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Abstract

A weighted pseudorandom generator (WPRG) is a generalization of a pseudorandom generator
(PRG) in which, roughly speaking, probabilities are replaced with weights that are permitted
to be positive or negative. We present new explicit constructions of WPRGs that fool certain
classes of standard-order read-once branching programs. In particular, our WPRGs fool width-3
programs, constant-width reqular programs, and unbounded-width permutation programs with a

single accepting vertex. In all three cases, the seed length is O <log n-+/log(1/¢) +log(1/ s)) ,

where 7 is the length of the program and e is the error of the WPRG.

For comparison, for all three of these models, the best explicit unweighted PRGs known
have seed length 5(10gn -log(1/¢)) (Meka, Reingold, and Tal STOC 2019; Braverman, Rao,
Raz, and Yehudayoff SICOMP 2014; Hoza, Pyne, and Vadhan ITCS 2021). Our WPRG seed
length is superior when ¢ is small. For the case of unbounded-width permutation programs,
Pyne and Vadhan previously constructed a WPRG with a seed length that is similar to ours
(CCC 2021), but their seed length has an extra additive logg/ %1 term, so our WPRG is superior
whene > 1/n.

Our results are based on a new, general framework for error reduction. Our framework
builds on the remarkable recent work by Ahmadinejad, Kelner, Murtagh, Peebles, Sidford,
and Vadhan (FOCS 2020) that gave a near-logarithmic space algorithm for estimating random
walk probabilities in Eulerian digraphs with high precision. Our framework centers around
the “inverse analysis” of random walks and a key combinatorial structure termed “shortcut
graphs.” Using our new framework and the recent notion of singular value approximation
(Ahmadinejad, Peebles, Pyne, Sidford, and Vadhan arXiv 2023), we also present an alternative,
simpler proof of Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and Vadhan’s main theorem.
Compared to the original proof, our new proof avoids much of the sophisticated machinery
that was imported from recent work on fast Laplacian solvers.
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1 Introduction

What is the intrinsic relationship between randomness and space as computational resources? The
famous “L = BPL” conjecture says that for every halting randomized decision algorithm using
S > log n bits of space, there is a deterministic algorithm that solves the same problem using O(S)
bits of space: randomization buys at most a constant factor in terms of space complexity. The
challenge of derandomizing efficient algorithms is well-motivated, because high-quality random
bits are not always available easily and without cost.

A traditional approach to derandomization is to try to design sufficiently powerful pseudoran-
dom generators (PRGs).

Definition 1.1 (PRGs). Let n € IN, let F be a class of functions f: {0,1}" — {0,1}, and let ¢ > 0. An
e-PRG for F is a function G: {0,1}° — {0,1}" such that for every f € F, we have

|E[f(G(Us))] - E[f]| <e.

(Above, Us denotes the uniform distribution over {0,1}°, and E[f] is a shorthand for E[f(U,)].) The
parameter s is called the seed length of the PRG. We also say that G fools F with error €, or e-fools F.

For the purpose of derandomizing space-bounded computation, the appropriate class F
consists of polynomial-width standard-order read-once branching programs (ROBPs).

Definition 1.2 (Standard-order ROBPs). Let w,n € IN. A width-w length-n standard-order ROBP
is a directed graph B. The vertex set consists of n + 1 layers, V.= VO U v y...uv®™, where
|V | < w for each i. We usually assume without loss of generality that |V!)| = w. Every vertex v € V()
with i < n has two outgoing edges, one labeled 0 and the other labeled 1, leading to VU+1). There is a
designated start vertex Useart € V) and there is a set of designated accepting vertices Vaccept 1408
The program computes a Boolean function B: {0,1}" — {0,1} as follows. Given an input x € {0,1}",
let Ustart = Vo, V1,02, - . ., Un be the unique path such that for each i € [n], there is an edge from v;_4 to v;
with label x;. If v, € Vaceept, then we set B(x) = 1, and otherwise B(x) = 0.

If A is a randomized space-S algorithm, then for each fixed input o, the function B(x) =
A(o,x) (where x denotes the random bits used by A) can be computed by a width-w length-n
standard-order ROBP where w = n = 2005). Therefore, given an explicit' e-PRG G for such
programs, we could deterministically estimate the acceptance probability of A to within +e by
computing 27 - -, c 10,1} A(0, G (u)). In particular, explicit PRGs for width-n length-n ROBPs with
seed length O(log 1) would imply L = BPL.

Using the probabilistic method, one can show the existence of non-explicit e-PRGs for width-w
length-n ROBPs with seed length O(log(wn/¢)). Furthermore, several unconditional construc-
tions of explicit PRGs for standard-order ROBPs are known. Most famously, Nisan designed a
PRG that e-fools width-w length-n ROBPs with seed length O(log(wn/¢) - log n) [Nis92]. Nisan’s
PRG has found numerous applications, but its seed length is too large to resolve the L vs. BPL
problem.

1.1 Weighted PRGs

Nisan’s PRG [Nis92] is more than three decades old. Despite much effort, there is still no known
explicit PRG for standard-order ROBPs of polynomial width (or even width 4) with a better

IFor our purposes, a generator G: {0,1}° — {0, 1}" is explicit if it can be computed in space O(s). The algorithm
for computing G(u) is given the seed u along with parameters (1, ¢, etc.) specifying G among a relevant family of
generators.



seed length. This motivates the search for alternative approaches to proving L = BPL that do
not necessarily require any breakthroughs on the PRG problem.? Braverman, Cohen, and Garg
introduced one such approach [BCG20], based on the concept of a weighted PRG (WPRG).

Definition 1.3 (WPRGs). Let n € IN, let F be a class of functions f: {0,1}" — {0,1}, and let ¢ > 0.
An e-WPRG for F is a pair (G, i), where G: {0,1}* — {0,1}" and p: {0,1}* — R, such that for every
f € F, we have

[Eueoiylf(Gw) - p(w)] - E[f]| <e

The parameter s is called the seed length of the WPRG. We also say that (G, i) fools F with error ¢, or
e-fools F.

Crucially, the weights u(u) are allowed to be negative. (Indeed, WPRGs with nonnegative
weights are essentially equivalent to unweighted PRGs [PV21, Appendix C].) Intuitively, this
means that we are considering the expectation of f with respect to a sparse input “distribution”
in which some probabilities are negative. For this reason, WPRGs are also known as pseudorandom
pseudodistribution generators [BCG20].

Because we are allowed to use negative weights, constructing WPRGs is potentially easier
than constructing unweighted PRGs. Indeed, Braverman, Cohen, and Garg [BCG20] constructed
an explicit WPRG that e-fools width-w length-n standard-order ROBPs with seed length

O(log(wn) -log n +log(1/¢)),

which is better than Nisan’s PRG’s seed length when the error parameter ¢ is very small.
A sequence of followup works developed simpler and better WPRG constructions [CL20;
CDRST21; PV21; Hoz21], in particular improving the seed length to O(log(wn) - logn +
log(1/¢€)) [Hoz21]. These examples demonstrate that negative weights open up new avenues
for making progress. Furthermore, for a certain class of branching programs, Pyne and
Vadhan constructed a WPRG [PV21] with a seed length that is provably impossible to achieve via
unweighted PRGs [HPV21], demonstrating the intrinsic power of negative weights. (Jumping
ahead, we improve Pyne and Vadhan'’s construction in this work. See Section 1.4.)

Despite the presence of negative weights, explicit WPRGs are still useful for derandomization.
Indeed, an explicit WPRG for width-n length-n standard-order ROBPs with seed length O(logn)
would imply L = BPL, just like an explicit unweighted PRG would. The reason is that given
such a WPRG, we could deterministically estimate the acceptance probability of a randomized
algorithm A by computing 27° - ¥-,c 10,13« A(0, G(ut)) - p(u). Furthermore, WPRGs imply hitting set
generators (HSGs).

Definition 1.4 (HSGs). Let n € IN, let F be a class of functions f: {0,1}" — {0,1}, and let e > 0. An
e-HSG for F is a function G: {0,1}° — {0, 1}" such that for every f € F, if E[f]| > ¢, then there exists
u € {0,1}® such that f(G(u)) = 1.

If (G,pu) is an e-WPRG for F, then G is an e-HSG for F [BCG20]. HSGs have been
studied for many decades, perhaps starting with the pioneering work of Ajtai, Komlés, and
Szemerédi [AKSS87]. It turns out that an explicit HSG for width-n length-n standard-order ROBPs
with optimal seed length O(log n) would already imply L = BPL [CH22; PRZ23], just like a PRG
or a WPRG. However, in the non-optimal regime (which is the most relevant regime given the
present state of knowledge), the known applications of WPRGs exceed the known applications of
HSGs. In particular, the current state-of-the-art unconditional derandomization of space-bounded

2Gee Hoza's survey for a discussion of different approaches to proving L = BPL [Hoz22].
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Seed length Type Reference Notes

O(log(n/e)) HSG | [GMRTV12]

O(logn -log(1/¢)) PRG | [MRT19]

o) <log n-+/log(1/e) + log(l/e)) WPRG | This work

O(log(n/e)) PRG Folklore Optimal; non-explicit

Table 1: Pseudorandomness constructions for width-3 standard-order ROBPs. Note that there is
also work on width-3 ROBPs in the more challenging arbitrary-order setting [SVW17; MRT19].

computation says that randomized space-S algorithms can be simulated deterministically in space
0(5%?%/,/10gS) [Hoz21]. This result is a recent slight improvement over Saks and Zhou's
decades-old O(S%?) bound [SZ99]. The improvement relies on the recent line of work on
WPRGs [BCG20; CL20; CDRST21; PV21; Hoz21], and it is not clear how to reproduce the result
using HSGs alone.

In summary, it seems that the WPRG concept achieves a “Goldilocks” effect: it is flexible
enough to facilitate constructions, yet structured enough to facilitate applications. The WPRG
approach to derandomization is therefore highly promising. In this work, we present new and
improved constructions of WPRGs for several well-motivated classes of branching programs.

1.2 Width-3 Branching Programs

When w < n, width-w length-n standard-order ROBPs do not correspond to uniform algorithms,
but they are nevertheless a natural nonuniform model of (logw)-space computation. We
emphasize that the transitions may vary from one layer to the next, which can be interpreted
as meaning that the program has access to a “clock,” in addition to its (log w)-bit workspace.

For width-2 programs, explicit PRGs are known with optimal seed length O(log(n/¢)) [SZ95;
BDVY13; HH23]. The width-3 case is at the frontier of current knowledge. Meka, Reingold,
and Tal designed an explicit e-PRG for width-3 standard-order ROBPs with seed length O(log 7 -
log(1/¢)) [MRT19]. When the error parameter ¢ is constant, Meka, Reingold, and Tal’s seed length
is near optimal, but when ¢ = 1/poly(n), their PRG does not beat Nisan’s O(log? 1) seed length.
To address this issue, we present a WPRG that fools width-3 standard-order ROBPs with error
1/poly(n) and seed length O(log®/? n1). More generally, we achieve the following parameters.

Theorem 1.5 (WPRG for width-3 ROBPs). For every n € IN and € > 0, there is an explicit e-WPRG

with seed length
o) (log n-/log(1/¢) 4+ log(1 /e))
that e-fools width-3 length-n standard-order ROBPs.

Note that near-optimal HSGs for width-3 standard-order ROBPs were already known; see
Table 1.

1.3 Regular Branching Programs

Unfortunately, the state of the art for width-4 standard-order ROBPs is the same as that for the
polynomial-width case. On the bright side, better results are known for narrow ROBPs that also

3



satisfy certain structural restrictions such as regularity.

Definition 1.6 (Regular ROBPs). Let B be a standard-order ROBP with vertex set V = vOy...yvm,
We say that B is regular if every vertex v € V' \ V9 has precisely two incoming edges.

Regular ROBPs have been the subject of intense study [RTV06; BRRY14; Del1; RSV13; BHPP22;
LPV22]. One reason to study regular ROBPs is that there is a reduction from the general case to
the regular case. Indeed, Lee, Pyne, and Vadhan recently showed that if a function f: {0,1}" —
{0,1} can be computed by a standard-order ROBP of width w, then it can also be computed
by a standard-order reqular ROBP of width O(wn) [LPV23]. (This is an improvement over
previous reductions [RTV06; BHPP22].) Consequently, optimal explicit WPRGs for polynomial-
width standard-order regular ROBPs would imply optimal explicit WPRGs for polynomial-width
standard-order non-regular ROBPs.

Braverman, Rao, Raz, and Yehudayoff designed an explicit e-PRG for width-w length-n
standard-order regular ROBPs with seed length O(log(w/¢) - logn) [BRRY14]. (See also De’s
followup work [Dell].) When the width parameter w and the error parameter ¢ are both
constant, Braverman, Rao, Raz, and Yehudayoff’s seed length is near-optimal. However, when
¢ = 1/poly(n), their seed length is no better than Nisan’s O(log? 1) seed length, even if we hold
w constant. To address this issue, we present a WPRG that fools constant-width standard-order
regular ROBPs with error 1/poly(n) and seed length O(log® 1)
the following parameters.

. More generally, our WPRG has

Theorem 1.7 (WPRG for regular ROBPs). For every n,w € IN and e > 0, there is an explicit e-WPRG
with seed length

o) <logn : (logw + log(l/s)) + 10g(1/s)>
that e-fools width-w length-n standard-order regular ROBPs.

Our seed length matches that of an HSG for the same class that Bogdanov, Hoza, Prakriya,
and Pyne recently constructed [BHPP22] (ignoring loglog factors). In turn, their construction is
the best HSG known for this class (again, ignoring loglog factors). See Table 2.

1.4 Unbounded-Width Permutation Branching Programs

Definition 1.8 (Permutation ROBPs). Let B be a standard-order ROBP with vertexset V. = VO U...U
V(). We say that B is a permutation ROBP if every vertex v € V'\ V(%) has precisely two incoming edges,
and those two incoming edges have distinct labels.

In other words, between every two adjacent layers of a permutation ROBP, the edges labeled
0 form a matching, as do the edges labeled 1. Permutation ROBPs are thus a subclass of regular
ROBPs. The first sequence of papers studying permutation ROBPs focused on the constant-width
regime [BV10; Dell; KNP11; Stel2; RSV13; CHHL19]. In recent years, there has been another
wave of interest in permutation ROBPs, but this time, the focus is on programs of unbounded width
with only one accepting vertex [HPV21; PV21; PV22; BHPP22; GV22; LPV22]. This intriguing
model cannot be considered a model of “space-bounded” computation anymore; instead, it is a
certain type of “reversible” computation. Still, we hope that studying this model can shed light on
the L vs. BPL problem. Studying unbounded-width models has already been a fruitful approach
for proving new results about standard bounded-width models [PV21; GV22; LPV22]. Indeed, in
general, results for unbounded-width models typically imply corresponding results for standard



Seed length Type Reference | Notes

O(log(w/¢) -logn) PRG [BRRY14]
O(w -logn) foralle > 0 HSG [BRRY14]
O (logn - (logw + v/log(1/¢) ) +log(1/¢)) | HSG | [BHPP22]
O (logn - (logw + \/log(1/¢)) +log(1/¢)) | WPRG | This work

O(log(wn/¢)) PRG Folklore | Optimal; non-explicit

Table 2: Pseudorandomness constructions for width-w length-n standard-order regular ROBPs.
Note that there is also work on the intriguing setting of unbounded-width programs with only
one accepting vertex, as well as the challenging arbitrary-order setting [BHPP22; CLTW23].
Furthermore, Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and Vadhan gave a near-optimal
non-black-box algorithm for estimating the acceptance probability of a given standard-order
regular ROBP [AKMPSV20]; see Section 1.5.

width-w models, with a factor-of-w loss in the error parameter. Additionally, the unbounded-
width model serves as a valuable “test-bed” for studying different notions of pseudorandomness.

Hoza, Pyne, and Vadhan designed an e-PRG for these programs with seed length O(log -
log(1/¢)) [HPV21], building heavily on prior work by Ahmadinejad, Kelner, Murtagh, Peebles,
Sidford, and Vadhan [AKMPSV20]. Importantly, Hoza, Pyne, and Vadhan also proved a near-
matching seed length lower bound: every e-PRG for this model has seed length at least Q(log 1 -
log(1/¢)) [HPV21]. In contrast, Pyne and Vadhan designed an e-WPRG for this model with seed
length O(logn - \/log(n/¢) + log(1/¢)) [PV21]. In particular, when ¢ = 1/poly(n), the optimal
seed length for unweighted PRGs is ©(log? 1), whereas Pyne and Vadhan’s WPRG seed length
is only 6(log3/ Z1). As mentioned previously, these results demonstrate that WPRGs have an
intrinsic advantage over unweighted PRGs in this case.

A weakness of Pyne and Vadhan’s WPRG [PV21] is that the seed length is always at least

3/2 1. We present a new WPRG that smoothly interpolates between Hoza, Pyne, and Vadhan's
3/2
n)

log
5(10g n) seed length in the constant-error regime [HPV21] and Pyne and Vadhan's 5(10g
seed length in the inverse-polynomial-error regime [PV21].

Theorem 1.9 (WPRG for unbounded-width permutation ROBPs). For every n € IN and € > 0, there
is an explicit WPRG with seed length

s = 5<logn -1/log(1/¢e) + log(1/£)>

that e-fools unbounded-width standard-order permutation ROBPs with a single accept state.

Thus, our work strengthens the known separation between WPRGs and unweighted PRGs.
Note that our seed length is always at least as good as Hoza, Pyne, and Vadhan’s PRG seed
length [HPV21] (ignoring loglog factors). See Table 3 for a summary. We also remark that
as a simple corollary of Theorem 1.9, we obtain an explicit WPRG for width-w standard-order
permutation ROBPs (with an unbounded number of accepting vertices) with seed length

o) <logn -1/log(w/e) +log(w/£)> .

5



Seed length Type Reference | Notes

O(log(n/e) -logn) PRG [Dell]

O(logn - log(1/¢)) PRG [HPV21]

O(logn - /log(n/e) +1og(1/¢)) | WPRG [PV21]

o) (log n-+/log(1/¢€) +log(1 /e)) WPRG This work

Q(logn -log(1/¢)) PRG [HPV21] | Lower bound
O(log(n/¢)) HSG [HPV21] | Optimal; non-explicit
O(log(n/¢)) Det. sampler® | [PV22] Optimal; non-explicit

Table 3: Pseudorandomness constructions for unbounded-width permutation ROBPs with a
single accepting state. Note that there is also work on the more challenging arbitrary-order
setting [BHPP22; LPV22; CLTW23]. Note also that the optimal WPRG seed length for this model
is unclear.

1.5 A Simpler High-Precision Non-Black-Box Derandomization of Regular ROBPs

In addition to WPRGs, we also study non-black-box derandomization algorithms. In this model,
we are given the complete description of an ROBP, and our job is to estimate its acceptance
probability. In a remarkable recent work [AKMPSV20], Ahmadinejad, Kelner, Murtagh, Peebles,
Sidford, and Vadhan designed an algorithm for estimating the acceptance probability of a given
regular ROBP within an inverse polynomial error using O(log(wn)) bits of space. Formally:

Theorem 1.10 (High-precision non-black-box derandomization of regular ROBPs [AKMPSV20]).
There is a deterministic algorithm that uses O(log(wn) - loglog(1/¢)) bits of space and outputs a value
that is within +e of E[B], given a width-w length-n standard-order reqular ROBP B and a value e € (0,1)
as inputs.

Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and Vadhan’s work [AKMPSV20] combines
techniques from the pseudorandomness literature with sophisticated machinery developed in
a sequence of works on faster solvers for Eulerian directed Laplacian systems [CKPPSV16;
CKPPRSV17; CKKPPRS18]. Roughly speaking, it introduced three new ideas to the space-
bounded derandomization community: (1) the applicability of Richardson iteration for error
reduction in the space-bounded setting, (2) the notion of the unit-circle approximation, and (3) a
sophisticated analysis of the INW generator [INW94] via bounding a matrix norm defined by a
recursive application of Schur complement (see [AKMPSV20, Theorem 6.1]).

The first two ideas have led to a flurry of exciting new results in space-bounded derandom-
ization [CDRST21; PV21; Hoz21; HPV21; PP22; CDST22], including much of the prior work on
WPRGs that we described earlier. In contrast, the third idea has found limited applications so far,
despite the fact that it is arguably the core of Ahmadinejad, Kelner, Murtagh, Peebles, Sidford,
and Vadhan'’s proof [AKMPSV20]. Only one paper, by Pyne and Vadhan [PV21], has managed to
adapt this technique to a new problem.

3 A deterministic e-sampler for a class F is a deterministic algorithm SAMP that makes queries to an unknown f € F
and outputs a real number Samp/ satisfying [Samp/ — E[f]| < e. We define the “seed length” of the sampler to be

the log of the query complexity. One can show that WPRGs imply deterministic samplers, and deterministic samplers
imply HSGs [CH22].



A possible explanation might be that it is not easy to understand the meaning of the constructed
matrix norm [AKMPSV20, Section 6] in the context of derandomizing ROBPs. Moreover,
Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and Vadhan’s analysis [AKMPSV20] makes
heavy use of complicated linear algebra facts developed in the Laplacian solver literature, and
it is unclear how to interpret these facts when applied to the matrix constructed from a branching
program.

To remedy this situation, we present a significantly simpler proof of Theorem 1.10. In our
proof, we view the recursive Schur complement construction in the original proof as a natural
combinatorial “shortcut graph;” see Section 3.1.3 for details. We believe that this proof helps to
clarify what exactly the recursive-Schur-complement-matrix-norm really represents in the setting
of branching programs. We hope that our proof enables a fuller appreciation of Ahmadinejad,
Kelner, Murtagh, Peebles, Sidford, and Vadhan’s analysis [AKMPSV20] and thereby facilitates the
development of new ideas.*

Organization. The remainder of this paper is organized as follows. We begin with some
definitions and notation in Section 2. Then, in Section 3, we present an informal overview of
all of our proofs. Next, in Section 4 and Section 5, we present a general framework that underlies
all of our results. In Section 6, we prove Theorem 1.7 (our WPRG for bounded-width regular
ROBPs). In Section 7, we prove Theorem 1.5 (our WPRG for width-3 ROBPs). In Section 8, we
present our simplified proof of Theorem 1.10 (Ahmadinejad, Kelner, Murtagh, Peebles, Sidford,
and Vadhan’s main result [AKMPSV20]). Finally, in Section 9, we prove Theorem 1.9 (our WPRG
for unbounded-width permutation ROBPs).

2 Preliminaries

2.1 Read-Once Branching Programs

Let B be a standard-order ROBP (Definition 1.2) with vertex set V.= VO U... UV, Let
Vstart € VO be the start vertex, and let Vaccept © V() be the set of accepting vertices.

The transition notation B[y, x]. For /¢ € {0,...,n}, u € VO, and x € {0,1}="=¢, we let B[u, x]
be the vertex v € V{‘+1*) that is reached from u by traversing the edges with labels specified by x.
Using this notation, for x € {0,1}", we have

B(X) =1 «<— B[Ustart/ X] & Vaccept'
The subprogram notation B*“". Let0 < ¢ <r <, letu € V(@, and let S C V(). We define

B5“" to be the program obtained from B by specifying u as the new start vertex and S as the new
set of accepting vertices. We use the following shorthands:

VU Upé—u Vé— . PUTUg —~u .__ pV. —u
Bu<H .= plokeu, BV 1= BV« s, B<H i= BVaccepth,

For convenience, we think of BS“* as a program of length n rather than length r — ¢. That is, in
B5¢< ¥ the first ¢ transitions are trivial identity layers; the next » — ¢ transitions are the same as in

4Indeed, all of our new WPRG constructions are inspired by the insights from our simpler proof of Theorem 1.10.



B; and the final n — r transitions are trivial identity layers. Thus, we think of B5** as a Boolean
function on 7 bits, but it only depends on r — /¢ of those bits:

BS‘_”(xl,...,xn) =1 <— B[u, (xg_H,...,xr)] € S.

Nevertheless, we will occasionally abuse notation and write B5<_”(xg+1,...,xr) rather than
BSH(xq,..., %)

The matrix notation B(x). As explained in Definition 1.2, we identify B with a Boolean function
B: {0,1}" — {0,1}. We use boldface B to denote the matrix-valued function B: {0,1}" —

{0, 1}V V% =~ {0, 1}wxw given by

B(x)y, = B"7"(x).

ROBPs over large alphabets. We occasionally use the standard large-alphabet generalization of
Definition 1.2. A width-w length-n standard-order ROBP over the alphabet ¥. is defined just like
Definition 1.2, except that each vertex in V(0 U - .. U V("= has |Z| outgoing edges leading to the
next layer, labeled with the symbols in X.. Thus, the program computes a function B: X" — {0,1}.
We say that the program is regular if each vertex in V() U - .- U V(") has precisely |Z| incoming
edges, and we say that the program is a permutation program if those |X| incoming edges have
distinct labels.

2.2 Linear Algebra

We use boldface to denote matrices. We denote the w x w identity matrix by I,. We often simply
write I if the dimension w is clear from context. Recall that every positive semidefinite matrix M
induces a vector “norm” || - ||m:

Definition 2.1 (Vector seminorm induced by a psd matrix). Let M € RN*N be a positive semidefinite
matrix. We define a corresponding function || - |m: RN — [0, 00) by the rule

Ix|lMm = VxTMx.

For example, if W is a doubly stochastic matrix, then 1 — WTW is positive semidefinite, and the
corresponding function || - ||;_wrw is given by

11 wrw = [1x]15 — [W|3.

Observe that we can sometimes have ||x||y = 0 even if x # 0. This means that technically,
|| - lm is a seminorm (defined below) rather than a true norm.

Definition 2.2 (Vector seminorm). A seminorm on RN is a function || - ||: RN — [0, o0) satisfying the
following properties:

1. For every x,y € RN, we have ||x +yl| < [[x]| + [|y].

2. For every x € RN and every A € R, we have ||Ax|| = |A| - ||x||.



It is standard that any vector norm || - || induces a corresponding matrix norm, namely, the
operator norm.:

M
|IM|| := max H x||
0 |«
What if we start with a vector seminorm || - || rather than a true norm? Unfortunately, in this case,
the definition above can suffer from divison-by-zero issues, i.e., sometimes we have ||[M|| = oo.

For this reason, in this case, the matrix “norm” defined by the equation above is technically not a
norm, nor even a seminorm, but rather it is an extended seminorm, defined next.

Definition 2.3 (Extended submultiplicative matrix seminorm). An extended submultiplicative
matrix seminorm on RN*N is a function || - || : RN*N — [0, co] satisfying the following conditions.

1. Forevery A,B € RN*N if ||A|| < coand ||B|| < oo, then ||A + B|| < ||A]| + ||B]|.
2. Forevery A,B € RN*N if ||A]| < coand ||B|| < oo, then ||A-B|| < ||A|| - [|B]].
3. For every M € RN*N and every nonzero A € R, we have ||A - M|| = |A| - [ M]].

4. The zero matrix 0 satisfies ||0]| = 0.

Definition 2.4 (Extended submultiplicative matrix seminorm induced by a vector seminorm). Let
|- ]|: RN — [0,00) be a vector seminorm. We define an extended submultiplicative matrix seminorm
|- ]|: RN*N — [0, 0] by the rule

IM|| = min {A € RU {o} : forevery x € RY, [M-x|| < A- ||x||}.

3 Technical Overview

3.1 Owur Error Reduction Framework

Each of our constructions follows the same high-level approach: We start with a construction
that has moderate error T >> ¢, and then we apply an error reduction procedure to decrease the
error down to e. For example, for regular ROBPs, our WPRG construction (Theorem 1.7) works
by applying an error reduction procedure to the BRRY PRG [BRRY14]. Many recent works on
space-bounded derandomization have developed and applied error reduction procedures [HZ20;
AKMPSV20; CDRST21; PV21; Hoz21; BHPP22; PP22; CDST22]. Like most of this prior work,
our approach for error reduction is based on the “inverse Laplacian” perspective on space-
bounded derandomization, introduced by Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and
Vadhan [AKMPSV20]. We review this perspective next.

3.1.1 The Inverse Laplacian Perspective

Let B be a width-w length-n standard-order ROBP. The vertices of B are denoted as V(B) :=
vOuv®uy...uvm where V) = {i-w+1,...,(i +1) -w)} foreachi € {0,1,...,n}. Next, we
define W € R("1)-@x(n+1)@ t5 be the transition matrix of B. Specifically, for every directed edge
(u,v) in B, we set Wy, = 1 (or W,,, = 1 if both outgoing edges of u go to v). 5 Since B only

SNote that the index order is (v, ). This convention implies that taking a step in B corresponds to left-multiplication
by W.



contains edges between pairs of adjacent layers, W has the following form:

0 0 0 --- 0 0
Wi, 0 0 - 0 0
0 W, 0 -~ 0 0
wW=| . . :
O 0 0 . 0 0
0 0 0 --- W, 0

In the equation above, W; € RV"*V"™" denotes the transition matrix from the (i — 1)-th layer of
B to the i-th layer. We define the Laplacian of W as
L:= I(n+1)w —W.

Being a unitriangular matrix, L is invertible. Observe that

I 0 0 e 0 07
Wl(—O Iw 0 o 0 0
n Wo. o W 1 | e 0 0
L'=) w-= : - ar (1)
i=0 ) ) :
Wictyco Wieyer Wi Ly 0
Wico Wi Wico - Wy oy Lol

where we use W;,_; to denote W; - W;_1 - - - W; 1. This matrix, L~!, describes the random walks of
all lengths from all starting vertices in B. Looking at (1), we see that W, is a submatrix of L1,
and thus the problem of estimating IE[B] reduces to approximating L.

The inverse Laplacian perspective is easiest to understand in the non-black-box setting: if we
are given the description of the ROBP B, then we can readily compute the Laplacian matrix L, and
it makes sense to try to approximately invert it. It turns out that the perspective is also valuable in
the black-box setting. To construct WPRGs, our approach will be to first reason in terms of matrix
arithmetic, and then “reverse engineer” a WPRG such that all the matrix arithmetic happens in the
analysis of the WPRG rather than its construction. This technique is due to Cohen, Doron, Renard,
Sberlo, and Ta-Shma [CDRST21] and, independently, Pyne and Vadhan [PV21]. For this technical
overview, we primarily focus on the matrix arithmetic itself.

3.1.2 Richardson Iteration

With the inverse Laplacian perspective in mind, our high-level plan for proving our results is
as follows. First, we will construct a matrix L! that approximates L~! with moderate error.°
Specifically, we will ensure that ||[I — L~'L|| < ¢ for a suitable, submultiplicative matrix norm’
|| - || and some “moderately small” § < 1. Then, we will apply a powerful, generic error reduction
technique called Richardson iteration: for each m € IN, define

m
Ap=Y (I-L'L) LN
i=0

6We use L1 to denote our approximate inverse because our matrix L~ !isindeed the exact inverse of another matrix
L, and L plays a crucial part in our analysis.
7Technically, in some cases we will use an “extended seminorm” rather than a true norm; see Definition 2.3.
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It turns out that ||T — A, L|| < ||[I = L7'L|"*! < §"*1 (see Lemma 4.12). Finally, we will use this
low-error approximate inverse A,, to compute an approximation to E[B] with low additive error.

Given the plan described above, our main task is to explain how to construct the matrix
L~!. The upside of this “Richardson iteration” approach is that the matrix L~! only needs to
be a moderate-error approximation. The downside is that L~! must approximate the entire inverse
Laplacian matrix L', as stipulated by the requirement ||I — L~'L|| < ¢. This is true despite the
fact that ultimately, we only care about a single w x w block of L™!. To put it another way, to
use Richardson iteration, we must construct a moderate-error collection of estimated acceptance
probabilities for all subprograms of B, even though we are ultimately only interested in E[B].

So, how shall we construct this matrix L™1? For each w x w block Wi of L1, we begin

by constructing a matrix VNVjH that approximates W, ; with moderate error. For example,
in the case of bounded-width standard-order regular ROBPs, we let V~V]'<_i consist of the
estimated probabilities of going from vertices in layer i to vertices in layer j based on the BRRY
PRG [BRRY14], which gives us bounds such as ||\/~VjH' —W,il[1 < T where T is moderately small.

Given these matrices Wj<_i, a natural approach for constructing L' would be to simply
arrange them inan (n +1) x (n + 1) array:

I 0 -0
Wi o I 0

First Attempt: L 1= |Wao Wary 0 )
_Wneo Ww—l R |

Indeed, this approach has been used in prior work [CDRST21; Hoz21]. The trouble with this
approach is that if we defined L~ in this way, then the error of the matrix L~ as a whole
would be typically much larger than the error of a single block. For example, the condition
||V~V]-H- —W;_il[i < 7 would merely give us [T — L 'L|; < O(n- 1), essentially due to a “union
bound” over the n + 1 rows/columns. Therefore, if we used this approach, we would have to start
with a very small initial error T < % to get a nontrivial bound (|| — L 'L|| < 1). In the settings
we study, we cannot afford to compute WjH with such a low error. For example, notice that all
the explicit PRGs in Table 1, Table 2, and Table 3 have seed length Q(logn - log(1/7)) for error .
If used these PRGs with an initial error value of T < 1/n, then our seed lengths would always be
O (log? n). We therefore need a different approach.

3.1.3 Constructing L~! via Shortcutting and Correction Graphs

Our construction of L~! uses ideas from Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and
Vadhan’s algorithm for estimating random walk probabilities in Eulerian digraphs [AKMPSV20].
To briefly summarize their algorithm, they recursively applied Rozenman and Vadhan’s deran-
domized square operation [RV05] to construct a “unit-circle approximation” with a moderate er-
ror T ~ 1/logn, and then they decrease the error using heavy machinery from the literature on
fast Laplacian solvers.

One of our contributions is to isolate and reformulate the key ingredient of their algorithm
that enables them to perform error reduction starting from such a moderate error value (and
avoiding the union bound over n + 1 rows/columns). Surprisingly, this key ingredient is not
the derandomized squaring or the “unit-circle approximation” but the recursive structure itself.
We capture such recursive structure with the following definition of a shortcut graph.

11



For simplicity, from now on, we always assume 7 is a power of 2. The shortcut graph on
n + 1 vertices, denoted as SC,, has vertex set {0,1,2...,n} and contains edges (i,i + 2k) for every
k€ {0,1,...,logn} and i that is a multiple of 2. See Figure 1.

0 > 1 > 2 >3 > 4 > 5 > 6 > 7 > 8
Figure 1: The shortcut graph SC,, with n = 8.

Construction of L~! based on Shortcut Graph. Recall that for each i < j, we have a matrix
VNVjH that we think of as a “moderate-error approximation” to Wj, ;. Using these matrices Wj<_i,
let us define the matrix L~! € (Rwxw)(nt1)x(n+1) block-by-block. Let 0 < ¢ < r < n, and let
{ =iy — iy = --- — iy = r be the (unique) shortest path from ¢ to r in SC,,. It is not hard to see
from Figure 1 that the length of this shortest path is at most 21og n. We define the (r, £)-th block
of L~! by the formula

71 —
(L )?’(—f T wik%ik,l : Wik,lkllk,z e Wl'z%ﬁ : Wi] —ip*

Intuitively, since each Withfl approximates W; . ; ., their product should approximate the
product
Wicii o Wi i, Wi Wieip = Wy,

which is the (r, £)-th block of the exact inverse Laplacian L™!. To complete the definition of LY,
weset (L71), , =1 forevery ¢ € {0,1,...,n},and (L!),._, = 0 for every £ > r. For example,
the case n = 4 is shown below.

I 0 0 0
Wi o I 0 0
L= Wi o Waiq I 0

W3e~2‘w2e0 ‘/573&":'\7%—1 V:V3e2 .
Wy o Wy o - Wor1 Wyo Wyes

o]
0
0f. 3)
0
I

Comparisons. Our construction of L~! based on the shortcut graph corresponds to Ahmadine-
jad, Kelner, Murtagh, Peebles, Sidford, and Vadhan’s recursive usage of the Schur complement
operation [AKMPSV20, Theorem 6.1].

Let us compare our definition of L~! above to the straightforward approach given in (2).
The straightforward approach uses “unrelated” approximations for all @(n?) blocks of L.
Instead, we first approximate O(n) many (carefully selected) “essential” blocks W;,_;, and then
we approximate each remaining block by multiplying approximations of essential blocks. The
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“price” we pay for this additional structure is low, because each product involves only O(logn)
many essential blocks.

Analyzing L1 Inverse analysis of random walks. Having defined L, our job is to bound
T — L~IL]|, i.e., our job is to show that L~! approximately describes random walks in the given
branching program B in a certain sense. At an intuitive level, our approach is as follows. We
admit that L' doesn’t perfectly describe random walks in B; we only aim to show that it is an
approximation. However, L~ does perfectly describe random walks in some other graph B! This
graph B is not a true ROBP (it is not layered, and its edges have positive and negative weights),
but still, our construction of L~! ensures that B has considerable combinatorial structure. We use
this structure to show that B ~ B in some sense, which enables us to bound the error ||[I — L~'L]|.
The process of going from L' to B (i.e., starting with a description of the behavior of random
walks, and reconstructing an underlying graph that is consistent with that description) is what we
refer to as the “inverse analysis of random walks.” 8

The matrix L and the correction graph To implement the plan described above, let L denote the
inverse of L™; this exists because L~! is lower-triangular. We emphasize that we first construct
an approx1mate inverse to L (which we denote by L), and then we take the exact inverse of that
matrix to get L. Then I —L~'L = L~!- (L — L), so our job is to bound ||[L~! - (L — L)]|. Actually,
we will show that it suffices to bound |[L~!- (L —L)||:

Suppose |[L™'- (L—L)|| <46. Then||L7'-(L—L)|| <4/(1-90). (Corollary 4.11)

We will therefore focus on bounding ||L ™~ (L — L)| instead.
It turns out that this matrix L is hlghly structured. For example, it is relatively sparse: we
show that the block L;._; (where i < j) is nonzero only if (i,j) € E(SC,). Furthermore, we give

an exact formula for L. Assume for simplicity that all length-1 approximations are exact, i.e.,
Wi+1%i = Wz’+1ei- We show (Lemma 45) that

L=1—(W+AW),

where AW = ZIOg " AW®) and

Wi i— ngywym if (i,f) € E(SC,) and j = i 4 2!
0 otherwise.

(Aw(t))ﬂ—i = {

For example, the inverse of the n = 4 example from (3) is given below:

I 0 0 0 0

Wi I 0 0 0

L= |—(Wao—Wa1Wig) —Wyg I 0 0
0 0 —W3e2 I 0

—(Waeo — W s Woe o) 0 —(Waeo — Wy sWan) —Wies I

Since L = I — (W + AW), the matrix L can be interpreted as the “Laplacian” of a weighted graph
with transition matrix W + AW. We refer to the subgraph corresponding to AW as the “Correction
Graph,” because adding AW to L yields the original Laplacian L.

80ne caveat is that because of the positive and negative edge weights in E, technically we ought to speak of
“weighted walks” rather than “random walks;” we will ignore this distinction for simplicity.
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Overall, we have

logn
L™ L -1 = [L"aw] < ) L AWl
t=1

and so our job reduces to bounding ||[L-' AW || for a fixed t € [logn].
In summary, for a standard-order ROBP B, we have the following recipe for estimating [E[B] to
within low error.

1. Design an initial algorithm for constructing the approximation matrices Wj, ;. These
matrices VNVJ-H- induce a correction graph transition matrix AW.

2. Pick a submultiplicative matrix norm (or “extended seminorm”) || - ||. In this paper, the
function || - || is always induced by a vector seminorm (see Definition 2.4).

3. Use properties of the branching program B (e.g., regularity) to prove that |[L-'TAW®) | < §
for each t € [logn|, where L is the Laplacian matrix of B and J is “moderately small.”

4. Apply our error reduction framework (the construction of L, the correction graph lemma,
Richardson iteration, etc.) to obtain a matrix A,, that has very low error, in the sense that
IT— A,L| is very small.

5. Use A, to compute an approximation to E[B], and use properties of the “norm function”
|| - || to conclude that this approximation has very small additive error.

The details of how we carry out this recipe to prove our main results vary from one result to the
next. In the remainder of this technical overview, we give an overview of each of the arguments.

3.2 Our WPRG for Bounded-Width Regular ROBPs

In this section, we explain how we carry out each step of the recipe to construct a WPRG that

e-fools bounded-width regular ROBPs (Theorem 1.7). For ease of exposition, we will focus on the

case ¢ = 1/n in this proof overview, and we will assume that the width of the program is O(1).
We construct the approximation matrices Wj<_i by using the BRRY PRG [BRRY14]. We set

the error parameter of the PRG to T = 2~ VI%8" 5o the BRRY PRG has seed length O(log# -
log(1/7)) = O(log®? n). We use the standard £, matrix norm, i.e.,

M = max ) M.
u

Our main job is to bound |[L"'AW{®)||. For simplicity, let us focus on the case t = 1. Working
through the definitions, each nonzero block of L AW has the form

wjeéJrZ ’ (W€+2e£ - W€+Ze€>'

We analyze the matrix above using the weight measure introduced by Braverman, Rao, Raz,
and Yehudayoff [BRRY14]. Using techniques similar to Braverman, Rao, Raz, and Yehudayoff’s
arguments [BRRY14], one can show (Lemma 6.6) that for any vertex u in layer ¢ and any vertex v
in layer j, we have

|(Wje£+2 ) (W£+2<—£ - wé+2%€))v,u| < O(T : Weight(BU“, 0,0+ 2)),
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where Weight(B?*, ¢, { + 2) is the sum, over all edges (u,u") between layer ¢ and layer ¢ + 2, of
|E[BY"] — E[B“**]|. Therefore, summing over all £, we get

Z| L TAWMD), .| < O(t - Weight(B*<,0,n)).

Braverman, Rao, Raz, and Yehudayoff showed that because B is regular, we have Weight(B”*, 0, 1)
O(1), and hence |[L-IAWD || < O(7).

A similar argument bounds |[L-'AW®|| when t > 1. From here, our error reduction
framework provides a matrix A,, such that |[I — A,L|| < ©(1/n). By reverse-engineering the
definition of A,,, we construct a WPRG that fools B with error 1/n as desired. However, the
seed length of this WPRG is too large, because each seed includes several independent seeds
for the BRRY PRG. We therefore decrease the seed length by using the Impagliazzo-Nisan-
Wigderson (INW) PRG [INW94] to generate correlated seeds for the BRRY PRG, similar to prior
work [CDRST21; PV21]. See Section 6 for details.

3.3 Our WPRG for Width-3 ROBPs

Next, we give an overview of our WPRG for width-3 ROBPs (Theorem 1.5). Recall that Meka,
Reingold, and Tal designed a PRG for width-3 length-n standard-order ROBPs with seed length
O(logn - log(1/¢)) [MRT19]. We do not apply our error reduction framework to this PRG in a
black-box way. Instead, to construct our WPRG, we revisit Meka, Reingold, and Tal’s specific
construction and analysis [MRT19].

To construct their PRG, Meka, Reingold, and Tal showed how to sample a pseudorandom
restriction p € {0,1,%}" using O(log(n/¢)) truly random bits such that the following two
properties hold for any width-3 length-n standard-order ROBP B.

1. The restriction p preserves the expectation of B, i.e., |IE,y[B|,(U)] — E[B]| < ¢, where U is
independent of p and uniform random.

2. The program B simplifies under p with high probability. Indeed, it “almost” becomes a
permutation ROBP.

In more detail, with probability 1 — ¢, the restricted program B|, is approximated by a program B
that satisfies the permutation condition (Definition 1.8) in all but a few layers. In this case, Meka,
Reingold, and Tal argue that the BRRY PRG [BRRY14] fools B|, [MRT19]. Therefore, to fool the
original program B, they apply the pseudorandom restriction p and then fill in the stars using
the BRRY PRG. The overall seed length is dominated by the O(log - 1og(1/¢)) seed length of the
BRRY PRG.

Our WPRG for width-3 ROBPs follows the same high-level plan, except that in the final
step, instead of applying the BRRY PRG, we apply our own WPRG for regular ROBPs. That
way, instead of paying 6(10gn -log(1/¢€)) truly random bits in the final step, we only pay

o) (log n-+/log(1/¢e) +log(1/ s)) truly random bits. Implementing this plan requires improving
Meka, Reingold, and Tal’s “simplification” arguments in multiple ways, two of which we describe
below.

A quantitative improvement: Fewer colliding layers. In Meka, Reingold, and Tal’s analysis, the
number of “colliding layers” in B (i.e., layers that violate the permutation condition) is bounded by
poly(1/¢) - loglog n [MRT19]. We are most interested in the regime ¢ = 1/poly(n), in which their
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bound is trivial. To address this issue, we show that with probability 1 — ¢, the restricted program
B|, is in fact approximated by a program with only polylog(1/e¢) - loglog n many colliding layers
(see Claim 7.35).

A qualitative improvement: Bounding the weight of the restricted program. Building on
our analysis of colliding layers, we show that with high probability, the restricted function B,
can be computed by a program with bounded weight (as defined by Braverman, Rao, Raz, and
Yehudayoff [BRRY14]). Specifically, with probability 1 — ¢, the weight is at most polylog(n/¢); see
Theorem 7.2.

We consider this “simplification” statement in terms of weight to be cleaner and easier to
understand, compared to Meka, Reingold, and Tal’s analysis [MRT19]. Furthermore, it turns out to
be a crucial step in our WPRG analysis. To explain why, let X be a pseudorandom string sampled
by the BRRY PRG [BRRY14]. As mentioned previously, Meka, Reingold, and Tal prove that &
fools the restricted program B|, [MRT19]. Let us recall their argument in more detail, so that we
can see where it breaks down when we try to use our WPRG in place of X

The first step of the argument is to show that X" fools programs with few colliding layers such
as B [MRT19]. Then, to bridge the gap between B and B o, the second step is to design an “error
indicator” function E with the following properties:

1. For every x such that B(x) # Bly(x), we have E(x) = 1.
2. E[E] <eand E[E(X)] <.

Because such an E exists, Meka, Reingold, and Tal are able to reason that
‘IE[B|p] _E [E}

|
and |E[B|,(X)] ~ E [B(1)]| < BIE(¥)] <, @

and consequently E[B|,(X)] ~ E [E (X )} ~ E [E] ~ E[B|,]. (This argument can be interpreted
as a type of “sandwiching argument.”)

The preceding argument breaks down when we replace the BRRY PRG with our WPRG (G, u).
To understand the issue, let S be the set of seeds x such that B(G(x)) # B|,(G(x)), and let Sg be
the set of seeds x such that E(G(x)) = 1. Then Serr C Sg, but we might nevertheless have

Y u(x)

XESerr

>

Y wu(x)

xX€SE

due to cancellations in the right-hand sum. Therefore, (4) no longer works after we introduce
negative weights. (In general, WPRGs do not seem to be “compatible” with sandwiching
arguments.)

We circumvent this issue by eliminating the error indicator function altogether. In a nutshell,
this is possible due to the following facts: (i) The program B is a “suffix” of the restricted program
B|,, i.e., it consists of layers i,i 4 1,...,n of B|, for some i. (ii) The error indicator function E(x)
essentially checks whether all paths that start in layer i of B|, collide under the input x. (iii) If
these paths collide with high probability (under a uniformly random input x), then the weights in
B|, before layer i are negligible. (iv) Since B has few colliding layers, the total weight of the edges
in B|, after layer i are also bounded. Thus, we are able to bound the total weight of B|,.
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In the analysis of our WPRG for regular ROBPs, the only place we use regularity is to bound
the weight of the program (and its subprograms’). Therefore, since we show that B|, can be
computed by a program with low weight, it follows that our WPRG fools B|,. By combining with
the pseudorandom restriction p, we get a WPRG that fools B itself. See Section 7 for details.

3.4 Our Simplified Derandomization of Polynomial-Width Regular ROBPs

We now present an overview of our simplified proof of Ahmadinejad, Kelner, Murtagh, Peebles,
Sidford, and Vadhan’s main result [AKMPSV20] (Theorem 1.10). That is, given the description
of a regular width-w length-n standard-order ROBP B, we will explain how to estimate [E[B] to
within a small additive error in near-logarithmic space. The most important case to keep in mind
is w = poly(n).

Our proof is largely inspired by Braverman, Rao, Raz, and Yehudayoff’s work [BRRY14]. To
explain the intuition, let us begin by revisiting the analysis of constant-width regular ROBPs that
we summarized in Section 3.2, so we can understand more deeply why it works. Afterward, we
will explain how to adapt the intuition to the polynomial-width case.

3.4.1 Reflections on Braverman, Rao, Raz, and Yehudayoff’s Techniques [BRRY14]

Let VO, . o V(") be the layers of a constant-width regular program B. Fix some target vertex v,
say v € V). To show that |[L"TAW® ||, < O(1), where 7 is the error of each block W,_,, the
main steps that we discussed in Section 3.2 are as follows.

1. First, we bound the “local” error in terms of weight. Let u € V*) where £ < j — 2. We show

|(Wicria - (Wesoe o — Wegoe o) )ou| < O(T - Weight(BY, £, £ + 2)).

2. Then, we bound the total weight of the program. Braverman, Rao, Raz, and Yehudayoff showed
that Weight(B“<,0,1n) < O(1) [BRRY14]. Consequently, the total error is O(7).

To gain more insight, let us open up the two proofs above and look inside.

The BRRY potential argument. Let S be the set of vertices g € V(‘+?) that are reachable from u.
(See Figure 2.) Define

d(u) == E[B*] ) — ( minE[B"
Spread (u) = (maxE(5* 7)) ~ (min (5]},

and consider two extreme cases:

1. (The error-free case.) Suppose Spread(u) = 0, i.e.,, E[B’“ Y] is the same for every g €
S. In this case, the two bits that we read immediately after visiting u “do not matter.”
Consequently, there is no error: [(Wjsi2 - (Wetoer — Weyoer))ou| = 0. In general, one

can show that the error | (W1 (Wy 2. s — Wy 2 1) )uu| is bounded by O( - Spread(u)).

2. (The mixing case.) Suppose Spread(#) > 0. In this case, it is helpful to think about
the reversed random walk, in which we reverse all the directions of the edges in B. The
assumption Spread(u) > 0 means that there are two vertices in V(/+2) that have very

9Because of this technicality, we must argue that not only does B| p have low weight, but also all of its subprograms
have low weight. See Theorem 7.2.
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Figure 2: The setup for the analysis of constant-width regular ROBPs.

different probabilities of being reached from v, and u is reachable from both of them.
Intuitively, because B is regular, this should mean that in the reversed random walk, the
distribution over states becomes more uniform (mixed) when we walk from V(H2) 4o VO,

The ideas above enable us to carry out a potential arqument. Define a potential function by the
formula
®;:= ) |E[B*—E[B"“ 1],

a,a eV

which quantifies how far the reversed random walk is from uniform (“fully mixed”) when it
reaches V(! [BRRY14]. For each u € V(¥), one can use the concept of “weight” to prove

Dyp > D)+ Q) (Spread(u)) .

Therefore, whenever there is any error, there is a corresponding increase in the potential function
®;. Meanwhile, the potential function’s total growth is bounded, i.e., ®, < O(1). Therefore, the
sum of errors over all vertices u (which corresponds to |[L~'AW(1)||,) must be bounded by O(7).

Linear-algebraic interpretation. We can interpret the quantity Spread(u) in linear-algebraic
terms as follows. Let D = 4 be the number of paths from u to V(“*2). If the i-th path from u
leads to g € V"), then define

yl(u) _ IE[Bm—q].

Thus, ¥ is a vector in RP. Decompose y*) = y‘(‘”) + y(f), where y‘(‘”) is parallel to the all-ones

vector and yﬁ') is perpendicular to the all-ones vector. Intuitively, the component yﬁu) corresponds

u o .
to the “error-free” case, and yi) corresponds to the “mixing” case. Furthermore,

1y [l < Spread(u) < 2- [y

Thus, by looking at Spread(u), we are effectively using the /o, norm of y(f) to tell us whether we

are in Case 1 (“error-free”) or Case 2 (“mixing”).
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Key new idea: Using the /, norm. Why do we use the / norm to measure v ’? Intuitively, the
underlying reason is that we are working with an /.-type guarantee regarding the approximation
matrices VV]-H-. To get the best WPRG seed length, we construct WjH- using the BRRY
PRG [BRRY14] (as discussed in Section 3.2), but the correctness proof works in the more general
setting where VNV]‘H- is constructed using an arbitrary PRG that fools constant-width regular ROBPs
with moderate error. In such a general setting, using the /., norm seems necessary, because it
captures the “worst possible error” for a pseudorandom walk starting from u.

To make progress in the polynomial-width case, we take a less “generic” approach. We
construct the approximation matrices V~Vj<_i by recursively applying (a version of) Rozenman
and Vadhan’s derandomized squaring operation [RV05] (similar to what Ahmadinejad, Kelner,
Murtagh, Peebles, Sidford, and Vadhan did [AKMPSV20]). This operation uses a spectral expander
graph to recycle randomness. Let H be the expander’s transition matrix, and let J be the transition
matrix of a complete graph with self-loops. The quality of H is measured by the quantity
A(H) = |[H —J||2, i.e., we measure error using the ¢, norm. This raises the following question:

In the case that the matrices W]-H- are constructed using the derandomized square, can

we get a tighter analysis of L~!AW by looking at the £, norm Hy(f) ||2 instead of the /o
norm?

Although seemingly naive, this idea is the core motivation for our simplified proof of Ahmadine-
jad, Kelner, Murtagh, Peebles, Sidford, and Vadhan’s main result [AKMPSV20]. We believe it is
the “real magic” behind their work.

3.4.2 The Error-Free Case: Singular-Value Approximation

Let B be a regular width-w length-n standard-order ROBP, where w = poly(n). As discussed
above, our approach for analyzing L' AW is to use the /, norm to distinguish between an “error-
free” case and a “mixing” case. We begin by discussing the error-free case.

For simplicity, we continue to focus on AW() for this proof overview. Therefore, fix a length-2
edge (¢,¢+2) € E(SC,). The approximation matrix Wy, ; is defined by using an expander
graph to recycle randomness. Let H € R?*? be the transition matrix of this expander, and let
J € R¥*? be the transition matrix of the complete graph with self-loops. The definition of A(H)
implies, for all o, B € RY,

A
BT (B o < AE)- - 181l < 2E - (i + 1613) 9
Now let x € R and y e RV be vectors. For each vertex u € V(f), let y(“) be the subvector
of y that is reachable from u. That is, if the i-th path from u leads to v, then we define ygu) = Yo.

Similarly, for each vertex v & V(HZ), let x(®) be the subvector of x from which v is reachable. By
regularity, () and y(*) are both vectors in RP where D = 22 = 4. Using (5), one can show that

~ A(H v u
\yT-(WMH—WHM)-x\sé;-( Y OB+ ¥ Hy@H%)- ©

eV (t+2) uev(®)

(See Lemma A.15 and the proof of Corollary A.16.) When x and y are chosen appropriately, the
left-hand side of (6) measures the amount of error that occurs in layers ¢ through ¢ + 2. Therefore,

provided that all of the ¢, norms Hx(f) |l and || y(f) ||l2 are close to zero, (6) says that we are in an
“error-free” case, as desired.
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The sums on the right-hand side of (6) can be conveniently simplified as follows. Observe
that fo) 15 = | x®) 15 — Hx|(|v) 3. Intuitively, x|(|v) corresponds to the v-th coordinate of Wy, 5, ¢ - x.
Using this idea, one can show that

L @12 — (1xI2 s i

— . UGXV:(»') 2772 = [[x)l2 = W - x[l7 = HXHI_W[HHWMZM’
and similarly,

1 (w2 _ 2 WT 2 5

D'MEZV:(” i 12 = llyllz = IWesoee - yll2 = 11w, ., Wi, -

Thus, (6) is equivalent to the statement that W, ., is a good singular-value approximation of
Wy 2., as defined by Ahmadinejad, Peebles, Pyne, Sidford, and Vadhan [APPSV23]:

Definition 3.1 (Singular-value approximation [APPSV23]). Let W, W € IRY*® be doubly stochastic

matrices. We say W T-singular-value approximates W, denoted as W oW, if for every x,y € RY,

o7 (W= W) x| < T (10w + o)

In this proof overview, we are focusing on the length-two edges in SC,,, which correspond
to a single application of the derandomized squaring operation. In the actual proof, we show
that more generally, W, ; is a good singular-value approximation of W, ; for every edge
(¢,r) € E(SCy). (See Theorem 8.1.) We would like to clarify that it was already known that
recursive derandomized squaring produces a good singular-value approximation. Indeed, this
fact readily follows from the analysis in Ahmadinejad, Peebles, Pyne, Sidford, and Vadhan'’s recent
work [APPSV23]. For this reason, we defer our alternative proof of this fact to Appendix A.

3.4.3 The Mixing Case: Potential Dynamics

To summarize the discussion so far, our simplified proof of Ahmadinejad, Kelner, Murtagh,
Peebles, Sidford, and Vadhan’s main theorem [AKMPSV20] can be divided into two main parts.

1. First, we show that the approximation matrices W]-H- constructed via a version of the deran-
domized squaring operation [RV05] are singular-value approximations of the corresponding
exact matrices Wj, ;. (See Theorem 8.1.)

2. Second, we show that |[L"!AW|| is moderately small, where || - || is a suitably chosen matrix
“norm.”1? (See Lemma 8.5.)

Bounding HLflAWH enables us to apply our error reduction framework, which ultimately leads
to a low-error approximation to [E[B]. (See Theorem 8.3.)
We now present an overview of our proof that ||L~'!AW|| is moderately small. For this proof,

the only feature of the approximation matrices VV]'H that we use is the fact that WjH ~ 7 Wici
for a suitable 1) = 1/polylog(n).

10Technically, the “norm” we use is not a true norm, but rather an extended submultiplicative matrix seminorm. See
Definition 2.3.
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The test vector and the error vectors. Like before, we decompose AW = i(fln AW®) . For
simplicity, in this technical overview we continue to focus on the case t = 1, i.e., we focus on
the challenge of boundmg L TAWD)|.

Our matrix “norm” || - || is induced by a suitable vector “norm” (technically a seminorm),
which we will specify later. Therefore, fix some arbitrary “test vector” x € R"*1% and let
z =L '"AWMx, Our job is to show that ||z|| < 6||x|| for some moderately small 4.

Write x as a block vector x = (x[o],...,x[”]), where xll € RV =~ R, Similarly, write
z = (z[o}, . ..,z[”]). Observe that we have the following recursive formula for Zll: for every
j€{0,2,4,...,n—2}, wehave

2+ = =Wjio - 2+ AW(JF)ZH -l

For convenience, define z["*2 to be the zero vector, and define W, 102, and AW,(1 JZZ ., to be the

zero matrix, so the equation above holds even for j = n. We denote the two terms above by
22 = Wy 5 ;- 2l and sli+2) = AW](._lF)ZF]. - xl, so that

L2 — 42 4 i+,

Intuitively, zU+? is the “cumulative” error vector at layer j + 2, while sU*?) is the “local” error
vector.

The potential function. Analogous to the discussion in Section 3.4.1, our approach for bounding
||z|| is to use a potential argument. Our potential function ®: R” — R is given by

@(y) = Iyl

Observe that if y is a probability vector, then ®(y) is a measure of how far y is from the uniform
distribution. In this respect, ®(-) is similar to the potential function ®; discussed in Section 3.4.1;
however, compared to ®;, our function ®(-) is more compatible with spectral analysis.

As discussed previously, we wish to argue that in each step, we fall into one of two cases: the
error-free case, and the mixing case. To implement this plan, let us think of |®(zU+2) — @(zl+2)|
as the amount of error in step j. (Intuitively, if we pretend that zU/! is a probability vector, then the

quantity |®(zU2) — ®(2U+2))| measures the extent to which AW]( +)2 o

since ®(-) is our measure of mixing.) Using the fact that W]-+25]- X 7 Wjt2+j, we prove that

“damages mixed-ness,”

@0 — @) <O(m) - | @)~ @(Wipo - 2) + () — oWy a0l | @)

amount of error in step j mixing in z mixing in x

Thus, if the amount of error |®(zU+2) — ®(zU+2)| is large, then there must be a corresponding
change in the potential function: either ®(W; 5. ;- U <« @(zl), or else D(Wjj2e iy <
CID(xm). The first case describes mixing that occurs “on the z side,” i.e., after multiplying by
L IAW®) . The second case describes mixing that occurs “on the x side,” i.e., the mixing was
already present in the test vector x to begin with. Either way, we see that error at step j implies
mixing at step j.
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The Fj-seminorm. In light of (7), it is natural to define our “norm function” || - || : R("+D® — R
by the formula
= Y (@@ - oW yl)),
j€{0,24,...n}
where y = (yI,...,y!"). This quantity ||y||?> measures the total potential drops when we apply

each matrix W, ; to the appropriate block of y. One can verify that this function | - || truly is a
(semi)norm; we refer to it as the “F;-seminorm.” Summing up (7) gives

D ’CD(ZUH})—‘D(E{HZ]) < O(1) - (211> + [Ix[I). (8)
j€{0,24,...n}

amount of error in step j

The left-hand side above is a measure of the total amount of error. However, our job is to bound
||z||, which is, conceptually, a different way of measuring the total amount of error. To connect
these two quantities, it might be helpful to visualize a dynamic process generating z[, 212, 22/, . ..
as in Figure 3.

__________

4] +s [4] ’ z [2] +s [2] ’ z [0]

Figure 3: An illustration of the dynamics of the potential function.
The value ||z||? is the sum of the heights of the dashed arrows in Figure 3. Meanwhile, the
error measure on the left-hand side of (8) is the sum of the heights of the solid arrows in Figure 3.
The key observation is that in this process, the initial point z\% is equal to the final point zl"+? (both
are the zero vector), so the two types of arrows must perfectly balance. Symbolically, we have

2P =Y, | ®E) -oE)
j€{0,2,...n}

drop in potential

= oY) oG )+ Y (0E) - o)
j€{0,2,...n}

SOET) @G+ Y o) a(Ei)
j€{0,2,...n}

amount of error in step j

=0—0+0(1) - (|]z]% + ||x[]?)

by (8). By choosing 7 to be sufficiently small, we conclude that ||z]] < O(1/7 - ||x]|) as desired.

In the actual proof, to account for AW where t > 1, we use a somewhat more complicated
seminorm called the “F-seminorm.” Intuitively, the F-seminorm measures the total potential
drops across all edges (i,j) € E(SC,), whereas the F;-seminorm only looks at edges of length
2. See Section 8 for details.
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3.5 Our WPRG for Unbounded-Width Permutation ROBPs

We conclude this technical overview by briefly discussing our improved WPRG for unbounded-
width permutation ROBPs (Theorem 1.9). This WPRG corresponds closely to our simplified proof
of Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and Vadhan’s main theorem [AKMPSV20].
We construct our WPRG by reverse-engineering the (non-black-box) algorithm for derandomizing
regular ROBPs. In order to carry out this reverse-engineering process, we assume that the program
we are fooling is a permutation program, because under this assumption, Rozenman and Vadhan’s
derandomized squaring operation [RV05] has a “black-box interpretation,” namely, it is equivalent
to the Impagliazzo-Nisan-Wigderson (INW) PRG [INW94]. The WPRG that we construct in this
way has a seed length that is greater than what we can afford, because each seed includes several
independent seeds for the INW PRG. We therefore decrease the seed length by using Hoza, Pyne,
and Vadhan’s PRG [HPV21] to generate correlated seeds for the INW PRG.

The approach outlined above is essentially identical to the approach that Pyne and Vadhan
use to construct their WPRG for permutation ROBPs [PV21]. The reason we get an improved
bottom-line seed length is that Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and Vadhan’s
algorithm [AKMPSV20] involves a “cycle lift” at some points. These cycle lifts are inherited by
Pyne and Vadhan [PV21], and they effectively cost a factor of n in the error parameter. In terms
of seed length, this means that O(log # - \/log(1/¢)) becomes O(log®? n +logn - 1/log(1/¢)). In

contrast, we never use any cycle lifts, hence we do not pay the extra log3/ 21 term.

4 Our Error Reduction Framework: Inverse Analysis of Random Walks
and Shortcutting

In this section, we rigorously describe our general error reduction framework for space-bounded
derandomization. All of our results rely on this framework.

4.1 When Our Framework Is Applicable

We follow the same notation as in Section 3. Let B be a width-w length-n standard-order ROBP.
The vertex set of Bis V(B) = VO uVv® u...u VM where |V)| = w for each i € [n]. The
matrices W and L := I, 1), — W are also defined as in Section 3.

We are interested in deterministically approximating the matrix L~!. Our error-reduction
framework is a method for converting an appropriate “moderate-error” approximation into a
“low-error” approximation. We begin by explaining exactly what type of “moderate-error” initial
approximation our framework requires.

4.1.1 Shortcutting and Approximation Ensembles

We assume that we start with an ensemble of moderate-error approximation matrices — one for
each edge in the “shortcut graph,” which we introduced in Section 3 (see Figure 1) and which we
formally define next.

Definition 4.1 (Shortcut Graph). Let n > 1 be a power of two. The shortcut graph SC,, (or SC when n
is clear from the context) of size n is a directed graph with n + 1 vertices V(SC,) = {0,1,...,n} and the
following set of edges. For each t € {0,1,...,logn}, denote

U= {j-2":jezn|o,n/2]} = {0,2,2-2,3-2',...,n}.
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Then, E(SC,) contains one directed edge (j,j + 2') for every adjacent pair {j,j +2'} C U;. Note that
|E(SC,)| =2n—1.

Recall that W, ; = W;- W;_1---W;,4, so each entry of W;._; describes the probability that a
length-(j — i) random walk from a particular vertex in V() arrives at a particular vertex in V).
To use our error reduction framework, we must start with a moderate-error approximation matrix
W, _; for each edge (i,j) € E(SCy).

Definition 4.2 (Approximation Ensemble). A (w,n) approximation ensemble is a collection of

matrices W = {VN\’]‘H : (i,j) € E(SCy) } where WjH- € RY*®. We omit the parameters (w, n) when they
are clear from context.

Looking ahead, we will obtain this ensemble in different ways depending on our goal.

* When constructing WPRGs, for each (i,j) € E(SC), we evaluate a given PRG G : {0,1}* —
{0,1}" on the subprogram from the i-th layer to the j-th layer. As the subprogram only
reads (j — i) bits, we only need to use the first j — i pseudorandom output bits. The details
are given in Section 5.

¢ For estimating random walks (i.e., non-black-box derandomization), we will use the
derandomized square operation by Rozenman and Vadhan [RV05]. The details can be found
in Appendix A.

4.1.2 The Correction Graph and the Appropriate Initial Error Bound

Our error reduction framework assumes that the initial approximation ensemble w already has a
“moderately small error.” The specific “error” measure is defined in terms of the correction graph,
defined next.

Definition 4.3 (Correction Graph). Let W = {WjH : (i,j) € E(SCy)} be an approximation
ensemble. To define the corresponding correction graph transition matrix AW € (IRV*@)(n+1)x(n+1),
let ¢,r € {0,...,n}. The (r,{)-th block of AW is defined as follows.

e If({,r) € E(SCy), then

Wref — Wiy fr=1~0+1,
W, o — Wregszgszg otherwise.

(AW)N—K = {

e If({,r) ¢ E(SCy), then (AW),., = 0.
The correction graph is a weighted digraph on the vertex set V (B) with the edge weights described by AW.

Our error measure for W is |L-'AW|, where || - | is an arbitrary submultiplicative
matrix norm, or more generally, an arbitrary extended submultiplicative matrix seminorm (see
Definition 2.3). Our error reduction procedure is applicable provided that | L"!AW|| is moderately
small. Under this assumption, we will show how to construct a matrix A,, such that ||[I — A,,L|| is
extremely small. In this sense, A, will be a low-error approximation to L%

Looking ahead, to establish the initial moderate bound on |[L~'AW]||, we will frequently
decompose AW into

logn
AW =Y AW )
t=0
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where for each t, we define AW(®) ag

() (AW),, ifr=10+2"
AW =
(AW): { 0 otherwise.

That is, AW(®) contains all those blocks that correspond to “level-t” edges in SC,,. Then, we will
reason about each term |[L-*AW®)|| separately. Furthermore, for convenience, we will usually
ensure that Wy, 1, y = Wy, 1. g foreach ¢ € {0,1,...,n— 1}, so (AW)(O) =0.

4.2 The Error Reduction Construction
4.2.1 Moderate-Error Inverse Laplacian L~': Shortcutting

Let W be an approximation ensemble. The first step of the error reduction process is to construct
a matrix L~!, intended to be a moderate-error approximate inverse to the Laplacian matrix L.
The construction is as follows. We view L~ as block matrix from (R¥*@)(+1)x(n+1) ‘and we use
(ffl)]x_i to denote the (j,7) block (a w x w matrix).

Foreach ¢ <, let{ =iy — iy — --- — iy = r be the shortest path from ¢ to r in SC. (There is
indeed a unique shortest path; see Corollary 4.8.) We construct the (7, £)-th block of L' as

C Y =W Wi i, Wi - Wi (10)

We also set (ffl)gig = I, for every £ € [0,n], and (L™!),, = 0 for every £ > r. This completes
the construction of L=

4.2.2 Low-Error Inverse Laplacian A,,;: Richardson Iteration
The final step of our error reduction framework is that we apply Richardson iteration to L~!. That

is, for each m € IN, define
m
Ap=Y (I-L'L)yL "
i=0

The main theorem of this section says that A, is a low-error approximate inverse to the Laplacian
matrix L:

Theorem 4.4 (General Error Reduction Framework). Let B be a width-w length-n standard-order
ROBP with transition matrix W and Laplacian matrix L = 1 —W. Let W = {W]-<_i : (i,]) € SCy} be
an approximation ensemble, let m € IN, and let AW and A, be the corresponding matrices defined above.
Let || - || be an extended submultiplicative matrix seminorm, and let 0 < & < 1/2. If |L'AW]|| < &, then
J1=Au-L|| < (26)"H1.

The rest of Section 4 is devoted to proving Theorem 4.4.

4.3 Correction Graph Lemma: Inverse Analysis of Random Walks

Since L lisa unitriangular matrix, it is invertible. We define L as the inverse of L~1. The core of
the proof of Theorem 4.4 is the following lemma, which gives an exact formula for L. This process
of going from L~ to L is what we refer to as the “inverse analysis of random walks.”
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Lemma 4.5 (Correction Graph Lemma). Let B be a width-w length n standard-order ROBP with
transition matrix W and Laplacian matrix L = I —W. Let W = {Wii @ (i,j) € SCy} be

an approximation ensemble, and let AW and L be the corresponding matrices defined above. Define
W = W + AW. Then
L=I-W.

Intuitively, Lemma 4.5 says that L can be interpreted as the “Laplacian” of a weighted graph
with transition matrix W = W + AW. This is the justification for the term “correction graph:” by
subtracting the correction graph from L, we get the original Laplacian L.

The first step in the proof of Lemma 4.5 is to give a formula for each block of (I — W)
Intuitively, because I — W is a directed Laplacian matrix, a block (I — \/A\/);(iZ should describe
random walks starting from layer ¢ and ending at layer r. This “random walk” interpretation
is slightly inaccurate because W is not a stochastic matrix, but otherwise it is correct:

-1

Claim 4.6. The matrix 1 — W is invertible, and for each {,r € {0,...,n}, the (¢,r)-th block of (1 — W)~
is given by
r—{
I-wW), !, =Y Y Wiii Wi iy o Wi (11)
t=0 A=ig<ii<---<ip=r
(io,-.,i¢) is a path in SC

Proof. Since I — W is unitriangular, it is indeed invertible, and its inverse is given by

Therefore, the (£, 7)-th block of (I — W)~ is given by

(o)
I-W) !, = Y (WH,p = Z Z Wit<—i,,1 Wi i, Wi
t=0 =0 l=iy,iy,.

The block VAV]-H- is zero whenever (i,j) ¢ E(SC,), and hence the sum above is equivalent to
(11). 0

We would like to simplify the formula in (11). We will do so using the following two structural
properties of the shortcut graph SC,,.

Lemma 4.7 (Intermediate Value Lemma). Suppose (i,j) € E(SC). Further, suppose a path 7t in SC
starts at i and visits two vertices a,b where i < a < j < b. Then, the path also visits j.

Proof. Without loss of generality, we may assume that (a,b) € E(SC). Under this assumption, we
will show that b = j. By the fact that (4, b) is an edge, we know that g, b are two adjacent multiples
of 27 for some g € [logn]. Similarly, by the fact that (7, /) is an edge, we know that i, j are two
adjacent multiples of 27 for some g’ € [logn]. Since i < a < j, the value a cannot be a multiple of
27", and since a is a multiple of 29, we get g < ¢’. But then both j and a are multiples of 27. Since
a < b are two adjacent multiplies of 27, it must be the case that b < j. So we conclude b = j. O

As a corollary of the Intermediate Value Lemma, we have the following characterization of
shortest paths in SC.

Corollary 4.8 (Characterization of shortest paths). Let ¢,r,m € {0,1,...,n}. Suppose the shortest
path from £ to r in SC visits m. Then, every path from ¢ to r in SC visits m.
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Proof. Let 7t and 7’ be two paths from ¢ to r, and suppose that 7t visits m but 77" does not visit m.
We will show that 7 is not the shortest path from ¢ to r.

Let f be the first vertex that 7t visits but 77" does not visit. Let a be the preceding vertex in
7, i.e., 7T traverses an edge (a, f) € E(SC). By the Intermediate Value Lemma on the edge (4, f),
7’ goes from a directly to some b > f (otherwise it could not avoid visiting f). Then, we apply
the Intermediate Value Lemma again on the edge (a,b). We know 7t must visit b at some point.
Therefore, 7t cannot be the shortest path, because we could go from a directly to b instead of taking
a pit stop at f. O

Observe that Corollary 4.8 also implies that the shortest path from ¢ to r is unique.
Now we are ready to simplify (11). In (11), we sum over all paths from ¢ to r in SC. We now
give an equivalent formula that only considers the shortest path from ¢ to r.

Claim4.9. Let 0 < { < r < n, and let £ = iy — iy — --- — iy = r be the shortest path from { to v in
SC. The (¢,r)-th block of (1 — W)~ is given by

(I - W)rig = Wit%izfl ’ Wit—l o 'Wl‘leiO' (12)
Proof. First, suppose thatt =1, 1i.e., (¢,r) € E(SC,). Then the difference |r — ¢| must be a power
of two, say r = £ + 29. We proceed by induction on q. If ¢ = 0, then there is exactly one path from
£to rin SC, so the right-hand-side of (11) simplifies to W,._;, = W,._4, completing the proof in this
case. Suppose now that g > 0.

Let m = £ 42971 (the midpoint). Every path from / to r of length greater than 1 must visit m.
(Indeed, either the first step is from ¢ to m, or else we can apply the Intermediate Value Lemma.)
Therefore, by Claim 4.6, we have

=Wl =W+ (I-W) L, - (1-W), 1,

=W, 0+ Wrim Wy (Induction)
=W, (By the definition of W.)

That completes the proof of the case t = 1, which is the base case of induction on ¢. For the
inductive step, suppose t > 1. Note that the shortest path from ¢ to i; is a single step, and the
shortest path from i; to risiy — i = --- — iy_1 — r. By Corollary 4.8, every path from /¢ to r
visits i1, so by Claim 4.6,

(I-W),l, = (I-W),!

re

(I-W); !

11 Ll

= (Wi"<—ik71 e Wiz(—il) : WH(—E

ri1

by induction. O

Proof of Lemma 4.5. Claim 4.9 shows that when ¢ < 7, the (¢,r)-th block of (I — W)~ is equal to
the corresponding block of L~!. Looking at Claim 4.6, we see that the same holds when ¢ < r (the
right-hand side of (11) is an empty sum, i.e., the zero matrix) and when ¢ = r (the right-hand side
of (11) is an empty product, i.e., the identity matrix). Therefore, (I —W)~! = L1, Since matrix
inverses are unique, it follows that L = I — W. O
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4.4 Using the Correction Graph Lemma to Complete the Error Reduction Proof

Recall that we are working on proving our general error reduction theorem (Theorem 4.4). The
assumption in Theorem 4.4 says that | L "' AW|| is moderately small. The Correction Graph Lemma
(Lemma 4.5) says that AW = AL := L — L, so now we know that ||L~ 'AL|| is moderately small.
Our next goal is to show that it follows that ||I — L~'L|| is moderately small. This is a consequence
of the following natural lemma.

Lemma 4.10 (Inverse of approximate identity also approximates identity). Let || - || be an extended
submultiplicative matrix seminorm, let R € RN*N pe g unitriangular matrix, and let 6 € [0,1) be a real
number. If |IR —I|| <6, then |[R™! —1|| < 6/(1—6).

Proof. Let E = I — R. Since R is unitriangular, EN = 0. Therefore, if we let S = Zfi Il E!, then
E-S =S — E. Rearranging, we get

S=I-E) 1. E=R!' I-R) =R !-L
Therefore,

RO —1=[s|< Y o<y o— 0 0
SLOSLY=1;

Corollary 4.11. Let L and L be lower unitriangular matrices of the same dzmenszon let & € [0,1),
and let || - || be an extended submultiplicative matrix seminorm. Suppose |L~*(L — L)|| < 6. Then
LN L -L)| <4/(1-9).

Proof. Take R = L' L in the previous lemma. This works, because R is unitriangular,
L' (L-L)=R-LandLY(L-L)=I-R"L O

Note that L~!(L — L) = I — L~'L. Given that [|[I — L~'L|| is moderately small, the standard
analysis of Richardson iteration shows that ||I — A,,L|| is very small:

Lemma 4.12 (Richardson Iteration). Let L and L' be square matrices of the same dimension and let
Ay = Y o(I—=L L)LY Let || - || be an extended submultiplicative matrix seminorm, and assume
I1-L 1L|| < 0. Then

IT—AuL|| < [T—L7'L)™*.

Proof.

m N
= (I1-L7'L) - Y (- L) L (Taking out the i = 0 term)
i=1
o~ m ~ . ~
=(I-L'L*-)Y 1-17'L)-L'L (Taking out the i = 1 term)

— (I o i‘—lL)m-i-l'

O
Proof of Theorem 4.4. By the Correction Graph Lemma (Lemma 4.5), we have ||L~ WL — L)[| <.
The matrices L and L are both lower unitriangular. By Corollary 4.11, it follows that || — L~'L|| <
5/(1—6) < 24. By Lemma 4.12, it follows that ||T — A,,L|| < (26)"*1. O
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5 The Black-Box Version of Our Error Reduction Framework: Low-
Error WPRGs

In the previous section, we described our error reduction framework in its most general form:
given a moderate-error initial approximation ensemble W, we showed how to construct a low-
error approximation matrix A,,. In this section, we “translate” our error reduction framework into

the black-box setting. That is, we consider the case that W is induced by a moderate-error PRG G.
In this case, we will show that the low-error approximation matrix A, can be “implemented” by
a WPRG. Thus, we can convert a moderate-error PRG into a low-error WPRG.

Looking ahead, the error reduction procedure that we describe in this section will be the first of
two stages in our constructions of low-error WPRGs for bounded-width regular ROBPs (Section 6)
and for unbounded-width permutation ROBPs (Section 9). The WPRG that we construct in this
tirst stage will have low error, but it will also have a relatively large seed length, because the seed of
the WPRG will include (among other things) several independent seeds of G. In the second stage,
we will decrease the seed length by using the INW PRG [INW94] to select correlated seeds of G.
This second stage is the same as in prior work [CDRST21; PV21]; the novelty of our construction
is how we perform the first stage, where we use the machinery developed in the previous section.

5.1 The Low-Error WPRG Construction

To describe the WPRG construction formally, we will work with the pseudodistribution formalism
described by Hoza [Hoz21].

Definition 5.1 (Pseudodistributions). Let n € IN. A pseudodistribution over {0,1}" is a formal real
linear combination X of n-bit strings, i.e., X = YR A; - x\) where A; € Rand x\) € {0,1}". If every A;
is nonnegative and Y'X | A; = 1, then X can be interpreted as a true probability distribution. For example,

U, = Z 27" x.
x€{0,1}"

A linear combination of pseudodistributions is another pseudodistribution defined in the natural way. That
is, if X and ) are both pseudodistributions over {0,1}", say X' = YR A -xDandy = YK v y®,
andc € R, then X + ¢y = ijlK 1; - 29, where

ni=A; and z0 = x(0) ifi <R
ni=c-vi_r and z0 = y("’R) ifi > R.
The tensor product of two pseudodistributions is defined by
(Z A x(z)) ® (ZV]. . y(1)> =Y Y (Aw)- (xD oy,
i=1 j=1 i=1j=1

where x oy denotes the concatenation of x with y. Thus, if X is a pseudodistribution over {0,1}" and Y is
a pseudodistribution over {0,1}", then the tensor product X ® Y is a pseudodistribution over {0,1}" "2,

A pseudodistribution with R terms corresponds to a WPRG with seed length log R.
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Converting a moderate-error PRG into a low-error pseudodistribution. Fix G: {0,1}* —
{0,1}", which we think of as an initial “moderate-error” PRG. We identify the PRG G : {0,1}* —
{0,1}" with the pseudorandom distribution that it samples, viewed as a pseudodistribution over

{0,1}™
g = Z 275 G(x).
xe{0,1}5

Foreach 1 < i < j < n,let G;_,j denote'! the pseudodistribution over {0, 1} obtained by taking
the (j — i)-bit prefix of a sample from G, i.e.,

Gisj= ), 27°(G()1 ..., G(x)j-)-

xe{0,1}*

Furthermore, for any indices 0 < i < j < mn,leti =iy — iy — --- — iy = j be the shortest path
from i to j through SC, and define

g?ij = Giysiy ®Gi1 i, @+ - @ Gj | iy (13)

(The definition of G>¢ j above is where our construction deviates from previous WPRG construc-
tions [CDRST21; PV21; Hoz21].) Furthermore, define gfji = 1- (empty string), a trivial pseu-
dodistribution over “{0,1}0.”

Note that so far, we have only considered true probability distributions. Now, however, it is
time to introduce minus signs into the picture. For indices 0 < i < j < n, define

Einj=U1 ® gisf1—>]' - gis—c>j'
Finally, for each m € IN, define
XM=Y Y G @i ® iy @ @ Eip iy

(=0 ig,...,iy€IN
0<ip<-+-<iy=n

m

This concludes the construction of our low-error pseudodistribution X'("™). In the next
subsection, we will show that this construction “implements” the error-reduction framework that
we described in Section 4.

5.2 Correspondence Between Our Pseudodistributions and Matrices

Let B be a width-w length-n ROBP that we seek to fool, with vertex set V.= VO u...u v,
We will interchangeably use V(© U ---U V(" and [(n + 1)w]. Both of them refer to the set of

vertices of B. Recall that B: {0,1}" — {0, 1}V<H)XV(O) is the matrix-valued function computed by

B,i.e., B(x)yy = B*"(x). Let Wy, o € RV V" be the transition matrix of B with truly random
input, namely W, o = E[B]. Let W,.._o be the transition matrix of B with pseudorandom input
generated by G, namely W, o = E[B(G)].

More generally, for 0 < ¢ < r < n, we define B,, ; to be the subprogram of B starting at the
{-th layer and ending at the r-th layer. We use B, to denote the corresponding function mapping

{0,1}7¢ = {0,1}**®, and we let W,._; = E[B,. ;] and W,._; = E[B,._¢(G/_,,)].

HDjfferent from the index for matrices, we use forward arrow i — j to index G, because the string concatenation
operation is applied from left to right.
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Thus, the PRG G induces an approximation ensemble W = {W,_, : (£,r) € E(SC)}. Using
this ensemble W, we define L !and A, as in Section 4. Our goal for this section is to show that
the matrix A, describes the effect of the pseudodistribution X (") on the program B. As a first

step, let us analyze the effect of the distribution g;gr on the subprogram B, ;.

Lemma 5.2. Let 0 </ <r < mn,andlet { =iy — iy — --- — iy = r be the shortest path from ¢ to r in
SC. Then

~ ~ ~

E [BN—f(gésgr)] - Wir%ipl ’ Wit—ﬁ*it—Z T WilFiO = Lr_il
Proof. For each fixed x € {0,1}", we have

Bﬂ—f(xf—ﬁ) = BitFitfl (xit—l‘ﬁt) : Bit—l“it—z(xit—2‘>it—1) e 'Bi1ei0(xi04i1>/

where x;,; = (Xi11,Xi12,...,%;) and - is matrix multiplication. Furthermore, g;g, is a product

distribution G;,;, ® --- ® G;, ,;,- The expected value of a product of independent random
variables is the product of expectations, so

E [Bﬂ—ﬁ(g?gr)} =E [Bl’t%itfl (gitq%l})] ‘E [Bit—leif—z(git—Z‘}it—lﬂ - E [Bi19i0<gioﬂi1)]

=W, Wi, iy Wi [

Next, let us analyze the effect of the pseudodistribution £,_,, on the subprogram B, 4. To be
more precise, we will give a formula for the pseudoexpectation of the subprogram, defined next.

Definition 5.3 (Pseudoexpectation). Let w,n € IN, Zet F: {0,1}" — RY*% be a function, and let X be
a pseudodistribution over {0,1}", say X = YR | A; - x()). We define the pseudoexpectation of F under
X by the formula

Ai - F(x®) € RO*®,

M

EF(Y) =)

One can show that pseudoexpectation satisfies the following two properties, analogous to
familiar facts about the standard expectation operator.

Lemma 5.4 (Pseudoexpectation under mixture equals mixture of pseudoexpectations). Let w,n €
N, let F: {0,1}" — RY*Y be a function, let X,) be pseudodistributions over {0,1}", and let ¢ € R.
Then N N N

E[F(X +c¢)Y)] = E[F(X)] +c-E[F())].

Lemma 5.5 (Pseudoexpectation of product equals product of pseudoexpectations, assuming
“independence”). Let w,ng,n1 € N, let F,: {0,1}" — RY*Y be a function for each b € {0,1}, let
F(x,y) = Fo(x) - F1(y), and let X and Y be pseudodistributions over {0,1}" and {0,1}™ respectively.
Then

E[F(X ® V)] = E[Fo(X)] - E[F1(Y)].
The effect of £_,, on B,, ¢ is given by the following lemma.

Lemma 5.6. The matrix E By ¢t(Er—r)] € RYXY is equal to the (r,£)-th block of T — LlL €
R (r+D)wx (n+1)w
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Proof. By Lemma 5.4, Lemma 5.5, and the definition of £,_,,, we have

IE [Breé(gfﬁr)] =E [Bre@rl (gésfli)r)} -E [B£+1ef] —E [Breé(ggsgr)}

_ -1 _ -1
- Lr,€+1 Wé‘i‘l/f Lr,é

by Lemma 5.2. T}le (k, €)-thAblock of W is zero whenever k # ¢ + 1, so the expression above is the
(r,£)-th block of L™! - W — L. Furthermore, since ¢ < r, it can equally well be considered to be
the (r,¢)-th block of 1+ L~! - W — L~1. Finally,

I+L ' WL !'=I+L'W-I)=1-L'L. O

The matrix I — L~'L that appears in Lemma 5.6 is the same error matrix that appears in
Richardson iteration. Recall that we defined the matrix A,, in Section 4 by performing m rounds

of Richardson iteration: .

A,=Y (I-L'L) L7
i=0

The matrix A, “corresponds to” the pseudodistribution X' (™ in the following sense.

Claim 5.7 (Pseudodistribution-matrix correspondence). The matrix E [B( )((m))} is equal to the
(1,0) block of A, € RUrHDwx(n+1)w,

Proof. By Lemma 5.4, Lemma 5.5, Lemma 5.2, Lemma 5.6, and the definition of X (m) we have

/=0 i(),...,i[EN
0<ip<-<ig=n

This is precisely the (n,0) block of A,,, because L ! and L are lower triangular with I in the
diagonal blocks. O

5.3 Template for Constructing WPRGs

We conclude Section 5 by giving a brief outline of how we will use our framework in future
sections to construct low-error WPRGs. Fix a class B of ROBPs that we want to fool.

Identifying an appropriate moderate-error PRG. To construct a low-error WPRG for B, we will
begin by identifying a PRG G: {0,1}° — {0,1}". Then, we will show that for every B € 5, we
have

IL'AW| <6, (14)

where L is the Laplacian matrix of B, AW is the correction graph transition matrix induced by
Band G, || - || is an appropriately-chosen extended submultiplicative matrix seminorm, and ¢ is
“moderately small.”
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Decreasing the error via our error reduction framework. The bound (14) implies that our error
reduction framework is applicable. As explained earlier in this section, we convert G into a
pseudodistribution X(™). This pseudodistribution which corresponds to the matrix A,, from
Section 4. As explained in Section 4, the matrix A,, has low error, in the sense that

J1—AuL| < (26)00.

Using properties of the specific extended seminorm || - ||, we will show as a consequence that X' (")
actually fools the Boolean function B with low error. (This corresponds to analyzing A, — L1
rather than I — A,,L.)

Derandomizing X' (") with correlated seeds. At this point, we will have a WPRG that fools B
with low error. However, looking again at the pseudodistribution X' ("), it is a sum of M = n°(")
signed terms, each of which is a tensor product of up to O(mlogn) copies of G (and up to m
copies of U;). Sampling even one such term would cost O(m - s - logn) truly random bits, which
we cannot afford.

The final step of the WPRG constructions will be to modify X ") by using correlated seeds across
the different copies of G. This step is known already from previous work [CDRST21; PV21]. Since
the arguments differ slightly between the case of bounded-width regular ROBPs and the case of
unbounded-width permutation ROBPs, we present the details in future sections.

6 WPRG for Regular ROBPs

In this section, we present our WPRG for regular ROBPs (Theorem 1.7). Actually, we will prove a
theorem that is stronger than Theorem 1.7 in two respects. First, we will consider a more general
class of branching programs. We construct a WPRG that fools any standard-order ROBP in which
all subprograms have low weight as defined by Braverman, Rao, Raz, and Yehudayoff [BRRY14].

Definition 6.1 (Weight of an ROBP [BRRY14]). Let B be a standard-order ROBP. The weight of an
edge e = (u,v) is defined by Weight(e) = |E[B*"] — E[B*?]|, i.e., Weight(e) is the absolute difference
between the acceptance probabilities when we start at u and when we start at v. The weight of the program,
denoted Weight(B), is the sum of the weights of all edges.

Second, we will prove that our WPRG has the following boundedness property, introduced
by Chattopadhyay and Liao [CL20] (modifying a prior definition by Braverman, Cohen, and
Garg [BCG20]).

Definition 6.2 (K-bounded WPRG [CL20]). Let (G, it) be a WPRG and let K > 0. We say that (G, u)
is K-bounded if |u(u)| < K for every seed u.

Theorem 6.3 (WPRG for ROBPs in which all subprograms have low weight). For all n,w, W € N
and & > 0, there is an explicit e-WPRG with seed length

8] <logn~ <log(W W) + \/m> +log(1/€))

that e-fools every width-w length-n standard-order ROBP B that satisfies the following property: For
every vertex v, we have Weight(B”*") < W. Furthermore, the WPRG is K-bounded for a value

K — nO(y/log(l/e))
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Theorem 6.3 implies Theorem 1.7, because Braverman, Rao, Raz, and Yehudayoff showed
that for every width-w length-n standard-order regular ROBP B and every vertex v, we have
Weight(BY<") < O(w) [BRRY14]. The greater generality of Theorem 6.3 will be essential for our
treatment of width-3 ROBPs in Section 7.

Proof outline. The proof of Theorem 6.3 is based on the error-reduction procedure from
Section 5. Denote by B the class of ROBPs satisfying the property stated in Theorem 6.3. Let
G:{0,1}* — {0,1}" be a PRG that t-fools every program B € I3, where

1

E<T< poly(W,w,logn)’

We will show how to convert G into an e-WPRG with seed length

~ log(w/e) - logn
@) <s + log(1/7) +log(w/e) | .

To conclude, we will choose T &~ 2~ V108(1/¢) and take G to be the BRRY PRG [BRRY14]. It might

be helpful to keep in mind the case w = O(1), W =0O(1),e =1/n,and T = 2~V/logn,

To construct the low-error WPRG, we will follow the framework presented in Section 5. In
Section 6.1, we show that the matrix L~!AW has a moderately small norm, as required by our
error reduction framework. In Section 6.2, we construct a WPRG with a low error but with a
relatively large seed. Finally, in Section 6.3, we replace independent seeds with correlated seeds

to get a WPRG with a low error and a low seed length. (This last step is the same as in prior
works [CDRST21; PV21].)

6.1 Bounding |[L~!AW||

For convenience, assume that the first output bit of the PRG G is perfectly uniform. (If this
property does not hold, G can be modified to have this property while increasing the seed length
by only one bit.) Our goal in this subsection is to prove the following lemma.

Lemma 6.4 (Moderate-error bound when all subprograms have low weight). Let B € . Let L be
the Laplacian matrix of B, and let AW be the correction graph transition matrix induced by B and G as
explained in Section 4 and Section 5. Then

IL'AW||o < 1.5-7-W-w? - logn.

In Lemma 6.4, the notation || - ||« denotes the matrix norm induced by the vector /. norm,

defined as
Ml = max {|Mz]l} = max YRS
z:||z[|l =1 i: row of M i colu; ofMl 1]’

This matrix norm is submultiplicative, so as explained in Section 4 and Section 5, bounding
IL"!AW]|| will enable us to use our error reduction framework.

The first step in the proof of Lemma 6.4 is to show (roughly speaking) that the PRG G fools
subprograms with error significantly less than T when we have a very low weight bound (much
less than 1). To be more precise, we use the following notation.

34



Definition 6.5 (Weight of a region in the ROBP). Let B be a standard-order ROBP with layers
vO, v, Fori € [n], let EV) be the set of incoming edges to vertices in V), ie, E() =
EB)N (V=D x VD), Let 0 < i < j < n. We define Weight(B, i,j) to be the weight of all edges
between VO and V) ie.,

Weight(B, i,j) = ) Weight(e).
ecE(+1)y...uE®)

Lemma 6.6. Let B be a standard-order ROBP on vertices VO U - - UV, Let0 < ¢ < 7 < j<mn,
let u € VO, let q € VD), and let Y and U be independent random variables, where ) € {0,1}“5
and U is distributed uniformly over {0,1}/7". Assume that for every v € V), the distribution
Y fools the subprogram BY<* with error «. Then the concatenation (Y,U) fools BT<" with error
a - w - Weight(BT<", 0,r) /2.

Proof. Let S be the set of vertices v € V(") that are reachable from u. Braverman, Rao, Raz, and
Yehudayoff showed [BRRY14, Proof of Proposition 5] that for every v, v’ € S, we have

|E[BT<?] — E[BT<"]| < Weight(BT",(, 7).
Therefore, there is a value 1 such that for every vertex v € S, we have
1
[B[BY Y] — ] < 2 Weight(B™*,£,r).
Define 6, = E[B7*?] — 5. Then
[E[B7" (0", ,U,0"))] — E[B""]|

Y (E[B*(V)] —E[B*"]) - (1 + )

vES
<n-|)_ E[B*"(¥)] - ) E[B*"]| + ) [E[B*"(¥)] — E[B*"]| - ||
veS vES veS
— - [1=1]+ Y [E[B**()] — E[B""]| - Weight(BT", £,7) /2
veS
< a-w-Weight(BT™",¢,r)/2. O

With Lemma 6.6 in hand, we now turn to analyzing the matrix L"!AW. As suggested in
Section 4, we decompose AW as AW = AWO) ... 4 Aw(log "), where AW](Z ; is nonzero only for
edges (i,j) € E(SC) where j = i + 2'. Because the first bit of the output of G is perfectly uniform,

we have AW = 0, so our decomposition becomes AW = AW 4 ...+ AW(Io8n)  For a fixed
t € [logn], let us bound each individual entry of the matrix L' AW(®).

Claim 6.7 (Bound on one entry of L~'AW)). Let B € B, let L be the Laplacian matrix of B, and let
AW be the correction graph transition matrix induced by B and G. Let t € [logn]|, and define AW gs
above. Let 0 < ¢ <r <j<mn,wherel € Urandr = +2". Letu € VO and q e V). Then

’ (L*lAW(”) <15-7-w- Weight(BI" (7).

qu

Note that the claim above assumes that ¢ € U;. (Recall from Definition 4.1 that Uy is the set of

multiples of 2! between 0 and n.) If £ ¢ U;, then it is easy to see that <L*1AW(”> =0.
qu
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Proof. Working through the definitions, we have
-1 . ~ ~
(L AW(t))qlu - (Wj<—r : (Wreé - W /+r WHr >)q,u
=E[B""(Y,U)] - E[B"" (Y, Y",U)],

where ) is distributed as the first 2! bits of a sample from G; each of )’ and )" is dis’gributed as
the first 2!~ 1 bits of a sample from G; the variable ¢/ is uniformly distributed over {0,1}/~";and ),
Y', Y", and U are independent. By Lemma 6.6 with « = 7, we have

IE[BY"(Y,U)] — E[B¥"]| <057 w- Weight(BT", {,r).

Similarly, one can show that the concatenation ()”,)") fools subprograms B, with error 27, so
we may apply Lemma 6.6 again, this time with a# = 27, to get

[E[BT" (Y, Y",U)] — E[BT"]| <T-w-Weight(BT",¢{,r).
The triangle inequality completes the proof. O
Summing everything up completes the analysis of L~ 1AW:

Proof of Lemma 6.4. For each fixed t € [logn|, by Claim 6.7 we have

| (Law)
qu

The value Weight(B1<*, £, £ +2') does not depend on the start vertex u € V(©), Therefore,

<max ) Y 15-7-w-Weight(B1" ¢, 0+2").

[Lraw]| <
T get, ey

HL—lAwU)H <max15-7-w?- Y Weight(B1",(,{ +2) = max 1.5 T - w? - Weight(B1*")
0 q Lel; q

<15-T-w*-W.
Finally, summing over all ¢, we have

logn
LlAWoo< LIAWD || <15.7-w?-W-logn. O
. g

6.2 Low-Error High-Seed-Length WPRG: Independent Seeds

In the previous subsection, we showed a bound on ||[L"!AW/||. By the results in Section 4 and Sec-
tion 5, this implies that our error reduction framework works, and hence the pseudodistribution
X (M fools B with low error. In particular, we get the following.

Claim 6.8 (X" fools B with low error). Suppose T < Then for every B € Band m € IN,

R S
9wt-W2-log? n”

[E [B(x™)] —E[B]| < 70" /2.,
Proof. By Lemma 6.4 and Theorem 4.4, we have

[T—ApLlje < (37 - w? - W-logn)erl < gm+1)/2,
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Therefore, for each basis vector ¢, we have
|Amew — L7 ey ]lco < |ARLL ey — L7 ley [l < T2 |17 Tey [0 < 772,

since each entry of L™le, is a probability. Consequently, each entry of A,, differs from the
corresponding entry of L~! by at most t{"*1)/2. By Claim 5.7, it follows that for each vertex
v € V"), we have

’IE [BM—(X(m))] o ]E[Bw—]’ < T(m+1)/2.

Summing over at most w accepting vertices completes the proof. O

6.3 Final WPRG Construction: Correlated Seeds

At this point, we have shown that the pseudodistribution X (") fools B with low error. However,
as we mentioned in Section 5.3, sampling X' (") directly requires a larger seed length than we
can afford. In this subsection, following prior work [CDRST21; PV21], we show how to reduce
the seed length by using the Impagliazzo-Nisan-Wigderson (INW) PRG [INW94] to generate a
sequence of correlated seeds to G.

The final WPRG construction. Recall from Section 5 that X' (") is defined by the formula

m
x(m — Z Z Qggio (9 5i0_>1'1 X 51'1_>1'2 Q- 51‘471_>1‘N
/=0 io,...,i@GN
O§i0<---<i/:n
where &;_,; is given by
Einj=U® giSij - gisgj
and G7<, is the tensor product of Gi,j over all edges (i, j) in the shortest path from £ to r through
SC,. This path has length O(logn). The PRG G has seed length s, and a seed of length s is also
trivially sufficient for sampling a single uniform random bit ((4;). Therefore, by expanding each

&ijand each g?gr, we can write X' (") in the form

X(m) — Zo’l . E 2—57’ . gi,l (y(1)> O---0 gi’r(y(r))’

i=1 y,.yNefo1}s

where K = n%", r = O(mlogn), o; € {—1,+1}, Gi; is a function G;; : {0,1}* — {0,1}" for
some 0 < nj; <mn, and o denotes string concatenation. For convenience, we will assume that K is
a power of two; this can be accomplished by adding dummy terms with o; = 0.

Let ) be a distribution over ({0,1}°)" that y-fools width-w standard-order ROBPs over the
alphabet {0,1}°, where v = g+ Using the INW PRG [INW94], we can explicitly sample ) using a
seed of length g = O(s + log(wr/7y) - log ). Write ) using pseudodistribution notation as

y: Z z_q.ygl)o...oygr)
z2e{0,1}9

where yg ) e {0,1}* for each j € [r]. Our final pseudodistribution Z over {0,1}" is given by the
formula

Z2=Y o0 ¥ 29.G1yM)o-- oG,y

=1 ze{0,1}7

agks
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This pseudodistribution Z corresponds to the WPRG (G, it), where G’: [K] x {0,1}7 — {0,1}" is
given by

G'(i,2) = Gia (W) o0 Gy (")
and p: [K] x {0,1}7 — Ris given by p(i,z) = K- 0;.

Error and seed length. The following claim shows that using correlated seeds only increases the
error by ¢/2 compared to independent seeds.

Claim 6.9. For every B € B,
E —E (m) £
‘IE B(2)] - E [B(X )} ‘ <.
Proof. For eachi € [K], define f;: ({0,1}°)" — {0,1} by
A, ) = BG4 V) o 2 Gy (7).

Then

K
Y oi (E[fi(Usr)] - IELﬁ(y)])'

<

o

—_

) [ELf:(Usr)] — EL£(3)]
<K-y=¢/2,

where the last inequality holds because f; can be computed by a width-w standard-order ROBP
over the alphabet {0,1}". O

We choose m = O( igzng//g ). That way, by Claim 6.8, X (") fools B with error /2, and hence by

Claim 6.9, our final WPRG (G’, 1) fools B with error e. The final WPRG's seed length is
log K+ g = O(s + log K + log(wr/7) - logr)
= O(s 4+ mlogn + log(w/¢))

B log(w/e) -logn
=0 (s + log(1/7) +log(w/s)> .

We take G to be the BRRY PRG [BRRY14], so s = O(logn - log(W - w/T)). Furthermore, we choose

T = min { 2~ VIes(1/e), 1 )
9wt - W2 - log® n

Therefore, the overall seed length becomes

o) <logn- <10g(W ‘w) + \/log(TE)> +1og(1/£)> .

Finally, observe that (G’, 1) is clearly K-bounded, and recall that K = n°(") and

_ log w log(1/¢) logw  log(1/¢) \ _
"=9 <10g(1/T) + 10g(1/T)> =0 <logw + 10g(1/s)> =0 <\/m> ,

completing the proof of Theorem 6.3.
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7 WPRG for General Width-3 ROBP

In this section, we revisit the work of Meka, Reingold, and Tal [MRT19] for general width-3
standard-order ROBPs and improve it in several ways. Meka, Reingold, and Tal’s work is based
on studying the effect of pseudorandom restrictions on width-3 ROBPs [MRT19].

Definition 7.1 (Restrictions). A restriction is a string p € {0,1,*}". If p,p’ € {0,1,%}", then the
composition p o p’ € {0,1,*}" is defined as follows:

no_ ) Pi ifp;:*
or: {p; ol € {0,1).

In particular, if p € {0,1,x}" and x € {0,1}", then x o p is defined by using x to fill in the x positions of
p. If B is a function on {0,1}" and p € {0,1,x}", then the restricted function B|, is another function on
{0,1}" defined by B|,(x) = B(xop)."?

Our main technical result in this section, which will imply our WPRG for width-3 standard-
order ROBPs (Theorem 1.5), is the following.

Theorem 7.2 (Pseudorandom restrictions for width-3 ROBPs). For every ne IN and € > 0, there is
an explicit restriction generator R: {0,1}° — {0, 1, x}" with seed length s = O(log(n/¢)) such that for
every width-3 standard-order ROBP B, if we sample p = R(Us ), then

1. The restriction p preserves the expectation of B up to error €. That is,
[Eou[Blo(U)] —E[B]| <,
where U € {0,1}" is sampled uniformly at random and independently of p.

2. With probability at least 1 — € over p, the restricted function B|,: {0,1}" — {0, 1} can be computed
by a width-3 standard-order ROBP B with the property that for every vertex v, we have

Weight(B”*") < polylog(n/e¢).
Before proving Theorem 7.2, we first show that the combination of Theorem 7.2 and
Theorem 6.3 implies Theorem 1.5, which is restated next.

Theorem 7.3 (Theorem 1.5, restated). For every n € IN and & > 0, there is an explicit WPRG with seed

length
6<1ogn -\/log(1/6) + 1og(1/5))

that é-fools width-3 length-n standard-order ROBPs.

Proof, assuming Theorem 7.2. Let (G, it) be the WPRG from Theorem 6.3 with a parameter W to be
specified later and with error § /3. Theorem 6.3 guarantees that this WPRG is K-bounded for some

O

value K = n9(V108(1/9) et R be the restriction generator from Theorem 7.2 with ¢ = 3'(157“). Our

WPRG (G, ') applies R and then applies (G, ). That is, we define G'(x,y) = G(y) o R(x) and
1 (x,y) = u(y). Let B be a width-3 length-n standard-order ROBP. Our definition ensures that
Evy[B(G'(x,y)) - 4 (%, y)] = By [Blr(x) (G(¥)) - p(y)]

Let p = R(x) for a uniform random x. We consider the contribution to the error from two cases:

12Here, we only define B| p as a function. Later, we will refine the definition by specifying a particular standard-order
ROBP computing B| o, in the case that B is itself a standard-order ROBP. See Section 7.1.
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* Case 1: All subprograms of the restricted program have low weight. Theorem 7.2 ensures that with
probability 1 — ¢ over p, the function B|, can be computed by a program B such that for
every vertex v, Weight(B?~) < W where W = polylog(n/¢) (this is the value W that we use
when invoking Theorem 6.3). In such a case, Theorem 6.3 guarantees that (G, u) fools B|,
with error at most 6/3.

e Case 2: Not all subprograms of the restricted program have low weight. With probability at most ¢,
we have no low-weight guarantee. In such a case, the error from the WPRG (G, u) could be
larger than 1! However, the error is at most K + 1, because

Ey[Blp(G(y)) - n(y)] — E[B,]| < max [Blo(G(w))| - |#(y)| + E[Blp] < K+1.

Therefore, the contribution to the error from this case is at most e - (K+1) = /3.

Since |E[B] — E,y[B|,(U)]| < & < /3 and since (G, i) adds at most 6/3 + 6/3 error, the overall
error is at most 4.
The seed length for the restriction generator R is

O(log(n/¢)) = O(log(Kn/8)) = O (logn -1/log(1/9) +10g(1/5)> .

The seed length for the WPRG (G, u) is

o (logn- <log(W 3)+ \/m> +10g(1/(5)> _5 <1ogn- log(1/9) +log(1/5)) ,

because log W = O(loglog(n/¢)) = O(loglog(n/J)). O

The rest of this section is devoted to proving Theorem 7.2.

7.1 Syntactic Restrictions

To prove Theorem 7.2, we will heavily rely on the work of Forbes and Kelley [FK18]. They showed
how to sample pseudorandom restrictions that assign values to a constant fraction of the variables,
while preserving the expectation of any constant-width ROBP up to error ¢, using a seed length of
O(log(n/¢)). Given their work, the nontrivial part of the proof of Theorem 7.2 is establishing the
second conclusion: we will show that after O(loglog(n/¢)) rounds of Forbes-Kelley restrictions,
with high probability, all subprograms B”*" have low weight, where B = B|,.

Roughly speaking, our approach will be to first show that B|, itself has low weight with high
probability, and then take a union bound over all target vertices v. Let us highlight one subtle
aspect of this “union bound” argument. Essentially, the argument will show that (B”“")|, (the
restriction of a subprogram) has low weight. However, we would like to bound the weight of
(B|p)”* (a subprogram of the restricted program). Could the two be different?

We carefully set up our definitions to ensure that (B*~)|, and (B|,)”*" are the same program.
The key is to work with “syntactic” restrictions rather than “semantic” restrictions. That is, in
the remainder of this section, we will be relatively fastidious about distinguishing between an
ROBP and the function it computes; we will think of restrictions as acting on ROBPs rather than
on functions. The restriction of an ROBP is another ROBP defined as follows.
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(a)

Figure 4: An example of (a) a width-3 ROBP B and (b) the syntactically-restricted program B|,
where p = (0, %,1).

Definition 7.4 (Syntactic restriction of an ROBP). Let B be a width-w length-n standard-order ROBP
with vertex set V(B) = VO U-..UV", Let p € {0,1,x}" be a restriction. The syntactically-restricted
program B, is a width-w length-n ROBP on the same vertex set, V(B|,) = VO U- .- U V"), with edges
defined as follows. Let i € [n].

e Ifp; = , then each vertex u € V=Y has the same outgoing edges in B|, as it does in B.

e Ifp; = b € {0,1}, then for each vertex u € V=1, both outgoing edges in B|, lead to the same
vertexv € V), namely, the vertex v such that (u,v) is an edge in B with label b.

No additional simplifications are performed. (See Figure 4.)
As suggested previously, Definition 7.4 satisfies the following two basic properties:

Fact 7.5 (Syntactic restrictions are compatible with semantic restrictions). Let B be a length-n
standard-order ROBP, let p € {0,1,x}", and let x € {0,1}". Then B|,(x) = B(x 0 p).

Fact 7.5 shows that Definition 7.4 is compatible with (and refines) the standard “semantic”
definition of the restriction of a function (Definition 7.1).

Fact 7.6 (Subprogram of restriction equals restriction of subprogram). Let B be a standard-order
ROBP, let p € {0,1,x}", and let v be a vertex. Then (B")|, and (B|,)°* are precisely the same program.

Remark 7.7. The conclusions of Theorem 7.2 only say something about the function computed by
Bl|,. Therefore, when reading and using the statement of Theorem 7.2, the expression B|, can safely be
interpreted as a semantic restriction or a syntactic restriction. The statement is equivalent either way. It is
only in the proof of Theorem 7.2 that we rely on the notion of a syntactic restriction.
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7.2 Deleting Unreachable Vertices

Working with syntactic restrictions allows us to ignore the issue of subprograms and focus on
bounding the weight of B|,. Unfortunately, it is not possible to literally show Weight(B|,) =
polylog(n/e) (see Figure 5). Instead, we bound the weight of the closely related program
DelUnreach(B|,), defined below.

Definition 7.8 (Reachability). Let B be a standard-order ROBP. We say that a vertex v is reachable if
there is a path from the start vertex to v. Otherwise, we say that v is unreachable.

Definition 7.9 (Deleting unreachable vertices). Let B be a standard-order ROBP. We define DelUnreach(B)
by deleting all unreachable vertices along with their outgoing edges.'>

We will prove the following.

Theorem 7.10 (Syntactic pseudorandom restrictions for width-3 ROBPs). For every n € IN and
e > 0, there is an explicit restriction generator R: {0,1}° — {0,1, % }" with seed length s = O(log(n/¢))
such that for every width-3 standard-order ROBP B, if we sample p = R (Us), then

1. The restriction p preserves the expectation of B up to error €. That is,
[Epu[Blo ()] — E[B]| <,
where U is sampled uniformly at random and independently of p.

2. With probability at least 1 — € over p, we have Weight(DelUnreach(B|,)) < polylog(n/e), where
B|, is the syntactic restriction of B (see Definition 7.4).

Remark 7.11. In general, Weight(DelUnreach(B)) depends on both the start vertex of B and the accepting
vertices. In contrast, Weight(B) does not depend on the start vertex of B, although it does depend on
the accepting vertices. The syntactically-restricted program B|, has the same start vertex and the same
accepting vertices as the original program B.

Before proving Theorem 7.10, let us see how Theorem 7.2 will follow from: it.

Proof of Theorem 7.2, assuming Theorem 7.10. Apply Theorem 7.10 with error ¢/(3n), and let B =
DelUnreach(B|,)."* By the union bound, with probability 1 — ¢, for every vertex v, we have

Weight(DelUnreach(B“|,)) < polylog(n/e).

Assume that this occurs. Because of our syntactic notion of restriction (Definition 7.4), the
programs (B?)|, and (B|,)?* are identical (Fact 7.6). Furthermore, for every vertex v in B, the
definition of DelUnreach implies that the programs DelUnreach((B|,)”*") and DelUnreach(B|,)"*
are identical. Therefore,

Weight(B®") = Weight(DelUnreach((B|,)”")) = Weight(DelUnreach(B"|,)) < polylog(n/¢). O

The remainder of Section 7 consists of the proof of Theorem 7.10.

13Note that in this section, we consider programs where the width of a layer, | V)|, might vary from one layer to the
next. In contrast, in the rest of the paper, we assume without loss of generality that [V ()| = w for every i.

14The reader might be concerned by the fact that in B, different layers have different widths, whereas in Section 6, we
assume that every layer has width precisely w. The two models are equivalent, because we can add dummy vertices.
As long as the two outgoing edges of each dummy vertex point to the same vertex in the next layer, these new dummy
edges have zero weight. Equivalently, to define B, instead of deleting the unreachable vertices in B|,, we can redirect
the outgoing 1-edge of each unreachable vertex to go to the same vertex that the 0-edge goes to.
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sart @ 1@———r@———: o accept
gg.<< . reject

Figure 5: An example showing the necessity of deleting unreachable vertices. For the branching
program B depicted above, we have Weight(B|,) = |p~! ()| for every restriction p. In particular,
in the “mild restriction” regime |p~'(x)| = n'~°(1), the syntactically-restricted program has high
weight — but only because of unreachable edges.

7.3 Restrictions Eliminate Colliding Layers

Following Meka, Reingold, and Tal [MRT19], our proof of Theorem 7.10 centers on the concept of
a colliding layer.

Definition 7.12 (Colliding layer). Let B be a standard-order ROBP on vertex set V.=V O u...uv®
and let i € [n]. We say that layer i is colliding if there are two distinct edges that have the same label and
that lead to the same vertex v € V0,

A program with no colliding layers (a permutation program) is regular, and hence it has
bounded weight by the results of Braverman, Rao, Raz, and Yehudayoff [BRRY14]. Roughly
speaking, our plan is to argue that pseudorandom restrictions reduce the number of colliding
layers in the program (similar to the arguments of Meka, Reingold, and Tal [MRT19]). We will
mainly be focused on counting the number of colliding layers between width-2 layers. (Again, this
is similar to the arguments of Meka, Reingold, and Tal [MRT19]). More precisely, we use the
following definition, which refines Meka, Reingold, and Tal’s notion of a (w, £, m)-ROBP.

Definition 7.13 ((w,i,¢,m,r) program). Let B be a width-w length-n standard-order ROBP, and let
i,¢,m,r € N. We say that B is a (w,i,{,m,r) program if there are indices i = iy < i1 < -+- < ix = n
such that the following hold.

* Layer i; has width at most 2 for each j € {0,...,k}.

 The intervals (i, 11],. .., (ix_1,ix] can be partitioned into two categories, “ordinary” and “unruly,”
such that the following hold.

— There are at most m ordinary intervals, and there are at most ¢ colliding layers in each ordinary
interval.
— There are at most r colliding layers in total among all the unruly® intervals.

Note that Definition 7.13 says nothing about layers 1,2,...,i — 1. Indeed, later we will treat

layersi,i+1,...,n as an “approximation” for the entire program, similar to Meka, Reingold, and
Tal [MRT19].

15The term “unruly” is borrowed from a similar concept in work by Doron, Meka, Reingold, Tal, and Vadhan [DM-
RTV21].
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7.3.1 Initial Restriction: Bringing ¢ Down to O(logn)

Following Meka, Reingold, and Tal [MRT19], we view the parameter “¢” as our primary measure
of the complexity of the program. Initially, we can trivially take ¢/ = n. Meka, Reingold, and
Tal observed [MRT19] that it is fairly straightforward to design a pseudorandom restriction that
brings the parameter ¢ down to O(logn). For example, it suffices for the restriction to be k-wise
d-close to a truly random restriction, as defined below.

Definition 7.14 (Truly random restriction). Let R, denote the distribution over p € {0,1,x}? in which
the coordinates are independent and

with probability p
with probability (1 — p)/2
with probability (1 — p)/2.

oi =

—_ O %

Definition 7.15 (k-wise J-close). Let p, p" be two random variables distributed over {0,1,*}". We say
that p is k-wise d-close to p' if, for every set S C [n] of size at most k, the substrings pg and pg are -close
in total variation distance.

To convert some width-3 layers into width-2 layers, we will apply a pseudorandom restriction
and then delete unreachable vertices:

Claim 7.16 (¢{ — O(logn)). Let B be a standard-order width-3 length-n ROBP, let p € (0,1/2], and let
0 > 0. Assume that the first and last layers of B have width at most 2. There is a value ¢ = O(log(n/J))
such that if p € {0,1,x}" is a random variable that is (-wise (%)—close to Ry, then with probability at
least 1 — &, the program DelUnreach(B|,) is a (3,0, ¢,n,0) program.

Proof. Let Z C [n] be the set of colliding layers of B. For each i € Z, there is some b; € {0,1} such
that there are two edges in V=1 x V() that are both labeled b; and that point to the same vertex.
Observe that if p; = b; for some i € Z, then layer i has width at most 2 in DelUnreach(B|,).

We say that i € 7 is bad if there is some j such that |[Z N [i,j]| > ¢, and for every i’ € ZN[i,j],
we have p; # by. The probability that i is bad is at most (1/2 + p/2)¢ + 6/ (2n), which is at most
0/ n for a suitable choice of £ = O(log(n/J)). By the union bound, we may assume that there is no
bad i. In this case, DelUnreach(B|,) is a (3,0, £, 1,0) program, because if some layer i is colliding in
DelUnreach(B|,), then layer i was already colliding in B, i.e., i € . O

Claim 7.16 shows that after applying a pseudorandom restriction and deleting unreachable
vertices, with high probability, we have ¢ = O(log n). However, we will need to show something
stronger, which is that ¢ is likely to be low after we apply a pseudorandom restriction, delete
unreachable vertices, and then merge equivalent vertices.

Definition 7.17 (Locally equivalent vertices [MRT19] and equivalent vertices). Let B be a standard-
order ROBP with layers VO VW Letu,v e VO wherei € {0,...,n—1}. We say that u and v are
locally equivalent if B[u,0] = B[v,0] and B[u,1] = B[ov,1].16

Now let u,v € V) wherei € {0,...,n}. We say that u and v are equivalent if for every x, we have
B“H(x) = B“?(x).)” We say that B has no duplicate vertices if there are no two distinct vertices that
are equivalent.

Observe that any locally-equivalent vertices are also equivalent.

16Recall that B[u, x] is the vertex reached from u by reading the string x.
17Recall that B<*(x) is the Boolean output value of the program given input x from start vertex u.
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accept

reject

accept

MergeEquiv(B
. reject

Figure 6: An example showing that MergeEquiv(-) can create new colliding layers. In this example,
B has two colliding layers, but MergeEquiv(B) has three colliding layers.

Definition 7.18 (The MergeEquiv operation). Let B be a length-n standard-order ROBP. We define
MergeEquiv(B), another length-n standard-order ROBP, by merging equivalent vertices until we get a
program with no duplicate vertices.

We emphasize that the MergeEquiv(-) operation merges equivalent vertices within a single
layer, but it never contracts layers. The number of layers in MergeEquiv(B) is the same as the
number of layers in B.

The MergeEquiv(-) operation can sometimes introduce new colliding layers (see Figure 6), but
we’ll show that it doesn’t increase the parameter ¢. The following claim will help us to reason
about these newly-created colliding layers. Essentially, the claim says that if layer i is a newly-
created colliding layer, then some vertices in layer i got merged, but no vertices in layer i — 1 got
merged.

Claim 7.19 (Describing newly-colliding layers). Let B be a width-3 standard-order ROBP. Suppose that
layer i is not colliding in B, but it is colliding in MergeEquiv(B). Then the width of layer i is smaller in
MergeEquiv(B) than it is in B, whereas the width of layer i — 1 is the same in MergeEquiv(B) as it is in B.

Proof. Since layer i is colliding in MergeEquiv(B), there are two edges e = (1,v) and ¢/ = (u/,v) in
the layer, both with the same label b € {0,1}, where u # u’. Since layer i was not colliding in B,
the vertex v must be the result of merging two vertices v/, v” in layer i of B. This shows that the
width of layer i is smaller in MergeEquiv(B) than it is in B.

Now let us analyze layer i — 1. Since u # u’,layer i — 1 has width at least two in MergeEquiv(B).
Suppose there was a third vertex in layer i — 1 of B, say u”. The b-edge leaving u” in B must not
have pointed at v’ or v”, because layer i is not colliding in B. Therefore, the b-edge leaving 1/ must
have pointed at a third vertex, v"”. This vertex v"’ cannot have merged with v’ and v”, because
if it had, then layer i would be width-1 in MergeEquiv(B), implying that all previous layers are
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width-1, contradicting the fact that u # u’. Therefore, v"” is still present in MergeEquiv(B), and
hence u” was not merged with either of the other vertices in layer i — 1. Thus, the width of layer
i — 11is the same in MergeEquiv(B) as it is in B. O

Using Claim 7.19, we can show that the conclusion of Claim 7.16 remains true even after
applying the MergeEquiv(-) operator.
Claim 7.20. Let Bbea (3,0,¢,m,0) program. Then MergeEquiv(B) is a (3,0, ¢,m’,0) program for some

m'.
Proof. Leti < j, and suppose that in MergeEquiv(B), layers i and j have width at most two, whereas
layersi+1,i+2,...,j — 1 all have width 3. Let j/ > i be the first layer that has width at most two
in B. Since the MergeEquiv(-) operator can never increase the width of a layer, we must have j' > ;.
Since Bis a (3,0,¢,m,0) program, at most ¢ of the layers in the interval (i, '] are colliding in
B. By Claim 7.19, every layer in the interval (i,]) that is colliding in MergeEquiv(B) must have
already been colliding in B. Furthermore, layer ;' must have been colliding in B, simply because
layer j' has width at most two and layer j' — 1 has width three.!® Consequently, at most ¢ — 1 of
the layers in the interval (i, j) are colliding in MergeEquiv(B), and therefore at most ¢ of the layers
in the interval (i, j] are colliding in MergeEquiv(B). O

7.3.2 Subsequent Restrictions: Bringing ¢ Down to /2

Claim 7.16 and Claim 7.20 show that after applying one pseudorandom restriction and the
DelUnreach(-) and MergeEquiv(-) operators, with high probability, we have ¢/ = O(logn). Now we
would like to argue that applying additional pseudorandom restrictions decreases ¢ even further,
even after we merge equivalent vertices.

After the first couple of rounds of restrictions, we will have a (3, i, ¢, m, r) program where r > 0.
We must therefore analyze the effect of MergeEquiv(-) on unruly intervals. The following claim will
help us to do so.

Claim 7.21 (Merging == locally equivalent vertices). Let B be a standard-order ROBP and let
i € {0,...,n —1}. Suppose that the width of layer i is smaller in MergeEquiv(B) than it is in B, but
the width of layer i + 1 is the same in MergeEquiv(B) as it is in B. Then there are two distinct locally
equivalent vertices in layer i of B.

Proof. Let V(©),..., V(" be the layers of B. Since the width of layer i is smaller in MergeEquiv(B)
than it is in B, there are two distinct but equivalent vertices u,v € V(). Let b € {0,1}, and let
(u,u’) and (v,?") be the outgoing edges of u and v with label b. Since u and v are equivalent,
u' and v’ must be equivalent. Since the width of layer i + 1 is the same in MergeEquiv(B) as it
is in B, layer i + 1 does not contain any pair of distinct, equivalent vertices. Therefore, u’ = v'.
Consequently, u and v are locally equivalent. O

We will use the following variant of Claim 7.19.

Claim 7.22. Let B be a width-3 standard-order ROBP, and let p be a restriction. Suppose that layer
i is not colliding in B, but it is colliding in MergeEquiv(B|,). Then the width of layer i is smaller in
MergeEquiv(B|,) than it is in B, whereas the width of layer i — 1 is the same in MergeEquiv(B|,) as it is
in B.

18 An edge case is when j' = j = i + 1, so we cannot say that layer j/ — 1 has width three. To handle this case, if ¢ > 0,
we can observe that the interval (i, j] only contains a single interval. On the other hand, if £ = 0, then B does not have
any colliding layers, and its final layer has at most two vertices, so B and MergeEquiv(B) are the same program.
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Figure 7: The program MergeEquiv(B|,) in the proof of Claim 7.23. For each newly-created
colliding layer (k), we identify a corresponding layer (a) that was colliding in B but that is no
longer colliding in MergeEquiv(B|,).

Proof. Since layer i is not colliding in B, it is also not colliding in B|,. Therefore, by Claim 7.19, the
width of layer i is smaller in MergeEquiv(B|,) than it is in B|,, whereas the width of layer i — 1 is
the same in MergeEquiv(B|,) as it is in B|,. Finally, each layer has the same width in B|, as it does
in B. O

Using Claim 7.22 and Claim 7.21, we can prove the following claim, which says that between
any two width-2 layers, the total number of colliding layers can never increase when we apply a
restriction and then apply the MergeEquiv(-) operation. Think of Z as an unruly interval.

Claim 7.23. Let B be a width-3 standard-order ROBP with no duplicate vertices, and let p be a restriction.
Let T = (i, j] where i < j. Suppose that layers i and j have width at most two in B, and suppose that q of
the layers in I are colliding in B. Then at most q of the layers in I are colliding in MergeEquiv(B|,).

Proof. Let S be the set of layers in 7 that are colliding in B, and let S’ be the set of layers in Z that
are colliding in MergeEquiv(B|,). We will define an injective function ¢: S’ — S. The existence of
such a function will imply that |S’| < |S| = ¢.

Fixk € §'. If k € S, then we define ¢(k) = k. Assume now that k ¢ S, i.e., k is a “newly-
created” colliding layer. By Claim 7.22, the width of layer k is smaller in MergeEquiv(B|,) than it
is in B. In contrast, observe that the width of layer j must be the same in MergeEquiv(B|,) as it is
in B, because it already has width at most 2 in B, and if it had width 1 in MergeEquiv(B|,), then all
previous layers would also have width 1, contradicting the fact that layer k is a colliding layer in
MergeEquiv(B|,). Therefore, j > k, and if we let a be the first layer after k that has the same width
in MergeEquiv(B|,) as it has in B, then a € Z. By Claim 7.21, there are two distinct vertices u, v in
layer a — 1 of B|, that are locally equivalent. Since B has no duplicate vertices, u and v must not be
locally equivalent in B. Therefore, p, € {0,1} and layer a is colliding in B, i.e.,a € S. Let ¢(k) = a,
and note that ¢ (k) > k. (See Figure 7.)

To show that ¢ is injective, let K’ € S’ with k' # k. We will show that ¢(k) # ¢(k’). First,
suppose k' € S, so ¢(k') = k' € S'. Observe that a ¢ S', because p, € {0,1}. Therefore,
¢(k) # ¢(k') in this case.

Now, suppose instead that k¥’ ¢ S, ie., k' is a “newly-created” colliding layer (like k). By
swapping the roles of k and k' if necessary, we may assume without loss of generality that kX > k.
Recall that a is the first layer after k that has the same width in MergeEquiv(B|,) as it has in
B. Therefore, by Claim 7.22, there are no newly-created colliding layers in the interval (k, a].
Therefore, ¢(k') > k' > a = ¢(k), so ¢p(k') # ¢(k). O

Using Claim 7.23, we now show that if a restriction assigns values to enough variables, then
the parameter ¢ decreases, while r only increases by a modest amount.
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Claim 7.24 (Restrictions eliminate colliding layers). Let B bea (3,1, ¢, m, r) program with no duplicate
vertices. Let p be a restriction such that in all but k of the ordinary intervals, p assigns values to all but at
most ¢’ colliding layers. Then MergeEquiv(B|,) isa (3,i,¢' 4+ 1,m’,r + Lk) program for some m’.

Proof. Leti < j < j', suppose that layers j and ;' have width at most two in MergeEquiv(B|,),
and suppose that layers j +1,j +2,...,j — 1 all have width three in MergeEquiv(B|,). Since the
MergeEquiv(+) operator can never increase the width of a layer, the interval (j, j'] must be entirely
contained within either an ordinary interval of B or an unruly interval of B.

Suppose first that (j, j'] is contained in an ordinary interval Z of B, and furthermore, suppose
that p assigns values to all but at most ¢’ of the layers in Z that are colliding in B. In this
case, we will consider (j,j'] to be an ordinary interval of MergeEquiv(B|,). Whenever p assigns
a value to some layer, that layer cannot be colliding in MergeEquiv(B|,). Furthermore, by
Claim 7.22, any layer in the interval (j, ') that is colliding in MergeEquiv(B|,) must have already
been colliding in B. Therefore, at most ¢’ of the layers in the interval (j,j’) can be colliding in
MergeEquiv(B|,). Including layer j’, at most ¢’ 4 1 of the layers in the interval (j, /'] can be colliding
in MergeEquiv(B|,).

Otherwise, we designate (j,j'] as an unruly interval of MergeEquiv(B|,). Claim 7.23 implies
that among all these unruly intervals, the total number of colliding layers in MergeEquiv(B|,) is
indeed at most r + (k. O

Claim 7.24 implies that if a distribution over restrictions p has a certain mild “pseudorandom-
ness” property, and if we initially start with m < exp(O(¥)), then with high probability, after we
apply p and we apply the MergeEquiv(-) operation, the parameter ¢ will decrease by a factor of
two:

Claim 7.25 (¢ — £/2). For each constant C € IN, there is a constant p such that the following holds. Let
Bbea (3,i,¢, ct, r) program with no duplicate vertices where { > 4. Let p be a random variable distributed
over {0, 1, x}" with the property that for every set S C [n] with |S| < log(1/6), we have

Pr[ps = «°] < pI¥l + 6.

Then with probability at least 1 — /5, the program MergeEquiv(B|,) is a (3,i,£/2,m’,r + log(1/6))
program for some m'.

Note that the assumption on p is implied by the condition of being log(1/J)-wise J-close to
Rp.

Proof. Let k = log,-(0.5/1/6)/¢. For any set of k ordinary intervals, the probability that p leaves
atleast //2 — 1 colliding layers alive in each interval is at most

2tk (plt2-Dk 5y < otk (plk/4 4 §) < otk 0,

provided we choose p = p(C) to be a small enough constant. Therefore, the probability that
there exist k ordinary intervals in which p leaves at least /2 — 1 colliding layers alive is at most
(CHK. 2%k .25 = (2C)* . 26 = /4. If this bad event does not occur, then by Claim 7.24, the program
MergeEquiv(B|,) is a (3,i,£/2,m’,r + lk) program for some m’. O
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7.4 Approximation by Suffix Programs

We would like to apply Claim 7.25 repeatedly, so we can continue to decrease ¢. However,
Claim 7.25 is only applicable when m < exp(O(¥)). To ensure that this assumption holds, similar
to Meka, Reingold, and Tal [MRT19], we will approximate an ROBP using one of its “suffixes,” i.e.,
layers i through n for some i > 0. We measure the error of the approximation using the following
definition.

Definition 7.26 (Error when approximating a program using a suffix). Let B be a standard-order
ROBP with vertex set V(B) = VO U-..u V", Leti € {0,...,n}. We define

Err(B,i) = xeﬁ)rl}” [there exist u,v € V) such that B<*(x) # B<?(x)].

Note that if the bad event above does not occur, then B(x) = B ?(x) for every v € V), and
thus the first i steps of the computation have no effect on the final outcome. The most important
case to keep in mind is when layer i has width 2, say V) = {u,v}, so Err(B,i) = Pr,[B<%(x) #
B ?(x)]. This case is ultimately the only one that “matters” in our analysis, but we use the more
general definition of Err(B, i) for ease of exposition.

Remark 7.27. In Meka, Reingold, and Tal’s analysis [MRT19], they look at the suffix (layersi,i+1,...,n)
as a program of length n — i, and they think of it as having “multiple start vertices” in a certain sense. The
intuition behind our arqument is the same, but we use a different formalism, as stipulated by Definition 7.26.

Consider a (3,0, ¢, m,r) program B. We wish to argue that if layers i, ..., n include exp(©(¥))
ordinary intervals, then Err(B, ) is low. This will allow us to ignore the layers before layer i and
thus effectively ensure m = exp(©(¢)). To prove it, the idea is that if an interval starts with a
width-two layer {u,v} and it has a colliding layer, then that colliding layer is an “opportunity”
for the two paths from u and v to collide, which would imply that B<"(x) = B“?(x). For this
argument to make sense, we need to ensure that the collision can actually be realized. To do so,
we wish to understand the colliding layers that remain after deleting unreachable vertices from the
program. Under the assumption that there are neither unreachable vertices nor duplicate vertices
(see Definition 7.8 and Definition 7.17), Meka, Reingold, and Tal showed [MRT19] that indeed,
there is a noticeable chance that the two paths from u and v collide:

Claim 7.28 ((MRT19, Claims 7.5, 7.6, and 7.7]). Let B be a width-3 ROBP with no unreachable vertices
and no duplicate vertices. Let i < j, and suppose that layers i and j have width at most 2. Let V) = {u, v}.
Suppose that the number of colliding layers in the interval (i, ]| is at least one and at most {. Pick
U € {0,1} 7" uniformly at random. Then

Pr [B[u,l/{] - B[U,uﬂ > 4~ (t+1),

Remark 7.29. Claim 7.28 assumes that B has no duplicate vertices. This is the reason that we must merge
equivalent vertices after each round of restrictions.

Using Claim 7.28, we now show that a program is indeed approximated by a suffix with
m = exp(O(¢)).

Claim 7.30 (m — CY). Let 6 > O and let Bbea (3,1, ¢, m,r) program with no unreachable vertices and no
duplicate vertices, where ¢ > logIn(1/6) and ¢ > 1. Then there exists a value j > i such that:

* Bisa(3,j,¢, Ct, r) program where C = 32.
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e Err(B,j) < max{J, Err(B,i)}.

Proof. If Bisa (3,i,¢, ct, r) program, then we can take j = i. Otherwise, let j be the smallest value
such that Bisa (3,},¢, cl,r) program, and note that each of the ct ordinary intervals has at least
one colliding layer. (Otherwise, we could treat it as an unruly layer and decrease j.) By Claim 7.28,
when B reads a uniform random input, in each such interval, a collision occurs with probability
at least 4~ ((+1) > 420 Therefore,

Err(B,j) < (1 —472)C < exp(—(C/16)") < 4. 0

7.5 Preserving Expectation and Approximation Error: Forbes-Kelley Restrictions

To prove Theorem 7.10, our plan is essentially to alternately apply Claim 7.25 and Claim 7.30
(similar to Meka, Reingold, and Tal [MRT19]) until £ = O(loglog(1/8)) and m = polylog(1/6)."
At that point, we will be in good shape, because programs with few total colliding layers have
low weight. However, two issues remain:

* We need to ensure that our pseudorandom restrictions preserve the expectation of B, as
asserted by Theorem 7.10.

* We need to ensure that our pseudorandom restrictions do not significantly increase the
approximation error Err(B, i), so that the layers before layer i do not have too much weight.

As indicated previously, we accomplish both of these goals by using pseudorandom restrictions
due to Forbes and Kelley [FK18]. For any constant p, Forbes and Kelley designed a pseudorandom
restriction that uses é(log(n /6)) random bits to assign values to approximately a (1 — p)-fraction
of the input variables, while changing the acceptance probability of any constant-width ROBP by
at most 6. Furthermore, Forbes and Kelley’s pseudorandom restriction is k-wise J-close to a truly
random restriction:

Lemma 7.31 (Forbes-Kelley restrictions [FK18, Lemma 7.2]). Let p € (0,1) be any constant power of
1/2. For any w,n € N and 6 > 0, there is an explicit restriction generator R: {0,1}* — {0, 1, x}" with

seed length s = O(wlog(n/d)) such that if we sample p = R(Us), then

1. If B is a width-w standard-order ROBP, then the restriction p preserves the expectation of B up to
error 6. That is,
[Eou[Blo(U)] — E[B]| <4,

where U is sampled uniformly at random and independently of p.
2. The restriction p is k-wise (6 /n)-close to R, where k = log(n/?).

Remark 7.32. Lemma 7.31 as stated above does not literally appear in Forbes and Kelley’s work [FK18],
but it follows immediately from their analysis. Indeed, they show that if D is a small-bias distribution and
T is almost k-wise independent, then D + T AU fools B, where U is uniform random [FK18, Lemma
7.2]. The vectors D and T define a restriction where ‘T indicates the locations of the stars and D assigns
values to the remaining coordinates. The small-bias property implies that this restriction is k-wise close to
R1/2 [INNI3]. The restriction generator R samples O(1) copies of this restriction and composes them.

9In contrast, Meka, Reingold, and Tal’s analysis [MRT19] roughly corresponds to reaching £ = O(log(1/4)) and
m = poly(1/9).
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Observe that the the seed length is O(log(1/6)) if w is any constant. Indeed, we will apply the
Lemma with w = 5, because certain width-5 programs naturally arise in our proof that restrictions
do not significantly increase Err(B, i). To be more precise, we will show that Err(B, i) does not blow
up if we apply a restriction, then apply the MergeEquiv(-) and DelUnreach(-) operators:

Claim 7.33. Let B be a width-3 length-n standard-order ROBP. Let p = R(Us) € {0,1,x}" be
the pseudorandom restriction from Lemma 7.31 with w = 5 and any values for p and 6. Let B’ =
DelUnreach(MergeEquiv(B|,)). Then for any i € {0,...,n},

E[Err(B’,i)] < Err(B,i) + 6.

Proof. Merging equivalent vertices has no effect on Err, and deleting unreachable vertices can only
decrease Err, so Err(B’,i) < Err(B|,,i). Let g be the predicate

g(x) =1 <= thereexist u,v € V) such that B™*(x) # B“?(x).

The function g can be computed by a standard-order ROBP that simulates B from all possible start
vertices in V() simultaneously. At any given moment, each of the | V()| computations is in one of
up to three possible states, so we can compute g by a program of width 3% = 27. We can be more
economical by observing that we only need to keep track of the unordered set of current states, and
furthermore, all singleton sets can be handled by a single “reject” state. Thus, the width is at most
(g) + (g) + 1 = 5. Consequently, p preserves the expectation of g up to error 6. Therefore,

E,[Err(Blo, i)] = Eyu(glo(U)] < E[g] + 6 = Err(B, i) + 6. O

7.6 Composing Several Rounds of Restrictions

To prove Theorem 7.10, we will iteratively alternate between applying a Forbes-Kelley restriction
and applying the MergeEquiv(-) and DelUnreach(-) operators. The following lemma will help us to
reason about the overall impact of these MergeEquiv(-) and DelUnreach(-) operators. The lemma
says that the program MergeEquiv(DelUnreach(B)) only depends on the functional behavior of
B, not its graphical structure. Indeed, in some sense, MergeEquiv(DelUnreach(B)) is the unique
“minimal” ROBP computing whatever function B computes.

Lemma 7.34 (Characterizing MergeEquiv(DelUnreach(B))). Let B be a standard-order ROBP, and let
B’ = MergeEquiv(DelUnreach(B)). For each 0 < i < n, define an equivalence relation ~ on {0,1} by
the rule

x ~y <= Vz, B(xz) = B(yz).

Let [x] denote the equivalence class containing the string x. Define another standard-order ROBP B as
follows. Layer i consists of the equivalence classes into which {0, 1} is partitioned by ~. The outgoing edge
from vertex [x] with label b leads to the vertex [xb]. In the final layer, [x] is an accepting state if and only if
B(x) = 1. Then B’ is isomorphic to B”, i.e., one can be obtained from the other by renaming vertices.

Proof. For each vertex [x] of B”, let ¢([x]) be the vertex of B’ that is reached by reading the string
x. This is well-defined, because if x ~ y, then MergeEquiv(-) merges the two vertices reached by
x and by y. The function ¢ is injective, because B’ computes the same function as B. The function
¢ is surjective, because every vertex v in B’ is reachable, hence there is some string x such that
¢([x]) = v. Finally, it is clear that ¢ preserves the outgoing edges of the programs, the start vertex,
and the set of accepting vertices. ]
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Claim 7.35 ({ — loglog(1/6)). Let B be a width-3 length-n ROBP. Let 0°,...,0" be independent
copies of the pseudorandom restriction from Lemma 7.31 with w = 5, with p a small enough constant,
and with § < 1/(loglogn)®, for a certain value t = O(loglog(n/é)). Let p = pto---0 0" and
B' = MergeEquiv(DelUnreach(B|,)). Then except with probability 6'/4, there is a value i such that:

e B'is a (3,i,¢,m,r) program where { = O(loglog(1/6)), m = O(log’(1/6)), and r =
O(log(1/6) - loglog(n/J)).

e Err(B,i) < 54

Proof. LetC = 32,let B = DelUnreach(MergeEquiv(B)), and let B® = I\/IergeEquiv(DeIUnreach(§|po)).

In the program B, the first layer has width 1 and the last layer has width at most 2. Therefore, by
Claim 7.16 and Claim 7.20, except with probability 24, Bisa (3,1, Lo, Ch, ro) program with iy = 0,
lo = O(log(n/5)),and ro = 0. Trivially, Err(B°,ip) = 0.

In each subsequent round, we start with a program B/~1 that is a (3, i]-,l,ﬁj,thf*l,rj,])
program and that has no duplicate vertices. Let B/ = DelUnreach(MergeEquiv(B/™"| ). Let
(; = {;_1/2and r; = rj_1 +log(1/5). By Claim 7.25, except with probability \/6/1, the program
MergeEquiv(B7*1|pj) is a (3,ij_1,¢;,m',r;) program for some m'. Deleting unreachable vertices
cannot create new colliding layers, so B/ is also a (3,ij_1,¢;,m’,r;) program. This program B/
has no duplicate vertices and no unreachable vertices, so we may apply Claim 7.30 to conclude
that there exists some i i such that B/ is a (3, i]-, 14 i C‘)’f, rj) program, and furthermore

Err(B/,ij)) < max{6,Err(B/,i;_1))} < Err(B/,ij_1) + .

(In the unlikely event that MergeEquiv(B/~!| o is not a (3,11, ¢;, m’, r;) program, then we define
i i = i -1 This ensures that the equation above still holds.) We terminate the process after ¢ rounds,
where ¢ is the largest value such that /; > logIn(1/6). (That way, the hypotheses of Claim 7.30 are
always satisfied.)

Overall, except with probability 25 + t1/6/n, the program B! is a (3,1, ¢, m,r) program, where
i=1i, ¢ <2logln(1/6), m < C' < (In(1/6))% andr =r; < tlog(1/6). Furthermore,

E[Err(B',i;)] < 6 4+ E[Err(B',i;_1)] < 26 + E[Err(B™1,i, )] < --- < 215.

Therefore, by Markov’s inequality, except with probability V/2t6, we have Err(B!, i) < V/2t6. Since
26+ t/8/n +V/2t6 < 514, the program B! satisfies the conclusions of the claim.

Finally, we claim that the programs B’ and B’ are isomorphic. To see why, observe first that
B|, and B'"!| ; compute the same function f: {0,1}" — {0,1}, because neither the DelUnreach(-)
operator nor the MergeEquiv(-) operator affects the function that is computed by the program.
Next, observe that even though we defined B’ as DelUnreach(MergeEquiv(B'~!| ), we can equally
well say that B' = MergeEquiv(DelUnreach(B'"!|,)), because applying MergeEquiv and then
DelUnreach is equivalent to applying DelUnreach followed by MergeEquiv. To conclude, observe
that by Lemma 7.34, B’ and B! are both isomorphic to a program that is defined only based on the
input-output behavior of f. O

7.7 Few Colliding Layers Implies Bounded Weight

We are nearing the end of the proof of Theorem 7.10. The conclusion of Claim 7.35 says that B’ is
a (3,i,4,m,r) program where ¢, m, r, and Err(B’, i) are small. We now show that it follows that B’
has low weight.
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Claim 7.36 (Few colliding layers = low weight). Let B be a (w,i,{, m,r) program. Then
Weight(B) < 2w -i-Err(B,i) + O(w? - (fm +r +1)).

Proof. Let the layers of B be vO, v Lete = (u,v) be an edge where v € vuy...uv,
Then
Weight(e) = |E[B“*] —E[B™?| < Iz{r[B“”(Z/{) # BY(U)] < Err(B,i),

where U € {0,1}" is selected uniformly at random. Therefore, the sum of weights of edges prior
to V) is at most 2w - i - Err(B, i).

There are at most {m + r colliding layers in the interval (i,n]. Each of these colliding
layers trivially has weight at most 2w. Finally, consider a region between two colliding layers.
Say layers j,j +1,...,k are all non-colliding. Then the results of Braverman, Rao, Raz, and
Yehudayoff [BRRY14] show that the total weight of these layers is at most O(w?).’ The claim
follows. O

Combining Claim 7.35 with Claim 7.36 shows that with high probability, the program
MergeEquiv(DelUnreach(B|,)) has low weight. The following claim helps us conclude that
DelUnreach(B|,) has low weight (even without merging vertices).

Claim 7.37. Let B be a width-w standard-order ROBP. Then
Weight(B) < w - Weight(MergeEquiv(B)).

Proof. Let b € {0,1}, leti € [n], and let (u,v) be an edge from layer i — 1 to layer i of B. The
MergeEquiv(-) operator merges u with all vertices in layer i — 1 that are equivalent to 1, leading to
avertex u'. Let (u/,v") be the outgoing edge of 1’ in MergeEquiv(B) that is labeled b. Then

E[B "] = E[MergeEquiv(B) "]
and /
E[B?] = [E[MergeEquiv(B)“ "],

so Weight((u,v)) = Weight((u’,v")). Therefore, if we let S be the set of edges leading to layer i of
B with label b, and we let T be the set of edges leading to layer i of MergeEquiv(B) with label b,
then there is a function f: S — T such that

Y Weight(e) = ) Weight(f(e)) < |S| ~r£1€aTxWeight(e) <w- ) Weight(e).

ecS eeS ecT

Summing over all i and b completes the proof. ]
Putting everything together proves Theorem 7.10, as we now explain.

Proof of Theorem 7.10. The restriction generator R samples ¢ independent copies (°, ..., p' of the
pseudorandom restriction from Lemma 7.31 with w = 5, with p a small enough constant, and
with § = (e/n)*, where t = O(loglog(n/¢)) is the value from Claim 7.35. Then, R outputs their
composition: p = pf o -0 0.

20Label each vertex v with the acceptance probability from that vertex, E[B?]. In this way, we can view layers
j,j+1,...,k as a regular “evaluation program” of length k — j, to use the language of Braverman, Rao, Raz, and
Yehudayoff [BRRY14]. All of the vertex labels are in the interval [0, 1], so this regular evaluation program has weight
O(w?) [BRRY14, Lemma 6].
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By Lemma 7.31, each restriction p' preserves the expectation of B up to error 6. Therefore, p
preserves the expectation of B up to error t6 < e. To show the second conclusion of Theorem 7.10,
let B" = MergeEquiv(DelUnreach(B|,)). By Claim 7.35, with probability 1 — ¢, there is a value i
such that B is a (w, i, £, m,r) program where w = 3, £ = O(loglog(n/¢)), m = O(log’(n/¢)), and
r = O(log(n/¢)), and furthermore, Err(B’,i) < e/n. Consequently, by Claim 7.36, we have

Weight(B') < 2w -i-Err(B,i) + O(w? - (bm +r+1)) = O(log®(n/e)).
Finally, by Claim 7.37,
Weight(DelUnreach(B|,)) < w - Weight(B') = O(log>(n/)). O

Remark 7.38. Theorem 7.10 guarantees that with high probability over p, we have Weight(DelUnreach(B|,)) <
polylog(n/e). The proof actually shows something stronger, which is that with high probability over

p, every standard-order ROBP B’ that computes the function B|, satisfies Weight(DelUnreach(B')) <

w - polylog(n/e), where w is the width of B'.

8 Simplified Non-Black-Box Derandomization of Regular ROBPs

In this section, we give a relatively elementary proof of the main result in Ahmadinejad, Kelner,
Murtagh, Peebles, Sidford, and Vadhan’s work [AKMPSV20] (Theorem 1.10). As a reminder, they
gave a nearly-logarithmic space algorithm for estimating the acceptance probability of a given
regular standard-order ROBP.

As explained in Section 3, our proof is based on the concept of singular-value approximation,
introduced by Ahmadinejad, Peebles, Pyne, Sidford, and Vadhan [APPSV23].

Reminder of Definition 3.1. Let W, W € R“*® be doubly stochastic matrices. We say W T-singular-
value approximates W, denoted as W X W, if for every x,y € RY,

o7 (W= w) o] < 5 (10w + 1915 )

Our new proof of Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and Vadhan’s main
result [AKMPSV20] can be decomposed into the following two steps. The first step is to show
that a recursive application of (a version of) Rozenman and Vadhan’s “derandomized squaring”
operation [RV05] computes a singular-value approximation to the random walk matrix of the
given regular ROBP in O(log 1) space with 1/polylog(n) error. Formally:

Theorem 8.1 (Space-efficient moderate-error sv-approximation). There is a_deterministic algorithm
that, given a regular width-w length-n standard-order ROBP B, outputs a matrix Wy,o € RY*% such that

sV

W0 =g Wieo, ~where W, is defined from B as in Section 4 and 19 = 1/ (64 - log2 n). Furthermore,
the algorithm uses O(log(nw)) bits of space.

Theorem 8.1 readily follows from the analysis by Ahmadinejad, Peebles, Pyne, Sidford, and
Vadhan [APPSV23]. For the sake of completeness, we include our own proof of Theorem 8.1, but
we defer it to Appendix A. By applying Theorem 8.1 once for each edge (¢,r) € E(SC,), we
can construct?! an approximation ensemble W that has moderate error in the following “singular

value” sense:

21 That is, to construct W,._y, we apply Theorem 8.1 to the branching program obtained from B by replacing the edges
prior to layer ¢ and subsequent to layer r with trivial identity edges.
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Definition 8.2 (t-sv-accurate). Let B be a width-w length-n standard-order regular ROBP, and let
W = {W,_, : ({,r) € E(SC,)} be an approximation ensemble. We say W is T-sv-accurate (with

sV

respect to B), if for every ({,r) € E(SC,), the matrix W, is doubly stochastic, and W,_; = W,_y,
where W, is defined from B as in Section 4.

The second step of our proof of Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and Vadhan’s
main result [AKMPSV20] is an error reduction procedure. Given a regular ROBP B, and given an
approximation ensemble that is T-sv-accurate with a moderate error 7 = 1/polylog(n), we show
how to compute the acceptance probability E[B] to within any tiny error +¢, using space that is
doubly logarithmic in 1/e.

Theorem 8.3 (Non-black-box error reduction for regular ROBPs). Let B be a width-w length-
n standard-order reqular ROBP. Let W be an approximation ensemble that is To-sv-accurate, where
T = 1/(64 -log®n). There is a deterministic algorithm that, given B, W, and € € (0,1), outputs a
number that is within +e of IE[B|. The algorithm uses O(log(nw) - loglog(nw/¢)) bits of space.

Combining the two algorithms above gives the desired algorithm for estimating the acceptance
probability of a given regular ROBP, i.e., it proves Theorem 1.10, which we restate below as a
reminder.

Theorem 8.4 (Theorem 1.10, restated). There is a deterministic algorithm that uses O(log(wn) -
loglog(1/¢)) bits of space and outputs a value that is within te of E[B|, given a width-w length-n
standard-order regular ROBP B and a value € € (0,1) as inputs.

The remainder of this section consists of the proof of Theorem 8.3.

8.1 The F-Seminorm

The proof of Theorem 8.3 uses our error reduction framework described in Section 4. As explained
in Section 4, the regular branching program B has a Laplacian matrix L, and the ensemble w
induces matrices A;;, AW, etc. For convenience, we will assume that the length-one walks in w
have zero error, i.e., WjHH‘ =W, jforeachj e {0,...,n—1}. This assumption is without loss
of generality, because we can compute W;, 1. ; from B exactly using O(log(nw)) bits of space.

In order to use our error reduction framework, we must show that ||L"!AW]|| is moderately
small, where || - || is some extended submultiplicative matrix seminorm (see Theorem 4.4). In
Section 6, we chose || - || = || - |- In this section, we will use a more sophisticated seminorm, the
“F-seminorm,” which takes into account the structure of the branching program B.

Toward defining the F-seminorm, let ®: R” — IR>( be the function

D (1) 1= [|ull3.

We use this notation ®(u) because we think of ®(u) as a “potential function.” This perspective
will be crucial for our analysis. For a vector u € R” and 0 < ¢/ < r < n, we define
2 2
a2, = el s v, = P00) ~ D(Woy )
Intuitively, the quantity above measures the drop of potential starting from the /-th layer with
vector u and moving along W, , to arrive at the r-th layer with vector W,._, - . Note that because

Bis a regular branching program, the matrix W is doubly stochastic, and hence | - [|¢., isindeed
a seminorm.
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Let x € R(")% and write it as a block vector x = (x[o}, ... ,x[”]), where xll € RY*® is the
restriction of x to the j-th layer of the branching program B. Recall from Definition 4.1 that Uy is
the set of multiples of 2F up to 1, i.e.,

U, ={i-2¢:ieczn(o,n/2"} = {0,2%,2-25,3. 25, ... n}.

We define the F;-seminorm of x as

2

13, = ¥ ||«

jely ]\j+2k

In particular, in the corner case when j = n, we let W, .o, , = 0, so the term is simply ||x"]|[3.
By the equation above, we see that ||x H%k measures the total amount of potential drop made in 2
steps from all the sub-vectors of x on the layers in U.

Next, we define the F-seminorm of a vector x as??

logn

IxlIE = ) lIx],-
k=1

Finally, this vector seminorm || - || induces an extended submultiplicative matrix seminorm || - ||,
as explained in Definition 2.4:

IM|lg = min{A € RU {00} : Vx, [[Mx|g < A-||x|g}.
Our main job is to prove the following lemma.

Lemma 8.5 (Main Lemma). Let B be a width-w length-n standard-order reqular ROBP. Let W be a 1-

sv-accurate approximation ensemble, where T € (0, m]. Let L and AW be defined from B and W as

in Section 4. Then X
HL’lAWHF <4. log2 n-T.

Lemma 8.5 enables us to use our error reduction framework. After proving Lemma 8.5, we
will show that this error reduction framework implies Theorem 8.3.

8.2 Bounding L 'AW() x|z, Wheni < k

The proof of Lemma 8.5 relies on the following simple lemma regarding singular-value approxi-
mation, whose proof can be found in Appendix C.

Lemma 8.6. Let W1,W2,V~V1,V~V2,V~V be doubly stochastic matrices. Let W = WyWj. Assume that
A ge Wi, W, S%Ve Wo, and W ge W. Then

S

~ ~  ~ v
WoW; + (W —WoWy) Rpe(14/4) WaWy.

In other words, for all vectors x,y,

o e-(1+¢/4) 2 2
’y (W - WZWI) x| < 5 M wrw + Yl wwr ) -
2211 the definition of the F-seminorm, we do not include a k = 0 term. This is essentially for convenience, and it
corresponds to our assumption that W; 1, ; = Wj, 1. ; for each j.
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The proof of Lemma 8.5 also relies on the following simple fact, which says that when taking
two consecutive steps of a random walk using transition matrices W and W7, the decrease in
potential of the latter step is always smaller than that of the former.

Fact 8.7. For any matrix W € RY*% and z € RY, we have
d(z) — D(Wz) > &(Wz) — D(WIWz).
Note that if W is doubly stochastic, the inequality above can also be written as

1211 _wrw > IW2II7_ywr-

Proof. Because I — WI'W is symmetric, we have?

(®(2) — D(Wz)) — (B(Wz) — D(WTWz)) = 2T [(I ~WTW) — (WTW — (wTW)2)] z
=zl (1-WIW)%z
- wowyf o D

The core of the proof of Lemma 8.5 is the following variant of Lemma 8.5, in which we focus
on the “level-i” and “level-k” edges in the shortcut graph SC,.

Lemma 8.8. Let B and W be as in Lemma 8.5. Let L™ and AW be defined as in Section 4. For every
i,k € [logn] and every x € RU"+D%, we have

HL—lAW@x

2 <4 2
g ST x|, -

In the remainder of this subsection, we focus on proving Lemma 8.8 in the special case i < k.
We handle the case i > k in the next subsection.

Proof of Lemma 8.8 assuming i < k. Let z = L~'AW{x, so our goal is to bound 1|3, Like before,

we write x = (x%,...,x["), where xl!l is the restriction of x to layer i of B, and similarly
z = (zl9,...,z["). We observe the following recursion formula: for every j € Uy \ {n}, we have

ok . (i) ¢
22 — Wik 2l Y Wiioke i Aw(uzi)eex[ !
Cet;n[j,j+2%)

For convenience, we define W, 5, , to be the zero matrix and z["+2 to be the zero vector, so the
equation above holds even for j = n. For each layer j € Uy, we define
sj+2¢ ' j+2F i 14
U+ = Wik 21 and S = Y Wi ok gyoi Awge)+2i)<—£x[ ],
Lel;nlj,j+2k)
so that zli+2'] = zi+2] 4 5li+2], Then by definition,

”ZH%k = Z HzW!?\sz = Z (cp(z[j]> _@(E[sz}))

jeuk jEUk
(*)
= o(zl%) — cI)(z[’“rZ"]) +Y q)(Z[HZ"]) _ q;(g[jﬁk]))
jeU

-y (@(ZWH) —cp(zU“kJ)). (15)

jeUy

(%)

23We used ChatGPT as part of our process for developing this proof.
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(Quantity (x) is the decrease in potential at step j. We think of quantity (xx) as the amount of
error in step j. See Figure 3.) Fix j € Uy. We now turn to bounding quantity (xx):

(20121 = @2 4 542y = @2y 4 220+ U2y 4 (U2 gli+21y, (16)
To bound the last two terms, we use the following claim:

Claim 8.9. For every u € R", we have

+29y | < . q1y112 , |7
u,s < T-||ulji- +T X .
(| E R EVRUV ISP VI L T
Proof. By the definition of sUi2,
. k .
‘<u,5£1+2 ]>‘ = Yo (Wi ) - (AWD) iy 2

Lel;nfj,j+2k)

= 2 ‘(uijJereZJrZi) ’ (Aw(i))(£+2i)<;g : xm‘
CeU;n[j,j+2)

Since W is T-sv-accurate, and T < Z;, by Lemma 8.6,

(s <o | X Wl

jH2k—0+2 + Z Hx[g}"%\g+2i
feuiﬂU,].-‘—Zk)

wrl .
B2l el i+2%)

(4201

We further observe that the former sum in the right-hand side is telescopic:

T 2 —yl12
) ||Wj+2ke£+2i”||17w LOWT = ]l v L WD
reln[j,j+2%) (420407 4 0i g JH2E] T ok
which completes the proof of Claim 8.9. O

We now continue the proof of Lemma 8.8 where we left off (Equation 16). By Claim 8.9 with
u = 70+2] we have

2|20+, 2y < 2z ),
T2k

jHoke Letinlj,j+2%) ez

=27- ij+2"ej'ZU]HI—W.H,(FW,T . ,+27' Z N ;
Rt ke teun[jj+2¢) 2

(Def. of zli+2')

: 2
<27 - ||V H?\sz +2t- ) ‘xm (Fact 8.7)

, .
tet;nlj,j+2%) > l+2

We also use Claim 89 on u = sli+21 to obtain

ok ok ok 2

(U2, sl 2y < sl o s Y ’xm
T Wik i Yok 2N i
JR2 ] ok teu;nj,j+25) {42

. . 2
<T- <S[]+2k]’s[]+2k]> +T- Z ‘xw]
- 14 i
tel;nj,j+2%) M2
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and thus

. ‘ 2
<S[I+2k}/ S[]+2k]> S T . Z ‘x[g]
-7, - Ung o
eu;n(j,j+2~)
2
<151 ‘xm , '
LN, j+2) S+

since T < &. Plugging the above into (16), we have

Ak i 0k i 2
“P(z[ﬁz])—@(fﬂ]*”)‘ SZT'|\ZMHJZ\]'+2k+3'5T' L ‘x[f] Inpqai
ceu;nj,j+2)

Therefore, summing up and using (15), we get

213, < X [@E0+) - oEl)] <2r<2 12017, ) +35r(2 B ”2\“21-)

jely jely lel;
= 27]|z[|}, +3.57x[|f,-

Since T < A 51, it follows that
3.5T
Il < 220 - N, < 4o xR,
completing the proof of Lemma 8.8 in the case k > i. O

8.3 Bounding L 'AW() x|z, Wheni > k

In the previous subsection, we proved Lemma 8.8 under the assumption that i < k. To handle the
case i > k, we reduce it to the case i = k:

Lemma 8.10. Under the same setup as Lemma 8.8, for every i,k € [logn] such that k < i, we have

HL—lAW@x

R,
F

i

Proof. Let B = AW(x. The key observation here is that Ul is only non-zero for those j € U,.
Letting z = L™'f, our goal is to show |[|z[|§, = ||z|%-

Since we wish to compute HzH%k, we are only interested in z!’ for those ¢ € Uj. First, we have
zI% = %0l From the definition z = L', for every j € Uy that j > 2, we have

il {Wi<—(]'—2k) 'Zbile,:] CJeuA
W]'F(]‘_zk) : Z[/72 ] +le ] 6 UZ‘.

In particular, for £ € U, let j be the largest element of U; such that j < £. We have
2 =w -2l (17)

By the definition of F; and F;, we have

e, = ¥ [ and el = ¥ |9

jety Ija 2k jet; Injv2l
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For every j € U;, by the recursion (17), it holds that

112
10, = [Wees - 21
éeukﬁzu,j—s—zf) M2 éeukr%j+2i) ] g2k
112 112
S R
Eeukﬁ[j,j+2f)
il i|* -
= Hz] Hz - HWHZI-H-Z] ‘2 (Telescoping sum)
112
- HZ[]] ‘
ING 2
Summing up j € U; proves the lemma. O

Combining Lemma 8.10 with the proof in the previous subsection completes the proof of
Lemma 8.8. Having proven Lemma 8.8, Lemma 8.5 readily follows:

Proof of Lemma 8.5. Fix k € [log n]. By subadditivity of the norm, we have

1/2
2
Fk>

logn 172
< /logn - (4T~ Y. \]x\]%}) : (by Lemma 8.8)

logn )
lLtawx| < [Ltawl
i=1

Fy Fy

logn _
< logn - (Z HL_lAW(Z)x
i=1

i=1
Hence, ,
HL’lAWxHF <logn -4t - ||x||%
k

Summing up k € [log(n)], we get,

HL—lAWxH2 <log?n -4t ||x|? 0
- g F-

8.4 Applying the Error Reduction Framework

Lemma 8.5 allows us to apply our error reduction framework. Recall from Section 4 that our
framework gives us a matrix A, such that ||I — A, L||f is low. The following lemma translates this
F-seminorm bound into a more useful bound.

Lemma 8.11. Let B, VNV and T be as in Lemma 8.5. Let m € IN and let A,, be as defined in Section 4. Let
V =VOuU-..uV® be the vertices of B. Let b,y € RV, where Supp(b) C V() and Supp(y) C V.
Then

YT Ak — L] < (4 /T 1ogm) Y -yl - b2

Proof. Let x* = L~'b. By the definition of the || - ||f, norm, we have |(Aub — x*)I"|, <
|Ab — x*||g, for all i € [logn]. Consequently,

[(Amb —x)"|2 <



By Lemma 8.5, [L~!AW]||g < 24/7 - logn < 1/4. By Theorem 4.4, it follows that ||I — A, L|[r < «,
where

x = (4T logn)"m),

Consequently, ||x* — A, Lx*||g < a - ||x*||, i-e.,

logn
1A = x"[le < e [lx"[lp=a-y| 3 [l
i=1

By a telescoping sum, for every i € [logn]|, we have

2
Il = % [Wieo 0O
jel; Mj+2

= 5 {[Wico 80, = [Wyeaco- 00 < 0] = etz
jeu;

Chaining everything together, we get

(At )P < e iogn - il = o,
and hence yT (A, b —L71b) < & ||y|2 - ||b]|2- O

Finally, Theorem 8.3 readily follows from Lemma 8.11:

Proof of Theorem 8.3. Let b € {0, 1}(”+1)w be the indicator vector for the start state of B, and let
y € {0,1}("*1)® be the indicator vector for the accepting states of B. Note that ||b]|; = 1 and
lyll, < +/w. By Lemma 8.11, it suffices to compute yTA,bform = log(|ly|l2/¢) < log(w/e), which
can be done in O(log(nw) - loglog(1/¢)) space; see Ahmadinejad, Kelner, Murtagh, Peebles,
Sidford, and Vadhan’s work for details [AKMPSV20, Section 7.3]. O

9 Improved WPRG for Unbounded-Width Permutation ROBPs

In this section, we present our improved WPRG for unbounded-width standard-order permuta-
tion ROBPs (Theorem 1.9). The WPRG construction is closely related to the non-black-box deran-
domization algorithm for regular ROBPs that we presented in the previous section.

9.1 PRG with Moderate SV-Error

Recall that the first step of the non-black-box derandomization algorithm was showing that re-
cursively applying a version of the derandomized square operation gives a moderate-error sv-
approximation (Theorem 8.1). In the context of permutation programs, it is well known [RV05;
HPV21] that the derandomized square operation corresponds to the Impagliazzo-Nisan-Wigderson
(INW) PRG [INW94]. Consequently, the INW generator fools permutation programs with moder-
ately low “sv-error,” as defined below:

Definition 9.1 (Fooling with sv-error). Let G: {0,1}* — {0,1}" bea PRG. Let F be a class of functions
B: {0,1}" — {0,1}“*®. We say that G fools F with sv-error ¢ if for every B € F, if we let W = [E[B]

and W = E.cf01):[B(G(2))], then W 2, W.

Specifically, the INW generator achieves the following parameters:
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Theorem 9.2 (PRG for permutation programs with moderate sv-error). Foreveryn € Nand T > 0,
there is an explicit PRG G: {0,1}° — {0,1}" with seed length

s =0 (logn - (loglogn +1log(1/7)))
that fools unbounded-width standard-order permutation ROBPs with sv-error T.

Like Theorem 8.1, Theorem 9.2 readily follows from the analysis by Ahmadinejad, Peebles,
Pyne, Sidford, and Vadhan [APPSV23]. See Appendix B. We remark that Theorem 9.2 strengthens
Hoza, Pyne, and Vadhan’s analysis of the INW generator [HPV21], because singular-value
approximation implies entrywise approximation and “unit-circle” approximation.

9.2 Low-Error High-Seed-Length WPRG: Independent Seeds

To construct our low-error WPRG, we will combine Theorem 9.2 with an error reduction
procedure. Fix ¢ > 0, and fix some PRG G: {0,1}° — {0,1}" that fools unbounded-width
standard-order permutation ROBPs with sv-error 7, where ¢ < T < 1/polylog(n). We will show
hot convert G into a WPRG that fools unbounded-width length-n single-accept-state standard-
order permutation ROBPs with error € and seed length

~ logn -log(1/¢)
@) <s+ log(1/7) —|—log(1/s)> .

To conclude, we will choose T ~ 2~V log(1/¢),

The first stage of this error reduction procedure corresponds to the error reduction step
of our non-black-box derandomization algorithm from Section 8. For our non-black-box
derandomization algorithm, we used our general error reduction framework described in
Section 4. To construct a WPRG, we instead apply the black-box version of our error reduction
framework, described in Section 5. In particular, Section 5 explains how to convert G into a
pseudodistribution X (™). We now argue that X' (") fools permutation ROBPs with low entrywise
error.

Claim 9.3 (X" fools permutation ROBPs with low entrywise error). Let n € IN, let T €
(0, m), and let G be a PRG that fools unbounded-width length-n standard-order permutation ROBPs

with sv-error T. Let m € IN, let X ™) be the corresponding pseudodistibution constructed in Section 5, and
let
&= (4-/T-logn)m+h),

Let B be an unbounded-width length-n standard-order permutation ROBP, and let B: {0,1}" —
{0,1}“%® be the corresponding matrix-valued function. Then X" fools B with entrywise error a, i.e., for
every u,v, we have

E[B(X"N)],., — E[Blo.| < a.

Proof. Recall from Section 5 that G and B induce an approximation ensemble W = {VV]-H :
(i,j) € E(SC)}. Because G fools B with sv-error 7, and more generally each prefix G; ,; fools the

subprogram B, ; with sv-error 7, the ensemble W is T-sv-accurate with respect to B. Therefore,

we may apply Lemma 8.11. By letting b,y € R("+1) be the indicator vectors for the states (0, u)
and (n,v) respectively, Lemma 8.11 gives us

(A =L o), 00| < @
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where L is the Laplacian matrix of B and A, is defined in Section 4. As explained in Section 4,
[E[B] is the (1,0) block of L™, and as explained in Section 5 (Claim 5.7), E[B(X("™)] is the (1,0)
block of A,. O

9.3 Final WPRG Construction: Correlated Seeds

Claim 9.3 shows that X (") fools unbounded-width single-accept-state permutation ROBPs with
low error. Now, similar to Section 6.3, we show how to decrease the seed length of X' (") by using
an additional INW PRG [INW94]. This step is almost exactly the same as our construction and
analysis Section 6.3; the main difference is that we invoke Hoza, Pyne, and Vadhan’s analysis of
the INW PRG [HPV21]. We present further details below.

The final WPRG construction. Just like in Section 6.3, we can write X’ (M) in the form

K
X(m) = Zo'l . Z 25, gi,l (y(l)) 0O--+0 gi,r(]/(r))/
i=1 y<]>,...,y(r)€{0,1}s

where K = n°") K is a power of two, r = O(mlogn), o; € {—1,0,+1}, G;; maps {0,1}* —
{0,1}"i for some 0 < n;; < n, and o denotes string concatenation. This time, let ) be
a distribution over ({0,1}°)" that y-fools unbounded-width standard-order permutation ROBPs
over the alphabet {0,1}° that have a single accepting vertex, where v = 5%. Hoza, Pyne, and
Vadhan [HPV21] show (using the INW construction [INW94]) that we can explicitly sample )

using a seed of length
g =0O(s + (log(1/7) +loglogr) -logr) = O(s + log(1/7) - logr).

Just like in Section 6.3, write ) using pseudodistribution notation as

y: Z z_q.ygl)o...oygr),
ze{0,1}9

where ygj ) e {0,1}* for each j € [r]. Our final pseudodistribution Z over {0,1}" is given by the

formula
K

2= 2‘71' : 2 271 Qi,l(yg)) 0--:0 Qi,r(ygr))-

i=1 ze{0,1}1

Error and seed length. Let B be an unbounded-width length-n standard-order permutation
ROBP with a single accepting vertex. Just like in Section 6.3, one can show that

E[B(Z)] — E[B(X")]| <e/2.

We will choose T < 1/(64 -1log’ 1) and m = @(llgg((ll;?) ), so the error a in Claim 9.3 is at most /2.

This ensures that Z fools B with error .
The pseudodistribution Z corresponds to a WPRG with seed length
logK+ g = O(s +log K +log(1/7) - logr)
= O(s+ (mlogn+1log(1/e)) - (logm +loglogn))

1 -log(1/
<0 s+ (Magty  v1ostsa) togtesoso).
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We take G to be the PRG from Theorem 9.2, so s = O(logn - (log(1/7) + loglogn)). Furthermore,

we choose
T = min 2—\/log(1/£)~loglog(n/s), 1 )
641og’ n

Therefore, the overall seed length becomes

@) <logn . \/log(l/e) -loglog(n/¢e) +log(1/¢) ‘loglog(n/s)) ,

completing the proof of Theorem 1.9.
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A Derandomized Products and Singular-Value Approximation

In this section, we prove Theorem 8.1. In fact, we will prove the more general version below.

Theorem A.1 (General version of Theorem 8.1). There is a deterministic algorithm that, given a regular
width-w length-n standard-order ROBP B and a value T € (0,1), outputs a matrix W,y € RYV*¥

such that W]FO gf W0, where W, ¢ is defined from B as in Section 4. The algorithm uses
O(log(nw) -log(1/7)) bits of space.

The algorithm will essentially be a repeated application of Rozenman and Vadhan’s deran-
domized squaring operation [RV05]. (We assume that # is a power of two; this is without loss
of generality because we can always pad B with identity transitions without changing its func-
tionality.) This is essentially the same as the base case algorithm used by Ahmadinejad, Kelner,
Murtagh, Peebles, Sidford, and Vadhan [AKMPSV20, Section 7.3]. We reiterate that the fact that
the iterated derandomized square computes a moderate-error sv-approximation already follows
from the work of Ahmadinejad, Peebles, Pyne, Sidford, and Vadhan [APPSV23]; we include our
proof primarily for the sake of having a relatively self-contained presentation.

A.1 Labelings, Rotation Maps, and Derandomized Products

To describe the algorithm, we first need to recall (variations of) some standard definitions from
the literature [RVWO02; RV05].
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Definition A.2 (Regular bigraph). A bigraph is a triple G = (U, V,E), where U and V are sets of
vertices and E is a set of directed edges going from U to V. The transition matrix of G is the matrix
W € RV*Y in which W, is the fraction of outgoing edges from u that lead to v. We say that G is
d-regular if each vertex u € U has precisely d outgoing edges and each vertex v € V has precisely d
incoming edges. (In this case, W is doubly stochastic.)

Definition A.3 (One-way labeling). A one-way labeling of a d-regular bigraph G = (U, V, E) assigns
each edge e € E a label in [d] such that for every u € U, the outgoing edges of u have distinct labels. If G
has a one-way labeling, then we write Gu, i] = v when there is an edge (1, v) with label i.

Definition A.4 (Two-way labeling). A two-way labeling of a d-regular bigraph G = (U, V,E) is a
labeling of the edges in G such that

1. Every edge (u,v) has two labels in [d], an “outgoing label” and an “incoming label.”

2. For every vertex u € U, the outgoing labels of the outgoing edges of u are distinct.

3. For every vertex v € V, the incoming labels of the incoming edges of v are distinct.
A two-way labeling induces a one-way labeling by considering only the outgoing labels.

Definition A.5 (Rotation map). Let G = (U, V, E) be a d-regular bigraph with a two-way labeling. The
rotation map Rotg: U x [d] — V x [d] is defined as follows: Rotg(u,i) = (v,]) if there is an edge
(u,v) € E with outgoing label i and incoming label j. Note that in this case, we have G[u,i] = v.

As mentioned previously, our algorithm is based on the “derandomized square” construction
by Rozenman and Vadhan [RV05]. We slightly generalize it to a “derandomized product”
construction.

Definition A.6 (Derandomized Product). Let Gy = (U, V,E;) and G, = (V,W, Ey) be d-reqular
bigraphs, where Gy has a two-way labeling and Gy has a one-way labeling. Let H = ([d], [d], Ex) be
a c-regular bigraph with a one-way labeling. The derandomized product G, @y G1 = (U, W,E) is
(¢ - d)-regqular bigraph with a one-way labeling defined as follows. To compute (Gy ®y G1)[vo, (io, jo)]
where vy € U and (ig, jo) € [d] x [c]:

1. Let (’Ul,il) = Rotg, (Uo, io).
2. Letir = H[il,jo].
3. Let Uy = Gz[vl,iz].

4. Output (GZ @H Gl)[l)o, (io,jo)] = 07.

Remark A.7 (Incoming edge labels for G, @y G1). Ultimately, we wish to apply Definition A.6
recursively. However, Definition A.6 requires that Gy has a two-way labeling, whereas it merely defines a
one-way labeling for Gy @y G1. If we wish to apply the operation multiple times, say G @ (G2 @y G1),
we must first assign incoming edge labels to Gy @ G1.

Following prior work going back to Rozenman and Vadhan's paper [RV05], we will study two distinct
methods of assigning incoming edge labels to G, @y G1. One method (explained in Section A.4) works
in the general setting of reqular ROBPs, but unfortunately it leads to non-black-box algorithms. The other
method (explained in Appendix B) can be interpreted as a black-box algorithm — indeed, it is essentially
equivalent to the Impagliazzo-Nisan-Wigderson PRG [INW94] — but unfortunately it only works in the
special case of permutation ROBPs.

Before explaining either of these methods of assigning incoming edge labels, we first analyze the
derandomized product operation in a way that is agnostic about the issue of incoming edge labels.
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Remark A.8. Murtagh, Reingold, Sidford, and Vadhan also defined a “derandomized product” operation
and used the notation (p) [MRSV21]. Our definition is similar but not identical to theirs.

A.2 The Derandomized Product SV-Approximates the Exact Product

Recall that the derandomized product G; (®y G is parameterized by an auxiliary graph H. We
will take H to be a spectral expander, a concept that we review in the two definitions below.

Definition A.9 (Complete bigraph). For eachd € IN, let K; 4 = ([d], [d], [d] x [d]) denote the complete
bigraph, and let J;, 4 denote the transition matrix of K 4. That is, Jjx 4 is a d x d matrix, and every entry
of Jaxa is 1/d. When the dimension d is clear from context, we simply write J.

Definition A.10 (Spectral expansion [Mih89]). Let H = (U,V,Ey) be a regular bigraph with
transition matrix H € RV*Y, where |U| = |V|. We define

A(H) = [IJ = Hl|2.
The spectral expansion of H is the quantity 1 — A(H).

(Definition A.10 considers the general case of a c-regular bigraph, but our expanders will
always be induced by c-regular undirected graphs that are expanders in the standard spectral
sense.)

Definition A.11 (Parallel and perpendicular components). Let 1; denote the d-dimensional vector
in which every coordinate is 1. When the dimension d is clear from context, we simply write 1. For a
vector z € RY, let z| and z | denote the projections of z onto the subspace parallel and perpendicular to 14,
respectively. Formally, we definezy =J-zandz, =z —z|.

Note that if H is a regular bigraph with transition matrix H, then H-1 =1, so
10— H) - zll2 < AH) - [lzL ||2.
We will use the following additional pieces of notation to analyze the derandomized product.

Definition A.12 (Transpose bigraph). If G = (U, V, E) is a bigraph, then the transpose bigraph G is
defined by reversing the direction of each edge e € E. If G has a two-way labeling, then we define a two-way
labeling on GT by the rule

Rotr = (ROtG) -1

Definition A.13 (Restrictions with respect to v). Let Gy = (U, V,Eq) and G, = (V,W, Ep) be d-
reqular bigraphs. Assume that Gy has a two-way labeling and G, has a one-way labeling. Let x € RY and
y € RW be vectors over the vertices in U and W respectively. For each v € V, we define the restriction of
y with respect to v, denoted y®) € R, to be the subvector of y indexed by out-neighbors of v, i.e.,

yZ(U) = YG,[p foreveryi € [d].

Similarly, we define the restriction of x with respect to v, denoted x(*) € R?, to be the subvector of x
indexed by in-neighbors of v, i.e.,

va) = X6, for every i € [d].
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Remark A.14. For convenience, we write x‘(‘v) to denote the parallel component of the restriction of x with

(v)

respect to v, i.e., x\") = (x(©)),. Note that in ¢eneral, this vector (the parallel component of the restriction)
P H H 8 p p

is different than (x| )@ (the restriction of the parallel component). Similarly, we omit parentheses in the
expressions xf), y‘(‘v), and yf) .
The following lemma is the key to analyzing the derandomized product operation.

Lemma A.15 (Approximation property of derandomized product). Let Gy = (U,V,E;) and
Gy = (V,W, Ep) be d-reqular bigraphs, where Gy has a two-way labeling and Gy has a one-way labeling.
Let H = ([d], [d], En) be a regular bigraph with a one-way labeling. Let W1 and Wy be the transition
matrices of Gy and Gy respectively, and let W be the transition matrix of Go @y G1. Then for every
x € RY and y e RW, we have

‘yT(szl —VNV)x‘ < )‘(dH). Y H"f) - Hy(f)

veV

Proof. Let H be the transition matrix of H. By Definition A.6, we have

TWX—* Z Z Z YGylvia] ° Hj, i - xGT[vlﬂ

veVield] ireld]

i.e., we sum y, - Hj, ;, - x, over all length-two paths (1, v, w), where i1 and i, are the labels of the

incoming and outgoing edges of v in the path. By Definition A.13, this can be written as

T{X
yTWx = dvezv )T H - x), (18)
Observe that WoWj is the transition matrix of G, )k » G1. Therefore, as a special case of (18), we
have
Yy W Wyx = g Z )T Yawa - ).
veV

Therefore, by the spectral expansion property, we have

A 1 v v
yT(WaWs = W)x] = | Y ()T - (Jaa — H) - x| < ), [+

[

7

H)
2
as desired. 0

Using Lemma A.15, we can now prove that the derandomized product singular-value
approximates the exact product:

Corollary A.16 (Derandomized product sv-approximates exact product). Under the assumptions of
Lemma A.15, we have W ng(H) WoW;.

Proof. Let Wp; = WoW;. Let x € RY and y e RW. By Lemma A.15, we have

(0)
L2
| E-J;Hx@

(19)

[y (Woy — W) < 210 ZH

5
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We can rewrite
2

[
2 I

[

3 Ml e (T el
I -2 (k- 1)

We first calculate Y, ||y(*)||%. By Definition A.13, each y, w € W contributes to exactly d entries

among yfv) (v € Vandi € [d]). Also, each yfv) = Yo for some w € W. Therefore,

2
= v = S = Yok =a- v
v v i w

Next, we calculate || y‘(‘v) |5. Observe that y‘(f}) =14 - ¢, where ¢, = (yTW»),. Hence,
2112
vl = T 1 Wa)ol? = a-yTwawiy,
and )
S, = (113 —y™WaWhy) = d- Iyl wws
Symmetrically,
2
@ = 4. lxl?
L[], = - 2.
@ > _ 2 _ Ty T
; Hx” = ;d- [(Wix)o|” =d - x" W Wiy,
and

<

)3

%

Therefore, by the AM-GM inequality,

2
2 2
L= d- (1213 = x"WIWix) = d- [x P,

A(H)

|yT(W21 - W)x| < A(H) - H’CHIfwlTw1 : ”yHIfwzsz < o (Hﬂ‘iw{wl + ||nyfwzw2T) :
Since W, is doubly stochastic, we have |[Wy1x||2 < ||[Wix||2, and therefore
ol -wrw, < lxll-wrw,,-
Similarly, since W1 is doubly stochastic, we have |W1,y||» < |[WIy|2, and therefore

HyHI—szg = HyHImeng'

Therefore,

_ A(H) 2 2
YT (Wa — W)x| < T2 (||x||I*WzT1W21 + HyHI*WHng) ' -
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A.3 Recursive Derandomized Product: Accumulation of Error

We have shown that a single application of the derandomized product operation has bounded
error in the sense of sv-approximation. To analyze multiple applications of the derandomized
product operation, we must establish a few facts about sv-approximation. The proofs are relatively
short and only use elementary linear algebra. The first lemma allows us to bound ||(W — W)x||»

in terms of ||x||;_wrw assuming W ~ W.

Lemma A.17. Let W, W be doubly stochastic w x w matrices, and suppose W . W. Then, for all
x,y € RY, we have

~ € ~ €
W =W)x[ < 5 - [lxlli-wrw — and (W - W)Tyll2 < 5 Iylwwr
Proof. We prove the claim for the x side. The y side follows by taking transposes. Let

[ E
HXHIfwTw

We have
(W

TW-W)T(W—-W)x

T ~
%) (W= W)T(W = W) (/%)

=
|

=

I

x 2
it 5 )

1.
151w + 1OV = W e

IN Il
[ I
S

NN ~

[y x| m | m

1, = .
7 x I wrw + 5\\(W - W)xH§> (since [|-|[r_wwr < |[-[l2)

< 5 - IHOW = W)z - [|x][ - wrw-

|
N

Re-arranging proves that ||(W — W)x|| < (¢/2) - ||x||;_wrw as desired. O

The next lemma shows that if W; f’é W; and W, Py W, then W, - Wy ~ W; - Wi. Note
that versions of this lemma and the next can also be found in the recent work by Ahmadinejad,
Peebles, Pyne, Sidford, and Vadhan [APPSV23]. Still, we include proofs here in the interest of
having a self-contained presentation. Also, our proofs appear to be more elementary.

Lemma A.18 (Product of sv-approximations is sv-approximation of product). Let W1, Wy, Wi, W,
be doubly stochastic w x w matrices. Assume that A gg W, and W, gg W,. Then

WZ : Wl gg.(1+g/2) W2 . Wl.
Proof. For convenience, write Wy; = W, - Wy. Let x, y € R”. We use the following decomposition:

yT<W21 — V~V2V~V1)x = ]/T(Wz — WQ)Wlx =+ ]/TWQ(Wl — V~V1)X — yT(Wz — Wz)(wl — V~V1)X.
@) **) (***)
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We bound the three terms separately. First,

1)) = Iy (W = Wa)Wax| < 5 (112 vy + W2 g, )

Symmetrically,
&
1091 < 5 (IWEY I s + 1512 o, ) -

Next, we bound (***) as

()] = [yT (W2 — W2) (W1 — Wy)x|

< [|(W2 = W2) Tyl - [| (W1 — Wy)x]|2
2
&
2 lh-w,wr - [ lewrw, (Lemma A.17)

IN

e )
= (1212 v, + 112 vy

| /\

| /\

e
= (1218 g+ 191 v, ) -
We finish the proof by utilizing the following equations:
- wrw, + Wl wrw, = 1217w w,y-
91— wowr + W21 s = IV woywr,
and adding up the three bounds on quantities (*), (**), and (***). O

The next lemma shows that singular-value approximation is transitive (with some modest loss
in the approximation parameter).

Lemma A.19 (Transitivity of sv-approximation). Let A,B,C € R“*Y be three doubly stochastic

matrices. Suppose A ggl B and B ggz C where e; € [0,4]. Then A gg C, where € = g1 + &7 + 2¢165.
In particular, if e, € [0,1/2], then ¢ < 2¢1 + .

Proof. Let x,y € R” be arbitrary. Our job is to show that

Y (A—-C)x| < (HxHI cre T Hy”l cer) - (20)
To show this, we first use the triangle inequality and get

[y (A= C)x| <[y"(A—B)x|+[y"(B—C)xl.
We bound the right-hand side now. The second term is easy:
€

ly' (B = C)x| < 1 (Ixlli_cre + Iyl_ccr) -
For the first term, we start with the inequality
(||x||2 BB T ||y||1 BBT)

€1
3 (I cre + I1Ecer) + 5 (lIcxl? = IBx|2+ [CTy|2 — [BTy|1?).

¥ (A—B)x| <

%\H.MH
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Now, it is clear that, to show (20), it suffices to show the following inequalities.
|Cx||*> — [IBx||* < 2e2/|x[[{_cre,  and
ICTyI* = IBTylI* < 22|yl _ccr-

In the following, we show the proof of the first inequality. The second one can be verified via a
symmetric argument. We observe that

|Cx[|* — |[Bx||* = x"(C"C — B"B)x
_ ((CT —BT)C+CT(C-B)— (CT - BT)(C - B)) x

<2-|xTcT(C—B)x|+ |xT(CT — BT)(C — B)x|
2

< Z (1%} _cre + I1Cx1E_ccr) + 211x1 o (Lemma A.17)
< (2 + /D)2 crc (ICx12_cer < %I} _cre, by Fact87)
< 2¢y ||x]|f7CTC, (Assumption on ¢;)
as desired. O

Now we are ready to analyze the recursive derandomized product. We will prove the
following bound.

Lemma A.20 (Recursive derandomized product sv-approximates the exact product). Let n,d,c €
N. For each t € {0,1,...,logn} and each j € Uy \ {n}, let Gi o, j = (VV),VU+2), EG+2)) pe g
(d - ct)-regular bigraph with a two-way labeling. Furthermore, let A € (0, @), and for each t € [logn],
let Hy = ([d-ct7Y,[d - c'~Y], Ep,) be a c-regular bigraph with a one-way labeling satisfying A(H;) < A.
Assume also that for each t € [logn] and each j € Uy \ {n}, we have

Gjrotej = Giyprejyor1 @p, Giyor1

(where the equation above merely denotes equality as graphs with one-way labelings). For each (i,]) €
E(SCy), let W, ; be the transition matrix of Gj.;, and let Wj, ; = Wj.j 1 -W; 1. j 2+ Wir1. ;. Then
Wi ~ 1171ogn W0

To be clgar, the conclusion of Lemma A.20 holds regardless of how the incoming edge labels are
defined in Gy ;.

Proof. We will indeed prove the following stronger claim, from which the lemma above will
immediately follow.

sV

Claim A.21. For every t € [logn|and j € U; \ {n}, we have WHZ’H ~ e Wiyt j, where

er = (1+6A-logn)~t.t -4,

Proof. We prove the claim by induction on t. For the case t = 1, this claim is saying for every
j€ U\ {n}, wehave

~ sV

Wiioej =y Wi,

which is true by Corollary A.16.
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Suppose the claim is true for t — 1. We verify the case of t > 1. Fix j € U;\ {n}. By
Corollary A.16, we have
e sV ~. ~
Wj+2t<;]' SN W]'+2f<—j+2f*1 . W]'+2t—1<_j. (21)
By the induction hypothesis, we obtain
. sv
Witorejiort Rey Winorejior,
~ sv
W]'+2f*1<—j e Wj+2f*1<—]’~
By Lemma A.18, we get

~ ~ %

Wi o1 Winamioj R (14 /2) Witate - (22)
By our assumption A < 1/(6log® 1) and the fact that t < log#, we have
14+e.1/2=1+(1+6A-logn)"2-t-2A <1+4e-t-2A0 <1+6A-logn.

Therefore,
g1 (14e-1/2) < (1+6A-logn) ™t (t—1)-41 <1/2,

and furthermore,
4) + &1 (1 + €t71/2) < g.

By Lemma A.19 applied to (21) and (22), it follows that VNV]- 12t X e Wjjorj, which completes

the induction step, and the proof of the claim. O

Finally, since A € (0, @), it follows that (1 + 6\ -logn)!°8"~! . logn - 4A < 4e- A -logn <
11A - log n. This completes the proof of the lemma. O

A.4 The Algorithm: Assigning Incoming Edge Labels

Having completed our analysis of the derandomized product operation, we now discuss
“implementing” the recursive derandomized product and thereby proving Theorem A.1. For the
auxiliary graph H, we will use the following family of space-efficient expanders:

Lemma A.22 (Space-efficient expanders). For every d € IN that is a power of two, for every A € (0,1),
there is a bigraph H = ([d|, [d], Eg) with a two-way labeling satisfying the following.

e M(H) <A
* H is c-reqular where c is a power of two and ¢ < poly(1/A).
* Roty can be evaluated in space that is linear in its input length, i.e., space O(log(d/A)).

Proof sketch. We begin by constructing a co-regular (undirected) graph Hy, with transition matrix
H)), such that ¢g = O(1), ¢p is a power of two, and ||J — Hyll2 < 1— Q(1):

e If d is a power of four, then d is a perfect square, so we can let Hy be the Margulis-Gabber-
Galil graph [Mar73; GG81], which can be taken to have degree ¢y = 8 [Gol11].

¢ If d is not a power of four, then d/2 is a power of four. Therefore, we take Hj to be the tensor
product of the Margulis-Gabber-Galil graph with the complete graph on two vertices (with
self loops), so we get cop = 16.
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Next, we let Hj be the O(log(1/A))-th power of Hy. Finally, to construct H, we include two
directed edges (u,v) and (v, u) for each undirected edge {u, v} in Hj,. O

Let us now describe the algorithm of Theorem A.1. Recall that we are given a regular width-w
length-n standard-order ROBP B and a value y € (0,1). Let VO . V() be the vertex layers
of B,and let E®), ..., E™ be the edge layers, so EO c vi-1) x v, For eachj € {0,...,n—1},
let éj+1<_j = (V(j), 4% 208 E(7+1)), SO éjH(_j is a d-regular bigraph with a one-way labeling where
d = 2. In this initial stage, we arbitrarily assign distinct incoming labels to the incoming edges of
each vertex v € VU*Y, s0 G ;1. ; has a two-way labeling.

Our plan is to recursively multiply these bigraphs éjH(_j using the derandomized product

operation. Define
T 1
)\ = i 7 v
min { 1llogn 610g2 " }

and for each t € [logn], let H; = ([d - c¢'~!],[d - ¢'~1], Ep,) be the c-regular bigraph with A(H;) < A
from Lemma A.22. Fix (j,j +2') € E(SC,) where t > 1. Let Gy = G; -1, j, let Go = Gjy o1, 101,
and let H = H;. By induction, we have already defined G; and G; to be (d - ¢!~!)-regular bigraphs
with two-way labelings. Roughly speaking, we wish to set

Gjr2ej = G2 ®n G- (23)

However, the derandomized product operation only assigns outgoing edge labels, and we need
Gjj2tj to have a two-way labeling (for future rounds of the inductive process), so we need to
assign incoming edge labels. Following prior work [RV05; AKMPSV20], we therefore define
G/ 21« j by the following rotation map. To compute ROt@jﬂrH (vo, (io, jo)):

1. Let (Ul,il) = ROtG1 (Uo, 10)
2. Let (iz,jl) = ROtH(il,jo).
3. Let (02, 13) = RO’(G2 (Ul,iz).

4. Output ROtéj+2t<_j(Uo’ (io, jo)) := (v2, (i3, 1))

Observe that this definition is compatible with the derandomized product definition, i.e., it
ensures that (23) holds as an equality of graphs with one-way labelings.

Claim A.23 (Space efficiency of recursive derandomized product) Let W]H be the transition matrix
of the graph G]<_l defined above. Given B and T, the matrix W, can be computed in space

O(logw +logn -log(1/7) 4 logn - loglogn).

Since our derandomized graph product is slightly different than the formalisms in prior work,
we include a sketch of the proof of Claim A.23, but we stress that there is no real novelty here; the
proof is essentially the same as the corresponding proofs in prior work.

Proof sketch. Letv € V(© and e = (e, e, ..., Clogn) € [d] x [c]'°8". Given v and ¢, one can compute
ROténHO(U' e) by the following algorithm, which essentially consists of “unrolling” the recursive

definition of G, o:

1. Fori=1ton:
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(a) Update (v,eg) < ROté,»H,l(U' ), SONOW v € 1408
(b) Ifi < n:
i. Lett € [logn] be the smallest positive integer such that i is not a multiple of 2/, i.e.,
the binary expansion of i has precisely ¢ — 1 trailing zeroes.
ii. Update (eo, ..., e—1) < Roty,((ep, ..., e1—1),6t).

2. Output (v, e).

The algorithm above uses O(logw + logn - logc) bits of space for storing i, v, e, etc., doing
arithmetic, and computing Rots , plus O(logn - logc) additional bits for computing Roty,.
Since ¢ = poly(1/A) = poly((logn)/T), the total space complexity is O(log w + logn - log(1/7) +
logn-loglogn). Finally, to compute the (v, 1) entry of the matrix Wy.o, we compute Rotz _ (u,¢)
for every e, and count how many times it outputs a pair of the form (v, ¢’). O

Combining Claim A.23 and Lemma A.20 completes the proof of Theorem A.l, because
11A -logn < 7.

B The INW Generator

In this section, we prove Theorem 9.2, which states that there is an explicit PRG that fools
permutation ROBPs with sv-error T and seed length O(log # - log(1/7)). Briefly, the PRG is the
famous Impagliazzo-Nisan-Wigderson (INW) PRG [INW94]. Rozenman and Vadhan observed
that the INW generator is closely related to their derandomized squaring operation [RV05].
Because of this connection, we will be able to apply the analysis in Appendix A to finish the
proof.

In more detail, let us begin by reviewing the construction of the INW generator.

Definition B.1 (The INW Pseudorandom Generator [INW94]). Let n and c be powers of two, let
d = 2, and for each t € [logn], let H; be a c-regular bigraph H; = ([d - c'~Y],[d - '], Ey,) with a
one-way labeling. Relative to this family (Hy, ..., Hiogy), we recursively define the INW generator as
follows.

Define INW, : {0,1}! — {0,1}! as the trivial PRG, namely INWy(x) = x. For each t € [logn],
having defined INW,_q : {0,1}1+(=Ddoge _, £0 13277 e define INW, : {0,1}1FH1ose — 10,1}2 gs
INW;(x,y) = INW;_1(x) o INW;_1(H;[x,y]), where o denotes string concatenation.

The INW generator is connected to the derandomized product operation via the notion of a
consistent one-way labeling, defined next.

Definition B.2 (Consistent one-way labeling). Let G = (U, V, E) be a d-reqular bigraph. A consistent
one-way labeling for G is a one-way labeling such that for each v € V, the incoming edges of v have
distinct labels. That is, G[u,i] = G|v, ] implies u = v. In this case, we can extend G to a graph G with a
two-way labeling defined by

Rotg (u,i) = (Glu, i, i),

i.e., the incoming label of an edge is equal to its outgoing label.

The derandomized product operation preserves the property of having a consistent one-way
labeling:
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Lemma B.3 ([RV05]). Let Gy = (U, V,Eq) and Gy = (V, W, Ey) be d-regular bigraphs with consistent
one-way labelings. Let H = ([d], [d], Eg) be a c-reqular bigraph with a one-way labeling. Then G, ®y G1
has a consistent one-way labeling.

Proof. Let ug,uy € U, let iy € [d], and let jo € [c]. Suppose that (G» @y G1)[uo, (io, jo)] =
(G2 ®p G1)[uy, (io, jo)]- By the definitions of G; and the derandomized product, this implies that

Galu, ia] = Ga[u}, 2],

where u; = Giluo, o], u} = Giluj, o], and i, = HlJip, jo|. Because G, has a consistent one-way
labeling, it follows that 1} = uy, i.e., G1[uo, io] = Gi[u, uo]. Because G; has a consistent one-way
labeling, it follows that ug = 1. O

Letn,c,d, Hy, ..., Hogn, INW, ..., INWu, , be as in Definition B.1. Let B be a width-w length-n
standard-order permutation ROBP with vertex layers vO .. v and edge layers EW,. .. EMm,
Forje {0,...,n—1},let fGV]-HH- = (v, vi+D) EGHD), so (f}v]-HH- is a 2-regular bigraph.

Because B is a permutation ROBP, each such graph éj“w‘ has a consistent one-way labeling.
This fact enables us to recursively multiply these graphs via the derandomized product as follows.

Lett € [logn] and let (j,j + 2') € E(SC,). Let Gy = Giyor-1j let Gipijio1,and let H = H;. By
induction, the graphs G; and G; have consistent one-way labelings. Define

éj+2fej = G ®p G,

and observe that éj 42t j has a consistent one-way labeling by Lemma B.3.
The construction above “corresponds to” the INW generator in the following sense.

Lemma B.4 (INW generator <> derandomized product). Assume the setup described above. Let
t€{0,1,...,logn}, letjc U\ {n}, let u € VU, and let x € {0,1}'+"1°8¢, Then

Giyorejlu, x] = Blu, INW(x)].

Proof. We use induction on t. The case of t = 0 follows by definition. For t > 1, recall that
INW;(x,y) = INW;_1(x) o INW;_1(H]x,y]), where H = H;. Therefore, the vertex Blu, INW;(x,y)]
can be computed as follows:

1. Letv = B[u, INW;_1(x)].

2. Letz = H[x,y].

3. Output B[v, INW;_1(z)].
Let G = éj so1cjand Gy = éj +2tjt2i-1- By the induction hypothesis, the procedure above is
equivalent to the following:

1. Letv = Gy[u, x].

2. Letz = H[x,y].

3. Output Gy[v, z].
This is precisely the same as the procedure to compute (G, ®y G1)[u, (x,y)]. O

Combining Lemma B.4 with our analysis in Appendix A yields Theorem 9.2:
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Proof of Theorem 9.2. Let A = min{t/(11logn),1/(6log’>n)}. Let d = 2, and for each t € [logn],
let H = ([d-c'™1],[d - c¢!1],Ep,) be the c-regular bigraph with A(H;) < A from Lemma A.22.
Let INWy, ..., INW)oz, be the corresponding INW generators, and let g = INWiog 1, 5O G has seed
length

O(logn -logc) = O(logn - (log(1/7) + loglogn)).
Let B be an unbounded-width length-n standard-order permutation ROBP, and let éj 42t j be the

corresponding graphs as defined above Lemma B.4. Let V(¥,..., V(") be the layers of B. By
Lemma B.4, for every u € V(%) and every seed x,

Blu,G(x)] = Gueolu, x].

Therefore, if we let B: {0,1}" — {0,1}**“ be the matrix-valued function corresponding to B

(namely B(x),,, = B°7"(x)), then E[B] = W, ¢ and E;[B(G(x))] = W0, where W;_; is the
transition matrix of @H and Wy, 0 = Wy n1 - Wyqen_2 - - - Wio. By Lemma A.20, it follows
that Ex[B(G(x))] X, E[B], and hence G fools B with sv-error T. O

C Product of Singular-Value Approximations

In this section, we prove Lemma 8.6, which is restated below.

Lemma C.1 (Lemma 8.6, restated). Let W1, Wy, \7\/1,\7\/2,‘7\/ be doubly stochastic matrices. Let W =
WoW,. Assume that Wy gg Wi, W, SRJYE Wy, and W gg W. Then

WoW; + (W — WoW1) R e/a) WaWi.

Proof. By Lemma A.18, we have W,W, N e(1+¢/2) W2Wi1. Therefore, for any vectors x and y, we
have

[T (W = WaW1)y| < [xT (W — WiW2)y| + [xT (W2 W1 — WiWa2)y|

(e e-(14+¢/2)

< (e 4) (1l rw + 1712 ) -

The lemma follows. O
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