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Near Optimal Alphabet-Soundness Tradeoff PCPs

Dor Minzer* Kai Zhe Zheng'

Abstract

We show that for all € > 0, for sufficiently large ¢ € N that is a power of 2, for all § > 0, it is NP-
hard to distinguish whether a given 2-Prover-1-Round projection game with alphabet size g has value at
least 1 — §, or value at most 1/¢'~¢. This establishes a nearly optimal alphabet-to-soundness tradeoff
for 2-query PCPs with alphabet size ¢, improving upon a result of [Chan, J. ACM 2016]. Our result has
the following implications:

1. Near optimal hardness for Quadratic Programming: it is NP-hard to approximate the value of a
given Boolean Quadratic Program within factor (logn)'~°(") under quasi-polynomial time reduc-
tions. This improves upon a result of [Khot, Safra, ToC 2013] and nearly matches the perfor-
mance of the best known algorithms due to [Megretski, IWOTA 2000], [Nemirovski, Roos, Ter-
laky, Mathematical Programming 1999] and [Charikar, Wirth, FOCS 2004] that achieve O(logn)
approximation ratio.

2. Bounded degree 2-CSPs: under randomized reductions, for sufficiently large d > 0, it is NP-hard
to approximate the value of 2-CSPs in which each variable appears in at most d constraints to
within a factor of (1 — o(1)) £, improving upon a result of [Lee, Manurangsi, ITCS 2024].

3. Improved hardness results for connectivity problems: using results of [Laekhanukit, SODA 2014]
and [Manurangsi, Inf. Process. Lett., 2019], we deduce improved hardness results for the Rooted
k-Connectivity Problem, the Vertex-Connectivity Survivable Network Design Problem and the
Vertex-Connectivity k-Route Cut Problem.

1 Introduction

The PCP theorem is a fundamental result in theoretical computer science with many equivalent formula-
tions [FGL ™96, [AS98| IALM™98]. One of the formulations asserts that there exists € > 0 such that given
a satisfiable 3-SAT formula ¢, it is NP-hard to find an assignment that satisfies at least (1 — ) fraction of
the constraints. The PCP theorem has a myriad of applications within theoretical computer science, and of
particular interest to this paper are its applications to hardness of approximation.

The vast majority of hardness of approximation results are proved via reductions from the PCP theorem
above. Oftentimes, to get a strong hardness of approximation result, one must first amplify the basic PCP
theorem into a result with stronger parameters [Has01) [Has96, [Fei98, [KP0G] (see [Trel4] for a survey). To
discuss these parameters, it is often convenient to view the PCP through the problem of 2-Prover-1-Round
Games, which we define nextm
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Definition 1.1. An instance ¥V of 2-Prover-1-Round Games consists of a bipartite graph G = (L U R, E),
alphabets X1, ¥ g, and a collection of constraints ® = {¢. }cc i specified by maps ¢.: X, — Sp.

1. The alphabet size of V is defined to be | X1 | + |XR|.

2. The value of U is defined to be the maximum fraction of edges e € E that can be satisfied by any
assignment. That is,

wal() = max {e = (u,v) € E| c‘ﬁéﬁAL(u)) = Ar(W)}|
Ar: R—XpR

The combinatorial view of 2-Prover-1-Round Games has its origins in an equivalent, active view of PCP
in terms of a game between a verifier and two all-powerful provers. The verifier and the two provers have
access to an instance ¥ of 2-Prover-1-Round Games, and the provers may agree beforehand on a strategy;
after this period they are not allowed to communicate. The verifier then picks a random edge, ¢ = (u,v),
from the 2-Prover-1-Round game, sends u to the first prover and v to the second prover, and then receives a
label in response from each one of them. Finally, the verifier checks that these labels satisfy the constraint
¢, and if so accepts (and otherwise rejects). It is easy to see that the value of the 2-Prover-1-Round game
is equal to the acceptance probability of the verifier under the best strategy of the provers. This view will be
useful for us later.

The majority of hardness of approximation results are proved by combining the basic PCP theorem
of [FGL™96, [AS98, IALM™98] with Raz’s parallel repetition theorem [Raz98], which together imply the
following result in the language of 2-Prover-1-Round Games:

Theorem 1.2. There exists v > 0 such that for sufficiently large R, given a 2-Prover-1-Round game V with
alphabet size R, it is NP-hard to distinguish between the following two cases:

1. YES case: val(¥) = 1.
2. NO case: val(¥) < 7.

While the soundness guarantee in is often sufficient, some applications require strength-
enings of it. In particular, one could require the soundness to be as small as possible with respect to the
alphabet size (as opposed to just being small in absolute terms). The tradeoff between the soundness error
of the PCP and the alphabet size of the PCP is the main focus of this paper.

Since a random assignment to W satisfies in expectation at least % fraction of the constraints, the best al-
phabet to soundness tradeoff one could hope for inis withy = 1—0(1). Khot and Safra [KS13]
were the first to achieve a reasonable bound for v, and their result achieves v = 1/6 with imperfect com-
pleteness (i.e., val(¥) > 1 — o(1) instead of val(¥) = 1 in the YES case). Subsequently, Chan [Chal6]
obtained an improvement (using different techniques), showing that one can get v = 1/2 — o(1) (again with
imperfect completeness).

1.1 Main Results
1.1.1 Near Optimal Alphabet vs Soundness Tradeoff

The main result of this work improves upon all prior results, and shows that one may take v = 1 — o(1)
in[T’heorem 1.2} again with imperfect completeness. Formally, we show:



Theorem 1.3. For all e, > 0, for sufficiently large R, given a 2-Prover-1-Round game ¥V, it is NP-hard to
distinguish between the following two cases:

1. YES case: val(¥) > 1 — 7.

2. NO case: val(¥) < Rll_s.

As discussed below, has several applications to combinatorial optimization problems.
These applications require additional features from the instances produced in which are omitted
from the formulation for the sake of clarity. For instance, one application requires a good tradeoff between
the size of the instance and the size of the alphabet, which our construction achieves (see the discussion
following [Theorem 1.4)). Other applications require the underlying constraint graph to be bounded-degree
and biregular, which our construction also achieves (after mild modifications; see[Theorem 7.2).

1.1.2 Application: NP-Hardness of Approximating Quadratic Programs

n
An instance of the Quadratic Programming problem consists of a quadratic form Q(z) = ) a;;xix;
i,j=1
where a;; = 0 for all 4, and the goal is to maximize Q(z) over z € {—1,1}". It was previously known
that this problem admits an O(log n) approximation algorithm [MegO1}, NRT99,I[CWO04] and is NP-hard to
approximate within factor (log n)l/ 6=o(1) [ABHT 05| [KS13]] under quasi-polynomial reductions. As a first
application of we improve the hardness of approximation result for the Quadratic Program-

ming problem:

Theorem 1.4. It is NP-hard to approximate Quadratic Programming to within a factor of (log n)l_o(l)
under quasi-polynomial reductions.

is proved via a connection between 2-Prover-1-Round Games and Quadratic Programming
due to Arora, Berger, Hazan, Kindler, and Safra [ABHT05]. This connection requires a good tradeoff
between the alphabet size, the soundness error of the PCP, and the size of the PCP, and the construction
in has a sufficiently good tradeoff: letting N be the size of the instance, the alphabet size is
(log N)'=°() and the soundness error is (log N)_1+0(1)

Relevance to the sliding scale conjecture? We do not know how to use our techniques to achieve sound-
ness error that is smaller than inversely poly-logarithmic in the instance size. In particular, our techniques
have no bearing on the sliding scale conjecture, which asserts the existence of a PCP with O(1) queries,
polynomial size, polynomial alphabet size, and inverse polynomial soundness [Mos19]. A key feature of
our PCP reduction is the so-called “covering property”, which seems to inherently limit the soundness of
our construction to be at most inversely logarithmic in the instance size.

1.1.3 Application: NP-hardness of Approximating Bounded Degree 2-CSPs

A 2-Constraint Satisfaction Problem (2-CSP) instance ¥ = (X, C, X) consists of a set of variables X, a set
of constraints C, and an alphabet X. Each constraint in C' has the form P(z;,z;) = 1 where P: ¥ x ¥ —
{0, 1} is a predicate (which may be different in distinct constraints). The degree of the instance V¥ is defined

2We remark that, due to the use of the long-code, Chan [Chal6] does not achieve a good enough trade-off between the alphabet
size and the instance size. This is the reason his result does not yield an improvement over the inapproximability result for Quadratic
Programming of Khot and Safra [KS13|.



to be the maximum, over variables z € X, of the number of constraints that = appears in. The goal is to find
an assignment A: X — 3 that satisfies as many of the constraints as possible.

There is a simple % approximation algorithm for the 2-CSP problem for instances with degree at most
d. Lee and Manurangsi proved a nearly matching (% — 0(1)) d hardness of approximation result assuming
the Unique-Games Conjecture [LM24]]. Unconditionally, they show the problem to be NP-hard to approxi-
mate within factor (% - 0(1)) d under randomized reductions. Using the ideas of Lee and Manurangsi, our

main result implies a nearly matching NP-hardness result for bounded degree 2-CSPs:

Theorem 1.5. For all n > 0, for sufficiently large d, approximating the value of 2-CSPs with degree at most
d within factor ( % — 77) d is NP-hard under randomized reductions.

As in [LM24], has a further application to finding independent sets in claw free graphs. A
k-claw is the (k 4 1) vertex graph which consists of one center vertex connected to k leaves and has no other
edges. A graph G is said to be k-claw-free if G does not contain a k-claw as an induced subgraph. There
is a polynomial time algorithm that approximates the size of the largest independent set in a given k-claw-
free graph G within factor g [Ber00, TW23]], and a quasi-polynomial time algorithm due to [CGM13]] that
achieves a better (% + 0(1)) k. Asin [LM24]], using ideas from [DFRR23|], implies that for all
e > 0, for sufficiently large k, it is NP-hard (under randomized reductions) to approximate the size of the
largest independent set in a given k-claw-free graph within factor (i + 77) k. This improves upon the result
of [LM24] who showed that the same result holds assuming the Unique-Games Conjecture.

1.1.4 Application: NP-hardness of Approximating Connectivity Problems

Using ideas of Laekhanukit [Lael4] and some subsequent improvements by Manurangsi [Man19],
rem 1.3[implies improved hardness of approximation results for several graph connectivity problems. More
specifically, it implies new improvements over each of the results outlined in table 1 of [Lae14], with the ex-
ception of Rooted-k-Connectivity on directed graphs where the improvement is already implied by [Man19]].
Below, we briefly discuss one of these graph connectivity problems — the Rooted k-Connectivity Problem
— but defer the reader to [Lael4] for a detailed discussion of the remaining graph connectivity problems
considered.

In the Rooted-k-Connectivity problem there is a graph G = (V, E'), edge costs c: E — R, a root vertex
r € V and a set of terminals 7 C V' \ {r}. The goal is to find a subgraph G’ of smallest cost that for
each t € T, has at least k vertex disjoint paths from r to ¢. The problem admits a trivial |T'|-approximation
algorithm (by applying minimum cost k-flow algorithm for each vertex in T'), as well as an O(klogk)
approximation algorithm [Nut12]. Using the ideas of [Lael4],[Theorem 1.3|implies the following improved
hardness of approximation results:

Theorem 1.6. For all € > 0, for sufficiently large k it is NP-hard under randomized reductions to approx-
imate the Rooted-k-Connectivity problem on undirected graphs to within a factor of kY/°~¢, the Vertex-
Connectivity Survivable Network Design Problem with connectivity parameters at most k to within a factor
of kY/37¢, and the Vertex-Connectivity k-Route Cut Problem to within a factor of k'/3~¢.

We remark that in [CCKOS|], a weaker form of hardness for the Vertex-Connectivity Survivable Network
problem is proved. More precisely, they show an Q(k'/3/log k) integrality gap for the set-pair relaxation
of the problem. Our hardness result of /3¢ shows that, unless NP C BPP, no polynomial-size relaxation
can yield a better than k'/3~¢ factor approximation algorithm.



1.2 Our Techniques

'Theorem 1.3|is proved by composing an inner PCP and an outer PCP. Both of these components incor-
porate ideas from the proof of the 2-to-1 Games Theorem. The outer PCP is constructed using smooth
parallel repetition [KS13,|[KMS17] while the inner PCP is based on a codeword test using the Grassmann
graph [KMS17, DKK™ 18, DKK 21} [KMS23].

The novelty in this paper, in terms of techniques, is twofold. First, in order to get such a strong alphabet
to soundness tradeoff, we must consider a Grassmann test in a different and extreme regime of parameters.
Additionally, we have to work with much lower soundness error than prior works. These differences com-
plicate matters considerably. Second, our soundness analysis is more involved than that of the 2-to-1-Games
Theorem. As is the case in [KMS17, DKK ™18, DKK™21, [KMS23]], we too use global hypercontractivity,
but we do so more extensively. We also require quantitatively stronger versions of global hypercontractivity
over the Grassmann graph which are due to [EKL24]]. Our analysis also incorporates ideas from the plane
versus plane test and direct product testing [RS97, IKW 12| IMZ23]], from classical PCP theory [KS13]], as
well as from error correcting codes [GRS00]. All of these tools are necessary to prove our main technical
statement — below — which is a combinatorial statement perhaps of independent interest.

We now elaborate on each one of the components separately.

1.2.1 The Inner PCP

Our inner PCP is based on the subspace vs subspace low-degree test. Below, we first give a general overview
of the objective in low-degree testing. We then discuss the traditional notion of soundness as well as a non-
traditional notion of soundness for low-degree tests. Finally, we explain the low-degree test used in this
paper, the notion of soundness that we need from it, and the way that this notion of soundness is used.

Low-degree tests in PCPs. Low-degree tests have been a vital component in PCPs since their inception,
and much attention has been devoted to improving their various parameters. The goal in low-degree testing
is to encode a low-degree function f: Fy — [, via a table (or a few tables) of values in a locally testable
way. Traditionally, one picks a parameter £ € N (which is thought of as a constant and is most often just 2)
and encodes the function f by the table 7" of restrictions of f to £-dimensional affine subspaces of Fy. For
the case ¢ = 2, the test associated with this encoding is known as the Plane vs Plane test [RS97]]. The Plane
vs Plane test proceeds by picking two planes P, P» intersecting on a line, and then checking that 7[P;] and
T[Ps] agree on P} N P,. It is easy to see that the test has perfect completeness, namely that a valid table
of restrictions 1" passes the test with probability 1. In the other direction, the soundness error of the test —
which is a converse type statement — is much less clear (and is crucial towards applications in PCP). In the
context of the Plane vs Plane test, it is known that if a table 7", that assigns to each plane a degree d function,
passes the Plane vs Plane test with probability € > ¢~¢ (where ¢ > 0 is a small absolute constant), then
there is a degree d function f such that T'[P] = f|p on at least Q(¢) fraction of the planes.

Nailing down the value of the constant ¢ for which soundness holds is an interesting open problem which
is related to soundness vs alphabet size vs instance size tradeoff in PCPs [MR 10, BDN17,MZ23||. Currently,
the best known analysis for the Plane vs Plane test [MR10]] shows that one may take ¢ = 1/8. Better analysis
is known for higher dimensional encoding [BDN17, IMZ23||, and for the 3-dimensional version of it a near
optimal soundness result is known [MZ23]].

Low-degree tests in this paper. In the context of the current paper, we wish to encode linear functions
[ Fy — Fy, and we do so by the subspaces encoding. Specifically, we set integer parameters ¢1 > {3, and



encode the function f using the table 7T} of the restrictions of f to all /1-dimensional linear subspaces of F/,
and the table 75 of the restrictions of f to all /5-dimensional linear subspaces of IF;‘. The test we consider is
the natural inclusion test:

1. Sample a random ¢;-dimensional subspace L; C Fg and a random /5-dimensional subspace Ly C L;.
2. Read T1[L1], T5]Ls] and accept if they agree on Lo.

As is often the case, the completeness of the test — namely the fact that valid tables 77,75 pass the test
with probability 1 — is clear. The question of most interest then is with regards to the soundness of the test.
Namely, what is the smallest € such that any two tables 77 and 75 that assign linear functions to subspaces
and pass the test with probability €, must necessarily “come from” a legitimate linear function f?

Traditional notion of soundness. As the alphabet vs soundness tradeoft is key to the discussion herein,
we begin by remarking that the alphabet size of the above encoding is ¢’ + ¢2 = ©(¢) (since there are
q* distinct linear functions on a linear space of dimension ¢ over ). Thus, ideally we would like to show
that the soundness error of the above test is ¢~ (17214 Alas, this is false. Indeed, it turns out that one
may construct assignments that pass the test with probability at least Q(max(qg~“2, ¢*2~1)) that do not have
significant correlation with any linear function f:

1. Taking 77,75 randomly by assigning to each subspace a random linear function, one can easily see
that the test passes with probability ©(g~%2).

2. Taking linear subspaces Wi, ..., Wygo,; © Fg of codimension 1 randomly, and a random linear
function f;: W; — IF, for each 4, one may choose 77 and 75 as follows. For each L1, pick a random
i such that L1 C W; (if such 7 exists) and assign 71 [L1] = f;|1,. For each Lo, pick a random ¢ such
that Lo C W; (if such i exists) and assign T5[Lo] = fi|1,. Taking Ls C L; randomly, one sees
that with constant probability Lo has ©(¢“*~*2) many possible i’s, L; has ©(1) many possible i’s
and furthermore there is at least one i that is valid for both of them. With probability (g2~ this
common 7 is chosen for both L; and Lo, and in this case, the test on (Ly, L2) passes. It follows that,
in expectation, 77, T, pass the test with probability Q(g‘2=%1).

In light of the above, it makes sense that the best possible alphabet vs soundness tradeoff we may achieve
with the subspace encoding is by taking ¢, = ¢1/2. Such a setting of the parameters would give alphabet
size R = ¢“* and (possibly) soundness error ©(1/ \/ﬁ) This tradeoft is not good enough for our purposes,
and so we must venture beyond the traditional notion of soundness.

Non-traditional notion of soundness. The above test was first considered in the context of the 2-to-
1 Games Theorem, wherein one takes ¢ = 2 and {5 = ¢; — 1. In this setting, the test is not sound in the
traditional sense; instead, the test is shown to satisfy a non-standard notion of soundness, which nevertheless
is sufficient for the purposes of constructing a PCP. More specifically, in [KMS23] it is proved that for all
€ > 0 there is » € N such that for sufficiently large ¢ and for tables 77,75 as above, there are subspaces
Q C W C Iy with dim(Q) + codim(W) < r and a linear function f: W — IF, such that
= > .

ocb L Bll] = fli,] > €() > 0
We refer to the set

{LCFy[dim(L)=¢,Q CLCW}

6



as the zoom-in of ) and zoom-out of W. While this result is sufficient for the purposes of 2-to-1 Games,
the dependency between ¢ and ¢ (and thus, between the soundness and the alphabet size) is not good enough
for us.

Our low-degree test. It turns out that the proper setting of parameters for us is fo = (1 — §)¢; where
0 > 0 is a small constant. With these parameters, we are able to show that for ¢ > q_(l_‘y)f1 (where
§' = 6'(6) > 0 is a vanishing function of §), if T3, T pass the test with probability at least ¢, then there are
subspaces () C W with dim(Q) + codim(W) < r = r(6) € N, and a linear function f: W — [, such that

o P T = fl] > £/() = ().

Working in the very small soundness regime of € > ¢~ 1794 entails many challenges, however. First,

dealing with such small soundness requires us to use a strengthening of the global hypercontractivity result
of [KMS23]] in the form of an optimal level d inequality due to Evra, Kindler and Lifshitz [EKL24]. Second,
in the context of [KMS23], ¢’ could be any function of ¢ (and indeed it ends up being a polynomial function
of £). In the context of the current paper, it is crucial that ¢/ = e!+°(1)  as opposed to, say, &’ = !l
The reason is that, as we are dealing with very small ¢, the result would be trivial for ¢/ = e!! and not
useful towards the analysis of the PCP (as then ¢’ would be below the threshold ¢~ which represents the

agreement a random linear function f has with 77).

1.2.2 Getting List Decoding Bounds

As is usually the case in PCP reductions, we require a list decoding version for our low-degree test. Indeed,
using a standard argument we are able to show that in the setting that {5 = (1 — §)¢; and ¢ > g~ 1=k,
there is » = 7(8,0’) € N such that for at least ¢ ) fraction of subspaces Q C [y of dimension r,
there exists a subspace W with codimension at most » and Q C W C F7, as well as a linear function
f+ W — Fg, such that

ocb L hlLa] = flu,) > e'(e) = Qe). (D

This list decoding version theorem alone is not enough. In our PCP construction, we compose the
inner PCP with an outer PCP (that we describe below), and analyzing the composition requires decoding
global linear functions (from a list decoding version theorem as above) in a coordinated manner between
two non communicating parties. Oftentimes, the number of possible global functions that may be decoded
is constant, in which case randomly sampling one among them works. This is not the case for us, though: if
(Q, W) and (Q', W) are distinct zoom-in and zoom-out pairs for which there are linear functions f¢ 1 and
for.w satisfying (I)), then the functions fg w and fg/ 1w could be completely different. Thus, to achieve a
coordinated decoding procedure, we must:

1. Facilitate a way for the two parties to agree on a zoom-in and zoom-out pair (@), W) with noticeable
probability.

2. Show that for each (@, W) there are at most poly(1/¢) linear functions f¢ w for which

= > <
QQLP1YQW[T1 [Ll] fQ7W’L1] P

The second item is precisely the reason we need ¢’ to be e't°(1); any worse dependency, such as &’ = ¢!

would lead to the second item being false. We also remark that the number of functions being poly(1/¢)



is important to us as well. There is some slack in this bound, but a weak quantitative bound such as
exp(exp(1/e)) would have been insufficient for some of our applications. Luckily, such bounds can be
deduced from [[GRSO0Q] for the case of linear functionsE]

We now discuss the first item. It turns out that agreeing on the zoom-in () can be delegated to the
outer PCP, in the sense that our outer PCP game will provide the two parties with a coordinated zoom-in ()
(while still being sound). Morally speaking, this works because in our list decoding theorem, the fraction
of zoom-ins @ that work is significant. Coordinating zoom-outs is more difficult, and this is where much of
the novelty in our analysis lies.

1.2.3 Coordinating Zoom-outs

For the sake of simplicity and to focus on the main ideas, we ignore zoom-ins for now and assume that the list
decoding statement holds with no (). Thus, the list decoding theorem asserts that there exists a zoom-out W
of constant codimension on which there is a global linear function agreeing with the table 7% . However, there
could be many such zoom-outs W, say W1, ..., Wy, and say all of them were of codimension r = O 5 (1).
If the number m were sufficiently large — say at least ¢ PY() fraction of all codimension 7 subspaces
— then we would have been able to coordinate them in the same way as we coordinate zoom-ins. If the
number m were sufficiently small — say m = qP°Y(1) | then randomly guessing a zoom-out would work
well enough. The main issue is that the number m is intermediate, say m = ¢V,

This issue had already appeared in [KMS17, DKK™18]|. Therein, this issue is resolved by showing that
if there are at least m > qloo@ zoom-outs W7y, ..., W, of codimension r, and linear functions fi, ..., fi,
on W1,..., W,, respectively such that

Pr L] = fil1] > €
Lo ML = file] >
for all ¢, then there exists a zoom-out W of codimension strictly less than r and a linear function f: W — F,
such that
Pr [h[L] = > Q('?).

ng[ 1[L] = flL] = Q™)
Thus, if there are too many zoom-outs of a certain codimension, then there is necessarily a zoom-out of
smaller codimension that also works. In that case, the parties could go up to that codimension.

This result is not good enough for us, due to the polynomial gap between the agreement of T3 and f;, and
the agreement of 7 and f. Indeed, in our range of parameters, €12 will be below the trivial threshold ¢~
which is the agreement a random linear function f has with 77, and therefore the promise on the function f
above is meaningless.

We resolve this issue by showing a stronger, essentially optimal version of the above assertion still holds.
Formally, we prove:

Lemma 1.7. Forall § > 0, 7 € N there is C > 1 such that the following holds for ¢’ > ¢~ =94 and large
enough {1. Suppose that Ty is a table that assigns to each subspace L of dimension {1 a linear function,
and suppose that there are at least m > q©** subspaces W1, . .., Wiy, of codimension v and linear functions
fi: Wi — Fy such that forall i = 1,...,m,

= £l > €.
B [T = fli) > ¢

3In the case of higher degree functions (even quadratic functions) some bounds are known [Gop13|[BLI53] but they would not
have been good enough for us.



Then, there exists a zoom-out W of codimension strictly smaller than r and a linear function f: W — F,
such that
= > N.
L DIL = fli) > Q)

We defer a detailed discussion about and its proof to but remark that our proof
of is very different from the arguments in [DKK™ 18] and is significantly more involved.

1.2.4 The Outer PCP

Our outer PCP game is the same as that of [KMS17, DKK™ 18], which is a smooth parallel repetition
of the equation versus variables game of Hastad [HasOl1] (or of [KP06] for the application to Quadratic
Programming). As in there, we equip this game with the “advice” feature to facilitate zoom-in coordination
(as discussed above). For the sake of completeness we elaborate on the construction of the outer PCP below.

We start with an instance of Gap3Lin that has a large gap between the soundness and completeness.
Namely, we start with an instance (X, Eq) of linear equations over [, in which each equation has the form
ax;, + bx;, + cx;; = d. It is known [HasO1] that for all > 0, it is NP-hard to distinguish between the
following two cases:

1. YES case: val(X,Eq) > 1 —n.

2. NO case: val(X, Eq) < 171.

The standard Variable versus Equation game proceeds as follows:

1. The verifier picks an equation e uniformly at random from Eq and lets U = {z;,, xi,, i, } be the
variables in it.

2. The verifier samples V' C U of size 1 uniformly.

The verifier then sends U to the first prover, and V' to the second prover. The verifier expects to receive from
each prover an assignment to the variables they received, and accepts if their assignments are consistent and
satisfy the equation e. It is easy to see that if val(X, Eq) > 1 —n, then the provers have a strategy that makes
the verifier accept with probability at least 1 — ), and if val( X, Eq) < %, then for any provers’ strategy, the
verifier accepts with probability at most 1 — (1).

Now, we modify the standard Variable versus Equation game into the smooth Variable versus Equation
game with r-advice, which proceeds as follows. The verifier has a smoothness parameter 5 > 0 and picks a
random equation e, say ax;, + bz;, + cx;; = d, from (X, Eq). Then:

1. With probability 1 — /3 the verifier takes U = V' = {z;,, xi,, iy } and vectors u; = vy,...,u, =
U . .
vy € F, sampled uniformly and independently.

2. With probability 3, the verifier sets U = {x;,, %i,, T, }, chooses a set consisting of a single variable

V' C U uniformly at random. The verifier picks vy,...,v, € F }1/ uniformly and independently and
appends to each v; the value 0 in the coordinates of U \ V to get uy, ..., u,.
After that, the verifier sends U and vy, .. ., u, to the first prover and V and v, . . ., v, to the second prover.

The verifier expects to get from them I, assignments to the variables in U and in V', and accepts if and only
if these assignments are consistent, and furthermore the assignment to U satisfies the equation e.

Denoting the smooth Variable versus Equation game above by W, it is easy to see that if val(X, Eq) >
1 —n, then val(¥) > 1 — 7, and if val(X,Eq) < 1.1/q, then val(¥) < 1 — Q(¢~"3). Indeed, to see the



last assertion, note that the probability that V' is a proper subset of U and that vy, ..., v, are all 0, is ¢ 3.
In that case, the game being played is the standard Variable versus Equation game, which has value at most
1 — Q(1) as discussed earlier. The gap between 1 — n and 1 — Q(¢~ ") is too weak for us, and thus we
apply parallel repetition.

In the parallel repetition of the smooth Variable versus Equation game with advice, denoted by W®*,
the verifier picks k equations uniformly and independently ey, ..., e, and picks U;, ut, ..., ul and V,
vi, ...,vl foreachi = 1,..., k from e; independently. Thus, the questions of the provers may be seen as
U=U1U...UUgand V =V U... UV} and their advice is u; = (u},,u;“) € Fquorj =1,...,r
and v; = (vjl», ceey vf) € IF(‘I/ for 5 = 1,...,r respectively. The verifier expects to get from the first
prover a vector in Fg which specifies an [, assignment to U, and from the second prover a vector in F }1/
which specifies an [F, assignment to V. The verifier accepts if and only if these assignments are consistent
and the assignment of the first prover satisfies all of eq, . .., ex. It is clear that if val(X,Eq) > 1 — 7, then

val(¥®™) > 1—kn. Using the parallel repetition theorem of Rao [Raol1]] we argue that if val(X, Eq) < 171,
then val(¥®*) < 2-F97"k) The game ¥®* is our outer PCP game.

Remark 1.8. In the case of the Quadratic Programming application we require a hardness result in which
the completeness is very close to 1 (see [Theorem 2.6). The differences between the reduction in that case
and the reduction presented above are mostly minor, and amount to picking the parameters a bit differently.
There is one significant difference in the analysis, namely we require a much sharper form of the “covering

property” used in [[KMS17,\DKK"18]; see for a discussion.

1.2.5 Composing the Outer PCP and the Inner PCP Game

To compose the outer and inner PCPs, we take the outer PCP game, only keep the questions U to the first
prover and consider an induced 2-Prover-1-Round game on it. The alphabet is F3*, and we think of a
response to a question U as an [F, assignment to the variables of U. There is a constraint between U and
U’ if there is a question V' to the second prover such that V' C U N U’. Denoting the assignments to U and
U’ by sy and sy, the constraint between U and U’ is that s;; satisfies all of the equations that form U, sy
satisfies all of the equations that form U’, and s, sy agree on U N U,

The composition amounts to replacing each question U with a copy of our inner PCP. Namely, we
identify between the question U and the space FV, and then replace U by a copy of the o, /1 subspaces
graph of ]FqU . The answer sy is naturally identified with the linear function fy(x) = (sy, ), which is then
encoded by the subspaces encoding via tables of assignments 77 7 and 15 7.

The constraints of the composed PCP must check that: (1) side conditions: the encoded vector sy
satisfies the equations of U, and (2) consistency: sy and sy agree on U N U’.

The first set of constraints is addressed by the folding technique, which we omit from this discussion.
The second set of constraints is addressed by the ¢; vs £5 subspace test, except that we have to modify it so
that it works across blocks U and U’. This completes the description of the composition step of the other
PCP and the inner PCP, and thereby the description of our reduction.

Analyzing the Composed PCP. Traditionally, the analysis of the composed PCP relates its soundness
with the soundness of the outer PCP and the soundness of the inner PCP. Such analysis, however, fails in
our case. Instead, and similarly to prior works [KMS17, DKK™21], our analysis relates the soundness of
the composed PCP with the non-standard notion of soundness of the inner PCP (as discussed above) and
the soundness of a modification of the (standard) outer PCP game, as presented above. The goal of this
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modification is to allow the provers to correlate their choice for the zoom-in set (), and it is achieved by the
additional vectors {1;};—1,. r and {¥;}j—1,.., that the verifier sends to the provers in the outer PCP game.

1.2.6 The Covering Property

We end this introductory section by discussing the covering property, which is an important feature of our
outer PCP construction enabling the composition step to go through. The covering property first appeared
in [KS13]] and later more extensively in the context of the 2-to-1 Games [KMS17, DKK™18]. To discuss
the covering property, let k € N be thought of as large, let 3 € (0, 1) be thought of as k%% and consider
pairwise disjoint sets Uy, . .., Uy, where each U; has size 3 (in our context, U; will be the set of variables in
the ith equation the verifier chose). Let U = U; U ... U U, and consider the following two distributions
over tuples in FqU:

1. Sample z1,...,z¢ € FqU uniformly.

2. For each i independently, take V; = U; with probability 1 — 3 and otherwise take V; C U; randomly
of size 1, thenset V = V3 U...U Vg. Sample z1,...,2¢ € F}I/ uniformly and lift them to points in
FqU by appending 0’s in U \ V. Output the lifted points.

In [KMS17] it is shown that the two distributions above are ¢3¢8v/k close in statistical distance, which
is good enough for This is insufficient for thoughE] Carrying out a different
analysis, one can show that the two distributions are close with better parameters and in a stronger sense:
there exists a set £/ of ¢ tuples which has negligible measure in both distributions, such that each tuple not in
E is assigned the same probability under the two distributions up to factor (1 + o(1)). We are able to prove
this statement provided that k is only slightly larger than ¢2¢, which is still insufficient.

The issue with the above two distributions is that they are actually far from each other if, say, k = ¢
To see that, one can notice that the expected number of ¢’s such that each one of x1, ..., x, has the form
(a,0,0) € IFZ on coordinates corresponding to U; is very different. In the first distribution, this expectation
is ©(q~2k) which is less than 1, whereas in the second distribution it is at least 3k /3 > k%01

To resolve this issue and to go all the way through in the Quadratic Programming application, we have
to modify the distributions in the covering property so that (a) they will be close even if & = ¢"'¢, and (b)
we can still use these distributions in the composition step in our analysis of the PCP construction. Indeed,
this is the route we take, and the two distributions we use are defined as follows:

1. Sample zy,...,x¢ € FqU uniformly.

2. For each i independently, take V; = U; with probability 1 — 3 and otherwise take V; C U; randomly
of size 1, thenset V =V U... U V. Sample z1,...,2zp € IF(‘I/ uniformly, and let w; € FqU be the
vector of the coefficients of the equation e; forming Uj;. Lift the points z1, ...,z to z}, ..., 332 € IE‘qU

k
by appending 0’s in U \ V and take y; = z;+ > o, jw; where «; ; are independent random elements
i=1

from . Output 1, ..., yp.

We show that for a suitable choice of k£ and f3, these distributions are close even in the case that £k =
ql'OM Indeed, as a sanity check one could count the expected number of appearances of blocks of the

*The reason is that, letting N be the size of the instance we produce, it holds that % is roughly log N and ¢* is the alphabet size.
To have small statistical distance, we must have k < ¢%, hence the soundness error could not go lower than (log N )_1/ 5,
>More specifically, one takes a small ¢ > 0 and chooses 3 = k2¢/371, k = g1 +e)¢,
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form (0,a,0) € F> and see they are very close (¢~2k versus (1 — 3)q~ 2’k + Bkq™"). In this setting of
parameters, k is roughly equal to the alphabet size — which can be made to be equal (log N )1_0(1) under
quasi-polynomial time reductions.

Remark 1.9. A tight covering property is crucial for obtaining the tight hardness of approximation factor
in In the reduction of [ABH05)] from 2-Prover-1-Round games to Quadratic Programming,
the size of the resulting instance is exponential in the alphabet size and the soundness error remains roughly
the same. In our case the alphabet size is roughly k, hence the instance size is dominated by N = 90 (k! o),
If our analysis required k = ¢C*, then even showing an optimal soundness of ¢~ =W for the 2-Prover-
1-Round game would only yield a factor of (log N )1/ C=o() hardness for Quadratic Programming.

1.3 Open Problems

We end this introductory section by mentioning a few open problems for future research.

1. The Low-degree CSP Conjecture. It would be interesting to see if our techniques have any bearing
on the conjecture of [CDGT?22]. This conjecture is a sort of a mixture between the d-to-1 games and
sliding scale conjectures, and it focuses on the relation between the instance size and the soundness
error, while allowing the alphabet to be quite large. The conjecture is motivated by improved hardness
results for densest k-subgraph style problems, and below we give a rough description of it.

The 2-to-1 (or 2-to-2) Theorem asserts that the soundness of a PCP can be arbitrarily small constant

in a d-to-1 (or d-to-d) game even if d is fixed; it does not apply well in the sub-constant soundness

regime, though. The parallel repetition theorem asserts that for every d: N — N, one can get a d(n)-

to-d(n) PCP with soundness which is polynomial in 1/d(n). The Low-degree CSP conjecture asks

for a PCP that has d(n) growing with the instance size, whose soundness decays more rapidly than

polynomial in d. Specifically, it asks for d(n) = 9108’7 and soundness 2~ 108" 277,

2. Perfect completeness. Our reduction starts with the Gap3Lin problem and thus inherently has im-
perfect completeness. It would be very interesting if one could prove a version of with
perfect completeness. As far as we know no result better than is known to date. While
we are not aware of any direct applications of it, we believe such a result may lead to techniques
which are able to give strong PCPs with perfect completeness (which are quite rare).

3. Other applications. As shown above, it is sometimes the case that results proved assuming the
Unique-Games Conjecture can be translated into NP-hardness results using [Theorem 1.3] We suspect
there should be other such problems.

2 Preliminaries

2.1 The Grassmann Domain

In this section we present the Grassmann domain and associated Fourier analytic tools that are required for
our analysis of the inner PCP. Throughout this section we fix parameters n, £ with 1 < ¢ < n, and a prime
power ¢ (which we will eventually pick to be 2).
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2.1.1 Basic Definitions

The Grassmann domain Grass,(n, £) consists of the set of all /-dimensional subspaces L C Fy. At times
we will have a vector space W over Fy, and we may write Grass, (W, £) to mean Grass,(n, ), where n is
the dimension of W (under some identification of W with F). When the field size F is clear from context
we drop the subscript and simply write Grass(n, £) or Grass(W, ¢).

The number of ¢-dimensional subspaces of Iy is counted by the Gaussian binomial coefficient, {ﬂ .

q
The following standard fact gives a formula for the Gaussian binomial coefficients, and we omit the proof.

Fact 2.1. Suppose 1 < £ < 5, then the number of vertices in Grass,(n, £) is given by

it

¢ —q

Bipartite Inclusion Graphs We will often consider bipartite inclusion graphs between Grass,(n, ¢) and
Grassy(n, ¢') for ¢/ < . This graph has an edge between every L € Grass,(n, /) and L' € Grassy(n, (')
such that L. O L'. We refer to the family of such graphs as Grassmann graphs. The edges of these graphs
are the motivation for the test used in our inner PCP. While we never refer to this graph explicitly, it will be
helpful to have it in mind.

Zoom-ins and Zoom-outs. For subspaces Q C W C IE‘Z and a dimension ¢ € N, let
Zoomy[Q, W] = {L € Grassy(n,f) | @ C L C W}.

We refer to () as a zoom-in and W as a zoom-out. When W = F?, Zoom,[Q, W] is the zoom-in on (), and
when @ = {0}, Zoom,[Q, W] is the zoom-out on W.

2.1.2 Pseudo-randomness over the Grassmann graph

One notion that will be important to us is (7, €)-pseudo-randomness, which measures how large the fractional
size of a set of subspaces £ can be in a zoom-in/zoom-out restrictions of “size fr”ﬁ The measure of a set of
subspaces £ C Grass,(n, £) is the fraction of /-dimensional subspaces it contains, denoted as
L) = Pr Lec”L].
M( ) LeGrassg(n, Z)[ ]

We remark that the dimension ¢ in the probability above will always be clear from context based on L.
For subspaces @ C W C F7, the measure of £ under zoom-in/zoom-out pair (@, W) is defined as

Ha, W(ﬁ) LGGrafzg (n, E)[L €L | Qelc W} 2)

We also define a similar notation for measure inside of only a zoom-in or only a zoom-out.
For a zoom-in (), we write

o(L) = P Lerl C LJ.
He, ( ) LEGrasgq(né)[ < ’Q - ]

SThe results we mention can be stated in greater generality, but we avoid it for the sake of simplicity.
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and for a zoom-out W, we write

ow (L) = P Lel|LCW]|.
H ’W( )= LEGrasgq(nE)[ ILe W]

Here we abuse notation and note that when we use the notation j or pyy, it will always be clear from
context which of the above two notations we are using and whether the subspace in the subscript is a zoom-
in or zoom-out.

Definition 2.2. We say that a set of subspaces L C Grassy(n,{) is (r e)-pseudo-random if for all Q C
W C Fy satisfying dim(Q) + codim(W) = r, we have jigw (L) <

It turns out that a pseudo-random £ as above has the same edge expansion (and other related edge-
counts) as a random set of the same density, and we require such an assertion in our inner PCP. Below is a
precise formulation.

Lemma 2.3. Let £ C Grassy(n,2¢) and R C Grassy(n,2(1 — 6)¢) be sets of subspaces with fractional
sizes PTpcGrassy(n20)[L € L] = a and Prpegrass,(n2(1-6)0) [ R € R] = B, and suppose that L is (r,¢)
pseudo-random. Then for all t > 4 that are powers of 2,

< O¢,r(1) p(t—1)/t (t—2)/t —rél )
Lg%[Leﬁ,ReR]\q B € +q " Vap

In the probability above, L € Grassy(n, 2() is chosen uniformly at random and R € Grassy(n,2(1 —0)¢) is
chosen uniformly at random conditioned on being contained in L.

Proof. Deferred to O

We also need the following lemma, asserting that if a not-too-small set £ is highly pseudo-random, then
its density remains nearly the same on all zoom-ins of dimension 1. For a point z € Fy we denote by ()
the measure /1 (-) as above where () = span(z).

Lemma 2.4. For all £ > 0, the following holds for sufficiently large {. Suppose that ' > gﬁ d9 =
W is a subspace of dimension dim(W) > (" Let £ C Grassy(W, ') have measure (L) =1 > q = and
set Z ={z€W||p(L) —n| <15} IfLis (1, ¢4/ 1%0n) pseudo-random, then

21> (1-a7%) W
Proof. The proof is deferred to O

2.2 Hardness of 3LIN

In this section we cite several hardness of approximation results for the problem of solving linear equations
over finite fields, which are the starting point of our reduction. We begin by defining the 3Lin and the
Gap3Lin problem.

Definition 2.5. For a prime power q, an instance of 3Lin (X, Eq) consists of a set of variables X and a set
of linear equations Eq over F,. Each equation in Eq depends on exactly three variables in X, each variable
appears in at most 10 equations, and any two distinct equations in Eq share at most a single variable.
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The goal in the 3Lin problem is to find an assignment A: X — [F, satisfying as many of the equations
in F as possible. The maximum fraction of equations that can be satisfied is called the value of the instance.
We remark that usually in the literature, the condition that two equations in £ share at most a single variable
is not included in the definition of 3Lin, as well as the bound on the number of occurrences of each variable.

For 0 < s < ¢ < 1, the problem Gap3Lin|[c, s| is the promise problem wherein the input is an instance
(X, Eq) of 3Lin promised to either have value at least ¢ or at most s, and the goal is to distinguish between
these two cases. The problem Gap3Lin[c, s| with various settings of ¢ and s will be the starting point for our
reductions.

In the proof of we will use a classical result of Hastad [Has01], stating that for general
3Lin instances (i.e., without the additional conditions that two equations share at most a single variable
and each variable occurs in at most 10 equations), the problem Gap3Lin[l — ¢,1/q + ¢] is NP-hard for all
constant ¢ € N and € > 0. This result implies the following theorem by elementary reductions (similarly
to|/Theorem 2.7} see also [Min22, Footnote 14]):

Theorem 2.6. There exists s < 1 such that for every n > 0 and prime q, Gap3Lin [1 — 7, s] is NP-hard.

In the proof of we will need a hardness result for 3Lin with completeness close to 1, and we
will use a hardness result of Khot and Ponnuswami [KP0O6]. Once again, their result does not immediately
guarantee the fact that any two equations share at most a single variable and that each variable occurs in at
most 10 equations, however it can be achieved by an elementary reduction.

Theorem 2.7. For any q power of 2, there is a reduction from SAT with size n to a Gap3Lin[l — 7,1 — ¢]
instance with size N over F, with {0, 1}-coefficients, where

* Both N and the running time of the reduction are bounded by 90(log?n)..

¢ n < 279(\/10gN);

. 1
e>( <log3N>'

Proof. Using [KP06, Theorem 4] we get the statement above without the additional property that any two
distinct equations share at most a single variable. To get this property we reduce an instance (X, Eq) to an
instance (X', Eq’) as follows: for each equation e € Eq given as z +y + 2 = b for z,y, 2 € X, we produce
the new variables x¢, ye, 2. and add the equations * + y. + 2. = b, e +y + 2. = band z. + y. + z = b.
We note that each variable in (X', Eq) appears in at most 10 equations, and that if val(X,Eq) > 1 — n,
then val(X’,Eq’) > 1 — 7, so the completeness is clear. For the soundness analysis suppose that A is an
assignment to (X', Eq’) satisfying at least 1 — ¢ fraction of the equations. By an averaging argument for at
least 1 — 3¢ fraction of e € Eq, we have that A satisfies all of the equations  +y. + 2. = b, zo +y+ 2. = b
and . + Y. + z = b. By adding them up and using the fact that I, has characteristic 2 we get that A
also satisfies the equation x + y + z = b, giving that val(X,Eq) > 1 — 3¢ and completing the soundness
analysis. O

3 The Outer PCP

In this section, we describe our outer PCP game. In short, our outer PCP is a smooth parallel repetition of
a “variable versus equation” game with advice. This outer PCP was first considered in [KS13]] without the
advice feature, and then in [KMS17]] with the advice feature.
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3.1 The Outer PCP construction

Let €1 < e be parameters. Our reduction starts with an instance (X, Eq) of the Gap3Lin[l — &1,1 — &3]
problem, and we present it gradually. We begin by presenting the basic Variable versus Equation Game,
then equip it with the additional features of smoothness and advice, and finally perform parallel repetition.

3.1.1 The Variable versus Equation Game

We first convert the instance (X, Eq) into an instance of 2-Prover-1-Round Games, and it will be convenient
for us to describe it in the active view with a verifier and 2 provers.

In the Variable versus Equation game, the verifier picks an equation e € Eq uniformly at random, and
then chooses a random variable z € e. The verifier sends the question e, i.e. the three variables appearing in
e, to the first prover, and sends the variable x to the second prover. The provers are expected to answer with
assignments to their received variables, and the verifier accepts if and only if the two assignments agree on
x and the first prover’s assignment satisfies the equation e. If the verifier accepts then we also say that the
provers pass. This game has the following completeness and soundness, which are both easy to see (we omit
the formal proof):

1. Completeness: If (X, Eq) has an assignment satisfying (1 — ¢)-fraction of the equations, then the
provers have a strategy that passes with probability at least 1 — €.

2. Soundness: If (X, Eq) has no assignment satisfying more than (1 — ¢)-fraction of the equations, then

. o c
the provers can pass with probability at most 1 — %.

3.1.2 The Smooth Variable versus Equation Game

We next describe a smooth version of the Variable versus Equation game. In this game, the verifier has a
parameter 3 € (0, 1], and it proceeds as follows:

1. The verifier chooses an equation e € Eq uniformly, and lets U be the set of variables in e.

2. With probability 1 — 3, the verifier chooses V' = U. With probability 3, the verifier chooses V' C U
randomly of size 1.

3. The verifier sends U to the first prover, and V' to the second prover.

4. The provers respond with assignments to the variables they receive, and the verifier accepts if and
only if their assignments agree on V' and the assignment to U satisfies the equation e.

The smooth Variable versus Equation game has the following completeness and soundness property, which
are again easily seen to hold (we omit the formal proof).

1. Completeness: If (X, Eq) has an assignment satisfying (1 — ¢)-fraction of the equations, then the
provers have a strategy that passes with probability at least 1 — €.

2. Soundness: If (X, Eq) has no assignment satisfying more than (1 — €)-fraction of the equations, then
the provers can pass with probability at most 1 — %
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3.1.3 The Smooth Variable versus Equation Game with Advice

Next, we introduce the feature of advice into the smooth Variable versus Equation Game. This “advice”
acts as shared randomness which may help the provers in their strategy; we show though that it does not
considerably change the soundness. The game is denoted by G, for § € (0, 1] and r € N, and proceeds as
follows:

1.

2.

The verifier chooses an equation e € Eq uniformly, and lets U be the set of variables in e.

With probability 1 — /3, the verifier chooses V' = U. With probability [, the verifier chooses V' C U
randomly of size 1.

. The verifier picks vectors v1,...,v, € F}l/ uniformly and independently. If U = V the verifier

takes u; = v; for all ¢, and otherwise the verifier takes the vectors uq,...,u, € Fg where for all
i=1,...,r, the vector u; agrees with v; on the coordinate of V', and is 0 in the coordinates of U \ V.

The verifier sends U and uy, . . ., u, to the first prover, and V' and vy, ..., v, to the second prover.

. The provers respond with assignments to the variables they receive, and the verifier accepts if and

only if their assignments agree on V' and the assignment to U satisfies the equation e.

Below we state the completeness and soundness of this game:

1.

Completeness: If (X, Eq) has an assignment satisfying (1 — ¢)-fraction of the equations, then the
provers have a strategy that passes with probability at least 1 — . This is easy to see.

. Soundness: If (X, Eq) has no assignment satisfying more than (1 — ¢)-fraction of the equations, then

the provers can pass with probability at most 1 — %. Indeed, suppose that the provers can win the
game with probability at least 1 — 7). Note that with probability at least Sg~" it holds that U # V and
all the vectors uy, ..., u, and vy, ..., v, are all 0, in which case the provers play the standard Variable
versus Equation game. Thus, the provers’ strategy wins in the latter game with probability at least

1 n_ > E
1 5 Sowe must have that 3 2 5

3.1.4 Parallel Repetition of the Smooth Variable versus Equation Game with Advice

Finally, our outer PCP is the k-fold parallel repetition of Gz, which we denote by G?lﬁ. Below is a full
description of it:

1.

The verifier chooses equations ey, . . ., e € Equniformly and independently, and lets U; be the set of
variables in e;.

For each ¢ independently, with probability 1 — 3, the verifier chooses V; = U;. With probability 5,
the verifier chooses V; C U; randomly of size 1.

. For each i independently, the verifier picks vectors v%,... vl € IF}I/i uniformly and independently.

If U; = Vj the verifier takes u; = vji- for 5 = 1,...,r, and otherwise the verifier takes the vectors
ul, ... ul € IF((I]’L' where forall j = 1,...,r, the vector “; agrees with v;- on the coordinate of V;, and
is 0 in the coordinates of U; \ V;.
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4. The verifier sets U = U,’f:l U; and u; = (ujl, .. ,u?) foreachj = 1,...r,and V = Ulevi and
v = (vjl», cee vf) for each j = 1,...,r. The verifier sends U and u1, ..., u, to the first prover, and

V and vy, ..., v, to the second prover.

5. The provers respond with assignments to the variables they receive, and the verifier accepts if and
only if their assignments agree on V' and the assignment to U satisfies the equations ey, .. ., €.

Next, we state the completeness and the soundness of the game G®ﬁ, and we begin with its completeness.

Claim 3.1. If (X, Eq) has an assignment satisfying at least 1 — € of the equations, then the provers can win
G?lj with probability at least 1 — ke.

Proof. Let A be an assignment that satisfies at least (1 — ¢)-fraction of the equations in F, and consider
the strategy of the provers that assigns their variables according to A. Note that whenever each one of
the equations e, ..., ey the verifier chose is satisfied by A, the verifier accepts. By the union bound, the
probability this happens is at least 1 — ke. O

Next, we establish the soundness of the game G?’f,.

Claim 3.2. [fthere is no assignment to (X, Eq) satisfying at least (1 — €)-fraction of the equations, then the
provers can win G?]; with probability at most 9~ Bk,

Proof. We appeal to the parallel repetition theorem for projection games of Rao [Raoll]], but we have to
do so carefully. That theorem states that if U is a 2-Prover-1-Round game with val(¥) < 1 — 7, then
val(T®F) < 2-2n*F) . We cannot apply the theorem directly on Gz, (as the square is too costly for us).
Instead, we consider the game ¥ = Gg‘f;/ A1 and note that it has value bounded away from 1.

Write val(¥) = 1 — . For each coordinate 4, the probability that U; = V; or U; # V; but vt ... v’ are
all 0, is equal to 1 — ¢~ ". Thus, by independence the probability that this happens for [¢" /3] coordinates
is at most (1 — Bq_”)mr/ Al < et < 0.9. In particular, with probability at least 0.1 there exists at
least one coordinate i in which U; # V; and all of the advice vectors v, ..., v% and ui, ..., ul are all 0.
Thus, there exists a coordinate ¢ and a fixing for the questions of the provers outside 7 so that the answers
of the players to the ith coordinate win the standard Variable versus Equation game with probability at least
1 —10n. It follows that 1 — 10n < 1 — %, andson > %.

We conclude from Rao’s parallel repetition theorem that

k -
val(G5h) = val(W¥Ta /3T ) 2~ U0 Ak), 0

Viewing the advice as subspaces. Due to the fact that each variable appears in at most O(1) equations,
it can easily be seen that with probability 1 — O(k?/n), all variables in ej, ..., ey are distinct. In that
case, note that the  vectors of advice to the second prover, vy,...,v, € F}I/, are uniform, and the second
prover may consider their span (Jy/. Note that, conditioned on (the likely event of) the advice vectors being
linearly independent, @)y is a uniformly random r dimensional subspace of ]F;/. As for the first prover, the
vectors Uy, ..., U, € IF(ZIJ are not uniformly distributed. Nevertheless, as shown by the covering property
from [KS13||[KMS17]] (and presented below), the distribution of uy, . .., u, is close to uniform over r-tuple
of vectors from Fg. Thus, the first prover can also take their span, call it (Qr7, and think of it as a random
r-dimensional subspace of }Fg (which is highly correlated to Q).
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4 The Composed PCP Construction

In this section we describe our final PCP construction, which is a composition of the outer PCP from
with the inner PCP based on the Grassmann consistency test.

4.1 The Underlying Graph

Our reduction starts from an instance (X, Eq) of Gap3Lin. Consider the game G?fﬁ frorn and
let U denote the set of questions asked to the first prover. Thus U consists of all k-tuples of equations
U = (e1,...,ex) € Eq® from the Gap3Lin instance (X, Eq). It will be convenient to only keep the U =
(e1,...,ex) that satisfy the following properties:

* The equations ey, . . ., e are distinct and do not share variables.

* For any ¢ # j and pair of variables = € e; and y € e;, the variables x and y do not appear together in
any equation in the instance (X, Eq).

The fraction of U = (eq, ..., e;,) that do not satisfy the above is O(k? /n) which is negligible for us, and
dropping them will only reduce our completeness by o(1). This will not affect our analysis, and henceforth
we will assume that all U = (eq,...,ex) satisfy the above properties. We now describe the 2-Prover-1-
Round Games instance ¥ = (A, B, E, ¥, X9, ®). All vertices in the underlying graph will correspond to
subspaces of IF;( .

Notation: for e € Eq let v, € Ff be the vector of coefficients of the equation e; we remark that as our

instance (X, Eq) will come either from either[Theorem 2.6| with ¢ = 2 or[Theorem 2.7} the vector v, will be

1 on coordinates corresponding to variables in e, and 0 on all other coordinates.

4.1.1 The Vertices

For each question U = (eq,...,ex), let Hy = span(ve,, ..., v, ), and think of it as a subspace of IFEI]. By
the first property described above, dim(Hy;) = k and dim(Fg) = 3k. The vertices of W are:

A={L®Hy|UeU,L CF,, dim(L)=2¢(,LNHy ={0}},
B={R|3U €U, st. R CF] dim(R) = 2(1 — 5)¢}.

Morally, the vertices in .4 are all 2¢/-dimensional subspaces of some Fg] for some U € U. For technical
reasons, we require them to intersect Hy trivially (which is the case for a typical 2/-dimensional space) and
add to them the space [, U The vertices in B are all 2(1 — )¢ dimensional subspaces of ]FqU.

4.1.2 The Alphabets

The alphabets X1, 39 have sizes |X1| = ¢%¢ and |22 = (=9 For each vertex L @ Hy € A, let
v : Hy — [, denote the linear function that satisfies the side conditions given by the equations in U.
In notations, writing e; € U as (z,ve,) = b; for x € Fg, we set ¢(ve;) = b;. We say a linear function
f: L& Hy — F, satisfies the side conditions of U if f|g, = 1. In this language, for a vertex L & Hy we
identify >; with

{f: L& Hy — F, | f is linear function satisfying the side conditions of U }.

"This has the effect of collapsing L and L’ such that L & Hy = L’ @ Hy to a single vertex.
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As LN Hy = {0} and dim(L) = 2¢, it is easy to see that the above set indeed has size ¢2*. For each right
vertex I, we identify 3o with
{f:R—T,| fislinear}.
4.1.3 The Edges
To define the edges, we first need the following relation on A. Say that (L & Hy) ~ (L' @ Hyy) if
L+ Hy+ Hy =L + Hy + Hyr.

As all subspaces above are in Fgf , the equality above is well defined. We next show that this is an equivalence
relation. The reflexivity and symmetry are clear, and the following lemma establishes transitivity.

Lemma4.1. If L1 + Hy, + Hy, = L2 + Hy, + Hy,, and Ly + Hy, + Hy, = L3 + Hy, + Hy,, then
Ly + Hy, + Hy, = L3 + Hy, + Hy,.
Proof. We “add” Hy, to the second equation to obtain,
Ly, + Hy, + Hy, + Hy, = L3 + Hy, + Hy, + Hy,.

Next, write Hy, = A + B, where A is the span of all vectors v, for equations e in Us that are also in
Uy or Us, while B is the span of all vectors v, for equations e € Us that are in neither Uy nor Us. It
follows that AN B = {0}. Now note that any equation e € B has at most one variable that appears in an
equation in Uy, and at most one variable that appears in an equation in Us. Thus, each e € B, has a “private
variable”, and as the equations in B are over disjoint sets of variables, this private variable does not appear
inUy UU3 U (Us \ e). It follows that

BN (Ly+ Ls + Hy, + Hy,) = {0} CF,". 3)

Indeed, by the above discussion any nonzero vector in B C Fff is nonzero on at least one coordinate of X
(corresponding to a private variable), and no vector in IF'qu or IFqU? is supported on this coordinate.
Substituting Hy7, = A + B into the original equation yields

L+ (Hy, + Hy, + A) + B= L3+ (Hy, + Hy, + A) + B,
and as A C Hy, + Hy, we get L1 + Hy, + Hy, + B = L3 + Hy, + Hy, + B. Using (3) it follows that
Ly + Hy, + Hy, = L3 + Hy, + Hy,. 0

By the relation ~ is an equivalence relation, so we may partition .4 into equivalence classes.
We denote the equivalence class of a vertex L @& Hy by [L & Hy]. We often refer to each equivalence class
as a clique because this relation partitions 4 into cliques:

A = Clique, U - - - U Clique,,,.

The actual number of cliques, m, will not be important, but it is clear that such a number exists. The edges
of our graph will be between vertices L & Hy and R if there exists L' & Hy» € [L @ Hy| suchthat L’ O R.
The edges will be weighted according to a sampling process that we describe in the next section, which
also defines the constraints on . For future reference, the following lemma will be helpful in defining the
constraints:
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Lemma 4.2. Suppose L& Hy ~ L' @ Hyy and let f - L& Hy — Fy be a linear function satisfying the side
conditions on U. Then there is a unique linear function f' : L' & Hy» — Fy satisfying the side conditions
on U’ such that there exists a linear function g : L + Hy + Hy — Fy satisfying the side conditions of both
U and U’ such that

g’LEBHU = f and g‘L/EBHU’ = f/.

In words, the above equations say g is a linear extension of both f and f’.

Proof. Note that there is only one way to extend f to L + Hy + Hy in a manner that satisfies the side
conditions given by U’. Let this function be g. We take f" to be g|p/am,,- O

4.1.4 The Constraints

Suppose that 77 is an assignment to .A that assigns, to each vertex L & Hy, a linear function 71 [L & Hy/]
satisfying the side conditions. Further suppose that 75 is an assignment that assigns to each vertex R € B a
linear function on R. The verifier performs the following test, which also describes the constraints of W:

1. Choose U uniformly at random from /.

2. Choose L & Hyy uniformly, where dim(L) = 2¢ and LN Hy = {0}, and choose R C L of dimension
2(1 — 6)¢ uniformly.

3. Choose L' ® Hyr € [L & Hy| uniformly

4. AsinLemma 4.2} extend T3 [L' © Hyr] to L' + Hyy + Hy in the unique manner that respects the side
conditions and let 71 [L & Hys] be the restriction of this extension to L @& Hy.

5. Accept if and only if T1[L & Hy)|g = T»[R].

This finishes the description of our instance W. It is clear that the running time and instance size is n®*) and

that the alphabet size is O(¢?). As is often the case, showing the completeness of the reduction is relatively
easy. The soundness analysis is much more complicated, and in the section below we develop some tools.

S Tools for Soundness Analysis

In this section we will present all of the tools needed to analyze the soundness of our PCP.

5.1 The 2/ versus 2/(1 — ¢) subspace agreement test

We begin by discussing the 2¢ versus 2¢(1 — ¢) test and our decoding theorem for it. In our setting, we
have a question U € U for the first prover, and we consider the 2¢ versus 2¢(1 — §) test inside the space
Iﬁ‘g. We assume that this test passes with probability at least £ > ¢~2/(1=9) (where & is, say, &' = 10000)
and we want to use this fact to devise a strategy for the first prover. Below, we first state and prove a basic
decoding theorem, and then use it to deduce a quantitatively stronger version that also incorporates the side
conditions.

Let 7' be a table that assigns, to each L € Grass(F{, 2(), a linear function T1[L] : L — Fy, and let T
be a table that assigns, to each R € Grass(F qU, 2(1 — 9)¢), alinear function T5[R]: R — F,. We recall that
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|U| = 3k > 2¢. In this section, we show that if tables 77 and T, are e-consistent, namely

Pr [Tl[L”RETQ[RHRgL]}E
LGGrass(]Fg,%)
ReGrass(FY 2(1-6)¢)
fore > q—2£(1—10005)’ then the table 77 must have non-trivial agreement with a linear function on some
zoom-in and zoom-out combination of constant dimension. The proof uses along with an idea

from [BKS19].

Theorem 5.1. Let 0 < 6 < ﬁ and let ¢ be sufficiently large relative to 1/6. Suppose that tables Ty and
Ty are e-consistent where ¢ > q*2(1*10005)€

f W — Fg such that:
1. dim(Q) + codim(W) = 19,

. Then there exist subspaces Q C W and a linear function

2. flp = T\[L) for &' -fraction of 2¢-dimensional L € Zoomy[Q, W], where &' = q~2(1-10008)¢

Proof. Consider the bipartite Grassmann inclusion graph, G, whose sides are the domains Grass(n, 2¢) and
Grass(n, (1 — 6)2¢), and denote its edge set by E. Choose a linear function f : Fj — [, uniformly at
random and define the (random) sets of vertices

St =A{L € Grass(n,20) | flr =T1[L]} and Sg;={R € Grass(n,2(1 —9)¢) | f|lr = T2[R]}.

Denote by E(Sr f, Sk, ¢) the set of edges with endpoints in Sy, s and Sg ¢. We lower bound the expected
size of E(Sr, ¢, Sgr,s) over the choice of f. Note that for each edge (L, R) € E such that T1[L]|r = T>[R],
we have that (L, R) € E(Sy s, Sgrs) with probability g~. Indeed, with probability ¢~ we have that
T1[L] = f|L, and in that case we automatically get that T5[R| = T1[L]|r = (f|r)|r = f|r- As the number
of edges (L, R) such that 71[L]|r = T>[R] is at least €| E|, we conclude that

IJ@HE(SL,faSR,f)H > eq ¥ |E|.

Note that we also have that

S —90(1—
I]@[,U'(SR,]”)] I]@|:| Rf|:| q 20(1 5).

Using Linearity of Expectation, we get that
1 1 _
B [|B(S8.s.5ns)| - yea P u(SnIEl| > ger 1B

thus there exists f for which the random variable on the left hand side is at least %eq_% |E|, and we fix f so
that

1 1
[E(SL.p: Sr.f)| = 524 26(Spp) B + 5 2B 4)

We claim that Sy, ¢ is (7, €)-pseudo-random for r = 5 Yand e’ = ¢ . Suppose for the sake
of contradiction that this is not the case, and that Sy, ¢ is (r, ¢’)-pseudo-random. Denote o = p(Sz, ) and

B = p(Sg,s)- Since Sy, s is not (r, &’)-pseudo-random, we may apply and get:

—24(1-100062)

1 t—2
E’E(SL,faSR,f)‘ — LI;IR[L c SL,fae SR,f] < Oy r(l)ﬁf /7 +q —rdél /v Ot'r 75/7’
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for any ¢ > 4 that is a power of 2. In the last inequality, we used the fact that by (@)

E 1
BIE] = ISl > 1E(S1p.Sig)| > e 1),
so 3 > %sq_% > ¢~ *, and thus the second term in the middle of () is negligible compared to the first
term there. Combining (@) and (5] gives us that
t=1 =2

1
52078 < O DT

Simplifying and using the definition of ¢’ along with the fact that & > q200=10009) and B > ¢~ we get
%q—zaz < O (D g4 o (3+2000(2 552 —0))t

Investigating the last two exponents of ¢, we have that for ¢ > 5_1 52 = 2,

(j + % + 2000 <52t_752 — 5)) (< —1992(6 — 52)¢.

This implies that
1 26¢ ~ ,O5(1) ,—1992(5—5°)¢

21 TS ;
and contradiction. It follows that Sy, ¢ is not (r,e’)-pseudo-random, and unraveling the definition of not
being pseudo-random gives the conclusion of the theorem. O

5.1.1 Finding a Large Fraction of Successful Zoom-Ins

Theorem 5.1|asserts the existence of a good pair of zoom-in and zoom-out (@), W) inside which the table T}
has good agreement with a global linear function. As discussed in the introduction, our argument requires
a quantitatively stronger version asserting that there is a good fraction of zoom-ins that work for us. Below,

we state a corollary of which achieves this. We defer its proof to

Theorem 5.2. Suppose that tables Ty and T are e-consistent for ¢ > 2q_2e(1_10005). Then there exist

e g 52 .
positive integers r1 and ro satisfying r1 + 19 = r = %, such that for at least q¢~°° -fraction of the r-
dimensional subspaces @), there exists a subspace W 2O @ of codimension ro and a linear function gg w

such that
¢~20(1-10008%)
LeGrass(FY ,20) [gQ’W’L 1[ ] | Q = - } 5

Proof. The proof is deferred to Section [B] O

5.1.2 Incorporating Side Conditions for Zoom-Ins

Next, we require a version of which also takes the side conditions into account.
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Theorem 5.3. Let U be a question to the first prover, let T be the first prover’s table and suppose that

Pr [T1[L & Hyl|gr = To[R] | R C L] := & > 4q~ (1710000,
LEGrass(]FfIJ,%),LﬂHU:{O}
ReGrass(FY 2(1-6)¢)

2 ;
Then there are parameters r1 and r9 such that r1 + ro < %, such that for at least qiﬁé fraction of the
r1-dimensional subspaces Q C FY, there exists W C FqU of codimension 1o containing Q & Hy, and a
global linear function gg w : W — I, that respects the side conditions on Hy such that

—2(1-100052)¢

q
=Ti[Le H CLCW]>
LGGrass(]Fg,MI)‘,LﬂHU:{O}[gQ’W‘LGBHU 1[ U} | Q = = ] 5

Proof. For any 2k-dimensional subspace A C Fflj such that AN Hy = {0} and Hy & A = ]Ff]], let T4
be the table over Grass(A, 2¢) defined as follows. For the 2/-dimensional subspaces L C A such that
LN Hy = {0}, define T4[L] = T1[L & Hy]|. Throughout the proof, R is always used to denote a random
subspace of dimension 2(1 — )¢, so we will not specify this further in the distribution of probabilities.
Let
'(A) = P TAlL||r = To[R]].
P ( ) LEGrass(Al:%),RgL[ A[ HR 2[ H
Noting that
E[p'(A)] = P T\[L® H =T[R]] = ¢,
A[p ()] LeGrass(IFqU,22),erHU:{0},RgL[ 1l vl 2| ]
we get by an averaging argument that p’(A) > § for at least 5-fraction of A’s. Fix any such A. By

there exist positive integers 71 and 73 such that for at least q_w2 -fraction of r{-dimensional zoom-ins
@ C A, there exists a zoom-out W’ O @ of codimension 3 and a linear function g¢ y such that,

—2(1-1000582)¢
2

q

lgow/lL =TalL] | QS LC W' > (6)

Pr
LeGrass(A,2¢)

Let W = W' @ Hy and let g w : W — [, be the unique extension of g¢ 1 to W satisfying the side
conditions. We have

Pr =T\[L & H, CLCW
LEGrass(]Fg,2[),LOHU:{0}[QQ’W‘L@HU 1[ U] ‘ Q = L= ]

LeGrassr(A,ZZ)[gQ’W‘LEBHU Lo Hy] [QCLC ]

LGGrassr(A,QZ)[gQ’W ’L A[ ] | Q = C ]

—2(1—100082)¢
q ( )

> 2
In the first transition we used the fact that L & Hy is distributed the same in the first two expressions. In
the second transition we used the fact that go 1 and T'[L & Hy] agree on Hy because both satisfy the side
conditions on Hy, along with the fact that g |4 = 9Qw'-
To conclude, we see that when sampling A as above and then () C A of dimension rq, the zoom-in
has a zoom-out W 2O @ @ Hy and a function gg w : W — T, satisfying the conditions in the theorem

—5¢2

with probability at least 5q . The theorem requires us to bound the probability that () satisfies this
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property when () is chosen uniformly in Fg of dimension 71, which is a slightly different distribution than
what we have. Indeed, when sampling A as above and then () C A of dimension 7, the subspace () is
uniformly random 71 -dimensional subspace in Fg conditioned on @ N Hy = {0}. However, (1 — qu_%) -
fraction of ri-dimensional subspaces ) C Fg satisfy @ N Hy = {0}, so overall we get that at least

(%q_“2 - qT1_2k> > q_6£2—fraction of all r;-dimensional () C FqU satisfy the condition of the theorem.
O

5.2 The Covering Property

In this section, we present the so-called “covering property”, which is a feature of our PCP construction
that allows us to move between the first prover’s distribution over 2¢-dimensional subspaces of IFqU and the
second prover’s distribution over 2¢-dimensional subspaces of ]F;/. Similar covering properties are shown
in [KS13, [KMS17]]; however, obtaining the optimal quadratic-programming hardness result in
requires a stronger analysis that goes beyond the covering properties of [KS13, IKMS17]]. We are able to
obtain a covering property that holds with the following parameters set in the outer PCP:

k= g2+t 8 = g~20+2/3)C. 7)

Y
where ¢ > 0 is a constant arbitrarily small relative to §.

Remark 5.4. We remark that the content of this section is only necessary if we take k = ¢2+9% as in .
This setting is used to get a good tradeoff between the size, alphabet size and soundness of the PCP, which
is crucial in the proof of[Theorem 1.4] If one is only interested in the tradeoff between the alphabet size and
the soundness, i.e. only wants to prove then one can afford to take k as a much bigger function
of L. For example, taking k = quOﬁ, one could use the covering property from [KS13| | KMS17|] instead of
the more complicated covering property below, and replace the auxiliary lemma in[Section 5.2.4|by a simple
averaging argument.

5.2.1 The Basic Covering Property

WEe start by stating a basic form of the improved covering property, and defer its proof to Fix
a question U = (eq,...,ex) to the first prover and recall that Hyy = span(ve,, .. ., Ve, ) Where v, is the
vector of coefficients of e;. For V' C U we view IF(‘I/ C IFqU as the subspace consisting of vectors that are

zero on all indices in U \ V. The covering property we show will relate the following two distributions:
D:

e Choose x1,...,Ty € IFqU uniformly.

Output the list (x1, ..., x9).
D

* Choose V' C U according to the Outer PCP.

* Choose z,...,x), € IF(‘{ uniformly.
¢ Choose wy, ..., wy € Hy uniformly, and set z; = a} + w; for 1 <7 < 2/.
* Output the list (z1,...,22).
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The covering property used in prior works asserts that the distribution D is statistically close to a variant of
the distribution D’. This closeness is not good enough for us, however, as we will want to consider events
of rather small probability under D and still assert that their probability is roughly the same under D’.

Our version of the covering property deviates from those of prior works in two ways. First, in these
earlier works the distribution D’ was generated without the addition of the random vectors w1, . . ., wgy from
Hy. As explained in the introduction, this distribution is not good enough for the purpose of
and we must consider the distribution D’ above instead. Second, the notion of statistical closeness is too
strict for us, and is in fact not achievable. To get around this hurdle, we instead show a “contiguity-type”
statement, asserting that almost all inputs z are assigned the same probability under these two distributions
up to factor 1 + o(1).

More precisely, setting n = q*100€1°

0 throughout this subsection, we show:

Lemma 5.5. There exists E C (Fz])zé such that both D(E) and D'(E) are at most *°, and for all
(z1,...,79) ¢ E we have
0.9 < M < 1.1.
D (xl, cee ,.732[)
Proof. The proof is deferred to ]

5.2.2 The Covering Property with Zoom-ins

represents the basic form of the covering property, but for our application we require a version
which incorporates zoom-ins and advice. Namely, we will actually be interested in the case where D and D’
are conditioned on some rj-dimensional zoom-in @, for an arbitrary dimension r; < %. To make notation
simpler, let us write © = (z1,...,72¢) and use span, (z) to denote span(x1, ..., 2, ). Additionally, for

any set £ C (Fg)%, define

) g -0l ST

Also define Dy, similarly as

' Erom [emma 5.5/ we can conclude that for any £ C (]FqU )2¢ that is not too small, the measure Dy(L) is
within at least a constant factor of D¢ (L) for nearly all Q:

Lemma 5.6. For any £ C (FJ)*, we have
%r [DG(L) 2 0.8-Dg(L) —n*] =1 -3p>,

, . . U
where Q) is the span of T1 uniformly random vectors in I, .

Proof. Throughout the proof all of the expectations and probabilities over () choose () as in the lemma
statement. Let E be the small set of tuples from [Lemma 5.3] so that

E [Do(E)] <™ and E [DL(E)] <. (3)
z~D,Q=span,., (z) z~D’,Q=span,. (z)
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Let Bad; = {z € (IE‘qU)% | Do(E) = 7*°,Q := span,, (z)} and Bady = {z € (Fg)% | DQ(E) >
n?°, Q := span, (z)}. By the union bound we have

Pr [x € Bad; UBady] < Pr [z € Bady] + Pr [z € Bady].
x~D z~D

x~D

By the first expectation () and Markov’s inequality, we have Pr,.p[z € Bad;] < 7%°. To bound the second
term, we have

_ / 40 20 40
Pr [z € Bady] = Y D)< Y, D)+ D)< Y. LID(x)+n0 <110 +nY
r€Bads x€Bada\E TeR z€Bad2\F

In the penultimate transition we are using to bound D(x) < 1.1-D'(z) if z ¢ E as well as to
bound D(E) < n*°. In the final transition we are using the fact Pr,.p/[z € Bads] < 7%, which follows by
an application of Markov’s inequality on the second expectation in ().

Altogether, we get that with probability at least 1 —31?°, we have z ¢ Bad; UBads, and Q := span,. ()
satisfies Do (E), Dy (E) < n*°. In this case we have,

> D)= > D(x) > > 0.9-D'(z)

span,., (z)=Q span, (z)=Q,z¢E span, (2)=Q,z¢E
=09- > D(z)- > D'(z) |,
span,. (z)=Q span,, (r)=Q,z€FE

where we used in the second transition. Dividing both sides by >°( ., ()= D'(z) gives that
'I‘l

Zspanr1 (x)=Q D(%)
X:Spanr1 ()=Q D/(:E)

> 0.9(1 — Dy(E)) = 0.9(1 — n*°) > 0.89. )

It follows that

erﬁ,SpanTl (z)=Q D'(x)
2 span, ()= D' (%)
0.893 e £ span, , (1)=0 D' (@)
2span,  (2)=q P(@)
N 0.9-0.89 -3 e £nE span,, ()= P(@)
- 2 span, ()= P(%)
2 span,, (2)=QeE D(*)
2span,, ()= P(2)
= 0.8-Dg(L) — Do(E)
> 0.8 Dgo(L) — 12,

Do(L) =

2

> 0.8-Dg(L) —

where we used (9) in the second transition and Dg(E) < 1?° in the last transition. U
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5.2.3 The Covering Property for the Advice

We will also need a lemma that applies to r;-dimensional subspaces for some constant 7; = O(6~!). This is
to handle the fact that the zoom-in () is sampled uniformly from ]F(‘; after V' is chosen according to the outer
PCP, and then lifted to a subspace over FU, instead of uniformly from Fg. For a fixed question U to the first

prover, let D, denote the uniform measure over (Iﬁ‘qU)” and let D;. denote the following distribution over
)
q

* Choose V' C U according to the Outer PCP.
* Choose 1, ...,}, € F} uniformly.
* Choose wy, ..., wy, € Hy uniformly, and set z; = x} + w; for 1 <@ < ry.
* Output the list (z1, ...,z ).
The distributions D, and D;. have the following property.
Lemma 5.7. For Q C (IFQU)T1 such that D, (Q) = ¢~ we have
D,,(Q) > 0.8- D, (Q).
Proof. Take E from|[Lemma 5.5|and define
L={(@1,..,w00) € BN | (@1,...,2,,) € Q.

Then D, (Q) = D(L), D, (Q) = D'(L), and

D, (Q=D(L)> Y D@)=09- > D(x)>09-D(L)—D(E) =08 -D(L)=08-D,, (L),

zEL\E zEL\E
where we used in the second inequality, and the fact that D(E) < n*° and D(L) = D,,(Q) >
¢~ 9 in the penultimate transition. O

5.2.4 An Auxiliary Lemma

We conclude this section with an auxiliary lemma that will be used in the analysis. Throughout this sub-
section, we fix a question U = (Uy, ..., Uy) to the first prover, where U; denotes the variables from the ith
equation, say e;, and a subspace ) C IE‘([]] of dimension 7, and we consider the distribution over the second
prover’s question, V', conditioned on the first  advice vectors having span (). More formally, consider the
distribution A(+, -) over (V, Q') defined as follows:

* For each i € [k], choose V; C U; according to the outer PCP, and set V' = Ule Vi.
e Choose r vectors v1,...,v, € IF;/ uniformly at random.

* Output (V,span(v,...,v,)).
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Then the distribution we are interested in is the marginal distribution A(-, Q). After V' is chosen, we let
V1, ..., Vi be the variables in V' from equations eq, . . . , ex respectively. We start with a helpful intermediate
result, showing that in the sampling procedure, for any @) and i € [k], the probability V; # U; is roughly
at most (3 even when conditioned on V; already being chosen for j € 7 C [k] (where Z can be an arbitrary
subset of indices). For a vector v € FV, we use v* to denote its restriction to the variables in U;, and think
of v as being in the 3-dimensional space IB‘qU i

Lemma 5.8. Fix a question U = (Uy,...,Uy), a dimension r subspace Q C FU, a parameter 0 < 3 <
q %, and let A be defined accordingly as above using U and 3. Let T C [k] be an arbitrary set of indices
and suppose for j € L, V; C U; has already been chosen. Then, for any i € [k] \ T

B
Pr ViU | {Vilvierl = Pr ViU | Q = Q,{Vilvjer] < —o—.
VNA{.’Q)[ # Ui | {Vj}vjez] - Ql“,quv[ # Ui | Q" = Q. {Vj}vjez] A= B

In words, the above probability is the probability that variables are dropped in equation i, when sampling
V C U, conditioned on the span of the first r advice vectors equaling @), and conditioned on V; being fixed

forj e Zf]

Proof. View each vector in IE“EIJ as indexed by the variables appearing in U. It will be helpful to briefly recall

how V' C U and the advice subspace () are chosen according to the conditional distribution we consider.

First, for j € Z,V; C Uj is already fixed. For each j € [k]\Z independently we set U; = V; with probability

1 — j3, or with probability 3, we set V; to be a uniformly random subset of U; of size 1. After choosing

Vj, we choose r advice vectors v{, el vﬁ € IF}J/i uniformly at random. We then set V' = U§:1 V;, for each

t € [r] set the advice vector v; € IE‘}I/ to be the concatenation of v}, ..., v, and set Q' = span(vy, ..., v,).
It is clear that there is some distribution over bases (ay, .. ., a,) of @ such that

Pr ViU |Q'=Q] = E Pr Vi # Ui |ve=a; Vt € [r]]],
V;CU, Vi¢T, Q'CFY ar,-har | V;CU; V¢, Q'CRY

where the expectation on the right is over this distribution of bases (a1, ..., a,) of Q. We do not need to
know what this distribution is. We only use the fact that, by its existence, there is some basis aq, ..., a,
which maximizes the inner probability on the right, and fixing this basis (a1, ..., a,) of ), we have

L Vi Ui| Q' =Q] < P Vi Ui | o=Vt €
VJ'QUJ"W&Q’QFX[ AUl =0l ngj,Vjeer,Q'gFé”[ 7 Ui =a vl

P Vi# Ui N (vp = a; Vt €
. VjQUj,Vj%I,I;L...,vTEJF){ [ 7& ('Ut at [TD]

Pr [Ut =a; Vt € [TH
V;CU; Vi¢T, vl,...,vrelF}{

$We implicitly assume that the probability space we consider is nonempty, so that there exist V, C U, for s ¢ 7 such that
Q' C FEI/ after setting V' = Ule Vi, with V; fixed as above for j € 7.
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Since V;; C Uj is chosen independently, the above probability becomes

Pr Vi £ Ui A =ajvtelr])] TI Pr [Ut =alVtelr ]]

ViCU,; wieFy jelk\{i} v;CU; v ery’
k

I1 Pr [vt—at Vte[]}
h . \%
J=1V;CU; vl eFy’

Pr (Vi # Ui A (v = a} Vit € [r])]
V,CU, vieFy

Pr [vf = al Vit € [r]]
ViCUj vi ey’

g

< M
Pr [vi = al Vit € [r]]
V;CU; vieFy
< Lg
(1=B)g?r

In the third transition, we upper bound the numerator by Pr[V; # U;| < $3, and in the last transition we lower
bound the denominator by (1 — 3)(1/ !Fg i|)" = ¢~3", which is the probability that V; = U; and v} = a! for
all t € [r]. O

In the soundness analysis we will find some zoom-in and zoom-out pair (@), W) for the larger prover,
and we will be interested in projecting it into a question V' of the smaller prover. In particular, we will be
interested in the distribution of the codimension W N IFX. The following consequence of upper
bounds the probability its codimension is smaller by j than the codimension of W.

Lemma 5.9. For integer r,s > 0, the following holds for sufficiently large k. Let U be a fixed question to
the first prover in the outer PCP consisting of 3k distinct variables in some set of k equations, let () C IFqU
be a subspace of dimension r, and let W C F,IZJ be a codimension s subspace that contains both Hyy and Q).
Let V. C U be a random question to the second prover chosen according to the outer PCP, conditioned on
QCFY, andlet W[V] = F}I/ N W. Then, for each 0 < j < s, we have

. - 3r\J
VNE{,Q)[COdlm(W[VD_S 71 < (2sB¢™ Y,

where the codimension is with respect to IF(‘Z/.

Proof. Let us label the variables in U as (z1,...,x3) so that the entries of vectors in FqU are indexed
by variables in (x1,...,23;). Recall that the equations making up U are labeled as ey, ..., ex. We will
choose V' gradually, where at each step, we choose a new equation from {ej, ..., e} and then choose
which variables to drop from it according to the sampling procedure of the outer PCP. Specifically, at step
i, let €),...,e,_; € {e1,...,ex} be the equations that have been processed already. We choose €, €
{e1,...,ex}\{€},...,€;_,}. Then, with probability 1 — 5 we do not drop any variables from e, and with
probability 5 we drop a uniformly random two out of the three variables from e}. Recall that when a variable
is dropped when obtaining V/, every vector in IF(‘I/ has coordinate zero at the index of the dropped variable.
Let Vp = U and let V; be the state of V' after step ¢ in this process, i.e. after we have processed equations
el,...,e. €{e1,..., e} and chosen which variables to drop from these equations. Also define W [V;] :=
W NF} and say that codim(W [V;]) is the codimension of W[V;] with respect to F}:. We will first show
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that it is possible to adaptively choose the first k& — s equations so that the codimension does not drop, i.e.
codim(WVp]) = - -+ = codim(W[V;_g]). For each one of the remaining s steps we will (roughly) show
that the codimension drops by 1 with probability at most 3, and does not change with probability 1 — 5.

At step ¢, call an equation e saturated if the restriction of W[V;_1] to the variables in e has dimension 3.
If we choose ¢} = e, it is straightforward to check that codim (W [V;]) = codim (W [V;_1]) with probability
1. We argue inductively that for the first £ — s steps, we can always adaptively choose a saturated equation,
and thus have codim(W[Vp]) = - - - = codim(W [Vj_4]).

Fix an arbitrary 7 such that 1 < ¢ < k — s and suppose codim(W[V;_1]) = s. We claim that there
can be at most s unsaturated equations in {e1,...,ex} \ {€},...,e/_;}. To see this, note that for each
equation e € {eq,...,ex} \ {€],...,€;_,} that is unsaturated there is a corresponding vector in the dual

space of W[V;_1] C F}I/i’l supported only on the indices corresponding to variables in e. Thus, for any set
of distinct unsaturated equations, these vectors in the dual space are linearly independent. Since the dual
space of W [V;_;] has dimension at most s, there are thus at most s unsaturated equations. Therefore, if
1 < i < k — s, then there is always at least one saturated equation in {eq, ..., e} \ {€],...,e,_,}, and we
can adaptively choose €/ to be this equation.

We now show that for the unsaturated equations, the codimension can drop by 1 with probability at most
% and otherwise the codimension does not change. Let e; be an equation that is unsaturated. By

Lemma 5.8| with probability at least 1 — % no variables in e; are dropped and in this case we have
Vi = Vit1, W[V;] = W[V;41], and hence codim(W[V;]) = codim(W [Vj41]).

With the remaining at most (Sl probability, two variables are dropped, and in this case we show
that the codimension decreases by at most 1. Suppose a1, a2 are the characteristic vectors for the variables
that are dropped. Recall that Hyy C W at the start, and let w; be the coefficient vector of the ith equation so
that w; € Hy. Then, w; € W[V;], so it must be the case that a; is not yet in the dual space of W[V}], and so,
when viewing both W [V; ;1] and W [V;] as subspaces of F#, we get that dim (W [V;]) — dim(W[Vi41]) > 1.

Combining this with the fact that dim (IF }f) — dim (IE‘,‘J/Z'“) = 2, where again both spaces are viewed as

subspaces of IE'}J/Z' it follows that the codimension of W[V, 1] relative to E‘f“

of W[V;] relative to ]FC‘I/Z'.
Altogether, this shows that for £ — s of the steps ¢, the codimension does not change, while for the

remaining s steps, the codimension drops by 1 with probability at most % and remains the same
otherwise. As a result,

is at most one more than that

Pr [codim(W[V]) = s — j] < <S> (%)j < (25847,

VA(Q) i)\ =6
where the second inequality is by union bounding over all possible combinations of j out of s steps where
the codimension may drop by 1. O

We finish this section by stating a corollary of which will be used in the soundness analysis.
The setting one should have in mind is that we have a zoom-in and zoom-out pair (@, W) and an event
L C (IF‘EIJ)2Z inside it with noticeable probability, where U is a question to the first prover. The lemma
asserts that over the choice of the question V' to the smaller prover, the projection of the event £ to the
zoom-in and zoom-out pair (@), W[V]) still has noticeable probability:

Lemma 5.10. The following holds for any integers r,s > 0, £ sufficiently large relative to r and s, k > ¢,
0< B <q % and C > 2sq~2¢. Let U be a fixed question to the first prover in the outer PCP consisting
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of 3k variables in some set of k equations, let Q) C IF([IJ be a zoom-in of dimension r, let W C Fg be a
zoom-out of codimension s containing Hy and Q).

Also let L C (FqU)% be such that span(z) C W for every x € L and Dg(L) > ¢ @) L O With
probability at least 3512 over V' (chosen according to the marginal of A defined above, with parameter [3),
we have

C

/ / _
Pr |:CL' —|—w€£|spanr($ —l—w)—Q]ZW

zleW[V],w;eHy

In the probability above, the sampling procedure is that of Db with V fixed and we use x' and w to denote

o= (2),...,xh),w=(w,..., wy) respectively.

Proof. For each 0 < j < s, let E; be the set of V' C U such that codim(W[V]) = s — j, and let
pj := Pryoa(.q) [V € Ej], where V is chosen according to the outer PCP. Then Df, (L) > g 5@t . ¢
implies that

S

ij ) [ Pr [#' +w € L | span, (¢ +w) = Q]| = g (10)
=0 V~E; x;EW[V],wiEHU

In the above expectation V' ~ E; means choosing V according to the distribution A(-, ()) conditioned

on V € Ej. Foreach j and V € FE;, we can bound the inner term using the fact that if x € L, then

span(z’ + w) C W, so as a result of W O Hyy, we must have span(z’) C W[V]. Thus,

P "fwel "fw) =
x;ew[vfwieHU [a: w | span,.(z’ + w) Q]
< Pr (). 1y 2 € WV

z€FY w;€Hy

< g D)

where in the second inequality we use the fact that codim(W[V]) = s — j. Call j rare if p; < 8/*1. The
contribution to the sum above from rare j is at most

. . C

Z BitL. q—(s—J)(%—T) <s-B- q—S(%—r) < q_s(%_”g,
j rare

where we used 8 < ¢~ < 2% Removing this contribution from (10} it follows that there exists j that is

not rare satisfying

C

Pr [/ +w e L] span,(z' + w) = Q]| = g ). 1)

- E
VEE; [z,eW|[V],w;eHy

Pj an

Fix this j henceforth. Using again the fact that if 2/+w € L, then span(z’+w) C W and span(z’) C W[V],
we get
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P - g (=) [ Pr [:L" +w € L | span,. (2’ +w) = Q]]
VeE; |z,eW[V],w;eHy

=pj-q . R Pr [/ +we L] span,(z) = Q, span(a’) C W[V]]

VEEj m;eﬁ“};,wiEHU,

zy=x}+w;,i€[2(]
=p:- E Pr 2 +we L] span,. (2 +w) =
UR | span, (2’ + w) = Q)

> qfs(%fr) . C

2(s+1)’
where the last transition uses (LI)). Dividing the last inequality by p; we conclude that

qu(%fr) C
pi  2s+1)
qu(%fr) C
Z @By 25+ 1)
C

WV

[ Pr [#' +w € L | span,(z' + w) = Q]}
VEE; |z,eW|V],w;€Hy

=

where in the second inequality we apply the upper bound on p; from and in the last transition

we use 3 < ¢~ 2. Now let
C

C=—— .
2(8 + 1)25q3rs

. .. . - ! e
By an averaging argument, co/ndltloned on V' € Ej; with probability at least 5- the probability in the
expectation above is at least % Overall, as j is not rare, we get that the probability that the expectation
above is at least %/ over the choice of V is at least pj% > 52, ]

5.3 The Number of Maximal Zoom-QOuts is Bounded

Theorem 5.2| suggests that the two provers can agree on a zoom-in with reasonable probability using their
advice. The same cannot be said for zoom-outs however, and to circumvent this issue we must develop
further tools. In this section, we define the notion of maximal zoom-outs and show that for a fixed zoom-in
@, the number of maximal zoom-outs is bounded.

5.3.1 Generic Sets of Subspaces

To deal with large collections of zoom-outs we define a special property of zoom-outs that is called “gener-
icness”. To motivate it, let W,,,,, be an ambient space and suppose Wy, Wa C W, are distinct subspaces
of codimension r. Then W N W5 is a subspace whose codimension is between 27 and r + 1. For a typical
pair of subspaces, the intersection W; N W5 has codimension 27 though, and in this case we say the two
subspaces are generic. Genericness is useful probabilistically because if Wy, W5 are generic, then the event
that a randomly chosen 2/-dimensional subspace is contained in W7, and the event the subspace is contained
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in Wy, are almost independent. Below is a formal definition which also applies to a set of subspaces rather
than just two:

Definition 5.11. We say that a set S = {W1,...,Wn} of codimension r subspaces of Wamy, is t-generic
with respect to Wamp, if for any t distinct subspaces, say Wi, ..., W;, € S, we have codim((;;<, Wi;) =
t - r. When the ambient space Wymp is clear from context we simply say that S is t-generic.

Throughout this section, it will be convenient to denote by codimy (1) the codimension of W N Wy,
with respect to W,mp. When no subscript is used, the identity of the subspace W, should be clear from
context.

We remark that any set of subspaces that is ¢-generic with respect to W, is also t'-generic with respect
to Wamp for any ¢ < t. In this section we show a sunflower-type lemma, stating that any large set of
codimension r subspaces inside W, contains a large set of subspaces that are ¢-generic with respect to

! forsome W!  C W,n,. Below is a formal statement.

Lemma 5.12. Let t,r € N be integers and let S be a set of N subspaces each with codimension r inside of
Wamb- Then there exists a subspace Wémb C Wamb and a set of subspaces S' C S such that:

1
N GFD-G=1)1
. |S/‘ 2 T.

* Each W; € S' is contained in W, and has codimension s with respect to W. ., where s < r.

« S’ is t-generic with respect to W, .

To show we need two auxiliary lemmas. The first, states that for j > 2, any
j-generic set of subspaces contains a large (j + 1)-generic set of subspaces. The second,|[Lemma 5.14} states

that a given collection of subspaces is either already 2-generic, or else many subspaces in the collection are
contained in a common hyperplane.

Lemma 5.13. Let S = {W1,...,Wn} be a set of N-subspaces of codimension r inside of Wy, that is

j-generic with respect to Wamyp, for j > 2, then there is a subset {W1,...,Wxi} C S of size N' > qu,,./j
that is (j + 1)-generic with respect to Wmp.

Proof. Fix any j distinct subspaces in S, say W1, ..., Wjandlet W = WiN---NW;. Since S is j-generic,
codim(W) = j - r. We claim that there are at most ¢/ subspaces Wy € S\ {Wi,...,W,} such that
codim(W N Wy ) < (5 + 1)r — 1. Call such subspaces bad, and suppose for the sake of contradiction that
there are more than ¢’” bad subspaces W;;. Then for each bad W;, we have,

dim(Wy + W) = dim(Wy) + dim(W') — dim(Wy N W)
< (dim(Wamb) — ) + (dim(Wamp) — jr) — (dim(Wamp) — (7 +1)r + 1)
= dim(Wamp) — 1.
Therefore, for each W/, the space W + W, is contained in a hyperplane H such that H O W. There are
at most ¢®°4m(W) _ 1 = ¢ — 1 hyperplanes H containing W, and by the pigeonhole principle it follows

that there are two bad subspaces say Wi’l , Wi/2 that are both contained in the same hyperplane H. This is a
contradiction however, as by the j-genericness of S, we must have

— 2(dim(Wamp) — ) — (dim(Wamp) — 27)
= dim(Wamb),
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and hence W and W, cannot both be contained in the hyperplane H.
The lemma now follows from the claim we have just shown. Construct a subset S’ greedily as follows:

1. Initialize S’ by picking j arbitrary subspaces from S and inserting them to S’.
2. For any j subspaces in S’, say Wi, ..., W}, remove any W’ € S which is bad for them.
3. If S is not empty, pick some W € S, insert it to S’ and iterate.

Note that trivially, the collection S’ will be (j + 1)-generic in the end of the process. To lower bound
the size of S’, note that when |S’| = s, the number of elements from S that have been deleted is at most
s7¢7", and hence so long as this value is less than N, we may do another iteration. Thus, we must have that

1/j ;
s > <q%) = qu,,./] when the process terminates. ]
Lemma 5.14. Let {W1,...,Wx} be a set of subspaces of Wamp of codimension r. Then for any integer

m = 1, at least one of the following holds.

» There are m subspaces, say W1, ..., Wy, that are 2-generic with respect to Wnmp.
* There is a subspace W, . C Wamp of codimension 1 that contains N' > m]\; = of these subspaces, say

Wi,..., W

Proof. Note that for any 1 < i # j < N, we have codim(W; N W;) < 2r. Consider the graph with vertices
Wi, ..., Wy and W;, W; are adjacent if and only if ¢ # j and codim(W; N W;) < 2r — 1. If every vertex
in this graph has degree at most L%J , then we are done as there is an independent set of size m and these
subspaces satisfy the first condition. Suppose this is not the case. Then there is a vertex, say Wy, that has
at least {%1 neighbors, say Wy, ..., W(%T Forl <i < [%1, we have codim(Wx NW;) < 2r — 1, so

dlm(WZ + WN) = dlm(Wz) + dim(WN) - dim(Wi N WN) < dim(Wamb) — 1.

Thus W; + Wy is always contained in a codimension 1 subspace of W, that contains Wp. Since the
number of such subspaces is ¢" — 1, one of these codimension 1 subspaces of Wamp, say W, . contains at
least

[N/m] _ N
q —1 - mq”

of the subspaces in the list W7y, ..., W( Ny ]

m

Repeatedly applying yields the following corollary.

Corollary 5.15. Let {W1,..., W} be a set of subspaces of Wamp, of codimension r with respect to Wymp.
1

Then, there exists a subspace VVa’mb C Wamb, an integer 1 < s < r, and a subset of m > N ;j ! subspaces

from this set, say {W1, ..., W, }, which are all contained in W, and satisfy the following two conditions.
e Each W;, 1 <1 < m, has codimension s with respect to Wa/mb.

o {Wh,...,Wh} is 2-generic with respect to W, _ .
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Proof. To start set W/ amb = Wamb. If the W;’s have codimension 1 in w! mp then the result holds.

Otherwise, if the conclusion does not hold, then apply [Lemma 5.14| with m = & q+ Either the first
condition of Lemma 5.14] Wholds and we are done, or we can find a new subspace, W' of codimension 1
inside the current W, containing at least N b = Wi and repeat. Note that the
codimension of the W;’s with respect to Wém drops by 1 after every iteration, so we will repeat at most r
times before reaching the desired conclusion. This yields a list of W;’s that satisfy the conditions of size at
least

N
(mg")"
Combining [Corollary 5.15|and [Lemma 5.13] we get[Lemma 5.12]as follows:

1
= N1 > m. ]

_1_
Proof of]| By |Corollary 5.15| there is a collection S’ of size |S'| > N T and W! . C Wamp
such that S’ is 2-generic with respect to W, _, . and each W; has (the same) codlmensmn s < r with respect
to W, .. Applying[Lemma 5.13|¢ — 2 times, there is a set of ¢-generic subspaces relative to W, . 8" C &',

of size

amb’

1
L t—1 , 1
, g1 12 1 1 _|§|Tm _ NTEe
8" > (|5|2'r> IR R B =
q q q q q

In addition to [Lemma 5.12| we state another useful feature of generic sets of subspaces, formalized
inbelow. The lemma asserts that if a collection {W7, ..., Wy} is generic, and one zooms-outs
from the ambient space W, into a hyperplane H, then one gets an induced collection {W1NH, ..., WxN
H} which is almost as generic.

Lemma 5.16. Let S = {W1,..., Wn} be a collection of subspaces of codimension r that is t-generic with
respect to some space Wy for an even integer t, and let H be a hyperplane in Wnp. Then the collection
of subspaces 8" = {W1 N H,...,Wy N H} can be made a %-generic set of subspaces with respect to H
with codimension r inside of H by removing at most % subspaces W; N H from it.

Proof. Suppose that S’ is not £ 5-generic with respect to H with codimension 7 inside of H, as otherwise we
are done. In this case, there must exist t distinct subspaces, say W1 N H, . Wt N H € &' such that the

codimension of Wy N --- N Wt NnH W1th respect to H, is less than /2. As H has codimension 1 with
respect to Wy it follows that

¢
codim(Wlﬂ---ﬂW%ﬁH><§-r, (12)

where now the codimension is with respect to Wamb- Since S is t-generic (and thus £ s-generic as well) with
respect to Wymp, this implies that Wy N --- N W C H. Indeed, this is because W; ﬁ -N W¢ already has
2 2

codimension & 5> so by (12)), further intersecting with H does not result in a smaller subspace, and hence this
subspace must be inside H.
Now delete W1 N H, . Wt N H from S’. We claim that the resulting set is = generlc with respect to

H. Suppose for the sake of COIltI'adICtIOH that it is not. Then there must be another 5 distinct subspaces, say
W§+1 NH,... W,nHeS suchthatW%H N---NWy C H, implying
(Win-nwy)+ (Wepn--nwi) CH
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This is a contradiction however, as S is t-generic with respect to Wamp, so codim(Wy N---NWy) = tr, and
dim((Wlﬂ---ﬂW%)—i—(W%Hﬁ---ﬂWt))
:dim(Wlﬁ---ﬂW%> —i—dim(W%Hﬂ---ﬂWt) ~dim (W, N Wa--- N W)

t
=2 <dim(Wamb) — 2r> — dim(Wamp) + tr = dim(Wapmp) > dim(H),

and contradiction. O
The following result is a version of for codimensions larger than 1:

Lemma 5.17. Let W be a collection of subspaces of codimension r that is 2 -generic with respect to Wy,
and let B be a subspace of codimension j. Then, there is a set of subspaces Wp such that the following
holds

* Each Wp € Wp is equal to W N B for some W € W.

o The set of subspaces Wp is 25 I -generic with respect to B and each subspace in Wpg has codimen-
sion .

W =25 < Wl < W)

Proof. We will obtain Wp by removing a small number of subspaces from {W N B | W € W}. There is
a sequence of subspaces Womp = Bg 2 By 2 --- 2 Bj = B, such that B; 1 is a hyperplane inside of B;.
Do the following,

1. Initialize Wy = VW and set ¢+ = 1.

2. SetW; = {WnNB; | W € W;_1}. Then, using[Lemma 5.16| remove at most 2% ~#~!-many subspaces
to turn W into a 25 ~?-generic collection with respect to B;.

3. Stop if @ = j, otherwise, increase 7 by 1 and return to step 2.

We verify the three properties. The first property holds by construction. For the second property, it
is clear that the output is a set of subspaces WW; C Wg that is 2K—J_generic with respect to B, and by
the codimension of each W N B € Wg with respect to B is still r. Finally, for the third prop-
erty, note that during each iteration, at most 2% ~*~1 subspaces are removed by so altogether
we remove at most Efi 61 2¢ < 2K subspaces. O

5.3.2 The Sampling Lemma

As explained earlier, the notion of genericness is useful probabilistically, and in this section we state and
prove a sampling lemma about generic collections which is necessary for our analysis. We work inside a
subspace Wymp. Fix an arbitrary zoom-in Q C W, of dimension a, and let S = {Wi,...,W,,} be
a 2-generic collection of subspaces of Wy}, of codimension r all containing ). Also let A be a set of j-
dimensional subspaces containing (). Consider the following two probability measures over Zoom;[Q, Wamb):

1. The distribution x which is uniform over Zoom;[Q, Wam).
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2. The distribution vs, wherein a subspace is sampled by first picking i € {1,...,m} uniformly and
then sampling a subspace from Zoom;[Q, W;] uniformly.

Throughout this section one should think of j as much larger than r and a, and dim (W) as much larger
than j. Concretely, we require j > 21097242 and dim(W,mp) > 2'%°5. The main content of this section is
the following lemma, asserting that the measures i and vs are close in statistical distance provided that m
is large. More precisely:

Lemma 5.18. Let Wy, be the ambient space and let a,r,j be dimensions such that j > 21007"2a2,
dim(Wamp) = 219%. Let Q C Wamb be a subspace of dimension dim(Q) = a, and let S be a 2-generic col-
lection of subspaces of Wamp, such that |S| = m, each subspace in S has codimension r with respect Wamp,
and each subspace in S contains Q). Then, for any set of j-dimensional subspaces L C Zoom;[Q), Wamb),
we have 4

3¢200—a)

o ym

We now set up some notations for the proof of [Lemma 5.18| For L € Zoom;[Q, Wamp) let

Ns(L) =|{W; € S| L € W;}, (13)

vs(£) — w(L)] <

and for an arbitrary pair of distinct W;, W, € S define the following quantities:

D = |{L € Zoom;[Q, Wamb) | L C W;}|

P oo T 2 € Wi (14)
D2 Pr [L g Wl N Wz’]

- LeZoom ;[Q,Wamb)

We note that all of these quantities are well defined as they do not depend on the identity of W,; and W;,.
The following bound on p; will be useful in this section.

Lemma 5.19. Let p; be as in and suppose Wymp and the dimensions a,r, j satisfy j > 9100r%a?
dim(Wamb> = 21005 Then |p1 — q—r(j—a)| < W[;J] T
Proof. We have,
D1 = Pr [L C W]
LEZoomj [QvWamb]
= Pr [V1,...,0j—q € W; | dim(Q + span(vy,...,vj—q)) = j]
Ul“"vvj—aev
Additionally,
P PPN i, E W = 77‘(.7'70‘)
vl,...,vj,gewamb[vl’ 1 Vj—a z} q y
) |
' j
p1—q 709 < Pr  [dim(Q + span(vy,...,vj—q)) < j] < “ 0
vt [Woamb|
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Using our notations and |Zoom;[Q, Wamb]| - p1 = D we have that

_ 1 n _ Ns(L) 1 Ns(L)
ML) = Zoomy @ Wamsl] ~ D vs(l) == =" 5= "D (5)

so comparing . and vs amounts to comparing p; and Ns/m. In the following claim we analyze the expec-
tation and variance of Ng(L) when L is chosen uniformly from Zoom;[Q, Wymp]:

Claim 5.20. Letr,a, j, Q, Wamb, Ng be as defined above. We have,

E [NS(L)] =pim and var(NS(L)) < pim,
Lezoomj [QaWamb]

where the variance is over uniform L € Zoom;[Q, Wamp).

Proof. By linearity of expectation

m

E Z Pr [L CW;] = pim,
LEZoomj[Q,Wamb} — LeZoom ;i [Q,Wamb)
and we move on to the variance analysis. To bound E1.czoom;[Q,Wams] [Ns(L)?], write

2
K Ng(L 2 = l[cw
[ ( ) ] LEZoomJ[Q Wamb) (Z >

LeZoom;;[Q,Wamp]

<m- Pr [L CW;]+m?- Pr [L CW; N Wy]
LeZoom; [Q Wamb] LeZoom;;[Q,Wamp)
=pim + pgm .

It follows that,

var(Ns(L)) < pym + pgm2 — p%mQ.

Finally note that by the 2-genericness p and p? are nearly the same value, and it can be checked using
that p2 < p? and so var(Ns(L)) < pim. O

Combining Chebyshev’s inequality with we conclude the following lemma:

Lemma 5.21. For any ¢ > 0 it holds that

i)
1 _101g

Pr 2 ,

LeZoom]- [Q,Wamb}

2 ~
c’pim c

[Ns(L) = prm| > C'plm] <

2100

where recall the chosen L has dimension j, dim(Wump) > ¢’, S is a 2-generic set of m codimension r

subspaces all containing a fixed subspace of dimension a, and

P = Pr [L C Wz] c |:q—r(j—a) _ qj ’q_r(j—a) + qj
LEZOOmJ [Q Wamb} o |Wamb| |Wamb|
and
[Ns(L)] = prm.

LeZoom;[Q,Wamb)

In words, pi the probability that a random L € Zoom;[Q, Wamp| is contained in some fixed codimension r,
W; subspace of Wamb.
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Proof. The first inequality is an immediate result of Chebyshev’s inequality with the bounds from
To get the second inequality, we apply the lower bound on p; from to get
J
¢ 5 1
[Wamb| ~ 1.01¢70—9)

pLzg U~

Lastly, we use CHim 520} o prove
Proof of[Lemma 5.18 We have,

(L) —vs(L Z Ns(L) — pim

1
< D Z |INs(L) — p1m|
LeLl

Lel

|Zoom;[Q, Wamb]|
= . E Ns(L) — p1ml|],
mD LeZoom; [Q,Wamb][| S( ) P H

1
mD

and by Cauchy-Schwartz we get that

n(0) — vs(£)| < 20OMI@: W]

Plugging in [Claim 5.20and using |Zoom;[Q, Wamb]| = D/p1 we get that

1 3q§(j—a)

<
/pim vm
In the second inequality, we apply the lower bound on p; from[Lemma 5.19to get
J

¢ 5 1

’Wamb’ qu(]—a)

var(Ns(L)).

(L) —vs(L)] <

przq U -

5.3.3 An Upper Bound on the Number of Maximal Zoom-outs

For this subsection, we work in the second prover’s space, FY, and make the assumption that |V | > ¢, say
[V| = 299 to be concrete. We first establish several results in the simplified setting where there is no
zoom-in. After that we show how to deduce an analogous result with a zoom-in. Throughout this section,
we fix 7" to be a table that assigns, to each L € Grass(IF}I/, 20), a linear function on L.

Definition 5.22. Given a table T on Grass(F}{, 20) and a subspace Q C FY, we call a zoom-out, function
pair, (W, gw ), where @ C W C F;/ and g : W — Fy, (C,()-maximal with respect to T on Q if

LEGrass{F(‘l/,%)[gwu [ ] | Q = - ]

and there does not exist another zoom-out function pair, (W', gy) such that F}I/ DWW, gw W —
Fo, gw'lw = glw and

" NL=TIL|Q S LC W' > (C.
LEGrass{F}{,Q@)[gW |L [ ] | Q = C ] C

In the case that Q@ = {0}, we say that (W, gw ) is (C, ¢)-maximal with respect to T.
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In the above statement, C' should be thought of as small and ¢ € (0, 1] should be thought of as an
absolute constant. With this in mind, one should think of a zoom-out function pair (W, gy) as being (C, {)
maximal if the agreement between gy and the table T on entries in Zooms[Q, W] is not “explained” by the
agreement of a larger zoom-out function pair, (W', gyy/), where W/ 2 W and gy |w = gw. By definition
every zoom-out function pair (W, f), where f has non-trivial agreement with 7" inside W, is in some sense
contained in a maximal zoom-out function pair (W', ') (possibly with slightly lower agreement). This
point is encapsulated by the following lemma.

Lemma 5.23. Let T be a table on Grass(IF}J/, 20), Q C FY, and W C F}l/ be a subspace of codimension r
containing (). Suppose that there exists a linear function gyw : W — F, such that

- =TI QELEW]>C.
LGGrass{F}{,Q()['gWh [ ] | Q = - ]

Then there exists a subspace W' O W and a linear function gy : W' — Fq such that gw+|w = gw and
(gwr, W) is (C(™T, ¢)-maximal.

Proof. This is an immediate consequence of [Definition 5.22| If (W, gi) is (C, {)-maximal then we are
done. Otherwise, there must exist W7y, gy, such that Wi D W, gw, |w = gw and

d =T[L]|QC L cWi]>(C.
LGGrassfﬂT(‘I/,Qe)[gWJL [ ] | QCLC 1] ¢

We can repeat this argument at most r times before obtaining some (gyy7, W’) that is (C¢™", ¢) maximal
and satisfies W’ O W and gy |w = gw. O

Next, we will want to upper bound the number of maximal zoom-outs. The following lemma (which is
a formal version of from the introduction) is the key component in this upper bound. We set the
following parameters for the remainder of the section, which can all be considered constant:

£=65, &= 1%, t= (220101,

Recall that the parameter 6 > 0 is an arbitrary (small) constant, which we may fix freely.

Lemma 5.24. Fix § > 0, a finite field F, and set £, d2,t as above. Then the following is true for sufficiently
large L. Let T be a table on Grass(IF}]/, 20) and set r < %, c > q*2(1*55)£, and

N > q100(t71)!r2£§*1'

Suppose that (W1, f1),..., (W, fn) are zoom-out, function pairs such that the W;’s are all distinct and
of codimension r, and for each i € [N]|

Pr  [fle=TIL|LCW]>C.
LeGrass(FY,20)

Then there is a subspace A C FY, a linear function b/ : A — F,, and a set of subspaces W' C
{Wh,...,Wn} of size at least q507’£571 which satisfy the following,

e Each W; € W' is strictly contained in A and has codimension r' < r with respect to A.
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o W is 2-generic with respect to A.
* Forany W; e W', b|w, = fi.

Proof. The proof is deferred to O

To upper bound the number of maximal zoom-outs we also need the following list decoding property.

Lemma 5.25. Let T' be a table on Grass(F}I/, 20), let Q) be an r1-dimensional subspace, and let W 2 @Q
be a subspace of codimension ra. Suppose that 2( is sufficiently large and dim(W) > 20¢. Let f1,..., fm
be a list of distinct linear functions such that f;|;, = T[L] for at least 3-fraction of the 2{-dimensional
subspaces L such that Q C L C W, for g > 2q*2“7"1 +c¢ andc > 0. Then, m < ;% and in particular if
8> 4q_2€+”, then m < %.
Proof. The proof is deferred to[Appendix D] O

Combining |[Lemmas 5.24 and [5.25| yields an upper bound on the number of (C, () maximal zoom-out
function pairs with respect to a table 7" on Q).

Theorem 5.26. Fix 6,F;,&,02,t,¢ as in and suppose |V| > q'. Then, the following is true.

For any table T on Grass(IF;/, 20) such that |V| > ¢, any subspace Q C IF';/ of dimension r; < % and

any C > q*2(1*53)£, the number of (C, %)-maximal zoom-out, function pairs with respect to T on Q of

. . . _ _ 2p¢—1
codimension at most % 1s at most % -C 2. q100(t D)!(10/6)%¢ .

Proof. Suppose for the sake of contradiction that (W7, f1), ..., (W, far) are

o > 160 (O 2100(-1)!(10/6) 26!

distinct pairs that are (C, %) maximal with respect to 7" on (). By [Lemma 5.25| for each W, there are at
most 16C ~2 functions f : W; — F, such that f|;, = T[L] for at least C-fraction of the L € Zooma[Q, W].
Thus, there are C? M /4 distinct W;’s appearing in the pairs, and there is a codimension 73 < 170 such there

are =N 2> qloo(t—1)!(10/5)255_1 pairs, say, (W1, f1),...,(Wn, fn) zoom-out function pairs that

M
are (C, %) maximal with respect to 7" on () such that the W;’s are all distinct and of codimension 72 in IF‘;/.
Write F}' = Q & A. For each L C F}’ of dimension 2/ containing @, there is a unique L' C A such
that L = QQ @ L'. Define the table 7" that assigns linear functions to each L' € Grass(A, 2¢ — dim(Q)) by

T =T[L © Q|- (16)

Foreach1 < 7 < N, let VVZ-’ C A be the unique subspace such that W; = VVZ-’ @ (. We have that
filry = T'[L'] for at least C-fraction of L' € Grass(W/, 2¢ — dim(Q)).
By [Lemma 5.24|there exists a subspace W, . a linear function b’ : W, . — FF,, and a subcollection

amb>

W C{W!, ..., W/} of size at least m > ¢7°(10/9)€"" guch that
* Each W/ € W' has codimension 7’ where 1 < r’ < 7o with respect to W, .
* W'is 2-generic with respect to W, .

* Forany W/ € W, 1|y = filw:.
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Let W = {W; | W/ € W'} and linearly extend ' to the function h* on V* = W/ . @ Q so that,
h*|w, = fi for at least g~" of the TW; in WW. Note that such an h* exists because a random linear extension

of b/ satisfies this in expectation. It follows that there is a set V = {W; € W | h*|w, = fi} of size
V| = mg ™ =mq .

Furthermore, because W' is 2-generic inside of W, .. W is 2-generic inside of V*. We will now

finish the proof by applying [Lemma 5.18|on V. Specifically, let v denote the measure over Zoomgy[Q), V*]
generated by choosing W; € V and then L € Zoomy[Q, V*] conditioned on L. C W, let p denote the
uniform measure over Zoomgyy[Q), V*], and let

£ = {L € ZoomyQ,V*] | h*|;, = TL]}.

Since h*|w, = fi for every W; € V, we have

L) = P i\ =T[L]l| = C.
V( ) WEV LEZoom;[Q,Wi][fh [ H

By with a = 71,7 = ry, and j = 2/, it follows that

3q%2(2€—7‘1)

\/m - q_Tl
We get that the zoom-out function pair (V*, h*) satisfies that V* D W; and h*|y, = f; for at least one 1,
and Prrccrass(ry 20) (Wl =T[L] | QCLCV* > % This contradicts the assumption that (W, f;) is
(C, %)—maximal with respect to 7" on Q). O]

W) > C > ¢

6 Analysis of the PCP

In this section we analyze the PCP construction ¥ from As usual, the completeness analysis is
straightforward and the soundness analysis will comprise the bulk of our effort.

6.1 Completeness

Suppose that the 3Lin instance (X, Eq) has an assignment o : X — I, that satisfies at least 1 — &1 of
the equations in Eq. Let Usar C U be the set of all U = (ey, ..., er) where all k equations ey, ..., e are
satisfied. Then, |Usat| = (1 — keqp)|U|. We identify o with the linear function from Iﬁ‘g{ — [, assigning the
value o(1) to the ith elementary basis element e;. Abusing notation, we denote this linear map by o as well.

Foreach U € Usy and vertex L@ Hyy, we set T [L& Hy | = 0| Lgm,, . Since U € Us,t, these assignments
satisfy the side conditions. For all other U’s, set T1[L & Hy| so that the side conditions of Hy; are satisfied
and T1[L & Hyl|r, = o|r. Such an assignment is possible because L N Hyy = {0}. Similarly, the table 7%
is defined as T»>[R] = o|g.

Sampling a constraint, note that the constraint is satisfied whenever the L' & Hy» chosen in step 3 of the
test satisfies that U’ € Us,t. As the marginal distribution of L' & Hy is uniformE] the distribution of U’ is
uniform. It follows that the constraint is satisfied whenever U’ € Us,, which happens with probability at
least 1 — keq. Thus, val(¥) > 1 — ke;.

This is true because first a clique is chosen with probability that is proportional to its size and then a vertex is sampled uniformly
from the clique.
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6.2 Soundness

In this section we relate the soundness of the composed PCP to that of the outer PCP. More precisely, we
show:

Lemma 6.1. Forall 6 > 0 there are r € N and ((6) > 0 such that the following holds for sufficiently large
¢ € N, sufficiently small ¢ € (0,1), and

k— q2(1+c)€’ 8= q72(1+20/3)€

)

as in (7).

Let G]: be the parallel repetition of the Smooth Variable versus Equation Game with advice described
in[Section 3.1.4} and let U be the composed PCP described in using the sufficiently large { above.
vaaI(G?’fn) < ¢ O then val(W) < 64q—2(1-10006)¢

The rest of this section is devoted to the proof of and it heavily relies on the tools from
We will show the contrapositive of That is, we will show that if there are tables 77 and
Ty that are e-consistent for e > 64¢—2¢(1=10009) " then this implies strategies for the two provers that have
success probability at least q*C(‘S)'O(@).

6.2.1 Clique Consistency
To start, we will reduce to the case where 77 satisfies a condition called cligue-consistency.

Definition 6.2. We say an assignment T  to A is clique consistent if for every vertex Ly & Hy, and for every
Ly @ Hy,,Ls ® Hy, € [L1 ® Hy,|, the assignments T'[Ly & Hy,| and T[Ls @ Hy,] satisfy the 1-to-1
constraint between Loy & Hy, and Ly & Hy, specified in

The following lemma shows that if 77 and 7% are e-consistent assignments to W, then there is a clique-
consistent assignment 77 such that 77 and 75 are e-consistent.

Lemma 6.3. Suppose that the assignments Ty and T, are e-consistent, then there is a clique-consistent
assignment T} such that T| and T, are e-consistent.

Proof. Partition A into cliques, A = Clique; Ul -- - LI Clique,,,. For each i, choose a random L & Hy €
Clique; uniformly, and for every L' & Hy € Clique; assign T7[L’ & Hyr] in the unique way that is
consistent with 771[L & Hy| and the side conditions of U’ as described in It is clear that 77 is
clique consistent, and we next analyze the expected fraction of constraints that 7] and 7 satisfy.

Note that an alternative description of sampling a constraint in ¥ proceeds as follows. First choose a
clique Clique; with probability that is proportional to by its size, and then choose L & Hyy € Clique; in the
first step. The rest of the sampling procedure is the same. Let P(L & Hy) be the probability that the test
passes conditioned on L & Hy; being chosen in the second step. It is clear that every vertex in the clique has
equal probability of being chosen, therefore the probability of passing if Clique; is chosen is

1
S T—— P(L® Hy).
|Clique, | Z (L& Hy)
LeHyeClique,
On the other hand, the expected fraction of constraints satisfied by 77 and 75 (over the randomness of

choosing 77) is

Z L P(L® Hy) = ! Z P(L @ Hy).

Clique,| ~ |Clique,
L@HUeCliquei| g ’| | g Z‘LG}HUGCquuei

44



To see this, note that for any L & Hy, |CI|que I is the probability that T} [L & Hy| is used to define 77 on

Clique,. If this is the case, then the probability the test passes on 77 within Clique; is P(L & Hy).

Since this holds over every clique, it follows that the expected fraction of constraints satisfied by 77
equals the fraction of constraints satisfied by 77 and T5. In particular, there is a choice of 77 such that
together with 75 it satisfies at least € fraction of the constraints. O

Applying[Lemma 6.3]we conclude that there are clique-consistent assignments to W that are e-consistent,
and henceforth we assume that 77 is clique-consistent to begin with. We remark that, in the notation of
the benefit of having a clique-consistent assignment is that the constraint that the verifier checks
is equivalent to checking that 71 [L & Hy||gr = T»[R]. The latter check is a test which is performed within
the space ]FqU of the first prover. We will use this fact in the next section.

6.2.2 A Strategy for the First Prover

Let p(U) be the pass probability of tables 7 and T conditioned on U being the question to the first prover.
That is, p(U) is the probability that a constraint, as described in is satisfied, conditioned
on U being chosen in step 1 there. As we are assuming that the overall success probability is at least €,
Ev[p(U)] = €. By an averaging argument, p(U) > § for at least §-fraction of the U’s. Call such U’s good
and let Ugooq be the set of good U's.

Let U € U be the question to the first prover and let ) be the advice. If U ¢ Ugood, then the first prover
gives up, so henceforth assume that U € Ugooqd. For such U, the test of the inner PCP passes with probability
at least 5. More concretely, we have

[Tl[L@HU”RETQ[ ] ’RCL]

l\J\m

r
LeGrassg (Fg,%),LﬁHU:{O}
dim(R)=2(1—6)¢

Next, the first prover chooses an integer 0 < 1’ < % uniformly, and takes () to be the span of the first
r’-advice vectors (so that r in is taken to be 10/6). By [Theorem 5.3 there are ry, 7 satisfying
1+ 72 < 12 such that for at least q % of the Q C FY of dimension 71, there exists W C F{ containing
Q ® Hy of codlmensmn re < 1 and a linear functlon 9QWyg Wq — F, that satisfies the 51de conditions
on Hy; and
—2(1-100052)¢

2

q

[ngwQ ’LQBHU = Tl [L @ HU]] > (17)

Pr
LeZoomy[Q,Wo],LNHy={0}
—2(1-100062)¢

Henceforth, set C' := qf With probability at least I +10 TF10/8° the first prover chooses ' = r1, where

71 is the parameter from [Theorem 5.3] Say that a dimension 1 subspace Q is lucky if there exist W, and
9Q.w,, as above satisfying and let Q) cky be the set of all lucky @ C IE‘(’{.

Throughout the remainder of the section, for each ri-dimensional () that satisfies () € Qjycky and

Q N Hy = {0}, we will write Wg and gg,w,, to be the zoom-out and function described that satisfy

(I7). Additionally, we will require W = W and 9QWq = 9Q' Wy for any two valid @, Q" such that

Q@ Hy = Q' & Hy. First let us see why this is possible. It is straightforward to verify that Q N Hyy = {0}

if and only if @' N Hy = {0}. Next, note that for any W C IF([]] we have W D @Q & Hy if and only if

W D Q' & Hy. Moreover, for any function g : W — [, agreeing with the side conditions on Hy;, we have

P =T\[L & Hyl| = P = T\[L & Hyll,
LGZOOI’T‘IQ@[Q,V‘%,LHHU:{O} [g’LEBHU ! [ UH LGZoong[Q’,V[l;] ,LNHy Z{O} [g‘LQBHU ! [ UH
(18)
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because in each probability, the distribution over L & Hy is the same. It follows that ) € Qjycky if and
only if Q" € Qjycky. Then, by (I8) we can enforce that the first prover’s zoom-out and function satisfy
WQ = WQ/ and gQ7WQ = ngva"

Moving on, for each @) such that Q € Qjucky and Q@ N Hy = {0}, let us define

Lo = {L € Zoomy|Q,Wq] | gowolr = Th[L ® Hyl|L}

For our analysis, we will only consider the case where the first prover chooses 7’ = 71 and Q € Qjycky. If
Q ¢ Qiucky or Q N Hyy # {0} we simply define Lo = 0, but again we will not worry about such @’s in the
analysis.

Finally, define

U 2¢
L={(x1,...,me) € (Fq ) | span(zy,..., %) € Qlueky, span(zi, ..., Tay) € Espan(xh_”,xrl)},
and let Qgmooth denote the set of r;-dimensional subspaces () such that

Dp(L) = 0.8Dg (L) — 1™, (19)

where n = 190" i the negligible constant appearing in

If either Q@ ¢ Qlucky. @ N Hy # {0}, or Q@ ¢ Qsmooth, then the first prover gives up. Otherwise the
prover extends the function g¢ w,, to a linear function on the entire space Fg randomly, and we denote this
extension by g : Iﬁ‘g — F4. The prover outputs the string sg 7 as their answer where sg ¢ € Fg is the
unique string such that g(z) = (sgu,x) forall z € IF(({. As gq,w,- and by extension g, respects the side
conditions, it follows that s ¢; satisfies the k-linear equations of U.

At this point, we have fully described the first prover’s strategy. With the strategy fresh in mind, it will be
helpful to now compute some probabilities related to this strategy. Specifically, let us lower bound D¢ (L)
for the @ such that Q € Qucky and @ N Hy = {0}. If @ is additionally smooth, then we also get a lower
bound on D'Q(E) by (T9). By definition of Dg and L, if Q € Qjycky and Q N Hy = {0}, we have
Do(L) = Pr Qe[aﬁ € L | span,, (z) = Q]

x:(wl,...,xgg)G(FqU)
= (];5)22 [gQ,WQ |span(a:) =T [Span(:n) S HU”Span(:c) A span(x) - WQ | Spall,, ($) = Q]
ze(lFyg

= Pr =T |Le Hy|ANLCW, CcL
LeGrassq(Fg,2@),LmHU={0}[gQ’WQ|L@HU il ul cWelQcl
— Pr [dim(span(z)) < 2¢V span(x) N Hy # {0} | span, (z) = Q]
ve(Fy)™
> Pr =T\[L® Hy| NL C W, C L) — g3k — g%,
LGrase, (0 26 Lty = {O}[QQ,WQ lLem, = Ti| uJANLSWo|QCLl—q q
where the second transition is because, by definition, every L € L is contained in W(. Recalling that
k > £, one should think of the last two terms in the last line as negligible.
Continuing, for Q) € Qjycky, We have

Do(L) > Pr =T\|L® H CLCW,
Q< ) LeGrassq(Fg,%),LﬁHU:{O}[gQ7WQ|L@HU 1[ U] ‘ Q - - Q]
. Pr [L C WQ ‘ QC L] _ q2€73k _ q2Z72k
LeGrassq (FY,20), LNHy={0}
> qfrz(%fm) .C — q2873k . (]2672167 (20)

where in the third transition uses (I7) to lower bound the first term by C.
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6.2.3 A Strategy for the Second Prover

Let V be the question to the second prover. The second prover will use a table 77 to derive their strategy.
The table 77 is obtained from 7} as follows. For a question V' to the second prover, let U’ 2 V be an

arbitrary question to the first prover. For all 2¢-dimensional subspaces L C Fc‘z/’ define

Tl/[L] = Tl[L@ HU’”L'

If L N Hyr # {0}, then we arbitrarily define 7"[L] to be the 0 function. Note that provided |V'| > 2k, this
will only be the case for a negligible, ¢*~*, fraction of subspaces L.

Using clique consistency: we first argue that 77 is well defined, and for that we make several observations.
First, recall that the subspace L & Hy- is indeed a subspace of FqU/ because we have L C F}I/ C Fg,, where

IF(‘I/ is viewed as the subspace of FqU/ where the restriction to coordinates in U’ \ V is 0. Next, note that
all choices of U’ O V lead to the same value of 77[L]. Indeed, for a fixed L, the vertices L @& Hy over
all U’ DO V are in the same clique, so since T} is clique consistent they all receive a consistent value with
regards to the mapping in and hence lead to the same function 7% [L & Hyy||r. Therefore the
second prover can construct the table 77, and we can assume without loss of generality that the U’ that was
chosen is the same question that the first prover received, i.e. U' = U.

After constructing 77, the second prover then chooses a dimension 0 < r’ < % uniformly for the
advice Q. That is, the set ) to be the span of the first ' advice vectors that they receive. Note that with

1

probability at least 07551 the second prover also chooses ' = r; (that is, they choose the same dimension

as the first prover for the advice). The second prover then uniformly chooses a zoom-out function pair

(Wsecond 9Q, Weeeona) that is
( c 1 -
————, — | -maxima
4.510/6° 5

with respect to 7] on @ (the second prover gives up if such pair does not exist).

Finally, the second prover extends the function gg .., randomly to a linear function on F}J/ to arrive
at their answer. The resulting function is linear and it is equal to the inner product function y — (sg v, v)
for some unique string sq v € IF;/. The second prover outputs sq 1 as their answer.

6.2.4 The Success Probability of the Provers

In order to be successful, a series of events must occur. We go through each one and state the probability
that each occurs. At the end this yields a lower bound on the provers’ success probability. We remark that
the analysis of this sections requires [Lemmas 5.3 and so recall that k£ and f3 are set according to (7))
in[Section 5.2 so that these lemmas hold.

First, the provers need U € Ugood, Which occurs with probability at least 5. Assuming that this occurs,
the provers then both need to choose ' = ry for the dimension of their zoom-in, which happens with
probability at least f—;l. If both provers do choose ' = 71, then both prover’s set () to be the span of the first
r1 advice vectors that they receive and in particular, receive the same zoom-in () as advice. Going forward,
we will only analyze the provers’ success probability assuming that this is the case.

The provers then need @ € Qjycky, @ N Hy = {0}, and Q € Qsmooth.- When analyzing the probability
that these three events occur, we need to recall that the advice vectors are actually drawn uniformly from the

second prover’s space FY, rather than Ff]]. To this end, let us define the following coupled distribution.
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The Advice Distribution, D,gy, :
* Choose V' C U according to the outer PCP.
e Choose x1,...,2y, € IF)I/ uniformly.
* Choose wy, ..., wy, € Hy uniformly.

* Set @ = span(xy,...,2, ) and Q" = span(xy + w1, ..., Tr, + Wy ).

1

Thus, the subspace () is actually drawn according to the first marginal of D,q,, which we denote D,

while the second marginal of Dyq, is the distribution D}, from[Section 5.2.3]

The following claim will help us move from statements about )’ to statements about . It is help-
ful, because the covering property from will allow us to bound probabilities about @', while
will allow us to translate these into statements about Q).

Claim 6.4. Let (Q), Q') be output by D,q,. Then the following two statements are true.
* If Q' € Queky, @' N Hy = {0}, then Q € Quueky, @ N Hy = {0}
* Do/(L) = Dq(L) and Dy, (L) = D (L), and as a consequence if Q" € Qsmooth then @ € Qsmooth.

Proof. Let (Q, Q") be as described so that Q = span(z1, ..., %, ) and Q" = span(x; + w1, ..., Ty + W)
for some x; € IF'qU and w; € Hy.

We start with the first item. Suppose Q' € Qjycky, @' N Hy = {0}. To see that Q € Qy,cky, note that
Q © Hy = Q' ® Hy, so as explained earlier we have W = W, and gow, = 9Q'.w,,» 5o the result
follows from (I8). It is also easy to see that Q@ N Hy = {0}.

We move onto the second item of showing D¢y (£) = D (L) and Dy, (L) = Dg(L). We will first show
D (L) = Dgy (L) and then describe how the other equality can be shown similarly. Let A : Q" — Q be
the linear transformation that maps x; + w; to x;. Abusing notation, for z = (x1,...,z9) € IB‘qU satisfying
span,, (z) = @, let us write A(x) = (A(x1),...,A(xr), Tri41,...,22). Note that A is a bijection
between the following two sets

Ar = {2 € FY | span,, (¢) = @'} and As = {y € FY | span,, (y) = Q}.

Then, /
D’ D
erﬁﬁAl (v) and Db(ﬁ) _ ZyECﬂAQ (v) @1

ZacEAl Dl(x) ZJ:EAz D/(y)

Now we claim that the map A is a measure preserving (under measure D’) bijection between A; and A,
and LN A; and £ N As.

First note that for any z € A, we have A(z) — = € (Hy)*, so it is straightforward to verify that
D'(x) = D'(A(z)). It follows that A is a bijection between A4; and Ay which preserves measure under 7/,
and consequently the denominators in are the same.

For the numerators we have noted that if z € £ N Ay then D'(z) = D'(A(z)), and it remains to show
that 2 € £N A; if and only if A(z) € £N Aj. To this end observe that if x € £ N A; then span,. (z) = Q'
and

Dl (L) =

T [Span(l‘) D HU] |span(:p) = 9Q" Wy ‘span(z)'
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Then, note that span(A(z)) & Hy = span(z) ® Hy, Wo = W, and go,w, = 9¢,w,,, - Moreover, gq,w,
agrees with the side conditions on Hy, so the above implies that gq wq |span(z)er, = Ti[span(z) © Hyl,
and consequently,

Ti[span(z) © Hullspan(A(z)) = 9/, W lspan(A(z))-

It follows that A(z) € £ N Ay as desired. The other direction follows similarly. Since z € £ N A; if and
only if A(z) € £ N Ay and the map A is also a bijection from £ N A; to £ N Ay which preserves measure
under D'. Thus, the numerators in (21)) are the same and we can conclude that Dy, (£) = D (L).

The proof that Dg/(L) = Dg(L) proceeds similarly, except that = and A(x) trivially have the same
measure under D, because D is the uniform distribution over IE‘qU.

We conclude that Dy (L) = Dq(L) and Dy, (L) = D (L), so by the definition of Qsmooth We get that
if Q/ € Dsmooth» then Q € Dsmooth- 0

With [Claim 6.4|in hand, we may instead lower bound the probability that Q' € Qucky, @' N Hy = {0},
and Q" € Qemooth under D;l. To this end, we start with the probability that these events occur under D,.,,
which is simply the uniform distribution over IFqU.

By |[Theorem 5.3 the first item occurs with probability at least q_6£2. On the other hand the probability
ik
that the second item does not occur is at most » ;' % < ¢" 172k while the probability that the third
item does not occur is at most 312 by Altogether we get that with probability at least

q—ﬁe2 . qr1+1—2k _ 31720 > q—n?
under D,,, we have Q' € Queky, @' N Hy = {0}, and Q' € Qsmooth- By we have that
Q" € Quueky, @' N Hy = {0}, and Q" € Qsmooth With probability at least ¢~ 8% under D, .

Applying now yields that with probability at least ¢~8¢ over (Q,Q") ~ D,qy, we have
Q € Quucky, QN Hy = {0}, and Q € Qsmooth as well. Here, the subspace ( is finally distributed according
to the correct distribution. Towards our soundness analysis, this means that with probability at least q_ng,
both provers receive an advice subspace () which satisfies Q) € Qycky, @ N Hy = {0}, and Q € Qsmooth,
and we fix such a ) henceforth.

Recall that W¢ and gq w,, are the zoom-out and function associated with ). Let r2 < % be the
codimension of Wg. By and the fact that ) is smooth, we get

Dp(L) > ¢ m2m). Q. (22)
V= 2

Note that by definition of £ and D’Q, the only = € £ which contribute to the measure D’Q (L) are those such
that span, (z) = Q and span(z) C Wq. It will be convenient to let L, be precisely these tuples, and to
have the following definition for E’Q on hand:

’Q ={z € L| span,, (z) = Q, span(z) C Wp}
2 23
={z e (F))" | span, () = Q, 9Q.wo lspan(x) = Tilspan(z) & Hullspan(a) }-

Note that in the definition of L/,, it is implied that dim(span(x)) = 2/ as otherwise the entry T [span(z) &
Hy| is not defined.
By our previous discussion, we have

(24)

Di(£) = Dlg(L) > g2~ <
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Now, for a randomly chosen question to the second prover, V' C U, conditioned on the advice being
@, we would like to bound the probability that the first prover’s zoom-out function pair, (gQWQ, Wa),
still has good agreement in the second prover’s table. If this is the case, then g w,, remains a candidate
function for the second prover, giving the prover’s a chance at winning the game. Let Wp[V] = W N FY,
and consider V' C U chosen conditioned on the advice subspace being (). Note that this is precisely the
marginal distribution of V" in A(-, Q) considered in [Section 5.2.4, Moreover, Q, L(,, and Wy, satisfy the

setting of Hence we can apply|[Lemma 5.10, which along with yields that with probability
at least 47212 > 310/9+2 gver the second prover’s question V' conditioned on Q C FY, we have:

C

P € Lt =Q > w0555 = C" 25
x;eWQ[V]r,wieHU, [m Q | Spatly, () Q] %.210/%30/5 (25)

T =z} +w;,Vie[2(]

We call such V' consistent, so that V' is consistent with probability at least 3'%/9+2. Now we will show
that if V' is consistent, the zoom-out W [V] is a candidate for the second prover, in the sense that, the gq w,,
also agrees with the second prover’s table T}, for a non-trivial fraction of L € Zoomqy[Q, Wo[V]].

Fix a consistent V, so that (25) holds. Let us now bound the fraction of agreement that gq 1, has with
the table 77 inside of Zoomy,[Q, W [V]], by relating this quantity to the probability from (25]). We have:

Pr L] = QC L CWolV
L’GGrassq(F}I/,%)[ 1[ ] gQ’WQ|L ’ QC = Q[ ]]
2 P T’ L, = ’ C L/ _ gk
IQEWQ[V],Lljzspan(x’)[ 1[ ] gQ’WQ|L | QC ] q
> br [T\[L' @ Hull = gowelr | Q € L' = ¢* 2% =% (26)

z,eWq[V],L'=span(z’)
= Pr Ti[L ® Hyl|p = /| span,. (z') =
xgerW]’L,:Span(x,)[ 1 ulle = g9@welr | span, (z) = Q)
e

We note that in the events of interest for the probabilities above, it is implied that the event of interest only
occurs if dim(span(z’)) = 2¢ as otherwise the table entries for 7] and T} are not defined. In the first
transition, we are using the fact that the x are not linearly independent with probability at most @k In
the second transition we are using the fact that L' N Hy # {0} with probability at most ¢?'~*, and that
T/[L'] = Th[L' ® Hy]|r. In the third transition we are using the fact that the distribution over L’ in the
probabilities of the third and fourth lines are the same.
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Continuing, the probability from the last line is equal to

Pr Tyl & H, )= ;| span. (') =
”CQEWQ[V]aL’:span(x’)[ il ulle gQ’WQ‘L| pan,, (') = (]

= P Ty|L © H = " =
IQGWQ[VI]{WGHU st vllL = 9owolr | span, (') = Q]

z;=x}+w;,L=span(z)

= Pr T\[L® H = span,. () ® Hy =Q @ H
e ey [Ty [ ullL = 9@.wolL | span,, (z') ©® Hy = Q © Hy]
x;=x;+w;,L=span(z)

= P Ti[L ® Hyl|r, = spa S Hy=0Q@®H (27)
2 WlV]wieHy 4l vllL = 9owelr | span,, (v) © Hy = Q © Hy]
z;=x}+w;,L=span(z)

= P Ti|L & H, = =
I - (11 vllz = 9Q.wolL | span,, (z) = Q]

zi=x}+w;,L=span(z)

= Pr x € L) | span,. (z) = Q).
@ eWo|V],wieHy [ q | span;, (z) = Q]
x;=x;+w;,L=span(z)

The first transition is because the distribution over L’ & Hy in the first probability is the same as the distribu-
tion over L® Hy in the second probability, and the event is determined by L& Hy. The reason is that g w,
agrees with the side conditions on Hy, so T1[L' @ Hy | = gq,w, |1 if and only if T1[L' © Hyl|pgm, =
9Q.Wo ‘L/@HU’ and 1} [L (&) HU} ‘L = 9Q,Wo ‘L if and only if T [L D HU] ‘LEBHU = 9Q,Wo ‘LEBHU . The second
transition is because in both the second and third probabilities, the subspace L & Hy is a uniformly random
(2¢ + dim(Hy))-dimensional subspace of Wg[V] @ Hy containing Q @ Hy, and again in both cases the
event is determined by L & Hy. The third transition is because the conditioning in the two probabilities are
the same. The fourth transition follows the same reasoning as the second transition, and the final transition
is by definition of L.
Combining (23), (26) and we get

C/

Pr L= 90wl |Q S LS WV > €= 7 — g7 > .

L'€Grass, (FY ,2¢)

By [Lemma 5.23} there exists some (W [V], gQ.w}, (v]) that is (gg—;w %)—maximal and satisfies W5 [V] 2

WQ[V], ngle[V] : Wé)[V] — Fq is linear, and gQ»W(/g[V”WQ[V] = gQ7WQ‘WQ[V]' Furthermore, 8%’7;2 2

&5017(/,/5, so this zoom-out function pair is also (8.5017(/,/5, %)—maximal and can potentially be chosen by the

second prover. Applying [Theorem 5.26{ the number of (8,5657:)/57 %) -maximal zoom-out function pairs con-

taining () that the second prover chooses from is at most

M= @ (5200 ()72 OO0/ ¢ o),
where () is some function depending only on d. Thus, the second prover chooses (W(,[V], 9Q.w, (v]) with
probability at least ﬁ Finally, if the second prover chooses (V[/é2 v, 9Q.W, [V]), then the provers succeed
if both provers extend their functions, QQ,WQ|W[V] and 9QW,[V) in the same manner. This occurs with

probability at least g~ cclimW{V]) > ;—10/5,
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Putting everything together, we get that the provers succeed with probability at least

e 8 s C 1 o

o7 1 ¢(6)-2
2 101 ¢ 5 M4

=q )

where the first term is the probability that U € Ugeoq, the second term is the probability that both provers
choose the same zoom-in dimension, the third term is the probability that Q € Qjucky, @ N Hy = {0},
@ € Qsmooth, the fourth term is the probability that V' is consistent, the fifth term is the probability that the
second prover chooses a function that extends gq,w,,, and the final term is the probability that both provers
extend their functions in the same manner. This proves |Lemma 6.1

7 Proofs of the Main Theorems

7.1 Proof of[Theorem 1.3

Theorem 1.3|follows by applying our PCP construction from [Section 4] starting with an instance of Gap3Lin
from Fix any 7, ¢, which will parameterize our target completeness and soundness in

and let s be the value from
We apply the construction of with parameters as follows. Set ¢ = 2, set some sufficiently
small § > 0 with respect to ¢, set 7 = [10/d7], set £ sufficiently large relative to 5! and s, set ¢ sufficiently

small relative to §, and set
k — q2(1+c)f and q—2(1+26/3)ﬁ.

Apply this construction to a Gap3Lin[1 — 7, s] where the completeness value is set with < 7/k. The
completeness and soundness of the final PCP are as follows.

If the original 3Lin instance is at least 1 — 7 satisfiable, our final PCP satisfies val(V) > 1 —kn > 1—r.
This gives the desired completeness.

On the other hand, if the original instance is at most s satisfiable for some constant s > 0, then

by |Claim 3.2| the value of the outer PCP is at most
_ N2~ 2(:@
val(Gzky < 9707 E) o2,

since we take ¢ sufficiently large compared to 6~!. By it follows that if the original instance is
at most s satisfiable, then val(¥) < 64¢~2(1=10009)¢_ The proof is concluded as the alphabet size of W is
O(q*).

7.2 Proof of

To show quasi-NP-hardness for approximate Quadratic Programming, we rely on the following result due
to [ABH™T05], who show a reduction from 2-Prover-1-Round Games to Quadratic Programming.

Theorem 7.1. There is a reduction from a 2-Prover-1-Round Games, ¥V with graph G = (L U R, E) and
alphabets X1, X g to a Quadratic Programming instance A such that:

o The running time of the reduction and the number of variables in A are both polynomial in |L| + | R]
and 21>z,

e Ifval(¥) > 1—mn, then OPT(A) > 1—n— W.
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» Ifval(¥) < ¢, then OPT(A) < O(e).
We are now ready to prove

Proof of[Theorem 1.4} Starting with a SAT instance of size n, we take the instance of Gap3Lin from [Theo-|
rem 2.7|of size N < 20(log”n) wyith field size q = 2 as the starting point of our reduction. Take 6 > 0 to be
a small constant, 7 = [10/8], k = (logn)® for a large constant C' and pick c sufficiently small relative to &
and ¢ and (3 correspondingly so that (7)) holds.

This yields a 20(F1°¢"")_time reduction from SAT to a 2-Prover-1-Game on G = (L U R, E), with
alphabets Y1, > and the following properties:

. ]R‘ + ]L\ — O(Nk . q3k+26)'

o |ZR‘ < ‘ZL| — q2£ — k1/(+c)

» The completeness is at least 1 — kn, where n = 2-O(Vlogn)
—2(1-10005)¢

* The soundness is at most ¢ .

Indeed, the first 3 properties are clear. For the soundness, as the original 3Lin instance is at most 1 — ¢

satisfiable for ¢ = Q(1/1og® N), we get from [Claim 3.2|that
—Qfe2 —r+2Td)
val (G5 <2 (-2 < D02,

Then the soundness of the composed PCP is at most g 2(1-10005)¢ by Applying the reduction
of [Theorem 7.1} we get a reduction from SAT to a Quadratic Programming instance A such that,

* The running time of the reduction and number of variables in A are both polynomial in

M= poly (20(10g2 n)q2(1+c)€ (log n)o(q2(1+c)Z)2q2€> ‘

* If the original SAT instance is satisfiable, then
OPT > 1 — 2~ (Vi&n),
* If the original SAT instance is not satisfiable, then

OPT <O <q72(1*10005)€> '

Note that
log(M) = 21490 (log?n)

whereas the gap between the satisfiable and unsatisfiable cases is {2 (q—2(1—10005)£) = W. Alto-
gether, this shows that for all ¢ > 0 there is C' > 0 such that unless NP C DTIME (21Og(”)0>, there is no
log (M )!~¢-approximation algorithm for Quadratic Programming on M variables. 0
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7.3 Proof of

In this section we prove [Theorem 1.5 and for that we must first establish a version of for
biregular graphs of bounded degree. The proof of this requires minor modifications of our construction, as

well as the right degree reduction technique of Moshkovitz and Raz [MR10].

7.3.1 Obtaining a Hard Instance of Bipartite Biregular 2-CSP

We first show that the 2-Prover-1-Round game from|[Theorem 1.3|can be transformed into a hard instance of
biregular, bipartite 2-CSP with bounded degrees. This version may be useful for future applications, and is
formally stated below. Call a bipartite 2-CSP (d1, da)-regular if the left degrees of its underlying graph are
all dy, and the right degrees of its underlying graph are all d2. Throughout this section, for a 2-CSP, ¥, and
an assignment to it, F', we will use val(F’) to denote the fraction of constraints in W that F' satisfies.

Theorem 7.2. For every p,e > 0, and sufficiently large R € N, there exist di,dy € N such that given
a bipartite (dy,ds)-regular 2-CSP, U, with alphabet size R, it is NP-hard to distinguish the following two
cases:

» Completeness: val(¥) > 1 — ¢,
* Soundness: val(¥) < ﬁ

To prove [Theorem 7.2] we start with an instance ¥ from [Theorem 1.3and show how to modify it to be
biregular, while mostly preserving its value. We will do so in two steps, first making ¥ left-regular, and then
applying a generic expander-based transformation (similar to that of Moshkovitz and Raz [MR10]) to gain
bounded-degree right-regularity.

Fix p,e > 0, and let ¥ be the 2-Prover-1-Round game constructed for Recall that this
requires us to choose some large enough / relative to o1, 7!, some large enough g relative to ¢, and set
R = ¢*'. We also set § = 10€W’ 0 < c arbitrarily small relative to J, and k = q2(1+c)€, q = 2. Finally, we
construct our 2-Prover-1-Round game from a hard instance of Gap3Lin with the appropriate completeness

and soundness, so that it is NP-hard to distinguish between,

(N |
q2(1-10008)¢ — Rl—¢"

val(¥) > 1—¢ and val(¥) <

It is clear that our 2-Prover-1-Round game can equivalently be viewed as an instance of bipartite 2-CSP, so
let us analyze the underlying graph. Let I/ denote the set of possible questions to the first prover. Recall that
the set of left vertices is,

Left = {L & Hy | U €U, L € Grassy(F], 20), LN Hy = {0}},
while the set of right vertices is
Right = {R € Grassy(F,2(1 - 6)¢) | U € U}.

The constraints of ¥ are on edges of the graph and are weighted. We use w(-) to denote the weight function,
which takes as input edges of the form (L @ Hy, R). Recall that the weighting is defined according to the
process described in [Section 4.1.4] That is, the weight of the constraint on edge (L @& Hy, R) is exactly the
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probability that this edge is chosen according to the process in For a fixed L & Hy, let us
define
{L'® Hy € [L® Hy] | RC L'} 1
|[L & Hyl| 20 ’
2(1—96)¢ .

W@ Hy; (R) =

which is the probability of choosing the edge (L & Hyy, R) conditioned on first choosing L & Hy. Since we
choose L @ Hyr € Left uniformly, it follows that

WL Hy (R)

w(L & Hy, R) = Left]

Define the neighborhood of a vertex as,
nb(L & Hy) = {R € Right | wrem, (R) > 0}.

Call L & Hy trivial if there is an equation e € U such that for every basis 1, ...,22 € FqU of L, we have
that, for every i € [2/], the point z; restricted to the variables in e is of the form (¢, cv, ) for some v € F.

Claim 7.3. The fraction of L & Hy; € Left that are trivial is at most 2q—(2=29)¢,

Proof. Fix aU € U. Note that it suffices to show that at most 2q_(2_2‘3)£ vertices of the form L & Hy; are
trivial, as for each U € U, there are an equal number of vertices L & Hy.

Write U = (z1,...,xs), where the ith equation in U contains the variables x3;_9, x3;—1,x3;. Call
these three coordinates a block, so that each x € ng consists of k blocks of consecutive coordinates. Let us
bound the fraction of L such that L. & Hy; is trivial. For yq, ...,y € ng’ let s(y1, ..., y2¢) be the number
of blocks where y1, . .. , y2¢ are all of the form («, «, ) for some o € ;. Then

Pr[L & Hy istrivial] <2 Pr [s(y1,...,y2¢) = 0],

L YlseY2e
where the factor of 2 accounts for the probability that either y;,...,yop are not linearly dependent, or
span(y1, ..., y2¢) N Hy # {0}. Note that the probability that a specific block is trivial is ¢~%¢, hence by
linearity of expectation we get that

E [S(yl, .. ,y%)] — kq—4€ _ q_(g_zc)g’
Y1,--Y2¢
and therefore
Pr [s(z1,...,m90) > 1] < g 220 -
T1,e--5T2¢

Now, let ¥’ be the instance obtained from ¥ after removing all trivial L & Hy; from U. Let Left’ denote
the set of left vertices in ¥’ and let w’(-) denote the weight function over edges in ¥, which is given by
choosing L & Hy € Left’ uniformly, and then choosing R € nb(L & Hy) with probability proportional to
wreH, (R). It follows that,

WL Hy (R)

"(L® Hy, R) =
w(L® Hy, R) |Left/|

(28)

Since so few vertices are removed when going from Left to Left’, the value of ¥ and ¥’ are roughly the
same.
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Claim 7.4. We have,
val(¥) — 2q_(2_2‘3)£ < val(¥') < val(P) + 3q—(2—20)£.

Proof. Fix any assignment to ¥’ and let E’ be the set of constraints that it satisfies. Note that F’ is also a
set of constraints in . Let w(E’) and w’(E’) be the sum of the weights of the edges in £’ under w and w’
respectively. For every (L & Hyy, R) € E’, we have the upper bound

, |Left| 1
= . < *
w'(L® Hy,R) =w(L ® Hy, R) Teft] S w(L @ Hy, R) PR
Since this holds for every edge in E’, we get that w'(E’) < 71_21;£5226) -, and hence

val(¥') < val(?)

—(2—2¢c)¢
S T ot < val(¥) + 3¢

For the lower bound, fix the any assignment to ¥ and let E' be the set of constraints that it satisfies in
. Once again let w(F) and w'(F) be the sum of the weights of £ under w and w’ respectively. If the left
endpoint of an edge in E is no longer in Left’, we define its weight under w’ to be 0. Then note that

U]/(E) 2 Z w(L &) HUaR) > w(E) — 2q—(2—26)€‘ ]
(L®Hy,R)EE,L®Hy ELeft!

allows us to remove trivial vertices without affecting the value much. Towards going from a
weighted 2-CSP to an unweighted 2-CSP, we will next bound the size of the neighborhoods in ¥’.

Claim 7.5. For each non-trivial L & Hy; we have |nb(L @ Hy)| < 108¢%,

Proof. LetU = (x1,...,x3) = (e1,...,ex) and suppose equation e; contains variables (x3;_2, T3;—1, T3;).
Since L ¢ Hy is not trivial, for each 7, there must be a point v € L C FqU such that the values of v restricted
to the coordinates of variables (23,2, x3,—1, x3;) are not all equal. Without loss of generality, say that it is
x3; for each 1 < ¢ < k. It follows that in order to have

L@HU@HUI:L/@HU@HUU

U’ must contain an equation with the variable x3; for each 1 < ¢ < k. Let E; denote this set of equations
for each i. By the regularity assumptions on our 3Lin instance, |E;| < 10 and E; N E; = () fori # j. It
follows that U’ must contain exactly one equation from each E;, and that these form all k£ equations of U’,
so there are at most 10* possible U’ for which there can exist L' C U’, such that L' @ Hyy € [L & Hyy]. The
lemma follows from the observation that |Grass, (3k, 2(1 — §)¢)| < ¢%**. O

Performing the same procedure as in [KR03, Lemma 3.4], we can turn ¥’ into a bipartite, left-regular
2-CSP instance, while again not affecting its value too much. Let Q@ = 10¥¢5* be the upper bound on

neighborhood sizes in

Claim 7.6. For any C € N, there is a polynomial time algorithm that takes V' as input and outputs a
bipartite 2-CSP V" that is left regular with degree C' - Q such that

1

val(¥') — c

1
< val(¥”) < val(¥') + rok
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Proof. We create ¥” by doing the following for each vertex L@ Hyy € Left’. Let Ry, ..., Ry, be the vertices
in nb(L @ Hyy). Foreach 2 < i < m, add |wren, (Ri) - C - Q] edges from L & Hy to R;. Then, add
C-Q—->Y"slwran, (Ri)C - Q] edges from L & Hy to R;. Itis clear that U is left regular with degree
C'- @, and that for each R; with 2 < ¢ < m, there are at most wrgm, (R;)C - Q edges between L & Hyy and
R;, while for Ry, there are at most (wL@HU (Ry) + %) C - Q edges between L & Hy and R;.

To bound the value of ¥” fix a labeling for it, and note that this is also a labeling for ¥’, since the two
CSPs have the same vertex set. For every left vertex, L & Hy, if s-fraction of its neighboring constraints are
satisfied in WU’ (where this fraction is under the weighting in ¥’), then between (s — 1/C') and (s + 1/C)-
fraction of its neighboring constraints are satisfied in "’ O

Applying with C' = ¢'%, we obtain a bipartite 2-CSP, ", that is left regular with degree
q'%°Q, that still has nearly the same completeness and soundness as our original instance ¥. We will now
create a 2-regular bipartite CSP from W”, using a technique in the spirit of the right-degree reduction of
Moshkovitz and Raz [MR10]. We need the expander mixing lemma, stated below.

Lemma 7.7 (Expander Mixing Lemma). Let G = (A U B, E) be a bipartite biregular graph with second
largest eigenvalue A\ and vertex degree D. Then for any sets of vertices Ay C A, By C B with sizes
|Ao| = | A| and |By| = B|Bo|, we have

e(Ao,B()) )\
T — 065‘ < 5\/%;

where e( Ay, By) is the number of edges between the sets of vertices Ay and By

Lemma 7.8. For any parameter D, there is a polynomial time algorithm that takes as input, a bipartite, left
regular 2-CSP, U, with left degree dieft, projection constraints, and left and right alphabets ¥4 and ¥p
respectively, and outputs a bipartite, (D - dieft, D)-regular 2-CSP, U}, with projection constraints and the
same alphabets, such that

val(Wo) < val(¥)) < val(¥g) + O (D_1/2> .

Proof. For every pair of integers N > D, there is a polynomial time algorithm which constructs a biregular,
bipartite expander graph, with /V vertices on each side, vertex degree D, and second eigenvalue O(Dl/ 2.
When N is sufficiently large relative to D, the algorithm is from [Alo21], and otherwise, a brute force
algorithm suffices.

The construction of W{, is as follows. Fix the parameter D from the lemma statement and let A and B
be the left and right sides of W respectively, and let E be its set of edges. We first describe how to construct
A’ and B’, which are the left and right sides of U{,. For each b € B, denote by A, the set of neighbors
of b in ¥y, and by d(b) = |A;| the degree of b. Then construct a D-regular bipartite expander graph,
Hy, = (Ap, By, Ep) such that |4y = |By| = d(b) with second eigenvalue O (D%/2). The left vertices of W,
are unchanged, so A’ = A, but the right vertices are now B’ = (J,c 5 By. The edges are E' = (J,cp Eb.
and for each (a,b’) € E', if b/ € By, then the constraint on (a, b') is the same as that on (a, b) in ¥,. The
alphabets of W, are also unchanged. It is clear that U{, is (Ddjeft, D)-regular, so it remains to show the
bounds on its value.

For the lower bound, fix an assignment F' to ¥(. Consider the following assignment F” to W{,. For
a € A= Aset F'(a) = F(d'), and for b’ € B’ set F'(b') = F(b), where b is the vertex in B such that
b’ € By. Itis clear that F” satisfies the same fraction of constraints as F', so val(¥() > val(¥y).
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For the upper bound, let F” be an assignment to ¥(,. We show how to derive an assignment F' with
nearly the same value. For each b € B, choose b’ € By, uniformly at random and set F'(b) = F'(b'). To
analyze the value of F', for each o € X, let

Xpo ={a € Ay | (a,b) € E,and F'(a), o satisfy the constraint on (a,b) in ¥¢}.

Foreachb € B,letY,, = {b' € B, | F'(b) = o}. Then,

|Xb o ’YEJ o
E[val(F)] = E LAt AN
Elval(F)] = E > d(b)?
o€EXp
where the expectation on the left is over the randomness when choosing assignment F' and the expectation

on the right chooses b proportional to d(b).

By on the graph Hy, we have that

’Xb,a||YL,U| > e(Xb,Uayb,U) _ O(DI/Q) LV ’Xb,a‘h/l;,o‘ _ e(Xb,O"}/b,U) 0 <D71/2> . |Xb,a |}/b,a‘
db)2  © db)-D D d(b) d(b) - D d(b)

SO

ENal(F)] > E | > e Xoo, Yoo) ~o(p). k| W
ex

F beB | o d(b) - D beB

> vaI(F’) + 0 (D_l/Q) : béEB d(lb) : \/ EZE |Xb,<7| : Z |}/}),0'|
o B

UEEB

> val(F') — O (D*W) .

When transitioning to the second line, we are using the fact that the first term is exactly val(F”) and we
are bounding the second term using the Cauchy-Schwarz inequality. In the transition to the last line we are
using the fact that v, | Xy »| = d(b) because the constraints in Wy are projections, and >, s, [Yp | =
d(b). O

We are now ready to complete the proof of

Proof of Theorem[7.2] Fix ¢, > 0 as in[Theorem 7.2 and take VU to be the 2-CSP from [Theorem 1.3| with
J therein set to ¢/2, € therein set to £/2, and set ¢ and therefore R sufficiently large, so that distinguishing
between val(¥) > 1 — /2 and val(¥) < R~(175/2) is NP-hard. Starting from ¥, obtain ¥’ by deleting
trivial vertices and applying the transformation in |Claim 7.6| with C' = ¢'%, and then let ¥” be obtained
from ¥’ via the transformation in|[Lemma 7.8/ with D = ¢'%. It is clear that U" is (C-Q - D,D)-regular,
has alphabet size R, and is constructed from ¥ in polynomial time.

It remains to show that the transformations performed preserve the value. By [Claim 7.4] and [Claim 7.6}
we have

val(\I/) — 2q‘(2—20)f - q—10£ < val(\Il’) < val(\Il) + 3q—(2—20)€ + q—10€7
and by we have

val(?’) < val(¥”) < val(¥') + O ((J‘“) ,
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so altogether we get that

val(®) — 2¢= (=20 _ =100 < \a)(") < val(W) 4 3¢~ 2 4 =100 L O <q75£> _
Since we set £ and, as a result, R sufficiently large, it is clear that if val(¥) > 1— /2, then val(¥”) > 1—¢,
and if val(¥) < R~(1=5/2) then val(¥”) < R~(1=9), This establishes [Theorem 7.2 O

7.3.2 Sparsification

In [LM24], Lee and Manurangsi show how to conclude [Theorem 1.3|from[Theorem 7.2|via a sparsification

procedure. We summarize the steps here. Fix the n > 0 for[Theorem 1.5] Set ¢ = ¢ = 0.017 in[Theorem 7.2]
and let W be the resulting hard bipartite (d, d2)-regular 2-CSP, and it is NP-hard to distinguish between the

cases

1

val(¥) > 1—¢ and val(¥) < Ri=o

where R is the sufficiently large alphabet size. It is shown in [LM24, Lemma 10], stated below, that the
degrees of W can be multiplied by arbitrary constants by simply copying vertices.

Lemma 7.9. [LM24] Lemma 10] For any integers dy, ds, c1, ca, there is a polynomial time reduction from
a bipartite (dy, dy)-biregular CSP, W, to a bipartite (cad1ds, c1dyds)-biregular CSP V', such that val(¥) =
val(¥"), and such that the left and right alphabet sizes are preserved.

It is then shown in [LM24, Theorem 11], stated below, that one can perform a subsampling procedure
to W’ that significantly lowers the degree.

Theorem 7.10. [LM24] Theorem 11] Forany 0 < v < v < 1, any positive integer C, and any sufficiently
large positive integers da,dp > do(p,v), and R > Ro(d,v,da,dp), the following holds: there is a
randomized polynomial-time reduction from a bipartite (dAC,dpC)-biregular 2-CSP, V', with alphabet
size at most R, (d 4, dp)-bounded degree 2-CSP, W", such that, with probability at least 2/3 the following
two items hold

» Completeness: val(¥") > val(¥’) — vy,

o Soundness: If val(¥') < R£2’ then val(¥") < —L (i + i)

vo—r1

Putting everything together, we can prove

Proof of[Theorem 1.5] Recall the values 1 and d from Start with an instance W of 2-CSP
from [Theorem 7.2|with ¢ = £ = 0.017 and sufficiently large alphabet size R. Then ¥ is (d1, d2)-biregular,

with sufficiently large alphabet size R relative to ¢!, =1, and d. For such a U, it is NP-hard to distinguish
whether val(¥) = 1 — 0.01n, or val(¥) < ﬁ.

Applying With c1 = ¢g = dyields, in polynomial time, a (dd;dsg, dd,ds)-biregular 2-CSP,
U/, with alphabet size R and satisfying val(¥’) = val(¥). Next, applying[Theorem 7.10} withd4 = d,dp =
d,C = dyds,v; = 0.01n,v5 = 1 — &, we get (after randomized polynomial time reduction) a 2-CSP ¥”
with degree at most d such that:

o Ifval(¥) > 1 — ¢, thenval(¥") >1—¢p -1 =1—-0.0219.

* If val(¥) < =, then val(¥") < = (3+3) = ﬁ -2,
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Finally note that,

1—0.02¢ 1

—1_=2=2d(57¢)

_1 2 2

1-0.02¢ " d
Thus, by and the randomized polynomial time reduction above, it follows that unless NP C
BPP, there is no polynomial time d (% — 17) approximation algorithm for 2-CSP with degree at most d. [J

7.4 Proof of

Combining our 2-Prover-1-Round Game with the reductions in [Lael4]] we obtain improved hardness of
approximation results for Rooted k-connectivity on undirected graphs, the vertex-connectivity survivable
network design problem, and the vertex-connectivity k-route cut problem on undirected graphs. We give an
overview of the reduction here. It will be more convenient to refer to 2-CSPs rather than 2-Prover-1-Round
Game for the remainder of this subsection.

In the reduction of [Lael4] one uses a minimization variant for a 2-CSP W, called Min-Rep. The
input in Min-Rep is still a 2-CSP, but now each alphabet symbol is assigned a cost, and a labeling of ¥ is
allowed to assign multiple alphabet symbols to each. The cost of a labeling is the total cost of the alphabet
symbols used over all vertices and MinRep (W) is the minimum cost labeling such that every constraint of
U is satisfied. Here, a constraint on the edge (u,v) is satisfied as long as one pair of labels from those
assigned to u and v respectively satisfy the constraint. We refer to [Lael4) page 1630] for a more formal
definition. The following lemma [Lael4] describes approximation preserving reductions from Min-Rep to
various connectivity problems.

Theorem 7.11. [Lael4, Theorem 3.1] There are polynomial-time, approximation-preserving reductions
which take an instance of minimum cost label cover with degree d and alphabet size R, and output:

s an instance of rooted k-connectivity on undirected graphs with k = O(d® - R + d*),

* an instance of vertex-connectivity survivable network design on undirected graphs with maximum
requirement k = O(d - R + d?),

* an instance of vertex-connectivity k-route cut on undirected graphs with k = O(d - R)

To obtain hardness of approximation results from we must first obtain a hardness of
approximation result for Min-Rep. This can be done by using the following result due to [Man19].

Lemma 7.12. [Manl9 Lemma 7] For any €,y > 0, there is a polynomial time randomized reduction
that, given any 2-CSP with projection constraints V, alphabet size R, and size N, outputs a 2-CSP with
projection constraints V' with the same alphabet and maximum degree at most

10 <2103($R)>

such that

* (Completeness) if val(¥) > 1 — ¢, then MinRep(¥’) < (1 + ¢ - d) N with probability 0.9, and,
* (Soundness) if val(Il) < ~, then Min-Rep(IT') > (%) N with probability 0.9.
Using we get the following hardness of approximation result for Min-Rep.
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Theorem 7.13. For every ¢’ > 0 and sufficiently large g > 0, given a 2-CSP, ¥ with maximum de-
gree O(glogg) and alphabet size O(g>t¢), it is NP-hard under randomized reduction to approximate
the MinRep(W) to within a factor of g.

Proof. Fix sufficiently large g > 0 and take ¥ from with § = é, e such that 1/(1 — ¢) =
1 + £/2, and alphabet R such that the value in the no case is v := R~(179) = 27113=2 Let N denote
the size of U. Then applying [Lemma 7.12| we get that if val(¥) > 1 — 4, then MinRep(¥’) < 2N, while
if val(¥) < ~, then MinRep(¥’) > <%> N. Therefore, it is NP-hard under randomized reduction to
approximate MinRep (') within factor,

0.03-7 Y2 >g.

The alphabet size of ¥’ is R = O(g?/(1=9)) = O(¢*>*¢") and the maximum degree is at most d = O(glog g).
O

Finally, by combining [Theorem 7.11] with [Theorem 7.13] we can show

Proof of Fix ¢ > 0 and g > O sufficiently large, and let ¥ be the 2-CSP from [Theorem 7.13
such that MinRep(¥) is hard to approximate within factor g, and ¥ has maximum degree d = O(glog g)

and alphabet size R = O(g?*¢). By [Theorem 7.11 there is a polynomial-time algorithm that produces
instances of the following problems which are hard to approximate within factor g:

» rooted k-connectivity on undirected graphs with k = O(g°*¢ log g),

* vertex-connectivity survivable network design on undirected graphs with maximum requirement k& =
O(g**<log g),

* vertex-connectivity k-route cut on undirected graphs with &k = O(g3*¢ log(g)).

Expressing g in terms of k in each of the three cases gives the desired result. O

8 Bounding the Number of Successful Zoom-outs of a Fixed Codimension

The goal of this section is to prove[Lemma 5.24] Let us recall some context first. Throughout the section, we

work in the second prover’s space, ", where V' is some question to the second prover (in the outer PCP).
Accordingly, we make the assumption that n := |V| > ¢, say n > 209" to be concrete. Also, as

n = [V, we will write the ambient space as Iy from now on. We fix 7" to be a table that assigns, to each

L € Grassy(n,2¢), a linear function on L. For ease of notation, we define £ := Grass,(n, 2¢) throughout
this section. Now, let us review the set up of Recall that we set

§:= 8% 1= €/100, ti= (22101
Let S = {W1,..., W} be a set of codimension r-subspaces in Iy of size
N > q100(t71)!r2Z§*1

where r < %. For each W;, let f; : W; — F, be a linear function such that f;|;, = T[L] for at least
C-fraction of the 2¢-subspaces L. C W;, where C' > q_2(1_5)é, and £ > 0.
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8.1 Step 1: Reducing to a Generic Set of Subspaces

Instead of working with all of S, we will want to use only a subset of S which is generic. This reduction
to a generic set of subspaces allows us to readily use the sampling lemmas from Apply-
ing [Lemma 5.12} with parameter ¢ as define, we get that there exists a subspace W, C Fy and a set
of )

N GFD)-—1)!

T5ree—1
q37" > q

mp 2
subspaces W = {W1, ..., W,,, } C S, such that

e Each W, € W is contained in Wémb and has codimension s with respect to ;mb, where s < 7.

* W is t-generic with respect to W/

amb*

We remark that this subspace W, . will ultimately be the one used for (as the subspace “A”
there). The remainder of the proof is devoted to finding the appropriate linear function ' : W, . — Fg,
and the set VW' as required by The set VW' we ultimately find will be a subset of WV above.
8.2 Step 2: Finding Local Agreement

For a subspace X and linear assignment to X, o € Fé( , let

Lx = Zoomy[X, Wa/mb] and Lx,={Le€Lx |T[L]|x =0}
Likewise, define
WX:{WZEW|XQVVZ} and WXJZ{WZ'GWX’]C”X:U}.

We will use j1x o(+) to denote the uniform measure over Lx. The first step of our proof is to find sets Wx
and Lx , that have strong agreement between them, in the sense of the following lemma. The approach of
this first step is similar to that of [IKW12, BDN17,MZ23]. Fix v > 0 to be a small constant, say v = 1075.

Lemma 8.1. There exists a 2 (1 — g) {-dimensional subspace X and a linear assignment, o, to X, such
that the following hold:

« pxo(Lxe) = €.
° |WX,O" > qunﬁ

* Choosing L € Lx , uniformly, and W; € Wx , uniformly such that W; 2 L, we have

LP,)vf/i[fi‘L # T[L]] < 5.

Proof. Deferred to|Appendix E.1 O

We next state which is an immediate consequence of There are two differ-
ences between the two statements though. First, in we require the third condition to hold for
every L € Lx , (instead of for a random L as in[Lemma 8.T). Second we require every L € Ly, to be
contained in roughly the same number of W; € Wx ;.
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Corollary 8.2. Taking Lx , and Wx , from there is a subset [',X,o— C Lx, such that the
following hold.

sl

° ,UJX,O(L/X’U) P

mi
10

¢ ma = |WX:U| > q e

* Forevery L € L , choosing W; € Wx o uniformly such that W; O L, we have

P

, TIL| < 12+.
W;_)L,erwx,[,[flu;é [L]] Y

e Forevery L € E’XJ,
—&l-s —&l-s
0.95 - |WX,U| -q < NWX,J(L) < 1.05- |WX,U| -q .

Recall that Ny , (L) is as defined in (13)), and s in the fourth item is the codimension of each subspace in
W 2 Wxo.

Proof. Take X,0,Lx , and Wy , as guaranteed by so that ux o(Lx,s) = %. We will keep
the same X, o, but we remove some L’s from Lx , to make the third and fourth items hold.

By Markov’s inequality, at most %—fraction of L € Lx , violate the third item. By|Lemma 5.21|applied
to Wx » with parameters Q = X, j = 2/, a = 2 (1 — %) £,r =s,and ¢ = 0.05, we have that

p HN L) — ¢ & ‘>0.1 & ]
LeZoomI;g[Q,V] WX’J( ) 4 2 4 2

S LGZooE:IQ‘e[Q,V] HNWX,U (L) - 6‘ P 0.05,3]

&l-s
< 405¢q

where in the above we use 8 = Epczooms,[0,v][Nwy, (L)] for convenience, and note from
that |3 — ¢~¢¢*ma| < 0.01¢7 ¢ ma.

It follows that after removing the L € Lx , that do not satisfy the third or fourth condition, we arrive at
the desired £’X70, which still has measure at least

T C C C
>

12 6 100~ 12°
under fux o(+). O

For the rest of the argument, let us fix X, o as well as Wx , and [,’X’U to be as in|Corollary 8.2
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8.3 Step 3: A Global Set with Local Agreement

The next step is to further refine the set Ly  so that the remaining subspaces “evenly cover” a subspace of
b © W with codimension dim(X ) + Os,(1). To do this, we will reduce to the case where Ly

is pseudo-random within some zoom-in A and zoom-out B such that X C A C B. This is done via the

following argument, which can be informally described as:

1. While £’y _ is not pseudo-random, there must be some zoom-in or zoom-out on which its measure is
significantly higher than its overall measure over the whole space, so consider the restriction to this
Zoom-in or zoom-out.

2. This increases the measure of £’y , and we may repeat until we have a pseudo-random set (within
some zoom-in, zoom-out combination).

3. By choosing the pseudo-randomness parameters suitably, we are able to perform the above process in
relatively few times until the restriction of £’y  that we arrive at is pseudo-random.

4. As a result, when restricting to the zoom-in, zoom-out combination, the resulting set of subspaces
evenly covers a space that is still relatively large in the sense that it contains ¢~ 9 “-fraction of
the present space (i.e. the space obtained after iteratively restricting to zoom-ins and zoom-outs as
described in steps 1-3). In particular, this present space is described as Wynmp o below.

We now move on to the formal statement. For a zoom-in A and zoom-out B suchthat X C A C B C
write W! = A® Wampoand B =A@ W} . where W2 . C Wymp 0. Also define

amb’ amb’

Wiy g =W/ | IW; € Wx o st A® W} =W, N B},

Itis clear that each W € W[* 'A,B] is contained inside of some W; € Wx ., so for each W;* we may associate
a function f;* to each W as follows. Choose an arbitrary W; € Wx , such that A @ W* = W; N B, and
define f := f7‘|Wi*'

Lemma 8.3. Keeping the notation above, there is a zoom-in A and a zoom-out B inside of the space W,
such that the following holds. There exists a collection of subspaces W* = {W{,... W} } C W[’;‘ B] of

codimension s with respect to W7, ., a dimension 0> gﬁ, and a set L* C Grassq(W* bs 0", such that the

following items hold for the table Ty, which assigns linear functions to L € Grassq(W} ., ') as follows

Ty [L] = T[A D L”L

I pw(L*)=n> % T3> where the measure here is over Grass, (W} . . 0).

2. The set L* is (1,¢%"n)-pseudo-random.

3. Each W} has codimension s < r inside of W, W is 4-generic, with respect to W
has codimension at most 10/ 92 with respect to W,

*
and W3

amb’

4. The size of W* satisfies
—10s/d2

m .
2 q2 < mg < ma.
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5. Foreach W} € WY, there is a linear function f : W) — F, such that the following holds. For every
L € L%, choosing W} € W* uniformly such that W} O L, we have

P | # To[L]] < 14.
Wi*QL,VII;i*EW*[fZ | # Tw[L]] v

6. Forevery L € L*,
0.8-p1-m3 < Ny« (L) < 1.2-py - mg,
where Ny« (L) is as defined in (13)), and

p1 = Pr [L C W],
LeGrassqg (WX 07)

amb’

for an arbitrary W C W of codimension s.

Proof. Deferred to O
As a consequence of pseudo-randomness, we may apply to get that £* evenly covers W7 .
Lemma 8.4. Setting Z := {z € W} | |p2,0(L*) — n| < {5}, we have that,

|Z] v
* z1l—q >
|Wamb|
Proof. This is immediate by the pseudo-randomness of £* and O

8.4 Step 4: Local to Global Agreement

The following lemma establishes agreement, on average, between functions f7, fj* . Specifically it shows
that a random pair of functions agrees almost entirely in W;* N WJ* nz.

Lemma 8.5. Let W* = {WT,... . Wy _}and f,..., f} be the 4-generic set of codimension s < 1 <
10/ subspaces inside of W, and associated linear functions obtained from respectively. We

have

werews () # ()] <500,

ZEWFAWINZ
and for every W, W € W* we have W N W N Z| > 0.81 - [W;NW|. Here Z C W} is as defined
inlLemma 8.4

Proof. Deferred to O
Using we conclude the proof of by using ideas from the Raz-Safra analysis of

the Plane versus Plane test [RS97]. Define a graph, G' with vertex set WW*, where W, Wj* are adjacent if
and only if f” |W;QW; = fj*‘Wi*ﬂWj*- We claim that this graph contains a large clique, and towards this end
we first show that the graph is nearly transitive. For a graph H = (V, E), define
H) = P ,u), (v,w) € B
B(H) Juax Prl(v,u), (v,w) € E]
A graph H is transitive if S(H) = 0. It is easy to see that transitive graphs are (edge) disjoint unions of

cliques. The following lemma, proved in [RS97], asserts that if H is relatively dense and S(H) is small,
then one could remove only a small fraction of the edges and get a fully transitive graph.
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Lemma 8.6. [[RS97, Lemma 2] Any graph H on n vertices can be made transitive by deleting at most
[3\/B(H) - n?] edges.

To use we first show that the graph G’ we defined is highly transitive.
Claim 8.7. We have 3(G) < =

m3”

Proof. Fix a W, Wj* that are not adjacent. We claim that they can have at most 1 common neighbor.
Suppose for the sake of contradiction that W, W are distinct common neighbors. Then,

fﬂW.*mW.*mW* = f*|W.*mW.*mW* f‘*|W.*mW.*mW* = f*|W.*mW.*mW*-
i j a J i j a’ 1 i j b J i J b

It follows that f and fF agree on W N W N Wj+ WrNWrNWj. However, since W* is 4-generic, we
have

codim(W N Wr N Wy + W N WrNWy) < 3s+3s — 4s = 2s, codim(W N W) = 2s,

and
WrNWrnWy +WrnWrnwy C Wrnwy,

so it must be the case that W NWx N Wi+ WrnWrNWy = W N W This contradicts the assumption
that W and WJ* are not adjacent. Thus, any two non-adjacent vertices can have at most 1 common neighbor,
and the result follows. 0

Claim 8.8. The graph G contains a clique of size at least ™32

Proof. Applying Markov’s inequality to we have that with probability at least 9/10 over W}
and W, we have both Procw nwnz[f;(2) # f7(2)] < 10001y and [WFNWFNZ| > 0.81- [WrNWF|.
In this case, f and f agree on at least (1 — 10001y)-fraction of the points in W>* N W N Z, which is in
turn at least (1 —10001v)-0.81 > 1/g-fraction of the points in W*NW . As f; and f; are linear functions,
the Schwartz-Zippel lemma implies that such W, W]* are adjacent in GG. Hence, GG has at least 9(";3) /10
edges.

By |Claim 8.7| and lLemrna 8.6[, we can delete [Bmg/ 21 edges to make G a union of cliques. Doing so
yields a graph on mg vertices with at least m3/4-edges that is a union of cliques. Let C1, ..., Cy be the
cliques, with C'; being the largest one. We have,

N

N 2
m
Ch|-mg > [Ca|- Y |Ci =) |G > T?)
i=1 i=1
It follows that |C| > "2, and that (G contains a clique of size at least “32. O

Let C be the clique guaranteed by |Claim 8.8[and write C = {W7,..., W% }. To complete the proof
of [Lemma 5.24/ we will find a linear h, such that forall 1 < i < 72, ffly- = h|W§mb’ and then show that
this h can be extended to X @& A @ V* in a manner that is consistent with many of the original f;’s for

1 < i < m3/4. To this end, first define g : V* — F as follows:

g(z) = {fﬂx% if W eCxe Wy (29)

0, otherwise.
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Since f7(z) = f}(z) whenever x € W;* N W, it does not matter which i is chosen if there are multiple
W € C containing . Thus, g is well defined and g]Wi* = frforall 1 <@ < 7.

We next show that g is close to a linear function and that this linear function agrees with most of
the functions f;|wx for W € C. To begin, we show that g passes the standard linearity test with high
probability.

Lemma 8.9. We have,

Pr [g(x1 +22) = g(21) + g(z2)] > 1 — 2L
r z 29) = g(z 29) =1 — .
21,22€W] gi#1 2 AN 9\22 ms3

Proof. Note that we have

Pr  [g(z1+22) =g(21) +g(22)] > Pr  [AW} €C, s.t., 21,20 € W/

ZI’ZQGWa*mb Zl7z2€Wa*mb

For every z1, zo € W}, linearly independent, we can let NV (21, 22) denote the number of W} € C contain-

ing span(z1, z2). The result them follows from witha =0,j =2,7 =5, c=0.99, and using
the fact that |C| = mg/4. Indeed,

Pry, pew: BWF€C, st 21,20 € W > . Zf;l‘"/v* [N(21,22) > 0] dim(span(z1, 22)) = 2]
1,22 amb
2s
S1- 25q .
m3

In the first transition, we use that if 27, 25 are linearly dependent then g(z1 + 22) = g(21) + g(22). O

We now apply the linearity testing result of Blum, Luby, and Rubinfeld [BLLR93]] and get that g is %qjs—

close to a linear function, say h : W7, — F,.

Theorem 8.10. [BLRI3] Suppose g : W} — Fy satisfies, P, .,[g(z1+22) = g(21)+g(22)] = 1—p, for
some p < 2/9. Then, there exists a linear function h : W}, — Fq such that Pr.ew» [h(2) # g(2)] < 2p.

We will conclude by showing that this 4 is the desired function which agrees with many of the original
fi’s. To this end, we first show that it agrees with many of the f’s that we have (which themselves are
restrictions of the original f;’s), and then show that i can be extended to W/, in a manner that retains
agreement with many of the f;’s.

Towards the first step, set S = {x € W7 | g(x) # h(x)}. We show that choosing W} € C randomly,
and then a point x € W, it is unlikely that z € S. Define the measure v¢ over nonzero points in W7,
obtained by choosing W; € C uniformly at random and then x € W; nonzero uniformly at random. Let
be the uniform measure over W* _  so u(S) < 256> Thep ve(S) is precisely the probability of interest

amb> ms3

and can be upper bounded using [Lemma 5.18] with parameters ¢ = 0, j = 1, codimension s,

[N

5q2 < 26q

ms = \/7773
Lemma 8.11. We have h|wx = f; for at least half of the W} € C.

[\

ve(S) < pu(S) + (30)
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Proof. By Markov’s inequality and with probability at least 1/2, over W} € C, we have

WrNS|  52q2 1
— < <1l-—-
W7 ALE! q
and f and h|w  agree on more than 1/q of the points in W;*. Since f; and h|w+ are both linear, by the
Schwartz-Zippel Lemma that h|Wi* = f, and the result follows. O

We are now ready to finish the proof of

Proof of [Lemma 5.24, Summarizing, we now have linear functions f; : W — F, for 1 <4 < % and
a linear function h : W3 " — F, such that by = ff. Furthermore, for each f, W, there is a f;, W;
fromsuch that W; "\ W2 = W>, W; CW, ., fz‘\W; = fr,and fi|x = 0.

We extend h in a manner so that it agrees with many of these original functions f;. To this end, recall

that W7 satisfies,

AW} B C W, b

amb —
and dim(A)+codim(B)—dim(X) < (15—(2). Therefore, we may choose a random linear function 2" : W, —
I, conditioned on A'|yy» = h and h'|x = o. For any f;, we have that

. . . _10
lz/l‘[h,h/Vz = fz] > q—(dlm(A)+cod1m(B)—dlm(X)) >q .

(dim(A)—=dim(X)) probability that hla = fi|a, as we condition on A'|x = o = fi|x.

there is at least a g~ <©°4™(B) probability that &’ is equal to f; on these
— F, such that 2/|yy, = f; for at least

Indeed there is a g~
Then, extending A’ from B to W/

amb’

extra dimensions. It follows that there is a linear ' : W, _

10

maq %2 -1
— S

of the pairs f;, W; from|[Lemma 5.24] Take these W; to be the set W’ for As W' C W, they

are 2-generic with respect to W . and have codimension s < rin W/ . ]
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A Proofs of Lemmas 2.3 and 2.4

In this section we prove and 2.4 The proofs of these lemmas requires tools from [EKL23|
EKL24] regarding Fourier analysis over the Bilinear Scheme.

A.1 Fourier Analysis over the Bilinear Scheme

The key to proving is a level-d inequality for indicator functions on the Bilinear Scheme due
to Evra, Kindler, and Lifshitz [EKL24]]. In order to use the result of [EKL24]], however, we first give some
necessary background for Fourier analysis over the Bilinear Scheme, and describe the analogues of zoom-
ins, zoom-outs, and pseudo-randomness as in [EKL.23|[EKI1.24]. After doing so, we must then find a suitable
map from the Grassmann graph to the Bilinear Scheme that (1) preserves the edges of our original bipartite
inclusion graph between 2/-dimensional and 2(1 — §)¢ subspaces, and (2) maps zoom-ins and zoom-outs in
the Grassmann graph to their analogues over the Bilinear Scheme.
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The Bilinear Scheme: Let FQX% be the set of n x 2¢ matrices over ;. One can define a graph over F:}X%
that is similar to the Grassmann graphs by calling My, My € IE‘QX% adjacent if dim(ker(M; — M3)) < s
for some s < 2¢. Such graphs are often referred to as the Bilinear Scheme. For our purposes, we will need

to work with a bipartite version of this graph between IE‘,(J"_%)X% and Fén_Z(l_é)z) X2A1=0)¢

We equip the space LQ(FZX% ) with the following inner product:

(F,G)= E _[F(M)G(M)],
MeFp*2t

where the distribution taken over M is uniform. Let w be a primitive pth root of unity, where recall p
is the characteristic of F,. For s € F? and x € F?, let xs(z) = w™®%) where Tr: F, — F, is the

. 1 — i . . . "
trace map given by Tr(~) = Ziozg(’; (@-1 ~+P". A common fact that we will used is that the trace is additive

Tr(y+7') = Tr(y)+Tr(y') for v, € Fy. The characters {xs : F1*% — C| S = (s1,...,s2) € FI**},
given by
20

Xs(1, o wa0) = [ [ s (@) = WS s —  Tr(S2 (svma)). G1)
=1

form an orthonormal basis of LQ(]F?X2€). As aresult, any F' € Ly (IF;‘X%) can be expressed as,

F= Y F(S)xs,

SeRpx2t

where F(S) = (F,xs). The level d component of F is given by F=% = 2_8: rank(S)=d F(S)xs. Ifa

function F' only consists of components up to level d, i.e. F (S) = 0 for all S with rank(S) > d, then we
say F'is of degree d.
We now describe the analogues of zoom-ins and zoom-outs on FZX%.

Definition A.1. A zoom-in of dimension d over FZX% is given by d-pairs of vectors (uy,v1), ..., (uy,v;)
where each u; € Fge and each v; € IFQ. Let U € Fg“d and 'V € IFng denote the matrices whose

ith columns are w; and v; respectively. Then the zoom-in on (U, V) is the set of M € F ZLX% such that
MU =V, or equivalently, Mu; = v; for 1 < i < d.

Next, we define the analog of zoom-outs.

Definition A.2. A zoom-out of dimension d is defined similarly, except by multiplication on the left. Given
X € ngn and Y € ngzg’ whose rows are given by x; and y; respectively, the zoom-out (X,Y) is the
M e FQX% such that XM =Y, or equivalently, x; M = y; for 1 <1 < d.

Let Zoom[(U,V),(X,Y)] denote the intersections of the zoom-in on (U, V) and the zoom-out on
(X,Y). The codimension of Zoom[(U, V), (X,Y)] is the sum of the number of columns of U and the
number of rows of X, which we will denote by dim(U) and codim(X). For a zoom-in and zoom-out pair
and a Boolean function F', we define Fiy;v) (x,y) : Zoom[(U, V), (X,Y)] — {0, 1} to be the restriction of
F which is given as

F(U,V),(X,Y) (M) = F(M) for M € Zoom[(U, V), (X, Y)]
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When dim(U)+codim(X) = d, we say that the restriction is of size d. We define (d, ¢)-pseudo-randomness
in terms of the Ly-norms of restrictions of F' of size d. Here and throughout, when we consider restricted
functions, the underlying measure is the uniform measure over the corresponding zoom-in and zoom-out set
Zoom[(U,V),(X,Y)].

Definition A.3. We say that an indicator function F' € Ly (FZ}X%) is (d, €)-pseudo-random if for all zoom-in
zoom-out combinations Zoom[(U, V'), (X,Y)] such that dim(U) + codim(X) = d, we have

| Fwwy vl < e

We note that for Boolean functions F, HF(U,V),(ij) H; = Enezoom|(U,v),x,v) [F'(M)], and hence the
definition above generalizes the definition we have for Boolean functions.

Definition A.4. We say that an indicator function F &€ L2(FZLX2E) is (d,e,t)-pseudo-random if for all
Zoom|[(U, V), (X,Y)] such that diim(U) + codim(X) = d, we have,

t—1

L T
HF(UJ/),(X,Y) Ht/(t—l) = (MEZoom[(%,V),(X,Y)] {’F(M>‘t—1:|> <e.

The following result is a combination of two results form [EKL24]. It states that if a Boolean function
F is (7, e)-pseudo-random, then its degree d parts are (r, Cq7d52)-pseudo-random ford < r.

Lemma A.5. [EKL24| Theorem 5.5 + Proposition 3.6] Lett > 4 be a power of 2 and let F' : FQX% —

{0,1} be a function that is (d, e, t)-pseudo-random. Then F=4 is (r, qud”E’OOdztsQ)-pseudo-mndom for all
r>d.

Proof. This lemma does not actually appear in [EKL24], but it is easy to derive by combining Theorem 5.5
with Proposition 3.6 therein. In [EKL23| [EKI.24], the authors introduce an additional notion of generalized
influences and having small generalized influences. We refrain from defining these notions explicitly as it is
slightly cumbersome, but roughly speaking, one defines a Laplacian for each zoom-in, zoom-out combina-
tion, so that having (d, £) small generalized influences means that upon applying these Laplacians on F', the
2-norm squared of the resulting function never exceeds €.

With this notion in hand, if a function F' is (d, e, t)-pseudo-random, then by [EKL24, Theorem 5.5]
we get that =% has (d, q500d2t52)—small generalized influences. Applying [EKL24, Proposition 3.6] then

implies that F=4 is (r, ¢10dr . ¢5004*t¢2)_pseudo-random for any 7 > d, which is the desired result. O

Lastly, we need the following global hypercontractivity result also due to [EKL24]ETI

Theorem A.6. [EKL24, Theorem 1.13] Lett > 4 be a power of 2 and let F' € Lo(F ;’;X%) be a function of
degree d that is (d, )-pseudo-random. Then,

IF|)f < 208 || F||2et/2-1,

Combining [Lemma A.5|and [Theorem A.6 we arrive at the following result which bounds the {-norm
of the level d component of pseudo-random indicator functions. This result will be the key to showing an

analogue of over the Bilinear Scheme.

0We remark that earlier results [EKL23] showed similar statement for 4-norms, i.e. the case that ¢ = 4, and the result below
follows by a form of induction on ¢. That is, one starts with I’ and concludes via applying the case ¢ = 4 that the function and it F'
is (d, Cy,qa¢)-pseudo-random. Then one apply the case t = 4 on F* to conclude that F'* is (d, C, 4¢)-pseudo-random and so on.
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Theorem A.7. Lett > 4 be a power of 2. Then if F' : FZX% —{0,1} is (r, £)-pseudo-random, we have
HF:dH < PO
t

foralld < r.

Proof. Suppose F' is (r, £)-pseudo-random, let t > 4 be a power of 2, and fix a d < r. Since d < r, we also
have that F' is (d, ¢)-pseudorandom. Therefore for any size d restriction of F, Fiy; v (x,y) -we have,

t—1
= t—1

1Fwv el = (Fomenls) & <7

Thus, F' is (d, s%,t)—pseudo—random, and by Lemma A.5|it follows that F= is (d, q10d2+500d2t62%2)—
pseudo-random. Clearly, F'=¢ is degree d, so applying [Theorem A.6|we get that

2

t _a\t/2—1
=d 200dt? 1042 d?t 22 d2t? _t—2
HF Ht < 20 <q 0d?+500d2¢ _ 2 < OO =2

-
2

where we also use the fact that ||F :dH; < ||Fll3 < e because F is an (r,e)-pseudo-random Boolean
function. Taking the ¢-th root of the above inequality completes the proof. O

A.2  An Analog of for the Bilinear Scheme

In this section, we will build up some Fourier analytic tools over the bilinear scheme towards showing
Specifically, our goal will be to transform the statement from into a statement about
indicator functions over the bilinear scheme, and then apply

To this end, we start with some definitions. Say that a function F' € Lo ) is basis invariant if it
satisfies F'(M) = F(M A) for any full rank A € ]FZE *2¢ Basis invariant indicator functions are meant to
correspond to indicator functions for sets of subspaces in Grass, (n, 2¢). Indeed, by definition, if two M and
M5 have the same column image, then F'(M;) = F(Ms). Define the adjacency operator 7 : Lo (FZX%) —

nx 24
]Fq

Lo (ngz(l_(w) as follows. For any H € Lo (FQX%), the function 7 H : FZXQ(I_J)E — C is given by
TEM)= E [F(M,v1,...,vs)]
U1,---,V26¢
Here, [M,v1,...,v95] refers to the matrix obtained by adding the columns v; to M on the right, for all

i € [26/]. In words, the operator T averages over extensions of the matrix M to an n x 2¢ matrix by adding
to it 20¢ random columns. This operator is morally the adjacency operator for the bipartite Grassmann
graph between Grass,(n, 2¢) and Grass,(n, 2(1 — §)¢), and as such, it will ultimately help us transform the
probability of interest in|Lemma 2.3| into an inner product over the bilinear scheme.

Before jumping into[Lemma 2.3|though, we must first show some lemmas about basis invariant functions
and the operator 7. The first lemma we need is that the level d component of a basis invariant function is
also basis invariant, and to show this, the following two identities will be useful.

Lemma A.8. Forany S = (s1,...,sp¢) € JFQXE,, any M € IF;‘X%, and any matrix A € ngxe, we have,

xXs(MA) = xgar(M).
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Proof. Letting vy, . .., vy, denote the columns of M and a; ; denote the entries of A, we have,
Elf,, Tr(s--(zgf vja; )) 22[: Tr(v(ZZI: Sia',i>)
xs(MA) = wim o2z wen)) = Bl Eim ) — ) =

Lemma A.9. Let S = (s1,...,89) € FZX% and let F' € Lo (IF;LX%) be basis invariant. Then for any
A € F222 that is full rank, we have F(SA4) = F(S).

Proof. For any matrix full rank B € ng@é we have

FS)= E_[xsQDF(0M)]
MeFZszﬂ_
= ®_ [sODFMBY)
ME]FZLXQZ_
= E_[xs(MB)F(M)]
MEFZX%'
= Byyepper [spr (M) F(M)]
= F(SBT),

where we use that F is basis invariant in the third transition and [Lemma A.8]in the fourth transition. Setting
B = AT gives the result. O

Using [Lemma A.9] we can show that the level d component of a basis invariant function is also basis
invariant.

Lemma A.10. If F € Lo (IFZLX%) is basis invariant, then F=% is basis invariant as well for any d.

Proof. Fix any M € FZX% and A € Fg“% full rank. We have

F=(MA) = > F(S)xs(MA)
SE]FZ;X%,rank(S):d

~

F(S)xsar(M)

(]

SeFP*2 rank(S)=d

F(S(A")™)xs(M)

(]

SERT*2¢ rank(S)=d

-3 FS)xs(M)

SeFy X2 rank(S)=d

= F=4(M),
where we use in the second transition, and [Lemma A.9]in the fourth transition. O
Next, we will define another operator G : Lo (IF‘Z“O_‘S)[) — Lo (F72), which acts like the adjoint

of T for basis invariant functions. The reason that we work with G and not the actual adjoint of 7 is that we
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want to define this operator in a specific, convenient way so that we can ultimately study what the composed
operator G7 looks like. The operator G is given by

GH(M)= E  [H(MA)| rank(A) = 2(1 — 8)].

Angzwuﬂs)z
The next lemma shows that G indeed acts like the adjoint of 7 for basis invariant functions.
Lemma A.11. For F' € Lo (FZX%) that is basis invariant and G € Lo (FZXQ(P(SV), we have

(TF,G) = (F,GH).

Proof. LetJ € ]F?fw(l_é)[ be the matrix whose restriction to the first 2(1 — §)¢ rows is the identity matrix

I5(1-s)ex2(1—5)¢ and whose remaining rows are all 0. We have

(TF,H) = E [F ([M', 01, ..., v280]) -H(M’)}
M’EIF;LX2(176)Z,v1,---7025e6F3
- E [F (IM' 01, ..., vase] A) - H(M?) | rank(A) = 2¢
M/EF;;sz(lié)[,’UiEFZ’,AG]P%ZXQZ
= E [F(M)-H(MA-1J) | rank(A) = 2¢],

X 20 20X 20
MeFg™=" AeFy

where in the second transition we used the fact that F' is basis invariant, and in the third one we made a
change of variables M = [M’, vy, ..., va50]A. Now note that A~1.J is the matrix A~! restricted to its first
2(1 — §)¢ columns and hence in the final distribution, A~1.J is a uniformly random matrix in ngz(l_(w

with rank 2(1 — ¢§)¢. It follows that,

(TF, H) = E [F(M) - H(MB) | rank(B) = 2(1 — 8)(] = (F,GH). O
Mngxqungéxz(lfs)z

We will want to understand the operator G7, and towards this end we define the operator

OF(M) = E Ny [F(M + B(C)].
BeFy*2

CelFQéé x24
q
rank(C)=26¢

The operator ® is meant to be a version of G7 which is easier to work with and acts in the same way on
basis invariant functions. The upshot of working with ® is that it is an averaging operator with respect to a
Cayley graph over ]FZLX% , so each character x s is an eigenvector of ® and the eigenvalues have an explicit
formula (see [Spil9] for a detailed discussion).

Lemma A.12. If F € Lo (IFZX%) is basis invariant, then GTF = OF.

Proof. By definitions

GTF(M) = E [F ([MR,wi,...,was)) | rank(R') =2(1 — §)].
RIR2x20-0)¢,
w1,...,w2§z€]1“g
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We can also view M’ = [MR',wi,...,wss] as being sampled as follows. Choose R’ € ]ngw(l*é)z

with linearly independent columns, extend R’ to a matrix R € Fg‘] *2¢ with linearly independent columns
randomly by adding 2§/ columns on the right, sample a random matrix [0,...,0,w1,...,was] € F;‘X%,
and output,

M' = MR+ [0,...,0,w1,...,w255].

Furthermore, under this distribution, it is clear that R € F2*2* is a uniformly random matrix with linearly
independent columns. Therefore,

GTF(M) = E [F(MR+10,...,0,wy,...,wes]) | rank(R) = 2/]
RE]FEZX%,
wl,...,wg(ngF;‘

= E [F(M +1[0,...,0,wr,..., w5 R") | rank(R) = 2/],
RE]FEZX%,
wi,..., w250 €EFy

where we are using the fact that F' is basis invariant and R is invertible. In the last expectation, note that the
distribution over [0, ...,0,w, ..., was]R~! is the same as that over BC where B € FZX%Z is uniformly
random, and C € ]FZM *2¢ is uniformly random conditioned on having linearly independent rows. More
precisely, it is equal to BC' where B = [wy, . .., was], and C is the last 25 rows of R~1. It follows that

GTF(M) = E [F(M 4+ BC) | rank(C) = 20/]. O

BGFZXZ&E CngéexN
The following lemma gives upper bound on the eigenvalues of .

Lemma A.13. Suppose that rank(S) = t. Ift = 0, then x s is an eigenvector of ® of eigenvalue 1. Ift > 0,
Xs is an eigenvector of ® of eigenvalue which is at most 3¢'~" + ¢~ "1 in absolute value.

Proof. Fix S. We argued earlier that g is an eigenvector of ®, and we denote the corresponding eigevalue
by A = ®x5(0). If ¢ = 0 the statement is clear, so we assume that ¢ > 0 henceforth.
Find A € Fgewz of full rank so that SAT = (v1,...,1:,0,0,...,0) where vq,...,v; are linearly

independent. Thus, as the distribution of C'is invariant under multiplying by A7 from the right, we get that

A= dxs5(0) = E [xs(BCAT) | rank(C) = 26/]

- BC k(C) = 28] = ®x54(0
E E Xsa(BC) | rank(C) ] = ®xs4(0),

where we used We may therefore assume that S = (vy,...,v,0,...,0) for linearly indepen-

dent vy, ..., v;. Applying symmetry again, we conclude that
3 Te(vi-coli (BC))
v;-col;
A= [@ < (0)] = wist
th’vt X(vl’“"vt’o)( ) 'UL}-Ey’Ut EC ’
linearly independent linearly independent ’

and interchanging the order of expectations we get that

Xt: Tr(v;-col; (BC))
A= E E wi=1 ;

BC V1 ,5eee,Vt
linearly independent

Denote w; = col;(BC'), and inspect these vectors.
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Claim A.14. If w; # 0 for some i, then

t
Z Tr(’UZ‘-COLL'(BC)) .
E wi=1 < 2¢
V1Vt
linearly independent

Proof. We first claim that if vy, . . . , vy are chosen uniformly, then the left hand side is 0, or equivalently
t
Tr ( S -wi>
E |(w V=t =0.
V1 geeey Ut
uniform

To see this, it suffices to show that 25:1 v; - w; takes every value in [F; with equal probability, and we focus
on showing this. Fix 7 such that w; # 0 and suppose the jth entry, w; ; is nonzero. We can fix all entries
of the v1, ..., v; uniformly except for v; ;, and then for each o € [y, there is exactly one choice of v; ; that
will result in 2;1 v W = Q.

Thus, if we took the distribution over v1, ..., v; to be uniformly and independently chosen, then the
magnitude of the above expectation would be 0. Hence, we conclude that the above expectation is at most
twice the probability randomly chosen v1, . .., v; are not linearly independent, which is at most ¢*=". [

By |Claim A.14] we conclude that A < 2¢"™" + Prp ¢[w; = 0, Vi = 1,...,t], and we next bound this
probability. Recalling the definition of w;, we have that

264

w; = Y C(j,i)col;(B).
j=1

Consider the 20¢ x t minor of C' and call it C’. First we upper bound the probability that rank(C") = 0.
Note that the distribution of C' is the same as of A|ogsx2¢ Where A € F ge X2 is a random invertible matrix.
Thus, C’ has the same distribution as of A|o5x¢, and the probability that C’ = 0 is at most

20—26¢0 20—26¢0 20—26¢

q q q t(25¢—1)

qQZ -1 q2€ —q q2€ _ qt—l ~

It remains to bound the probability that w; are all 0 in the case that rank(C”) > 1. In this case, assume

without loss of generality that the first column of C” is non-zero. Thus, it follows that over the randomness

of B, the vector w is uniformly chosen from Iy, and so the probability it is the all 0 vector is at most ¢~ ".

Combining, we get that A < 3¢'~" 4 ¢~ 1(20¢=1), .

Finally, using again, we note that G does not increase the level of a function:

Gxs(M) = E [xs(MA)] = IE[XSAT (M)]. (32)

AEF32X2(176)£
This observation has the following implication:

Lemma A.15. Let F' € Ly (FZJX%) be basis invariant and let G € Lo (FZXQ(l*é)E). Then, (TF~¢ H) =
(TF=*, H=1).
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Proof. Using (32)), we have,

GH=I (M) = 3 as) Exgar (M) | rank(4) = 2(1 - 5)1].

nx2(1—8)¢

Sely ;rank(S)=j

Since rank(S) = j, it follows that the rank(SAT) is at most j, so it follows that for j < d, we have
(F=4,GH=7) = 0. As a result,

2(1-6)¢
(TF=",H) = (F~*,GH) = Y (F~",GH™). (33)
j=d
In the first equality we used|Lemma A.11|and the fact that F= is basis invariant by [Lemma A.10, Next we
have,
TF~(M) = > F(S)xs(M') = > F(S)xs (M),
SR>t rank(S)=d SEFT*2 rank(S)=d

where both M’ and S’ are obtained from M by removing the last 26¢ columns. It follows that 7 F= has
level at most d, so using (33) we get

2(1-6)¢ 2019y ‘
(TF=,H) = Y (F=.GH) = 3 (TF~ H) = (TF~, H™). =
j=d j=d

We are now ready to state and prove an analog of for basis invariant functions on the Bilinear
scheme.

Lemma A.16. Let F' € Lo (IF;LX%) and H € Ly (Fgw(lﬂs)e) be basis invariant indicator functions with
E[F] = a,E[H] = B. If F is (r,e) pseudo-random, then for all t > 4 that are powers of 2, we have

(TF,H) < ° W75 + ¢ /aB.

Proof. Using the degree decomposition of F' and[Lemma A. 15| we can write

2/
(TF,H)=> (TF~ H™).

d=0

We first bound the contribution from terms in the summation with d > r using Cauchy-Schwarz. For d > r,
=d pr=dy|2 =d||? || gr=dl|?
(TF=, a2 < | Tr=| |||
2 2

- H:de (F=4, GTF=1)

2
- H:dH2<F:d,<I>F:d>
st | o d =d||? || ry=a||?
(a7 waat) =] =],

< <q—2d6€+3qd—n) af,

N
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where the third transition uses [Lemmas A.10]and [A.12] and the fourth transition uses [Lemma A.13| Thus,
the total contribution from the d > r terms is

2/ 20
> ‘(TF:d,H:dw < D 20"/aB < ¢ aB.

d=r+1 d=r+1

Next, we bound the contribution from d < r by bounding each term separately. Fixad < r. By|Lemma A.15
and Holder’s inequality we have

t—2

TE= = = (T )] < [T 1oy < [[ ]| 5000 < 2005,
where in the last inequality we use the fact that F' is (7, £)-pseudo-random, so by [Theorem A.7
HF:dH < PP
t

Altogether, this shows
t—1

(TF,H) < OO e 4 ¢ /ap. 0

A.3 Reduction to the Bilinear Scheme

We are now ready to prove Let £ C Grassg(n,2¢) and R C Grassy(n,2(1 — §)¢) be as
in and suppose that L is (r,¢)-pseudo-random. Define the related Boolean functions F' €

Ly (F7*2f), H € Ly(FP20798) 4g follows:

1 if im(M') € L,
0 otherwise,

G(M>:{1 if im(M) € R, 34

F(M') = { )
0 otherwise.

In the above, im(-) is the usual definition of matrix image and refers to the span of the columns of the matrix.
Implicit in the definitions is the fact that F' evaluates to 0 if the columns of M’ are not linearly independent,
as in this case their span is not even a dimension 2/ subspace, and likewise H evaluates to 0 if the columns
of M are not linearly independent. We note that F' and G are both basis invariant

Towards applying we want to first show that the pseudo-randomness of £ carries over
to F'. To this end we begin with the following lemma that simplifies the type of zoom-ins and zoom-out
combinations we have to consider when showing F' is pseudo-random.

Lemma A.17. For any (U,V),(X,Y) such that dim(U) + codim(X) < 2¢ and Zoom[(U, V), (X,Y)] is
nonempty, there are r' linearly independent columns of V, say v1,...,v. € [y and a subset of linearly
independent rows of X, say X" € IF;IX”, such that v’ < dim(U), s’ < codim(X) and

2
HF(U,V),(X,Y)H2 <2 E [F ([v1,..., 00, M']) | X"M' = 0],
M,E]F;LX(QZ—T/)
where [v1, ..., v, M'] € ngzz is the matrix whose first ' columns are vy, . . . , v, and remaining columns

are M.
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Proof. Let r = dim(U) and s = codim(X). First note that we can assume that the columns of U and V'
respectively are both nonzero and linearly independent. Indeed, otherwise say u; = 0, then either v; = 0, in
which case the ith columns of U and V' can be removed, or v; # 0 and Zoom[(U, V), (X,Y)] is an empty
set. Otherwise, if, say, v; = 0, then either u; = 0 and again we can ignored the ith columns, or u; # 0 and
Zoom[(U, V), (X,Y)] consists of matrices whose columns are not linearly independent. In this case F' is
identically 0 on Zoom[(U, V'), (X, Y)] and the statement is trivially true. Similarly, if the columns of V" are
not linearly independent, then Zoom[(U, V'), (X,Y")] consists of matrices whose columns are not linearly
independent, and again F' is identically 0 on Zoom[(U, V'), (X,Y’)]. Finally, if the columns of U are not
linearly independent, then either Zoom[(U, V'), (X, Y)] is empty or there must be some ¢ such that both u;
and v; are linear combinations of the other columns in U and V respectively, with the same coefficients. In
this case, we can remove the ith columns of U and V' without changing Zoom[(U, V), (X,Y)].

Now suppose that the columns of U and V' are nonzero and linearly independent, and let A € IFZZX% be

a full rank matrix such that the column vectors AU; =e; for1 <i < r.LetY’ € ng(%_r) denote the last
2¢ — r rows of Y A~1. We have
2
HF(U,V),(X,Y)H2 = E [FWM)|MU=V,XM=Y]
MeFp*2
= E [F(MA™Y)|MU=V,XM=Y]
MeFp*2¢
= E [FM)|MAU=V,XMA=Y]
MeFZLXZZ
= E [F([v1,... 0., M']) | XM =Y"].
M,GF'ZZLX(ZZfr’)

In the second equality we use the fact that I is basis invariant and in the last equality we use the fact that
because Zoom|[(U, V), (X,Y')] is nonempty, the matrix product X [vy, ..., v,| has the same first 7 rows as
Y.

To complete the proof, we show how to reduce to the case that Y is the zero matrix. First note that, using
the same reasoning as we did for U and V', we can assume that the nonzero rows Y are linearly independent

and the rows of X are linearly independent. Suppose that v, ...,y € Fgg_" are the nonzero (and linearly

independent) rows of Y, while the remaining rows are 3/, ,...,y; = 0. Let Y € IFZX(%_T) be the first

a rows of Y/, which are nonzero, let X’ € [Fg*™ denote the first a rows of X, and let X = Fg%*a)xn
(20—7)

denote rows a + 1 through s of X. Forany Z = (21,...,24) € IFZX with a linearly independent rows

let Ay € JFC(I%_T)X(%_T) be the full rank matrix such that YAy = Z. Then, for any linearly independent
Z1y.eey2q € ]Fg[*",

E [l o M) | XM =Y
M’GF;X(ZZ_T/)

= E[F([v1,...,0., M']) | X'M' =Y" X" M' = 0]
M/

= E[F([v1,...,v,, M'A;') | X'M' =Y", X" M' = 0]
M/

= E[F([vi,...,v,, M) | X'M' = Z,X"M' = 0].
M/

In the second transition, we used the fact that F' is basis invariant and multiplied its input by the matrix
whose top left » X r minor is the identity, its bottom right (2¢ — r) x (2¢ — r) is A;, and the rest of the
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entries are 0. Since the above holds for any Z with a many linearly independent rows, letting & denote the
event that X’ M’ has a linearly independent rows, it follows that

E [F([v1,...,v,, M) | XM =Y"] = J‘IEIJ,[F([Ul,...,UT,M’]) |EAX"M' = 0],

M,EFZX(2£7T’)

and

E [F([v1,.. v, M) | X"M"=0] > Pr  [E|X"M' =0
M,E]F;LX(QZ—T‘/) M’EF?X(QZ_T)

CE[F([vr, ..., 0 M) | EAX"M' = 0).
M/

Finally since Pr[E | X" M’ = 0] > % (as it is the probability of choosing a < 2¢ — r linearly independent
vectors in Fgé_r), we have,

|Fwvy,xcnlls = E  [F(v1,...,00,M']) | EAX"M =0]

x (20—7r")
M'€Fq "

<2E[F([v1,...,v., M) | X"M'" = 0],
M/
and the proof is concluded. 0

As an immediate consequence of [Lemma A.17|we have the following result.

Lemma A.18. If £ C Grassy(n,20) is (r,¢)-pseudo-random, then F' defined from L as in (34) is (r, 2¢)-
pseudo-random.

Proof. Fix any (U, V) and (X,Y) such that dim(U) + codim(X) = r. Using [Lemma A.17| there are
linearly independent vy, ..., v» € Fyand X "e IF;IX” with linearly independent rows such that

1Fwvy.xn s

<2- E [F ([v1,..., v, M']) | X'M' = 0]
MIGF;LX(2Z77J)
<2- E [F ([v1,...,v0, M']) | X'M" = 0,dim(im([vy, . . ., vr, M'])) = 2(]
M,E]an(fo'r’)
q
=2 Pr [im([v1,...,v0, M) € L] X'M" = 0,dim(im([v1, ..., v., M'])) = 24],
M,E]F"r;x(for’)

where in the second transition we are using the fact that F'(M) = 0 for all M such that dim(im(M)) < 24,
and in the third transition we are using the definition of F'. We will bound the final term by using the
pseudo-randomness of F'.

Choosing M’ € IF;LX(%_T,) uniformly conditioned on XM’ = 0, and dim(im([v1, . . ., v, M'])) = 24,
we claim that im([vy, ..., v,, M']) is a uniformly random 2¢-dimensional subspace in Zoom|Q, Q) + H],
where H is the codimension s subspace that is dual to the rows of X’ and Q = span(vs, ..., v,). To see why,

first note that it is clear im([v1, . .., v,, M']) € Zoom[Q, Q + H]. Additionally, each L € Zoom[Q, Q + H|
has an equal number of M’ € F?X(%*r ) such that

L =im([vy, ..., v, M']),
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and therefore has an equal chance of being selected. It follows that choosing M’ € FQX(%_T/) uniformly

conditioned on X'M’" = 0, and dim(im([v1, ..., v,, M'])), im([v1,...,v,, M']) is a uniformly random
2¢-dimensional subspace in Zoom|[Q, @ + H]. As a result,

1wl

<2 Pr [im([v1,...,v, M) € L | X'M' = 0,dim(im([v1, ..., v, M'])) = 2/
, —mnx (20—r")
M'elf,
=2- Pr L € L]
LeZoom|[Q,Q+H]
< 2,

where in the last transition we use the fact that the set of subspaces L is (r, €)-pseudo-random and dim(Q) +
codim(Q + H) <r'+s<r. O

The next lemma shows that the value of the probability of interest in is not much larger than
the value (T F, G):

Lemma A.19. We have

Pr [Le L,ReR|<2(TF,G).
LeGrassqg(n,20),ReGrassy(n,2(1-6)¢),LOR

Proof. We have,

(TF,G) = E [F(M)-G(MA) | rank(A) = 2(1 — §){]

Manng AE]erxz(l 8)e
> Afjl;x[rank(M) =20, rank(MA) = 2(1 — 0)¢ | rank(A) = 2(1 — §){]

A[F(M) -G(MA) | rank(M) = 2¢,rank(M A) = 2(1 — )¢, rank(A) = 2(1 — §){]

E
;J\/I[EA[F(M) -G(MA) | rank(M) = 2¢,rank(M A) = 2(1 — )¢, rank(A) = 2(1 — §){]
;A/I[EA[F(lm(M)) -G(im(MA)) | rank(M) = 2¢,rank(MA) = 2(1 — 0)¢, rank(A) = 2(1 — §)/].

To finish the proof, notice that in the conditional distribution (im(M),im(M A)) in the last term, im(M/) is
a uniform L € Grass,(n, 2¢) and im (A A) is a uniform R € Grassy(n,2(1 — §)¢) such that R C L. Thus,
the final expectation is exactly the probability

= Pr [LeL,ReR]
LeGrassg(n,2¢),ReGrassy(n,2(1-6)¢),LDOR
Therefore, )
p
F.G) > - F(L)-G(R)|LDR| == O
(TF.G) > 5 | [F(L)- G(R) | L2 B) =

We now prove [Lemma 2.3|by combining [Lemmas A.T8|and[A.T9]
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Proof of[Lemma 2.3] Take L C Grassy(n,2¢) and R C Grassy(n,2(1 — 0)¢) with fractional sizes « and
[ as in the lemma statement. Using these sets, define the associated functions F' € Lo (FQX%) and G €

Loy (IFZXQ(I_‘S)Z) as in (34). It is clear that

2 2
IF; <o, IG5 < B
Furthermore, by we have that

Pr{Le L,ReR|<2TF,G).

LDR
By|Lemma A.18| F' is (1, 2¢)-pseudo-random, and applying|Lemma A.16|we get that
PriLe L, ReR|<2ATF.G) < WpT e +q7 /ab. O

A4 Proof of Lemma 2.4

We will show that if a set of ¢/-dimensional subspaces £* C Grass, (W, ¢') is pseudo-random, then it must
“evenly cover” the space TV in the sense that there are very few points z € W such that . (L£*) significantly
deviates from p(L£*). We will require the following result from [EKL24].

Theorem A.20. [[EKL24, Theorem 1.14] If F € Lo (FZ”/) is a Boolean function which is (1, e)-global,
then for all t that are powers of 2, we have

HF:1H§ < q460t HF”ggle/t.
We are now ready to prove

Proof of[Lemma 2.4 Let dim(W) = n, let F’ € Lo (Fg“') be the function associated with £* given by

1 if span(xy,...,z9) € L*,

Plor....o0-{

0 otherwise.

By Lemma , F'is (1, 2q’3£l77)—pseudo—random. For any point z € W, we have

/‘LZ([’*) = E [F,('Ila s ,l’g/_l,Z) ‘ dim(span(zl, s 7$f’—17’z)) = El] )

Ty Tpr _1EW

so it follows that

/ qEI / 2 qe/
p(L*)— E [F (21, .. ,:ngl,z)]‘ < -— and ‘u(ﬁ*) - HF HQ‘ <
T1yeeyTpr_q q q
Thus p
E [Flen,...ozo,2)] = |F)3) = (L) — e - L (35)
L1, Tyl _q q
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We will now relate this quantity to the level 1 weight of F”. Note that

E [F'(ml,...,:cg/_l,z)] = Z F,(S) E [Xs(xl,...,xg/_l,z)]
T1yeeesTpr _q T1yeesTpr _q
S:(Sl,...,SZ/)EW
. 01
= Y F(S)xs() [T Elxsi (@il
S=(s1,...,801 ) EW =1 "
Now note that E,, [xs,(x;)] = 0 if s; is not the zero vector, and Eg, [xs, (x;)] = 1if s; is the zero vector.

Thus,
E  [Flz,...,00-1,2)] = F(0,...,0)+ > F(0,...,0,a)xa(2),

Tl Tpr _q

and using the fact that f?\’((), ...,0)=E[F] = ||F/||3,

2
2
) oy
( E [F'(ml,...,w1,z>]—HF’H2) = > F0....,00)x()
FLbel—1 aeW,a0
Therefore, we get by (33) that
2 VA
* 2 / /112 q
E (L) =< E || E  [Fllon...oeo,2)] =[] | +5
2eW 2EW | |@15ees@pr q
2
— qél
<E Y F(0,...,0,a)xa(2)| | +55

We now examine the summation in the last line. Since F” is basis invariant, using [Lemma A.8| we have that
forall oy, ..., ap € F, that are not all zero,

ﬁ(ala,...,ag/a):ﬁ\’(O,...,O,a).

It follows that

2 2 1 2 2 HFI:ng
Z [£7(0,...,0,a)| -1 Z [F(S)] =1
a€W,a#0 rank(S)=1
Using [Theorem A.20|along the fact that F” is (1, 2qCéln)—pseudo—rand0m, we get
Fr=1]? ¢ 461t et 2—2
E [([Lz(ﬁ*) _77)2] < H HZ +5q7 < q a1

ZEW q(/ _ 1 qn ~X qél _ 1 Y

for any ¢ > 4 that is a power of 2, where we also used the fact that HF’H% < 2u(L) < 27 by
By Markov’s inequality it follows that

7‘ 772 _ 100q461tqcfl 2< 100q461t ) gz )

nU100 ST Ee TS e S 100
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In the third term, we set C : g’ and use the fact that ¢/ > ’SE, son = q_% > q_ce,. Then for the last

transition we take ¢ to be the smallest power of 2 that satisfies 1 — ¢ + ? > %, and use the fact that ¢, and
hence ¢/, is sufficiently large. Dividing by 7 finishes the proof. O

B Proof of

In order to prove [Theorem 5.2] we will find the subspaces @) one at a time by using We
maintain a list Q of all @’s collected thus far. Each time a new subspace () is added to Q, we randomize
the assignment 77 [ L] for all 2¢-dimensional L D @). At a high level, the effect of this randomization is that
there is only a little agreement between any linear function and the assignments on subspaces containing (),
thus these entries are essentially “deleted”.

Formally, we construct the set Q of subspaces as follows. Initially set Ty =T, Q=0,and X = 0.
Recall that initially T 1 and T5 are e-consistent for € > 2¢~ 2¢(1-10008)  While T} 1 and Ty are at least £/2-
consistent, do the following.

1. Let @ C W be subspaces guaranteed by|[Theorem 5.1} That is, @ and W satisfy dim(Q)+codim(W') =
r and there exists linear go w : W — [, such that

P = T L C L C W 2 /:: 72(1,100052)‘6'
LGGrasg(n,M)[gQ’W‘L 1[ ] ’ Q = C ] e q

2. Set Q@ + QU{Q}.
3. SetX « XYU{L|QCLCW}

4. For each L € X independently, choose Ty [L] uniformly among all linear functions on L.

We have the following claim regarding the re-assignment phase.

Claim B.1. With probability at least 1 —e~U4") over the random assignment T, for every pair of subspaces
Q C W such that diim(Q) + codim(W) = r and pg w (X) > q~%, and every linear function gg w : W —
Fy, we have

P =T,[L]] < "%
LeX’LEzngN[QW][gQ,W\L L] < ¢

Proof. Fix Q, W, go.w such that dim(Q)+codim(W) = r and ugw (X) > ¢~ %. Let A = Zoomg[Q, W]N
X and for each L € A, let Z, denote the indicator variable that takes Value Lif gowlL = = Ty[L] and 0
otherwise, where 7} is the randomly chosen assignment over X'. Over randomly chosen T}, the expectation

of Zy is q 20 5o by a Chernoff bound, we have
prl L S 71> gt | < A
7 | M=

By assumption, |A| > ¢ 2 |{L € Zoomy[Q, W],dim(L) = 2¢}| > ¢~ *¢2¢=")(=r=20  Thys, using a
union bound over all Q, W, go,w, the probability that there exist a bad triple is at most,

_ 74€+2q(227r) (n—r—2¢) /6

(r+1)¢""q"e™? < e~ ™), O
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We now analyze the process. Note that when we find a new triplet (L, @, go.w ), then by Chernoff’s

—Q(q*)

bound with probability 1 —e over the randomization step, the probability Pry¢grass, (n,2¢) lgow|L =

T [L] | Q € L C W] drops from at least ¢’ to at most ¢' 2. In that case, the measure of X’ increases by at
least
(8/ _ qlf%)qfrn > qfO(rn).

Doing a union bound over the steps, it follows that with probability 1 — e*Q(qen)qO(m) =1—o0(1) the
process terminates within ¢©(™) steps.

Note that it is possible that the same subspace @ is added multiple times (with different zoom-outs) in
the process above, so we clarify that Q is considered as a set without repeats. Also note that with probability
1 —o(1), foreach Q € Q, W and gg w found in the process it holds that

lgowl =Ti[L] | QCLC W] > =¢ (36)

N | =

Pr
LeGrass(n,20)

(the point being is that the agreement now is compared to the original 77 and not to ﬁ). Indeed, considering
the step Q, W and g¢ w were found, go i had agreement at least ¢’ with T on Zoomy,[Q, W] at that point,
and by Claimwith probability 1 — e~ 4™ at most q' 72" < £'/2 of that agreement came from L € X.
Thus, by union bound over all of the steps, with probability 1 — qo(m)equ((") = 1—o0(1) it follows that (36))
holds for every @, W and g w found throughout the process.

The following claim shows that at the end of the process the number of ()’s found in the process is large,

thereby finishing the proof of

. . . 2 .
Claim B.2. There exists some 0 < 11 < r such that Q contains at least a q 5¢ ~fraction of all r-
dimensional subspaces.

Proof. At the end of the process, the consistency has dropped by at least €’ /2, so the probability over edges
(L, R) that L was reassigned must be at least £’/2. For each 0 < 71 < r, let N,, be the number of @ of
dimension 71 in Q.

For each () of dimension 71, the fraction of 2¢-dimensional L’s that are reassigned due to () being added
to Q is at most the fraction of 2¢-dimensional subspaces that contain (). This is,

)
20 — 1y . qn(2£fr1) 2

[n] = q2£(n—2€) -
20
q

—rin

It follows that there must be some r; such that NV, q4€2_”” Z 5 0 =

2GF1)? and rearranging gives that

e

N, > rln/ —502 | .
" 2(r+1)q4€2q 1 mj,

—5¢2

Thus there exists an r; such that O contains at least a ¢ -fraction of all r1-dimensional subspaces. O
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C Proof of

Fix a question U to the first prover. Recall from (7)) that we set
- q2(1+C)£ and B — q—2(1+20/3)f

—100¢100

where 0 < ¢ < 1 is some small constant close to 0 and set n = ¢ . Let us recall the distributions D

and D', as well as
D:

e Choose x1,...,Ty € FqU uniformly.

Output the list (21, . .., Ta7).
D'

* Choose V' C U according to the outer PCP.

* Choose i, ... 2}, € IF;/ uniformly, and lift these vectors to Fg by inserting 0’s into the missing
coordinates.
¢ Choose wy, ..., wey € Hy uniformly, and set z; = x} + w; for 1 <@ < 2/.

* Output the list (z1,...,22).

Lemma 5.5. There exists E C (]Fg)% such that both D(E) and D'(E) are at most *°, and for all
(z1,...,290) ¢ E we have
D .
0.0 < D@neem) g
D (3}1,... ,.1‘25)
Proof. For x1,...,290 € F'U‘, let us view x1,...,x9, as the rows of a 2¢ x 3k matrix, and split the

columns of this matrix into k& blocks - each consisting of 3 consecutive columns. The three columns of
each one of these k blocks correspond to the three variables coming from one equation of the outer PCP.

Let s(x1,...,x9) be the number of blocks where exactly two of the columns are equal, and set p =
3¢2¢ — 3¢~ to be the probability that a fixed block has exactly two columns equal to each other. The

intention is that s(z1, . . ., x9¢) equals the number of equations where we drop variables in the outer PCP.
Let s'(x1,...,x2) be the number of blocks where all 3 columns are equal, and let p’ = g% be the

probability that a fixed block has all three columns equal. We define the sets E, Es, E as follows:
20
By = {01, wa0) € (FY)™ | Is(wr,...,wa0) — pkl > 50y/phlog(1/m)} (37)
20

Fy — {(xl,...,m) e (BN | & (a1, w00) > 5100}, (38)

and £ = F1 U F5. We first argue that the event F has small probability under both D and D’. Note that
Els(@1,..,o)] =pk and  Els(@1,...,o2)] = (1= B)pk+ B = g )k,

and in particular,

21;3/[8(331, -y w20)] — pk| < Bk.
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By a Chernoff bound,
D(E1) =Ex [\s(arl, -y 90) — pk| > 504/pk 1og(1/n)} <,

where recall that n = q‘loogwo. Also, by our setting of 8k, we have Bk = ¢2¢*/3, while pk = Q(g**), so
the same Chernoff bound holds for D’:

D'(Er) = Py [|s(w1, . wag) — pk| > 501/pk 1og(1/n)} <.
For the event F5 we have,

k
D(Eg) — %r[s'(xl, o 730%) > 5100] < (glOO)p,ZIOO < (k‘p,)emo < 77100’

where in the middle term, the first factor is the number of ways to choose ¢'°° blocks and the second factor
is the probability that all of these blocks have all three columns equal. Similarly,

elOO

k 1 100 B £100
D'(Ep) = Pr[s' (w1, w20) > (1] < (6100) <(1 — B + ﬂq%> <k (2q “) < 0,

Putting everything together, we get that

D(E) < D(F)) +D(Ey) <n* and D/(E) < D'(F))+ D' (Es) < n'. (39)
We next show that the probability measures D and D’ assign roughly the same measure to each = ¢ E.
Fix (x1,...,29) ¢ E. Itis clear that D(x1,...,z9) = ¢ 2¢3%, where we use |U| = 3k. Let s =
s(x1,...,290) and 8" = §'(x1,...,x9). Then,

/

S
D' (w1, w20) = (1= Bg ) ((1 ~ B + §q—“) (1= B)g % + pg~1t)’
S

= q 21— gk (1 - B+ gq%) (1- B+ B (40)
In the first equality, the first term is the probability of choosing the blocks that have three distinct columns.
Then, (1 — () is the probability that no variables are dropped, and q 329 s the probability of choosing
those three particular x;’s in that block. The second term is the probability of choosing the blocks that have
exactly two equal columns. Then, (1 — )q_g(%) is the probability of having no variables dropped and
choosing the three x;’s, and gq*‘w is the probability of first having the variable dropped in the column that
is not equal to the other two, and then choosing the correct values for the remaining two column values. The

third term similarly corresponds to blocks that have all columns being equal.

We start by showing

D' (z1,...,2)

>
D(z1,...,T) -

1
1.1
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Using (0),

D/(ﬂ’jl,..,,l‘%) _ _ \k—s—§' _ ﬁ 2/ ° _ 20\ s’
m_u B) (1 B+34 ) (1-8+8¢)
2(1_/8)]678 <1_5+§q2ﬁ>

=(1-p)ks <1+,6 (qj — 1))

> (1 Bk~ 5)) <1+ﬁs(‘§é—1))

el
where in the fourth transition we use the bound (1 + 2)™ > 1 + nz which holds forall n > 1 and z > —1.
Now write s = pk — v and let us analyze the last line. Plugging this in and using the definition of p we
get that

20 20 20 20
q

1—Bk+LBSZ l—ﬁk—l—q—ﬁ(pk‘—v) =1-pk <1—qp> ——pv = 1—ﬂkq_2£—q—2€ﬁv (41)
3 3 3 3 37

Hence, plugging in our values for 3, k and p, we get

D@y, -oost2t) o Bkq™2f - qﬁﬁu oy eveetys 4

D(z1, ..., Ta0) 3 !

1
> PEER!
3 1.1
In the last transition we use v < 501/pk log(1/n) < ¢(ct°()¢ (where above and henceforth the o(1) terms
are as £ goes to infinity) and the fact that / is sufficiently large.

For the other direction, we show
D/(acl, e ,(L‘Qg) < =
D(x1,...,09) 0.9

in nearly the same fashion. First note that

1= B+ 82\ _ (18462
1-8 h 1-8

1

(42)

Il
/N
—

+

@
)

R
N~
/N
—

+
2
=

By (@0), we have
D/(l‘l, ey .%'2()
D($1, NN ,33‘2()

=(1-p) (1 — B+ gq% (1 -8+ Bg)"
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where in the first transition we used ([@2)), in the fourth transition we use the fact that 1 + z < e®. Writing
s = pk -+ v and using @T)) (but with +v instead of —v) and v < O (¢(¢/2+°(1))¥) we have

D' (x1,...,29)
D(x1,...,2T)

1

O
0.9

< (L+o(1))exp (—ﬁkq‘” + fﬁv) < (1+o0(1))exp (o(q—cf/?’—o(l))) <

D List Decoding Bound

In this section we prove [Lemma 5.25| which is a direct consequence of the generic list decoding bound
of [GRSO00]:

Theorem D.1. [GRS00, Theorem 15] Let C C XN be a code with alphabet size M := |%|, blocklength N,
and relative distance 1 —+. Let § > 0 and R € XN, Suppose that C1, . .., Cy, € 2N are distinct codewords
from C that each differ from R on at most (1 — §)-fraction of entries. If

>+\/ - — 1—M>

1
(0 —1/M)* = (1 = 1/M)(y = 1/M)’

Proving is simply a matter of translating to the notation of[Theorem D.T| and below are the
details.

then

m <

Proof of[Lemma 5.25] Let ¥ = Fg“” and write () as ) := span(zy,..., 2, ). Define a code C C
{(P: W21 Fge_“} consisting of P : W2~ — Fgé_” such that there exists v € W satisfying

P(z1,...,290—p) = (V-21,...,0 Top—p,)

forall x1,...,290—y, € W21,

Note that for distinct v, w € W we have that v - x = w - x for at most 1/¢-fraction of z € W. Thus,
the relative distance of C is 1 — ¢~2/*™1. We would like the table T" corresponds to a word, say P’, and
fi,- .., fm correspond to m codewords in C, say C1, ..., C),. A slight issue is that 7" is only defined over
2(-dimensional subspaces of L € Zoomy[Q), W], while P has an entry for every (2¢ — r1)-tuple of points
in W. To resolve this, note that nearly every (2¢ — r;)-tuple of points combined with z1, ..., z, span an
L € Zoomy[Q,W]. Thus, define P as follows. If (z1,...,2r,,21,..., T2, ) are linearly independent,
then let L be the span of (21, ..., 2, 1, ..., %2, ) and define

Pl(z1, ... x90-r,) = (T[L](x1), ..., T[L)(220—,)) -

Otherwise, define P’(x1, ...,z ) arbitrarily. Note that the fraction of tuples (1, ...,z ) such that
(#1,.-.,2r,,®1,...,To_y, ) are not linearly independent is at most,
2¢ i—1
q 20—
Z qn < q n’
i=ri1+1
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so nearly all of the entries in P’ correspond to table entries in 7". For the functions f1, ..., f,, we define C;
corresponding to f; by
Ci(xl, e ,:L’gg,rl) = (fl((El), ey fz‘(mgg,n)).

As each f; agrees with T on at least S-fraction of the entries, we have that P’ and C; agree on at least
[-fraction of the entries (z1,...,x9_y,) such that (21,...,2,,21,..., 22—, ) are linearly independent,
o)

p

MP.C)<1=B-(1-¢"")<1-3

for each 1 < ¢ < m. Finally, note that the alphabet size of C is ‘FZE_”’ =q . To bound m, we can

apply [Theorem D.1{with § = & > ¢ 2471 4 ¢ M = ¢ and v = ¢~2*"1. We first note that the
condition of [Theorem D.1lis indeed satisfied:

20—1q

6> q 2 4 g > g2 4.

Thus [Theorem D.1|implies that m < ;%. O

E Missing Proofs from Section

This section contains the missing proofs from[Section 8| and we begin by recalling some notation. We recall
the notation p1x w, ftx o, and jio w from (). Throughout this section, for a subspace L and a set of constant
codimension subspaces W, we use the notation Nyy(L) = |{W € W | L C W}| from (13).

Let us also recall the setup in We have the following items:

* § > 0 is a fixed small constant, ¢ is taken sufficiently large relative to 1/4, r is a codimension
parameter and is at most 10/4, and

£:= 65, §y:=£/100, ti= (22+10/52)! :

« W, ., is the ambient space and has dimension at least n — 10/d. Also, n > 21004 and ¢ is thought of

as going to infinity relative to 1/4. Broadly, we just want that n along with the dimension of W7 " is
“much larger” than £.

!

amb> Where

e W = {Wi,..., Wy, }is a set of t-generic subspaces of codimension s with respect to
s<r,and m; = q75’“£5_1.
* T is atable defined over Grass(Fy, 2¢) 2 Grass(W]

amb>
and thus focus on 7" over Grass(W, . 2¢).

20). For this section, we mainly work in W/

* For each i € [m1], we have a linear function f; : W; — F such that

P |, =T[L)] > C > ¢ 20791,
L€GrassI&W,2Z)[f ‘L [ H 1

We are now ready to move onto the missing proofs for[Section 8
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E.1 Proof of

This subsection is devoted to the proof of which is restated below for convenience. We recall
the following definitions for a subspace X (of dimension less than 2¢) and a linear assignment o to X:

Lx = Zoomy[X, W) and Lx,={L € Lx |T[L]|x =0}

Also,
Wx ={W, e W| X CW;} and WXVU:{WiEWX’fi‘XEJ}.

Finally, for the remainder of this subsection, we remind the reader that v = 1079 is a small constant and
C > ¢ 20-9¢ and ¢ > 0 is the small constant fixed at the start of (and recalled at the start of

Lemma 8.1. There exists a 2 (1 — g) {-dimensional subspace X and a linear assignment, o, to X, such
that the following hold:
® ,U/X,O(L:X,o) 2 %
¢ Wiol > 2.

* Choosing L € Lx , uniformly, and W; € Wx , uniformly such that W; 2 L, we have

LP,)vf/i[fi‘L Z T[L]] < 5.

For each 2 (1 — %) ¢-dimensional subspace X and linear assignment, o, to X, let us define

DX, = WiEPV{)XJ [L € Lxo A filr # TIL]], 1X,0 = WiePVEXJ [L € Lx o],
LeZoomy[ X, W;] LeZoomy[ X, W;]

where in both probabilities X and o are fixed, and W; € Wx , is chosen uniformly and L € Zoomg[ X, W;]
is chosen uniformly. The intention behind these values is that for a fixed (X, o), the quantity px , should
reflect how much disagreement there is between the table 7" and the functions f; for W; € Wx ,, on
subspaces L € Lx ., while gx , should reflect the size of Lx ,. Note thatif L € Lx , and W; € Wx,,
then by definition we already have f;|x = T'[L]|x = o. Therefore we would expect that in fact f; and T[L]
also agree on L (since it is only larger than X by {/ dimensions), meaning that we expect px , to typically be
small. Also, for each W;, there are at least a C-fraction of L € Grass(W}, 2¢) for which f;|;, = T[L], so we
would expect gx , to be 2(C') for a non-trivial fraction of (X, o). In the following claim, we formalize this
intuition and show that there indeed exists an (X, o) for which px , is small, gx , is large, and additionally
the set Wx , is large.

Remark E.1. The idea of looking for such (X, o) was first introduced in [IKWI12|] where they call these
(X, 0)-excellent and was used again in [[BDN17, IMZ23] to analyze lower dimensional subspace versus
subspace tests, which is similar in spirit to what we are ultimately trying to show in

Claim E.2. There exists (X, 0) where X is a 2 <1 — %)-dimensional subspace and o is a linear function

on X such that:

s my = [Wx,| > q%iz-
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2|Q

* X0 =
®* PX,o < Y 4X,o-

Proof. Consider the following process which outputs W;, L, X, o such that W; is uniform in W, L €
Grass(W;, 2¢) is uniform, X € Grass (L, 2 (1 — %) E) is uniform, and o is the assignment of f; to X,

Leo = fz‘ X.
1. Choose (X, o) with probability proportional to [Wx 5|.
2. Choose W; € Wx » uniformly.

3. Choose a 2¢-dimensional subspace L uniformly conditioned on X C L C W;.

Notice that the marginal distribution over (WW;, L) above is equivalent to that of choosing W; € W
uniformly and L C W; uniformly. Furthermore, in the distribution above, conditioned on an L, X C L is
also uniform. Moreover, f;|;, = T'[L] only if L € Lx, as f; and T'[L] must agree on X C L in order to
agree on L. Therefore,

1
XH?U[(JX,J] > WieVl\?,rLQWi[fi‘L =TL|>C> 200" (43)
On the other hand,
1
< |y = )
E [pxo] < Prlfilx = TILIx A file # TIE] < gy (44)

Here the distribution of (X, o) is proportional to the sizes [Wx | and the second inequality is by the
Schwartz-Zippel lemma. Indeed, by the Schwartz-Zippel lemma, if f;|;, and T[L] are distinct then they
agree on at most 1/g-fraction of points z in L. Therefore, the middle term is bounded by the probability that
2(1 — £/2)¢ uniformly random, linearly independent points are all chosen in this 1/g-fraction.

Then,

E [4x.0 — 1Px.0] = C T > 0.99C

X.o - 2O-g/2e
By Markov’s inequality, we get that for at least (0.49C)-fraction of (X, o) we have, ¢x » — VPx,0 = %
and hence for at least (0.49C')-fraction of (X, o) we have both gx » > C/2 and px » < V¢x,0-

Next we wish to argue that for most of these (X, 0)’s, [Wx | is large. First note that the total number

of (X,0)’sis [2

’

q2(1_g)£ . For a fixed (X, o), the probability that it is chosen is precisely,

@ e,

my [ n—s ]

2(1=¢/2)¢ .
Therefore,
[ n el
2(1-¢&/2)¢
m 1 q 1 are 20 1
;};_ |:|WX,O'| < q10T€:| < quT‘f : |: n—r :| < quTg - q q < q5r£- (46)
21— €/2)¢],
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In the first transition we union bound over the probability of choosing (X, o) for all (X, o) such that
Wx »| < q’{‘ﬁ. Using (@3)), this probability is at most,

1 1 1 1
q1ore ) n— s = glorl ’ n—r
[2(1 - 5/2)4 , [2(1 - 5/2)6] ,

for each (X, o) (recall that s < r), and we have to union bound over at most [ 21 _n £/2) 6] q2(1*§)€ many
q

(X, 0)’s. Altogether, it follows that with probability at least

1
0.49C = 55 > 0,

over (X, o), we have, gx o > T, px,o <77, and |Wx ,| > %, which establishes the claim. O

Taking the (X, o) given by |Claim E.2| almost works for However, notice that while the

probability of interest for the third item there looks similar to px ., it has a different distribution over L and
W;. Indeed, in one first chooses L € Lx , and then W; € Wx , containing L, whereas for
DX,o, We are first choosing W; € Wx , and then L C W; (and in particular we do not condition on L being
in the set Ly ). Intuitively, we expect the following three quantities to be roughly equal

PX,o
P ; TIL|W; D L| = P ; TILI| L eL ~
Lecx,ml/ll;iewx,a[fzu #T[L] | W; 2 L] WieWX,(I;,LgWi[fAL #T[L] | L € Lx,] X0

Once we establish the above, the third item of [Claim E.2| yields z ;(’” < 7y, which completes the proof

of Thus, the bulk of the transition from |[Claim E.2] to [Lemma 8.1]is in converting from the
distribution used in px , to that required by the third item of without losing too much. The rest

of the argument is devoted to this goal.

Proof of[Lemma 8.1} Fix (X, o) from [Claim E.2| and define Wx , and Lx, accordingly. Let my :=
Wx o > %. In order to lower bound pxo(Lx ) We use on the collection of sub-

spaces Wx , with parameters j = 2/, a = 2 (1 — %) ¢. Indeed, consider the measure vy, , over

Zoomgyy[X, Wa’mb], which, recall, is obtained by choosing W; € Wx , uniformly and then a uniform sub-

space in Zoomy[ X, W;], and note that this measure is precisely the measure corresponding to ¢x . Thus,

applying we get

3q2¢¢ 3¢2¢¢ _ C
o E o 2 £ o) = o 2 n
/‘LX, ( X, ) VWX,J( X, ) m QX7 \/7772 6

Define 7 := gx, sothat 7 > C/2 and px , < 7 - 7. Note that the first two conditions of are
already satisfied, so it remains to check the third condition.

To this end it will be helpful to have in mind the bipartite graph with parts Wx , and Lx , and edges
(W;,L)if L C W;. Foreach L' € Lx and W, € Wx ., define the following degree-like quantities:

* Ny, (L) == {Wi € Wx,o | Wi 2 L'},
s er = ’{Wz S WXJ | W; D Llafi|L/ =+ T[Lq}’,
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e di:=|{L€Lx,]|LCW},
c e =[{L€Lx,|LCWflL#TIL}

Note that the first quantity is the same as in (I3). We alsolet D = |{L | X C L C W,;,dim(L) = 2/},
where the WW; € Wx , is arbitrary (the value is the same regardless which we pick). Then we clearly have
that Erecy [Nwy , (L)] = % and the probability that we are interested in can be expressed as:

er,
P i TiL||LCW;| = —_— .
LEEX,JaWriGWX,o[fl|L 7Bl L W] LE%X,U [NWX,U(L)]

Since gx» = 7 and px , < 7 - T, we have

o D= Y N (= Y dmmy Do

LeLx » WieWx &
and
Pxo-ma-D= Y ep= > e<my-D-y-T. 47
LEﬁX,o- WiGWX,o'
: D D 1
By|Lemma 5.21} along with the fact that Erecy [Nwy , (L)] = 7\722;(\ » and the very loose bound 7= > 77,
we have

0.9 - maD 101¢7¢¢
Pr |V L) <09 N, L) = Pr | N L) < < . 48
Legxl W (D) <09 B [Ny, >1] B [ M () < 25 D
We conclude that
€er, 0.9- mo - D:| [ €r, :|
E || < Pr |V L)S ——— |+ E
LeLx,, [NWX,U(L)] LeLx o [ W (L) |Lx| LeLx,, [0.9-ma-D/|Lx|
101¢™¢ /meo P [ er, ]
S Prrecy|L € Lxo]  Lelx, 0.9 -mo-D/|Lx]
101" /my er|Lx|
e Lely, [0.9-my- D
606¢"* mo-D-~v-7 |Lx|
= mQ‘O O.Q'mQ‘D |['X,0'
r-f
< 606¢ n T 3
mo - C 09 7
<57,
where in the second transition we used (48)) and in the fourth transition we used @7). O

E.2 Proof of

Take the X, o, E’XJ, and Wx  from|Corollary 8.2} and recall W/ is the ambient space and 0o = 16—0. We

next recall a few notations: for a zoom-in A and zoom-out B such that X C A C B C Wa’mb, we write
W b =A®Wamboand B=A® W, where W . C Wymp,0. Now define

amb?

Wia g = {W7 | 3Wi € Wy, st Ae W = Win B}.
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It is clear that each W} € W[*A B] is contained inside of some W; € Wx ,, so for each W, we may define
= fi|W;. If there are multiple such ¢, we choose one arbitrarily to define f. With this in mind, we

restate

Lemma 8.3. Keeping the notation above, there is a zoom-in A and a zoom-out B inside of the space W,
such that the following holds. There exists a collection of subspaces W* = {W7,... W} _} C W[*A B] of

codimension s with respect to W . a dimension 0> gﬁ, and a set L* C Grassq( b "), such that the

ollowing items hold for the table Ty, which assigns linear functions to L € Grass * ) as follows
q

amb’
Tg/ [L] = T[A @ L”L

L p(Lr):=n=> 1%, where the measure here is over Grassy(W}._ . £').

2. The set L* is (1,q%n)-pseudo-random.
3. Each W} has codimension s < r inside of W7,
has codimension at most 10/d2 with respect to W .

W* is 4-generic, with respect to W, and W7,

4. The size of W* satisfies
—10s/d2

m .
2 q2 < mg < mao.

5. Foreach W} € WY, there is a linear function f : W} — F, such that the following holds. For every
L € L%, choosing W} € W* uniformly such that W} O L, we have

P *|L # Ty[L]] < 14.
Wi*QL,Wl;i*eW*[fl L # Ty [L]] < 14y

6. Forevery L € L*,
0.8 *Pp1-Mm3 < Nw*(L) < 1.2 *p1-ms,
where Nyy« (L) is as defined in (13)), and

p1i= Pr [L C W],
LeGrassq(Wr .2

for an arbitrary W C W3, of codimension s.

The following result finds the zoom-in and zoom-out pair as required for modulo a few
minor alterations.

Lemma E.3. We can find a zoom-in A and a zoom-out B such that X C A C B C W/

amb» SUCh that the
following hold.

* dim(A) 4 codim(B) < dim(X) + 32.

* The set of subspaces L' := L' , N Zoomyy[A, B] satisfies 1 := jia,p(L') > 1% and L' is (1, ¢%"n)-
pseudo-random [11]

"By (1, q52en)-pseudo-rand0m in Zooma,[A, B] we mean that £’ does not increase its fractional size to q°2“n when restricted
to any zoom-in containing A or any zoom-out contained in B.
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Proof. Set Ay =X, Ly=Lxq Bo=V,andny = pxo(Lx,s) > % Now do the following.

1. Seti = 0, and initialize Ag, Lo, Bo, 9 as above.
2. If £; is (1, ¢°2*n;)-pseudo-random inside of Zoomyy[A;, B;], then stop.

3. Otherwise, there exist A C B such that, A; C A C B C B;, dim(A) + codim(B) = dim(4;) +
codim(B;) + 1, and pa (L) > q%2tn;.

4. Set Ai+1 = A, By = B, ,CiJrl =L;N Zoomgg[Ai+1, Bi+l], and let ;1 1= KA 1,Bis1 (»Ci+l)'

5. Increment ¢ by 1 and return to step 2.

Suppose this process terminates on iteration j. We claim that taking £’ = £;, A = A;, and B = Bj,
satisfies the requirements of the lemma.
First, note that by construction 7,411 > q‘s?em. Therefore, we perform at most {%-‘ < (15—[2) iter-
10

ations before stopping, so j < & . By construction £; is (1, ¢°2‘n;)-pseudo-random in Zoomsy[A;, Bj]
and has fractional size 1; > uxo(Lx,s) = 1% in Zoomy[A;j, B;|. Moreover, dim(A;) + codim(B;) =

dim(X) + 7 < dim(X) + (1;—2, so the conditions of the lemma are satisfied. O
Take A, B and £’ given by [Lemma E.3| as well as Wx , from We are now ready to prove
Lemma 8.3

Proof of[Lemma 8.3] With A and B set as above, we now construct the £*, W*, that satisfy
Let W7 . be a subspace such that A @& W} = B, set ' = 2¢ — dim(A), and let

amb
L* ={L* € Grass;(Wp,0') | L* ® A e L'}

For each L* € L*, let L' denote the corresponding subspace such that A & L* = L' € L'. Note the
correspondence,
L*elr+— L =AapL*c [, (49)

is a bijection between £* and L’ because every subspace in £’ contains A. Abusing notations we let T
denote both the original table on 2/-dimensional subspaces, as well as the new table on Grass(W7 . ¢'),
given by T[L*] = T[L']| 1+ for each L* € Grass(W, ., ¢'). It will always be clear, based on the argument
in T'[-], which assignment we are referring to.

We obtain W* in a similar way as £*, however, some care will be needed to ensure that it is 4-generic.
Starting with Wx ,, we set

Wx.or ={W € Wx, | 3L € L',W D L}.

That is, Wx ¢/, consists of the subspaces in Wy , containing at least one L € L'. Since A C L for
all L € L', we are guaranteed at every W € Wx , 0/, contains A. Now, take the collection of subspaces
{WNB|W &€ Wx,gq}. This collection may not be 4-generic, and moreover may even contain duplicate

subspaces, but we take WW* to be its largest subset that is 4-generic with codimension s with respect to B
(note that being 4-generic implies that every subspace is distinct). Finally, set

W = (W} C Wiy | A@ W e W,
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and set mg := |[W*|. For each W}, choose an arbitrary W; € Wx , such that W = W; N B and set
[ := filwy. Summarizing, we have the following chain of relations, which took us from Wx , to W*:

oL M B and make 4-generic —~ Subtract subspace A
WX,U — WX@y — W* — W* (50)
W, — W — W;NnB — Wi stW@A=W,NDB (&))

It will be helpful to refer back to the chains of relations above. The double arrow transitions are bijections,
while in the single arrow transitions subspaces are being removed. The second line shows what a generic
member of each set looks like, where W; are the original subspaces in Wx ,. It is clear from (30) that
W* C W4, p)- When going from Wx ; £/, some subspaces are removed from the collection {WnB|W €
Wx ./}, and we use m to upper bound the number of removed subspaces. In particular, since
Wx o 18 22+10/82 generic and since by [Lemma E.3| B has codimension at most

10/92 + (dim(X) — dim(A)) < 10/62 (52)

in W/ .. we get that
0 < W gpor| — W < 227107, (53)
We remark that this argument also establishes the desired codimension of W . inside of W . for property

3. We now verify that the six properties of hold.

Property 1. The subspaces of £* are of dimension ¢’ inside W7 ., and
' . . 10 _ &
¢ =20 —dim(A) > 20 — dim(X) — 5 > gﬁ.
2

Also, pu(L*) = n is the same as the measure of £ inside Zoomyy[A, B] due to the bijection between £* and

L’ noted in (@9). Therefore u(L*) =n > 1% by the second part of

Property 2. Since £’ does not increase its measure to ¢°>‘n on any zoom-in containing A or zoom-out
inside B, it follows that £* is (1, ¢°‘n)-pseudo-random.

Property 3. By construction, W* is 4-generic inside of B. Since B = A @® W, and all W; € W
contain A, it follows that W* is 4-generic inside of W .. Finally, the codimension of W7 inside of

amb®
W), was established in [Equation (52)

Before showing the remaining properties, we will state a few useful inequalities. Fix an L* € £* and let
L'=L*@ A, sothat L' € L' C Lx ,. We will use the fact that, by construction of Wx , 1/,

Ny, (L) = Ny, (L)), Nyp(L*) = Ny, (I).

Fix L' C B. Note that for every W € Wx , containing L', the subspace W N B contains L’ as
well. Thus, for each W € Wx , contributing to Ny, (L"), the corresponding W N B also contributes to
Ny, (L') unless it was removed in the second transition of (50). Hence,

Ny o (E) = (Wx ol = V') < N (E) < Now, (L),
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so we have .
Ny, (E) = (IWer = V') < N (L*) < N, (). (54)

Thus, combining this with the upper bound from (53) as well as the bounds on Ny, (1) from
we have,

0.95 - mg - 6% — 22F10/%2 < Ny (L%) < 1.05 - mg - ¢~ 565, (55)
Since we fixed L* € L£* arbitrarily, note that (55) holds for every L* € L*.

Property 5. Fix L* € £* and let L' € L’ be the subspace such that L' = A @ L*. Let Gy, (L) :=
Wi € Wx o | filry # T[L']}, and let Gy« (L*) := {W} € W* | f¥|r» # T[L*]}. By the third part of
we have that
GWX,U (L/)
N Wx o (L/)
To show property 5, we must bound Gy« (L*)/Nyy«(L*), and we will accomplish this by relating it to
the above quantity. Recall that for every W € W* and associated function f}*, there is a corresponding
Wi € Wx o such that W = W;N B, and f = fi|wy. Inaddition, T[L']| 1~ = T[L*], soif f7|p~ # T[L*],
then f;|, # T[L']. Hence,

< 127. (56)

G+ (L*) < GWX,U (L/)v

and
Gy~ (L* G L) N r N L
w ( *) < Wx,g( ,) ) Wx,a(*) <124- Wx,a(*), (57)
Nov-(L*) = Novy (I)) Ny (L%) Ny (L*)
where we use (50)) in the last transition. It remains to bound the ratio on the right hand side above:
N r Y% L") — Ny« (L* 92+10/62
WX,U( ) < Wx,a( ) 2% ( ) <14 <11, (58)
N+ (L*) N+ (L*) Nyy=(L*)
where in the second inequality we are using (54) along with the upper bound on |Wx ;. o/| — [W*| from
(33). Combining (56), (57), and (58)), we get
G+ (L)

—= < 12v-1.1 < 14
Ny (Z7) S 77 S

as desired.

Property 6. The only difference between property 6 and (53) is that property 6 is expressed in terms of
ms, while (39) is expressed in terms of mgo. From (53], we already have that all of the Nyy«(L*) over
L* € L£* are within a multiplicative factor of 1.11 of each other, so to conclude property 6, we just need to
show that there is at least one L* such that Nyy«(L*) is in the interval [0.95 - p; - mg3, 1.05 - p1 - mg] which

follows by

Property 4. Since there exists L* such that the lower bound from (55)) and the upper bound from property
6 hold, we have:

0.6 - mo
> - (0.95 - my - g7 — 22“0/‘52) >
21 “P1 ( el qcts -
By|Lemma 5.19} we have that p; < 1.01q_sel, SO,
0.6 - my 0.6 - my 0.6 - my moq—105/%2
ms3 =z ;7 = - = - . 2 O
1‘01(]{(-57% 1.01qs(§£—25+d1m(A)) 1.01qs(d1m(A)—d1m(X)) 2
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E.3 Proof of

This subsection is dedicated to proving but before going into the proof we must first show a
basic Fourier analytic fact. We will use some of the set-up from The proof of is

given after this necessary fact is established.

E.3.1 A Necessary Fourier Analytic Fact

Let A C Grass(n, j) and let n = (. A). We assume that n is sufficiently large relative to ¢ and j and that 7
is not too small, say ‘ ‘
n>g¢ and n>1005¢'"" (59)

to be concrete. Define F': Fi™/ — {0,1} by

1, if span(x1,...,2;) € A
Fry,... a5 =4 " P (1,05 25) € A,
0, otherwise.
In the next lemma, we use the characters yg for S = (s1,...,s;) € F w7 defined as in (3T), except we
replace the dimension parameter 2/ therein by j. We will use the notation S C W to mean that s; € W+
for each i.

Lemma Ed4. Fix a subspace W C Ty, then for any S = (s1,...,5;) € ngj we have,

1, ifSCwWH,
0, ifSC W=

L1y, T5E

E  [xs(z1,...,25)] = {

Proof. 1If S C W+, then for any x € W, we have s; - x = 0 forall 1 < ¢ < J, so the first case follows.
Now suppose S C W, and without loss of generality say that s; ¢ W . We can write,

E_ (@)= B [WB@] g [uEleTers].
z1,.... 0 ;€W r1eW T2,..., 0 ;€W

We will show that E;, ew [wTr(l’l'sl)} = 0. Notice that it is sufficient to show that x; - s1 takes each value in
[F, with equal probability over uniformly random z; € W. First, since s; ¢ W, Pry,ewlrr 51 = 0] = %.
Next note for any o # 0,
Pr [x1-s1=1]= Pr [(ax1)-s1 =a]= Pr [z1 -5 =q].
1 EW 1 EW 1 EW

Therefore, x1 - s1 takes each of the ¢ — 1 nonzero values in [F, with probability % over uniform x1; € W, and
this concludes the proof. ]

We can now show the necessary fact, asserting that if zooming out to W changes the measure of A
considerably, then we can attribute it to a Fourier character S only containing elements from W/,

Lemma E.5. Suppose the parameters j, q,n,n satisfy (59) and let F be defined as above. If W C [y has
codimension r and satisfies
[to,w (A) —n| = 0.01n,

then there is a nonzero S € Fi™? such that S C W+ and ‘ﬁ(S’)‘ > %.
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Proof. Note that, pow(A) =  Pr_ [span(zy,...,z;) € A| dim(span(z)) = j], so

T1yeesTj GFq
pow(A) = E [F(2)]| <j-¢ ™™, (60)
zCW
where the term on the right hand side bounds the probability that uniformly random z1, . . ., z; do not satisfy

the conditioning dim(span(z)) = j. Using the Fourier decomposition of F' we have

E [F(x))=F0)+ Y F(S) E [xs@)]+ Y. F(S) E [xs(@)].
W 0£SCWL oW 0£SCWL W

Combining this with and and using the fact that F/(0) = n, we get

pow(A) —n— > F(S)|<j-d™
0£SCW L

By the triangle inequality we conclude that

o (A) —nl < | Y F(S)|+j-¢ ™
0£SCW L

and finally by the assumption in the lemma statement we have,
S F®)|[z01—j-¢ "
0ASCWL
Since j - ¢/~" < 0.01 - 1) by (39) and there are at most ¢"/ tuples S = (s1,...,s;) € W+, the result
follows. 0
E.3.2 The Proof of[Lemma 8.5
We are now ready to return to Take £*, W*, W7 from[Lemma 8.3} and recall that

* * 77 * *
Z ={z2 € Wi | [12,0(L7) — | < E}’ n = (L), and m3 := [W*].

Also recall that each W;* € WW* has an associated linear function f; : W — I, and Ty is a table assigning
a linear function to each subspace in Grass(W; '), where ¢’ > %f is a dimension and £ > 0 should be
thought of as a small constant.

We also restate the six items from which the objects above satisfy

1. pu(L*) :==n > &, where the measure here is over Grass, (W} .,

0D L*,

2. The set £* is (1, ¢°2n)-pseudo-random.
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3. Each W} has codimension s < r inside of amb’
has codimension at most 10/d2 with respect to W, _ .
than ¢'. Concretely:

W™ is 4-generic, with respect to

As a consequence, dim(W2 .

*
amb’ and Wamb
) is much larger

dim(W},,) = dim(W., ) —10/82 = n — 10/6 — 10/65 > 2%%¢",
where here we use n > 21004¢,

4. The size of W* satisfies
—10s/d2

m .
2 q2 < m3 < ma.

5. For each W € W, there is a linear function f;* : W;* — [F, such that the following holds. For every
L € £*, choosing W} € W* uniformly such that W} O L, we have

Ty < 144.
oot PE oy i1 T < 147

6. Forevery L € L*,
0.8-p1-m3 < Nw+(L) < 1.2-p1 - mg,

where Ny« (L) is as defined in (13)), and

pl = PI" [L g W]7
LeGrassq(Wx | 07)

amb’

for an arbitrary W C W7 of codimension s.

With this context in mind, the remainder of the section is devoted to the proof of restated
below for convenience.

Lemma 8.5. Let W* = {Wy,... Wy} and ff,..., f},. be the 4-generic set of codimension s < r <
10/6 subspaces inside of W, and associated linear functions obtained from respectively. We
have

[fi'(2) # f7(2)] <5007,

wr W*eW*
zGW*ﬂW*ﬁZ

and for every W, W € W* we have W N W N Z| > 0.81 - [W;NW|. Here Z C W} is as defined
inlLemma 8.4

Let us start by setting up some notation. For an arbitrary fixed point z € W7, let D denote the number
of ¢'-dimensional subspaces L C W . containing z. We note that D does not depend on which point z is
fixed. Also let,

={LeLl"|ze L},

={WreWw"|ze W/},
m, = [W;|, (61)
Nows (L) = {(i,7) | W n W} 2 L, Wi, Wi € Wi,
Now«(L) = {(i,7) | Wf nWF 2D LW}, Wr e W*}.
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We remark that in the last two equations, we do not require ¢ and j to be distinct. Now, for an arbitrary pair
of distinct W;* and W which both contain some point z, define

= P LCw} d = P LW NnW;5|zelLl. 62
n LGGraSS(‘I/‘V* Z’)[ - ] o b2 LEGrasS(‘I/‘Va*mbue’)[ - J | ‘ ] (62)

amb’

Note that the above quantities depend neither on the specific identity of the distinct pair of subspaces
W, WJ* , nor on the identity of the point z. Also, we point out that p; here is the same as defined in

Property 6 of A straightforward computation shows that

2s
b2 _ 4
= 2 5 (63)
pi~ 2
where recall s = codim(W;) in W, . We start by removing all z € Z that do not satisfy
1.1-¢°m3>=m, =09 ¢ °ms. (64)

We will abuse notation and still call the resulting set Z. By |Lemma 5.21} the fraction of z removed is at

most %, so combined with we still have

v 240
w2) = 1—q -2 (65)
ms
For the remainder of the section we have that all z € Z satisfy (64).

Consider the following two distributions over triples (z, W}, VVJ*) € Z x W* x W*. The first is Dy,
generated by choosing z € Z uniformly and W7, W* € W* uniformly conditioned on z € W N Wr.
The second is D}, generated by choosing z € Z uniformly, L € £} uniformly, and then W, Wr € W*
uniformly conditioned on L C W N Wj*. We have

1 1 1
2] g Wy, Wh e Wr 2 e Wi n Wi 12]-m2’
1 {Lecr|Lewrnw

1
s - S
1(z, W7, W) Z] |£%] Lecs,LCWynw; | Naw+(L)

Di(z, W, W) =
(66)

Again, we do not require 7, j or i, j’ to be distinct in any of the definitions above.
We will show that, for most (z, W}, W]* ) and up to multiplicative constants, the distribution D} assigns
at least as much as the distribution D;. For that, we use the fact that for all z, W, WJ* :

1 1 1 1

. — <Dz W WHL — + ——M 67

1Z] 1.21m2¢~2s 1z W, W) Z] 081 -m2-q (67)

D (2 WA W) > pzwrews (L) - D - pa 1 J U wrows (L) -
Z . . /7' . /7' .
B e i 7 7) 1.1-n-D 144-p2-m2 7~ |Z] 32-n-m3-q 2

To get we plugged the bounds for m, from (64)) into the definition of D; from (66). To get the first
inequality in (68)) we use the fact that, due to the definition of Z, we have |£%| < 1.1n- D forall z € Z.
We also use the fact that Noyy« (L) = Ny« (L)?, along with the upper bound on Ny« (L) from the sixth
property of The second inequality in follows from simplifying and using pa/p? > ¢%°/2
from (63).
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Now, call a triplet (z, W}, W¥) bad if

4
pzwraws (£7) < =7
If the triplet (2, W*, W) is not bad, then by the above inequalities
1 1 1 4n/5

D (2, Wi, W) < < <6-Di(z, W/, WF).  (69)

|1Z] 0.81- m3q—2s 1z 32.9- m3 - g2
We will now start by showing that there are very few bad triplets.

Claim E.6. The following holds:

L. 4 . 106g%s¢
1. Foreach z € Z, the number of i, j such that e, Wrnws (L*) < 1) is at most an

2. for every W, W € W*, we have pio,wsnwy(Z) 2 0.9u(Z).

Proof. Fix a point z € Z, let F, be the restriction of F' to the zoom-in of z, where F'(z1,...,zp¢) = 1if
span(zy,...,zp) € L* and 0 otherwise. Let ' = p, o(L*). Since z € Z, we have ' € [0.97, 1.17)]. Note
that if 4, j satisfyse. weaw» (£*) < 2n, then (using ' € [0.97, 1.17))

,’7/

* /
pzwraws (£7) — 1’| = %"

1
By |Lemma E.5|it follows that there is S = (s1, ..., sy_1) such that span(siy,...,sp_1) C (Wi* N W;)
an

/

= U
[F.(S)| = 1002 (70)

: : : =l 2 160000g¢’
Since by Parseval’s inequality the sum of ’FZ(S)‘ is at most ||F,||5 < 1, there are at most —— 31—

tuples S satisfying (70). Now consider the bipartite graph whose left side consists of these tuples S =
(s1,...,8p_1), right side consists of W}* N W7, and the edges are between pairs that satisfy

span(sy,...,sp—1) € (W7 N VVJ’*)L .

It follows that the number of edges in this graph is an upper bound on the number of bad triples containing
z. Since W is 4-generic, we have

(WrnWhsn (Wi nwp)* = {0}

for all ¢, j, ¢, 5" distinct. Therefore, any two neighbours of a vertex on the left must either have their i or j

be equal, and hence the maximum degree of a vertex on the left side is at most 2mg. As a result, the graph

h 160000¢*¢ - 106¢%s¢ / :
as at most 2ms - 7 < pea e edges, where we also use that " > 0.9n. This completes the proof

of the first assertion of the claim.
— — s
For the second part of the lemma, note that ;(Z) < 45— + En% by (63). Therefore, for any W N W,
we have,

- s
= q 2q
owraws(Z) < g% - )
powrrw:(Z) < q ( 5 m3>
It follows that,
C_[_€/ 2(]8
powrows(Z) = 1—¢* - | =— + > 0.9u(Z). O

e 2 ms



Lemma E.7. Let E be any event defined with respect to (z, W}, W¥). Then,
D1(E) < 6Dy (E) + 7.

Proof. 1f the triple (z, W, W¥) is not bad, then Dl(z Wi, W¥) < 6D (2, W, WF). Otherwise, we can
use the generic bound Dy (z, W} W*) W from (67). By the bound on the number of bad

triples per z in[Claim E.6] it follows that
106 4sl 1

D1 (F) < 6Dy(E Z
1( ) 1( )+| | 77 m3|z|.0'81‘m§q—2s

107q4s€+28
= 6Dy (E
1( ) + 7]2 Mg
< 6D (E) + -
Note that in the last transition we are using the fact that mj is large by the fourth property in[Lemma 8.3] [

Now let D, be the distribution obtained by choosing W, WJ* € W uniformly, and then choosing
z € W} NWZ N Z uniformly. We have

1 1
m3 [WrnWwrnz|

Dy(z, W}, W}) =

Using essentially the same proof, we get the following lemma.
Lemma E8. Let E be any event defined with respect to (z, W, W¥). Then Do(E) < 2D1(E).
Proof. By we have fio wrnwx (Z) > 0.9u(Z) for all i, j, or equivalently
WrnWrinzl=0.9- | Z|qg 2
Thus, for all 7, 7 and all z,
1 RS < 2 1

09|Z]-q% m2 ~ 1.21Z] m3q=2s =
where we use for the third transition. O

We are now ready to prove [Lemma 8.

Proof of[Lemma 8.3] By the fifth property in[Lemma 8.3] for every L € L*, we have

Ty < 144.
et oy il 7 To L] < 14y

Let E denote the event over (2, W}, W) that f;(z) # f;(2). It follows that,

/ < / ; (L] € [L]] < 287.
Di(E) < e W*Z)L [file # Te[L] V filo # Te[L]] <2- weol W*GW*[fZ’L # Tp[L]] < 28y
W* W*GW*
Putting and [E.§]together,
Ds(E) < 2(6D1(E) + ) = 3387,

proving the first part of
For the second part, recall from the second part of [Claim E.6|that for every pair i, j, we have

WyNWrnNZ 209-|Z]¢ > > 081 [Wlq > =081 Wy nWr|. O
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