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Abstract

Driven by exploring the power of quantum computation with a limited number of qubits,
we present a novel complete characterization for space-bounded quantum computation,
which encompasses settings with one-sided error (unitary coRQL) and two-sided error (BQL),
approached from a quantum (mixed) state testing perspective:

e The first family of natural complete problems for unitary coRQL, namely space-bounded
quantum state certification for trace distance and Hilbert-Schmidt distance;

e A new family of (arguably simpler) natural complete problems for BQL, namely space-
bounded quantum state testing for trace distance, Hilbert-Schmidt distance, and (von
Neumann) entropy difference.

In the space-bounded quantum state testing problem, we consider two logarithmic-qubit
quantum circuits (devices) denoted as Qo and @1, which prepare quantum states pg and py,
respectively, with access to their “source code”. Our goal is to decide whether pq is €;-close
to or es-far from p; with respect to a specified distance-like measure. Interestingly, un-
like time-bounded state testing problems, which exhibit computational hardness depending
on the chosen distance-like measure (either QSZK-complete or BQP-complete), our results
reveal that the space-bounded state testing problems, considering all three measures, are
computationally as easy as preparing quantum states. Furthermore, our algorithms on such
problems with respect to the trace distance inspire an algorithmic Holevo-Helstrom mea-
surement, implying QSZK is in QIP(2) with a quantum linear-space honest prover.

Our results primarily build upon a space-efficient variant of the quantum singular value
transformation (QSVT) introduced by Gilyén, Su, Low, and Wiebe (STOC 2019), which is
of independent interest. Our technique provides a unified approach for designing space-
bounded quantum algorithms. Specifically, we show that implementing QSVT for any
bounded polynomial that approximates a piecewise-smooth function incurs only a constant
overhead in terms of the space required for (special forms of)) the projected unitary encoding.
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1 Introduction

In recent years, exciting experimental advancements in quantum computing have been achieved,
but concerns about their scalability persist. It thus becomes essential to characterize the com-
putational power of feasible models of quantum computation that operate under restricted re-
sources, such as time (i.e., the number of gates in the circuit) and space (i.e., the number of
qubits on which the circuit acts). This paper specifically focuses on the latter aspect: What is
the computational power of quantum computation with a limited number of qubits?

Previous studies on complete problems of space-bounded quantum computation [Wat99,
Wat03,vMW12] have primarily focused on well-conditioned versions of standard linear algebraic
problems [TS13,FL18,FR21| and have been limited to the two-sided error scenario. In contrast,
we propose a novel family of complete problems that not only characterize the one-sided error
scenario (and extend to the two-sided scenario) but also arise from a quantum property testing
perspective. Our new complete problems are arguably more natural and simpler, driven by
recent intriguing challenges of verifying the intended functionality of quantum devices.

Consider the situation where a quantum device is designed to prepare a quantum (mixed)
state pg, but a possibly malicious party could provide another quantum device that outputs
a different n-qubit (mixed) state pj, claiming that pg =~ p1. The problem of testing whether
po is e1-close to or ex-far from p; with respect to a specified distance-like measure, given the
ability to produce copies of py and pq, is known as quantum state testing [MdW16, Section 4].
Quantum state testing (resp., distribution testing) typically involves utilizing sample accesses
to quantum states pp and p; (resp., distributions Dy and D;) and determining the number
of samples required to test the closeness between quantum states (resp., distributions). This
problem is a quantum (non-commutative) generalization of classical property testing, which
is a fundamental problem in theoretical computer science (see [Goll7]), specifically (tolerant)
distribution testing (see [Can20]). Moreover, this problem is an instance of the emerging field
of quantum property testing (see [MdW16]), which aims at designing quantum testers for the
properties of quantum objects.

In this paper, we investigate quantum state testing problems where quantum states pg and p;
are preparable by computationally constrained resources, specifically state-preparation circuits
(viewed as the “source code” of devices) that are (log)space-bounded. Our main result conveys a
conceptual message that testing quantum states prepared in bounded space is (computationally)
as easy as preparing these states in a space-bounded manner. Consequently, we can introduce
the first family of natural coRQuL-complete promise problems since Watrous [Wat01] introduced
unitary RQL and coRQL (known as RQuL and coRQuL, respectively) in 2001, as well as a new
family of natural BQL-complete promise problems.

Our main technique is a space-efficient variant of the quantum singular value transforma-
tion (QSVT) [GSLW19], distinguishing itself from prior works primarily focused on time-efficient
QSVT. As time-efficient QSVT provides a unified framework for designing time-efficient quantum
algorithms [GSLW19, MRTC21], we believe our work indicates a unified approach to designing
space-bounded quantum algorithms, potentially facilitating the discovery of new complete prob-
lems for BQL and its one-sided error variants. Subsequently, we will first state our main results
and then provide justifications for the significance of our results from various perspectives.

1.1 Main results

We will commence by providing definitions for time- and space-bounded quantum circuits.
We say that a quantum circuit @ is (poly)time-bounded if @) is polynomial-size and acts on
poly(n) qubits. Likewise, we say that a quantum circuit @ is (log)space-bounded if @ is
polynomial-size and acts on O(logn) qubits. It is worthwhile to note that primary complexity
classes, e.g., BQL, coRQuL, and BPL, mentioned in this paper correspond to promise problems.



Complete characterizations of quantum logspace from state testing. While prior
works [TS13,FL18, FR21] on BQL-complete problems have mainly focused on well-conditioned
versions of standard linear algebraic problems (in DET™), our work takes a different perspective
by exploring quantum property testing. Specifically, we investigate the problem of space-bounded
quantum state testing, which aims to test the closeness between two quantum states that are
preparable by (log)space-bounded quantum circuits (devices), with access to the corresponding
“source code” of these devices.

We begin by considering a computational problem that serves as a “white-box” space-bounded
counterpart of quantum state certification [BOW19], equivalent to quantum state testing with
one-sided error. Our first main theorem (Theorem 1.1) demonstrates the first family of natural
coRQuL-complete problems in the context of space-bounded quantum state certification with
respect to the trace distance (td) and the squared Hilbert-Schmidt distance (HS?).

Theorem 1.1 (Informal of Theorem 4.5). The following (log)space-bounded quantum state cer-
tification problems are coRQuL-complete: for any a(n) > 1/ poly(n), decide whether

(1) CERTQSD)0e: po = p1 or td(po, p1) > a(n);
(2) CERIQHS ¢ po = p1 or HS(p0, p1) > a(n).

By extending the error requirement from one-sided to two-sided, we broaden the scope of
space-bounded quantum state testing to include two more distance-like measures: the quan-
tum entropy difference, denoted by S(pp) — S(p1), and the quantum Jensen-Shannon divergence
(QJS,). As a result, we establish our second main theorem, introducing a new family of natural
BQL-complete problems:!

Theorem 1.2 (Informal of Theorem 4.6). The following (log)space-bounded quantum state test-
ing problems are BQL-complete: for any a(n) and f(n) such that a(n) — S(n) > 1/ poly(n), or
for any g(n) > 1/poly(n), decide whether

(1) GAPQSDy,,: td(po, p1) > a(n) or td(po, p1) < B(n);

(2) GAPQED)og: S(po) — S(p1) = g(n) or S(p1) — S(po) = g(n);
(3) GAPQJS)oq: QJSs(po, p1) = a(n) or QJSy(po, p1) < B(n);
(4) GAPQHS,o,: HS?(po, p1) > a(n) or HS?(po, p1) < B(n).

Algorithmic Holevo-Helstrom measurement and its implication. The celebrated Holevo-
Helstrom bound [Hol73a, Hel69] states that the maximum success probability to discriminate
quantum states pg and pp is given by % + %td(po, p1). There is then an optimal two-outcome
measurement {Ily, IT; }, referred to as the Holevo-Helstrom measurement, such that td(po, p1) =
Tr(Ilppo) — Tr(Ilpp1). Interestingly, by leveraging the BQL containment in Theorem 1.2(1), we
can obtain an (approximately) explicit implementation of the Holevo-Helstrom measurement,
called algorithmic Holevo-Helstrom measurement:

Theorem 1.3 (Informal of Theorem 5.3). For quantum states py and py specified in GAPQSD
such that their purification can be prepared by n-qubit polynomial-size quantum circuits Qg and
Q1, we can approzimately implement the Holevo-Helstrom measurement {Ilo,II1} in quantum
single-exponential time and linear space with additive error 27™.

As an implication, we provide a slightly improved upper bound for the class QSZK by in-
specting “distance test” in [Wat02] since GAPQSD is QSZK-hard:

Tt is noteworthy that our algorithm for GAPQSD),e in Theorem 1.2(1) exhibits a polynomial advantage in
space over the best known classical algorithms [Wat02]. Watrous implicitly showed in [Wat02, Proposition 21]
that GAPQSDig is contained in the class NC, which corresponds to (classical) poly-logarithmic space.



Theorem 1.4 (Informal of Theorem 5.4). GAPQSD is in QIP(2) with a quantum single-
exponential-time and linear-space honest prover.

The best known (quantum) upper bound for the class QSZK is QIP(2) [Wat02, Wat09b,
JUWO09], where the computational power of the honest prover is unbounded. It is noteworthy
that Theorem 1.4 also applies to GAPQSD instances that are not known to be in QSZK.?

Space-efficient quantum singular value transformation. Proving our main theorems
mentioned above poses a significant challenge: establishing the containment in the relevant
class (BQL or coRQuL), which is also the difficult direction for showing the known family of
BQL-complete problems |TS13, FL18, FR21].

Proving the containment for the one-sided error scenario is not an effortless task: such a task
is not only already relatively complicated for CERTQHS),g, but also additionally requires novel
techniques for CERTQSD)os. On the other hand, for two-sided error scenarios, while showing
the containment is straightforward for GAPQHS).g, it still demands sophisticated techniques for
all other problems, such as GAPQSDj,s, GAPQED)g, and GAPQJS)g.

As explained in Section 1.4, our primary technical contribution and proof technique involve
developing a space-efficient variant of the quantum singular value transformation (QSVT), which
constitutes our last main theorem (Theorem 1.6).

1.2 Background on space-bounded quantum computation

Watrous [Wat99, Wat03] initiated research on space-bounded quantum computation and
showed that fundamental properties, including closure under complement, hold for BQSPACE[s(n)]
with s(n) > Q(logn). Watrous also investigated classical simulations of space-bounded quantum
computation (with unbounded error), presenting deterministic simulations in O(s?(n)) space
and unbounded-error randomized simulations in O(s(n)) space. A decade later, van Melke-
beek and Watson [vMW 12| provided a simultaneous O(t(n)) time and O(s(n) + logt(n)) space
unbounded-error randomized simulation for a bounded-error quantum algorithm in ¢(n) time
and s(n) space. The complexity class corresponding to space-bounded quantum computation
with s(n) = O(log(n)) is known as BQL, or BQuL if only unitary gates are permitted.

Significantly, several developments over the past two decades have shown that BQL is well-
defined, independent of the following factors in chronological order:

e The choice of gateset. The Solovey-Kitaev theorem [Kit97| establishes that most quan-
tum classes are gateset-independent, given that the gateset is closed under adjoint and all
entries in gates have reasonable precision. The work of [vMW12] presented a space-efficient
counterpart of the Solovay-Kitaev theorem, implying that BQL is also gateset-independent.

e Error reduction. Repeating BQuL sequentially necessitates reusing the workspace, mak-
ing it unclear how to reduce errors for BQuL as intermediate measurements are not allowed.
To address this issue, the work of [FKL." 16] adapted the witness-preserving error reduction
for QMA [MWO05] with several other ideas to the space-efficient setting.

e Intermediate measurements. In the space-bounded scenario, the principle of deferred
measurement is not applicable since this approach leads to an exponential increase in space
complexity. Initially, BQL appeared to be seemingly more powerful than BQuL since we
cannot directly demonstrate that BPL C BQuL. Recently, Fefferman and Remscrim [FR21]
(as well as [GRZ21, GR22|) proved the equivalence between BQL and BQyL, indicating a
space-efficient approach to eliminating intermediate measurements.

BQL-complete problems. Identifying natural complete problems for the class BQL (or BQuL)
is a crucial and intriguing question. Ta-Shma [TS13] proposed the first candidate BQL-complete

2See Section 1.3.1, particularly Footnote 7, for the details.



problem, building upon the work of Harrow, Hassidim, and Lloyd [HHL09] which established a
BQP-complete problem for inverting a (polynomial-size) well-conditioned matrix. Specifically,
Ta-Shma showed that inverting a well-conditioned matrix with polynomial precision is in BQL.
Similarly, computing eigenvalues of an Hermitian matrix is also in BQL. These algorithms offer
a quadratic space advantage over the best-known classical algorithms that saturate the classical
simulation bound [Wat99, Wat03,vMW12|. Fefferman and Lin [FL18] later improved upon this
result to obtain the first natural BQuL-complete problem by ingeniously utilizing amplitude
estimation to avoid intermediate measurements.

More recently, Fefferman and Remscrim [FR21] further extended this natural BQuL-complete
problem (or BQL-complete, equivalently) to a family of natural BQL-complete problems. They
showed that a well-conditioned version of standard DET*-complete problems is BQL-complete,
where DET* denotes the class of problems that are NC! (Turing) reducible to INTDET, including
well-conditioned integer determinant (DET), well-conditioned matrix powering (MATPOW),
and well-conditioned iterative matrix product (ITMATPROD), among others.

RQuL- and coRQul-complete problems. Watrous [Wat01] introduced the one-sided error
counterpart of BQuL, namely RQuL and coRQyuL, and developed error reduction techniques.
Moreover, Watrous proved that the undirected graph connectivity problem (USTCON) is in
RQuL N coRQuL whereas Reingold [Rei08] demonstrated that USTCON is in L several years
later. It is noteworthy that the question of whether intermediate measurements offer computa-
tional advantages in one-sided error scenarios, specifically RQuL vs. RQL and coRQuL vs. coRQL,
remains open. Recently, Fefferman and Remscrim [FR21| proposed a “verification” version of
the well-conditioned iterative matrix product problem (VITMATPROD) as a candidate coRQL-
complete problem. However, although this problem is known to be coRQL-hard, its containment
remains unresolved. Specifically, VITMATPROD requires to decide whether a single entry in
the product of polynomially many well-conditioned matrices is equal to zero.

1.3 Time-bounded and space-bounded distribution and state testing

We summarize prior works and our main results for time-bounded® and space-bounded dis-
tribution and state testing with respect to £ norm, entropy difference, and ¢o norm in Table 1.

Interestingly, the sample complexity of testing the closeness of quantum states (resp., distri-
butions) depends on the choice of distance-like measures,” including the one-sided error coun-
terpart known as quantum state certification |[BOW19]. In particular, for distance-like measures
such as the ¢; norm, called total variation distance in the case of distributions [CDVV14] and
trace distance in the case of states [BOW19|, as well as classical entropy difference [JVHW15,
WY16] and its quantum analog [AISW20, OW21], the sample complexity of distribution and
state testing is polynomial in the dimension N. However, for distance-like measures such as the
{5 norm, called Euclidean distance in the case of distributions [CDVV14] and Hilbert-Schmidt
distance in the case of states [BOW19], the sample complexity is independent of dimension N.

As depicted in Table 1, this phenomenon that the required sample complexity for distribution
and state testing, with polynomial precision and exponential dimension, depends on the choice
of distance-like measure has reflections on time-bounded quantum state testing:

e For /; norm and entropy difference, the time-bounded scenario is seemingly much harder
than preparing states or distributions since QSZK C BQP and SZK C BPP are unlikely.

e For /5 norm, the time-bounded scenario is as easy as preparing states or distributions.

3The problem of time-bounded distribution (resp., state) testing aims to test the closeness between two distribu-
tions (resp., states) that are preparable by (poly)time-bounded circuits (devices), with access to the corresponding
“source code” of these devices.

Tt is noteworthy that the quantum entropy difference is not a distance.



/1 norm {9 norm Entropy

Classical SZK-complete’ BPP-complete SZK-complete
Time-bounded [SV03,GSV9s] Folklore [GV99,GSVIS]

Quantum QSZK-complete” BQP-complete QSZK-complete
Time-bounded [Wat02, Wat09b] [BCWdWO01,RASW23] [BASTS10, Wat09b]

Quantum BQL-complete BQL-complete BQL-complete
Space-bounded Theorem 1.2(1) [BCWdWO01] and Theorem 1.2(4) Theorem 1.2(2)

Table 1: Time- and space-bounded distribution or state testing.

However, interestingly, a similar phenomenon does not appear for space-bounded quan-
tum state testing. Although no direct classical counterpart has been investigated before in a
complexity-theoretic fashion, namely space-bounded distribution testing, there is another closely
related model (a version of streaming distribution testing) that does not demonstrate an analo-
gous phenomenon either, as we will discuss in Section 1.3.2.

1.3.1 Time-bounded distribution and state testing

We review prior works on time-bounded state (resp., distribution) testing, with a particular
focus on testing the closeness between states (resp., distributions) are preparable by (poly)time-
bounded quantum (resp., classical) circuits (device), with access to the “source code” of cor-
responding devices. For time-bounded distribution testing, we also recommend a brief sur-

vey [GV11] by Goldreich and Vadhan.

/1 norm scenarios. Sahai and Vadhan [SV03] initiated the study of the time-bounded dis-
tribution testing problem, where distributions Dy and D; are efficiently samplable, and the
distance-like measure is the total variation distance. Their work named this problem STATISTI-
CAL DIFFERENCE (SD). In particular, the promise problem («, 3)-SD asks whether Dy is a-far
from or -close to Dy with respect to ||[Dy — D1||Tv. Although sampling from the distribution
is in BPP,” testing the closeness between these distributions is SZK-complete [SV03, GSV9g],
where SZK is the class of promise problems possessing statistical zero-knowledge proofs. It is
noteworthy that the SZK containment of («, 5)-SD for any a(n)—/3(n) > 1/ poly(n) is currently
unknown.® In addition, we note that SZK is contained in AM N coAM [For87, AHI1].

Following the pioneering work [SV03], Watrous [Wat02] introduced the time-bounded quan-
tum state testing problem, where two quantum states pg and p; that are preparable by time-
bounded quantum circuits Q¢ and ()1, respectively, as well as the distance-like measure is the
trace distance. This problem is known as the QUANTUM STATE DISTINGUISHABILITY (QSD),
specifically, («, 5)-QSD asks whether pg is a-far from or S-close to p; with respect to td(pg, p1).
Analogous to its classical counterpart, QSD is QSZK-complete [Wat02, Wat09b], whereas the
QSZK containment for any a(n) — 8(n) > 1/ poly(n) remains an open question.”

Entropy difference scenarios. Beyond ¢; norm, another distance-like measure commonly con-

’Rigorously speaking, as an instance in SD, sample-generating circuits are not necessarily (poly)time-uniform.

5The works of [SV03, GSV98] demonstrated that (a,3)-SD is in SZK for any constant o® — 8 > 0. The
same technique works for the parameter regime a?(n) — B(n) > 1/O(logn). However, further improvement of
the parameter regime requires new ideas, as clarified in [Gol19]. Recently, the work of [BDRV19] improved the
parameter regime to a?(n) — 8(n) > 1/ poly(n) by utilizing a series of tailor-made reductions. Currently, we only
know that (a, 8)-SD for a(n) — (n) > 1/ poly(n) is also in AM N coAM [BL13].

"Like SD and SZK, the techniques in [Wat02, Wat09b] show that (a, 8)-QSD is in QSZK for o2(n) — B(n) >
1/0(logn), and the same limitation also applies to the quantum settings. A recent result [Liu23| following the
line of work of [BDRV19] improved the parameter regime to a?(n) —v/21In28(n) > 1/ poly(n), but the differences
between classical and quantum distances make it challenging to push the bound further.



sidered in time-bounded quantum state testing (or distribution testing) is the (quantum) entropy
difference, which also corresponds to the (quantum) Jensen-Shannon divergence. The promise
problem ENTROPY DIFFERENCE (ED), first introduced by Goldreich and Vadhan [GV99] fol-
lowing the work of [SV03], asks whether efficiently samplable distributions Dy and D; satisfy
H(Dy) — H(Dy) > g or H(Dy) — H(Dy) > g for g = 1. They demonstrated that ED is SZK-
complete. Ben-Aroya, Schwartz, and Ta-Shma [BASTS10| further investigated the promise
problem QUANTUM ENTROPY DIFFERENCE (QED), which asks whether S(pg) — S(p1) > g or
S(p1) — S(po) > g, for efficiently preparable quantum states py and p; and g = 1/2. They
showed that QED is QSZK-complete. Moreover, the SZK (resp., QSZK) containment for ED
(resp., QED) automatically holds for any g(n) > 1/ poly(n).

Furthermore, Berman, Degwekar, Rothblum, and Vasudevan [BDRV19| demonstrated that
the Jensen-Shannon divergence problem (JSP), asking whether JS(Dyg, D1) > a or JS(Dyg, D;) <
0 for efficiently samplable distributions Dy and D1, is SZK-complete. Their work accomplished
this result by reducing the problem to ED, and this containment applies to a(n) — 5(n) >
1/ poly(n). Recently, Liu [Liu23] showed a quantum counterpart, referred to as the QUANTUM
JENSEN-SHANNON DIVERGENCE PROBLEM (QJSP), is QSZK-complete. Notably, the quantum
Jensen-Shannon divergence is a special instance of the Holevo x quantity [Hol73b].%

¢5 norm scenarios. For the quantum setting, it is straightforward that applying the SWAP
test [BCWdAWO1] to efficiently preparable quantum states pp and p; can lead to a BQP contain-
ment, in particular, additive-error estimations of Tr(p3), Tr(p?), and Tr(pop1) with polynomial
precision. Recently, the work of [RASW23| observed that time-bounded quantum state testing
with respect to the squared Hilbert-Schmidt distance is BQP-complete. For the classical setting,
namely the squared Euclidean distance, the BPP-completeness is relatively effortless.”

1.3.2 Space-bounded distribution and state testing

To the best of our knowledge, no prior work has specifically focused on space-bounded
distribution testing from a complexity-theoretic perspective. Instead, we will review prior works
that are (closely) related to this computational problem. Afterward, we will delve into space-
bounded quantum state testing, which constitutes the main contribution of our work.

Space-bounded distribution testing and related works. We focus on a computational
problem involving two poly(n)-size classical circuits Cp and C7, which generate samples from
the distributions Dg and D; respectively. Fach circuit contains a read-once polynomial-length
random-coins tape.'’ The input length and output length of the circuits are O(logn). The task
is to decide whether Dy is a-far from or S-close to Dy with respect to some distance-like measure.
Additionally, we can easily observe that space-bounded distribution testing with respect to the
squared Euclidean distance (¢ norm) is BPL-complete, much like its time-bounded counterpart.
Several models related to space-bounded distribution testing have been investigated previ-
ously. Earlier streaming-algorithmic works [FKSV02, GMV06] utilize entries of the distribution
as the data stream, with entries given in different orders for different models. On the other
hand, a later work [CLM10] considered a data stream consisting of a sequence of i.i.d. samples
drawn from distributions and studied low-space streaming algorithms for distribution testing.
Regarding (Shannon) entropy estimation, previous streaming algorithms considered worst-
case ordered samples drawn from N-dimensional distributions and required polylog(N/e) space,

8In particular, the quantum Jensen-Shannon divergence coincides with the Holevo x quantity on size-2 en-
sembles with a uniform distribution, which arises in the Holevo bound [Hol73b]. See [NC02, Theorem 12.1].

9Specifically, we achieve BPP containment by following the approach in [BCH'19, Theorem 7.1]. On the
other hand, the BPP hardness owes to the fact that the squared Euclidean distance between the distribution
(Paces 1 — Pacc) from the output bit of any BPP algorithm and the distribution (1,0) is (1 — paCC)Q.

101t is noteworthy that random coins are provided as input to classical circuits Co and C; for generating samples
from the corresponding distributions in the time-bounded scenario, such as SD and ED.



where € is the additive error. Recently, Acharya, Bhadane, Indyk, and Sun [ABIS19] addressed
the entropy estimation problem with i.i.d. samples drawn from distributions as the data stream
and demonstrated the first O(log(IN/e€)) space streaming algorithm. The sample complexity,
viewed as the time complexity, was subsequently improved in [AMNW22].

However, for the total variation distance (¢; norm), previous works focused on the trade-off
between the sample complexity and the space complexity (memory constraints), achieving only
a nearly-log-squared space streaming algorithm [DGKR19].

Notably, the main differences between the computational and streaming settings lie in how
we access the sampling devices.'! In the computational problem, we have access to the “source
code” of the devices and can potentially use them for purposes like “reverse engineering”. Con-
versely, the streaming setting utilizes the sampling devices in a “black-box” manner, obtaining
i.i.d. samples. As a result, a logspace streaming algorithm will result in a BPL containment.'?

Space-bounded quantum state testing. Among the prior works on streaming distribution
testing, particularly entropy estimation, the key takeaway is that the space complexity of the
corresponding computational problem is O(log(N/e)). This observation leads to a conjecture
that the computational hardness of space-bounded distribution and state testing is independent
of the choice of commonplace distance-like measures. Our work, in turn, provides a positive
answer for space-bounded quantum state testing.

Space-bounded state testing with respect to the squared Hilbert-Schmidt distance (2 norm)
is BQL-complete, as shown in Theorem 1.2(4). Specifically, the BQL containment follows from
the SWAP test [BCWdAWO1], similar to the time-bounded scenario. Moreover, proving BQL
hardness, as well as coRQuL-hardness for state certification, is not challenging.'?

Regarding space-bounded state testing with respect to the trace distance (¢; norm), we note
that [Wat02, Proposition 21| implicitly established an NC containment. The BQL-hardness, as
well as coRQuL-hardness for state certification, is adapted from [RASW23]. Similarly, we derive
the BQL-hardness for space-bounded state testing with respect to the quantum Jensen-Shannon
divergence and the quantum entropy difference from the previous work [Liu23|.

Finally, we devote the remainder of this section to our main technique (Theorem 1.6), and
consequently, we present BQL (resp., coRQuL) containment for state testing (resp., certification)
problems for other distance-like measures beyond the squared Hilbert-Schmidt distance.

1.4 Proof technique: Space-efficient quantum singular value transformation

The quantum singular value transformation (QSVT) [GSLW19] is a powerful and efficient
framework for manipulating the singular values {o;}; of a linear operator A, using a corre-
sponding projected unitary encoding U of A = IIUTI for projections II and I1.'* The singular
value decomposition is A = 3, 0:[t;) (1] where [¢;) and |1;) are left and right singular vec-
tors, respectively. QSVT has numerous applications in quantum algorithm design, and is even
considered a grand unification of quantum algorithms [MRTC21]. To implement the transfor-
mation fOV)(A) = fOVI(TIUIL), we require a degree-d polynomial P, that satisfies two con-
ditions. Firstly, Py well-approximates f on the interval of interest Z, with max,c7\z; [Pu(z) —
f(z)] < e, where Zs C Z C [—1,1] and typically Zs := (—0,0). Secondly, P; is bounded with
maXge[-1,1] |Py(x)| < 1. The degree of P; depends on the precision parameters ¢ and €, with
d=0(5"'loge™!), and all coefficients of Py can be computed efficiently.

According to [GSLW19], we can use alternating phase modulation to implement PCESV) (TTUTI), '

1 Of course, not all distributions can be described as a polynomial-size circuit (i.e., a succinct description).

12T particular, the sample-generating circuits Cp and C) in space-bounded distribution testing can produce
the i.i.d. samples in the data stream.

13See Lemma, 4.17 for details.

14Regardless of QSVT, it is noteworthy that the concept of block-encoding, specifically a unitary dilation U of a
contraction A (see Footnote 25), is already used in quantum logspace for powering contraction matrices [GRZ21].

15This procedure is a generalization of quantum signal processing, as explained in [MRTC21, Section II.A].



which requires a sequence of rotation angles ® € R?. For instance, consider Py(x) = Ty(x) where
Ty(x) is the d-th Chebyshev polynomial (of the first kind), then we know that ¢; = (1 — d)7/2
and ¢; = m/2 for all j € {2,3,---,d}. QSVT techniques, including the pre-processing and
quantum circuit implementation, are generally time-efficient. Additionally, the quantum circuit
implementation of QSVT is already space-efficient because implementing QSVT with a degree-
d bounded polynomial for any s(n)-qubit projected unitary encoding requires O(s(n)) qubits,
where s(n) > Q(logn). However, the pre-processing in the QSVT techniques is typically not
space-efficient. Indeed, prior works on the pre-processing for QSVT, specifically angle-finding
algorithms in [Haal9,CDG*20,DMWIL21|, which have time complexity polynomially dependent
on the degree d, do not consider the space-efficiency. Therefore, the use of previous angle-finding
algorithms may lead to an exponential increase in space complexity. This raises a fundamental
question on making the pre-processing space-efficient as well:

Problem 1.5 (Space-efficient QSVT). Can we implement a degree-d QSVT for any s(n)-qubit
projected unitary encoding with d < 20(") using only O(s(n)) space in both the pre-processing
and quantum circuit implementation?

QSVT via averaged Chebyshev truncation. A space-efficient QSVT associated with
Chebyshev polynomials is implicitly shown in [GSLW19], as the angles for any Chebyshev poly-
nomial Tj(z) are explicitly known. This insight sheds light on Problem 1.5 and suggests an
alternative pre-processing approach for QSVT: Instead of finding rotation angles, it seems suf-
fice to find projection coefficients of Chebyshev polynomials.

Recently, Metger and Yuen [MY23] realized this approach and constructed bounded poly-
nomial approximations of the sign and shifted square root functions with exponential precision
in polynomial space by utilizing Chebyshev truncation, which offers a partial solution to Prob-
lem 1.5.1 The key ingredient behind their approach is the degree-d Chebyshev truncation
Pd( ) = D+ ZZ cx Ty, where Ty, is the k-th Chebyshev polynomial (of the first kind) and
_ 2f1 f(z) Tk(w)dx

This provides a nearly best uniform approximation compared to the

best degree-d polynomlal approximation with error eqa(f) for the function f: [-1,1] — R. In
particular, Py satisfies max,e[—1,1] |Py(z) — f(x)| < O(logd)eq(f).

Our construction achieves an error bound independent of d via a carefully chosen aver-
age of the Chebyshev truncation, known as the de La Vallée Poussin partial sum, Pd/ (x) =
d - dpd( ) = %0 + Zilzl ékagx), with a slightly larg(izr degree d’ = 2d — 1. The degree-d
averaged Chebyshev truncation Py satisfies maxge_1 1) [P () — f(2)] < 4eq(f).

Once we have a space-efficient polynomial approximation for the function f (pre-processing),
we can establish a space-efficient QSV'T associated with f for bitstring indeved encodings that
additionally require projections II and II spanning the corresponding subset of {|0),[1)}®*7
as stated in Theorem 1.6: With the space-efficient QSVT associated with Chebyshev polyno-
mials Ty (z), it suffices to implement the averaged Chebyshev truncation polynomial by LCU
techniques [BCCT15] and to renormalize the bitstring indexed encoding by robust oblivious
amplitude amplification (if necessary and applicable).

A refined analysis indicates that applying an averaged Chebyshev truncation to a bitstring
indexed encoding for any d’ < 206(M) and e > 27906M) requires O(s(n)) qubits and deter-
ministic O(s(n)) space, provided that an evaluation oracle Evalp, estimates coefficients {ék}glzo
of the averaged Chebyshev truncation with O(log(e?/d)) precision. Nevertheless, our approach
causes a quadratic dependence of the degree d in the query complexity to U.

5 To clarify, we can see from [MY23] that directly adapting their construction shows that implementing QSVT
for any s(n)-qubit block-encoding with O(s(n))-bit precision requires poly(s(n)) classical and quantum space for
any s(n) > Q(logn). However, Problem 1.5 (space-efficient QSVT) seeks to reduce the dependence of s(n) in the
space complexity from polynomial to linear.

1"To ensure that [IUII admits a matrix representation, we require the basis of projections II and II to have a
well-defined order, leading us to focus exclusively on bitstring indexed encoding. Additionally, for simplicity, we
assume no ancillary qubits are used here, and refer to Definition 3.1 for a formal definition.



Theorem 1.6 (Space-efficient QSVT, informal of Theorem 3.2). Let f: R — R be a continuous
function bounded on T C [—1,1]. If there exists a degree-d polynomial PJ that approzimates
h: [-1,1] — R, where h approzimates f only on I with additive error at most €, such that
max,c—11] |h(x) — Pj(z)| < ¢, then the degree-d averaged Chebyshev truncation yields another
degree-d' polynomial Py, with d' = 2d — 1, satisfying the following conditions:

maxger | f(2) = P (x)] < O(€) and maxgei_y 1) [P ()] < 1.

Furthermore, we have an algorithm Ay that computes any coefficient {ék}glzo of the averaged
Chebyshev truncation polynomial Py space-efficiently. The algorithm is deterministic for contin-
uwously bounded f, and bounded-error randomized for piecewise-smooth f. Additionally, for any
s(n)-qubit bitstring indexed encoding U of A = U with d’ < 206() we can implement the
quantum singular value transformation pEY) (A) using O(d?||e||1) queries'® to U with O(s(n))
qubits. It is noteworthy that ||¢||1 is bounded by O(logd) in general, and we can further improve
to a constant norm bound for twice continuously differentiable functions.

Our techniques in Theorem 1.6 offer three advantages over the techniques proposed by [MY23].
Firstly, our techniques can handle any piecewise-smooth function, such as the (normalized) log-
arithmic function In(1/z), the multiplicative inverse function 1/z, and the square-root function
V7;' whereas the techniques from [MY23] are restricted to continuously bounded functions
whose second derivative of the integrand in {¢; }{_, is at most poly(d) on the interval Z = [~1, 1],
such as the sign function and the shifted square-root function /(x + 1)/2.? Secondly, our tech-
niques are constant overhead in terms of the space complexity of the bitstring indexed encoding
U, while the techniques from [MY23| are only poly-logarithmic overhead. Thirdly, our techniques
have an error bound independent of d, unlike the logd factor in [MY23], simplifying parameter
trade-offs for applying the space-efficient QSVT to concrete problems.

In addition, it is noteworthy that applying the space-efficient QSV'T with the sign function
will imply a unified approach to error reduction for the classes BQuL, coRQuL, and RQuL.

Computing the coefficients. We will implement the evaluation oracle Evalp, to prove The-
orem 1.6. To estimate the coefficients {ék}gl:o in the averaged Chebyshev truncation for any
function f that is bounded on the interval Z = [—1, 1], we can use standard numerical integral
techniques,”! given that the integrand’s second derivative in {ék}ﬁ/:o is bounded by poly(d).

However, implementing the evaluation oracle for piecewise-smooth functions f on an interval
Z C [—1,1] is relatively complicated. We cannot simply apply averaged Chebyshev truncation
to f. Instead, we consider a low-degree Fourier approximation g resulting from implementing
smooth functions to Hamiltonians [vAGGdW20, Appendix B|. We then make the error vanish
outside Z by multiplying with a Gaussian error function, resulting in h which approximates
f only on Z. Therefore, we can apply averaged Chebyshev truncation and our algorithm for
bounded functions to h through a somewhat complicated calculation.

Finally, we need to compute the coefficients of the low-degree Fourier approximation g.
Interestingly, this step involves the stochastic matrix powering problem, which lies at the heart of
space-bounded derandomization, e.g., [SZ99,CDSTS23,PP23|. We utilize space-efficient random
walks on a directed graph to estimate the power of a stochastic matrix. Consequently, we can
only develop a bounded-error randomized algorithm Ay for piecewise-smooth functions.??

'8 The dependence of ||&||1 arises from renormalizing the bitstring indexed encoding via amplitude amplification.

YOur technique can imply a better norm bound ||&|| < O(1). See Remark 3.5 for the details.

208pecifically, the second derivative | f”(z)| of the shifted square-root function f(z) := +/(z + 1)/2 is unbounded
at * = —1. Nevertheless, we can circumvent this point by instead considering gs(z) = /(1 —8)(z +1)/2+ 6
with the second derivative |g§(—1)] = O(6~3/?), as shown in [MY23, Lemma 2.11].

21We remark that using a more efficient numerical integral technique, such as the exponentially convergent
trapezoidal rule, may improve the required space complexity for computing coefficients by a constant factor.

22The (classical) pre-processing in space-efficient QSVT is not part of the deterministic Turing machine pro-
ducing the quantum circuit description in the BQL model (Definition 2.8). Instead, we treat it as a component




1.5 Proof overview: A general framework for quantum state testing

Our framework enables space-bounded quantum state testing, specifically for proving The-
orem 1.1 and Theorem 1.2, and is based on the one-bit precision phase estimation [Kit95],
also known as the Hadamard test [AJL09]. Prior works [T'S13, FL18| have employed (one-bit
precision) phase estimation in space-bounded quantum computation.

To address quantum state testing problems, we reduce them to estimating Tr( Py (A)p), where
p is a (mixed) quantum state prepared by a quantum circuit @,, A is an Hermitian operator
block-encoded in a unitary operator Uy, and Py is a space-efficiently computable degree-d’
polynomial obtained from some degree-d averaged Chebyshev truncation with d' = 2d — 1.
Similar approaches have been applied in time-bounded quantum state testing, including fidelity
estimation [GP22] and subsequently trace distance estimation [WZ24].

0) —#] H
0)

i Upy(4)

0) =4 —

0) =

Figure 1: General framework for quantum state testing 7(Q,, Ua, Py).

To implement a unitary operator U Py(A) that (approximately) block-encodes Py (A) in a
space-efficient manner, we require Py to meet the conditions specified in Theorem 1.6. As
illustrated in Figure 1, we denote the quantum circuit as 7(Q,,Ua, Py ), where we exclude the
precision for simplicity. The measurement outcome of 7(Q,, U, Py) will be 0 with a probability
close to 1 (1+Tr(Py(A)p)). This property allows us to estimate Tr(Py (A4)p) within an additive
error € using O(1/€2?) sequential repetitions, resulting in a BQL containment.

As an example of the application, T (Q;, U% , P7") is utilized in GAPQSD, where U ro—p1

is a block-encoding of 2521 and P;,gn is a space-efficient polynomial approximation of the sign
function. Notably, this algorithm can be viewed as a two-outcome measurement {f[g, f[l} where
Iy = 31+ P3P (20521, which is essentially the algorithmic Holevo-Helstrom measurement in
Theorem 1.3. Similarly, 7(Q;, U,,, P¥) is utilized in GAPQED, where U, is a block-encoding
of p; for i € {0,1}, and Pcll? is a space-efficient polynomial approximation of the normalized
logarithmic function. Both P3*" and Pé‘,“ can be obtained by employing Theorem 1.6.

Making the error one-sided. The main challenge is constructing a unitary U of interest, such
as T(Qp,Ua, Py), that accepts with a certain fired probability p for yes instances (pg = p1),
while having a probability that polynomially deviates from p for no instances. As an example,
we consider CERTQHS)og and express HS?(po, p1) as a linear combination of Tr(p3), Tr(p?), and
Tr(pop1). We can then design a unitary quantum algorithm that satisfies the requirement for
yes instances based on the SWAP test [BCWdAWO01]|, and consequently, we can achieve perfect
completeness by applying the exact amplitude amplification [BBHT98, BHMT02|. The analysis
demonstrates that the acceptance probability polynomially deviates from 1 for no instances. By
applying error reduction for coRQyuL, the resulting algorithm is indeed in coRQuL.

Moving on to CERTQSD)e, we consider the quantum circuit U; = T(Q;, U EnR P3") for

i € {0,1}. Since our space-efficient QSVT preserves parity, specifically, the approximation

of quantum computation, allowing the use of randomized algorithms since BPL C BQL [FR21].
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polynomial P5¥" satisfies Pj}%n(o) = 0,% the requirement for yes instances is satisfied. Then we

can similarly achieve the coRQuL containment for CERTQSD)qg.

1.6 Discussion and open problems

Since space-efficient quantum singular value transformation (QSVT) offers a unified frame-
work for designing quantum logspace algorithms, it suggests a new direction to find applications
of space-bounded quantum computation. An intriguing candidate is solving positive semidefi-
nite programming (SDP) programs with constant precision [JY11,AZLO16|. A major challenge
in achieving a BQL containment for this problem is that iteratively applying the space-efficient
QSVT super-constantly many times may lead to a bitstring indexed encoding requiring w(logn)
ancillary qubits, raising the question:

(i) Is it possible to have an approximation scheme (possibly under certain conditions) that
introduces merely O(1) additional ancillary qubits in the bitstring indexed encoding per
iteration, such that applying space-efficient QSVT log n times results in a bitstring indexed
encoding with at most O(logn) ancillary qubits?

Furthermore, as quantum distances investigated in this work are all instances of a quantum
analog of symmetric f-divergence, there is a natural question on other instances:

(ii) Can we demonstrate that space-bounded quantum state testing problems with respect to
other quantum distance-like measures are also BQL-complete?

In addition, there is a question on improving the efficiency of the space-efficient QSV'T:

(iii) Recently, a query complexity lower bound Q(d) for matrix functions [MS23| implies that
time-efficient QSVT [GSLW19] is time-optimal. Can we improve the query complexity
of U and UT in space-efficient QSVT for smooth functions from O(d?) to O(d)? This
improvement would make QSVT optimal for both (quantum) time and space.

Notably, the pre-processing in QSVT techniques, which is not necessarily classical in general,
usually involves finding the sequence of z-axis rotation angles. Our approach, however, uses
averaged Chebyshev truncation and the LCU technique. A general solution thus seems to
involve developing a space-efficient (quantum) angle-finding algorithm.

1.7 Related works: More on quantum state testing problems

Testing the spectrum of quantum states was studied in [OW21]: for example, whether a
quantum state is maximally mixed or e-far away in trace distance from mixed states can be tested
using O(N/e?) samples. Later, it was generalized in [BOW19] to quantum state certification
with respect to fidelity and trace distance. Estimating distinguishability measures of quantum
states [RASW23]| is another topic, including the estimation of fidelity [FL11, WZC"23, GP22]
and trace distance [WGL 24, WZ24].

Entropy estimation of quantum states has been widely studied in the literature. Given
quantum purified access, it was shown in [GL20| that the von Neumann entropy S(p) can be
estimated within additive error e with query complexity O(N/e!®). If we know the reciprocal
k of the minimum non-zero eigenvalue of p, then S(p) can be estimated with query complexity
O(k?/€) [CLW20]. We can estimate S(p) within multiplicative error e with query complexity

O(n%+l2%n) [GHS21|, provided that S(p) = Q(e + 1/n). If p is of rank r, then S(p) can be
estimated with query complexity O(r/e?) [WGLT24]. Estimating the Rényi entropy Sa(p) given
quantum purified access was first studied in [GHS21|, and then was improved in [WGLT24,
WZL24]. In addition, the work of [GH20| investigates the (conditional) hardness of GAPQED
with logarithmic depth or constant depth.

23Let f be any odd function such that space-efficient QSVT associated with f can be implemented by Theo-
rem 1.6. It follows that the corresponding approximation polynomial P(g,f ) is also odd. See Remark 3.11.

11



Paper organization. Our paper begins by introducing key concepts and useful tools in Sec-
tion 2. In Section 3, we demonstrate our space-efficient variant of quantum singular value trans-
formation (Theorem 1.6) and offer examples of continuously bounded functions and piecewise-
smooth functions. We also provide a simple proof of space-efficient error reduction for unitary
quantum computation. Then, in Section 4, we formally define space-bounded quantum state
testing problems with four distance-like measures, and present the first family of natural coRQuL-
complete problems (Theorem 1.1), as well as a novel family of natural BQL-complete problems
(Theorem 1.2). Lastly, in Section 5, we establish an (approximately) explicit implementation of
the Holevo-Helstrom measurement (Theorem 1.3), called algorithmic Holevo-Helstrom measure-
ment, implying QSZK is in QIP(2) with a quantum linear-space honest prover (Theorem 1.4).

2 Preliminaries

We assume that the reader is familiar with quantum computation and the theory of quantum
information. For an introduction, the textbooks by [NC02] and [dW19] provide a good starting
point, while for a more comprehensive survey on quantum complexity theory, refer to [Wat09a].

In addition, we adopt the convention that the logarithmic function log has a base of 2,
denoted by log(z) := logy(z) for any z € Rt. Moreover, we define O(f) = O(f polylog(f)).
Lastly, for the sake of simplicity, we utilize the notation |0) to represent |0)®® with a > 1.

2.1 Singular value decomposition and transformation

We recommend [Bha96, HJ12] for comprehensive textbooks on matrix analysis and linear
algebra. For any d x d (complex) matrix A, there is a singular value decomposition of A such

that A = Y2 5100 (4], where:
e The singular values o1 > 09 > -+ > O min{d,d} > 0, where non-zero singular values o; are

the square roots of non-zero the eigenvalues of AA" or AAT.
o [Y1), -, |¥ ;) form an orthonormal basis and are eigenvectors of AAT,

e |11), -+, |¢q) form an orthonormal basis and are eigenvectors of ATA.

Notably, the largest singular value of A coincides with the operator norm of A, specifically
|Al| = [|All2m2 = 01(A). Let [[|)||2 == +/(¥|¥) be the Euclidean norm of a vector |¢). Next,
we list the families of matrices that are commonly used in this work. It is noteworthy that they
all admit the singular value decomposition:

e Hermitian matrices. H' = H if and only if ()| H|¢)) € R for all |+) such that ||[4)]|2 =
1, if and only if the absolute values of the eigenvalues of H coincide with its singular value.

e Isometries and unitary matrices. GG = I; and G'G = I, if and only if |U[¢)|2 =
[UT¢")||l2 = 1 for all |1), [¢/') such that ||[))]]2 = [[|[¢')]|l2 = 1, if and only if the rank(G)
largest singular values of G are all 1 and the remained singular values are all zero.’*
Furthermore, unitary U is a special case of isometry with d=d.

e Positive semi-definite matrices. P = CCT for some matrix C, if and only if (1| P|¢)) >
0 for all |¢) such that |||¢))|]2 = 1, if and only if all eigenvalues of P are non-negative.

e Orthogonal projection matrices. II = GG for some isometry GTG = I, if and only if
12 = 1T and ||T|y)]]2 < 1 for all |¢p) such that |||[¢))]|2 = 1, if and only if all eigenvalues of
IT are either 0 or 1 (see [HJ12, Corollary 3.4.3.3]).

24There are several definitions of isometry, and our definition coincides with [[1J12, 5.4.P11(c)].

12



For any matrix A satisfying [|A[| < 1, there is a unitary U with orthogonal projections II
and II such that A = IIUTL.>> With these definitions in place, we can view the singular value
decomposition as the projected unitary encoding (see Definition 3.1):

Definition 2.1 (Singular value decomposition of a projected unitary, adapted from Definition
7 in [GSLW19]). Given a projected unitary encoding of A, denoted by U, associated with
orthogonal projections IT and II on a finite-dimensional Hilbert space Hy: A = IIUTL. Then the
singular value decomposition of A ensures that orthonormal bases of IT and II such that:

o II: {|¢;) : i € [d]}, where d := rank(II), of a subspace Img(IT) = span {|;)};
o II: {|1;Z> RS [ci]}, where d := rank(II), of a subspace Img(IT) = span{|1ﬁi>}.

We say that a function f: R — C is even if f(—z) = f(z) for all z € R, and that it is odd if
f(=x) = —f(x) for all x € R. Next, we define the singular value transformation of matrices:

Definition 2.2 (Singular value transformation by even or odd functions, adapted from Definition
9 in [GSLW19]). Let f: R — C be an even or odd function. We consider a linear operator

A € Cdxd satisfying the singular value decomposition A = me{d 4 oii) (1] We define the

singular value transformation corresponding to f as follows:

FSV(A) = {me{d B f o) i), for odd f,
Z¢:1 fo)|vi) (il for even f.
Here, 0; := 0 for i € {min{d, CZ}—H, .-+ ,d—1,d}. For any Hermitian matrix A, f(SV) (A) = f(A).

Flnally, for any d x d Hermitian matrix A, there is a spectral decomposition of A such that
A= ZZ L Ailwi) (1i| where all eigenvalues {\;}_; are real and {|¢Z) ', is an orthonormal basis.
As a consequence, if f is an even or odd function, f(A) = Zi:l f( D) (| = FEVI(A) can

be achieved by singular value transformation defined in Definition 2.2.
2.2 Distances and divergences for quantum states

We will provide an overview of relevant quantum distances and divergences, along with
useful inequalities among different quantum distance-like measures. Additionally, we recom-
mend [BOW19, Section 3.1] for a nice survey on quantum distance and divergences. We say
that a square matrix p is a quantum state if p is positive semi-definite and Tr(p) = 1.

Definition 2.3 (Quantum distances and divergences). For any quantum states pg and p;, we
define several distance-like measures and relevant quantities:

e Trace distance. td(po, p1) = §Tr|po — p1| = $Tr(((po — p1) T (po — p1))*/?).
e (Uhlmann) Fidelity. F(po, p1) = Tr|\/;70\/,z71|.
e Squared Hilbert-Schmidt distance. HS?(pg, p1) == %Tr(pg —p1)?.

e von Neumann entropy. S(p) := —Tr(plnp) for any quantum state p.

e Quantum Jensen-Shannon divergence. QJS(po, p1) == S(2F2) — S(po)gs(pl).

The trace distance and the squared Hilbert-Schmidt distance reach the minimum of 0 when
po equals p1, while the fidelity attains a maximum value of 1. Additionally, there are two
equalities when at least one of the two states is a pure state — A quantum state p is a pure state
if and only if Tr(p?) = 1, equivalently p = |1)(z)| for some |¢) satisfying |||¢)]2 = 1:

25 As indicated in [[1J12, 2.7.P2], such a matrix U is called a unitary dilation of A. This unitary dilation U
exists if and only if A is a contraction, namely || Al < 1.
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e For a pure state py and a mixed state p1, F?(po, p1) = Tr(pop1)-
e For two pure states pp and p1, Tr(pop1) = 1 — HS?(po, p1).

Moreover, we have HS? (po, p1) = 3 (Tr(p3) +Tr(p})) — Tr(pop1). Additionally, Fuchs and van
de Graaf [FvdG99] showed a well-known inequality between the trace distance and the fidelity:

Lemma 2.4 (Trace distance vs. fidelity, adapted from [FvdG99]). For any states po and p1,
1 —F(po, p1) < td(po,p1) < /1 —F2(po, p1).

The joint entropy theorem (Lemma 2.5) enhances our understanding of entropy in classical-
quantum states and is necessary for our usages of the von Neumann entropy.

Lemma 2.5 (Joint entropy theorem, adapted from Theorem 11.8(5) in [NCO02|). Suppose p;
are probabilities corresponding to a distribution D, |i) are orthogonal states of a system A,
and {p;}i is any set of density operators for another system B. Then S(ZZ pili) (i| ® ,0,;) =
H(D) + 22 piS(pi)-

Let us now turn our attention to the quantum Jensen-Shannon divergence, which is defined
in [MLPO5]. For simplicity, we define QJSy(po, p1) := QJIS(po, p1)/ In 2 using the base-2 (matrix)
logarithmic function. Notably, when considering size-2 ensembles with a uniform distribution,
the renowned Holevo bound [Hol73b| (see Theorem 12.1 in [NCO02|) indicates that the quantum
Shannon distinguishability studied in [FvdG99] is at most the quantum Jensen-Shannon diver-
gence. Consequently, this observation yields inequalities between the trace distance and the
quantum Jensen-Shannon divergence.?’

Lemma 2.6 (Trace distance vs. quantum Jensen-Shannon divergence, adapted from [FvdG99,
Hol73b,BH09]). For any quantum states py and p1, we have

1 —Hp (%) < QJS5(po, p1) < td(po, p1)-

Here, the binary entropy Ha(p) .= —plog(p) — (1 — p)log(1 — p).

2.3 Space-bounded quantum computation

We say that a function s(n) is space-constructible if there exists a deterministic space s(n)
Turing machine that takes 1™ as an input and output s(n) in the unary encoding. Moreover,
we say that a function f(n) is s(n)-space computable if there exists a deterministic space s(n)
Turing machine that takes 1™ as an input and output f(n). Our definitions of space-bounded
quantum computation are formulated in terms of quantum circuits, whereas many prior works
focused on quantum Turing machines [Wat09b, Wat03,vMW12|. For a discussion on the equiva-
lence between space-bounded quantum computation using quantum circuits and quantum Turing
machines, we refer readers to [FL18, Appendix A| and [FR21, Section 2.2|.

We begin by defining time-bounded and space-bounded quantum circuit families, and then
proceed to the corresponding complexity class BQuSPACE[s(n)]. It is worth noting that we use
the abbreviated notation C; to denote that the circuit ), takes input z.

Definition 2.7 (Time- and space-bounded quantum circuit families). A (unitary) quantum
circuit is a sequence of quantum gates, each of which belongs to some fixed gateset that is
universal for quantum computation, such as {HADAMARD, CNOT, T'}. For a promise problem
L = (Lyes, Lno), we say that a family of quantum circuits {Cy : € L} is t(n)-time-bounded if
there is a deterministic Turing machine that, on any input € £, runs in time O(¢(|z|)), and
outputs a description of C, such that C, accepts (resp., rejects) if & € Lyes (resp., & € Lyo).
Similarly, we say that a family of quantum circuits {C, : x € L} is s(n)-space-bounded if there

26For a detailed proof of these inequalities, please refer to [Liu23, Appendix BJ.
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is a deterministic Turing machine that, on any input = € £, runs in space O(s(|x|)) (and hence
time 20(5(|”D)), and outputs a description of C, such that C, accepts (resp., rejects) if € Lyes
(resp., € Lno), as well as C, is acting on O(s(|z|)) qubits and has 206(#) gates..

Definition 2.8 (BQuSPACE[s(n), a(n), b(n)], adapted from Definition 5 in [FR21]). Let s: N —
N be a space-constructible function such that s(n) > Q(logn). Let a(n) and b(n) be func-
tions that are computable in deterministic space s(n). A promise problem (Lyes,Lno) is in
BQuSPACE[s(n),a(n),b(n)] if there exists a family of s(n)-space-bounded (unitary) quantum
circuits {Cy },er, where n = |z|, satisfying the following:

e The output qubit is measured in the computational basis after applying C,. We say that
C, accepts x if the measurement outcome is 1, whereas C, rejects x if the outcome is 0.

o Pr[C, accepts z] > a(|z|) if © € Lyes, whereas Pr[C, accepts z] < b(|z|) if z € Ly,,.

We remark that Definition 2.8 is gateset-independent, given that the gateset is closed under
adjoint and all entries in chosen gates have reasonable precision. This property is due to the
space-efficient Solovay-Kitaev theorem presented in [vMW12]. Moreover, we can achieve error
reduction for BQuSPACE[s(n),a(n),b(n)] as long as a(n) — b(n) > 2-960)) which follows
from [FKL"16] or our space-efficient QSVT-based construction in Section 3.4. We thereby define
BQuSPACE([s(n)] := BQuSPACE[s(n),2/3,1/3] to represent (two-sided) bounded-error unitary
quantum space, and BQuL := BQuSPACE[O(logn)] to denote unitary quantum logspace.

We next consider general space-bounded quantum computation, which allows intermediate
quantum measurements. As indicated in [AKNO9S8, Section 4.1], for any quantum channel ®
mapping from density matrices on ki qubits to density matrices on ko qubits, we can exactly
simulate this quantum channel ® by a unitary quantum circuit acting on 2k; + ko qubits.
Therefore, we extend Definition 2.7 to general quantum circuits, which allows local operations,
such as intermediate measurements in the computational basis, resetting qubits to their initial
states, and tracing out qubits. Now we proceed with a definition on BQSPACE[s(n)].

Definition 2.9 (BQSPACE[s(n),a(n), b(n)], adapted from Definition 7 in [FR21]). Let s: N — N
be a space-constructible function such that s(n) > Q(logn). Let a(n) and b(n) be func-
tions that are computable in deterministic space s(n). A promise problem (Lyes, Lno) is in
BQSPACE[s(n),a(n),b(n)] if there exists a family of s(n)-space-bounded general quantum cir-
cuits {®, },er, where n = |z|, satisfying the following holds:

e The output qubit is measured in the computational basis after applying ®,. We say that
®,. accepts x if the measurement outcome is 1, whereas ®, rejects x if the outcome is 0.

e Pr[®, accepts z] > a(|z|) if © € Lyes, whereas Pr[®, accepts z] < b(|z|) if z € Lo,.

It is noteworthy that unitary quantum circuits, which correspond to unitary channels, are
a specific instance of general quantum circuits that correspond to quantum channels. we thus
infer that BQuSPACE[s(n)] € BQSPACE[s(n)] for any s(n) > Q(logn). However, the opposite
direction was a long-standing open problem. Recently, Fefferman and Remscrim [FR21| demon-
strated a remarkable result that BQSPACE[s(n)] € BQuSPACE[O(s(n))]. In addition, it is evi-
dent that BQSPACE[s(n)] can achieve error reduction since it admits sequential repetition simply
by resetting working qubits. Therefore, we define BQSPACE[s(n)] := BQSPACE[s(n),2/3,1/3]
to represent (two-sided) bounded-error general quantum space, and denote general quantum
logspace by BQL := BQSPACE[O(log n)].

We now turn our attention to one-sided bounded-error unitary quantum space RQuSPACE[s(n)]
and coRQuSPACE[s(n)] for s(n) > Q(logn). These complexity classes were first introduced by
Watrous [Wat01] and have been further discussed in [FR21]. We proceed with the definitions:

e RQuUSPACE[s(n),a(n)] := BQuSPACE[s(n),a(n),0];
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e coRQUSPACE([s(n), b(n)] := BQuSPACE[s(n), 1, b(n)].

Note that RQuSPACE[s(n),a(n)] and coRQuSPACE[s(n),b(n)] can achieve error reduction, as
shown in [Wat01] or our space-efficient QSVT-based construction in Section 3.4. We define

RQuSPACE[s(n)] = BQUSPACE[ (n), & ] and coRQuSPACE[s(n)] == BQUSPACE[ (n),1 ,;]
to represent one-sided bounded-error unitary quantum space, as well as logspace counterparts
RQuL := RQuSPACE[O(logn)] and coRQuL := coRQuSPACE[O(log n)].

Remark 2.10 (RQuL and coRQuL are gateset-dependent). We observe that changing the gate-
set in space-efficient Solovay-Kitaev theorem [vMW12| can cause errors, revealing the gateset-
dependence of unitary quantum space classes with one-sided bounded-error. To address this
issue, we adopt a larger gateset G for RQuSPACE[s(n)] and coRQuSPACE[s(n)], which includes
any single-qubit gates whose amplitudes can be computed in deterministic O(s(n)) space.

’ 9

2.4 Polynomial approximation via averaged Chebyshev truncation

We begin by defining Chebyshev polynomials, and then introduce Chebyshev truncation
and averaged Chebyshev truncation, with the latter being known as the de La Vallée Poussin
partial sum. These concepts are essential to our space-efficient quantum singular value transfor-
mation techniques (space-efficient QSVT, Section 3). We recommend [Riv90, Chapter 3] for a
comprehensive review of Chebyshev series and Chebyshev expansion.

Definition 2.11 (Chebyshev polynomials). The Chebyshev polynomials (of the first kind) 7% (x)
are defined via the following recurrence relation: Ty(z) = 1, Ti(z) = x, and Tpyq(x) =
20Ty (z) — Ty—1(z). For x € [—1, 1], an equivalent definition is Tj(cosf) = cos(k@).

To use Chebyshev polynomials (of the first kind) for Chebyshev expansion, we first need to
define an inner product between two functions, f and g, as long as the following integral exists:

2 [t flo)g(e) 2 [°
(frg) == /1 ﬁdx == | f(cosB)g(cos §)ds. (2.1)

—T
The Chebyshev polynomials form an orthonormal basis in the inner product space induced by
(-,-) defined in Equation (2.1). As a result, any continuous and integrable function f : [-1,1] —
R whose Chebyshev coefficients satisfy limg_ o, ¢y = 0, where ¢ is defined in Equation (2.2),
has a Chebyshev expansion given by:

flz) = —coTo +chTk where ¢ == (T}, f). (2.2)

A natural approach to approximating functlons with a Chebyshev expansion is to consider
the truncated version of the Chebyshev expansion Py = ¢¢/2+ 22:1 ci Ty, denoted as Chebyshev
truncation. Remarkably, P; provides a nearly best uniform approximation to f:

Lemma 2.12 (Nearly best uniform approximation by Chebyshev truncation, adapted from
Theorem 3.3 in [Riv90]). For any continuous and integrable function f: [—1,1] — R, let e4(f)
be the truncation error that corresponds to the degree-d best uniform approzimation on [—1,1]
to f, then the degree-d Chebyshev truncation polynomial Py satisfies

calf) < max |f() ~ Paa)] < (4+ 5 logd)eul)

z€[—1,1]

Consequently, if there is a degree-d polynomial P; € R[z] such that max,e|_y 1) |f(z) — Pj(z)| <
¢, then the degree-d Chebyshev truncation polynomial Py satisfies

rl?alxl]lf( ) — Py(z)| < O(elogd).
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It is noteworthy that the proof of Lemma 2.12 in [Riv90] relies only on the linear decay of
Chebyshev coefficients ¢, for any Chebyshev expansion. However, for functions with a Chebyshev
expansion whose Chebyshev coefficients decay almost exponentially, Chebyshev truncation is
“asymptotically” as good as the best uniform approximation:

Lemma 2.13 (A sufficient condition that Chebyshev truncation is “asymptotically” best, adapted
from Equation (3.44) in [Riv90]). For any function f that admits a Chebyshev expansion, con-
sider a degree-d Chebyshev truncation polynomial Py, and let eqa(f) be the truncation error corre-
sponds to the degree-d best uniform approximation on [—1,1] to f. If the Chebyshev coefficients

of Py satisfy Y232, |cay ;| < nlcayal, then

ea(f) < max |f(z) - Fa(z)| <
z€[—1,1]

(1 +mn)ea(f)-

SEES

Although Lemma 2.13 improves the truncation error in Lemma 2.12 from O(elogd) to O(e),
it only applies to a fairly narrow range of functions, such as sine and cosine functions. Using an
average of Chebyshev truncations, known as the de La Vallée Poussin partial sum, we obtain
the degree-d averaged Chebyshev truncation Py, which is a polynomial of degree d' = 2d — 1:
0<k<d

L 23)

d’ . d’
~ 1 ~ Co “ ~ Ck,
Py(x) = - P(x)=—+ ¢ (x) where ¢, =
d() d; l() 2 l;kk() k {2dd_kck, E>d

we can achieve the truncation error 4e for any function that admits Chebyshev expansion.

Lemma 2.14 (Asymptotically best approximation by averaged Chebyshev truncation, adapted
from Exercise 3.4.7 in [Riv90]|). For any function f that has a Chebyshev expansion, consider
the degree-d averaged Chebyshev truncation Py defined in Equation (2.3). Let €4(f) be the
truncation error corresponds to the degree-d best uniform approximation on [—1,1] to f. If there
is a degree-d polynomial P; € R[z] such that maxze;_y 1) |f(z) — Pj(x)| <€, then

max }f(:n) - Pd/(:z:)| <deq(f) <4 max |f(z) — Pj(x)| < 4e.
ze[—1,1] z€[—1,1]

Lastly, since the ¢; norm of the coefficient vector corresponding to the polynomial approx-
imation plays a key role in our space-efficient QSVT (Section 3), we provide upper bounds for
the coefficient vector ¢ := (ég,- - ,¢q) in Lemma 2.15. Interestingly, Chebyshev coefficients ¢
(and so do ¢) decay a bit faster if the function f becomes a bit smoother.

Lemma 2.15 (¢;-norm bounds on the averaged truncated Chebyshev coefficient vector). For
any function f that admits a Chebyshev expansion and is bounded with max,c_1q7|f(z)| < B
for some constant B > 0, we have the following ¢1-norm bounds for the coefficient vector ¢
corresponds to the degree-d averaged Chebyshev truncation Py with d =2d —1:

e For any function f satisfying our conditions, we have ||c|; < O(Blogd);

o [f the function f additionally is (at least) twice continuously differentiable, ||c|l1 < O(B).

Proof. By substituting cosé for x and calculating a direct integral, we obtain:

cx = i/o cos(k) f(cos0)de

—T

< 2/0 cos(k0)(max |£(x)])do

T —T .TE{—I,I} (24)
2B ("

< — cos(k@)do
T J-xn

_ 2B sin(km)

o ko
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Here, the third line follows from the fact that f is bounded with max,c_1 ) |f(z)] < B for
some constant B > 0. Hence, by combining Equation (2.4) and the Euler-Maclaurin formula,
we know that the coefficient vector ¢ satisfies

d 2d—1 2d—1
A 2d — k 2B 1
el =) lexl + 7 x| < — > - < O(Blogd).
=0 k—d+1 J—0

For any function f that exhibits better smoothness, we can derive a sharper bound by
considering ¢ = 2 f?ﬂ cos(kB) f (cos 0)d6 as Fourier coefficients of the function f(cos®). For any
function f that is (at least) twice continuously differentiable, the decay properties of its Fourier
coefficients (e.g., [SS03, Exercise 3.18(a)]) imply that |ci| < O(B/k?). Hence, we obtain an
improved norm bound ||¢|; < Zii?)l O(B/k?*) < O(B) as per the Euler-Maclaurin formula. [

2.5 Tools for space-bounded randomized and quantum algorithms

Our convention assumes that for any algorithm 4 in bounded-error randomized time ¢(n)
and space s(n), A outputs the correct value with probability at least 2/3 (viewed as “success
probability”). We first proceed with space-efficient success probability estimation.

Lemma 2.16 (Space-efficient success probability estimation by sequential repetitions). Let A
be a randomized (resp., quantum) algorithm that outputs the correct value with probability p, has
time complezity t(n), and space complexity s(n). We can obtain an additive-error estimation
p such that |p — p| < e, where € > 2-06M) | Moreover, this estimation can be computed in
bounded-error randomized (resp., quantum) time O(e~2t(n)) and space O(s(n)).

Proof. Consider a m-time sequential repetition of the algorithm A, and let X; be a random
variable indicating whether the ¢-th repetition succeedsA, then we obtain a random variable X =
LS~ X such that E[X] = p. Now let X = L 5™ X be the additive-error estimation, where
X is the outcome of A in the i-th repetition. By the Chernoff-Hoeffding bound (e.g., Theorem
4.12 in [MU17]), we know that Pr[\f( —p| > e} < 2exp(—2me?). By choosing m = 2¢2, this

choice of m ensures that this procedure based on A succeeds with probability at least 2/3.
Furthermore, the space complexity of our algorithm is O(s(n)) since we can simply reuse the
workspace. Also, the time complexity is m - t(n) = O(¢~2t(n)) as desired. O

Notably, when applying Lemma 2.16 to a quantum algorithm, we introduce intermediate
measurements to retain space complexity through reusing working qubits. While space-efficient
success probability estimation without intermediate measurements is possible,’” we will use
Lemma 2.16 for convenience, given that BQL = BQuL [FR21].

The SWAP test was originally proposed for pure states in [BCWdAWO01]. Subsequently,
in [KMY09], it was demonstrated that the SWAP test can also be applied to mixed states.

Lemma 2.17 (SWAP test for mixed states, adapted from [KMY09, Proposition 9]). Suppose
po and p1 are two n-qubit mized quantum states. There is a (2n + 1)-qubit quantum circuit
that outputs 0 with probability %, using 1 sample of each py and p1 and O(n) one- and

two-qubit quantum gates.

A matrix B is said to be sub-stochastic if all its entries are non-negative and the sum of entries
in each row (respectively, column) is strictly less than 1. Moreover, a matrix B is row-stochastic
if all its entries are non-negative and the sum of entries in each row is equal to 1.

2"Fefferman and Lin [FL18] noticed that one can achieve space-efficient success probability estimation for
quantum algorithms without intermediate measurements via quantum amplitude estimation [BHMT02].

18



Lemma 2.18 (Sub-stochastic matrix powering in bounded space). Let B be an | x | upper-
triangular sub-stochastic matrixz, where each entry of B requires at most £-bit precision. Then,
there exists an explicit randomized algorithm that computes the matriz power B¥[s, t] in log(l1+1)
space and O(Lk) time. Specifically, the algorithm accepts with probability B*[s,t].

Proof. Our randomized algorithm leverages the equivalence between space-bounded randomized
computation and Markov chains, see [Sak96, Section 2.4] for a detailed introduction.

First, we construct a row-stochastic matrix B from B by adding an additional column and
row. Let B [i, 7] denote the entry at the i-th column and the j-th row of B. Specifically,

Bli, jl, if1<i,j<l;
Bli,j]==41-Y"_.Bls,j], ifi=I+1land1<j<I+1;
0, if1<i<landj=1+1.

Next, we view B as a transition matrix of a Markov chain since B is row-stochastic. We
consequently have a random walk on the directed graph G = (V| E) where V.= {1,2,--- [ I}U{L}
and (u,v) € E iff E(u, v) > 0. In particular, the probability that a k-step random walk starting
at node s and ending at node ¢ is exactly B¥[s,t] = B¥[s,t]. This is because the walker who
visits the dummy node L will not reach other nodes.

Finally, note that B is a (I+1) x (I+1) matrix, the matrix powering of B¥ can be computed
in log(!) space. In addition, the overall time complexity is O(¢k) since we simulate the dyadic
rationals (with ¢-bit precision) of a single transition exactly by ¢ coin flips. O

3 Space-efficient quantum singular value transformations

We begin by defining the projected unitary encoding and its special forms, viz. the bitstring
indexed encoding and the block-encoding.

Definition 3.1 (Projected unitary encoding and its special forms, adapted from [GSLW19]).
Let U be an (a, a, €)-projected unitary encoding of a linear operator A if |4 — IUTI|| < e,
where U and orthogonal projections I and IT act on s+a qubits, and both rank(IT) and rank(IT)
are at least 2% (a is viewed as the number of ancillary qubits). Furthermore, we are interested
in two special forms of the projected unitary encoding:

e Bitstring indexed encoding. We say that a projected unitary encoding is a bitstm'ng
indered encoding if both orthogonal projections IT and I span on S, S C {|0), [1)}®(@+s),
respectively.”® In particular, for any |§;) € S and |s;) € S, we have a matrix reprebentatlon
AS‘,S(i’j) = <§Z‘U|Sj> of A.

e Block encoding. We say that a projected unitary encoding is a block-encoding if both
orthogonal projections are of the form II = IT = |0)(0|/®* @ I,. We use the shorthand
A= ({0| ® I,)U(]0) ® I;) for convenience.

See Section 2.1 for definitions of singular value decomposition and transformation. With
these definitions in place, we present the main (informal) theorem in this section:

Theorem 3.2 (Space-efficient QSVT). Let f: R — R be a continuous function bounded on the
closed interval of interest T C [—1,1]. If there exists a degree-d polynomial PJ that approxi-
mates h: [—1,1] — R, where h approzimates f only on T with additive error at most €, such
that max,e(_y 1) |h(7) — Pj(x)| <€, then degree-d averaged Chebyshev truncation yields another
degree-d’ polynomial Py, with d = 2d — 1, satisfying the following conditions:

maxger | f(2) — Py (x)] < O(€) and maxgei_y 1) [P ()] < 1.

28Typically, to ensure these orthogonal projections coincide with space-bounded quantum computation, we
additionally require the corresponding subsets S and S admit space-efficient set membership, namely deciding
the membership of these subsets is in deterministic O(s + a) space.
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Moreover, there is a space-efficient classical algorithm for computing any entry in the coefficient
vector € of the averaged Chebyshev truncation polynomial Py:

o If f is a continuously bounded function with maxgzec;_q 1 |f"(z)] < poly(d),* then any
entry in the coefficient vector ¢ can be computed in deterministic O(logd) space;

o If f is a piecewise-smooth function, then any entry in the coefficient vector ¢ can be com-
puted in bounded-error randomized O(logd) space.

Furthermore, for any (1, a,0)-bitstring indexed encoding U of A = U, acting on s+ a qubits
where a(n) < s(n), and any Py with d' < 2060 " we can implement an (o, a+log d+0(1), €4)-
bitstring indexed encoding of the quantum singular value transformation P(,SV) (A) that acts on
O(s(n)) qubits using O(d*ne) queries to U, where €, is specified in Theorem 3.10. Here, a = ||€]|;
with N = 1 in general, and particularly o = 1 with n, = ||€||1 if pEY) (A) is an isometry. It
is noteworthy that ||¢||1 is bounded by O(logd) in general, and can be improved to a constant
bound for twice continuously differentiable functions.

We remark that we can apply Theorem 3.2 to general forms of the projected unitary encoding
U with orthogonal projections IT and II, as long as such an encoding meets the conditions: (1)
The basis of IT and IT admits a well-defined order; (2) Both controlled-II and controlled-IT admit
computationally efficient implementation. We note that bitstring indexed encoding defined
in Definition 3.1 trivially meets the first condition, and a sufficient condition for the second
condition is that the corresponding subsets S and S have space-efficient set membership.

Next, we highlight the main technical contributions leading to our space-efficient quantum
singular value transformations (Theorem 3.2). To approximately implement a space-efficient
QSVT f (SV)(A), we require the pre-processing to find a space-efficient polynomial approximation
Pé,f ) ~ f on Z. These polynomial approximations are detailed in Section 3.1:

e We provide deterministic space-efficient polynomial approximations for continuously bounded
functions (Lemma 3.3) using averaged Chebyshev truncation (see Section 2.4), including the
sign function (Corollary 3.6).

e We present bounded-error randomized space-efficient polynomial approximations for piecewise-
smooth functions (Theorem 3.7), such as the normalized logarithmic function (Corollary 3.9).
To achieve this, we adapt the time-efficient technique in [vAGGAW20, Lemma 37| to the
space-efficient scenario by leveraging space-efficient random walks (Lemma 3.8).

With an appropriate polynomial approximation ch,f ), we can implement the space-efficient

QSVT P}?dy) (A), as established in Section 3.2 (specifically Theorem 3.10). Note that a space-
efficient QSVT for Chebyshev polynomials is implicitly shown in [GSLW19] (Lemma 3.12). We
establish Theorem 3.10 by combining this result with the LCU technique (Lemma 3.13) and the
renormalization procedure (Lemma 3.14, if necessary and applicable).

In addition to these general techniques, we provide explicit space-efficient QSV'T examples in
Section 3.3, including those for the sign function (Corollary 3.15) and the normalized logarithmic
function (Corollary 3.16). Notably, the former leads to a simple proof of space-efficient error
reduction for unitary quantum computations (Section 3.4).

3.1 Space-efficient bounded polynomial approximations

We provide a systematic approach for constructing space-efficient polynomial approximations
of real-valued piecewise-smooth functions, which is a space-efficient counterpart of Corollary 23
in [GSLW19]. Notably, our algorithm (Lemma 3.3) is deterministic for continuous functions

29This conclusion also applies to a linear combination of bounded functions, provided that the coefficients are
bounded and can be computed deterministically and space-efficiently.
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that are bounded on the interval [—1,1]. However, for general piecewise-smooth functions, we
only introduce a randomized algorithm (Theorem 3.7). In addition, please refer to Section 2.4
as a brief introduction to Chebyshev polynomial and (averaged) Chebyshev truncation.

3.1.1 Continuously bounded functions

We propose a space-efficient algorithm for computing the coefficients of a polynomial ap-
proximation with high accuracy for continuously bounded functions. Our approach leverages
the averaged Chebyshev truncation, specifically the de La Vallée Poussin partial sum, in con-
junction with numerical integration, namely the composite trapezium rule.

Lemma 3.3 (Space-efficient polynomial approximations for bounded functions). For any con-

tinuous function f that f is bounded with max,e(_1 1) |f(x)| < B for some known constant B > 0.

Let Py ; be a degree-d polynomial with the same parity as [ satisfying max,ec;_q 1| f(z Pf dz)] <

€. By employing the degree-d averaged Chebyshev truncation, we can obtam a degree-d’ polyno-

ch,f) that has the same parity as P} ; and satisfies max,e 17 |f(2) —ch,f) ()| < 4e.%Y This
()

polynomial Py’ is defined as a linear combination of Chebyshev polynomials Ty (cos @) = cos(k6)
with d' = 2d — 1 and the integrand Fy,(0) := cos(k@) f(cos):

~ d’
2
Py) = %O -I—’;éka where ¢, = 7T/

mial

0 Ck, 0<k<d

Fi(0)d0 and ¢, = - T 3.1
k:( ) ana Cg {dekck, E>d ( )

—Tr

If the integrand F,(0) satisfies maxeci—r o) |[F}, (0)] < O(d™) for some constant vy, then any en-
try of the coefficient vector ¢ = (¢o,--- ,Cq), up to additive error € for ||€||1, can be com-
puted in deterministic time O(dOT)/2e=1/2t(4)) and space O(log(dV3)/2¢=3/2B)), where { =
O(log(d\+3)/2¢=3/2)) and evaluating F(0) in £-bit precision is in deterministic time t(£) and
space O(L). Furthermore, the coefficient vector ¢ has the following ¢, norm bound:

e For any function f satisfying our conditions, we have ||c||; < O(Blogd);
o [f the function f is additionally (at least) twice continuously differentiable, ||c|1 < O(B).

Proof. We begin with the polynomial approximation P(f ) obtained from the degree-d averaged
Chebyshev truncation expressed in Equation (3.1). The degree d' is 2d — 1 if f is odd, and
2d — 2 if f is even. To bound the truncation error of Pé,f ), we require a degree-d polynomial P]’{ d
such that max,e_1 1) |f(x) — P} 4(x)| < e. By utilizing Lemma 2.14, we obtain the desired error

bound max,e(1.1) |f(x) = P{ ()] < 4e.

Computing the coefficients. To compute the coefficients ¢, for 0 < k < d', it suffices to
compute the Chebyshev coefficients ¢, for 0 < k < 2d — 1. Note that ¢ = %fir F(0)do
where Fy(0) = cos(kf) f(cosf), we can estimate the numerical integration using the composite
trapezium rule, e.g., [SMO03, Section 7.5]. The application of this method yields the following:

0 m
/ Fk(e)dez;(Fk(00)+ZFk(91)+Fk(5m)) where 6 == %—Wforl—O 1,---,m. (3.2)
=1

2

—Tr

Moreover, we know the upper bound on the numerical errors for computing the coefficient c:

3
‘Sd’k —Z’/ Fk d&—— (Fk(GZ 1)+Fk

- 12m2 fE[—Tr ] ‘Fk | (33)

30Tt is noteworthy that for any even function f, the degree of Ps/f ) is 2d — 2 rather than 2d — 1. Nevertheless,
for the sake of convenience, we continue to choose d’ = 2d — 1.
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To obtain an upper bound on the number of intervals m, we need to ensure that the error of the
numerical integration is within

d/

2d k
sd, st,k+ Z d, <Zs£lf) S e

k=d+1
Plugging the assumption |F}/ (x)\ < O(d") into Equation (3.3), by choosing an appropriate value
of m = ©(e~1/2d(rt1)/2) we establish that eﬁl{) < O(d*1)/m? < e. Moreover, to guarantee that
the accumulated error is O(e/d) in Equation (3.2), we need to evaluate the integrand F'(6) with
{-bit precision, where £ = O(log (dm/e)) = O(log(e~3/2d(7*3)/2)). Lastly, the desired ¢; norm
bound of the coefficient vector ¢ directly follows from Lemma 2.15.

Analyzing time and space complexity. The presented numerical integration algorithm
is deterministic, and therefore, the time complexity for computing the integral is O(mt(¥)),
where £(£) is the time complexity for evaluating the integrand Fy(6) within 27¢ accuracy (i.e.,
£-bit precision) in O(¢) space. The space complexity required for computing the numerical
integration is the number of bits required to index the integral intervals and represent the
resulting coeflicients. To be specific, the space complexity is

max {O(logm), O(¢),log||€]| } < O(max {log (e “5d'z )logB})
< O(log (" 2d"% B)).

Here, ||€|lcc = Or<r}€<)il,;]f cos(kO) f(cos0)dl| < _max O(|f(cos®)]) < O(B), and the last

inequality is due to the fact that ©(max{log A,log B}) = ©(log(AB)) for any A, B > 0. O

It is worth noting that evaluating a large family of functions, called holonomic functions,
with ¢-bit precision requires only deterministic O({) space:

Remark 3.4 (Space-efficient evaluation of holonomic functions). Holonomic functions encompass
several commonly used functions,®' such as polynomials, rational functions, sine and cosine func-
tions (but not other trigonometric functions such as tangent or secant), exponential functions,
logarithms (to any base), the Gaussian error function, and the normalized binomial coefficients.
In [CGKZ05,Mez12], these works have demonstrated that evaluating a holonomic function with
{-bit precision is achievable in deterministic time O(¢) and space O(£). Prior works achieved the
same time complexity, but with a space complexity of O(¢log?).

In addition, we provide an example in Remark 3.5 that achieves only a logarithmically weaker
bound on ||¢]|; using Lemma 3.3, whereas a constant norm bound can be achieved by leveraging
Theorem 3.7 for piecewise-smooth functions.

Remark 3.5 (On the norm bound of the square-root function’s polynomial approximation). We
consider a function Sqrts(x) that coincides with v/ on the interval [§,1].>? Specifically, Sqrts(z)
is defined as \/z for z > &, —/—x for z < —¢, and 1/V/6 for z € (—6,6). Sqrts(z) is continuously
bounded on [—1, 1] and satisfies |Sqrt(z)| < §~3/2/4 with the maximum at x = +§. As Sqrt} ()
is not continuous, its polynomial approximation via Lemma 3.3 achieves only ||c||1 < O(logd).

We now present an example of bounded functions, specifically the sign function.

Corollary 3.6 (Space-efficient approximation to the sign function). For any 6 > 0 and ¢ > 0,
there is an explicit odd polynomial P3"(x) = ¢0/2 + ZZ/:I kTr(x) € Rlz] of degree d <

31For a more detailed introduction, please refer to [BZ10, Section 4.9.2].
32Gince the second derivative of the square-root function v/z is unbounded at x = 0, we cannot directly apply
Lemma 3.3 to /z.
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C’sgn5_1log !, where d = 2d — 1 and C’sgn is a universal constant. Any entry of the coef-
ficient vector ¢ = (Co,--- ,Cq) can be computed in deterministic time 0(6_1/2d2) and space
O(log(¢=3/2d%)). Furthermore, the polynomial P satisfies the following conditions:
Vo € [-1,1] \ [-46, 0] ‘sgn - Ps,gn(:c)‘ < Csgne, where Cygn = 5;
Vo € [-1,1], [Py (z)] < 1.

Additionally, the coefficient vector ¢ has a norm bounded by ||¢|; < C’Sgn, where é’sgn 18 another
universal constant. Without loss of generality, we assume that Csgn and Csgy are at least 1.

Sgn

Proof. We start from a degree-d polynomial P that well-approximates sgn(x):

Proposition 3.6.1 (Polynomial approximation of the sign function, adapted from Lemma 10

and Corollary 4 in [LC17]|). For anyd >0, x € R, e € (0,v2er). Let k = %logl/2 (f) Then

9s.e(z) = erf(rx) satisfies that |gse(z)| <1 and |I|n>a§/< |95.(x) —sgn(z)| <e.

Moreover, there is an explicit odd polynomial P#" € R[z] of degree d = O(y/(r2 + loge1)log e~ 1)
such that max,e[_y 1] psgn(x) - erf(nm)‘ <e

sgn

By applying Proposition 3.6.1, we obtain a degree-d polynomial P that well approximates

the function erf(kx) where K = O(6~1y/loge=1).
To utilize Lemma 3.3, it suﬁices to upper bound the second derivative maxec(_r o) [F}, (§)]
for any 0 < k < d’, as specified in Fact 3.6.2. The proof is deferred to Appendix A.1.1.

Fact 3.6.2. Let Fy(6) = erf(x cosf) cos(kf), max —max |[F(&)] < %/{4—1{2

k
<k<d ec[—m.0] VT "

+ f:‘i N f

Note that both x and k are at most O(d). By Fact 3.6.2, we have maxgc(_r o) | Fy, (€)] < O(d?)
for any 0 < k < d’. Utilizing Lemma 3.3, we obtain a polynomlal approximation P3"(x) =
¢o/2 + Zglzl ¢k Ty (x) with a degree of ' =2d — 1 < ngn5 oge™!, where ngn is a universal
constant. This polynomial satisfies max,c(_1 1) |erf(kz) — Py*"(z)| < 4e. Then we can derive:

éI[IaX . lsgn(x) — Py (2)| < e+ xér[lalxl] |erf(ka) — Py (x)] < Csgne, where Cygn = 5.

Moreover, to bound the norm ||€||1, it suffices to consider the function erf(xz) due to Propo-
sition 3.6.1. We observe that the first and second derivatives of erf(kx), namely 2/-{6_“%2/ N3
and —4r3re—r’? /\/T, respectively, are continuous, making erf(kz) is twice continuously differ-
entiable. Hence, according to Lemma 3.3, ||¢[|; < C’Sgn for some universal constant CA'Sgn.33

For the complexity of computing coefficients {ék}i;l/:p note that the evaluation of the inte-
grand F(6) requires {-bit precision, where £ = O(log(e~/2d?)). Following t(¢) = O(f) specified
in Remark 3.4, any entry of the coefficient vector ¢ can be computed in deterministic time
O(e 2d?t(0)) = O(e/2d?) and space O(log(e~3/2d%)).

Finally, we note that max,c_q ] |P3" ()] < 1+ € due to numerical errors in computing
the coefficients {ék}zlzl We finish the proof by normalizing I:’j/gn. In particular, we consider
P (z) == (14 €)' P5¥" and adjust the coefficient vector ¢ of PiE" accordingly. O

3.1.2 Piecewise-smooth functions

We present a randomized algorithm for constructing bounded polynomial approximations of
piecewise-smooth functions, offering a space-efficient alternative to Corollary 23 in [GSLW19],
as described in Theorem 3.7. Our algorithm leverages Lemma 3.3 and Lemma 3.8.

33Let ¢}, == (Tk,sgn) be the coefficients corresponding to the sign function. A direct calculation, as shown
in [MY23, Lemma 2.10], yields ||c’|l1 = O(logd). Our improved norm bound arises from utilizing smoother
functions like erf(kz), instead of relying on the sign function which is discontinuous at = 0.
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Since this subsection mostly focuses on polynomial approximations, we introduce some no-
tation for convenience. For a function f: Z — R and an interval 7/ C Z, we define || f|z7 =
sup{|f(z)|: € Z'} to denote the supremum of the function f on the interval Z'.

Theorem 3.7 (Taylor series based space-efficient bounded polynomial approximations). Con-
sider a real-valued function f: [—xo—r — 68,20 +7+6) = R such that f(xo+z) =Y ;o wz! for
all x € [—r—6,7+0], where zo € [—1,1], r € (0,2], § € (0,7]. Assume that > ;5o (r+6)'|a;| < B
where B > 0. Let € € (0, 2B] such that B > €, then there is a polynomial Py € R[z]| of degree
d =2d—1<0(6 log(e ! B)), corresponding to some degree-d averaged Chebyshev truncation,
such that any entry of the coefficient vector ¢ can be computed in bounded-error randomized time

O(max{(0") % 2B?,d?¢/?}) and space O(log(d*(8'")~*e3/2B)) where &' := 2(13#6)’ such that
Hf(x) - P(l.)H[xofr,moJrr} < 0(6)7
[P (@)I=1,1) < O(€) + 1f (@) [fwo—r—6/2,20+r+5/2) < Ol€) + B,

||P($)H[—1,1}\[:1:0—r—5/2,x0+r+5/2] < O(e).
Furthermore, the coefficient vector ¢ of Py has a norm bounded by ||¢]l1 < O(B).

The main ingredient, and the primary challenge, for demonstrating Theorem 3.7 is to con-
struct a low-weight approximation using Fourier series, as shown in Lemma 37 of [vAGGdW20)],
which requires computing the powers of sub-stochastic matrices in bounded space (Lemma 2.18).

Lemma 3.8 (Space-efficient low-weight approximation by Fourier series). Let 0 < 6, < 1 and
f: R = R be a real-valued function such that |f(x) — Z?:o apx®| < €/4 for all x € Iy, the
interval Is = [—1+ 6,1 — §] and ||al|; < O(max{e~1,671}). Then there is a coefficient vector
c € C*M+1 sych that

e For even functions,

(z) — szfM cﬁf{ven)cos(mcm)’ <€ for any x € Ls;

e For odd functions,

(x) — E%:_M cq(ﬁdd)sin(ﬂx(m—i—%))‘ <€ for any x € Is;

m=

e Otherwise, ‘f(m) - M M (cﬁvcn)cos(wxm)—i—c,(ﬁdd)sin(ﬂx (m+1)) )) <e for any x € ZLy.

Here M = max (2[6 ' In(4[jall1e7)],0) and ||c|i < ||ali. Moreover, the coefficient vector ¢
can be computed in bounded-error randomized time O(6°¢=2) and space O(log(d—*e1)).

Proof. We begin by noticing that the truncation error of Zszo arx”, as shown in [SM03, The-
orem A4l is (1 — §)F! < e 9*+1) < ¢ implying that K > Q(6 'Ine!). Without loss of
generality, we can assume that ||a/|; > €/2.%*
Construction of polynomial approximations. Our construction involves three approxima-
tions, as described in Lemma 37 of [vAGGAW20]. We defer the detailed proofs of all three
approximations to Appendix A.1.2.

The first approximation combines the assumed Zszo apx® with arcsin(zx)’s Taylor series.

Proposition 3.8.1 (First approximation). Let fl( ): ZkK Oak:c such that || f — f1H15 < e/4.
Then we know that fi(z) = S 00k D120 b( sin' (22) where the coefficients b( ) satisfy that

0 if I is even

(k+1) _} : (k) (1) 1 _ ’

bl = bl/ bl_l/ w}lere bl = {(11:11) 27;+1 2 Zfl is Odd (34)
1'=0 = s

2

Furthermore, the coefficients {bl(k)} satisfies the following: (1) |[b®™)||y = 1 for all k > 1; (2)
b is entry-wise non-negative for all k > 1; (3) bl(k) =0 ifl and k have different parities.

34 This is because if [lalli < ¢/2, then || fllz, < [|f(x) — S p g arz® |z, + | ZF avz®|lz; < e/4+ |lafi < e,
implying that M =0 and ¢ = 0.
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The second approximation truncates the series at [ = L, and bounds the truncation error.

Proposition 3.8.2 (Second approximation). Let fo(z) = Zf:o ag ZIL:O bl(k) sin' () where
L= [6=2In(4||all1e~1)], then we have that ||fi — fallz, < €/4.

The third approximation approximates the functions sinl(x) in fg(m) using a tail bound of
the binomial distribution. Notably, this construction not only quadratically improves the depen-
dence on 4, but also ensures that the integrand’s second derivative is bounded when combined
with Lemma 3.3.

Proposition 3.8.3 (Third approxunatlon) Let fg( ) be polynomial approzimations of f that
depends on the parity of f such that Hfg—f3||15 <e¢/2 and M= |5~ In(4|a|1e71)|, then we have

#(even) & o) EM ' 7
A (@) =y akz< 122 5 (—1)™ () cos(mr(m’ 1)),
k=0 j=o m'=l—M
. K (=12 . R I+14+M N
?Eodd)(x) =S ap 3 (71)l+12—2l—1b(1f) S (=™ (27%1) Sm(mc(m/ i %))
k=0 j=0 2l+n11’:lA+1fM

Therefore, we have that f3(x) = f3even (z) if f is even, whereas f3(x) = féOdd (x) if f is odd.
In addition, if f is neither even or odd, then f3(x) = (even)( )+ féOdd ().

We adopt the third approximation as our construction by rearranging the summations and
introducing a new parameter m. The value of m is defined as m = m/ — [ if f is even and
m=m'—1—1Iif f is odd. Moreover, the definition of m depends on the parity of [ = 20 + 1°°
if f is neither even nor odd. By applying this approach, we can derive the following:

. M L/2
féeven) (r)= cﬁven)cos(wxm) where c{o" = =(-1)™ Za > b21 (m+l)2 2,
m=—M k=0 j—o
2(odd) (odd) 1 (odd) . K (L) /2 2041 \o—2i—1 )
f3 (x)= Z cm sm(mv(m—i— 5)) where ¢, =(—1)" Z ay Z b2z+1 (m+i+1)2 )

We then notice that the rearrangement of terms in Equation (3.0) can be directly applied
to the definition of fg(x) in Proposition 3.8.3. As a consequence, we obtain the following bound
on the accumulative error: ||f— fs|lz; < [|f—fillz; + [ f1— fallz; + | fo— f3llz; < e. Additionally,
we remark that ||c[|; < ||al|1, since [[b®*)||; = 1 (see Proposition 3.8.1) and Zin:[) (7ln) =20

Analyzing time and space complexity. To evaluate the bounded polynomial approximation
fg (z) with € accuracy, it is necessary to approximate the summand with ¢-bit precision, where
¢ = O(log(KLMe 1)) = O(log(§~*e1)). Since the summand is a product of a constant number
of holonomic functions, approximating bl(k) with £-bit precision is sufficient. Other quantities in
the summand can be evaluated with the desired accuracy in deterministic time O(f) and space
O(?) as stated in Remark 3.4.

We now present a bounded-error randomized algorithm for estimating bl(k). As b is entry-
wise non-negative and 22:1 bgl) < |[bM]]; = 1 following Proposition 3.8.1, we can express the
recursive formula in Equation (3.4) as the matrix powering of a sub-stochastic matrix By:

1 1 1 Yk k k k k

ANy

0 b e by by 0 b e b bl 1
Bi=|: =+ .o =l 0 =5

0 0 - b Bl 0 0 - o pP

o 0 - 0 Y 0o 0 - 0 ¥

(even) (odd)

35In particular, the summand in f3(z) is clo’™ cos(rzm) + cie’ sin (rxz(m+ 3)) if f is neither even nor odd.
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In addition, we approximate the sub-stochastic matrix By by dyadic rationals with £-bit
precision, denoted as Bj. Utilizing Lemma 2.18, we can compute any entry Bl [s,t] with a
randomized algorithm that runs in O(¢k) time and log(l + 1) space with acceptance probability
BP[s,t]. To evaluate BY[s, ] with an additive error of €, we use the sequential repetitions outlined
in Lemma 2.16. Specifically, we repeat the algorithm m = 2¢ 2 In(KLM) = O(e 2log(6—1))
times, and each turn succeeds with probability at least 1 —1/(3K LM ). Note that the number
of the evaluation of bl(k) for computing f3(z) is O(KLM), and by the union bound, we can
conclude that the success probability of evaluating all coefficients in c is at least 2/3.

Finally, we complete the proof by analyzing the overall computational complexity. It is
evident that our algorithm utilizes O(¢ + logm) = O(log(6~%€¢?)) space because indexing m
repetitions requires additional O(logm) bits. Moreover, since there are O(K LM ) summands in

fs (z), and evaluating bl(k) takes m repetitions with time complexity O(/K) for a single turn, the
overall time complexity is O(KLM - (K - e ?log(KLM)) = O(§ ¢ ?). O

Now we present the proof of Theorem 3.7, which is a space-efficient and randomized algorithm
for constructing bounded polynomial approximations for piecewise-smooth functions.

Proof of Theorem 3.7. Our approach is based on Theorem 40 in [vAGGdW20] and Corollary
23 in [GSLW19]|. Firstly, we obtain a Fourier approximation f (z) of the given function f(x)
by truncating it using Lemma 3.8. Next, we ensure that f (x) is negligible outside the interval
[—x0 — 7,20 + ] by multiplying it with a suitable rectangle function, denoted as h(x). Finally,
we derive a space-efficient polynomial approximation h(x) of h(z) by applying Lemma 3.3.
Construction of a bounded function. Let us begin by defining a linear transformation
L(z) = £=20 [zg — 7 — 0,20 + 7 + ] to [—1,1]. For convenience, we denote g(y) =
f(L7Y(y)) and b, = a;(r + 6)!, then it is evident that g(y) = > 7o, by’ for any y € [~1,1].

To construct a Fourier approximation by Lemma 3.8, we need to bound the truncation error
ef,g). We define §' = m and J = [(6")"!log(12Be1)]. This ensures that the truncation

error 5(g) = ’g y) — Z}']:() jy]‘ for any y € [—1+ 0’,1 — ¢'] satisfies the following:

(g)—’Zby‘ Z\b 1-dY[<@ )"Z!bj\3(1—5’)JBge—5’JB§1i2;:%,
j=J

Afterward, let b := (b(),bl, .-~ ,by_1), then we know that ||b|l; < |/b|j1 < B by the assumption.
Now we utilize Lemma 3.8 and obtain the Fourier approximation §(y):

Z%z_ M cleven) cos(mym), if f is even
g(y)= Z%:_M c%‘idd) sin(wy(m—i—%)), if fisodd . (3.6)
Z%z_ M (cgﬁven)cos(wym) + c,(ﬁdd)sin (7Ty (m—i— %) )) , otherwise

By appropriately choosing M = O((6")'log (||f)|]1/e ) = O(ré‘llog (B/e)), we obtain that
the vectors of coefficients ¢ and ¢(°99) satisfy [|c©™ |, < [|b]1 < ||b|1 < B and similarly
|cdd)||; < B. Plugging f(z) = g(L(z)) into Equation (3.6), we conclude that f(z) = §(L(z)) is
a Fourier approximation of f with an additive error of €/3 on the interval [zg—r—0/2, xo+r-+9/2]:

(M
> i ™eos (mm(%552)), if f is even
m=—M
. -z M ad) . - e
f@)=9("75) = R hinr(m + ) (55%), if £ is odd .
M
m:Z;M e Meos (mm(%52)) + clodd) sin(m(m + 3) ( 250)), otherwise
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Making the error negligible outside the interval. Subsequently, we define the function
h(x) = f(x) - R(x) such that it becomes negligible outside the interval of interest, i.e., [xg —
r—06/2,x0 + r + 0/2]. Here, the approximate rectangle function R(z) is é-close to 1 on the
interval [zg — 7,29 + 7], and is é&close to 0 on the interval [—1,1] \ [zg — 7 — 25,z + 7 + 24],
where ¢ := ¢/(3B) and § = §/4. Moreover, |R(z)| < 1 for any z € [~1,1]. Similar to Lemma
29 in |[GSLW19]|, R(x) can be expressed as a linear combination of Gaussian error functions:

R(z)=1% [erf (k(z—zo+r+d"))—erf (ﬁ(m—xo—r—é’))}where K= 5,10g2 ﬁ, =8log? ‘gB (3.7)

Bounded polynomial approximation via averaged Chebyshev truncation. We here
present an algorithmic, space-efficient, randomized polynomial approximation method using
averaged Chebyshev truncation to approximate the function h(z) == f(z)- R(x). As suggested
in Proposition 3.7.1, we use an explicit polynomial approximation Pj(x) of the bounded function
h(z) of degree d = O(6~!log(Be~!)) that satisfies the conditions specified in Equation (3.8).

Proposition 3.7.1 (Bounded polynomial approximations based on a local Taylor series, adapted
from [GSLW19, Corollary 23]). Let zg € [—1,1], 1“ €(0,2],0 € (0,7] and let f: [—xo—7—0,20+
r+6) = R and be such that f(zo+x):=> 0o wa! for all x € [~r—0,r+5]. Suppose B > 0 is such
that 370 (r 4+ 0)!|ay| < B. Let € € (0,55, there is a e/3-precise Fourier apprommatwn f( ) of

f(z) on the interval [xo— r+6/2,x04+7406/2], where f(z)=3""__, Re [cme 4 02 +5)
and ||€|l; < B. We have an explicit polynomial P; € R[z] of degree d = O(5 ' log(Be™1)) s.t.

1f (@) R(2) = Pj(@)llwy—raotr] < €
1PF(@)l-10] < €+ [ F @) R@) | fwo—r—s/2.20 474072 < €+ B, (3.8)

1Py ()l —1,1\[eo—r—6/2,204+r+6/2] < €-
To utilize Lemma 3.3, we need to bound the second derivative maxec|_r o) [F} (€)], where the

integrand Fy(cos0) := cos(kf)h(cos @) for any 0 < k < d’ with d' = 2d — 1. We will calculate
this upper bound directly in Fact 3.7.2, and the proof is deferred to Appendix A.1.3.

Fact 3.7.2. Consider the integrand Fk(ﬁ):ZM o (H(H H( ) for any function [ which

e
is either even or odd. If f is even, we have that ¢, = c(even) deﬁned i Lemma 3.8, and

cosf — @ 0))-cos(k‘@)~erf</~@<cosl9—$0i7“ig>)' (3.9)

Hﬁg (0) := cos (Wm (7"4—7(5

Likewise, if f is odd, we know that ¢, = c,(f;dd defined in Lemma 3.8, and

H,gini(ﬂ) = sin(w(m + 5) (W)) - cos(kf) - erf(m(cos& —xoxrE %)) (3.10)

(even) (odd)

Moreover, the integrand is Fi,(0)=Y"M__ (C’”T (H(+) —ﬁ(_)) + fm—

m= k,m k,m (ﬁ(+) _I:I(_))> when f
is neither even nor odd, where H(ﬂ;)l and H follow from Equation (3.9) and Equation (3.10),

respectively. Regardless of the parity of f, we have that the second derivative F}'(0) < O(Bd>).

Together with Fact 3.7.2, we are ready to apply Lemma 3.3 to h(z) = f(z)R(x), resulting
in a degree-d’ polynomial Py = éy/2 + Zilzl ¢ Ty where d = 2d — 1 and ¢, is defined as in
Equation (3.1). Since Py is the degree-d averaged Chebyshev truncation of the function h and
satisfies Equation (3.8), we define intervals Ziy, = [zg — 7,20 + 7] and Zexy == [—1,1] \ [zg — 7 —
0/2, 9+ r + 0/2] to obtain:

1/ () = Par(@)l|z < f (@) = h(@) 20 + 10(2) = Par(2) |7, < €4 4e = O(e),
[1Par () = Oll 2o < [ Par(2) = M(@) || 2w + 11(2) = Oll 2o, < 4€ +€/3B < Oe).

(3.11)
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We can achieve the desired error bound by observing Equation (3.11) implies:

1Par (@) [1—1,2) < [[Par (#) 2o + ([P (@)l —1,0\ L < O(€) + B

Moreover, it is not too hard to see that the first and the second derivatives of the function
h(cos ) are continuous, implying that h(cos#) is twice continuously differentiable. By using
Lemma 3.3, we deduce that the norm of the coefficient vector ¢ of the polynomial Py is bounded

by [lefly < O(B) - (14 0O(e)) = O(B).

Analyzing time and space complexity. The construction of f (z) can be implemented in
bounded-error randomized time O((8’)~°¢~2B2) and space O(log((8')~*¢~1B)), given that this

construction uses Lemma 3.8 with §' = 5 € (0,%] and € = 35. Having f(z), we can

2)
construct a bounded polynomial approximation fz(:z:) deterministically using Lemma 3.3. This
construction can be implemented in deterministic time O(d(7t1/2¢=1/2¢(£)) < O(d?e~1/2) and
space O(log(d3)/2¢73/2B)) < O(log(d*¢3/2B)) since the integrand Fi(6) is a product of a
constant number of (compositions of) holonomic functions (Remark 3.4). Therefore, our con-
struction can be implemented in bounded-error randomized time O (max {(8") e 2B, d26_1/2})

and space O(max{log((6")~*¢"1B),log(d®¢3/2B)}) < O(log(d3(8") e~ 3/2B)). O

With the aid of Theorem 3.7, we can provide a space-efficient polynomial approximation to
the normalized logarithmic function utilized in Lemma 11 of [GL20].

Corollary 3.9 (Space-efficient polynomial approximation to the normalized logarithmic func-
tion). Let 8 € (0,1] and € € (0,1/2), there is an even polynomial P of degree d' = 2d — 1 <
CinB 'loge™, where Pl/ corresponds to some degree-d averaged Chebyshev truncation and Chy
s a universal constant, such that

Vx € [B,1], PR (z) — 21?11((12//365)) < Cine, where Cy, is a universal constant,

Vo e [-1,1],| PR (z)] < 1.

Moreover, the coefficient vector c™ of Pcll? has a norm bounded by ||c™||; < Oy, where Cyy, is an-

other universal constant. In addition, any entry of the coefficient vector c™ can be computed in
bounded-error randomized time O(max{B~°¢ =2, d>¢='/?}) and space O(log(d®*B~*e~3/%)). With-
out loss of generality, we assume that all constants Cy,, C,, and Cy, are at least 1.

Proof. Consider the function f(z) :== 21?15(12%3),) We apply Theorem 3.7 to f by choosing the same
parameters as in Lemma 11 of [GL20], specifically € = ¢/2, 29 =1, r =1— 3, § = 3/2, and
B =1/2.%% This results in a space-efficient randomized polynomlal approximation Py € Rz] of
degree d' = 2d—1 = O(6 'log(e 'B)) < Cpy8 ' loge !, where Py corresponds to some degree-
d averaged Chebyshev truncation and Ci, is a unlverbal constant. By appropriately choosing
n < 1/2 such that C{ e = n/4 for a universal constant C{ , this polynomial approximation By

satisfies the followmg 1nequal1t1es
1f(z) = Pa(2)llpo—p) < Clue =}
de’(x)H[—l,l] <B+CLe<i+Cle=3+
| Par () [l[-1,8/2) < Ciue = 4.

Additionally, the coefficient vector ¢(P) of Py satisfies that ||c(15) |1 < O(B) < Cy, where Cyy, is

a universal constant. Notice that ¢’ = 2(7*(16) = 2(1—%513/2) = 4(1_%/2) = O(f), our utilization of

Theorem 3.7 yields a bounded-error randomized algorithm that requires O(log(d3 (6")~4e3/2B)) =
O(log(d3B~%€=3/2)) space and O(max{(¢8")Pe2B2, d?¢~1/?}) = O(max{f %2, d?¢'/?}) time.

S

(3.12)

36 As indicated in Lemma 11 of [GL20], since the Taylor series of f(x) at x = 1 is m >y (_12111

- — (B - 00<1ﬁ/2)L oo(l)“ L 1 B _ 1
obtain that B = f(5 —1) = 21;1(2//3) 2z = T Im( 2/5) Iy —(8/2-1) = =5y Ing =3
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Furthermore, note that the real-valued function f(x) only defines when = > 0, then~f~’(x) is
not an even polynomial in general. Instead, we consider Pi(z) :== (1 +n) "' (Py(z) + Py (—z))
for all z € [—1,1]. Together with Equation (3.12), we have derived that:

1 () = P ()l g9

<[[f(=) - 1+nPd’ Hﬂ}—l_HH—nPd/( x)H[Bl]

<) = P+ [Poo) = ool + ks Petolloy
<t G+ D+ d

:g“‘ﬁln lern"‘ﬁln g

<n

Here, the last line owes to the fact that n > 0. Consequently, Equation (3.13) implies that
1f(z) — Pi(x)]lj5,1] < 4C} € := Ciye for another universal constant Ci,. Notice P} is an even

polynomial with deg(P%) < C,8~ ' loge™!, Equation (3.12) yields that:

5 5 1
IPR@ - = IPR@ oy < Ik r@ o + ik P @) g < - 52+ 15
Here, the last inequality is due to n < 1/2.

Following the coefficient vector of Py obtained by applying Theorem 3.7 to f, we complete
the proof by noting the coefficient vector ¢ of Pé, satisfies all the desired properties. O

<1

I\J\d

3.2 Applying averaged Chebyshev truncation to bitstring indexed encodings

With space-efficient bounded polynomial approximations of piecewise-smooth functions, it
suffices to implement averaged Chebyshev truncation on bitstring indexed encodings, as specified
in Theorem 3.10. The proof combines Lemma 3.12, Lemma 3.13, and Lemma 3.14.

Theorem 3.10 (Averaged Chebyshev truncation applied to bitstring indexed encodings). Let
A be an Hermitian matriz acting on s qubits, and let U be a (1, a, €1)-bitstring indexed encoding
of A that acts on s+ a qubits. For any degree-d averaged Chebyshev truncation Py(x) = éo/2 +
Zizl ey (x) where d = 2d — 1 < 2060) and Ty, is the k-th Chebyshev polynomial (of the
first kind), equipped with an evaluation oracle Eval that returns &, with precision ¢ = O(e3/d'),
we have the following bitstring indexed encoding of Py(A) depending on whether Py(A) is an
isometry (up to a normalization factor):>"

o Isometry Py(A): We obtain a (1,d’,144d'\/e1||¢||3 + 36€2||€||1)-bitstring indezed encoding

Viormed 0f Py (A) that acts on s+ a’ qubits where a' :== a + [logd'| + 3.

e Non-isometry Py(A): We obtain a (”CHb ,Ad'\/e1||€]|? + ea|€]|1)-bitstring indezed en-
coding Viannorm 0f Py (A) that acts on s+ a' qubits where @ == a + [logd'] + 1.

Let V' be the bitstring indexed encoding of Py(A). The implementation of V requires O(d*ny)
uses of U, Ut, CyuNOT, CyNOT, and multi-controlled single-qubit gates.>® The description
of the resulting quantum circuit of V' can be computed in deterministic time O(d277v log(d/e2)),
space O(max{s(n),log(d/e3)}), and O(d*ny) oracle calls to Eval with precision €. Here, ny =
”éHl Zf V= Vnormed whereas nv = 1 Zf V= Vunnorm-
Furthermore, our construction straightforwardly extends to any linear (possibly non-Hermitian)
operator A by simply replacing Py (A) with Pé,sv)(A) defined in Definition 2.2.

Remark 3.11 (QSVT implementations of averaged Chebyshev truncation preserve the parity).
As shown in Proposition 3.12.1, we can implement the quantum singular value transformation

37TThis condition differs from the one that A is an isometry. Specifically, Py (A) is an isometry (up to a
normalization factor) if A is an isometry, whereas sgn<sv)(A) is an isometry for any A.

38 As indicated in Figure 3(c) of [GSLW19] (see also Lemma 19 in [GSLW18]), we replace the single-qubit gates
used in Lemma 3.12 with multi-controlled (or “multiply controlled”) single-qubit gates.
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TIESV) (A) ezactly for any linear operator A that admits a bitstring indexed encoding, because the
rotation angles corresponding to the k-th Chebyshev polynomials are either 7/2 or (1 — k)7 /2,
indicating that T (0) = 0 for any odd k. We then implement the QSVT corresponding to the
averaged Chebyshev truncation polynomial Py(z) = Zz(i/(; /2 Co141To41(x), as described in
Corollary 3.15, although the actual implementation results in a slightly different polynomial,
Py(x) = Zl(il(;l)ﬁ Cor41To141(x). However, we still have Py(0) = 0 = Py(0), indicating that
the implementations in Theorem 3.10 preserve the parity.

We first demonstrate an approach, based on Lemma 3.12 in [MY23], that constructs Cheby-
shev polynomials of bitstring indexed encodings in a space-efficient manner.

Lemma 3.12 (Chebyshev polynomials applied to bitstring indexed encodings). Let A be a
linear operator acting on s qubits, and let U be a (1, a,€)-bitstring indexed encoding of A that
acts on s+ a qubits. Then, for the k-th Chebyshev polynomial (of the first kind) Ty(x) of degree
k < 2006) there exists a new (1,a + 1, 4k+/€)-bitstring indexed encoding V of T,E,SV) (A) that acts
on s+ a+ 1 qubits. This implementation requires k uses of U, UT, CyNOT, CiNOT, and k
single-qubit gates. Moreover, we can compute the description of the resulting quantum circuit in
deterministic time k and space O(s).

Furthermore, consider A’ .= IIUTL, where 11 and II are the corresponding orthogonal projections
of the bitstring indexed encoding U. If A and A’ satisfy the conditions ||A — A’|| + HA'FTA/ <

and HAJFTA,HQ <, thenV is a (l,a +1, J‘l/%ke)-bitstrmg indexed encoding of Tésv)(A).

Proof. As specified in Proposition 3.12.1, we first notice that we can derive the sequence of
rotation angles corresponding to Chebyshev polynomials Ty (z) by directly factorizing them.

Proposition 3.12.1 (Chebyshev polynomials in quantum signal processing, adapted from Lemma
6 in [GSLW19]). Let Ty, € Rlz| be the k-th Chebyshev polynomial (of the first kind). Consider
the corresponding sequence of rotation angles ® € R¥ such that ¢y == (1 — k)7 /2, and ¢; = 7/2

for all j € [k] \ {1}, then we know that H§=1 [(e"pg‘”) exp(0—i¢j)) <\/1ai7 1_?2 )} = (Tk 7).

Then we implement the quantum singular value transformation TIESV) (A), utilizing an al-
ternating phase modulation (Proposition 3.12.2) with the aforementioned sequence of rotation
angles, denoted by V.

Proposition 3.12.2 (QSVT by alternating phase modulation, adapted from Theorem 10 and
Figure 3 in [GSLW19]). Suppose P € C[z] is a polynomial, and let ® € R™ be the corresponding
HUIL, if n is odd
IUsII, if n is even
single ancillary qubit. Moreover, this implementation in |[GSLW19, Figure 3| makes k uses of
U, UT, CuNOT, CyNOT, and single-qubit gates.

Owing to the robustness of QSVT (Lemma 22 in [GSLW18], full version of [GSLW19]), we
have that HTk(SV)(U) - T,gsv)(U’)H < dky/||[A = A’ = 4k\/e, where U’ is a (1, a,0)-bitstring
indexed encoding of A. Moreover, with a tighter bound for A and A’, namely [|[A — A'|| +
HA%"V > < 1, we can deduce that ||T,§SV)(U) - T,E,SV)(U')H < kﬁ\lﬁl - A <

V2

mke following |[GSLW18, Lemma 23|, indicating an improved dependence of €. Finally, we

sequence of rotation angles. We can construct PSV)(IIUTI) = with a

can compute the description of the resulting quantum circuits in O(log k) = O(s(n)) space and
O(k) times because of the implementation specified in Proposition 3.12.2. O

We then proceed by presenting a linear combination of bitstring indexed encodings, which
adapts the LCU technique proposed by Berry, Childs, Cleve, Kothari, and Somma in [BCC™15],
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and incorporates a space-efficient state preparation operator. We say that Py is an e-state
preparation operator for y if Py|0) :== > " \/7;]i) for some y such that |ly/[|y|i — ¥|li <e.

Lemma 3.13 (Linear combinations of bitstring indexed encodings, adapted from Lemma 29
in [GSLW19]). Given a matrizc A = Z?l_ol yiA; such that each linear operator A; (1 < i < m)
acts on s qubits with the corresponding (||y||1,a, €1)-bitstring indexed encoding U; acting on
s 4+ a qubits associated with projections f[i and I1;. Also each y; (1 <1i < m) can be expressed
in O(s(n)) bits with an evaluation oracle Eval that returns §; with precision ¢ = O(e3/m).
Then utilizing an ea-state preparation operator Py for 'y acting on O(logm) qubits, and a (s +
a + [logm])-qubit unitary W = 70 i) (i| © U; + (I - S i) @ 1, we can implement a
(Iyll, a+[logm], e1|lyl|?+eallyl|l1)-bitstring indexed encoding of A acting on s+a-+[logm] qubits
with a single use of W, Py, P;. In addition, the (classical) pre-processing can be implemented in
deterministic time O(m?log(m/e2)) and space O(log(m/€3)), as well as m? oracle calls to Eval
with precision €.

Proof. For the e-state preparation operator P, such that Py|0) = Y 7" \/§;]i), we utilize a
scheme introduced by Zalka [Zal98] (also independently rediscovered in [GR02| and [KMO1]).
We make an additional analysis of the required classical computational complexity, and the proof
can be found in Appendix A.2.

Proposition 3.13.1 (Space-efficient state preparation, adapted from [Zal98, KMO01, GR02]).
Given an l-qubit quantum state |) = > 7" \/;|i), where | = [logm] and §; are real amplitudes
associated with an evaluation oracle Eval(i,e) that returns §; up to accuracy € we can prepare
[v) up to accuracy € in deterministic time O(m?log(m/e)) and space O(log(m/€?)), together
with m? evaluation oracle calls with precision € == O(e%/m).

Now consider the bitstring indexed encoding (P;@I 5) W (Py®I 5) of A acting on s+a+[logm|
qubits. Let y; := v;/||yl|l1, then we obtain the implementation error:

1A= Iyl (10)(0] @ TT) (P} @ LYW (P, @ I,) (|0)(0] @ TI) |
= A= llylh X7 Gl UL|
<[[A = llylh 3" vILUTL | + [yl X7 (v — 6) TR
Iyl %" willAs - UL + ezl
<ellylli + e2lly |-

Here, the third line is due to the triangle inequality, the fourth line owes to Proposition 3.13.1,
and the fifth line is because Uj is a (1, a, €1)-bitstring indexed encoding of A; for 0 <i <m. O

To make the resulting bitstring indexed encoding from Lemma 3.13 with @ = 1, we need to
perform a renormalization procedure to construct a new encoding with the desired . We achieve
this by extending the proof strategy outlined by Gilyen [Gill9, Page 52] for block-encodings to
bitstring indexed encodings, which works merely for isometries (up to a normalization factor).
The renormalization procedure is provided in Lemma 3.14, and the complete proof is available
in Appendix A.2. Additionally, a similar result has been established in [MY23, Lemma 7.10].

Lemma 3.14 (Renormalizing bitstring indexed encoding). Let U be an (o, a, €)-bitstring indezed
encoding of A, where a > 1 and 0 < € < 1, and A is an isometry acting on s(n) qubits. We can
implement a quantum circuit V', serving as a normalization of U, such that V is a (1,a+ 2, 36¢)-
bitstring indexed encoding of A. This implementation requires O(a) uses of U, UT, CpNOT,

39Renormalizing bitstring indexed encodings of non-isometries for space-efficient QSVT seems achievable by
mimicking [GSLW19, Theorem 17]. This approach cleverly uses space-efficient QSVT with the sign function
(Corollary 3.15), where the corresponding encoding can be re-normalized by carefully using Lemma 3.14. Never-
theless, since this renormalization procedure is not required in this paper, we leave it for future work.
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CiNOT, and O(«) single-qubit gates. Moreover, the description of the resulting quantum circuit
can be computed in deterministic time O(a) and space O(s).

Finally, we combine Lemma 3.12, Lemma 3.13, and Lemma 3.14 to proceed with the proof
of Theorem 3.10.

Proof of Theorem 3.10. By using Lemma 3.12, we obtain (1,a + 1,4k,/€;)-bitstring indexed
encodings V} corresponding to Ty (A), where 1 < k < d’ = 2d — 1. The descriptions of quantum
circuits {V;}¢_, can be computed in O(s(n)) space and Zi/:ok = O(d?) time. Employing
Lemma 3.13, we obtain a (||€||1,a, 4k\/€1]|€]|? + €2]|€|[1)-bitstring indexed encoding Vinnorm for
Py(A) =¢p/2 + Zzlzl ¢TIk (A), where @ := a + [logd] 4+ 1. The remaining analysis depends on
whether Py (A) is an isometry (up to a normalization factor):

e Isometry Py(A): We can renormalize Vipnorm by utilizing Lemma 3.14 and obtain a
(1,d’,144k /e1||e]|? + 36€2]|¢]|1)-bitstring indexed encoding Vieormea that acts on s + o/
qubits, where @’ := a+2 = a+ [logd’'] +3. A direct calculation shows that the implemen-
tation of Viormeq makes Zzlzl k-O(||e]l1) = O(d?||e]1) uses of U, UT, CuNOT, CyNOT,
and multi-controlled single-qubit gates. The description of the quantum circuit Viormed
thus can be computed in deterministic time

max{O((d')?[|¢[l1 log(d'/e2)), O((d')?[|€]1)} = O(d||&||1 log(d/e2))
and space O(max{s(n),d'/e3}) = O(max{s(n),d/e3}), as wellas O((d')?||e[1) = O(d?||€||1)
oracle calls to Eval with precision ¢.
e Non-isometry Py(A): We simply use the bitstring indexed encoding Vinnorm without
renormalizing it. Similarly, the implementation of Vynnerm makes O(d?) uses of U, UT,
CnNOT, CzNOT, and multi-controlled single-qubit gates. Therefore, the description of

the quantum circuit Vipnorm can be computed in deterministic time O~(d2 log(d/e2)) and
space O(max{s(n),d/e3}), as well as O(d?) oracle calls to Eval with precision .

Finally, we can extend our construction to any linear operator A by replacing Py (A) with

PCE,S V) as defined in Definition 2.2, taking into account that the Chebyshev polynomial (of the
first kind) T} is either an even or an odd function. O

3.3 Examples: the sign function and the normalized logarithmic function

In this subsection, we provide explicit examples that illustrate the usage of the space-efficient
quantum singular value transformation (QSVT) technique. We define two functions:

1 x>0
’ In(1/x)
=) _ 1 ="
sgn(z) 1, <0 and ng(x) S(2/5)
0, z=0

In particular, the sign function is a bounded function, and we derive the corresponding
bitstring indexed encoding with deterministic space-efficient (classical) pre-processing in Corol-
lary 3.6. On the other hand, the logarithmic function is a piecewise-smooth function that is
bounded by 1, and we deduce the corresponding bitstring indexed encoding with randomized
space-efficient (classical) pre-processing in Corollary 3.9.

Corollary 3.15 (Sign polynomial with space-efficient coefficients applied to bitstring indexed
encodings). Let A be an Hermitian matrixz that acts on s qubits, where s(n) > Q(log(n)). Let U
be a (1, a, €)-bitstring indezed encoding of A that acts on s+a qubits. Then, for any d’ < 20(s(")
and €3 > 2796 we have an (1,a + [logd'] + 3, 144C'szgndei/2 + (36Csgn + 37)€2)) -bitstring
indexed encoding V ofPS,gn(A), where Pj,gn is a space-efficient bounded polynomial approximation
of the sign function (corresponding to some degree-d averaged Chebyshev truncation) specified

32



in Corollary 5.6, and C’sgn is a universal constant. This implementation requires O(d?) uses of
U, Ut, ChNOT, CyNOT, and O(d?) multi-controlled single-qubit gates. The description of V
can be computed in deterministic time O(e; *d*/?) and space O(s(n)).

Furthermore, our construction directly extends to any non-Hermitian (but linear) matriz A by

simply replacing P3*" (A) with Ps(gsl}/g(A) defined in the same way as Definition 2.2.

Proof. Following Corollary 3.6, we have P (x) = ¢y/2 + Zi/:l ¢k Ty (), where d = 2d — 1 and
d = O(6 'loge!). The approximation error is given by:
Vo e [-1,1]\ [-4,4], [sgn(z) — PP (x)] < Csgne = €. (3.14)
To implement Eval with precision ¢ = O(e2/d'), we can compute the corresponding entry ¢ of
the coefficient vector, which requires deterministic time 0(5*1/ 2(d)?) = O(ey 1d5/2) and space
O(log(5_3/2(d’)3)) = O(log(eggdgﬂ)).
Note that Pj"(A) is a non-isometry (up to a normalization factor) and ||¢[; < C’Sgn Using
Theorem 3.10, we have a (C’sgn, un, 4d’ C'Szgn /2 + ngn€2) bitstring indexed encoding Vyn, with

projections IT and II, that acts on s + ay, qubits and ay, == a + [logd'] + 1.

Renormalizing the encoding of P;?"(A). Notably, the renormalization procedure (Lemma 3.14)
is still applicable when P;,gn(A) is restricted to appropriately chosen subspaces I';, and I'g. Let
A= Zrank (4) Jiuivj be the singular value decomposition of A. We define A5 := )", 5i>6 O’Z‘uiVI ,
as well as subspaces I'f, := span{u;|o; > 0} and I'p = span{vﬂai > §}. Consequently, we obtain
the following for the bitstring indexed encoding V;, with projections II and II:
Isgn®¥) (As5) = CognTllr, Vil
<[lsen®V) (A5) — P (Ass)l + |1 P3"(Ass) — CsgnIl|r, ViuITr .|
<es + || P (Ass) — CognlIVi 11|

<ey +4d'C2 1 + Cognea.

sgn€

(3.15)

Here, the second line owes to the triangle inequality, the third line is due to Equation (3.14),

and the last line is because V,, is a (Osgn, Qun, 4d'C2, € 1/ 2

sen€l t+ ngn€2> bitstring indexed encoding
of Pi¥"(Ass). Note that sgnSV) (A ;) is an isometry, and Equation (3.15) implies that V4, is a
projected unitary encoding of sgn(sv)(A>5). By applying Lemma 3.14 to V}, with projections
Mfr, and T|r,, we can obtain a (1, au, + 2,144d'C2, € 1/2 + 36(Clgn + 1)e2)-projected unitary

encoding of sgn(®V)(Ass), denoted as V. Consequenstgl;, we can derive that:
125" (Ass) = Tr, Vil |
<P () — sV ()| + [5gnY) (Ass) — T, VTl (3.16)
<ey + 144d'C2 e}/* + 36(Cign + 1)ea.

sgn€

Here, the second line follows from the triangle inequality, and the third line additionally owes
to Equation (3.14). Note that Lemma 3.14 essentially applies a Chebyshev polynomial to Vy,
and preserves the projections II|p, and II|r,, then we have |IIVII|| < 1. Therefore, following

Equation (3.16), we conclude that Psgn(A) has a (1,d' 144d’C'2 1/2 (36@Sgn+37)62)—bitstring

sgn€

indexed encoding V' that acts on s 4+ a’ qubits, where o’ == a + [log d] + 3.4

Lastly, we can complete the remained analysis similar to Theorem 3.10 with an isometry
Py(A). Since [|€]i < Csgn < O(1), the quantum circuit of V makes O(d?) uses of U, UT,
CnNOT, and CyNOT as well as O(d?) multi-controlled single-qubit gates. We note that
d < 206(M) and ey > 2796(M)  Moreover, we can compute the description of V in O(s(n))

10We are somewhat abusing notations — strictly speaking, V corresponds P;,gn(A), where ]5;,3;" is another
polynomial satisfying all requirements in Corollary 3.6 but does not necessarily exactly coincide with P3#".
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space since each oracle call to Eval with precision € can be computed in O(log(e; >d?/?)) space.
Additionally, the time complexity for computing the description of V is

max{O0(d? log(d/e3)), O(d?) - O(e;1d>/?)} = O(e;1d*/?). —

Corollary 3.16 (Log polynomial with space-efficient coefficients applied to bitstring indexed
encodings). Let A be an Hermitian matriz that acts on s qubits, where s(n) > Q(log(n)). Let U
be a (1, a, e1)-bitstring indexed encoding of A that acts on s+a qubits. Then, for any d = 2d—1 <
20((n) ¢y > 270G gnd B > 2796M)  we have a (C‘ln,a + [logd] + 1,4d Alznei/Q + éln62)-
bitstring indexed encoding V' of Pcll?(A), where Pcll? is a space-efficient bounded polynomial approz-
imation of the normalized log function (corresponding to some degree-d averaged Chebyshev trun-
cation) specified in Corollary 3.9, and Chn is a universal constant. This implementation requires
O(d?) uses of U, Ut, CuNOT, CiNOT, and multi-controlled single-qubit gates. Moreover, we
can compute the description of the resulting quantum circuit in bounded-error randomized time

O(max{f~%e;*d*, e5*d?/?}) and space O(s(n)).

Proof. Following Corollary 3.9, we have P¥(z) = /2 + Zi;l Ty (x), where PR corresponds
to some degree-d averaged Chebyshev truncation and d’ = 2d — 1 < O(6 'loge™!). For any
Ing(x), we have | Ing(x) — P#(z)| < Ciye := € for all # € [8,1]. To implement Eval with precision
€= O(e% /d), we can compute the corresponding entry c}ﬁn of the coeflicient vector by a bounded-
error randomized algorithm. This requires O(log(8~%~%/2d%)) = O(log(5_4ez_3d9/2)) space and
O(max{f5e2,e71/24%}) = O(max{ﬁ_5654d2,651d5/2}) time. Applying Theorem 3.10 with
ey < éln, we conclude that Pé? has a (C’ln, a, 4dCA’12ne}/2 + C’lneg)—bitstring indexed encoding
V that acts on s + @ qubits, where @ := a + [logd'] + 1.

Furthermore, the quantum circuit of V makes O((d")?) = O(d?) uses of U, UT, CyNOT,
CyNOT, and multi-controlled single-qubit gates. We note that d' = 2d — 1 < 20((n) ¢y >
2706M) and g > 2796M)  Additionally, we can compute the description of V in O(s(n))
space since each oracle call to Eval with precision € can be computed in O(log(8~%e; 3d9/2))
space. The time complexity for computing the description of V' is given by:

max{O(d*log(d/e2)), O(d*)O(max{B e, *d?, 651d5/2}) = O(max{f~%e; d*, 651d9/2}). (3.17)

Finally, to guarantee that the probability that all O((d')?) = O(d?) oracle calls to Eval
succeed is at least 2/3, we use a (41nd’)-time sequential repetition of Eval for each oracle call.
Together with the Chernoff-Hoeffding bound and the union bound, the resulting randomized
algorithm succeeds with probability at least 1 — (d’)? - 2exp(—4Ind’) > 2/3. We further note
that the time complexity specified in Equation (3.17) only increases by a 41nd’ factor. O

3.4 Application: space-efficient error reduction for unitary quantum com-
putations

We provide a unified space-efficient error reduction for unitary quantum computations. In
particular, one-sided error scenarios (e.g., RQuL and coRQuL) have been proven in [Wat01], and
the two-sided error scenario (e.g., BQuL) has been demonstrated in [FKLT16].

Theorem 3.17 (Space-efficient error reduction for unitary quantum computations). Let s(n)
be a space-constructible function, and let a(n), b(n), and l(n) be deterministic O(s(n)) space
computable functions such that a(n) — b(n) > 27°CM) we know that for any l(n) < O(s(n)),
there is d := I(n)/max{\/a — Vb,/1 —b — /1 — a} such that

BQuSPACE[s(n), a(n), b(n)] € BQuSPACE[s(n) + [logd] + 1,1 — 271" 2=l)],

Furthermore, for one-sided error scenarios, we have that for any l(n) < 20(s(n) ;

RQuSPACE[s(n), a(n)] € RQuSPACE[s(n) + [logdo] + 1,1 — 271 where dy = %
coRQUSPACE[s(n), b(n)] € coRQUSPACE[s(n) + [logdi] + 1,27'™] where dy = %
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By choosing s(n) = ©(log(n)), we derive error reduction for logarithmic-space quantum
computation in a unified approach:

Corollary 3.18 (Error reduction for BQuL, RQuL, and coRQuL). For deterministic logspace
computable functions a(n), b(n), and l(n) satisfying a(n) — b(n) > 1/poly(n) and l(n) <
O(logn), we have the following inclusions:

BQuL[a(n), b(n)] € BQuL[L — 271 2=1(m],
RQuL[a(n)] € RQuL[L — 271,
coRQuL[b(n)] € coRQuL[27!(™].

The construction specified in Theorem 3.17 crucially relies on Lemma 3.19. And the proof of
Lemma 3.19 directly follows from Theorem 20 in [GSLW19], which is deferred to Appendix A.3.

CB
CR

Lemma 3.19 (Space-efficient singular value discrimination). Let 0 < a < <1 and U be a
(1,0,0)-bitstring indexed encoding of A = IIUTL, where U acts on s qubits and s(n) > Q(logn).
Consider an unknown quantum state |1), with the promise that it is a right singular vector of A
with a singular value either above o or below 3. There is a degree-d' polynomial P, where d' =
O~ oge™) and § == max{f — a, V1 — a2 — \/1 — B2}/2, such that there is a singular value
discriminator Up that distinguishes the two cases with error probability at most €. Moreover,
the discriminator Up achieves one-sided error when oo =0 or g = 1.

Furthermore, the quantum circuit implementation of Up requires O(d?) uses of U, UT, CuNOT,
CyNOT, and multi-controlled single-qubit gates. In addition, the description of the implemen-

tation can be computed in deterministic time O(e~'6~9/2) and space O(s(n)).

Finally, we provide the proof of Theorem 3.17, which closely relates to Theorem 38 in [GSLW 18]
(the full version of [GSLW19]).

Proof of Theorem 5.17. 1t suffices to amplify the promise gap by QSVT. Note that the proba-
bility that a BQuSPACE[s(n)] circuit C, accepts is Pr[C, accepts] = |||1){1|outC|0¥T™)]12 > a
for yes instances, whereas Pr[C, accepts | = |||1){1|outCz|0¥T™)||3 < b for no instances. Then
consider a (1,0, 0)-bitstring indexed encoding M, = IuC,IT, such that ||M|| > +/a for
yes instances while ||M,]| < Vb for no instances, where Iy, = [0) (0|**™ and Il =
[1)(1|out @ Ipmtk—1. Since [|[My|| = omax(Mz) where omax (M) is the largest singular value of
M,, it suffices to distinguish the largest singular value of M, are either above y/a or below v/b.
By setting « == \/a, = Vb and e := 271" this task is a direct corollary of Lemma 3.19. [

4 Space-bounded quantum state testing

We begin by defining the problem of quantum state testing in a space-bounded manner:

Definition 4.1 (Space-bounded Quantum State Testing). Given polynomial-size quantum cir-
cuits (devices) Qo and @)1 that act on O(logn) qubits and have a succinct description (the “source
code” of devices), with r(n) specified output qubits, where r(n) is a deterministic logspace com-
putable function such that 0 < r(n) < O(log(n)). For clarity, n represents the (total) number
of gates in Qg and Q1.*' Let p; denote the mixed state obtained by running Q; on the all-zero
state |0) and tracing out the non-output qubits.

We define a space-bounded quantum state testing problem, with respect to a specified distance-
like measure, to decide whether pg and p; are easily distinguished or almost indistinguishable.
Likewise, we also define a space-bounded quantum state certification problem to decide whether
po and p; are easily distinguished or ezactly indistinguishable.

41Tt is noteworthy that in the time-bounded scenario, the input length of circuits, the size of circuit descriptions,
and the number of gates in circuits are polynomially equivalent. However, in the space-bounded scenario, only the
last two quantities are polynomially equivalent, and their dependence on the first quantity may be exponential.
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We remark that space-bounded quantum state certification, defined in Definition 4.1, repre-
sents a “white-box” (log)space-bounded counterpart of quantum state certification [BOW19].

Remark 4.2 (Lifting to exponential-size instances by succinct encodings). For s(n) space-uniform
quantum circuits Qo and @7 acting on O(s(n)) qubits, if these circuits admit a succinct en-
coding,*” namely there is a deterministic O(s(n))-space Turing machine with time complexity
poly(s(n)) can uniformly generate the corresponding gate sequences, then Definition 4.1 can be
extended to any s(n) satisfying Q(logn) < s(n) < poly(n).**

Next, we define space-bounded quantum state testing problems, based on Definition 4.1,
with respect to four commonplace distance-like measures.

Definition 4.3 (Space-bounded Quantum State Distinguishability Problem, GAPQSD),,).
Consider deterministic logspace computable functions a(n) and B(n), satisfying 0 < §(n) <
a(n) <1 and a(n) — S(n) > 1/ poly(n). Then the promise is that one of the following holds:

e Yes instances: A pair of quantum circuits (Qo, Q1) such that td(pg, p1) > a(n);

e No instances: A pair of quantum circuits (Qo, @1) such that td(po, p1) < B(n).

Moreover, we also define the certification counterpart of GAPQSD)yg, referred to as CERTQSD)g,
given that 8 = 0. Specifically, CERTQSDjog[cr(n)] := GAPQSDjog[cr(n), 0].

Likewise, we can define GAPQJS); and GAPQHS,, also the certification version CERTQHS)g,
in a similar manner to Definition 4.3 by replacing the distance-like measure accordingly:

e GAPQIS yla(n), B(n)]: Decide whether QIS (o, p1) > a(n) or QIS (po, p1) < B(n);
o GAPQHS,[a(n), B(n)]: Decide whether HS?%(po, p1) > a(n) or HS*(pg, p1) < B(n).

Furthermore, we use the notation CERTQSDjee to indicate the complement of CERTQSD)qg
with respect to the chosen parameter a(n), and so does CERTQHSq,.

Definition 4.4 (Space-bounded Quantum Entropy Difference Problem, GAPQED),,). Consider
a deterministic logspace computable function g : N — R, satisfying g(n) > 1/poly(n). Then
the promise is that one of the following cases holds:

e Yes instance: A pair of quantum circuits (Qo, Q1) such that S(pg) — S(p1) > g(n);
e No instance: A pair of quantum circuits (Qo, Q1) such that S(p1) — S(po) > g(n).

Novel complete characterizations for space-bounded quantum computation. We now
present the main theorems in this section and the paper. Theorem 4.5 establishes the first family
of natural coRQuL-complete problems. By relaxing the error requirement from one-sided to two-
sided, Theorem 4.6 identifies a new family of natural BQL-complete problems on space-bounded
quantum state testing. It is noteworthy that Theorem 4.5 and Theorem 4.6 also have natural
exponential-size up-scaling counterparts.**

Theorem 4.5. The computational hardness of the following (log)space-bounded quantum state
certification problems, for any deterministic logspace computable a(n) > 1/ poly(n), is as follows:

(1) CERTQSD)oglcx(n)] is coRQuL-complete;

(2) CERTQHS|og[a(n)] is coRQuL-complete.

“2For instance, the construction in [FL18, Remark 11|, or [PY86, BLT92| in general.

43Tt is noteworthy that Definition 4.1 (mostly) coincides with the case of s(n) = ©(logn) and directly takes
the corresponding gate sequence of Qo and (); as an input.

44We can naturally extend Theorem 4.5 and Theorem 4.6 to their exponential-size up-scaling counterparts with
2796 _precision, employing the extended version of Definition 4.1 outlined in Remark 4.2, thus achieving the
complete characterizations for coRQuSPACE[s(n)] and BQPSPACE[s(n)], respectively.

36



Theorem 4.6. The computational hardness of the following (log)space-bounded quantum state
testing problems, where a(n) — B(n) > 1/ poly(n) or g(n) > 1/poly(n) as well as a(n), 5(n),
g(n) can be computed in deterministic logspace, is as follows:

1) GAPQSDiggla(n), B(n)] is BQL-complete;

(1)

(2) GAPQEDiglg(n)] is BQL-complete;

(3) GAPQJSieg[cr(n), B(n)] is BQL-complete;
(4)

4) GAPQHS og[a(n), B(n)] is BQL-complete.

To establish Theorem 4.5 and Theorem 4.6, we introduce a general framework for space-
bounded quantum state testing in Section 4.1. Interestingly, BQL and coRQuL containments
for these problems with respect to different distance-like measures, utilizing our general frame-
work, correspond to approximate implementations of distinct two-outcome measurements. The
main technical challenges then mostly involve parameter trade-offs when using our space-efficient
QSVT to construct these approximate measurement implementations. We summarize this cor-
respondence in Table 2 and the associated subsection, which provides the detailed proof.

Two-outcome measurement

Distance-like measure State testing State certification T, for b e {0, 1}
Iy GO (SV) (pozpL
Trace distance GAPQSDIOg CERT.QSDlog g+ sen ( 2 )
Section 4.2 Section 4.4 for po and p:
APQED I_ (=1)° _In(p)
Quantum entropy difference %AP% IS log Nome 2 2 2In(2/B)
Quantum JS divergence o Plog for pi where i € {0, 1}
Section 4.3 and A(p:) € [, B]
APQH I (="
Hilbert-Schmidt distance 7 QHlog  CERTQHS105 2t SWAP
Appendix B Section 4.4 for po ® p1

Table 2: The correspondence between the distance-like measures and measurements.

Notably, the measurement corresponding to the trace distance in Table 2 can be viewed
as an algorithmic Holevo-Helstrom measurement, as discussed further in Section 5. Lastly, the
corresponding hardness proof for all these problems is provided in Section 4.5.

4.1 Space-bounded quantum state testing: a general framework

In this subsection, we introduce a general framework for quantum state testing that utilizes
a quantum tester 7. Specifically, the space-efficient tester T succeeds (outputting the value “0”)
with probability x, which is linearly dependent on some quantity closely related to the distance-
like measure of interest. Consequently, we can obtain an additive-error estimation z of x with
high probability through sequential repetition (Lemma 2.16).

To construct T, we combine the one-bit precision phase estimation [Kit95], commonly known
as the Hadamard test [AJL09], for block-encodings (Lemma 4.9), with our space-efficient quan-
tum singular value transformation (QSVT) technique, which we describe in Section 3.

Constructing a space-efficient quantum tester. We now provide a formal definition and the
detailed construction of the quantum tester 7. The quantum circuit shown in Figure 2 defines
the quantum tester 7(Q, U4, Py, €) using the following parameters with s(n) = O(logn):
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Up 2 (A)

Figure 2: Quantum tester 7(Q, Uy, Py, ¢€): the circuit implementation.

e A s(n)-qubit quantum circuit @) prepares the purification of an r(n)-qubit quantum state
p where p is the quantum state of interest;

o Uyisa (1,s(n) —r(n),0)-block-encoding of an r(n)-qubit Hermitian operator A where A
relates to the quantum states of interest and r(n) < s(n);

e Py is the space-efficiently computable degree-d’ polynomial defined by Equation (2.3)
obtained from some degree-d averaged Chebyshev truncation Py with d’ = 2d — 1, where
Py(x) = é9/2 + Zzlzl ¢ Tr(x) € Rlz] and T} is the k-th Chebyshev polynomial, with
d < 206() guch that the coefficients ¢ = (o, ,¢q¢) can be computed in bounded-
error randomized space O(s(n));

e ¢ is the precision parameter used in the estimation of z, with e > 2-0((),

Leveraging our space-efficient QSVT, we assume that there is an (a, *, *)-block-encoding of
Py (A), which is an approximate implementation of U P, (A) in Figure 2. Now, we can define the

corresponding estimation procedure, ’7AV(Q, Ua, Py, €, ep,0), namely a quantum algorithm that
computes an additive-error estimate ax of Re(Tr(Py(A)p)) from the tester T(Q,Ua, Py, ¢).
Technically speaking, 7 outputs & such that |aZ — Re(Tr(Py(A)p))| < ||€]l1€ + ey with prob-
ability at least 1 — d. Now we will demonstrate that both the tester 7 and the corresponding
estimation procedure T are space-efficient:

Lemma 4.7 (Quantum tester 7 and estimation procedure T are space-efficient). Assume that
there is an (a, , ¥)-block-encoding of Py (A) that approzimately implements Up,, (A), where a is
either ||€||1 or 1 based on conditions of Py and A. The quantum tester T(Q,Uax, Py, €), as spec-
ified in Figure 2, accepts (outputting the value “0”) with probability &(1+ 1 Re(Tr(Py(A)p))) £
%Hé”le In addition, 7A'(Q, Ua, Py,e,ep,0) outputs T such that, with probability at least 1 — 0,
it holds that ||ax — Re(Tr(Py(A)p))|| < ||€]l1e + aen.

Moreover, we can compute the quantum circuit description of T in deterministic space O(s +
log(1/€)) given the coefficient vector ¢ of Py. Furthermore, we can implement the corresponding
estimation procedure T in bounded-error quantum space O(s+log(1/€)+log(1/er)+loglog(1/6)).

We first provide two useful lemmas for implementing our quantum tester 7. It is noteworthy
that Lemma 4.8 originates from [LC19], as well as Lemma 4.9 is a specific version of one-bit
precision phase estimation (or the Hadamard test) [Kit95, AJL09].

Lemma 4.8 (Purified density matrix, [GSLW19, Lemma 25|). Suppose p is an s-qubit density
operator and U is an (a + s)-qubit unitary operator such that U|0)®*|0)®5 = |p) and p =
Tra(|p){(pl). Then, we can construct an O(a+s)-qubit quantum circuit U that is an (O(a+s),0)-
block-encoding of p, using O(1) queries to U and O(a + s) one- and two-qubit quantum gates.

Lemma 4.9 (Hadamard test for block-encodings, adapted from [GP22, Lemma 9]). Suppose U
is an (a + s)-qubit unitary operator that is a block-encoding of s(n)-qubit operator A. We can
implement an O(a+ s)-qubit quantum circuit that, on input s(n)-qubit quantum state p, outputs

0 with probability w_
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Finally, we proceed with the actual proof of Lemma 4.7.

Proof of Lemma 4.7. Note that U4 is a (1, a,0)-block-encoding of A, where a = s —r.

We first consider the case where a = ||¢||;, which holds for any Py and A. By Theo-
rem 3.10 with € := 0 and €3 := €, we can implement an O(s)-qubit quantum circuit U’ that is a
(|lell1, @, €]|&]|1)-block-encoding of Py (A), using O(d?) queries to Ua, where & = a + [logd'] + 1.
Assume that U’ is a (1, @, 0)-block-encoding of A’, then ||||¢||1A’— Py (A)|| < ||€||1e. Additionally,
we can compute the quantum circuit description of U’ in deterministic space O(s + log(1/¢))
given the coefficient vector ¢ of Py. As the quantum tester 7(Q,Ua, Py, €) is mainly based on
the Hadamard test, by employing Lemma 4.9, we have that T outputs 0 with probability

Prlz = 0] = %(1 + Re(Tr(4'p))) = % <1 + Re <Tr<]7(’lé(u‘f) p)>> + %e.

It is left to construct the estimation procedure 7. As detailed in Lemma 2.16, we can obtain an
estimation Z by sequentially repeating the quantum tester T(Q,Ua, Py, €) for O(1/€%) times.
This repetition ensures that |Z — Re(Tr(A’p))| < em holds with probability at least (1), and
derives an further implication on Py (A):

Pr{[[[e[liz — Re(Tr(Pa (A)p))| < (€ + em)ll€]n] = 2(1).
We thus conclude that construction of the estimation procedure 7'(@, Ua, Py, €, ep,0) by utiliz-
ing O(log(1/3)/€2) sequential repetitions of T(Q,Ua, Py,€). Similarly following Lemma 2.16,
7’(@, Ua, Py, €,€m,0) outputs an estimation z satisfies the following condition:

Prll[le]iz — Re(Tr(Py (A)p))] < (e +em)ll€[l] = 1 — 0.

In addition, a direct calculation indicates that we can implement 7'(Q, Ua, Py, €, ep,0) in quan-
tum space O(s + log(1/€) + log(1/em) + loglog(1/4)) as desired.

Next, we move to the case where a = 1, applicable to certain Py and A, namely when Py (A)
is an isometry in Theorem 3.10 or Py = P;}gn in Corollary 3.15. The proof is similar, and we
just sketch the key points as follows. Using Theorem 3.10 with €; := 0 and €3 = €/36, we can
implement an O(s)-qubit quantum circuit U’ that is a (1, d’, €||¢||1)-block-encoding of Py (A),
using O(d?||¢||1) queries to Uga, where @’ = a + [logd'] + 3. Assume that U’ is a (1,a’,0)-block-
encoding of A’, then |4’ — Py (A)|| < ||€[[1e. Similarly, 7 outputs 0 with probability

1 1 L.
Prjz =0] = 5(1 + Re(Tr(A'p))) = 5 (14 Re(Tr (Py(A)p))) + §Hc||1e. (4.1)
Therefore, we can obtain an estimate T such that
Pr[|Z — Re(Tr(Py (A)p))| < ||€]1e +ey] > 1 —0. (4.2)

Analogously, using Corollary 3.15 with €1 := 0 and €3 == e/(36@sgn+37) when Py = P, we
can also obtain the corresponding formulas of Equation (4.1) and Equation (4.2) by substituting
l|€]l1 with Cggn, where [|€%8"|| < Cygy is a constant defined in Corollary 3.6. O

4.2 GAPQSDy is in BQL

In this subsection, we demonstrate Theorem 4.10 by constructing a quantum algorithm that
incorporates testers T(Qi, Upo—py , Py, €) for i € {0, 1}, where the construction of testers utilizes

the space-efficient QSVT associated with the sign function.

Theorem 4.10. For any functions a(n) and S(n) that can be computed in deterministic logspace
and satisfy a(n) — B(n) > 1/ poly(n), we have that GAPQSDieg[x(n), B(n)] is in BQL.

Proof. Inspired by time-efficient algorithms for the low-rank variant of GAPQSD [WZ24|, we
devise a space-efficient algorithm for GAPQSD),, presented formally in Algorithm 1.
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Algorithm 1: Space-efficient algorithm for GAPQSD),,.

Input : Quantum circuits @; that prepare the purification of p; for i € {0,1}.
Output: An addltlve—error estimation of td(po, p1)-

6 — e 1 €
Params: ¢ : ;0= 5igg, € (36Cbgn+2ngn+37) d" = Cggn- 6log =2d-1,eg = §.
1. Construct block—encodlngs of pop and p1, denoted by U,, and U,,, respectively, using

O(1) queries to Qo and @1 and O(s(n)) ancillary qubits by Lemma 4.8;
po—p1
2

2. Construct a block-encoding of , denoted by U py—p, , using O(1) queries to Up,

2
and U,, and O(s(n)) ancillary qubits by Lemma 3.13;

Let P;,gn be the degree-d’ polynomial specified in Corollary 5.6 with parameters 6 and e,
and its coefﬁcz'ents {en}d o are computable in deterministic space O(log(d/e));
3. Set To = (QOa UPO P15y ;;gna €, €H, 1/10)7 T = 72(@17 UPO_PI 7P;/gn7 €, €H, 1/10)7
2 2
4. Compute z = (xg — 21)/2. Return “yes” if z > (o + )/2, and “no” otherwise.

Let us demonstrate the correctness of Algorithm 1 and analyze the computational complexity.
We focus on the setting with s(n) = ©(logn). We set ¢ == (a — 3)/4 > 279) and assume
that Qo and @) are s(n)-qubit quantum circuits that prepare the purifications of py and py,
respectively. According to Lemma 4.8, we can construct O(s)-qubit quantum circuits U,, and
Up,, that encode pg and p1 as (1,0(s),0)-block-encodings, using O(1) queries to Qp and Q1 as
well as O(1) one- and two-qubit quantum gates. Next, we apply Lemma 3.13 to construct a
(1,0(s), 0)-block-encoding U py-p;, o) of 25L1 “using O(1) queries to Q,, and Q,,, as well as O(1)

one- and two-qubit quantum gates

. _E — € AL 1 1 O(s(n S
Let 5 = 9r¥3> € = 2(36ésgn+2csgn+37)7 and d = ngn 5 log P S 2 ( ( ))7 Where OSgIl comes

from Corollary 3.6. Let P;*" € R[z] be the polynomial specified in Corollary 3.6 with d’ = 2d—1.

Let ey = ¢/4. By employing Corollary 3.15 (with €1 := 0 and ez = ¢€) and the corresponding

estimation procedure T(Qi, U, , P3¥",O(€), e, 1/10) from Lemma 4.7, we obtain the values
2

x; for i € {0,1}, ensuring the following inequalities:

Pr[ x; — Tr (Ps,gn<p0 ; pl)m)

Here, the implementation uses O(d?) queries to U,y—p, and O(d?) multi-controlled single-qubit
2

< (36Csgn + 37)e + e | > 0.9 for i € {0,1}. (4.3)

gates. Moreover, the circuit descriptions of 'f'(QZ, Up();pl ,Ps/gn, €,€,1/10) can be computed in

deterministic time O(d%?/e) and space O(s(n)).

Now let x := (z¢p — x1)/2. We will finish the correctness analysis of Algorithm 1 by showing
Pr{|z — td(po, p1)| < €] > 0.8 through Equation (4.3). By considering the approximation error
of P3¥" in Corollary 3.6 and the QSVT implementation error in Corollary 3.15, we derive the
following inequality in Proposition 4.10.1, and the proof is deferred to Appendix B.1:

Proposition 4.10.1. Pr[|a: —td(po, p1)| < (36@’Sgn + 2Csgn + 37)e + € + 2rtls] > 0.8.

Under the aforementioned choice of §, €, and ey, we have ey = /4, 27116 = ¢/4, and
(36Csgn + 2Csen + 37)e < €/2, and thus Pr[|z — td(po, p1)|] > 0.8.

Finally, we analyze the computational resources required for Algorithm 1. According to
Lemma 4.7, we can compute z in BQL, with the resulting algorithm requiring O(d?/e%) =
~(227" /e*) queries to Qp and Q1. In addition, its circuit description can be computed in deter-
ministic time O(d%/?/e) = O(2%5" /&55). O
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4.3 GAPQED),, and GAPQJS,, are in BQL

In this subsection, we will demonstrate Theorem 4.11 by devising a quantum algorithm that
encompasses testers T (Qs, Up,, Pcll?, €) for i € {0,1}, where the construction of testers employs
the space-efficient QSVT associated with the normalized logarithmic function. Consequently,
we can deduce that GAPQJS), is in BQL via a reduction from GAPQJSjog to GAPQED),.

Theorem 4.11. For any deterministic logspace computable function g(n) that satisfies g(n) >
1/ poly(n), we have that GAPQEDiog[g(n)] is in BQL.

Proof. We begin with a formal algorithm in Algorithm 2.

Algorithm 2: Space-efficient algorithm for GAPQED).

Input : Quantum circuits @; that prepare the purification of p; for i € {0,1}.
Output: An additive-error estimation of S(pg) — S(p1).

Params: ¢ =9, = min{m, i}, d = Cly-
. £ -— &
€T M@/B) (Gt Gy’ M T EIE7B)
1. Construct block-encodings of pg and p1, denoted by U, and U,,, respectively, using
O(1) queries to Qo and Q1 and O(s(n)) ancillary qubits by Lemma 4.8;
Let Pcll? be the degree-d’ polynomial specified in Corollary 3.9 with parameters 3 and e,

. . 4 . .
and its coefficients {c}kIl g:o are computable in bounded-error randomized space

Oftog(d/e)); A
2. Set 20 == T(Qo, Upy, P €,€p1,1/10), 1 := T(Q1,U,,, P¥, €, €5,1/10);
3. Compute z = 21n(%)(m0 — z1). Return “yes” if z > 0, and “no” otherwise.

log% =2d—1,

@l

Let us now demonstrate the correctness and computational complexity of Algorithm 2. We
concentrate on the scenario with s(n) = ©(logn) and ¢ = g/4 > 2790). Our strategy is to
estimate the entropy of each of py and p1, respectively. We assume that )y and )1 are s-qubit
quantum circuits that prepare the purifications of pg and pi, respectively. By Lemma 4.8, we
can construct (1,0(s),0)-block-encodings U,, and U,, of py and p1, respectively, using O(1)
queries to Qo and @7 as well as O(1) one- and two-qubit quantum gates.

Let ﬁ = min{m, %}, € = m and d/ = é]n . %log% = 20(8(71)) where

Cp, comes from Corollary 3.9. Let P € R[z] be the polynomial specified in Corollary 3.9 with

d =2d—1. Let ey == W. By utilizing Corollary 3.16 (with €; := 0 and €2 := €) and the

corresponding estimation procedure 7'(Qi, Up,, Pclf,l, €,€r,1/10) from Lemma 4.7, we obtain the
values z; for i € {0, 1}, ensuring the following inequalities:

Pr[ x; — Tr (Pcll?(pi) pi>

Here, the implementation uses O(d?) queries to U,, and O(d?) multi-controlled single-qubit gates.
Moreover, the circuit descriptions of T(Qi,U,,, Pcll‘?, €,€m,1/10) can be computed in bounded-
error time O(d”/e*) and space O(s(n)).

< Chye+ e | > 0.9 for i € {0,1}. (4.4)

We will finish the correctness analysis of Algorithm 2 by demonstrating Pr[|z; — S(p;)| < ¢] >
0.9 through Equation (4.4). By considering the approximation error of Pé? in Corollary 3.9
and the QSVT implementation error in Corollary 3.16, we derive the following inequality in

Proposition 4.11.1, and the proof is deferred to Appendix B.1:
Proposition 4.11.1. The following inequality holds for i € {0,1}:

Pr[ ‘2111(%):@ —S(pi)| < 2111(%) ((C’ln +Cm)e+ e+ 2r+1ﬁ> } > 0.9.
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Consequently, it is left to show that 2 ln(%) <(C’1n + Ch)e + ey + 27+ B) < ¢ for the specified

value of 3, €, and ez. This can be seen by noting that 2In(2/8)ey = /4, 2In(2/8)(Cra+Chn )e =
£/2, and 21In(2/8) - 2713 < e/4. The first two inequalities are trivial. For the third inequality,
we state it in Proposition 4.11.2 and its proof is deferred to Appendix B.1.

Proposition 4.11.2. 2ln(%) L2rHlp < e

Finally, we analyze the computational resources required for Algorithm 2. As per Lemma 4.7,
we can compute = in BQL, with the resulting algorithm requiring O(d?/e%,) = O(2%" /e*) queries
to Qo and Q1. Furthermore, its circuit description can be computed in bounded-error randomized
time O(d®/e*) = O(2%" /'3). O

GAPQJS)og is in BQL. It is noteworthy that we can achieve GAPQJS;,s € BQL by employing
the estimation procedure 7 in Algorithm 2 for three according states, given that the quantum
Jensen-Shannon divergence QJS(po, p1) is a linear combination of S(pg),S(p1), and S(Mzm).
Nevertheless, the logspace Karp reduction from GAPQJSi,s to GAPQED;,, (Corollary 4.12)
allows us to utilize 7 for only two states. Furthermore, our construction is adapted from the
time-bounded scenario [Liu23, Lemma 4.4].

Corollary 4.12. For any functions a(n) and 5(n) that can be computed in deterministic logspace
and satisfy a(n) — f(n) > 1/ poly(n), we have that GAPQJSiog[a(n), B(n)] is in BQL.

Proof. Let Qp and @1 be the given s(n)-qubit quantum circuits where s(n) = O(logn). Consider
a classical-quantum mixed state on a classical register B and a quantum register Y, denoted by
ph = 3|0)(0] ® po + 3[1)(1| ® p1, where py and p; are the state obtained by running Qo and Q,
respectively, and tracing out the non-output qubits. We utilize our reduction to output classical-
quantum mixed states p{, and p), which are the output of (s + 2)-qubit quantum circuits @,
and Q},% respectively, where pf := (po|0){0] + p1|1)(1]) ® ($p0 + 3p1) and B’ := (po,p1) is an
independent random bit with entropy H(B') = 1 — $[a(n) + B(n)]. Let Sa(p) == S(p)/In2 for
any quantum state p, we then have derived that:

Sa(po) — Sa2(p})

SQ(B’,Y)% —S2(B,Y),,
= [H(B') + S2(Y[B') ;] — [H(B
2(Y) = S2(Y(B),, + H(B'
2(Y) = S2(Y[B); — 3la(n) + B(n)]
= Sa (3p0 + 3p1) — 3(S2(p0) + S2(p1)) — 3le(n) + B(n))]
= QJISy(po, p1) — zle(n) + B(n)].

Here, the second line derives from the definition of quantum conditional entropy and acknowl-
edges that both B and B’ are classical registers. The third line owes to the independence of B’
as a random bit. Furthermore, the fifth line relies on the Joint entropy theorem (Lemma 2.5).

By plugging Equation (4.5) into the promise of GAPQJS),[a(n), 5(n)], we can define g(n') =
2 (a(n) — B(n)) and conclude that:

o If QISy(po, p1) 2 a(n), then S(py) — S(p}) > 552 (a(n) — B(n)) = g(n');

o If QJSy(po, p1) < B(n), then S(ph) — S(ph) < =22 (a(n) — B(n)) = —g(n).

45To construct Q}, we follow these steps: We start by applying a HADAMARD gate on B followed by a CNOTg_;r
gate where B and R are single-qubit quantum registers initialized on |0). Next, we apply the controlled-Q: gate
on the qubits from B to S, where S = (Y, Z) is an s(n)-qubit register initialized on |0). We then apply X gate
on B followed by the controlled-Qo gate on the qubits from B to S, and we apply X gate on B again. Finally, we
obtain p} by tracing out R and the qubits in Z. In addition, we can construct Q similarly.

+S2(Y(B),,]

)
) —H(B)

S
S
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As p and pf, are /(n’)-qubit states where n’ := 3n'% and /(n’) := 7(n) + 1, the output length of
the corresponding space-bounded quantum circuits @Qf, and @} is r/(n). Hence, GAPQJS[«, ]
is logspace Karp reducible to GAPQED, 3[g] by mapping (Qo, @1) to (Qf, @})- O

4.4 CEeRTQSD)0y and CERTQHS),, are in coRQulL

To make the error one-sided, we adapt the Grover search when the number of solutions is
one quarter [BBHT98|, also known as the exact amplitude amplification [BHMT02].

Lemma 4.13 (Exact amplitude amplification, adapted from [BHMT02, Equation 8]). Suppose
U is a unitary of interest such that U|0) = sin(6)[1g) + cos(0)|t1), where |vpo) and |1b1) are
normalized pure states and (1o|1) = 0. Let G = —U (I —2[0)(0))UT (I —2|v0) (¢ho|) be the Grover
operator. Then, for every integer j > 0, we have GIU|0) = sin((25+1)8)|1bg) +cos((25+1)8)|11).
In particular, with a single application of G, we obtain GU|0) = sin(30)[¢o) + cos(30)[1),
signifying that GU|0) = |1o) when sin() = 1/2.

Notably, when dealing with the unitary of interest with the property specified in Lemma 4.13,
which is typically a quantum algorithm with acceptance probability linearly dependent on the
chosen distance-like measure (e.g., a tester 7 from Lemma 4.7), Lemma 4.13 guarantees that the
resulting algorithm A accepts with probability exactly 1 for yes instances (pp = p1). However,
achieving A to accept with probability polynomially deviating from 1 for no instances requires
additional efforts, leading to the coRQuL containment established through error reduction for
coRQuL (Corollary 3.18). In a nutshell, demonstrating coRQuL containment entails satisfying
the desired property, which is achieved differently for CERTQSD)os and CERTQHS)g.

4.4.1 CERTQSDj, is in coRQuL

Our algorithm in Theorem 4.14 relies on the quantum tester 7 (Q;, Upg—p ,Psgn, €) specified
2
in Algorithm 1. Note that the exact implementation of the space-efficient QSVT associated with
odd polynomials preserves the original point (Remark 3.11). Consequently, 7(Q;, Upg—p; , P3¥", €)
2

outputs 0 with probability exactly 1/2 when py = p1, enabling us to derive the coRQuL con-
tainment through a relatively involved analysis for cases when td(pg, p1) > «:

Theorem 4.14. For any deterministic logspace computable function a(n) > 1/ poly(n), we have
that CERTQSDieg[a(n)] is in coRQuL.

Proof. We first present a formal algorithm in Algorithm 3:

Constructing the unitary of interest via the space-efficient QSVT. We consider the
setting with s(n) = ©(logn) and € = a/2. Suppose Qp and @1 are s(n)-qubit quantum circuits
that prepare the purifications of pg and p1, respectively. Similar to Algorithm 1, we first construct
an O(s)-qubit quantum circuit U% that is a (1, O(s), 0)-block-encoding of 2521, using O(1)

queries to Qo and @1 and O(1) one- and two-qubit quantum gates.

= € = = € / = . l l = O(S(’I’L)) 5
Let 6 57y € 236Camt 20 137 and d’ = Csgn - 5log ¢ 2 where Cgg, comes

from Corollary 3.6. Let Py?" € R[z] be the odd polynomial specified in Corollary 3.6. Let U; :=
T(Qis Upg—p1 , Py €) for i € {0,1}, then we have the following equalities with 0 < po,p; < 1:
2

0) = v/P0l0)[0) + /1 — po|1)]31),
0) = /p1[0)|do) + /1 = p1|1)|é1).

6By inspecting the circuit description of Q) and Q) (see [Liu23, Appendix C| for details), the maximum
number of gates in Q) and Q] is 2n + 9 + polylog(1/¢) < 3n for large enough n. Specifically, the implementation
of Ry in [Liu23, Figure 1] requires polylog(1l/e) = polylog(n) gates due to the space-efficient Solovay-Kitaev
theorem [vMW12, Theorem 4.3].

Uo|0)
U1|0)
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Algorithm 3: Space-efficient algorithm for CERTQSD).

Input : Quantum circuits @); that prepare the purification of p; for ¢ € {0,1}.
Output: Return “yes” if pg = p1, and “no” otherwise.
s Q — _E — € I O 1 1 _ o
Params: ¢ == §, § == 553, € == 23601 200t 37 d' = Csgn - 5log ¢ =2d - 1.
1. Construct block-encodings of pg and p1, denoted by U, and U, , respectively, using
O(1) queries to Qo and @1 and O(s(n)) ancillary qubits by Lemma 4.8;

2. Construct a block-encoding of 252, denoted by U p0-r1 s using O(1) queries to U,

and U,, and O(s(n)) ancillary qubits by Lemma 3.13;

Let Pds,gn be the degree-d’ odd polynomial specified in Corollary 3.6 with parametersd and
€, and its coefficients {ék}glzo are computable in deterministic space O(log(d/e));

3. Let Uy :== T(Qo, Upogpl , P e) and Uy == T(Q1, U%, P o)

4. Let G; = —(H @ U;)(I — 2|0)(0|)(H ® UJ)(I — 2I1y) for i € {0,1}, where IIj is the
projection onto the subspace spanned by {|0)|0)|p)} over all |p);

5. Measure the first two qubits of G;(H ® U;)|0)]|0)]0), and let x;p and x;; be the
outcomes, respectively. Return “yes” if zgg = 291 = 10 = 11 = 0, and “no” otherwise.

Let H be the HADAMARD gate, then we derive the following equality for ¢ € {0,1}:

1 —pi
2

1 —pi
2

(H 2 Up[0)[0)[0) = \/210}[0) o) + / 210} 1)) + 1[0} + D).

— 5 La)

Making the error one-sided by exact amplitude amplification. Consider the Grover
operator G; == —(H ® U;)(I — 2|0)(0])(H ® UZT)(I — 2IIp), where Ilj is the projection onto the
subspace spanned by {|0)|0)|¢)} over all |¢). By employing the exact amplitude amplification
(Lemma 4.13), we can obtain that:

Gi(H®U;)|0)|0)]0) = sin(36;)]0)|0)]o) + cos(36;)|L;) where sin2(01):% when ;€ [0,7]. (4.6)
Let x;jp and z;; be the measurement outcomes of the first two qubits of G;(H ® U;)|0)]0)|0)
for i € {0,1}. Algorithm 3 returns “yes” if g9 = zp1 = 10 = 211 = 0, and “no” other-
wise. Let UP:;In (,,0;,,1> be the unitary operator being controlled in the implementation of U; :=
T(Qi,Upy—p1 , P, €), and note that by Corollary 3.15, Upsgr,(po,pl) isa(1,0(s), (36Csgn+37)e)-

3 o\~ 2

block-encoding of P;*" (%). We will show the correctness of our algorithm as follows:

e For yes instances (pg = p1), UP;%H<,,O;,,1) is a (1,0(s), 0)-block-encoding of the zero op-
erator, following from Remark 3.11. Consequently, T (Q;, Upg—p, ,P;,gn,e) outputs 0 with
2
probability 1/2 for i € {0, 1}, i.e., po = p1 = 1/2. As a result, we have 6y = 6 = /6 and
sin?(36y) = sin?(301) = 1. Substituting these values into Equation (4.6), we can conclude
that zg9 = xg1 = 210 = 11 = 0 with certainty, which completes the analysis.

e For no instances (td(po, p1) > @), Upsgn(po,pl) is a (1,0(s), 0)-block-encoding of A satisfy-
d’ 2
ing ||A — P53 (252)]| < (36Csgn+37)e. Let p; be the probability that 7(Qi, Upy—ps . P35 €)
2

outputs 0 for i € {0,1}, then p; = 3 (1 + Re(Tr(p;A))) following from Lemma 4.7. A direct
calculation similar to Proposition 4.10.1 indicates that:

(po — p1) — td(po, p1)| < (36Cisgn + 2Csgn + 37)e + 27114
Under the choice of § and € (the same as in the proof of Theorem 4.11), we obtain that
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|(po — p1) — td(po, p1)| < & which yields that max{|py — 1/2|, |p1 — 1/2|} > /2.7

Note that Pr[z; = z;1 = 0] = sin?(36;) for i € {0,1}, Algorithm 3 will return “yes” with
probability pyes = sin?(36p) sin?(30;). We provide an upper bound for Pyes in Proposi-
tion 4.14.1, with the proof deferred to Appendix B.2:

Proposition 4.14.1. Let f(6g,61) == sin?(36p) sin?(361) be a function such that sin?(;) =
pi/2 fori € {0,1} and max{|po — 1/2|,|p1 — 1/2|} > &/2, then f(6p,01) <1 —e2/4.

Consequently, we finish the analysis by noticing pyes = f(60,01) <1 —¢e2/4 =1 — a?/16.

Now we analyze the complexity of Algorithm 3. Following Lemma 4.7, we can compute
T00, 201, T10, #11 in BQL. The quantum circuit that computes xqg, 2o1, Z10, 11 takes O(d?) =
O~(22r /a?) queries to Qo and @1, and its circuit description can be computed in deterministic
time O(d”/?/a) = O(2*5" /a®?). Finally, we conclude the coRQuL containment of CERTQSD)g
by applying error reduction for coRQuL (Corollary 3.18) to Algorithm 3. O

4.4.2 CeRTQHS)o is in coRQuL

Our algorithm in Theorem 4.15 is based on the observation that by expressing HS?(pg, p1)
as a summation of %Tr(p%), %Tr(p%), and —Tr(ppp1), we can devise a hybrid algorithm with two
random coins using the SWAP test. However, to ensure unitary, we design another algorithm
employing the LCU technique, which serves as the unitary of interest with the desired property.

Theorem 4.15. For any deterministic logspace computation function a(n) > 1/poly(n), we
have that CERTQHS|og[a(n)] is in coRQuL.

Proof. We first provide a formal algorithm in Algorithm 4.

Algorithm 4: Space-efficient algorithm for CERTQHS),g.

Input : Quantum circuits @); that prepare the purification of p; for ¢ € {0,1}.

Output: Return “yes” if pg = p1, and “no” otherwise.

1. Construct subroutines T;; :== SWAP (p;, p;) for (i,7) € {(0,0),(1,1),(0,1)}, which
output 0 with probability p;;. The subroutine SWAP(p;, p;) involves applying @; and
(; to prepare quantum states p; and p;, respectively, and then employing the SWAP
test (Lemma 2.17) on these states p; and pj;

2. Construct a block-encoding of o(% + W) where o(p) == p|0)(0] + (1 — p)|1)(1],
denoted by U, using O(1) queries to Ty, 111, and Tp; by Lemma 3.13;

3. Let G := —U(I — 2|0)(0))UT(I — 2|0)(0));

4. Measure all qubits of GU|0) in the computational basis. Return “yes” if the
measurement outcome is an all-zero string, and “no” otherwise.

Constructing the unitary of interest via the SWAP test. We consider the setting with
s(n) = ©(s(n)). Our main building block is the circuit implementation of the SWAP test
(Lemma 2.17). Specifically, we utilize the subroutine SWAP (p;, p;) for ¢, € {0,1}, which in-
volves applying Q; and @; to prepare quantum states p; and p;, respectively, and then employing
the SWAP test on these states p; and p;. We denote by p;; the probability that SWAP (p;, p;)
outputs 0 based on the measurement outcome of the control qubit in the SWAP test. Following
Lemma 2.17, we have p;; = %(1 + Tr(pz-pj)) for i,5 € {0,1}.

We define T;; := SWAP(p;, p;) for (i,5) € Z :={(0,0),1,1,0,1}, with the control qubit in
SWAP (p;, p;) serving as the output qubit of T;;. By introducing another ancillary qubit, we

“TThis inequality is because |po — p1| > td(po, p1) —€ > 2 —e =&.
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construct T}, :== CNOT(I ®T;;) for (i,7) € Z, where CNOT is controlled by the output qubit of
T;; and targets on the new ancillary qubit. It is effortless to see that Tz’J prepares the purification
of o(pij) with o(pij) = pi;|0)(0 + (1 — pi;)[1)(1] for (i,) € .

By applying Lemma 4.8, we can construct quantum circuits TZ’]’ for (i,7) € Z that serve as
(1,0(s), 0)-block-encoding of o(p;;), using O(1) queries to 7}; and O(1) one- and two-qubit quan-
tum gates. Notably, (X ® I)Ty)), with X acting on the qubit of o(p2), prepares the purification
of X0(po1)XT = po1|1){1] + (1 — pe1)|0)(0] = o(1 — po1), leading to the equality:

1 1 1 (1 N HS2(Po,p1)> '

o(po, p1) = ZQ(pOO) + Zg(pll) + 59(1 —po1) =0 5 1

Consequently, we employ Lemma 3.13 to construct a unitary quantum circuit U that is a
2
(1,m, 0)-block-encoding of o(3+ W) using O(1) queries to T, 111, (X ® )T, and O(1)
one- and two-qubit quantum gates, where m := O(s). The construction ensures the following:

2
U10)|0y=™ = (; + HS(Z‘W) 10)|0)E™ + cos(6)|L), where (0[(0[®™|L) =0.  (4.7)
sin(0)

Making the error one-sided. Let us consider the Grover operator G := —U (I —2|0){(0)UT (I —
2/0)(0]). By applying Lemma 4.13, we derive that GU|0)|0)®™ = sin(36)|0)|0)®™ + cos(36)|L).
Subsequently, we measure all qubits of GU|0)|0)®™ in the computational basis, represented as
x € {0,1}™*!. Hence, Algorithm 4 returns “yes” if the outcome z is 0™*! and “no” otherwise.
Algorithm 4 accepts with probability sin?(36). Now we analyze the correctness of the algorithm:

e For yes instances (pg = p1), we have HS?(pg, p1) = 0. Following Equation (4.7), we obtain
sin(f) = 1/2 and thus sin?(30) = 1. We conclude that Algorithm 4 will always return “yes”.

e For no instances, we have HS?(pg, p1) > . According to Equation (4.7), we derive that:
1 HS*(po,p1) _ 1 « 1 9 1 HS%*(po,p1)\2_ /1 1\2 9
in(0) = 2 WPOPY S 2 Y S < s 9:(7 2> Po.p1) )<<f 7) — 2 (48
sin(0) 2—i— 1 _2+4an 4_sm() 2+ 1 < 2+4 16 (4.8)
As a result, considering the fact that sin?(30) = f(sin?()) where f(x) := 162> — 2422 + 9z,
we require Proposition 4.15.1 and the proof is deferred to Appendix B.2:

Proposition 4.15.1. The polynomial function f(x) = 162> — 2422 + 9z is monotonically
decreasing in [1/4,9/16]. Moreover, we have f((% + %)2) <1- %2 forany 0 <a <1.

Combining Equation (4.8) and Proposition 4.15.1, we have that sin?(36) = f(sin?(9)) <
f((% + %)2) <1- %2 Hence, Algorithm 4 will return “no” with probability at least a?/2.

Regarding the computational complexity of Algorithm 4, this algorithm requires O(s(n))
qubits and performs O(1) queries to Qo and @;. Finally, we finish the proof by applying error
reduction from coRQuL (Corollary 3.18) to Algorithm 3. O

4.5 BQL- and coRQuL-hardness for space-bounded state testing problems

We will prove that space-bounded state testing problems mentioned in Theorem 4.6 are
BQulL-hard, which implies their BQL-hardness since BQL=BQuL [FR21|. Similarly, all space-
bounded state certification problems mentioned in Theorem 4.5 are coRQyuL-hard.

4.5.1 Hardness results for GAPQSDj,s, GAPQHS)o,, and their certification version

Employing analogous constructions, we can establish the BQuL-hardness of both GAPQSD)qg
and GAPQHSjos. The former involves a single-qubit pure state and a single-qubit mixed state,
while the latter involves two pure states.
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Lemma 4.16 (GAPQSD), is BQulL-hard). For any deterministic logspace computable functions
a(n) and b(n) such that a(n)—b(n) > 1/ poly(n), we have that GAPQSDig[1—+/a(n), /1 — b(n)]
is BQuL[a(n), b(n)]-hard.

Proof. Consider a promise problem (Lyes, Lno) € BQula(n),b(n)], then we know that the
acceptance probability Pr[C, accepts] > a(n) if € Lycs, whereas Pr[C, accepts] < b(n) if
x € Ly,. Now we notice that the acceptance probability is the fidelity between a single-qubit pure
state pg and a single-qubit mixed state p; that is prepared by two logarithmic-qubit quantum
circuits gy and ()1, respectively:

Pr{C, accepts] = 1) (Lo Ce[0)]3
=T (1) {Lout Trgge (C210)0ICY ))
—F2 (\1><1|out,Trout (Cx!0><ﬁ|ci>)

=F (PO, 101)'
In particular, the corresponding Qo is simply flipping the designated output qubit, as well as
the corresponding @1 is exactly the circuit C,, then we prepare pyp and p; by tracing out all
non-output qubits. By utilizing Lemma 2.4, we have derived that:

(4.9)

e For yes instances, F2(pg, p1) > a(n) deduces that td(pg, p1) <1 — /a(n);

e For no instances, F?(pg, p1) < b(n) yields that td(po, p1) > /1 — b(n)
Therefore, we demonstrate that GAPQSD;,[1— va(n),y/1—b(n)] is BQL[a(n), b(n)]-hard. O

To construct pure states, adapted from the construction in Lemma 4.16, we replace the final
measurement in the BQL circuit C, with a quantum gate (CNOT) and design a new algorithm
based on C'; with the final measurement on all qubits in the computational basis.

Lemma 4.17 (GAPQHS),g is BQuL-hard). For any deterministic logspace computable functions
a(n) and b(n) such that a(n) —b(n) > 1/ poly(n), we have that GAPQHS|g[1 — a®(n),1 —b%*(n)]
is BQuL[a(n), b(n)]-hard.

Proof. For any promise problem (Lyes, Lno) € BQuL[a(n),b(n)], we have that the acceptance
probability Pr[C, accepts] > a(n) if © € Lyes, whereas Pr[C, accepts] < b(n) if z € Ly,. For
convenience, let the output qubit be the register O. Now we construct a new quantum circuit
C!. with an additional ancillary qubit on the register F initialized to zero:

Cl = CIXLCNOTo L XoC,.

And we say that C! accepts if the measurement outcome of all qubits (namely the working qubit
of C, and F) are all zero. Through a direct calculation, we obtain:

Pr[C;, accepts] = ||(|0)(0] @ |0Y(0|F)CI XoCNOTo_rX0C,(]0) ® |0)F H2
= (0 @ OR)CE(IL) (1o @ Ik + [0){0lo © X¢)Cu(]0) @ [0)¢)[*
= [(01CE1)(1]oC:[0)
= Pr?[C, accepts].

Here, the second line owes to CNOTo_r = |0)(0]o ® Ir + |1)(1|o0 ® XF, and the last line is
because of Equation (4.9). Interestingly, by defining two pure states po = |0)(0] ® |0)(0]¢ and

(4.10)

p1 = C.(]0)(0| ® \()><O||:)C”T corresponding to Qo = I and Q1 = C.,, respectively, we deduce the
following from Equation (4.10):
Pr[CY accepts] = Tr(pop1) = 1 — HS?(po, p1). (4.11)

Combining Equation (4.10) and Equation (4.11), we conclude that:
e For yes instances, Pr[C, accepts] > a(n) implies that HS?*(pg, p1) < 1 — a?(n);

47



e For no instances, Pr[C, accepts] < b(n) yields that HS?*(pg, p1) > 1 — b%(n).
We thus complete the proof of GAPQHS,,[1 — a?(n), 1 —b*(n)] is BQuLla(n),b(n)]-hard. O
Our constructions in the proof of Lemma 4.16 and Lemma 4.17 are somewhat analogous to

Theorem 12 and Theorem 13 in [RASW23|. Then we proceed with a few direct corollaries of
Lemma 4.16 and Lemma 4.17.

Corollary 4.18 (BQuL- and coRQuL-hardness). For any functions a(n) and b(n) are com-
putable in deterministic logspace such that a(n) — b(n) > 1/poly(n), the following holds for
some polynomial p(n) which can be computed in deterministic logspace:

1) GAPQSDiggle(n), B(n)] is BQuL-hard for o <1 —1/p(n) and B > 1/p(n);

(1)

(2) CERTQSDigg[v(n)] is coRQuL-hard for v <1 —1/p(n);

(3) GAPQHS og[a(n), B(n)] is BQuL-hard for oo <1 —1/p(n) and B > 1/p(n);
(4)

4) CERTQHS)og[v(n)] is coRQuL-hard for v <1 —1/p(n).

Proof. Firstly, it is important to note that BQuL is closed under complement, as demon-
strated in [Wat99, Corollary 4.8]. By combining error reduction for BQuL (Corollary 3.18) and
Lemma 4.16 (resp., Lemma 4.17), we can derive the first statement (resp., the third statement).

Moreover, to obtain the second statement (resp., the fourth statement), we can utilize error
reduction for coRQuL (Corollary 3.18) and set @ = 1 in Lemma 4.16 (resp., Lemma 4.17). [

4.5.2 Hardness results for GAPQJS),; and GAPQED),,

We demonstrate the BQuL-hardness of GAPQJS),g by reducing GAPQSD)os to GAPQJ S,
following a similar approach as shown in [Liu23, Lemma 4.12].

Lemma 4.19 (GAPQJS), is BQul-hard). For any functions a(n) and B(n) are computable in
deterministic logspace, we have GAPQJS,,[av(n), B(n)] is BQuL-hard for a(n) < 1— V2/1/p(n)
and S(n) > 1/p(n), where p(n) is some deterministic logspace computable polynomial.

Proof. By employing Corollary 4.18, it suffices to reduce GAPQSD,[1 — 1/p(n),1/p(n)] to
GAPQJSp[a(n), B(n)]. Consider logarithmic-qubit quantum circuits Qo and @Q1, which is a
GAPQSD,,, instance. We can obtain py for k € {0,1} by performing @ on |0") and tracing
out the non-output qubits. We then have the following:

e If td(pg,p1) > 1 —1/p(n), then Lemma 2.6 yields that
—td(po,
QISy(po,p1) = 1= Hy (A9} > 1 — T, (555) 2 1= -2 > a(n),

where the third inequality owing to Ha(z) < 24/z for all z € [0, 1].

e If td(po, p1) < 1/p(n), then Lemma 2.6 indicates that
QJISa(po, p1) < td(po, p1) < 5y < B(n).

Therefore, we can utilize the same quantum circuits (g and @1, along with their corre-
sponding quantum states pg and pi, respectively, to establish a logspace Karp reduction from
GAPQSD),[1 — 1/p(n),1/p(n)] to GAPQJIS,,[a(n), B(n)], as required. O

By combining the reduction from GAPQSD),s to GAPQJS)o (Lemma 4.19) and the reduc-
tion from GAPQJSioe to GAPQED),e (Corollary 4.12), we will demonstrate that the BQuL-
hardness for GAPQED), through reducing GAPQSDos to GAPQED)o,. This proof resembles
the approach outlined in |[Liu23, Corollary 4.3].
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Corollary 4.20 (GAPQED)g is BQul-hard). For any function g(n) are computable in deter-
mianistic logspace, we have GAPQED)og[g(n)] is BQuL-hard for g(n) < h’TQ(l— V2 #),

v p(n/3) p(n/3)

where p(n) is some polynomial that can be computed in deterministic logspace.

Proof. By combining Corollary 4.18 and Lemma 4.19, we establish that GAPQJS,,4[cr(n), B(n)]
is BQuL-hard for a(n) < 1 —+/2/y/p(n) and B(n) > 1/p(n), where p(n) is some deterministic
logspace computable polynomial. The GAPQSD)e-hard (and simultaneously GAPQJS)oe-hard)
instances, as specified in Corollary 4.18, consist of s(n)-qubit quantum circuits Q¢ and @1
that prepare a purification of r(n)-qubit quantum (mixed) states pg and p1, respectively, where
1 <r(n) <s(n)=06(ogn).

Subsequently, by employing Corollary 4.12, we construct (s + 3)-qubit quantum circuits Q)
and Q} that prepare a purification of (r+1)-qubit quantum states pfy = (p[0)(0]+(1—p)[1)(1]) @
(300 + 3p1) satisfying Ha(p) = 1 — B2 (a(n) + B(n)) and py = 3|0)(0] @ po + 3/1){1] ® p1,
respectively. Following Corollary 4.12, GAPQEDie[g(n)] is BQuL-hard as long as

g(n) = 22(a(n/3) — B(n/3)) < 1%2(1 - \/p\(/g/a) - P(”l/?’))'

Therefore, GAPQSD, is logspace Karp reducible to GAPQED,,; by mapping (Qo, Q1) to
(Qo, Q1) O

5 Algorithmic Holevo-Helstrom measurement and its implication

In this section, we introduce an algorithmic Holevo-Helstrom measurement that achieves the
optimal probability (with an additive error) for discriminating between quantum states py and p1,
as outlined in Theorem 5.2. We assume knowledge of the corresponding polynomial-size quantum
circuits, viewed as “source codes” for quantum devices, used to prepare (purifications of) these
states. We now define the COMPUTATIONAL QUANTUM HYPOTHESIS TESTING PROBLEM:

Problem 5.1 (Computational Quantum Hypothesis Testing Problem). Given polynomial-size
quantum circuits Qo and ()1 acting on n qubits and having r designated output qubits. Let pp
denote the quantum state obtained by performing (), on the initial state |0™) and tracing out
the non-output qubits for b € {0,1}. Now, consider the following computational task:

e Input: A quantum state p, either pg or p1, is chosen uniformly at random.

e Output: A bit b indicates that p = pp.

For the QuANTUM HYPOTHESIS TESTING PROBLEM analogous to Problem 5.1, where pg and
p1 are not necessarily efficiently preparable, the maximum success probability to discriminate
between quantum states pg and p; is given by the celebrated Holevo-Helstrom bound:

Theorem 5.2 (Holevo-Helstrom bound, [Hol73a, Hel69]). Given a quantum (mized) state p,
either pyg or p1, that is chosen uniformly at random, the mazimum success probability to dis-
criminate between quantum states py and p1 is given by % + %td(po,pl).

Next, we specify the optimal two-outcome measurement {Ily, IT; } that achieves the maximum
discrimination probability in Theorem 5.2:

I 1 - I 1 -
Tlo = 5 + goen ™) (B ) and Ih = 5 - e (B 52), 6:)

It is straightforward to see that td(po, p1) = 3Tr|po — p1| = Tr(Hopo) — Tr(opr).

By leveraging our space-efficient quantum singular value transformation in Section 3, we
can approximately implement the Holevo-Helstrom measurement specified in Equation (5.1) in
quantum single-exponential time and linear space. We refer to this explicit implementation of
the Holevo-Helstrom measurement as the algorithmic Holevo-Helstrom measurement:
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Theorem 5.3 (Algorithmic Holevo-Helstrom measurement). Let pg and p; be quantum states
prepared by n-qubit quantum circuits Qo and Q1, respectively, as defined in Problem 5.1. An
approximate version of the Holevo-Helstrom measurement Iy specified in Equation (5.1), denoted
as Iy, can be implemented such that

ltd(po, p1) — (Tr(Tlopo) — Tr(Tlopy))| < 27"

The quantum circuit implementation of Iy, acting on O(n) qubits, requires 20(") queries to the
quantum circuits Qo and Q1, as well as 2°™ one- and two-qubit quantum gates. Moreover, the
circuit description can be computed in deterministic time 2° and space O(n).

Additionally, we demonstrate an implication of our algorithmic Holevo-Helstrom measure-
ment in Theorem 5.3. By inspecting the (honest-verifier) quantum statistical zero-knowledge
protocol (“distance test”) for (a,3)-QSD where a? > 3 in [Wat02], we established a slightly
improved upper bound for the class QSZK since GAPQSD is QSZK-hard:

Theorem 5.4 (GAPQSD is in QIP(2) with a quantum linear-space honest prover). There is
a two-message quantum interactive proof system for GAPQSD|[a(n), B(n)] with completeness
c(n) = (1+a(n) —27")/2 and soundness s(n) = (1 + B(n))/2. Moreover, the optimal prover
strateqy for this protocol can be implemented in quantum single-exponential time and linear space.
Consequently, for any a(n) and B(n) satisfying a(n) — (n) > 1/ poly(n), GAPQSD|[a(n), 5(n)]
is in QIP(2) with a quantum O(n') space honest prover, where n’ is the total input length of the
quantum circuits that prepare the corresponding tuple of quantum states.®

In the rest of this section, we provide the proof of Theorem 5.3 and the proof of Theorem 5.4
in Section 5.1 and Section 5.2, respectively.

5.1 Algorithmic Holevo-Helstrom measurement: Proof of Theorem 5.3

Our algorithmic Holevo-Helstrom measurement primarily utilizes the space-efficient quantum
state tester (see Figure 2) in Section 4. By leveraging the space-efficient polynomial approxi-
mation P;,gn of the sign function (Corollary 3.6), it suffices to implement another two-outcome
measurement, {IIo, IT; }:

My = g - %Ps,g“(po 5 PL) and 1Ty = g - %P;,g“(po 5 ).

By applying the space-efficient QSVT associated with the polynomial P;¥" to the block-
encoding of (pp — p1)/2 (Corollary 3.15), we obtain the unitary Ugy which is a block-encoding
of Ay =~ Pj,gn(%;pl). We now instead implement two-outcome measurement {l:[O, ﬁl} where
Iy = (I + Ann)/2, and the difference between {f[g, f[l} and {1:[0,1:[1} is caused by the imple-
mentation error of our space-efficient QSVT. Then we proceed to the actual proof.

Proof of Theorem 5.53. Our algorithmic Holevo-Helstrom measurement is inspired by Algorithm 1
in the proof of Theorem 4.10 (GAPQSDj,, is in BQL), as presented in Figure 3.

Note that the input state p to the circuit specified in Figure 3 is an r(n)-qubit quantum
state, either pg or pi, prepared by an n-qubit polynomial-size quantum circuit (Qg or @1) after
tracing out all n — r non-output qubits, where Qg and ()1 are defined in Problem 5.1. The key
ingredient in Figure 3 is to implement the unitary Uy, which can be achieved as follows:

(1) Applying Lemma 4.8, we can construct n-qubit quantum circuits U,, and U,, that encode
po and pq as (1,n —r,0)-block-encodings, using O(1) queries to @y and @1, as well as O(1)
one- and two-qubit quantum gates.

48This tuple of quantum states results from a standard parallel repetition of the two-message quantum inter-
active proof system for GAPQSDJ[a(n), B(n)] with ¢(n) — s(n) > 1/poly(n).
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UHH = UP;;gn(POgPl)

Figure 3: Algorithmic Holevo-Helstrom measurement.

(2) Applying Lemma 3.13, we can construct a (1,n—741,0)-block-encoding U,y—p, of 2521,
2

using O(1) queries to Qp and @1, as well as O(1) one- and two-qubit quantum gates.

3) Let P3*" € R[x] be the degree-d’ polynomial obtained from some degree-d averaged Cheby-
d
shev truncation, with d’ = 2d — 1, as specified in Corollary 3.6. We choose parameters
= o n = _E _ e g e A . 1 1 = O(n) ~
e:=2""4§: 553y € ° 2360 1 20 37)’ and d' = Csgy - 5log ¢ 2 where Cygy
comes from Corollary 3.6. Applying the space-efficient QSVT associated with the sign

function (Corollary 3.15 with €; := 0 and €3 := €), we obtain the unitary Uyy.

Error analysis. We first bound the error caused by space-efficient polynomial approximation

in Corollary 3.6. Consider the spectral decomposition 2052 = Zj Njl) (5, where {|1;)} is

an orthonormal basis. We can define index sets A_ = {j: A\; < =0}, Ag =={j: — < \; <6},
and Ay = {j: \; > d}. Next, we have derived that:
[td(po, p1) = (Tr(TTopo) — Tr(flopy)|
PO—PI\PO—PLY\ sgn (PO~ P1\ PO — P1
Tr<sgn( 2 ) 2 ) Tr<Pd’ ( 2 ) 2 >’

< Z ‘)\jsgn()\j)—)\jps,gn()\j)‘+z |/\jsgn()\j)—)\jP§,gn(>\j)|+ Z ‘)\jsgn()\j)—)\jpign()\j)‘

JEA_ Jj€Ao JEAL

SN T=1=PE O+ Y ysen\) = MPE )|+ D Il [1=P ()]
JEA_ Jj€Ao JEAL

<Y NlCsne+ D 201+ D7 1N Cagne
JEA_ jE€No JEAL

<20 gne + 2114,

Here, the third line owes to the triangle inequality, the fourth line applies the sign function, the
fifth line is guaranteed by Corollary 3.6, and the last line is because ; [A;[ = td(po, p1) < 1
and rank(p‘);pl) is at most 27.

We then bound the error caused by space-efficient QSVT implementation in Corollary 3.15:

(Tx(Tlopo) — Tr(Tlops)) — (Tr(Tlopo) — Tl“(ﬁopl))’

_|n (P;/gn<po;p1>po;p1> _Tr((@ @ L) Usn([0) ®Ir)po;p1>

<

' td(p()v Pl)

P (B 2) = (01 @ 1)U (10) @ 1)

<(36Csgn + 37)e - 1.

Here, the third line is due to a matrix Holder inequality (e.g., Corollary IV.2.6 in [Bha96]) and
the last line is guaranteed by Corollary 3.15.
Combining the above error bounds caused by Corollary 3.6 and Corollary 3.15, respectively,
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we obtain the following under the aforementioned choice of parameters:
[td(p0, p1) = (Tr(TTopo) ~Tr(Mlopy))|
< [td(po, p1) = (Tr({lopo)~Tr(Tlop1)) | + | (Te(Tlopo) = Tr(TTop1)) — (Tr(TTopo) ~Tr(Mlopy))|

<2Cygne + 2716 + (36Csgn + 37)e - 1
<e.

Complexity analysis. We complete the proof by analyzing the computational complexity of
our algorithm. According to Corollary 3.15, our algorithm specified in Figure 3 requires O(n)
qubits and O(d?) < o2 /e2) < 29 queries to Qo and Q1. In addition, the circuit description
of our algorithm can be computed in deterministic time O(d%/?/e) = O(2*57 /e55) < 20M [

5.2 A slightly improved upper bound for QSZK: Proof of Theorem 5.4

We start by presenting the quantum interactive proof protocol used in Theorem 5.4, as shown
in Protocol 5. This protocol draws inspiration from [Wat02, Figure 2|, and the honest prover
now employs the algorithmic Holevo-Helstrom measurement {1:[0, 1:[1} from Theorem 5.3, rather
than the optimal measurement {Ily,II;} in Equation (5.1) as per Theorem 5.2.

Protocol 5: Two-message protocol for GAPQSD with a quantum linear-space prover.

1. The verifier V first chooses b € {0, 1} uniformly at random. Subsequently, V applies
Qp to |0™), and trace out all non-output qubits. The resulting state p, in the

remaining qubits is then sent to the prover P;

2. The prover P measures the received state p using the algorithmic Holevo-Helstrom
measurement {IIp, 11} specified in Theorem 5.3. Let b be the measurement outcome,
specifically, the outcome is b if the measurement indicates p is Py, with be{0,1}. P

then sends b to V;
3. The verifier V accepts if b = l;; otherwise V rejects.

Following that, we delve into the analysis of Protocol 5:

Proof of Theorem &5.4. Note that Pr [l; =d|b= a} denotes the probability that the prover P

uses a two-outcome measurement {IIj, IT} }, which is arbitrary in general, to measure the state
Pa, resulting in the measurement outcome o’ for a,a’ € {0,1}. We then derive the corresponding
acceptance probability of Protocol 5:

Pr [b - B} - %Pr [i) = 0)p = o] + %Pr [13 —1p= 1} - % + %(Tr(l_[gpo) ~Tr(yp)).  (5.2)

For yes instances where td(pg, p1) > «(n), considering that the prover P is honest, we have
Pr [b = b} = % + %(Tr(l_[opo — Tr( H0p1 )
> 1+ 2(Tr(Mopo) — Tr(opr)) — )%( (Hopo) — Tr(Top1)) — & (Tr(Ilopo) — Tl"(ﬁopl))’
= 4 + 3td(po, p1) — ‘%td([)ovm) — 3(Tr(Topo) — Tr(ﬁopl))‘

> 1+ 3(a(n) —27).
Here, the first line follows Equation (5.2), the second line owes to the triangle equality and the
fact that Tr(ITppo) — Tr(Ilppr) > 0,% the third line is because of Theorem 5.2 and Equation (5.1),
and the last line uses Theorem 5.3. Hence, we have the completeness c(n) = 3 + 1 (a(n) —27").

49This is because the difference between Tr(Ilppo) — Tr(Ilpp1) and Tr(Iopo) — Tr(Iop1) is much smaller than
Tr(Iopo) — Tr(Ilop1) = td(po, p1) > a(n), guaranteeing by the parameters chosen in Theorem 5.3.
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For no instances where td(po, p1) < 5(n), we obtain the following from Equation (5.2):
A 1 1 1 1 1
Pr|b=b| = 5 + 5 (Tr(lypo) — Tr(llyp1)) < 5 + 5td(po, 1) < 5 (1+ B(n)) = s(n).
Here, the first inequality is guaranteed by the Holevo-Helstrom bound (Theorem 5.2).

Therefore, since the honest prover (for yes instances) utilizes the algorithmic Holevo-Helstrom
measurement {IIy,II;}, the optimal prover strategy aligned with Protocol 5 is indeed imple-
mentable in quantum single-exponential time and linear space due to Theorem 5.3.

Error reduction for Protocol 5. Note that the class QIP(2) consists of two-message quantum
interactive proof systems with completeness ¢ > 2/3 and soundness s < 1/3 [JUWO09, Section
3.1]. We aim to reduce the completeness and soundness errors in Protocol 5.

Following [JUWO09, Section 3.2|, we can achieve this task by a standard parallel repetition
of Protocol 5. Specifically, we define new verifier V' and honest prover P’ such that for any
polynomial-bounded function /(n), the resulting two-message quantum interactive proof system
has completeness ¢ (n) > 1 — 274" and soundness s'(n) < 274" Let ¢(n) — s(n) > 1/¢(n) for
some polynomially-bounded function ¢ and define [I] := {1,--- ,1}, a description of V' follows:

(1) Let s := 2lq and t := 8l¢®s. Run st independent and parallel executions of Protocol 5 for
V', one for each pair (i,7) with ¢ € [s] and j € [t]. Measure the output qubit for each
execution, and let the measurement outcome for execution (4, j) be denoted by y; ; € {0,1}.

Loif Y iy >t 52

(2) For each i € [s], set z; == :
0, otherwise .

(3) V" accepts if AJ_;z; = 1; otherwise, it rejects.

The correctness of V' directly follows from [JUWO09, Section 3.2].

We now analyze the complexity of the honest prover P’. Since st independent and parallel
executions of Protocol 5 can be viewed as discriminating st pairs of quantum states (péj ), pgj ))
for 1 < j < st, the total input length of the quantum circuits to independently and parallelly
prepare the states pgl), e ,péSt) for b € {0,1} is n - st = 16ni%(n)¢*(n) < O(n) = n’ for some
constant ¢. Replacing n with n/, the space complexity of the honest prover P’ is still O(n’).

Lastly, we completely the proof by choosing an appropriate r(n) such that the completeness

c(n’) >1-— 9—ri/e(n’) > 2/3 and the soundness s(n’) < 9—rt/e(n’) < 1/3. O
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In this section, we will present all Omitted proofs in Section 3.
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A.1 Space-efficient bounded polynomial approximations
A.1.1 Omitted proofs in Corollary 3.6

Fact 3.6.2. Let Fy,(0) = erf(kcos) cos(kf), max max |[F}(&)| < Zr+k? kk.

0<k<d £€[—7,0] VT +f” +f

Proof. Through a straightforward calculation, we have derived that

|Fy (0)] =

} ‘Hexp(—KQ cos? ) cos 0 cos(k0)| + ‘kz cos(kf) erf (r cos())|
—i—T}/@ exp(—k?2 cos? 0) cos 6 cos(kf) sin «9‘
(A.1)

+ ﬁ }lm exp(—~2 cos? 6) sin 6 sin(k6)|

2 4 4
<k +k+ —rP+ —kk.
< ﬁ/fu + K7+ \/7?1{ + N K
The last line owes to the facts that |erf(z)| < 1, exp(—22) < 1, |sinz| < 1, and |cosz| < 1 for
any z. We complete the proof by noting that Equation (A.1) holds for any 0 < k < d'. O

A.1.2 Omitted proofs in Lemma 3.8

Proposition 3.8.1 (First approximation). Let fl( ) —Zk Oakx such that || f — flﬂzé <e/4.
Then we know that fy (z) = Z?:o ay Zio ) ) sin (7”) where the coefficients bl( ) satisfy that

{0 if | is even,

!
k+1 E : k)p(1 !
bl( ) _ bl(’ )bl(f)l’ where bl( ) = (l;%) 2_;“ . if | is odd.
= T

1'=0
Furthermore, the coefficients {bl(k)} satisfies the following: (1) |[b®¥)||; = 1 for all k > 1; (2)
b%) is entry-wise non-negative for all k > 1; (3) bl(k) =0 ifl and k have different parities.

(3.4)

o

Proof. We construct a Fourier series by a linear combination of the power of sines. We first note

that z = 2 - arcsin(sin (%)) for all z € [—1,1], and plug it into fi(z) = Zszo apx®, which
. k

deduces that || f — f1||15 < €/4 by the assumption. Let b*) be the coefficients of (arff;;y) =

oo bl(k)yl for all y € [—1,1], then we result in our first approximation. Moreover, we observe

NS Nk
that § b is exactly the Taylor series of arcsin, whereas we know that <arcsmy> = <arcs1ny> :
/2 /2

( b( ) l) for k > 1, which derives Equation (3.4) by comparing the coefficients. In addition,
Nk
notice that |[b®|; = >°7° bl(k)ll = (%) = 1, together with straightforward reasoning

follows from Equation (3.4), we deduce the desired property for {bl(k)}. O

Proposition 3.8.2 (Second approximation). Let fo(z) = Z,ﬁio ay ZzL:o bl(k) sinl(%) where
L= [621n(4]all1e™1)], then we have that || fi — fallz, < €/4.

Proof. We truncate the summation over [ in fi(z) at [ = L, and it suffices to bound the
truncation error. For all K € N and = € [-1 4 0,1 — §], we obtain the error bound:

ibl(k)sin (2x) Zb( sin’ %) Zbk)\l 82|l < Zb < (1-68%)F.

I=| L] I=|L] I=|L] 1=|L]

Here, the second inequality owing to V4 € [0, 1], sin((1 — §)5) < 1 — 62, and the last inequality
is due to|[b®)||; = 1 in Proposition 3.8.1. By appropriately choosing L = 5~ 21n(4)|al|re71), we
obtain that || fi — fallz, < Sy ax(l — 62)F < |||y - exp(—02L) < €/4. O
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Proposition 3.8.3 (Third approxima:cion). Let fg(ac) be polynomial approzimations of [ that
depends on the parity of f such that || fa— fsllz; <€/2 and M =|5"'1In(4|lal1e71)|, then we have

F(even) . 21 M ;o
f (@) = % ap Y ()220 S (<) () cos(ma(m’ — 1)),
k=0 i=0 m/=l-M
A K (-2 i1 M A
3V (@) = Y ap ¥ (-2 S (- "N sin(raz(m! — [ — 1)),
k=0 =0 m/'=l+1—M

Therefore, we have that fg(x) = féeven) () if f is even, whereas fg( ) = fz,EOdd () if [ is odd.
In addition, if f is neither even or odd, then f3(x) = fgeven) (x) + f?EOdd ().

Proof. We upper-bound sin!(z) in fy(2) defined in Proposition 3.8.2 using a tail bound of bino-
mial coefficients. We obtain that sin'(z) = (#)l = (%)l Zl'm,zo exp(iz(2m — 1)) by a direct
calculation, which implies the counterpart for real-valued functions:

sinl(2) = 2~ (=)™ (L) sin(z(2m’ — 1)), i Lis odd; N
- {2_ (=12 (1™ (WZL/) cos(z(2m' —1)), if [ is even. (4.2)

Recall that the Chernoff bound (e.g., Corollary A.1.7 [AS16]) which corresponds a tail bound of
binomial coefficients, and assume that [ < L, we have derived that:

[1/2]-M I ! ] 2M M2 . ) .
2’( ) = 21( > <e” <e” < < . A.3
mZ:o m/ m':%JrM m/ (4||a||1) 4fally (43)

Here, we choose M = [6~!In(4||al|1e~!)], and the last inequality is because of the assumption
e < 2||alj;. As stated in Proposition 3.8.1, bl(k) = 0 if k£ and [ have different parities. Conse-
quently, we only need to consider all odd (resp., even) | < L for odd (resp., even) functions. If
the function f is neither even nor odd, we must consider all [ < L. Plugging Equation A.3 into
Equation A.2, we can derive that:

(14+1)/24+M )
If [ is odd, | sin‘(z) — 27} (—1)(+D/2 D™ (L) sin(z(2m — 1 < —
s odd, [sin'(2) 27102 HT 0 () sintetea’ ~ )| < g
m/=(141)/2— M (A4)
1/2+M '
If [ is even, ||sin'(z) — 27!(=1)"/? D)™ (L) cos(z(2m’ — 1 < ;;
=1 3 ) emtetond =) < o

Plugging Equation (A.4) into fz( ), and substituting z = z7/2, this equation leads to
f3(x) as desired. In addition, combining S o lak] ZLL b(k) < K lag] = lla]y with Equa-
tion (A.4), we achieve that || fo — ngI(; <e€/2. O

A.1.3 Omitted proof in Theorem 3.7

Fact 3.7.2. Consider the integrand Fy(0) :Z%:_M o (H(H H( ) for any function f which

is either even or odd. If f is even, we have that ¢, = cﬁven) deﬁned in Lemma 3.8, and

)) - cos(k) -erf(R(COSG —xo k£ g)) (3.9)

Likewise, if f is odd, we know that ¢, = c&‘;dd defined in Lemma 3.8, and

H,&%(Q) = Sin(ﬂ(m + %) (W)) - cos(kO) - erf(m(cos& —xoxr=E Z)) (3.10)

cosf — xg

H,g’ini (0) == cos (Wm (ﬁ

m= k,m k,m

(even) ~ A (_ (odd) , ~ ~ (_
Moreover, the integrand is Fj,(6)=>""_ M (CmT( ! )) + fm— (H,itr)L—H,g W{)) when f
is neither even nor odd, where I:IIEW)L and H follow from Equation (3.9) and Equation (3.10),
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respectively. Regardless of the parity of f, we have that the second derivative F}'(0) < O(Bd?).

Proof. We begin by deriving an upper bound of the second derivative of the integrand Fj(6):

|<Z S 0= S H L 0)| <L max (|81 0)|+ [ H0)). (a5)

By a straightforward calculation, we have the second derivatives of H ,;tm(e) if f is even:

%Hﬁﬂ(@) — k2 cos (k@) COS(W) erf ( (cos@ —ToFTrTF %))

(5j-T) sin?(8) cos(k6) COS(W) erf (k(cosf —xo FrF g))

+ 51 cos 6 cos(kb) sm(%) erf (H(COSQ —ToFrTF g))

— Qgrf:f‘ sin(#) sin(k0) sin(%) erf (k(cosf —zg FrF %))

. §)2
- 27’1 cosf COS(ke) COS(%)e—H2 ( cos G—Z‘OZFTZF4)

2
4\(?1;:771 sin (9) COS(/{@) s,in(%)e—m2 (cos G—moq:r:':g)

5\2
+ Zi'/iﬁ SIH(G) Sln(ke) COS(W)Q_"Q (COS e_xO:FT:FZ)

§)6—1€2 ( cos 9_330:”:’:%)2

1 .
Note that all functions appear in %H,gin)b(ﬁ), viz. sinz, cos z, exp(—2z?), and erf(z), are at

most 1, as well as |zg £ r + /4] < 7/2, then we obtain that

42 2 4k | 18 ok | 4/ 2 2
‘d92H O)] <k + 22+ E+ \/'i +m- (5 + 55+ 50 Tt g

< ()2 +0(d) + O(d) + O(d) + AL - (0(1)+0(d) +0(d)) + M? - (21, (A.6)
= O(d®).
Here, the second line according to k < d’ = 2d — 1 and x < O(d), also the last line is due
to facts that M < O(rd) and 1/2 <r/(6+7) <1if0<d <rand 0 < r < 2. Additionally, a
similar argument shows that the upper bound in Equation (A.G) applies to odd functions and

functions that are neither even nor odd as well. This is because a direct computation yields the
second derivatives of H 22(9) when f is odd:

- 4% sin®(0) cos(k0) COS(W) (cos —zoFrF

& HE (0)=— K cos(ka) sin( ”(m%);jj“‘”’*“)) erf (( cos(z) — o Fr F 2))

”(;”ﬁ) cos(z) cos(kz) cos(”(m%);jjs(““‘))) erf (1i( cos(z) — o F 1 F 2))

- W sin® () cos(kx) sin(’r(m%)&(iis(w)fxo)) ext (x( cos(z) — 70 T F 2))
204 3) s cos( 2RO ot (o con(a) — a5 7 7 )

+ % sin?(z) cos(kz) cos(“(m%);j‘f“)‘“))e—“2 (costa)—wor )’

— 2 cos(x) cos(k) sin(W(m+%)6(jjs(x)_xo))e—"”vz(cos(ﬂf)—wo:FT:F%)Q

+ 48 sin () sin(kx) sin(ﬁ(er%)a(iiS(m)_mo) )e—ﬂ2(cos<w>—wo¢r¢%)2

— & sin® () cos(kx) (cos(x) —z0FrF ) sm(”(m*%);jj“””)—w@ e (cos@—woprs])”

Substituting Equation (A.6) into Equation (A.5), and noticing that the coefficient vector
[cleven) 4 c(edd)||; < B regardless of the parity of f, we conclude that |F}(8)| < O(Bd%). O
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A.2 Applying arbitrary polynomials of bitstring indexed encodings

Proposition 3.13.1 (Space-efficient state preparation, adapted from [Zal98, KMO01, GR02]).
Given an l-qubit quantum state |) := > " \/G;]i), where | = [logm] and §; are real amplitudes
associated with an evaluation oracle Eval(i,e) that returns §; up to accuracy € we can prepare
[) up to accuracy € in deterministic time O(m?log(m/e)) and space O(log(m/€?)), together
with m? evaluation oracle calls with precision € == O(€%/m).

Proof. We follow the analysis presented in [MP16, Section III.A|, with a particular focus on the
classical computational complexity required for this state preparation procedure. The algorithm
for preparing the state |1)) expresses the weight W, as a telescoping product, given by

WI’ xT WCL‘ roxT
Ve e {01}, W, =W,, - Wi-12 : Wiligs W“WI where W, = Zy€{0’1}5_|x| |(zy|a) |2

PR
(A.7)

To estimate [¢)) up to accuracy € in the ¢ norm, it suffices to approximate each weight W,

up to additive error ¢ := O(€?/m), as indicated in [MP16, Section III.A]. To compute W/, we
need 2!=1%'l oracle calls to Eval(-,e). Evaluating all terms in Equation (A.7) requires computing
Wy Waras, -+ s Wy for any 2 € {0,1}, which can be achieved by 2/=1 +2/=2 4 ... 41 = 2!
oracle calls to Eval(-,e). As we need to compute Equation (A.7) for all z € {0,1}!, the overall
number of oracle calls to Eval(-,¢) is 22 = m?2. The remaining computation can be achieved in
deterministic time O(m? log(m/€)) and space O(log(m/€)) where the time complexity is because
of the iterated integer multiplication. O

Lemma 3.14 (Renormalizing bitstring indexed encoding). Let U be an («, a, €)-bitstring indexed
encoding of A, where o> 1 and 0 < € < 1, and A is an isometry acting on s(n) qubits. We can
implement a quantum circuit V', serving as a normalization of U, such that V is a (1,a+ 2, 36¢)-
bitstring indexed encoding of A. This implementation requires O(c) uses of U, UT, CpNOT,
CiNOT, and O(«a) single-qubit gates. Moreover, the description of the resulting quantum circuit
can be computed in deterministic time O(«) and space O(s).

Proof. Following Definition 3.1, we have | A—oIIUTI|| < ¢, where II and II are the corresponding
orthogonal projections. Because U is a (1,a, €/a)-bitstring indexed encoding A/a, we obtain
that ||[A/a| < ||U||+ ¢/a =1+ €/a, equivalently ||A|| < a +e.

Adjusting the encoding through a single-qubit rotation. Consider an odd integer k :=
2[m(a+1)/2] +1 < 9a = O(a) and v = (o + €)sin(n/2k) < 1. We define new orthogonal
projections II' := TI ® |0)(0] and TI' := IT ® [0){(0|, and combine them with U’ = U ® R,
where R, = <\/1'7_7\/A1Y'y2>, By noting that I'U'II' = AIIUI ® |0)(0|, we deduce that
U’ is a (1,a + 1,v€¢/a)-bitstring indexed encoding of yA/a ® |0)(0], which is consequently a
(1,a + 1,2ve/a)-bitstring indexed encoding of sin(27/k) - (A ® |0)(0]). An error bound follows:

HPyA—sm( )AH = H—sm( )AH _—sm(é%) (a—l—e):%.

Renormalizing the encoding via robust oblivious amplitude amplification. We fol-
low the construction in [GSLW18, Theorem 28|, the full version of [GSLW19|, and perform a
meticulous analysis of the complexity. We observe that it suffices to consider k > 3, as for U’ is
already a (1,a+ 1,2ve/a)-bitstring indexed encoding of A® |0)(0| when k = 1. Let ¢ := 2ve/a,
and for simplicity, we first start by considering the case with € = 0. By Definition 3.1, we have
UMY = asin (&)U ® |0)(0]. Let T}, € R[z] be the degree-k Chebyshev polynomial (of
the first kind). By employing Lemma 3.12, we can apply the QSVT associated with T} to the
bitstring indexed encoding U’, yielding:

BT U = o (sin () )0 @ [0)(0] = cos (’“ —Lx)A® |00 = A® [0)(0.

2k

64



Here, the second equality is due to T} ( sin (%)) =T ( cos (g — QLk)) = cos (%ﬂ'), and the last
equality holds because k is odd. .
Next, we move on the case with ¢ > 0 and restrict it to ¢ < 1/3.°" Let A’ = II'U'TI

and A = vA ® |0)(0|, then we have ||A’ — A| < e, indicating that H%MW < 4 :=¢" and
| A" — Al + H A/;AH2 < 144 < 1. By employing Lemma 3.12, as well as the facts that \1/24 <2

and 2ke = 4kve/a < 36¢, we can construct a (1,a + 2, 36¢)-bitstring indexed encoding of A,
denoted by V.

Finally, we provide the computational resources required for implementing V. As shown in
Lemma 3.12, the implementation of V requires O(c) uses of U, UT, CgNOT, CiNOT, and
O(«) single-qubit gates. Furthermore, the description of the resulting quantum circuit can be
computed in deterministic time O(«) and space O(s). O

A.3 Application: space-efficient error reduction for unitary quantum com-
putations

Lemma 3.19 (Space-efficient singular value discrimination). Let 0 < a < 8 < 1 and U be a
(1,0,0)-bitstring indexed encoding of A = IIUTL, where U acts on s qubits and s(n) > Q(logn).
Consider an unknown quantum state |1), with the promise that it is a right singular vector of A
with a singular value either above o or below 3. There is a degree-d' polynomial P, where d' =
O~ oge™) and § :== max{f — a, V1 — a? — \/1 — $2}/2, such that there is a singular value
discriminator Up that distinguishes the two cases with error probability at most €. Moreover,
the discriminator Up achieves one-sided error when o =0 or = 1.

Furthermore, the quantum circuit implementation of Up requires O(d?) uses of U, UT, CuNOT,
CipNOT, and multi-controlled single-qubit gates. In addition, the description of the implemen-

tation can be computed in deterministic time O(e~*6~9/2) and space O(s(n)).

Proof of Lemma 3.19. Let the singular value decomposition of Abe A = WXV = 3. a; i) (]
Note that U is a (1,0,0)-bitstring indexed encoding, with projections I and II, of A. Let sin-
gular value threshold projectors II>5 and IIL 5 be defined as II>5 = HVZE(;VTH and IT's5 =
I'WossWTIT, respectively, with similar definitions for Il<s and IT' 5.

To discriminate whether the singular value corresponding to a given right singular vector of A
exceeds a certain threshold, we need an e-singular value discriminator Up. Specifically, it suffices
to construct a (1, a, €)-bitstring indexed encoding Up of A, associated with an appropriate odd
polynomial P, that satisfies Equation (A.8). The parameters a and € will be specified later.

[ (0% & IW145)Up (10)° © Tait5) = Ficn )0

H ({01 <—5) Up (10)°* ® T<—5) — OH <e.

(A.8)

Here, the index set A == {i: 0; > t+6}. Additionally, following the proof in [GSLW19, Theorem
20], I is defined as T if B — a > v/1 — a2 — /1 — 32, and as I — II otherwise.”

With the construction of this bitstring indexed encoding Up, we can apply an e-singular
value discriminator with II' = II by choosing t := (o + 3)/2 and 6 := (3 — a)/2. Next, we
measure [0)(0|®* ® II'": If the final state is in Img(|0)(0|®* @ II'), there exists a singular value
o; above « (resp., /1 — 32); otherwise, all singular value ; must be below f (resp., V1 — a?).

9If £ > 1/3, then ||[I'U'II' — A®[0)(0]|| < 2 =2-3- 1 always holds, implying that we can directly use U’ as V.

IThis is because ||A’ + A|| < [|A'|| + [|4"|| + |4 — AH < 2sin(7w/2k) + € < 2sin(w/6) + 1/3 = 4/3.

2By applying [GSLW18, Definition 12] (the full version of [GSLW19]) to IT' := I — II, we know that |¢) is a
right singular vector of II'UTI with a singular value of at least v/1 — a2 in the first case, or with a singular value
of at most v/1 — b2 in the second case. Additionally, in one-sided error scenarios, if a = 0, then b —a = b >
1-vV1I-02=+v1-—a%2—+1-02 whileifb=1,thenb—a=1—a<+v1—a2=+v1—-a%—+1-052.
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Furthermore, we can make the error one-sided when o« = 0 or § = 1, since a space-efficient
QSVT associated with an odd polynomial always preserves 0 singular values (see Remark 3.11).
It remains to implement an e-singular value discriminator Up for some odd polynomial P.

Implementing e-singular value discriminator. We begin by considering the following odd
function Q(x) such that Q(A) =~ Up and Q(A) satisfies Equation (A.8):
Qz) =1 [(1—5) -sgn(@z+1t)+ (1 —5) -sgn(x —t) +e-sgn(z)].

Let € == o ngn+3§ ot Using the space-efficient polynomial approximation P3" of the
sign function (Corollary 3.6 with € := 0 and €3 := €), we obtain the following degree-d’ polyno-
mial P associated with some degree-d averaged Chebyshev truncation:

Plz)=31[(1-5) - PF(x+t)+ (1-5) - Py (z—t)+e- P ()]

Note that P(z) is a convex combination of Py (z+t), P (z—t), and P5" (z), the constants
ngn and ngn spemﬁed 1n Corollary 3.6 remain the same. Hence, P 1s a polynomlal of degree
d=2d-1< ngn5 log and the coefficient vector ¢ satisfies Hc ||1 < C’Sgn

Recall the notation Hf”z defined in Section 3.1.2, namely || f||z := sup{|f(z)|: x € Z}. Let
D(z) == sgn(z) — P3", Iy == (0,¢ — 0], and Z; = [t + §,1]. Following Corollary 3.6, we obtain:

1P (z) = Q(2)lj5-t0) = |1P(x) = Q(z)z
<2ED( + 1)z + 2D (@ — )|z + 51D (@)l < (1~ 5) Csgne + 5,
1P(x) = Q(@)||[-1,—t-5) = |1P(z) — Q(z)]|z,
<*ED( + )z + 2D — )|z, + 51 D(@)llzy < (1— 5+ §) Cogne
Here, the equalities hold because both P and () are odd functions.

Using Corollary 3.15 with P, we obtain a (1, a, €)-bitstring indexed encoding Up of A, with
a = [logd'| + 3 and € := (36Csgn + 37)e. Together with Equation (A.9), we obtain:

H ({0129 @ I 51.5) Up (|0)%% @ M p5) — D yen [0) (W]

H (01T <o) Up (|0)%* @ T<y_s) — OH < Cugné + £ + (36Cign+37)e < .

(A.9)

< (1-5+5)Cygne + (36Csgn+37)e < e,

Hence, we conclude that our construction of Up indeed satisfies Equation (A.8).

Finally, we analyze the complexity of this e-singular value discriminator Up. Following
Corollary 3.15, the quantum circuit implementation of Up requires O(d?) uses of U, Ut, CyNOT,
CiNOT, and multi-controlled single-qubit gates. Moreover, we can compute the description of
the circuit implementation in deterministic time O(e~1d%/?) = O(e=16=%/2) and space O(s(n)),
where § = max{8 — a,V1 — a2 — /1 — 32} /2. O

B Omitted proofs in space-bounded quantum state testing

Theorem B.1. For any functions a(n) and f(n) that can be computed in deterministic logspace
and satisfy a(n) — B(n) > 1/ poly(n), we have that GAPQHS,,[a(n), B(n)] is in BQL.

Proof. Note that HS?(pg, p1) = & (Tr(p3) + Tr(p?)) — Tr(pop1). Let € := (a—3)/100. According
to Lemma 2.17, we can use the SWAP test to estimate Tr(p3), Tr(p?), and Tr(pop1), and hence
HS%(po, p1), within additive error ¢ with high probability by performing O(1/e?) sequential
repetitions. Therefore, we can conclude that GAPQHS,,[a(n), B(n)] is in BQL. O

B.1 Omitted proofs in BQL containments

Proposition 4.10.1. Pr[|x —td(po, p1)| < (36Cgn + 20sgn + 37)e + ey + 27715| > 0.8,
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Proof of Proposition /.10.1. Using the triangle inequality, we obtain the following:

UL S N (,00—/?1 n(po—m))
2 2 B 2

o — 1 _Tr(p(]_plpsgn<p0 pl))
2 2 &' 2

Tr(ﬂo - Plpsg,n(Po _Pl)) B Tr(ﬂo —Plsgn<p0 —P1)) '
2 2 2 2

For the first term, by noting the QSVT implementation error in Corollary 3.15, we know by
Equation (4.3) that, with probability at least 0.9 > 0.8, it holds that

Trog— T1
2

—td(po, p1)| =

<

—+

Tro — I1
2

For the second term, let 2052 =37 A;]4;) (1h;], where {[¢);)} is an orthonormal basis. Then,

(P (5) (A5 (M5))] < RO A B2

_ Tr(po . p1 Pj,g“(p“ 3 pl))' < (36Cgn + 37)e + en1. (B.1)

We split the summation over j into three separate summations: 3 ;=3\ 5+ ) o5+ > _s<r <5
By noticing the approximation error of Py in Corollary 3.6 and 3 |A;| = td(po, p1) < 1, we
can then obtain the following results for each of the three summations:

D INPE ) = Asen(N)| = D7 INHEE"(A) — 1] € ) [AjlCogne < Cogne,

Aj>8 Aj>6 Aj>8
D NPE ) = Asgn(M)] = D NP A1 <) [A|Cagne < Cigne,
Aj<=8 Aj<=8 Aj<=8
S NPEOG) = Nsen(y) < )0 2yl <2t
—8<A; <8 —8<N; <8

Hence, we derive the following inequality by summing over the aforementioned three inequalities:

Z NP () — Ajsgn(\g)| < 27715 + 2Ckgne. (B.3)

By combining Equation (B.l), Equation (B.2), and Equation (B.3), we conclude that

Ty — X1
2

— td(po, p1)| < (36Csgn + 37)e + €x1 + 2Csgne + 27116, -

Proposition 4.11.1. The following inequality holds for i € {0,1}:
Pr[ 2In(%)x; — S(pi)| < 2In(3) ((C’ln + Cin)e + €n + 2r+1ﬁ> } > 0.9.

Proof of Proposition 4.11.1. We only prove the case with ¢ = 0 while the case with ¢ = 1 follows
straightforwardly. By applying the triangle inequality with ¢ = 0, we have:

‘2ln(%)x0 — S(po)’ = )2111(%)950 —2In(3)Tr (Pl‘?(po)p())‘ + ‘QIH(%)TI“ <Pl?(p0)po> - S(po)‘ :

For the first term, by noting the QSVT implementation error in Corollary 3.16, we have by
Equation (4.4) that with probability at least 0.9, it holds that

21n( )xo - 2ln( )Tr (Pl?(po)p())’ < 2ln(%) (C’lne + 6H> ) (B.4)
For the second term, let pg = >, Aj[p;)(;], where {[¢;)} is an orthonormal basis. Then,
‘21n ) Tr (Pd, (po)p0> —S(po ‘ Z ‘Qm JAPROG) = A 1n(1/Aj)‘ . (B.5)

We split the summation over j into two separate summations: Zj = ZAj>5+Z)\<5- By
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noticing the approximation error of P in Corollary 3.9 and > i 1Ajl =Tr(p) <1, we can then
obtain the following results for each of the two summations:

’21n YA PR(A) — Ay In(1/);) )_ YK )2111% B(\;) — In(1/)))

Aj>pB Aj>B
< Z IAj] - 2In( % )Cine
2 >8
< 2111(%)01116,
3 ‘21n(%)AjP1?(Aj) Y 1n(1/Aj)‘ (2 m(2) ]+ 1Al ln(l/ﬁ)>
A <pB A <B

+1
<2In(3)2""'p.
Hence, we have derived the following inequality by summing over the aforementioned inequalities:

Z(zln JAPEOG) = A n(1/A)| < 21n(2) Ciue + 21n(3)2715. (B.6)

By combining Equation (B.4), Equation (B.5), and Equation (B.6), we conclude that
‘2ln(%)xo — S(po)’ < 2111(%) <C’1ne +eg + Ce + 2r+15) . O

Proposition 4.11.2. 2111(%) L2rtlg <

Proof of Proposition /.11.2. Note that the choice of 8 is given by == ——=——. Then, to

2r+6 In(22) "
demonstrate the inequality 21n(2) .ortlp < £, it suffices to prove that

27‘+71 27‘+6
21n ( ( ) ° <

€
c 251 (2r+6) =7

(B.7)

Let x :=2"""6¢ ¢ (O 1), then Equation (B.7) becomes In (21In (1)) < 41In (1). This simpli-
fies further to 22°In (1) < 1.

To complete the proof, let f(z) = 22%In(L), then its first derivative is f'(z) = 222 (3In (1) — 1).
Note that f/(x) > 0 for x € (0,e"'/3) and f'(z) < 0 for z € (e~'/3,1). Thus f(z) is monoton-
ically increasing for € (0,e~'/3) and monotonically decreasing for z € (e~'/3,1). Therefore,
f(z) takes the maximum value at 2 = e~ /3, and consequently, f(z) < f(e~'/3) = 2<1. O

B.2 Omitted proofs in coRQuL containments

Proposition 4.14.1. Let f(fo,0:) := sin?(36q) sin?(361) be a function such that sin?(0;) = p;/2
fori € {0,1} and max{|po — 1/2|, |p1 — 1/2|} > /2, then f(0y,01) < 1 — &2 /4.

Proof. We begin by stating the facts that sin?(6;) = p;/2 for i € {0,1} and sin?(30) = sin%(0) —
6 cos?(6) sin(0) + 9 cos*(#) sin?(f). Then we notice that 0 < pg, p1 < 1 and complete the proof

by a direct calculation:

p1)

2p3 — 605 + 5p0) (229‘;’ 6pt + 3
-3)) .

%|})

< 1= (max {[po =5

)

Proposition 4.15.1. The polynomial function f(z) = 6CL‘ — 2430 + 9z is monotonically de-
creasing in [1/4,9/16]. Moreover, we have f((1 + ) )<1- 7 for any 0 < o < 1.
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Proof. Through a direct calculation, we have f(z) = 4822 — 48z +9 < 0 for = € [1/4,3/4], then
f(z) is monotonically decreasing in [1/4,9/16] C [1/4,3/4]. Moreover, it is left to show that:
FG+5)7) =g +%+ % -5 - risi-9
Equivalently, it suffices to show that g(x) == —g55 — 36% - 96%5 +3 +i >0for 0 <z <1. We first
compute the first derivative of g(z), which is ¢'(z) = —6—2 l ai g—g + %. Setting ¢'(x) equal to
zero, we obtain three roots: x1 = —4, x5 = 3(—v/33 —5) < 0, and z3 = $(v/33 — 5) € (0,1).
Since ¢’(0) = 1/8 > 0 and ¢/(1) = —5/16 < 0, we conclude that g(z) is monotonically
increasing in [0, 23] and monotonically decreasing in [x3,1]. Therefore, we can determine the
minimum value of g(z) by evaluating g(0) = 1 and g(1) = %. Since both values are greater
than zero, we conclude that min{g(0), g(1)} = {3, %} > 0, as desired. O

ECCC ISSN 1433-8092

69

https://eccc.weizmann.ac.il




