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—— Abstract

Boolean function F(z,y) for z,y € {0,1}" is an XOR function if F(z,y) = f(z & y) for some
function f on n input bits, where @ is a bit-wise XOR. XOR functions are relevant in communication

complexity, partially for allowing the Fourier analytic technique. For total XOR functions, it is
known that deterministic communication complexity of F' is closely related to parity decision tree
complexity of f. Montanaro and Osbourne (2009) observed that one-way communication complexity
D (F) of F is exactly equal to non-adaptive parity decision tree complexity NADT®(f) of f.
Hatami et al. (2018) showed that unrestricted communication complexity of F' is polynomially
related to parity decision tree complexity of f.

We initiate the study of a similar connection for partial functions. We show that in the case
of one-way communication complexity whether these measures are equal, depends on the number

of undefined inputs of f. More precisely, if D (F) =t and f is undefined on at most O ( 27 )

n—t

inputs, then NADT®(f) = t. We also provide stronger bounds in extreme cases of small and large
complexity.

We show that the restriction on the number of undefined inputs in these results is unavoidable.

That is, for a wide range of values of D} (F) and NADT®(f) (from constant to n — 2) we provide

partial functions (with more than Q (\2/%) undefined inputs, where ¢t = DZ}) for which DZ (F) <

NADT®(f). In particular, we provide a function with an exponential gap between the two measures.

Our separation results translate to the case of two-way communication complexity as well, in

particular showing that the result of Hatami et al. (2018) cannot be generalized to partial functions.

Previous results for total functions heavily rely on the Boolean Fourier analysis and thus, the
technique does not translate to partial functions. For the proofs of our results we build a linear

algebraic framework instead. Separation results are proved through the reduction to covering codes.
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1 Introduction

In communication complexity model two players, Alice and Bob, are computing some fixed
function F': {0,1}" x {0,1}"™ — {0,1} on a given input (z,y). However, Alice knows only
x and Bob knows only y. The main object of studies in communication complexity is the
amount of communication D.(F) needed between Alice and Bob to compute the function.

Function F is a XOR-function if for all z,y € {0,1}"™ we have F(x,y) = f(x ®y) for some
f:{0,1}™ — {0, 1}, where x®vy is a bit-wise XOR of Boolean vectors z and y. XOR~functions
are important in communication complexity [28, 19, 26, 27, 3, 13, 15, 1, 24, 22, 5, 2, 8, 11, 9],
on one hand, since there are important XOR-functions defined based on Hamming distance
between x and y, and on the other hand, since the structure of XOR-functions allows for the
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Fourier analytic techniques. In particular, this connection suggests an approach for resolving
Log-rank Conjecture for XOR~functions [28, 13].

In recent years there was considerable progress in the characterization of communication
complexity of a XOR-function F' in terms of the complexity of f in parity decision tree model.
In this model the goal is to compute a fixed function f on an unknown input = € {0,1}" and
in one step we are allowed to query XOR of any subset of input bits. We want to minimize
the number of queries that is enough to compute f on any input x. The complexity of f in
this model is denoted by DT®(f). It was shown by Hatami et al. [13] that for any total f
we have D¢.(F) = poly(DT®(f)).

Even stronger connection holds for one-way communication complexity case. In this
setting only very restricted form of communication is allowed: Alice sends Bob a message
based on = and Bob has to compute the output based on this message and y. We denote
the complexity of F' in this model by D_?(F'). The relevant model of decision trees is the
model of non-adaptive parity decision trees. In this model we still want to compute some
function f on an unknown input and we still can query XORs of any subsets of input bits,
but now all queries should be provided at once (in other words, each query cannot depend
on the answers to the previous queries). The complexity of f in this model is denoted by
NADT®(f). It follows from the results of Montanaro, Osbourne [19] and Gopalan et al. [10]
that for any total XOR~function F(z,y) = f(z ©y) we have D} (F) = NADT®(f).

These results on the connection between communication complexity and parity decision
trees can be viewed as lifting results. This type of results have seen substantial progress
in recent years (see [21]). The usual structure of a lifting result is that we start with a
function f that is hard in some weak computational model (for example, a decision tree
type model), compose it with some gadget function g to obtain f o g (each variable of f
is substituted by a copy of g defined on fresh variables) and show that f o g is hard in a
stronger computational model (for example, a communication complexity type model). The
results on XOR-functions can be viewed as lifting results for ¢ = XOR.

The results on the connection between communication complexity of XOR~functions and
parity decision trees discussed above are proved only for total functions f for the reason that
the proofs heavily rely on the Fourier techniques. However, in communication complexity and
decision tree complexity it is often relevant to consider a more general case of partial functions,
and many lifting theorems apply to this type of functions as well, see e.g. [7, 17, 4, 23]. In
particular, there are some lifting results for partial functions for gadgets that are stronger
than XOR: Mande et al. [18] proved such a result for one-way case for inner product gadget
(inner product is XOR applied to ANDs of pairs of variables) and Loff, Mukhopadhyay [17]
proved a result on lifting with equality gadget for general case (note that equality for inputs
of length 1 is practically XOR function). In [17] a conjecture is mentioned that for partial
XOR-functions D (F) is approximately equal to DT®(f) as well.

Our results.

In this paper we initiate the studies of the connection between communication complexity for
the case of partial XOR, functions and parity decision trees. It turns out that for one-way case
whether they are equal depends on the number of inputs on which the function is undefined:
if the number of undefined inputs is small, then the complexity measures are equal and if it
is too large, they are not equal.

More specifically, we show that for ¢ = D} (F) the equality D} (F) = NADT®(f) holds
2n7t
Vvn—t
undefined inputs for small values of t. More specifically, for ¢t = 1 we show that the equality

if f is undefined on at most O ( ) inputs. We prove a stronger bound on the number of
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D_(F) = NADT®(f) is true for all partial f. For ¢t = 2 we show that the equality is true
for at most 2”73 — 1 undefined inputs. On the other end of the spectrum we show that for
any partial function if NADT®(f) > n — 1, then D (F) = NADT®(f).

On the other hand, we provide a family of partial functions for which D (F) <
NADT®(f)!. More specifically, we show that for any constant 0 < ¢ < 1 there is a
function f with NADT®(f) = cn and D} (F) < ¢/n for some ¢’ < c.

The number of undefined inputs for the function is O (%) if ¢ > 1/2, is equal to 2771 if

2dn

c¢=1/2,and is 2" — O (W) if ¢ < 1/2, where 0 < d < 1 is some constant (depending of c¢).

We provide a function f for which NADT®(f) = y/nlogn and D_}(F) < O(logn), the
number of undefined inputs for f is 2" — 20(vnlog®n) Thus, we provide an exponential
gap between the two measures.

We provide stronger bounds for small and large values of complexity. For D2 (F) = 1
we show that the equality D} (F) = NADT®(f) is true for all partial f. For D} (F) = 2
the equality is true for at most 273 — 1 undefined inputs. The smallest values of measures
for which we provide a separation are D (F) = 7 and NADT®(f) = 8. On the other
end of the spectrum we show that for any partial function if NADT®(f) > n — 1, then
D2 (F) = NADT®(f). The largest value of NADT® for which we provide a separation is
n — 2, this complements the result that starting with NADT®(f) = n — 1 the measures are
equal.

All our separation results translate to the setting of two-way communication complexity
vs. parity decision trees. In particular, we provide a partial function f with exponential
gap between D¢.(F) and DT®(f), which refutes the conjecture mentioned in [17]. Tt is an
interesting open problem whether the polynomial relation between these measures discovered
by Hatanami et al. for total functions holds for partial functions with some restriction on
the number of undefined points.

The techniques behind the results on the connections between communication complexity
of XOR~functions and parity decision tree complexity for total functions heavily rely on
the Fourier analysis. However, it is not clear how to translate this technique to partial
functions. To prove our results, we instead translate the Fourier-based approach of [19, 10]
into the language of linear algebra. We design a framework to capture the notion of one-way
communication complexity of partial XOR~functions and use this framework to establish
equality of D7 (F') and NADT®(f) for the small number of undefined points. The separation
results can be proved using our framework, but in these version of the paper we provide
self-contained proof. The separation results are proved by a reduction to the covering codes.

The rest of the paper is organized as follows. In Section 2 we provide necessary preliminary
information and introduce the notations. In Section 3 we introduce our linear-algebraic
framework. In Section 4 we prove main results on the equality of complexity measures. In
Section 5 we prove separation results. In Section 6 we provide results for extreme cases.
Some of the technical proofs are presented in Appendix.

! Note that the gap in the other direction is impossible: it is easy to see that Dgl (F) < NADT® () for all
f (see Lemma 4 below). Similar inequality (with an extra factor of 2) holds for general communication
complexity and parity decision tree complexity.
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2 Preliminaries

2.1 Boolean cube

A Boolean cube is a graph on the set {0,1}" of Boolean strings of length n. We connect two
vertices with an edge if they differ in a single bit only. The set {0,1}"™ can also be thought of
as the vector space FJ, with the bitwise XOR as the group operation. An inner product over
this space can be defined as

(2,y) Z@l‘i/\yi- (1)

Hamming weight of x denoted |z| is defined as the number of coordinates of x equal
to 1. Hamming distance dist(z,y) between z € {0,1}" and y € {0,1}" is the number of
coordinates at which x and y differ. The Hamming ball of radius r is a set of vertices of
Boolean cube {0,1}" with Hamming weight not exceeding r. We denote by V(n,r) the
volume of a Hamming ball in {0,1}" of radius r.

2.2 Isoperimetric inequalities

» Definition 1. For a set A we denote the set of neighbors of elements of A as TA. We
denote IVA:=TA\ A.

We will need the vertex isoperimetric inequality for a Boolean cube known as Harper’s
theorem. To state it we first define Hales order.

» Definition 2 (Hales order [12, Page 56]). Consider two subsets x,y C [m] for some natural
m. We define x <y if |x| < |y| or |z| = |y| and the smallest element of the symmetric
difference of x and y belongs to x. In other words, there exists an i such that i € x,i ¢ vy,
and i is the smallest element in which x and y differ. Here is an example of Hales order for
m =4:

2, {1}, {2}, (3}, {4}, {1, 2}, {1, 3}, {1, 4}, {2,3}, {2, 4}, {3, 4},
{1,2,3},{1,2,4},{1,3,4},{2,3,4}, {1,2,3,4}.

We can induce Hales order on the set {0,1}™ by identifying subsets of [m] with their char-
acteristic vectors. We define I to be the set of the first a elements of {0,1}™ in Hales
order.

» Theorem 3 (Harper's theorem [12, Theorem 4.2]). Let A C {0,1}™ be a subset of vertices
of m-dimensional Boolean cube and denote a = |A|. Then |T'A| > |TIM|.

2.3 Communication Complexity and Decision Trees

Throughout this paper, f denotes a partial function {0,1}" — {0,1, L}, we let Dom(f) =
F71({0,1}). We define an XOR-function F : {0,1}" x {0,1}" — {0,1, L} as

F(z,y) = f(zr@y). (2)

In communication complexity model two players, Alice and Bob, are computing some
fixed function F': {0,1}" x {0,1}" — {0,1} on a given input (z,y). However, Alice knows
only x and Bob knows only y. The main subject of studies in communication complexity
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is the amount of communication D..(F') needed between Alice and Bob to compute the
function. Formal definition of the model can be found in [16].

We will be mostly interested the in one-way communication model. This is a substantially
restricted setting, in which only Alice is permitted to send bits to Bob. Formally, the one-way
communication complexity D_}(F) is defined to be the smallest integer ¢, allowing for a
protocol where Alice knowing her input x sends ¢ bits to Bob, which together with Bob’s
input y enable Bob to calculate the value of F.

The bits communicated by Alice depend only on z, that is Alice’s message to Bob is
h(x) for some fixed total function h: {0,1}" — {0,1}*. Bob computes the output F(z,y)
based on h(z) and his input y. That is, Bob outputs ¢(h(z),y) for some fixed total
function ¢: {0,1}* x {0,1}™ — {0,1}. If (z,y) is within the domain of F, then the equality
p(h(z),y) = F(z,y) must be true.

The notion of parity decision tree complexity is a generalization of the well-known decision
tree complexity model. In this model, to evaluate a function f for a given input x the protocol
queries the parities of some subsets of the bits in . The cost of the protocol on specified
input z is the number of queries the protocol makes on that input. The cost of the protocol
(sometimes referred to as the worst-case cost) is maximum over all inputs z, costs of protocol
on the input z. The complexity of problem f in the model of parity decision trees DT®(f)
is the minimal over all valid protocols, cost of a protocol for f.

We consider the non-adaptive parity decision tree complexity NADT®(f). This version
differs from its adaptive counterpart in that all the queries should be fixed at once. In other

words, each next query should not depend on the answers to previous queries. Next, we give
a more formal definition of NADT®(f).

The protocol of complexity p is defined by n-bit strings si,...,s, and a total function
[:{0,1}» — {0,1}. On input z the protocol queries the values of
(s1,2),- -, (Sp, ) (3)

and outputs

I({s1,2),...,(sp,x)). (4)

The protocol computes partial function f, if for any « € Dom(f) we have

[({s1,2),. (sp 7)) = [ (). ()

Throughout the paper t, h, ¢, p, s1, ..., Sp, | have the same meaning as defined above.
It is easy to see that there is a simple relation between NADT®(f) and D2 (F).

» Lemma 4. For any f we have D} (F) < NADT®(f).

Proof. Alice and Bob can compute F(z,y) by a simple simulation of NADT® protocol for
f- The idea is that they privately calculate the parities of their respective inputs according
to NADT® protocol, then Alice sends the computed values to Bob, who XORs them with
his own parities, and then computes the value of F.

More formally, assume that NADT®(f) = p and the corresponding protocol is given by
$1,...,8p € {0,1}™ and a function [, that is

Vo € Dom(f), f(z) =1((s1,2),...,(sp, x)). (6)

For i € [p], we let

hi(x) :== (s, x). (7)
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For the communication protocol of complexity p we let

h(z) = (hi(@), ..., hy(2)), (®)
pla,y) = 1(a1 @ (s1,9), -+, ap © (8p,))- 9)

Then for any (z,y) such that x @ y € Dom(f) we have

e(h(x),y) = l(h1(x) ® (s1,9), - -, hp(@) B (sp,y)) = (10)
l(<$1,$>@<81,y>,...,<8p,.’£>@<Sp,y>) = (11)
l(<$1,$ D y>’ IR <$I)vaj D y>) = f(.]? D y) = F(Z‘,y) (12)

We constructed a p-bit communication protocol for F, and thus

DZ(F) < p = NADT®(f). (13)

In this paper, we are mainly interested in whether the inequality in the opposite direction
is true.

2.4 Covering Codes

» Definition 5. A subset C C {0,1}" is a (n, K, R) covering code if |C| < K and for any
x € {0,1}™ there is ¢ € C such that dist(z,c) < R. In other words, all points in {0,1}" are
covered by balls of radius R with centers in C.

The following general bounds on K are known for covering codes.

» Theorem 6 ([6, Theorem 12.1.2]). For any (n, K, R) covering code we have
log K > n —logV(n, R). (14)
For any n and any R < n there is a (n, K, R) covering code with
log K <n—logV(n,R)+ logn. (15)
We will use the following well known fact.

» Theorem 7 ([6, Section 2.6]). If n =2™ —1 for some m, then Boolean cube {0,1}™ can be
splitted into disjoint balls of radius 1.

This construction is known as a Hamming error correcting code. Note that it is a

(n=2m-1, nQ—:l, 1) covering code.

» Definition 8. For two covering codes C1 and Co their direct sum is
Ci®dCy = {(01,02) | c1 € Cq,co ECQ}. (16)

» Lemma 9 ([6, Theorem 12.1.2]). IfC; is a (n1, K1, R1) covering code and Cy is a (n2, Ko, Ra)
covering code, then C1 @ Cy has parameters (ny + na, K1 Ko, Ry + Ra).

We need the following bounds on the sizes of Hamming balls (see, e.g. [14, Appendix Al).

» Lemma 10. For any n and k < n we have

() <vom= (2)" w
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» Lemma 11. For any constant 0 < ¢ < 1 we have

(21) ~0 (\/152’1’(0)") . (18)

For any constant 0 < ¢ < 1/2 we have

V(n,cn) = O <12H<C>") , (19)

Vn
where H is the binary entropy function.

» Lemma 12 ([25, Section 5.4]).

v (n 3 —6(y/nlogn)) = — (20)

poly(n)’

For the binary entropy function H(z) we will use the following simple fact.

» Lemma 13. For any constant ¢ € (0,1) and for any o, —— 0 we have
n—oo

H(c+ ay) = H(c)+ O(an), (21)
where the constant in O-notation might depend on ¢, but not on n.

This is true since the derivative of H is upper bounded by a constant in any small enough
neighborhood of c.

3 Linear-algebraic framework

3.1 Graph-based analysis of one-way communication protocols

Recall that in a one-way communication protocol of complexity ¢ for F(z,y) = f(z @ y)
Alice on input x € {0,1}" first sends to Bob h(z) for some fixed h: {0,1}" — {0,1}".
After that Bob computes the output ¢(h(z),y), where y € {0,1}" is Bob’s input and
©0:{0,1}* x {0,1}" — {0,1}.

Let’s consider the partition H = {H, | a € {0,1}'}, where for any a € {0, 1}

H, =h'(a). (22)

We refer to H as h-induced partition. A class H, of this partition is the set of inputs for
which Alice sends Bob the same message.

Consider two arbitrary inputs z,y € {0,1}". We call the vector A = z & y the shift
between = and y. The intuition is that y is equal to the shift 2 @& A of z by y (and vise versa).

We say that A € {0,1}"™ is a good shift if there is a pair z,y € {0,1}" such that x By = A
and h(z) = h(y), or equivalently, if 2 and y belong to the same class of H. Note that f does
not necessarily need to be defined on inputs x and y. However, it turns out that on the
domain of f the value of f is invariant under good shifts.

» Lemma 14. Assume that A is a good shift. Consider any v,u € Dom(f) such that
v@u=A. Then, f(v) = f(u).

Proof. Since A is good, there are x and y such that h(z) = h(y) and © & y = A. Then
fw) =e(h(z),z@v) = o(h(y),z®v) = flvdray) = f0EA) = f(u). (23)

<
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h:{0,1}3 — {a,b,c,d, e} Gp
d, b

a b

a €

Figure 1 Example of total h-induced graph

This leads us to the following notion.

» Definition 15. For the functions f :{0,1}" — {0,1}, f(z ® y) = p(h(x),y) let the total
h-induced graph be the graph with vertices {0,1}" and with an edge between x € {0,1}"
and y € {0,1}" if x @y is a good shift for h. Now remove vertices where the function f is
undefined. The resulting graph is called the partial h-induced graph.

There is an alternative way of thinking about total h-induced graph. Consider a graph with
vertices labeled {0,1}" in which we connect two vertices if the value of h on these vertices
is the same. Clearly it is a subgraph of the total h-induced graph. Now consider a shift of
this graph, that is, a graph in which we XORed labels of all vertices with some fized vector.
This graph is also a subset of the total h-induced graph. By considering all possible shifts
and taking the union of all graphs we will get the total h-induced graph. See Figure 1 for an
example of total h-induced graph.

By transitivity, if (h,¢) form a valid communication protocol then f assigns identical
values to each connected component in partial h-induced graph. The converse is also true.

» Theorem 16. Consider a function f : {0,1}" — {0,1}. For a function h : {0,1}"™ — {0,1}!
there is a function ¢ : {0,1}* x {0,1}™ — {0,1} such that (h,¢) form a valid communication
protocol for f if and only if f assigns the same value to each connected component in the
partial h-induced graph.

Proof. As discussed above, if (h, ) forms a valid communication protocol, then f assigns
the same value to each connected component of the partial h-induced graph.

It remains to prove the converse statement. We assume that f assigns the same value to
each connected component and we need to show that there is ¢ such that

V((L‘,y) € DOHI(F)7 F(.Z',y) = @(h(x)’y) (24)

The proof idea is the following. Each input (x,y) € {0,1}™ x {0,1}™ to F yields an input
(a,y) € {0,1} x {0,1}" to ¢ where a = h(x). We define ¢ on (a,y) to be equal to F on a
single corresponding F-input (2’,y) with 2’ € h=!(a). Then we prove that ¢ defined that
way gives a communication protocol computing F' correctly on all inputs (z,y) € Dom(f)

Formally, we define ¢ as follows. For each a € {0,1}" and y € {0, 1}", consider 2’ € {0,1}"
such that h(z') = @ and (2/,y) € Dom(F). If there is no such z’ we define ¢(«, y) arbitrarily.
If there is such an 2/, let

oo, y) == F(',y). (25)

Now we show that the resulting protocol computes F(z,y) correctly for any (z,y).
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Consider arbitrary (z,y) € Dom(F'). Consider z’ chosen for a = h(z) and y (it exists,
since clearly z itself satisfies all the necessary conditions).
Thus, we have

p(h(x),y) = F(2',y). (26)
It remains to prove that

F(a',y) = F(z,y) (27)
or equivalently,

f@'oy) = flzay). (28)
For XOR of these two inputs of f we have

(Zoy)d(zdy) =12 O (29)

Since h(z) = h(z'), we have that 2’ @ z is a good shift. And since

(,9), («',y) € Dom(F), (30)
we have
@y, 2’ ®y € Dom(f). (31)

We have that vertices z @y and x’ @ y are connected in the partial h-induced graph and
by Lemma 14 f assigns the same value to them. Hence, the function ¢, together with h,
forms a communication protocol for F. <

3.2 Using coset structures on a Boolean cube to analyze non-adaptive
parity decision trees.

We consider the vertices of the Boolean cube as a vector space F5. We show that a NADT®
protocol corresponds to a linear subspace of Fy such that f is constant on each of its cosets
(the coset for a linear subspace L and a vector [ is defined as the set {x + |l € L} and
denoted L +1).

» Theorem 17. Let f: {0,1}" — {0,1}. There is a p-bit NADT® protocol for f if and
only if there exists an n — p dimensional subspace of {0,1}™ such that for each coset of that
subspace, f assigns the same value to all inputs of the coset where f is defined.

Proof. Suppose s1, ..., sp, [ form a valid NADT® protocol for f. We construct a matrix S
with rows sq,...,s,. If some of the rows are linearly dependent, we add rows arbitrarily
to make the rank of S equal to p. When S is multiplied on the right by some vector x, we
obtain all inner products of x with vectors sq,...,s, (and possibly other bits if we added
rows).

Consider the vector subspace {z|Sxz = 0}. This is an n — p dimensional space. For all
points in the same coset of this subspace, the tuple consisting of values of the inner products
((s1,2),...,(Sp,x)) is the same, so is the value of I({s1,x),...,(sp,z)). For all points where
f is defined and lying in the same coset, the value of f must be equal to the value of [ and
thus the same for all points in the coset.
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In the reverse direction, let {(e1,...,e,—p) be an n — p dimensional subspace of {0,1}"
such that for each of its cosets f is constant on all points of that coset on which it is defined.
We can represent this subspace in the form {x|Sxz = 0} for some matrix S of size p X n.

Vectors « and y are in the same coset of (e1,...,e,—p) iff Sz = Sy. Thus, to compute
f(x) it is enough to compute the inner product of x with the rows of S.

<

» Corollary 18. Consider a function f : {0,1}" — {0,1} having valid communication
protocol f(x ®y) = p(h(x),y) where h : {0,1}" — {0,1}%, ¢ : {0,1}* x {0,1}" — {0,1}.
Suppose there is an n —t dimensional subspace L of {0,1}™ and consider subgraphs of partial
h-induced graph each over vertices belonging to different cosets of L. If all of these subgraphs
are connected then NADT®(f) < t.

Proof. By Theorem 16 f is constant on each coset. By Theorem 17 it follows that
NADT®(f) < t. <

4  Equality between D_}(F) and NADT®(f)

In this section we will show that if D_2(F) =t and the number of undefined inputs is small,
then NADT®(f) =t as well. More specifically, we prove the following theorem.

» Theorem 19. If for the function f: {0,1}" — {0,1} we have D} (F) = t, where F(z,y) =
fle®y), and f is undefined on less than (ng;ll) inputs, then NADT®(f) = t.
2
Vn—t
L”‘Tﬂ'lj by only a constant, it is easy to see that the same estimate applies to (L

By Lemma 11 we have that (Lﬁifﬂj) = 0(2= ) and since |25%| — 1 differs from
2

n—t+1

npt]o) 88

well. Thus, the number of undefined inputs is O( Z:L__tt).

The rest of the section is devoted to the proof of Theorem 19. The idea of the proof is as
follows. Consider the h-induced partition H corresponding to the communication protocol
of complexity t. We show that either the partition H corresponds to the cosets of an n — ¢
dimensional subspace of {0,1}", which allows us to construct an NADT® protocol, or there
exist many good shifts. The structure of these good shifts imposes restrictions on f that
again allow us to construct an NADT® protocol.

We start with a simple case.

» Lemma 20. If there exists t-bit communication protocol, (h,p) for a function f: {0,1}"™ —
{0,1}, and the h-induced partition H corresponds to cosets of an n —t dimensional subspace
L of {0,1}™, then NADT®(f) < t.

Proof. Since the partition H corresponds to the cosets of L, we have that for any inputs =
and y, if h(z) = h(y), then = @y € L and vice versa. In other words, all good shifts are in L
and any shift in L is good. Thus, connected components of the total h-induced graph are
cosets of L and are fully connected. By Corollary 18 we have that NADT®(f) < ¢. <

The structure of the proof for the other case is the following. We show that the total
h-induced graph is structured into connected components, each of which is a coset of a
k-dimensional subspace of {0,1}" for k > n —t. We show that there is a bijective graph
homomorphism of the k-dimensional Boolean cube onto each component. Furthermore, each

vertex in the total h-induced graph has a degree of at least :;—7 — 1. We show that if we
n—t+1

| =t J—l) vertices, each coset still contains one connected component. By
2

remove fewer than (
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the way of contradiction, suppose this is not the case and some coset contains more than one
connected component. We consider the smallest of these components, denote the set of its

nodes by S. We show that the number of neighboring vertices of S in the total h-induced
n—t+1

[%5F)-1
undefined inputs of f S cannot not be separated from other nodes in the coset. To show this
we treat separately cases of large and small |S|. For small |S| we use the fact that vertices
have high degree. For large |S| we use the vertex-isoperimetric inequality for the Boolean

cube.

graph (excluding S itself) is not less than ( ) This implies that after removing the

» Lemma 21. Suppose there exists a t-bit communication protocol (h, ) for f:{0,1}" —
{0,1} and the h-induced partition H classes do not correspond to cosets of an n—t-dimensional
subspace of {0,1}™. Let D be the set of good shifts for h. Then D contains a minimum of
n —t+ 1 linearly independent vectors.

Proof. Suppose there are at most n—t linearly independent good shifts eq, ..., e,_;. Consider
a linear subspace of {0,1}" spanned over by these shifts and add some vectors to it to make
it exactly n — ¢t dimensional if needed. Denote the resulting subspace L. As classes of H do
not correspond to the cosets of L and there are 2! of both classes and cosets there exist two
elements belonging to the same class and different cosets. Their XOR is a good shift linearly
independent with eq,...,e,_;. We got a contradiction implying the lemma. <

» Lemma 22. Suppose there exists t-bit communication protocol (h, @) for f. Let D be the
set of all good shifts for h and {e1,...,er} be the largest linearly independent subset of D.
Then the total h-induced graph H has the following properties.

Cosets of the subspace {e1, ..., ex) are connected components of H.

There is a bijective graph homomorphism of k-dimensional Boolean cube into each coset.

Proof. It is easy to see that all vertices in any coset are connected to each other. Let’s show
that no edges exist between vertices of different cosets. Assume by contradiction that there

is an edge between vertices v and u from different cosets. Note that u @ v ¢ (eq,...,ex).
Thus, vectors eq,...,er, u @ v form a linearly independent system of size k 4+ 1, which is a
contradiction.

Now, let’s construct a homomorphism ¢ from the Boolean cube {0,1}* into the coset
v+ {eq,...,eg) for an arbitrary vertex v. Consider a matrix B that has vectors ey, ..., e as
its columns and let ¢(z) = v @ Bz. The image of ¢ is within the coset v + (eq, ..., ex), as
columns of B belong to the subspace {e1, ..., ex). The mapping is bijective on v+ {eq, ..., ex),

as B’s columns are linearly independent. Finally, consider a pair of vertices z,y adjacent in
a Boolean cube. Since the vertices are adjacent, they only differ in a single bit ¢. Thus,

q(z) ® q(y) = (v® Bx) ® (v® By) = B(zr ©y) = e;. (32)

Since e; € D, an edge exists between ¢(z) and ¢(y), implying that ¢ is a graph homomorphism.

<

» Lemma 23. Suppose there exists t-bit communication protocol (h, ) for f: {0,1}™ — {0,1}.
Then in the total h-induced graph, the degree of any vertex is not less than 22% —1.

Proof. Let’s consider the largest class in the h-induced partition H. Since the number of
classes is at most 2!, the largest class contains at least 22—7: elements. Fix an element of the
class and compute its XOR with all elements in the same class H. We have 22—7: XORs in
total, %—j — 1 of which are non-zero. Since each XOR is computed between elements in the
same class, these XORs are good shifts. For all vertices in the h-induced graph for each good

11
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shift we draw an edge from the vertex corresponding to this shift. Therefore, the degree of
any vertex is at least 22—:1 —1. |

» Lemma 24. If A is a subset of k-dimensional Boolean cube satisfying V (m, LmT_lJ — 2) <
|A| < 281 for some m, then [IVA| > (L;nfj%)
2

The proof of the lemma is moved to Appendix B. Finally, we are ready to prove Theorem 19.

Proof of Theorem 19. We are given ¢-bit communication protocol (A, ) for F'. By Lemma 21,
the h-induced partition A either corresponds to cosets of an n — ¢ dimensional subspace
of {0,1}" (and then by Lemma 20 we have NADT®(f) < t), or the set of good shifts D
contains at least n — ¢t + 1 linearly independent vectors. Let (eq,...,ex), where k > n—t+1,
be the largest subset of linearly independent vectors in D. Consider the cosets of the
subspace (eq,...,er). We will show that if we remove fewer than (ngj_ll) vertices from
the total h-induced graph, each coset will contain no more than one coznnected component.
Assume by contradiction that after removing the vertices, some coset splits into several
connected components. Let A be the smallest of these components. If there are at most
V(n—t+1,[25] —2) — 1 vertices in A, consider a vertex a in A. Given the degree of a is
at least 2"t — 1, a has at least

2"tV<nt+1, V;J 2)
sr(een 5 veon5 ) (7)o

neighbors outside A.
On the other hand, suppose A has at least V(n —t + 1, %3t] — 2) vertices. Since A
is the smallest connected component in its coset it also follows that A has no more than

2F=1 vertices. By Lemma 24 we have |V A| > ( ETL), which is more than the number of
2

removed vertices, a contradiction. Thus, cosets cannot be split into several components and
by Corollary 18 we have NADT®(f) <n —k <t — 1, which is a contradiction. <

5 Separations between D_(F) and NADT®(f)

In this section we show that if the number of undefined inputs is large, there is a gap between
D22 (F) and NADT®(f). That is, we aim to come up with a function f such that D} (F) is
small and NADT®(f) is large.

The key idea in our construction is that in h-induced graph for the intended communication
protocol the edges connect only vertices with small Hamming distance between them. Then,
if the function f has O-inputs and 1-inputs far away from each other, they are not connected
and h corresponds to a valid protocol. We will ensure that at the same time f has large
NADT® complexity.

We start with the construction of the functions, then investigate their NADT® complexity
and then prove upper bounds on D} complexity of the corresponding XOR functions. The
latter part is through the reduction to covering codes.

» Definition 25. For a parameter k define fi: {0,1}"™ — {0,1, L} in the following way.
0 forl|z| <k,
fe() =<1 fork+1<|z|<n-—1, (34)

1 for|z| =n.
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We denote the corresponding XOR function by Fy.

Note, that the number of undefined inputs in fj is V(n,n —k —1) — 1.
It turns out that fi has reasonably large NADT® and DT® complexities.

» Theorem 26. NADT®(fy) = DTO(fx) =k + 1.

Proof. Since DT®(f) < NADT®(f) for any f, it is enough to prove that NADT®(fx) < k+1
and DTP(fy) >k + 1.

For the upper bound, observe that it is enough to query variables 1, ...,z 1. If all of
them are equal to 1, we output 1, otherwise we output 0. It is easy to see that this protocol
computes fj correctly.

For the lower bound suppose, for the sake of contradiction, that an adaptive parity
decision tree exists that can compute the function f with k or fewer queries. Consider the

path corresponding to the input e = (1,...,1). Let’s assume that the decision tree queried
the parities (s;, e) for sq,...,si. The answers to the queries are equal to (s1,€),..., (sg,e).
Consider a matrix B C FFX" consisting of rows s1,. .., Sk.

Denote a = Be. In particular, we have that a lies in the subspace generated by columns
of B. Since the rank of B is at most k (the matrix has k rows), there is a subset of at most
k columns generating this subspace. In particular, there is x € {0,1}"™ with |z| < k, such
that a = Bx. That is, Be = Bz and the protocol behaves the same way on e and x, which is
a contradiction, since fx(e) =1 and fx(x) = 0. <

» Remark 27. Since f; has large (adaptive) parity decision tree complexity and for any
F:{0,1}"x{0,1}" — {0,1} we have D (F) > D..(F), all separations provided by functions
fr translate into the same separations between DT® and De..

Next, we proceed to the upper bound on the D_] (F}).

» Theorem 28. Suppose for some n, k and t there is a (n,2', R) covering code C for
R=|2=E=L|  Then, DZ(F})) <t.

Proof. Split the points of {0,1}™ into balls with radius R with centers in the points of C (if
some point belongs to several balls, attribute it to one of them arbitrarily). This results in a
partition of the cube into 2! subsets with the diameter of each subset at most n — k — 1.

The proof can be finished through Theorem 16, but to make it more self-contained we
directly describe communication protocol.

On input x Alice sends as h(x) the index of the ball containing . Bob computes —y,
componentwise negation of y, and outputs 1 if it is in the same ball. If this is not the case,
Bob outputs 0.

Clearly, the complexity of this protocol is at most ¢. For the correctness of the protocol,
if f(x®y) =1, then x = -y and the protocol clearly outputs 1. However, if f(z @ y) =0,
then |z @ y| < k and thus dist(x, 7y) > n — k. In this case  and —y are not in the same ball
and the protocol outputs 0. |

» Theorem 29. For any n and k we have

D2 (Fx) <n—logV(n,R)+logn (35)
for R = L"’T’HJ .
Proof. By Theorem 6 there exists a (n,2¢, R) covering code for

log2t =t <n—logV(n,R) + logn. (36)

The theorem follows from Theorem 28. <
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From this we can get a separation for a wide range of parameters.

» Corollary 30. Suppose k = cn for some constant 0 < ¢ < 1. Then NADT®(f,) =cn+1
and

D2 (Fy) < (1 _H <12_C)> n + O(log n). (37)

2H(c)n

In particular, D; (F),) < NADT®(fy). The number of undefined inputs for fi, is 2" —O( NG )
if ¢ <1/2, s equal to (1+0(1))2"" if ¢ =1/2, and is O(2=") if ¢ > 1/2.

Proof. The equality for NADT® is proved in Theorem 26.

. . . _ | Q=e)n—-1| _
For communication complexity bound we apply Theorem 29. We have R = [fJ =

@ + O(1) and by Lemmas 11 and 13 we have

logV(n,R) = H (120) n — O(logn). (38)

By Theorem 29 we have
1-c¢

D (Fx) <n—logV(n,R) +logn = (1—H( ))n+0(logn). (39)

To show that D_}(F)) < NADT®(fx) we need to compare k = cn with the bound on
communication complexity. It is easy to see that

1—H<1;c><c (40)

for all 0 < ¢ < 1 (the left hand-side and the right hand-side are equal for ¢ = 0 and ¢ =1
and the left hand-side is concave in c).
The bounds on the number of undefined inputs follow easily from Lemma 11. |

The largest gap we can get is the following.

» Corollary 31. For k = ©(y/nlogn) we have that NADT®(f,) = O(y/nlogn) and
D22 (Fy) = O(logn). The number of undefined inputs for fi is 2™ — 20 (vrlog®n)

Proof. For k = @(\/n}log n) we have R = § — ©(y/nlogn) in Theorem 29. By Lemma 12
we have V(n, R) = #(n) and as a result D} (Fy) = O(logn).
For the number of undefined inputs, we apply Lemma 10:

() == ()" w

For k = ©(y/nlogn) it is easy to see that both sides are 90(vnlog™*n) - From this the
estimate on the number of undefined inputs follows. <
6 Extreme Cases

In this section we discuss extreme cases. All proves are moved to Appendix A.
For small values of complexity measures we have the following equality results.

» Theorem 32. Suppose F satisfies D . (F) = 1. It then follows that NADT®(f) = 1.
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» Theorem 33. If function f is undefined on fewer than 2"~3 inputs and D (F) = 2, then
NADT®(f) = 2.

On the other end of the spectrum, we show that if NADT®(f) is really large, then it is
equal for all partial functions.

» Theorem 34. For any partial function f: {0,1}" — {0,1, L}, if NADT®(f) > n—1, then
D’ (F) = NADT®(f).

The largest value of NADT® for which we get separation is n — 2.

» Theorem 35. D} (F,_3) <n — O(logn), whereas NADT®(f,_3) =n — 2. The number

of undefined inputs for f,_3 is @

The smallest value of D} for which we get a separation is 7.

» Theorem 36. For any n > 32 we have Dy (Fy) < 7, whereas NADT®(f;) = 8.
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A  Proofs for the Extreme Cases

A.l Case D (F)=1

Assume there exists t-bit communication protocol, (h, ) for a function F(z,y) = f(z @ y)
where f: {0,1}" — {0,1}. A function h is called balanced if all classes in the h-induced
partition are of equal size. We say that h is balanced on a subset when its restriction to
the inputs in this subset is balanced. For the case t = 1, we analyze two distinct scenarios
separately: when h is balanced and when it is not.

For the scenario where h is unbalanced, we will demonstrate that all shifts are good,
leading to the conclusion that f is a constant function. Conversely, when h is balanced, we
identify a specific n — 1-dimensional subspace of {0,1}" on which h is unbalanced. We then
show that every shift in this subspace is good. This observation gives us that the function
value of f depends solely on whether x belongs to this identified subspace and this can be
checked with a single parity query.

» Lemma 37. Assume there exists 1-bit communication protocol, (h,p) for a function
F(z,y) = f(x ®y) where f:{0,1}" — {0,1}. If h is unbalanced, then every shift is good.

Proof. Consider arbitrary shift A. Consider the cosets corresponding to the subspace (A).
The h-induced partition consists of two classes, since they are not equal, one class contains
more than 2"~ ! elements. Applying the Pigeonhole principle we get that some coset of the
subspace (A) contains two elements with the same h value. Given that a coset has only two
points and those differ by shift A, we conclude that A is indeed a good shift. <

» Lemma 38. Assume there exists 1-bit communication protocol, (h,p) for a function
F(z,y) = f(x ®y) where f: {0,1}" — {0,1}. If h is unbalanced on a given subspace of
{0,1}", then every shift in this subspace is good.

Proof. The proof is completely analogous to the proof of Lemma 37. Indeed, since h is
unbalanced on the subspace, for any shift A in the subspace there are x and y such that
h(z) = h(y) and © &y = A. Thus, A is a good shift. <

» Lemma 39. Suppose there exists t-bit communication protocol, (h,p) for a function
F(z,y) = f(z @ y) where f: {0,1}" — {0,1}. For a balanced function h, there is an
n — 1-dimensional subspace of of {0,1}™ over which h is unbalanced.

Proof. The proof is based on Fourier analysis. For the completeness of the proof, we provide
basic definitions in Appendix C.

Consider Fourier decomposition of h. Since h is balanced and thus not constant, there
must be a non-zero coefficient fl(S) in its Fourier decomposition associated with a non-
empty subset S. We show that h is unbalanced on the n — 1-dimensional linear subspace
X = {z|xs(x) = 1}. Assume, for the sake of contradiction, that h is balanced on X. The
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Fourier coefficient A(S) can be computed as follows:

S (1) xs(a) =

x

2 (1) = 0,2 € X}~ |{h(a) = 1, € X} ~I{A(x) = 0,2 ¢ X}+|{hia) = 1w ¢ X}).

A 1

(42)

Denote the quantity |[{h(z) = 0,2 € X}| as a. As h is balanced on X, it follows that
{h(z) = 1,7 € X}| = a. The set X contains 2"~ ! elements so a = 2"~2. Given that h is
balanced across {0,1}", both the sets {h(z) = 0,z € {0,1}"} and {h(z) =1,z € {0,1}"}
each have 2”71 elements. Therefore:

[{h(z) =0,z ¢ X}| = [{h(z) = 0,2 € {0,1}"} — {h(z) = 0,2 € X}| =2"77, (43)
{h(z) =12 ¢ X} = [{h(z) = 1,z € {0,1}"}] = [{h(z) = Lz € X}| = 27", (44)
We can see that h(S) = 0 which leads us to the required contradiction. <

We are now ready to prove Theorem 32

Proof of Theorem 32. Given 1-bit communication protocol, (h, ¢) for a function F', consider
the total h-induced graph. For any unbalanced h by Lemma 37 we get that all shifts are
good, so the graph is complete. It can’t be split into connectivity components by vertex
removal, therefore the partial h-induced graph has a single connectivity component. By
Corollary 18 we have NADT®(f) = 0.

For a balanced function, we use Lemma 39 to choose an n — 1-dimensional subspace U of
{0,1}™, on which h is unbalanced. By Lemma 38, all the shifts in U are good. Select two
arbitrary vertices x and y, from the same coset of U. Vertices x and y are connected in the
total h-induced graph because their XOR belongs to U. Therefore cosets of U are cliques
and they will remain connected in a partial h-induced graph. By Corollary 18 we conclude
that NADT®(f) = 1. <

A.2 Case D (F)=2

Assume there exists 2-bit communication protocol, (h,¢) for a function F(z,y) = f(z ® y)
where f: {0,1}™ — {0,1}. We handle cases when h is unbalanced and balanced separately.
In the first case, we observe that the XOR of two bad shifts results in a good shift. We then
use a known result on the bound on sumset cardinality to show that the good shifts either
contain a coset of a n — 1-dimensional subspace of {0, 1}" or there exists large enough number
of such shifts. Either of these cases implies a certain structure on the total h-induced graph,
which allows us to get the desired lower bound. When h is balanced, we again consider
the subspace of {0,1}" on which it is unbalanced and analogously to the prior scenario, we
deduce a specific structure on the subspace allowing us to conclude the proof.

» Lemma 40. Assume there exists 2-bit communication protocol, (h,) for a function
F(z,y) = f(x @ y) where f: {0,1}" — {0,1} and the function h is unbalanced. Then the
XOR of two bad shifts is a good shift.

Proof. Assume A; and A, are bad shifts. Consider the cosets of the subspace (Aj, Ag).
There are a total of 272 such cosets. As the function h is unbalanced, the h-induced
partition has a class, denoted as H;, which contains strictly more than 2”2 elements. By
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the Pigeonhole principle, there exists a coset of (A1, Ag) that contains two elements, namely
2 and y, both of which belong to Hy. As h(z) = h(y), the XOR of 2 and y produces a
good shift. Additionally, z and y lay in the same coset, thus the shift = & y is a member of
(A1, As). Within the subspace (A, Ay), there are only three distinct non-zero shifts: Aq,
Ay, and A1 & Ay, Given that both A; and Ay are bad shifts, the only possible good shift
among them is A; @ As. <

» Theorem 41. Let A and B be non-empty subsets of {0,1}". Define the sumset of A and
Bas A+ B ={a+bla € Abe B}. Assume that A is not contained in a coset of any proper
subspace of {0,1}™. Then

|A+ B| > min{|A| + |B| —2"73,3-2"7%}. (45)
The proof of this theorem is moved to Appendix D.

» Lemma 42. Assume there exists 2-bit communication protocol, (h,y) for a function
F(z,y) = f(x @ y) where f: {0,1}™ — {0,1} and h is unbalanced. Then either there exists
at least 5-2"~3 — 1 good shifts (not counting 0), or the set of good shifts contains a coset of
an n — 1-dimensional subspace of {0,1}".

Proof. Let B be the set of bad shifts and B be the set of good shifts, these are complementary
so |B|+ |B| = 2™. There are two cases to consider: either B is a subset of a coset of a proper
subspace of {0,1}™ or it is not. In the first case, let @ be a subspace of {0,1}" and ¢ be a
vector in {0,1}™ such that B C @ + q. We extend the coset Q) + ¢ to a coset Q' + ¢ of some
n — 1-dimensional subspace @’ of {0,1}". Observe that since B is fully contained in Q' + ¢,
another coset of Q' it is fully contained in B.

In the second case, first observe that by Lemma 40 the sum of bad shifts is a good shift,
thus we have B+ B C B. By Theorem 41 we have

|B| > |B + B| > min{2|B| — 2”3 3.2" %}, (46)
We also know that |B| + |B| = 2". As a result, either

|B| 4+ 2|B| —2"73 < 2", (47)
or

|B| >3-2"2. (48)
It is easy to see that in both cases

|B| >5-2"73. (49)
If we exclude the zero shift, we have at least 5- 2”72 — 1 good shifts. <
» Lemma 43. Assume there exists 2-bit communication protocol, (h,p) for a function
F(z,y) = f(x ®y) where f: {0,1}" — {0,1}. If h is unbalanced, then one of the following

two conditions is true for the total h-induced graph:

Total h-induced graph consists of two cliques, each being a coset of an n — 1-dimensional
subspace of {0,1}".
Total h-induced graph is 2"~ 2-vertex connected.
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Proof. We consider three cases.

Case 1: In this case, we assume that the set of good shifts contains a n — 1-dimensional
subspace @ of {0,1}". Take two arbitrary points x and y from the same coset Q) + ¢, where
q is a specific vector in {0,1}"™. Then, x and y can be expressed as x = 2’ g and y =y B¢
for 2/,y’ € Q. Consequently, t @y = 2’ &3y’ € Q. This shows that any two points in the
coset of () are connected by an edge in the total h-induced graph, forming cliques.

Case 2: Assume that the set of good shifts contains an n — 1-dimensional coset @ + g,
where @ is an n — 1-dimensional subspace of {0,1}" and ¢ is a vector not in ). Consider
two arbitrary points x and y from different cosets of Q. Without loss of generality, let x € @
and y € @ + ¢q. There exists y' € Q such that y =y’ @ ¢. Then, 2Dy = (DY) Dqge Q+q.
Thus, an edge exists between = and y in the total h-induced graph, and, as a result, the
graph contains a complete bipartite graph with parts being the cosets of Q). To make this
graph disconnected one has to delete the whole part, thus the graph is 2"~ !-connected.

Case 3: Assume the set of good shifts satisfies neither of the first two conditions. Then,
by Lemma 42, there must be at least 5- 2773 — 1 good shifts. Take any two arbitrary
non-neighboring vertices x and y; the sizes of their neighbor sets are at least 5- 2773 — 1.
Given that the total number of vertices excluding x and y is 2" — 2, the intersection of these
neighbor sets must contain at least 2”2 vertices. Hence, removing fewer than 2”2 vertices
cannot disconnect the graph. |

» Lemma 44. Assume there exists 2-bit communication protocol, (h,p) for a function
F(z,y) = f(x ®y) where f: {0,1}" — {0,1}. If h is unbalanced on an n — 1-dimensional
subspace @ of {0,1}", then one of the following conditions must hold:

The total h-induced graph consists of four distinct cliques, each of which corresponds to a

coset of an n — 2-dimensional subspace of Q.

The subgraphs of the total h-induced graph on the vertices of cosets of QQ, are at least

2" 3_yertex connected.
Proof. For the proof we just apply Lemma 43 on the subspace (). Formally, let B be a
matrix whose columns form a basis for Q. We define a new function &' :  — h(Bz) (z is
of length n — 1). Applying Lemma 43, we conclude that the total h'-induced graph either
consists of cliques corresponding to cosets of an n — 2-dimensional subspace @’ of {0,1}" or
that graph is 27 3-vertex connected.

To relate k' back to h, we consider a vector ¢ not in ) and define two graph embeddings
Y1 : x +— Bz and 9y :  — Bx & q of the total h'-induced graph into the total h-induced
graph. The images of these mappings are @ and @ + ¢q. To see that they are indeed graph
embeddings we notice that if  and y are connected in the total h'-induced graph, x @ y is
a good shift for b/, so B(z @ y) is a good shift for h, which implies that images of z and y
under 1, as well as images of x and y under v, are indeed connected in h-induced graph.
The bound on vertex connectivity of cosets follows from these embeddings. Note that these
mappings are also affine transformations that only differ by a shift. Therefore, the image
of cosets in {0,1}"~! over these mappings will result in cosets of the same space in {0,1}",
which finishes the proof. <

We are now ready to finish the proof of Theorem 33.

Proof of Theorem 33. Given 2-bit communication protocol, (h,y) for a function F, we
have two main cases to consider, depending on whether h is balanced or unbalanced. If A is
unbalanced, we apply Lemma 43. As a result, either the h-induced graph consists of cliques
corresponding to cosets of n — 1-dimensional subspace of {0,1}", or the h-induced graph is
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2"~ 2_vertex connected. In the first case, by Corollary 18, we conclude that NADT®(f) < 1,
which is a contradiction. In the second case the graph is 2" ~2-vertex connected and again by
Corollary 18 we find that NADT®(f) = 0 because the function f is undefined on fewer than
27=2 inputs, making it impossible to disconnect the graph by removing these vertices.

If h is balanced, we use Lemma 39 to find a subspace @ of {0,1}" where h becomes
unbalanced. Then by Lemma 44 the graph will split either into four fully connected cosets
of subspace of {0,1}", or into two 2”73 vertex-connected cosets of subspace of {0,1}".
As f in undefined in less than 2"~3 points we again use Corollary 18 and conclude that
NADT®(f) < 2. <

A.3 Equality for Large Values of D_}(F) and NADT®(f)

Proof of Theorem 34. First consider the case NADT®(f) = n and assume that D} (F) <
n — 1. Consider the corresponding function h. One of its equivalence classes H is of size
at least 2, denote two of its elements by v and v. We have that A = u @ v is a good shift.
Thus, for any z if f(x) and f(z @ A) are defined, then f(z) = f(x @ A). But this exactly
means that there is a 1-dimensional space such that f is constant on each of its cosets. Thus,
NADT®(f) < n — 1, which is a contradiction.

Now consider the case NADT®(f) = n — 1 and again assume that D (F) < n — 2.
Consider the corresponding function h. Now one of its equivalence classes H is of size at
least 4. Consider any three points u, v, w in this class. Then the vectors u & v, u ® w and
v @ w are good shifts. Note that they together with 0-vector form a 2-dimensional linear
subspace of {0,1}™ consisting of good shifts. As a result, f is a constant on every coset of
this subspace and NADT®(f) < n — 2, which is a contradiction. <

A.4 Separations in Boundary Cases

Proof of Theorem 35. We have already proved equality for NADT®(f,,_3) and it remains
to bound D’ (Fj,—3).

For this we use Theorem 28. Note that in our case R = |2=E=1| = 1.

If n =2™ — 1 for some integer m, then we can just use Theorem 7. Each ball of radius 1
is of volume n + 1 and thus in total we have 2" /(n + 1) balls. As a result,

n

D2 (Fn—3) <log =n—log(n+1). (50)

n+1

For general n consider maximal integer m such that 2”7 —1 < n. Denote n; = 2" — 1 and

ny = n —n;. Consider Hamming code C; on {0,1}™ and consider the code Co = {0,1}"2.

The latter code has parameters (ng, 2"2,0). By Lemma 9 we have that C; @ Cs has parameters

(n, niwil 272 1). Since n; is at least half of n, we have

ny

ny+1

D (F,—_3) <log ( : 2"2> =n — O(logn). (51)
The undefined inputs of f,,_3 are just inputs z € {0,1}"™ with weight n — 1 and n — 2. It
is easy to see that there are @ of them. |

Proof of Theorem 36. Again, we already found NADT®(f7).

For the bound on D we start with Reed-Muller code RM(1,5) [6, Chapter 9]. This code
has parameters (2°,2¢,12) (as a covering code), that is, it has 32 input bits, the number of
covering balls is 26 and their radius is R = 12. In terms of Theorem 28 we have R = %
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and thus the code gives us the protocol for Fy of size log2® = 6 on n = 32 inputs (that is,
for the particular case of n = 32 we have an even better upper bound on communication
complexity).

For general n > 32 denote n; = 32 and ny = n — n;. Let C; be Reed-Muller code
introduced above and Co consist of two vectors: all zeros and all ones. The code Cy has
parameters (ng, 2, L%J ). Then C; ®Cs has parameters (n, 27, L%J +12). Note that its radius
R can be bounded as

no N9 n 32 n-7-1
=|—= 2R<=+12==-+4+12— —=——. 2
R { 2 J thes 2 + 2 + 2 2 (52)
Thus, the code gives a protocol for F7 of size 7. |

B Isoperimetric Inequalities
This section is devoted to proving Lemma 24.

» Lemma 45. For any subset A C {0,1}™ of m-dimensional Boolean cube vertices, it holds
that |T"A| > |F’I|’Z|\.

Proof. In the case |[A| =1, A and [, IA:XII are just sets of single element and equality between
TV A| and |TV1 4| 1s obvious. Otherwise the set I/}, doesn’t have isolated vertices. Thus, all the
vertices in I, are neighbors of I} and [I"I} | = |T'I[} | —|A]. Meanwhile [V A[ > [T'A[— |A].
Therefore Theorem 3 implies

[T'Al = [TA| = |A| = [TT7 | — |A] = [T'I7% |- (53)
<

» Lemma 46. For a satisfying V(m,r) <a <V (m, LmT_lJ) the following holds:

' > [ =( ™) 54
O > Pl = (7)) 64)

Proof. Let v/ be the maximum integer for which V(m,r’) < a. Note that ' > r. If
a =V (m,r'"), the lemma is trivial. Otherwise, the inequality a <V ({mT_lJ 7m) implies that
R

The set I contains elements with Hamming weight up to ' and possibly some with
weight r’ + 1. Let B = I;" \ I}/, .., be the elements of /;" with Hamming weight r’ 4 1.

Define
B*z{xeF’B: |z| = 7" + 2}. (55)

Elements of B doesn’t belong to VI, since they belong to I, meanwhile elements of BT

belong to I'I™, since they are neighbors of elements from B and doesn’t belong I{/"(m )

a

Therefore,
m
" = —|B BT
= (") - 1B+ 187 (50

To prove that |BT| > |B|, let’s consider a bipartite subgraph G of m-dimensional Boolean
cube. The left part contains vertices with Hamming weight 7’ + 1, and the right part contains
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vertices with Hamming weight ' + 2. Here, B is a subset of the left part, and B¥ is the set
of neighbors of B in GG. Note that the degree of any vertex in the left part is

m—1 m—1
deg, =m — (' +1) 2m— |[——] =[——1+1, (57)
while the degree of any vertex in the right part is
—1
degp =1" +2 < LmTJ+1. (58)

Given that edges from B connect exclusively to vertices in BT, it follows that |B|deg; <
|B*| degp, which implies |BT| > |B|. Consequently,

m m
o' > |y | = > .
| a | = | V(m,r )‘ <7“I + 1> - (T+ 1> (59)

<

» Remark 47. A similar idea applies for a larger then V (m7 LmT_lJ) In that case |BT| >

d —(r'+1 —(r'+1 . .
d:g; |B] = ™ rsiz )|B|, therefore [I'I™| > %W’I{}‘(m’r,)\. Note that here, unlike in

previous case, r’ must be the largest integer satisfying V(m, ") < a.

» Lemma 48. For any M > m and any a < 2™ it holds that |I'IT| < |T'IM|.

Proof. The proof goes by induction on M. The base case for M = m is trivial. Assuming the
lemma holds for M, we aim to prove it for M + 1. For this we construct a subset A C {0, 1}
with |A| = a and |T"A| < [T'IM*1|. Here, the first ' refers to the M-dimensional Boolean
cube, while the second T” refers to the (M + 1)-dimensional Boolean cube.

We consider the ’slices’ of the set IM*! along its last coordinate:

Ao ={(x1,...,xp) s € IMFL 2pp 0y =0}, (60)
A ={(z1,...,zMm) :xe]é”“,xMH:l}. (61)

Denote by r the maximum number such that all the elements with Hamming weight at most
r belong to IM*+1. The set Ay contains all the elements with Hamming weight r and maybe
some elements with Hamming weight r + 1, while the set A; contains all the elements with
Hamming weight » — 1 and maybe some elements with Hamming weight r. Three cases arise
based on the dimension M: either 2r +1 < M, 2r+1=M or 2r =M. Asa < 2™ < oM
it’s impossible for r to take larger values. The third case is trivial, here a is just equal to 2
and boundary is empty.
In the first case, we define

A=AgU—A, (62)
where
Ay ={(1—x,...,1—xp) :x € A1} (63)

This union is indeed disjoint because the first set has elements with Hamming weight not
above r + 1, while the second has elements with weight at most M — r. Next, we notice that
the cardinality of the boundary of A does not exceed that of IM+1. Indeed, if a vertex belongs

to TV A it either belongs to IV Ap or to IV—A; or to both. That is, |[TVA| < |TVAg| + [T"—A].

As we get = A; from A; with graph automorphism, |IV-A4;| = [I”A;|. If vertex v belongs
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I’ Ag, then vertex (v,0) belongs I'I™ *1 and similarly if v belongs I A1, then (v,1) belongs
[/I™'+1 Therefore,

DI < I < TVA < T (64)

In the second case, we adjust the construction of A because otherwise points from Ag
and —A; may overlap. The set A contains all vertices with Hamming weight at most r and
at least M —r + 1, and is filled up to cardinality a with vertices having Hamming weight
r+ 1= M — r. In this configuration, IV A contains vertices of Hamming weight r + 1 that
are not in A. But the number of such elements doesn’t exceed the number of elements with
weight r + 1, which doesn’t belong to Ag and all these elements lay in IV Ag, hence:

DI < D17 < [TVA] < (D7 Ao| < [TV (65)
This finishes the proof of the induction step and the lemma. <

» Lemma 49. For all M there exists such r that

V<M—1,LM2J—2>§V(M,r)§V<M—1, VZQD (66)

2

Proof. We select r to be the smallest number such that V' (M -1, L%J — 2) <V (M,r).
Clearly, r < L%J — 2. For such r the following holds:

V(M—L V\TJ —2> <V(M,r) gv<M—1, {MJZJ —2) + (%) (67)

From here, we can further bound (IZ[ ) as follows:

<M> B MMT(MT_ 1) : 2<Mr_ 1)' (63)

Thus,
M -2 M—-1 M—-2
vt v (a1 222 o) oM v (o M22])
The last inequality holds since r < L#J - 2. <

Proof of Lemma 24. First, we consider the case when |4 < V (k, |551]). Here we let

M =k and a = |A|. By Lemma 45 we have |[I"A| > [T'IM|. We will iteratively decrease M
and a until M = m and a = V(m, |1 | — 2) in a way that the boundary of the set I} does
not increase. When the algorithm finishes, the set I} is a Hamming ball and its boundary
contains all the elements with weight |71 | — 1 and thus is of volume (L w7 J—l)' The size

of the boundary of an initial set is at least as large.

We decrease the variables in the following way. While M is larger then m, if a <
V(M -1, L%J) we simply apply Lemma 48 to decrease M by one, otherwise we first
set a to be V(M,r), where r is selected by Lemma 49, the boundary won’t increase after
these assignment by Lemma 46 and then we again apply Lemma 48 to decrease M. On all
steps of the algorithm, a doesn’t exceed V (M, L%J) which allows us to use these lemmas.
When M reaches m it holds that V(m, [ 251 | —2) <a < V(m, |25 ]) and we make a to

2
be precisely equal to V(m, | 5+ | — 2) by applying Lemma 46 once again.
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There exists a remaining case if initially V' (k, L J) < |A] < 2871 1t is only possible if
k is even. In that case we use Remark 47 with »' = L J o conclude that

k k k X
T'A| > M(’;) = (1; _ 1) = T I 2| (70)
As (k, L%J - 2) < V(k, g -2)<V (k, {%J) the statement of the lemma follows from
the first case. <

C Fourier Analysis

Here we provide the basic definitions from Fourier analysis. Functions that map {0,1}" — R
form a 2"™-dimensional vector space under the operation of addition (indeed we can represent
the function as a 2"-dimensional vector of values for each of n-bit binary strings). For this
space, we introduce an inner product:

(.6) = 5 > vae) ()
ze{0,1}"

Let’s consider the parity functions, which are expressed as
vs(@) = (~1) e, (72)

with S C [n]. These functions form an orthonormal basis with respect to our previously
defined inner product. As a direct consequence, any function 1 of the form {0,1}" — R can
be uniquely represented as

= > d(S)xs(a). (73)
SCln]

The terms @(S) in the above expansion are known as Fourier coefficients. They can be
computed in the following way:

WS = Whoxs) =57 3 b)xs(a) (74)
x€{0,1}n
Indeed,
(¥, xs) = Z T)xr,xs) = Y ((T)xr: xs) = ¥(S), (75)
TC[n TC[n]

where the last equality follows from the orthonormality property.

For Fourier analysis involving Boolean functions, the typical convention is to consider
function outputs in the set {—1,1} as opposed to {0,1}. When analyzing the Fourier
coefficients of a binary function 1 with the domain {0, 1}, we analyze the function (—1)%(®)
rather than 1 directly. For an in-depth discussion on Fourier analysis, refer to [20].

D Bounds on Cardinality of Set Sum

In this section, we prove Theorem 41. The core idea of the proof is in the procedure that

iteratively moves elements from the set B to the set A while shifting them by some vector.

This operation doesn’t change the sum of the sizes of the sets and is done in a manner that
ensures the sumset cardinality at any given iteration is at most the cardinality of the sumset
from the previous iteration. We provide a lower bound on the size of the sumsets when
algorithm finishes and argue that initial subset’s size is at least as large.
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» Lemma 50. Let A and B be non-empty subsets of {0,1}™. If B is not contained in any
coset of a proper subspace of {0,1}™ and A isn’t equal to {0,1}™, then |A+ B| > |A|.

Proof. In case |B| > |A] the statement of the lemma is obvious because sets are nonempty.
From now on we assume that |A| > |B|.

For the sake of contradiction, assume that |A + B| = |A|. Now, let’s define the set B’ as
B shifted by an element b from B, i.e., B’ = B +b. The zero element is contained in B’ and
the size of the sumset A + B’ equals that of A+ B, which in turn is |A|. Indeed, adding the
element b to each element in the sumset results in a bijection between A + B’ and A + B.
Now, as A C A+ B’ (since the zero element is in A’) and the sizes of the two sets are equal,
we deduce that A + B’ = A. Consequently, for every element ¥’ € B', V' + A = A.

Let’s define a set ) as the set of all elements ¢ in {0,1}" such that ¢ + A = A. This set
Q satisfies the properties of a subspace of {0,1}". Indeed, for any two elements ¢; and g2 in
Q, their sum when added to A remains A, i.e., ¢ + g2+ A= ¢ + A= A. However, @ is not
equal to {0,1}". To illustrate this, for a given element ag in A, when ¢ varies over {0,1}",
the summation ¢ 4 ag ranges over all elements in {0, 1}", which inevitably includes elements
outside of A. Since every shifted set b’ + A with ' € B’ is A, we have B’ C ). This implies
that B is contained in the coset defined by b+ @, leading to a contradiction, which finishes
the proof of the lemma. <

» Lemma 51. Let A and B be non-empty subsets of {0,1}"™. Assume that A is not contained
in any coset of a proper subspace of {0,1}"™. Let @ be the smallest subspace of {0,1}™ such
that B is contained in a coset of Q. Then either |A+ B| > |A| or A satisfies the following
condition: for each coset of Q, either all vectors from that coset belong to A or none do.

Proof. Let us consider the cosets of ). For each coset, we select an arbitrary vector ¢; from
that coset. Assume B is contained in the coset @ + . We define 4; = AN (Q + ¢;), that is,
A; consists of the vectors from A that are in the coset @ + ¢;. We first prove that for distinct
A; and A;, their respective sum-sets A; + B and A; + B do not intersect. Consider arbitrary
vectors a1 € A;,az € Aj, and by, be € B. Notice that a1 + b1 = ¢; + ¢+ (a1 + ;) + (b1 + §)
and a9 —+ bg = q]‘ + (j —+ ((12 —+ Qj) + (bg + q) AS vectors (a1 —+ qi), (CLQ —+ qj)a (bl + (j), (bg + q),
belong to @) and vectors ¢; and g; are from different cosets of @, it follows that a; + b; and
as + by must belong to different cosets, ensuring that (A4; + B) N (A, + B) = @. Consequently,
the sum-set A + B can be partitioned as follows:

A+B=| (4 +B). (76)

We further note that |A; + B| = |A; + ¢; + B + G|. Indeed XORing each element with
q; + G establishes a bijection between these two sets. Since both A; + ¢; and B + § are
contained in the subspace (), and given that () is the smallest subspace containing a coset
of B, Lemma 50 can be applied unless A; + ¢; is a empty or equal to (). This results in
|A; + B| > |4;], unless A; is empty or contains all the vectors from corresponding coset.
Combining this result with our partition of A + B completes the proof. <

Now we provide the main algorithm (see Algorithm 1).

» Lemma 52. Let Ay, By, A;, B; be as given in Algorithm 1. The size of the setsum Ay + By
is at least as large as that of A; + B; at any iteration i of the algorithm, and sizes of sets
Ag, By, A;, B; satisfy | Aol + |Bo| = |As| + | B;| at each iteration.
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Algorithm 1 Algorithm for Lemma 52

Input: Ag, By.

1: 10

2: Qo + smallest subspace of {0,1}" such that By is contained in a coset of Qg

3: while 3¢ € {0,1}": A;NQ; +¢#0,4,NQ; +q#Q;+¢qdo
b «+ select arbitrary b’ in B;
B« B;+V
a' «+ select any o’ such that o’ + B € A; > We can find such o’ by Lemma 51
B« {beBld +b¢ A;}
Ai+1 — Az U (CL/ + B/)
Bi—i—l — B \ B’
10: Qi+1 < smallest subspace of {0,1}"™ such that B;; is contained in a coset of ;11
11: 1141
12: end while

Proof. We start by observing that |A; + B;| = |A; + B|. This equality holds because
A; + B = A; + B; + IV, and XORing with ¥’ establishes a bijection between A; + B; and
A; + B. The loop’s condition assures us that there exists a coset of Q; such that its
intersection with A is neither empty nor consists of all vectors of the coset. Given that B
is simply B translated by a vector b, @; is also the smallest subspace of {0,1}", coset of
which contains B. Therefore, we can apply Lemma 51 to conclude that |A; + B| > |A;|. This
allows us to choose a vector @’ such that @’ + B is not a subset of A;. By the definition of
a’, B’ is non-empty. Now we construct the sets A;11 and B;;1. They have the following
properties: First, |A;11] = |A4;| + |B’|. This is true because A4; N (o’ + B’) = @, which
follows directly from the choice of B’. The cardinality of B\ B’ is |B;| — |B'|. Consequently,
[Aiv1] + |Bia| = [Ail + |Bi|. )
Next, A;11 + Biy1 € A; + B. The set A; + B;41 is obviously contained in A; + B. It
remains to show that (¢’ + B') 4+ Bi;1 = (a’ + B') + (B \ B’) is also contained in A; + B. To
demonstrate this, consider an arbitrary a € (o’ +B’) and b € B\ B’. Then a = o/ +b' for some
b € B'. Because b is not in B’, a’ 4+ b is an element of A;. Therefore, (a’ +b) + b" belongs to
A;+B. By induction, we conclude that |A;|+|B;| = |Ao|+|Bo| and |A;+ B;| < |Ag+Bo|. <«

It remains to prove the lower bound of the sumset size |A; + B;| for the termination step
of the algorithm. Initially, we construct B to always include the element 0 to ensure that
B; is never empty throughout the algorithm. Indeed, if B; were empty at some iteration ¢,
it would imply that B’ = B in the previous iteration i — 1, which contradicts the fact that
a’' 4+ 0 € A; and therefore 0 ¢ B’. Consequently, |A; + B;| > |A;].

The algorithm halts when the condition specified in line 3 is not met. Specifically, given
that @; is the smallest subspace of {0,1}" such that B; is contained in a coset of Q;, for
all cosets of @);, the intersection of A; with that coset is either empty or contains the entire
coset. It follows that |B;| < |Q;| = 24™m @i | yielding

|Ag + Bo| > |A; + Bi| > |Ai| > |Ao| + |Bo| — |Bi| > |Ao| + | Bo| — 24 @, (77)

If the dimension of @Q; is at most 2”3, we obtain the desired bound. Next we consider
the case when dim@; > 2"2. We use the fact that 4; O Ag. When dimQ; = n or
dim Q; = n — 1, it’s straightforward to see that A; would span the entire {0,1}" space. In
the first case it follows since Ag is non-empty and in the second case it follows because Ay is
not contained in neither @;, nor @Q;. Next, consider the case dim Q; = n — 2. In this case,
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Q; has four distinct cosets. Since Ay is not contained in any proper subspace of {0,1}", it
must contain elements in at least three of these cosets. Therefore, for these three cosets, A;
would contain all the elements, leading to a size of 3 x 272 at the minimum. This concludes
the proof of Theorem 41.
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