but this is not necessary for us.
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Lemma 5.1. Forall « > 0 and m € N, there exist € > 0 and L € N such that the following holds. Suppose
n,dy,ds,ds € N are parameters, and n > L - max(dy, da, ds). Then letting

!
f" = max </6n71,d171,d2,d3; Br—1,d1,da—1,ds> Brn—1,dy,do,ds—1s Bn—1,di —1,do—1,d3»

Bn—l,dhdg—l,d;g—l) Bn—l,dl—l,dz,dg—lv /Bn—l,dl—l,dg—l,d;g—la Bn—l,dl,dg,dg)

We have that
5n,d1,d2,d3 < max(ﬁn—l,dl,d27d37 (1 - 6)5,)'

As can be observed easily, if we iterate the above lemma, then either we gain the (1 — ¢) factor enough
number of times to get the conclusion in Lemma4.7] or we arrive at a situation when the degrees are nearly-
linear in the number of variables and thereby finishing the first step in the proof of Lemma This is
formally shown in Corollary [5.6|later.

The rest of this section is devoted to the proof of Lemma The proof proceeds by an inductive
argument over n. Below, we consider the functions g and A of 2-norm 1 that achieve that value 8, 4, 4, ds»
and partition the set of coordinates [n] into I U J where || =n — 1 and |J| = 1.

Fix F, g, h achieving (3, 4, dy.ds-

5.1 Warm-up

To motivate the argument, we begin with considering a simplistic case in which F' can be written as
F'(yr,21)F"(ys,27), g can be written as ¢'(ys)g” (ys) and h could be written as well as h'(z;)h" (z)
(Note that using the SVD decompositions, F', g and h may be written as sum of such terms). The inductive
step would be very easy. Indeed, we then have that

E  [Fly,z2)g(y)h(z)]= E [F'ly,z2)d(y)h(z)] E [F'(y,z)¢"(y)h"(2)].
(x,y,2)~u®" (%,y,2)~ul (x,y,2)~p’

It is always clear, by Cauchy-Shcwarz, that

E [F'(y,2)d"(y)0"(2)] < | F"[l2llg"ll2]I2"]2-
(x,y7z)N’u,J

1. If either g” or h” are constant, we show using our additive base cases, e.g. Lemma [2.17} that this
bound may be improved to (1 — €)||F”||2]|g” ||2]| 2" ||2; combining this with

E [Fl(y,z)d(y)h'(z)] <8

(x,y,2)~p!

that follows by the inductive step, gives that 3, 4, d.d5 < (1 —€)5'.
2. If neither g” nor h” are constant, it follows that if F” is constant then

E ) [F"(y,z)g”(y)h”(z)} — O,

(x,y,2)~p
using the fact that (y, z) are independent and there is nothing to prove.

Thus, the only case left to consider is the case that F”/, g” and h” are all non-constant. We do not know how
to effectively handle this case (since the degrees of F’, ¢’ and I’ have reduced but we do not know how to
gain a (1 — ¢) factor), and hence we will try to avoid having to give effective bounds on such terms. Indeed,
such terms would have small weight (this is the way we will choose the partition / U J and will hence be
negligible when compared to terms from the item (1) above.
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5.2 The actual proof

We proceed with the general case in which F', g and h need not take this special form as above. Using the
singular-value decomposition we may write F', g and h as sum of at most m such functions satisfying some
orthogonality properties (see Claim[4.8|and Claim [.10|for precise statements):

Fly,2) =Y vFi(yrz)F/(ys.2), => " Nar(y)gi(ys), = ush ),

teT re€ER seSs
(10)

where each one of the sets {Ft}teT, {F{Yers {gr}r, {90 }rs {hs}s, {h}}s is orthonormal, and FY, g7, b} = 1,
and > 7 =Y A= Z u2 = 1. Thus, we have that
¢

E [F(y,z) Z%/\rﬂs E  [F(y,2)ay)h(z)] E  [F(y,2)g.(y)h(2)],
(x’y’z)r\//,l,@" r,s,t XY, Z)N;u@n (x,y,z)wu(@n

which appears as a sort of weighted sum over the cases considered in the above simplistic case. Indeed, we
identify certain parts of this sum which are 0, certain parts which are negligible, and use additive base cases
to bound the rest; the main point of the argument is to have the gain from the additive base case overcomes
the error terms, and we manage to achieve that.

It will be convenient for us to denote ﬁt(r, s) = (Fy, grhs) as well as E”?(r, s) = (F{, g.h’). This is
justified because (g,hs)rcr ses form an orthonormal set in Lo(yy, 21; ugﬁ), and it can be completed to an

orthonormal basis, in which case the coefficient ﬁt(r, s) appear in front of g,.h in the representation of Fj.
In particular, by Parseval we get that

L=[RE> Y F(re)?™

reER,s€S

Similar reasoning applies to the notation F}(r, s). Thus, we get that

E  [F(y.2)g(y)h(@)] =Y whFi(r, s)F(r,s), (1)

(x,y,2)~u®n Tt
Throughout the proof, we will assume that
Bndy do,ds = MaX(Bn—1,dy dy.ds> (1 —€)B).

since otherwise we are done. We will also assume that 1, A1, ;41 = 1 — 1, and next show that as long as n
is much larger than max(dy, da, d3), we may choose a partition [n] = I U J so that this occurs.
5.2.1 The parameters and choosing the partition
We will use several parameters throughout this section, obeying the following relations:

l<n<e<m La<l, (12)

We show that if n > ? max(dl, da, ds), then we may find a partition [n] = I U J with |.J| = 1 so that in
the SVD decomposition in (T0)), we have 1, A1, 11 = 1 —n. To see that, choose the partition randomly, and
note that by Claimwe have that By s [1— 3] = 3B [I[f]] < £ < {5 and similarly

d2 _ 1 1 ds _ 1

1
1-M] = Llgl< =<+ 1—p?] == ILih)] < = < —=.
El-X=3 E WLbl< < El-ml=g E A< <
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By Markov’s inequality, we get that

3
Pril—af=nvi->gvi-ui>n <5<l

so we may find a partition [n] = IUJ with |J| such that 42, A\?, u3 > 1 —n. We fix this partition henceforth.

5.2.2 The main inductive argument

We wish to use the fact that 42, A2, u2 > 1 — 5 in order to effectively give an upper bound on Br.dydo.ds -
Towards this, we split the expression from (T1]) as follows.

Brdsdads = WAL 13)
t

where A; is defined as
Ay = M F(1,1)F(1,1) + > A Fy(r, 1) Fy(r, 1) + > MpsFy(1,8)F'y(1,5) + By,
r#l s#1

By = Z /\Tﬂsﬁt(r7 S)F/t(r7 8)'
r,s#£1

To simplify notation, we will omit the r # 1 and s # 1 from the sums below, as whenever we sum over
r or s in this subsection, the summation does not include 1. We make a couple of preliminary observations.

1. Note that for ¢t # 1, as F} is orthogonal to F| = 1, we get that its average is 0 and so ﬁt(l, 1)=0
fort # 1.

2. As F{ is constant, and y, z are independent, we get that ﬁ\’l(r, s) = 0 for all (r,s) # (1,1), and
Fi(1,1) = 1.

The next two claims give bounds on A;s and B;s. This following claim will let us ignore the contribution
from By in (13).

Claim 5.2. (Bounding B;s) We have:
1. By =0.

2. Fort # 1, | By < /(1 —pf)(1 - A])B.

The next claim handles A;s. In this claim, we use the additive base case inequality, Lemma in
order to gain enough so that the contributions from B; in becomes negligible.

Claim 5.3. (Bounding A;s) There exists a constant ¢ = c(p) > 0 such that the following holds.
LA < Mp1Bn-1,dy dads
2. Forallt #1

|Ai| < \/(1 —o)up Z A2F(r,1)2 + (1 - )AL Zﬂgﬁt(l, s)% + E,

where Ey Sy /11— 1] |1 — M| 5.

Before we see the proofs of the above two claims, let us see why these are enough to prove Lemma 5.1}
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Proof of Lemma[5.1] Let T} = {1}, 75> =T \ T}. Then

Z’YtAt = Z VA + Z YAt
t teTy teTs
——

N——
() (1)

By Claim [5.3|we have that |(1)| < y1A118n—1,dy,dy.ds- For For (I1), we use Claim|5.3|and bound it as:

> (1—c< ZA?th —i—)\QZ/ﬂFtls >+%Et

teTs

where E; <, /(1 — A7) (1 —

nytz (1_6) /’L%ZA%ZFLL(T:I)Z—F)\%ZIU’%ZFt(lvs)Q
teT> T teTs s teTy

+0n (Y =aD =)= ).

u3)B’. Thus, by Cauchy—Schwarz, (1) is at most

Note that for all r,
- 2
SR = B [Fgh
teTs ( 7y7z)'\‘/>l'[
~ Fy(r,1
where F' = M and so by definition ZtET (7“ 1) 5371 di—Ldy—1.ds < 6/2' Slmllarly,
ZtETZ B (r,1)? ) ) )
> i, Fi(1,5)? < 2, so we get that

(UK\/lv%J 1—06’2< QZA2+AQZMS>+O <\/(1—’Y%)(1—A?)(1—u?)6’>-

SO

VL=t 00= 087 (= 70— ) + 0w (V1D =2 = )8 )

1 — ¢/8)B"). Combining the bounds on (I) and (II) and using Cauchy-

Set 8" = max(Bn—1,dy,dads>
Schwarz, we get

(1) <y/1- i+ \//\1,“15n 1,d1,do,ds +(1- 5)5’2 (M%(l —AD) + A1~ M%))
+0m(¢1—711—A%u—unﬂ)
(0= X+ %01 =) + 0, (/1L =D =M1 = i)

(0= 20+ 300 =) + O (/=D = )1 = D)

,6// 1

Oo“‘ hm\@

<" (1-

<P
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where the last inequality is because that

VA=A =0)(1—42) < Vi (1= X))+ (1= 43)) £ v (L= A+ (1= iD)A),
and 1 < c. Plugging this into (I3) finishes the proof of Lemma[5.1] O

Bounding A;s and B;s. We now prove the bounds on A4;s and B;s.
Claim 5.4 (Restatement of Claim Bounding B;s). We have:
1. By =0.

< VA DTN

Proof. The first item follows since I’ F 1(r,s) = 0forall (r,s) ). For the second item, we have

|B;| < Z)‘T’MS Ftrs )F’ (r,s) \/Z)\Tus Ftrs \/Z‘F’ 7, S)

8
> 2BVl
r,s

<1 - - 8.

The first transition is by Cuachy-Schwarz. The second transition is because

~

Ft(ra S) = E [Ft(Y7z)gr(Y)hs(z)]7
(x,y,2)~p®!

and as Fy, g,, hs are all homogenous of degrees d; — 1,ds — 1,d3 — 1 we get by definition that
‘Ft(ﬁ 8)’ < Bn-1,di—1,da—1,d5—15
which is at most 3'. O

Claim 5.5. (Restatement of Claim Bounding A;s) There exists a constant ¢ = c¢(u) > 0 such that the
following holds.

1. |A1‘ < A1M16n717d17d2,d3
2. Forallt #1

|At|<\/1—c Z)\Ftrl + (1= MY 12Fy(1,5)2 + Ey,

where Ey <, \/\1 —m| 1= |5
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Proof. Note that A1 = A1y ﬁl (1,1). The result follows since by definition we have that

]ii<1,1)]=: E  [Fi(y,2)01(5)01(2)]| < Buot.dydads:

(X’y7Z)N#I

as I is homogenous, constant on connected component, has the same degree and effective degree as F' (see
Claim[4.10), and g1, h1 are homogenous of degrees da, d3 respectively.
For the second item, consider

= Z)‘Tﬁt(r7 1)97/"> B(y) = Zﬂsﬁt(la S)h;
T S
First, note that
(G+ h, F)) Z)\ Fy(r, 1 ¢(r, 1) + Zusﬁt(l,s)ﬁ[(l, s).
S
Therefore,
(G +h, F)) Zm)\ Ey(r, ) Fy(r,1) +ZA1usFt (1,8)F(1, s)

+o@u—Ao qu+a—un¢1—hm). (14)

In the last transition, we used the fact that

ST = )\ E(r, 1) Fy(r, 1)

r

<- W 2 W > Fu(r, 1) ma [ Fig

and Y02 =1 — A2 < 1— A\, max,
T
have that

Fy(r, 1)‘ < (' and Zﬁ’\’t(r, 1)2 < ||F/||3 = 1. Similarly, we also
T

5 (]_ — )\1)\/ 1-— ,ulﬁ'.

+0 (VA=A — u)8'),

ST = M)usFi(1, 5)Fy(1, 5)

S

Combining (T4) with Claim gives |A;| = ’<g + R, FY)

By Lemma[2.17]
‘(g—{—h FY) \/1—c Z/\ Fy(r,1)2 1—c)2u§ﬁt(1,s)2
s
implying that
]<g+h, F)| < \/ (1—c)p Z)\QFt r )2+ (1= o\ Y u2Fy(1,5)% + B,
s
where B < |1 — p3] |1 — A}| B2 O
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5.3 Concluding this section

To conclude this section, we use Lemma in order to show that for given parameters n, d1, ds, d3, one
either has the conclusion of the lemma or else can assume that n is at most O(max(dy, d, d3)). Formally:

Corollary 5.6. For all o > 0 and m € N, there are C > 0 and € > 0 such that the following holds. For
parameters n, dy, ds, d3 € N, we either have that

1. By dy.ds < (1 — & )min(didzds) o ofse
2. Brdidasds < B df . dy, Where n' < Cmin(d},d,, dy) and dy > dyi /2, dy > do/2 and d > d3 /2.

Proof. We iterate Lemma [5.1] and divide iterations into two types: those in which we gain a factor of
(1 — €), and those that we do not (in which case we leave d;, ds, d3 as is and decrease n). Eventually, we
stop atn/, d}, db, d5 where n’ > C' max(d}, db, d4). Hence, there must have been at least max(d; —d}, da —
dh, ds — db) iterations in which we gained a factor of 1 — e. Thus, if d} < d;/2, dy < da/2 or dj < d3/3,
then we gained (1 — g)™in(d1/2:d2/2.d3/2) (1 — ¢/ymin(d1,d2.d3) _and we are done. O

Looking at Lemma.7] we see that in the first case of Corollary [5.6] we get that

< (1 — ~ymin(dida,ds) < (1 _ ~ydi/log(d1) —dy/1og (dy)

5% d1 dQ d3 ~X (1 5) X (]. 5) NS 2 y

and the conclusion of the Lemma holds. Thus, we turn our attention to handling the second case of
Corollary , in which case we get that 5y, 4, d,,d5 < B df d,a;, Where d; < d;- log™ ( d;- ) for all 7, j and
n’ < Cmax(d}, dy, dy).

6 The second step in the proof of Lemma[{4.7: the near-linear degree case

In our argument so far, we have not used the relaxed based case inequality. In this section, we crucially use
the inequality in the second step of the inductive proof.

Now that we are in a case where the number of variable is of the same magnitude as the degrees of the
functions, we can work with a simpler parameter that is defined next.

6.1 The parameter v, 4

Define the parameter

Vd = max }E(X,y,z)Nu@’" [F(Y7Z)Q(Y)h(z)”

F: T x@"—R F<i=0 [ Ell2llgll21lP]]2
F' is constant on connected components,
eff—deg(F)>d/ log2°(d)
IR

g
h: ®"—R

Clearly Bn’,d’l b d from the previous section is at most 7, 4. Our goal in this section is to prove the
following result.

Lemma 6.1. For all « > 0, m € N and C > 0 there exists R > 0 and dg such that if n,d € N are
parameters such that n < dlog® d and d > dy, then

1
i < (1= —— ) et
Tn,d < logR(d)>ry 1,d-1
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Before proving Lemma we show the quick derivation of Lemma [.7] from it (using the previous
section).

Proof of Lemma[d.7] From Corollary [5.6] (see the discussion after it), we are either done by Corollary [5.6]
or else we find dy, d5, ds and n’ as there such that 8y,d,.d5,d5 < Bt ap.dy, < Yw,q;- Note that n' <

max(d;, dy, dy), son’ < 4 log®’ (4), for d = d}. We now apply Lemmad/2 times and get that

1 1 /2 1 /2
md<|l——— | Yw1d-1<...< [1— —5— ' — <(1— —— ,
Tn'.d ( logR(d)> Yn/—1,d—1 ( logR(d)> Tn'—d/2,d/2 < logR(d))

which is at most 2~/ log"? (), O

The rest of this section is devoted to the proof of Lemmal6.1] We assume henceforth that

since otherwise we are done.

6.2 Set up for the proof of Lemma|6.1]

In this section, we present the set up for the proof of Lemma[6.1] We fix n and d as there. We will use the
following hierarchy of parameters:

0<Ry'< R'< Ry < Ri'< Ry < R <e<sm™ o, <1,
< < 1 < 1 < 1 < 1 <
logf d log d log®2 d log™ d log® d logd
(15)

0<d=

By definition, we may find F': X" — R which is constant on connected components, has 2-norm 1, and
satisfies that <¢ = 0 and all monomials in F' have effective degree at least ' = d/log?’ d, as well as
g: I = R, h: &* — R of 2-norm equal to 1 such that

Yma= E [F(y,2z)g(y)h(z)].

(X7y7z)N/'Ln
We employ an SVD decomposition according to Claims @.11] and [@.12} if we apply it using a partition
[n] = I'UJ where |J| = 1, we get

Fly,z) =Y wF(ynz)F/(ys2s), 9)=Y_ MNor(yDgr(ys), hz) =Y psh(yn)hi(ys),
teT reR ses (16)

where each one of the sets {F} }ier, {F{ hier, {9r }r, {9, }r, {Ns}s, {R}}s is orthonormal, and for all ¢t € T
the function F;} has (Ft)<d*1 = 0 and all monomials in it have effective degree at least ' — 1, and ) 7,52 =
t

>, A2 =" u2 = 1. Then we have (following the Fourier coefficients notation from the last section) that
S

Ynd = Y Whrhts Fy(r, 8)F'y(r, s). (17)

r,8,t
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We will want our partition [, J to satisfy a certain property that will be helpful for us. Namely, if J =
{7}, we will want the variable j to have significant effective influence on F. Formally, we have defined
effective influences for functions over x, but as F' is constant on connected components we can view it,
using Claim .5 as F = W f for some f: ¥" — R of the same 2-norm, effective degrees etc. We define

Ij,effcetive [F] = Ij,effcetive [f] Note that

1 2 -~ 2d’ 2d’
Z effcetlve nIeffcetive[f] = E Zeff‘deg(X) (X) 7”]0”2 -

X

where we used Fact [2.13| Since n < dlog®d and d < d'log?” d it follows that L Z J effcetive[F] =

M’%Cd’ and therefore we may find a variable j such that I; effcetive [F] > loggo%cd. We denote v =
logzo%cd’ and choose the partition J = {j} and I = [n] \ J.

Since FY are all constant on connected components, there are unique f;: ¥ — R of 2-norm 1 such that
= W f{. We fix such f/; similarly, we have F; = W f;, hence

F=WY vl
t

Note that
<ft17ft2>um = <Wft1a Wft2>#y,z = <Ft1>Ft2>,uy,z = Ly =t,,

and similarly for f;, and fj,.
Next, we note that since F' has effective influence at least v, the variance of f{ over ¥’ (thisis ¥’ C ¥
for which the relaxed base case holds) is significant. For notational convenience, we denote

varsy(fl) = E [(ft/(@ - ft{(x/))ﬂ

zx’ed!
Claim 6.2. > ~2vars/ (f]) > w
¢

Proof. Consider I; ffective[F']. On the one hand, it is at least v by choice. On the other hand, consider the
distribution over (a,b) where a ~ p,, and b = a if a € ¥\ X’ and otherwise b ~ p, | b € ¥'. Then
I; effective | F] is equal to

2
Liefrecivel /] = B [(f(xr,0) = f(x1,0))’] = E (Z wfe(xr)(fi(a) - ft'(b)))

x~p@m L ab x~p@m 1 ab ¢

=Z%%kﬁJKAU(WW%@—&W]

t1,t2

For t # to we have (f:,, f,) = 0, so the last sum is equal to

> WE [(fi(a) - fi(h)* me%an O
— ",
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Getting a gap between values close to 0 and bounded away from 0. Consider the values of A, us and
~¢. We claim that there are 0 < ¢ < ¢ (as in (I3)) such that none of these values fall in the interval [0, ().
Indeed, start from sufficiently small (; < 7 and take (5 < (i, if one of these values falls in the interval
[C2, (1), then we proceed with taking (3 < (2 and considering the interval [(3, (2), and continue with the
choice iteratively. Since these intervals are disjoint, and there are at most 3m distinct values of A, tts, V¢,
we will reach an interval not containing any of them after at most 2m + m? + 1 steps as required.

In other words, for all r, we either have A\, > ( or A, < ¢ and similarly for all s. Define

R={reR|\>C, S={seSp=>¢, T ={tel|n=>(}.

Intuitively, one should think of r outside R’ as having its associated masses A, as being 0; we cannot quite
say that, but for the argument to go through it suffices to have a sufficiently large gap between ¢ and §. The
same goes for (s, ;.

Getting rid of the error term. We would like to replace the right hand side of (I7) by restricting the sum
to go only over R’, S’,T’, and argue that his only incurs a small loss. Consider for example the sum where
r€ R\ R and s € S,t € T. Then we can bound

Z Arﬂs'YtFt(r S)F (T S) < 65{13%‘:‘}?‘15(73 5)‘ Sm &Yn—l,d—l-
RER\R! ”

Similarly, the other sums are also bounded by <, 09,,—1,4—1, hence we get that implies that

Td < AeksneE(r,8)Fl(r,5) + O (67m,0) (18)
reR’ scS’' teT’

6.3 Proof of Lemma
We begin by observing that v, ¢ < Vn—1,4—1 + Om (67n,4). Indeed, by Cauchy—Schwarz

S N, s)F(r,s) < S A2E(r )2 S RF(rs)?
reR’ seS’ teT’ reR! seS’' teT’ reR’! seS’ teT’
S oY B2 [Yr 3 Heer
reR/,seS’ teT’ teT’ reR/,seS’
SN DR
reR’ seS’ teT”’
< Yn-1,d-1- (19)

In a high level, our proof inspects the potential equality cases in the above chain of inequalities, and demon-
strates it cannot happen. Indeed, we have three inequalities that potentially could be improved. The first one
is the Cauchy—Schwarz inequality, and if we knew that an improved version of it held, i.e. that

Z)\Tus-}?’t(r,s)’ytﬁz(rs (1—-17) Z)\ p2E(r, s) \/Z'yEF’rs
r,8,t r,8,t r,8,t
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we would be done. Indeed, if so we would then get that

Z AriseFy(r,s)F'y(r, 5) < (1= T)Yn—14-1,
reR!,seS’ teT’

so by (I8) we get that
Yn,d < (1 - T)’Ynfl,dfl + Om (57n,d) < (1 - 5)’7n71,d717

as 0 < 7 and € < 7. We therefore assume henceforth that

Yo Aeps B s)nF(rs) > (1-7) Yo NuEE(r,s)? . RF(rs)
reR/,seS’ teT’ reR! seS’ teT’ reR/,seS’ teT’
(20)
The second inequality we have is that > F/(r,s)? < 1 forall t € T’, and if we were able to improve
reR’ seS’

on it for ¢ € T’ that have sufficient weight, i.e. if we had that
Yoad Y Frs)P<(-n> ai=1-r1
teT’ reR’,seS’ t
then we would also be done again in a similar manner. We henceforth assume that
S 2 Y FrnsPz1-m @1)
teT’  reR/ ses’

Finally, in a similar way we may assume that

ST XY Fi(ros)? > (1—1)1 4 22)

reR!,scS’ teT!

High level description of the argument. Taking inequalities (20), (21)) and (22) to the extreme, we con-

clude that the case the argument is tight, i.e., that A,z L} (r, s) is proportional to YFl(r,s), > Fy(r,s)? =

teT”
2 4 ,and Y F/(r,s)*> = 1, and use these to reach a contradiction. We show that consider-
’ reR seS’
- - N > (Fr,gh) Fy
ing the n — 1 variate functions § = >, A\rgr, h = Y psthshs and F = ————— where ¢, and

reR’ ses’ ;(Ft7§h>2

1;5 are random variables that preserve the 2-norm of the function (which can be thought of as random
signs for now, though that doesn’t quite work), one may make an appropriate choice of the signs so that

E(x,y,z)~u! {F(y,Z)Q(y)iL(z)} exceeds Vp—1.4—1-

The formal argument. Denote M7 = > A2 and My = > p2. We shall consider collections of real
reRr’ ses’

numbers (¢, )rcr and (¢,)scs such that

SN =My, Y p? = Mo, (23)

reRr’ ses’
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Later on, we will consider the uniform distribution over (¢,),cr’ and (1/;5) ses satisfying these equa-
tions, but for now they can be thought of as fixed. The point of these equations is that defining the
functions §: I'Y — R and h: ®/ — R as above we have that ||g]|2 = M; < 1, |h|3 = My < 1.

Thus, |E(x,y.z)~u! [F(y, z)g(y)ﬁ(z)} ’ < Yn_1.d—1 for all choices of 1), and 1) satisfying (23). Consider

(x
Xt:<Ft,§iL>Ft

F = “—— and note that || F||3 = 1. Thus, we may define p((¢, ) cr/, (¥s)scs’) as
|/ 2 (Fgh)?
- . .92
P()ers B)ses) = B |Fy.2)i(v)hz)]
(x,y,2)~p!
and get that B
p((/‘/}T)TGR’a (ws)SES’) < ’erL—l,d—l (24)

for every input satisfying (23). On the other hand, we note that

p((%)reRu (Qbs)sES’) - Z(Ft7 gh>2

t

2
= Z (Z )‘ﬂﬂ'rﬂs?’/}sﬁt(r? 8))
t r,8

= Z )\r)\r’/‘sus’wrd)r/@zs"?zs’ Z F\t('r) S)ﬁt(rlv 5/)7

rr'eR’ teT’
s,s'€S’

so p((¢¥r)rerrs (1;8) scs’) is a polynomial in its input variables. We summarize this discussion with the
following claim.

Claim 6.3. p((¢;)rerr, (Vs)sest) is a polynomial equal to

Z )\TAT’NS,U/S’QZ}MDT”;H;S’ Z F\t(ra S)F\t('r,’ S/)
ror'€R’/ teT’
s,8'€S’

that satisfies that ‘p((wr)reRu (1;5)865")

< 7721—1,d—1 for every input satisfying (23).

Roughly speaking, in the rest of the proof we will show that the expected value of p over a uniform
choice of input satisfying is very close to 7271 4—1» hence p is close to being a constant function. On
the other hand, we reach a contradiction by directly érguing that the variance of p is large, hence concluding
the proof.

Forr € R and s € 9, define the vector V. 5 € R”" by Vis(t) = E(r, s). Then we may write p as

p((wr)reRH (wS)SGS/) = Z ArAr’Nst/¢rwr’¢s¢s’<Vr,5a V;"’,s/>' (25)

r,r' €R’
s,8'eS’
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6.3.1 Analyzing the expectation of p and upper bounding the variance of p

Claim 6.4. Forallr € R and s € S’ we have that HVHH% — 7271@71 < 4%71%,71@71'

Proof. 1tis clear that ||V} |3 < 42 _, ;_, by definition of 7,1 4—1, and in the rest of the argument we show
the lower bound. From (22)) we get that

Z)\rﬂs Vn 1,d—1 HVrs” ) < 7'% 1,d—1>

hence for 7 € R' and s € S’ we have that |v;_ ;1 — Vi3] < &va_1 01 O

As a corollary, we get:

Claim 6.5. E, [P(@bﬂ/;)} > (1 - \ﬁ)%%—l,d—l'

Proof. Note that for r # 1/, the expectation of 1,1, is 0, since the distribution of (¢,.) is invariant under
changing a sign of any ... Thus,

E [p(%bﬂz)} =K Z )"r 'r’/‘quzZ)sH‘/TS’b > (1 _OC(T))/VZ—l?d—lE Z )‘7‘ 'rMs

VY reR’! seS’ reR’,seS’
= (1= O¢(1)) ¥ -1,4-1 M1 M.
As My, My > 1 — O,,(9), we get that
E [p0c9)] > (1= 0c(n)(1 = On(@1 1s > (1= VO =
X?

We can now upper bound the variance of p as:
Claim 6.6. var(p) < Zﬁfyﬁfl’dfl
Proof. By definition,

var(p) = E[p’] — E[p]*.

Note that by 24), E[p?] < 7 , . ;. whereas by Claim [6.5|E[p] > (1 — \/7)72_; 4, and the result
follows. O

6.3.2 Lower bounding the variance of p

Inspecting (25)) it becomes apparent that to lower bound the variance of p, we must show that the vectors
Vs cannot be mutually orthogonal. We prove the following lemma in the next section. The proof proceeds
by showing that if (ZI) holds and if the vectors are mutually (almost) orthogonal, then this contradicts
Claim|[6.2] This step crucially uses the relaxed base case condition.

Lemma 6.7. There are r,r’ € R' and s,s' € S such that (r,s) # (r',s') and |(V;.s, Vi )| 2

2
CYn—1,d—1-
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We are now ready to prove a lower bound, assuming the above lemma, on the variance of p. Towards
this end, we write p = p; + p2 + p3 + p4 so that

P1 = Z A%MSNS’T/JETZNJSTZJS’ <‘/’f,87 ‘/;",S’>7 P2 = Z AMWM?%%/@?(W,S, Vr’,s>a

reR/ s#s'€S’ r#r'€R’' ,s€S’
b3 = Z ATAT/MSMS/¢T¢T/w5wS’<‘/;’75) Vr’,s’>a b4 = Z )‘ 31/17«1/13 Vr S5 Vi s>
r#r'€R! s#s'€S! reR’ seS’

Claim 6.8. var(p) > 5 (E[pi] + E[p3] + E[p3]) — /571 1 41
Proof. Note that by Claim [6.4]

‘p4 - MlMﬂi—l,d—l‘ < Z A?u?%ﬁ?@? HlVrsH% - '7721—17d—1
reR’,seS’

2
S¢ TYn—1,d—1>

and by Claim[6.5]and Claim[6.3|

E[p] - MlMZPYTZLfl,dfl S \E'erz—l,dfb

so together we get that |E [p] — pa| S \ﬁﬁ—l, 4_1- Thus, we get that

var(p) = E [(p1 + p2 + p3 + ps — E[p])?]

=E [(p1 + p2 + p3)?] + 2E [(p1 + p2 + p3)(p4 — E[p])] + E [(ps — E[p])?].

‘We bound

E (01 + p2 + p3) (01 — E[pm\ < JET + 72+ o E s~ B
<R [(p1 + p2 +p3)2] +77 3R [(ps — E[P])2],
var(p) = (1 — 7V/3)E [(p1 + p2 + p3)?] — 7V2E [(ps — E[p))?]

> (1- Tl/g)E [(pl + p2 +p3)2] 1/87;11 1,d—1-

Finally, we note that E[pip2] = E[p1ps] = E[paps] = 0 by the invariance of v, 1 to sign change. The
result follows. [

Claim 6.9. var(p) >, C87ﬁ_1,d—1-

Proof. Letry,ro € R and s1, s2 € S’ be from Lemmal6.7|so that (r1, s1) # (72, s2) and [(Vy, s;, Viy.s0)| =
6'772171 4—1- There are several cases, depending on if 7y = 3, 51 = s2 or none of them occur.
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The case that vy # r and s1 # s We get that

E[p3] =E > NN (Vs Vi o)
r#r'€R! s#s'€S’

as the other terms vanish by invariance under changing signs. This is at least
2 a1 [N A R 0 002,
which is at least
2m 11 E [V VR UL02 | = (il aniE WA w2 E |92, ).
By Claim we get that this is at least 2, CS’Yi_l,d_l, so overall we get that | [p%} Zm Cg’Yi_l,d_l-

Hence by Claim (6.8) and (I5)) we get that var(p) 2, CS%ALqu-

The case that r; = r and s; # so. In this case,

E[pi] >E ST RO (Vs Ve)? |
r,r'€R/ s#s'€S!

and the rest of the proof is identical.
The case that vy # r5 and s; = so.  Analogous to the previous case. O

6.3.3 Finishing the proof

Claims [6.6] and [6.9] directly contradict each other by (I5). That means that our initial hypothesis is false,
i.e. not all of (20), (21I) and (22) can hold, and therefore as explained in the beginning of Section [6.3] the
conclusion of Lemmal6.1] follows.

6.3.4 Showing {V, ;},cr scs’ cannot be roughly orthogonal

This section is devoted to the proof of Lemmal6.7, We assume towards contradiction that this is false, i.e.
that | (Vy.s, Vi )| < ev2_ 4, forall (r, s) # (1, &).

Claim6.10. > F/y(r,s)2>1— /rforallt €T
reR’ seS’

Proof. Note that

1 Y 1wt
teT! teT\T"

Thus, by we get that

Dol Y. Fre) | Smd 4715w
teT’ reR! seS’
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In particular, for all t € 7" we have

wli- Y FHe9)?| Smr

reR’ seS’
SO - -
2
1— > Fl(rs) Smm SV
reR’,seS’
establishing the claim. O

Claim 6.11. For all r, s we have j;’\’t(r, 5)2>1—w.
teT’

Proof. Assume this is not the case, and that there are 7, s such that > F7y(r,5)? <1 —v.
teT’

Claim 6.12. |T"| < |R||S"] — 1
Proof. Summing Claim overt € T' yields

\fz Z F{(r,s)* Z Zﬁ(ﬁs)Q

teT’' reR! ,s€S’ reR’ seS" teT’

7| <

Forall r € R and s € S’, we have that ) ﬁ(r, 5)?2 < 1, and by assumption for some 7, s we have

. teT”
> F/(r,s)? <1 — v. Hence,
teT’

1 ]R’HS’]—l)—Fl VTIR||S| —v
7] < >, D Flrs = RIS - ——7—
1- \/F reR!,seS' teT’ 1- ﬁ 1- \/7—
< |R'| |9,

as /7 |R/||S'| < m?y/T < v. As |T"| is an integer, the statement of Claim follows. O

Thus, applying Lemma[6.14] we get that

A S
(r,5)2(r" ") Visll2 r/,s" (|2 m

and therefore there are (r, s) # (r/, s") such that

’<Vr,s> ‘/r/,s’>

> S VesllolVirwllz > ¥y mas

where we used Claim[6.4] This is a contradiction, hence proving the assertion of Claim [6.T1] O
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Proof of Lemmal6.7} LetV, = (ﬁ(?‘, s))ter, and define

> F(r,s)F]

o teT”’
Frs =

’ S Fl(r,s)?
teT’

Note that as Fr,s is constant on connected components, we may write Fm =W fm. From Claim , it
follows that for all r, s

~ 2 ~ 2
E [Fe@aii@] = B [Fuyadmmm] >1-0

(x,y,2)~p’ (x,y,2)~p’

hence by the relaxed base case we get that varyy ( fm) < u. We now show that this implies that vars: (f})
is small contradicting Claim [6.2]
We have that

I1Frs = goliy B = sl + gt B =2 B |Froly. 20 (a)] < 20
X,¥,z)~ [

Therefore, for all t € T" we have

1F, =Y Fi(ros)Frslla < 1F = Y F{(rys)arhilla + 1Y F(rs)(grh = Fro)ll2. (26)
7,8 r,8 r,8

Note that

IF = ST Fr )gh3 = IF3 = SO Fllrs)? = 1= S Fi(rs)® < V7,
8 r,s .8

where in the last inequality we used Claim|[6.10} Also,

1D Fl(rs) gy = Frsllla < Y F{(ros)llgrhy = Frsllz <Y F(r,8)20 < 2mPo.
r,8 r,8 T,8
Plugging these bounds into (26)) yields || F} — Zﬁ(r, 8)Frgll2 < 7V/* 4 2m2v < \/v. Thus, as
r,5

varsy (Z Ft/(r7 S)fr,s) Sm u,

r,s
we get that
varsy( W E)) < u+ Vo
for all ¢ € T", which contradicts Claim[6.2]as u, v < w due to (T3). O

6.4 Auxiliary statements

Claim 6.13. | [¢2 ¢2] Zm 1
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Proof. Note that the random vector (A1, is distributed uniformly over the unit sphere in R hence

E [()‘T1¢T1)2()‘r21/]7”2)2] Zm 17

and E [¢2 12, ] is at least as large. O
Lemma 6.14. Suppose we have a collection of unit vectors v1, ...,vq € R such that ¢ > T. Then
-T
3 lonog? > 22D,
i#j

Proof. Consider the matrix M whose (4, j) entry is (v;,v;). Then M is symmetric and the rank of M is at
most 7'. Note that

T T 2
1 1
Y v P =Te(M?) =D A(M)? > T <§ :)\g(M)> = TTr(M)Q.
1,9 =1 =1
Therefore,
1 1 (¢—T)
2 2 2 a\q
> [(vi,vj)] (M) —q=7a" ~q T O

i#j
7 Proof of reductions

In this section, we prove Lemma|I.4]assuming the correctness of Lemma[I.10} As discussed in the introduc-
tion, there are two main differences between these lemma statements. The first difference is that we assume
the marginal distribution on (y, z) is uniform and independent. The second difference is in the use of the
relaxed base case. In Section we show that the marginal distribution on (y, z) can be assumed to be
uniform and independent. In Section [7.2|we show that the relaxed base case inequality is sufficient towards
proving the main analytical lemma.

We use the following lemma as an intermediate lemma in showing this. Compared to Lemma|I.4] in the
following lemma, we get to assume that the distribution i, . is uniform over I' x ®.

Lemma 7.1. For all o > 0, m € N there exists £ > 0 such that for all € > 0 there is 6 > 0 such that the
following holds.

Suppose |X|,|T|,|®| < m and p is a distribution over ¥ X T' x ® such that (a) the support of
cannot be linearly embedded, (b) p(z,y,z) > « for all (x,y,z) € supp(p), (c) the distribution p, . is
uniform over I' x ®. Then forall f: ¥" — [-1,1], g: T — [—1,1] and h: ®" — [—1, 1] satisfying that
Stabi_¢(g; py) < 6 we have that

(x,y,2)~pu®"

7.1 Lemmal|7.1/implies Lemma[1.4]

Let f,g,h be functions as in the statement of Lemma [1.4] and suppose without loss of generality that
Stabl,g(g) < 4.
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7.1.1 The path trick

The argument herein is virtually identical to the arguments in [S, Sections 3.1, 3.2, 3.3], but we give it for
sake of completeness. We let
I<d<eé<a,mt <1,

and fix f, g and h as in the statement of the lemma. Without loss of generality we assume that Stab; _¢(g) <
J.

Our first goal will be to reduce to the case the distribution y has full support over I' x ®. Define
h(z) = Exyz) [f(X)h(z) |z = 2].
We note that i: ®" — [—1,1] as the range of f, g is [~1, 1], and also that by Cauchy—Schwarz
2 2

E [h(z);}(z)}

Z~ol,

E [f(x)g(y)h(z)]

(%,y,2)~p

<|RIBIRIE < llhl3= E f(X)g(y)fb(Z)},

X,y,Z)N,LL

so it suffices to prove the statement for f, g, h. To simplify notations, we henceforth assume that h = h to
begin with.
For each r > 1, consider the distribution D, over

1.1/ 2 2/ or—=1  or—1/ 1 o9 3 or=141 1 .2 or—1
(‘/L‘ 7"1: ’$71" 7"‘)37 7:1/‘ 7y7y 7y?""y 7Z7Z7"‘7Z )

defined as follows:
1. Sample y' ~ Hys
2. Sample (z!,2') ~ ply';
3. Sample (z!,42) ~ p|zt;

=1 after sampling 3/ we sample (27, 27) ~ uly’;

4. Iteratively, for j < 2
5. Tteratively, for j < 271, after sampling 2/ we sample (27, y7+1) ~ p|2J.

This distribution can be viewed as a labeled random walk of length 2" between the y and z side on the
bipartite graph on H = (I'U ®, E') whose directed edges are £/ = supp(f1y,-); each directed edge is labeled
by an x showing that the 3-tuple is in the support of ;1. We note that reversing the order of the random walk,
i.e. viewing this as a random walk from yzrf1 to y', yields the same distribution.

Claim 7.2. For all r > 1 it holds that

o7

E  |[F9)h(z)

(x7y7z)NH’

2'r—1

where F(Z) = 1:11 F(@) f ().
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Proof. This is repeated application of Cauchy—Schwarz, and is done by induction on r. For » = 1 this is
true as
2 2

E [h(2)Exyz~u [ f(X)g(y) |2 = 2]

Z

E [f(x)g(y)h(z)]

(x,y,2)~p

and using Cauchy—Schwarz over z yields this is at most

E [|Ewyan [ 12=2f] = B [16)769x 9.

Zrofly (X,¥,Z)~D1

Suppose the statement is true for r, and prove for » 4+ 1. Then by induction hypothesis

27‘+1
2 1 or—1414]?
E [Gemhe] < E [REyHy* )]
(X,y’Z)NH (X,y,Z)NDr
r—1 = r—1 2
= E |o"  MEgggen, [ B9 [v7 ]
Y2741
2r—1

where F,(Z) = [] f(z%)f(z'). Hence by Cauchy—Schwarz this is bounded by
i=1

_ r—1 2
91 B [Ewgaes, [F@0H 2]
Yy

2r—141

<z

r—1
y2 +1

— - r—1 or—1419 r—1
E (z72~D, [FT(X)FT(X”)Q(YI)9(}’"1)’)’2 oo yr® o y? H}]-

&x".y",2")~Dy

We may view (Z, ¢, Z) as a random walk starting at y2 '+ and (2",y",2") as an independently chosen
random walk starting at 42 1, therefore (7, reverse(Z"), , reverse(§7"), Z, reverse(2")) describes a ran-
dom walk of length 2 - 2"~ = 27. We note that i and rev(#"’) overlap in their starting point, and after
removing this overlap we get that this random walk matches the distribution D, 1, so the inductive proof is

complete. O

Claim 7.3. For all r > 1 it holds that

2r71 2771_1

where F(T) = ‘1;11 f(x?) - l;[l F(x).

Proof. The statement follows from applying the previous claim and noting that fixing 22", the distribution
r—1/ T— . r—
of (x2 ", y¥ ) is ppylz = 227, hence

r—1/ r—1 r—1 r—1
T (e VU N E i Y TC A}
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Claim 7.4. The graph H is connected.

Proof. Otherwise, we could write I' = I'g U I';, & = &y U ®; non-trivial partitions and have that there are
no edges between I'g, ®; as well as between I'y, ®g. We could then define the embedding over Fy defined
asy(y) =iify € Iy, ¢(z) = i if z € ®; and have that y(y) + ¢(z) = 0 in the support of 4, hence p is
linearly embeddable, and contradiction. O

Thus, it follows that taking 7 = [2 + log m], the distribution of (3!, er_l) in D, has full support over
I' x ®, and each element in I" x ® has probability at least &>  in D,.. We define the distribution of

1,1 2 2 or-1-1 or=1-1/
v=(z",z ,2%2° ...,z , T , T

as distribution over ¥2' 71 x T" x ®.
Claim 7.5. The distribution v is not linearly embeddable.

Proof. Otherwise, we would have a non-trivial embedding o: ¥ ! — G, v: T' — G and ¢: & — G.
Hence, at least two of these functions are not constant. Note that for (z,y,z) € supp(u) we have that
(Z,y,2) € supp(v) for ¥ = (z,z,...,x),s0 0’: ¥ — @G, defined by ¢'(x) = o(F) forms an embedding,
together with vy and ¢, of supp(u) to G, and contradiction. O

Thus, moving from p and f, g, h to v and F) g, h, we get that in order to prove Lemma|l.4]it suffices to
prove the following lemma.

Lemma 7.6. For all o > 0, m € N there exists £ > 0 such that for all € > 0 there is 6 > 0 such that the
following holds.

Suppose |3, |T|, |®| < m and p is a distribution over ¥ x T' x ® such that (a) the support of u cannot
be linearly embedded, (b) ju(x,y, z) > « forall (x,y,z) € supp(u), (c) the support of i . is T x ®. Then
forall f: ¥" — [-1,1], g: I™ — [=1,1] and h: ®" — [—1,1] satisfying that Stab;_¢(g; f1,)) < 0 we
have that

[f(x)g(y)h(z)]| <e.
(x.y,2)~p®"

Next, we reduce proving the above lemma to proving Lemma in which we get to assume that the

distribution i, is uniform over I' x ®.

Lemma(7.1)implies Lemmal[7.6] Let f, g, h and 11 be as in Lemma([7.6] We may write = (1 — s)vy + sy,
where s 21 « and vq, 5 have the same support as p, the probability of each atom in them is at least
o'(a) > 0 and (1), is uniform over I' x ®. Thus, we choose a subset I C [n] by including each element
in it with probability 1 — s, and sampling (x7,yr,27) ~ vi, (X7, ¥, 2]) ~ Vi yields a sample of ™. We
may thus write

x)g(y)h(z)] = E E [f'x)d )N ()|, 27
(x’y7z)wu®” (XIQ’Isz)NVi@n (x,)y,)Z/)NVQI
where
f/:ff—>X17 g,:gI—>y17 hl:h[—}z;-
We note that by Lemma [2.14]

E [Stabl_gr(g’;yf)} < Stabl_ch(g)
Y1
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for ¢ = ¢(s,m, ) > 0. Hence, taking £’ = £/c we get that Ey,, [Stabl,gf (¢; u{)] < 4, and by Markov we
get that

Pr [Stabl,g(g'; V{) = \/S:| < \/3

yr

Using that in (7). along with the trivial bound [y 1, s [F'()g' (v )/ (2)]| < 1 for all wr,yr, 21
'Y s 2
yields that

<Vo+ E

(XL}'LZI)NV{@n

E [f(®x)9(y)h(z)]

(x%,y,2)~p®n

E [FGd ) Lsean, o gwiy<vs

(xy' 2 )~vy

Using Lemma for sufficiently small § the inner expectation is at most /2, hence restricting to § < &2 /4
gives ‘E()gy’z),\,‘u@n [f(x)g(y)h(z)]| < &, and the proof is complete. O

7.2 Lemma [I.10]implies Lemma

The remainder of this section is devoted to showing that Lemma [I.10] implies Lemma [7.1] and we begin
with a remark. Note that in the statement of Lemma([7.1] the roles of = and y are exchangeable. Namely, to
prove it, it is enough to prove that the conclusion of it holds for a distribution x that satisfies (a), (b), and
that y,. ,, is uniform; we assume this henceforth. We fix functions f, g, h as in the statement of Lemma
and we prove that the conclusion holds.

7.2.1 Defining the distribution o

We take r a large enough constant, and consider the distribution D, resulting from p by performing the
path-trick, so that by Claim|[7.3|we have that for some bounded functions F| h it holds that

27

E  [FR9x)he)]
(X,y,2)~Dr

E  [f(x)g(y)h(z)]
(x,y,2)~p®n

< ; (28)

here, we think of D, as only recording the sequence of z’s used, as well as y', 22" Thus, as observed
above, provided that r is large enough with respect to m, we get that in D, the support of (y, z) is full; we
fix such r.

Denote 3 = %2', and define a graph X on S where 7 and 7’ are adjacent if there is (y, z) € I x ® such
that (Z,y, z) and (2, y, z) are both in the support of D,. We look at the connected components of X, and
from each one of them we pick a representative arbitrarily; denote by rep(Z) the chosen representative form
the connected component of Z, and let

Yfin = {rep(f) |z e f]} cx

denote the set of these representatives.

Next, we define a distribution 7. The distribution # first samples (y, z) € I' x ® uniformly, and then
takes the unique Z € Y, such that (Z,y, z) € supp(D,), and outputs (¥, y, z). It is clear that the probability
of each atom is at least o/(c, m) > 0, that 1, , is uniform and that in D, y, z implies z. It is also easy to
observe that as by Claim [7.5]the support of v cannot be linearly embedded, the support of 7 can also not be
linearly embedded.

In the remainder of the proof, we will show that v satisfies the relaxed base case, and therefore we may
apply Lemma|I.10]to it. We then use a random-restriction argument to deduce Lemma
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Lemma 7.7. The distribution v satisfies the relaxed base case.

Proof. Since supp(7) = supp(v), Claim [7.5[implies that  cannot be linearly embedded. The rest of the
proof is deferred to Sections O

Together from Claim and Lemma [/.7| we get that U satisfies the relaxed base case. Therefore, we
can apply Lemma([I.10]on it. In the next section, we show how to do so and establish Lemma[7.1]

7.2.2 Proving Lemma|7.1; the merging and the random restriction arguments

Let
l<d<cd<ed<y<e<é< <a,m <1,

we show that |Ex y »)~uen [f(X)g(y)h(2)]| < e. Indeed, towards contradiction to Lemma assume that

E x)g(y)h(z)]| > e. (29)
(X7Y7Z)Nﬂ®n
Thus, by (28) we get that
E _[fx)g(y)h(z)]| >
(X.y,2)~DF"

Consider the distribution D.. over g, X I' x ®, defined by taking a sample (Z,y, z) ~ D, and outputting
(rep(7),y, 2).

Claim 7.8. There is n' > yn and functions f': X — [—=1,1], ¢': T — [=1,1], B': @ — [=1,1] such
that:

1. E(f,y,z)ND;®”/ [f,(i)g(Y)h(Z)] > e
2. Stabi—¢/(g) < 0"

Proof. This is a direct consequence of [5, Lemma 3.10]. In the notation therein, ¥’ represents the set of
connected components of the graph X we defined, and noting the resulting distribution there (1’ in the
notation therein) is exactly D,. O

We fix f/, ¢’, b/ from the above claim henceforth.

Note that for some s >, ,,, 1 we may write D, = (1 — s)D + s, where D is a distribution and ©
is the distribution we have defined earlier; this is true since the probability of each atom in D, is at least
o/ (o, m) > 0 and supp(2) = supp(D,.), so D.. — sv is non-negative for s = o’ /2, and re-normalizing it we
get the distribution D.

Consider a random restriction on f’, ¢, h’ as follows: sample I C [n] by including each element with
probability (1 — s), sample (x,y,2) ~ D!, and define f”: X"\ — [—1,1], ¢”: TPV — [—1,1],
R @\ 5 [—1,1] as

F1&) = frox(X), g") =915y (), B2 = hp,.(2).
Consider the following events:

1. Ey: Staby_¢/c(9"; 7y) < V/§ for some ¢ = ¢(m, a) > 0;
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2. By B yr gyt [ (X)g" (¥R (2)]| =

3. Bs:|[n]\ I| = §n.

[Nell0)

Claim 7.9. Pr [Ey] > 1 — /6.

Proof. Noting that by Lemma [2.14{ we have that E, [Stabl,gf/sc(g”)] < Staby_¢(g’) < 0, the result
follows by Markvo’s inequality. O

Claim 7.10. Pr [Ey] > &.

Proof. Setting T' = Ey )it [ (X)) g" (y')h" (2)], the expected value of T'is at least €, and |T'| < 1
always, hence we get that T > /2 with probability at least £ /2. O

Claim 7.11. Pr[E3] > 1 —o0,(1) > 1 - %.
Proof. This is an immediate consequence of Chernoff’s bound. O

Thus, Pr [E} N Ey N E3] > 0, so we may fix x, y, z that satisfy these events. Then

" X/ " /h// Z’ 25’
(x/,y’,z’)wﬂ[n]\l [f ( )g (y) ( )] 2

however by Lemma the last expression tends to 0 as ¢’ goes to 0, and as 0’ < € we get a contradiction
to the assumption [29] This shows that Lemma[7.1]follows from Lemma|[I.10} O

7.3 Proof of Lemma(7.7; set up and the compactness argument

Consider F C P(Xg,) defined as follows: we have F' € F if there are functions f: ¥¢, = R, g: ' = R,
h: ® — R not all constant such that f(Z) = g(y)h(z) in the support of &, and supp(f) = F. Note that the
collection F is closed under intersection, since if we have I} € F using the functions f1, g1, h1 and Fo € F
using the functions fa, g2, ho, then we have Fy N Fy € F using the functions fi fa, g1g2, h1he.

Thus, we may consider minimal sets in F, namely sets ) # F' € F that do not strictly contain any set
from F. Let F1,..., Fs be all minimal sets in . For z € ¥, define a(z) = (z,z,...,z) € ¥, and let
b(x) € L be the representative symbol from the connected component of a(x), i.e. rep(a(z)).

Claim 7.12. Forallz € ¥, b(x) ¢ F1 U ... U Fs.

Proof. Suppose towards contradiction that b(z*) € F; U ... U Fjs for some x* € X, so that we may find
functions f, g, h such that f(Z) = g(y)h(z) on supp(7), and additionally f(b(z*)) # 0. Note that since
f, g, h cannot be all constant, it follows that either g or h must be non-constant.

Define f': ¥ — R by f'(z) = f(b(x)), and note that it follows that f'(z) = g(y)h(z) on supp(u).
Also, f'(z*) # 0, so f’ is not identically 0. Note that since the support of (z, y) in supp(x) is full, it follows
that the function g can never vanish on I" (since for all y, there is some z such that (x*,y, z) € supp(u)).
This implies that f'(z) # 0iff h(z) # 0 for every (z,y, z) € supp(u). We now consider two cases:

1. If the function f’ vanishes sometimes, i.e. supp(f’) C ¥, then we define o(x) = 1p/(5)—0, ¢(2) =
1(2)=0> and note that in supp(x) we have that o(x) + ¢(z) = 0 (mod 2) for all (z,y, 2) € supp(i),
and that moreover this is a non-trivial embedding in (I3, +). This is a contradiction to the fact supp(u)
is not linearly embeddable.
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2. Else, supp(f’) = X, and it follows that g and h also never vanish. If the sign of any of f’, g or & is not
constant, then we get that o(z) = sign(f(x)), v(y) = sign(g(y)), ¢(z) = sign(h(z)) form a linear
embedding of supp(u) into ({—1,1},-) (which is isomorphic to (Fa, +)). Else, we may assume that
the signs of each one of f’, g and h is always the same, and by multiplying them by —1 if necessary
we may assume that they are all positive. By multiplying them by a large enough constant, we may
assume that their range is (1,2") for some absolute constant A/, hence

o(x) =log(f(x)),  (y) =loglg(y)),  &(2) =log(h(z))

forms a non-trivial embedding of supp(x) in ((0, M), (mod M)), and by Claim it follows that
supp(u) can be linearly embedded, in contradiction.

O]

We take >’ = {b(x) |z € X}, which is disjoint from F} U ... U Fj, and observe that if f, g, h satisfy
that f(z) = g(y)h(z), then f|xy = 0; indeed, otherwise the collection F would contain supp(f) which
intersects X', hence there would be some minimal set in F intersecting Y, and contradiction to the choice
of 3.

Claim 7.13. The set S = {(Z,y, z) € supp(¥) | & € X'} cannot be linearly embedded.

Proof. Otherwise there would be an Abelian group (G, +) and embeddings o: ¥’ — G, v: I' — G and
¢: & — G not all constant such that o(Z) + v(y) + ¢(z) = 0in S. Note that -y, ¢ cannot both be constant,
and that defining o’ (x) = o(b(x)) we get that o', vy, ¢ form a non-trivial embedding of supp(u) to G, and
contradiction. O

We move on to prove the heart of the relaxed base case, asserting that if E, e 5 [(f(z) — f(2/))?] >
7,and f, g, h have 2-norm equal to 1, then ‘E(%yjz)w; [f(x)g(y)h(z)]’ is bounded away from 1; moreover,
the gap from 1 is at least polynomial in 7. We begin the proof of this assertion with the following claim,
that employs a compactness argument and handles the case that 7 > ¢, for ¢ which is an absolute constant
depending on the alphabet sizes. After that, we will handle the case that 7 is small by a closer inspection of
the compactness argument.

Claim 7.14. For all T > 0, there exists X € (0,1) such that if By e 5 [(f(z) — f(2')?] = 7| f|13, then

E [f(z)g(y)h(z)]

(z,y,2)~0

< Al Fl2llgll2llAll2-

Proof. Assume that the statement is false. Thus, we may find sequences of functions f;, g¢, hy of 2-norm 1
such that B, pre > [(fe(z) — fe(2))?] > 7 for all £, and

1
E [fe(@)ge(y)he(2)]) 21 - 5.
(z,y,2)~0
Passing to limit, we find f, g, h of 2-norm 1 such that
( E) fe(x)ge(y)he(2)]| 2 1
z,Y,z)~v
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and By o, [(f(2) — f(27))?] > 7, and we next show that f(z) = g(y)h(z) (or —f(z) = g(y)h(z)) in
supp(7), thereby reaching a contradiction (as f|sy # 0). Indeed, by Cauchy-Schwarz we have

E [f@wh)]| < E [f@?] E [9@)°n=)?] = f31g120A]5 =1

(x,y,2)~0 (z,y,2)~D (z,y,2)~D

where we used the fact that y, z are independent in . Thus, we get that the above Cauchy-Schwarz inequality
is tight, and so f is proportional to gh. Considering the 2-norms of these functions, we get that either
f(z) = g(y)h(z) or —f(x) = g(y)h(z), say without loss of generality f(z) = g(y)h(z). Note that as
Eusaensy [(f(z) — f(2))?] = 7, f is not constant, so by definition we get that supp(f) € F, and hence
flsy = 0, and contradiction to Ey wre 5 [(f(z) — f(2))?] > 7. O

7.4 Proof of Lemma [7.7;: unraveling compactness

We now move on to handle the case 7 is sufficiently small. We prove:

Lemma 7.15. There is ¢ = c(m, ) > 0, such that for all 0 < 7 < ¢, if Epwepsy [(f(z) — f(2)?] >
7|\ fII3, then

E [f(@)g@)h(2)]] < @ =7 fll2llgll2]l7]2-

(z,y,2)~0

The rest of this section is devoted to the proof of Lemma
Fix f, g and h as in the statement of the claim, and assume without loss of generality that their 2-norms
are all 1. Let v/ be the distribution of (z,y, z) ~ U conditioned on x € ¥'. We write

()= E [f(z)g(y)h(z)],

(y,2)~0
and assume towards contradiction that (1) > 1 — 7°0™,

Claim 7.16. E,c > [f(2)?] Zm 7.

~

Proof. Follows as Ey /¢ 5y [(f(x) — f(x’))2] >T. O
Claim 7.17. We have that |f(x) — g(y)h(2)| < 72 for all (z,y, z) € supp(v).

Proof. Note that
D=1-2 E_[(f@) —gwh(=)?].

2 (2,y,2)~i

Thus, if the conclusion of the claim fails, then |(1)| < 1 — Qo (729™) < 1 — 7°0™ and contradiction. [
Claim 7.18. We have that |g(y)| > T forall y € T.

Proof. Assume otherwise, i.e. that |g(y*)| < 7 for some y*. Note that ||h||sc < /m| k|2 as the probability
of each atom in h is at least 1/m, so we get that |g(y*)h(z)| < y/m7 for all z. Note that the support of the
distribution v, , is ¥ x T'; this is because it contains { (b(z),y) | (z,y) € supp(jzy)} and pi , is full, so
this is the same as ¥’ x I'. Thus, for every x € ¥/ we may find z € ® such that (z, y*, z) € supp(?), hence
by Claim[7.17]

(@) < lg(y)h(z)] + 727 < Om(7).
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On the other hand, by Claim|7.16{we have E ¢ [[ f(x) |2} Zm.a T» 0 we may find x such that the left hand

side is at least €2, o (/7). We thus get a contradiction to the fact that 7 < ¢, for small enough ¢ depending

only on m and «. 0

Consider the interval (0, 1), and in it define the intervals I; = [30U+1) 737) for j = 0,1,.... We say an
interval I; is free if it doesn’t contain any point from either Image( f) or Image(h). Note that as the intervals
I; are disjoint and each one of these sets has size at most m, we may find j € {0,1,...,2m} such that ; is

free, and we fix such j henceforth.
Claim 7.19. We have that |f(x)| > 77%1° for all x € S, and |h(2)| = 73715 for all z € ®.

Proof. Assume otherwise, and define

U(x) = 1|f(x)|>7'3j+1‘5’ (;5(2) = 1|h(z)|>7_3j+1.5.

Then by our assumption, at least one of o, ¢ are not identically 1, say o without loss of generality. Note that
since || f||2,7, = 1, there is some z such that | f(z)| > 1 > 7, so o is also not constantly 0, hence ¢ is not
constant. We next show that o(x) 4+ ¢(z) = 0 (mod 2) for all (z,y, z) € supp(¥), hence we conclude that
supp(v) has a non-trivial Abelian embedding in (F2, +), and contradiction to the fact 7 cannot be linearly
embedded.

The case that o(x) = 1. Suppose that (x,y,z) € supp(?) are such that o(z) = 1. It follows from
Claim [Z17that '
g ()| = | f ()] = 710 > 7270 — 710m,

and as |g(y)| < v/m||gll2,5, = v/m, it follows that

£3j+15 _ L 10m

vm
where we used the fact that 7 < ¢ is small enough, and j < 2m. Thus, as I; is free, it follows that
|h(2)| = 7%, and so ¢(2) = 1.

h(z)] = > 972,

The case that o(x) = 0. Suppose that (x,y,z) € supp(@) are such that o(z) = 0. It follows from
Claim[7.17]that A
lg(W)h(2)] < |f (@) + 710 < 790 4 710m,

and as |g(y)| > 7 by Claim|[7.18] it follows that

3j+1.5 10m
T + 7 ;
\h(z)| < f < 7_3]-"-0.47

where we used the fact that 7 < c is small enough, and j < 2m. Thus, as I; is free, it follows that
|h(2)| < 73041, and so ¢(z) = 0. O

Claim 7.20. For all (x,y, z) € supp(r) we have that sign(f(z)) = sign(g(y))sign(h(z)).

Proof. Assume otherwise; then we may find (x, y, z) € supp(Z) where these signs are different, and so
[f(@) = g(y)h(z)] = |f(@)] = 77H10 > 710,

where we used Claim[Z.20l This contradictions Claim [7.17] O
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Claim gives a candidate linear embedding of supp(7) to ({—1,1},-). We know though that there
doesn’t exist such embedding consisting of non-constant functions, and therefore the sign of each one of
f, g, h is constant, and without loss of generality we assume they are all positive. Define

f'() =log(f(x)),  ¢'(y) =log(g(y),  H(z) =log(h(2)).
Then by the Mean Value Theorem
() = ¢'(y) = I (2)| = log(f(x)) —log(g(y)(2)) = log/(t) | f(z) — g(y)h(2)]
for some ¢ between f(z) and g(y)h(z), and in particular ¢ > 73+1-5, Thus, by Claimwe get

1
/(@) =g W) = W) < gz " <7 (30)
forall (z,y, z) € supp(?). Thus, f’, ¢’ and h’ are approximate embeddings, and we next show how to extract
proper embeddings from them in an Abelian group. First though, we argue that at least one of them is far
from constant; indeed, as there are z, 2’ € ¥/ such that | f(z) — f(2')| = /7 —say that f(z) > f(2') + /T,
it follows that

f() VT
f&") f@')

where we used the fact that 0 < f(z') < o V2| || = o~ V/2.

We now extract the proper embeddings o, v, ¢. Looking at S = Image(f’) Ulmage(¢') UImage(h’), we
have that |S| < 3m. We take N = (a7)~?™; from Dirichlet’s approximation theorem it follows that there
are o: Image(f’) — Z, v: Image(¢’) — Z and ¢: Image(h’) — Z such that for some integer 1 < g < N
we have

var
10 ’

£ = 1) +1og (L00) > 7@y r1og (14 V50 ) = £+ 10g (14 var) = 110 +

/ o(x) 1 / 7(y) 1 / P(2) 1
_ < — < .
f(l') q \qN1/|S‘, g(y) q \qN1/|S|a h(Z) q \qN1/|S|

Claim 7.21. o is not constant.

Proof. Consider x, 2’ such that f'(x) > f'(2') + @ as before. We get that

o(x) o) _ Var 1 var 3
- = - ) > - 0
g q 10 gNUBZ 19 eT) >
o(x) # o(a)). O

Claim 7.22. o(z) —y(y) — ¢(2) = 0 for all (x,y, z) € supp(P).
Proof. From the choice of o, ~, ¢ and (30) it follows that for all (x,y, z) € supp(?) it holds that

o(z) —v(y) — é(2)
q

3 20m
X qN1/|S| +T7 5

SO

3 20m 3 20m

from the choice of N. It follows that o(z) — 7(y) — ¢(z) is an integer smaller than 1 in absolute value,
hence it is 0. O
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Combining Claims we get an Abelian embedding of supp(7). Indeed, we can pick a large
enough @ so that images of o, v, ¢ are all contained in the interval [—@, @], and then consider them as maps
from Yn, I', @ to ([0, 3Q],+ (mod 3Q)). Then by Claim[7.21] we conclude that o is not constant (as we
get that there are x, 2’ such that o(x) # o () as they are both in [—Q, Q] so they are different mod 3Q),
and from Claim [7.22] we have that o(z) — v(y) — #(z) = 0 (mod 3Q) in supp(?). This is a contradiction
to the fact ¥ has no linear embedding, and we are done.

8 Applications

In this section, we give a few applications of our main analytical lemma.

8.1 Hardness of approximation of CSP’s

In this section we use our main analytical lemma to get optimal dictatorship tests with completeness 1 for a
large class of 3-ary predicates.

Definition 8.1. A dictatorship test for a predicate P : ¥* — {0,1} can query a function f : ¥ — . The
test picks a random k X n matrix by letting every column to be a random satisfying assignment to P (i.e.,
in P=Y(1), with some fixed distribution i on P~1(1)) and letting x1,Xs, . ..,X; € X" be the rows of the
matrix. The test accepts if (f(x1), f(x2), ..., f(xx)) is also a satisfying assignment to P.

We now describe the dictatorship test that was studied in [5]. The test is given in Figure [§.1] The
starting point is an instance ¢ of P-CSP and let the value (i.e., maximum fraction of the constraints that
can be satisfied by an assignment) of this instance be s. The distribution p in the test depends on the SDP
solution for ¢ and we only consider instances whose SDP value is 1[3] The SDP solution consists of vectors
as well as local distribution for each constraint. Since the SDP value is 1, all these local distributions are
supported on the satisfying assignments to P. Let y; be the local distribution corresponding to the it
constraint of the instance. The test is as follows. Here € > 0 is a small constant independent of n.

Let P : X% — {0, 1} be the predicate. Given f : ¥ — ¥,

1. Select a constraint from ¢ according to the weights of the constraints. Let ¢ be the selected
constraint.

2. Construct a £ x n matrix by setting each column of the matrix independently according to the
following distribution: sample the column using ;.

3. Check if P(f(Xl), f(XQ), v ,f(Xk) =1.

Figure 1: Dictatorship test for the predicate P.

If f is a dictator function, then the test accepts with probability 1. This follows because for every 4, the
distribution p; is supported on the satsifying assignments to P and therefore every column of the matrix
is from P~1(1). A challenging task is to compute the acceptance probability when f is far from dictator
functions.

3We refer the readers to [211[3]] for detailed information on the semidefinite program, its value and the local distributions.
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This test is exactly the same as the one given in [5]]. If we use our main analytical lemma, Lemma(I.4] to
analyze the above dictatorship test, then we have the following theorem on the soundness of the above test.

Theorem 8.2 (Restatement of Theorem . Let P: X3 — {0,1} be any predicate that satisfies the fol-
lowing conditions. (1) P does not satisfy any linear embedding, and (2) there exists an instance of P-CSP
that has a (1, s)-integrality gap for the basic SDP relaxation and every local distribution is not linearly
embeddable. Then for every € > 0, there is a dictatorship test for P that has perfect completeness and
soundness s + €.

The proof of this theorem is identical to the proof of [S, Theoreml.1]. The only difference is that in
the proof of [5, Theorem1.1], Lemma[I.4] with the added condition that the distribution y is semi-rich was
used. As we get of the semi-richness condition in out main analytical lemma, we get the above improved
theorem that applies for a rather large class of 3-ary predicates. As the proof is identical to the proof of [5)
Theorem1.1], we skip the proof of Theorem [8.2]in this version.

8.2 Counting Lemmas

Theorem 8.3. Suppose (u is a distribution over ¥ X I x ® such that supp(p) cannot be linearly embedded.
Then for all 6 > 0, there existd € N, 7 > 0, ¢ > 0 and N € N such that forn > N, if f: ¥" — [0, 1],
g: T" = [0,1], h: ®" — [0, 1] are functions with average at least 6 and max;(L[f<%, I;[g<%], I;[h<9]) <
T, then

[f(x)g(y)h(z)] = e
(%,y,2)~p®m

Proof. Let0 < 7 < d ' < € <K v < Kk € 1 < € < §; first, we argue that

f&)gh(z)] = E  [Tief(x)T1-eg(y)T1-ch(z)]
(x,y,2)~p®n (%,y,2)~pu®n

<.

Here, it is understood that the operator T, applied on each one of the functions refers to the standard
noise operator with respect to the marginal distribution of p on that coordinate. This is done by a hybrid
argument, wherein we switch at each time a single function to a noisy version of it and bound the difference.
For example, we argue that

E [ =Ti—g)f(x)g(y)h(z)]
(%,y,2)~p®"

<

w3

Indeed, note that

Stabi—((I = T1-¢)f) = [ T1—v(I = T1_¢) f3 < max(1 - v) (1= (1-¢)),

as these are the eigenvalues of T _, (I — Tl_g). As £ < v, these eigenvalues smaller than «, and the bound
follows from Lemma|[T.4
Consider the distribution ' defined as follows:

1. Sample (z,y,2) ~ p;

2. sample z’ by taking 2’ = x with probability /1 — v and otherwise resample it according to fi,;
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3. sample ¢/ by taking y' = y with probability /1 — v and otherwise resample it according to 11,
4. sample 2’ by taking 2’ = z with probability /1 — v and otherwise resample it according to y.;

5. output (2,4, 2').

Note that
E  [Ti—ef(x)T1-¢g(y)T1-¢h(z)] = E [Tﬂf(X/)Tﬂg(y/)Tﬂh(zl> :
(%,y,2)~p®n (x'y' 2" )~/ &

Also note that the distribution 4’ is connected and each atom has probability €2, (1), and also that the
individual influences are at most 7 + (1 — £)%. Hence by [[17, Theorem 1.14] it follows that this expectation
is at least €, provided 7 is small enough. O

Using regularity lemma for low-degree influences, one may remove the assumption on influences in
some cases.

Lemma 8.4. Forall o > 0, m € N, if p is a distribution over % in which each atom has probability at least
a, |X| < m, then the following holds. For all e > 0, d € N and 7 > 0 there exists D € N such for every
f: 3™ — [0, 1], there exists a decision tree T of depth at most D such that sampling a root to path leaf in it
(I,x") yields

Pr
Lx')
Proof. We omit the full details of the proof, as it is virtually identical to the proof of Jones’ regularity
lemma [14] (see also [9] for details). L]

(I i) < 7Y€ NT] 21— e

Theorem 8.5 (Restatement of Theorem . Suppose ju is a distribution over ¥3 such that (1) the marginal
distributions [iy, [by, j. are identical, (2) {(z,xz,xz) | x € X} C supp(u), and (3) supp(p) cannot be
linearly embedded. Then for all 5 > 0, there exists € > 0 and N € N such that forn > N and S C X"
with | S| = §|X|™,

Pr xeSyeSzeS>e.
(x,y,2)~pu®n

Proof. Let f=1lgand0< e < D' <7< d ' << v < K<< By Lemmawe may find
a decision tree 7 of depth at most D(d, 7, d) such that sampling a path on it according i, i.e. a subset [
of at most D variables and x’ ~ !, we get that I fd[ fr—x] < 7 for all except with probability §/100. We
denote the process that samples a path on it by (I, x’).

Note that by an averaging argument, u(f7_,,/) > /2 with probability at least §/2, hence we get that
with probability at least 0 /4 we have that all influences are small and the average is at least § /2; we refer to
this event by E. Thus, we get that

Pr xe S, yeS zels|

= E 1EE(y,z)€uI 1y=z:x’ E [fI—)x’ (X)fI—>x’ (Y)fl—m’ (Z)] X/
(Ix") v (x,y,2)~pln\
6
> ZaDIE 1) [ f1ox (X) fisx (¥) fisx (2) | £]
2 €,
where the last inequality is by Theorem [8.3] O
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For example, Theoremmay be applied to find progressions of the form (x,x + a,x + a?) in dense

subsets of IFZ; we omit the details.
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Missing proofs from Section

In this section, we prove the implications from (g).

Al

Proof that Lemma 3.2]implies Lemma [1.10|

We use

0<d<é<e<e, M <a, m ! <1.

Note that

[/ (x)g(y)h(z)]

(x,y,2)~p®n

< E  [f(x)Ti—¢g(y)h(z)]

oo
+2
7=0

E [f(x)(Tl—Q*jflg - T1—2ﬁg)9(3’)h(z)] .

(x%,y,2)~p®n
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For the first term, we have

E  [f(x)Ti-eg(y)h(z)]

(X7y7z)NM®n

9
< | Ti—gglla = y/Stab_g)2(g) < V6 < 10’

so we focus on bounding the second term; fix some j, and denote &’ = 277¢, T/ = Ti_¢rj2 — T1-¢, and
¢ = M¢'/log(€')3. Clearly,

E  [f(x)T'g(y)h(z)]

(%,y,2)~p®n

< E  [(I—Ti—e)f(x)Tg(y)h(z)]| +

(x,y,z)~pu®n (x,y,2)~pu®n

E  [Ti—erf(x)T'g(y)h(z)] ‘ :

) (1)

Upper bounding (/7). From Lemma (3.2 we get that

1

() St g1 g

Upper bounding (7). Clearly, we may bound it by

E  [@[—Tig)f(x)Ti—gg(y)h(z)] |

(x,y,2)~pn

+ E [(I—=Ti—e) f(x)T1_gr j29(y)1(2)]

(%,y,2)~p®"

9

and as the bound for each one of these is similar, we only explain the upper bound for the first. We can write

E [T e)f(x)Ti-gg(y)h(z)] = E (1= T1_en) f(x)g(y)(2)],
(%,y,2)~u®n (x,y,2)~p' @™

where a sample in the distribution g’ is drawn by first sampling (x,y,z) ~ u®", and then re-sampling each
coordinate of y independently with probability ¢’. Write f = f<¢ + >4 where d = /M log(1/¢') /€.

. 3/
Claim AL [E(yy o [(1 = T1oen)(F<)(x)9(x)h()]| < 2

Proof. By boundedness we have

<A =T (fSDh

E |0=Tie)(f)x)g(y)h(z)]

(x7y7z)~M’®"
<= Tren) (F59)l2
<(1-(1-¢9%
<d¢’
M3/2

S log(1/€)?2°
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Claim A2, [E(yy gyon [(1= Tien) (f7)x)g(v)h(2)]| < €1

Proof. The left hand side is at most

[——— S e CUONPES
y~u

Note that for each i € [n], the marginal distribution of p/ | y} = y; on z;, z; is &g > + (1 — ) piw 2 | vi-
We consider the following alternative way of sampling from p; first, choose I C [n] randomly by including
each i € [n] in it with probability {’. On ¢ € I, sample (z;, z;) ~ p > and y; ~ p,, independently. On ¢ & I,
sample (x;, y;, z;) ~ u. We thus have that the above expression can be written as

5 [|Ernsen |, B [0-Tienreonta)] [y =vi] |

Yoy Lxyr,zp

< E E _(I — Tl_éu)f>d(X)h(Z):| H
I7xI_7yI_7ZI_ L|X1,Z21 -

< B & [Peom@]|]+ e[| 5 [rermmm] ]
Ixpyrzr L|X1,2r b le,ypzl X[,Z]

-k e [Preon@]|]|+ e || 5 [meerdwmm] ]
Ixpypzr L|X1.21 b IxI,yI,zI X1,Z]

(

We show that if f” is a function of 2-norm at most 1 such that (f/)<? = 0, then

]:E [
Ixpyr.z1

Since both f>¢ and Ti_en f >4 are such functions, this would yield the statement of the claim. Indeed, if f’
are such function, then considering the operator S;: Lo(X!, ul) — Lo(®7, ul) we have

E |:
vafzyfyzf

By Jensen’s inequality, we have that this is at most

g, [7Gon(a)]|| < 56

XI,21

<Sf(fx1axl) th—>Zj>

[< B IS5 mn)le]-

I,Xﬂ)’f,Z]

5 [Fen@]|| = & |

XI21 Ixp,yr2r

. 1/2
E 1SS ox)lf] < E

I»xf’yf’zf LXI’:YI’:Z[’

<(1-o + \/1 E [ng ( g’gﬁx)}

[<W<d (f:c,—m,) + (1 = ¢(m, a))2d’>1/1

XY TZT

where d' = £'d/2. In the second inequality, we used the fact that the operator S7S; is connected and the
probability of each transition is at least Q4 1, (1), 50 |[SES7f” |2 < (1 — ) (| f”|l2 1f (f")<¢ = 0. Note that

E [W<d’(fxlax1)} < 1:}1- [Hd] N I‘ < dl] < 279(dl)

IaXﬂYﬂZ[

by Chernoff’s bound. Overall, we get that
1
E I: *6/100
I’Xf’yf7zf

E [fx)hz)] ;

X121

] < 2~ Pmald) | 9=Ud) ¢ 9=m.a(VITlog(1/¢)
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We thus get that

1 /100 1 1 /2
(I) (II) NMma g(1/§/)2 +£ + 10g(1/€/)6 S’ 2 —+ log(l/lf 2 ’ f
SO o0
I IT) Smmaa ~
EJ:( )+ () Sarm, \/E+j:1§(1/§) 32 SV D log l/f

hence ) (I) + (II) < § provided ¢ is small enough. This finishes the deduction of Lemma |I.10] from
J
Lemmal[3.2] u

A.2  Softly truncating the effective degree of f from below: Lemma [3.3/implies Lemma [3.2]

We choose
<EH Ko, M_1<<oz m_lgl,

and show that Lemma(3.3|implies Lemma[3.2] Letting f' = Ty _pz¢/105(1/¢)3.f+ 9’ = (T1-¢/2 — T1-¢)g and
¢ = ME&log(1/6)19, we write

"(x)g'(y)h(z)]| < E [(I—Eg/)f’(X)g’(y)h(Z)]‘
(x,y,2)~p®n (x,y,2)~p®n
()
+ E [Ee f'(x)g' (y)h(2)] ‘ -
(x,y,2)~p®"

(n

Using Lemma we have that (1) Sy 0, m, and we next bound (/7). We may write

(1) = E [f(x)g)h(z)]

(x7y’z)~'u,/®n

)

where the distribution 1/ is defined by first sampling (z,y, z) ~ u®", and then for each 7 such that x; €
Y, with probability & re-sampling it according to p, | X'. We consider the following alternative way
of sampling according to p/. Let p = Pry~,, [z € ¥'], and note that p > «. We sample R C [n] by
independently including each i € [n] in R with probability p, and then sub-sample I C R by including
each i € R in I with probability £’. We then sample (x,y,z) as: for i € I, we sample x; ~ pu, | X/,
Vi, 2i ~ lby.» | € ¥/ independently; for i € R\ I we sample (x;,v;,2;) ~ p | z; € ¥'; fori € R, we
sample (x;, yi, z;) ~ p | ©; ¢ ¥'. Thus, denoting v = p1, . | © € ¥/, we have

)]

(II) < E

I,RX,y7,27 E [g/(y)h(z)]

(y1,21)~v!

|f(x
I7R7X7Yf7zf
(y1,21)~v! (v 2h)~v!

— \/ E 9" (y)L(y', z,2")).

] < \/ E [9' ()R (2)g' (y')h(Z')]

I7R7x7yfzzf
(yr.21)~v (yh2h)~v!
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Let

~ / o
g = (g )yj%yp L= Ly},zlf,z}%yf,zlf,z’f

so that we may write the last expression as \/EI»Rvylsz [(Slg, I~/>} ,where S7: Lo(T'™, vy) = Lo(I'™, 1) is
defined as
S19(2) = E(y mm [9(y) |2 = 2].
We may bound
(519, D)| < 18131l < 157111y *11ally"* < 1157 Srlly

so combining everything so far and using Jensen, we get that

1/8
un s E |I5isil3,,|
Lyr

Next, note that as S7Sy is connected and the probability of each atom is at least 2, ,,(1), we get that
choosing d = M log(1/£) we have from Lemma 2.9] that

157 814113, < Wealgs vy + (1 = ¢)%.

We next bound the expectation of the first term on the right hand side using Lemma [2.14] and argue that it
follows from the lemma that

E [W<alg; Vy]] S E [5t3b1—1/d(§; Vy)] S Stabl—cﬁ’/d(gl§ My),
Lyr Lyr

for some ¢ = ¢(m, ) > 0. Indeed, in the setting of the lemma we have 1 — s = ¢’; the distribution v5 is

vy, and the distribution vy is lpls, "+ 1 Hg, v wherep’ =1 —pandp’ =1-¢& —p' =p—¢, 1] isthe

distribution of y where (x,y,z) ~ u | x € ¥/, and v/ is the distribution of y where (x,y,z) ~ | x € ¥'.

It follows that

g Wealinll < 3 (1- ) ey (1-%)" ((1 ) a- >S> o513

Lyr S

<w(i-) ((1—§>k‘“‘9k> |

1 i < 1 % ;
If k:t< Elog(1/8)7 the second factor is at most < £k < log(l T8y Ik > Elog(1/8)70° the first factor is at
mos
Qfﬂm,a(%) < Q*QM,m,a(log(l/f)so) <&

It follows that

1/8 N\ 1/8 1 1
<H)<%f [HSzSIgHQVy] SL=o+¢ +log(1/§)6510g(1/§)6
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A.3 Getting the functions to be homogenous: Lemma 3.1 implies Lemma 3.3

In this section, we prove that Lemma[3.T]implies Lemma[3.3] We begin by stating a few basic properties of
the operators T and E.

Claim A.3. Let x € By U Bs. Then
1. If X # Xconst, then T1_¢rx = (1 — &)X, and if X = Xconst, then Ti_ex =x.
2. If x € By thenEq_¢x = x.
3. Ifx € By, thenE1_gx = (1 —-&)x.
Proof. For the first item, if x # Xconst, then the average of it is 0, hence
Ti—gx(z) = (1= &)x(x) +¢& - 0= (1 - &)x(z).

The second part of the first item is clear. The second item is also clear, since Eq_¢ may only change x if
x € Y/, and xy € Bj gets the same value on all elements of /. For the third item, note that if ¥ € Bs, then

Exwuz [1J:EE’X($)} =0,s0

Euex() = (1 €)x(o) 1 ¢ B (0]

= (1 -¢)x(2). O
Claim A4, Ler f: X" — R.

1. If f is homogenous of degree d, then T1_¢/ f = (1 — &')4f.

2. If f is effectively homogenous of degree d, then E1_¢/ f = (1 — ey,

Proof. Both items are immediate from Claim[A.3|by writing f as linear combination of monomials of degree
d, or effectively degree d in the case of the second item. O

Proof that Lemma|3.1|implies Lemma Towards this end, fix f, g, h and o, m, M, &y and £ as in Lemma[3.1
we shall assume that f, g and A have 2-norms equal to 1. Denote

f' = (0= E1_pmerog(1/6)100)T1-pre ) 10g(1 /)3 g = (Ti_¢2 — Ti—¢)g.

We write f' = f] + f4 + f5 where f] is the part of f of effective degree of at most d; = W, f5is

the part of f of degree at least do = M and effective degree more than d, and f} is the part of f of
effective degree more than d; and degree less than do. We write

E ['®dyh=)]= E [AI@E)]+ E  [fxd)h(z)
(x,y,2)~p®n (x,y,z)~pu®n (x,y,2)~pu®n
(I) (IT)

+ E  [fs(x)d(y)h(z)],
(%,y,2)~p®n

(I11)

and bound each one of these separately. First note that

(O <IABIgIBIRE < A= > A0*

x:eff —deg(x)<d1
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Using Claim[A.4] we get that the last sum is equal to

S (1= (1 Mélog(1/g)10) T E) (1 - M£)>deg(X) F0?

3
x:eff-deg(x)<d1 10g<1/§

(1— (1 — Mélog(1/€)1) )Zf

which is at most M¢ log(1/€)19%d; < W. Similarly, we have that

) ~
((ZIDP < I5151gBIRIE < 115 = D> 00>
x:deg(x)>d2

Using Claim[A.4] we get that the last sum is equal to

deg(x) _
S (1 (1 Melog(1/g)%0) ) (1 i L

X:deg(x)>da log(1/¢
<<1 10g1/£> Zf

__ Mg 4
. . Tog(1/6)3 2 1
which is at most 2 les(1/) < Tog(1 /&0 "

And we next bound (I7). Let ¢} be the part of ¢ of degree at most d} = W, g4 be the part of ¢’

log(1/£)1°
3

of degree at least d}, = , and g}, be the part of ¢’ of degree more than d} and less than df,. We write

(IN= E [+ E  [LEe®iz)]+ E  [fi(x)gy)h(z)]

(%,y,2)~pu®n (%,y,2)~p®n (%,y,2)~pu®"

(IV) V) (V1)
Similar arguments to before show that |(IV)|,[(VI)| < m, and we next bound (V). Write f, =

Z Il j Where Il j 1s the part of /" homogenous of degree ¢ and effectively homogenous j, and g5 =
i,j=d1

d/

Z b v Where b v is the part of ¢’ homogenous of degree i/, and h = Z h=% where h=1 is the homoge-
/ d/ d:0
nous degree d part of h. We have

i< Y

~u®n
i,5,,d (x,y,2)~p

E (1,000 ()h=2)] ‘ .
We note that if d > i + 4/, then the expectation is 0. For other d, we have by Lemmathat

< (1= 8)eC®

E|fe)e, 0)h )]

(x,y,2)~pu®"

for some C' = C(m,a) > 0and 6 = §(m, ) > 0. Thus, the above sum is at most

1 1
A1 — §)€eC/ < ——
() ) log(1/€)°
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where the last inequality holds as 0 < & < & and & is sufficiently small. We conclude that |([I)| <

m. Combining the bounds on |(I)|, [(II)| and |(I11)] yields that
B [F60d0h@)]| S s
(x>y’z)’\‘/"‘®n log(]‘/é-)
thereby establishing the assertion of Lemma|[3.3] 0

B Missing proofs from Section 4]

In this section, we prove the claims establishing the SVD decompositions for homogenous and non-homogenous
functions.

B.1 Proof of Claim

Proof. We think of ¢ as a matrix M in RI" X whose (a, b) entry is g(y; = a,ys = b). The decomposi-
tion stated by the claim is an appropriately chosen singular-value decomposition of M ; below are the details
for completeness

Looking at M!M € RIV*I | we see that it is an m x m symmetric real-valued matrix, hence we
may find an eigenbasis ¢, ..., g, of R with eigenvalues Aq, ..., A\,,. We note that the all 1 vector is an
eigenvector of M*M; indeed:

(MtMT)a:Z(MtM)a,b:Z Z Mth?YI]M[yIab} :Z Z g(yj,b)g(yj,a)

b b yIEFI b yIEFI

= > g9(yr,a)> g(yr,b).
b

yrer!

Consider the function A: T/ — R defined by A(y;) = 3_ g(y1,b). Note that for each monomial in g that
b

contains the variable from J sums up to 0 when we sum over b, and any other monomial is multiplied by
m. Thus, A(y) = m- g, where g is the part of g which does not include a variable from .J, and in particular
it is a homogenous function of degree d;.

Thus, the sum we look at is proportional to (g7—a,§) = (Gs—a, ). The last equality holds since any
monomial in (g — §)j—a has degree at most d — 1 and hence has inner product 0 with g. In particular, as
(§7—a, §) does not depend on a, we get that the quantity (M*M1), is the same for all a, and hence 1 is an
eigenvector of MM,

This means that in choosing the eigenbasis ¢/, . . ., g/,,, we can ensure that g; = 1. This gives us the third
and fourth bullets, and next we choose g1, . . ., gm. Define g, = Mgl; first we note that g, are orthogonal.
Indeed,

(Grs Gr) = (Mgl., Mgl) = (M'Mg.., gi) = A\ {gh, gor) = Ay

This means that if we look only at the set R of ¢’s such that \; # 0, then we get that {g; };cr is orthogonal,
and we choose g, = g, /+/Ar (which has 2-norm equal to 1)

We prove that
M=)V Age(yDgh(y)-
reR
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To see that, define M’ = > \.g.(y1)g.(ys), and note that for all » € R we have Mg, = M'g. =
reR

VArgr # 0, and for r ¢ R we have Mg/ = 0 as well as M’g.. = 0, and hence Mg, = M’g]. for all . This
implies that M = M’, and we have thus establishes the decomposition of g as well as the first item (we can
freely define g, for r ¢ R by noting that as A\, = 0 there, it doesn’t change anything).

For the fifth item, we observe that

VA = = ) = e 00 = e ot = =1

b

Finally, we argue for second item. If 1 € R, then we get that g, (y;) = )\fl/ ZEy ; l9(¥)], from which it
is clear that g; is homogenous of degree d. For r # 1 in R, we get that

9r(y1) = AZ”Z;% [93)g.(y0)],

and we note that on the right hand side only monomials in g that contain the variable from J can contribute
(the rest give 0), hence we get a homogenous function of degree d — 1. O

B.2 Proof of Claim

Proof. We run the same argument as in the proof of Claim 4.8] replacing A,’s with ;’s, and get that

Z Ve (v, 21)F (v, 2.7)-

teT

This gives the above decomposition and shows that it satisfies all items except for the third and fourth. For
t = 1, we note as in the proof of Claim [4.8] that

—-1/2
Fiyrz) = E [F(y,2),
YJzjg
from which it is clear that F; has effective degree at least d’ and that it is constant on connected components.
For t > 2 we have that

Flyran =" B [Fy.2)F/(ys,2)],
and expanding F' in as linear combination of monomials, we see that monomials from F' not involving the
variable from J retain their effective degree, while those monomials that involve the variable from J may
drop their effective degree by at most 1 (that happens if the monomial has a character from W By on that
coordinate). It also follows from this representation that as F' is constant on connected components, Fy is
also constant on connected components.
Finally, we also note that

Flysz) =~ """ E [Fly,2)F(ys,z)),

YI,Z1

from which it is clear that F} is constant on connected components. This completes the proof of the third
item, and therefore of Claim 4.10 O]
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B.3 Proof of Claim 4.11]

Proof. We think of ¢ as a matrix M in R XT whose (a,b) entry is g(y; = a,y; = b). The decomposi-
tion stated by the claim is an appropriately chosen singular-value decomposition of M ; below are the details
for completeness

Looking at M!M € RI*T | we see that it is an m x m symmetric real-valued matrix, hence we
may find an eigenbasis ¢}, ..., g, of R with eigenvalues \1,..., \,,. We define g, = Mg, set R =
{r | \+ # 0} and normalize g, = §,/+/\, for r € R, and as in Claimwe get that

M=% VAg(yDa(ys),

reR

as well as the first, third and fourth items.

Finally, we argue for second item. For r € R, then we get that g,(y7) = Ar Y 2Ey S l9(y)g.(y.s)], and
as for each y 5, g(y)g.(ys) contains only monomials of degree d — 1 onwards, we get that the same is true
for g,. ]
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