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Abstract

We give improved lower bounds for binary 3-query locally correctable codes (3-LCCs)
C: {0,1}% — {0,1}". Specifically, we prove:

(1) If C is a linear design 3-LCC, then n > 2(1-° VK, A design 3-LCC has the additional property
that the correcting sets for every codeword bit form a perfect matching and every pair of
codeword bits is queried an equal number of times across all matchings. Our bound is tight
up to a factor V8 in the exponent of 2, as the best construction of binary 3-LCCs (obtained by
taking Reed—-Muller codes on [F4 and applying a natural projection map) is a design 3-LCC
with n < 2V8k, Up to a V8 factor, this resolves the Hamada conjecture on the maximum
JF>-codimension of a 4-design.

(2) If C is a smooth, non-linear 3-LCC with near-perfect completeness, then, n > k(log k)

(3) If C is a smooth, non-linear 3-LCC with completeness 1 — ¢, then n > Q(k%e). In particular,
when ¢ is a small constant, this implies a lower bound for general non-linear LCCs that
beats the prior best n > Q(k%) lower bound of [AGKM?23] by a polynomial factor.

Our design LCC lower bound is obtained via a fine-grained analysis of the Kikuchi matrix
method applied to a variant of the matrix used in [KM23]. Our lower bounds for non-linear
codes are obtained by designing a from-scratch reduction from nonlinear 3-LCCs to a system of
“chain polynomial equations” — polynomial equations with similar structure to the long chain
derivations that arise in the lower bounds for linear 3-LCCs [KM23].
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1 Introduction

A locally correctable code (LCC) is an error correcting code that admits, in addition, a local correction
(a.k.a. self-correction) algorithm that can recover any symbol of the original codeword by querying
only a small number of randomly chosen symbols from the received corrupted codeword. More
formally, we say that a code C: {0,1}f — {0,1}" is g-locally correctable if for any codeword x,
a corruption y of x, and input u € [n], the local correction algorithm reads at most g symbols
(typically a small constant such as 2 or 3) of y and recovers the bit x,, with probability 1 — ¢ whenever
A(x,y) = |{v € [n] : x, # Y }| < On, where 6, the “distance” of the code, and ¢, the decoding error,
are constants. Such codes have had myriad applications (see the surveys [Tre04, Yek12, Dvil2])
starting with program checking [BK95], sublinear algorithms and property testing [RS96, BLR93],
probabilistically checkable proofs [ALM*98, AS98], IP=PSPACE [LFKN90, Sha90], worst-case to
average-case reductions [BFNW93], constructions of explicit rigid matrices [Dvil0], and g-server
private information retrieval protocols [IK99, BIW10].

Reed-Muller codes, or codes based on the evaluations of multivariate degree q — 1 polynomials
over a finite field, provide a natural class of g-query locally correctable codes. For any constant
g > 2, they imply binary q-LCCs with block length n < 20("™) These codes are in fact F,-linear
if we view the code C as mapping FF4 into IF}. Despite significant effort over the past three decades,
we do not know of a binary g-LCC with a smaller block length than Reed-Muller codes. This has
motivated the conjecture that Reed—Muller codes are optimal g-LCCs for any constant 4.

For g = 2, classical works [KW04, GKST06] on lower bounds on local codes confirm that the
2-LCC based on binary Hadamard codes (the special case of Reed—-Muller codes when q = 2)
achieves the smallest possible block length of 1 = 2 up to absolute constants in the exponent. For
g = 3, a recent work of [KM23] improved on the best prior lower bound of n > Q(k%) [AGKM23],
and showed that for any binary' linear code, n > 29K Asa corollary, they obtained a strong
separation between 3-LCCs and the weaker notion of 3-query locally decodable codes — codes
where the local correction algorithm only needs to succeeds for the k message bits and for which
sub-exponential length constructions, i.e., n = Zka(l), are known [Yek08, Efr09]. The lower bound
of [KM23] was very recently improved to n > 22" in a follow-up work by Yankovitz [Yan24].

Despite this substantial progress, these results strongly exploit the linearity of the codes and do
not yield any improvement over the prior cubic lower bound for non-linear codes of [AGKM23].
Even for the case of linear codes, these bounds, while exponential, still do not asymptotically match
the block length of Reed—Muller codes. In this work, we make progress on both these fronts. Before
discussing our results, we will take a brief detour to discuss a connection between 3-LCCs and a
foundational question about the algebraic rank of combinatorial designs.

Connections to the Hamada Conjecture. Locally correctable codes have a deep connection —
tirst formalized by Barkol, Ishai and Weinreb [BIW10] — to the widely open Hamada conjecture
from the 1970s in combinatorial design theory (with deep connections to coding theory, see [AK92]
for a classical reference). For positive integers m,s, A, a 2-(m, s, A)-design is a collection B C [m] of
subsets (called blocks) of size s, such that every pair of elements in [m] appears in exactly A subsets

ITheir results extends to codes over any field FF of size |IF| < k!~ for a constant 17 > 0, more generally.



in 8. For any prime p, the p-rank of a design 8 is the rank, over IF;, of the incidence matrix of 8:
the 0-1 matrix with rows labeled by elements of [m], columns labeled by elements of 8 and an
entry (7, B) is 1 iff B contains i. A central question in algebraic design theory is understanding the
smallest possible p-rank of a 2-(m, s, A)-design.

In [BIW10], the authors showed that given any 2-(m, s, A)-design D of p-rank m — k, the dual
subspace to the column space of the incidence matrix of D yields a linear (s — 1)-query locally
correctable code on IF)! of dimension k. In particular, applying this transformation to the well-
studied geometric designs yields the folklore construction of Reed-Muller locally correctable codes
discussed earlier. Specifically, the 3-query locally correctable binary code obtained from Reed-
Muller codes on [F4 corresponds to a 2-(1, 4, 1)-design over [F, (see Appendix B).

In 1973, Hamada [Ham?73] made a foundational conjecture (see [Jun11] for a recent survey) in
the area that states” that affine geometric designs (i.e., duals to the Reed-Muller LCCs) minimize
the p-rank among all algebraic designs of the same parameters. Over the past few decades,
the conjecture has been confirmed in various special cases [HO75, DHV78, Tei80, Ton99] that all
correspond to s < 3 or s = n — 1. In particular, the case of s = 4 (the setting of 3-LCCs) was widely
open until the recent result of [KM23] for 3-LCC lower bounds. The connection between Hamada'’s
conjecture and LCC lower bounds was suggested in [BIW10] as evidence for the difficulty of proving
LCC lower bounds.

1.1 Theorem 1: Sharp lower bounds for design 3-LCCs.

In our first result, we obtain a bound that is sharp up to a V8 factor in the exponent on the
blocklength of any binary linear 3-LCC where the local correction query sets form a 2-(n,4, 1)-
design. This is equivalent to asking for the local correction sets for correcting any bit of the
codeword to be a perfect 3-uniform hypergraph matching and that every pair of codewords bits
appears in exactly 2 triples across all matchings®. Specifically, for such design 3-LCCs, we prove:

Theorem 1. Let £: {0,1}¥ — {0,1}" be a design 3-LCC. Then, n > 2=V Here, the o(1)-factor is
O(log k/Vk).

Theorem 1 improves on the prior best lower bound of n > 22(K') for designs recently obtained
by Yankovitz [Yan24] building on the n > 20" bound of [KM23].* We note that there is a
technical bottleneck that prevents the proof of [Yan24] from beating a lower bound of n > 20Uk
even for the case of designs that Theorem 1 tackles (see Remark 2.4 for a more detailed explanation).
Reed-Muller codes, in particular, are design LCCs. In fact, in Appendix B we observe that the
folklore best-known construction of binary 3-query LCCs — obtained by projecting Reed—Muller

2Hamada’s original conjecture is that affine geometric designs, or, dual codes to Reed-Muller codes, are the unique
optimal designs with the same parameters. This strong form has since then been disproved — there are non-affine
geometric designs that achieve the same (but not better!) parameters [Jun84, Kan94, LLT00, LLT01, LT02, JT09]. The
version of the problem we study here is called the weak version of Hamada conjecture.

3The reason that this is 2 instead of A = 1 is because a 4-tuple (u,v, s, t) yields 2 decoding triples, (u, s, t) for v and
(v,s,t) for u, that contain the pair (s, t).

4The stated result of [KM23] is n > 2QkY) for (non-design) linear 3-LCCs; however, their proof implicitly gives this
slightly stronger bound for designs.



codes of degree-2 polynomials over [F4 to IF, via the trace map — is a design 3-LCC with n < ZM,
or equivalently, a 2-(n,4,1) design of rank n — k. Thus, the bound in Theorem 1 is tight up to
a factor of \/8 in the exponent. As a direct corollary, we also confirm the Hamada conjecture for
2-(n,4,1)-designs up to a factor of 8 in the co-dimension.

Towards obtaining a k < O(log®n) bound for all linear 3-LCCs. Given our almost sharp
lower bound for design 3-LCCs, we can use our proof to attribute the “extra” log® 1 factor loss
in [KM23, Yan24] to certain “irregularities” of general linear 3-LCCs. Concretely, there are two
places where the proof of [KM23, Yan24] is lossy: (1) there is a “hypergraph decomposition” step
to handle that pairs of codeword bits may appear in > O(1) triples across all matchings (one
log 1 loss), and (2) there is a “row pruning” step to argue that a certain graph is approximately
regular (one log 1 loss). For the case of designs, [Yan24] proves a k < O(log® 1) bound since there
is no “hypergraph decomposition” needed for designs as each pair of codeword bits appears
in a bounded number of triples. Our proof of Theorem 1 additionally shows that because the
hypergraph matchings in the design are perfect, we can (via this work’s modified approach, see
Remark 2.4) mitigate the log n factor loss in the “row pruning” step.

The sharpness of our bound for design 3-LCCs may be somewhat surprising because removing
an analogous “last" log n factor in the hypergraph Moore bound (also proved via the Kikuchi matrix
method) and related problems remains a challenging problem [GKM?22, HKM23, HKM™*24]. In this
setting, making extra structural assumptions about the hypergraph, analogous to the additional
structure of design 3-LCCs, does not seem to help.

1.2 Theorem 2: Superpolynomial lower bounds for smooth 3-LCCs.

In our second result, we obtain improved lower bounds for smooth 3-LCCs with high completeness.
These codes may be non-linear and may have adaptive correction algorithms.

A 3-LCC is said to be §-smooth if no codeword bit is queried with probability more than - on
any particular invocation of the decoder. Introduced by Katz and Trevisan [KT00], smooth codes
provide a clean formalization of general locally correctable/decodable codes. We say that such
a code has completeness 1 — ¢, if, when running the 6-smooth local correction algorithm on an
uncorrupted codeword, the algorithm succeeds with probability at least 1 — €. Recall that the usual
notion of completeness (e.g., in [KT00]) for LCCs is for an input with a 6-fraction of corruptions.

Our result shows that for any (1 — €)-complete 6-smooth code where 6 is a constant, nn > k©(1/¢),
In particular, when € is subconstant, we obtain a superpolynomial lower bound on the block length.
For technical reasons (explained in Section 2.3), the bound does not improve when ¢ becomes very

small, namely o(1/+/logn).

Theorem 2. There is an absolute constant y > 0 such that the following holds. Let C: {0,1}* — {0,1}" bea
8-smooth (possibly non-linear) 3-LCC with completeness 1 — & where € < y /+/log, n. Then, n > (k")1°8k"),
where k' = 6%k /log(1/0).

If instead € > y/\[log, n, then n > Q((k”)") where k" = 653e*k/log(1/6) and t = |+ — —2—]. In

" log, n

particular, if € is a small enough constant and 1/2¢ is not an integer, then n > QO((k")2).



As we shall discuss towards at the end of this section, Theorem 2 implies a lower bound
for general (3,0, €)-LCCs that beats the prior best n > Q(k3) lower bound of [AGKM?23] by a
polynomial factor when ¢ is a small constant. Moreover, in the case of near-perfect completeness,
our result above obtains the first superpolynomial lower bound for (possibly adaptive and non-
linear) smooth 3-LCCs.

Our proof is based on the method of spectral refutation via Kikuchi matrices (first introduced
in [WAM19] for an application to Gaussian tensor PCA and refutation of random k-XOR instances
of even arity) developed in prior works [GKM22, HKM?23, AGKM23, KM23]. The key idea in this
method is to associate the existence of a combinatorial object (e.g., a 3-LCC) to the satisfiability of a
family of XOR formulas and find a spectral refutation (i.e., certificate of unsatisfiability) for a ran-
domly chosen member of the family. Unlike the works of [KM23, Yan24], which only prove lower
bounds for linear codes with an argument that can be reformulated to be entirely combinatorial,
the proof of Theorem 2 crucially uses the power of spectral refutation.

The proof of Theorem 2 requires new conceptual ideas. The first immediate observation is that
the standard reduction of [KT00] to nonadaptive, linear decoders that succeeds in expectation loses
a large factor in the completeness parameter. So, to prove Theorem 2 we need to come up with a
new reduction from scratch. Our reduction is based on two new key ideas. First, we execute the
“long chain derivation” strategy of [KM23] by adaptively forming chains by replacing the third query
v3 of the decoder by an invocation of the decoding algorithm for v3 (and then iterating); we call
such chains “adaptive chains”. Second, we exactly encode the behavior of the LCC decoder on a
particular input index u as a degree < 3 polynomial. Effectively, the constraints we uncover from
the decoder are “AND” constraints:

"

n”
Xoy = A1 A Xy, = A2 = Xy = Xy,

rather than the linear constraints x,, + x,, + Xy, = x;, encountered for linear codes. Combining these
two ideas allows us to write a “chain polynomial” that plays the role of the “long chain derivations”
in [KM23]. Refuting this “chain polynomial” using spectral bounds on Kikuchi matrices yields

Theorem 2.

Smooth vs. general LCCs. Smooth LCCs (Definition 3.2) were defined in the work of [KT00],
motivated by their connection to general LCCs (Definition 3.1). A simple reduction in [KT00]
shows that any (3, 9, ¢)-LCC, i.e., an LCC with distance 6 and completeness 1 — ¢, can be turned
into a (3, 6/3, €)-smooth LCC, i.e., a 6/3-smooth 3-LCC with completeness 1 — ¢. Conversely, any
(3,6, €)-smooth LCC is a (3, n9, € + 1)-LCC for any n > 0.

Thus, when ¢ is a small constant, Theorem 2 implies a lower bound for general (3, 9, ¢)-LCCs
that beats the prior best n > Q(k?) lower bound of [AGKM?23] by a polynomial factor.

However, in the setting of perfect completeness (and ¢ = 0(1) more generally), the comparison
between smooth LCCs and general LCCs begins to break down. This is because, for a general
LCC, 6 is the fraction of errors one can tolerate while still decoding correctly with probability
1 — ¢; the parameters 6 and ¢ are coupled! In particular, it is likely not possible to simultaneously
have ¢ = 0(1), 6 = O(1) and g = O(1). On the other hand, for a smooth LCC, 6 is the smoothness
parameter, and 1 — ¢ is the probability that the decoder succeeds on an uncorrupted codeword. Thus,
for smooth codes, it is perfectly sensible to set 6 = O(1), € =0, and g = O(1).

4



In retrospect, the definition of LCCs inherently couples 6 and the completeness ¢, whereas for
smooth codes these parameters become independent. In particular, a smooth code allows us to
seamlessly trade off between the fraction of errors 16 tolerated and the success probability 1 — ¢ —n
of the decoder in the presence of this fraction of errors. For this reason, a smooth code is a stronger
object, but also perhaps a more natural one.

Indeed, in some important applications of LDCs/LCCs, smooth LDCs/LCCs are the right
notion to consider. For example, a perfectly smooth (g, 1, €)-smooth LDC gives a g-server information-
theoretically secure private information retrieval scheme with completeness 1 — ¢.

The subtle definitional issues above did not affect prior lower bound (or upper bound) tech-
niques. Indeed, known constructions of g-LDCs and LCCs are perfectly smooth and satisfy perfect
completeness, i.e., (7,1,0)-smooth LDCs/LCCs, and the lower bound techniques of [KT00, KW04,
AGKM23] (that is, the best known lower bounds before the work [KIM23]) succeed for smooth
LDCs/LCCs even with low completeness.

Concurrent work. In concurrent and independent work, [AG24] proves an n > 22(Vk/logh)
lower bound for all linear 3-LCCs over >, improving on the 29K"™) shown in [Yan24]. This
is incomparable to Theorem 1, as it proves a weaker (and possibly not tight) lower bound, as
compared to the sharp statement in Theorem 1, but it applies for all linear 3-LCCs over FF, not just
design 3-LCCs. The work of [AG24] does not prove any lower bound for nonlinear codes.

2 Proof Overview

In this section, we summarize the key conceptual ideas that we use in the proofs. We start by
recalling the approach of [KM23] for proving lower bounds for linear 3-LCCs. Then, we explain the
technical barriers to proving Theorem 1 encountered in the works of [KM23, Yan24]. Finally, we
discuss our approach to handling the nonlinear case.

2.1 The approach of [KM23]

The proof of [KM23] gives a transformation that takes any linear 3-LCC L: {0, 1}k — {0,1}" and
turns it into a 2-LDC £’: {0, 1} — {0, 1}V, where N = n©Pollos) By applying known 2-LDC
lower bounds (Fact 3.10), we can then conclude that k < O(polylog(n)) - log n. Obtaining better
lower bounds thus boils down to optimizing the polylog(n) factor here and/or removing the extra
log n factor from Fact 3.10.

For intuition, let us think of N as N = (g’)r for some choice of parameters s and r, and £’ as the
very simple transformation: for sets (Sy, ..., S,), each in ([’;]), we set L'(b)s,,...s,) = 21 2ves, Xovs
where x = L(b). Namely, we just take the XOR of the bits across all the sets. If we can show that
L’ is indeed a 2-LDC, then we can apply known 2-LDC lower bounds (Fact 3.10) to conclude that
k < O(logN) = O(rslogn). If we can then take rs = O(logn), or r = s = O(log n) while removing
the extra log 1 factor from Fact 3.10, we will get an O(log? 1) bound, i.e, n > 20(Vk),

Recall that in a linear 3-LCC, we are given 3-uniform hypergraph matchings {H, },¢[,], such
that for each C € Hy, 3, ,cc Xv = x, for all codewords x € L. To show that £’ is a 2-LDC, we need



to find, for each i € [k], many pairs of vertices ((S1,...,5r), (T, ..., T;)) such that 3} _; 2ives, Xo +
D Yver, Xo = b; for all x = L(b). The key idea of [KM23] is to build many such constraints by
building long chain derivations out of the original constraints H,,.

Definition 2.1 (r-chains). Let Hj, ..., H, be the 3-uniform hypergraph matchings defined from
the 3-LCC L. An r-chain with head 1 is an ordered sequence of vertices of length 37 + 1, given
by C = (uo, v1,v2, U1,03,04,U2, . .., Up(r1)+1, U2(r—1)+2, Ur) and foreach h = 0,...,r — 1, it holds that
{van+1, v2n+2, 41} € Hy,. We let 7-(5) denote the set of r-chains with head u.

Welet C; = (v1,03,0s, ..., 0;-1)+1) denote the “left half” of the chain, and Cr = (v2,v4, Vs, - . ., V2(r-1)+2)
denote the “right half”. We call u, the “tail”.

The number of chains |7'(y)| is at most (66n)".

The 2-chains can be interpreted as deriving constraints by taking two constraints x;, +xy, + Xy, =
Xy, in Hyy and xo, + X0, + x4, = xy, in Hy,;, and then adding them together to produce the constraint
Xo; + Xo, + Xy + Xo, + Xy, = Xy, the set of r-chains is formed by repeating this operation. We have
(60n)" chains in 7‘(5) because there are 601 ordered hyperedges in H,,.

The next idea of [KM23] is to use a Kikuchi graph to (1) define N and the map L', and (2)
define the 2-LDC decoding constraints for £’. For this overview, we will start with the following
graph due to [Yan24], which is a bit simpler than the graphs used in [KM?23] as it saves a use of the
Cauchy-Schwarz inequality.

Definition 2.2 (Imbalanced Kikuchi graph). Let s be a parameter, and let G, be the graph with
left vertex set L = (['Z])r X [n] and right vertex set R = ([g‘])r. For a chain C € H.”, we add an edge
between ((S1,...,Sr),w) and (Ty, ..., T;) in G, “labeled” by C if w = u, and foreachh =1,...,r,
we have Sj, = {vp(-1)+1} U Uy and Ty, = {vp-1)+2} U Uy, for some Uy, C [1]\ {v21-1)41, V2(h-1)42} Of
size s — 1. Two distinct chains may produce the same edge — we add edges with multiplicity.

To show that £’, defined now as a map from {0, 1} = {0,1}YR in an analogous way;, is a
2-LDC, we need to show that for each u, G, admits a large matching. An obvious barrier to this is
that the graph is bipartite and imbalanced, and so the largest matching can only have size at most
|R| = |L|/n. This be fixed with a simple trick: for each right vertex (Tj, ..., T;), we can add n copies
of the vertex to the graph and then split its edges evenly across the copies, thereby decreasing the
degree by a factor of n.”

Extracting a large matching from G,. Let us now explain the approach of [KM23] to show that
G, admits a large matching. We note that this is the key technical difficulty in the proof of [KM23],
and in some sense, this has to be the difficult step because it will prove that £’ is a 2-LDC!

Let d,, ;. denote the average left degree of G,, and let d,, r denote the average right degree. For
Gy to have a large matching, it should, at the very least, have at least |L| = n(})" edges!

Some simple combinatorics shows that each chain C € Wy) contributes exactly (Z:lz)r edges to

5Technically, the degree might not be divisible exactly by 7, so reduces the degree by a factor of (1 — o(1)), which is
sufficient.



the graph G,,. Therefore, as long as we have

(r) (Z:%)r 18y 1
A = 15 = (e o()6on) (2] = (12 0()(605) < > 1,
) i z
then we can hope to find a large matching. Note that for this to hold, we must set r = O(log n/log s).

One simple way to find a matching in G, is to argue that G, is approximately regular, meaning
that most vertices have degree < O(d,, 1.). If this were the case, then (after the “vertex splitting trick”)
we get a matching of size |E(G,)|O(dy,1) > Q(|L|), which would finish the proof. Unfortunately,
this is not true: there can be left (right) vertices in G, of degree > d,, 1 (> d, r). The “row pruning”
strategy of [KM23] is to show that such vertices are rare so that by removing them we obtain a
graph G, with Q(|E(G,)|) edges that has bounded left degree < O(d,, 1) and bounded right degree
< O(dyRr)-

More formally, the proof of [KM23] uses a form of a Kim—Vu concentration inequality [KV00,
5512] for polynomials to argue that, with high probability, a random left (right) vertex has degree at
most O(d, 1) (O(dy,r)), which finishes the proof. This is the key technical “row pruning” step in
the proof, and the proof uses the moment method with high moments. Unfortunately, to prove
this, [KM23] requires s = O(r> log 1), which loses several extra log n factors.

The clever trick of [Yan24], when phrased in the language of probability, can be interpreted
as follows: we can achieve the same goals by only bounding the second moments of the degrees
instead of the higher moments. This is similar in spirit to the “edge deletion” technique of [HKM23],
which used a similar argument to remove some of the log n factors from a different “row pruning”
argument of [GKM?22] that used Kim-Vu concentration inequalities [KV00, S512] in the context of
CSP refutation.

Specifically, if degu,L(Sl, ..., Sy, w)is the left degree of the vertex (Sy, ..., S,, w) and degu,R(Tl, oo 1)
is the right degree of (T, ..., T;), then [Yan24] shows that

Es,,...swldeg, ;(S1,...,Sr,w)| < (1 +o(D)d;
Er,..1.[deg, (T1, ..., T,)°] < (1+0(1)d; ¢,

where d,,; and d,, r are the first moments, and we only need s = I'r and r = O(log 1), where I' is a
large enough constant, for this to hold.

Thus, applying Chebyshev’s inequality, we can show that after removing a small number of
vertices, we can find a subgraph GJ, of G, where each vertex has left degree < (1 + 0(1))d,, 1 and
right degree < (1 + 0(1))d,,r, which, after a few more straightforward steps, finishes the proof.

In total, the final lower bound is k < O(rslogn) = O(log3 n), as we have set r,s = O(logn).

Remark 2.3. This sketches the proof of Theorem 1.6 in [Yan24] for design 3-LCCs. We note that the
reason [Yan24] obtains a weaker k < O(log® 1) bound for linear 3-LCCs is because a general 3-LCC
can have “heavy pairs” — pairs of variables (v1, v2) that appear in many hyperedges across all the
H,’s — and this loses the extra log n factor. Indeed, overcoming this issue to produce any lower
bound better than the k < O(n1/3) of [AGKM23] is one of two key technical difficulties in [KIM23]
(the above row pruning argument is the other one). However, as Theorem 1 is only for designs, this
issue does not arise.



2.2 Tight bounds for designs: proof sketch of Theorem 1

To beat the O(log3 n) of [Yan24] for designs and get O(log2 n), we need to find a log n factor to
remove. At the very least, we know we cannot hope to take » much smaller than log 2, as we need
s” > n for the entire approach to even make sense. So, there are two possibilities: either we can
take s = O(1), or the O(rs log n) bound coming from Fact 3.10 is not tight for the 2-LDC that we
produce, and the truth is really O(rs). Let us now investigate the first case, as if we could take
s = O(1) this would be the easiest route towards proving Theorem 1.

Second moments of degrees are large for s << r. Unfortunately, as we shall show, we cannot take
s = O(1), or even s much smaller than r, and still have the following moment bounds:

IESL...,SV,ZU [degu,L(Sll s Sy, w)Z] < O(di,L) ’
lETl,...,Tr [degu,R(Tl, ceey Tr)Z] < O(di/R) .

Indeed, let us compute Er;, 1. [degu,R(Tl, ..., T,)?]. Recall that we will compare it to di/R, and we
have already computed d, g = n-d,,;r = (1+0(1))(66s)". To do the computation, we will need to
use the number of pairs of chains C,C’ € H'" with |Cg N Cr| = tisatmost (}) - 2% (36n)* . Let us
denote Cg = (v2, v4, Vs, . . ~,Uz(r—1)+2) and Cfg = (vér U:y vé,‘ : "Ué(r—1)+2)
r

Er,..1.[deg, x(Ti, ..., T,)?] < Z Z Pr[v2112, 0}y € Thsr Yh € {0,..., 7 =1}]
=0 ¢,creH:|CrnCy =t

r n\t/ n \r—t
< Z % (if v2n42 = v5),,,, then Ty, has < ( i 1) choices, else < ( 11 2) choices)
=0 ¢,creH:|CrnCy =t (:)
r s\t /g \2r-2t
< Z (I+0(1)) (E) (;) (by binomial coefficient estimates)

t=0 ¢,creH:|CrnCy =t

r 2r—t
< (1+o0(1)) Z (:) 2% (36m)*" ! (%) (from the bound on number of pairs (C, C"))
£=0

r

< (1+0(1))(665)" )’ (:)(355)—f
t=0

< (1+o)a2, Y’ (:)(355)—f .

t=0

The problem with the moment bound is now readily apparent. For small ¢, (}) is roughly r/, and so
we need s > /36 so that (36s)~'r! < 1. Hence, if we take s = o(r), the second moment is large.
Still, one may wonder if our estimate on the second moment here is tight. Perhaps it is simply
that our bound on the moment is large, but the true second moment is not. It turns out that when
the H,’s are near-perfect matchings (which is the case for design 3-LCCs!), i.e., 36 = 1 —0(1), then
this bound is tight up to a 1+ o(1) factor. This implies that the right degrees truly have high variance



(a similar calculation shows this for left degree also). So, it is unlikely that one can find a subgraph
G;, with Q(|E(G,)|) edges and, say, right degree bounded by O(d,, r).

Remark 2.4. In Theorem 1, our notion of designs requires the matchings H, to be perfect matchings,
which is a stronger definition from the one used in [Yan24]. One might be worried that our
improvement in the lower bound for designs is therefore primarily due to the initial assumption
being a bit stronger, rather than for any real technical improvements. The above observation that
the second moment bound is tight for perfect matchings not only shows that this is not the case,
but also that perfect matchings are the case where the second moments are too large.

It is still potentially possible that the graph G, admits a large matching, even though the second
moments are large. While we have not formally ruled this out, the second moment calculation
informally tells us that one probably needs a substantially different approach to prove this.

Removing a logn factor from Fact 3.10? We have argued that we cannot take s = O(1) so that
O(rs log2 n). What about the other approach, where we try to shave off the extra log n coming from
Fact 3.10 to get a bound of O(rs)? This is not something that can be done generically for all 2-LDCs,
as of course the Hadamard code is a 2-LDC with k = log, n.

Shaving this log n factor is closely related to removing the log n factor from Matrix Khintchine
(Fact 3.11), a task studied in many different contexts [BSS14, MSS15, BJM23].

One such example is the hypergraph Moore bound: the task of showing that a g-uniform
hypergraph on n vertices with (n/ £)7/2¢ must have a cycle (also called an even cover) of length
O(¢1log(n/?)). The best bound for this problem is due to the methods of [GKM22, HKM?23], which
uses Kikuchi graphs similar to Definition 2.2 to show the existence of a length O({logn) cycle
when the hypergraph has (11/¢)7/2¢ - log n hyperedges, a log n factor larger than the conjectured

threshold. A more complicated argument manages to reduce the log n factor to (log n)ﬁlﬁ when g is
odd [HKM*24], and this proof requires a rather technical modification of the Kikuchi graph.

One might thus naturally surmise that a rather complicated modification of the graphs G,
perhaps along the lines of [HKM™*24], is necessary for us to obtain a sharp lower bound via the
Kikuchi matrix method.

Our new Kikuchi graph. To our surprise, and perhaps contrary to the intuition developed above,
it turns out that the following simple modification of the graphs succeeds: instead of indexing the
vertices by collections of sets (Sy,...,S;) or (T3, . .., T;), each of size s, we index by “big” sets S and
T of size ¢ (Definition 4.3). This graph is essentially the same as the previous graph if we ¢ = rs
— the advantage of this new graph is that if we take s = O(1), then the sets have size { = O(r),
which is still large, in contrast to the previous graph where the constituent sets S;, would only have
size s = O(1). We shall call this new graph the “uncolored graph”, as we think of the graphs in
Definition 2.2 as consisting of a big set S = S; U---US,, where S, contains vertices from [n] with
color h, which makes the Sj,’s disjoint by fiat as they use different colors.

In some sense, the above graph is more natural than even the ones appearing in [KM23, Yan24].
Of course, the reason those works use the colored graph rather than the uncolored one is that the
colored graph makes some of the combinatorial analysis more tame! Indeed, this is because the
r colors specify which vertices should appear in the r “links” of the chain, namely, vertices that



are in S, appear in the “h-th link”, and correspond to choices only of v5(,_1)+1. One can note (as
observed in Definition 4.3) that the uncolored graph does not have edges for all chains C € ‘HLEV) .
Indeed, if the left half Cr, or the right half Cr contains duplicate vertices, then C does not contribute
any edges! And, if they share vertices, then they contribute many more edges than a chain where
all vertices in Cy,Cg are distinct. Fortunately, as we observe in Definition 4.1, there are at least
(1- 0(1))|7{L(f)| chains such that the vertices in C; and Cp are distinct, so we can ignore these issues
by working with this large subset of chains.

In spite of these technical challenges, we can make the analysis work for the uncolored graph.
This allows us to take ¢ = 2r for r = %log2 n + O(loglogn), and gives us a final bound of k <
(1+0(1))2rlog, n, ie., ((1-0(1))k)* < log, n, which gives us Theorem 1. We note that to get the
sharp constant in Theorem 1, we have to show that G,, admits a near-perfect matching.

The calculations involved here are sensitive and require sharp bounds on binomial coefficients.
To give the reader a sense of how precise these bounds are, we observe that our proof shows that

(D6
(7)

E(s,wdeg, (S, w)?] = (1 0(1)d? , - (35) Z(35)f

t r—t) ]
(f)

Er[deg, p(T)?] = (1% 0(1))d 2(36)-f

How do we bound the sum Y};_,(30)~" (- )7 First of all, (- is the probability mass function of

() G )
(G-

a hypergeometric distribution, and so }};_, (T’)“ = 1. Note that the mean of this distribution is

r2/¢ and it has good concentration, so we should expect to lose a factor of (36)~"" where t* = r2/{.

In particular, if 36 is bounded away from 1, say, 1/2, then we need to take ¢ = O(rz) to mitigate
this factor, and we so get no improvement. But, if we have a design, then 36 =1 - -, and so (36)™"
only a 1+ o(1) factor and thus does not matter!

OCD

Finally, we note that since }};_, 0 ) =1, we do need to be precise in our estimates above. In

particular, standard estimates on binomial coefficients such as ( r) > (%) are insufficient.
We give the full proof of Theorem 1 in Section 4.

2.3 Superpolynomial lower bounds for nonlinear smooth 3-LCCs

We now explain the key ideas in the proof of Theorem 2. In this section, we will let C: {-1, 1}k —
{=1,1}" be a nonlinear code, namely we will use {—1, 1}-notation rather than {0, 1}-notation, as it
is more convenient for the proof.

Existing reductions do not work with the long chain derivation method of [KM23]. The standard
starting point for lower bounds for nonlinear g-LDCs or q-LCCs is a reduction from the original
work of Katz and Trevisan [KTOO]. For 3-LCCs, this reduction takes any 6-smooth code C with
completeness even as low as § + 7 and outputs 3-uniform hypergraph matchings H, for u € [n]
with the following property: for every u € [n] and hyperedge C € H,, Ex[x;, [T,ec Xo] = Q(n),
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where the expectation is over a uniformly random codeword x € C. That is to say, every hyperedge
decodes correctly with some constant advantage in expectation over a random codeword.

We can now form chains (Definition 2.1) on the hypergraphs H,. This gives us a “chain XOR
instance” W, (x) defined as )| Cep XuXuw [Toec, Xo [1pecy Xv, where Cp and Cg are the left and right
halves of the chain C and w is the tail of C. Unlike in the linear case, it is not guaranteed that these
equations are all satisifiable, and so the “reduction-based approach of [KM23, Yan24] to 2-LDCs
breaks down.® However, the “spectral refutation approach” of [KM23] is sufficiently general and
resilient enough that, if we could show that E,cc[W,(x)] > n|¢{£”| for n even as small as 1 > #,
then we could at the very least beat the cubic lower bound of [AGKM?23]. And, if we could take n
to be constant, we would get an exponential lower bound.

Unfortunately, we cannot show any lower bound on E,[W,(x)]. Indeed, let us even consider
the simple case of length 2-chains, and let us try to bound, for C = {vy,v,,u1} € H, and C’' =
{v3,v4,u2} € Hy,, the quantity Excc[xy, X0, Xo, Xv3 X0, X1, |. Thisis clearly Eyec [(Xu X0, X0, Xuy ) (X X3 X0, Xu,)],
and while we know that the expectation of each term is > 7, this does not imply anything on the
expectation of the product.

This now suggests the following simple way to recover a lower bound: simply assume that
the completeness is 1 — ¢, with the intuition being that ) is related to 1 — ¢, and if 1 is close to 1
then we can apply a union bound. However, the reduction of [KT00] is lossy with respect to the
completeness parameter. Indeed, this is because the reduction first makes the decoder nonadaptive
by simulating the adaptive decoder by giving it random answers, and this takes 1 — ¢ completeness
to % +nforn = %(1 — ¢), which is too small for the union bound strategy to succeed.

Key idea 1: adaptive chains and the adaptive chain decoder. As explained above, the reduction
of [KT00] is lossy, so we need to rethink the whole approach. Our intuition is that our reduction
should try to remember as much information about the decoder as possible. In particular, this
means that we need to remember information about the (possibly adaptive) decoder, and cannot
use standard reductions to convert adaptive decoders into nonadaptive ones. At a high level, our
new strategy is to form chains before applying the reduction of [KT00].

The first insight we have is that we can form chains adaptively by invoking the adaptive decoder
Dec*(u) in a structured way. Namely, define the “adaptive chain decoder” Dec; () to be the
decoder that works as follows:

(1) Simulate Dec*(u) to generate the first query v;. Then, read a1 = x,, and respond with a; to the
simulated Dec” (1) instance.

(2) The simulated Dec*(u) generates a second query v;. Then, read a, = x,, and respond with a,
to the simulated Dec* (1) instance.

(3) The simulated Dec*(u) generates a third query u;, but Dec,x(u) does not make this query.
Instead, Dec,x(u) invokes Dec*(11), and then proceeds starting from Step (1).

®We note here that one of logn factors saved by [Yan24] is in optimizing the “hypergraph decomposition” step
in [KM23], but this optimization is specific to linear codes. In this paper, we give a slightly tighter analysis of the
decomposition in [KM23] that also saves this log # factor, and additionally generalizes to the nonlinear setting.
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After r iterations of the loop, Dec; (1) makes the final query u, to receive a,, and then “feeds
answers backwards”. Namely, the simulated Dec” (u,-1) now outputs some guess a,_1 for x,,,_,,
which Dec; (1) uses to answer the query u,_1 made by the simulated Dec*(u,_,), etc. Finally,
Dec; (1) outputs the same answer as the first simulated Dec*(u).

We can think of the decoder Dec; (1) as generating adaptive chains, which are sequences of the

form (uo, (v1, a1), (v2, 32), U1, (v3, a3), (V4, a4), - ..).
Key idea 2: representing the decoder as a polynomial. Let us assume that the decoder succeeds
with probability 1 for simplicity. Now that we have adaptive chains, we need to define a polynomial
W, (x) using the adaptive chains C in 7-(5,7) (now redefined to be the set of adaptive chains) so that
W, (x)x, = 1forall x € C. Our key idea is to encode the behavior of Dec” (1) as a certain polynomial.
Then, forming chains corresponds to taking certain “chain products” of these polynomials, which
defines a “chain polynomial” W, (x) that we will refute.

We can represent Dec*(u) as a decision tree, and for simplicity, let us assume that Dec*(u)
makes exactly 3 queries and has perfect completeness. First, it has some distribution that it uses to
generate the first query v;. Then, it has a branch for each answer a; € {-1, 1} that it could receive.
After the branch, it has another distribution to generate the second query v, and then another
branch for each answer a; € {-1,1}. It then has a final distribution for the query v3, and then it
has a “decoding function” fy, 4,,0,,a,,05(43). Notice that we are allowed to have a different decoding
function for each choice of “adaptive constraint” C = (v1,a1,v2,a2,v3), and SO fu, ,a1,05,a2,05(43) Need
only depend on a3. Because Dec* (1) decodes with probability 1, we must have that for any x € C
with x;,, = a1, Xy, = ay, it holds that f;; 4,,07,00,05(Xv5) = Xy Additionally, this implies that f,, 4;,v2,a2,05
is deterministic, and so it is one of the following 4 functions: 1, -1, a3, —a3. For simplicity, let us
pretend that all such decoding functions are simply a3.

The above analysis effectively gives us constraints of the form

“Xoy =01 A Xy, = = Xy = Xy,
We can represent these constraints as polynomials by the AND polynomial (Definition 5.1): we
then have polynomial constraints AND(a1xXy,, 32Xy, ) X0, X, = AND(a1xy,, 02X0,).

Unlike in the linear case, the constraints come with weights, corresponding to the probability
that the decoder Dec” (1) makes the queries C = (v1, a1, vy, 42, v3) where x satisfies x,, = a1, X, = as.
Let wt, (C) be the weight of such a constraint. We then have for any x € C:

wt, (C)AND(a1xy,, a2x,,) = 1
C=(v1,a1,02,42,03)
wt, (C) =4.

C=(v1,a1,v2,a2,03)

The first equation sums the probabilities of querying certain C’s, which must sum to 1 because this
is the query distribution of Dec*(u). The second equation observes that wt(C)/4 is the probability
that Dec”(u) queries C when y is chosen uniformly at random. As we will explain, the fact that
this sums to 4 and not 1 is the critical reason why we only obtain a superpolynomial lower bound
instead of an exponential one in the perfect completeness case.

12



Finally, we have

Z wty, (C)AND(a1xy,, 42Xy, )Xo, Xy = Z wt, (C)AND(a1xy,, a2xy,) =1,

C=(v1,a1,02,a2,03) C=(v1,a1,02,a2,03)

using the fact that the polynomial constraints are satisfied and the first of the 2 previous equations.
We also note that, more generally, the left-hand side exactly computes E[Dec} (u)x, ] for a fixed x,
where the expectation is over the internal randomness of the adaptive decoder.

Forming and refuting chain polynomials. The next step of the proof is to use the polynomial
representation of Dec* (1) above to represent the behavior of the chain decoder Dec;(u) as a
polynomial as well. Concretely, the polynomial for Dec; (1) is

xu Z Wtu(C)AND(alxvll azxvz) Z Wtu1 (Cl)AND(ﬂ3xv3, a3x03)xu2 7

C=(v1,a1,02,a2,u1) C’'=(v3,a3,04,a4,12)

and we let W, (x) denote the polynomial for the length r-chains, defined analogously. Because of
perfect completeness, W, (x) = 1 for all x € C. Notice that W, (x) exactly computes E[Dec; (u)x,,]
where Dec; () is the adaptive chain decoder and the expectation is over the internal randomness
of Dec; (u).

We then follow the strategy of [KM23] and let Wy (x) = Zi‘;l biWi(x). Standard reductions
(Fact 3.4) allow us to assume that the code C is systematic with only a small loss in parameters, so
that for a random x € C, the bits x1, ..., xx € {-1,1} are independent. To prove a lower bound, it
suffices to then argue that [Ej¢(_q 1yr[maxye(-1,1y» Wi (y)] < k, as W(C(b)) = k.

The spectral refutation of [KM23], built on the CSP refutation algorithm of [GKM22], does not
directly bound Ej¢(_q 1yc[max, (1,13 W(y)], because the polynomials constructed here are quite
a bit more general than the case handled in [KM23]. However, because the spectral methods
of [GKM22, KM23] are sufficiently resilient, one can succeed in using the techniques to bound
Epeq_1 13k [maxye(—1,13n W(y)] (Lemmas 5.9 and 6.6). This requires a more complicated version of the
(already somewhat technical) proof in [KM23]; we will comment on the generalizations we require
later.

We obtain a bound of Ej¢(_; jy¢[maxye(-1,13n W(y)] < W - O(y/klrlogn) where ¢, r are param-
eters with ¢ > n, and W is the total “weight” of the ¥, i.e., the sum of the weights of the
coefficients. The quantity W should be considered some normalized analog of the “number of XOR
constraints” present in the polynomial.

Because the sum of the weights in a single Dec(u) is 4, the total weight in W, is at most 4”. This
gives us a bound of 4" - O(y/kfr logn); we then set r = /logn, and ¢ = 20(iogn), Rearranging then
implies that k < 20(\/@), ie., n > kQlogh)

The reason for the factor of 4 loss (which causes the 4" loss and prevents us from taking
r = O(log n) to get an exponential lower bound) can be observed by looking at how this reduction
behaves when the code C is actually a linear 3-LCC. For each linear constraint x;, Xy, Xy; = Xy, we
produce 4 constraints

“"

_ _ _ ”
Xoy = A1 N Xy, =02 = Xy = A102Xyp,,
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one for every ay,a € {-1, 1}k. So, we have produced a factor of 4 more equations than was needed.
Indeed, the reason that this loss does not appear for linear codes is because of the equality

Z AND(a1xy,, 2Xp,)0102Xp; = X, Xv, Xos -

ay,a2

However, in the adaptive case, the query v3 can depend on the answers, and we also need not have
fo1,a1,00,8,(43) = a1a2a3, so this does not necessarily hold.

Additional technical complications. Let us now discuss the generalizations that we need of the
theorems in [KM23] in order to prove Lemmas 5.9 and 6.6. First of all, we need to now handle
weighted hypergraphs that are not necessarily matchings, rather than just matchings where all
hyperedges have equal weight. The definitions and methods in [KM23] are sufficiently general that
this can be done with some effort. A key part of the generalization is relying on the smoothness
of the decoder, which conceptually generalizes the concept of hypergraph matchings to weighted
hypergraphs. A second issue encountered is that AND(a1x,,, 42x,) is not a homogeneous degree
2 polynomial and the decoding function fy, 4;,0,,4,(43) might have a negative sign and be —a3.
This means that W} is not a homogeneous degree 2r polynomial with nonnegative coefficients.
Fortunately, this issue can again be circumvented by adding extra dummy variables y_,, y;«), and
Y_qw) for each v € [n], where we expect these variables to take the values y_, = —xy, ¥;0) = 1, and
Y_10 — L.

A third and perhaps more pressing issue encountered is that the adaptive chains of Dec; (1) are
not necessarily all of length r. For example, suppose the initial invocation of Dec* (1) by Dec; (1)
leads to the first 2 queries and answers being C = (v1, a1, v, a2). Then, Dec” (1) generates a third
query u;. However, the decoding function fy, 4,,0,,a,,u,(43) might not depend on a3 = x,,, i.e., it
could be the constant function 1 or the constant function —1. In this case, we do not have a way to
continue the chain as normal, and Dec; (1) does not make any more queries.

It turns out that the polynomials for the chains that stop early are (modulo some tricks) ho-
mogeneous degree 2t polynomials, where 2t is the number of queries, which is even. This should
be compared to the polynomial W;, which is (modulo some tricks) a homogeneous degree 2r + 1
polynomial, which is odd. It turns out that the methods of [KM23], and indeed the more general
case of refuting XOR instances [GKM?22], are easier to analyze for even degree instances. This
allows us to refute these “early stop” instances, and thereby show our key refutation lemmas:
Lemmas 5.9 and 6.6.

Handling imperfect completeness. Finally, we explain how to handle the case when the decoder
only succeeds with probability 1 — ¢. By union bound, it follows that Dec; (1) therefore succeeds
with probability at least 1 — re, and thus has E[x,Dec; ()] = 1—2re. Now, we can only take
r = 1/2¢ length chains while still showing a lower bound on Ej¢(_1 1yr[max, (1,13 Wi(y)]. In this
parameter regime, when ¢ is a small constant, say, our final bound will be about k < n!/" ~ n?¢.
One may wonder why we cannot obtain a better lower bound on E[x,Dec; (u)]. Indeed, if
E[x,Dec*(u)] only depends on x, or u, but not both, then we could make the analysis work. The
problem is that this is not something that we can enforce without loss of generality, as IE[x, Dec*(u)]

could depend on both x and u.
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The reason this causes an issue can be seen from the 2-chains. Consider the 2-chain polynomial
from before:

Xy Z Wtu(C)AND(alxvll avaz) Z Wtul (C/)AND(Q3XU3, a3xv3)xu2

C=(vy,a1,v2,a2,11) C’=(v3,a3,04,a4,112)

We have

Xuy Z Wtul(c/)AND(a3xv3/ a3xv3)xuz = IE[xulDer(ul)] =pxuy 2 1-¢,

C’'=(v3,a3,04,a4,U2)

so that

Xy Z wt, (C)AND(a1xy,, 42X5,) Z wty, (C")AND(a3xy,, A3X0;) X1,
C=(v1,a1,02,a2,11) C’=(v3,a3,04,A4,112)

= Xu Z (Wtu(C)AND(alel, ale)z)xlllpx,ul) .

C=(v1,a1,02,a2,11)

Now,

Xy Z (Wt (C)AND(a1x0,, 02X0,)Xu,) = P = 1 —2¢,

C=(v1,a1,02,a2,u1)

for all x € C, and so we would like conclude that

= Xy Z (Wt (C)AND(a1 X0y, 42X 0, )X, Py ) = (1 —2€)?.

C=(vy,a1,v2,a2,u1)

Unfortunately, the reweightings caused by the different p, ,,’s cannot be ignored because the
terms in the sum are not nonnegative. In particular, it could be that py,, = 1 for the negative
terms and py,, = 1 —2¢ for the positive terms, which would then (if py, = 1 —2¢) make the sum
(1-e)(1-2¢)— ¢ = (1-2¢)?-2¢2, for example.

24 Roadmap

The rest of the paper is organized as follows. First, in Section 3, we introduce some notation and
recall basic facts about LCCs that we shall use in the proof. In Section 4, we prove Theorem 1. In
Sections 5, 6 and 8 to 10, we prove Theorem 2 in the case of perfect completeness. This proof is
broken into two stages: the reduction from the adaptive smooth decoder to the chain polynomials
and chain XOR instances is done in Sections 5 and 6, and in Sections 8 to 10 we refute these instances
by proving Lemmas 5.9 and 6.6.

Finally, in Appendix A we prove the case of imperfect completeness in Theorem 2 and in
Appendix B we recall the folklore construction of design 3-LCCs from Reed—-Muller codes.
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3 Preliminaries

3.1 Basic notation

We let 1] denote the set {1,...,n}. For two subsets S, T C [n], we let S ® T denote the symmetric
difference of Sand T,ie., S®T ={i: (i€ SAi ¢ T)Vv(i ¢ SAi € T)}. For a natural number
t € N, we let ([?]) be the collection of subsets of [11] of size exactly t. Given variables x1, ..., x, and
asubset C C [n], we let x5 := [],es Xo.

For a rectangular matrix A € R"", we let [|All2 == maXyerm yerr:|x],=|lyl.=1 ¥ ' Ay denote the
spectral norm of A, and ||Alle_,1 = MaXye(-1,1}mye(-1,137 X Ay. We note that [|Allo_,; < Vnm||Al|>.

3.2 XOR formulas

A (weighted) XOR instance ¢ on n variables x1, x, ..., x, taking values in {-1,1} is a collection of
constraints of the form {xc = bc} where C € H where H C 21"l is the constraint hypergraph, along
with weights wt(C) > 0 for each C € H. The arity of a constraint {xc = bc} equals |C|. The arity of
Y is the maximum arity of any constraint in it. The XOR formula associated with ¢ is the expression
Y(x) = Y ceqy WH(C)bcxc seen as a polynomial over {-1,1}". Notice that (x) = X ceqy Wt(C) if x
satisfies all the constraints of 1) and in general, evaluates to (weight of constraints satisfied by x) -
(weight of constraints violated by x). The value val(i) of a XOR instance 1) (or, of the associated
formula ¢(x)) is the maximum of ¢(x) as x ranges over {—1,1}". More generally, for a function
f(x), we shall let val(f) := maxye(_1,1} f(x).

3.3 Locally correctable codes

We refer the reader to the survey [Yek12] for background.

Definition 3.1 (Locally correctable code). A map C: {-1, 1} - {-1,1}"isa(q,9, ¢)-locally cor-
rectable code if there exists a randomized decoding algorithm Dec(:) that takes input an oracle
access to some y € {—1,1}" and a u € [n], and has the following properties:

(1) (g queries) For any y € {-1,1}" and u € [n], Dec”(1) makes at most q queries to the string y;

(2) ((1 - &)-correction with 6n errors) For all b € {-1,1}, u € [n], and all y € {-1,1}" such that
A(y,C(b)) < on, Pr[Dec’(u) = C(b),] = 1 - ¢. Here, A(x,y) denotes the Hamming distance
between x and v, i.e., the number of indices v € [n] where x;, # y,.

We say that C is linear if the map C, when viewed as a map from {0, 1}F — {0,1}" via the mapping
0 & land 1 & -1, is a linear map. We note that for linear codes, k = dim(V), where V is the
image of {0, 1}* under the map C. We will typically let £, as opposed to C, denote a linear code,
and view £ as amap £: {0,1}* — {0,1}".

We say that C is systematic if for every b € {1, 1}¥, C(b)|(x; = b.

For a code C: {-1,1}f — {-1,1}", we will write x € C to denote an x = C(b) for some
be{-1,1}k
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Definition 3.2 (Smooth LCCs [KT00]). A map C: {-1,1}f — {-1,1}" is a 6-smooth g-locally
correctable code with completeness 1 — ¢ if there exists a randomized decoding algorithm Dec(-)
that takes input an oracle access to some y € {-1,1}" and a u € [n], and has the following
properties:

(1) (g queries) For any y € {-1,1}" and u € [n], Dec’(1) makes at most g queries to the string y;
(2) ((1 = ¢)-completeness) Forall b € {-1, 1Y, u € [n], Pr[Dec®(u) = C(b),] = 1 - ¢.

(3) (6-smoothness) For allb € {-1,1}, u € [n], x = C(b), v € [n], Pr[Dec®® (1) queries v] < (%n.
We will call such codes (g, 0, €)-smooth LCCs.

Remark 3.3. Any 0-smooth q-LCC with completeness 1 — ¢ is a (g,1n9, € + )-LCC for any np > 0.
Indeed, this follows because if we let y € {—1,1}" be a corruption of a codeword x € C with non
errors, then the probability that the smooth decoder queries a corrupted entry is at most 7.

Fact 3.4 (Systematic Nonlinear Codes, Lemma A.5, Thm A.6in [BGT17]). Let C: {-1, 1M — {-1,1}"
be a 5-smooth q-LCC with completeness 1 — e. Then, there is a systematic code C”": {-1,1}¥ — {-1,1}"
that is a 6-smooth q-LCC with completeness 1 — ¢, where k' = Q(k /log(1/0)).

We next discuss a combinatorial characterization of linear locally correctable codes. To begin
with, we recall basic notions about hypergraphs.

Definition 3.5. A weighted (and undirected) hypergraph H on vertex set [1] is a weight function
wtg: 2" — Ry, i.e., a function from unordered sets C C [n] to Rso. The hypergraph is < g-
uniform if |C| > g implies that wty(C) = 0 and g-uniform if |C| # g implies that wtg/(C) = 0.

A weighted directed hypergraph H on vertex set [1] is a weight function wtg;: S — Ry, where
S denotes the set of all ordered subsets of [n]. The hypergraph is < g-uniform if for any ordered set
C C [n], |C| > g implies that wtg(C) = 0 and g-uniform if |C| # g implies that wty/(C) = 0.

For a subset Q C [n], we define the degree of Q in H, denoted deg,, (Q), tobe ¥ ce[uj.0cc Wi (C),
where we say that Q C C if this containment holds as sets.

LCCs admit a standard combinatorial characterization (formalized in the definition below).

Definition 3.6 (Linear LCC in normal form). A linear code £: {0,1}f — {0,1}" is (g, 0)-normally
correctable if for each u € [n], there is a g-uniform hypergraph matching H, with at least on
hyperedges such that for every C € H, and b € {-1,1}*, it holds that [],cc X, = x, where
x =C(b).

Every linear LCC can be transformed into a linear LCC in normal form with only a small loss in
parameters.

Fact 3.7 (Reduction to LCC normal form, Theorem 8.1 in [Dvil6]). Let £: {0,1}* — {0,1}" be a
linear code that is (q, 0, €)-locally correctable. Then, there is a linear code £ {0,1}F — {0,1}?" that is
(q,0")-normally correctable, with 6’ > 6/2q.
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Below, we define design 3-LCCs, which are an idealized form of linear 3-LCCs in normal
form. We note that Reed—Muller codes, the best known construction of 3-LCCs, are designs (see
Appendix B).

Definition 3.8 (Design 3-LCCs). Let H C () denote a collection of subsets of 1 of size exactly 4.
We say that H is a design if, for every pair of vertices u # v € [n], there exists exactly one C € H with
{u,v} cC.

We say that such an H is a design 3-LCC of dimension k if the subspace V := {x € {0,1}" :
Yvec Xo =0VC € H} € {0,1}" has dimension k.

Remark 3.9 (Connection between Definition 3.8 and Definition 3.6). Given a design 3-LCC H, we
can construct the hypergraphs H,, for u € [n] in Definition 3.8 by letting H,, := {C\ {u} : C €
H and u € C} be the set of C € H that contain u (and then remove u). Because H is a design, for
every pair u # v € [n], there exists C € H containing u and v. So, there is exactly one C’ € H,
containing v, which implies that H,, is a perfect 3-uniform hypergraph matching on [n] \ {u}, ie.,
|H,| = 22

Finally, we recall the lower bound for linear 2-LDCs from [GKST06].
Fact 3.10 (Lemma 3.3, Lemma 3.5 in [GKST06]). Let £: {0,1}¥ — {0,1}" be a linear map, and let

G1, . .., Gk be matchings on n vertices such that for every b € {0, 1}* and every i € [k]and every (u,v) € G;,
it holds that x,, + x, = b;, where x = L(b). Suppose that % ZlelGil > on. Then, 20k < log, n.

3.4 Concentration inequalities
We will use the following non-commutative Khintchine inequality [LP91].

Fact 3.11 (Rectangular Matrix Khintchine inequality, Theorem 4.1.1 of [Tro15]). Let X1, . .., X be fixed
d1 X dy matrices and by, ..., by be i.id. from {-1,1}. Let 0> > max(||2§.‘:1 Xi X2, ||Zf:1 X Xi]ll2).

Then
k

Z b:X;

i=1

IE[ ] < (202 log(ds +d) .

2

3.5 A fact about binomial coefficients
Fact 3.12. Let n,r,t,{ be integers with t < r and { > r. Then, it holds that
() (—2r-p) - (1 N O(EZ)) ot (‘1)

(20 n ;)

Proof. First, we have that

A

(D) _(,, 0@\t ntCr  @—ryi(e—n

(D) no ) (C=@r—t) nbr plr
O\ (t-r)  (t=r)

S(H n )nt o E-@r-nt’
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We now observe that
t'(l’—r)' (-nt . =rt (=1
t 0 =@Qr=t)t (r=t! 0 (=Q2r-1)!
1 1 (£—r)
@ (r—t) ((—@Qr—t)!
_ G

)

(7")

which finishes the proof. m]

4 Proof of Theorem 1

In this section, we prove Theorem 1. The proof is substantially simpler than the proof for general
linear codes ([KM23]) or Theorem 2. The proof here will be self-contained, and will also serve as a
partial warmup to Theorem 2.

The proof presented follows the overall blueprint of the proof in [KM23]. Namely, we will
use the design 3-LCC L to construct a 2-query linear locally decodable code, and then we will
apply the lower bound of [GKST06].” As mentioned in Section 2.2, we will incorporate the clever
second moment method proof of the row pruning step due to [Yan24], which is very similar to
the edge deletion method of [HKM23] done in the context of semirandom and smoothed CSP
refutation [GKM?22]. The key reason that we save the final log  factor is by using a more carefully
chosen Kikuchi graph, a sharp accounting of binomial coefficients, and the crucial use of the fact
that in the design case, the hypergraph matchings are perfect.

Let us now proceed with the proof. Let £: {0,1}f — {0,1}" be a design 3-LCC. Namely,
there exists a 4-uniform hypergraph design H C (%)) such that for all C € H, 3,cc ¥, = 0 for all
x € L. Without loss of generality, we may assume that L is systematic, i.e., for each b € {0, 1}k,
L(b); = b;. Tobound k, we will give another linear map £’: {0,1}"* — {0,1}*"N, where N = (7) for
some parameter ¢ = (1 + o(1)) log, n, and we will show that £’ o £: {0,1}* — {0, 1} is a 2-query
linear locally decodable code with 6 = 3(1 — 0(1)). We can then apply Fact 3.10 to conclude that
(1-0(1))k <20k <log, N < (¢ +1)log, n where { = (1+0(1))log, n

For each u € [n], we let H, denote the 3-uniform hypergraph defined from H as specified
in Remark 3.9, i.e.,, H, = {C : CU{u} € H}. As shown in Remark 3.9, H, is a matching of size
on =121 qe,6:=1-4L.
Step 1: forming long chain derivations. In the first step of the proof, we use the initial system of
constraints H to define a larger system of constraints, called long chain derivations. This is the key
idea of [KM23] that yields the first exponential lower bound for linear 3-LCCs, and is the starting
point of our proof.

"The proof in [KM23] is presented using the perspective of spectral refutation and matrix concentration bounds, even
though the final proof eventually is a reduction to a 2-LDC. Here, we present the proof as a reduction as it is a more
accessible and combinatorial analysis, although we note that one could prove the same result using matrix concentration
as well.
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Definition 4.1. Let Hy, ..., H, be the 3-uniform hypergraph matchings defined from the 4-design
H. An r-chain with head ug is an ordered sequence of vertices of length 3r + 1, given by C =
(1o, 1,02, U1, 03,04, U2, . . ., V2(r-1)+1, V2(r—1)+2, Ur), such that all the v;’s are distinct® and for each
h=0,...,r—1,itholds that {von+1, V2n+2, Un+1} € Hy,. We let 7-{5,” denote the set of r-chains with
head u.

Welet C; = (v1,03,0s,...,0,-1)+1) denote the “left half” of the chain, and Cr = (v2,v4, Vs, . . ., V2(r-1)+2)
denote the “right halt”. We call u, the “tail”.

We observe that 7-(5,7) has size at most (66n)" and size at least (661 — 4r)". Indeed, the upper
bound follows because, given a partial chain (ug, v1,v2, ..., uy), there are exactly 66n choices of
(V2141, V2n+2, Un+1) (Which we note are ordered), and the lower bound follows because there are
always at least 60n —4h > 66n — 4r choices, as each vertex v can appear in either the first or second
spot in at most 2 ordered hyperedges in H, for any u’ € [n].

The following observation asserts that the system of linear equations given by the chains are
satisfied by every x € L.

Observation 4.2. Let C = (uo, v1, 02, U1,03,04, U2, - . ., V2(r-1)+1, V2(r—1)4+2, Ur) € ?{,Ey) be an r-chain, with
left half C; and right half Cg. Then, for any x € £, it holds that x,, + }.,cc, X0 + 2pec, X0 = Xug-

Proof. For any chain C, we have that forall # = 0,...,r — 1, it holds that {v25+1, V2n+2, Un+1} € Hy,,,
which implies that x,,, ., + Xo,,,, + Xu,,;, = Xy, for all x € L. By taking the product over all these
equations, Observation 4.2 follows. m]

Step 2: defining the Kikuchi graphs. In this step, we will define two linear maps £L;: {0,1}" —
{0,1}F and £;: {0,1}" — {0,1}R, where L = (['Z]) x[n],R = (['Z]), and { is a parameter, as follows.
Let L1(x)(s,0) := Xo + Xpres Xor, and let Lo(x)r := 3o Xor. Note that [L| = nN and |R| = N, where
N = (}):

Now, for each u € [n], we will use the set of r-chains H," to define a bipartite graph G,
with left vertices L and right vertices R such that, for each edge ((S,v),T) in G,, it holds that
Li1(x)(s,0) + L2(x)1 = x4. This graph G, will be the following Kikuchi graph.

Definition 4.3 (Kikuchi graph). Let ¢ be a parameter, to be determined later, and let G, be
the graph with left vertex set L = ([';]) X [n] and right vertex set R = ([7;]). For a chain C =
(1o, V1,02, U1, 03,04, U2, . . ., V2(r—1)+1, V2(r—1)+2, Ur) € 7—(,5” with left half C;, and right half Cg, we add
an edge ((S,w),T) to G, “labeled” by Cif S=CrUU, T = CrR UU where |U| = { - r’ and w = u,.
Two distinct chains may produce the same edge — we add edges with multiplicity.

We now make the following simple observations about the graph G,,.

Observation 4.4. For any chain C = (ug, v1,02,U1,03,04, U2, . .., V2(r-1)+1, V2(r—1)+2, Ur) € 7-(3), the
number of edges in G, “labeled” by C is exactly ().
In particular, the average left degree of G,, denoted by 4,1 is (”[_2:) /nN, and the average right
degree, denoted by d, g is (”[_2;) /N.
81n this section only, we will enforce that all the v),’s are distinct, as this will be slightly more convenient.
?Note that here we will use that all the v},’s are distinct, so that |Cy| = [Cr| = r and |C| + |CR]| = 2r.
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Proof. Let Cy, be the left half of C and let Cr be the right half. Because all the v;,’s are distinct, we
have |Cr| = |Cr| = r and |C U Cr| = 2r. It follows that the number of pairs ((S, w), T) such that
((S,w), T) is an edge in G, labeled by C is simply the number of choices for the set U, which is a
subset of [11] \ (C, U CR) of size ¢ — r. Thus, there are exactly ("[_2:) choices. O

Observation 4.5. For every edge ((S,w), T) in G, and x € L, it holds that L£1(x)(sw) + L2(x)r = x.

Proof. Suppose that ((S, w),T) in G, is an edge labeled by the chain C, which has left half C; and
right half Cgr. We then have that w = u,, u = up,and S = C UU, T = Cg U U. Therefore,

Ll(x)(S,w) + Lo(x)r = Xy, + Z Xz + Z Xz

z€S zeT
=Xy, + Z xZ+ZxZ+Z(xZ+xZ):xu,+ sz+2x2:xu,
zeCp, zeCy zel zeCp, zeCy
where the last equality uses Observation 4.2. O

The plan for the remainder of the proof. Let us now take a brief moment to outline the steps for
the remainder of the proof. To construct a 2-LCC, it suffices to show that G, admits a matching M,
of size ()(N). Indeed, if this were the case, then the matching M, would be the matching that we
require to invoke Fact 3.10 and thus finish the proof.

To show that G, has a large matching, it suffices bound the maximum degree of the graph by
d, as then G, must admit a matching of size at least |E(G,)|/d. However to do this, there are two
issues to resolve. The most obvious issue is that the bipartite graph is unbalanced, i.e., |L| = n|R]|,
and so this prevents us from obtaining a matching of size Q(|L|). This issue can be easily fixed
by the following trick:'” for each right vertex T € R, we can create n copies of T, denoted by
T, ..., T, and split the edges adjacent to T evenly across the copies. This decreases the average
(and maximum) right degree by a factor of (1 — 0(1))n, and fixes the issue.

The second, and much more challenging problem, is that the graph G, need not be approxi-
mately biregular. Indeed, if the graph G, was exactly biregular, then apply the above “splitting
trick” would imply that the resulting graph has a perfect matching of size nN /2.

This irregularity issue is a common problem for Kikuchi matrices and has arisen in many prior
works [GKM22, HKM23, AGKM23, KM23, Yan24]. The way to handle this issue is to show that
G, admits a subgraph G;, that is approximately biregular and still contains a significant fraction of
the edges of G, i.e., |[E(G})| = Q(|E(Gy)|). We follow the terminology of prior work and call this
step the “row pruning” step, which is so named because it involves pruning rows (and columns)
of the adjacency matrix of G,. This row pruning step is the crucial, and by far the most technical,
component of the proof.

Step 3: Finding a near-perfect matching in G,. We now argue that G,, admits a degree-bounded
subgraph G;, containing (1 — 0(1))|E(G,)| edges. The strategy in [KM?23] is to use the moment
method to argue that with high probability, a random left (or right) vertex of the graph has

10This is a nice trick of [Yan24] that, while it does not affect the final bounds, saves a use of the Cauchy-Schwarz
inequality and thus makes the graph G, a bit simpler to describe.
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degree at most O(d,, 1) (or O(dy,r)) with high probability. Here, we will diverge from the technical
implementation of the proof in [KM23] and follow the approach of [HKM23, Yan24], which is the
observation that it suffices to compute first and second moments only. Indeed, it is computing
higher moments that causes the loss of several extra logn factors in the proof of [KM23], as
compared to [Yan24].

The key reason we shall save the final log n factor is because the matchings H,, are nearly perfect,
i.e., they have size 6n where 6 = % - 3%1 This, combined with the careful choice of the matrix (see
Remark 2.4) allows us to take £ = O(r) instead of ¢ = O(r?), which saves a log n factor. We note
that in order to get the sharp constant achieved in Theorem 1, we need to show that G, contains a
near-perfect matching.

Let deg, ; (S, w) denote the left degree of (S, w) in G,, and let deg,, (T) denote the right degree
of T in Gy. In the following lemma, we compute the first'! and second moments of the degree
functions. This lemma is the key technical lemma of the proof, and immediately implies the
existence of a degree-bounded subgraph of G, of comparable density, as we shall shortly see.

Lemma 4.6 (Second moment bounds for the left and right degree). Let ¢ be a parameter with { > r
such that r, € = o(n'/*). Let G, be the graph defined in Definition 4.3. Then, it holds that

E(sw)[deg; (S, w)?] < (1+0(1) + MEsw)[deg; (S, w)],
Er[degy(T)*] < (1 +0(1))Er[degy(T)].

Here, the o(1) is O(¢2)/n and = n/(f).

We note that when we apply Lemma 4.6, we will take r = 3 log, n + O(loglogn) and ¢ = 2r — 1,
which will end up satisfying the conditions with n = 1/polylog(n).

We postpone the proof of Lemma 4.6 to Section 4.1. Let us now use Lemma 4.6 to extract a
near-perfect matching from G,,. We will assume that ¢,  are chosen so thatn < 1/ O(log2 n) =o(1),
which will be the case when we choose parameters.

Using Lemma 4.6, we apply Chebyshev’s inequality to observe that for the graph G,:

1. There are at least (1 — 0(1))|L| left vertices with degree d,, 1.(1 + 0(1)). Let L/, denote these left
vertices.

2. There are at least (1 — 0(1))|R| right vertices with degree d, r(1 + 0(1)). Let R}, denote these
right vertices.

Let G, = G4[L},, R} ] be the induced subgraph. First, we observe that |[E(G})| > (1 - 0(1))|E(G,)|.
This is because there are at least (1 — o(1))d, |L;| > (1 —0(1))(1 —o(1))d, r|L] = (1 -0(1))|E(G)|
edges in G[L’, R] and at least (1 — 0(1))d,, r|R}| = (1 —0(1))(1 —0(1))dyr|R| = (1 -0(1))|E(G)| edges
in G[L, R’], and therefore G[L’, R’] must have at least (1 — 0(1))|E(G)| edges. Furthermore, each left
vertex in G’ has degree at most (1 + 0(1))d, 1, and similarly each right vertex has degree at most

(1+0(1))dyr.

Note that Observation 4.4 computes the first moments already.
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Recall that n -d,; = dyr and |L| = |R]|-n. Therefore, by making n copies TO,. .., T of
each vertex T in R and splitting the edges equally across all copies (and doing the same induced
transformation on Gj,), we can create a new bipartite graph G, with left vertex set L and right
vertex set R X [n] where G}, has max left (or right!) degree (1 + 0(1))d,, 1, and at least (1 — 0(1))|E(G)|
edges. Therefore, G, contains a matching M, of size at least (1 — 0(1))|E(G)|dy,. > (1 —o0(1))|L|.
Note that this matching is nearly perfect, as the graph G;, has 2|L| vertices, |L| left vertices and |L|
right vertices.

Step 4: proving the final bound. Recall that we began with a linear map £L: {0, 1}k — {0,1}"
that is a design 3-LCC. We then built the maps £1: {0,1}" — {0,1}! and £,: {0,1}"* — {0,1}R,
where L = ([Z‘]) X [n]and R = ([:f]), and the matchings M, for each u € [n] on the left vertex set
L and the right vertex set R X [n]. To do this, we needed to apply Lemma 4.6, which requires
that ¢, 7 = o(n'/*). We thus set r = [} log, n + I'log, log, n] for a sufficiently large constant I and

¢ = 2r — 1, which satisfies the conditions. We additionally have n =1/ logg n, as

¢ 2r—1 22r-1 n - 2T log, log, n
= > >
~ 2r —  O(logn)

> n - (log, n)l 1o > n(logg n),

r r

where we use that (2r; 1) is maximized att =rand t = r — 1.

Let £7: {0,1}" — {0,1}R x [n] be the map where L}(x)rm = La(x)r, where T™ is the h-th
copy of T in R X [n]. A simple corollary of Observation 4.5 is that, for any x € L, u € [n], and edge
((S,w), T™) in M,,, it holds that L1(x)(s,0) + L5 (xX)7m = xy. In particular, since £ is systematic, for
any i € [k], edge ((S,w), T™)in M,, and b € {0,1}%, it holds that £1(x)(s ) + LI (X)rm = xi = b;.

Let £': {0,1}" — {0, 1}FV®Rx[n) = {0,1}2"N be the map where £L/(x)(s ) = L1(x) and L’ (x)rm =
L (x)rm. We have that £ o L7 is linear map from {0, 1}% — {0,1}?"N and that M; is a matching of
size > (1-o0(1))nN = %(1 —0(1)) - 2nN that decodes b;. Therefore, by Fact 3.10, we conclude that
(1-0(1))k <log, N < (¢ +1)(log, n) = 2rlog, n = (1 + o(1))(log, n)?, which proves Theorem 1.

4.1 Bounding the second moment of the left and right degrees: proof of Lemma 4.6

In this subsection, we compute upper bounds on the second moments of degree functions. This
constitutes the main technical component of the proof.

As one can imagine, computing second moments requires counting the number of chains
Ce 7-{L(,r) where the left half C;, (or right half Cr) contains a particular set Z. Because of this, we
first prove the following claim.

Claim 4.7 (Ideal smoothness of chains from designs). Let H be a design 3-LCC and let Hj, ..., Hy
be the 3-uniform hypergraphs defined in Remark 3.9. Let r > 1 be an integer, and let Z C [n] be a
subset of size t, for some 0 < t < r. Then, the number of chains C € 7‘(5,7) with Z C Cg is at most
(1)t!(36m)"~*-2". And, for any w € [n], the number of chains C € H'" with tail w and Z C Cy is at
most (})t!(36n) ~""1.2"ift <r—landr!-2"if |Z| = 1.

Proof. First, let us count the number of chains C € Wl(f) with Z C Cg. We compute this in a similar
way to our upper bound on |¢{$’)|. First, we pick the (}) locations in Cg (recall that Cr is implicitly
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ordered by the order that the vertices appear in the chain) that will contain Z, and then we pick
one of the t! ways of ordering the entries of Z in these locations. Formally, we view this as fixing
an ordered tuple Q € {[n] U x}", where the set of non-x elements of Q is equal to Z. The notation
Qn = *x means that the element v;(;,_1),2 in the chain C is “free”, and Q; = v means that we must
have U2(h-1)+2 = 0.

Next, we count the number of chains as follows. We start with 1y = u, and then we choose an
ordered constraint (v1, vz, u1) € Hy, as follows. If Qq # %, then we clearly have at most 2 choices,
as we have forced v, = v for where v = Q1, which leaves at most one (unordered) C € H,, that
contains v, and then we have 2 ways to order C. If this is not one of the locations where we have
placed an entry of Z, i.e,, Q1 = %, then we have at most 66n choices. In total, we pay at most
(1)1 (60n) 1212121 = (7)+1(3om) 12127

Now, we fix w € [n] and count the number of chains C € 7—(1(,” with tail w and Z € Cr. We first
observe that if |Z| = r, then we have at most 2" - r! choices. Indeed, this means that Z = Cy, so we
tirst pick an ordering on Z (to determine the ordering of the vertices in C1), and then we pay a
factor of 2 per step in the chain (as in the analysis in the previous paragraph). In total, there are
2" - r! choices.

Next, suppose that |Z| < r — 1. As before, we pay (?) - t! to determine Q, i.e., the locations and
ordering of Z within the (ordered) set Cr. Let us now consider a fixed choice of the locations and
ordering. We have two cases.

In the first case, suppose that Q, = %, i.e., the vertex of C| in the “last link” (namely, v5(,_1)+1),
is not one of the locations chosen. Then, we can proceed as in the case of Cr, where we pay a factor
of 2 to choose a link where v is determined by Q, and a factor of 661 on the other steps. There
is one exception, which is the last step of the chain. Now, because we have also fixed the tail w,
there are again only 2 choices for this step, even though Q, = *. Thus, in total, we have paid at
most 2121+1(65n) 14171 = (36n) 121 . 27,

In the second case, suppose that Q, # %, so that the vertex vy(,_1)41 is one of the locations chosen.
Let h* denote the index of the last x in Q, so Qp = x and Qy # x for all i* < h < r. We now start
at the tail of the chain and work our way backwards until we reach the h-th link in the chain. In
the first step, we have already fixed the tail w and the vertex vy(,_1)+1, and so because H is a design,
there are at most 2 ordered tuples (v, v’, Vy(r—1)+1, w) where {v, 0", V3,141, w} € H, as there is one
such unordered tuple and then we can swap the locations of v and v’. We continue backwards
along the chain in this way until we reach the location /", so that v5(;:_1)41 is not determined by Q
since Qp+ = . In particular, we have completely determined u;-, along with the all elements after
up+ in the chain, namely (vap+41, Vap=42, - - ., Ur).

Next, we proceed from the start of the chain, again paying 2 for each non-x entry and 66n
for each x entry, until we reach the h*-th link. We have thus determined the chain up until (and
including) uy-—1, i.e., (1o, v1, 02, ..., up—1). For the final 2 vertices (v(—1)+1, Ua(h*—1)+2), we have at
most 2 choices, because there is at most one hyperedge in H,,. , that contains uj-, and then we
have 2 ways to order the vertices. In total, we have paid (66n) 1|71 . 2121+ = (355)"=12I-1. 27  the
same as in the other case.

In total, when |Z| =t < r — 1, we have at most (;)1,‘!(3(311)’42"1 - 2" choices. O

24



With Claim 4.7 in hand, we are almost ready to compute the second moments. To begin, we
will first compute good upper bounds on the first moments ]E(Slw)[degu’L(S, w)] and ]ET[degulR (7)].
For the remainder of the proof, we may omit the subscript u in some places for convenience.

We have

L)(n B 2r)(66n —4r)" < dr = Er[degy(T)] < i(nl’_—zrr

()\ -7 ()

1 n—2r 1 n—2r
. —47Y <d = F d ,0)] < —— -(66m)" .
This is because each chain C contributes ("g__zrr) edges to the graph G, and we have already computed
(66n —4r)" < |7{L(lr)| < (661)". We also clearly have (661 —4r)" > (66n)"(1 — O(r?/n)), and so we
have:

)(66n>f,

(1 _ O(T’z)) i(l’l - 2r)(6671)r <dgr = ]ET[degR(T)] < i(ng__zy-r

no )\ ey ()

or>)\ 1 (n-2r 1 (n=2r
1- . "<dp=FE S,0)] £ —— -(66n)". (2
(-2 () oy < = Bsotdeny 5.0 = o () ooy 2
Computing second moment of the right degree. We now compute the second moments. We will
begin with Er[degy(T)?], as this case is simpler. We have

Er[degg(T)?]

< Z Pr[Cr, C; € T] (T adjacent to edge labeled by C implies Cr C T)

C=(CL,Cr,w)
C'=(C} .Cl’)

r

)(6<5n)r , 1)

Pr[Cg, C}{ CT]
C=(Cp,Cr,w) t=0 C’=(C},Ch,w’)
ICRNCY |=t
r n
oy (“2—‘”) (as CkUCl C T and |Cr U Cl| = 2r — 1)
C=(CL,Crw) t=0 C'=(C} ,Cpw") (f)
|CRNCY |=t

IA

r n
Z Z (Z) . (:)t!(?»én)r_t .or. (l’—(2nr—t)) (by Claim 4.7 and (:) to pick Z C Cg where Cg N CI/Q =7)
C=(Cr,Cr,w) t=0 (f)

< Zr](asn)f(r) (r)t!(Bén)r_t 2 M
=0 JAU (f)
O(r? ’ L (D) ()
< (1+ S))d%Z(:)(:)t!(%n) f% (by Eq. (1).
t=0 {—r {—r

Now, we apply Fact 3.12 to conclude that

r {-r
]ET[degR(T)z] < (1 + OSZ)) dlz2 (:)(36n)_tnt(2+;)
t=0 r
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(7)

r({-r
Now, we observe that }};_, % = 1, as this is the probability mass function of a hypergeometric

2 r r\ ({—r
_ (1 N O;@ )) d% ;(36)_t (t)(r—t) .

distribution, and that 36 = 1 — 2 (as H is a design), and so (36)~" < (36)™" < (1 + %) Thus,

)z,

Er[deg,(T)*] < (1 +

which gives the desired bound on the second moment.
Computing second moment of left degree. We now compute E s ,)[deg, (S, v)?]. We have

E(s,)[deg; (S, v)?] < Pr[Cr,C] € S Av =w] (both chains have same fixed tail w)

C=(C1,Cr,w),C'=(C},Clyw)
.

Z Z Z Pr[C,C} €S AV = w]

C=(Cr,Crw) t=0 C'=(Cy,Cf,w)
|CLﬂC'L|=t

o (")

Z Z Z Pr[Cy, C/L CSAv=w]|+ n—(”) - (66m)" - 712",
"\

C=(CL,Crw) t=0 C"=(C},Cp,w)
|Cr ﬂC'L |=t

(=)

where the last equality is because when t = r, then C;, = Ci, and so Pr[C, C SAv =w] = n(D)’
{

and by Claim 4.7, there are r!2" choices for C’.
Let us quickly handle this second term. We have by Eq. (2),

O(r?)
n

(n—Zr)
Erl(66m) - 12" < (1 + )dL 127

n-(y)

We now compare d;, and r!2". By Eq. (2), we have

2 _ {—r 2
dp > (1 - O(nr )) nﬁ!ﬂ . (”(€ f:))' (66m)" > (1 - _O: ) _ Ogl’)) 65 % g f!r)! |
Therefore,
dr o@r?)  0O(ro) o1 e 02 O(rd) 1\" 1 ( ¢
o e e e (e [ Lo I P

(-2 ()

As ( (,‘} ) = nn is the definition of 1 in Lemma 4.6, we conclude that

L (1_%)

2rr! n

26



and so the second term is 1d? (1 +

O(r(’)

We now return to the main calculatlon. We have

E(s,,)[deg; (S,v)*] <

2

r

-1

Pr[C.,C; € SAv=w]|+nd? (1+

O(re)
n

|

C=(Cr,Crw) t=0 C'=(C],C,w)
|chc'| t
2 O(rt) (e—(znr—t)) , ,
<nd? 1+ Z L (asCLUC, CSand |CLUC)| =2r )
" C=(CLCrw) 120 C'=(C]Cly) n(7)
|CLﬂC'|:t
2 O(Tf) = 1N r—t— 1(‘} (2r- t)) : ’
<nd; |1 . Z Z "2 (30n) ————— (by Claim 4.7 and topick Z=C.NCy)
C=(CL,Crw n(y)
r=1 n
<nd? 1+ OW)) (6n)" ( )(r)t!zf(&sn)r—f—l—(“‘(2;‘”)
" £=0 t n(y)
s ow)) (60m)” Z()( )t,(% et =)
= nag
n 36n o t n((,)
O(r? O(r? LS\ (r LD ()
<nd? 1+ (n ))+ 1+ 51 ) &2 - (35)7 (t)(t)t!(%n) fﬁ (by Eq. (2))
=0 t—r ) U=y
O(rt) o(¢2) LS I
2 = )42, 1 ot \r—t)
<ndp 1+ )+ 1+ ——=|d; - (35) ; ,|@om)n 0 (by Fact 3.12)
2 r—1 r\ (f-r
t=0 (r)
r\(t{-r
ow, we have },_, ~~% =1 as this is the probability mass function of a ergeometric distri-
N h z;o(f)(()f 1 as this is the probability mass function of a hyperg ic distri

bution. As 36 = 1—1/n, it follows that (36)~"~! < (36)™" < 1+ O(r/n), and therefore we conclude
that E(s ,)[deg; (S,v)*] < (1 + %‘}2) + 1]) d%.

5 From Adaptive Decoders to Chain Polynomials

In this section, we begin the proof of Theorem 2. We will transform a 3-LCC with an adaptive
decoder into a system of satisfiable polynomial constraints that we call “chain polynomials”. The
polynomials will be products of AND polynomials, which we recall below.

Definition 5.1 (AND polynomial). Let AND: {-1,1}> — {0, 1} be the function where AND(c, ¢’) =
1if 0 = ¢’ =1, and 0 otherwise. We note that AND(o, ¢’) = %(1 +0)- %(1 +a’).

The key structure that we shall extract from the 3-LCC is captured by the following lemma.
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Lemma 5.2. Let C: {-1,1}¥ — {=1,1}" be a 3-LCC with an adaptive decoder Dec(-). Then, for every
u € [n), there are weight functions wty, : [n] X {-1,1} X [n] x {=1,1} X [n] = Ryp and wtg,: [n] X
{=1,1} x[n] x {=1,1} — Ryq and bits 0(,,0,,a,,05,a0,05) € {1—1, 1}, O(u,01,a1,00,82) € 1—1,1} such that for
every x € C,

5 [weer 3 wnicon]-o 0
C=(v1,a1,02,a2) v3€[n]

D Wt O+ ) wt,(C,v3) |- AND(a1xy;, a2x0,) = 1, (4)
C=(v1,a1,02,a2) v3€[n]

Xu Z WtG,l(C)G(u,C) + Z wip, (CI Z)C-X)U(M,C,vg,)xw . AND(alxvll aZXUZ) = IE[Decx(u)xu] ’

C=(v1,a1,02,a2) v3eln]

)

where the expectation IE[Dec* (u)x,,] is over the internal randomness of the decoder. In particular, if Dec has
perfect completeness, then E[Dec” (u)x,] = 1.
Furthermore, if Dec(:) is 6-smooth, then for any v € [n], we have

4
wty (C,v3) + wtg (C) < —.
1, (C,v3) Z c.(C) <
(Cv3)=(v1,a1,02,a2,03) C=(v1,1,02,42)
01=0V02=0V0U3=0 01=0VU2=0
We prove Lemma 5.2 in Section 5.1.
We now continue and use the above collection of polynomials to construct polynomial chains, a
generalization of chain XOR instances defined in [KM23].

Definition 5.3 (t-chain hypergraph 7—(5,”). Let t > 1 be an integer. For any u € [n], let ?(L(f) denote
the weight function Wiy ([n]x ([n]x{-1, 1})2)t X [n] = Ry, i.e., from tuples of the form C =
(uo,v1, 41,02, a2, U1,03, 83,04, A4, U, - - ., Ut—1, V(t-1)+1, B2(t-1)+1, V2(t-1)+2, A2(t-1)+1, Ut) to R>o, where
wt, 0 (C) = 0if up # u, and otherwise:

t-1
Wiy (C) = l_[ W, (02141, G211, V242, A2h+2, Up+1) -
h=0
For a t-chain C, we call up the head, the u;’s the pivots for 1 < h < t -1, and u; the tail of
the chain C. We call C = (v1,4a1,03,4a3, ..., 0pt-1)+1, 2(-1)+1) the left half of the chain and Cg =
(v2, 82,704,084, . .., Vo(t—1)+2, A2(t—1)+2) the right half.
The h-th link in defined to be (Mh, UV2hi+1, A2h+1, V2h+2, A2h+2, Llh+1).

Definition 5.4 (t-chain hypergraph Qb(f)). Let t > 1 be an integer. For any u € [n], let gf{t) de-
note the weight function Wt ([n]x ([n] x{-1, 1})2)t — Ry, i.e., from tuples of the form C =
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(ug, v1, 41,02, 42,11,03, 43,04, A4, U2, . .., Ut-1, O2(t-1)+1, A2(t-1)+1, U2(t-1)+2/ ﬂz(t—1)+1)12 to R>o, where wt ff)(c) =
0if uy # u, and otherwise:
t=2
Wthf)(C) = WtGuH (Uz(t—1)+1, Ax(t-1)+1, V2(t-1)+2/ 112(t—1)+2) : 1_[ WtHuh (V2141 B21+1, V2n+2, A2n+2, Uhi1) -
h=0
As before, we call C; = (v1,a1,03,43,...,02¢-1)+1, A2(:-1)+1) the left half of the chain and Cr =
(v2,2,04,84, . .., Vo(t—1)+2, A2(t—1)+2) the right half.
Note that the chains in G) have no tail vertex u;. We call the t-chain hypergraph G
tailed”, as the “last link” has 2 vertices only.

() w
u

graph-

Remark 5.5 (Iterative view of the chain construction). We can view the chains as being constructed
iteratively in the following way. We start with a fixed up. Then, we add (v1, a2, v2, a2). We now
have 2 choices. We can either stop (and the chain is then in gf})), or we can add u; to the end of the
chain (and then the chain is in 7{,51)). For each chain in 7{1(,1), we can then continue by adding on a
“link” at u7. On the other hand, there is no way to continue a chain in gf}) in this way, as it does not
contain 1.

Definition 5.6 (Chain Polynomials). Let C = (ug, v1,a1,v2,a2,u1,...,u;) be a t-chain in 7{,5”. The
chain polynomial, denoted by fc is a polynomial in the variables x|c,, X|c, X4, (Where Cr and Cr
are the right and left halves of the chains), defined as

t—1
fC (xlcu 'xlch xut) = Xy, l_[ AND(a2h+1xvzh+1' a2h+2x7]2h+2)O(MIH,vzh+1,a2h+1,vzh+z,ﬂ2h+2,uh) :
h=0
. t
For a chain C € QL(, ), we let
t—1
fC (xch, xlCR) = l_l AND(aZh‘HxUZhH’ a2h+2x02h+2)O_(uh—l/v2h+1/ﬂ2h+1/U2h+2/112h+2) .
h=0

We are now ready to state the key facts about the chain polynomials.

Claim 5.7 (Key facts of chain polynomials). Let C: {1, 1} - {-1,1}" bea systematic 3-LCC with
a (potentially adaptive) decoder. Fix r > 0,and for1 <t <r +1, let gff),fH,ﬁ” for u € [n] be the
chains defined in Definitions 5.3 and 5.4, constructed from the polynomial system of equations in
Lemma 5.2. Then, for each u € [n], the following holds:

(1) The chain polynomials correctly decode x,,. Namely, for each x € C, it holds that

,
x| Y, W (Ofeley *low xua) + ) D Wgn(O)fe(xley, xle) [ =1,

CeH™V t=1 cegl!)

12Note the difference with Definition 5.3: there is no final tail vertex here.
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(2) The total weight of the chains of length at most r + 1 is

r+1

Z Wtq_{l(lt)(C) + Z Z thl(lt)(C) <41,

CeH™V t=1 cegl!

Proof. Let us first show the first equation. We prove this by induction on 7. The base case of r = 0 is
simple, as we have

Xu Z Wiy (C)fe(xley, Xleg, Xu) + Z wten(C)fe(xley, ¥ler)

CeHV cegV

=xu| > Wty (C)AND(@1 X, 02%0) 0,00 %0+ Y We, (C)AND(a1%y,, 82%0,) 000, )

C=(v1,a1,v2,a2,03) C=(v1,a1,v2,a2)

= E[x,Dec*(u)] =1 (by Eq. (5)).

We now prove the induction step. Suppose that

.
Xy Z thn(c)fc(xlcuxlcR,xu,)+Z Z thg)(c)fc(xch,xlcR) =1.

CeH t=1 cegl)

We then have that for each C € 7—(5) with tail u, and wt(H(r)(C )>0,

r—1

fe(xley xler, Xu,) = I_I AND(a25+1X0y,,,, a2h+2x'02h+2)O(uh—l,UZhH,uZhHrU2h+2r112h+2:uh) “Xuy s
h=0

and we have (via the base case) that
Xy, = Z wtpy, (C)AND((erJr]xUZH] , 112r+2X7;2,+2)O(urlcluprl)ﬁcur+1
C=(02r+1,82¢+1,02r+2,82r+2,Ur+1)
+ Z wtg, (C)AND(HZF+1-X‘02H1/a21’+2x‘02r+2)0(uy,C) .

C=(v2+1,82r+1,V2r42,A2r +2)

We now simply multiply the two polynomials and sum over C € W,Er) to finish the proof of Item (1).
We now turn to Item (2). We will again prove this by induction, where the base case follows
from Eq. (3). To prove the induction step, we observe that

Z Wtﬂ5r+1)(C)+ Z th£r+1)(C)=4 Z Wt%ﬁ”(c)'
CeHV cegi™V CeH"

Indeed, this follows by (1) picking a length r-chain C, (2) extending it to a length r + 1 chain (that is
either in 7—(5,”1) or L(,Hl) ), and then applying Eq. (3). We then have by the induction hypothesis

r+1 r

Z Wtq_(y+1)(C)+Z Z thl(lr)(C)Zél Z Wtﬂy)(C)+Z Z tht(tt)(C)

CeHV t=1 ceg CeH\" t=1 ceg®
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Si| 3 wy©+ ) 3w,

CeHy” t=1 cegl!
which finishes the proof of Item (2). O
We are now ready to define the chain polynomial instances.

Definition 5.8 (Chain polynomial instance). Let r > 1 be an integer and let b € {-1, 1}*. For each
1 <t < r, we define the “graph-tailed” polynomial

k
CDg)(x) = Z Z thi(t)(c) “bifc(x),

=1 ceg

and we also define the “hypergraph-tailed” polynomial

Wy(x) =

k
i=1

Z Wtq-{i(’“)(c) “bifc(x).

(r+1)
CeH,

We will omit the subscript b when it is clear from context. We note that in the above definitions,
each fc is the chain polynomial as defined in Definition 5.6.

With the above setup in hand, we can now state the main technical lemmas.

Lemma 5.9 (Refuting the chain polynomial instances). Let ¢, d, r be parameters such that d” > n,
¢ > 6dr/6, and {r = o(n).'* Furthermore, suppose that k > 1/5. Then, for every 1 <t < r +1, it holds
that

Ep(11yx [Val(q);f))] < 4'O(+/ktrlogn),

]Eb<_{_1,1}k [Val(\yb)] <4 k(?’;— UO(\/kf?’ log 7’1)

1/2

We now use Lemma 6.6 to finish the proof.

Proof of Theorem 2 from Lemma 6.6. By construction of the chain polynomials, i.e., Claim 5.7, we
have that for every b € {-1, 1}* and x = C(b), Wy (x) + ZZI} (I)g)(x) = k. This is because b; = x; (as
the code is systematic), and by Claim 5.7, the “b; part” of the polynomial is equal to x; when x is a
codeword. Therefore, there must exist ¢ such that IE; [Val(CD(bt) )] = k/(r +2), orelse Ey[val(Wy(x))] >
k/(r+2).

Let us take r = O(4/logn), d = 20(‘/@), and ¢ = O(dr/d) = 6‘120(‘/@)\/105571. We clearly
have that all the conditions of Lemma 6.6 are satisfied.

If Eb[val(q)(bt))] > k/(r +2) for some t, then we have

k. Ey[val@")] < 4'O(y/ktrlogn)

r+2

13Note that this is achievable by setting ¢ = 6dr/6 and r = O(log n/logd).
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= k < r24°DO(trlogn) < r*4°00(erlog n)

< 20(iogm) T 108” < 20(iogm)
— (log 6k) < O(\/@),
or equivalently, n > 221080k = (5 )Qlog(dk),
Otherwise, if Ep[val(Wy(x))] = k/(r +2), then we have
1/2

K By val(wy ()] < 47 (KU 1)O(y/k€r log 1)

r+2 -

— k< 52 ZO(T)O(l’rlogn) —ZO(VIOg”)

— 53k < ZO(\/logn)

= n > (8% s

This finishes the proof; we note that the additional log(1/6)-factor comes from Fact 3.4, we loses a
factor of log(1/0) in k when one makes the code systematic. O

The remainder of paper is dedicated to proving Lemmas 5.2 and 5.9. First, we show Lemma 5.2
in Section 5.1. Then, in Section 6, we generalize the chain XOR instances of [KM23] to weighted,
directed, and nonuniform hypergraphs, and we show (in Section 6.1 that refuting these “nicer”
polynomials (Lemma 6.6) suffices to prove Lemma 5.9. We then break the proof of Lemma 6.6

across Sections 7 to 10, which will complete the proof of Theorem 2.

5.1 Constructing Polynomials from Adaptive Smoothed Decoders

In this subsection, we prove Lemma 5.2. Let C: {-1, 1} - {-1,1}" be a systematic 3-LCC an
adaptive decoder. For each u € [n], we use the decoding algorithm Dec(u) to weight functions
wty, and wtg,. In what follows, we consider a fixed u € [n].

First, without loss of generality, we may assume that the decoder Dec(u) makes exactly 3 queries.
We can view the decoder as a decision tree: first, Dec(u) generates the first query v; from some
distribution. Then, Dec(u) receives a bit a; € {—1,1}, the answer to the query v;. This answer
selects the branch of the decision tree, which determines the distribution of the next query v,. Then,
the decoder receives another answer a; € {—1,1}, which selects the branch of the decision tree, and
gives the distribution of the final query v3. Finally, the decoder receives an answer a3, and then it
computes a (deterministic) function f(y, 4, 0,,,) Of 43 to produce its output. This function must be
deterministic as it must always output x,,, by perfect completeness.'* We note that there are exactly
4 valid deterministic functions: 1, —1, a3, and —a3, SO f(,,,4;,0,,4,) Must be one of these.

For each choice of C = (vy,a1,vy,a2,03) € ([n] X {~1,1})* X [n], we let wt, (C) be the probability
that the decoder makes the set of queries C (with the appropriate answers) when given oracle

14We note that if the function is not deterministic then it is simply a convex combination of deterministic functions,
and we can also handle this case. See Appendix A.
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access to any x that is consistent with C, meaning that x,, = a1 and x,, = 4. Indeed, this does not
depend on the choice of x, as there is some probability p,, that the decoder queries v1 (which does
not depend on x), and then given x,, = a1, there is a probability p,, that the decoder queries v, etc.

We now partition the query sets into two types. If C is such that f(;, 4,,0,,4,) 1S @ constant
function 0 € {-1,1} (so it does not depend on a3), then we set wtg, (v1,a1,v2,a2) = wt,(C)
and 0(y,,4;,0,,a,) = 0. Otherwise, we have that C is such that f(y, 40,4, = 043, and then we set
wtg, (01, ai, 02,4z, 03) = Wtu(c) and O(vq,a1,v9,a0,03) = O-

We now show that this weight function has the desired properties. Indeed, we have essentially
encoded the behavior of the arbitrary decoder as this system of polynomials.

First, let us show that

Z wtg, (C) + Z wty, (C,v3) | = 4.

C=(v1,a1,v2,a2) v3€[n]

Consider the decoder Dec’(u) that simulates Dec, by generating random bits as the answers to the
queries of Dec(u). It follows that the probability that Dec’ (1) queries a particular C is wt(C)/4, and
hence Eq. (3) holds.

Next, let us show that for any x € C

Z wtg, (C) + Z wty, (C,v3) |- AND(a1xy,, a2xp,) = 1.

C=(v1,a1,v2,2) v3€[n]

Indeed, we observe that for any x € C and any C, wty, (C,v3) - AND(a1xy,,a2x,,) is 0 if C is
inconsistent with x, and otherwise it is the probability that Dec*(u) queries C, and the same
statement holds for wtg, (C)AND(a1x,, 42X5,). Hence, the sum must be 1.

Finally, we have

Xy Z witg, (C)oq,c) + Z wtn, (C,03)0(,C,05) %05 |- AND(a1xy,, a2%,,) = E[Dec* (1)x,] .

C=(v1,a1,02,a2) v3€[n]

Indeed, this is because for any C = (v1,a1,v2,42,v3) and any x € C, if AND(a;x,,, 42X5,) = 1 then
the output of the decoding function (which is o, c ,)Xv,) is equal to x,, by perfect completeness.
And, a similar statement holds for C = (v1, a1, v, a2) as well. This finishes the proof.

6 Chain XOR Polynomials and the Main Technical Lemma

In this section, we will introduce an abstract notion of chains that produces a polynomial that we
call a “chain XOR instance” and state a technical lemma (Lemma 6.6) that bounds the value of such
instances. Then, in Section 6.1 we show that this technical lemma implies Lemma 5.9. This notion
of chain XOR instances is a generalization of chain XOR derivations constructed in [KM23]. The
notions here handle the case of weighted and nonuniform hypergraphs.

We begin by defining a (0-smoothed) 3-LCC hypergraph collection.
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Definition 6.1 (3-LCC hypergraph collection). A 3-LCC hypergraph collection on [n] vertices is a
collection of pairs (H,, G,), one for each u € [n], where G, is a (weighted and directed) 2-uniform
hypergraph and H, is a (weighted and directed) 3-uniform hypergraph!® such that for every
u € [n], Xeemp wte, (C) + Xeepup Wta, (C) = 1.

We furthermore say that the hypergraph collection is 6-smooth if for every u, v € [1], ¥ cefnp.vec WtG, (C) +
ZCe[nP:veC witp, (C) < %

We now define the t-chain hypergraphs.

Definition 6.2 (t-chain hypergraph H). Lett > 1bean integer, and let (G, Hy),e[n] denote a
3-LCC hypergraph collection. For any u € [n], let Wf,t) denote the weight function Wiy [n]P —
R, i.e., from length 3t+1 tuples of the form C = (uo, V1,02, U1,03,04, U, ..., U1, vz(t_l;)+1, V2(t-1)+2 ut)
to R5(, where wtwy)(C ) = 0if up # u, and otherwise:

-1
wi,o(C) = l_[ witp,, (02141, V2n+2, Upe1) -
h=0
For a t-chain C, we call ug the head, the u;,’s the pivots for 1 < h <t —1, and u; the tail of the chain
C. The monomial associated to C, which we denote by gc, is defined to be x,, H;,_:lo Xogp o1 Xogpen- WWE
call the t-chain hypergraph W,Et) “hypergraph-tailed”, as the last link uses one of the hypergraphs
H,.

We note that for any u € [n], 7-(5,1) is equivalent to H,, i.e., 'HLSD ={u} x H,.

Definition 6.3 (t-chain hypergraph Ql(,t)). Let t > 1 be an integer, and let (G, H;),¢[,] denote a 3-
LCC hypergraph collection. For any u € [n], let Qb(,t) denote the weight function wt ¢ : [n]* — R,
i.e., from length 3t tuples of the form C = (ug, v1,v2, 11,03, 04, U2, . . ., Ut-1, V2(t-1)41, ;)2(t_1)+2) to R,
where wt ISt)(C ) = 0if up # u, and otherwise:

t-2

Wiy (C) = Wi, (Va(-1)+1, Vag-1)42) l_l W, (V2n+1, V2n+2, Un+1) -
=0

Note that the chains in G!*) have no tail vertex u;. The monomial associated to C, which we denote
by xc, is defined to be gc = Hz;lo Xvy41 Xvaso- We call the t-chain hypergraph Ql(f) “graph-tailed”,

as the last link uses one of the graphs G,.

We note that for any u € [n], 1(,1) is equivalent to Gy, i.e., Ql(,l) ={u} xGy,.

We now make the following observation.

Observation 6.4. Let (G, Hy),e[n) denote a 3-LCC hypergraph collection. Then, for any ¢ > 1 and

uec [1’1], it holds that ZCe[n]3t+1 Wt(Hl(lt)(C) + Zi’zl ZCE[H]3t, thff’)(c) =1.

15Note that Definition 3.5 requires that each tuple with nonzero weight has distinct vertices.
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Proof. This follows by induction. The base case of t = 1 is simple, as by definition we have

Z Wtq_(l(’l)(c)'i' Z thél)(c): Z wt%ﬁl)(C)+ Z thil)(c) Z wty, (C) + Z wtg,(C).

Ce[n]* Ce[n]? (u,C)e[n]* (u,C)e[n]? Cel[n]? Ce[n]?

We now show the induction step. Let C € [n]**! have tail u;. Let S; denote the set of tuples in
[1]3*3 that extend C, i.e., the first 3¢ + 1 coordinates are C, and similarly let S, denote the set of
tuples in [n]*** that extend C. We observe that S; = C X [n]? and S, = C X [n]°. Moreover, we
have

Z wt L(lm)(C’)-f- Z Wt‘HL(,HD(C,) = Z Wtﬂy)(C)WtGu[(C’)+ Z Wt(HlEr)(C)WtHut (o) :Wt(]_{y)(c).

C’eSy C’eS, C’e[n]? C’e[n]?

Hence, it follows that

t+1 t
Z Wtq{(m)(C) + Z Z th(t')(C) Z Wtﬂﬁm)(C) + Z tht(tt')(C) + Z Z thy')(C)
Celn] 3t+4 =1 Celn] 3t’ Ce[n]3t+4 CE[TZ]SH'3 t'=1 CE[ ]3t’
Z wit (t+1)(C) + Z wit (t+1)(C) + Z Z th(:/)(C) Z wt (t)(C) + Z Z wt (t’)(C) =1,
Ce n]3t+4 Ce n]3f+3 t= 1C€[1’l]3t’ Celn] 3t+1 t'=1Ce n]St’
where the last step is by the induction hypothesis. m]

We are now ready to define the chain XOR instances.

Definition 6.5 (Chain XOR instance). Let (G, Hy ) e[, denote a 3-LCC hypergraph collection. Let
k <nandr > 1be an integer. For each 1 < t < r, we define the “graph-tailed” polynomial

CDZ”(x)—Z Z W’fgu)(c) bigc,

ieK Ce[n]?t

and we also define the “hypergraph-tailed” polynomial

‘Pb(x)_z Z wt (,)(C) bigc .

ieK CE[ ]3t+1

We will omit the subscript b when it is clear from context. We note that in the above definitions,
each gc is the monomial associated with the chain C, as defined in Definitions 6.2 and 6.3.

With the above setup in hand, we can now state the main technical lemma.

Lemma 6.6 (Refuting the chain XOR instances). Let (G, Hy),e[x] denote a 5-smooth 3-LCC hypergraph
collection and let k < n. Let ¢,d, v be parameters such that A" > n, { > 6dr /6, and {r = o(n). Furthermore,
suppose that k > 1/6. Then, for each 1 < t < r + 1, it holds that

Epe 113k [Val(cbg))] < O(yktrlogn),
k(r +1) 12
Ep 1,13k [val(Wp)] < 5 O(+y/klrlogn)
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The proof of Lemma 6.6 has two steps. First, in Section 7, we refute the graph-tailed instances.
Then, in Sections 8 to 10, we refute the hypergraph-tailed instances.

As we shall show in Section 6.1, Lemma 6.6 implies Lemma 5.9. For now, we devote the rest of
this section to establishing some shared terminology which will be useful in the later sections.

Chains that fix some positions. We will often refer to the set of chains where some of the links,
i.e., pairs (v2n+1, V2n+2) are forced to contain some v € [1]. Towards this, we introduce the following
terminology.

Definition 6.7 (Chains containing Q). Lett, » be integers witht < r. Forany Q = (Qy,...,Qt, Qt+1) €
{[n]Ux}*!, we say that a length 37 + 1 tuple C = (1o, v1, 02, U1, 03,04, Ua, - . ., Ut-1, V2(r-1)4+1, V2(r—1)+2, Ur)
contains Q, denoted by Q € C, if Qi1 € {*,u,} and for 1 < h < t, if Q) # %, then either
Qn = V2(—1-t+h)+1 OF Qn = Vo(r-1-t+h)+2-

We say that a Q is contiguous if there exists s < t such that Q; # x for every h > s +1 and
Qn = xforevery 1 < h < s, i.e, the first s entries are x, and the remaining entries are non-x. We
note that by definition, Q41 # x always.

We say that Q is complete if Q does not contain any *. We say that Q" 2 Q if whenever Qj # *,
Q}, = Qu- We define the size |Q| to be the number of coordinates in Q that do not equal *.

6.1 Relating the chain polynomials and chain XOR instances

Recall that the chain polynomials CI)gf) and W} in Section 5 are products of AND functions, which
means that (1) they are inhomogeneous polynomials, and (2) some of the coefficients can be negative.
This is contrast to the chain XOR instances produced in Section 6, which are homogeneous and
with positive coefficients, and this is very helpful in the proof of Lemma 6.6.

The goal of this section is to show that, given the output of Lemma 5.2, we can construct a 3-LCC
hypergraph collection (Hj,, G},),.[n] such that the chain XOR instances @’g) and W’; produced from
(H;,, G},) are (up to a scaling factor) equivalent to the chain polynomial instances CDg) and W, from
Section 5.

First, we explain how to convert the polynomials CDgf) and W}, into equivalent homogeneous

polynomials ﬁ)gf) and W, over a larger set of 4n variables. In particular, these new polynomials
will have the following properties (1) Val(CTD(bt)) > Val(CD;f) ) and val(\W},) > val(W,), (2) P} is a degree
2(r +1) + 1 homogeneous polynomial and CTDS) is a degree 2t homogeneous polynomial. Then, we
will construct a 3-LCC hypergraph collection (H;, G;,),[4n], and show that the chain XOR instances
CI)’S) and W’;, produced from this collection are equal to 4‘tCDg) and 47"\,

Defining the homogeneous polynomials. This transformation to produce CDg) and W, is straight-
forward. First, we define a map 7: {-1,1}" to {-1,1}*" as follows. For each x € {-1,1}" we define
y = n(x) by adding, for each v € [n], the 4 bits x,, —x,, 1 and —1 to y. We refer to these bits as
+0,-0,10 10 je. Y+o = Xo, Y=o = =Xy, Y10 = 1, and y_;) = —1. We think of 1) as the v-th
copy of 1, and similarly =1 is the v-th copy of —1.

Now, we transform the polynomials CDét) and W;. Each term that contains a function AND(a1x,,, 42X4,) -
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o for 0 € {-1,1} is replaced by the 8 terms

1 1 1 1 1 1 1 1
§y0<vl>y1(Vz> + gy(mlvﬂ/l(vz) + gyg@l)yazvz + Zyaam Yayo, + §y1<v1>yg<vz> + gyulvl Yo + g]h(vl)]/aazvz + g]/am Yoazvs s

where, e.g., Yoay0, 1S Y40 if 041 = 1 and y_, if a1 = -1, and y,«) is either ;) if 0 = 1 or y_;) if
o = —1. By construction, if y = m(x), then AND(a1x,,,42X5,) - 0 is equal to this new polynomial,
and this polynomial is a homogeneous degree 2 polynomial in y with nonnegative coefficients.
Furthermore, the coefficients of the new polynomial all sum to 1.

Defining the homogeneous polynomials via XOR chains on hypergraphs. In order to refute the
homogeneous polynomials using Lemma 6.6, we will need to write them as “chain XOR instances”
on a certain set of hypergraphs. Now, because the coefficients of the new AND polynomials all sum
to 1, we can essentially replace each hyperedge C = (v1, a1, v2, a2, v3), e.g., with 8 new hyperedges
each of weight 1/8wt(C). This defines, for each u € [n], a pair (H},, G;,) of weighted 3-uniform and
2-uniform hypergraphs.

We can then form the chain XOR instances @’ Zt) and W’j, from this hypergraph collection. It will
be fairly immediate to observe that the resulting polynomials produced via this process are the
same as Cf)g) and W, up to a scaling factor — in other words, the operations of “form chains” and
”add extra variables” commute. As a result, the “chain XOR instances” CD’S) and W', we get from
this process are equal to the polynomials 4_tq~>g) and 47", that we have just defined, and thus we
can refute them using Lemma 6.6, which will imply Lemma 5.9.

In the remainder of this section, we define the pairs (H;,, G) of weighted 3- and 2-uniform hy-
pergraphs. Then, we will finally observe that these XOR instances are equivalent to the polynomials
Cf)g) and \V,,.

Definition 6.8 (The pairs (H;,, G;)). Letu € [n] and let n” := 4n. We identify 4n with the 4n vertices
+0,-0,1% and -1@.

We define the weight function wty; and wtg; as follows. For each C = (vy, a1, v3, a2, v3) with
bit oc € {-1,1}, we set

(1) wty (ocaiv1, az02) = gwitp, (C) - 1,
(2) wtp (62, a20) = dwty, (C) - 1,
(3) Wty (ocarvy, 1?) = dwty, (C) - 1,
4) th{l(Ggl),l(”Z)) = %thu(C) . %,
(5) wty (a101,0ca202) = gwitp, (C) - 1,
(6) Wty (170, ocazvz) = twty, (C) - 1,
(7) wtp (2101, 057 = dwty, (C) - 1,

8) Wi, (10, 6%7) = Lwiyy, (C) - 1,
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and we do the analogous transformation to define wtg; from wtg,.
Furthermore, if the original decoder Dec(-) was 6-smooth, then for any new vertex v’ € [n’], it
holds that

whr (C)+ > wig,(C)) <

~on’
C’=(v],v5,v3):0'eC’ C’=(v],0p)0' e’

Remark 6.9. So far, we have only defined a pair (H},, G;,) for the original vertices u, not the new
vertices u’ € [n’], so technically we have not defined a full hypergraph collection. However, we can
easily define equivalent hypergraphs for all the new vertices, but this turns out to be unnecessary
as the only hyperedges in H;, with nonzero weight have C" = (v, v, v3) where v3 € [n] is one of the
original vertices, and so the chain XOR instances formed will never use the hypergraphs (H,, G/,)
if u" is a “new vertex”. So, we do not need to define H;, and G/, where u’ is a new variable. This is
also the reason for the upper bound of 4% instead of 5 — a fixed third vertex v3 € [1] could have
%-fraction of the weight in the original decoder, which is now 611,?, + 1 (as we scale down all weights

by 1/4).

This now leads us to the following key observation.

Observation 6.10. Let CTD(;) and W, be the polynomials defined via the transformation to CDg) and Wy,
and let @’Zt) and W’j, be the chain XOR instances of the 3-LCC hypergraph collection (H;,, G;,),e[n]-
Then, &)ét) = 4'tCD’§f) and ¥, = 47

This observation follows immediately from the definitions. Namely, for each C = (v1, a1, v2, a2, v3)
in the original H,, we have now added 8 different constraints of weight 1/32 times the original
weight of C, such that the XOR instance on the new constraints is equal to the AND polynomial of
the previous constraints.

The above observation immediately shows that Lemma 6.6 implies Lemma 5.9, and so it remains
to prove Lemma 6.6.

7 Refuting the Graph-Tail Instances

In this section, we prove the first equation of Lemma 6.6. Letr > 1 and let1 <t < r + 1 be fixed.
We begin by defining the Kikuchi matrices.

Definition 7.1. Letr > 1and1 <t < r+1. Leti € [k]. Foratuple C = (i,v1,02,11,03,04, . .., Ua(t—1)+1, V2(t-1)+2) €
[n]%, we define the matrix AEC) € {0,1}N where N = (’Z)t, to be the matrix indexed by tuples

of sets 5 = (So,...,Si-1), where A'9((So, ..., Si-1),(To, ..., Tr1)) = lifforall h = 0,...,t -1,

Sn® Ty = {von+1, Vans2} With vap11 € Sy, vap42 € Ty, If this does not hold, then the entry of the

matrix is 0.

We let A; = 3= Ycepupr wtg@(C)AEC) and A = Y¥_ b;A;. Here, D; = (’;:f)t.

Next, we relate ®*)(x) to a quadratic form on the matrix A.
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Lemma 7.2. Let x € {-1,1}", and let x’ € {=1,1}N, where N = (’Z)t, denote the vector where the
(So0,S1,...,St-1)-th entry of x" is H;Z;lo xs,. Let i € [k]andt € {0,...,r}. Then, for any C =
(i,01,02,11,03,04, . .., Up(t-1)41, Va(t-1)+2) € [n]*, it holds that

t—1

1T A4 (C)r _
X Ai =Dy 1_[ Xvohe1 X 02142 7
h=0

i.e., the product of the monomials associated to C, where Dy = (’Z:lz) . Moreover, for any matrix BEC) obtained

by “zeroing out” exactly aD; entries of AEC), the equality holds with a factor of 1 — a on the right.
In particular, x'T Ax’ = ®®)(x).

Proof. Let S = (So,S1,...,5-1) and T = (To, ..., Ti—1) be such that AEC)(§, T) = 1. Then, we have
that
t—

= xsh xTh = xsh@Th = x02h+1 x02h+2 ’
0 0 0

—_

t—

—_
-
|
—_

xlxl,
$°T

=
Il
=
Il
=
Il

which is equal to the product of monomials on the right-hand side of the equation we wish to show.

It thus remains to argue that Agc) has exactly D; nonzero entries. We observe that, for each
h=0,...,t—1, there are exactly ('Z:lz) pairs (Sy, Ty) such that S, & T, = C, with vp41 € Sj, and
von+2 € Tj. Indeed, this is because by Definition 3.5, these vertices must be distinct, and then
we must simply choose a set of size £ — 1 that does not contain either of v,4+1 and vz;42 and this

determines S;, and Tj,. Thus, D; = ('Z:f)t, as required. m]

We would like to now apply matrix Khintchine (Fact 3.11) to bound E[||Al|2] and thus bound
E, [Val(q)g)(x))]. However, to do this, we need good bounds on the ||A;||2 of the individual matrices
A;. It turns out that the bounds we require for this approach to work are false, but one can find
a submatrix B; of A; such that the bounds hold. To argue this, we will need the following first
moment bounds.

Lemma 7.3 (First and conditional moment bounds). Fixr > 1,1 <t <r+1,and i € [k]. Let A; be
the Kikuchi matrix defined in Definition 7.1.

LetS = (So,...,S5t1) € ([';])t be a row of the matrix, and let degi(§) denote the {1-norm of the S-th

row of A;. Then,
> 1
Ez[deg;(S)] < N
where N = ('Z)t
Furthermore, let C € [n]3 be a chain with head i. Let D¢ denote the uniform distribution over rows of

AE.C) that contain a nonzero entry. Then, it holds that

Es pc [degi(g)] < (1 + O(jr)) . %

Finally, the same bounds hold for the columns of the matrix.
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With Lemma 7.3, we can now do the following. Let I' be a sufficiently large constant, let
B = {§ : degi(g) > I'/N} be the set of rows with ¢;-norm at least I'/N, and similarly let 8, be
defined for the columns. We observe that by the conditional moment bounds in Lemma 7.3 and
Markov’s inequality, each AEC) has at least 1 — O(1/T')-fraction of its nonzero rows not in 81, and
similarly for columns and $,. It thus follows that after setting all the rows in $8; and columns in
B, to 0, the resulting matrix still has at least 1 — O(1/I')-fraction of its original nonzero entries. By
taking I large enough, we can ensure that this fraction is at least 1/2. Now, we let B EC) be the matrix

where we have deleted all rows in $; and columns in B, from AE.C) , and we have additionally set

more entries to 0 so that BEC) has exactly D; /2 nonzero entries, where t is such that C € [n]*.

Let us define: B; = D% 2 Ce[n wtg_(t)(C)BEC) and B = Zle b;B;. By Lemma 7.2 (and the

“moreover” part), we have that for every x € {-1,1}", there exists x’ € {-1,1}" such that
x'"Bx’ = %(D(t)(x). By construction, we have that ||B;|[2 < I'/N, as this is an upper bound on
the {;-norm of any row/column in B;.

Thus, applying matrix Khintchine (Fact 3.11), we obtain

E, [val(@")] < Ey[N|Bll2] < N - %O(\/k Tog N) = O(y/krTog ),

where we use that I is constant. This finishes the proof of the first equation in Lemma 6.6, up to the
proof of Lemma 7.3.

Proof of Lemma 7.3. We will only prove the statement for the rows. One can observe from the proof
that it will immediately hold for the columns also.
We begin by estimating the first moment, i.e., Ez[deg;(S)]. By definition, we have that

Bsldeg/(S)1 = v >, Wign(©)-Di < -,

Ce[n]3t

as the sum of the weights of all chains is at most 1.

We now fix t € {1,...,r +1}, C € [n]* with head i. Let D¢ denote the uniform distribution
over rows of AEC) that contain a nonzero entry. We compute the conditional expectation as follows.
First, we shall bound, for C’ € [n]* with head i, the number of rows S such that Agc) and Agc/)

both have a nonzero entry in the S-th row, normalized by the scaling factor 1/D;. This quantity will
depend on some parameter z, which is the number of “shared vertices” between C and C’. Then,
we will bound, for each z, the total weight of all C’ € [n]* that has at least z “shared vertices” with
C.

Step 1: bounding the normalized number of entries for a fixed C’. To begin, we define the
number of “shared vertices” between two pairs of chains C and C".

Definition 7.4 (Left vertices). Let C € [ 3. The tuple of left vertices of C is the sequence L(C) =
(v1,03,05, ..., 0pt-1)+1)- We note that if S is a row such that A( ) has nonzero entry in the S-th row,
then vp41 € Sy forh =0,...,t—1.
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Definition 7.5 (Intersection patterns). Let C € [n]* and C’ € [n]*.
The intersection pattern of C with C’, given by Z € {0, 1}, is defined as Z;, = 1 if L(C);, = L(C")s,
and it is 0 otherwise.

We now fix C’ € [n]* and count the number of rows as a function of the intersection pattern Z.
We observe that in order for a row S to have a nonzero entry for both pairs of chains, we must have
{L(C)y, L(C")p,} € Sp—1 forall h =1,...,¢t

We observe that for each intersection point, i.e., an & such that L(C); = L(C’)y, there are (,",)
choices for the corresponding set, as it needs to only contain one vertex. For each nonintersection
point,i.e,an h € {1,...,t} where L(C), # L(C"),, we have (l,fz) choices, because the set needs to
contain both vertices. In total, we have ( t,fl)z ( t,g)t_z.

n

Now, this implies an upper bound of ( ﬂl)z ( g_z)t_z /D; on the normalized number of entries,
which we can compute as

(e e S ()

-1
t—z t t—z
< (-1 ' nn-1) < 13 . 1_|_O(£’r) .
n—0+2 (n—0+1)(n-1) n n
Step 2: bounding the weight of C’ with a fixed intersection pattern Z. Let us fix the intersection
pattern Z. We observe that this determines a set of |Z| vertices that must be contained in C’. We

will abuse notation and let Z € [n] U {x}' denote this sequence of vertices (with x’s for the unfixed
entries). Let t” denote the largest 1 € {1, ..., t} for which Z;» # x. We then have

Z thi(t)(C)

C’e[n]3t:ZzcC

= Z thft”)(cl’) + Z thlff)(c/// C,)

Cre n]St” ZcCr Cre[n]?}(t—t”)
”
= Z tg;m(C )+ Z (Hw)(C M)th(rfr”)(u,cl)
Cre n]3t” yA<leld (u,C')G[n]S(t‘t")

= thft")(C”) + Z Wtq_{i(w)(C”, u) Z thst—t”)(u, C)

C7e[nPt”:zcC” ueln] Cre[n]ptt-t"-1
B
Cre[npt”:zecr ’ ueln) !

Above, we use that ¥ crep, pe-)-1 Wt Gt (u, C") <1, which follows by Observation 6.4.

We now clearly have that cre,p7.zccr (wtg;m(C”) + Dueln] wtﬂi(w)(C”, u)) < (6n)712l. This
follows by 6-smoothness, as when we sum over a link with no fixed vertex, it has weight 1, and
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when we sum over a link where Z;, # x, by 6-smoothness it must have weight at most 1/6n. We
thus have a bound of (6n) 4.

Putting it all together. By combining steps (1) and (2) (and paying an additional (‘) factor to
choose the nonzero entries of Z), we thus obtain the final bound of

t
E; . [deg/(5)] < L >

o
—_——
N v
~——
N
—_
—_
+
o
|
=
~—~—
~——
—_——
Q| ~
~——
N
—~
>
S
~—
N

z=
our)\ 2 (¢\' & (t)°
S(“T =5 25
z=0
owr) 2 (€)' & [r\2
S(“—n D z)' (50)
z=0
owr)\ 4 (¢\'
S(].'i‘T E E) ,

where we use that £ > 2r/0.
Finally, we need to compute D;/N. We have

N ((’z:f))*

D
N (m)*! B
) =2

a o(r '
e G = 1+ 252) 2. (1]

O(r)\ 4
S(1+ 7’1 )N,

which finishes the proof. O

Thus, we have

8 Smooth Partitions of Chains

In this section, we begin the proof of the second equation in Lemma 6.6.
For notation, we let ") be the union, over u, of 7’11(,”, and Wty () = yepn Wiy ().

Lemma 8.1. Let t > 1and d > 1 be integers. There is a subset Py C [n]**! and disjoint sets T(Q) C [n]>+1
for Q € Py such that (1) Q € C for each C € 79, and (2) wt(Q) := ¥ ceq Wty (C) > nd* - (6n).
We say Q is heavy if Q € P;. Note that if Q is heavy then Q is contiguous and complete by definition.
Finally, as a trivial case, we let Py = [n] and for Q = (v) € P, we let TQ) = (v). Here, we let

wt(Q) = 1.
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Proof. The proof follows by a simple greedy algorithm. Let S = [1n]¥*1. If there exists Q such that
Yces:occ Wty (C) = nd* - (6n)~'71, then we remove all such C from S and add them to 7(@). We
repeat until there is no such Q remaining. We note that Q cannot be used twice in this sequence, as
when we pick a Q we remove all C € S containing Q. O

Definition 8.2 (Partitions of the chains). Let » > 1 be an integer. For each 1 < t < r and heavy
Q € P;, we let H"Q) denote the set of tuples C € [n]*"*! where:

1. C is extends a tuple in 7(Q “backwards”, i.e., (C3¢r=t)+1,+ -, Car41) € 7,
2. Qis maximal: for any t’ > t and Q’ € Py, (C3(r_t,)+1,. .., C3p41) & F(Q),

Observation 8.3. We have that for each t = 0,...,r, it holds that }5cp, wHQ) < 7, and so
Y=o Zoep, WHQ) < (r + )n.

Proof. We observe that for any t =0,...,r, it holds that

DwtQ) = Y > wigo(© < Y wiyo(C)=n. O

QeP; QeP; CeT Q) Ce[n]3t+1

We note that Definition 8.2 gives a partition of the r-chains, but the polynomial W(x) uses a
restricted set of (r + 1)-chains, namely those that have their head in [k]. In the following definition,
we use the partition of the r-chains to induce a partition of the special (r + 1)-chains.

Definition 8.4 (Induced partition of 7-(i(r+1)). Let r > 1 be an integer. For each 0 < t < r and

each Q € P;, we let 7-(1.(”1’@) denote the set of length 37 + 4 tuples of the form (i, wq, wy, C) where
CeHQ,

Definition 8.5 (Bipartite XOR formulas from a contiguously regular partition). Fix integers r,d > 1.
Foreach1 <t < rand Q € Py, we define W, g as the following XOR formula with terms corre-
sponding to (7 + 1)-chains in H"*1Q) with xg “modded out” from the corresponding monomial.

r

Wigox) = Z Wt«]—{,(’”)(c) " Xo1 Xvy I_I X{02n41,021423\ Q1 -

1

C :(i,vl,vz,ul,..‘,ur+1)€74i(”1/® k=1

Here, we use the convention that if Q; = %, then {v,v"} \ Qj, := {v,v’}.

Foreach0 <t < r,let W (x,y) = Zle Y0ep, bivoWig(x). Finally, welet W(x, y) = Yo<t<, W (x, y);
here, for every heavy Q € P; for some 0 < t < r used in the contiguously regular partition, we
introduce a new variable yg.

We next observe that W(x, y) is a relaxation of the polynomial W(x). Indeed, we have abused
notation and labeled them both as “W” for this reason. This follows from the observation is that
W(x,y) is produced by simply replacing the monomial xg in W(x) with a new variable yg for each
heavy Q. More formally, the following holds.

Lemma 8.6. Fix x € {—1,1}". Then, thereisa y € {-1, 1} 2Ze=0lPtl sych that W(x, y) = ¥(x).
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Proof. Foreach 0 <t <r,setyg = xq forevery Q € Py, where xg = []1.0, 24 XQ)- m]

We finish this section by proving the following statement, which intuitively shows that the
partitions of the chains are smooth.

Lemma 8.7 (Smoothness of partitioned chains). Fix i € [k]and t € {0,...,r}. Let Z € ([n]U
{x})"*1 x {*} be a Z that has a * in the last entry. Then, 2iceqr.zcc Wiy (C) < (6n)~14l,

Let Q € Py and Wi(Hl’Q) be as defined in Definition 8.4. Let Z € ([n] U {*})*! x [n] be such that
Z extends Q, i.e., Zy—tyn = Qp foralll < h < t+1. Then, ZCEWQH,Q):ZC(: Wt,H(ru)(C) is at most
wt(Q)dl?I-1Rl(6n)121-1+1Q1if | Z| < r + 1, and at most (5n)™"~Vif | Z| = r + 2. Furthermore, if "' > n,
then (6n)™"~1 < wt(Q)dZ1-1R1(51)~141-1+IQI,

Remark 8.8. We remark that this is place where we need the assumption that d’*! > n.

Proof. The first statement follows immediately by 0-smoothness of the original hypergraphs. In-
deed, for any u € [n] and v € [n], we have that ¥ ccpyp.pec Wtn,(C) < 1/6n. We now have
that

Z Wt(]_{i(r+1) (C)

ceH\"*V:zcc

< Z WtH,»(ULUZ/ul)'( Z WtHul(USIUAL/UZ)("'( Z WtHu,,(Uzrﬂ,v2r+2,ur+1))“'

(v1,02,11) (v3,04,112) (02r41,02r42,1r41)
Z1€{v1,02} Zr€{v3,04} Z,€{v2r41,02r42}

We notice that the h-th term is at most 1/6n if Zj, # x, and otherwise it is at most 1. So, in total, we
get a bound of (6n)7121,

We now prove the second part of the statement. Let |Q| = t + 1. We have two cases.
Case 1: Z does not contain a * entry. This means that |Z| = 7 + 2. Let Z’ € [n]"*! x {%} be Z with
the last entry replaced by a %, i.e., Z;l =Zpforalll < h <r+1,and Z/_ , = x. We observe that

Z Wtwi(m)(c) < Z Wtwi(m)(C) < Z W’E%(rﬂ)(C) < (6n)_|z'| _ (61’1)_7—1 ’

CeH?:zcc ceHzccC ceH"Vzrcc

where we use the first statement that we have already shown. To finish the argument in this case,
we need to argue that wt(Q)d?I-1Ql(6n)~121-1+1Q1 > (6n)7"~1. Indeed, we have by definition that
wt(Q) > nd!Q=1(6n)71Ql, and so

wt(Q)d?I-1Ql(51)~121-1+1Q1 > ldIZI—l(én)—IZI = (6n)7 1. %dﬁl )
Y o n
Thus, the desired inequality holds if d"*! > n.

Case 2: Z contains a % entry. This means that |[Z| < r + 1. Then, we have that Z = (Z D %, 7@, Q),
where Z@ contains no * entries.

We observe that each C € 7‘(l.(r+1’Q) with Z C C can be split into 3 parts: C = (i, c,c@, ch)y,
where C® € 7Q isa length t chain, (i, C M)isa length |Z (M| chain with head i, and C? is a length
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r —t —|ZW| chain whose head is the tail of C!) and whose tail is the head of C®). By 6-smoothness,
2.c.zmcc Wt(]_{‘(‘zu)‘)(i,c(l)) < (571)_'2(1)'.

We either halve that (Z®,Q) is Q, i.e.,, Z? is empty, or that (Z?,Q) is not Q. In the first
case, ),cees(©Q wt«Hm(CG)) = wt(Q) by definition (note that if + = 0, then C @) is just the single
vertex v where Q = (v), and we have defined wt(Q) = 1). In the second case, we observe that by
Definitions 8.2 and 8.4, (Z®, Q) cannot be heavy. Indeed, if it was, then either C ® e T(Z(Z)'Q), and
soC € 7—(1.(”1’(2(2)’@), or else there is some other Q’ with |Q’| = |Z®@| +t +1 with C® € 7Q), in
which case we would have C € 7{1.(”1’@). We note that here we must use that Z contains at least
one x, so that |Z@| + |Q| < r + 1. This is because all heavy Q" have |Q’| < r +1, as they are defined
for the length r-chains.

Thus, (Z(z), Q) cannot be heavy. It then follows that }¢).cogr@) vQrep, Wt (C (3)) <

+z@)
nd'z(z)|+t(6n)_|z(2)|_t_1 < wt(Q)d'Z(2)|(6n)‘|Z(2)|. We note that any C € 7{1.(“1’@ must have CO®) ¢
TQIVQ' € P, |7, as otherwise we would violate Item (2) in Definition 8.2 since |Z®)| > 1.

To finish the proof, we observe that once C™® and C® are chosen, the total weight of all “valid”
C?, ie., C?’s that could complete the chain to form C € 7-(1.(”1’@, is at most 1/6n. Indeed, this is
because the head of C? is the tail of C!) and its tail is the head of C®), and the total weight of all
length & chains, for any &, with a fixed head u and fixed tail v is at most 1/6n by 0-smoothness. Thus,
in total, we have shown that Zceq_{[(ﬂ-l,Q) Wt(]_{i(r+1)(C) < (6n)—|z<2)| - (6n)™1 -wt(Q)dIZ(z)l(én)—|z(2)| _

wt(Q) - dIZ1-1Ql(5n)~121-1+1Q1, O

9 Spectral Refutation via Kikuchi Matrices

In Section 8, we defined polynomials W*)(x, y) and a map from x > y such that W(x) = 3'/_, W (x, y)
when v is the image of x under this map. Thus, to prove Lemma 6.6, we need to upper bound
Ep[val(3)_, W?(x,))]. In this section, we will use the Kikuchi matrix method to bound this
quantity, proving the second half of Lemma 6.6.

9.1 Step 1: the Cauchy-Schwarz trick

First, we show that we can relate Y/_, W*)(x, y) to a certain “cross-term” polynomial obtained via
applying the Cauchy-Schwarz inequality.

Lemma 9.1 (Cauchy-Schwarz trick). Let M be a maximum directed matching'®'” of [k] and let fay be the
cross-term polynomial defined as

1
]E/t[) - Z bzb] Z m\yj,Q(X)\y]‘,Q(X),

{i,j}eM QeP;
'
(t)
fmu=> fr
t=0

16A directed matching is a matching, only the edges are additionally directed
7 This is a perfect matching if k is even, and will leave one element of [k] unmatched if k is odd.
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Then for every x, y with +1 values, it holds that

(Z W)y, y)) <n(r+1) (k(r +1) 2kIEM[fM]) ,

where the expectation E; is over a uniformly random maximum directed matching M.

Proof. We will first apply the Cauchy-Schwarz inequality to eliminate the y variables:

(5.5 (S )

t=0 QeP i=1
r 7 k W, 2
< 2 b )
r k \I/ 2
<((r+1) b;
<n(r+1) ZZ (Q)be\PZQ\If]Q
t=0 QeP; i,j=1
< 1’1(7’ + 1) g Q; t(Q) Z i,Q Z Z (Q) li;k b; bj\yi,Q\yle

By Lemma 8.7, we have that
Wio@ls D) Whea(C) SwtQ)- (on)™,

Ce(}_[i(Hl,Q)

k
Hence, Zt =0 Zer25 wt(Q) Zl 1 zQ = bznz Zt onePt wt(Q) < (Hl).

To finish the proof, we observe that the probability that a pair (i, j) is contained in a directed
matching M is at least 5r. m|

9.2 Step 2: defining the Kikuchi matrices

It thus remains to bound val(fy) for an arbitrary directed maximum matching M.
We define the Kikuchi matrices that we consider below.

Definition 9.2. Leti,j € [k]andt € {0,...,r}. Let Q € P;.

— (i (r+1,Q) —(; (r+1,Q)
Let C - (Z 01,02,U1,03,04,.. '/ui’+1) € 7_11 and C, - (]Ivilvél ul/vér UZL/- . '/ui‘+1) € ‘7-(] .
2r+2

We let A((]: Q) ¢ {0, 1}( )" be the matrix with rows and columns by indexed by (2r + 2)-tuples
of sets (S, ...,Sy, Sor+-+1S; 7) of size exactly ¢ defined as follows.

We set AES’CI’Q)((SO, coerSe,80,---,5), (o, ..., T, Tf, ... T))) equal to 1 if the following holds,
and otherwise we set this entry to be 0. In what follows, we let Cj, = {v2},41, V2n+2}, and we note
that |Cj,| = 2 for any chain with nonzero weight, by Definition 3.5.
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1. Forh=0,...,r—t,wehave S, ® T, = Cj, and vyj,1 € S, V42 € Tj,.

2. Forh:0,...,r—t,wehaveS;leaT’—C’ andvzthl ES v2h+2€T,;,

3. For h =1,...,t, the following holds. Let wy, = C,—1p \ Qh, and w;l = C;—t+h \ Qn. We have
Sr—t+h =RU {wl’l}z Tr—t+h =RU {w;l }I and S:,_ = T’ t+h
We let A(t) Zert wt(Q) ZCE“H('H Q cre ﬂ(r+1 o) Wt (r+1)(C)Wt (r+1)(C ) A(C Q) and Alj = Zt 0D L A(t)
where Dy = (;77)7 - ()
notation and let A := Ay,.

. For any matching M on [k], let Am = Z(i,j)eM bibjA; ;. We will abuse

The following lemma shows that we can express fy(x) as a (scaling of a) quadratic form on the
matrix A®).

Lemma 9.3. Let x € {-1,1}", and let x’ € {-1,1}N, where N = ( )ZVJr2 denote the vector where
the (So,S1,.--,5+,5(,57,---,5;)-th entry of x" is Hh:o X5, Xg) - Leti,j € [k]and t € {0,...,r}. Let

Q € Py, andletlet C = (i,v1,02,U1,03,04,...,Ur41) € '7-{i(r+1’Q) and C" = (j,v,0},U1,05,0), ..., Urs1) €
Q) Then,
]

r r
T (cc Q)
XA " = Dixo, X0, l—[ X (ogps1,021421\ Qi * X0q X0} n X0l 10 a \Qi 7
h=1 h=1
, . . o\ 2r 42—
i.e., the product of the monomzals assoczated to C and C’, modded out by Qy, where Dy = (}73) e ('Z)t
Moreover, for any matrix B( ) obtained by “zeroing out” exactly aD; entries of Aﬁ’c,’Q), the equality

holds with a factor of 1 — « on the right.
In particular, x' T Ax" = fp(x).

Proof. LetS = (So,51,...,5,,5},5,,...,S,)and T = (Ty, ..., T, T},...T/) be suchthatA(CC QS T) =
1. Then, we have that

r r—t t
r _
xng_: = nxslleth;,leé = nxShEBThxs}léBT}: nxsr t+h®Tr i 5, en T
h=0 h=0 h=1
r—t t
= Xc xC;, n Xc Cr t+h\thC;_t+h\Qh 4
h=0 h=1

which is equal to the product of monomials on the right-hand side of the equation we wish to show.
It thus remains to argue that ASS’C”Q) has exactly D; nonzero entries. We observe that, for each

h =0,...,7r—t, there are exactly (’;:12) pairs (Sy, Ty) such that S, @ Tj, = Cj, with v;41 € Sj, and

is possible that one could have w;, = w’, here. In that case, we pick a canonical extra vertex v, and require tha
181t is possible that 1d h j = w}, here. In that pick ical ext t d require that
v ¢ R as well. This is to ensure that the number of choices here for S, _,, and S/_, ., is exactly (;,~ 2)( ); otherwise it

would be (’; 11) ( ) The difference in the two cases is immaterial but it is convenient to have an exact count.
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Uon+2 € Tj. Indeed, this is because we must simply choose a set of size £ — 1 that does not contain
either of vy;,41 and vyj45, and then this determines S;, and Tj,.

For h = 1,...,t, there are exactly ( ) choices of (S;_t4n, T,_t+1). Indeed, this is because
S,_¢+p must contain wy, and T,_;;; must contain wh. Note that if wj, = h, then there are actually
(»~1) choices! However, using the slightly modified definition of the matrix in the footnote in
Def1n1t10n 9.2, we can again force there to be exactly (,~ ) choices. Finally, there are () choices for
(Sr t+h’ t+h —t+h Tr/ t+h"

Combmmg, we see that D; = (';_f)z(r = ((2’_12) (';))t = (’Z:f)zrﬂ_t (';)t, as required. O

), as we must have S’

9.3 Step 3: finding a regular submatrix of the Kikuchi matrix

By Lemma 9.3, in order to upper bound E;[val(}};_ 0f(t)) it suffices to bound E[||A|l_1] <
NE[||All2], where N = (1)**%; here, we use that [|A|_,; < N||Al|2 always holds.

To bound [|A|l2, we will write A = ¥ iyep bibjAij and apply Fact 3.11. To do this, we need to
bound ||A; j||2, which we shall do by upper bounding the maximum ¢;-norm of any row/column of
the matrix. In turns out there are some rows that indeed have a large ;-norm. To handle this issue,
we shall zero out the “bad rows”, as follows. To do this, we will need to use the following technical
lemma, proven in Section 10, that bounds the expected ¢;-norm of a row and the conditional

expectation given that the row has a nonzero entry in a specific matrix Aﬁ’cl’Q).

Lemma 9.4 (First and conditional moment bounds). Fixr > 1,1, € [k], and let H, ) and ‘H(Hl)

denote the (r + 1)-chain hypergraph with heads in i and j respectively. Let Uj_, Ugep, 7—(.(”1 Q) be a

smooth partition of Wl.(rﬂ), as defined in Definitions 8.2 and 8.4. Let A; ; be the Kikuchi matrix defined in
Definition 9.2, which depends on r, i, j, and the pieces Ugep, H" Q) of the refinement, and the matching
M.

Let S = (So,...,S,S),...,5)) € (['(f]) " be a row of the matrix, and let degi,]-(S) denote the {1-norm

of the S-th row of Ajj. Then,

IEg[degi,j(S)] < N5’

where N = (7 )ZHZ.
Furthermore, let t € {0,...,r}, Q € Py, and C € 7-{i(7+1’Q) and C’' € 7-{]F7+1’Q). Let Dc,cr,q denote

(CQ)

the uniform distribution over rows of Ay that contain a nonzero entry. Then, if ' > n and

¢ >2d(r+1)/0, it holds that

4

3 O({fr)
Do lde8;;(S)] < (1 + T) STt

Let us now use Lemma 9.4 to argue the following. For a sufficiently large constant I, there
exist submatrices BE?’C ’Q), i.e., a {0, 1}-matrix where BE(]?’C ’Q)(S, T) = 1 implies AE?’C ’Q)(S, T)=1,
such that (1) each BS?’CI’Q) contains exactly D;/100 nonzero entries, and (2) the {;-norm of any

row /column of B; ; (defined analogously to 4; ;) is at most 15—
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We do this as follows. First, we observe that Agi’CI’Q)(g, T) = A;S/’C’Q)(ﬁ, IX/), where R =

(Sy,-..,S.,S0,...,Sr)and W = (T3,..., T, To, ..., T;). In particular, this symmetry implies that the
bounds on the moments for rows in Lemma 9.4 hold for columns as well.

Let B; = {§ : degi/j(g) > NLM} denote the set of bad rows with ¢;-norm at least N.LM, and
similarly let B, be the same but for the columns. Applying Markov’s inequality and the conditional
degree bound, we see that B; contains at most O(1/I')-fraction of the rows where A((]: Q) 4

nonzero, and similarly B, contains at most O(1/I')-fraction of the columns where A(C Q4
nonzero. Thus, after removing these rows, we still have at least (1 — O(1/TI'))D; nonzero entries
in Af(]: Q) WhenTis a sufficiently large constant, this is at least 1/2, and so we can choose an

arbitrary subset of exactly D;/2 nonzero entries. We let B ES’C/’Q) be the matrix with those nonzero
entries.

The first property is clearly satisfied by construction. The second property is satisfied because
the £1-norm of any row/column of B; ; is clearly at most ﬁ, again by construction.

9.4 Step 4: finishing the proof
Let Bgi’cl’Q) be the matrix produced in Section 9.3.
t , c,.c, t
We let BE/; = Zert @ ZCeﬂi(r+1,Q)’C,ewjgr+1,Q) Wtﬂi(wl)(C)Wtw;rﬂ)(C )'Bf',]' Q) and B;; = Zt -0 Dlt B( )
For any matching M on [k], let By = Z(i,j)eM bib;B; ;. We will abuse notation and let B := By;.
By Lemma 9.3 and the fact that BE?’C/’Q) has exactly D;/2 nonzero entries of AES’CI’Q) in it, we

see that for every x € {-1,1}", there exists x’ € {-1,1}" such that x’" Bx’ = %fM (x). We also have
that || B jll2 < x5 o —, by construction in Section 9.3.
By Fact 3.11, it therefore follows that

Es[val(fu(x))] < 2E5[N||Bll2] < N - ﬁ . O(yFlog N) = O(/kerTog n) - %

Hence,

Ep[val(¥(x, y))I* < Ep[val(¥(x, y))] < n(r +1) (k(g o

<n(r+1) k(g;l) +2kO(«/ktrlogn) - (?%n) = @ (% +ZO(\/k€rlogn))
< k(r; 1)O(\/kﬁrlog n),

as { > O(r/6) and we can assume that k > 1/6 (as otherwise we are already done).

+2kEm[ fm ])

10 Row Pruning: Proof of Lemma 9.4

In this section, we prove Lemma 9.4, restated below.
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Lemma 10.1 (First and conditional moment bounds). Fixr > 1, i,] € [k], and let (HZ.(VH) and H"HY

denote the (r + 1)-chain hypergraph with heads in i and j respectively. Let Uj_, Ugep, HQ) pe g

1

smooth partition of ?{i(rﬂ), as defined in Definitions 8.2 and 8.4. Let A, ; be the Kikuchi matrix defined in
Definition 9.2, which depends on v, i, j, and the pieces Ugep, H (r+1,Q) of the refinement, and the matching
M.

Let S = (So,..., Sy, 56, ...,S1) € ([’;])ZHZ be a row of the matrix, and let degi,j(g) denote the b1-norm
of the S-th row of Ajj. Then,

IEg[degz-,]-(S)] < N on’

where N = (7 )ZHZ
Furthermore, let t € {0,...,r}, Q € Py, and C € 7{1.(“1’@ and C’ € 7{](r+1’Q). Let Dc ¢ g denote

the uniform distribution over rows of AE(;.’C/’Q) that contain a nonzero entry. Then, if ™' > n and
¢ >2d(r+1)/06, it holds that

> O(fr) 4
IE§~DC/C/,Q [degl,](s)] S (1 + ) :

Nén

Proof. We begin by estimating the first moment, i.e., E §[degi,j(§ )]. By definition, we have that

Ez[deg; (5)] = ~ Z 5. > Wt( 5 > Wiy e (C)wty e (C) - Dy

t=0 ' QeP; c e(f{i(’*1’Q>,C’e7—{]f’*l'Q)

N E E t(Q) E Wt(]_{(r+1)(c)wt7_{(7+l)(c/).
w i j
t=0 QeP; CeH( Q) crep 19 !

We note that the latter quantity is simply equal to & ; e w0 (C) X
(r+1,Q)

1
c'eﬂ].(’”'Q):CEﬂ}’”'Q) wt(Q)

wtw(m)(C ), where the second sum is over C’ € 7—( where Q is determined by the choice of C.

(r+1,0) Wt (m)(C ) < W:;(,?), and hence we conclude that

We note that for any Q, >}

C'e?-(

1
_Nén

21
Egldeg, ;S < D, w r+1>(C)
CE?‘{Z.(H—I)

C e 7_{i(r+1,Q)’ C e 7_{]'(f+1fQ)‘ We now bound ]E§~Z)C C,Q[degi’j(g)], where D¢ ¢ o is the uniform

Next, we estimate the conditional first moment. Fix a Q € P; for some 0 < t < r, and let

distribution over all rows 5 such that AES’C,’Q) has a nonzero entry. We note that there are exactly
D; such rows.
We shall proceed in two steps. First, we consider a fixed (D, D’, Q’) with D € ?{i(H]’Q D’ €

‘7-(](“1 Q) Let |Q’| = t’ +1. We will upper bound the number of rows S where A(] Q) and Ag?’D/’Q,),

normalized by the factor of 1/Dy.. This will depend on the number of shared vertices z between
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these two pairs of chains, for an appropriate definition of shared vertices. Then, we will, for each
choice of z, bound the total weight of the number of chains (D, D’, Q’) have “intersection z” with
(C,C’,Q), which will conclude the argument.

Step 1: bounding the normalized number of entries for a fixed (D, D’, Q’). To begin, we will
define the number of “shared vertices” between two pairs of chains (C,C’,Q) and (D, D", Q’).

Definition 10.2 (Left vertices). Let (C,C’,Q) be such that Q € P; and C € 7{1.(”1’@, C' e 7{],(”1’@.
Let C = (i,v1,02,u1,...,Ur+1) and C’ = (j, 07,05, uj, ..., u, ). The tuple of left vertices of (C,C’, Q)
is the sequence (v1,v3, 05, . . ., Ua(r—)11, W1, - - -, Wt, V], 05, - . ), where Cj, = {vop41,0op12} =
{wn, Qn}. We denote this sequence by L(C, C’, Q).

’
1 Oor—p)41

Remark 10.3. The reason for the above definition is the following. If S is a row where the matrix
Agi’c Q) has a nonzero entry, then the entries of L(C,C’, Q) (in order) are contained in the sets
(SO/ ey Si’—t/ S?’—t+1/ sy Sr/ S(’)/ ey S,’f_t)/ e-g'/ 01 € SO/ U3 € Sl/ w1 € Sr—t+1/ etc.

Definition 10.4 (Intersection patterns). Let (C,C’,Q) and (D, D’, Q") be such that C € WZ.UH’Q), C'e
7-(].(r+1’Q) and D € 7—(1.(”1’@), D’ e 7—(].(”1’@).

The intersection pattern of (C,C’,Q) and (D,D’,Q’), given by Z € {0,1}**27, is defined as
Zy =1if L(C,C’,Q)r = L(D,D’, Q") and it is 0 otherwise. Note that the sequences L(C,C’, Q)
and L(D, D’, Q") may not have the same length; if / is “out of bounds” for L(D, D’, Q’), then we set
Zy =0.

We now fix (D, D’, Q’) and count the number of rows as a function of the intersection pattern
Z. Lett’ = |Q’| — 1. We have two cases. In the first case, t > t/, which implies that |L(C, C’, Q)| <
|L(D,D’,Q)|. We observe that in order for a row S to have a nonzero entry for both pairs of chains,
the following must hold:

1. forh=1,...,r +2 (the first » + 1 sets), we have {L(C,C’,Q);,L(D,D’,Q);} C Sy,

2. forh =r+2,...,2r+3—t (the next r + 1 — t sets), we have {L(C,C’,Q)x,L(D,D’,Q)n} C

S;z—(r+2)’
3. forh=2r+3—1t,...,2r+2—t' (the next t —t’ sets), we have L(D,D’,Q);, € 5;1_(”2),
4. forh=2r+2—-t'+1,...,2r + 2 (the final ¢’ sets), we have S’ is arbitrary.

h=(r+2)
We observe that for each intersection point, i.e., an h such that L(C,C’, Q) = L(D, D’, Q)y, there
are (ﬂl) choices for the corresponding set, as it needs to only contain one vertex. For each
nonintersection point, i.e,, an h € {1,...,2r + 2 -t} where L(C,C’,Q), # L(D,D’,Q);, we have
(,",) choices, because the set needs to contain both vertices. Finally, we have (,";) choices for each
of the t — t’ sets in the third case, and (’;) choices for the last ¢ sets in the final case. In total, we have
nA\Z( n \2r+2—t-z/ n t—t’ n t
(") () (22) " () -

In the second case, t < t’. We observe that by swapping the roles of t and ¢’ above, we get a
z 2r+2—t'-z t'—t m\t
bound of (,%;)"(,%) (¢2) (%)
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Now, although the above counts are different, we observe that they are within constant factors
of each other. Indeed, we have

Exec S LS
_ ( {(n—+2) )
constantI'. >

vt
=(1+
(E—l)(n—€+1)) ( (0—- 1)(n £’+
and this ratio is between and 2 since |[t' — t| < r and

Next, we observe that while we have an upper bound of 2 (,",)* (efz)ZHZ_t ([fl)t_t, (’Z)t, on the
number of rows, which depends on t’, each entry has a scaling factor of D%/' We now give an upper
bound on the normalized number of entries that does not depend on t’. We have

Y I Y ) ) S 1 M ) ( (") ) | ( (") )
(1)

Dv (22 (¢"1)

) ( (-1 )2r+2—t—z . ( Tl(n _ 1) )27’+2—t'

1
(=TS 1)(n D 2 % rl for a sufficiently large

2

n—40+2 n—Cl+D(n-10)

2r+2—t—z
2 (ﬁ) -(1 + O(M) .
n n

Step 2: bounding the weight of (D, D’, Q") with a fixed intersection pattern Z. Let us fix the

intersection pattern Z and then determine the total weight of all (D, D’, Q") with D € 7-{i(r+1’Ql), D’ e
Q)
]

IA

with these intersection points. To do this, we will apply Lemma 8.7.

First, we observe that fixing an intersection pattern induces a Z M e {[n]uU {x}}* x {x}, simply
by filling in Z!)’s non-* entries with the appropriate vertices of L(C, C’, Q). We note that such a
ZW never has the tail filled in, as the tail is not a potential intersection point. By Lemma 8.7, this
implies that the total weight of D that contain Z) is at most (5n)712"1,

Next, we bound the total weight of all D’ that are valid for a fixed D. We observe that
D e 7{1.(H1’Q,) for some i, and hence D’ must be in ?{] (r+1.Q9") e note that Z induces an intersection

pattern Z on D’, and moreover Z does not intersect with the “Q’-part” of the chain D’, namely
the links that contain vertices from Q’. So, it follows that D’ contains (Z, Q").

By Lemma 8.7, we have that the total weight of all D’ is at most wt(Q)d |Z(2)|(6n)‘|z(2)|‘1. As each
entry in AE,D.’D/’Q,) is scaled down by a factor of wt(Q’), the normalized weight is therefore at most
A7 (5m)~1271-1,

In total, we get a bound of (6n)‘|z(l)| . d'Z(2)|(6n)‘|Z(2)|‘1, which is at most dl%l(6n)7141-1. Here,
we use that |Z| = [ZzV] +]Z2@).

Putting it all together. By combining steps (1) and (2) (and paying an additional (2”2 Y

factor to
choose the nonzero entries of Z), we thus obtain the final bound of

2r4+2—t 2r4+2—t-z
=01 2r +2 -1t o(r)\ (¢ 1
B3 0, [de8,(8)] < o > ( ).(1+ . ).2(5) 4 (on)

z
z=0
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o(tr)\ 2 p\2Ht it . 0\ . o
<(1+— )T(E) ~;(2r+2—t) —| -a*(om)
_(;,0un) 2 (¢ 2”2‘{2”22:* Qr+2—1t)-d\*
B n D;-on\n gt ol
2r+2—t
(e Q) i
n D;-6n \n

where we use that ¢ > 2d(2r +2)/0.
To finish the proof, we need to compute %. We have that

D _ () ((?:%))”“‘f _ («n ~0) )

N ﬁ 2r+2—t i /-1 2r+2—t N ﬁ 2r+2—t . (9—1)(21’+2) _ ﬁ 2r+2—t - O(f?’)
~\n n-1 \n n-1 S \n no )’
Thus,
. owr)\ 4 [\ o(tr)\ 4
Es.pecolde8i (] < (“ " ) D; - on (E) \"" 7 |~

which finishes the proof.

References

[AG24] Omar Alrabiah and Venkatesan Guruswami. Near-tight bounds for 3-query locally correctable
binary linear codes via rainbow cycles. Electron. Colloquium Comput. Complex., TR24-062, 2024.

[AGKM23] Omar Alrabiah, Venkatesan Guruswami, Pravesh K. Kothari, and Peter Manohar. A near-
cubic lower bound for 3-query locally decodable codes from semirandom CSP refutation. In
Proceedings of the 55th Annual ACM Symposium on Theory of Computing, STOC 2023, Orlando, FL,

USA, June 20-23, 2023, pages 1438-1448. ACM, 2023.

[AK92] E.E Assmus and J. D. Key. Designs and their Codes. Cambridge Tracts in Mathematics. Cambridge

University Press, 1992.

[ALM*98] Sanjeev Arora, Carsten Lund, Rajeev Motwani, Madhu Sudan, and Mario Szegedy. Proof
verification and the hardness of approximation problems. Journal of the ACM (JACM), 45(3):501—

555, 1998.

[AS98] Sanjeev Arora and Shmuel Safra. Probabilistic checking of proofs: A new characterization of np.

Journal of the ACM (JACM), 45(1):70-122, 1998.

[BENW93] Laszl6 Babai, Lance Fortnow, Noam Nisan, and Avi Wigderson. BPP has subexponential time

simulations unless EXPTIME has publishable proofs. Comput. Complex., 3:307-318, 1993.

[BGT17]  Arnab Bhattacharyya, Sivakanth Gopi, and Avishay Tal. Lower bounds for 2-query lccs over
large alphabet. In Approximation, Randomization, and Combinatorial Optimization. Algorithms and
Techniques (APPROX/RANDOM 2017). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2017.

53



[BIW10]

[BIM23]

[BK95]

[BLR93]

[BSS14]

[DHV78]

[Dvi10]

[Dvi12]
[Dvi16]

[Efr09]

[GKM22]

[GKSTO06]

[Ham73]

[HKM23]

[HKM*24]

[HO75]

Omer Barkol, Yuval Ishai, and Enav Weinreb. On locally decodable codes, self-correctable codes,
and t-private pir. Algorithmica, 58(4):831-859, 2010.

Nikhil Bansal, Haotian Jiang, and Raghu Meka. Resolving matrix spencer conjecture up to
poly-logarithmic rank. In Proceedings of the 55th Annual ACM Symposium on Theory of Computing,
STOC 2023, Orlando, FL, USA, June 20-23, 2023, pages 1814-1819. ACM, 2023.

Manuel Blum and Sampath Kannan. Designing programs that check their work. Journal of the
ACM (JACM), 42(1):269-291, 1995.

Manuel Blum, Michael Luby, and Ronitt Rubinfeld. Self-testing/correcting with applications to
numerical problems. Journal of computer and system sciences, 47(3):549-595, 1993.

Joshua D. Batson, Daniel A. Spielman, and Nikhil Srivastava. Twice-ramanujan sparsifiers.
SIAM Rev., 56(2):315-334, 2014.

Jean Doyen, Xavier Hubaut, and Monique Vandensavel. Ranks of incidence matrices of steiner
triple systems. Mathematische Zeitschrift, 163:251-259, 1978.

Zeev Dvir. On matrix rigidity and locally self-correctable codes. In Proceedings of the 25th Annual
IEEE Conference on Computational Complexity, CCC 2010, Cambridge, Massachusetts, USA, June 9-12,
2010, pages 291-298. IEEE Computer Society, 2010.

Zeev Dvir. Incidence theorems and their applications. CoRR, abs/1208.5073, 2012.

Zeev Dvir. Lecture notes on linear locally decodable codes. https://www.cs.princeton.edu/
“zdvir/LDCnotes/LDC8.pdf, Fall 2016.

Klim Efremenko. 3-query locally decodable codes of subexponential length. In Proceedings of the
41st Annual ACM Symposium on Theory of Computing, STOC 2009, Bethesda, MD, USA, May 31 -
June 2, 2009, pages 39-44. ACM, 2009.

Venkatesan Guruswami, Pravesh K. Kothari, and Peter Manohar. Algorithms and certificates for
Boolean CSP refutation: smoothed is no harder than random. In STOC '22: 54th Annual ACM
SIGACT Symposium on Theory of Computing, Rome, Italy, June 20 - 24, 2022, pages 678-689. ACM,
2022.

Oded Goldreich, Howard Karloff, Leonard J Schulman, and Luca Trevisan. Lower bounds
for linear locally decodable codes and private information retrieval. Computational Complexity,
15(3):263-296, 2006.

Noboru Hamada. On the p-rank of the incidence matrix of a balanced or partially balanced
incomplete block design and its applications to error correcting codes. Hiroshima Mathematical
Journal, 3(1):153-226, 1973.

Jun-Ting Hsieh, Pravesh K. Kothari, and Sidhanth Mohanty. A simple and sharper proof of
the hypergraph Moore bound. In Proceedings of the 2023 ACM-SIAM Symposium on Discrete
Algorithms, SODA 2023, Florence, Italy, January 22-25, 2023, pages 2324-2344. SIAM, 2023.

Jun-Ting Hsieh, Pravesh K. Kothari, Sidhanth Mohanty, David Munha Correia, and Benny
Sudakov. Small even covers, locally decodable codes and restricted subgraphs of edge-colored
kikuchi graphs. CoRR, abs/2401.11590, 2024.

N Hamada and H Ohmori. On the bib design having the minimum p-rank. Journal of Combinato-
rial Theory, Series A, 18(2):131-140, 1975.

54


https://www.cs.princeton.edu/~zdvir/LDCnotes/LDC8.pdf
https://www.cs.princeton.edu/~zdvir/LDCnotes/LDC8.pdf

[1K99]

[JT09]

[Jun84]

[Jun11]

[Kan94]

[KM23]

[KTO0]

[KV00]

[KW04]

[LFKN90]

[LLTO00]

[LLTO1]

[LP91]

[LTO02]

[MSS15]

[RS96]

[Sha90]

Yuval Ishai and Eyal Kushilevitz. Improved upper bounds on information-theoretic private in-
formation retrieval (extended abstract). In Proceedings of the Thirty-First Annual ACM Symposium
on Theory of Computing, May 1-4, 1999, Atlanta, Georgia, USA, pages 79-88. ACM, 1999.

Dieter Jungnickel and Vladimir D. Tonchev. Polarities, quasi-symmetric designs, and Hamada’s
conjecture. Des. Codes Cryptogr., 51(2):131-140, 2009.

Dieter Jungnickel. The number of designs with classical parameters grows exponentially. Geor.
Dedicata, 16(2):167-178, 1984.

Dieter Jungnickel. Recent results on designs with classical parameters. J. Georn., 101(1-2):137-155,
2011.

William M. Kantor. Automorphisms and isomorphisms of symmetric and affine designs. J.
Algebraic Combin., 3(3):307-338, 1994.

Pravesh K. Kothari and Peter Manohar. An exponential lower bound for linear 3-query locally
correctable codes. CoRR, abs/2311.00558, 2023.

Jonathan Katz and Luca Trevisan. On the efficiency of local decoding procedures for error-
correcting codes. In Proceedings of the thirty-second annual ACM symposium on Theory of computing,
pages 80-86, 2000.

Jeong Han Kim and Van H Vu. Concentration of multivariate polynomials and its applications.
Combinatorica, 20(3):417-434, 2000.

Iordanis Kerenidis and Ronald de Wolf. Exponential lower bound for 2-query locally decodable
codes via a quantum argument. Journal of Computer and System Sciences, 69(3):395-420, 2004.

Carsten Lund, Lance Fortnow, Howard J. Karloff, and Noam Nisan. Algebraic methods for
interactive proof systems. In 31st Annual Symposium on Foundations of Computer Science, St. Louis,
Missouri, USA, October 22-24, 1990, Volume I, pages 2-10. IEEE Computer Society, 1990.

Clement Lam, Sigmund Lam, and Vladimir D. Tonchev. Bounds on the number of affine,
symmetric, and Hadamard designs and matrices. |. Combin. Theory Ser. A, 92(2):186-196, 2000.

Clement Lam, Sigmund Lam, and Vladimir D. Tonchev. Bounds on the number of Hadamard
designs of even order. J. Combin. Des., 9(5):363-378, 2001.

Frangoise Lust-Piquard and Gilles Pisier. Noncommutative Khintchine and Paley inequalities.
Ark. Mat., 29(2):241-260, 1991.

Clement Lam and Vladimir D. Tonchev. A new bound on the number of designs with classical
affine parameters. volume 27, pages 111-117. 2002. Special issue in honour of Ronald C. Mullin,
Part II.

Adam W. Marcus, Daniel A. Spielman, and Nikhil Srivastava. Interlacing families II: Mixed
characteristic polynomials and the Kadison-Singer problem. Ann. of Math. (2), 182(1):327-350,
2015.

Ronitt Rubinfeld and Madhu Sudan. Robust characterizations of polynomials with applications
to program testing. SIAM Journal on Computing, 25(2):252-271, 1996.

Adi Shamir. Ip=pspace. In 31st Annual Symposium on Foundations of Computer Science, St. Louis,
Missouri, USA, October 22-24, 1990, Volume I, pages 11-15. IEEE Computer Society, 1990.

55



[SS12] Warren Schudy and Maxim Sviridenko. Concentration and moment inequalities for polyno-
mials of independent random variables. In Proceedings of the Twenty-Third Annual ACM-SIAM
Symposium on Discrete Algorithms, SODA 2012, Kyoto, Japan, January 17-19, 2012, pages 437-446.
SIAM, 2012.

[Tei80] Luc Teirlinck. On projective and affine hyperplanes. Journal of Combinatorial Theory, Series A,
28(3):290-306, 1980.

[Ton99] Vladimir D Tonchev. Linear perfect codes and a characterization of the classical designs. Designs,
Codes and Cryptography, 17:121-128, 1999.

[Tre04] Luca Trevisan. Some applications of coding theory in computational complexity. arXiv preprint
cs/0409044, 2004.
[Trol5] Joel A. Tropp. An introduction to matrix concentration inequalities. Found. Trends Mach. Learn.,

8(1-2):1-230, 2015.

[WAM19] Alexander S. Wein, Ahmed El Alaoui, and Cristopher Moore. The Kikuchi Hierarchy and Tensor
PCA. In 60th IEEE Annual Symposium on Foundations of Computer Science, FOCS 2019, Baltimore,
Maryland, USA, November 9-12, 2019, pages 1446-1468. IEEE Computer Society, 2019.

[Yan24] Tal Yankovitz. A stronger bound for linear 3-lcc. Electron. Colloguium Comput. Complex., pages
TR24-036, 2024.

[Yek08] Sergey Yekhanin. Towards 3-query locally decodable codes of subexponential length. Journal of
the ACM (JACM), 55(1):1-16, 2008.

[Yek12] Sergey Yekhanin. Locally decodable codes. Foundations and Trends in Theoretical Computer Science,
6(3):139-255, 2012.

A The Case of Imperfect Completeness in Theorem 2

In this appendix, we prove Theorem 2 when the code has completeness 1 — ¢. The proof is essentially
identical to the proof in the perfect completeness case presented in Sections 5 to 10, with only minor
changes that we describe here.

First, we observe that the reduction in Section 5.1 holds with the following minor change: the
decoding function fy, 4,,0,,4,(a3) for C = (v1, a1, v2, a2, v3) might not be deterministic. This means
that the function f,, 4, v,,4,(23) is @ convex combination of the deterministic functions specified in
Section 5.1, and so we may need to add multiple copies of C = (v1, a1, v2, a2, v3) with different
weights to handle the different deterministic functions in the convex combination. This only
introduces some minor issues with notation.

The key change that we need to make lies in Claim 5.7. We no longer have that the chain
polynomials correctly decode x, for every x € C. In fact, we can see that, by the “chain decoder’
interpretation of the adaptive chains given in Section 2.3, the chain polynomial computes the
advantage of the chain decoder Dec;_, (1) when decoding x,, namely E[x,Dec;_,(u)], where the
expectation is over the internal randomness of the chain decoder. In this case, by union bound, the
chain decoder is correct with probability at least 1 — (r + 1)¢, and so E[x,Dec},, (u)] > 1-2(r + 1)e.

Now, when we use Lemma 5.9 to refute the chain polynomial instances, we set parameters

7

as follows. Let n > 0 to be chosen later, and set o be such that rp + 1 = L% —nJ and r1 be such
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that 1 = y+/log, n for some constant y to be chosen later. We then let » = min(ro, 71). Note that by
choice of r, = =1 > r+1,and so 1 - 2(r + 1)¢ > 2ne.

Now, we set d to be such that d"*! > 1, so we have to set d = n1/7*1, Finally, we set ¢ = dr/6.
Following the calculations, we thus get that either

n?e2k < r2°00(trlogn) = ?r@omdlogn ,
or
tepstk < r—620(r)O(€rl n) = r—SZO(T)dl n
mepsts 08" = 33 ogn .

The second equation is always the dominant term. If ¢ < y/4/log, n, then we observe that we are
simply in the same parameter regime as in the perfect completeness, and we get the same bound. If

¢ > 2y/+/log, n, then we have that

k < 200)y 7ix logn.

53174 &4

Taking y large enough and n = O(1/log 1) implies that (6°¢*k) < O(n#1). This finishes the proof,
asr+1= |_21—€ —1J. Note that the final log(1/0) loss comes from Fact 3.4.

B Design 3-LCCs over [F, from Reed—Muller Codes

In this appendix, we give a simple folklore construction of a design 3-LCCs (Definition 3.8) using
Reed-Muller codes.

Lemma B.1 (Design 3-LCCs over [F, from Reed-Muller Codes). Let t be an integer, and let k =
1+t + (3). Then, there is a design 3-LCC with blocklength n = 4! of dimension k. In particular, n < 22V2k,

To prove this lemma, we will need the following fact about polynomials over [Fs.
Fact B.2. Let f(x) = ap + a1x + apx? be a degree-2 polynomial over Fy. Then, 2ger, f(B) = 0.

Proof. Recall that the field F4 is equivalent to the polynomial ring [F>[] modulo the equation
B%+B+1=0. We have

f(0) =ao
f)=ap+ar1+az
f(B) =ap+aif +ayB?
F(1+B) = ap +ar(1+p) + az(1+p)?
= fO)+fW)+fB)+fA+p)=ag-4+ar-2(1+p)+ax(l+p>+(1+28+p%)
-0,

as 2 = 0in FFy. O
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Proof of Lemma B.1. We will define the code in two stages. First, we will define, via an encoding
map, a code over IF4 with the desired dimension argue that it is a design 3-LCC. Then, we will use
this code to construct a code over IF,.

Let V denote the vector space of degree < 2 polynomials over IF4 in t variables x1, ..., x;. We
note that V has dimension k.

For each b € ]FZ, we encode b by (1) letting f,(x1,...,x:) be the degree-2 polynomial with
coefficients given by b, and (2) evaluating f, over all x € IF.; this yields an output Z € F¥ = IF},
which is the encoding Enc(b). We note that Enc is clearly an [F4 linear map.

We now argue that this encoding map is a design 3-LCC. Indeed, we need to define a system of
constraints such that for every pair x©@ x@ ¢ IFZ, there is a unique constraint containing x©@ @,
Let x® = x© 4+ g(xM - x©@) and xMF = xO + (1 + g)(xV — x©@). We note that x©@,x1), x®)
and xP) is the line L(t) = x©@ + A(xM) — x) containing x@, x. Fix b € ]FZ, and let f;, be the
corresponding polynomial. We know that g(A) = f,(L(A)) is a degree-2 univariate polynomial in
A. Hence, by Fact B.2, it follows that f,(x©) + f,(xM) + f,(x®)) + £,(x(1*)) = 0. Hence, for each
pair x©, xM ¢ IF}, there exists a constraint containing this pair, and moreover, because two points
determine a line, any constraint containing this pair must be exactly this line. Thus, the code given
by Enc is a design 3-LCC.

We now use the above code to construct a binary code. Let Tr: I[F4 — IF, be the trace map. We
let V’ be the image of V under Tr (applied element-wise to each vector in V). We note that because
V has dimension k over [Fy is a linear code, it is systematic, meaning that there is a subset S C ]Ffl
such that V|s = lFi‘. Therefore, because the trace map is identity on IF,, it follows that V’|s = ]F’z‘,
i.e., that VvV’ has dimension k also.

To finish the proof, we need to argue that V' is a design 3-LCC. Let g € V’. We will show
that for each line x©, xM, x() x1+F) jn IFf1 as defined earlier, it holds that g(x(©) + g(xM) + g(x®)) +
g(x1*P)) = 0. Indeed, we have that g = Tr(f) for some f € V, and that f(x@) + f(xM) + f(x®) +
f (x(“ﬁ)) = 0. Because all the coefficients in the linear constraint are 1, i.e., they are in IF,, the
constraint still holds after applying Tr(-), as this is an [F»-linear map. Thus, the constraint holds,
which finishes the proof. O
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