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Product mixing in compact Lie groups

David Ellis* Guy Kindler' Noam Lifshitz* Dor Minzer®

Abstract

If G is a group, we say a subset S of G is product-free if the equation xy = z has
no solutions with x,y,z € S. For D € N, a group G is said to be D-quasirandom
if the minimal dimension of a nontrivial complex irreducible representation of G is at
least D. Gowers showed that in a D-quasirandom finite group G, the maximal size of a
product-free set is at most |G|/D'/3. This disproved a longstanding conjecture of Babai
and Sés from 1985.

For the special unitary group, G = SU(n), Gowers observed that his argument
yields an upper bound of n~!/3 on the measure of a measurable product-free subset.
In this paper, we improve Gowers’ upper bound to exp(—cn1/3), where ¢ > 0 is an
absolute constant. In fact, we establish something stronger, namely, product-mizing for
measurable subsets of SU(n) with measure at least exp(—en'/?); for this product-mixing
result, the n'/3 in the exponent is sharp.

Our approach involves introducing novel hypercontractive inequalities, which imply
that the non-Abelian Fourier spectrum of the indicator function of a small set concen-
trates on high-dimensional irreducible representations. Our hypercontractive inequali-
ties are obtained via methods from representation theory, harmonic analysis, random
matrix theory and differential geometry. We generalize our hypercontractive inequali-
ties from SU(n) to an arbitrary D-quasirandom compact connected Lie group for D at
least an absolute constant, thereby extending our results on product-free sets to such
groups.

We also demonstrate various other applications of our inequalities to geometry
(viz., non-Abelian Brunn-Minkowski type inequalities), mixing times, and the theory
of growth in compact Lie groups. A subsequent work due to Arunachalam, Girish and
Lifshitz uses our inequalities to establish new separation results between classical and
quantum communication complexity.

1 Introduction

A subset A of a group G is said to be product-free if gh ¢ A for all g,h € A. The study
of product-free subsets of groups has attracted significant attention over the past three

*Department of Mathematics, University of Bristol.

"Department of Computer Science, Hebrew University of Jerusalem.

{Einstein Institute of Mathematics, Hebrew University of Jerusalem. Supported by the Israel Science
Foundation (grant no. 1980/22).

$Department of Mathematics, Massachusetts Institute of Technology, Cambridge, USA. Supported by a
Sloan Research Fellowship, NSF CCF award 2227876 and NSF CAREER award 2239160.

ISSN 1433-8092



decades. In 1985, Babai and Sés [3] considered the problem of determining the largest
size of a product-free set in a finite group GG. They conjectured that exists an absolute
positive constant ¢y > 0 such that any finite group G has a product-free set of size at least
¢o|G|. In the Abelian case, this is quite easy to see, and had previously been observed by
Erdés, in an unpublished communication to Babai and Sés. (In the cyclic case (Zy, +),
one can take a ‘middle-third’ construction, viz., {x € Z, : n/3 < x < 2n/3}, as a large
product-free set, and one can reduce to the cyclic case by observing that any finite Abelian
group has a nontrivial cyclic quotient, and that the preimage of a product-free set under
a quotient map is also product-free and of the same measure.) The exact answer in the
Abelian case was given by Green and Ruzsa [15] in 2003: the largest product-free subset of a
finite Abelian group G has size ¢|G|, where the function ¢ = ¢(G) € [2/7,1/2] was explicitly
determined by Green and Ruzsa. The general Babai-S6s conjecture was disproved in 2008
by Gowers [14], who showed that if G is a finite group such that the minimal dimension of
a nontrivial irreducible complex representation of G is equal to D, then any product-free
subset of G has size at most D~'/3|G|. It remains to observe that the quantity D = D(G)
is unbounded over finite non-Abelian groups G. For example, for the projective special
linear group PSLa(FF,) (for ¢ an odd prime power), we have D(PSLy(F,)) = (¢ — 1)/2, so
the measure of a product-free subset of PSLy(F,) is at most O(g~'/3), which tends to zero
as ¢ tends to infinity.

Gowers observed that his argument also implies that if G is an (infinite) compact group
for which the minimal dimension of a nontrivial irreducible complex continuous representa-
tion is equal to D, then the maximal Haar measure of a measurable, product-free set in GG
is at most D~/3. For SU(n) we have D(SU(n)) = n, implying an upper bound of n~'/3 on
the measure of a measurable product-free subset of SU(n). However, Gowers conjectured
that for SU(n), the true answer is exponentially small in n. Indeed, as Gowers states, it
seems difficult to come up with an example better than the following. Recall that group
SU(n) acts on the complex unit sphere {v € C" : |jv[|2 = 1}, and take A to be the set of
all matrices A € SU(n) such that the real part of (Aeq,e1) is less than —1/2. As noted by
Gowers, it follows from the triangle inequality that this set is product-free, and it is easy
to check that the measure of A is 272,

In this work, we make progress towards proving Gowers’ conjecture. Specifically, we

improve Gowers’ upper bound by a stretched exponential factor, viz., from n=/3 to e—ent/?

Theorem 1.1. There exists an absolute constant ¢ > 0 such that the following holds. Let
n € N and let A C SU(n) be Haar-measurable and product-free. Then u(A) < exp(—cn'/3).

The construction of A can be viewed as a special case within a general framework given
by Kedlaya [27], for constructing (fairly large) product-free sets in a group G that acts on
a set X. Fix a subset B C X and an element x € X, and define the corresponding Kedlaya
set K, g by

K,p:={9€G: greBandg(B)CX)\B}.

It clear that K, g is product-free. Such constructions are known to be essentially optimal
in some cases, as we will describe below. We conjecture that the following holds for every



compact group.

Conjecture 1.2. There exists an absolute constant C' > 0 such that the following holds.
Let G be a compact group equipped with its Haar probability measure p. Then there exists
a Kedlaya set K in G, such that every measurable product-free set in G has Haar measure
at most C - u(K).

1.1 Quasirandomness for groups, and mixing.

Gowers’ bound for product-free sets relies on a relationship between spectral gaps and
dimensions of irreducible representations, a relationship which was first discovered by Sarnak
and Xue [40]. In fact, Gowers’ proof uses a beautiful connection between the problem and a
purely representation-theoretic notion that Gowers called quasirandomness (due to a rough
equivalence with the graph-quasirandomness of certain Cayley graphs, an equivalence which
we shall explain below). For a group G we denote by D(G) the minimal dimension of a
non-trivial complex irreducible continuous representation of G. (Henceforth, for brevity, we
will use the term representation to mean continuous representation.) For d € N, we say that
a group G is d-quasirandom if D(G) > d Denoting by a(G) the largest possible density %
of a product-free set A C G (if G is a finite group), Gowers showed that for any finite group
G, a(G) < D(G)~1/3. Since D(G) can be arbitrarily large (as is the case for the alternating
groups, which have D(A,) = n — 1 for all n > 7, and the groups PSLy(F,) as mentioned
above, and for many other natural infinite families of finite groups), this disproved the
conjecture of Babai and Sos.

For finite groups, the quasirandomness parameter gives an almost complete description
of the maximal size of a product free set. Pyber (see [I4]) used the Classification of Finite
Simple Groups to obtain a Kedlaya-type construction, showing that a(G) > D(G)~¢ where
C > 0 is an absolute constant. Nikolov and Pyber [34] later improved this to a(G) >
#(G). This established a remarkable fact, namely that the purely representation theoretic
quasirandomness parameter D(G) is polynomially related to the the combinatorial quantity
a(G).

(CD(G) ! < a(G) < D(G)V? (1)

For compact connected Lie groups we obtain the following general variant of Theo-
rem [I.T} which upper-bounds the size of a product-free sets in the group.

Theorem 1.3. There exists an absolute constant ¢ > 0 such that the following holds. Let
G be a compact connected Lie group, and let G be its universal cover. Let A C G be
Haar-measurable and product-free. Let p denote the Haar probability measure on G. Then

1(A) < exp(—eD(G)'/3).

'To avoid confusion with the quasirandomness parameter for graphs, it might have been less ambiguous
to call this notion ‘d-group-quasirandomness’, but as the latter is rather cumbersome we have opted for the
above shorter formulation; we hope that this will not cause the reader confusion, in the sequel.



An elegant argument of Gowers [14] (proof of Theorem 4.6, therein) for finite groups,
which generalises very easily to the case of compact groups, shows that if G is a compact
group then it has a measurable product-free subset of measure at least exp(—Q(D(G)). In
Section [2| we show that D(G) = O(D(G)?). These two facts combine with Theorem [1.3] to
give the following analogue of for compact connected Lie groups.

Corollary 1.4. There exists an absolute constant ¢ > 0 such that the following holds. For
every compact connected Lie group G,

eD(G)V° <log(1/a(G)) < =D(G).

(S N

(We remark that our logs will always be taken with respect to the natural basis.) Corollary
[1.4] says that, as with finite groups, the maximal measure of a measurable product-free set
in a compact connected Lie group is controlled by the quasirandomness parameter, but this
time the control moves to the exponent.

Quasirandomness (for groups) was a crucial ingredient in the ‘Bourgain-Gamburd ex-
pansion machine’, which is a three-step method for obtaining spectral gaps for Cayley
graphs (see e.g. Tao [41], for an exposition). Briefly, this ‘machine’ proceeds as follows: one
first shows that the graph has high girth, then one shows that there are no ‘approximate
subgroups’ in which a random walk could be entrapped, and then quasirandomness is used
(together with with the trace method) to finally obtain a spectral gap. Quasirandomness
(for groups) has many other applications, such as in bounding the diameters of Cayley
graphs (see e.g. the survery of Helfgott [18]).

The term ‘quasirandomness’ was used (for groups) by Gowers, due to the following
connection with the (now classical) notion of quasirandomness for graphs. (There are, of
course, now notions of quasirandomness for a huge variety of combinatorial and algebraic
structures; roughly speaking, these say the structure behaves in a random-like way, in
an appropriate sense.) We now need some more terminology. The normalized adjacency
matriz Ay € RV*V of a d-regular graph H = (V, E) has (i,7)-th entry equal to 1/d if
{i,j} € E, and equal to zero otherwise. The graph H is said to be e-quasirandom if all
the nontrivial eigenvalues of Ay are at most € in absolute value (here, ‘nontrivial’ means
having an eigenvector orthogonal to the constant functions).

One of the striking consequences of d-quasirandomness for a finite group G, is that it
implies that Cayley graphs of the form Cay(G, S) are (1/poly(d))-quasirandom, whenever
S is a dense subset of G. The fact that this only relies on density considerations and does
not require any assumption on the structure of S, makes the notion of quasirandomness for
groups rather powerful.

More generally, applications of quasirandomness for a group G can often be (re)phrased
as follows. Suppose that G is d-quasirandom, and that we have a linear operator T :
L?*(G) — L?*(G) whose nontrivial eigenvalues we want to bound (in absolute value) from
above; suppose further that T' commutes with either the left or the right action of G on
L?*(G). (In Gowers’ proof, slightly rephrased, the operator T' could be viewed as B*B,
where B is the bipartite adjacency matrix of the bipartite Cayley graph with vertex-classes



consisting of two disjoint copies of G, and where the edges are all pairs of the form (g, sg)
for g € G and s € S, S being a product-free set in G.) Then by the commuting property,
each eigenspace of T' is a nontrivial representation of G, and therefore has dimension at
least d; it follows that each nontrivial eigenvalue of G' has multiplicity at least d. But the
sum of the squares of the eigenvalues of T is equal to Trace(T?), and this yields the bound
d|\|? < Trace(T?) for all nontrivial eigenvalues A of T'. This is often called the Sarnak-Xue
trick, as it was first employed in [40]

Bourgain and Gamburd used their ‘expansion machine’ (alluded to above) to show that
taking two uniformly random elements a,b € SLa(IF,) is sufficient for the Cayley graph
Cay (SL2 (Fp, {a,b,a™1, b_l}) to be an expander with high probability, p tending to infinity.
It is a major open problem in the theory of Cayley graphs to obtain a similar result in
the unbounded-rank case, for example for SL,,(F,,) where p is fixed and n tends to infinity.
One of the properties that breaks down when one attempts to use the Bourgain—-Gamburd
expansion machine in the case of unbounded rank, is the dependence of the quasirandomness
parameter on the cardinality of the group. Specifically, in order for the Bourgain—Gamburd
expansion machine to work effectively for a group G, the quasirandomness parameter D(G)
needs to be polynomial in the cardinality of G. In the unbounded rank case, this no longer
holds. For example, D(SL,(F,)) < p" (consider the representation of dimension p" induced
by the natural action of SL,(F,) on Fy). The situation is even worse for the alternating
group Ay, as D(A,) =n—1forn > 7, and n — 1 is less than logarithmic in the cardinality
of the group.

1.2 Ideas and techniques

To improve on the upper bound of Gowers, we need to find methods for ‘dealing with’
the low-dimensional irreducible representations (more precisely, for dealing with the corre-
sponding parts of the Fourier transform). In this paper, we develop some new techniques
for this in the case of compact connected Lie groups. These techniques turn out also to be
useful for finite groups; for example, in [2§], analogues of some of our methods are devel-
oped for the alternating group A,, (where the idea of mixing is replaced by a refined notion,
referred to therein as a ‘mixing property for global sets’).

Below we give indications of the new techniques that are used to obtain our improved
bounds, and the various areas of mathematics from which they originate.

Level d inequalities and hypercontractivity

One of our key ideas is motivated by the (now well-developed) theory of the analysis of
Boolean functions. A function
f{-1L,1}" =R

~

has a Fourier expansion f = 3 gcp, f(S)xs, where xs : {=1,1}" — {—1,1} is defined by
xs(z) := [[;egxi for each x € {—1,1}" and S C [n]. The functions xg, known as the
Fourier-Walsh functions or characters, are orthonormal (with respect to the natural inner



product on R[{—1,1}"] induced by the uniform measure). The Fourier expansion gives rise
to a coarser orthogonal decomposition, f =>"7_, f =4 where

== f(S)xs.

|S|=d

This is known as the degree decomposition (as each function f=¢ is a homogeneous polyno-
mial of total degree d in the z;’s).

The level d inequality for the Boolean cube (essentially due to Kahn—Kalai-Linial [26]
and Benjamini-Kalai-Schramm [6]) states that there exists an absolute constant C' > 0,

such that for a set A C {—1,1}" of density |2A;n| = q«, if d <log(1/«a) then the characteristic

function f = 14 satisfies || f=9||3 < a? (Cl%(l/a))d. Roughly speaking, the level d inequality
says that indicators of small sets are very much uncorrelated with low degree polynomials.
One of our key ideas in this paper is to generalize the level d inequality from the Boolean
cube to the setting of compact connected Lie groups.

The main tool in the proof of the Boolean level d inequality is the Bonami—Gross—
Beckner hypercontactivity theorem. It states that the noise operator T,f := Y7 4 plf=d

is a contraction as an operator from L, to L, for all ¢ > p > 1 provided 0 < p < 4/ ;%' This

immediately implies that || f=%|, < p~%||f=%||, for any function f. Roughly speaking, this
last inequality says that L,-norm of a low-degree function does not change too drastically
with p. This is in stark contrast with the behaviour of indicator functions of small sets,
f = 14. These satisfy || f]|, = a!/?_ which does change rapidly with p. This difference in
behaviours can be used to prove the level d-inequality, stating that indicators of small sets
are essentially orthogonal to the low degree functions.

The same proof-concept works hand in hand with the representation theory of compact
simple Lie groups. For simplicity, let us restrict our attention (at first) to the group G =
SO(n). For each d € NU {0}, we let Voy C L?*(G) denote the subspace of L?((G) spanned
by the polynomials of degree at most d in the matrix entries of X € G = SO(n); so, for
example, X11X22 € Vea. We also let Vg := Vg N (Veg_1)*, for each d € N. Given
f € L*(G), we let f<% denote the orthogonal projection of f onto Vg, and we let f=¢
denote the orthogonal projection of f onto V_g, so that f=% = f<¢ — <=1 The subspaces
Veq and V_4 are two-sided ideals of L?(G) (i.e., they are closed under both left and right
actions of G on L?(G)). Now, if J is a two-sided ideal of L?(G) and T : L?*(G) — L*(G) is
a linear operator that commutes with either the left or the right action of G (as will be the
case with all the operators we will work with), it follows from the classical representation
theory of compact groups (viz., the Peter-Weyl theorem and Schur’s lemma) that 7" has J
as an invariant subspace. Hence, such an operator T" has each V_; as an invariant subspace,
so each eigenspace of T' can be taken to be within one of the V_;’s. It therefore makes
sense to consider quasirandomness relative to the degree decomposition. For each d € N,
we let Dy be the smallest dimension of a subrepresentation of the G-representation V_j,.
The obvious adaptation of the Sarnak-Xue trick, described above, then yields that for any
eigenvalue A of T with eigenspace within V_4, we have Dy|\|? < Trace(T?). It turns out



that D, grows very fast with d, yielding very strong upper bounds on the corresponding ||
for large d.

On the other hand, an ideal level d inequality would imply that if A is an indicator of
a small set, then most of its mass lies on the high degrees. This combines with the fast
growth of Dy (with d) to give a much more powerful form of quasirandomness, one that
takes into account the fact that f is {0, 1}-valued, and gives much better bounds.

We remark that the above degree decomposition can be easily extended to all compact
linear Lie groups G < GL,(C) by letting V<4 be the space of degree < d polynomials in the
real and imaginary parts of the matrix entries of X € G. (In fact, this notion generalizes
fairly easily to arbitrary compact simple Lie groups, even when they are not linear.) As in
the SO(n) case, we let f<% denote the orthogonal projection of f onto Vig.

We obtain the following level d inequality.

Theorem 1.5. There exists absolute constants c¢,C' > 0 such that the following holds. Let

G be a simple compact Lie group equipped with its Haar probability measure p. Suppose
that D(G) > C. Let A C G be a measurable set with o := u(A) > e~ PG Then for each

Cd
d € NU{0} with d < log(1/a), we have || f<¢|} < o (W) .

When G is simply connected and d < ¢y/n we are able to obtain an even stronger level
d inequality, which is similar to the one on the Boolean cube without the extra C factor in
the exponent. This leads to the following.

Theorem 1.6. There exists absolute constants C,c > 0 such that the following holds. Let
G be a compact connected Lie group, let G denote its universal cover, and write n = D(QG).
Suppose that n > C. Let A C G be a measurable set with o := pu(A) > exp (—en'/?). Then

d
for each d € NU {0} with d < log(1/a), we have || <43 < o? (%W) .

It is this second level d-inequality that is responsible for the 1/3 in the exponent of
Theorem Unfortunately, one would not be able to improve our 1/3 in the exponent
to the (conjectural) right one, merely by strengthening this level d-inequality. Indeed, our
second level d inequality can be easily seen to be sharp up to the value of the absolute
constant C, by considering sets of the form {A € SO(n) : (Aej,e1) > 1 —t} for appropriate
values of ¢, when G = SO(n), for example.

Both of our level d inequalities are inspired by the same ideas from the Boolean setting,
together with an extra representation theoretic ideas. Namely, in order to show a level d
inequality, we upper-bound ¢-norms of low degree polynomials in terms of their 2-norms,
and then use Holder’s inequality. In the Boolean cube, such upper bounds follow from two
facts. The first is that the noise operator T, is hypercontractive. The second is that all the
eigenvalues of the restriction of T, to V¢4 are bounded from below by p®. Our approach is
to construct operators on L?(G) that satisfy the same two properties.



Differential geometry and Markov diffusion processes

Our level d inequalities stem from two techniques for obtaining hypercontractivity. Our first
level d inequality, Theorem is obtained via the following method. First, we observe that
we assume without loss of generality that our group G is simply connected. (This is because
every compact simple Lie group is a quotient of its universal cover by a discrete subgroup
of its centre.) We then make use of classical lower bounds on the Ricci curvature of our
(simply connected) compact simple Lie group. The Bakry-Emery criterion [4] translates
such lower bounds on the Ricci curvature into log-Sobolev inequalities for the Laplace-
Beltrami operator L. We then apply an inequality of Gross [16] to deduce a hypercontractive
inequality for the operator e * from the log-Sobolev inequality. This inequality then allows
us to prove our first level d inequality. The operator e~ is the one corresponding to
Brownian motion on G. In order to deduce our level d-inequality we rely on a formula for
the eigenvalues of the Laplacian in terms of a step vector corresponding to each eigenspace.
This formula is well-known in the theory of Lie groups; it is given for example in Berti and
Procesi [7].

Random walks on bipartite graphs

There are two mutually adjoint linear operators that correspond to a random walk on
a d-regular bipartite graph B C L x R. We denote those by T: L?(L) — L?(R) and
T*: L?*(R) — L?*(L) and they are given by taking expectations over a random neighbour;
explicitly, (T'f)(z) = Eyw.f(y) for f € L?*(L) and = € R, and (T*g)(y) = Ezyg(z) for
g € L*(R) and y € L. Tt is easy to see that both operators are contractions with respect
to any norm. It turns out that given such a bipartite graph and given a hypercontractive
operator S on R one gets for free that the operator T*ST is hypercontractive. Filmus et al
[11] used this idea to obtain a ‘non-Abelian’ hypercontractive estimate for ‘global’ functions
on the symmetric group, from an ‘Abelian’ hypercontractive result for ‘global’ functions on
(Zy)"™. (Informally, a ‘global’ function is one where one cannot increase the expectation
very much by restricting the values of a small number of coordinates.)

In this work, we extend this idea to the continuous domain, by replacing a bipartite graph
by a coupling of two probability distributions. Specifically, we consider the probability space
(R™™ ~) of n by n Gaussian matrices (i.e., R™*" with each entry being an independent
standard Gaussian), and the Haar measure on O(n). For (R™*",~), the Ornstein—Uhlenbeck
operator U, is a hypercontractive analogue of the noise operator from the Boolean case. We
couple (R™*" ~) with SO(n) by applying the Gram—Schmidt operation on the columns of
a given Gaussian matrix (flipping the sign of the last column, if necessary, so as to ensure
that the determinant is equal to one). We note that essentially the same coupling has been
used before, e.g. by Jiang [22]; however, it has not been used before (to our knowledge) to
analyse the distribution of high-degree polynomials in the matrix-entries, which is crucial
in our work.

This coupling gives rise to operators T, and T7, similar to the ones in the discrete
case. The hypercontractive inequality for the Ornstein—Uhlenbeck operator U,, together



with our coupling implies a hypercontractive inequality for the operator T;) =T ,UpTeol
We then use a symmetrization trick to obtain an operator T, := IEBNMR*BT;,RB, where
Rp corresponds to right multiplication by B. The symmetrization does not change the
hypercontractive properties, which are the same as for U, (see Theorem , but it has the
advantage of allowing us to analyse more easily the eigenvalues of the operator.

Representation theory

The hypercontractive inequality for the operator T, is useful due to the fact that it imme-
diately gives bounds on the norms of eigenfunctions of T,. Because of the symmetrization,
T, commutes with the action of G from both sides. Therefore, the Peter-Weyl theorem
implies that every isotypica]ﬂ component of L?(G) is contained in an eigenspace of T,.

We eventually show that the eigenvalues of the restriction of T, to V; are at least (cp)
for some absolute constant ¢ > 0. This implies that T, is indeed a good analogue of
the noise operator on the Boolean cube, and of the Ornstein—Uhlenbeck operator U,, i.e.
the noise operator on Gaussian space. We obtain this lower bound by showing that each
isotypical component contains certain functions that are nice to deal with, functions we call
the comfortable juntas.

The latter are defined as follows. We define a d-junta to be a function in the matrix
entries of X € SO(n) that depends only upon the upper-left d by d minor of X. Such a d-
junta is said to be comfortable d-junta if it is contained in the linear span of the monomials
{m, : o € Sy}, where m, : SO(n) — R is defined by m,(X) = Hle X0y for each
X € SO(n), for each permutation o € Sy.

d
)

Random matrix theory

One of the main discoveries of random matrix theory is that the entries of a random or-
thogonal matrix behave (in an appropriate sense) like independent Gaussians of the same
expectation and variance: at least, when one restricts minors of the matrix that are not
too large. (In fact, this holds for many different models of random matrices, not just the
orthogonal ensemble.) The power of this discovery is of course that a Gaussian random
matrix is a priori much easier to analyse than e.g. the random matrix given by the Haar
measure on a group.

One way to test that two distributions are similar is to apply a continuous ‘test function’
and take expectations. Usually, for applications in random matrix theory, the test function
can be taken to be an arbitrary fixed polynomial.

When computing the eigenvalues of our operator T, we need to show a similarity in
distribution between the upper d x d-minor of O(n) and the d x d minor of a random
Gaussian matix. For us, however, it is not sufficient to look at a single polynomial of
fixed degree. Instead, we need to show a similarity in the distribution with respect to our
comfortable d-juntas (where d may be as large as y/n, rather than an absolute constant).

2If p is an irreducible representation of G and V is a G-module, the p-isotypical component of V is the
sum of all subrepresentations of V' that are isomorphic to p.



Hence, while the philosophy is similar to that of random matrix theory, we require new
techniques enabling us to deal with the distributions of polynomials whose degrees may be
a function of n, indeed up to /n.

1.3 Applications

In this section we list several applications of our hypercontractive theory: to some problems
in group theory, in geometry, and in probability.

To state some of our results, we need some more terminology. If G is a compact
connected Lie group, we define n(G) := D(G), where G denotes the universal cover of
G. Tt is well-known that, for each m € N, we have D(SU(m)) = D(Spin(m)) = m and
D(Sp(m)) = 2m (and all these groups are simply connected except for Spin(2)); we also
have D(SO(m)) = m. Since Spin(m) is the universal cover of SO(m) for all m > 2, we have
n(SO(m)) = m for all m > 2. As we will see in the next section, any compact connected
semisimple Lie group G with D(G) at least an absolute constant, can be written in the
form ([];_, K;)/F where each K; is one of SU(n;), Spin(n;) or Sp(n;) for some n; > 3, and
F is a finite subgroup of the centre of [[;_; Kj; the universal cover of such is [[;_; Kj,
and D(][;_, K;) = ©(min; n;). Hence, the quantity n(G) has a very explicit description in
terms of the structure of the Lie group G.

Growth in groups: the diameter problem

The theory of growth in groups has been a very active area of study in recent decades, and
an important class of problem in this area is to determine the diameter of a metric space
defined by a group (e.g., the diameter of a Cayley graph of the group). For a compact group
G equipped with its Haar probability measure, and a measurable generating set A C G of
measure fi, it is natural to consider the metric space on G where the distance between x and
y is defined to be the minimal length of a word in the elements of A and their inverses which
is equal to 2y~ !. The diameters of such metric spaces in the case where G is finite have
become a focus of intense study in the last two decades: see e.g. the works of Liebeck and
Shalev [31], Helfgott [17], Helfgott and Seress [19], Pyber and Szabo [36] and Breuillard,
Green and Tao [§].
For a subset A of a group G and t € N, we define

At ::{al'CLQ"'at‘alva@?"'?ateA}'

The diameter problem for G with respect to A asks for the smallest positive integer ¢ for
which A! = G. For a compact group G and a real number 0 < o < 1, the diameter problem
for sets of measure o in G asks for the minimum possible diameter of a measurable set in
G of measure a.

In the case where G is a compact and connected group, we note that the diameter
of G with respect to any subset A of positive measure is finite. This follows (almost)
immediately from Kemperman’s theorem [29], which states that for any compact connected
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group G (equipped with its Haar probability measure p) and any measurable A, B C G, we
have p(AB) > min{u(A) + u(B),1}.
We make the following conjecture, concerning the diameter of large sets.

Conjecture 1.7. Let G be one of SU(n),SO(n),Spin(n) or Sp(n), and let A C G be a
measurable subset of measure v. Then the diameter of G with respect to A is O(u‘l/”). In
particular, if v > e~ ", then the diameter of G with respect to A is at most O.(1).

We note that if true, the conjecture is essentially tight, as can be seen by considering
the set
S: :={X € SO(n): the angle between Xe; and e; is at most £}.

For € < 1/2, we have pu(S.) = 2-9(1°8(1/¢)) "and the diameter of SO(n) with respect to S.
is O(1/¢).

We show that for a compact connected Lie group G with n(G) = n, for all 6 > 0 and all
measurable subsets A of G with measure at least 2*0"1_5, the diameter of G with respect
to A is at most Os(1).

Theorem 1.8. For each § > 0 there exist ng, k > 0 such that the following holds. Letn > ng
and let G a compact connected Lie group with n(G) = n. If A C G is a Haar-measurable
set, and p(A) =277 then A* = G.

Doubling inequalities for groups

Theorem follows from a new lower bound on p(.A?), where A C G is a measurable subset
of the compact connected Lie group G. We prove the following ‘doubling inequality’.

Theorem 1.9. There exists absolute constants C,c > 0 such that the following holds. Let
G be a compact connected Lie group with n(G) =n > C. Let A C G be a measurable set

with u(A) = e=". Then pu(A%) > u(A)°1L.

The problem of giving a lower bound on p(A?) in terms of u(A), for A a measurable
subset of a compact group G, dates back to the work of Henstock and Macbeath [20]
from 1953, the aforemenentioned bound of Kemperman [29] from 1964, and the work of
Jenkins [21] from 1973. Several recent works of Jing, Tran and Zhang have introduced some
powerful new methods into the field. For instance, in [24], Jing, Tran and Zhang generalized
the Brunn-Minkowskii inequality from R” to an arbitrary connected Lie group, using the
Iwasawa decomposition to facilitate an inductive approach; their result is essentially sharp
for helix-free Lie groups. In [25], they used techniques from O-minimal geometry to show
that that p(A%) > 3.99u(A) for all measurable subsets A C SO(3) of sufficiently small
measure. In a forthcoming paper [23] they prove that there exists a function § = d(n) and
an absolute constant ¢ > 0, such that if A C SO(n) is a measurable set of measure at most
§(n), then u(A?) > 26”1/10/1(/1); the function §(n) satisfies d(n) < 2" Wwhere ¢ > 0
is an absolute constant. (For comparison, we note that Theorem in conjunction with
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Theorem below, imply the existence of an absolute constant ¢ > 0 such that u(A?%) >
min{2c”1/2,u(./4), 0.99} for all measurable subsets A C SO(n) of measure at least 27", so our

result and that of Jing, Tran and Zhang leave a ‘gap’ between them.) It remains an open
problem to determine whether (.A%) > min{2%/194(A),0.99} for all subsets A C SO(n).

Spectral gaps

We also give the following upper bound on the spectral gaps of the operator corresponding
to convolution by %. If G is a compact group equipped with its (unique) Haar proba-
bility measure p, for a measurable set A C G we write © ~ A to mean that x is chosen
(conditionally) according to the Haar measure p, conditional on the event that x € A.

Theorem 1.10. There exist absolute constants ¢, C' > 0 such that the following holds. Let G
be compact connected Lie group and suppose n = n(G) > C. Let A= A~! be a symmetric,
measurable set in G and suppose that pu(A) > e~ Then the nontrivial spectrum of the

operator T defined by T f(x) = Eqa[f(ax)] is contained in the interval

[_\/01og1/a7\/01og1/a] |

Mixing times

Let G be a compact group, equipped with its (unique) Haar probability measure; then
every measurable subset A C G of positive Haar measure corresponds to a random walk
on G. Indeed, we may define a (discrete-time) random walk R4 = (Xi)enugoy on G,
by letting Xy = Id, and for each t € N, if X; 1 = x then X; = az, where a is chosen
uniformly at random from A. In the case where G is finite and A is closed under taking
inverses, this is the usual random walk associated to the Cayley graph Cay(G,.A4). One of
the fundamental problems associated to such random walks is to determine their mizing
time. (Following Larsen and Shalev [30], we say that the mizing time of a Markov chain
(Xt)tenugoy is the minimal non-negative integer 7' such that the total variation distance
between the distribution of X7 and the uniform distribution, is at most 1/e. We note that
1/e could be replaced by any other absolute constant ¢ € (0, 1), without materially altering
the definition; Larsen and Shalev use the constant 1/e as it makes the statement of certain
results concerning S,, and A,, more elegant.)

Larsen and Shalev [30] considered the case where A is a normal set, i.e. a set closed
under conjugation, and G is the alternating group A,. They showed that for each € > 0,
if A C A, of density % > exp (—n1/2_5), then the mixing time of R4 is 2, provided that
n = ng(e) is sufficiently large depending on €. Their proof was based upon a heavy use
of character theory. Their result is almost sharp, in the sense the number 1/2 cannot be
replaced by any number smaller than 1/2. We show that a similar phenomenon holds for
compact connected Lie groups, even when A is not a normal set.
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Theorem 1.11. There exist absolute constants c,ng > 0, such that the following holds. Let
G be a compact connected Lie group with n := n(G) > ng. Let A C G be a measurable set

—enl/?2

with Haar measure at least e . Then the mizing time of the random walk R4 is 2.

This result is essentially best possible. For instance, taking G = SO(n), we may take
A={X €S0(n): X11 > 10/n'/*}. Tt is easy to see that the mixing time of R 4 is 3, while
p(A) = exp(=BO(n'/?)).

Product mixing

Gowers’ proof of his upper bound on the sizes of product-free sets actually establishes a
stronger phenomenon, known as product mizing. We say that a compact group G (equipped
with its Haar probability measure p) is an (o, €)-mizer if for all sets A, B,C C G of Haar
probability measures > «, when choosing independent uniformly random elements a ~ A
and b ~ B, the probability that ab € C lies in the interval (u(C)(1 —¢), u(C)(1+¢)).
Gowers’ proof actually yields the following statement: there exists an absolute constant
C > 0, such that if G is a D-quasirandom compact group, then it is a (C.D~Y/3,0.01)-
mixer. (The proof is given only for finite groups, but it generalises easily to all compact
groups.) For finite groups, Gowers’ product-mixing result is sharp up to the value of the
constant C. Here, we obtain an analogous result for compact connected Lie groups, where
the n~/3 moves to the exponent.

Theorem 1.12. For any € > 0, there exist c,ng > 0 such that the following holds. Let n >
ng and let G be a compact connected Lie group with n := n(G) > ng. Set a = exp(—cn~1/3).
Then G is an («,€)-mizer.

This result is sharp up to the dependence of the constants ¢ = ¢(g) and ng = ng(e) upon
e. Indeed, we may take G = SO(n) and let A = B = {X € SO(n) : Xi; > 10/n'/3} and
C={X €80(n): X1 < —10/n'/3}, to obtain a triple of sets each of measure e=Om'?),
such that when choosing a ~ A and b ~ B independently, the probability that ab € C is
smaller than $u(C).

Homogeneous dynamics and equidistribution

Suppose that a compact Lie group G acts on a topological space X. The space X is said to
be G-homogeneous if G acts transitively and continuously on X (the latter meaning that
the action map from G x X to X is continuous); in this case, X has a unique G-invariant
probability measure, which is called the Haar probability measure. We obtain the following
equidistribution result for homogeneous spaces.

Theorem 1.13. For each e > 0 there exist c,ng > 0 such that the following holds. Let G be
a compact connected Lie group with n(G) =: n > ng. Let X be a G-homogeneous topological
space, and let px denotes its unique G-invariant (Haar) probability measure. Suppose that
1/2

. Let

—Ccn

A C G and B C X are both measurable sets of Haar probability measures > e
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v be the probability measure on X which is given by the distribution of a(b), for a uniform
random a ~ A and an (independent) uniform random b ~ B. Then the total variation
distance between p and v is less than €.

Li-norms of low degree polynomials

We obtain the following upper bounds on the g-norms of low degree polynomials (we state
the result for SO(n), for simplicity).

Theorem 1.14. There exist absolute constants c¢,C' > 0 such that the following holds. Let
q > 2 and let f € L*(SO(n)) be a polynomial of degree d in the matriz entries of X € SO(n).
If d < cn, then

£ za g < @ fIl L2 (-

If moreover, d < cy/n, then
£l Loy < (CVD I Fll 20

Separation of quantum and classical communication complexity

Starting with their introduction to computer science in the seminal paper of Kahn Kalai
and Linial [26], hypercontractive inequalities have found a huge number of applications in
various branches of computer science and related fields (see e.g. [13| 32} [10, B7], to name
but a few). While these applications have generally required hypercontractive inequalities
for functions on discrete sets, some applications require continuous domains. For example,
in the paper of Klartag and Regev [38], a hypercontractive inequality for functions on
the n-sphere is used to obtain a lower bound on the number of (classical) communication
bits required for two parties to jointly compute a certain function. While with quantum
communication, the value of that function can be computed by one party transmitting
only O(logn) quantum-bits to the other, it was shown in [3§] that classical communication
requires at least Q(nl/ 3) bits of communication to be sent, even if parties are allowed to send
bits both ways, thereby showing an exponential separation between the power of classical
communication and that of one-way quantum communication.

In the field of quantum communication, establishing a significant separation between
classical communication and practically implemented modes of quantum communication re-
mains a major open problem. In a forthcoming work, Arunachalam, Girish, and Lifshitz [2]
apply our hypercontractive inequality for SU(n) to make a substantial step towards this
goal. They used it to obtain an exponential separation between classical communication
and a more realistic version of quantum communication, namely the one-clean-qubit model.

2 Preliminaries: Quasirandomness and min-rank

In this section we show that, for D at least an absolute constant, the universal cover G of a
D-quasirandom compact connected Lie group G is a product of ‘classical’ (compact, simple,
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simply connected) Lie groups of the form Spin(n), SU(n),Sp(n). We then make use of this
to determine D(G), and we show that D(G) < 4D(G)?2.

In what follows, as usual, a compact group G is a Hausdorff topological group for which
the group operations (or equivalently, the map (g, k) — gh~!) are continuous. We recall that
a compact group has a unique left-multiplication-invariant probability measure (called the
Haar measure), which is also the unique right-multiplication-invariant probability measure.

As usual, if G is a compact group, we let
LXG)={f:G = C: Ef] <oo}/~,

where the expectation is with respect to the Haar probability measure p on G and the
equivalence relation ~ is defined by f ~ ¢ iff f = g p-almost-everywhere, and we view
L?(G) as a Hilbert space, with the natural inner product,

<fa g> = Eﬂ[fg]'

We make use of the following fact, appearing for example in [35] Chapter 10, Section
7.2, Theorem 4, page 380. (Note that the word ‘Lie’ is missing from the statement of this
theorem; this omission is clearly just a typographical error.)

Fact 2.1. Fvery compact connected Lie group is Lie-isomorphic to a group of the form
(ITi—; Ki x T")/F, where each K; is a simply connected simple compact Lie group (equiva-
lently, K; is one of Sp(n;) for some n; > 1, Spin(n;) for some n; > 3, SU(n;) for some
n; = 2, or the compact form of one of the five exceptional Lie groups, for each i € [r]), T
is a finite-dimensional torus (i.e. T = (R/Z)™ for some integer m), and F is a finite group
contained in the center of [[;_; K; x T, with FNT = {1}.

Lemma 2.2. Suppose that D > 1 and that G is a D-quasirandom compact connected Lie
group. Then G is semisimple.

Proof. Write G = ([[;_, K; x T')/F, where each Kj; is a simply connected simple compact
Lie group, T is a finite-dimensional torus (i.e. ' = (R/Z)™ for some integer m), and F is
a finite group contained in the center of [[;_; K; x T, with FNT = {1}, as in the above
fact. Semisimplicity of G is equivalent to 7' = {1}. Suppose on the contrary that T # {1}.
Let 7 be the projection map from [];_; K; x T onto the T component. Since FNT = {1},
we have w(F) = {1}, so the projection 7 induces a (surjective) group homomorphism 7
from G to T, and therefore G has a quotient isomorphic to (R/Z)™ for some integer m > 1;
any nontrivial complex one-dimension irreducible representation of the latter quotient lifts
to one of G, contradicting the D-quasirandomness of G (for any D > 1) and proving the
lemma. O

We also recall the following standard fact.
Fact 2.3. Every compact semisimple Lie group has finite centre.
We now show that if G is sufficiently quasirandom, then the exceptional groups do not

make an appearance as some K; when writing G = ([[;_, K;)/F.
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Lemma 2.4. Set Dy = 248. Let G be a compact connected Lie group, and suppose that
it is D-quasirandom for some D > Dy. Then G = ([[;_, K;)/F, where each K; is one of
Sp(n;), Spin(n;), SU(n;) for some n; > /D /2 and F is a subgroup of the (finite) centre of
[Tiz1 K.

Proof. By the previous lemma, provided Dy > 1, G is semisimple. Hence, we may write
G = ([Ii= K;)/F, where each K; is one of Sp(n;), Spin(n;), SU(n;) or the compact form of
one of the five exceptional Lie groups, for each i, and F' is a finite group contained in the
(finite) center of [[i_, K;. As the quotient of a D-quasirandom group is D-quasirandom,
we may project to any one of the components and still obtain a D-quasirandom group
K;/F'. (In detail, let 7; denote projection of H;Zl K; onto the K; factor; m; induces a
surjective homomorphism from G onto K;/m;(F'), and since F' is a subgroup of the centre
of H;Zl K;, F; is a subgroup of the centre of K;. The group K;/m;(F) is therefore a
quotient of G, and so inherits its D-quasirandomness.) It is therefore sufficient to consider
the case where G = K;/F’. We now note that the adjoint representation of Kj factors
through K7/F’ (since F’ is contained in the centre of K7), so it can also be viewed as a
representation of K;/F’. As the adjoint representation of Kj is not a sum of copies of
the trivial representation (this follows from the fact that K is non-Abelian), its dimension
(which is the same as the dimension of the Lie group K1) is at least D. The five exceptional
Lie groups, Fg, Fr, Es, Fy and Gs, have dimensions 78, 133, 248, 52 and 14 respectively, so
K cannot equal any of these (since D > Dy = 248). Hence, K is one of Sp(n;), Spin(n)
or SU(ny). The dimensions of these Lie groups are ni(2n1 + 1), ny(n; —1)/2 and n3 — 1
respectively, so we obtain n1(2n; +1) > D, which implies that n; > v/D/2. This completes
the proof of the lemma. O

The following (non-standard) definition will be convenient for us.

Definition 2.5. Let G be a compact, connected, semisimple Lie group and write G =
([T, K:)/F, where, as above, K; is one of Sp(n;), Spin(n;) or SU(n;) for each i, and
F is a finite subgroup of the (finite) centre of G. We define the min-rank of G to be
min{ny,...,n,}.

Using this terminology, the above lemma can be restated by saying that if a compact
connected Lie group G is D-quasirandom for large enough D, then it has min-rank at least
VD/2.

We remark that the rank of a Lie group is defined to be the dimension of any one of its
Cartan subgroups, so the ranks of Sp(n;), Spin(n;) and SU(n;) are respectively n;, |n;/2]
and n; — 1, so in particular are all ©(n;); hence, while the min-rank of G is not exactly the
minimum of the ranks of the K;’s (where the K;’s are as above), it is within an absolute
constant factor thereof. (We hope this slight abuse of terminology will not cause confusion.)

To establish that D(G) < 4D(G)? we also need the following.

Lemma 2.6. Let G be a simply compact semisimple Lie group of min-rank m. Then its
universal cover G satisfies D(G) € {m,2m}.
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Proof. Write G = [[;_, K;/F. As the projection map from [[/_, K; to G is a cover map,
and since []i_; K; is simply connected, we obtain that G = [[;—; Ki. The lemma now
follows from the fact that the complex irreducible representations of a product [[;_; K; of
finitely many compact groups are tensor products of complex irreducible representations,

of the form p; ® ... ® p, where p; is an complex irreducible representation of p;, for each ¢
together with the fact that D(SU(n)) = D(SO(n)) = n, D(Sp(n)) = 2n. O

Lemma [2.6] shows that, when proving the theorems in the introduction, we may replace
D(G) with the min-rank of G.

3 Good groups and fine groups

In this section we define some basic properties of compact connected groups, which we later
use to prove various growth properties. We define graded and strongly quasirandom groups,
and hypercontractive groups; we say that groups satisfying all these properties are good. We
also define a somewhat weaker (or, technically, incomparable) notion of a fine group.

The compact, simple, simply connected real Lie groups of large enough rank, i.e SU(n),
Sp(n) and Spin(n), are indeed good (this is proved in Section [§). We show that good-
ness is preserved when taking products and quotients (quotients, that is, by closed normal
subgroups, as usual), thereby showing that every D-quasirandom group is a good graded
group, provided D is sufficiently large.

Definition 3.1 (Graded groups). For n € N, we say a compact connected group G is
n-graded if there exists an orthogonal direct sum,

[n/2]-1

LQ(G) = @ V=d S V}n/Za
d=0

such that the spaces V_q are invariant under the action of G from both sides, and where V_g

contains only the constant functions. For an n-graded group and an integer 0 < dy < n/2,
[n/2]—1

we denote by V4, the direct sum Vg4, := @ Vea @ Ve (Note that we will sometimes
d=dy+1

write V:G:i in place of V—q, when we want to stress that the group in question is G, e.g. if

there are several groups involved in our argument.)

Remark 3.2. Note that it follows from the definition of an n-grading that V=, o is also
mwvariant under the action of G from both sides.

Grading for the compact simply connected simple Lie groups (of large enough
rank). We note in this section that SO(n), SU(n), Sp(n) and Spin(n) are all n-graded,
for n > 3. For the group SO(n), for each integer 0 < d < n/2 we define Vg4 to be
the subspace of L?(SO(n)) spanned by degree < d multivariate polynomials in the matrix
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entries of X € SO(n) (so, for example, V<o contains the polynomial X;;X;2). For notational
convenience, for 0 < r < d/2 we define V., to be V4, where d is the maximal integer less
than r. We then set V_g := V<o and V4 := Vg N (V@;_l)L for each integer 1 < d < n/2,
and we define V-, /5 := (V, /Q)J_. Note that each V—4 is finite-dimensional, but V-, /5 is
infinite-dimensional.

For the special unitary group we perform a similar construction, except that one views
the complex entries of the input matrix as a pair of real numbers. More precisely, we define
V<a to consist of the functions f that are degree < d multivariate polynomials in the real
and imaginary parts of the matrix entries of X € SU(n) (so, for example, V¢3 contains the
polynomial Re(X11)Im(X11)Re(X12)). As in the SO(n) case, we then set V_y := Vo and
Vg := Vg N (Veg_1)"* for each integer 1 < d < n/2, and we set Vansz i= (Vanjo)t.

For the compact symplectic group, Sp(n), we view it as the group of n by n unitary
matrices over the field of quaternions (see Section for more details), and we define Vg4
to be the vector subspace of L?(Sp(n)) spanned by degree < d multivariate polynomials in
the real parts, the i-parts, the j-parts and the k-parts of the matrix entries; we then proceed
as in the previous two cases.

For the spin group Spin(n) things are a little more involved, as it has no straightforward
description as a linear group. In order to define the grading we make use of the double
covering homomorphism 7: Spin(n) — SO(n) (recall that Spin(n) is the universal covering
group of SO(n), and that this cover is a double cover, for each n > 3). The covering
homomorphism 7 gives rise to an embedding i: L?(SO(n)) — L?(Spin(n)) given by if =
f om. We then take the grading of the spin group to be

Spin(n) = €0 (V") & (VSN
d<n/2
o V:Ssin(n) = i(V:S;)(")) for each 0 < d < n/2, and Vssi/r;(") = (Z(er?/(g)))l
We remark that the above arguments also imply that SO(n), SU(n), Sp(n) and Spin(n)
are m-graded for all m € N and all n > 3, but we will only require the n-grading, in the
sequel.

Next we define a notion of ‘strong quasirandomness’ for graded compact groups. In
section [6] we show that the simply connected n-graded groups are all c-strongly-quasirandom
for some absolute constant ¢ > 0.

Definition 3.3 (Strongly quasirandom graded group). We say an n-graded compact group
G is ((Qd)c[,i/oﬂ*l, Q) -strongly-quasirandom if the minimal dimension of a subrepresenta-
tion of V—q (as a left G-module) is > Qq for all integers 0 < d < [n/2] —1, and is > Q for
Vansa

For ¢ > 0 we say that the n-graded compact group G is c-strongly-quasirandom if it is
((Qd)&i/lﬂ_l,Q)—stmngly-quasimndom when we set Qg = (%)d ford < en/(1+c¢), and
Q,Qq:= (14 )+ ford > cen/(1 + c).
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In Section we show that all the (infinite families of) compact simply connected
simple Lie groups are c-strongly quasirandom for some absolute constant ¢ > 0.

Theorem 3.4. The n-graded compact groups SU(n),Sp(n),Spin(n) (for n > 3) are all
c-strongly quasirandom for some absolute constant ¢ > 0, when equipped with our chosen
n-grading.

Definition 3.5 (Beckner operator for graded groups). Let G be an n-graded compact group,
let v be an integer with 0 < r < n/2, and let 0 < § < 1. We define the Beckner operator
Ts, : L2(G) — LA(G) by Ts.(f) := 318 f=%, for all f € L*(G).

Definition 3.6 (Hypercontractive group). Let C' > 0 and let r be an integer with 0 < r <
n/2. We say that an n-graded group compact G is (r, C')-hypercontractive if for every q > 2
and every 0 < 6 <1/(C/q), we have | Ts;|,_,, < 1.

The following is an easy consequence of hypercontractivity.

Lemma 3.7. Let G be an n-graded (r, C)-hypercontractive group, where 0 < r < n/2. Then
for every integer d < r, every q = 2 and function f € V_g, we have

/2

1£lle < (C%0) " 1 f]l-

Proof. Let f € V_q. Then 6¢||f|lq = [|Ts.,fllg < ||f]l2 for all § < 1/(C/q); setting § =
1/(C,/q) completes the proof. O

In Section [§] we show that the compact simple simply connected n-graded Lie groups
Sp(n),SU(n) and Spin(n) are (cy/n,C)-hypercontractive for some positive absolute con-
stants C and ¢, when they are eqipped with our chosen n-grading.

Theorem 3.8. The groups Sp(n), SU(n), Spin(n) are (cy/n, C)-hypercontractive, when equipped
with our chosen n-grading, for some positive absolute constants C and c.

Definition 3.9 (Good groups). An n-graded compact group G is said to be (C,c)-good if
it 1s (cn1/2, C)-hypercontractive and c-strongly quasirandom.

The next theorem follows from Theorem and Theorem [3.4]

Theorem 3.10. For each n > 3, the n-graded groups Sp(n),SU(n), Spin(n) (equipped with
our choice of n-grading) are (C,c)-good, for some absolute positive constants C and c.

We prove Theorem in Section

3.1 Fine groups

We also have a closely related notion of a fine group. It is a weaker form of hypercontrac-
tivity, but we manage to prove it for higher values of d, viz., up to linear in n.
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Definition 3.11 (Weakly hypercontractive group). Let C > 1 and 1 < r < n/2. An n-
graded compact group G is (r,C)-weakly hypercontractive if for every function f € L*(G)
and every ¢ =2 and 0 < 6 < 1/¢° we have

[ Ts.r fllg < 1712

The following lemma follows similarly to Lemma

Lemma 3.12. Let G be an n-graded (r,C)-weakly hypercontractive compact group, where
C >1and 1 <r < n/2. Then for any integer d < r, every q > 2, and any function
f € V_y, we have

Cd
1fllg < a™-1Ifl;

Definition 3.13 (Fine groups). If ¢ > 0 and C > 1, an n-graded compact group G is said
to be (C,c)-fine if it is both (cn, C)-weakly hypercontractive, and c-strongly-quasirandom.

In Section [7| we show that the (infinite families of) compact simply connected simple
groups, viz. Sp(n),SU(n), and Spin(n), are all fine, as n-graded groups equipped with our
chosen gradings.

Theorem 3.14. Forn > 3, the n-graded groups Sp(n),SU(n), and Spin(n) are (C, c)-fine,
for some absolute constants C > 1 and ¢ > 0, when equipped with our chosen n-gradings.

3.2 Goodness and fineness are preserved under taking products and quo-
tients

In this subsection, we show that goodness and fineness are preserved under taking products,
and quotients (quotients, that is, by closed normal subgroups) — more precisely, that suit-
able gradings can be defined on products and quotients. This, together with Theorems |3.10]
and implies that all compact Lie groups of large-enough min-rank are both good and
fine.

Lemma 3.15. Assuming Theorem[3.10, the following holds. There exist positive constants
¢, C and ng such that if n > ng, then every compact connected Lie group of min-rank n can
be equipped with an n-grading that makes it (C,c)-good, as an n-graded group.

Lemma 3.16. Assuming Theorem[3.1], the following holds. There exist positive constants
¢, C and ng such that if n > ng, then every compact connected Lie group of min-rank n can
be equipped with an n-grading that makes it (C, c)-fine, as an n-graded group.

Grading for group products. Let G and H be compact groups, and let f and g be
functions on G and H respectively. We write f ® g for the function on G x H given by
(z,y) — f(x)g(y). If U is a closed linear subspace of L?(G) and V is a closed linear subspace
of L?>(H), then we denote by U ® V be the Hilbert-space tensor product of U and V, i.e.
the linear subspace of L?(G x H) consisting of the closure of the linear span of the set of
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functions {f ® g: f € U, g € V}. We recall that if {u;}:°, is a Hilbert-space basis for U
and {v;}72; is a Hilbert-space basis for V, then {u; ® v;}5_; is a Hilbert-space basis for
UeV.

Definition 3.17. Let n > m, let G be an n-graded compact group and H be an m-graded
compact group. We give G x H the structure of an m-graded compact group by setting

VGxH @ V

di+do=d
GxH GxH 1
ford <m/2, and V3 mj2 = = (V2 <my2)— D
For products of more than two compact groups, G1 X Ga X ... x Gy say, we simply iterate
the above definition (noting associativity). Viz., if G; is ns-graded for i = 1,2,... ¢, then
we let n = min{nq,...,ns} and we give Gy x ... x Gy the structure of an n-graded compact
group by setting
V:Gdlx...sz — @ V:Gdl ®...® V

for d < n/2, and VEL5-*Ct — (V0G0 +
Our goal is now to show that tile product of good groups is good. We make use of the
following lemma of Beckner [5].

Lemma 3.18. Let X1,...,X,,Y1,...,Y,. be probability spaces. Let T1,...T, be linear oper-
ators such that T;: L*(X;) — LU(Y;) for alli € [r]. Then | T1®---®T,|l2a—q < [T—1 [|Ti]l2q-

Lemma 3.19. Let G1,...,G; be compact groups and suppose that each G; is n;-graded.
Write n = min{ny,...,n;}. Suppose that each G; is (r,C)-hypercontractive, where r € N
with r < n/2; then G := Hézl G (with the above n-grading) is also (r, C')-hypercontractive.

Proof. Let ¢ > 2, and let § = c%/a Let T;: L*(G;) — L*(G;), T: L*(G) — L*(G) be the
appropriate T, Beckner operators. Then by hypothesis ||Ti||2—, < 1 for all i € [r]; our
goal is to show that || T2, < 1. This now follows from Lemma and the fact that T
can be decomposed as T =T} ® --- ® Ty o S, where S is given by f +— f<". We have

ITfllg < T1® - @ Tilla—qllSfll2 < [If]]2
for each f. O

A similar argument works for weakly hypercontractive groups, yielding the following
lemma.

Lemma 3.20. Let Gy,...,G; be compact groups and suppose that each G; is n;-graded.
Write n = min{nq,...,n;}. Suppose that each G; is (r,C)-weakly hypercontractive, where
0 < r < n/2. Then the n-graded group G := Hé:l G; (with the above n-grading) is also
(r, C)-weakly hypercontractive.
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Grading for quotients. We now define a grading for quotients of graded groups, and
show that hypercontractivity (and weak hypercontractivity) is preserved under taking quo-
tients, using this ‘induced’ grading.

Definition 3.21. Let G be an n-graded compact group, let H be a closed normal subgroup of
G, and let m: G — G/H be the quotient map. The n-graded structure on L?>(G/H) induced

from that on L*(G) is given by letting VGd/H consist of all functions f in L*(G/H) such
that f om is in V_(’:i The space V_ //2 is defined similarly.

We note that this definition is consistent with our choices of the gradings of Spin(n)
and of SO(n).

Lemma 3.22. The subspaces V:G:i/H constitute an n-grading of the compact group G/H.

Proof. We first note that if

[n/2]-1

L*(G) = @ VS| @ Vanya
d=0

is a grading of LQ(G) then each V& & is closed (being an orthogonal complement of a sub-
space), as is V>n/2

Let i: L?(G/H) — L?*(G) be given by i(f) = f om. We let i* be its adjoint, which is
given explicitly by i*(f)(xH) = Epeg|[f(xh)], where the expectation is taken with respect
to the Haar probability measure on H. Now ¢* commutes with the action of G (from either
the left or the right) and therefore the spaces i*(V.%)) and i* (VS o /2) are invariant under both
the left and the right actions of G. Since ¢* preserves orthogonahty, these spaces are also
pairwise orthogonal. Since i* o is the identity (so i*(L*(G)) = L*(G/H)), we obtain that
the spaces i*(V.5)), i*(Vsp2) constitute a grading of L?(G/H). The fact that i* o is the

G/H *(Vg) for each d < n/2, and that V>G//}2[ (V>n/2)

We now claim that i*(V.5) = VG/H for all d < n/2, and that ¢ (V>G /o) = Vgn//Q. To prove

this, it suffices to show that V& & is invariant under ¢ o i* for each d < n/2, and that Vf;l /2

identity also imiplies that V_

is invariant under i o i*. (Indeed, the latter implies that i*(V.%)) C V:Gd/H for each d < n/2,

and that i*(V.S, ,) € Vo7,

that f € V:G . By the right-invariance, each function f(zh) is then in the space V:Gd, and as
VGd is closed, it follows that the average i o ¢* also lies in V:Gd. Exactly the same argument

works with V>n /20 proving the claim. This completes the proof of the lemma. O

) Now, i o0i* is given by f — (x — Epg[f(zh)]). Suppose

Lemma 3.23. Let G be an n-graded compact group, and let H be a closed normal subgroup
of G. Suppose that G is (r,C)-(weakly) hypercontractive, where 0 < r < n/2. Then G/H
is also (r,C)-(weakly) hypercontractive, when equipped with the induced n-grading defined
above.
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Proof. Let i: L*(G/H) — L?*(G) be given by i(f) = f o, as before. We notice that by
definition of the grading and of the Beckner operator, it holds that Tgr ol = ioT(SGT AN oting
that the map 7 is an LP-isometric embedding for all p, we have that for any f € L?(G/H),

il

i0 T/ f|| = |TSGEN, < 1Dl = 171

This completes the proof of the lemma. O

If the map ¢ from earlier induces an isomorphism between the spaces V:Gd/ A and V:Gd for

all d < r, then the converse of Lemma also holds; this will be useful for going from
SO(n) to Spin(n).

Lemma 3.24. Let G be an n-graded compact group, and let H be a closed normal subgroup
of G. Equip G/H with the induced (quotient) grading, defined above. Suppose that G/H ‘s
(r, C)-(weakly) hypercontractive as an n-graded group, where 0 < r < n/2. Suppose further
that for all d < r, the gradings satisfy i <V:G;l/H) = V:Gd. Then G is also (r,C)-(weakly)

hypercontractive, as an n-graded group.

Proof. Let us denote the Beckner operator Ty, on L?*(G) by T, and the corresponding
operator on L*(G/H) by T'. Then we may write T oi = i o T". Composing with i* we
obtain

Toioi*=ioT oi*.

We now claim that T oo i* = T. First note that each space V&, V>Gr is 4 o ¢*-invariant.
We can therefore use fact that the operator T" annihilates Vg to deduce that the operator
T oiod* agrees with T on Vg. Our claim will follow once we show that i o¢* is the identity
on Vg;. To accomplish that we note that ¢ is injective, and by the hypothesis the restriction
of 7 to the corresponding V_; spaces is also surjective, and thus so is its restriction to Vg.
As the operator i* o 7 is the identity we obtain that the restriction of ¢ o i* to Vg is the
identity as well.

We can therefore write T = ¢ o T" o #*, and using the fact that ¢ is an LY-isometric
embedding and that ¢* contracts 2-norms we obtain:

1T ll2—q = 17" 08" [l2g < [T [|l2q[li" 252 < 1.
O
Conclusion. We have shown that (weak) hypercontractivity is preserved under taking

products and quotients. It is easy to check that c-strong-quasirandomness is also preserved

under taking products or quotients (using the gradings above), so we immediately obtain
Lemma [3.15] and Lemma [3.16]
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4 Growth in good groups

In this section we prove Theorems 1.10| [T.17][1.12] and [T.T3] For now, the reader
may consider the objective of proving Theorem as motivation for what follows.

Let G be a compact group, and let i be the Haar probability measure on G. We would
like to bound p(A) for a set A C G that is product free. We first note that the property of
being product free can be stated in terms of convolutions.

Definition 4.1. For two functions f,g € L*(G), we define their convolution f*g € L?(G)
by
Frg@) = [ fay awdu(w)

For f € L*(G), we write Ty for the linear operator from L?*(G) to itself defined by
g+ g* f. Observe that if A C G is a product-free set of density u(A) = a, and f = %“,
then (T414,14) = 0. If G is an n-graded group, we can decompose g := 14 into its

projections to the V_;’s, and write g = LZ/Oﬂ_l g=¢ 4 g7n/?

of g onto V_4. Noting that ¢=° = «, this allows us to expand

, where ¢g=% is the projection

(T'11a,14) = (Ttg,9)

as a sum of a main term, a2, and other terms of the form (T;g=%, g=%) or (T;g>"/2, g>"/?).
We upper-bound each term by using Cauchy-Schwarz:

=d =d =d
(Trg™ g~ < I T¢lhv_yllg™ 13,

where for a closed subspace M < L?(G) and a linear operator T : L?(G) — L*(G) we write

H”T1|1|||2
v

Our goal will be to show t112at these other term make a negligible contribution to the

sum compared to the main term a?. We accomplish that by observing that the space V_g
is Ty-invariant. This shows that the operator TJZ“ Ty can be diagonalized inside V_;. It also

over all nonzero v € M.

|T||ar for the supremum of

implies that HTfH%,:d is equal to the maximal eigenvalue of TFTy. We then upper bound
the maximal eigenvalue of T’ J’c‘ T inside V_,4, showing that these eigenvalues get smaller and
smaller as the degree gets larger. Finally, we combine our upper bound on the eigenvalues
of Ty with a level d-inequality which shows that the L?-mass of ¢ is concentrated on the
high degrees. Together, we obtain that the sum of terms (7' fg:d, g=%) is indeed negligible.

Our upper bound on the ‘degree d’ eigenvalues of T’ ;J T follows by combining a level d
inequality with a lower bound on the dimension of each eigenspace of TJ’E Ty. We use the fact
that each such eigenspace is a sub-representation of V_; and therefore by strong quasiran-
domness must have dimension > @4, for the appropriate quasirandomness parameter Q.

We upper bound |(T;g>"/2, g>"/?)| in a similar fashion.
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4.1 Level d inequalities and the eigenvalues of T}

Recall that the Hilbert-Schmidt norm of a linear operator T on a separable Hilbert space
H is defined by

[e.e]
ITNs = > IT(ea)ll3,
i=1

where {e;}?°, is any Hilbert-space basis for H; if T' is a compact operator, then ||T'||us
is the square root of the sum of the eigenvalues of T*T (counted with multiplicity). One
standard fact (see e.g. [9], page 267) is the following.

Fact 4.2. Let f € L*(G) and let Ty be the linear operator from L*(G) to itself defined by
g gx* f. Then Ty is a compact operator, and the Hilbert-Schmidt norm of Ty is equal to
the 2-norm of f:

| T¢llzs = [ f]l2-

We recall our notation for the norm of an operator on a subspace of L?(G).

Definition 4.3. Let M < L*(G) be a closed subspace. Let T: L*(G) — L*(G) be a linear
operator; then we write ||T||ar := sup{||Tf|l2/IIfll2: f € M\ {0}}.

We now give our upper bound on the level d eigenvalues of 1.

Lemma 4.4. Let G be an n-graded ((Qd)gfl, Q)-quasirandom group. Let f € L*(G). Then
the spaces V—q,V=y o are Ty-invariant. Moreover, || Ty, < ”\/Q%Q and HTfHV%/2 < %
Proof. We first claim that the subspaces Vg4, V>, /2 are all Ty invariant. To see this, observe
that if U < L%*(G) is a closed subspace that is invariant under the right-action of G, then
for every g € U, we have g * f € U as well. (Indeed, let h € U+; then

£ = [ [ oty s@h@autman) = [ [ gty 1@ dutdn) = o

using Fubini and the fact that for each fixed y € G the function z — g(zy~!)f(y) lies in
U. Hence, g f € (U+)t = U.) Applying this with U = V_g4, which is a closed subspace
invariant under the right action of G, we see that the spaces V_4 are indeed T'-invariant.
Similarly, applying it with U = V<, /5 (which is also a closed subspace invariant under the
right action of G), we see that V-, 5 is also Ty-invariant.

Fix d < n/2, and let us orthogonally decompose f as f = f=%+f’. Then Ty =Tp=a+Ty,
by the linearity of convolution. We now assert that T agrees with Ty=a on V_4. Essentially
the same argument as that above shows that if U < L?(G) is a closed subspace that is
invariant under the left-action of G, then g * f' € U for every f' € U and g € L*(G);
applying this with U = VX | we obtain that Tpg € VL for every g € L?(G). Hence,
if g € V_g, then Ty g = 0, proving our assertion. It follows that HTfHV is the maximal

cigenvalue of the operator T_;Ty-a. On the other hand, Fact 1mphes that || f=9||3 is
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the sum of the eigenvalues of T}‘:dT y=a counted with multiplicity. To complete the proof

:d . . . .
that [Tyl < % we show that each such multiplicity is > Q4 and so

2 =d||2
QallTylly_, < II/~l2.

To lower-bound the multiplicities of the eigenvalues of T';_;Ty=a inside V—4 we note that
T}k:de:d commutes with the left-action of G, since Ty=s does. This implies that the
eigenspaces of T7_;Ty-a are left G-submodules of V_4. Each such submodule contains
an irreducible representation, which has dimension > )4 by hypothesis. The proof that

||Tf”V>n/2 < ”\J;g is similar. .

We now upper-bound [[T||;, by proving a corresponding level d-inequality.

Theorem 4.5. Let G be an (r,C)-hypercontractive group. Let f: G — {0,1} and write
o :=E[f]. Let d € N be such that 0 < d < min{}log(1/a),r}. Then

_ 100\ *
774 < (X5) a*log(1/a).

Proof. Let ¢ = %. Let ¢’ be the Holder conjugate of ¢, i.e. the number satisfying
% + % = 1. Then by (r, C)-hypercontractivity and Lemmaw we have

=418 = (£, =) < 1F ol flly < (CO2 =2 - @',

After rearranging we obtain
17713 < (*Cq)?a’.

The theorem follows by plugging in the value of g. O

Theorem together with Lemma [3.15| also shows that Theorem [3.10|implies Theorem
1.6l

Combining Lemma [£.4) with Theorem we have the following.

Lemma 4.6. For each ¢,C > 0 there exist ¢',ng > 0 such that the following holds. Let
n > ng and let G be an n-graded (C,c)-good group. Let A C G and suppose that

o = pg(A) € (VA ),
Write f = %A and t = 2L/ Thep for all 1 < d < t, we have

2
c’ log(l/a))d/2

7l < (S

where C' 1= %. Moreover,

an 10
17l < (5)
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Proof. The lemma follows by applying Lemma [.4] with the values of Q4 and @ which are
promised by the goodness of G, and then bounding H f:dH2 using Theorem
Let us begin with the range d < t. Since we know that G is c-strongly-quasirandom,

he have that G is ((Qd)gi/lﬂ_l,Q) graded where Qg > (%)d for all d < t. Hence, by
Lemma [4.4] we have

1=,
T <
H fHV:d < \/@

<l ()

o 7, eny o
- (3)

/2 d/2
<(2) - (5F) rostijar2

cn

(using Lemma

. <1OClog(1/a)>d/27

cn

which is the desired bound.

Next, consider the range d > t. For d in this range, and provided that ng is sufficiently
large, we have from c-strong-quasirandomness that Qg > (%)t By Lemma we therefore
have, by a similar computation to before,

—t/2

o o an 10
< et 1/2 ¢ (7) ’

cn
1Ty, <IIfll2 (57) -

where we used on
NS 212,

which holds provided ¢’ is sufficiently small. O
Lemma 4.7. Let ¢,C,¢ > 0. Let G be an n-graded c-strongly-quasirandom group. Let
A C G and suppose that

/

o= pa(d) > .
L4 Then for 1 < d < cn/(1+ ¢) we have

Write f = -4
d/2

—1/2 d
1Tyl < (@)™ () ,

cn

and for d > cn/(1+ ¢) we have

HTfHV:d < (cl)—l/Q(l + C)_Cn/(2(1+6))'
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Proof. The lemma follows by applying Lemma [4.4] with the values of Q4 and @ that are
guaranteed by the goodness of G, and then upper-bounding || f=¢||2 using || f=%||2 < ||f]l2 =
a2 < (c/)fl/?

OJ

Lemmas [£.6] [£.7] and together show that Theorem implies Theorem
The following is a version of Theorem that is perhaps easier to comprehend.

Theorem 4.8. For each c,C > 0 there exist ¢/, C’' > 0 such that the following holds. Let G
be an n-graded, (c,C)-good group, let f: G — {0,1}, and suppose that o := E[f] > e=cVn,
Then for all d € N, we have

1213 < (C)%a?log?(e/a). (2)

Proof. Provided that C” is sufficiently large with respect to ¢ we may assume that o < .
Indeed, for @ > ¢’ the right hand side is greater than one, and we always have the trivial
upper bound || fS%||2 < ||f]|3 = «. Let r = cy/n, and note that in the case where d > r the
upper bound is trivial, as in this case the right-hand side of [2|is (again) greater than one.

Let ¢ = log(1/a). Let ¢’ be the Holder conjugate of q. For d < r, we have by (r,C)-
hypercontractivity and Lemma that

=43 = (£ =) < IF ol flly < (Ca)™ 21~ aa 2.

After rearranging we obtain
IF~13 < €2(Ca)?a® = 2Ca?log(1/a).

This gives the right bound, provided C’ is sufficiently large depending on C.

4.2 Upper bounds on the measures of product-free sets

Let us now show how Lemma implies an upper bound on the measure of a product-free
set in a good group.

Theorem 4.9. There exist ¢',ng > 0 such that the following holds. Let n > ng and let
G be a (¢,C)-good n-graded group. Then every measurable product-free set in G has Haar
measure at most e~

Before proving Theorem let us note that together with Theorem [3.10] it implies
Theorem|[I.3] This follows since, by Lemma for all n > ng every compact connected Lie

group of min-rank n is a (¢, C')-good n-graded group for some absolute constants ¢, C' > 0.

Proof. Let A C G be product-free and measurable; write o = E[l4] and ¢t = M.
Assume w.l.o.g. that a < ¢/, where ¢ is to be chosen later (if not, then replace A by a
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smaller product-free set). Let f = %A. Suppose for a contradiction that o > e We
have
[t]
0=(Tpf. f) = B2[f1+ Y (T~ f~) +(Trf>" 7). (3)
d=1

Provided ¢ is sufficiently small, we may now apply Lemma and Theorem with
14 = fa to obtain, for sufficiently large C’ and all 1 < d < t,

! 3 d/2
C'log <1/a>> < 100-¢

(7=, 1= < T3 < ( el

provided ¢ is sufficiently small depending on C’. We may also apply Lemma to obtain

a\10
(T P < T vedIfIB < (5)

As E[f] = 1, these two upper bounds contradict (3). O]

4.3 Product mixing

The proof of Theorem in fact gives the following stronger statement, which implies
Theorem [[.121

Theorem 4.10. For any e > 0, there exist ¢, ng, such that the following holds. Let n > ng
and let G be a (c,C)-good n-graded group. Let A, B,C be measurable subsets of G, each

: —cnl/3 _ 14 _ 1p — ¢
with Haar measure at least e . Let f = Ay 9 = u(B)7h = w0y Then

[(frg,h) —1] <e.

Proof. Assume without loss of generality that B has the smallest measure of the three sets.
(Note that, while the trilinear form 7(f,g,h) := (f % g,h) is not quite symmetric with
respect to permuting f, g and h, we may swap the positions of f and g or of g and h if we
replace some of A, B and C by their inverses, meaning A~! := {27! : 2z € A} etc, which
have the same measures. So there is indeed no loss of generality in assuming the above.)
Write pu(A) = a, u(B) = B, u(C) =~ and C’' = %.

Note that (f * g,h) = (Tyf, h). First we quickly handle the case where § > ¢/. Here
we may apply Lemma to obtain that [T, — Ip|l2—2 < e/, where Iy denotes operator
F — E[F] which sends a function to the constant function of the same expectation, provided

that ng is sufficiently large. Using the fact that E[g] = 1 we then have

/

C
(Tyf h) =1 = [Ty f, h) — (Do f, h)| < [Ty — Tollasz - [ fll2 - [[R]]2 < €212 <6

yielding the conclusion of the theorem.
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The proof of the case min{a, 8,7} = 8 < ¢’ proceeds similarly to the proof of Theorem
Let t = M. We have

[t]
(Tyf h) — 1= (Tyf,h) — (T, f=0,h=") = > (T, =4 h=%) + (T, £, ). (4)
d=1

Using Lemma [4.6] we obtain the upper bound

510
(Lo 020 < A Tgllv>e [l fll2lBll2 < Qi 72 i < £/2, (5)

provided that ng is sufficiently large. For 1 < d < t, we use the upper bound

(o f = h= D < Ty lvea L~ 12 lBl2- (6)

, /2
By Lemma we have ||Tg|lv_, < <Cl%(l/a)) . By Theorem we have the upper
bound

1£=%3 < C"log?(e/a),

and similarly for h,
In=713 < €' log?(e/7).

Substituting the last three bounds into @, we obtain

" log(e/a) log(e/) 1og<e/v>)d/ ?

<ed™ 9, 7
" € (7)

(T, £, h=) < (

provided that ¢ is sufficiently small depending on C, ¢ and ¢.
The sum of the contribution from and of those from for 1 < d < t, to the
right-hand side of , is clearly less than e, yielding [(Ty f, h) — 1| < €, as required. O

4.4 Equidistribution of convolutions

Let A C G be a positive-measure subset of a good Lie group, and suppose that X is a
G-homogeneous topological space (equipped with its G-invariant Haar probability measure
ix), and that B C X is a positive-measure subset. The next theorem states that as long
as the measures of A and of B are not too small, applying a uniformly random element of
A to a uniformly random element of B yields an almost uniformly random element of X
(meaning, a random element with respect to the Haar probability measure). Note that

Theorem below, together with Lemma imply Theorems and

Theorem 4.11. For each C,c,e > 0 there exists ¢, ng > 0, such that the following holds.
Let n > ng, let G be an n-graded (C,c)-good compact connected Lie group, and let X
be a G-homogeneous topological space (equipped with the G-action (g,z) — gz ), and let
px denote the G-invariant Haar probability measure on X. Suppose that A C G and
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B C X are measurable sets of Haar probability measures > e V™. Let pa denote the
Haar probability measure on G, conditioned on the event A, and let up denote the Haar
probability measure on X conditioned on the event B, i.e. pp(Y) = ux(BNY)/pux(B) for
a measurable set Y C X, and pa(Z) = pa(AN Z)/nc(A) for a measurable set Z C G.
Then the total variation distance between ux and the distribution of ab where a ~ ua and
b ~ up independently, is less than €.

Proof. Consider first the case where X = GG and G acts on itself by left multiplication; in this
case, since the distribution of ab is pa * pp, we need to show that ||pua * up — pallpy < €.
We associate p4 with the function fa4 = pl(?l) € L*(G) and similarly, we associate up with

the function fg = 1g/u(B) € L*(G); it follows easily from the Cauchy-Schwarz inequality
that ||ua * up — pallpy < ||fa * fB — 1||2. So our aim is now to prove that

[faxfB—1[2 <e. (8)

In proving , we argue that we may assume, without loss of generality, that u(B) < ¢.

Indeed, if this does not hold, then write B = U;c;B; as a finite, disjoint union of sets B;
such that ¢//2 < u(B;) < . Once we have proved for sets of measure at most ¢/, we
obtain the desired bound for B by convexity, noting that fp is a convex combination of the
functions fp,.

Set t = w. We now have

t
—dn2
a5 =15 = DN Tpa Fxlly + 1T S3113-
d=1

Now

ITss f2Nl2 < 1 Tgslly, 1 f2 %2
and

1Tt £3 2 < 1 Tpsllye, £ 27 2

The bound now easily follows from Theorem and Lemma similarly to in the
proof of Theorem [£.10} Indeed, these yield

ok log(l/u(A))10g(1/u(B)))d/2

< e4—

1T v 542 < ( )

for all 1 < d <t, and
3 10 o
ITyg vl f3H 12 < <n> a2 < e/,

provided that ng is sufficiently large and ¢’ sufficiently small depending on ¢, C' and ¢.

To prove the general case, note that we may choose an arbitrary zop € X and set
B={beG:bxge B} Ifb~ 5 then bxo ~ pup, and if g ~ pg then grg ~ px; it follows
that ||pap —px||Tv < [|1a* 1 —pallTv, where piq, denotes the distribution of ab for a ~ pu4
and b ~ pp (independently). The result for the pair (A, B) therefore implies the result for
(A, B). O
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5 Growth in fine groups

In this section we show that Theorems and follow from Theorem [3.14

First, the theorem below is a variation on Theorem [£.5], with hypercontractivity replaced
by weak hypercontractivity. Together with Lemma [3.16]it shows that Theorem implies
Theorem [L.5l

Theorem 5.1. Let G be an (r,C)-weakly hypercontractive group. Let f: G — {0,1} be
measurable, and write o := E[f]. Let d € N be such that 0 < d < min (M, r). Then

2Cd
I < () e

Proof. Let ¢ =log(1/a)/d, and let ¢’ be the Holder conjugate of q. Then by Holder, weak
hypercontractivity and Lemma we have

17728 = (1. %) < U=l g < g1 .

The theorem follows by rearranging and substituting o~ /7 = e?. (Note that C' > 1, by the
definition of weak hypercontractivity.) O

The following lemma is a variant of Lemma for fine groups — the proof is the same
as for Lemma [£.6] only using Theorem [5.1] instead of Theorem We will make use of it
when proving our diameter bounds for fine groups.

Lemma 5.2. For each ¢,C > 0 there exist ¢/, C’,ng > 0 such that the following holds. Let
n > ng and let G be an n-graded (C,c)-fine group. Let A C G be measurable, and suppose
that

/

a:=pg(A) € (e°™, ).

Wm'tef:%* andtz%. Then for 1 < d <t we have

HTfHV:dg <elog;1/a)>0d_ <d>d/2.

cn
We also have
10
1%y, < TR

We now show that if f has small expectation, then most of the Fourier mass of f lies
on the high degrees.

Lemma 5.3. For each ¢,C > 0 there exist ¢',ng > 0 such that the following holds. Let
n > ny, let G be a (c,C)-fine n-graded group, and let f: G — {0,1} be measurable. Suppose

that o :=E[f] = =™, and let 0 < t < lolgo(fjlé?). Then || f<H3 < 2 - 2at99.
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Proof. Inserting a factor of 2 into the bound from Theorem [5.1], we have for any 0 < d < ¢

that e
=4 < 2 (2B ) o2

d

and for d = 0 we have || f=°||2 = a?. Therefore || f<?|| is upper-bounded by 2o multiplied by

2
the maximum of (%jl/a)) in the range where d < 101%(6%3)

the derivative with respect to d, it is easy to show that the maximum is obtained at the

end point when d = 101%(61({,;"). This shows that

. Taking logs and computing

log(1/a)
17<Y2 < 202(2- 108 - eC?) ioe < 20199,

For smaller values of d, we have better bounds.

Lemma 5.4. For each ¢,C,c > 0, there exist ¢/,ng > 0 such that the following holds. Let
n > ng, let G be a (C,c)-fine n-graded group, and let f: G — {0,1} be measurable. Suppose
that o :=E[f] > =" and let d € N with 0 < d < bgg}#. Then

|7 < o

Proof. Let ¢ be sufficiently small and ng sufficiently large with respect to €,¢,C. Let
t= log;#. Similarly to in the proof of Lemma it is easy to see that

_ elog(1/a)\ " oa(L/e) me
177413 < (o) 02 = (et

Now

(26 . na)log(l/a)/nE _ a—n*“llog(Qena) < a—n*“:/z’

provided that n > nyg. O

5.1 Product mixing in fine groups

The next lemma is a version of Theorem except for fine instead of for good groups.
The only difference in the proof is that we apply Lemma [5.2] in place of Lemma [£.6] and
Theorem in place of Theorem

Lemma 5.5. For each ¢,C,c > 0, there exists § > 0 such that the following holds. Let G
be a (C,c)-fine, n-graded group, let A, B,C C G be measurable sets of measures at least e”a,
and let f = #l(ﬁ),g = #ig),h = #1(%). Then |(f % g, h) — 1| < e.
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We remark that Lemma [5.5] is only weaker than the corresponding Theorem for
good groups. We include it even though the groups of interest to us are both good and
fine. We decided to include the lemma mainly for aesthetic reasons. Our diameter bounds
rely on Lemma [5.5| and we preferred to show that our diameter bounds hold for fine groups
rather than groups that are both good and fine.

Below we use the following observation of Nykolov and Pyber [34] that product mixing
implies an upper bound on the diameter to bound the diameter in fine groups.

Corollary 5.6. For each e,C,c > 0, there exists § > 0 such that if G is a (C,c)-fine group
and A C G has measure > e*"(s, then u(A?%) > 1 — efné, and A3 = G.

Proof. The claim about u(A?) follows by applying Lemma when setting A, B to be A
and C to be the complement of A%2. As for the claim about A2, suppose on the contrary
that A% # G. Let x ¢ A3. Then A2 N xA~! = @. This contradicts Lemma when setting
A Btobe Aand C :=zA"! O

5.2 Non-Abelian Brunn—Minkowski for fine groups
The following theorem is a restatement of Theorem

Lemma 5.7. There exists absolute constants ¢ ,ng > 0 such that the following holds. Let
G be a compact connected Lie group with n := n(G) > ng, and let A C G be a measurable
set of measure at least e=¢™. Then p(A)? > pu(A)%1.

Proof. First note that u(A) > % implies that A2 = G, as if x € G\ A2, then A and 247!
are disjoint sets each of measure greater than 1/2, a contradiction. By Corollary we

may also assume that p(A) < e‘"C/, provided ¢ is sufficiently small.
Let f = ﬁ and g = 142. Then we have (f * f, g) = 1. On the other hand by Cauchy—
Schwarz we have

[(F o L)l <AL= fllzllgllz = 1 * fll2v/1(A2).
This yields u(A%) >l Let t = “EGEAAL We have [|£+/[13 = [[£<"f <13+ 3.
By applying lemma with 14 we obtain
I £S5 < 112 < a7
By applying Lemma [5.2] we obtain

a\20
17 P < Il B < (5) a7t <.

Combining the bounds completes the proof. O

Lemma 5.8. For each ¢,¢ > 0 and C' > 1 there exist ,ng > 0 such that the following
holds. Let n > ng and let G be a (C,c)-fine n-graded group. If

w(A) = e ¢ (e_"lis,e_"j )

s

then p(A?) > e
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Proof. We may and shall assume, throughout the proof, that ¢ is sufficiently small depending
1a

on ¢,C and ¢, and that ng is sufficiently large depending on 6. Let f = (A As in the
proof of the previous lemma, we have

1
WA > s (9)
If = fl3
Let t; = bg(ln/# and to = %. We bound ||f * f|| from above by decomposing it
as follows:
to
[f fI = <0 FE+ Y = SOB + 1F77  £725. (10)

d=tq
By applying Lemma we obtain

10
a —
1£772 % f72 Nl < | Tfllve, I fll2 < T <l

Applying Lemma (with a.f in place of f, and € taken to be 4§), we have

_ -2 1 _ 5
Hf<tl*f<t1H2< Hf<t1H%<04 2-042 n gia n ’

provided that § is sufficiently small and n is sufficiently large depending on 4.
Finally, for t; < d < t3 we combine Lemma [5.2] with Theorem to obtain the upper
bound

) B - 1 1 2Cd —d/2
77 1 < T 74 < 2 (B ) ()

<1 <ebg£ll/0‘>>wd, <clog(z/a)n€>—d/2'

We may now use the fact that
log(1/a
<€ Ogc(l / )> < e-nt

to obtain

d 2n’
provided ¢ is sufficiently small. Substituting all of these upper bounds into yields

2Cd
Hf:d % f:d||2 < (610%(1/04)> . (cna)—d/Q < n9Cd,, —ed/2 < i

If*fl3<2+ta " <a™

provided ny is sufficiently large, and substituting this into @ completes the proof.
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5.3 Diameter bounds for fine groups

Theorem 5.9. For each €,¢ > 0 and C > 1, there exist m,ng > 0, such that the following
holds. Let n > ng and suppose that G is a (C,c)-fine n-graded group. Let A C G be a
measurable set with u(A) > e ™ . Then A™ = G.

Proof. Note that we may assume ¢ is as small as we please (depending on ¢ and C'). First
apply Lemmarepeatedly (N times, say), until A?" has measure > e~ . In other words,
p(A™) > e~ , where m; depends upon ¢ alone. We can now apply Corollaryto obtain
A3™ = @, provided that ¢ is sufficiently small depending on ¢ and C. O

6 The strong quasirandomness of the simply connected com-
pact Lie groups

In this section we describe the degree decomposition of the n-graded simply connected
simple compact Lie groups in terms of their irreducible subrepresentations. We also show
that all of them are c-strongly-quasirandom, for some absolute constant ¢ > 0. In addition,
we introduce the notion of comfortable d-juntas. These will be important in our proofs.
One of the goals of this section is to show that each Peter-Weyl ideal W, C V_; contains
a comfortable d-junta. This is useful because any linear operator on L?(G) that commutes
with the action of G from both sides, has each W), as an eigenspace. The operators we use
in Section |8 will have this commuting property, and so when computing their eigenvalues
we can simply consider the action of the relevant operator on a comfortable d-junta.

6.1 The Peter-Weyl theorem

We now recall some classical facts from the representation theory of compact groups. The
Peter-Weyl theorem states that if G is a compact group, equipped with its Haar probability
measure, then L?(G) has the following decomposition as an orthogonal direct sum:

LQ(G) = @ va
ped

where G denotes a complete set of complex irreducible unitary representations of G (here,
complete means having one irreducible representation from each equivalence class of irre-
ducible representations), and W, is the subspace of L?(G) spanned by functions of the form
g+ ulp(g)v, for u,v € V, where V is the vector space on which p acts. The latter functions
are known as the matriz coefficients or the matriz entries of p. The subspaces W, are
two-sided ideals (meaning, they are closed under both left and right actions of G), and they
are also topologically closed; in fact, they are precisely the minimal non-zero topologically
closed two-sided ideals of L?((), and they are therefore irreducible as G x G-modules (the
G x G action being defined in the obvious way, with the first factor acting on L?(G) from the
left and the second from the right). We call them the Peter-Weyl ideals of L*(G), though
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this terminology is non-standard. The space W, can be decomposed as a direct sum of
dim(p) irreducible left-representations.

Since the Peter-Weyl ideals W, are precisely the minimal closed two-sided ideals of
L?(@), every closed two-sided ideal of L?(G) can be decomposed as a direct sum of some
of the W,. Let d € NU{0}; since V_, is a closed, two-sided ideal of L?(G), there exists a
set Ly of irreducible representations of G such that

Vo= P w,

pPEL

If p € L, for some integer 0 < d < n/2, we say that the level of p is equal to d. (Note that,
since the V_4 are pairwise orthogonal, the sets L4 are pairwise disjoint.)

6.2 The special orthogonal group SO(n)

Our goal is now to show that for the group SO(n) each p € L4 has dimension at least (<)%
for some absolute constant ¢ > 0, for each d < n/2. We will also show that the other
irreducible representations of SO(n) all have dimension at least exponential in n, i.e. at
least exp(¢’n) for some absolute constant ¢’ > 0.

We briefly recall Weyl’s construction of the irreducible representations of SO(n). For
more detail on Weyl’s construction, the reader is referred for example to the book [12]
of Fulton and Harris. (We note that, though the description in [12] is of SO(n,C), the
irreducible representations of SO(n) := SO(n,R) are in a dimension-preserving one-to-
one correspondence with those of its complexification SO(n,C).) We start by describing
the irreducible representations of O(n) := O(n,R). Let V = R" denote the standard
representation of O(n), defined by py(g)(v) = g-v — meaning, multiplication of the matrix
g with the column-vector v. (We note, for later, that the restriction of this representation to
SO(n) is known as the standard representation of SO(n).) For a partition A = (A1,..., )
of some non-negative integer, let d = Zle A;. Consider the group algebra of the symmetric
group on d elements, R[Sy, with the standard basis {e, : g € S4}, and with multiplication
defined by egej, = egp, for g, h € S4. (Where there is no risk of confusion, we will sometimes
write g in place of ey, as an element of R[Sy], as is usual practice.) Let T be the standard
Young tableau of shape A\ with the numbers 1,2,...,A; (in order) in the first row, the
numbers A\ + 1, A1 +2,..., A1 + A2 (in order) in the second row, and so on. Also, let P be
the subgroup of S; stabilising each of the rows of T' (as sets), let @ be the subgroup of Sy
stabilising each of the columns of T' (as sets), and let

ey = Z eg Z sign(g)eq
ger geQ

be the Young symmetrizer of \ corresponding to T. The group Sy acts on V®¢ from the
right, permuting the factors:

(’Ul RQUa & ... ®Ud)g = Vg(1) ®’Ug(2) ... ®Ug(d)7
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and, extending linearly, so does R[Sy].

We define the Weyl module Sy(V) := V®dcy. Clearly, Sy(V) is a left O(n)-submodule
of V¥4, Tt is reducible in general. However, we can obtain an irreducible left O(n)-module
by considering Spy (V) := Vldey, where V14 is defined to be the intersection of the kernels

of all (g) linear maps on V®? of the form
V1 QU2 ®...RQ Vg — <vi,vj>v1®v2®...®vi_1®vz‘+1®...®vj_1®vj+1®...®vd.

Such linear maps are called contractions. It turns out that when the sum of the lengths of
the first two columns of the Young diagram of \ is greater than n, we have Sp5 (V) = {0}.
The other modules Spy (V') (corresponding to those partitions A such that the sum of the
first two columns of the Young diagram of A is at most n) form a complete set of pairwise
inequivalent irreducible complex representations of O(n).

Weyl’s construction for SO(n) requires only one additional ingredient. We say two
partitions A and p are associated if the sum of the lengths of the first column of A and the
first column of p is equal to n, and the ith column of A has the same length as the ith column
of u for each @ > 1. If A and p are a pair of distinct associated partitions, then Sy (V)
and Sy, (V) restrict to isomorphic representations of SO(n). If A is self-associated (which
happens iff n is even and the first column of A has length n/2), then Sj,(V) restricts to a
direct sum of two isomorphic irreducible representations of SO(n); if A is not self-associated,
then S;y(V) restricts to an irreducible representation of SO(n), and if A" is the partition
associated to A, then Spy)(V') restricts to the same irreducible representation of SO(n). In
the latter case, it is customary to choose (as the representative of its equivalence class), the
partition with first column of length less than n/2. Note that, importantly for us, for any
partition A\ with ), A < n/2, S;(V) is irreducible as an SO(n)-representation, as well as
being irreducible as an O(n)-representation, and moreoever, as A ranges over partitions of
integers less than n/2, the Sjy(V) are pairwise inequivalent as SO(n)-representations, as
well as being pairwise inequivalent as O(n)-representations.

An alternative definition of the level of a representation

The purpose of this section is to show that for a partition A with ) . A; < n/2, the level of
the irreducible representation Spy (V') of SO(n) is equal to ) ; ;.

—

For 0 < d < n/2, define (as above) Ly := {p € SO(n) : p has level d}, and define Ly
to be the set of irreducible representations of SO(n) (up to equivalence) that have the form
Sy (V), where » 7, A\; = d. We wish to show that L4 = Ly for all 0 < d < n/2.

Lemma 6.1. Let V. = R" be the standard representation of SO(n) and let 0 < d < n/2.
Then all irreducible SO(n)-subrepresentations of VE? are elements of Ufzoﬁi.

Proof. We prove this lemma by induction on d. The case where d = 0 is trivial. Let
d € N and assume the statement of the lemma holds whenever d is replaced by some
d’ < d. Recall that, since V& can be expressed a sum of V4 and some other modules all
isomorphic to V®(@=2)_ all the irreducible SO(n)-subrepresentations of V®¢ appear either
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as SO(n)-subrepresentations of the module V¥ or as SO(n)-subrepresentations of V®(@=2),

By the induction hypothesis, it therefore suffices to show that each irreducible SO(n)-
subrepresentation of V14 is an element of £; for some i. Let cx 1 be the Young symmetrizer
corresponding to the Young tableau T (not necessarily the standard one) of shape A. It
is well-known that the cyr (as A ranges over all partitions of d and T over all Young
tableaus of shape A) spans a subspace of R[Sy] containing the class functions; in particular,
we may write Id € R[Sy] as a real linear combination of the ¢y 7’s. It follows that vl
is a sum of left O(n)-modules of the form V[d}c,\,T, and clearly V[d]cA,T is isomorphic to
Vide, = Sin(V), as either a left O(n)-module or a left SO(n)-module. This completes the
proof of the lemma. O

The following lemma implies that £; = L for all 0 < d < n/2.

Lemma 6.2. If0 < d <n/2, then

Vo= P w,

pELq

Proof. We prove the lemma by induction on d. For d = 0, the statement is trivial. Suppose
now that d > 0. Since the spaces W, are pairwise orthogonal, the induction hypothesis
reduces our task to showing that

d
Vea=EP P W,

i=0 pef,

Let us write Vg := EB?ZO @D cz, Wy We now use Lemma namely that all the irre-

ducible subrepresentations of V®? are elements of £; for some i < d. The matrix coefficients
of the representation V®¢ include the entries of the matrix X®¢, where X € SO(n) is the
input matrix. These are exactly the degree-d monomials in the entries of X. Decomposing
V@ into irreducible representations, we see that all the homogeneous degree-d polynomials
belong to ng; using the induction hypothesis again, all polynomials of degree at most d — 1
belong to ng_1 C ng, and therefore Vg C f/gd. The reverse inclusion (ng C Vq) follows
immediately from the fact that if >, A\; = d, then the matrix coefficients of Sjy(V) are
homogeneous degree-d polynomials in the entries of the input matrix. O

We can now extend the notion of level to all the representations of SO(n).

Definition 6.3. Let p be an irreducible representation of SO(n) and let X be the corre-
sponding partition, whose Young diagram has first column of length at most n/2. Then we

define the level of p to be Y . \;.
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Comfortable d-juntas

We now digress a little and show that Weyl’s construction implies that each Peter-Weyl
ideal W), contains a certain ‘nice’ function. This will be used later, in Section
Our ‘nice’ functions are as follows.

Definition 6.4. The comfortable d-juntas on SO(n) are the functions on SO(n) of the form

X Z AoT15(1) " * Ldo(d)

€Sy
for as € R.

We remark that we use the term ‘junta’ here, by analogy with juntas in the theory
of Boolean functions (on {0,1}"), because functions of the above form depend only upon
the upper d x d minor, though we stress that we will be interested in the case where d is
polynomial in n (e.g. d ~ /n), rather than just the case of d fixed and n large.

Letting e1,...,e, be the standard orthonormal basis of R", since (e;,e;) = 0 for all
i,j € [d] we have e; @ ... ® eq € V4. Therefore (e ® ... ® eg)cy € S (V), and thus the
function Py in L%(SO(n)) defined by

Py(X) = (X((e1®...®eq)cr), €1 @ ... R eq)

is a matrix coefficient of Syy(V). ~ Moreover, the function P, is clearly a comfortable
d-junta: writing cy =) eq0, where ¢, € {—1,0, 1} for each o € S, we have

d
P(X) = Z 50H»"3w(z’)~

€Sy =1

€Sy

Moreover, we clearly have Py(Id) = 1, so P is a non-zero element of L2(SO(n)). We obtain
the following conclusion, upon which we rely crucially in the sequel.

Fact 6.5. Let 0 < d < n/2. For each irreducible representation p € L4 of SO(n), the
Peter-Weyl ideal W, contains a nonzero comfortable d-junta.

6.3 Getting strong quasirandomness

The following lower bound on the dimension of an irreducible representation of SO(n) follows
immediately from the analysis in [39] of Weyl’s original dimension formulae [42]. (We note
that our comfortable d-junta machinery could be used to easily obtain a slightly weaker lower
bound of (an/l%). We use such an argument later, when showing strong quasirandomness

for SU(n).)
Lemma 6.6. If p is an irreducible representation of SO(n) of level d < n, then

(n—d)’

dim(p) > ——
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We also need the following lower bound, whose proof is deferred to the Appendix.

Lemma 6.7. Let n > 5. If p is an irreducible representation of SO(n) of level d > n/2,
then
dim(p) > exp(n/32).

Lemmas [6.6] and [6.7] immediately give strong quasirandomness.

Theorem 6.8. For each n > 2, the n-graded group SO(n) is c-strongly-quasirandom, for
some absolute constant ¢ > 0.

6.4 The spin group Spin(n)

The strong quasirandomness of the group Spin(n) follows from the fact that it is a double
cover of SO(n).

Theorem 6.9. For each n > 3, the n-graded group Spin(n) is c-strongly-quasirandom, for
some absolute constant ¢ > 0.

Proof. Recall that the spin group Spin(n) is the double-cover of SO(n) for all n > 2. It is
a simply-connected real Lie group for all n > 3, so its complex irreducible representations
are in an explicit (and dimension-preserving) one-to-one correspondence with those of its
Lie algebra. It has the same Lie algebra as SO(n); this Lie algebra so(n,R) is simple for
all n > 5, and its complexification so(n,C) is likewise simple (for all n > 5), so by e.g. [12]
(26.14), for all n > 5 the complex irreducible representations of so(n,R) are restrictions
of unique complex irreducible representations of so(n,C). The dimensions of the complex
irreducible representations of Spin(n) (for all n > 5) are therefore given by equations (24.29)
and (24.41) in [12] (pages 408 and 410). For all n = 2k 4+ 1 > 5 odd, we have

)\i—)\j—i—l—j H >\i+)\j+2k‘+1—i—j
j—1 2k+1—i—3

dim(px) = [

1<i<j<k

)
1<i<j<k

where the k-tuple X = (A1, A2, ... \;) ranges over all k-tuples defined by
Ni=ai+ a1+ ... +ag_1+ sag

for some (a;)¥_; € (NU{0})*. The case of a;, even corresponds to irreducible representations
of Spin(n) that are also irreducible representations of SO(n); the dimensions of these were
bounded previously. The case of a; odd corresponds to ‘new’ irreducible representations of
Spin(n), but the above equation implies that any such has dimension at least 222(n) . This
calculational check is deferred to the Appendix (see Section . O
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6.5 The compact symplectic group Sp(n)

We now turn to the case of the compact symplectic group. This group has two common
descriptions, and both will be important for us.

We start with its description as the unitary group over the field of quarternions, H. A
shorthand is useful at this point: a quaternionic matriz is a matrix with quaternion entries.
The conjugate T of a quaternion x = a+ib+jc+kd is defined, as usual, by £ = a—ib—jc—kd.
The conjugate M of a quaternionic matrix M is defined by (M)s; = M, for all s,¢, and
the Hermitian conjugate M* is defined by M* = (M)!. We say an n by n quaternionic
matrix is unitary if

M*M=1=MM?*;

we note that the second equality above is equivalent to the first. For n € N, the quarternionic
unitary group U, (H) is defined to be the group of n by n quaternionic unitary matrices.
This is one way of viewing Sp(n).

A second way is obtained as follows. Note that an n by n quaternionic matrix can be
written in the form A + jB, with A and B being complex n by n matrices. If A+ jB and
C + jD are two quaternionic matrices, then their product satisfies

(A+jB)(C+ jD) = AC — BD + j(BC + AD),

and the Hermitian conjugate of the quaternionic matrix A + jB satisfies (A 4+ jB)* =
A* — Bt Tt follows that the map

d - X" N (C2n><2n

from n by n quaternionic matrices to 2n by 2n complex matrices defined by
. A -B
P(A+jB) = ( B A )

is an (injective) ring homomorphism that preserves Hermitian conjugates. It is easily
checked that M € H™ ™ is unitary if and only if ®(M) € C2"*2?" is unitary (writing
M = A+ jB, either condition holds iff A*A + B*B = [ and A'B = B'A both hold).

Finally, defining
0o I,
Q= (_ " 0),

we observe that an arbitrary unitary matrix

_ A C 2nXx2n
X_<B D)eC

satisfies X*QX = Q (or, equivalently, X'Q) = QX*) if and only if C = —B and D = A, i.e.
if and only if X lies in ®(U, (H)). It follows that

O(U,(H)) = {X € CT?" . X'0X = Q} N Uy, (C).

42



Hence, we can also view Sp(n) as
{X e CP . X'OX = Q)N Us,(C),
i.e., as the intersection of the compact Lie group Us,(C) with
Sp(2n,C) := {X € C*?" . X'QX = Q}.

(The group Sp(2n,C) is known as the complex symplectic group, and it is the complexifica-
tion of Sp(n).) It can be checked (e.g. by taking the Pfaffian of the equation X'QX = Q)
that any element of Sp(2n, C) has determinant one, so Us,, (C) can be replaced by SUs, (C) =
SU(2n) in the above identification:

Sp(n) = {X € C¥*%n . X'QX = Q} NSU(2n).

Weyl’s construction in Sp(n)

Weyl’s construction for Sp(n) is similar to his construction for O(n). Our exposition follows
Fulton and Harris [12], as before.

The standard representation of Sp(n) is given by the second description above, regarding
the elements of Sp(n) as 2n by 2n complex unitary matrices, and taking their natural (left)
action on C27,

Let V = C?" denote the standard representation of Sp(n). Similarly to in the O(n) case,
we have contraction maps ¢; ;: V4 — V®(@=2)_ given by

Yij: 1@ Qi QU v ® Q- RV ® -+ ® Yy,
where 9 denotes that v is omitted from the tensor product, and Q(v,w) := v'Qw, where
is the matrix above.

Let V{4 be the intersection of the kernels of all the contractions ;.53 since the elements
of Sp(n) preserve the skew-symmetric form @Q, V{® is a left Sp(n)-module. Moreover,
V{4 is acted upon by S, from the right, by permutation of the factors. (The fact that
this action preserves V{4 follows from the skew-symmetry of @Q.) For a partition \ - d, we
define S5, (V') to be the representation (or left Sp(n)-module) V{d ¢y, where cy is the Young
symmetrizer defined in Section It turns out that S(yy (V) is nonzero precisely when (the
Young diagram of) A has at most n rows, and the nonzero left Sp(n)-modules of this form
constitute a complete set of pairwise inequivalent complex irreducible representations of
Sp(n). Note that the situation here is, if anything, even simpler than that for SO(n), where
we have to worry, if only momentarily, about distinct Spy (V') (for two distinct values of \)
restricting to the same irreducible representation of SO(n).

Recall that the level of an irreducible representation p of Sp(n) was defined to be the
non-negative integer d such that p € L4, where

V:SS(") = @ Wp.
pEL
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Let A be a partition such that ), A; < n/2. Our next aim is to show that the level of the
irreducible representation Sy (V') is equal to ) ; A;, as in the case of SO(n).

Earlier, in Section [3] we wrote our input quarternion matrix as A + iB + jC + kD,
where A, B,C, D are n by n real matrices, and we defined V<, to consist of the degree < d
polynomials in the entries of the matrices A, B,C and D. Alternatively, we may write the
input matrix as A 4+ jB, where A and B are n by n complex matrices; then V4 may be
viewed as the vector space of degree < d polynomials in the entries of A, B € C™*™ and
their complex conjugates. Finally, we may use the identification ® above (in Section of

B A > to obtain that

a quarternion matrix A + jB with the 2n x 2n complex matrix (

A -B
V<a simply consists of polynomials of degree at most d in the entries of ( B A ); this is

precisely what we need to generalise our SO(n) proofs.

For each 0 < d < n/2, let L4 denote the set of irreducible representations of Sp(n)
(up to equivalence) of the form Sy, (V'), where X is a partition of d. Using the fact that,
as with SO(n), any irreducible Sp(n)-subrepresentation of V®¢ appears either as an Sp(n)-
subrepresentation of the module V{® or as an Sp(n)-subrepresentation of V®(d=2) the proof
of Lemma [6.1] generalizes straightforwardly to give:

Lemma 6.10. Let V = C?" be the standard representation of Sp(n) and let 0 < d <njf2.
Then all irreducible Sp(n)-subrepresentations of VE? are elements of Up<icali.

Then, taking the input matrix X in the form (A _f), the proof of Lemma

generalises straightforwardly to give:

Lemma 6.11. Let 0 < d < n/2. Then V2 =@~ W,

pELy
As in the SO(n) case, we may now extend the notion of level to all irreducible represen-

tations of Sp(n).

Definition 6.12. Let p be an irreducible representation of Sp(n). The level of p is the
integer d such that p is isomorphic to S\ (V'), where X is a partition of d.

Comfortable d-juntas

We say that a monomial is a comfortable d-junta if for some choice of ¢ € Sy and ¢1,...,qq €
{i,j, k,real} it is the product H?:1(xi7a(i))qi—part- We say that a polynomial is a comfort-
able d-junta if it is a linear combination of comfortable monomials. The proof for SO(n)
generalizes easily to give the following.

Lemma 6.13. Let p be a representation of level d < n of Sp(n). Then W, contains a
non-zero comfortable d-junta.
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Proof. Letting e1,.. ., ea, be the standard orthonormal basis of C?", since Q(e;, ej) = 0 for
all i,j € [n] we have e; ® ... @ eq € V{9, Therefore (e; @ ... ® eq)cy € Soy(V), and thus
the function Py in L?(Sp(n)) defined by

P,\(X) = <X((61 X ... ®ed)C)\),€1 X ... ®€d>

is a matrix coefficient of S(yy(V'). Note that this is exactly the same function as we exhibited
for SO(n), except that its domain is Sp(n) rather than SO(n). The function Py is clearly
a comfortable d-junta: writing ¢, = ZUESd £,0, where ¢, € {—1,0,1} for each o € Sy, we

have .
PAX) = e [[iow)-
€Sy i=1
. (A -B e . . I .
Writing X = B A) we see that each z; ,(;) appearing above is actually @ o (4) (since

d < nand o € Sy); writing each i o(;) as a sum of its real and imaginary parts and
expanding, we see that P, is indeed a sum of monomials of the required form (in fact, with
each ¢; being either real or i).

The function P is non-zero element of L?(Sp(n)) since (as with SO(n)) we have Py (Id) =
1. O

c-strong-quasirandomness

The dimensions of the complex irreducible representations of Sp(n) are given by equation
(24.19) in [12]. These representations are in one-to-one correspondence with partitions
of non-negative integers, whose Young diagrams have at most n rows; the dimension of
the irreducible representation p) corresponding to the partition A = (Ay,...,\,) (with
A1 = ... > \y) is given by

dim(py) = ]

1<i<j<n

)\i—/\j—i—i—j H )\i—|—)\j—|—2n—|-2—i—j
J—1 I<i<icn n+2—1—7

As with the (odd) special orthogonal groups, we define the level of the representation py
to be the number of cells in the Young diagram of A (i.e., it is the non-negative integer of
which X is a partition). The proof of the following lemma is similar to that of Lemma
We defer it to the Appendix.

Lemma 6.14. If py is an irreducible representation of Sp(n) of level d > n/2, then
dim(py) = exp(n/16).

Again, as with the special orthogonal groups, the following lower bound is immediate
from the analysis in [39] of Weyl’s dimension formulae [42].

Lemma 6.15. If p is an irreducible representation of Sp(n) of level d < n, then

(n—d)’

dim(p) > —
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These yield the following.

Theorem 6.16. For each n > 2, the n-graded group Sp(n) is c-strongly-quasirandom, for
some absolute constant ¢ > 0.

6.6 The special unitary group SU(n)

The final group to consider is the special unitary group. We start by relating our degree
decomposition of L2(SU(n)) to the decomposition of L?(SU(n)) into Peter-Weyl ideals.

Degree decomposition

Earlier, we defined V4 to consist of the polynomials of (total) degree at most d polynomials
in the real parts and the imaginary parts of the entries of the input matrix X € SU(n).
Equivalently, V4 consists of the polynomials of (total) degree at most d in the entries of
the input matrix and their complex conjugates.

Weyl’s construction for SU(n)

We now recall Weyl’s construction of the irreducible representations of SU(n), and deduce
from it the consequences we need. (As before, for more detail on Weyl’s construction, the
reader is referred to Fulton and Harris [12], noting that the complex irreducible represen-
tations of SU(n) are the same as those of SL(n,C), since SU(n) is a maximal compact
subgroup of SL(n,C).) Let V = C" denote the standard representation of SU(n), defined
by pv(g)(v) = g-v. For a partition A with at most n — 1 parts, let d = d(\) = >, \i.
Let T be the standard Young tableau of shape A\ (defined in Section and let ¢y be the
corresponding Young symmetrizer (also defined in Section . We define the correspond-
ing Weyl module by Sy(V) := V®c,. Clearly, Sy(V) is a left SU(n)-submodule of V4,
The modules Sy(V'), as A ranges over all partitions with at most n — 1 parts, constitute a
complete set of pairwise inequivalent complex irreducible representations of SU(n). (Unlike
in the cases of SO(n) and Sp(n), we do not need to pass to a subrepresentation of the Weyl
module; the latter is already irreducible as a left SU(n)-module.)

Unlike in the case of Sp(n), however, the complex conjugates of the entries of the input
matrix are no longer matrix coefficients of the standard representation. Instead, they are
matrix coefficients of the dual of the standard representation, i.e. they are the entries of
the matrix (A~1)! = A. (Recall that the dual of a representation p is the representation p*
defined by p*(g) = (p(g~1))t.) We note that (Sy(V))* = Sy(V*) = (V*)®dc,.

We have three notions of level for a representation p of SU(n), and our goal is to show
that they agree when the level is < n/2.

Recall that we defined V—g := Vo (the space of constant functions), and V_4 = Vg N
Vé—d—l for each d € N. Since V_; is closed under both left and right actions of SU(n) for
each d € NU {0}, there exists a set L4 of irreducible representations of SU(n) such that

SU(n) @ W

pPELY
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If p € L4 for some 0 < d < n/2, we define the level of p to be d. (Note that, since the V_g4
are pairwise orthogonal, the sets £, are pairwise disjoint.)

In addition, we define the tensor level of an irreducible representation p of SU(n) to be
the minimal non-negative integer d such that there exist di,ds € NU {0} with d; +da = d
and with p being isomorphic to a subrepresentation of V&% ® V*®%  We write £, for the
set of irreducible representations of SU(n) (up to equivalence) that have tensor level equal
to d.

The third notion of level will soon be described in terms of the Young diagram /partition
corresponding to the representation.

The following analogue of Lemma is immediate, and implies that for 0 < d < n/2,
having level d is equivalent to having tensor level d.

Lemma 6.17. If0 < d < n/2, then V:Sg(n) = @pefid W,.

Step vectors

For an irreducible representation p = Sy(V') of SU(n) with corresponding partition A =
(AMy-vy Ap—1), write a; := A\; — A\jy1 for each i € [n — 1]. We call the vector (a1, ...,an—1)
the step vector of the representation p (or, abusing terminology slightly, the step vector
of the partition A). We order such vectors with respect to the lexicographic ordering, i.e.
A >lex NI A > A where @ = min{j : \; # A}}. For a (not necessarily irreducible)
representation p of SU(n), its step vector is defined to be the lexicographically largest step
vector of an irreducible subrepresentation of p.

The step vector is better-behaved than the corresponding partition, with respect to

taking duals and tensors. The dual of p has the reversed step vector (an—1,...,a1), cor-
responding to the partition (a; + -+ + ap—1,--- ,a1 + ag,a1). Moreover, if p; and ps are
two representations whose step vectors are (ay,...,a,—1) and (b1,...,b,—1), then the step
vector of their tensor product is (a; + b1,...,an—1 + by—1). [reference????]

We say that an irreducible representation p = Sy(y) of SU(n) is efficient if )‘L%J = 0.
Equivalently, p is efficient if its step vector w = (ay,...,a,—1) has the property that its
second half w" := (afn/27,--.,an—1) consists of zeros. We say that p is dually-efficient if
its first half w' := (a1,...,...,ap,/21-1) consists of zeroes. Alternatively, in terms of the
corresponding partition A, the irreducible representation p is dually-efficient if A\ = Ay =
“ = Ap/2]-1- (Note that the dual to each efficient representation is dually-efficient, and if
n is odd, the converse also holds. For n even, our definition leads to a somewhat arbitrary
choice of how to handle the middle part of the step vector, but this does not matter when
the level is smaller than n/2.) We call the partition o with step vector w’ the efficient
truncation of A and the partition 3 with step vector w’ the dually-efficient truncation of \.

Definition 6.18. We define the total level of a representation p = Sx(V') with step vector
(a1,...,an—1) to be

n—1
Z a; min{i,n — i}.
i=1
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For each d € NU{0}, let £, denote set of irreducible representations of SU(n) with total
level d. Our next aim is to show that L4 = L4 for all 0 < d < n/2. For this, we first need
the following.

Lemma 6.19. Let Sy(V) be an irreducible representation of SU(n) of total level d, with
A having « as its efficient truncation and [ as its dually-efficient truncation. Then the
representation So (V) ® Sg(V') can be decomposed as a direct sum of one copy of the rep-
resentation Sy(V') and some other irreducible representations, all of which have total level
less than d.

Proof. This follows from the Littlewood-Richardson rule, e.g. as given in Fulton and Harris
[12] Section A.8]. Indeed, by the Littlewood-Richardson rule, writing o = (v, ..., ay), the
irreducible constituents of Sg(V) ® So(V') are exactly those Sy(V) such that the Young
diagram of A can be produced by the following algorithm. Take the Young diagram of (3,
and first add a; new boxes to the rows (in such a way as to produce the Young diagram of
another partition, but with no two of the a; added boxes being added to the same column),
and place a ‘1’ in each of these a; new boxes. Then add a further ay boxes to the rows
(again in such a way as to produce the Young diagram of another partition, but with no two
of the ap added boxes being added to the same column), and place a ‘2’ in each of these ay
new boxes. Continue in this way (so that at the last step, ay new boxes are added). Now
consider the sequence of length aq + ...+ ay formed by concatenating the reversed rows of
newly-added boxes, and check that if one looks at the first ¢ entries in this sequence (for
any ¢t between 1 and a1 + ... + «ay), the integer p appears at least as many times as the
integer p 4+ 1 among these first ¢ entries, for any 1 < p < £. If this ‘concatenation’ condition
holds, keep the Young diagram / partition; if not, reject it.

It is easy to check that the only way of performing this algorithm in such a way as to
obtain a partition of level at least d, is to produce the (Young diagram of the) partition A
itself: the first a1 new boxes must all be added to the first row of the Young diagram of 3,
the second as new boxes must all be added to the second row, and so on. Indeed, if at the
jth stage (when adding «; new boxes containing the integer j), any box is added to a row
above the jth row, then (inductively) one sees that the concatenation condition would be
violated, and moreover if some new box is added to a column of depth greater than n/2,
then clearly, at the end of the process, less than F cells will be in columns of depth at most
n/2, and moreover less than F' cells will be missing from columns of depth greater than
n/2, so the irreducible constituent of Sg(V') ® So (V') which is obtained, will have level less
than d. O

We note the following consequence.

Lemma 6.20. Let A be a partition with n — 1 rows. Let a be its efficient truncation
and B its dually-efficient truncation. Write E = ZIZ/IQW i-a; and F = 21[2421—1 i
Then the representation S (V') is a subrepresentation of VO, the representation Sp(V) is
a subrepresentation of (V*)®F, and the representation S\(V) is a subrepresentation of

VEE @ (V)EF,
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Proof. The first assertion, concerning S, (V'), is immediate from the construction of the
Weyl module, since « is a partition of the integer E. The second assertion, concerning
Sg(V), follows from the first, together with the fact that taking duals reverses the step
vector. The third assertion, concerning Sy(V'), now follows from the previous lemma. [

Lemma 6.21. For all 0 < d < n/2, we have L4 = La.

Proof. By Lemma we have Ly C Lg for all 0 < d < n/2. It therefore suffices to show
that for each 0 < d < n/2,

d d
UQQUQ
1=0 1=0

So suppose that p is an irreducible representation of SU(n) of level at most d. Our goal is to
show that the total level of p is at most d. Let E+F < d be such that p is a subrepresentation
of VEF @ (V*)®F. Just as in the proof of Lemmal6.1} we may decompose V®F into a direct
sum of submodules of the form S, (V) with a - F, and likewise we can decompose (V*)®F
into a direct sum of submodules of the form Sg(V*) with 8 F F. Hence, we may assume
that p is isomorphic to a subrepresentation of S, (V) ®@Sg(V*) =2 So (V) ® (Sg(V))* for some
a b Eand fF F. Now as d < n/2, both So(V) and Sg(V) are efficient, so (Sg(V))* is
dually efficient, and therefore we may apply Lemma[6.19] to deduce that the total level of p
is at most the sum of the total levels of S, (V') and (Sg(V'))*, which is E+F, as required. O

Comfortable d-juntas

We say that a monomial in the matrix entries of X € SU(n) is a comfortable d-junta if
for some choice of permutation o € Sy and ¢i,...,qs € {imaginary, real} it is equal to
the product H?:l(micr(i))qi-parb We say that a polynomial is a comfortable d-junta if it is a
linear combination of comfortable monomials. We start by showing that the comfortable
d-juntas are in V_g4, i.e. that they are degree d polynomials that are orthogonal to all
polynomials of degree < d — 1. (Here, the degree is in terms of the matrix entries and their
complex conjugates, or equivalently, in terms of the real and the imaginary parts of the
matrix entries.)

Lemma 6.22. Every comfortable d-junta belongs to V_g.

Proof. Every comfortable d-junta clearly lies in V4. It suffices to show that any such
is orthogonal to all polynomials (in the matrix entries and their complex conjugates) of
degree < d — 1. Let T be one of the degree d monomials that appear in our comfortable
d-junta of degree < d. Let S be an arbitrary monomial of degree < d — 1. It suffices to
show that S and T are orthogonal. Let k1, ..., kg be the rows of the matrix-entry variables
appearing in the monomial 7. Since S is a monomial of degree less than d, not all of
these rows can appear amongst the variables in S; without loss of generality, assume row
k1 does not. Let ky be a row that appears neither in the variables in S nor those in T
(such exists, since d < n/2, so d + (d — 1) < n). Let Uy be the diagonal unitary matrix
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with ones everywhere on the diagonal except in the (ko, ko) and (k1, k1) entries, with a —¢
in the (ko, ko) entry and an ¢ in the (k1, k1) entry. If X is distributed according to the Haar
measure on SU(n), then so is UpX, but multiplying X by Uy simply multiplies ST by 4,
so Ex[S(X)T(X)] = Ex[S(UsX)T(UpX)] = iEx[S(X)T(X)] and therefore Ex[ST] = 0 as
required. O

Lemma 6.23. Let p be a representation of SU(n) of total level d, where 0 < d < n. Then
W, contains a comfortable d-junta.

Proof. Let p be an irreducible representation of SU(n) of total level d. Let A be the corre-
sponding integer partition (with at most n — 1 rows). Let « (respectively ) be its efficient
part and dually efficient part respectively. Note that the Young diagram of g* has F' cells,
and all are in columns of depth at most n/2. As in the SO(n) case, there exists a com-
fortable, homogeneous polynomial P of total degree I, such that P € W,,, namely the
polynomial

Py (X)) =(X((e1®...Q€eq)ca), €1 Q... eq),

where ¢, is the Young symmetrizer corresponding to «; writing ¢, = Y. €,0, where

gs € {—1,0,1} for each o € Sy, we have

d
PA(X) =Y e [[iot)

€Sy =1

ogESy

Similarly, there exists a non-zero, comfortable, homogeneous polynomial ) of total
degree F, such that Q@ € W, .. Since £ + F' = d < n, we may further take P to depend
only upon matrix entries in the top E by E minor, and @) to depend only upon matrix
entries in the minor [E +1,E+ F| x [E+1,E + F].

Note that PQ is a comfortable d-junta and is spanned by the matrix coefficients of
po @ pg. We claim that, in fact, PQ) is spanned by the matrix coefficients of py. This
follows immediately from the fact that, firstly, by Lemma [6.19} po ® pg can be decomposed
into a direct sum of a copy of p) and some other irreducible representations of total level
less tshz?n) d, and that secondly, by Lemma the comfortable d-junta PQ is orthogonal
to VgcllJ TIL

O
6.7 Obtaining strong quasirandomness
Lemma 6.24. Let k,n € N with k < n/2, and let
P =P(X11,Xi12,..., Xkx) € C[X11, X12,..., Xpp] \ {0}

be a multivariate polynomial in the variables (X; ;); jex) that is not the zero polynomial. Let
7 : SU(n) — CF*F denote projection onto the top-left k by k minor of a matriz in SU(n).
Then P om cannot vanish on all of SU(n).
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Proof. The image of 7 is easily seen to have a nonempty interior inside C%*? (indeed,
a suitably small open neighbourhood of 0 is contained in the image of 7). Since P is
a nontrivial polynomial in the variables Xi1, Xj9,..., Xgg, it cannot vanish on all of a
nonempty open subset of CF**. O

The following lemma is analogous to Lemma and allows us to lower bound the
dimension of representations of not-too-large degree. We prove it by considering comfortable
d-juntas.

Lemma 6.25. If p is an irreducible representation of SU(n) of level d where 0 < d < n/2,

then
s ()

Proof. Let P be a non-zero comfortable d-junta contained in W,. Recall that the left action
of SU(n) on L?(SU(n)) is defined as follows: for A € SU(n) and f € L*(SU(n)), we define
Laf € L*(SU(n)) by Laf(X) = f(AX). Since P € W, \ {0}, the set {LsP : A € SU(n)}
is contained in a left submodule V of L?(SU(n)) which is isomorphic to the representation
p- In particular, for any even permutation o, Ly,)P € V, where A(o) is the permutation
matrix corresponding to o; explicitly, (45)i; = l{s@)=;} for each i,j € [n]. Note that
L 5(5)P is the polynomial obtained from P by replacing the variable X; ; with the variable
Xo(i),j» forall i, j € [d]; write 0 P := L 4(, P, for brevity. For each subset S € (L%ZJ), choose
an even permutation og sending [d] to S. The polynomials ogP are linearly independent
as polynomials (as for any two distinct sets S # S’, the set of monomials appearing in og P
is disjoint from the set of monomials appearing in og/ P); moreover, each polynomial ogP
depends only upon variables in the top left [[n/2]] by [[n/2]] minor. It follows from the
previous lemma, applied with £ = |n/2], that the polynomials og P are linearly independent
as elements of L?(G), and therefore dim(V) > (L”é%), as required.

O

We remark that the lower bound for the dimensions in SU(n) works just as well for
SO(n) and Sp(n). We could have used such a similar lower bound on the dimensions in
place of Lemmas and to give an alternative, self-contained proof of their c-strong-
quasirandomness.

The following lemma is analogous to Lemma and lower bounds the dimension of
representations of large degree. We defer the proof to the Appendix.

Lemma 6.26. There exists an absolute constant ¢ > 0 such that if d = n/2 and p is an
irreducible representation of SU(n) of level d, then dim(p) > 2°".

Lemmas [6.25] and immediately yield the strong quasirandomness of the special
unitary group.

Lemma 6.27. For each n > 2, the group SU(n) is c-strongly-quasirandom as an n-graded
group, where ¢ > 0 is an absolute constant.
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7 Simply connected compact Lie groups are fine

In this section, we prove Theorem The proof of this consists of two parts. In the first
part we identify a natural noise operator Us on the groups SU(n), Sp(n), Spin(n) which is
guaranteed to satisfy a certain hypercontractive inequaity thanks to the fact that their Ricci
curvature of is bounded from below (this operator is not the same as the Beckner operator
T5, that we defined earlier). The second part concerns infering the weak hypercontractivity
of the operator T, from the hypercontractive inequality for Us. We accomplish that by
analyzing the eigenvalues of Uy and showing that they are all larger than the eigenvalues of
the operator Tyc , for some absolute constant C'. This will allow us to write Tsc , = UsS
for an operator S satisfying ||S||a—2 < 1. We will thus have

1Ts¢ 1 ll2—q < 15122 - 1Usll2-q < 1.

7.1 The hypercontractive inequality

Here we rely on concepts from differential geometry, such as a Riemannian metric, the
Laplace—Beltrami operator, and the Ricci curvature/tensor. We use the notation of Ander-
son, Guionnet and Zeitouni [I, Sections E and F], and we refer the reader to that work for
more details.

The simple compact Lie groups are equipped with a unique (up to normalization) struc-
ture of a bi-invariant Riemannian manifold (M, g). Once a normalization is set, and de-
noting by A the Laplace-Beltrami operator, it is also known that the Hilbert space L?(M)
has an orthonormal basis of eigenvectors of A, that A is self-adjoint and negative semidef-
inite, and that 0 is a simple eigenvalue of A (with the constant functions as corresponding

eigenvectors).
For a given compact Lie group G with a Riemann manifold structure, we let ug, w1, us, . ..
be such a basis, with 0 = —Ag > —A1 = —X2 > ... being the corresponding eigenvalues, so

that \; > 0 for all 4 > 1, and with uy being the constant function with value 1. For any
f € L3(M), we may write f uniquely in the form

0
f = Z CiUs,
=0

where ¢; € R for each ¢ > 0 (we have ¢; = (f,u;) for each i > 0). For 6 > 0, we define the
noise operator Us by

Us: L*(M) — L*(M); Us(f) =) ci6™u,
=0

for f = > 72, ciu;. We note that U+ is, in fact, the heat kernel corresponding to A,
which is the averaging operator with respect to the Brownian motion on the corresponding
manifold.
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For a Reimaniann manifold (M, g) and C > 0, we say that (M, g) has Ricci curvature
bounded from below by C' if for all points p € M, the Ricci tensor Ricy(-,-) at p satisfies

Ric, (X, X) > Cgp(X, X)

for all tangent vectors X at p.
The hypercontractive inequality we need is the following.

Theorem 7.1. Let C > 0 and let (M, g) be a compact, connected Riemann manifold whose
Ricci curvature is bounded from below by C, let 2 < p < q and let f € LP(M). Then

p—1\ €
sl <l vo<as (B21)

As explained in Klartag and Regev [38] the Bakry-Emery criterion yields a log-Sobolev
inequality (as given for example in [I, Corollary 4.4.25] applied with ® = 0), which implies
a hypercontractive inequality by a theorem of Gross [16, Theorem 6]).

Utilizing the Riemannian structure. The compact simple Lie groups G are known to
have a unique (up to normalization) bi-invariant Riemannian manifold structure. In order
to set it up one needs to assign an inner-product on the tangent space at 1 of G, namely
the corresponding Lie algebra of G. The structure at all other tangent spaces is determined
by that using a push-forward with respect to left multiplication by an appropriate element.

The tangent space of Spin(n) is the Lie algebra of SO(n). As in [I] we equip it with the
usual Euclidean norm, i.e. the norm of a matrix is the sum of the squares of its entries. This
norm gives rise to a bi-invariant metric when applying push-forward maps to extend the
metric to all tangent spaces. The norm on the Lie algebras of SU(n) and Sp(n) is defined
similarly by taking the sum of squares of the components of each entry.

It is well-known (see [1, 4.4.30]), that the Ricci curvature of the simply connected com-
pact Lie groups Spin(n), SU(n), Sp(n) is bounded from below by (n —2)/4, §,n + 1 respec-
tively.

Using Theorem we can prove Theorem modulo the following lemma.

Lemma 7.2. There exists an absolute constant C, such that the following holds. Let G be
either SU(n),Sp(n) or SO(n). Let d € N with 0 < d <n/2 and let p € L4 be a representa-
tion of level d. Then the corresponding eigenvalue of the Laplace—Beltrami operator for G
satisfies A\, < Cnd.

The proof of the lemma uses a formula for the eigenvalue ), in terms of the dominant
weight corresponding to p, which is well-known and appears e.g. in Berti and Procesi [7].
We defer the proof to the Appendix.

Proof of Theorem [3.14} We have already established the strong quasirandomness for any
of the groups G of the form Spin(n),Sp(n), and SU(n). It remains to establish their weak
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hypercontractivity. By Lemma it is sufficient to prove that SO(n),Sp(n) and SU(n)
are weakly hypercontractive.
1
By Theorem [7.1] there exists an absolute constant C7, such that setting § = (q% e ,
we have ||Us|la—q < 1. Let p € L4 be of level d. Then by Lemma we obtain that the
eigenvalues of Us given by 6% are > ¢~ ““ for some absolute constant C'. This implies that

we may write T, —c , = Us o S, where all the eigenvalues of S are < 1. Hence,

HTQ_CJ"

’2_)(1 < ||U6H2—>q ||S||2—>2 <L

This completes the proof of the theorem. O

8 Showing that Sp(n), Spin(n) and SU(n) are good

We now begin discussing the coupling based approach for the proof that SO(n), Sp(n) and
SU(n) are good. By lemma the goodness of Spin(n) will follow from the goodness of
SO(n). We focus on the case of SO(n) and discuss the neccesary adaptations for SU(n) and
Sp(n) in the Appendix.

Our coupling approach for hypercontractivity

Our approach is based on constructing a coupling distribution between matrices X sampled
according to the Haar measure on SO(n) and matrices Y € R™*" whose entries are inde-
pendent standard Gaussians, with the intuition that the distributions of /nX and Y are
locally close to each other.

We use this coupling to define a noise operator over L?(SO(n),u): first we use the
coupling to move a function to Gaussian space, then apply the well known Gaussian noise
operator (the Ornstein—Uhlenbeck operator) and then go back to SO(n) via the coupling.
It turns out that a noise operator defined this way inherits its hypercontractivity property
from that of the Gaussian, and thus we get hypercontractivity for free. The majority of
our effort then is to show that the eigenvalues of this operator corresponding to degree d
functions are not too small — indeed we are able to show they are at least 279 provided
that d < § - n'/2 for a sufficiently small, absolute constant § > 0.

8.1 The Gaussian noise operator, a.k.a. the Ornstein—Uhlenbeck operator

In this section, we recall the definition of the Gaussian noise operator and several of its prop-
erties. For simplicity of notation, we present this theory for functions in L?(R", ), however
everything applies more generally to functions in L?(R"*™ +). (Here and elsewhere, we
abuse notation slightly and denote by v a Gaussian distribution, where the domain is clear
from context.)

Definition 8.1. For p € [0,1], we define U,: L*(R™,~) — L*(R™,~) by
Upf(X) = Eyy[f(pX + V1 = p?)Y].
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It is a well known fact that U, is hypercontractive [33]:

Theorem 8.2. Let f: R" - R and let 0 < p < \/%. Then Upfllpaty) < I llz2¢y)-

Below we use U, to construct an operator T, over L?(y/nSO(n)) which is hypercontrac-
tive, and on which we have lower bounds on the eigenvalues corresponding to low-degrees,
thereby showing that the group SO(n) is good.

8.2 Constructing the noise operator T,

In this section, we design our noise operator T, on L2(SO(n)). En route, we define auxiliary
operators that act on both L?(R™*" 4™*") and L?(,/nSO(n), ).

Left and right multiplication by matrices from SO(n)

Definition 8.3. For a matriz U € SO(n), we define the operator Ly acting both on
L2(R™ ™ 4mXn) and L2(/nSO(n), 1), as follows. For a function f: R™™ — R, the function
Ly f: R™™ — R is defined by

Ly f(X) = f(UX).

For a function f: \/nSO(n) — R, we similarly define Ly f(X) = f(UX).
We similarly define the operator Ry corresponding to right multiplication.

Definition 8.4. For a matric V. € SO(n), we define the operator Ry acting both on
L2(R™" ) and L*(\/nSO(n), ), as follows. For a function f: R™"™ — R, the function
Ry f: R™™ — R is defined by

Ry f(X) = f(XV).

For a function f: /nSO(n) — R, we similarly define Ry f(X) = f(XV).

The Gram—Schmidt operators

Next, we define the operators Tyow, Teol that capture our coupling and map L?(SO(n), )
to L2(R™", ~), as well as their adjoint operators that go in the reverse direction. To do so,
we use the Gram-Schmidt process.

Fix a matrix X € R™*™ and let ¢y, ..., c, be its columns. Provided det(X) # 0 (which
for a Gaussian matrix happens with probability one), we may apply the Gram-Schmidt
process on (cq,...,¢,) to get an orthonormal set of vectors ¢,...,¢,. Abusing notation
slightly, we define the matrix GSco(X) € v/nSO(n) as the matrix whose i*! column is \/né;
for all i < n and whose nth column is either \/né, (if det(X) > 0) or —/né,, (if det(X) < 0);
this is of course a (column-) dilation of the (column-) Gram-Schmidt matrix corresponding
to X. Since the Gram-Schmidt process preserves the sign of the determinant, this matrix
GScol(X) is indeed in 4/nSO(n).

Similarly, letting r1,...,7r, be the rows of X, we let 71,...,7, be the resulting set
of vectors by applying the Gram-Schmidt process on (rqi,...,r,) and define the matrix
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GSrow(X) as the matrix whose it" row is \/n#; for all i < n, and whose nth row is either

iy, (if det(X) > 0) or —y/n7y, (if det(X) < 0).
The dilated Gram—Schmidt processes above define couplings (X, GS¢o (X)) and (X, GS,ow (X))
between v and u, and we use these to define the operators Tion and Teq:

Definition 8.5. We define Tyon: L?(v/nSO(n), 1) — L*(R™*" ~) as follows. For a func-
tion f:/nSO(n) — R, we define Tyon f: R™*™ = R by

Trowf(X) = f(GSrow(X))'

Definition 8.6. We define Teor: L?(v/nSO(n), ) — L*(R™™, ) as follows. For a function
f:v/nSO(n) — R, we define Teorf: R™*™ — R by

Tcolf(X) = f(GScoI(X))'

The operator T,

The operators Teo and Tyon allow us to move from L?(u) to L?(y). We can also go in
the reverse direction, using their adjoints. It is easy to see, using Jensen’s inequality, that
T?,,U,Teo has the same hypercontractive properties as U,. Thus, it is natural to consider
the operator T} U,Tco as an analogue of the Gaussian noise operator, for 1/nSO(n). We
do not know, however, how to bound from below the eigenvalues of T} U,T so as to
deduce Theorem The reason is that to bound its eigenvalues, we (naturally) need
some information about the eigenvectors corresponding to them, and we only know how to
obtain such information from classical representation facts about SO(n). To use these facts
(so as to ensure the eigenspaces are ‘nice’, and easy to analyse), it is necessary that our
operator commutes with the action of SO(n) from both sides. For the operator T? U, T
above, one can show that it commutes with multiplication from the left, i.e. with the
operators Ly, but unfortunately, it does not commute with multiplication from the right.
To overcome this, we obtain commutation with the action of SO(n) from the right with an

averaging trick, which is an analogue of the famous Weyl unitary trick.

Definition 8.7. We set T = Evwso(m) [B7 T UpTeol Ry ]

col

The following result asserts that T, is hypercontractive, and it also gives lower bounds
on its eigenvalues (which are required for deducing our level d inequalities).

Theorem 8.8. For each p € (0,1), the operator T, is self adjoint on L?(y/nSO(n), 1) and
has the following properties:

1. T, commutes with both left and right multiplication by matrices from SO(n).
2. If p< =, and f € L2(V/nSO(n), ), then |Tpfllpaqy < II£1lz2(0)-
3. There exists an absolute constant § > 0, such that if d < 6n'/? and f € Vy, then

ITof 2 = C 0N fll (-
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Let use show how Theorem immediately implies that SO(n) and Spin(n) are good.

Theorem 8.9. There exist absolute constants ¢, C' > 0 such that the n-graded groups SO(n)
and Spin(n) are (C, ¢)-good.

Proof, given Theorem[8.8. The strong quasirandomness of Spin(n) and SO(n) was already
established in Section . It remains to show that they are (cnl/ 2 O)-hypercontractive for
absolute constants C, ¢ > 0. Let C be sufficiently large and c sufficiently small. By Lemma

3.24| it is sufficient to show that SO(n) is (en!'/2, C)-hypercontractive. Let T = T i
Cq’
be the Beckner operator. It remains to show that |72, < 1. Let us show that, by

Theorem we may write T =T 5 S, where ||S||2—2 < 1. Indeed, as T' S is self adjoint

and commutes with the action of SO(n) from both sides, it has the Peter-Weyl ideals W),
as its eigenspaces. By Part 3 of Theorem [8.8] the eigenvalues of T" 1 correspondlng

V-1

C?’Ll/2

d
to a representations p of level d are larger than <C%/6> , and thus are greater than the

corresponding eigenvalue of 7" on W,. This shows that the desired operator S exists. We
may now apply Part 2 of Theorem [8.8| to obtain:

151l < 1

2—q

L

The operator T, commutes with the action of SO(n) from both sides

In this section, we establish part 1 of Theorem [8.8] We phrase it as a lemma.
Lemma 8.10. The operator T, commutes with the action of SO(n) from both sides.

Proof. We show the commuting from the left and the right separately.

Commuting from the left. For this, it suffices to show that for each U,V € SO(n), the
operators Ly and Ry, T7 | T,Tco Ry commute. It is easy to see that Ly and Ry commute.
Hence, it suffices to show that Ly and T} T, Tco commute.

First note that if X € R™ " is a matrix, it holds that GSco(UX) = UGS (X). It

follows that

LTl (X) =TafWX) = B (0= E [fUZ)]=Tuluf(X),

so Ly commutes with T7 . The adjointness immediately implies that Ly also commutes
with the operator T It is easy to see directly that Ly commutes with the operator U,,
and so it commutes with the composition T | T,T¢o.
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Commuting from the right. Fix V' € SO(n), then

RV’Tp = VNéEO(n) [RV’Ra{/T:dTpTcoIRV] = V’\é%)(n) [RT/V/tT:O|TpTc0|RV]

Making the change of variables V <+ V'V’ we get that

RyT,= E [RyTiT,TexRyy]= & [RyTiT,TeoRy|Ry =T,Ryr. O
V~SO(n) V~SO(n)

8.3 The operator T, is hypercontractive

In this section, we prove part 2 of Theorem To do so, we first adopt a different point of
view of the couplings defined by T\ow and Ty that will often be easier for us to work with.

The ‘Gaussian maker distribution’

Rather than going from Y ~ v to X ~ p by applying the Gram—Schmidt process on its
columns and dilating by v/n (and flipping the sign of the last column if necessary), we can
go the other way and construct Y from X. This is accomplished as follows. We define a pair
of independent random variables (X, G) such that XG is distributed according to v and
X ~ u. We call the distribution of G the Gaussian maker distribution and we abbreviate
it to GMD.

Definition 8.11. We define the Gaussian maker distribution to be the distribution of the
upper-triangular matriz G = (g;5) constructed as follows. First, independently choose one-
dimensional Gaussians g;; ~ N (0, %) of expectation zero and variance 1/n, for each i < j.
For each i < n, we independently choose g;; to be 1/y/n the (Euclidean) length of an
(n — i+ 1)-dimensional Gaussian z ~ (R"~"*1 ~). We also independently choose gy, to be
a standard Gaussian random variable, z ~ N(0,1). Finally, we set g;; =0 for all j < i.

It is clear that when we sample a matrix Y ~ ~ and apply the above (dilated) Gram-
Schmidt process, we get a matrix X which is y/n times a matrix sampled from the Haar
measure on SO(n) (provided we condition on the probability-one event that det(Y') # 0,
of course). We would like to show that X 'Y ~ GMD, independently of X. Indeed, this
follows by choosing the columns of X and Y one after another. The first column of Y
is uniformly distributed according to (R™,~). By rotational symmetry, its length and its
normalization are independent, and therefore X Ge; = g11Xe; is indeed distributed as Ye;.
Note that Xes is independent of g1, as it is a uniformly random unit vector orthogonal to
X1. Thus, completing X; to a basis arbitrarily we obtain, by rotational invariance of the
Gaussian distribution, that the correlation of Yes with Xe; is normally distributed. After
we present Yes with respect to an extension of %X e1 to an orthonormal basis, we see
that the last n — 1 coordinates are distributed as a random n — 1 dimensional Gaussian.
This shows that indeed Yes is distributed as gooXeo + g1oXe;. Continuing in this fashion
column by column (being a little careful with the last column), we see that indeed X ~'Y is
distributed according to GMD, independently of X. We thus have the following formulae
for the adjoint operators T}, T%

row> —col*

o8



Lemma 8.12. For each f: R™™ — R we have

Taf(X)= E [f(XG), ToJfX)= & [f(G'X)]

G~GMD G~GMD

In addition to Lemma being useful on its own, it allows us to extend the definition
of T7 ,f to R™*™. Indeed, abusing notations, we shall think of T7 ,f: R"*"™ — R by taking
the same formula:

Taf(X)= E [f(XG)].

G~GMD

This allows us to think of T7 | as an operator acting on Gaussian space, and we note that
if f: R™"™ — R has degree at most d, then T, f also has degree at most d, and thus Vj is
an invariant space of T7 .

Another consequence of Lemma is that the operators T7 |, T},, do not increase
g-norms:

Fact 8.13. The following hold for all ¢ > 1
1. The operators T and Tiow preserve g-norms.

2. The operators T, and Ty, cannot increase g-norms.

wW

Teol and Tyow preserve g-norms for each q > 1. Their adjoints have (¢ — q)-norm at most
one, for any q > 1.

Proof. We prove both items for T, as the proof for T, is identical.
For the first item, we note that

ITeaflf, ) = B [Teaf(V)I] = E [F(GSeal¥ DI = B [1FO] =17
For the second item, we use Jensen’s inequality:

LEIFXG)

q
ITeaf gy = E | | < B 1AXG = B (Teaf )1 = 17

Deducing hypercontractivity
We now show that the operator T, is hypercontractive, proving Part 3 of Theorem

1
Lemma 8.14. For all 0 < p < T

Proof. By the triangle inequality and the fact that Ry preserves the L™ norm for all r, it
suffices to show that

and f: SO(n) — R we have HTprLq(#) < Ml p2-

”TzoIUpTcolJcHLq(u) < HfHLQ(;L) :
To see that this holds, we apply Fact and Theorem

ITeaUpTeol fllL2(y) < NUpTeolfllL2(y) < Teot fllr2(y) = 1f 1 L2¢s) - O
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9 Comfortable d-juntas on SO(n)

Recall that in Section [6] we defined the comfortable d-juntas on SO(n) to be the multilinear
polynomials of the form X — >° ¢ a5 ngl Tiq(:), for a, € R. We also showed that
for any irreducible representation p of level d, where 0 < d < n/2, the Peter-Weyl ideal
W, contains a comfortable d-junta. In this section we define comfortable polynomials in
general (the comfortable d-juntas are a special case). We then show that some of them are
eigenfunctions of T, (or of T},,).

We use comfortable d-juntas as they are both easy to work with, and each low degree
eigenspace of T, contains one; the latter is guaranteed by the following, since T, commutes

with the action of SO(n) from both sides.

Claim 9.1. Let T be a linear operator on L?(SO(n)) that commutes with the action of
SO(n) from both sides, and let 0 < d < n/2. Then the space V_q is T-invariant, and each
etgenspace of T inside V_4 contains a comfortable d-junta.

Proof. A linear map from L?(SO(n)) to itself that commutes with the action of SO(n) from
both sides is precisely an SO(n) x SO(n)-homomorphism. As each W, is an irreducible
SO(n) x SO(n)-module and the W, are pairwise non-isomorphic, Schur’s lemma implies
that any SO(n) x SO(n)-homomorphism from L?(SO(n)) to itself acts as a scalar multiple
of the identity when restricted to W,. Since the linear operator 7' commutes with the action
of SO(n) from both sides, each W, is contained in an eigenspace of T'. Since the Peter-Weyl
ideas span L?(SO(n)), each eigenspace of T is a direct sum of some of the W,’s.

As V_g4 is a direct sum of finitely many Peter-Weyl ideals (each of which is T-invariant),
V_q itself is T-invariant. The claim now follows from Fact which implies that each of
the Peter-Weyl constituents of V_; contains a comfortable d-junta. O

9.1 Comfortable polynomials

Claim is important for us as it says that if we want to understand the eigenvalues
of an operator T' that commutes with the action of SO(n), it suffices to understand its
action on low-degree polynomials. One can already carry out some non-trivial analysis of
our hypercontractive operator using this observation, however to push our analysis all the
way to d = ©(n'/?) we need to work with a restricted class of polynomials, which we call
‘comfortable polynomials’.

Definition 9.2 (Comfortable polynomial). We say a multilinear monomial in the matriz
entries of X € SO(n) is comfortable if it only contains variables from the top left 5] x | 5|
minor of X, and it contains at most one variable from each row and at most one variable
from each column. A polynomial in the matriz entries is said to be comfortable if it is a
linear combination of (multilinear) comfortable monomials.

We may naturally index monomials in L?(R"*",~) by multisets in [n] x [n]. Given such
a multiset S = {(i1,41),.-., (ir,jr)}, where each pair (ig,jr) may appear multiple times,

k
the corresponding monomial is Hg(X) := [] =4, ;.
r=1
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We now define the notion of comfortable polynomial.

Definition 9.3. Let S = {(i1,/1),. -, (ia,Ja)} be a multiset in |5] x |§], and define its
transpose by S* := {(j1,91),- -, (Ja,id)}-

1. We say Hg is row comfortable if i1,...,iq are distinct.
2. We say Hg is column comfortable if Hgt is row comfortable, i.e. if ji,...,7q are
distinct.

3. Finally, we say Hg is comfortable if it is both row comfortable and column comfortable.

Definition 9.4. We say a polynomial is row comfortable if it lies in the span of the row
comfortable monomials; similarly, we say it is column comfortable if it lies in the span of
the column comfortable monomials, and that it is comfortable if it is both row comfortable
and column comfortable.

We also need to define row- and column- comfortable d-juntas, generalizing the notion
of comfortable d-juntas.

Definition 9.5. A row- (respectively column-) comfortable d-junta is a row (respectively
column) comfortable polynomial whose monomials contain variables only from the top left
d x d minor.

Comfortable monomials are eigenvectors

The following claim shows that the column/row comfortable monomials are eigenvectors of
T:ol/ T

row*

Claim 9.6. There exists C > 0 such that the following holds. Let S = {(i1,j1),-- ., (%4, 7Jd)}
be a multiset of elements of [ 5]] < [| 5]] that indexes a monomial. Then there exists Ag > 0
such that:

1. If Hg is column comfortable (i.e. the ji are distinct) then T Hg = A\sHg.

col

2. If Hg is row comfortable, then T}, Hgt = AgHgt.

3. There exists an absolute constant C > 0 such that Ag > C~% for all S.
4. If S is only supported on [d] x [d], then |\s — 1| = O(d?/n).

Proof. 1t suffices to prove the first, third and fourth items, as the second follows from the
first by taking transposes. By Lemma we have (T? Hg)(X) = Eg~amp [Hs(XG)].
Using the fact that the entries of XG corresponding to different columns are independent
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and that each j, appears at most once, we obtain

(TigHs)(X) = | B [Hs(XG)]

d
= GNI([:}MD [H (XG)ika]

k=1

XG)iyj
L E (X6

Il
z&

1

(x, B )
.\ G~GMD i

Observe that Eq.gmp[G] is a diagonal matrix with (E[G]);; being equal to 1//n times
the expectation of the length (= Euclidean norm) of an (n — j 4+ 1)-dimensional standard
Gaussian random vector, for each j < n. For m € N, let N(0, I,;,) denote an m-dimensional
standard Gaussian random vector, and let || N(0,I,,)|l,2 denote its Euclidean norm. We
have

i

Il
z&

k

d d
1210 = T (B, @) =0T (5, @) =etis(x)
where
d
As =~ T EIIN(O, In—jy 1))
k=1
To estimate the eigenvalues Ag we need the following fact.
Fact 9.7. For any m € N, we have /m — Q\ﬁ E [[|N(0, In) ]| 2] < v/m.

Proof. Let Z,...,Zy ~ N(0,1) be independent and Z = Y Z2 so that [|[N(0, )| ,2 =
i=1
VZ. Then E [Z] = m, so E[VZ] < VE[Z] = v/m by Cauchy-Schwarz, proving the upper
bound. Secondly var(Z) = 3" var(Z?) = m, which implies that
i=1
(Z —m)? 1
E|(VZ - vm)?| = [ < —var(Z) =1

[ } (VZ + m)?
Thus,

2m — 2v/mE [\fz} = E|[Z] +m —2VmE [\fz} <1

implying that

proving the lower bound. O
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Continuing the proof of the claim, the above fact yields C~% < Ag < 1 for all S. If S is
supported upon [d] x [d], then it yields

1 d
g > d/2<\/ —d 1—> >1-—0(d*/n),
szn T\ Vnmd - e (/)

completing the proof of Claim [9.6] O

Projections onto comfortable subspaces

Define the operator Ieoms: L2(R™™ v) — L2(R™ ™ ) to be orthogonal projection of f
onto the linear subspace of comfortable polynomials. This projection also has a neat Fourier
formula: R
Meomfh(X) = > h(a)Hy(X),
H, comfortable monomial

where f(a) = (f, Ha>L2(7). We also define the operator coms,d; Icomf col,d and Ilcome row,d tO
be the projections onto the space of comfortable, row comfortable and column comfortable
polynomials of degree at most d, respectively.

9.2 Reducing part 3 of Theorem [8.8|to a statement about the low degree
truncations of T

In this section, we prove Theorem [8.8 modulo the following lemma, asserting that on the
space of d-comfortable juntas the operator T., Ry for a typical V' preserves some of the
mass of a function on its projection onto Vj:

Lemma 9.8. There exist absolute constants C > 0 and & > 0 such that the following holds
for all d < én'/2. For all comfortable d-juntas f we have

2
E Teol Ry f)<*
V~SO(n) [H( Ry f) L2(y)

With Lemma [9.8] in hand, we can now complete the proof of Theorem

Proof of Theorem assuming Lemma[9.8 Lemmas and give the first two items,
and in the rest of the argument we show the third item. Namely, letting f € V; we want to

show that || T, f | z2¢.) = (cp)dHfHLz(u). By Claimwe may assume that f is a comfortable
d-junta. By Cauchy-Schwarz, it is enough to show that (T,f, f)r2(,) = (ep)?|I 113, and we
next show that the last assertion follows by Lemma

Using the self-adjointness and the fact that U, = U\*/ﬁU /7 We see that

] > O fl2a -

(Tofs 120 = VN%E {H(U\/ﬁTcolef)gdH%%)}

2
BN (e T A

E
SO(n)

d <d||2
>0t B [ITaBr ) )

> pdC*d Hf”%Q(y,) 3
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where we used Lemma and the fact that for each function g of degree < d it holds that

/2

1U 59l 22y 2= 0¥l L2 (4)-

10 Proof of Lemma 9.8

In this section we present the proof of Lemma modulo a technical statement (Lemma
10.9). Our main ingredients are given below and show that one can approximate the Lo-
norms of (row) comfortable d-juntas with respect to (v/nSO(n), 1) by those of (R™*™,~).

10.1 Comparing L*(1) and L*(v)

The following lemmas assert that the 2-norm in L?(SO(n)) of a row comfortable d-junta is
roughly bounded by its 2-norm in Gaussian space. We defer the proofs of the lemmas to

Sections [[0.3] and [10.41

Lemma 10.1. For all ¢ > 0 there exists 6 > 0 such that if d < on'/? and f is a row
comfortable d-junta, then

122wy < (L + ) fllz2(y)-

In case the function f is comfortable, we are able to show that in fact also the other
inequality holds.

Lemma 10.2. For all ¢ > 0, there is 8§ > 0 such that if d < 6n'/? and f is a comfortable
d-junta, then

1 fllz2) < (X + )l fllL2 (-
10.2 The main argument for Lemma

We are now ready to present the proof of Lemma

Swapping between T,,, and T,

The first step is to show that on the left hand side of Lemma we can replace T¢, by
T\ow- The benefit of this exchange is that T,ow and Ry commute.

Lemma 10.3. There exist absolute constants C > 0,5 > 0 such that the following holds.
Let d < on and let f be a comfortable d-junta. Then

E [I(Telty )22 2070 E

H m TI’ WR 2 .
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Proof. Applying Claim we have

H(TCO|va)<dH%2(,y) = Z <Tco|RVf7 HS>%2(,Y)

Hg comfortable of degree d

= Z (Rv f, Tzo|HS>%2(u)

Hg comfortable of degree d

= )‘%* Z (Rv f, HS>%2(M)

Hg comfortable of degree d

)\2
_ s * 2
Y E <RVf7 TrowHS>L2('u)
S H s comfortable of degree d

>C > (TrowBv f, Hs) Tz

Hg comfortable of degree d

The lemma follows by plugging in the definition of Ilcomf g- O

Tyowf is close to f

We have thus reduced our task to understanding the average of the square of the 2-norm of
Heomf,d Trow 2y f = coms,d By Trow f, where the transition is because Tyon and Ry commute.
The following claim further simplifies our task and shows that Tyo f is close to f, thereby
effectively reducing our task to estimating the 2-norm of Ilcoms g Ry f (some care is required
to make this precise as we are applying a projection operator on top, which may decrease
norms considerably).

Claim 10.4. For eache > 0, there exists & > 0, such that the following holds. Let d < én'/2,
and let f be a comfortable d-junta. Then

I Trowf = Fll72(y < ellf 17 -
Proof. Let g be a comfortable d-junta satisfying T}, g = f, i.e. writing f = > agHg, we
take g = > )\gtlost 5, where A\g is as in Claim Then by Parseval ’
lg = fllzzey < 35112y

provided that § is sufficiently small. Hence by Cauchy—Schwarz

Hf”%?(u) = <fa T:ow!]) = <Trowfvg> = <Trowfa f> + <Trowfag - f>
< <Trowfa f) + ”TI”OWfHLQ('y)Hg - fHLQ(’y)7

implying
€ €
(Trowfs f) = 1720 — 10 Trowf 211l z2(7) = 1F117 2 — 1ol 2ol 2 -
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Thus, we get that

||Trowf - f“%ﬂ(ry) = ||f||%2(7) + ||Trowf||%2(,y) - 2<T|’0Wf7 f>
€
<N Z20y = I Z 2 + S 21 F 12 -

which using Lemmas and is at most || f||2, ()"

The projection of Ry T, f onto the subspace of comfortable polynomials

With the steps we have collected so far, it seems that to finish the proof of Lemma
it suffices to estimate the typical 2-norm squared of Ilcomf ¢y f. While this is indeed the
case, some care is needed as one cannot really smoothly switch Tyow f to f in the previous
statement, and to address that we must be able to estimate the 2-norm of IlcomsqRv f
under the weaker hypothesis that f is a row comfortable d-junta. This is the content of the
following lemma:

Claim 10.5. Let d < n/2 and let f be a row-comfortable d-junta. Then

2 _ (n/2)! 2
Eysom) Heomf,altv fll72(,) = m”ﬂ‘ﬂ(u)'

Proof. We first argue that

(n/2)! 2
Ey . II Ry fl?2.y = ——~ " —FEy(Ryf, H .
Vas0(n) [ Meomt a2 flI72(-) (/2) —d) v(Rvf, Hia1),. (dd))
Indeed, the assertion follows from the fact that we may write V' as the product of a random
SO(n) matrix and a random permutation matrix. Now the left S,, orbit of a monomial of
the form Hle Ty, With v; distinct consists of all such monomials.

Write f = > ((1,i1),..(di0)) | (@) Ha. Then for each such a = ((1,i1),...,(d,iq)) we

have Ry Ho(X) = Ho(XV) = TI1[XV]ks = S0y ITtet Xer, Vepsip-  Therefore by
Plancherel,
(RyHo(X), H11).... (aa)) = Ha(V) = n~ 72 Hy (V).

The equality part of the lemma follows by expanding f =", f (a)H, and taking 2-norms
over \/nV ~ p. O

We now show how to lower bound the left hand side of Lemma [[0.3]

Lemma 10.6. There exist § > 0 and C > 0, such that the following holds. Let d < dn'/?.
Then for all comfortable d-juntas f we have

2 —d 2
Vwé%(n) [HHcomf,dRVTrowa2:| >C HfHLQ(,LL) :
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Proof. We write Heomf,a = Heomf,dllcomf,row,d> and set g = Heomf,row,d Trowf- We have

1_[comf,d}%VTrowf = 1_[coml“,dRVga

where we used the fact that Ilcomf row,¢ commutes with Ry . Taking the squares of the 2-
norms and expectations over V we may apply Claim m (using the fact that g is a row
comfortable d-junta) to obtain that

2 _ (n/2)! 2 —dy 2
E [HHcomf,dTrowRVfH[ﬂ(y)} = WHQHL2(M) 2 C™Ygll72¢- (11)

By Lemma[10.1} as g — f is row comfortable we have

gl 22wy = N2y — 119 = fllzzw = 12y — 2llg — fll2(y)
As f is comfortable we can apply Claim to obtain

9
||9 - f”LQ(fy) = ||Hcomf,row,d(Tr0Wf - f)||L2(7) < HTrOWf - f”L?(«,) < To”fHB(fy)-

On the other hand Lemma shows that || f|[z2¢,) < 2| fllz2(u)- Putting everything to-
gether we obtain that ||g||z2(,) > (1 —&/2)|fll2(,)- Plugging this into completes the
proof. O

Finishing the proof of Lemma
Using Lemma, the left hand side of Lemma [0.8is at least

CidVNQEO(n) [”Hcomf’dTmV"RVfHQLQ(V)] - Cidv~£%(n) [Hﬂcc’mf’deTm"VfH%Q(v)

and using Lemma the last quantity is at least C'~¢ || f ”%2( ) @s required. O

10.3 L?(u) is dominated by L?(y): Proof of Lemma [10.1]

In the following two sections, we prove Lemmas and modulo Lemma which
is proved in Section First, we show that the operator T is close to the identity on
column comfortable d-juntas.

Claim 10.7. For all € > 0 there exists 6 > 0 such that if d < n'/? and f is a column
comfortable d-junta, then

HTZolf - f“LQ(’y) < €Hf||L2(’y)'

Proof. The lemma follows immediately from Parseval and Claim[9.6{as |Ag — 1| < & for each
S, provided that ¢ is sufficiently small (similarly to in the proof of Claim [10.4)). O

Claim is particularly useful as it implies that T7, is invertible on the space of
column comfortable d-juntas, and thus gives us a natural way of going from L?() to L2(v).
We are now ready to prove Lemma [10.1] restated below.
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Lemma 10.1 (Restated) . For all ¢ > 0, there exists § > 0 such that if d < 6n'/?, then
for any function f that is either a column comfortable d-junta or a row comfortable d-junta,
we have

122y < L+ )l L2y

Proof. Without loss of generality, we assume that f is column comfortable; otherwise we
may consider f'(X) = f(X"). Let g be a function such that T g = f. Then as T} is
a contraction, we have || f||2¢,) < [lgllz2(y)- In order to complete the proof, we note that
by Claim the operator T, is invertible on column comfortable d-junta and its inverse
has 2-norm at most 1+ e. We have g = (T,)"!f, and so 19l 201y = H(T:ol)_lme(y) <
(L+2&) [[fll 12(y)- Indeed, otherwise we may find a column comfortable d-junta h of 2-norm

1 such that || T 71hH2 > 1+e¢, and then for b’ = (T%,) A (which is a column comfortable

col

d-junta by Claim we get:

* / / _ ok —1 x —1 - I
e’ =102y = 1= Toa™ ], = [T ], bl > 12— 1=,
and contradiction to Claim [10.7] O

10.4 L*(y) is dominated by L?(y): Proof of Lemma [10.2]

To prove Lemma, we define an auxiliary distribution over R™”*" which we refer to as
the ‘over-Gaussian’ distribution:

Definition 10.8. Let G ~ GMD, and choose Y ~ ~ independently. We define the distri-
bution v to be the distribution of Y G, and call it the over-Gaussian distribution.

We refer to v by this name since it can be thought of as taking an X ~ p an SO(n)-
matrix and then multiplying it by two independent copies of GMD, thereby “overshooting”
the Gaussian distribution.

In the following section, we show that the distribution v is close to = in the sense that
the expectation of certain test functions remain roughly the same under both measures. In
fact, the test functions of interest for us are the squares of the comfortable d juntas and
they do remain roughly the same even though we allow the degree to be up to Q(y/n).
More precisely, the following lemma asserts that if f is a comfortable d-junta, then its
over-Gaussian 2-norm cannot be much larger than its Gaussian 2-norm.

Lemma 10.9. For alle > 0 there exists § > 0 such that if d < 6n'/2, then for all comfortable
d-juntas f, we have

1 fllz20) < (X + )|l fll2()-
With Lemma in hand, the proof of Lemma (restated below) readily follows.

Lemma 10.2 (Restated) . For all € > 0, there exists & > 0 such that if d < on'/? and f
is a comfortable d-junta, then ||f|lr2(y) < (1 +€)[|fllr2()-

68



Proof. We may assume that e < 1/2. By the triangle inequality it is sufficient to show that
1£(X) = F(XG) 2(uamp)y < 5 || f[12(,), where X ~ p and G ~ GMD. Since for any fixed,
upper triangular G € R”x”, the function g defined by

ga: X = f(X) - f(XG)

is a row-comfortable d-junta, by Lemma we have

1£() = FXG) (. cnp) = EamampEx~ul(F(X) = /(X G))?
= IEGNGMDEXNH[QG(X)Z]
= ]EGNGMD[HQGH%Q(;L)]
< (1+¢)*Eg~ampllgalliz ()
= (1+&)*Eg~aMpEy [(f(Y) = F(YG))?]
=1 +e)?|f(Y) - (YG)”sz GMD)>

and therefore it suffices to show that

1£(Y) = FY Oz ) < 1 Fll2e)

where Y ~ ~ and G ~ GMD is independent of Y. Expanding, we note that

1Y) = FY ) 2tr.ampy = 1720 + 1720 — 20F, Téarf) 12()
To handle the cross term, we note that by Cauchy-Schwarz and Claim we have

. £
[(Fs Teaf = 2| < UFllpee) ITeof = Fllzeey) < 0 ||f||%2('y)
0 (f, T )2y = (1 - 6/10)||f||%2(7). Using Lemma we have
1022y < (1+2/20) 1)
provided ¢ is sufficiently small, and so

1Y) = FYO)T2tr.ampy < IFl72) + 1720y — 20 = €/10) 1 fll72(,) < (6/DIfN1Z2
completing the proof. O

11 Proof of Lemma [10.9

Our aim in this section is to prove Lemma We begin with some more notation. For
a permutation o € Sy, we write T, 1= Ty 5(1) ' Tq,0(q); this is a function on R4 Fix a
comfortable d-junta and write f = ZI:(ih_"id) arxy where xy := 21,72, - - Tq,i,, the sum
ranging over all I such that i1,...,i7g € [d] are distinct. (As usual, we write (S)4 for the
set of ordered d-tuples of distinct elements of the set S, so we write I € ([d])g.) We prove
the following two claims, which handle respectively the diagonal terms and the off-diagonal
terms when computing || f|| (). For the diagonal terms we have:
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Claim 11.1. Ifiy,...,iq € [n] are distinct, then x1 := 14, T2, - - - Ta, Satisfies HfUIH%z(,,)
1.

The second claim deals with the off-diagonal terms. For I,.J € [n]? we let d(I,J) =
{7 |ir # jr}| denote the Hamming distance from I to J. We have

Claim 11.2. For any I,J such that d(I,J) = {, we have [(x1,%)|[2(,) < €0, where

gp 1= oltdp—t/29dt/Vn

11.1 Claims [11.1] and [11.2] imply Lemma [10.9

We first show how to deduce Lemma from Claims and Expanding, we get
that

||f||L2 v) —ZQIHWHL? +ZCLICLJ (xr,2),

I£J

a? +a
<llzaey + D0 =5 ler 2,

I#J

d
<2y + DD et {T:d(J 1) =t} - &

(=1 I

d
d
< lZ2) + 11720 Y e <€> &

=1
d

=1 f1Z2y) (1 + dee) :
=1

Using the upper bound on ¢, we get that

d
2d - 24/ 2d/f £
Z 0 Zé+4 —0/26dl é Z

where we used d < énl/?

11.2 Proof of Claims

To prove the two claims, we first need the following simple computation regarding the
Gaussian maker distribution:

and the fact that ¢ is sufficiently small compared to .

Claim 11.3. Let I = (iy,...,iq) € [n]? and J = (j1,...,jq) € [n]? be such that d(I,.J) = ¢,
and such that in the product
Giljl Gi2j2 T Gidjdv
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no matriz entry of G appears more than twice. Then

N
IEG~omp [Giyjy Giggy +* Ggigl| < <n> :

Proof. If, in the product

Gi1j1 Gizjz T Gidjd’
some off-diagonal matrix entry of G appears exactly once, then the expectation of the
product is zero. We may therefore assume that every off-diagonal matrix entry of G appears
either exactly twice, or not at all, in the above product. If there are exactly ¢ values of r
such that i, # j,., then the above expectation factorises into a product of the expectations

of the squares of ¢/2 off-diagonal and of the squares of (d — ¢)/2 diagonal entries:

[T e T EGE]

keD (i,9)€€

where £ C [n]? \ {(k,k) : k € [n]}, |D| = (d —¢)/2 and |€| = £/2. We have E[ij] =1/n
for all (4,j) € £ and E[Gik] =(n—k+1)/n<1forall k €D, proving the claim. O

We are now ready to prove Claim [T1.1]

Proof of Claim[11.1l Let x; = %1422, - - Xd,,, Where i1,...,iq € [n] are distinct. We
have
211172y = EanaMpEy o [(YG)T 5 (Y G35, -+ (YG) )

Since for each h € [d], (YG)n,, = 2’;1 Yh kG i, involves only entries of Y in row h and
entries of G in column iy, (and the 75, are distinct), the random variables ((YG),%% : held)
form a system of independent random variables, and therefore

|\$I||%2(y) = Eg~aMDEy o [(Y )T 1, JEGaMDEy on [(YG)3 4,] - - - EgraMpEy on [(Y G) 34 -
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For each h € [d], we have

2
EGNGMDEYW[(YG)%M,L] = Eg~aMDEy~y <Z Yh,ka,ih>

=2 Z Ec~cMDEY oy [Ya b Yn 1/ Gr i, Gt i)
1<h<k!<in
ih
+ Z Ec~eMDEy~r [V G, ]
k=1
ih
=0+ Z Eg~cMD [Gz,ih]EYW [Yh2,k]
k=1
i
= ZEGNGMD [GF,]-1
k=1
= (in—1)(1/n) + (n—in+1)/n
1.

(Here, for the third equality we use the independence of Y}, i, Y, 17, Gr.i) » Gir i, and the fact
that Y}, 1, and Y}, i both have zero expectation.) Hence, Hx1||%2(y) =1, as required. O

We now move on to the proof of Claim

Proof of Claim[11.4 Let £ > 1 and fix I, J € ([d])4 such that d(I,J) = ¢ > 1. Since G is
upper-triangular and iy, j, < d for all h € [d], we have

d
YG)ns, = Z Yy 1Griy = Z Y, 1Gr.iy,

and

d
YG)nj, = ZYh kGrj, = > YnrGrjy,
k=1

for all h € [d]. Hence,
d
H YG)n,i, = Z Yig - YakaGriiy - Ghaig
h=1 K:(kl,...,kd)e[d]d

and
zy (YG) = Z Yik  YaraGrigi o Gragar
K:(kl""7kd)€[d]d
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so, using the fact that, under v, the (Y;; : 4,5 € [n]) are independent and of expectation
zero (and are independent of the Gj ;), we obtain

(@nzs), = Y Eauawd [Gryi Gy -+~ ChaigGryjal -
Keld]d

For a d-tuple K = (k1,...,kg) € [d]? we write mq = mq(K) := [{r: jr = i, ky # iy }|, ma =

ma(K) == {r: jr # ir, ke & {ir, jr}}| and mz = m3(K) := [{r : jr # ir, ke € {ir, jr}}], and
we let K (mq,mg, m3) denote the set of d-tuples K with parameters m, my and ms. For
K € K (K1, K3, K3), by Claim we have

_2m1+2m2+m3
IEGaGMD [Gryiy Gryjy * GryigGrajal | <10 2

Summing over all K, we see that |(z,z ;)| is at most

_2mj+2mo+mg
22w

mi,m2,m3 Kk (m1,ma,ms3)

_2m1+2m2+m3
< > n 2 K (ma,ma, ma)]

my,ma,m3
Now 2my+
d 14 e T2 g2 9ms
UC (ml,mg,mg)] < dm1 dm22m3 < .
mi me9 m1!m2!
Summing over all m1, mg, mg with mo + ms = £ completes the proof. Indeed,
2mi+mso pmoom
_2m1+2m2+m3 _2m1+2m2+m3 d 1 e 2 3
Z n 2 IIC (m1, ma, mg)| < Z n 2
m1!m2!
mi,ma,m3 mi,ma,m3
d—~t
2mg+mg dngmQ 2m3 1 2
= n~ 2 — —(d*/n)™
> T 2 (@)
mo+ms=~ mi1=0
_ 2motmg 2223
<z 3 ammn
mg!
m2+m3:€
¢ me )Mo
_ otttz 3 —ma/20"0
2m21n4!
mo=0
: edt \™
<ot (14 Y (o)
ot} 2\/ﬁm2
g 2@4’4”*@/2261@/\/’57
as required. O
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Computing dimensions of high degree representations

A.1 The special orthogonal group SO(n)

Lemma 6.7 (Restated) . Let n > 5. If p is an irreducible representation of SO(n) of
level d > n/2, then

dim(p) > exp(n/32).

Proof. This also follows from Weyl’s original dimension formulae, together with a short
computation. First suppose that n = 2k + 1 is odd. As mentioned above, the equivalence
classes of irreducible representations of SO(2k+1,R) are in an explicit one-to-one correspon-
dence with the partitions A (of non-negative integers) whose Young diagrams have at most
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k rows. Weyl’s dimension formula states that for any such partition A, the corresponding
irreducible representation py of SO(2k + 1,R) has

Ni—Aj+j—i 1 NAA+2%k+1—i—j
j—i k+1—i—j

dim(py) =[]

1<i<j<k 1<i<j<k

Fix A a partition of degree d € N; trivially,
dim(py) > H )\i+2k:+1—z'—j> H 1+ﬁ B H 1+ﬁ k/2
Pr) 2 el —i—j ° 2% )~ %)

1<i<j<k 1<i<k/2 1<i<k/2
k/2<j<k

If Ay > k, then the previous product is at least (1 + 1/2)16/2 > exp(n/16) and we are done,
so assume that A\; < k and hence all \;’s are smaller than k. For all 0 < 6 < 1/2 we have
1+ 6 > €92, so the previous product is at least

[

A

k/2
2ik 2 Ai
H eik 2 = e =1

1<i<k/2
k/2 k
Since A\; = Aa = ... = \g, we get that > \; > % YA = g, so the last expression is at least
i=1 i=1

€16 and we are done.

The case of even n is very similar. Let n = 2k; then the equivalence classes of irreducible
representations of SO(2k,R) are in an explicit correspondence with the partitions A (of
non-negative integers) whose Young diagrams have at most k rows: this correspondence is
one-to-one when the number of rows is less than k, but when the number of rows is equal
to k, the correspondence is two-to-one (each partition A with k rows corresponds to two
irreducible representations py and py of the same dimension). Writing ¢ = ¢(\) = 1 if A
has less than k rows and ¢ = ¢(\) = 1/2 if A has exactly k rows, the dimensions of the
corresponding irreducible representations are given by the formula

) Ni—=XNj+J—i\ [N+ N+2k—i—
dim(py) = ¢ H < 17 >< J J).

I<i<ich j—1i 2k —i— 7

From now on we can apply exactly the same argument as in the case of n odd; we omit the
details. O

A.2 The spin group Spin(n)
Lemma A.1. Let py be as in Theorem[6.9 Then

Ai—Aj—i+] H Ai+Aj+2k+1—i—j

22—9(@_
j—i 2k+1—i—3j

dim(py) =[]

1<i<j<k 1<i<j<k
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Proof. Indeed, if aj, is odd then we must have a; > 1 and therefore A\; > 1/2 for all i € [k].
Hence, rather crudely, we have

)\i+)\j+2k+1—i—j

dim(py) > [

e %+ 1l—i—j
A+ A
- I ()
1<i<j<k tl=t=y
i
> 14
I ()
1<i<k/2,
k/2<j<k

WV
—
/N
—
+
<[
SN—
Z
(V]

WV

H L+ min{\;, 2k} /2
2k

1<i<k/2

[] exp(min{x;,2k}/8)

1<i<k/2

WV

=exp | & Z min{\;, 2k}
1<i<k/2
p(k/32)

= ex
ex

as required, using the fact that 1 + 2 > ¢*/2 for all z < 1.
For all n = 2k > 6 even, we have
Ni—=Aj—1+JjAN+AN+2k—i—j
j—1 2k —i— 3 ’

dim(pr) = ][]

1<i<j<k
where the k-tuple X = (A1, Ao, ... \;) ranges over all k-tuples defined by
Ai = a;t+air1+. . .+ak_2+%(ak_1+ak) Vi<k—2, A_1= %(ak_1+ak), A = %(ak*ak—l),

for some (a;)%_; € (NU{0})*. The case of aj_; + aj even corresponds to irreducible repre-
sentations of Spin(n) that are also irreducible representations of SO(n,R); the dimensions
of these were bounded in the previous subsection. The case of ar_1 + ar odd corresponds
to ‘new’ irreducible representations of Spin(n), but the above equation quickly implies that
any such has dimension at least 222)  Indeed, if a1 + aj is odd then we must have
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ax—1+ar > 1 and therefore \; > 1/2 for all i < k— 1. Hence, again rather crudely, we have

>\i+)\j+2k—i—j

dim(py) > ]

iy 2k—i—j
1<i<j<k
Ai + A
= H <1 + +J>
11 2k —i— 7
1<i<j<k
Ai
> 1+
I (+3)
1<i<k/2,
k/2<j<k
£\ (k172
> 1+
I ()
1<i<k/2
min{\;, 2k} \ ¥4
> -+ = 7
> H (1 +—or )
1<i<k/2
> J] exp(min{);,2k}/16)
1<i<k/2
=exp | 1= Z min{\;, 2k}
1<i<k/2
> exp(k/64)
= exp(n/128),
as required, again using the fact that 14 z > ¢*/2 for all z < 1. O

A.3 The special unitary group SU(n)

Lemma 6.26 (Restated) . For all D, if p is an irreducible representation of level D, then
dlm(p) > 9Q(min(D,n))

Proof. The dimension of the irreducible representation corresponding to A is
1<i<j<n J=

Assume first that Ay > n. If A, /541 < n/2 then, considering all the terms in the above
product corresponding to i = 1 and j > [n/2]| + 1, we see that the above product satisfies
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H )\i—)\j+j—’i> H Al—)\j—l-j—l

1<i<j<n Jr j>|n/2)+1 g1
)\1 — )\j +n—1
>
- H n—1
j=|n/2]+1
n—n/2+n—1
>
- H n—1
iz[n/2]+1
— exp(6(n).

If, on the other hand, we have A, /2|41 > n/2, then considering all the terms in the
above product corresponding to j =n and i < [n/2] 4+ 1, we obtain

1<i<j<n J= i<|n/2)+1 et
>\i — )\n +n—1
>
- H n—1
i<|n/2]+1
n/2—-0+n—1
>
- H n—1
i<|n/2]+1
— exp(O(n)).

We may henceforth assume that A\; < n. In this case we have \; — \; < n for all 4, j.
Hence, the above product satisfies
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H )\i—)\j+j—i> H Ai—Aj+n—1

1<i<j<n J 1<i<j<n n—1
Ai — Aj
> 1+ =
.1_‘[. < * n—1 >
1<i<j<n
Ai — A
> J
II e <2<n = 1))
1<i<j<n
1
=exp | 5— Z (X =)
1<z<g<n
= exp (ai—l—...—i—aj_l)
1<'L<]<n
(n—1a1+2(n—2)azs+...+2(n—2)ap—2+ (n — 1)a,—1
= exp
2(n—1)
> exp(O(D

O

B The required adaptations for showing that Sp(n) and SU(n)
are good

Here we complete the proof that Sp(n) and SU(n) are good. In fact, we will only explain
how to adapt the proof to Sp(n) as SU(n) is only simpler.
To construct our noise operator T, on Sp(n) we use the identification

Sp(n) ={X e " : XX'"=1}={X eH™": X"X =1}

of Sp(n) with the group of unitary quaternionic matrices. (Here, X" denotes the quater-
nionic conjugate of X, i.e. (X"),, = X, p, where a +bi+cj +dk = a — bi — ¢j — dk for
a,b,c,d € R.) We couple Sp(n) with the space (H"*", ) of quaternionic normal random
matrices, where the real part, the i-part (= coefficient of i), the j-part and the k-part
of each entry are independent normal (real-valued) random variables with mean zero and
variance 1/4, and all the entries are independent. (The following terminology will be use-
ful in the sequel. Recall that a standard normal quaternionic or QN random variable is a
quaternion-valued random variable where the real part, the i-part, the j-part and the k-part
of the value of the random variable are independent normal (real-valued) random variables
with mean zero and variance 1/4; so a quaternionic normal random matrix ~ (H"*", ~) is
simply a matrix where each entry is an independent QN random variable. A QN random
vector in n dimensions is a vector of n independent QN random variables.)
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To make this coupling work, we need to define a ‘Gram-Schmidt’ type process (on the
columns, and also on the rows) which, when applied to a matrix in (H"*",~), yields an
element of Sp(n) with probability one. We define two inner products on H":

n n
<.’1’,y> = Zfzyu <$,y>, = Z%E
i=1 i=1

It is easy to check that, for H € H"*", we have (Hz, Hy) = (x,y) for all z,y € H" if and
only if H € Sp(n).
Our Gram-Schmidt process on the columns, GS.y(X) for X € H" ", is defined as

follows. If ¢1,ca, ..., ¢, denote the columns of X, then we (inductively) define
Ve =k — Y &G, ck)
<k

and (if v, # 0)

Cr = Y/ V (V> Vi)

for 1 < k < n. If any v, = 0 then GSco(X) is undefined; otherwise we define GS¢o(X) to
be the matrix in H™*" with columns ¢1,¢a, ..., Cy; it is easy to see that this matrix (X,
say) is an element of Sp(n). (One checks, by induction on k, that (¢, ¢é,) = 0, for all
1 < j < k < n; taking conjugates this implies that (¢, ¢) = 6 for all 1 < j <k < n,
and these two statements together imply that X € Sp(n). It is clear that, if X is sampled
according to 7y, then all the 75 are non-zero with probability one, so GSco(X) is defined
outside a set of zero probability measure.

We define the Gaussian noise operator U, : L*(H"*",v) — L?*(H"*",~) in the obvious
way: for f € L?(H™",~) we define

Upf(X) = Eyar[f (0X +V/1 - 2Y)].

It is easy to check that U, is self-adjoint; indeed,

EXN'\/[f(X)Upg(X)] = EX,ZN'y, p-correlatedf(X)g(Z) = EXN'y[Upf(X)g(X)]

As in the case of SO(n), for f € L?*(Sp(n)) we define Teo : L*(Sp(n), u) — L*(H™", v)
by
Tcolf(X) = f(GScoI(X))v

where £ denotes the Haar measure on Sp(n). We similarly let T,
adjoint.
Again, as in the case of SO(n), we define

denote its (Hilbert-space)

Tp = IEV~Sp(n) [R?/Tzol UPTC0| RV] .

Since U, is self-adjoint, so is T\. The fact that Tcol commutes with Ly for all V' € Sp(n)
follows from the fact that GSco(VX) = VGSco(X) for all X € H™ ™ and all V' € Sp(n),
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which in turn follows from the fact that (Vz, Vy) = (z,y) for all z,y € H" and all V' € Sp(n).
The fact that Ly and Ry both commute with U, follows from the fact that, if X ~ (H"*", )
and V € Sp(n), then VX ~ (H"*",v) and XV ~ (H"*",~), as in the case of SO(n) and
(R™,~) (the proof is very similar). For any V' € Sp(n), we have L}, = Ly,-1 and Rj, = Ry -1,
and therefore, taking the adjoints of

LVTcoI = TcoILVa RVTcoI = TcoIRV

yields
T |LV 1 —LV 1TC0|’ |RV 1 _RV lT

col»

and therefore Ly and Ry commute with T, for all V' € Sp(n). It follows that Ly
commutes with T,. The fact that for any W € Sp(n), Ry commutes with T, follows from
a simple change of variables:

RwT, = RwEy spm) [y T UpTeol Ry ]
= Eysp(n) [Byy-1 By TeqUpTeol Ry/]
= Evespim) [(Bv By 1) TeqU, Teal Ry ]
= Eyspm) [Byw—1TeoUpTeol Ry]
=Evspim) [BvTeaUpTeol Rvw]
= Eygpn) [Bv TeoUpTeol Ry Ryy]
=T,Rw.

Hence, T, commutes with the action of Sp(n) from both left and right, as in the SO(n)
case.

We also need to define an analogue of T,o,. However, this is a little different to in
the SO(n) case. For V. € H"*", X € Sp(n) does not imply that (e;X,e;X) = §; ; for each
i,j € [n] (the latter would be the analogue of ‘orthonormal rows’). The condition X € Sp(n)
is, however, equivalent to the condition (e;X,e;X)’ = ¢;; for each 4,j € [n] (which is in
turn equivalent to the condition (e;X,e;X) = d; ; for each i,j € [n]). We therefore define
our Gram-Schmidt process on the rows, GSyow (X) for X € H"*", as follows. If r1,79,...,7,
denote the rows of X, then we (inductively) define

Ok =1k — Y (7o, 7h)'Te
<k
and (if o # 0)
i := Ok /\/ (0K, Ok)’,

for 1 <k < n. If any §; = 0, then GSow(X) is undefined; otherwise we define GS,EW(X) to
be the matrix in H"*" with rows 71,79, ..., 7y; it is easy to see that this matrix (X, say) is
an element of Sp(n), similarly to in the case of GSco(X). Again, as with GSc(X), if X is
sampled according to 7, then all the d; are non-zero with probability one, so GSow(X) is
defined outside a set of zero probability measure.
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For f € L?(Sp(n)), we define Ty : L?(Sp(n), ) — L2(H"*" ~) by
Trowf(X) = f(GSrOW(X)),

where p denotes the Haar measure on Sp(n); of course, we let T},
adjoint.

As in the SO(n) case, we observe that Tyo, commutes with Ry for all V' € Sp(n); this
follows from the fact that GSyow(XV) = GSiow(X)V for all X € H™™" and all V' € Sp(n),
which in turn follows from the fact that (zV,yV) = (z,y) for all z,y € H" and all
V € Sp(n).

Similarly to as in the SO(n) case, if Y ~ (H"*", ), and v/nX = GSc(Y), we obtain
Y = XG@, where g;; is 1/1/n times the (Euclidean) length of a QN random vector in n—i+1
dimensions, g;; = 0 for all ¢ > j, g;; is 1/y/n times a QN random variable, the entries
of G are independent, and independent of all the entries of X. This (distribution over)
quaternionic upper-triangular matrices G is our Gaussian Maker Distribution (or GMD,
for short) in the Sp(n) case. To generalise the SO(n) proof, the only (important) facts we
need are the fact that Sp(n) acts transitively (from either the left or the right) on the set
S ={veH": (v,u)y =1} of quaternionic vectors of unit norm, and that (H"*" ~) is
invariant under both left and right actions of Sp(n).

We can therefore write

denote its (Hilbert-space)

T f(X) =Egeamp f(XG) VX € Sp(n).
Similarly, we can write

Tiow/(X) = Egeamp f(GTX) VX € Sp(n).

Our basis of functions on L?(H"*", ) consists this time of monomials where each vari-
able is a real-part, an i-part, a j-part or a k-part of one of the matrix entries. We say such
a monomial is comfortable if it is a complex linear combination of monomials in which no
two variables come from the same row, no two variables come from the same column, and
all variables come from the first [n/2] rows and the first [n/2] columns. Similarly, we say
it is row-comfortable (respectively column-comfortable if it is a complex linear combination
of monomials in which no two variables come from the same row (respectively column), and
all variables come from the first [n/2] rows (respectively columns). Since the real-part, the
i-part, the j-part and the k-part of each matrix entry is N(0,1/4)-distributed rather than
N (0, 1)-distributed, to guarantee orthonormality we must multiply by a factor of 2%, so a
‘generic’ row-comfortable monomial of degree d is of the form

d
2 (Xihjl)m-part ) (Xi27j2)Q2-part Tt (Xide)Qd-Part?

where g € {real,i,j, k} for all k € [d] and 41, ...,i4 are distinct integers between 1 and n/2;
for brevity we denote this by Hg where S = {(i1,71;q1), (i2, j2;92), - - -, (id, Jjd; 9d) }-
Our ‘standard’ comfortable degree-d monomial is:

X = 2d(X1,l)real-part : (X2,2)real-part I (Xd,d)real-parta
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denoted H{(l,l;R),(2,2;R),...,(d,d;R)} := Hg,, for brevity.

IfS = {(1,j1;¢01),(2,42;92),-..,(d,ja;qa)} is such that the ji are all distinct, then
Hs = Ry Hg,, where Vg = XD, ¥ is the permutation matrix corresponding to some
permutation o € S, satisfying o~1(i) = j; for all i € [d] (¥, := Ogj=o(i)} for all 4,5 € [n]),
and D is a diagonal matrix with D;; = g@; for all i € [d]. It follows that Hg, = RVS_1H s.
Since Vg € Sp(n) for any such Vg, and since VgV ~ Sp(n) for V' ~ Sp(n), we have

IEV~Sp(n) ”Hcomf,dRVfH%2(,y) = Z EVNSp ’<va, H5>’

S: Hg comfortable

S: Hg comfortable

= Y Evespwl(RuRv S Hs)l?
S: Hg comfortable

= Z EVsVNSp(n)|<RVf7 Rvs—l HS>’2

S: Hg comfortable

2)!

= 4dLE o2,

((n/2) — d)! Vsp(n) [ (Bv f, Hsy)l

Now suppose that f is a row-comfortable polynomial of pure degree d. Write
=X ioHs

SZ{(le§Q1)7~~'7(d»jd;(Id)
We have
d d n
RyHg(X) = He(XV) =2 T[(XV)ij ) gppart = 2 ]| (Z Xk,i‘/%,jk> :
k=1 k=1 \i=1 qe-part

and therefore

d
(RyHg(X), Hs, (X H VijiJapart = 27 Hg (V).
It follows that
<RVf7 HSO = Z = 2_df(v)7
S
and therefore
n/2)! _
Evspmn) HHcomf,dRVfH%Q(’y) = 4d((n(/2§zd)!EV~SP(")4 sl
S T P
nd((n/2) —d)!"’ "L*w
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where p is the Haar measure on Sp(n) dialated by /n, which is a measure over \/nSp(n).
The proof (and statement) of Claim is readily adapted. If

S - {(217.717 QI)7 (i27j2; QQ)7 ey (idvjd; qd)}
is such that the j; are all distinct, then we have

Teaf(X) = Egramp Hs (X G)

d
= 2UZEGNGMD [H ((XG)ika )%-Part]

k=1
Jk
(Z (Xik,fG&jk )%-Part> ]

(=1

d
d
= 2°Eg~amD
k=1

d Jk
= 2d H EGNGMD [Z(Xik,éGZ,jk)qk-part]

k=1 /=1

d Jk
=2 H (Z(Xikl]EG[Gé,jk])qk—part>
k

=1 \/=1

d
=27 H(XikajkEG[ij 7jk])Qk‘part
k=1

d
=27 H(Xikajk)Qk'PartEG[ij ]
k=1
= AsHg (X)7

where
d

As = [ [ EclGip -
k=1
(Note that we used the fact that Eq[Gy .| = 0 for all £ # jj, and that Eg[G), j,] € R.) The
rest of the proof is almost exactly the same as before.
We now need analogues of the lemmas of Appendix C. As in the O(n) case, we define the
‘over-Gaussian’ distribution v to be the distribution of Y G, where Y ~ v and G ~ GMD.
Fix a comfortable d-junta f and write

f=Y arzs),
3

where for S = {(1,i1;q1),...,(d,iq;q4)} (with i1,...,iq € [n] distinct, and q1,...,qq €

{real,i,j,k} :=R), we write
d

Ts = H (-’Eh,ih)qh-part-

h=1
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Note that {292} g forms an orthonormal set of vectors in L?(7), where S ranges over tuples
of the above form.
We need the following analogue of Claim C.1.

Claim B.1. Let S = {(1,i1;q1),...,(d,iq;q4)} where iy,...,iq € [n] are distinct and
q1,---,qq € {real i, j, k} :=R, and let xg := Hszl(mh%)qh_paﬁ. Then

12%25][72(,) = 1.
Proof. In what follows, for ¢ € {real,i,j,k} and h € H, we define (h)_g-part := —(R)g-part,
for notational convenience. Observe that

124251172 = 4" Eanemp By ay (Y G 1 )gr-part)* (Y G)2ia ) ga-part)® -+ (Y G)i))part]-

Since for each h € [d], (YG)ni,)gn-part = ZZ’;I rer Vi) r-part (G,ip )r—1g,-part involves
only entries of Y in row h and entries of G in column i, (and the iy are distinct), the random
variables {(((YG)n.iy)gn-part)> : h € [d]} form a system of independent random variables,
and therefore

d
12251172y = 47 ] EcnampBy s [(Y G)jin)gr-past) ]
h=1

For each h € [d], we have

EcnaMDEyY ar [(Y @iy )gn-part) ]

in
= [EgEy <Z Z(Yh,k)r—part(Gk,ih>r1qh—part>

k=1reR

2

= Z EcEy [(Yh,k)r—part (Yh,k/ )r/-part (Gk:,ih )r*lqh—part (Gk’,ih ) (r’)*lqh—part]

(k,r)#(K' )

in
+ Z Ec~aMpEy ~y [Yhz,kG%,ih]

k=1

ih
=0+ Z Z ]EGNGMD[((Gk,z’h)rlqh-part)g]Ewi[((Yh,k)r—part)Q]
k=1reR

ip
- Z Z EGNGMD[((Gk,ih)r—lqh-part)Q] ’ %

k=1reR
= 1(4(@in = DA/ (4n)) + (n —ip + 1) /n)
=1/4.

(Here, for the third equality we use the independence of

(Yh,k)r—parta (Yh,k’)r/-parta (Gk,ih)v'*lqh—partﬁ (Gk/,ih)(r’)*lqh—part
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and the fact that (Y, x)r-part and (Y3 g'),-part both have zero expectation.) Hence, [|2%zg]|2,
1, as required. 0

Similarly, we need the following analogue of Claim C.2. For S = {(1,41;q1), ..., (d,i4;q4)}
and T = {(1,j1;p1), ..., (d, ja; pa) } we set
d(S,T):=[{h € [d]: in # jn or qn # Pr}|.

Claim B.2. For any S,T such that d(S,T) = {, we have ‘(2%5,2de> < &g, where

}LQ (v)

Ep = ol iy —t/29dt/v/n

To prove this we first need the following simple analogue of Claim C.3.

Claim B.3. Let (iy,...,iq) € [n]? and (j1,...,jq) € [n]? be such that |{h € [d] : i) #
Jn}l =€ and such that in the product

(Giljl)Tl-paTt(Gi2j2>7’2-Pa7't T (Gidjd)Td-PaTt7

no matriz entry of G appears more than twice. Then

/2
|EG~emp [(Giygy )iy -part(Gisja Jra-part -+ * (Gigjg)rg-part]| < <4n> :

Proof. If, in the product

(Gi1j1 )T1—part(Gi2j2)T2—part T (Gidjd)v"d-partv

some off-diagonal matrix entry of G appears exactly once, then the expectation of the
product is zero. We may therefore assume that every matrix entry of G appears either
exactly twice, or not at all, in the above product. If there are exactly ¢ values of h such
that i, # jn, then the above expectation factorises into a product of the expectations of
the squares of ¢/2 off-diagonal and of the squares of (d — ¢)/2 diagonal entries:

H ]E Gkk qk part H E ,j i part) ]’

keD (z,g)eS
where £ C [n)?\ {(k,k) : k € [n]}, |D| = (d—¥)/2, |E] = £/2 and qx,r; € R for all i and
k. We have E[((Gij)ripart)?] = 1/(4n) for all (i,7) € € and E[((Gk k) gp-part)?] < 1 for all
k € D, proving the claim. O

PT’OOf. Let ¢ 2 land fix S = {(l,il;ql), ceey (d, ’id;qd)} and T = {(1,j1;p1), ey (d,jd;pd)}
such that d(S,T) = ¢ > 1. Since G is upper-triangular and iy, j, < d for all h € [d], we
have

ih

((YG hzh qp-part — Z Z th rpart Gk zh r—lq,-part — ZZ th rpart Gk %)T Lgp-part
k=1reR k=171€R
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and

((YG) Jh)Ph -part — Z Z Yh Jk)r- part(Gk,jh r~lp,-part — Z Z Yh k)r- part Gk ]h) —1p,-part

k=1reR k=1reR
for all h € [d]. Hence,

d

S (YG) = H((YG)h,ih)qh—part
h=1

= Z (Yl,kl)m—part U (Yd:kd)rd‘part(le,il)rl_lql_part o (devid)rglqd_part

zr (YG) = > Y1k )riepart == (Ya kg )rapart(Ghyn )yt part (Gl )y p,opart:

so, using the fact that, under v, the ((Y;;)r-part : 4,J € [n], 7 € R) are independent and of
expectation zero (and are independent of the G; ;), we obtain

<2d:vs, 2d$T>

Z EGNGMD [(leil )rflqrpart(lejl)Tflpl-Part T (deid)rglqd-part(dejd)rglpd-part .
Keld4,
Reend

v

(12)

For a d-tuple (K; R) = (k1;71 ..., kag;7a) € ([d] xR)4, we write mq = m1(K) = m1(K; R) :=
{h € ld : jn =in, kn # in}l, ma = ma(K) = mo(K; R) := [{h € [d] : jn # in, kn &
{in,jn}t} and mg = mg(K;R) := |{h € [d] : jp 75 in, kn € {in,Jn}}|; note that these
quantities depend only on K and not on R. We let K (m1, m2, m3) denote the set of d-tuples
(K; R) with parameters mi, mg and ms. For (K;R) € K (mj, m2,m3), by Claim we
have

2mq+2mo+mg
2

’EG [(leil)rl_lql_part(lejl)rl_lpl_part T (deid)rglqd_part(dejd)rglpd_part] < (4”)7

We further note that, for (K; R) € K(m1, ma, m3), the expectation in the above inequality
is zero unless the following four conditions hold:

e Whenever iy, = j, and ky, # i, we have pp, = qp.
e Whenever i, = j, = kj, we have pp, = ¢, and r;lph = real.

e Whenever iy, # jn and kj, = i, we have r,:lqh = real.
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e Whenever i), # j; and kj, = j, we have rglph = real.

In view of this we let K*(mq,ma, m3) be the set of all d-tuples (K; R) € K(m1, ma, m3)
such that the above four conditions hold. For (K; R) € K*(mq, mg, m3) we have mo+ms = £.
Summing over all K, we see that |(zg, zr)| is at most

_ 2mj+2mo+mg
2 >, (mTe
m1,m2,m3 Kek*(mi,ma,ms3)

_2m1+2m2+m3
< Y (n)TT 2K (ma,ma,ms)] .

mi,m2,m3

Now

d
[KC* (m1, ma, m3)| < < >dm1<

my

d2mitmz pmaoms
dm22m3 . 4m1+m2 < . 4m1+m2;
mqlmeo!

l

ma

note that the only difference with the corresponding expression in the proof of Claim C.3
is the extra factor of 4™1™2 which comes from the fact that 7, can vary freely over R
(and still satisfy the above conditions) when iy, # jj, and kj, & {in, jn}, or when i, = j, and
kp, # ip, but in no other cases.

Summing over all m1, ms, m3 with ms+ms3 = £ completes the proof, just as in the proof
of Claim C.2; the extra factor of 4~ cancels out (or more than cancels out) the
extra factor of 4m1+m2, O

The analogue of Lemma 10.9 is proven from the above claims in a very similar way.
Writing
f=Y as(2g),
S

we obtain

1120y < 3 lasl2%es )32 + Y lasllar | (225, 2%r) |
S ST

2 2
ag|® + |ar
< ||f”%2(7) + E las|” 1 |ar|” 5 lor | ‘<2dﬂfsa2dﬂcT>V
SAT

d
<2y + SO lasPHT : d(T.9) = 6} - &

(=1 S

d
d
< By + 1By Yo ()
/=1

d
= ||f”%2(fy) (1 + Z&‘g(4d)e> )
/=1

and the rest of the proof is essentially unchanged, up to reducing the value of § by a constant
factor.
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C Upper bounding the eigenvalues of the Laplacian

C.1 Lower bounding the eigenvalues of the Laplacian in SO(n)

In this section, we prove the following.

Lemma C.1. Let p € Sb(n) be of level D, then the corresponding eigenvalue —\, of the
Laplacian A satisfies
A\, < C(nD + D?).

To do so, we will use [7, Theorems 2.3, 2.4], which show that the coefficients of the
irreducible representations of SO(n) are eigenvectors of the Laplace-Beltrami operator.
Furthermore, they establish a 1-to-1 correspondence of these irreducible representation and
a system of fundamental weights of SO(n), and give a formula for the eigenvalues of the
eigenvectors in the language of fundamental weights. We summarize this discussion with
the following result that combines the two results from [7].

Theorem C.2. Let G be a simply connected Lie group of rank k. Then there are vec-
tors wy, ..., w, such that there is a 1-to-1 correspondence between equivalence classes of
irreducible representations of G and the cone

k
g TiWs;
i=1

Tl,...,TkEN}.

k
Furthermore, denoting p = > w;, the eigenvalue the entries of the representation corre-
i=1

k
sponding to v =3 rw; is — |[v + pl|2 + [|p]|2.
i=1

We will choose a known system of fundamental weights of SO(n) as in [35], Section 5.1],
and throughout we denote by E; ; € R™*" the diagonal matrix which is 1 on entry 4, j and
everywhere else is 0; we omit n from notation as it will always be clear from context. The
system of fundamental weights depends on whether n is even or odd, and we inspect each
case separately.

The case of odd n

Let n = 2k+1. In this case, the rank of SO(n) is k, and a system of fundamental weights can

i k
be taken as w; = uj fori < k—1and wy = % >~ uj, where we have uj = Ej 1 — Ej1j ;.
j=1 j=1
k
Then, the the equivalence class of representations corresponding to v = > r;w; corre-
i=1
spond to Young diagrams A = (A1,...,\x) with k& rows where r; = \; — A1 for i <k —1
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and 1 = 2\, thus the corresponding degree is
D=Y"\= Ly IR 1
ORI IPVETS JEL SIS
=1 i=1 \i<yj<k—1 1<j<k—1

We will use this equality now to estimate the eigenvalue as given in Theorem [C.2] Using
the formula therein, the corresponding eigenvalue is

2 2
Ao = — |lv+pll5 + [oll3

where here and throughout we think of the matrices v and p as n? length vector by the
natural flattening (equivalently (A, B) = tr(A!B)). Then

Ao = —2(v, p) — |loll3,

and we estimate the norm of v and the inner product between v and p. To compute the
norm of v we write

‘ k—1
U—sz ZTZZuJ—l—TkZu] Z f—i-Zri uj,
J=1 i=j

and since the u;’s are mutually orthogonal and each has 2-norm-squared equal to 2, we get
that

2 2 2
k k—1

v ||2_22 +Zn <2(Y (X +Z” =2 Zk""k ir |

j=1 j=1 i=1

which is at most 2D? by .
To estimate the inner product between v and p note that p is the vector v in which we
take all 7;’s to be 1, hence by the computation above

p—Zw—i( —j+;>uj,

j=1

and so

k
v>:22( —j+ ) +Zn QkZ —|—Zn < 2kD.
j=1

where in the last inequality we used . Overall, we get that the eigenvalue A\, satisfies
Ay = —2D? — nD, as required.
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The case of even n

Let n = 2k. In this case, the rank of SO(n) is k, and a system of fundamental weights can

k
be taken as w; = uj fori <k—2, w =1 u; and wy = w_1 — Uk, where again we
J k— 2 5 k k k> g
J=1 j=
have u; = Ejk+j — Eitjj-

Consider the the equivalence class of representations corresponding to v = Z ryw;. We

now need to inspect the corresponding Young diagram to relate the 7;’s to the degree of
the representation, and we recall that the corresponding Young diagram A = (A1,..., Ag)
maybe either have k non-zero rows or at most £ — 1 non-zero rows.

Young diagrams with at most £ — 1 rows. In this case we have that r; = \; — A\
for:=1,...,k, and so the degree is

k k-1 k—1
D= ZA =20 =2
=1 j=i 7j=1

Using the same estimates as before, we get that

k=2 i L. ko k=2

k— k—1
OO WINS D IED of DarRes s P

’L:1 ]:1 ]:1 ]:1 1=)

SO ) )
k k—2 ” k—2 ke
k-1 k—1
HUH§<QZ Zer ;| <2 ir; + < 2D?

J=1 \i=J =]

k—2
Also, we get that p= > (k— 35 —j)u; + uk 1+ uk and so

7=1

k—2 1 k-2 (k-2
. Tk—1 1
(v,p>:2z<k—2—]> Zn—i—— +rk_1<2k:' Zn%—— +re_1 < 2D+ D,
j=1 ]:]_ :

which is at most 2n.D.
Young diagrams with k£ rows. In this case we have that r; = \;— X4 fori=1,..., k=2,

and (ri_1,7x) are either (Ag—1 — Ak, Ak—1 + Ag) or (Ag—1 + Ak, Ak—1 — Ag). The computation
in both cases is similar and goes along the same lines as the computations so far, hence we
focus on (rg_1,7%) = (Ag—1 — Mg, Ag—1 + Ai) for the sake of concreteness.

The degree is

k k-2 [k—2 1 = k9 I _ 9
D:Z)‘i: er+2(rk 1+ 7%) :erj+ 5 re—1+ 5 T
i=1 i=1 \ j=i j=1
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We have the same formula for v and p as before, and so

) E [k—2 . 2 k—2 —_— 2 ,
||v||2<2‘ Zri—}— 5 <2 ' 'zn—% 5 < 2D7,
j=1 1=J 1=7
as well as
k—2 . k—2 _ k-2 [k—2 .
<v7p>=2;<k—2—1) ;rﬁ 5 +7’k—1<2k; ;ri+2 +r4—1 < 2kD+D,

which is at most 2nD.

C.2 The eigenvalues of the Laplace-Beltrami operator in SU(n)

The following lemma is analogous to Lemma and gives abound on the eigenvalues of
the Laplace-Beltrami operator of SU(n).

Lemma C.3. Forp € S/U\(n) of level D, the corresponding eigenvalue —\, of A satisfies
A\, < C(nD + D?),

where C' is an absolute constant.

Similarly to in the case of SO(n), using the formulae in [7] (multiplying by a factor of
2n, similarly to before) and the systems of fundamental weights in [35], one can show that

—

for all p € SU(n) of level D, the corresponding eigenvalue —\, of A satisfies
A\, < C(nD + D?),

where C > 0 is an absolute constant. We use the system of fundamental weights

i n
wi:Zej—%Zej (I1<i<n-—1),
j=1 j=1

where {e;}I* is the standard basis of R"; here, e; corresponds to
il i, (14)

where i = v/—1 and E;; is the matrix with a 1 in the (4, j)th-entry and zeros elsewhere.
For each 1 <k <l <n—1 we have

(wg, wy) = k(n—1)/n.
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Set 0 = Z?;ll w;. For a partition A whose Young diagram has less than n rows, the
corresponding weight vector is
n—1
V'Zijizaﬂﬂh
i=1

where a; = A\; — A\iq1 for all ¢ € [n — 1] and A, := 0; the level D of the corresponding
representation is given by

n—1
D= Z a; min{i,n — i}.
i=1

It follows that, if v = ZZ;% apwy,, then

n—1 n—1
<V30>:: <§£:aku%a§£:10k>

k=1 k=1
= Y ak(n=D/n+ > aln—k)/n
1<k<i<n—1 1<i<k<n—1
n—1 n—1
= (n—k)(n—k+ Dkar/(2n) + Y k(k+ 1)l(n — k)ay/(2n)
k=1 k=1
<nD,

and
n—1 n—1
o (S o)
k=1 k=1
= > wakn-D/n+ Y aalln-—k)/n

1<k<I<n—1 1<I<k<n—1

< 2D%
Hence, by Theorem 2.4 in [7], the corresponding eigenvalue —\ of A satisfies
A =2(v,0) + (0,0) < 2nD + 2D?
Proof. The proof proceeds by a similar computation to the proof of Lemma We use
Theorem for SU(n) and pick a system of fundamental weights from [7]
O

C.3 Estimates of the eigenvalues in Sp(n)

For the bounds on the eigenvalues of the Laplace-Beltrami operator of Sp(n), we use the
following system of fundamental weights (which are a scalar multiple of those in [12]).
Setting uj = i(Ejj — Entjn+j) for each j € [n], we let

)
w; = E U;
Jj=1
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be the ith fundamental weight, for each i € [n]. The irreducible representation corre-
sponding to v = Y. | r;w; corresponds to the Young diagram A\ = (A1,...,\,), where
r; = A — Ai+1 for all i € [n] and A, 41 := 0; the corresponding degree is

n n
D:Z)\Z‘:erj. (15)
i=1 j=1
From here on, the analysis is essentially the same as for SO,, (with n odd).
Using the formula in Theorem the eigenvalue corresponding to v = Z?Zl riw; 1S
2 2
Ay = — |lv+ PHQ + HP”L

where here and throughout we think of the matrices v and p as (2n)? length vector by the
natural flattening (equivalently (A, B) = tr(A'B)). Then

2
Ay = =2(v, p) = [[vlf3

and we estimate the norm of v and the inner product between v and p. To compute the
norm of v we write

~
3

n

n .
v = E w; = E T Uj = E T | Uy,

and since the u;’s are mutually orthogonal and each has 2-norm-squared equal to 2, we get

that
2 2 2
n n n n

||1}H§:2Z Zri <2 Z Zri =2 ZZWZ ,

j=1 \i=j j=1 \i=j j=11i=1

which is at most 2D? by (15).
To estimate the inner product between v and p note that p is the vector v in which we
take all r;’s to be 1, hence by the computation above

n

n
p=> wi=» (n—j+1)u,
i=1

j=1

and so
n n

<p,v>:22n:(n—j+1) Zri <2nzn: Zri < 2nD.
j=1 J=1

=7 B =7

where in the last inequality we used . Overall, we get that the eigenvalue A\, satisfies
Ay > —2D? —nD.
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