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Product Mixing in Compact Lie Groups
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Abstract

If G is a group, we say a subset S of G is product-free if the equation xy = z has
no solutions with x,y,z € S. For D € N, a group G is said to be D-quasirandom
if the minimal dimension of a nontrivial complex irreducible representation of G is at
least D. Gowers showed that in a D-quasirandom finite group G, the maximal size of a
product-free set is at most |G|/D'/3. This disproved a longstanding conjecture of Babai
and Sés from 1985.

For the special unitary group, G = SU(n), Gowers observed that his argument
yields an upper bound of n~!/3 on the measure of a measurable product-free subset.
In this paper, we improve Gowers’ upper bound to exp(—cn1/3), where ¢ > 0 is an
absolute constant. In fact, we establish something stronger, namely, product-mizing for
measurable subsets of SU(n) with measure at least exp(—en'/?); for this product-mixing
result, the n'/3 in the exponent is sharp.

Our approach involves introducing novel hypercontractive inequalities, which imply
that the non-Abelian Fourier spectrum of the indicator function of a small set concen-
trates on high-dimensional irreducible representations. Our hypercontractive inequali-
ties are obtained via methods from representation theory, harmonic analysis, random
matrix theory and differential geometry. We generalize our hypercontractive inequali-
ties from SU(n) to an arbitrary D-quasirandom compact connected Lie group for D at
least an absolute constant, thereby extending our results on product-free sets to such
groups.

We also demonstrate various other applications of our inequalities to geometry
(viz., non-Abelian Brunn-Minkowski type inequalities), mixing times, and the theory
of growth in compact Lie groups. A subsequent work due to Arunachalam, Girish and
Lifshitz uses our inequalities to establish new separation results between classical and
quantum communication complexity.
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1 Introduction

A subset A of a group G is said to be product-free if gh ¢ A for all g,h € A. The study
of product-free subsets of groups has attracted significant attention over the past three
decades. In 1985, Babai and Sés [3] considered the problem of determining the largest
size of a product-free set in a finite group GG. They conjectured that exists an absolute
positive constant ¢y > 0 such that any finite group G has a product-free set of size at least
¢o|G|. In the Abelian case, this is quite easy to see, and had previously been observed by
Erdds, in an unpublished communication to Babai and Sés. (In the cyclic case (Zy,+),
one can take a ‘middle-third’ construction, viz., {z € Z, : n/3 < x < 2n/3}, as a large
product-free set, and one can reduce to the cyclic case by observing that any finite Abelian
group has a nontrivial cyclic quotient, and that the preimage of a product-free set under
a quotient map is also product-free and of the same measure.) The exact answer in the
Abelian case was given by Green and Ruzsa [15] in 2003: the largest product-free subset of a
finite Abelian group G has size ¢|G|, where the function ¢ = ¢(G) € [2/7,1/2] was explicitly
determined by Green and Ruzsa. The general Babai-Sos conjecture was disproved in 2008
by Gowers [14], who showed that if G is a finite group such that the minimal dimension of
a nontrivial irreducible complex representation of G is equal to D, then any product-free
subset of G has size at most D~'/3|G|. It remains to observe that the quantity D = D(G)
is unbounded over finite non-Abelian groups G. For example, for the projective special



linear group PSLy(FF,) (for ¢ an odd prime power), we have D(PSLy(F,)) = (¢ — 1)/2, so
the measure of a product-free subset of PSLy(F,) is at most O(g~'/3), which tends to zero
as g tends to infinity.

Gowers observed that his argument also implies that if G is an (infinite) compact group
for which the minimal dimension of a nontrivial irreducible complex continuous representa-
tion is equal to D, then the maximal Haar measure of a measurable, product-free set in G
is at most D~/3. For SU(n) we have D(SU(n)) = n, implying an upper bound of n~'/3 on
the measure of a measurable product-free subset of SU(n). However, Gowers conjectured
that for SU(n), the true answer is exponentially small in n. Indeed, as Gowers states, it
seems difficult to come up with an example better than the following. Recall that group
SU(n) acts on the complex unit sphere {v € C" : |jv||2 = 1}, and take A to be the set of
all matrices A € SU(n) such that the real part of (Aej,e;) is less than —1/2. As noted by
Gowers, it follows from the triangle inequality that this set is product-free, and it is easy
to check that the measure of A is 272,

In this work, we make progress towards proving Gowers’ conjecture. Specifically, we
improve Gowers’ upper bound by a stretched exponential factor, viz., from n=1/3 to e—en'’?,

Theorem 1.1. There exists an absolute constant ¢ > 0 such that the following holds. Let
n €N and let A C SU(n) be Haar-measurable and product-free. Then u(A) < exp(—cn'/?).

1.1 Quasirandomness for groups, and mixing.

Gowers’ bound for product-free sets relies on a relationship between spectral gaps and
dimensions of irreducible representations, a relationship which was first discovered by Sarnak
and Xue [40]. In fact, Gowers’ proof uses a beautiful connection between the problem and a
purely representation-theoretic notion that Gowers called quasirandomness (due to a rough
equivalence with the graph-quasirandomness of certain Cayley graphs, an equivalence which
we shall explain below). For a group G we denote by D(G) the minimal dimension of a
non-trivial complex irreducible continuous representation of G. (Henceforth, for brevity, we
will use the term representation to mean continuous representation.) For d € N, we say that
a group G is d-quasirandom if D(G) > d Denoting by a(G) the largest possible density %
of a product-free set A C G (if G is a finite group), Gowers showed that for any finite group
G, a(G) < D(G)~'/3. Since D(G) can be arbitrarily large (as is the case for the alternating
groups, which have D(A,) =n —1 for all n > 7, and the groups PSLy(F,) as mentioned
above, and for many other natural infinite families of finite groups), this disproved the
conjecture of Babai and Sos.

For finite groups, the quasirandomness parameter gives an almost complete description
of the maximal size of a product free set. Pyber (see [I4]) used the Classification of Finite
Simple Groups, together with a construction of Kedlaya, showing that a(G) > D(G)~¢
where C' > 0 is an absolute constant. Nikolov and Pyber [34] later improved this to

1To avoid confusion with the quasirandomness parameter for graphs, it might have been less ambiguous
to call this notion ‘d-group-quasirandomness’, but as the latter is rather cumbersome we have opted for the
above shorter formulation; we hope that this will not cause the reader confusion, in the sequel.



a(G) = C%@. This established a remarkable fact, namely that the purely representation
theoretic quasirandomness parameter D(G) is polynomially related to the the combinatorial
quantity o(G).

(CD(@) ™ < alG) < D(G)/3 1)

For compact connected Lie groups we obtain the following general variant of Theo-
rem which gives an upper bound on the size of a product-free set in the group.

Theorem 1.2. There exists an absolute constant ¢ > 0 such that the following holds. Let
G be a compact connected Lie group, and let G be its universal cover. Let A C G be
Haar-measurable and product-free. Let p denote the Haar probability measure on G. Then

1(A) < exp(—eD(G)'/3).

An elegant argument of Gowers [14] (proof of Theorem 4.6, therein) for finite groups,
which generalises very easily to the case of compact groups, shows that if G is a compact
group then it has a measurable product-free subset of measure at least exp(—Q(D(G)). In
Section [2| we show that D(G) = O(D(G)?). These two facts combine with Theorem (1.2 to
give the following analogue of for compact connected Lie groups.

Corollary 1.3. There exists an absolute constant ¢ > 0 such that the following holds. For
every compact connected Lie group G,

cD(G)'® <log(1/a(@)) <

[ N

D(G).

(We remark that our logs will always be taken with respect to the natural basis.) Corollary
says that, as with finite groups, the maximal measure of a measurable product-free set
in a compact connected Lie group is controlled by the quasirandomness parameter, but this
time the control moves to the exponent.

Quasirandomness (for groups) was a crucial ingredient in the ‘Bourgain-Gamburd ex-
pansion machine’, which is a three-step method for obtaining spectral gaps for Cayley
graphs (see e.g. Tao [41], for an exposition). Briefly, this ‘machine’ proceeds as follows: one
first shows that the graph has high girth, then one shows that there are no ‘approximate
subgroups’ in which a random walk could be entrapped, and then quasirandomness is used
(together with with the trace method) to finally obtain a spectral gap. Quasirandomness
(for groups) has many other applications, such as in bounding the diameters of Cayley
graphs (see e.g. the survery of Helfgott [19]).

The term ‘quasirandomness’ was used (for groups) by Gowers, due to the following
connection with the (now classical) notion of quasirandomness for graphs. (There are, of
course, now notions of quasirandomness for a huge variety of combinatorial and algebraic
structures; roughly speaking, these say the structure behaves in a random-like way, in
an appropriate sense.) We now need some more terminology. The normalized adjacency
matric Ay € RV*V of a d-regular graph H = (V,E) has (i,7)-th entry equal to 1/d if
{i,j} € E, and equal to zero otherwise. The graph H is said to be e-quasirandom if all
the nontrivial eigenvalues of Ay are at most ¢ in absolute value (here, ‘nontrivial’ means
having an eigenvector orthogonal to the constant functions).



One of the striking consequences of d-quasirandomness for a finite group G, is that it
implies that Cayley graphs of the form Cay(G, S) are (1/poly(d))-quasirandom, whenever
S is a dense subset of G. The fact that this only relies on density considerations and does
not require any assumption on the structure of S, makes the notion of quasirandomness for
groups rather powerful.

More generally, applications of quasirandomness for a group G can often be (re)phrased
as follows. Suppose that G is d-quasirandom, and that we have a linear operator T :
L?*(G) — L?*(G) whose nontrivial eigenvalues we want to bound (in absolute value) from
above; suppose further that 7' commutes with either the left or the right action of G on
L?*(G). (In Gowers’ proof, slightly rephrased, the operator T' could be viewed as B*B,
where B is the bipartite adjacency matrix of the bipartite Cayley graph with vertex-classes
consisting of two disjoint copies of GG, and where the edges are all pairs of the form (g, sg)
for g € G and s € S, S being a product-free set in G.) Then by the commuting property,
each eigenspace of T' is a nontrivial representation of G, and therefore has dimension at
least d; it follows that each nontrivial eigenvalue of G' has multiplicity at least d. But the
sum of the squares of the eigenvalues of T is equal to Trace(T?), and this yields the bound
d|\|? < Trace(T?) for all nontrivial eigenvalues A of T'. This is often called the Sarnak-Xue
trick, as it was first employed in [40]

Bourgain and Gamburd used their ‘expansion machine’ (alluded to above) to show that
taking two uniformly random elements a,b € SLa(F,) is sufficient for the Cayley graph
Cay (SL2 (Fp, {a,b,a™1, b_l}) to be an expander with high probability, p tending to infinity.
It is a major open problem in the theory of Cayley graphs to obtain a similar result in
the unbounded-rank case, for example for SL,,(F,) where p is fixed and n tends to infinity.
One of the properties that breaks down when one attempts to use the Bourgain—-Gamburd
expansion machine in the case of unbounded rank, is the dependence of the quasirandomness
parameter on the cardinality of the group. Specifically, in order for the Bourgain—Gamburd
expansion machine to work effectively for a group G, the quasirandomness parameter D(G)
needs to be polynomial in the cardinality of G. In the unbounded rank case, this no longer
holds. For example, D(SL,(F,)) < p" (consider the representation of dimension p" induced
by the natural action of SL,(F,) on Fy). The situation is even worse for the alternating
group Ay, as D(A,) =n—1forn > 7, and n — 1 is less than logarithmic in the cardinality
of the group.

1.2 Ideas and techniques

To improve on the upper bound of Gowers, we need to find methods for ‘dealing with’
the low-dimensional irreducible representations (more precisely, for dealing with the corre-
sponding parts of the Fourier transform). In this paper, we develop some new techniques
for this in the case of compact connected Lie groups. These techniques turn out also to be
useful for finite groups; for example, in [2§], analogues of some of our methods are devel-
oped for the alternating group A,, (where the idea of mixing is replaced by a refined notion,
referred to therein as a ‘mixing property for global sets’).

Below we give indications of the new techniques that are used to obtain our improved



bounds, and the various areas of mathematics from which they originate.

Level d inequalities and hypercontractivity

One of our key ideas is motivated by the (now well-developed) theory of the analysis of
Boolean functions. A function
f{-1,1}"—>R

has a Fourier expansion [ = ngn} f(S)xs, where xg : {—1,1}" — {—1, 1} is defined by
xs(z) := [L;eg®i for each z € {—1,1}" and S C [n]. The functions g, known as the
Fourier-Walsh functions or characters, are orthonormal (with respect to the natural inner
product on R[{—1,1}"] induced by the uniform measure). The Fourier expansion gives rise
to a coarser orthogonal decomposition, f = >, =2, where

==Y f(S)xs.

|S|=d

This is known as the degree decomposition (as each function f=% is a homogeneous polyno-
mial of total degree d in the z;’s).

The level d inequality for the Boolean cube (essentially due to Kahn—Kalai-Linial [27]
and Benjamini-Kalai-Schramm [6]) states that there exists an absolute constant C' > 0,

such that for a set A C {—1,1}" of density |2‘in| = a, if d <log(1/«a) then the characteristic

d
= Clog(1l/a

function f = 14 satisfies || f ) . Roughly speaking, the level d inequality

says that indicators of small sets are very much uncorrelated with low degree polynomials.
One of our key ideas in this paper is to generalize the level d inequality from the Boolean
cube to the setting of compact connected Lie groups.

The main tool in the proof of the Boolean level d inequality is the Bonami—Gross—
Beckner hypercontactivity theorem. It states that the noise operator T,f := Y 7 4 plf=d

is a contraction as an operator from L, to L, for all ¢ > p > 1 provided 0 < p < 4/ %. This

immediately implies that || f=%|, < p~%||f=%||, for any function f. Roughly speaking, this
last inequality says that L,-norm of a low-degree function does not change too drastically
with p. This is in stark contrast with the behaviour of indicator functions of small sets,
f = 1a. These satisfy || f||, = @'/, which does change rapidly with p. This difference in
behaviours can be used to prove the level d-inequality, stating that indicators of small sets
are essentially orthogonal to the low degree functions.

The same proof-concept works hand in hand with the representation theory of compact
simple Lie groups. For simplicity, let us restrict our attention (at first) to the group G =
SO(n). For each d € NU {0}, we let Vg C L?*(G) denote the subspace of L?((G) spanned
by the polynomials of degree at most d in the matrix entries of X € G = SO(n); so, for
example, X11X22 € Vea. We also let Vg := Vg N (Veg_1)*, for each d € N. Given
f € L*(G), we let f<% denote the orthogonal projection of f onto Vg, and we let f=¢
denote the orthogonal projection of f onto V_g, so that f=% = f<¢ — <=1 The subspaces



Veq and V_g are two-sided ideals of L?(G) (i.e., they are closed under both left and right
actions of G on L?(G)). Now, if J is a two-sided ideal of L?(G) and T : L*(G) — L*(G) is
a linear operator that commutes with either the left or the right action of G' (as will be the
case with all the operators we will work with), it follows from the classical representation
theory of compact groups (viz., the Peter-Weyl theorem and Schur’s lemma) that 7" has J
as an invariant subspace. Hence, such an operator T has each V_; as an invariant subspace,
so each eigenspace of T' can be taken to be within one of the V_;’s. It therefore makes
sense to consider quasirandomness relative to the degree decomposition. For each d € N,
we let Dy be the smallest dimension of a subrepresentation of the G-representation V_j,.
The obvious adaptation of the Sarnak-Xue trick, described above, then yields that for any
eigenvalue A of T with eigenspace within V_g4, we have Dy|\|? < Trace(T?). It turns out
that D, grows very fast with d, yielding very strong upper bounds on the corresponding ||
for large d.

On the other hand, an ideal level d inequality would imply that if A is an indicator of
a small set, then most of its mass lies on the high degrees. This combines with the fast
growth of Dy (with d) to give a much more powerful form of quasirandomness, one that
takes into account the fact that f is {0, 1}-valued, and gives much better bounds.

We remark that the above degree decomposition can be easily extended to all compact
linear Lie groups G < GL,(C) by letting V<4 be the space of degree < d polynomials in the
real and imaginary parts of the matrix entries of X € G. (In fact, this notion generalizes
fairly easily to arbitrary compact simple Lie groups, even when they are not linear.) As in
the SO(n) case, we let f<? denote the orthogonal projection of f onto Vig.

We obtain the following level d inequality.

Theorem 1.4. There exists absolute constants c¢,C' > 0 such that the following holds. Let

G be a simple compact Lie group equipped with its Haar probability measure p. Suppose
that D(G) > C. Let A C G be a measurable set with o := u(A) > e~ PG, Then for each

Cd
d € NU{0} with d < log(1/a), we have || f<¢|} < o (W) _

When G is simply connected and d < ¢y/n we are able to obtain an even stronger level
d inequality, which is similar to the one on the Boolean cube without the extra C factor in
the exponent. This leads to the following.

Theorem 1.5. There exists absolute constants C,c > 0 such that the following holds. Let
G be a compact connected Lie group, let G denote its universal cover, and write n = D(QG).
Suppose that n > C. Let A C G be a measurable set with o := pu(A) > exp (—en'/?). Then

d
for each d € NU {0} with d < log(1/a), we have || <43 < o? (%W) .

It is this second level d-inequality that is responsible for the 1/3 in the exponent of
Theorem Unfortunately, one would not be able to improve our 1/3 in the exponent
to the (conjectural) right one, merely by strengthening this level d-inequality. Indeed, our
second level d inequality can be easily seen to be sharp up to the value of the absolute



constant C, by considering sets of the form {A € SO(n) : (Aej,e1) > 1 —t} for appropriate
values of ¢, when G = SO(n), for example.

Both of our level d inequalities are inspired by the same ideas from the Boolean setting,
together with an extra representation theoretic ideas. Namely, in order to show a level d
inequality, we upper-bound ¢-norms of low degree polynomials in terms of their 2-norms,
and then use Holder’s inequality. In the Boolean cube, such upper bounds follow from two
facts. The first is that the noise operator T, is hypercontractive. The second is that all the
eigenvalues of the restriction of T, to V¢4 are bounded from below by p®. Our approach is
to construct operators on L?(G) that satisfy the same two properties.

Differential geometry and Markov diffusion processes

Our level d inequalities stem from two techniques for obtaining hypercontractivity. Our
first level d inequality, Theorem is obtained via the following method. First, we observe
that we may assume without loss of generality that our group G is simply connected.
(This is because every compact simple Lie group is a quotient of its universal cover by a
discrete subgroup of its centre.) We then make use of classical lower bounds on the Ricci
curvature of our (simply connected) compact simple Lie group. The Bakry-Emery criterion
[4] translates such lower bounds on the Ricci curvature into log-Sobolev inequalities for
the Laplace-Beltrami operator L. We then apply an inequality of Gross [16] to deduce
a hypercontractive inequality for the operator e ** from the log-Sobolev inequality. This
inequality then allows us to prove our first level d inequality. The operator et is the one
corresponding to Brownian motion on G. In order to deduce our level d-inequality we rely
on a formula for the eigenvalues of the Laplacian in terms of a step vector corresponding
to each eigenspace. This formula is well-known in the theory of Lie groups; it is given for
example in Berti and Procesi [7].

Random walks on bipartite graphs

There are two mutually adjoint linear operators that correspond to a random walk on
a d-regular bipartite graph B C L x R. We denote those by T: L?(L) — L?*(R) and
T*: L*(R) — L?*(L) and they are given by taking expectations over a random neighbour;
explicitly, (Tf)(z) = Eyw.f(y) for f € L*(L) and = € R, and (T*g)(y) = Epyg(z) for
g € L*(R) and y € L. It is easy to see that both operators are contractions with respect
to any norm. It turns out that given such a bipartite graph and given a hypercontractive
operator S on R one gets for free that the operator T*ST is hypercontractive. Filmus et al
[11] used this idea to obtain a ‘non-Abelian’ hypercontractive estimate for ‘global’ functions
on the symmetric group, from an ‘Abelian’ hypercontractive result for ‘global’ functions on
(Zy,)"™. (Informally, a ‘global’ function is one where one cannot increase the expectation
very much by restricting the values of a small number of coordinates.)

In this work, we extend this idea to the continuous domain, by replacing a bipartite graph
by a coupling of two probability distributions. Specifically, we consider the probability space
(R™*™ ~) of n by n Gaussian matrices (i.e., R™*"™ with each entry being an independent



standard Gaussian), and the Haar measure on O(n). For (R™*",~), the Ornstein—Uhlenbeck
operator U, is a hypercontractive analogue of the noise operator from the Boolean case. We
couple (R™*" ~) with SO(n) by applying the Gram—Schmidt operation on the columns of
a given Gaussian matrix (flipping the sign of the last column, if necessary, so as to ensure
that the determinant is equal to one). We note that essentially the same coupling has been
used before, e.g. by Jiang [23]; however, it has not been used before (to our knowledge) to
analyse the distribution of high-degree polynomials in the matrix-entries, which is crucial
in our work.

This coupling gives rise to operators T, and T7, similar to the ones in the discrete
case. The hypercontractive inequality for the Ornstein—Uhlenbeck operator U,, together
with our coupling implies a hypercontractive inequality for the operator T; =TI UpTeal
We then use a symmetrization trick to obtain an operator T, := EBN#RET;RB, where
Rp corresponds to right multiplication by B. The symmetrization does not change the
hypercontractive properties, which are the same as for U, (see Theorem , but it has the
advantage of allowing us to analyse more easily the eigenvalues of the operator.

Representation theory

The hypercontractive inequality for the operator T, is useful due to the fact that it imme-
diately gives bounds on the norms of eigenfunctions of T,. Because of the symmetrization,
T, commutes with the action of G from both sides. Therefore, the Peter-Weyl theorem
implies that every isotypica]ﬂ component of L%(G) is contained in an eigenspace of T,.

We eventually show that the eigenvalues of the restriction of T, to V; are at least (cp)
for some absolute constant ¢ > 0. This implies that T, is indeed a good analogue of
the noise operator on the Boolean cube, and of the Ornstein—Uhlenbeck operator U,, i.e.
the noise operator on Gaussian space. We obtain this lower bound by showing that each
isotypical component contains certain functions that are nice to deal with, functions we call
the comfortable juntas.

The latter are defined as follows. We define a d-junta to be a function in the matrix
entries of X € SO(n) that depends only upon the upper-left d by d minor of X. Such a d-
junta is said to be comfortable d-junta if it is contained in the linear span of the monomials
{mys : o € Sy}, where m, : SO(n) — R is defined by mq(X) = H?:l Xi o) for each
X € SO(n), for each permutation o € Sy.

d
’

Random matrix theory

One of the main discoveries of random matrix theory is that the entries of a random or-
thogonal matrix behave (in an appropriate sense) like independent Gaussians of the same
expectation and variance: at least, when one restricts minors of the matrix that are not
too large. (In fact, this holds for many different models of random matrices, not just the
orthogonal ensemble.) The power of this discovery is of course that a Gaussian random

2If p is an irreducible representation of G and V is a G-module, the p-isotypical component of V is the
sum of all subrepresentations of V' that are isomorphic to p.
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matrix is a priori much easier to analyse than e.g. the random matrix given by the Haar
measure on a group.

One way to test that two distributions are similar is to apply a continuous ‘test function’
and take expectations. Usually, for applications in random matrix theory, the test function
can be taken to be an arbitrary fixed polynomial.

When computing the eigenvalues of our operator T, we need to show a similarity in
distribution between the upper d x d-minor of O(n) and the d x d minor of a random
Gaussian matix. For us, however, it is not sufficient to look at a single polynomial of
fixed degree. Instead, we need to show a similarity in the distribution with respect to our
comfortable d-juntas (where d may be as large as y/n, rather than an absolute constant).
Hence, while the philosophy is similar to that of random matrix theory, we require new
techniques enabling us to deal with the distributions of polynomials whose degrees may be
a function of n, indeed up to /n.

1.3 Applications

In this section we list several applications of our hypercontractive theory: to some problems
in group theory, in geometry, and in probability.

To state some of our results, we need some more terminology. If G is a compact
connected Lie group, we define n(G) := D(G), where G denotes the universal cover of
G. It is well-known that, for each m € N, we have D(SU(m)) = D(Spin(m)) = m and
D(Sp(m)) = 2m (and all these groups are simply connected except for Spin(2)); we also
have D(SO(m)) = m. Since Spin(m) is the universal cover of SO(m) for all m > 2, we have
n(SO(m)) = m for all m > 2. As we will see in the next section, any compact connected
semisimple Lie group G with D(G) at least an absolute constant, can be written in the
form ([];_, K;)/F where each K; is one of SU(n;), Spin(n;) or Sp(n;) for some n; > 3, and
F is a finite subgroup of the centre of [[;_, K;; the universal cover of such is []._; K;,
and D([[;_, K;) = ©(min; n;). Hence, the quantity n(G) has a very explicit description in
terms of the structure of the Lie group G.

Growth in groups: the diameter problem

The theory of growth in groups has been a very active area of study in recent decades, and
an important class of problem in this area is to determine the diameter of a metric space
defined by a group (e.g., the diameter of a Cayley graph of the group). For a compact group
G equipped with its Haar probability measure, and a measurable generating set A C G of
measure f, it is natural to consider the metric space on G where the distance between x and
y is defined to be the minimal length of a word in the elements of A and their inverses which
is equal to xy~!. The diameters of such metric spaces in the case where G is finite have
become a focus of intense study in the last two decades: see e.g. the works of Liebeck and
Shalev [31], Helfgott [18], Helfgott and Seress [20], Pyber and Szabo [36] and Breuillard,

Green and Tao [§].
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For a subset A of a group G and t € N, we define
At :={ay-ay---a; |a1,a9,...,a; € A} .

The diameter problem for G with respect to A asks for the smallest positive integer ¢ for
which A! = G. For a compact group G and a real number 0 < a < 1, the diameter problem
for sets of measure o in G asks for the minimum possible diameter of a measurable set in
G of measure «.

In the case where G is a compact and connected group, we note that the diameter
of G with respect to any subset A of positive measure is finite. This follows (almost)
immediately from Kemperman’s theorem [29], which states that for any compact connected
group G (equipped with its Haar probability measure p) and any measurable A, B C G, we
have pu(AB) > min{u(A) + u(B),1}.

We make the following conjecture, concerning the diameter of large sets.

Conjecture 1.6. Let G be one of SU(n),SO(n),Spin(n) or Sp(n), and let A C G be a
measurable subset of measure v. Then the diameter of G with respect to A is O(y=1/(),
where £ = 1 in the case of SO(n) and Spin(n), £ = 2 in the case of SU(n), and ¢ = 4 in
the case of Sp(n). In particular, if v = e=", then the diameter of G with respect to A is at
most O.(1).

We note that if true, the conjecture is essentially tight, as can be seen for SO(n) by
considering the set

S: = {X € SO(n): the angle between Xe; and e; is at most €},

For ¢ < 1/2, we have u(S;) = (O(¢))", and the diameter of SO(n) with respect to S; is
©(1/e). If m : Spin(n) — SO(n) is the usual (double) covering homomorphism, then the
lift 771(S.) is a subset of Spin(n) of the same measure as S. (using, of course, the Haar
probability measure on both groups), and the diameter of Spin(n) with respect to 7~*(S;)
is the same the diameter of SO(n) with respect to S, since w(A!) = (7(A))* for any subset
A C Spin(n) and any t € N. Hence, 7~ 1(S.) demonstrates tightness for Spin(n). The group
SU(n) acts transitively on the unit sphere in C", which can be identified with S?*~! and
the group Sp(n) acts transitively on the unit sphere in H", which can be identified with
S4n=1: hoth actions are angle-preserving (in S?"~! and S%"~! respectively). So our above
construction for SO(n) (which comes from the action of SO(n) on S™~!) has the obvious
analogues for SU(n) and Sp(n), which we conjecture are sharp for those groups.

We show that for a compact connected Lie group G with n(G) = n, for all 6 > 0 and all
measurable subsets A of G with measure at least 27"~ the diameter of G with respect
to A is at most Os(1).

Theorem 1.7. For each § > 0 there exist ng, k > 0 such that the following holds. Let n > ng
and let G a compact connected Lie group with n(G) = n. If A C G is a Haar-measurable
set, and p(A) > 2" then A% = G.
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Doubling inequalities for groups

Theorem follows from a new lower bound on x(A?), where A C G is a measurable subset
of the compact connected Lie group G. We prove the following ‘doubling inequality’.

Theorem 1.8. There exists absolute constants C,c > 0 such that the following holds. Let

G be a compact connected Lie group with n(G) =n > C. Let A C G be a measurable set
with p(A) = e=". Then pu(A2?) = u(A)°1L.

The problem of giving a lower bound on p(A?%) in terms of u(A), for A a measurable
subset of a compact group G, dates back to the work of Henstock and Macbeath [21]
from 1953, the aforemenentioned bound of Kemperman [29] from 1964, and the work of
Jenkins [22] from 1973. Several recent works of Jing, Tran and Zhang have introduced some
powerful new methods into the field. For instance, in [26], Jing, Tran and Zhang generalized
the Brunn-Minkowskii inequality from R” to an arbitrary connected Lie group, using the
Iwasawa decomposition to facilitate an inductive approach; their result is essentially sharp
for helix-free Lie groups. In [25], they used techniques from O-minimal geometry to show
that that p(A%) > 3.99u(A) for all measurable subsets A C SO(3) of sufficiently small
measure. In a forthcoming paper [24] they prove that there exists a function § = d(n) and

an absolute constant ¢ > 0, such that if A C SO(n) is a measurable set of measure at most
1/10

§(n), then u(A?) > 2" 1u(A); the function §(n) satisfies §(n) < 2" Wwhere ¢ > 0
is an absolute constant. (For comparison, we note that Theorem in conjunction with
Theorem below, imply the existence of an absolute constant ¢ > 0 such that u(A?%) >
min{26”1/2,u(.,4), 0.99} for all measurable subsets A C SO(n) of measure at least 27", so our
result and that of Jing, Tran and Zhang leave a ‘gap’ between them.) It remains an open
problem to determine whether z(A2%) > min{2"/1%4(A), 0.99} for all subsets A C SO(n).

Spectral gaps

We also give the following upper bound on the spectral gaps of the operator corresponding
to convolution by %. If G is a compact group equipped with its (unique) Haar proba-
bility measure p, for a measurable set A C G we write © ~ A to mean that x is chosen
(conditionally) according to the Haar measure p, conditional on the event that x € A.

Theorem 1.9. There exist absolute constants c¢,C' > 0 such that the following holds. Let G
be compact connected Lie group and suppose n :=n(G) > C. Let A= A~! be a symmetric,
—cnt/2

measurable set in G and suppose that p(A) > e . Then the nontrivial spectrum of the
operator T defined by T f(x) = Eqa[f(ax)] is contained in the interval

_\/Clogl/a \/C’logl/a
n n '

Let G be a compact group, equipped with its (unique) Haar probability measure; then
every measurable subset A C G of positive Haar measure corresponds to a random walk

Mixing times
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on G. Indeed, we may define a (discrete-time) random walk R4 = (Xi)ienuqoy on G,
by letting Xo = Id, and for each t € N, if X; 1 = x then X; = az, where a is chosen
uniformly at random from A. In the case where G is finite and A is closed under taking
inverses, this is the usual random walk associated to the Cayley graph Cay(G,.A). One of
the fundamental problems associated to such random walks is to determine their mizing
time. (Following Larsen and Shalev [30], we say that the mizing time of a Markov chain
(Xt)tenuqoy is the minimal non-negative integer 7" such that the total variation distance
between the distribution of X7 and the uniform distribution, is at most 1/e. We note that
1/e could be replaced by any other absolute constant ¢ € (0, 1), without materially altering
the definition; Larsen and Shalev use the constant 1/e as it makes the statement of certain
results concerning S,, and A,, more elegant.)

Larsen and Shalev [30] considered the case where A is a normal set, i.e. a set closed
under conjugation, and G is the alternating group A,. They showed that for each ¢ > 0,
if A C A, of density % > exp (—n1/2_5), then the mixing time of R 4 is 2, provided that
n > np(e) is sufficiently large depending on . Their proof was based upon a heavy use
of character theory. Their result is almost sharp, in the sense the number 1/2 cannot be
replaced by any number smaller than 1/2. We show that a similar phenomenon holds for

compact connected Lie groups, even when A is not a normal set.

Theorem 1.10. There exist absolute constants c,ng > 0, such that the following holds. Let
G be a compact connected Lie group with n := n(G) > ng. Let A C G be a measurable set

—enl/?

with Haar measure at least e . Then the mizing time of the random walk R4 is 2.

This result is essentially best possible. For instance, taking G = SO(n), we may take
A={X €80(n): X;1 > 10/n'/*}. It is easy to see that the mixing time of R4 is 3, while
H(A) = exp(~O(n1/2)).

Product mixing

Gowers’ proof of his upper bound on the sizes of product-free sets actually establishes a
stronger phenomenon, known as product mizing. We say that a compact group G (equipped
with its Haar probability measure p) is an (o, €)-mizer if for all sets A, B,C C G of Haar
probability measures > «, when choosing independent uniformly random elements a ~ A
and b ~ B, the probability that ab € C lies in the interval (u(C)(1 —¢),u(C)(1+ ¢)).
Gowers’ proof actually yields the following statement: there exists an absolute constant
C > 0, such that if G is a D-quasirandom compact group, then it is a (CD*1/3,0.01)-
mixer. (The proof is given only for finite groups, but it generalises easily to all compact
groups.) For finite groups, Gowers’ product-mixing result is sharp up to the value of the
constant C. Here, we obtain an analogous result for compact connected Lie groups, where
the n=1/3 moves to the exponent.

Theorem 1.11. For any e > 0, there exist ¢,ng > 0 such that the following holds. Let n >
no and let G be a compact connected Lie group withn := n(G) > ng. Set a = exp(—cn~1/3).
Then G is an (a, €)-mizer.
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This result is sharp up to the dependence of the constants ¢ = ¢(e) and ng = ng(e) upon
e. Indeed, we may take G = SO(n) and let A = B = {X € SO(n) : X;; > 10/n'/?} and
C={X €80(n): X1 < —10/n'/3}, to obtain a triple of sets each of measure e=Om'%),
such that when choosing a ~ A and b ~ B independently, the probability that ab € C' is
smaller than $u(C).

Homogeneous dynamics and equidistribution

Suppose that a compact Lie group G acts on a topological space X. The space X is said to
be G-homogeneous if G acts transitively and continuously on X (the latter meaning that
the action map from G x X to X is continuous); in this case, X has a unique G-invariant
probability measure, which is called the Haar probability measure. We obtain the following
equidistribution result for homogeneous spaces.

Theorem 1.12. For each € > 0 there exist c,ng > 0 such that the following holds. Let G be
a compact connected Lie group with n(G) =: n > ng. Let X be a G-homogeneous topological
space, and let pux denotes its unique G-invariant (Haar) probability measure. Suppose that
A C G and B C X are both measurable sets of Haar probability measures > e Let
v be the probability measure on X which is given by the distribution of a(b), for a uniform
random a ~ A and an (independent) uniform random b ~ B. Then the total variation
distance between p and v is less than €.

Li-norms of low degree polynomials

We obtain the following upper bounds on the g-norms of low degree polynomials (we state
the result for SO(n), for simplicity).

Theorem 1.13. There exist absolute constants c¢,C' > 0 such that the following holds. Let
q > 2 and let f € L*(SO(n)) be a polynomial of degree d in the matriz entries of X € SO(n).
If d < en, then

£y < €N Il z2)-

If moreover, d < cy/n, then
£l Loy < (CVD I Fll 20

Separation of quantum and classical communication complexity

Starting with their introduction to computer science in the seminal paper of Kahn Kalai
and Linial [27], hypercontractive inequalities have found a huge number of applications in
various branches of computer science and related fields (see e.g. [13| B2} [10, B7], to name
but a few). While these applications have generally required hypercontractive inequalities
for functions on discrete sets, some applications require continuous domains. For example,
in the paper of Klartag and Regev [38], a hypercontractive inequality for functions on
the n-sphere is used to obtain a lower bound on the number of (classical) communication
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bits required for two parties to jointly compute a certain function. While with quantum
communication, the value of that function can be computed by one party transmitting
only O(logn) quantum-bits to the other, it was shown in [3§] that classical communication
requires at least Q(n'/3) bits of communication to be sent, even if parties are allowed to send
bits both ways, thereby showing an exponential separation between the power of classical
communication and that of one-way quantum communication.

In the field of quantum communication, establishing a significant separation between
classical communication and practically implemented modes of quantum communication re-
mains a major open problem. In a forthcoming work, Arunachalam, Girish, and Lifshitz [2]
apply our hypercontractive inequality for SU(n) to make a substantial step towards this
goal. They used it to obtain an exponential separation between classical communication
and a more realistic version of quantum communication, namely the one-clean-qubit model.

2 Preliminaries: Quasirandomness and min-rank

In this section we show that, for D at least an absolute constant, the universal cover G of a
D-quasirandom compact connected Lie group G is a product of ‘classical’ (compact, simple,
simply connected) Lie groups of the form Spin(n), SU(n),Sp(n). We then make use of this
to determine D(G), and we show that D(G) < 4D(G)?2.

In what follows, as usual, a compact group G is a Hausdorff topological group for which
the group operations (or equivalently, the map (g, h) +— gh~!) are continuous. We recall that
a compact group has a unique left-multiplication-invariant probability measure (called the
Haar measure), which is also the unique right-multiplication-invariant probability measure.
As usual, if G is a compact group, we let

LX(G)={f: G~ C: By[|f"] < o0}/ ~,

where the expectation is with respect to the Haar probability measure p on G and the
equivalence relation ~ is defined by f ~ ¢ iff f = g p-almost-everywhere, and we view
L?(G) as a Hilbert space, with the natural inner product,

<fa g> = Eu[fg]

We make use of the following fact, appearing for example in [35] Chapter 10, Section
7.2, Theorem 4, page 380. (Note that the word ‘Lie’ is missing from the statement of this
theorem; this omission is clearly just a typographical error.)

Fact 2.1. FEvery compact connected Lie group is Lie-isomorphic to a group of the form
(Il K; x T)/F, where each K; is a simply connected simple compact Lie group (equiva-
lently, K; is one of Sp(n;) for some n; > 1, Spin(n;) for some n; > 3, SU(n;) for some
n; = 2, or the compact form of one of the five exceptional Lie groups, for each i € [r]), T
is a finite-dimensional torus (i.e. T = (R/Z)™ for some integer m), and F is a finite group
contained in the center of [[;_; K; x T, with FNT = {1}.
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Lemma 2.2. Suppose that D > 1 and that G is a D-quasirandom compact connected Lie
group. Then G is semisimple.

Proof. Write G = ([[i_; K; x T')/F, where each K; is a simply connected simple compact
Lie group, T is a finite-dimensional torus (i.e. T = (R/Z)™ for some integer m), and F' is
a finite group contained in the center of [[;_; K; x T, with F N T = {1}, as in the above
fact. Semisimplicity of G is equivalent to T'= {1}. Suppose on the contrary that 7' # {1}.
Let 7 be the projection map from [];_; K; x T onto the T' component. Since FNT = {1},
we have w(F) = {1}, so the projection 7 induces a (surjective) group homomorphism 7
from G to T, and therefore G has a quotient isomorphic to (R/Z)™ for some integer m > 1;
any nontrivial complex one-dimension irreducible representation of the latter quotient lifts
to one of G, contradicting the D-quasirandomness of G (for any D > 1) and proving the
lemma. O

We also recall the following standard fact.
Fact 2.3. Every compact semisimple Lie group has finite centre.

We now show that if G is sufficiently quasirandom, then the exceptional groups do not
make an appearance as some K; when writing G = ([[;_, K;)/F.

Lemma 2.4. Set Dy = 248. Let G be a compact connected Lie group, and suppose that
it is D-quasirandom for some D > Dy. Then G = ([[;_, K;)/F, where each K; is one of
Sp(n;), Spin(n;), SU(n;) for some n; > /D /2 and F is a subgroup of the (finite) centre of
T, K.

Proof. By the previous lemma, provided Dy > 1, G is semisimple. Hence, we may write
G = ([Ii- K;)/F, where each K; is one of Sp(n;), Spin(n;), SU(n;) or the compact form of
one of the five exceptional Lie groups, for each i, and F' is a finite group contained in the
(finite) center of [[i_, K;. As the quotient of a D-quasirandom group is D-quasirandom,
we may project to any one of the components and still obtain a D-quasirandom group
K;/F'. (In detail, let 7; denote projection of H;Zl K; onto the K; factor; m; induces a
surjective homomorphism from G onto K;/m;(F'), and since F' is a subgroup of the centre
of H;Zl K;, F; is a subgroup of the centre of K;. The group K;/m;(F) is therefore a
quotient of G, and so inherits its D-quasirandomness.) It is therefore sufficient to consider
the case where G = K;/F’. We now note that the adjoint representation of Kj factors
through K7 /F’ (since F’ is contained in the centre of K7), so it can also be viewed as a
representation of K;/F’. As the adjoint representation of Kj is not a sum of copies of
the trivial representation (this follows from the fact that K is non-Abelian), its dimension
(which is the same as the dimension of the Lie group K1) is at least D. The five exceptional
Lie groups, Fg, Fr, Es, Fy and Gs, have dimensions 78, 133, 248, 52 and 14 respectively, so
K cannot equal any of these (since D > Dy = 248). Hence, K is one of Sp(n;), Spin(n)
or SU(ny). The dimensions of these Lie groups are ni(2n1 + 1), ny(n; —1)/2 and n3 — 1
respectively, so we obtain n1(2n; +1) > D, which implies that n; > v/D/2. This completes
the proof of the lemma. O
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The following (non-standard) definition will be convenient for us.

Definition 2.5. Let G be a compact, connected, semisimple Lie group and write G =
(ITi-, Ki)/F, where, as above, K; is one of Sp(n;), Spin(n;) or SU(n;) for each i, and
F is a finite subgroup of the (finite) centre of G. We define the min-rank of G to be
min{ny,...,n,}.

Using this terminology, the above lemma can be restated by saying that if a compact
connected Lie group G is D-quasirandom for large enough D, then it has min-rank at least
VD/2.

We remark that the rank of a Lie group is defined to be the dimension of any one of its
Cartan subgroups, so the ranks of Sp(n;), Spin(n;) and SU(n;) are respectively n;, |n;/2]
and n; — 1, so in particular are all ©(n;); hence, while the min-rank of G is not exactly the
minimum of the ranks of the K;’s (where the K;’s are as above), it is within an absolute
constant factor thereof. (We hope this slight abuse of terminology will not cause confusion.)

To establish that D(G) < 4D(G)? we also need the following.

Lemma 2.6. Let G be a simply compact semisimple Lie group of min-rank m. Then its
universal cover G satisfies D(G) € {m,2m}.

Proof. Write G = [[;_; K;/F. As the projection map from [[;_; K; to G is a cover map,
and since []i_, K; is simply connected, we obtain that G = [T;_; K;. The lemma now
follows from the fact that the complex irreducible representations of a product [[;_; K; of
finitely many compact groups are tensor products of complex irreducible representations,
of the form p; ® ... ® p, where p; is an complex irreducible representation of p;, for each 4
together with the fact that D(SU(n)) = D(SO(n)) = n, D(Sp(n)) = 2n. O

Pemmam shows that, when proving the theorems in the introduction, we may replace
D(G) with the min-rank of G.

3 Good groups and fine groups

3.1 Graded groups and ‘good’ groups.

In this section we define some basic properties of compact connected groups, which we later
use to prove various growth properties. We define graded and strongly quasirandom groups,
and hypercontractive groups; we say that groups satisfying all these properties are good. We
also define a somewhat weaker (or, technically, incomparable) notion of a fine group.

The compact, simple, simply connected real Lie groups of large enough rank, i.e SU(n),
Sp(n) and Spin(n), are indeed good (this is proved in Section [§). We show that good-
ness is preserved when taking products and quotients (quotients, that is, by closed normal
subgroups, as usual), thereby showing that every D-quasirandom group is a good graded
group, provided D is sufficiently large.
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Definition 3.1 (Graded groups). For n € N, we say a compact connected group G is
n-graded if there exists an orthogonal direct sum,

[n/2]-1

LZ(G) = @ V:d 2] V}n/Zv
d=0

such that the spaces V—_q are invariant under the action of G from both sides, and where V—g

contains only the constant functions. For an n-graded group and an integer 0 < dy < n/2,
[n/2]-1

we denote by V.4, the direct sum Vg4, := @ Vea ® Ve (Note that we will sometimes
d=dp+1

write V:Gd in place of V_q, when we want to stress that the group in question is G, e.g. if

there are several groups involved in our argument.)

Remark 3.2. Note that it follows from the definition of an n-grading that V-, o is also
inwvariant under the action of G from both sides.

Grading for the compact simply connected simple Lie groups (of large enough
rank). We note in this section that SO(n), SU(n), Sp(n) and Spin(n) are all n-graded,
for n > 3. For the group SO(n), for each integer 0 < d < n/2 we define Vg4 to be
the subspace of L?(SO(n)) spanned by degree < d multivariate polynomials in the matrix
entries of X € SO(n) (so, for example, V<o contains the polynomial X1; X;2). For notational
convenience, for 0 < r < d/2 we define V., to be V4, where d is the maximal integer less
than 7. We then set V_g := Vg and V_g := Vg N (Veg_1)* for each integer 1 < d < n/2,
and we define V>, /5 1= (V, /2)L. Note that each V_4 is finite-dimensional, but V5, /5 is
infinite-dimensional.

For the special unitary group we perform a similar construction, except that one views
the complex entries of the input matrix as a pair of real numbers. More precisely, we define
V<a to consist of the functions f that are degree < d multivariate polynomials in the real
and imaginary parts of the matrix entries of X € SU(n) (so, for example, V<3 contains the
polynomial Re(X71)Im(X11)Re(X12)). As in the SO(n) case, we then set V_y := Vo and
V_g := Vg (Veg_1)™" for each integer 1 < d < n/2, and we set Vanye i= (V<n/2)L.

For the compact symplectic group, Sp(n), we view it as the group of n by n unitary
matrices over the field of quaternions (see Section for more details), and we define Vg4
to be the vector subspace of L?(Sp(n)) spanned by degree < d multivariate polynomials in
the real parts, the i-parts, the j-parts and the k-parts of the matrix entries; we then proceed
as in the previous two cases.

For the spin group Spin(n) things are a little more involved, as it has no straightforward
description as a linear group. In order to define the grading we make use of the double
covering homomorphism 7: Spin(n) — SO(n) (recall that Spin(n) is the universal covering
group of SO(n), and that this cover is a double cover, for each n > 3). The covering
homomorphism 7 gives rise to an embedding i: L?(SO(n)) — L?(Spin(n)) given by if =
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f om. We then take the grading of the spin group to be

Spin(n) = @0 (V29" @ GVET)),
d<n/2

U?(n)) for each 0 < d < n/2, and V;Ei/g(n) — (z(VSS/(;)»l
We remark that the above arguments also imply that SO(n), SU(n), Sp(n) and Spin(n)
are m-graded for all m € N and all n > 3, but we will only require the n-grading, in the

sequel.

e, VSRR _ (/8

Next we define a notion of ‘strong quasirandomness’ for graded compact groups. In
section [6| we show that the simply connected n-graded groups are all c-strongly-quasirandom
for some absolute constant ¢ > 0.

Definition 3.3 (Strongly quasirandom graded group). We say an n-graded compact group
G is ((Qd)gi/oﬂ_l, Q) -strongly-quasirandom if the minimal dimension of a subrepresenta-
tion of V—_q (as a left G-module) is > Qq for all integers 0 < d < [n/2] — 1, and is > Q for
Vanya-

For ¢ > 0 we say that the n-graded compact group G is c-strongly-quasirandom if it is
((Qd)gz/lﬂfl,Q)—strongly—quasimndom when we set Qq = (%)d ford < en/(1+¢), and
Q,Qq:= (1+¢)™0+ for d > en/(1+c).

In Section we show that all the (infinite families of) compact simply connected
simple Lie groups are c-strongly quasirandom for some absolute constant ¢ > 0.

Theorem 3.4. The n-graded compact groups SU(n),Sp(n),Spin(n) (for n > 3) are all
c-strongly quasirandom for some absolute constant ¢ > 0, when equipped with our chosen
n-grading.

Definition 3.5 (Beckner operator for graded groups). Let G be an n-graded compact group,
let r be an integer with 0 < r < n/2, and let 0 < § < 1. We define the Beckner operator
Ts, : L*(G) = L3(G) by Ts,(f) := 1o 0 f=%, for all f € L*(G).

Definition 3.6 (Hypercontractive group). Let C' > 0 and let r be an integer with 0 < r <
n/2. We say that an n-graded group compact G is (r,C)-hypercontractive if for every q > 2
and every 0 < 6 < 1/(C/q), we have ||T57r||2ﬁq < 1.

The following is an easy consequence of hypercontractivity.

Lemma 3.7. Let G be an n-graded (r,C)-hypercontractive group, where 0 < r < n/2. Then
for every integer d < r, every q = 2 and function f € V_g4, we have

1£llg < (C%0)" " 1 f]l-

Proof. Let f € V_q. Then &¢||f|lq = [ T5,fllg < ||f]l2 for all § < 1/(C,/q); setting § =
1/(Cy/q) completes the proof. O

d/2
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In Section [§| we show that the compact simple simply connected n-graded Lie groups
Sp(n),SU(n) and Spin(n) are (cy/n,C)-hypercontractive for some positive absolute con-
stants C' and ¢, when they are eqipped with our chosen n-grading.

Theorem 3.8. The groups Sp(n), SU(n), Spin(n) are (cy/n, C)-hypercontractive, when equipped

with our chosen n-grading, for some positive absolute constants C and c.

Definition 3.9 (Good groups). An n-graded compact group G is said to be (C,c)-good if
1t 18 (cn1/2, C)-hypercontractive and c-strongly quasirandom.

The next theorem follows from Theorem [3.8 and Theorem [3.4

Theorem 3.10. For each n > 3, the n-graded groups Sp(n),SU(n), Spin(n) (equipped with
our choice of n-grading) are (C, c)-good, for some absolute positive constants C' and c.

We prove Theorem in Section

3.2 Fine groups

We now introduce the closely related notion of a ‘fine’ group. It involves a weaker form of
hypercontractivity than with a ‘good’ group, but we manage to prove it for higher values
of d, viz., up to linear in n.

Definition 3.11 (Weakly hypercontractive group). Let C > 1 and 1 < r < n/2. An n-
graded compact group G is (r,C)-weakly hypercontractive if for every function f € L*(G)
and every ¢ = 2 and 0 < § < l/qC we have

[ Tsr fllg < 1 fl2-

The following lemma follows similarly to Lemma [3.7

Lemma 3.12. Let G be an n-graded (r,C)-weakly hypercontractive compact group, where
C >1and 1l < r < n/2. Then for any integer d < r, every q > 2, and any function
f € V_q, we have

Cd
1fllg < a”-1If1l;

Definition 3.13 (Fine groups). If ¢ > 0 and C > 1, an n-graded compact group G is said
to be (C,c)-fine if it is both (cn,C)-weakly hypercontractive, and c-strongly-quasirandom.

In Section [7| we show that the (infinite families of) compact simply connected simple
groups, viz. Sp(n),SU(n), and Spin(n), are all fine, as n-graded groups equipped with our
chosen gradings.

Theorem 3.14. Forn > 3, the n-graded groups Sp(n),SU(n), and Spin(n) are (C, c)-fine,
for some absolute constants C > 1 and ¢ > 0, when equipped with our chosen n-gradings.
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3.3 Goodness and fineness are preserved under taking products and quo-
tients.

In this subsection, we show that goodness and fineness are preserved under taking products,
and quotients (quotients, that is, by closed normal subgroups) — more precisely, that suit-
able gradings can be defined on products and quotients. This, together with Theorems [3.10]
and implies that all compact Lie groups of large-enough min-rank are both good and
fine.

Lemma 3.15. Assuming Theorem[3.10, the following holds. There exist positive constants
¢, C and ng such that if n > ng, then every compact connected Lie group of min-rank n can
be equipped with an n-grading that makes it (C,c)-good, as an n-graded group.

Lemma 3.16. Assuming Theorem[3.1], the following holds. There exist positive constants
¢,C and ng such that if n > ng, then every compact connected Lie group of min-rank n can
be equipped with an n-grading that makes it (C,c)-fine, as an n-graded group.

Grading for group products. Let G and H be compact groups, and let f and g be
functions on G and H respectively. We write f ® g for the function on G x H given by
(z,y) — f(x)g(y). If U is a closed linear subspace of L?(G) and V is a closed linear subspace
of L?>(H), then we denote by U ® V be the Hilbert-space tensor product of U and V, i.e.
the linear subspace of L?(G x H) consisting of the closure of the linear span of the set of
functions {f ® g: f € U, g € V}. We recall that if {u;}5°, is a Hilbert-space basis for U
and {v;}72; is a Hilbert-space basis for V, then {u; ® v;}75_; is a Hilbert-space basis for
UaV.

Definition 3.17. Let n > m, let G be an n-graded compact group and H be an m-graded
compact group. We give G x H the structure of an m-graded compact group by setting

yaxH _ @ Ve oV
di+do=d

ford <m/2, and ngf/g = (Vg(fn]?zkl)J—'

For products of more than two compact groups, G1 X Ga X ... X Gy say, we simply iterate
the above definition (noting associativity). Viz., if G; is n;-graded for i = 1,2,... ¢, then
we let n = min{ny,...,ny} and we give G X ... x Gy the structure of an n-graded compact
group by setting

V:ij...xGe = @ V:GUZl1 ... ®V:Gj£
di+...4+de=d
for d < n/2, and ng/é‘“XGf — (VgﬁnjﬂilGe)L

Our goal is now to show that the product of good groups is good. We make use of the
following lemma of Beckner [5].
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Lemma 3.18. Let X1,...,X,,Y1,...,Y,. be probability spaces. Let T1,...T, be linear oper-
ators such that T;: L*(X;) — LU(Y;) for alli € [r]. Then | T1®---®T,|l2a—q < [T—1 [|Ti]l2q-

Lemma 3.19. Let Gy,...,G; be compact groups and suppose that each G; is n;-graded.
Write n = min{ny,...,n;}. Suppose that each G; is (r,C)-hypercontractive, where r € N
with r < n/2; then G := Hé:l G; (with the above n-grading) is also (r,C)-hypercontractive.
Proof. Let ¢ > 2, and let 6 = CL\/@‘ Let T;: L*(G;) — L*(G;), T: L*(G) — L*(G) be the
appropriate T, Beckner operators. Then by hypothesis ||T;|2—q < 1 for all i € [r]; our
goal is to show that ||T||2—, < 1. This now follows from Lemma and the fact that T
can be decomposed as T =T ® --- ® T; o S, where S is given by f — fS". We have

ITfllg < Ty ®--- @Till2-gllSFll2 < [l fll2
for each f. O

A similar argument works for weakly hypercontractive groups, yielding the following
lemma.

Lemma 3.20. Let Gy,...,G; be compact groups and suppose that each G; is n;-graded.
Write n = min{ny,...,n;}. Suppose that each G; is (r,C)-weakly hypercontractive, where
0 < r < n/2. Then the n-graded group G := Hézl G; (with the above n-grading) is also
(r, C)-weakly hypercontractive.

Grading for quotients. We now define a grading for quotients of graded groups, and
show that hypercontractivity (and weak hypercontractivity) is preserved under taking quo-
tients, using this ‘induced’ grading.

Definition 3.21. Let G be an n-graded compact group, let H be a closed normal subgroup of
G, and let m: G — G/H be the quotient map. The n-graded structure on L?>(G/H) induced
from that on L*(G) is given by letting ng/H consist of all functions f in L*(G/H) such
that f o7 is in V:G:i. The space V;{g is defined similarly.

We note that this definition is consistent with our choices of the gradings of Spin(n)
and of SO(n).

Lemma 3.22. The subspaces V:Gd/H constitute an n-grading of the compact group G/H.

Proof. We first note that if

[n/2]-1
PG =| @ VS| oVenp
d=0

is a grading of L?(G), then each V:Gd is closed (being an orthogonal complement of a sub-

space), as is V>Gn/2.
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Let i: L2(G/H) — L?*(G) be given by i(f) = f om. We let i* be its adjoint, which is
given explicitly by i*(f)(zH) = Epepn[f(zh)], where the expectation is taken with respect
to the Haar probability measure on H. Now i* commutes with the action of G (from either
the left or the right) and therefore the spaces i*(V.¢)) and i* (Vf’;z /2) are invariant under both
the left and the right actions of G. Since ¢* preserves orthogonality, these spaces are also
pairwise orthogonal. Since i* 04 is the identity (so i*(L?(G)) = L?(G/H)), we obtain that

the spaces i*(V.5)), i*(Vsny2) constitute a grading of L*(G/H). The fact that i* o is the

identity also imiplies that VG/ e i*(V.4) for each d < n/2, and that V>G / /I; (Vf;z /2)
We now claim that i*(V.%) = VG/H for all d < n/2, and that ¢* (V>Gn/2) V>Gn//l—21. To prove

this, it suffices to show that V& & is invariant under i o i* for each d < n/2, and that V>Gn /2

is invariant under i o 7*. (Indeed, the latter implies that i*(V.%)) C VG/ for each d < n/2,

and that i*(VS, ,) C Vf"//g

that f € V.9,. By the right-invariance, each function f(zh) is then in the space V., and as
VGd is closed, it follows that the average i o ¢* also lies in V:G:j. Exactly the same argument
works with V> /20 proving the claim. This completes the proof of the lemma. O

) Now, io0i* is given by f — (x — Eppg[f(zh)]). Suppose

Lemma 3.23. Let G be an n-graded compact group, and let H be a closed normal subgroup
of G. Suppose that G is (r,C)-(weakly) hypercontractive, where 0 < r < n/2. Then G/H
is also (r,C)-(weakly) hypercontractive, when equipped with the induced n-grading defined
above.

Proof. Let i: L*(G/H) — L?*(G) be given by i(f) = f o, as before. We notice that by
definition of the grading and of the Beckner operator, it holds that T[;(in ol = iOT(SGT/ a, Noting
that the map i is an LP-isometric embedding for all p, we have that for any f € L?(G/H),

[rer] = fiexes| = Nz, < NiChl> =151

This completes the proof of the lemma. O

If the map ¢ from earlier induces an isomorphism between the spaces V:Gd/ " and V:Gd for
all d < r, then the converse of Lemma also holds; this will be useful for going from
SO(n) to Spin(n).

Lemma 3.24. Let G be an n-graded compact group, and let H be a closed normal subgroup
of G. Equip G/H with the induced (quotient) grading, defined above. Suppose that G/H s
(r, C)-(weakly) hypercontractive as an n-graded group, where 0 < r < n/2. Suppose further
that for all d < r, the gradings satisfy z( G/H) = V:Gd. Then G is also (r,C)-(weakly)

hypercontractive, as an n-graded group.
Proof. Let us denote the Beckner operator Ts, on L?(G) by T, and the corresponding
operator on L*(G/H) by T'. Then we may write T oi = i o T". Composing with i* we
obtain

Toioi*=ioT oi*.
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We now claim that T o7 0¢* = T. First note that each space V:Gd, V>Gr is 7 o ¢*-invariant.
We can therefore use fact that the operator T" annihilates Vg to deduce that the operator
T oiod* agrees with T on Vg. Our claim will follow once we show that i 0¢* is the identity
on Vgr. To accomplish that we note that ¢ is injective, and by the hypothesis the restriction
of 7 to the corresponding V_; spaces is also surjective, and thus so is its restriction to Vg.
As the operator i* o 7 is the identity we obtain that the restriction of ¢ o i* to Vg is the
identity as well.

We can therefore write T = i o T” o i*, and using the fact that ¢ is an L9-isometric
embedding and that ¢* contracts 2-norms we obtain:

1T ll2—q = 1T 0 i*[l2g < [T [l25q 1" [|l22 < 1.

O

Conclusion. We have shown that (weak) hypercontractivity is preserved under taking
products and quotients. It is easy to check that c-strong-quasirandomness is also preserved
under taking products or quotients (using the gradings above), so we immediately obtain
Lemma [3.15] and Lemma [3.16

4 Growth in good groups
In this section we prove Theorems 1.10|[T.11] and [T.12] For now, the reader

may consider the objective of proving Theorem as motivation for what follows.

Let G be a compact group, and let i be the Haar probability measure on G. We would
like to bound p(A) for a set A C G that is product free. We first note that the property of
being product free can be stated in terms of convolutions.

Definition 4.1. For two functions f,g € L*(G), we define their convolution f* g € L?(G)
by
Frg@) = [ fay awdu(w)

For f € L*(G), we write Ty for the linear operator from L?*(G) to itself defined by
g+ g* f. Observe that if A C G is a product-free set of density u(A) = a, and f = %‘,
then (Tt14,14) = 0. If G is an n-graded group, we can decompose g := 14 into its

[n/2]-1
d=0
=0 =

orthogonal projections onto the V_;’s, and write g =
the orthogonal projection of g onto V—_;. Noting that ¢

g%+ ¢"/2, where ¢=% is
a, this allows us to expand

(Tyla,14) = (Tyg,9)

as a sum of a main term, a?, and other terms of the form (T;g=%, g=%) or (T;g>"/2, g>"/?).
We upper-bound each term by using Cauchy-Schwarz:

(Trg™ =N < I T¢lveylg™%3,
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where for a closed subspace M < L?(G) and a linear operator T : L?(G) — L*(G) we write
H||T1|’|||2
Vll2
Our goal will be to show that these other term make a negligible contribution to the
sum compared to the main term a?. We accomplish that by observing that the space V_4

is Ty-invariant. This shows that the operator T° }k Ty can be diagonalized inside V_,. It also

||T||ar for the supremum of over all nonzero v € M.

implies that HTfH%/:d is equal to the maximal eigenvalue of T3Ty. We then upper bound
the maximal eigenvalue of T ]’5 T inside V_,4, showing that these eigenvalues get smaller and
smaller as the degree gets larger. Finally, we combine our upper bound on the eigenvalues
of Ty with a level d-inequality which shows that the L?-mass of g is concentrated on the
high degrees. Together, we obtain that the sum of terms (T’ fg:d, g:d> is indeed negligible.

Our upper bound on the ‘degree d’ eigenvalues of T}‘ T follows by combining a level d
inequality with a lower bound on the dimension of each eigenspace of TJ’? T'y. We use the fact
that each such eigenspace is a subrepresentation of V_; and therefore by strong quasiran-
domness must have dimension > ()4, for the appropriate quasirandomness parameter Q.

We upper bound \(ng>”/2, g>™?)| in a similar fashion.

4.1 Level d inequalities and the eigenvalues of convolution operators

Recall that the Hilbert-Schmidt norm of a linear operator 1" on a separable Hilbert space
H is defined by

o0
ITlfs =D IT(ea)ll3.
i=1
where {e;}?°, is any Hilbert-space basis for H; if T' is a compact operator, then ||T'||us

is the square root of the sum of the eigenvalues of T*T' (counted with multiplicity). One
standard fact (see e.g. [9], page 267) is the following.

Fact 4.2. Let f € L*(G) and let Ty be the linear operator from L*(G) to itself defined by
g g* f. Then Ty is a compact operator, and the Hilbert-Schmidt norm of Ty is equal to
the 2-norm of f:

| Ts | s = [ f]2-

We recall our notation for the norm of an operator on a subspace of L?(G).

Definition 4.3. Let M < L%(G) be a closed subspace. Let T: L*(G) — L*(G) be a linear
operator; then we write ||T||ar := sup{||T'f|l2/[|fll2 = f € M\ {0}}.

We now give our upper bound on the level d eigenvalues of T'.

Lemma 4.4. Let G be an n-graded ((Qd)zg, Q)-quasirandom group. Let f € L*(G). Then

. . =d
the spaces V—q, Vzp o are Ty-invariant. Moreover, ||Ty|, < % and HTfHV%/2 < %

Proof. We first claim that the subspaces Vg4, V>, /2 are all Ty invariant. To see this, observe
that if U < L%(G) is a closed subspace that is invariant under the right-action of G, then
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for every g € U, we have g * f € U as well. (Indeed, let h € U+; then

£ = [ [ ot s@h@autan = [ [ oty swhdutdu) = o

using Fubini and the fact that for each fixed y € G the function z — g(zy~!)f(y) lies in
U. Hence, g+ f € (U+)t = U.) Applying this with U = V_g4, which is a closed subspace
invariant under the right action of G, we see that the spaces V_g are indeed T'-invariant.
Similarly, applying it with U = V5, /5 (which is also a closed subspace invariant under the
right action of G), we see that V-, 5 is also Ty-invariant.

Fix d < n/2, and let us orthogonally decompose f as f = f=¢+f’. Then T} = Ty=a+Tyr,
by the linearity of convolution. We now assert that Ty agrees with Tj—s on V_,4. Essentially
the same argument as that above shows that if U < L?(G) is a closed subspace that is
invariant under the left-action of G, then g x f’ € U for every f' € U and g € L*(G);
applying this with U = V_J‘d , we obtain that Tyg € V_J‘d for every g € L?(G). Hence,
if g € Vg, then T g = 0, proving our assertion. It follows that HTfHV is the maximal

eigenvalue of the operator T :de_d. On the other hand, Fact 1mphes that || f=9||3 is
the sum of the eigenvalues of T;:de:d counted with multiplicify.” To complete the proof

that [|Ty[ly,_, < ||J:/Q7L|2 we show that each such multiplicity is > Q4 and so

2 =d
QT2 , < IF 13

To lower-bound the multiplicities of the eigenvalues of T;_; T =a inside V_4 we note that
T}k:de:d commutes with the left-action of G, since Ty=a does. This implies that the
eigenspaces of T7_;Ty-a are left G-submodules of V_4. Each such submodule contains
an irreducible representation, which has dimension > )4 by hypothesis. The proof that

HTfHV%/Q < ”\J/Cg is similar. -

We now upper-bound HTfHV:d by proving a corresponding level d-inequality.

Theorem 4.5. Let G be an (r,C)-hypercontractive group. Let f: G — {0,1} and write
o :=E[f]. Let d € N be such that 0 < d < min{}log(1/a),r}. Then

_ 100\
774 < (15) a?tog(1/a).

Proof. Let q = M. Let ¢’ be the Holder conjugate of ¢, i.e. the number satisfying
% + % = 1. Then by (r, C)-hypercontractivity and Lemmaﬁ we have

1F=4U% = (f, 79 < 17l flly < (COY? =g - ot Y0,

After rearranging we obtain
1F=13 < (2Cq)?a?
The theorem follows by plugging in the value of q. O
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Theorem [.5] together with Lemma also shows that Theorem implies Theorem
.ol
Combining Lemma [£.4) with Theorem [£.5, we have the following.

Lemma 4.6. For each ¢,C > 0 there exist ¢',ng > 0 such that the following holds. Let
n > ng and let G be an n-graded (C,c)-good group. Let A C G be measurable, and suppose
that

o= pg(A) € (V).

Write f = %A and t = 229 Tpep for all 1 < d < t, we have

2
c’ log(l/a))Ci/2

Il < (S

where C' := %. Moreover,

an 10
17y, < (5)

n

Proof. The lemma follows by applying Lemma with the values of (94 and @) which are
promised by the goodness of G, and then bounding H f:dH2 using Theorem

Let us begin with the range d < t. Since we know that G is c-strongly-quasirandom,

he have that G is ((Qd)g;/lﬂ_l,Q) graded where Qg > (%)d for all d < t. Hence, by

Lemma [4.4] we have

[
VQa

<, (3) "

_ Ha'deg ' (cg)—dﬂ

/2 /2
(&) - (5F) restijar2

ITrlly_, <

cn

(using Lemma
_ (100 log(l/a)>d/2

X
cn

which is the desired bound.

Next, consider the range d > t. For d in this range, and provided that ng is sufficiently
large, we have from c-strong-quasirandomness that Qg > (%)t By Lemma we therefore
have, by a similar computation to before,

t/2

AN —t/4_—21t —1/2 )10
ITfll, < Ufll2 () <nmietat/2 < (2)7
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where we used on
o 64277,1/2,
t

which holds provided ¢’ is sufficiently small. O

Lemma 4.7. Let ¢,C,¢ > 0. Let G be an n-graded c-strongly-quasirandom group. Let
A C G be measurable, and suppose that

/

a:=pug(4) = c.
Write f = %‘. Then for 1 < d < cn/(1+ ¢) we have
d/2
n—1/2 [ d
1Tyl < () (n) |

and for d > en/(1 + ¢) we have
HTfHV:d < (C/)—1/2(1+c)fcn/(2(1+c))'

Proof. The lemma follows by applying Lemma [4.4] with the values of Q4 and @ that are
guaranteed by the goodness of G, and then upper-bounding || f=¢|| using || f=%||2 < ||f]l2 =
a—1/2 < (01)71/2.

O

Lemmas and together show that Theorem [3.10] implies Theorem
The following is a version of Theorem that is perhaps easier to comprehend.

Theorem 4.8. For each ¢,C > 0 there exist ¢,C' > 0 such that the following holds. Let
G be an n-graded, (c,C)-good group, let f: G — {0,1} be measurable, and suppose that
o :=E[f] = e V™. Then for all d € N, we have

1F=13 < (C)%a?log?(e/a). (2)

Proof. Provided that C” is sufficiently large with respect to ¢ we may assume that o < .
Indeed, for o > ¢ the right hand side is greater than one, and we always have the trivial
upper bound || f<?||2 < ||f]|2 = «. Let r = c¢y/n, and note that in the case where d > r the
upper bound is trivial, as in this case the right-hand side of [2|is (again) greater than one.

Let ¢ = log(1/a). Let ¢’ be the Holder conjugate of ¢. For d < r, we have by (r,C)-
hypercontractivity and Lemma that

LF=03 = (£ =) < UF ol flly < (Ca)™ 2= aa e,

After rearranging we obtain
17713 < €*(Cq)'a? = 2 Cla® log(1/a).

This gives the right bound, provided C’ is sufficiently large depending on C.
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4.2 Upper bounds on the measures of product-free sets

Let us now show how Lemma [4.6|implies an upper bound on the measure of a product-free
set in a good group.

Theorem 4.9. There exist ¢, ng > 0 such that the following holds. Let n > ng and let
G be a (c,C)-good n-graded group. Then every measurable product-free set in G has Haar

_/n1/3
measure at most e €™ ",

Before proving Theorem let us note that together with Theorem [3.10] it implies
Theorem[I.2] This follows since, by Lemma for all n > ng every compact connected Lie
group of min-rank n is a (¢, C')-good n-graded group for some absolute constants ¢, C' > 0.

Proof. Let A C G be product-free and measurable; write = E[l4] and ¢t = M.

Assume w.l.o.g. that a < ¢/, where ¢ is to be chosen later (if not, then replace A by a

smaller product-free set). Let f = %‘. Suppose for a contradiction that o > e We

have
L£]

0= (Tyf, ) =FE[f]+ Y (T~ f=4 + (Tp 7", 7). (3)
d=1

Provided ¢ is sufficiently small, we may now apply Lemma and Theorem with
14 = fa to obtain, for sufficiently large C’ and all 1 < d < t,

—d = _ C'log?(1/ 4/2 _
T =4, =] < Ty =418 < (SRR ) T < 100
provided ¢’ is sufficiently small depending on C’. We may also apply Lemma to obtain

an 10

(T P < T lvedIfIB < (5)

As E[f] = 1, these two upper bounds contradict . O]

4.3 Product mixing

The proof of Theorem in fact gives the following stronger statement, which implies
Theorem [L.111

Theorem 4.10. For any e > 0, there exist ¢, ng, such that the following holds. Let n > ng
and let G be a (c,C)-good n-graded group. Let A, B,C be measurable subsets of G, each

. —c/nt/3 _ 1a _ 1B _ ¢
with Haar measure at least e . Let f = WA 9 = w(By h= 20 Then

[(frg,h) =1 <e.
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Proof. Assume without loss of generality that B has the smallest measure of the three sets.
(Note that, while the trilinear form 7 (f,g,h) := (f % g,h) is not quite symmetric with
respect to permuting f, g and h, we may swap the positions of f and g or of g and h if we
replace some of A, B and C by their inverses, meaning A~ := {#71: 2 € A} etc, which
have the same measures. So there is indeed no loss of generality in assuming the above.)
Write pu(A) = a, u(B) = B, u(C) =y and C' = £

Note that (f * g,h) = (Tyf,h). First we quickly handle the case where f > ¢/. Here
we may apply Lemma to obtain that [Ty — Io|l2—2 < ec/, where Iy denotes operator
F +— E[F] which sends a function to the constant function of the same expectation, provided
that ng is sufficiently large. Using the fact that E[g] = 1 we then have

/

C
(Tof,h) =1 = [(Tof, h) = (Do f; ) < [Ty = Tolla—z - I fll2 - 1Az < € 212 <6

yielding the conclusion of the theorem.
The proof of the case min{a, 8,7} = 8 < ¢ proceeds similarly to the proof of Theorem

4.9l Let t = M. We have

[£]
(Tyf h) — 1= (Tyf,h) — (T, f=0,h=") = > (T, f=4 h=) + (T, f>*, ). (4)
d=1

Using Lemma [4.6] we obtain the upper bound

10
>t >t /6
(Lo f~" h7O) < | Tyllv>ell fll2llRll2 < al/Z AATZ 10 <e/2, (5)

provided that ng is sufficiently large. For 1 < d < ¢, we use the upper bound

(o~ =) < I TylveLF =212 (6)

, d/2
By Lemma we have ||Tg|lv_, < <Cl%(l/a)) . By Theorem we have the upper
bound

1£=%13 < C"log?(e/a),

and similarly for h,
In=713 < €' log?(e/7).

Substituting the last three bounds into @, we obtain

, /2
O% log(e/ ) os(e/ ) o/} " < i -

(T, =4, = < (

provided that ¢ is sufficiently small depending on C, ¢ and ¢.
The sum of the contribution from and of those from for 1 < d < t, to the
right-hand side of , is clearly less than e, yielding [(Tf, h) — 1| < €, as required. O]
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4.4 Equidistribution of convolutions

Let A C G be a positive-measure subset of a good Lie group, and suppose that X is a
G-homogeneous topological space (equipped with its G-invariant Haar probability measure
px), and that B C X is a positive-measure subset. The next theorem states that as long
as the measures of A and of B are not too small, applying a uniformly random element of
A to a uniformly random element of B yields an almost uniformly random element of X
(meaning, a random element with respect to the Haar probability measure). Note that
Theorem below, together with Lemma, [3.15] imply Theorems and

Theorem 4.11. For each C,c,e > 0 there exists ¢',ng > 0, such that the following holds.
Let n > ng, let G be an n-graded (C,c)-good compact connected Lie group, and let X
be a G-homogeneous topological space (equipped with the G-action (g,z) — gz ), and let
pwx denote the G-invariant Haar probability measure on X. Suppose that A C G and
B C X are measurable sets of Haar probability measures > e €V™. Let ua denote the
Haar probability measure on G, conditioned on the event A, and let up denote the Haar
probability measure on X conditioned on the event B, i.e. pp(Y) = ux(BNY)/ux(B) for
a measurable set Y C X, and pa(Z) = pc(AN Z)/nc(A) for a measurable set Z C G.
Then the total variation distance between px and the distribution of ab where a ~ ps and
b ~ up independently, is less than €.

Proof. Consider first the case where X = GG and G acts on itself by left multiplication; in this

case, since the distribution of ab is j14 * pg, we need to show that ||ua * up — pg|lpy < €.

We associate p4 with the function fg = Hl(le) € L*(G) and similarly, we associate pup with

the function fp = 1p/u(B) € L*(G); it follows easily from the Cauchy-Schwarz inequality
that ||pa * up — pallpy < ||fa * fB — 1||2. So our aim is now to prove that

I fax fB—1|2<e. (8)

/

In proving , we argue that we may assume, without loss of generality, that u(B) < ¢.
Indeed, if this does not hold, then write B = U;c;B; as a finite, disjoint union of sets B;
such that /2 < u(B;) < . Once we have proved for sets of measure at most ¢, we
obtain the desired bound for B by convexity, noting that fp is a convex combination of the
functions fp,.

Set t = w. We now have

t
—dn2
1fa* f5 =113 =D ITps F2lly + 1 Trs F2113.
d=1

Now
1Tt 2% < Tpslly I £ 2%l

and
1Tt £ Ml2 < Tl 1 F3 N2
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The bound now easily follows from Theorem and Lemma similarly to in the
proof of Theorem [4.10] Indeed, these yield

<eq47d

2 log(l/u(A))log(l/u(B)))d/2

1T vl £ < ( )

forall 1 <d<t, and

5\
T leal 30 < (2) a2 < e

provided that ng is sufficiently large and ¢’ sufficiently small depending on ¢, C' and ¢.

To prove the general case, note that we may choose an arbitrary zop € X and set
B={beG:bxge B} Ifb~ 5 then bxzo ~ pp, and if g ~ pue then gz ~ pyx; it follows
that ||pap —px||Tv < [|1a*pg —pallTv, where pg, denotes the distribution of ab for a ~ pu4

and b ~ pp (independently). The result for the pair (A, B) therefore implies the result for
(A, B). O

5 Growth in fine groups

In this section we show that Theorems and follow from Theorem

First, the theorem below is a variation on Theorem with hypercontractivity replaced
by weak hypercontractivity. Together with Lemma[3.16]it shows that Theorem [3.14] implies
Theorem [1.4

Theorem 5.1. Let ¢ > 0, C > 1 and let G be an (r,C)-weakly hypercontractive group.
Let f: G — {0,1} be measurable, and write o := E[f]. Let d € N be such that 0 < d <

min (M, r). Then

=d
1£=413 <

(elogc(il/a)>20da2.

Proof. Let ¢ =log(1/a)/d, and let ¢’ be the Holder conjugate of q. Then by Holder, weak
hypercontractivity and Lemma we have

LF=18 = (f, =) < UF ol flly < a@Oal =90 =) 2.

The theorem follows by rearranging and substituting a=%/? = . (Note that C' > 1, by the
definition of weak hypercontractivity.) O

The following lemma is a variant of Lemma for fine groups — the proof is the same
as for Lemma [£.6] only using Theorem [5.1] instead of Theorem We will make use of it
when proving our diameter bounds for fine groups.
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Lemma 5.2. For each ¢ > 0 and C > 1 there exist ¢/, C’',ng > 0 such that the following
holds. Let n > ng and let G be an n-graded (C,c)-fine group. Let A C G be measurable,
and suppose that

/

a:=ug(A) € (e7 ", ).

Wm’tef:%‘ andtz%. Then for 1 < d <t we have

i1y, < () (YT

cn
We also have
alO
1T¢lly,, < TR

We now show that if f has small expectation, then most of the Fourier mass of f lies
on the high degrees.

Lemma 5.3. For each ¢ > 0 and C > 1 there exist ¢',ng > 0 such that the following holds.
Let n > ng, let G be a (c,C)-fine n-graded group, and let f: G — {0,1} be measurable.

e log(1
Suppose that o :=E[f] = e ", and let 0 < t < Olgo(fjc/g). Then || f<H)3 < 2 - 299,

Proof. Inserting a factor of 2 into the bound from Theorem we have for any 0 < d <t

that 2d
74 < 2 (2B ) 2

Y

and for d = 0 we have || f=°||3 = o?. Therefore || f<t|| is upper-bounded by 2a? multiplied by

20d
the maximum of <%§1/0‘)) in the range where d < 1"1%0%3)

the derivative with respect to d, it is easy to show that the maximum is obtained at the

end point when d = 101%(6%3‘). This shows that

. Taking logs and computing

2log(1l/a)

1 £5H12 < 202(2- 105 - eC?) T105c < 2%,
as required. O
For smaller values of d, we have better bounds.

Lemma 5.4. For each e,c > 0 and C > 1, there exist ¢,ng > 0 such that the following
holds. Let n > ng, let G be a (C, c)-fine n-graded group, and let f: G — {0,1} be measurable.

Suppose that o == E[f] > e " and let d € N with 0 < d < logi#. Then

17593 < 0"

34



Proof. Let ¢ be sufficiently small and ng sufficiently large with respect to €,¢,C. Let

t= logg%. Similarly to in the proof of Lemma it is easy to see that

_ elog(1/a)\ 2" e
Hffd”g < < gi / )) 042 _ (e'na)ZC’log(l/a)/n ]

Now
(6 . ns)2Clog(1/a)/n5 — afn_g-QClog(enE) < a,n—6/2

)

provided that n > ng. O

5.1 Product mixing in fine groups

The next lemma is a version of Theorem [£.10] except for fine instead of for good groups.
The only difference in the proof is that we apply Lemma [5.2] in place of Lemma and
Theorem [5.1] in place of Theorem

Lemma 5.5. For each e,¢ > 0 and C > 1, there exists § > 0 such that the following holds.
Let G be a (C,c)-fine, n-graded group, let A, B,C C G be measurable sets of measures at

least 6_"6, and let [ = Ml(ﬁ),g = “?%),h = ul(%)' Then |(f xg,h) — 1] < e.

We remark that Lemma [5.5] is only weaker than the corresponding Theorem for
good groups. We include it even though the groups of interest to us are both good and
fine. We decided to include the lemma mainly for aesthetic reasons. Our diameter bounds
rely on Lemma [5.5] and we preferred to show that our diameter bounds hold for fine groups
rather than groups that are both good and fine.

Below we use a trick of Nikolov and Pyber [34] (who observed that product mixing
implies an upper bound on the diameter), to bound the diameter in fine groups.

Corollary 5.6. For each ¢ > 0 and C > 1, there exists § > 0 such that if G is a (C,c)-fine
group and A C G is a measurable set of measure at least e*”(s, then u(A?) > 1 — efné, and

A3 =G.

Proof. The claim about u(A?%) follows by applying Lemma while taking A = B = A,
C =G\ A% and ¢ = 1/2 (in fact, any value of ¢ less than one, will do). As for the claim
about A3, suppose for a contradiction that A3 # G. Let € G\ A3. Then A2NzA~! = 2.
This contradicts Lemma when setting A= B =Aand C = zA™!. O

5.2 Non-Abelian Brunn-Minkowski type inequalities for fine groups

The following theorem is a restatement of Theorem

Lemma 5.7. There exists absolute constants ¢ ,ng > 0 such that the following holds. Let
G be a compact connected Lie group with n := n(G) > ng, and let A C G be a measurable
set of measure at least e ™. Then p(A)? > u(A)%L.

35



Proof. First note that u(A) > 4 implies that A> = G, as if z € G\ A%, then A and zA4™!
are disjoint sets each of measure greater than 1/2, a contradiction. By Corollary we

may also assume that u(A) < e, provided ¢ is sufficiently small.

Let f = % and g = 142. Then we have (f * f,g) = 1. On the other hand by Cauchy—
Schwarz we have

[(f Ll < W fllz2llglz = 1 * Fll2v/(A%).

. . log(1/u(A
This yields p(A?) > [l Lot = “EGHERL Wo have || f+ |3 = [/ <0« f< 3+ £>1+ 7>

By applying lemma [5.3| with 14 we obtain
1S4 FSHE < LSl < a0

By applying Lemma we obtain
a\20
177 B < TR AR < (5) et <.
Combining the bounds completes the proof. O

Lemma 5.8. For each €,¢ > 0 and C > 1 there exist d,ng > 0 such that the following
holds. Let n > ng and let G be a (C,c)-fine n-graded group. If

w(A) = e € (e_nl_g,e_m) )

s

then u(A2%) > e

Proof. We may and shall assume, throughout the proof, that ¢ is sufficiently small depending
La

on ¢,C and ¢, and that ng is sufficiently large depending on 6. Let f = W(A) As in the
proof of the previous lemma, we have

1
VG ——— (9)
If =+ £l3
Let t; = W and to = %. We bound || f  f||% from above by decomposing it
as follows:

to
1 * FIB = 1< % FS B+ D0 P f=U5 + 115772+ £ 3 (10)

d=t1

By applying Lemma [5.2] we obtain

alO

1£772 % f72 Nl < | Thllve, I fll2 < Wofm <1
Applying Lemma (with af in place of f, and e taken to be 4¢), we have

_ =26
IF< s <l < NfS"E < a7 0™ <
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provided that § is sufficiently small and n is sufficiently large depending on 4.
Finally, for t; < d < ty we combine Lemma [5.2| with Theorem to obtain the upper
bound

I _ log(1/a)\*“" ~d/2
17 1= < IT Al 1= < o2 (S ) (D)

<1'<eb%;ﬁ”>ﬂm.(Cbﬂzmwf>—W{

We may now use the fact that
(s <

to obtain
2Cd
1=+ =45 < elog(1/a) - (en®) /2 < 990y —=d/2 i’
d 2n
provided ¢ is sufficiently small. Substituting all of these upper bounds into yields

If«fI3 <2430 <a™

provided ng is sufficiently large, and substituting this into @ completes the proof.

5.3 Diameter bounds for fine groups

Theorem 5.9. For each e,¢ > 0 and C > 1, there exist m,ng > 0, such that the following
holds. Let n > ng and suppose that G is a (C,c)-fine n-graded group. Let A C G be a
measurable set with u(A) > e ™ . Then A™ = G.

Proof. Note that we may assume ¢ is as small as we please (depending on ¢ and C'). First
apply Lemmarepeatedly (N times, say), until A?" has measure > e~"". In other words,
p(A™) > e~ where m; depends upon ¢ alone. We can now apply Corollaryto obtain
A3 = @, provided that ¢ is sufficiently small depending on ¢ and C. Ul

6 The strong quasirandomness of the simply connected com-
pact Lie groups

In this section we describe the degree decomposition of the n-graded simply connected

simple compact Lie groups in terms of their irreducible subrepresentations. We also show

that all of them are c-strongly-quasirandom, for some absolute constant ¢ > 0. In addition,
we introduce the notion of comfortable d-juntas. These will be important in our proofs.
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One of the goals of this section is to show that each Peter-Weyl ideal W, C V_; contains
a comfortable d-junta. This is useful because any linear operator on L?(G) that commutes
with the action of G from both sides, has each W, as an eigenspace. The operators we use
in Section |8 will have this commuting property, and so when computing their eigenvalues
we can simply consider the action of the relevant operator on a comfortable d-junta.

6.1 The Peter-Weyl theorem

We now recall some classical facts from the representation theory of compact groups. The
Peter-Weyl theorem states that if G is a compact group, equipped with its Haar probability
measure, then L?(G) has the following decomposition as an orthogonal direct sum:

L*(G) = EPWw,,
el

where G denotes a complete set of complex irreducible unitary representations of G (here,
complete means having one irreducible representation from each equivalence class of irre-
ducible representations), and W, is the subspace of L?(G) spanned by functions of the form
g+~ ulp(g)v, for u,v € V, where V is the vector space on which p acts. The latter functions
are known as the matriz coefficients or the matriz entries of p. The subspaces W, are
two-sided ideals (meaning, they are closed under both left and right actions of G), and they
are also topologically closed; in fact, they are precisely the minimal non-zero topologically
closed two-sided ideals of L?((), and they are therefore irreducible as G x G-modules (the
G x G action being defined in the obvious way, with the first factor acting on L?(G) from the
left and the second from the right). We call them the Peter-Weyl ideals of L?>(G), though
this terminology is non-standard. The space W, can be decomposed as a direct sum of
dim(p) irreducible left-representations.

Since the Peter-Weyl ideals W, are precisely the minimal closed two-sided ideals of
L?(G), every closed two-sided ideal of L?(G) can be decomposed as a direct sum of some
of the W,. Let d € NU {0}; since V_g4 is a closed, two-sided ideal of L?(G), there exists a
set Ly of irreducible representations of G such that

Vo= P w,

pELy

If p € L, for some integer 0 < d < n/2, we say that the level of p is equal to d. (Note that,
since the V_; are pairwise orthogonal, the sets £, are pairwise disjoint.)

6.2 Weyl’s construction for SO(n), and its applications

Our goal is now to show that for the group SO(n) each p € L4 has dimension at least (<)%

for some absolute constant ¢ > 0, for each d < n/2. We will also show that the other
irreducible representations of SO(n) all have dimension at least exponential in n, i.e. at
least exp(¢’n) for some absolute constant ¢’ > 0.
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We briefly recall Weyl’s construction of the irreducible representations of SO(n). For
more detail on Weyl’s construction, the reader is referred for example to the book [12]
of Fulton and Harris. (We note that, though the description in [12] is of SO(n,C), the
irreducible representations of SO(n) := SO(n,R) are in a dimension-preserving one-to-
one correspondence with those of its complexification SO(n,C).) We start by describing
the irreducible representations of O(n) := O(n,R). Let V = R™ denote the standard
representation of O(n), defined by py(g)(v) = g-v — meaning, multiplication of the matrix
g with the column-vector v. (We note, for later, that the restriction of this representation to
SO(n) is known as ‘the standard representation of SO(n)’.) For a partition A = (A1,...,\¢)
of some non-negative integer, let d = Zle Ai. Consider the group algebra of the symmetric
group on d elements, R[Sy], with the standard basis {e4 : g € Sy}, and with multiplication
defined by egep, = egp, for g, h € Sq. (Where there is no risk of confusion, we will sometimes
write g in place of eg4, as an element of R[Sy]|, as is usual practice.) Let T' be the standard
Young tableau of shape A with the numbers 1,2,...,A; (in order) in the first row, the
numbers A\ + 1, A\; +2,..., A1 + A2 (in order) in the second row, and so on. Also, let P be
the subgroup of Sy stabilising each of the rows of T' (as sets), let @ be the subgroup of Sy
stabilising each of the columns of T' (as sets), and let

ey = Z eg Z sign(g)eq

ger geQ

be the Young symmetrizer of A corresponding to 7. The group Sy acts on V& from the
right, permuting the factors:

(’U1 RV Q... ®Ud)g = Vg(1) ®Ug(2) RX... ®Ug(d),

and, extending linearly, so does R[Sy].

We define the Weyl module Sy(V) := V®dc,. Clearly, Sy(V) is a left O(n)-submodule
of V¥4, Tt is reducible in general. However, we can obtain an irreducible left O(n)-module
by considering S[,\}(V) := Vld¢,, where V4 is defined to be the intersection of the kernels

of all (g) linear maps on V®? of the form
VI QU2 Q... Qvg = (Vj,0)V1 ®V2 @ ... ® Vi1 Q@Vit1 Q... BVj_1 ®Vj41 @ ... R Ug.

Such linear maps are called contractions. It turns out that when the sum of the lengths of
the first two columns of the Young diagram of A is greater than n, we have Sj5 (V) = {0}.
The other modules Spy(V') (corresponding to those partitions A such that the sum of the
first two columns of the Young diagram of A is at most n) form a complete set of pairwise
inequivalent irreducible complex representations of O(n).

Weyl’s construction for SO(n) requires only one additional ingredient. We say two
partitions A and p are associated if the sum of the lengths of the first column of A and the
first column of 4 is equal to n, and the ith column of A has the same length as the ¢th column
of u for each @ > 1. If X\ and p are a pair of distinct associated partitions, then Spy (V)
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and S, (V) restrict to isomorphic representations of SO(n). If A is self-associated (which
happens iff n is even and the first column of A has length n/2), then S;y(V) restricts to a
direct sum of two isomorphic irreducible representations of SO(n); if A is not self-associated,
then S;y(V) restricts to an irreducible representation of SO(n), and if A" is the partition
associated to A, then Sjy, (V') restricts to the same irreducible representation of SO(n). In
the latter case, it is customary to choose (as the representative of its equivalence class), the
partition with first column of length less than n/2. Note that, importantly for us, for any
partition A with » ;A < n/2, S;y(V) is irreducible as an SO(n)-representation, as well as
being irreducible as an O(n)-representation, and moreoever, as A ranges over partitions of
integers less than n/2, the Sy (V) are pairwise inequivalent as SO(n)-representations, as
well as being pairwise inequivalent as O(n)-representations.

An alternative definition of the level of a representation

The purpose of this section is to show that for a partition A with ). \; < n/2, the level of
the irreducible representation Spy (V') of SO(n) is equal to ), A;.

o —

For 0 < d < n/2, define (as above) Ly := {p € SO(n) : p has level d}, and define L,
to be the set of irreducible representations of SO(n) (up to equivalence) that have the form
S (V), where » 7, A; = d. We wish to show that £y = £y for all 0 < d < n/2.

Lemma 6.1. Let V. = R" be the standard representation of SO(n) and let 0 < d < n/2.
Then all irreducible SO(n)-subrepresentations of V& are elements of Ufzoﬁi.

Proof. We prove this lemma by induction on d. The case where d = 0 is trivial. Let
d € N and assume the statement of the lemma holds whenever d is replaced by some
d’ < d. Recall that, since V& can be expressed a sum of V4 and some other modules all
isomorphic to V®(@=2)_ all the irreducible SO(n)-subrepresentations of V@4 appear either
as SO(n)-subrepresentations of the module V¥ or as SO(n)-subrepresentations of V®(@=2),
By the induction hypothesis, it therefore suffices to show that each irreducible SO(n)-
subrepresentation of V14 is an element of £; for some i. Let cx 1 be the Young symmetrizer
corresponding to the Young tableau T (not necessarily the standard one) of shape A. It
is well-known that the cyr (as A ranges over all partitions of d and T over all Young
tableaus of shape \) spans a subspace of R[Sy] containing the class functions; in particular,
we may write Id € R[Sy] as a real linear combination of the ¢y 7’s. It follows that vl
is a sum of left O(n)-modules of the form V[d}c,\vT, and clearly V[d]cAvT is isomorphic to
Vide, = Sin(V), as either a left O(n)-module or a left SO(n)-module. This completes the
proof of the lemma. O

The following lemma implies that £; = L for all 0 < d < n/2.
Lemma 6.2. If0 < d <n/2, then

Vo= P w,

pELy
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Proof. We prove the lemma by induction on d. For d = 0, the statement is trivial. Suppose
now that d > 0. Since the spaces W, are pairwise orthogonal, the induction hypothesis
reduces our task to showing that

i=0 pefy

Let us write ‘N/gd = @?:0 &b peiy Wp- We now use Lemma namely that all the irre-

ducible subrepresentations of V®¢ are elements of ZZ for some 7 < d. The matrix coeflficients
of the representation VV®? include the entries of the matrix X®¢, where X € SO(n) is the
input matrix. These are exactly the degree-d monomials in the entries of X. Decomposing
V@@ into irreducible representations, we see that all the homogeneous degree-d polynomials
belong to f/gd; using the induction hypothesis again, all polynomials of degree at most d — 1
belong to Vey_1 C Veg, and therefore Vg C Veg. The reverse inclusion (Vey C Vey) follows
immediately from the fact that if }; \; = d, then the matrix coefficients of Sy (V') are
homogeneous degree-d polynomials in the entries of the input matrix. O

We can now extend the notion of level to all the representations of SO(n).

Definition 6.3. Let p be an irreducible representation of SO(n) and let X be the corre-
sponding partition, whose Young diagram has first column of length at most n/2. Then we

define the level of p to be Y . \;.

Comfortable d-juntas

We now digress a little and show that Weyl’s construction implies that each Peter-Weyl
ideal W), contains a certain ‘nice’ function. This will be used later, in Section @
Our ‘nice’ functions are as follows.

Definition 6.4. The comfortable d-juntas on SO(n) are the functions on SO(n) of the form

X — Z AoT1,0(1) """ Ld,o(d)

oESy
for as € R.

We remark that we use the term ‘junta’ here, by analogy with juntas in the theory
of Boolean functions (on {0,1}"), because functions of the above form depend only upon
the upper d x d minor, though we stress that we will be interested in the case where d is
polynomial in n (e.g. d ~ /n), rather than just the case of d fixed and n large.

Letting eq,...,e, be the standard orthonormal basis of R", since (e;,e;) = 0 for all
i,j € [d] we have e1 ® ... @ eq € VU, Therefore (e; ® ... ® eg)cy € Sy (V), and thus the
function Py in L2(SO(n)) defined by

Py(X) = (X((e1®...@¢€eg)cn), €1 Q... R eq)
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is a matrix coefficient of Sjy(V).  Moreover, the function P is clearly a comfortable

d-junta: writing ¢\ = Eaesd £s0, where e, € {—1,0, 1} for each o € Sy, we have

d
P(X) = Z SUHv’Cz',a(i)-

€Sy =1

Moreover, we clearly have Py(Id) = 1, so P is a non-zero element of L?(SO(n)). We obtain
the following conclusion, upon which we rely crucially in the sequel.

Fact 6.5. Let 0 < d < n/2. For each irreducible representation p € L4 of SO(n), the
Peter-Weyl ideal W, contains a nonzero comfortable d-junta.

6.3 Obtaining strong quasirandomness for SO(n).

The following lower bound on the dimension of an irreducible representation of SO(n) follows
immediately from the analysis in [39] of Weyl’s original dimension formulae [42]. (We note
that our comfortable d-junta machinery could be used to easily obtain a slightly weaker lower

bound of ( an/l%)’ We use such an argument later, when showing strong quasirandomness
for SU(n).)

Lemma 6.6. If p is an irreducible representation of SO(n) of level d < n, then

(n—d)’

dim(p) > ~—

We also need the following lower bound, whose proof is deferred to the Appendix.

Lemma 6.7. Let n > 5. If p is an irreducible representation of SO(n) of level d > n/2,
then
dim(p) > exp(n/32).

Lemmas [6.6] and [6.7] immediately give strong quasirandomness.

Theorem 6.8. For each n > 2, the n-graded group SO(n) is c-strongly-quasirandom, for
some absolute constant ¢ > 0.

6.4 Obtaining strong quasirandomness for Spin(n).

The strong quasirandomness of the group Spin(n) follows from the fact that it is a double
cover of SO(n).

Theorem 6.9. For each n > 3, the n-graded group Spin(n) is c-strongly-quasirandom, for
some absolute constant ¢ > 0.
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Proof. Recall that the spin group Spin(n) is the double-cover of SO(n) for all n > 2. It is
a simply-connected real Lie group for all n > 3, so its complex irreducible representations
are in an explicit (and dimension-preserving) one-to-one correspondence with those of its
Lie algebra. It has the same Lie algebra as SO(n); this Lie algebra so(n,R) is simple for
all n > 5, and its complexification so(n,C) is likewise simple (for all n > 5), so by e.g. [12]
(26.14), for all n > 5 the complex irreducible representations of so(n,RR) are restrictions
of unique complex irreducible representations of so(n,C). The dimensions of the complex
irreducible representations of Spin(n) (for all n > 5) are therefore given by equations (24.29)
and (24.41) in [12] (pages 408 and 410). For all n = 2k 4+ 1 > 5 odd, we have

Xi—Aj—i+] 11 N+N+2%k+1—i—j
j—i %+1—i—j

dim(px) = [

1<i<j<k

b
1<i<i<k

where the k-tuple A = (A1, Ao, ... \;) ranges over all k-tuples defined by
)\i:ai+ai+1+...+ak_1+%ak

for some (a;)¥_; € (NU{0})*. The case of a;, even corresponds to irreducible representations
of Spin(n) that are also irreducible representations of SO(n); the dimensions of these were
bounded previously. The case of a; odd corresponds to ‘new’ irreducible representations of
Spin(n), but the above equation implies that any such has dimension at least 222(n) . This
calculational check is deferred to the Appendix (see Section |A.2)). O

6.5 Two descriptions of the compact symplectic group Sp(n)

We now turn to the case of the compact symplectic group. This group has two common
descriptions, and both will be useful for us.

We start with its description as the unitary group over the field of quarternions, H. A
shorthand is useful at this point: a quaternionic matriz is a matrix with quaternion entries.
The conjugate T of a quaternion x = a+ib+jc+kd is defined, as usual, by £ = a—ib—jc—kd.
The conjugate M of a quaternionic matrix M is defined by (M)s+ = My, for all s,t, and
the Hermitian conjugate M* is defined by M* = (M)!. We say an n by n quaternionic
matrix is unitary if

M*M=1=MM*;

we note that the second equality above is equivalent to the first. For n € N, the quarternionic
unitary group U, (H) is defined to be the group of n by n quaternionic unitary matrices.
This is one way of viewing Sp(n).

A second way of viewing Sp(n) is as follows. Note that an n by n quaternionic matrix
can be written in the form A+ jB, with A and B being complex n by n matrices. If A+ ;B
and C'+ jD are two quaternionic matrices, then their product satisfies

(A+jiB)(C+ jD) = AC — BD + j(BC + AD),
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and the Hermitian conjugate of the quaternionic matrix A + jB satisfies (A + jB)* =
A* — jBt. Tt follows that the map

d - ann N (C2n><2n

from n by n quaternionic matrices to 2n by 2n complex matrices defined by
. A -B
®(A+jB) = ( B A )

is an (injective) ring homomorphism that preserves Hermitian conjugates. It is easily
checked that M € H™ " is unitary if and only if ®(M) € C2"*?" is unitary (writing
M = A+ jB, either condition holds iff A*A + B*B = I and A'B = B'A both hold).

Finally, defining
(0 I,
Q= (_ " 0) ,

we observe that an arbitrary unitary matrix

_ A C 2nx2n
X_<B D)e(C

satisfies XQX = Q (or, equivalently, X'Q = QX*) if and only if C = —B and D = A, i.e.
if and only if X lies in ®(U,,(H)). It follows that

O(U,(H)) = {X € C*?" ;. X'OQX = Q} N Uy, (C).
Hence, we can also view Sp(n) as
{X e C?2n ;. X'OX = Q) N Us,(C),
i.e., as the intersection of the compact Lie group Uy, (C) with
Sp(2n,C) := {X € C¥?" : X'QX = Q}.

(The group Sp(2n,C) is known as the complex symplectic group, and it is the complexifica-
tion of Sp(n).) It can be checked (e.g. by taking the Pfaffian of the equation X'QX = Q)
that any element of Sp(2n, C) has determinant one, so Ua,, (C) can be replaced by SUs,(C) =
SU(2n) in the above identification:

Sp(n) = {X € C¥*%n . X'QX = Q} NSU(2n).

6.6 Weyl’s construction in Sp(n), and its applications

Weyl’s construction for Sp(n) is similar to his construction for O(n). Our exposition follows
Fulton and Harris [12], as before.
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The standard representation of Sp(n) is given by the second description above, regarding
the elements of Sp(n) as 2n by 2n complex unitary matrices, and taking their natural (left)
action on C?7.

Let V = C?" denote the standard representation of Sp(n). Similarly to in the O(n) case,
we have contraction maps ¢; ;: V&4 — V®@=2) given by

Yij: 11 Q- QUg— QU V)1 @+ 1; @ ® 0 ® -+ ® vy,

where © denotes that v is omitted from the tensor product, and Q(v,w) := v'Qw, where
is the matrix above.

Let V{9 be the intersection of the kernels of all the contractions ;.53 since the elements
of Sp(n) preserve the skew-symmetric form Q, V(¥ is a left Sp(n)-module. Moreover,
V{4 is acted upon by S; from the right, by permutation of the factors. (The fact that
this action preserves V@ follows from the skew-symmetry of @.) For a partition A\ F d, we
define Sy (V') to be the representation (or left Sp(n)-module) V(@ ¢y, where ¢y is the Young
symmetrizer defined in Section It turns out that S, (V') is nonzero precisely when (the
Young diagram of) A has at most n rows, and the nonzero left Sp(n)-modules of this form
constitute a complete set of pairwise inequivalent complex irreducible representations of
Sp(n). Note that the situation here is, if anything, even simpler than that for SO(n), where
we have to worry, if only momentarily, about distinct Spy (V') (for two distinct values of \)
restricting to the same irreducible representation of SO(n).

Recall that the level of an irreducible representation p of Sp(n) was defined to be the
non-negative integer d such that p € L4, where

v = B w,.
pPEL,

Let A be a partition such that >, A; < n/2. Our next aim is to show that the level of the
irreducible representation Sy (V') is equal to ) ; A;, as in the case of SO(n).

Earlier, in Section [3| we wrote our input quarternion matrix as A + ¢B + jC + kD,
where A, B,C, D are n by n real matrices, and we defined V<, to consist of the degree < d
polynomials in the entries of the matrices A, B,C and D. Alternatively, we may write the
input matrix as A + jB, where A and B are n by n complex matrices; then V<4 may be
viewed as the vector space of degree < d polynomials in the entries of A, B € C™*" and
their complex conjugates. Finally, we may use the identification ® above (in Section of

. . . . . (A .
a quarternion matrix A + jB with the 2n x 2n complex matrix < Fi > to obtain that

‘4 _B
V<a simply consists of polynomials of degree at most d in the entries of < B AB>; this is

precisely what we need to generalise our SO(n) proofs.

For each 0 < d < n/2, let £; denote the set of irreducible representations of Sp(n)
(up to equivalence) of the form Sy, (V'), where X is a partition of d. Using the fact that,
as with SO(n), any irreducible Sp(n)-subrepresentation of V% appears either as an Sp(n)-
subrepresentation of the module V{# or as an Sp(n)-subrepresentation of V®(@=2) the proof
of Lemma [6.1] generalizes straightforwardly to give:
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Lemma 6.10. Let V = C?" be the standard representation of Sp(n) and let 0 < d < nj2.
Then all irreducible Sp(n)-subrepresentations of VE? are elements of Upcicali.

Then, taking the input matrix X in the form (A _/—f), the proof of Lemma

generalises straightforwardly to give:

Lemma 6.11. Let 0 < d < n/2. Then V2™ =@ - W,

pELy
As in the SO(n) case, we may now extend the notion of level to all irreducible represen-
tations of Sp(n).

Definition 6.12. Let p be an irreducible representation of Sp(n). The level of p is the
integer d such that p is isomorphic to S\ (V), where X is a partition of d.

Comfortable d-juntas

Viewing Sp(n) as U, (H), we say a function f : Sp(n) — C is a comfortable d-junta if it is a
complex linear combination of monomials of the form

d

M — H(MZ,O(E))qg—part
/=1

where o € Sy and q1,...,qq € {1, 7, k,real}.
An easy variant of our argument for SO(n), yields the following.

Lemma 6.13. Let p be a representation of level d < n of Sp(n). Then W, contains a
non-zero comfortable d-junta.

Proof. We first adopt the second perspective on Sp(n), viewing it as
{X e C?*?" ;. X'OX =Q}NSU(2n).

Letting eq,...,e2, be the standard orthonormal basis of C*", since Q(e;,e;) = 0 for all
i,j € [n] we have e; ® ... ® eq € V@, Therefore (e1 ® ... ® eg)cy € Siy(V), and thus the
function Py in L%(Sp(n)) defined by

Py(X) = (X((e1®...®eq)cn), €1 Q... R eq)

is a matrix coefficient of S(yy(V'). Note that this is exactly the same function as we exhibited
for SO(n), except that its domain is

{X e C??" ;. X'OX = Q}NSU(2n) = Sp(n)

rather than SO(n). We claim that the function Py is a comfortable d-junta. Indeed, writing
A = Y ges, €00 € R[S,], where e, € {—1,0,1} for each o € Sy, we have

d
P)\(X) = Z EUHJ;K,U(E)-

€Sy /=1

46



A -B
5 1)
d < n and o € Sy); writing each agg(¢) as a sum of its real and imaginary parts and
expanding, we see that P, is indeed a complex linear combination of monomials of the
required form (in fact, with each ¢, being either real or i, and with the coefficient of each
monomial being in {41, +i}).

The function Py is non-zero element of L?(Sp(n)) since (as with SO(n)) we have Py (Id) =
1. O

Writing X = < we see that each () appearing above is actually a, (s (since

6.7 Obtaining strong quasirandomness for Sp(n).

The dimensions of the complex irreducible representations of Sp(n) are given by equation
(24.19) in [12]. These representations are in one-to-one correspondence with partitions
of non-negative integers, whose Young diagrams have at most n rows; the dimension of
the irreducible representation p) corresponding to the partition A = (Ay,...,\,) (with
A1 = ... > \y) is given by

)\i—/\j—i-l-j H )\i+)\j+2n+2—i—j
j—1 n+2—-1—3 '

dim(pr) = ]

1<i<g<n

I<i<isn

As with the (odd) special orthogonal groups, we define the level of the representation py
to be the number of cells in the Young diagram of A (i.e., it is the non-negative integer of
which X is a partition). The proof of the following lemma is similar to that of Lemma
We defer it to the Appendix.

Lemma 6.14. If py is an irreducible representation of Sp(n) of level d > n/2, then
dim(py) = exp(n/16).

Again, as with the special orthogonal groups, the following lower bound is immediate
from the analysis in [39] of Weyl’s dimension formulae [42].

Lemma 6.15. If p is an irreducible representation of Sp(n) of level d < n, then

(n—d)?’

dim(p) > ——

These yield the following.

Theorem 6.16. For each n > 2, the n-graded group Sp(n) is c-strongly-quasirandom, for
some absolute constant ¢ > 0.

6.8 Weyl’s construction for SU(n), and its applications.

The final group to consider is the special unitary group. We start by relating our degree
decomposition of L?(SU(n)) to the decomposition of L?(SU(n)) into Peter-Weyl ideals.
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Degree decomposition

Earlier, we defined V4 to consist of the polynomials of (total) degree at most d polynomials
in the real parts and the imaginary parts of the entries of the input matrix X € SU(n).
Equivalently, V<4 consists of the polynomials of (total) degree at most d in the entries of
the input matrix and their complex conjugates.

Wey!’s construction for SU(n)

We now recall Weyl’s construction of the irreducible representations of SU(n), and deduce
from it the consequences we need. (As before, for more detail on Weyl’s construction, the
reader is referred to Fulton and Harris [12], noting that the complex irreducible represen-
tations of SU(n) are the same as those of SL(n,C), since SU(n) is a maximal compact
subgroup of SL(n,C).) Let V = C" denote the standard representation of SU(n), defined
by pv(g)(v) = g-v. For a partition A with at most n — 1 parts, let d = d(\) = >, Ai.
Let T be the standard Young tableau of shape A (defined in Section and let cy be the
corresponding Young symmetrizer (also defined in Section . We define the correspond-
ing Weyl module by S\(V) := V®c,. Clearly, Sy(V) is a left SU(n)-submodule of V4.
The modules Sy(V'), as A ranges over all partitions with at most n — 1 parts, constitute a
complete set of pairwise inequivalent complex irreducible representations of SU(n). (Unlike
in the cases of SO(n) and Sp(n), we do not need to pass to a subrepresentation of the Weyl
module; the latter is already irreducible as a left SU(n)-module.)

Unlike in the case of Sp(n), however, the complex conjugates of the entries of the input
matrix are no longer matrix coefficients of the standard representation. Instead, they are
matrix coefficients of the dual of the standard representation, i.e. they are the entries of
the matrix (A=) = A. (Recall that the dual of a representation p is the representation p*
defined by p*(g) = (p(g™1))t.) We note that (Sx(V))* = Sy (V*) = (V*)®4c,

We have three notions of level for a representation p of SU(n), and our goal is to show
that they agree when the level is < n/2.

Recall that we defined V_g := Vo (the space of constant functions), and V_4 = Vg N
Vé?j—1 for each d € N. Since V_; is closed under both left and right actions of SU(n) for
each d € NU {0}, there exists a set L4 of irreducible representations of SU(n) such that

SU(n) @ W

pEL

If p € Ly for some 0 < d < n/2, we define the level of p to be d. (Note that, since the V_g4
are pairwise orthogonal, the sets L4 are pairwise disjoint.)

In addition, we define the tensor level of an irreducible representation p of SU(n) to be
the minimal non-negative integer d such that there exist dy,ds € NU {0} with d; +dy = d
and with p being isomorphic to a subrepresentation of V&4 @ V*®% We write £y for the
set of irreducible representations of SU(n) (up to equivalence) that have tensor level equal
to d.
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The third notion of level will soon be described in terms of the Young diagram /partition
corresponding to the representation.

The following analogue of Lemma is immediate, and implies that for 0 < d < n/2,
having level d is equivalent to having tensor level d.

Lemma 6.17. [f0 < d < n/2, then Vo™ = @ _z W,.

Step vectors

For an irreducible representation p = Sy(V') of SU(n) with corresponding partition A =
(Ay.vy Ap—1), write a; := A\; — A\jy1 for each i € [n — 1]. We call the vector (ay,...,ap—1)
the step vector of the representation p (or, abusing terminology slightly, the step vector
of the partition A). We order such vectors with respect to the lexicographic ordering, i.e.
A >lex A IE A > A where @ = min{j : \; # A}}. For a (not necessarily irreducible)
representation p of SU(n), its step vector is defined to be the lexicographically largest step
vector of an irreducible subrepresentation of p.

The step vector is better-behaved than the corresponding partition, with respect to

taking duals and tensors. The dual of p has the reversed step vector (an—1,...,a1), cor-
responding to the partition (a1 + -+ + ap—1, - ,a1 + ag,a1). Moreover, if p; and py are
two representations whose step vectors are (ay,...,a,—1) and (b1,...,b,—1), then the step
vector of their tensor product is (a1 + b1, ..., an—1 + bp_1).

We say that an irreducible representation p = Sy(y) of SU(n) is efficient if )‘L%J = 0.
Equivalently, p is efficient if its step vector w = (aq,...,a,—1) has the property that its
second half w" = (afn/27,--.,an—1) consists of zeros. We say that p is dually-efficient if
its first half w' = (a1,...,... ,(I[n/g"_l) consists of zeroes. Alternatively, in terms of the
corresponding partition A, the irreducible representation p is dually-efficient if A\ = Ay =
-+ = Arn/21-1- (Note that the dual to each efficient representation is dually-efficient, and if
n is odd, the converse also holds. For n even, our definition leads to a somewhat arbitrary
choice of how to handle the middle part of the step vector, but this does not matter when
the level is smaller than n/2.) We call the partition o with step vector w’ the efficient
truncation of A\ and the partition 3 with step vector w’ the dually-efficient truncation of \.

Definition 6.18. We define the total level of a representation p = Sx(V') with step vector
(a1,...,apn_1) to be

n—1
Z a; min{i,n — i}.
i=1

For each d € NU{0}, let £, denote set of irreducible representations of SU(n) with total
level d. Our next aim is to show that L4 = L4 for all 0 < d < n/2. For this, we first need
the following.

Lemma 6.19. Let Sy(V) be an irreducible representation of SU(n) of total level d, with
A having « as its efficient truncation and (B as its dually-efficient truncation. Then the
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representation So (V) ® Sg(V') can be decomposed as a direct sum of one copy of the rep-
resentation Sy(V') and some other irreducible representations, all of which have total level
less than d.

Proof. This follows from the Littlewood-Richardson rule, e.g. as given in Fulton and Harris
[12] Section A.8]. Indeed, by the Littlewood-Richardson rule, writing o = (v, ..., ay), the
irreducible constituents of Sg(V) ® So(V') are exactly those Sy(V) such that the Young
diagram of A can be produced by the following algorithm. Take the Young diagram of [,
and first add o1 new boxes to the rows (in such a way as to produce the Young diagram of
another partition, but with no two of the a; added boxes being added to the same column),
and place a ‘1’ in each of these a; new boxes. Then add a further ay boxes to the rows
(again in such a way as to produce the Young diagram of another partition, but with no two
of the as added boxes being added to the same column), and place a ‘2’ in each of these ay
new boxes. Continue in this way (so that at the last step, ay new boxes are added). Now
consider the sequence of length a; + ...+ ay formed by concatenating the reversed rows of
newly-added boxes, and check that if one looks at the first ¢ entries in this sequence (for
any t between 1 and a1 + ... + «ay), the integer p appears at least as many times as the
integer p 4+ 1 among these first ¢ entries, for any 1 < p < £. If this ‘concatenation’ condition
holds, keep the Young diagram / partition; if not, reject it.

It is easy to check that the only way of performing this algorithm in such a way as to
obtain a partition of level at least d, is to produce the (Young diagram of the) partition A
itself: the first a1 new boxes must all be added to the first row of the Young diagram of 3,
the second as new boxes must all be added to the second row, and so on. Indeed, if at the
jth stage (when adding «; new boxes containing the integer j), any box is added to a row
above the jth row, then (inductively) one sees that the concatenation condition would be
violated, and moreover if some new box is added to a column of depth greater than n/2,
then clearly, at the end of the process, less than F cells will be in columns of depth at most
n/2, and moreover less than F' cells will be missing from columns of depth greater than
n/2, so the irreducible constituent of Sg(V') ® So (V') which is obtained, will have level less
than d. O

We note the following consequence.

Lemma 6.20. Let A be a partition with n — 1 rows. Let « be its efficient truncation
and 3 its dually-efficient truncation. Write E = 252/121 i-a; and F = 21(2421_1 ;.
Then the representation S (V') is a subrepresentation of VEF, the representation Sp(V) is
a subrepresentation of (V*)®F | and the representation Sy(V') is a subrepresentation of

V®E ® (V*)®F.

Proof. The first assertion, concerning S, (V'), is immediate from the construction of the
Weyl module, since « is a partition of the integer E. The second assertion, concerning
Sp(V), follows from the first, together with the fact that taking duals reverses the step
vector. The third assertion, concerning Sy(V'), now follows from the previous lemma. [J
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Lemma 6.21. For all 0 < d < n/2, we have L4 = La.

Proof. By Lemma we have Ly C Ly for all 0 < d < n/2. It therefore suffices to show
that for each 0 < d < n/2,

d d
UQQUQ
1=0 =0

So suppose that p is an irreducible representation of SU(n) of level at most d. Our goal is to
show that the total level of p is at most d. Let E+F' < d be such that p is a subrepresentation
of VEF @ (V*)®F . Just as in the proof of Lemma we may decompose V®F into a direct
sum of submodules of the form S, (V) with a - E, and likewise we can decompose (V*)®F
into a direct sum of submodules of the form Sg(V*) with g F F. Hence, we may assume
that p is isomorphic to a subrepresentation of S, (V) @Sg(V*) = So (V) ® (Sg(V))* for some
a bk FEand g+ F. Now as d < n/2, both So(V) and Sg(V) are efficient, so (Sg(V))* is
dually efficient, and therefore we may apply Lemma to deduce that the total level of p
is at most the sum of the total levels of So (V') and (Sg(V'))*, which is E+F, as required. O

Comfortable d-juntas

We say that a function f : SU(n) — C is a comfortable d-junta if it is a complex linear
combination of monomials of the form

d
X = H(“f’j,a(y'))qj'-part
j=1

where 0 € Sy and qy, ..., qq € {imaginary, real}.

We start by showing that the comfortable d-juntas are in V_g4, i.e. that they are degree
d polynomials that are orthogonal to all polynomials of degree < d — 1. (Here, the degree
is in terms of the matrix entries and their complex conjugates, or equivalently, in terms of
the real and the imaginary parts of the matrix entries.)

Lemma 6.22. Every comfortable d-junta belongs to V_g4.

Proof. Every comfortable d-junta clearly lies in V4. It suffices to show that any such
is orthogonal to all polynomials (in the matrix entries and their complex conjugates) of
degree < d — 1. Let T be one of the degree d monomials that appear in our comfortable
d-junta of degree < d. Let S be an arbitrary monomial of degree < d — 1. It suffices to
show that S and T are orthogonal. Let k1,..., kg be the rows of the matrix-entry variables
appearing in the monomial 7. Since S is a monomial of degree less than d, not all of
these rows can appear amongst the variables in S; without loss of generality, assume row
k1 does not. Let ky be a row that appears neither in the variables in S nor those in T
(such exists, since d < n/2, so d+ (d — 1) < n). Let Uy be the diagonal unitary matrix
with ones everywhere on the diagonal except in the (ko, ko) and (ki, k1) entries, with a —i
in the (ko, ko) entry and an ¢ in the (k1, k1) entry. If X is distributed according to the Haar
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measure on SU(n), then so is UpX, but multiplying X by Up simply multiplies ST by 1,

so Ex[S(X)T(X)] = Ex[S(UsX)T(UpX)] = iEx[S(X)T(X)] and therefore Ex[ST] = 0 as
required. O

For the proof of the next lemma we need another definition. We say a polynomial
p : SU(n) — C in the matrix entries of X € SU(n) is weakly-comfortable if it is a complex
linear combination of monomials of the form

¢
X = H Lig g
k=1

where i1, ..., 1%, are distinct and j1,..., j, are distinct.

Lemma 6.23. Let p be a representation of SU(n) of total level d, where 0 < d < n. Then
W, contains a comfortable d-junta.

Proof. Let p be an irreducible representation of SU(n) of total level d. Let A be the corre-
sponding integer partition (with at most n — 1 rows). Let a (respectively ) be its efficient
part and dually efficient part respectively. Note that the Young diagram of 5* has F' cells,
and all are in columns of depth at most n/2. As in the SO(n) case, there exists a weakly-
comfortable, homogeneous polynomial P of total degree E, such that P € W, , namely the
polynomial

Py(X) =(X((e1®...®eq)cq), €1 Q... eq),

where ¢, is the Young symmetrizer corresponding to «; writing ¢, = €,0, where

es € {—1,0,1} for each o € Sy, we have

d
P)\(X) = Z EJHaZiU(Z-).

€Sy =1

€Sy

Similarly, there exists a non-zero, weakly-comfortable, homogeneous polynomial ) of
total degree F', such that @ € W,,.. Since E + F' = d < n, we may further take P to
depend only upon matrix entries in the top F by E minor, and @ to depend only upon
matrix entries in the minor [+ 1,E+ F] x [E+ 1, E + F].

Note that PQ is a comfortable d-junta and is spanned by the matrix coefficients of
pPa @ pg. We claim that, in fact, PQ is spanned by the matrix coefficients of py. This
follows immediately from the fact that, firstly, by Lemma Pa @ pg can be decomposed
into a direct sum of a copy of p) and some other irreducible representations of total level
less tslbz?n) d, and that secondly, by Lemma the comfortable d-junta PQ is orthogonal
to Vg, 711

O
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6.9 Obtaining strong quasirandomness for SU(n).

Lemma 6.24. Let k,n € N with k < n/2, and let
P= P(XllaX127 .- an‘k?) S C[X117X127 cee 7Xk’k:] \ {0}

be a multivariate polynomial in the variables (X; ;); jex) that is not the zero polynomial. Let
7 : SU(n) — CF*F denote projection onto the top-left k by k minor of a matriz in SU(n).
Then P om cannot vanish on all of SU(n).

Proof. The image of 7 is easily seen to have a nonempty interior inside C%*? (indeed,
a suitably small open neighbourhood of 0 is contained in the image of 7). Since P is
a nontrivial polynomial in the variables Xi1, Xi9,..., Xgg, it cannot vanish on all of a
nonempty open subset of CF*F. O

The following lemma is analogous to Lemma and allows us to lower-bound the
dimensions of irreducible representations of not-too-large degree. We prove it by considering
comfortable d-juntas.

Lemma 6.25. If p is an irreducible representation of SU(n) of level d where 0 < d < n/2,

then
s> (2.

Proof. Let P be a non-zero comfortable d-junta contained in W,. Recall that the left action
of SU(n) on L?(SU(n)) is defined as follows: for A € SU(n) and f € L?(SU(n)), we define
Laf € L*(SU(n)) by Laf(X) = f(AX). Since P € W, \ {0}, the set {LsP : A € SU(n)}
is contained in a left submodule V of L?(SU(n)) which is isomorphic to the representation
p- In particular, for any even permutation o, Ly,)P € V, where A(o) is the permutation
matrix corresponding to o; explicitly, (A5)i; = l{s(i)=;} for each i,j € [n]. Note that
L 5(5)P is the polynomial obtained from P by replacing the variable X; ; with the variable
Xo(i,j, for all i, j € [d]; write 0 P := L 5, P, for brevity. For each subset S € (Lné%), choose
an even permutation og sending [d] to S. The polynomials ogP are linearly independent
as polynomials (as for any two distinct sets S # S’ the set of monomials appearing in ogP
is disjoint from the set of monomials appearing in og/ P); moreover, each polynomial ogP
depends only upon variables in the top left [|[n/2]] by [|n/2]] minor. It follows from the
previous lemma, applied with k = |n/2], that the polynomials og P are linearly independent
as elements of L?(G), and therefore dim(V) > (L"é%), as required.

O

We remark that above method for lower-bounding the dimensions of the irreducible
representations of SU(n) works just as well for SO(n) and Sp(n), so we could have used it
in place of Lemmas [6.6] and to give an alternative, self-contained proof of the c-strong-
quasirandomness of SO(n) and of Sp(n).

The following lemma is analogous to Lemma [6.7] and lower-bounds the dimensions of
irreducible representations of SU(n) with high levels. We defer the proof till the Appendix.
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Lemma 6.26. There exists an absolute constant ¢ > 0 such that if d > n/4 and p is an
irreducible representation of SU(n) of level d, then dim(p) > 2°".

Lemmas and immediately yield the strong quasirandomness of SU(n).

Lemma 6.27. For each n > 2, the group SU(n) is c-strongly-quasirandom as an n-graded
group, where ¢ > 0 is an absolute constant.

7 Simply connected compact Lie groups are fine

In this section, we prove Theorem The proof has two parts. In the first part, we
identify a natural noise operator Us on L?(G) for the groups G = SU(n), Sp(n), Spin(n)
which is guaranteed to satisfy a certain hypercontractive inequality, thanks to the fact
that the Ricci curvature of these groups is bounded from below. (We note that this noise
operator Us is not quite the same as the Beckner operator T}, that we defined earlier.) The
second part consists of inferring the weak hypercontractivity of the operator T}, from the
hypercontractive inequality for Us. We accomplish that by analyzing the eigenvalues of Us
and showing that they are all larger than the eigenvalues of the operator Tyc . for some
absolute constant C' > 1. This will allow us to write Tsc ,, = UsS for a linear operator S on
L?(@) satisfying ||S]|2_2 < 1. We will thus have

1 Tsc rlla—q < [ISl22 - Usll2q <1,

as needed.

The hypercontractive inequality

Here we rely on concepts from differential geometry, such as a Riemannian metric, the
Laplace—Beltrami operator, and the Ricci curvature/tensor. We use the notation of Ander-
son, Guionnet and Zeitouni [Il Sections E and F], and we refer the reader to that work for
more details.

The compact Lie groups are equipped with the structure of a bi-invariant Riemannian
manifold (M, g); this is unique up to normalization if the compact Lie group is simple. Once
a normalization is set, and denoting by A the Laplace—Beltrami operator, it is also known
that the Hilbert space L?(M) has an orthonormal basis of eigenvectors of A, that A is self-
adjoint and negative semidefinite, and that 0 is a simple eigenvalue of A (with the constant
functions as corresponding eigenvectors). For a given compact Lie group G with a Riemann
manifold structure, we let ug, w1, us, ... be such a basis, with 0 = A\g > A1 > Ao > ... being
the corresponding eigenvalues, so that \; < 0 for all ¢ > 1, and with ug being the constant
function with value 1. For any f € L?(M), we may write f uniquely in the form

o0
F=> cui,
i=0
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where ¢; € R for each ¢ > 0 (we have ¢; = (f,u;) for each i > 0). For 6 > 0, we define the
notse operator Us by

Us: L*(M) — L*(M); Us(f) = edNuy,
=0

for f = > 72, ciu;. We note that U, is, in fact, the heat kernel corresponding to A,
which is the averaging operator with respect to the Brownian motion on the corresponding
manifold.

For a Riemaniann manifold (M, g) and C' > 0, we say that (M, g) has Ricci curvature
bounded from below by C' if for all points p € M, the Ricci tensor Ric,(-,-) at p satisfies

Ric,y (X, X) > Cgp(X, X)

for all tangent vectors X at p.
The hypercontractive inequality we need is the following.

Theorem 7.1. Let C > 0 and let (M, g) be a compact, connected Riemann manifold whose
Ricci curvature is bounded from below by C, let 2 < p < q and let f € LP(M). Then

b1\ ¢
sl < 15l voso< (P21)

As explained in Klartag and Regev [38] the Bakry-Emery criterion yields a log-Sobolev
inequality (as given for example in [I, Corollary 4.4.25] applied with ® = 0), which implies
a hypercontractive inequality by a theorem of Gross [16, Theorem 6)).

Utilizing the Riemannian structure. As mentioned above, the compact simple Lie
groups have a unique (up to normalization) bi-invariant Riemannian manifold structure.
In order to set it up one needs to assign an inner-product on the tangent space at the
identity Id of G, i.e., on the Lie algebra of G. (The inner product on all the other tangent
spaces is then determined by using a push-forward with respect to left multiplication by
the appropriate group element.)

The tangent space of Spin(n) at the identity is the Lie algebra of SO(n). As in [I], we
equip it with the usual Euclidean / Hilbert-Schmidt norm, i.e. the norm of a matrix is
the sum of the squares of its entries. This norm gives rise to a bi-invariant metric when
applying push-forward maps to define the norm on all the other tangent spaces. The norm
on the Lie algebras of SU(n) and Sp(n) is defined similarly by taking the sum of squares of
the components of each entry.

It is well-known (see [1, 4.4.30]), that the Ricci curvature of the simply connected com-
pact Lie groups Spin(n), SU(n), Sp(n) is bounded from below by (n —2)/4, 5§, n + 1 respec-
tively.

Using Theorem we can prove Theorem assuming the following lemma.
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Lemma 7.2. There exists an absolute constant C, such that the following holds. Let G be
either SU(n),Sp(n) or SO(n). Let d € N with 0 < d <n/2 and let p € L4 be a representa-
tion of level d. Then the corresponding eigenvalue of the Laplace—Beltrami operator for G
satisfies A\, = —Cnd.

The proof of this lemma uses a formula for the eigenvalue A, in terms of the fundamental
weight corresponding to p, which is well-known and appears e.g. in Berti and Procesi [7].
We defer the proof to the Appendix.

Proof of Theorem[3.1]] We have already established the strong quasirandomness for all
the groups G of the form Spin(n),Sp(n), and SU(n). It remains to establish their weak
hypercontractivity. By Lemma it suffices to prove that SO(n),Sp(n) and SU(n) are
weakly hypercontractive.

|\
q—1 ’
we have ||Us|la—q < 1. Let p € L4 be of level d. Then by Lemma we obtain that the
eigenvalues of Uy given by 6~ are > ¢~ ¢“ for some absolute constant C'. This implies that
we may write T;—c . = Us o S, where all the eigenvalues of S are < 1. Hence,

By Theorem |7.1| there exists an absolute constant C7, such that setting § = (

ITe=c i llosy < 1Usllasq 1S 1150 < 1.

This completes the proof of the theorem. O

8 Showing that Sp(n), Spin(n) and SU(n) are good

We now outline our coupling-based approach to showing that SO(n), Sp(n) and SU(n) are
good. (By Lemma the goodness of Spin(n) will follow from that of SO(n).) We focus
on the case of SO(n), and discuss the necessary adaptations for SU(n) and Sp(n) in the
Appendix.

Our coupling approach for proving hypercontractivity

Our approach is based on constructing a coupling between matrices X sampled according to
the Haar measure on SO(n) and matrices Y € R™*" whose entries are independent standard
Gaussians, with the intuition that the distributions of v/nX and Y are ‘locally’ close to one
another.

We use this coupling to define a noise operator on L2(SO(n), u): first we use the coupling
to move a function to Gaussian space, then we apply the well-known Gaussian noise operator
(the Ornstein—Uhlenbeck operator), and then we go back to SO(n) via the coupling. It turns
out that a noise operator defined this way inherits the hypercontractive property from the
Gaussian noise operator (this is easy to see), so we get hypercontractivity ‘for free’. The
real work of the proof is to show that the eigenvalues of our noise operator on L?(SO(n), )
that correspond to functions in V_; are not too small. We show these eigenvalues are at
least 279 provided d < & - n'/2, for a sufficiently small absolute constant & > 0.
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8.1 The Gaussian noise operator, a.k.a. the Ornstein—Uhlenbeck operator

In this section, we recall the definition of the Gaussian noise operator and several of its prop-
erties. For simplicity of notation, we present this theory for functions in L?(R", ), however
everything applies more generally to functions in L?(R™*™ v). (Here and elsewhere, we
abuse notation slightly and denote by v a Gaussian distribution, where the domain is clear
from context.)

Definition 8.1. For p € [0,1], we define U,: L*(R",v) — L*(R",~) by

Upf (X) = By [f(pX + V1= p?)Y].
It is a well known fact that U, is hypercontractive [33]:

Theorem 8.2. Let f: R" - R and let 0 < p < \/%. Then |[Upfl Laty) < 1 f1l2(4)-

Below we use U, to construct an operator T, over L?(y/nSO(n)) which is hypercontrac-
tive, and on which we have lower bounds on the eigenvalues corresponding to low-degrees,
thereby showing that the group SO(n) is good.

8.2 Constructing the noise operator T,

In this section, we design our noise operator T, on L?(SO(n)). En route, we define auxiliary
operators that act on both L2(R™ ™ ~"*") and L?(\/nSO(n), u).

Left and right multiplication by matrices from SO(n)

Definition 8.3. For a matriz U € SO(n), we define the operator Ly acting both on
L2(R™*" ~"X1) and L2(\/nSO(n), 1), as follows. For a function f: R™™ — R, the function
Lyf: R"™™ — R is defined by

Ly f(X) = f(UX).

For a function f: /nSO(n) — R, we similarly define Ly f(X) = f(UX).
We similarly define the operator Ry corresponding to right multiplication.

Definition 8.4. For a matriz V. € SO(n), we define the operator Ry acting both on
L2(R™ " 5) and L*(v/nSO(n), ), as follows. For a function f: R™"™ — R, the function
Ry f: R™™ — R is defined by

Ry f(X) = f(XV).

For a function f: /nSO(n) — R, we similarly define Ry f(X) = f(XV).
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The Gram—Schmidt operators.

Next, we define the operators Tyow, Teol that capture our coupling and map L?(SO(n), )
to L2(R™*™, ~), as well as their adjoint operators that go in the reverse direction. To do so,
we use the Gram-Schmidt process.

Fix a matrix X € R™*" and let ¢y, ..., c, be its columns. Provided det(X) # 0 (which
for a Gaussian matrix happens with probability one), we may apply the Gram-Schmidt
process on (ci,...,¢,) to get an orthonormal set of vectors ¢,...,¢,. Abusing notation
slightly, we define the matrix GSco(X) € v/nSO(n) as the matrix whose i*! column is \/né;
for all i < n and whose nth column is either \/né, (if det(X) > 0) or —/né,, (if det(X) < 0);
this is of course a (column-) dilation of the (column-) Gram-Schmidt matrix corresponding
to X. Since the Gram-Schmidt process preserves the sign of the determinant, this matrix
GScol(X) is indeed in 4/nSO(n).

Similarly, letting ri1,...,7r, be the rows of X, we let 71,...,7, be the resulting set
of vectors by applying the Gram-Schmidt process on (ri,...,r,) and define the matrix
GSrow(X) as the matrix whose i*® row is \/n#; for all i < n, and whose nth row is either
Vniy, (if det(X) > 0) or —y/n7y, (if det(X) < 0).

The dilated Gram—Schmidt processes above define couplings (X, GSo (X)) and (X, GSyow (X))

between v and p, and we use these to define the operators Tion and Teo:

Definition 8.5. We define Trow: L*(v/nSO(n), ) — L*(R™™",) as follows. For a func-
tion f: /nSO(n) — R, we define Tronf: R™™ — R by

Trowf(X) = f(GSrOW(X))'

Definition 8.6. We define Teoi: L2(1/nSO(n), ) — L2(R"™ ™, ~) as follows. For a function
f:v/nSO(n) = R, we define Teorf: R™*™ — R by

Tcolf(X) = f(GScol(X))'

The operator T,.

The operators Teo and Tyoy allow us to move from L?(u) to L%(y). We can also go in
the reverse direction, using their adjoints. It is easy to see, using Jensen’s inequality, that
T?,,U,Teo has the same hypercontractive properties as U,. Thus, it is natural to consider
the operator T? ,U,Tc, as an analogue of the Gaussian noise operator, for v/nSO(n). We
do not know, however, how to bound from below the eigenvalues of T U,T so as to
deduce Theorem The reason is that to bound its eigenvalues, we (naturally) need
some information about the eigenvectors corresponding to them, and we only know how to
obtain such information from classical representation facts about SO(n). To use these facts
(so as to ensure the eigenspaces are ‘nice’, and easy to analyse), it is necessary that our
operator commutes with the action of SO(n) from both sides. For the operator T? U, T
above, one can show that it commutes with multiplication from the left, i.e. with the

operators Ly, but unfortunately, it does not commute with multiplication from the right.
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To overcome this, we obtain commutation with the action of SO(n) from the right with an
averaging trick, which is an analogue of the famous Weyl unitary trick.

Definition 8.7. We set T, = Ev~so(m) [R}'}T* UpTco|Rv].

col

The following result asserts that T, is hypercontractive, and it also gives lower bounds
on its eigenvalues (which are required for deducing our level d inequalities).

Theorem 8.8. For each p € (0,1), the operator T, is self adjoint on L?(y/nSO(n), 1) and
has the following properties:

1. T, commutes with both left and right multiplication by matrices from SO(n).
2. If p< \/%, and f € L*(y/nSO(n), ), then ITofll Loy < 112w -

3. There exist absolute constants & > 0,C > 1, such that if d < on'/? and f € Vy, then
ITpflIr2 = C 0N fllr2 (-

Let use show how Theorem immediately implies that SO(n) and Spin(n) are good.

Theorem 8.9. There exist absolute constants ¢, C' > 0 such that the n-graded groups SO(n)
and Spin(n) are (C, ¢)-good.

Proof, given Theorem[8.8. The strong quasirandomness of Spin(n) and SO(n) was already
established in Sectionlt remains to show that they are (en'/2, O)-hypercontractive for
absolute constants C, ¢ > 0. Let C be the constant in the statement of Theorem and let
¢ = 0 where ¢ is the constant in the statement of Theorem By Lemma [3.24] it suffices
to show that SO(n) is (en'/2, C)-hypercontractive. Let T = Ty /¢ /q), ent/2 be the Beckner
operator. By the monotonicity (in J) of ||T5,|l2—q, it suffices to show that ||T|o—, < 1.
Let us show (using Theorem that we may write 7' =Ty, g=1 o S, where [|S||22 < 1.
Indeed, as T; , =7 is self-adjoint and commutes with the action of SO(n) from both sides, it
has the Peter-Weyl ideals W, as its eigenspaces. By Part 3 of Theorem the eigenvalues
of Ty, ;z=1 corresponding to a representations p of level d are at least (C’\/E])_d, and thus
are at least the corresponding eigenvalue of 7" on W),. This shows that the desired operator
S exists. We may now apply Part 2 of Theorem to obtain:

Tl < Ty

15152 < 1.
2—q

The noise operator T, commutes with the action of SO(n) from both sides
In this section, we establish Part 1 of Theorem We phrase it as a lemma.
Lemma 8.10. The operator T, commutes with the action of SO(n) from both sides.

Proof. We show the commuting from the left and the right separately.
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Commuting from the left. For this, it suffices to show that for each U,V € SO(n), the
operators Ly and Ry, T? T, Tcq Ry commute. It is easy to see that Ly and Ry commute.
Hence, it suffices to show that Ly and T} T, Tco commute.

First note that if X € R™ "™ is a matrix, it holds that GSco(UX) = UGSy (X). It

follows that

LTl (X) = Tl UX) = B [00= B [fU7)] = Talef(X)

so Ly commutes with T? . The adjointness immediately implies that Ly also commutes

with the operator T¢. It is easy to see directly that Ly commutes with the operator U,,
and so it commutes with the composition T7 | T,T¢,.

Commuting from the right. Fix V' € SO(n), then

Ry/T, = E R /R*TiOTT Ry| = E Ry /tTﬁoTT R
Vidp VNSO(n)[ vy I+ptcol V] szo(n)[ %A% I+p-+col V]

Making the change of variables V + V'V’ we obtain

RV/Tp = . é;FE)( ) [RT/TzoITpTcoIRVV’] = . é[%( ) [R#{/TszpTcde]va = TpRV/. ]
~ n ~ n

8.3 The noise operator T, is hypercontractive

In this section, we prove part 2 of Theorem [8.8] To do so, we first adopt a different point of
view of the couplings defined by T,o, and T that will often be easier for us to work with.

The ‘Gaussian maker distribution’

Rather than going from Y ~ v to X ~ p by applying the Gram—Schmidt process on its
columns and dilating by v/n (and flipping the sign of the last column if necessary), we can
go the other way and construct Y from X. This is accomplished as follows. We define a pair
of independent random variables (X, G) such that XG is distributed according to v and
X ~ p. We call the distribution of G the Gaussian maker distribution and we abbreviate
it to GMD.

Definition 8.11. We define the Gaussian maker distribution to be the distribution of the
upper-triangular matriz G = (g;;) constructed as follows. First, independently choose one-
dimensional Gaussians g;;j ~ N (0, %) of expectation zero and variance 1/n, for each i < j.
For each i < n, we independently choose gi; to be 1/v/n times the (Euclidean) length of an
(n — i+ 1)-dimensional Gaussian z ~ (R"~"1 ~). We also independently choose gp, to be
a standard Gaussian random variable, z ~ N(0,1). Finally, we set g;; =0 for all j < i.

It is clear that when we sample a matrix Y ~ « and apply the (dilated) Gram-Schmidt
process in Section we get a matrix X which is y/n times a matrix sampled from the Haar
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measure on SO(n) (provided we condition on the probability-one event that det(Y") # 0,
of course). We would like to show that X 'Y ~ GMD, independently of X. Indeed, this
follows by choosing the columns of X and Y one after another. The first column of Y
is uniformly distributed according to (R™, ). By rotational symmetry, its length and its
normalization are independent, and therefore X Ge; = g11Xe; is indeed distributed as Ye;.
Note that Xes is independent of g1, as it is a uniformly random unit vector orthogonal to
X1. Thus, completing X; to a basis arbitrarily we obtain, by rotational invariance of the
Gaussian distribution, that the correlation of Yes with Xe; is normally distributed. After
we present Yes with respect to an extension of ﬁX e1 to an orthonormal basis, we see
that the last n — 1 coordinates are distributed as a random n — 1 dimensional Gaussian.
This shows that indeed Yes is distributed as gooXeo + g120Xe;. Continuing in this fashion
column by column (being a little careful with the last column), we see that indeed X ~'Y is
distributed according to GMD, independently of X. We thus have the following formulae
for the adjoint operators T% , ,T% :

row> —col*

Lemma 8.12. For each f € L*(R™",v), we have

Teaf(X)=_ E [f(XG)] VX € 50(n),
Tronf(X)=_E [f(G'X)] VX € S0(n).

In addition to Lemma being useful on its own, it allows us to extend the domain
of T f to R"*™. Indeed, abusing notation, we shall often view T f as a function from
R™ ™ to R, by using the above formula:

TLi(X) = B IF(XG))

This allows us to view T} | as an operator on Gaussian space L?(R™" ~), and we note that

if f: R™™™ — R has degree at most d, then T}, f also has degree at most d, and thus Vj is

an invariant subspace of T7 .

Another consequence of Lemma is that the operators T, T},
g-norms:

Fact 8.13. The following hold for all ¢ > 1:

do not increase

1. The operators Ty and Tiow preserve q-norms.

2. The operators T%, and Ty, (from Li(p) to L9(7y)) cannot increase g-norms.

row

Proof. We prove both items for Ty, as the proof for T, is exactly analogous.
For the first item, we note that

ITeafllfayy = B [Teaf (NI = B [£(@Sea¥ DI = E IS = 1F4uq

= E
Y~y

For the second item, we use Jensen’s inequality:

Teaflngy = E ||, B, UOXG)

G~GMD

q
} < EFXO)] = B [Taaf (V] = 1},
O
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Deducing hypercontractivity.
We now show that the operator T, is hypercontractive, proving Part 3 of Theorem

Lemma 8.14. For all 0 < p < ﬁ and f: SO(n) — R we have HTprLq(#) <l p2e-

Proof. By the triangle inequality and the fact that Ry preserves the L™ norm for all r, it
suffices to show that

ITeatUpTeol fll Lagy < 1112y -
To see that this holds, we apply Fact and Theorem

HTZolUpTC0|f||L‘1('y) < ||UpTco|f||Lq(7) < ||Tco|fHL2('y) = ||fHL2('y) : [

9 Comfortable polynomials on SO(n), and their properties.

Recall that in Section [6| we defined the comfortable d-juntas on SO(n) to be the multilinear
polynomials of the form X — > ¢ ao Hle Ti (i), for a; € R. We also showed that
for any irreducible representation p of level d, where 0 < d < n/2, the Peter-Weyl ideal
W, contains a comfortable d-junta. In this section we define comfortable polynomials in
general (the comfortable d-juntas are a special case). We then show that some of them are
eigenfunctions of T? , (or of T},,).

We use comfortable d-juntas as they are both easy to work with, and each low degree
eigenspace of T, contains one; the latter is guaranteed by the following, since T, commutes

with the action of SO(n) from both sides.

Claim 9.1. Let T be a linear operator on L?*(SO(n)) that commutes with the action of
SO(n) from both sides, and let 0 < d < n/2. Then the space V_q is T-invariant, and each
etgenspace of T inside V_gq contains a comfortable d-junta.

Proof. A linear map from L?(SO(n)) to itself that commutes with the action of SO(n) from
both sides is precisely an SO(n) x SO(n)-homomorphism. As each W, is an irreducible
SO(n) x SO(n)-module and the W, are pairwise non-isomorphic, Schur’s lemma implies
that any SO(n) x SO(n)-homomorphism from L?(SO(n)) to itself acts as a scalar multiple
of the identity when restricted to W,. Since the linear operator T' commutes with the action
of SO(n) from both sides, each W, is contained in an eigenspace of T'. Since the Peter-Weyl
ideas span L?(SO(n)), each eigenspace of T is a direct sum of some of the W,’s.

As V_g; is a direct sum of finitely many Peter-Weyl ideals (each of which is T-invariant),
V_q itself is T-invariant. The claim now follows from Fact which implies that each of
the Peter-Weyl constituents of V_,; contains a comfortable d-junta. O

9.1 Comfortable polynomials

Claim is important for us as it says that if we want to understand the eigenvalues
of an operator T' that commutes with the action of SO(n), it suffices to understand its

62



action on low-degree polynomials. One can already carry out some non-trivial analysis of
our hypercontractive operator using this observation, however to push our analysis all the
way to d = ©(n'/?) we need to work with a restricted class of polynomials, which we call
‘comfortable polynomials’.

Definition 9.2 (Comfortable polynomial). We say a multilinear monomial in the matriz
entries of X € SO(n) is comfortable if it only contains variables from the top left 5] x | 5|
minor of X, and it contains at most one variable from each row and at most one variable
from each column. A polynomial in the matriz entries is said to be comfortable if it is a

linear combination of (multilinear) comfortable monomials.

We may naturally index monomials in L2(R"*",~) by multisets of elements of [n] x
[n]. Given such a multiset S = {(i1,71),.-., (4r,Jr)}, where each pair (ix, ji) may appear
k
multiple times, the corresponding monomial is Hg(X) := [] z;, j,-
r=1

We now define the notion of comfortable polynomial.

Definition 9.3. Let S = {(i1,41),.--,(%4,Jd)} be a multiset of elements of [n] x [n]; we
define its transpose by St := {(j1,i1),-- -, (Ja,ia)}-

1. We say Hg is row comfortable if i1,...,iq are distinct and all < n/2.

2. We say Hg is column comfortable if Hgt is row comfortable, i.e. if j1,...,jq are
distinct and all < n/2.

3. Finally, we say Hg is comfortable if it is both row comfortable and column comfortable.

Definition 9.4. We say a polynomial is row comfortable if it lies in the span of the row
comfortable monomials; similarly, we say it is column comfortable if it lies in the span of
the column comfortable monomials, and that it is comfortable if it is both row comfortable
and column comfortable.

We also need to define row- and column- comfortable d-juntas, generalizing the notion
of comfortable d-juntas.

Definition 9.5. A row- (respectively column-) comfortable d-junta is a row (respectively
column) comfortable polynomial whose monomials contain variables only from the top left
d x d minor.

Finally, we need to define row comfortable d-row-juntas and column comfortable d-
column-juntas, which are slight weakenings of the notion of a junta that will be useful.

Definition 9.6. A row comfortable d-row-junta is a row comfortable polynomial whose
monomials contain variables only from the first d rows. A column comfortable d-column-
junta is a column comfortable polynomial whose monomials contain variables only from the
first d columns.
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Comfortable monomials are eigenvectors of T} /T,

The following claim shows that the column/row comfortable monomials are eigenvectors of
coI/TrOW

Claim 9.7. There exists an absolute constant C' = 1 such that the following holds. For
each multiset S = {(i1,71),- .., (id,Ja)} of elements of [n] x [n], there exists Ag > 0 such
that:

1. If Hg is column comfortable (i.e. the ji are distinct), then T Hs = AsHg.

2. If Hg is row comfortable, then T}, , Hgt = AgHgt.

row
3. C 4 g <1 for all S.
4. If S is supported on [n] x [d], then |A\s — 1| = O(d?/n).

Proof. 1t suffices to prove the first, third and fourth items, as the second follows from the
first by taking transposes. By Lemma we have (TzolHS)(X) = Eg~cMmD [Hs(XG)].
Using the fact that the entries of XG corresponding to different columns are independent
and that each j, appears at most once, we obtain

(TeaHs)(X) = E  [Hs(XG)]

G~GMD
d
G~GM 1;[ ZImjk
d
= H GNI(H}:MD [(XG)lka]

i
I

Il
z&

(X, B, 0)

k=1 iksJk

Observe that Eq.cmp[G] is a diagonal matrix with (E[G]);; being equal to 1/y/n times
the expectation of the length (= Euclidean norm) of an (n — j + 1)-dimensional standard
Gaussian random vector, for each j < n. For m € N, let N(0, I,;,) denote an m-dimensional
standard Gaussian random vector, and let ||N(0, I,;,)||,2 denote its Euclidean norm. We
have

d
st = [ (B, @) =m0 TT (B, @) =retisx)

where

d
As =0T E[IN(0, Ln—j,41) ).
k=1

To estimate the eigenvalues Ag we need the following fact.
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Fact 9.8. For any m € N, we have \/m — 2\ﬁ E [IN(0, Im) || 2] < /m.

Proof. Let Zy,...,Zy ~ N(0,1) be independent and Z = Z Z? so that |N(0,Iy) ||l =

VZ. Then E [Z] = m, so E[VZ] < v/E[Z] = v/m by Cauchy—Schwarz proving the upper

bound. Secondly var(Z) = 3" var(Z?) = m, which implies that
i=1

E [(ﬁ— \/%)2} = [(ﬁ_{_?) } < ivar(Z) =1.

Thus,
%pawmﬂﬂﬂzEm+m—mmmb@%u,
implying that
1
7)> v 2
E[VZ] > vin - ; N
proving the lower bound. O

Continuing the proof of the claim, the above fact yields C~¢ < A\g < 1 for all S. If S is
supported upon [n] x [d], then it yields

1 d
g > dﬂ(v —d+1—> >1—0(d*/n),
sZn " on—d+1 (@)

completing the proof of Claim O

Projections onto comfortable subspaces

Define the operator Heoms: LZ(R™ ™, v) — L2(R™*™, ~) to be orthogonal projection onto the
linear subspace of comfortable polynomials. This projection has a neat Fourier expression:

(Hcomff)(X) = Z f(a)Ha(X),

H, a comfortable monomial

where f(a) := (f, Hya) 12(y) for each Hermite polynomial H,. We also define the opera-
tors Ileomf,d, Heomf,col,d @nd Ilcome row,d to be the orthogonal projections onto the space of
comfortable, row comfortable and column comfortable polynomials of degree at most d,
respectively. Finally, if S C [n] is a set of rows, we define Ilcoms—s to be the projection
onto the subspace spanned by the comfortable homogeneous monomials of degree |S| which
depend only upon variables from the rows in S.
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9.2 Reducing Theorem to a statement about low-degree truncations
of Tcol-

In this section, we prove Theorem [8.8 modulo the following lemma, asserting that on the
space of comfortable d-juntas, the operator TRy (for a typical V') preserves some of the
mass of a function even after projection onto V.

Lemma 9.9. There exist absolute constants C' > 0 and § > 0 such that the following holds
for all d < 6n/2. For all comfortable d-juntas f : R™™ — R, we have

E [Hmzdeff“

) ] > C™ N f 1172 -
V~SO(n) L2(y) K

We now show how to complete the proof of Theorem [8.8 assuming Lemma
Proof of Theorem (assuming Lemma[9.9). Lemmas and give the first two items,

so it remains to prove the third item. Namely, letting f € V; we want to show that
ITof 20 = ()l fIL2(s)- By Claim 9.1) we may assume that f is a comfortable d-junta.
By Cauchy—Schwarz, it is enough to show that (T, f, f)r2¢,) = (cp)?|| 1|3, and we next show
that the last assertion follows by Lemma [9.9]

Using the fact that U, = U\*/ﬁU /p» We have

_ 2 <d||2
(oh. e =, B (105 ey )] > B (IO TRy ) )

d <d |12
>0 B [Tty ) g

> p'C N 1122 -
where we used Lemma and the fact that for each function g of degree < d it holds that

o2

1U 59l 22¢v) = pY 19l 22 (4)-

10 Low-degree truncations of T.,: Proof of Lemma [9.9]

In this section, we prove Lemma Our main idea is to show that one can approximate
the L?-norms of (row) comfortable d-juntas with respect to (y/nSO(n), 1) by their L?-norms
with respect to (R™*", 7).

10.1 Comparing L*(1) and L*(v).

The following lemmas assert that the 2-norm in L?(,/nSO(n)) of a row comfortable d-junta
is roughly bounded by its 2-norm in Gaussian space. We defer the proofs of the lemmas to

Sections [[0.3] and [10.41
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Lemma 10.1. For all € > 0, there exists & > 0 such that if d < dn'/?, then for any
function f: R™™™ — R that is either (i) a column comfortable, d-column-junta or (ii) a row
comfortable, d-row-junta, we have

122wy < (L + ) fllz2(y)-

In the case where the function f is comfortable, we show that in fact the same inequality
with the measures swapped.

Lemma 10.2. For all € > 0, there exists § > 0 such that if d < on'/? and f : R™" — R
1s a comfortable d-junta, then

1 fllz2) < (X + )|l fllL2 (-

10.2 The main argument for proving Lemma [9.9]
We now give the proof of Lemma assuming Lemmas and

Swapping T,ow and T, .

Our first step is to show that on the left-hand side of Lemma we can replace Ty by
T\ ow- The benefit of this exchange is that T,ow and Ry commute.

Lemma 10.3. There exist absolute constants C' > 0,5 > 0 such that the following holds.
Let d < on and let f : R™*™ — R be a comfortable d-junta. Then

<d||12 —d 2
VB 1Tarv ) )] 2070 B (o Trou Ry I |

Proof. Applying Claim we have

H(TCOIRVf)gdH%%V) = Z <TcoIRVf7 HS>%2(7)

Hg comfortable of degree d

= Z <RVf> T:OIHS>%2(M)

Hg comfortable of degree d

= X% > (Rv f, Hs)72(,

Hg comfortable of degree d

)\2

_\s * 2

-5 3 (Rv f, i Hs) 3,0
St g s comfortable of degree d

= Cid Z <Tr0WRVf7 HS>%2(7)-

Hg comfortable of degree d

The lemma follows by plugging in the definition of Ilcomf 4. O
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T,owf is close to f.

We have now reduced our task to understanding the average of the square of the 2-norm
of Heomf,d Trow RV f = Ilcomf,d Ry Trow f (this equality holds because Tyon and Ry commute).
The following claim further simplifies our task and shows that Tyo f is close to f, thereby
effectively reducing our task to estimating the 2-norm of Ilcoms g Rv f. (Though some care is
required to make this precise, as we are applying a projection operator on top, which may
decrease norms considerably.)

Claim 10.4. For any e > 0, there exists § > 0 such that the following holds. Let d < dn'/?,
and let f: R"™™ — R be a comfortable d-junta. Then

2 2
[Trowf = fllz2¢y) < € f1lT2y) -
Proof. Let g be a comfortable d-junta satisfying T}, g = f, i.e. writing f = > agHg, we
S
take g = > )\gtlost s, where A\g is as in Claim Then by Parseval, we have

lg = fllz2y) < ellfllz2ey)s
provided ¢ is sufficiently small. Hence, using Cauchy—Schwarz, we have

Hf”?’ﬂ(,u) = ([, Trow9) = (Trowf, 9) = (Trowf, f) + (Trowf, 9 — f)
< <Trowf7 f) + HTrOWfHLZ(v)”g - f”LQ('y)7

implying that

(Trowf, ) 2 1 f7200) = el Teow L2 1 F 220y = 1F 1120 = el Fll 2o 11l 22ry-

Thus, we obtain

||Trowf - fH%Q(»y) = ||f”%2(»y) + ||Trowf||%2(fy) - 2<Trowf7 f>
A2y = 112y + 26Nl L2l Fll 20
< 3ellf s,

using Lemmas and (again provided § is sufficiently small depending on ). This
completes the proof. O

The projection of Ry T,,,f onto the subspace of comfortable polynomials

At this point, it would seem that to finish the proof of Lemma it suffices to estimate the
typical 2-norm of Ilcoms 4Ry f. While this is indeed the case, some care is needed, as one
cannot switch particularly smoothly from Ty f to f in the previous statement. To address
this, we must be able to estimate the 2-norm of Ilcomf ¢R2v f under the weaker hypothesis
that f is a row-comfortable d-junta. This is the content of the following claim.
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Claim 10.5. Let d < n/2 and let f : R™™ — R be a row-comfortable d-row-junta. Then

n/2)!
Ev ~s0(n) | Meomt aRv fl|72(4) > 2dnd(((n//2)) — £ 1120

Proof. We first note that if H, and Hg are row-comfortable monomials such that the
set of rows appearing in « is different from the set of rows appearing in 5, then we have
(Ho, Hp) 124y = (Ha, Hg) 12, = 0. Indeed, the first equality is immediate from the pairwise
orthogonality of the Hermite polynomials with respect to L?(y), and the second equality
follows from the fact that, if H, contains a variable from the ith row and Hg does not, then
flipping the sign of both the i¢th row and the (|n/2] + 1)th row of a matrix X € SO(n)
yields a (Haar-)measure-preserving map on SO(n) that sends H,(X)Hz(X) to its negative,
and therefore (Ho, Hg)12(,) = Ex~p[Ho(X)Hg(X)] = 0.

For S C [n], let Wg denote the linear span of the row-comfortable homogeneous mono-
mials of degree |S| which depend only upon variables from the rows in S (and therefore
depend upon precisely one variable from each of the rows in S). It is clear that the Wg
are pairwise orthogonal with respect to L?(7y), and by the above observation they are also
pairwise orthogonal with respect to L?(p).

By the above remarks, for any row-comfortable d-row junta g : R™*" — R, we may
write g as an orthogonal direct sum,

g = Z 94(=S),
Scld]

where g(_g) denotes the orthogonal projection of g onto W (with respect to L?(v)). It is
clear that (Ryg)—s) = Rv(g(=s)) for any V' € SO(n) and any row-comfortable d-row-junta
g.

Now let f : R"*" — R be a row-comfortable d-row-junta. Since the f_g) are pairwise
orthogonal with respect to L?(u) as well as with respect to L?(7), we have

11220 = 32 Ies) 220

Scld]

and therefore by averaging, there exists S C [d] such that

1
=)l T2 > @Hf”%%u)- (11)
For brevity, write h = f_g), d' := [S| and S = {i1,...,ig}. Our next aim is to show
that (n/2)
2 njs): 2
Evso(m) Meomf,=s Rvhl[72(,) 2 T (n)2) — )] P12 - (12)

In proving ([15)), we may and shall assume (without loss of generality) that S = {1,2,...,d'}.
We first assert that, in this case,

n/2)!
Ey ~50(n) | Heomt,=s Ry hl 72 = ((1152)/—)d/)!EV<RVh’ H{(1,0),...(dd)}) E2()-
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Indeed, this follows from the fact that we may write V' as the product of a random SO(n)
matrix V’ and a random permutation matrix P,, V = P,V’ say. Now the S,-orbit {Rp,m :

o € S} of a monomial m = m(X) of the form Hflzl X v, with the v; all distinct, consists
of all the monomials of the form Hfl_l Xiw,;, with the w; all distinct.

Now write h = > (1.11),..(a, i) h(a)H,. Then for each a of the form {(1, 1), ..., (d, ja)}
(for j1,...,jo all distinct), we have

d d’
RvHa(X) = H XV k;gk = Z H Xk,TkV;“ka‘
k=1

T1yesTgt k=1

Therefore,
(RvHo(X), Hi(1 1y, (a0} 12() = Ha(V) = 0= 2Ho (v/nV).
Expanding h = ), h(a)H, and taking 2-norms with respect to v/nV ~ p, we see that

indeed,
(n/2)!

W {(nf2) — 1 "

IEVNSO HHcomf SRVhHL2(7) = (1)’

proving .

Combining this with and using the fact that d’ < d, yields
(

d,
n/2)!
/2) =

Ev~80(n)”Hcomf,zsRVf(:S)H%z(w > 0 (n

Finally, since

Heomf,a v f = Teoms,a v Z f(=s)
Scld]

= 1_Icomf,cl Z (RVf)(:S)

Scld]

Z 1_Icomf = RVf) )

Scld]
and since the last sum is an orthogonal direct sum (again using the pairwise orthogonality
of the Ws’s with respect to L?(v)), we have
EVNSO(n)”Hcomf,defH%%w > Ey 50 (n)|Teomf,=s ((Rv f)(=s)) H%m)

= IEVNSO(n) ”Hcomf,:SRV (f(:S) ) ”%2 ()

(n/2)!
> 2dnd((n/2) - d)' Hf”%ﬁ(p,)?

proving the claim. O

70



We now show how to lower-bound the right-hand side of the expression in the statement
of Lemma [10.3l

Lemma 10.6. There exist 6 > 0 and C > 0 such that the following holds. Let d < dn'/2.
Then for all comfortable d-juntas f : R™*"™ — R, we have

VB [IMeomtaRy T | 2 O 1120

P’I”OOf. We write 1_[comf,d = Hcomf,dHcomf,row,cb and set g = 1_[comf,row,dTrowf- Note that g is
a row-comfortable d-row-junta. We have

1_[comf,clRVTrowf = Hcomf,dRVga

where we used the fact that Ilcomsrow,q commutes with Ry . Taking the squares of the
2-norms and expectations over V' we may apply Claim to g, obtaining

2 _ (n/2)! 2 —dy| 112
E [HHcomf,dTrowRVfHL?(y) = WHQHLQ(M 2 C Y gll72¢- (13)

By Lemma [10.1} as g — f is a row comfortable, d-row-junta, we have

gl 2y = 12y — g = Fllzzgwy = 12wy — 21l = fllz2(y)

As f is comfortable, we can apply Claim to it to obtain

Hg - f”L2(A/) = HHcomf,row,d(Trowf - f)HLQ('y) < HTrowf - fHL2('y) < 5HfHL2(7)-

On the other hand Lemma shows that || f||z2¢,) < 2|/ fllz2(s)- Putting these three facts
together, we obtain [|g|[2¢,) > (1 —2¢)||f|l12(,)- Plugging this into (13), and adjusting the
value of C, completes the proof. O
Finishing the proof of Lemma

Using Lemma, the left-hand side of Lemma [9.9is at least

C_d E II TrowR 2 :C_d E 11 R Trow 2 5
V~S0(n) (Mt o S V~30(n) [ Teomt.a By Tran 20,

and using Lemma the last quantity is at least C'~¢ || f ||i2 (u) @ required. O

10.3 L?*(u) is dominated by L?*(y) on column or row comfortable juntas:
Proof of Lemma [10.1l

Our remaining tasks are to prove Lemmas and First, we show that the operator
T?,, is close to the identity on column comfortable d-column-juntas.
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Claim 10.7. For all € > 0 there exists 6 > 0 such that if d < n'/? and f is a column
comfortable d-column-junta, then

1T f = fllrzey < ellfllp2cq)-

Proof. The lemma follows immediately from Parseval and Claim [9.7as [Ag — 1| < ¢ for each
S as above, provided 0 is sufficiently small (similarly to in the proof of Claim [10.4)). OJ

Claim [10.7]is particularly useful as it implies that Tf is invertible on the space spanned
by column-comfortable d-column-juntas, and thus gives us a natural way of going from L? (1)
to L?(7). We are now ready to prove Lemma restated below.

Lemma 10.1 (Restated). For all € > 0, there exists 6 > 0 such that if d < dn'/?, then
for any function f : R™™ — R that is either (i) a column comfortable, d-column-junta or
(ii) a row comfortable, d-row-junta, we have

[ fllz2(y < L+ fllL2(y)-

Proof. Let § = §(¢) > 0 be as in the statement of Claim m Without loss of generality,
we assume that f is a column comfortable d-column-junta, i.e., is contained in the subspace

W :=Span{Hg : Hg is column comfortable and S is supported on [n] x [d]},

otherwise we may consider f/(X) = f(X'). Let g : R®™"™ — R be a function such that
T?,9 = f- Then as T is a contraction, we have | f||z2¢.) < [|9lz2(y)- In order to complete
the proof, we note (using Claim [10.7) that T? (W) = W, T? is invertible on the subspace
W, and that

I(Tealw) L2y 12() < 14 2. (14)

Indeed, the facts that T% (W) = W and that T}, is invertible on the subspace W, follow

col

immediately from Claim Moreover, if fails, then there exists h € W with [|h[|z2(,) <
1/(1+ 2¢) and [[(TZylw)~ hHL2(7) =1, and then for &’ := (T} |w)~'h (which lies in W),
we obtain
* * —1
HTcolh/ - h/HL2(7) = Hh — (Téollw) hHL2(7)

> [(Teolw) ™ 2| 2y = 1Pl 2

>1-1/(1+2¢)

=€

= e||h'|lL2(y)
provided € < 1/2, contradicting Claim

We have g = (T%,|w) ™' f, and so

1112y < Ngllz2iy = 1(Tealw) ™ Fll 2y < L+ 28) £l 2 -

completing the proof. O
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10.4 L*(v) is dominated by L?(;) on comfortable juntas: Proof of Lemma
10.2.

To prove Lemma we define an auxiliary distribution on R™*", which we refer to as the
‘over-Gaussian’ distribution.

Definition 10.8. Let G ~ GMD, and choose Y ~ ~ independently. We define the distri-
bution v to be the distribution of Y G, and call it the over-Gaussian distribution.

We refer to v by this name since it can be produced taking X ~ p (i.e., at random
according to the Haar measure on SO(n)), and then multiplying X by two independent
copies of GMD, thereby ‘overshooting’ the Gaussian distribution.

In the following section, we show that the distribution v is close to - in the sense that
the expectation of a certain kind of test function is roughly the same under both measures.
In fact, the relevant test functions are the squares of the comfortable d-juntas, and their
expectations are roughly the same even if we allow the degree d to be as large as ©(y/n). The
following lemma asserts that if f is a comfortable d-junta, then its over-Gaussian 2-norm
cannot be much larger than its Gaussian 2-norm.

Lemma 10.9. For alle > 0 there exists § > 0 such that if d < 6n'/2, then for all comfortable
d-juntas f : R™"™ — R, we have

1 fllz20) < (X + )|l fll2()-

To prove Lemma [10.9] we need some more notation, and two technical claims. For a

permutation o € Sg, we write Ty := T 5(1) '+ Td,0(d); this is a function on R4, Fix a com-

fortable d-junta f : R¥? — R and write f = Zl:(h,...,id) arry where xy := x1;, T2, - - Tdiy,
the sum ranging over all I such that i1,...,i4 € [d] are distinct. (As usual, we write (S5)4
for the set of ordered d-tuples of distinct elements of the set S; using this notation we may
write I € ([d])q.) We have

111720y = D atllerlFagy + D aray (xr2s), .
T £

We now need two technical claims, which handle respectively the diagonal terms and the
off-diagonal terms in the above expansion of || f ||%2(V). To handle the diagonal terms, we
will use the following claim.

Claim 10.10. Ifiy,...,iq € [n] are distinct, then x = x14,T2,, - - Tq,, Satisfies
2
H‘TI”Lz(V) =L

For I,J € [n]? we let d(I,J) := |{r |i, # j,}| denote the Hamming distance from I to
J. To handle the off-diagonal terms, we need the following claim.

Claim 10.11. For any I,J such that d(I,J) = {, we have [(x1,z)|[2(,) < €¢, where

Ep 1= ol tdp—t/29dt/v/n
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Claims (10.10| and [10.11] imply Lemma [10.9

We first show how to deduce Lemma from Claims [10.10| and [10.11, Writing f =
>_jarxy, we have

1£1220) = S el + 3 aras (wr, ),
I

I£J

a? + a>
< Hf”%Q('y) + Z % ‘(xfaxj>z/‘

I£J

d
<2y + S @G T d (1) = 8] =

(=1 1

d
d
< lZ2g) + 11720y D e (z)ﬂ
/=1
d
= 112y (1 + dee) -
/=1

Using the upper bound on &;, we obtain

d
2d - 24/Vn €
y) (+4, —0/20de/\/7 gt <
Esgd<52 2 d<16§< ><2,

1/2

where we used d < dn'/“ and the fact that § is sufficiently small compared to €.

Proof of Claims (10.10/ and [10.11L

To prove the two claims, we need the following simple fact about the Gaussian maker
distribution.

Claim 10.12. Let I = (iy,...,iq) € [n]% and J = (j1, ..., 74) € [n]? be such that d(I,J) = ¢,
and such that in the product
GijiGigjo -+ Gi

tdjd>

no matriz entry of G appears more than twice. Then

0/2
[Eg~amp [Givy Gizg -+ Gigigll < <n> :

Proof. If, in the product
Giyji Gigjo -~ Gi

idjd>

some off-diagonal matrix entry of G appears exactly once, then the expectation of the
product is zero. We may therefore assume that every off-diagonal matrix entry of G appears
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either exactly twice, or not at all, in the above product. If there are exactly ¢ values of r
such that i, # j,, then the above expectation factorises into a product of the expectations
of the squares of /2 off-diagonal and of the squares of (d — ¢)/2 diagonal entries:

[TEG: ) ] EGEI

keD (¢,9)€€

where & C [n]?\ {(k,k) : k € [n]}, |D| = (d —£)/2 and |E| = £/2. We have IE[GZ%J-] =1/n
for all (i,7) € € and E[Gi,k] =(n—k+1)/n<1forall k € D, proving the claim. O

We are now ready to prove Claim [10.10]

Proof of Claim[10.10. Let x; = x14,%2,, - - - Ta4,, Where i1,...,iq € [n] are distinct. We
have
211720 = EcnampEy s [(YG)T 1 (YG)3 4, - (YG)G, )

Since for each h € [d], (YG)p,, = 2’;1 Y5 xGr,i, involves only entries of Y in row h and
entries of G in column i), (and the i, are distinct), the random variables (Y G)? i 0 held)
form a system of independent random variables, and therefore

211720y = EGaaMpEyan [(YG) i, JEGuaMDEY an [(Y G)3 5] - - - EGrampEy on [(Y G)F; ]

For each h € [d], we have

2
Th

EGNGMDEYNW[(YG)%LJ,I] = Eg~aMDEy ~y <Z Yh,ka,ih>
k=1

=2 Z Ec~cMDEY orny Yk Yn i/ G i, Gt i)
1<k <i,
i
+ Z EGMDEy~r [V G, ]
=1
in
=0+ > EgamplGhj, By~ [Yi4)]
p}

(Here, for the third equality we use the independence of Y}, i, Y, 17, Gr.i) » Gir i, and the fact
that Y}, 1, and Y}, i both have zero expectation.) Hence, H:UIH%Q(V) =1, as required. O

We now move on to the proof of Claim [10.11
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Proof of Claim[10.11] Let ¢ > 1 and fix I, J € ([d])q such that d(I,J) = ¢ > 1. Since G is
upper-triangular and iy, j;, < d for all h € [d], we have

d
YG)h,, = Z Yy kG, = Z Yy 1Gr.iy,
k=1

and .
(YG)p,j, = ZYh Gy = Y YniGrjy,

for all h € [d]. Hence,

d
H YG)n,i, = Z Yigk o Yan,Griiy o Ghaig
h=1 K=(k1,....kq)€[d]¢

and

zy (YG) = Z Yikr - YakaGrogi - Gragas
K=(k1,....kq)€[d]*

so, using the fact that, under v, the (Y;; : i,j € [n]) are independent and of expectation
zero (and are independent of the G; ), we obtain

(1, xJ Z Eg~amp [Gk121Gk1J1 ) 'deidedjd] .
Keld)4

For a d-tuple K = (ki,...,kq) € [d]? we write m; = m1(K) := |{r : j, = ip, kp # ir}|, ma =

mo(K) :== |{r : jr # ir, kr & {ir,jr}}| and mg = m3(K) := |{r : jr # ir, kr € {ir,Jr}}|, and
we let K (mq,ma, m3) denote the set of d-tuples K with parameters mq, mo and ms. For
K € K (K1, K3, K3), by Claim [10.12| we have

72m1+2m2+'m,3
|EG~aMD [Gryis Gy -+ GryiyGryia | <1 2

Summing over all K, we see that |(z,xs)| is at most

2mq+2mo+mg
2 >, m

mi1,me,m3 Kek(mi,mz,m3)

2mq+2mo+
g Z n- = ;77‘2 = |’C (ml,mg,mg)\.

mi,m2,ms3

d2mit+mz pmagms

mi ma milms!

d 12
IIC (m1, ma, m3)| < < >dm1< >dm22m3 <
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Summing over all my, mo, ms with mo + ms = ¢ completes the proof. Indeed,

_ 2my42mgtmg _ 2my42motmg d2mitmz pmagms
E n 2 I (M1, ma,ms)| < E n 2

mi,m2,m3 mi,m2,m3

m1!m2!

d—/¢
_ 2mgtmg 2223 1
= g n 2z — E ——(d*/n)™
mo! maq!
= m1=0
2mo+mg M2 M22M3

@ 3wt

m2+m3:€
1
dmz(mz
_ 2e+1n—e/2 Z n—m2/2

2m2m5|
mo=0

< 9l /2 <1+ Z (2\;§g >m2>
nmsa

< ol ~/29dt/ VR

as required. O
With Lemma in hand, the proof of Lemma (restated below) is easy.

Lemma 10.2 (Restated). For all ¢ > 0, there exists § > 0 such that if d < onl’2 and
f iR — R is a comfortable d-junta, then || f||r2¢yy < (1 +€)[|flln2(u)-

Proof. We may assume that ¢ < 1/2. By the triangle inequality, it suffices to show that
1£(X) = F(XO)z2(uamp)y < § ||f||L2(’Y)7 where X ~ pand G ~ GMD. Since for any fixed,
upper triangular G € R™*", the function gg defined by

ga : X = f(X) = f(XG)
is a row-comfortable d-row-junta, by Lemma [I0.1] we have
1£(X) = F(X@) 72 (.cnp) = BenampEx~pu[(f(X) — F(XG))?]

= Eg~aMDEx~pulga(X)?]
= EGNGMD[HQGH%Q(M]
< (1+¢)*Eg~ampllgalliz ()
= (14 &)*Eg~ampEy [(f(Y) = f(YG))?]
=1+ If(Y) = FYO)T2tr,anp)s

and therefore it suffices to show that

1£(Y) = FY Ol anp) < 1 llz2ce)
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where Y ~ ~ and G ~ GMD is independent of Y. Expanding, we note that

1Y) = FYO)F2tr.ampy = 11720 + 11720 — 2(F, Téarf) 120

To handle the cross term, we note that by Cauchy-Schwarz and Claim [I0.7], we have
* * €
‘<f7 Tcolf - f>L2('y)| < HfHL2('y) HTcoIf - f”LQ('y) < E Hf”%?(ﬁ/) ’
s0 (f, T )2y = (1 - 6/10)Hf\|%2(7). Using Lemma we have

1£11720) < (14 2/20)[1£172()

provided ¢ is sufficiently small, and so

IF (V) = FY ) L2y, empy < IFIIZ2 () + 1122y — 200 = 2/10)1F 122 < (/DI T2

completing the proof. O
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A Bounding the dimensions of high level representations

A.1 The special orthogonal group SO(n)

Lemma 6.7 (Restated). Let n > 5. If p is an irreducible representation of SO(n) of level
d>n/2, then
dim(p) > exp(n/32).

Proof. This follows from Weyl’s original dimension formulae, together with a short compu-
tation. First suppose that n = 2k + 1 is odd. As mentioned above, the equivalence classes
of irreducible representations of SO(2k + 1,R) are in an explicit one-to-one correspondence
with the partitions A (of non-negative integers) whose Young diagrams have at most k rows.
Weyl’s dimension formula states that for any such partition A, the corresponding irreducible
representation py of SO(2k + 1,R) has

)\i—/\j—l-j—i H )\i+)\j+2k+1—i—j
j—1 2k+1—4i—3 '

dim(pr) = ][]

1<i<j<k 1<i<j<k

Fix X\ a partition of degree d € N; trivially,
dim(py) > H )\i+2k+1—i—j> H 1_|_ﬁ B H 1_|_ﬁ k/2
Pr) 2 de+l—i—j o% ) %)

1<i<j<k 1<igk/2 1<i<k/2
k/2<j<k

If A\; > k, then the previous product is at least (1 + 1/2)16/2 > exp(n/16) and we are done,
so assume that A\; < k and hence all \;’s are smaller than k. For all 0 < 6 < 1/2 we have
146 > €2, so the previous product is at least

00—

k/2
Aik PRV

H e4k 2 = ¢ =1 |
1<i<k/2
k/2

Since A1 > Ao = ... = g, we get that > \; >
i=1

(Sl

k
Y= g, so the last expression is at least
i=1

e¥/16 and we are done.

The case of even n is very similar. Let n = 2k; then the equivalence classes of irreducible
representations of SO(2k,R) are in an explicit correspondence with the partitions A (of
non-negative integers) whose Young diagrams have at most k rows: this correspondence is
one-to-one when the number of rows is less than k, but when the number of rows is equal
to k, the correspondence is two-to-one (each partition A with & rows corresponds to two
irreducible representations py and py of the same dimension). Writing ¢ = ¢(\) = 1 if A
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has less than k rows and ¢ = ¢(A) = 1/2 if A has exactly k rows, the dimensions of the
corresponding irreducible representations are given by the formula

. Ni—=XNj+Jj—i\ ([ ANi+XN+2k—i—7
dim(py) = ¢ H ( 17 )< J ]>.

L<isick J—1 2k —1— 3

From now on we can apply exactly the same argument as in the case of n odd; we omit the
details. n

A.2 The spin group Spin(n)
Lemma A.1. Let py be as in Theorem[6.9 Then

ANi—Aj—i+] H Ni+XNj+2k+1—i—j

L ————= > 97,
J—1i 2k+1—4—3

dim(py) = ]

1<i<j<k I<i<y<k

Proof. Indeed, if ay, is odd then we must have a > 1 and therefore A\; > 1/2 for all i € [k].
Hence, rather crudely, we have

N+ A+ 2%k+1—i—j

dim(p) > ] 2h+1—i—j

1<i<ji<k

Ai + A
= 14—
I (1 5050)

I<i<y<k

H i
1 _

1<i<k/2,

k/2<j<k

(1 . \i )k’/2
I I 2k
1<i<k/2

: 2k
1<i<k/2

> H exp(min{\;, 2k} /8)
1<i<k/2

WV

WV

WV

=exp | & Z min{\;, 2k}
1<i<k/2

> exp(k/32)
= exp((n —1)/64),

as required, using the fact that 1 +z > e®/2 for all z < 1.
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For all n = 2k > 6 even, we have

dim(pr) = ][]

1<i<j<k

)\i—/\j—i+j)\i+/\j+2k—i—j
j—1 2k —i— 3 ’

where the k-tuple A = (A1, \a, ... \;) ranges over all k-tuples defined by
Ai = aitai+. . Hagotg(ap_1tap) Vi < k=2, Aoy = S(ag—14ar), Ay = 3(ap—ap_1),

for some (a;)¥_; € (NU{0})*. The case of aj_1 + aj even corresponds to irreducible repre-
sentations of Spin(n) that are also irreducible representations of SO(n,R); the dimensions
of these were bounded in the previous subsection. The case of a;_1 + a3 odd corresponds
to ‘new’ irreducible representations of Spin(n), but the above equation quickly implies that
any such has dimension at least 282(n) Indeed, if agp_1 + a; is odd then we must have
ax—1+ar > 1 and therefore \; > 1/2 for all i < k— 1. Hence, again rather crudely, we have

Ai+Aj+2k—i—y

dim(py) =[]

L1 2k —i—j
1<i<y<k
= I <1+Ai+.kj )
11 2k —i—73
1<i<j<k
i
> v
> H <1+2k>
1<i<k/2,
k/2<j<k
A\ F-D/2
> 2
> H <1+2k>
1<i<k/2
min{\;, 2k} k/4
> -+ 7 7
> H <1+ o )
1<i<k/2
> H exp(min{\;, 2k}/16)
1<i<k/2

=exp | 1z Z min{\;, 2k}
1<i<k/2

> exp(k/64)
= exp(n/128),

as required, again using the fact that 14+ z > ¢*/2 for all z < 1. O

A.3 The special unitary group SU(n)

Lemma 6.26 (Restated). If p is an irreducible representation of SU(n) of level D, then
dlm(p) > QQ(min(D,n))‘
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Proof. Weyl’s dimension formula states that the dimension of the irreducible representation
of SU(n) corresponding to the partition A (with at most n — 1 parts) is

H Ai — )\j +5—1
1<i<j<n S

Assume first that Ay > n. If A, /5/41 < n/2 then, considering all the terms in the above
product corresponding to ¢ = 1 and j > [n/2] + 1, we see that the above product satisfies

1 N=Aji—i 1 A —A+j—1

1<i<j<n J j=(n/2]+1 J-1

- n—1

jzn/2]+1
n—n/2+n—1

>

- H n—1
jzln/2]+1

= exp(©(n)).

If, on the other hand, we have A|,/5/11 > n/2, then considering all the terms in the
above product corresponding to j = n and i < [n/2]| + 1, we obtain

H )\i*>\j+j*i> H Ai—Ap+n—1

1<i<j<n J— i<|n/2|+1 et
/\i — An +n—1
>
- H n—1
i<[n/2]+1
n/2—0+n—1
>
- H n—1
i< n/2]+1
= exp(O(n)).

We may henceforth assume that A\; < n. In this case we have \; — \; < n for all 4, j.
Hence, the above product satisfies
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)\Z‘—)\j—l—j—i )\i—)\j—F’n—l

-+ J—1 - n—1
1<i<g<n 1<i<ji<n
X — A
> 142
H < * n—l)
1<i<ji<n
X — A
> BACIIRGY
11 eXp<2<n—1>>
1<i<ji<n

= exp 2(711—1) Z (N —A)

1<i<j<n

= exp (2(’”11) Z (ai+...+aj,1)

1<i<j<n

(n—1)a1+2(n—2)ag+...+2(n—2)ap—2 + (n — 1)an1>
2(n—1)

O

B The required adaptations for showing that Sp(n) and SU(n)
are good

Here we complete the proof that Sp(n) and SU(n) are good. In fact, we will only explain
how to adapt the proof for Sp(n), as SU(n) is only simpler (one just works with complex
matrices rather than quaternionic ones).

To construct our noise operator T, on Sp(n) we use the identification

Sp(n) ={X e " : XX"=I}={X cH™": X"X =1}

of Sp(n) with the group of unitary quaternionic matrices. (Here, X" denotes the quater-
nionic conjugate of X, i.e. (X"),, = X, p, where a + bi+cj +dk = a — bi — ¢j — dk for
a,b,c,d € R.) We couple Sp(n) with the space (H"*", ) of quaternionic normal random
matrices, where the real part, the i-part (= coefficient of i), the j-part and the k-part
of each entry are independent normal (real-valued) random variables with mean zero and
variance 1/4, and all the entries are independent. (The following terminology will be use-
ful in the sequel. Recall that a standard normal quaternionic or QN random variable is a
quaternion-valued random variable where the real part, the i-part, the j-part and the k-part
of the value of the random variable are independent normal (real-valued) random variables
with mean zero and variance 1/4; so a quaternionic normal random matrix ~ (H"*", ~) is
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simply a matrix where each entry is an independent QN random variable. A QN random
vector in n dimensions is a vector of n independent QN random variables.)

To make this coupling work, we need to define a ‘Gram-Schmidt’ type process (on the
columns, and also on the rows) which, when applied to a matrix in (H"*", ), yields an
element of Sp(n) with probability one. We define two inner products on H":

n n
<$,y> = ZTZ?JZ’ <$,y>/ = leE
i=1 =1

It is easy to check that, for H € H"*", we have (Hz, Hy) = (x,y) for all z,y € H" if and
only if H € Sp(n).
Our Gram-Schmidt process on the columns, GS.y(X) for X € H" ", is defined as

follows. If ¢1,co, ..., ¢, denote the columns of X, then we (inductively) define
Ve =k — Y (G, ck)
1<k

and (if v # 0)

Cr = Y/ V (V> Vi)

for 1 < k < n. If any 7% = 0 then GSco(X) is undefined; otherwise we define GScq(X)
to be y/n times the matrix X in H™" with columns &, s, ...,¢n; it is easy to see that
X € Sp(n). (One checks, by induction on k, that (&, é) = d; for all 1 < j < k < n; taking
conjugates this implies that (¢, ¢) = 6 for all 1 < j < k < n, and these two statements
together imply that X e Sp(n). It is clear that, if X is sampled according to v, then all the
vk are non-zero with probability one, so GS¢o(X) is defined outside a set of zero probability
measure.

We define the Gaussian noise operator U, : L2(H"*",v) — L?(H"*",~) in the obvious
way: for f € L>(H™",~) we define

Upf(X) = Eyor[f (0X +V/1— 2Y)].

It is easy to check that U, is self-adjoint; indeed,

EXN'y[mUpg(X)] = EX,ZN'y, p-correlatedf(X)g<Z> = EXN’Y[Upf(X)g(X)]

As in the case of SO(n), we let u denote the measure on /nSp(n) induced (under
dilation by y/n) from the Haar probability measure on Sp(n). For f € L?(Sp(n)) we define

Teol : L?(v/nSp(n), u) — L2(H™",~) by
Tcolf(X) = f(GScol(X))
We similarly let T°*

>, denote its (Hilbert-space) adjoint.
Again, as in the case of SO(n), we define

Tp = IE:VNSp(n) [R;Tzol UPTC0|RV]'
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Since U, is self-adjoint, so is T\. The fact that Tcol commutes with Ly for all V' € Sp(n)
follows from the fact that GSco(VX) = VGSco(X) for all X € H™ ™ and all V' € Sp(n),
which in turn follows from the fact that (Va, Vy) = (z,y) forall z,y € H” and all V' € Sp(n).
The fact that Ly and Ry both commute with U, follows from the fact that, if X ~ (H"*", )
and V € Sp(n), then VX ~ (H"*",v) and XV ~ (H"*",~), as in the case of SO(n) and
(R™, ) (the proof is very similar). For any V' € Sp(n), we have L}, = Ly,-1 and Rj, = Ry -1,
and therefore, taking the adjoints of

LVTcol = TcoILV7 RVTcol = TcoIRV

yields
T:0|LV71 = valT* T§0|Rv—l == valT*

col» col»

and therefore Ly and Ry commute with T, for all V' € Sp(n). It follows that Ly
commutes with T,. The fact that for any W € Sp(n), Ry commutes with T, follows from
a simple change of variables:

RwT, = RwEy  spmn) By TeaUpTeol RY]

= Eysp(n) [Biy-1 By TeqUpTeol Ry/]

= EVNSp(n) [(RVRW*1 )*TzolUpTcolRV]
() [Ryw-1TeUpTeol Ry ]
= Eyspm) [Bv TeaUpTeol Ry ]
= Eyspn) [Bv TeqUpTeol Ry Riy]
=T,Rw.

= IEVNSp n

Hence, T, commutes with the action of Sp(n) from both left and right, as in the SO(n)
case.

We also need to define an analogue of T,.,. However, this is a little different to in
the SO(n) case. For V. € H"*", X € Sp(n) does not imply that (e;X,e;X) = §; ; for each
1,7 € [n] (the latter would be the analogue of ‘orthonormal rows’). The condition X € Sp(n)
is, however, equivalent to the condition (e;X,e;X)" = ¢;; for each 4,5 € [n] (which is in
turn equivalent to the condition (e;X,e;X) = d; ; for each i,j € [n]). We therefore define
our Gram-Schmidt process on the rows, GSyow (X) for X € H"*", as follows. If r1,79,...,7,
denote the rows of X, then we (inductively) define

Ok =1k — Y (Fe,7h)'T
i<k

and (if o # 0)
' T := 5k/ \Y <5k75k>/7

for 1 <k < n. If any = 0, then GSyow (X)) is undefined; otherwise we define G§r0W(X) to
be y/n times the matrix X € H"*" with rows 71,79, ..., Ty; it is easy to see that X € Sp(n),
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similarly to in the case of GSco(X). Again, as with GSco(X), if X is sampled according to
~, then all the dj are non-zero with probability one, so GSyow(X) is defined outside a set of
zero probability measure.

For f € L?(Sp(n)), we define T,y : L?(v/nSp(n), u) — L2(H"X",v) by

Trowf(X) = f(GSrow(X))a

o w denote its (Hilbert-space) adjoint.

As in the SO(n) case, we observe that Tyo, commutes with Ry for all V' € Sp(n); this
follows from the fact that GSow(XV) = GSrow(X)V for all X € H"*™ and all V' € Sp(n),
which in turn follows from the fact that (zV,yV) = (z,y) for all z,y € H" and all
V € Sp(n).

Similarly to as in the SO(n) case, if Y ~ (H"*",~), and X = GS(Y), we obtain
Y = XG, where g;; is 1/y/n times the (Euclidean) length of a QN random vector in
n — i+ 1 dimensions, g;; = 0 for all ¢ > j, g; j is 1/y/n times a QN random variable, the
entries of G are independent, and independent of all the entries of X. This (distribution
over) quaternionic upper-triangular matrices G is our Gaussian Maker Distribution (or
GMD, for short) in the Sp(n) case. To generalise the SO(n) proof, the only (important)
facts we need are the fact that Sp(n) acts transitively (from either the left or the right) on
the set S = {v € H" : (v,v) = 1} of quaternionic vectors of unit norm, and that (H"*",~)
is invariant under both left and right actions of Sp(n).

We can therefore write

T f(X) =Eguemp f(XG) VX € V/nSp(n).

and of course, we let T

Similarly, we can write

Trowf(X) =Egeeup f(GTX) VX € v/nSp(n).

Our ‘nice’ functions on L2(H™ ™, ~) are polynomials (with complex coefficients) where
each variable is a real-part, an i-part, a j-part or a k-part of one of the matrix entries. We
say a monomial in these variables is comfortable if no two of its variables come from the same
row, no two of its variables come from the same column, and all variables come from the first
|n/2| rows and the first [n/2| columns. Similarly, we say it is row comfortable (respectively
column comfortable if no two of its variables come from the same row (respectively column),
and all of its variables come from the first [n/2] rows (respectively columns). A comfortable
polynomial (respectively row-comfortable polynomial or column-comfortable polynomial)
is a complex linear combination of comfortable (respectively row-comfortable or column-
comfortable) monomials. Such a polynomial is said to be a d-junta if it is homogeneous of
degree d and depends only upon the top-left d by d minor, it is said to be a d-row-junta if
it depends only upon the first d rows, and it is said to be a d-column-junta if it depends
only upon the first d columns.

As in the SO(n)-case, we define Ileomf: L2(H™*",v) — L2(H™ ", ~) to be orthogonal
projection onto the linear subspace of comfortable polynomials. Similarly, we define the

88



operators Ilcomf d, Hcomf,col.d @and Ilcomf row,d to be the orthogonal projections onto the space
of comfortable, row comfortable and column comfortable polynomials of degree at most d,
respectively. Finally, if S C [n] is a set of rows, we define Ilcomf,—s to be the projection
onto the subspace spanned by the comfortable homogeneous monomials of degree | S| which
depend only upon variables from the rows in S.

Since the real-part, the i-part, the j-part and the k-part of each matrix entry of X ~
(H™*™, ~) is N(0,1/4)-distributed rather than N(0, 1)-distributed, to guarantee orthonor-
mality we must multiply by a factor of 2%, so a ‘generic’ row-comfortable monomial of degree
d is of the form

Qd(Xil,ﬁ)qrpart ) (Xiz,jz)qz-part et (X’idvjd)Qd'Partv
where g € {real,i,j, k} for all k € [d] and i1, ...,1i4 are distinct integers between 1 and n/2;
for brevity we denote this by H, where a = {(i1,j1;q1), (i2,j2;q2), - - -, (i, Jd; qd) }-
The proof (and statement) of Claim is readily adapted. If
S == {(217.717 q1)7 (7;27].2; 612)7 ey (idv.jd; qd)}

is such that the j; are all distinct, then we have

Teolf (X) = EcrampHs (X G)

d
= 2'Egcup [H((XG)ik,jk)qk—part]

k=1
d Jk
= 2'Eg~amp [H (Z(Xik,EGZ,jk)Qk'Part)]
k=1 \/=1
d Jk
=24 H Eg~cMD [Z(Xik,fG&jk)Qk-part]
k=1 /=1
d Jk
=21] (Z(Xik,eEG[Ge,jk])qk-part>
k=1 \/=1
d
=24 H(Xik:jk]EG[ij JkDCIk-Part
k=1
d
=24 H(Xik,jk)qk—partEG[ij 7jk]
k=1
= AsHg(X),
where p
As = [ EalGj, 5.
k=1

(Note that we used the fact that Eq[Gy ;] = 0 for all £ # ji, and that Eg[Gj, j,] € R.) The
rest of the proof is almost exactly the same as before.
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The analogue of Claim is that, for any row-comfortable d-row-junta f : H"*"™ — C,

we have ) (n/2)! )
Eysp(n) Tcomf,dRv [T 2(5) = 270d((n)2) — d)! ANz -

The proof of Claim is readily adapted. We first note that, as before, if H, and Hg
are row-comfortable monomials such that the set of rows appearing in « is different from
the set of rows appearing in 3, then we have (H,, H5>L2(7) = <Ha,ng)L2(M) = 0; the same
proof works as before.

For S C [n], let Wg denote the (complex) linear span of the row-comfortable monomials
of degree exactly |S| which depend only upon variables from the rows in S. As before, the
Wy are pairwise orthogonal with respect to both L?(v) and L?(u).

Again as before, for any row-comfortable d-row junta g : H"*"™ — C, we may write g as
an orthogonal direct sum,

9= 9ge=s)

Scld]
where g(_g) denotes the orthogonal projection of g onto Wg (with respect to L3(%)). Tt is
clear that (Ryg)—s) = Rv(g(=g)) for any V' € Sp(n) and any row-comfortable d-row-junta
g.
Now let f : H"*™ — C be a row-comfortable d-row-junta. Since the f_g) are pairwise
orthogonal with respect to L?(u1) as well as with respect to L?(7), we have

11220 = 32 Ifies) 2200

Scld]

so there exists S C [d] such that Hf(:S)H%Q(M) > 2%Hf”%2(u)'
For brevity, write h = f(—g), ' := |S| and S = {i1,...,ig}. We need to show that

(n/2)!
EVNSp(n)HHcomf,:SRVhH%Q(v) = nd'((n/Q) — d/)' HhH%2(u) (15)

In proving this, we may assume without loss of generality that S = {1,2,...,d'}. In this
case, we may write

h= > f(e)Hy. (16)

a={(1,51;q1);---,(dsja;q4) }

For brevity, write Ho, := H{(1,1;R),(2,2.R),...,(d,dR)}> 1-€, Ha, denotes the degree-d’ monomial

X — 2d(X1,1)real—part : (X2,2)real—part Tee (Xd’,d’)real—part'

If o = {(1,751;q1),(2,52:92), -, (d', jar;qa/)} is such that the ji are all distinct, then
H, = Ry H,,, where V, = XD, ¥ is the permutation matrix corresponding to some
permutation o € Sy, satisfying o~ (i) = j; for all i € [d] (Z;; 1= 6j=y(;)y for all 4, j € [n]),
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and D is a diagonal matrix with D;; = @ for all i € [d']. It follows that H,, = RVa—IHa.
Since V,, € Sp(n) for any such V,, and since V,V ~ Sp(n) for V' ~ Sp(n), we have

By ~sp(n) | Teomt aBv fl172(,) = Z Ev spm) [ (Rv f, Ha)|?

o: H, comfortable

= > Evespml(Rvv fi Ho)l?

o: H, comfortable

= Z EVNSp(n)HRVaRVfa Ha>|2

o: H, comfortable

= > Eyvespml(Rv S Ry-1Ha)|?

o: H, comfortable
(/2!

/2) — )V ~sem| (B £ Hao) 2,

Now observe that
d d n
Ry Ho(X) = Ho(XV) = 2¥ TT((XV)kj)gpars = 24 [ ] (Z ka> :
k=1 k=1 \i=1 qr-part

and therefore
dl

(RvHo(X), Hao (X)) = [ (Viej)guepart = 274 Ha (V).
k=1

Using the expansion of h, it follows that

(Rvh, Hoy) =277 Y f(a)Ho(V) =277 £(V),

and therefore

’ n 2 ‘ o
Ev sy Weomt s R Al ) = 47 S0 iB oyt (V)1

n/2)!
- s =l

The rest of the proof is exactly as before.

We now need analogues of some of the results of Section (We omit those whose
statements and proofs are trivial to adapt.) As in the SO(n) case, we define the ‘over-
Gaussian’ distribution v to be the distribution of Y G, where Y ~ ~ and G ~ GMD. Fix a
comfortable d-junta f and write

f = Za[(2dx5),
S
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where for S = {(1,i1;q1),...,(d,iq;qq)} (with i1,...,iq € [n] distinct, and q1,...,q4 €
{real,i,j,k} := R), we write
d

rs = [[@hin) st

h=1
Note that {292} g forms an orthonormal set of vectors in L?(7), where S ranges over tuples
of the above form.
We need the following analogue of Claim [10.10)]
Claim B.1. Let S = {(1,i1;q1),...,(d,iq;qq)} where i1,...,iq € [n] are distinct and
qi,---,qd € {reali,j, k} :=R, and let xg := HZ:1($h,ih)qh—part' Then
d
12%25 72, = 1.

Proof. In what follows, for ¢ € {real,i,j,k} and h € H, we define (h)_gpart := —(h)g-part,
for notational convenience. Observe that

12251172 () = 4" Eanemp By ay (Y G 1 )gr-part)* (Y G)2in ga-part)® -+ (Y G)i))part]-

Since for each h € [d], (YG)ni,)gy-part = Z;Ch:l rer Y )r-part (G,ip )r—1q,-part involves
only entries of Y in row h and entries of G in column iy, (and the iy are distinct), the random
variables {(((YG)n.iy)gn-part)> : h € [d]} form a system of independent random variables,
and therefore

d

12250132,y = 47 [ EamcMDEY < [(YC)hi, )gp-pnt) ).
h=1

For each h € [d], we have
EcaMDEY ~r (Y G) iy ) gn-part)°]

. 2
h
= IE:GEY <Z Z (Yh,k)r-part(Gkﬂh )r—lqh-part)
k=1reR
= Z EcEy [(Yh,k)r—part (Yh,k’ )r’—part (Gk,ih )r‘lqh—part (Gk’,ih ) (r’)—lqh—part]
(k) #(K' ")
ih
+)  Ec~ompBy s [Yi21Gh 4, ]
k=1
ih
=0+ Z Z EGNGMD[((Gk,ih)r—lqh—part)2]EYN"/[((Yh7k)T'Part)2]
k=1reR
ip
= Z Z EGNGMD[((Gk,ih)rflqh—part)z] ’ %

k=1reR
= L(4(ip — 1)(1/(4n)) + (n — i, +1)/n)
=1/4.
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(Here, for the third equality we use the independence of
(Yh,k)r-parta (Yh,k”)r’-parta (Gk,ih)r—lqh-parta (Gk’,ih>(r’)—1qh-part

and the fact that (Y, 1) r-part and (Y4 k) r/-part both have zero expectation.) Hence, HQdﬂ?SH%z(y)
1, as required. O

Similarly, we need the following analogue of Claim|10.11} For S = {(1,i1;q1),...,(d,4;qq4)}
and T = {(le;pl)v ceey (d>]d?pd)} we set

d(S,T):=|{h € [d] : in # jn or qn # pn}|.

Claim B.2. For any S,T such that d(S,T) = ¢, we have ‘(2%5, Qme> < g, where

}L2 (v)

Ep = ol tp—t/29dt/\/n

To prove this we first need the following simple analogue of Claim [10.12

Claim B.3. Let (i1,...,iq) € [n]? and (j1,...,54) € [n]? be such that |[{h € [d] : i} #
Jn} =€ and such that in the product

(Giljl)Tl-paTt(Gi2j2)T2-PaTt T (Gidjd)rd-l)arh

no matriz entry of G appears more than twice. Then

02
|EG~GMD [(Giljl)Tl-PaTt(GiﬂQ)m-paTt T (Gidjd)m-part” < <4n> :

Proof. If, in the product

(Gi1j1 )T1-part(Gi2J2)T2-part e (Gid]'d)fd-partv

some off-diagonal matrix entry of G appears exactly once, then the expectation of the
product is zero. We may therefore assume that every matrix entry of G appears either
exactly twice, or not at all, in the above product. If there are exactly ¢ values of h such
that iy # jn, then the above expectation factorises into a product of the expectations of
the squares of ¢/2 off-diagonal and of the squares of (d — ¢)/2 diagonal entries:

H E Gkk‘ Qk part H E ,j - part) ],

keD (z,g)ES

where £ C [n)?\ {(k,k) : k € [n]}, |D| = (d—¢)/2, |E| = £/2 and qx,r; € R for all i and
k. We have E[((Gi;)r-part)?] = 1/(4n) for all (i,5) € £ and E[((Gk.k)ge-part)?] < 1 for all
k € D, proving the claim. O
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PTOOf Let £ > 1 and fix S = {(Lil;ql)’ ) (dvldvc_Id)} and T' = {(17j1;p1)7 sy (d7jdapd)}
such that d(S,T) = ¢ > 1. Since G is upper-triangular and i, j, < d for all h € [d], we
have

2
((YG)h Zh)fIh -part = Z Z th e part(Gk Zh r—lq,-part — Z Z Yh k)r- part Gk Zh)r Lqp,-part
k=1reR k=1reR

and

((YG) 7]h)ph -part — Z Z Yh k- part(Gk,]h r—lp,-part — Z Z Yh k)r- part Gk ]h) —1p,-part

k=171€ER k=17r€R
for all h € [d]. Hence,
d
25 (YG) = [[ (Y G)nip)ap-part
h=1

= Z (}/l,kl)rl-part T (Yd,kd)Td-part(lefl:l)rl_lql_part e (de7id)rglqd_pa,rt

vy (YG) = Z (Yl,lﬁ)m-part T (Yd,k‘d)rd-part(GkLh)rl_lpl-part T (devjd)rglpd—part’

so, using the fact that, under v, the ((Y;;)r-part : 4,J € [n], 7 € R) are independent and of
expectation zero (and are independent of the G; ;), we obtain

<2dl'5, QdZL‘T>
v

Z Eg~cmp |:(Gk1i1)rflql—part(lejl)r;lpl—part o (deid)rglqd—part(dejd)rglpd-Part )

Keld)?,
ReRd

(17)

For a d-tuple (K; R) = (k1571 ..., ka;ra) € ([d]x R)Y, we write my = my(K) = m1(K; R) :=
‘{h S [d] : jh = ih, k‘h 7é ih}‘, mo = mQ(K = mQ(K R) ‘{h S [d] : jh 7& ih, k‘h ¢
{in,jn}}| and ms = mg(K;R) := |{h € [d] : jn # in, kn € {in,jn}}|; note that these
quantities depend only on K and not on R. We let KC (m1, mg, m3) denote the set of d-tuples
(K; R) with parameters mi, mg and mg. For (K;R) € K (m1, ma2,m3), by Claimwe
have

_ 2mq+2mo+mg
‘EG [(leil)rflql—part(lejl)'rl_lpl—part e (deid)rd_lqd-part(dejd)rd_lpd_part] ) < (4n) 2

We further note that, for (K; R) € K(m, ma, ms3), the expectation in the above inequality
is zero unless the following four conditions hold:

94



e Whenever iy, = j, and ky, # i, we have pp, = qp.

e Whenever i, = j, = k, we have pp, = ¢, and r,?lph = real.
e Whenever iy, # jn and kj, = ij, we have r,:lqh = real.

e Whenever i;, # j; and kj, = j, we have r,:lph = real.

In view of this we let *(mq, mga, m3) be the set of all d-tuples (K; R) € K(m1,ma, m3)
such that the above four conditions hold. For (K; R) € K*(m1, mg, m3) we have ma+ms = £.
Summing over all K, we see that |(zg,z7)| is at most

D S

mi1,m2,m3 Kek*(mi,ma,ms3)

_2m1+2m2+m3
< DY (n)TT 2K (ma,ma,mg)] .

mi,m2,m3

Now

|IC* (m1, ma, m3)| < ( d )dm1<

ma

? d2m1 +ma gm29ms

ma2

mi1+mso.,
4™ 2’

dm2oms . 4m1+m2 <
mllmg!

note that the only difference with the corresponding expression in the proof of Claim
is the extra factor of 4™1T™2 which comes from the fact that r; can vary freely over R
(and still satisfy the above conditions) when iy, # j, and ky & {ip, jn}, or when iy = j, and
kp, # ip, but in no other cases.

Summing over all m1, mo, m3 with mo +m3 = £ completes the proof, just as in the proof
of Claim the extra factor of 4~ 32 cancels out (or more than cancels out) the
extra factor of 4m1+tm2, O

The analogue of Lemma [10.9| is proven from the above claims in a very similar way.
Writing
f=Y as(2%g),
S
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we obtain

171220y < D lasPli2es)22) + D lasllar |(2'zs, 2% )
S SA£T

v ‘

las]® + |ar|?
<A 20 + D B T— ‘<2d$5, 2d$T>
SAT v

d
<FF2i + DD lasP HT : d(T,8) =t} - &4

(=1 S

d
d
< U By + Wy S ()
/=1

d
= [1f11Z¢,) (1 + Zﬁe(‘ld)é) ;
=1

and the rest of the proof is essentially unchanged, up to reducing the value of § by a constant
factor.

C Bounding the eigenvalues of the Laplace-Beltrami opera-
tor

C.1 Bounding the eigenvalues of the Laplace-Beltrami operator in SO(n)

In this section, we obtain our desired bound on the eigenvalues of the Laplace-Beltrami
operator in SO,,, which we need in order to prove fineness.

Lemma C.1. Let p € Sb(n) be of level D, then the corresponding eigenvalue X\, of the
Laplacian A satisfies
A\, = —C(nD + D?).

To prove this, we will use [7, Theorems 2.3, 2.4]. It is well-known that the matrix
coefficients of the irreducible representations of SO(n) are eigenvectors of the Laplace—
Beltrami operator. The aforementiond theorems in [7] give a formula for the eigenvalues, in
terms of the fundamental weights of the irreducible representations. (The reader is referred
to [I7, p. 219] for a relatively concise definition of the fundamental weights.) The following
statement (which suffices for our purposes) combines Theorem 2.3 and 2.4 from [7].

Theorem C.2. Let G be a simply connected Lie group of rank k. Then the eigenvalues of
the Laplace-Beltrami operator A : L*(G) — L*(G) are in one-to-one correspondence with
the equivalence classes of complex irreducible representations of G. Furthermore, there is a
set of vectors {w1, ..., w} in a finite-dimensional inner-product space, known as a system of
fundamental weights for G, such that there is an explicit one-to-one correspondence between
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the equivalence classes of irreducible representations of G, and the elements of the discrete

k
{Zriwi 7“1,...,7“k;€N}‘

i=1
k
Furthermore, defining p := Y w;, the eigenvalue \, of A corresponding to v = Y ryw;
i=1

cone

satisfies
Ao == v+ pll + lIoll3 = =2(v, p) = [[v]]3-

We will choose a known system of fundamental weights for SO(n) as in [35, Section 5.1].
We denote by E;; € R™" the n by n matrix with a one in the (7, j)-th entry and zeros
elsewhere. (We omit n from notation, as it will always be clear from context.) The system
of fundamental weights depends on whether n is even or odd, and we deal with the two
cases separately.

The case of odd n
Let n = 2k + 1. In this case, the rank of SO(n) is k, and a system of fundamental weights

(2
{wy,wa,...,wi} is given by w; = > uj for 1 < i < k—1 and wy = %Zuj, where
=1 j=1

uj := By — Epyj; for each 1 < j < k.

The equivalence class of representations corresponding to v = Z riw; is indexed by

Young diagrams A = (\y,..., \x), where r; = \; — \j41 for each 1 <4 < k‘ —1 and 7, = 2.
The corresponding degree is therefore

k—1

k
= Z N = Z rj + % —|— — Z ]7’] *Tk (18)
=1

i=1 \i<j<k—1 1<j<k—1

We will use this equality to estimate the eigenvalue given in Theorem Using the formula
therein, the corresponding eigenvalue is

2 2
Ao = = lv+pllz + llollz

where here and henceforth we view the matrices v and p as vectors of length n?, using the
the natural flattening, and we use the unnormalized inner product on R"’ (equivalently,
(A, B) = Tr(A'B)). Then

Mo = =20, ) — 0l

It remains to estimate the norm of v and the inner product of v and p. To estimate the
norm of v, we write

k k—1 i k k k—1
Tk
v=) wi= mi) ut 52 =3 (5w
=1 i=1 7=1 j=1 j=1 i=j



and since the u;’s are mutually orthogonal and each has |ju;||3 = 2, we obtain

2 k k—1 2 k 2
wE=23 (e n] <2 (X (30X ) 2 (LT
J= i=j

which is at most 2D? by .
To bound the inner product of v and p, note that p is the vector v in which we take all
the r;’s to be 1, hence by the computation above, we have

p—Zm—Z( —j+;)uj,

j=1

and so

k k k—1
v>:2;( —j+> —+Zrl <2k; 2+§ri < 2kD.

where in the last inequality we used . Overall, we see that the eigenvalue )\, satisfies
Ay = —2D? —nD, as required.

The case of even n

Let n = 2k. In this case, the rank of SO(n) is k£, and a system of fundamental weights

{wl,...,wk}isgivenbywl—Zu]forl <k—2 wp_ 1—%2 i and wy, = wWi_1 — Uk,
J=1 J=1
where again we define u; := Ej 4 — Epyjj for 1 < j <k.
k
Consider the the equivalence class of representations corresponding to v = Z riw;. We

now need to inspect the corresponding Young diagram to relate the 7;’s to the degree of
the representation, and we recall that the corresponding Young diagram A = (Aq1,..., Ag)
maybe either have k non-zero rows or at most £ — 1 non-zero rows.

Young diagrams with at most £ —1 rows. In this case we have r; = A\; — ;41 for each
1 < <k, and so the degree is

k k k-1 k—1
=D =D D =)
=1 =1 j=1 7j=1
Using the same estimates as before, we obtain
k-2 k E [k—2
Tk—1
D S ol D IR P
i=1 =1 j=1 j=1 \i=j



SO

) , 2 k—2 oy 2
k—1 . k—1
HvH%éQZ Zm+ 5 <2 eri—&— 5 < 2D%
Jj=1 \i=J =]
k—2
We also obtain p = Y (k — 3 — j)u; + suj_1 + 3ug, and so
j=1
k-2 1 k=2 (k-2
. k
<U,,0>:2Z<k’—2—]> 2734——1 +re—1 < 2k Zrmh— +rp—1 < 2kD+D,
j=1 ]:]_ :
which is at most 2nD, as desired.
Young diagrams with £ rows. In this case, we have r; = A\;—\; 1 foreach 1 <i < k-2,

and (rg_1,7g) is either (Ag—1 — Ag, Ag—1 + Ak) or (Ag—1 + Mg, Ag—1 — Ax). The computatlon
in both cases is similar and goes along the same lines as the computations so far, hence we
deal only with the case where (rp_1,7r) = (Ak—1 — Ak, Ak—1 + Ag)-

The degree here is

k k—2 [k—2 1 k—2 9 9
D:Z)‘Z: er—i-z(rk 1+ 7k) :erj—i— 5 re—1+ 5Tk
=1 =1 Jj=t 7j=1
We have the same formulae for v and p as before, and so
2 2
ko [k—2 _— k—2 —_
HvH§<2; ;jm—l— 5| <2 ;jiri—&— 5 < 2D?,

and

k—2 k—2
1 _
<v,p>:2§ (k—z—j> g ri—l—% +7’k,1§2k§ g rz—l——l +rp_1 < 2kD+D,

which is at most 2nD, as desired.

C.2 Bounding the eigenvalues of the Laplace—Beltrami operator in SU(n)

The following lemma, analogous to Lemma [C.1] gives our desired bound on the eigenvalues
of the Laplace—Beltrami operator in SU(n).

Lemma C.3. Forp € Sﬁ\(n) of level D, the corresponding eigenvalue X\, of A satisfies
A\, = —C(nD + D?),

where C' is an absolute constant.
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Proof. The proof proceeds by a similar computation to the proof of Lemma We apply
Theorem in the case of G = SU(n), which has rank £k = n — 1, and use a system of
fundamental weights from [7]. The system of fundamental weights {w;, ..., w,_1} is defined
by

7 n
wi:Zej—%Zej (I1<i<n—-1),
j=1 j=1
where {e;}, is the standard basis of R"; here, e; corresponds to
iF;;, (19)

where i = v/—1 and F; ; is the matrix with a one in the (i, j)th-entry and zeros elsewhere,
as before. For each 1 <k <l < n—1, we have

(wg, wy) = k(n—1)/n.

Set o = Z?:_f w;. For a partition A whose Young diagram has less than n rows, the
corresponding weight vector is
n—1
v = Z a; Wy,
i=1

where a; = A\; — A\jq1 for all ¢ € [n — 1] and A, := 0; the level D of the corresponding
representation is given by

n—1
D= Z a; min{i,n —i}.
i=1

It follows that, if v = Y_77] apwy, then

n—1 n—1
<U> G> = <Z AWk, Z wk>

k=1 k=1
= Y ak(n—=D/m+ D aplln—k)/n
1<k<i<n—1 1<l<k<n—1
n—1 n—1
= (n—k)(n—k+ Dkar/(2n) + Y _ k(k+ 1)l(n — k)ay/(2n)
k=1 k=1
<nD,

and
n—1 n—1
)
k=1 k=1
= Z akalk(n — l)/n + Z akall(n - k)/n

1<k<i<n—1 I<i<k<n—1
2
< 2D
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Hence, by Theorem , the corresponding eigenvalue A, of A satisfies
Ay = —2(v,0) — {0,0) = —2nD — 2D?.

O

C.3 Bounding the eigenvalues of the Laplace-Beltrami operator in Sp(n)

For bounds on the eigenvalues of the Laplace-Beltrami operator of Sp(n), we use the fol-
lowing system of fundamental weights (which are a scalar multiple of those in [12]). Setting
uj =i(Ejj — Enyjnyg) for each j € [n], we let

7
j=1

be the ith fundamental weight, for each i € [n]. The irreducible representation corre-
sponding to v = Y | r;w; also corresponds to the Young diagram A = (A1,..., A,), where
r; = A — A1 for all 1 < < n and A\,41 := 0; the corresponding degree is

D=>"\=)Y _jr (20)
i=1 j=1

From here on, the analysis is very similar to that for SO(n) (for n odd). Using the formula
in Theorem the eigenvalue of A corresponding to v = > | ryw; is

2 2
Ao = = lv+pllz + llollz

where here we view the matrices v and p as vectors of length (2n)2, using the natural
flattening, and we use the unnormalized inner product on R(2n)? (equivalently, (A, B) =
Tr(A'B)). Then
2
Ay = =2(v, p) — [Jv]]3.
It remains to estimate the norm of v and the inner product of v and p. To compute the
norm of v, we write

n

n A n n
V= E w; = E s E Uj: E E T3 u]',
=1

i=1  j=1 j=1 \'i=j
and since the u;’s are mutually orthogonal and each has 2-norm-squared equal to 2, we get

that
2 2

n n 2 n n n n
o3 =2 (D r| <2(D | Dom =2 > > i |,
=1 \i=j

j=1 \i=j =1 i=1

which is at most 2D? by .
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To bound the inner product of v and p, note that

n

n
p=Y wi=3(n—j+u,
=1

j=1

and so
n n n n
(p,v):QZ(n—j+1) Zri <2nz Zri < 2nD.
j=1 i=j j=1 \i=j

where in the last inequality we used . Overall, we see that the eigenvalue )\, satisfies
Ay = —2D? —nD, as desired.
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