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Abstract

The Gilbert-Varshamov (GV) bound is a classical existential result in coding theory.
It implies that a random linear binary code of rate £? has relative distance at least
% — O(e) with high probability. However, it is a major challenge to construct explicit
codes with similar parameters.

One hope to derandomize the Gilbert—Varshamov construction is with code con-
catenation: We begin with a (hopefully explicit) outer code C,, over a large alphabet,
and concatenate that with a small binary random linear code C;,. It is known that
when we use independent small codes for each coordinate, then the result lies on the
GV bound with high probability, but this still uses a lot of randomness. In this paper,
we consider the question of whether code concatenation with a single random linear
inner code C;, can lie on the GV bound; and if so what conditions on C,; are sufficient
for this.

We show that first, there do exist linear outer codes Coyt that are “good” for con-
catenation in this sense (in fact, most linear codes codes are good). We also provide
two sufficient conditions for Coys, so that if Coy satisfies these, Cout © Cin Will likely lie
on the GV bound. We hope that these conditions may inspire future work towards
constructing explicit codes Couyt.
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1 Introduction

An error correcting code (or just a code) is a subset C C 3", for some alphabet >. We think of
a code C being used to encode messages in ¥* for k = logy, |C|. That is, for any m € ¥*, we
can identify m with a codeword C(m) € C.! The idea is that encoding m into the codeword
C(m) will introduce redundancy that can later be used to correct errors. In this work we
focus on linear codes C, which are codes where ¥ = F is a finite field and C C F" is a linear
subspace of F".

Two important properties of error correcting codes are the rate R and the relative dis-

tance 6. For a code C C X", the rate is defined as R = M = %, and it quantifies how
large the code is. The rate is between 0 and 1, and typically we want it to be as close to
1 as possible; this means that the encoding map does not introduce much redundancy.
The (relative) distance of C C ¥" is defined as § = L min.,vec Alc, ), where A(-, ) is
Hamming distance. Again, the relative distance is between 0 and 1, and again we typ-
ically want it to be as close to 1 as possible; this means that the code can correct many
worst-case errors.

These two quantities—rate and distance—are in tension. The larger the rate is, the
smaller the distance must be. For binary codes (that is, codes where ¥ = F5), it is a
major open question to pin down the best trade-off possible between rate and distance.
However, we know that good trade-offs are possible: The best known possibility result in
general is the Gilbert—Varshamov (GV) bound (Theorem 2.1).

In this paper we focus on low rate codes. In this parameter regime, the GV bound
implies that there exist binary linear codes with relative distance +5* and rate Q(e?), for
small ¢ > 0. In fact, Varshamov’s proof shows that a random binary linear code achieves
this with high probability.

Constructing such codes explicitly, hopefully accompanied by an efficient decoding
algorithm, has been subject to extensive and fruitful research in the past decades (e.g.,
[NN93, ABN*92, AGHP92, BT13, GI05, Ta-17, BD22]), with several exciting breakthroughs
in recent years. These breakthroughs include explicit constructions of codes with distance
§ = 152 and rate R = Q(e?"°V)), even with efficient algorithms (see Section 1.1). However,
there are still open questions. For example, we do not know how to attain § = %5 and
R = Q(£?) (without any o(1) term) explicitly, and we do not have explicit constructions
approaching the GV bound with rates bounded away from zero. Motivated by these ques-
tions, we consider concatenated codes, possibly with some randomness, which we discuss
next.

Concatenated Codes, and Our Question. A natural candidate for explicit (for low ran-
domness) codes on the GV bound are concatenated linear codes. These codes are built out
of two ingredients: a (hopefully explicit) linear outer code Co,; C FF; with dimension & for
some large ¢; and a smaller inner binary linear code C;, C [F;°, with dimension &, = log, q.

'Here and throughout the paper, we will abuse notation and use C both as the code itself (a subset of
¥") and also as an encoding map C: X% — X",



We define the concatenated code C = Cout 0 Cin € F5°" by first encoding a message m € F

(which can also be thought of as m € F’;O'k ) with C,,t. Then, we encode each symbol of the
resulting codeword using C;,. That is, for a message m,

C(m) = (Cin(Cout (m)1), Cin(Cout (M)2), - -, Cin(Cous (M)n)) € F3*™.

It is not hard to see that the rate of C is the product of the rates of C;, and C,, and that the
distance of C is at least the product of the distances of C;, and Coy.

The natural approach to constructing a good concatenated code is to choose C,,; and
Cin With the best known trade-offs: Since C,, is over a large alphabet, we know explicit
constructions of codes with optimal rate-distance trade-off*; and if n is sufficiently small,
we can find a C;, on the GV bound either deterministically by brute force or else with low
randomness, depending on the size of n,.

However, in general this approach will not achieve the GV bound. If we do not assume
any additional properties of C,,; and C;,, and simply use the concatenation properties,
then setting the parameters so that C = C,y o Ci, has distance %, the rate of C will be
at most roughly *. This is known as the Zyablov bound [Zya71] (see also [GRS]). As
we discuss more in Section 1.1, concatenation has been a popular approach to obtain
tully explicit codes with good rate-distance trade-offs, but none of these constructions are
known to beat the Zyablov bound.

Instead of using a single inner code, several works have focused on a related construc-
tion originally due to Thommesen [Tho83], which uses multiple inner codes. More pre-
cisely, this construction uses i.i.d. random linear inner codes for each coordinate. It can
be shown [Tho83] that the resulting code does lie on the GV bound with high probabil-
ity, and if C,, is chosen appropriately there are even efficient decoding algorithms for
it [GI04, Rud07, HRZW19]. However, this approach relies heavily on the fact that the
inner codes are independent, and as a result uses a lot of randomness.

This state of affairs motivates the following question (also asked in the title of this

paper):

Question 1. Are there concatenated linear codes Coy 0 Ciy, (with a single random linear inner code
Cin) that meet the GV bound with high probability over Cy,?° If so, are there sufficient conditions
on Coyy that will guarantee this?

In this paper, we show that yes, there are concatenated codes that meet the GV bound,
and we also give two sufficient conditions on C,,; for this to hold. Our existential result is
non-constructive, but it is our hope that our sufficient conditions will lead to explicit con-
structions of appropriate C,.-s, which would lead to explicit (or at least pseudo-random,
depending on the alphabet size of C,,;) concatenated codes on the GV bound.

2For codes over large alphabets, the best possible trade-off is the Singleton bound, or R = 1 — 6. This is
achievable, for example, by Reed-Solomon codes.

30f course, if the length of either the inner code or the outer code is 1, the this question reduces to the
non-concatenated setting; we are interested in parameter regimes where n is non-trivial.



Remark 1 (Motivation for Question 1). Above, we have motivated Question 1 as an avenue
towards explicit or pseudo-random binary codes on the GV bound, and indeed this is our original
motivation. But we point out that Question 1 is also interesting in its own right. Concatenated
codes are a classical construction, going back to the 1960’s [For65], and have been used in many
different settings over the decades. It seems like a fundamental question to understand when these
codes can attain the GV bound.

Remark 2 (Focus on Linear Codes). In Question 1 and in this paper, we focus on linear codes.
This is because if we used, say, a uniformly random non-linear code as the inner code, it would
require exponentially more randomness than a random linear inner code, so this does not seem like
a hopeful avenue for derandomization. We note however that the question is much easier for non-
linear codes. For example, suppose that Coy is a Reed—Solomon code of rate € so that each symbol
is additionally tagged with its evaluation point: that is, the symbol corresponding to o € F, is
(a, f(e)) € F2. For the inner code, we use a completely random (non-linear) code of rate €. Then
since all of the symbols in each outer codeword are different by construction, each codeword is
essentially uniformly random, and it is not hard to show that the result is close to the GV bound in
the sense that a code of rate O(e?) will have distance 1/2 — O(g) with high probability. This same
argument will not work when Cy, is linear, since the different symbols of codewords of Co. will still
have Fy-linear relationships.

Our Contributions. Our main results are:

1. Existence of concatenated codes on the GV bound. We answer the first part of
Question 1: there are concatenated codes C,,; o C;, that achieve the GV bound, in a
wide variety of parameter regimes. In particular, we show that most codes C,,; are
actually good:

Theorem 1.1 (Informal; Theorem 4.2). Suppose that Co C ¥y and Gy, C F5° are random

linear codes of rate €, so that ¢ > 26U Then C = Cuyi o Cyy, has rate €2, and with high
probability, the relative distance of C is at least 1/2 — O(e).

While Theorem 1.1 seems intuitive (in the sense that a random linear code lies on the
GV bound with high probability, so why not concatenated random linear codes?),
to the best of our knowledge it has not appeared in the literature before, and the
proof was not obvious (to us). One challenge is that if C,, is a random linear code,
then the symbols of any codeword ¢ € C,,; are not independent, and the inner code-
words that appear in the concatenation will have complicated relationships with
each other. In particular, this means that the natural strategy of “show that each
non-zero codeword has high weight with high probability and union bound” that is
used to establish the Gilbert—Varshamov bound will not work in this setting, as we
do not have enough concentration.

2. Sufficient conditions for C,,;. Our existence result above uses a random linear code
as the outer code, which does not help in the quest for explicit constructions. How-
ever, our proof techniques inspire two sufficient conditions on Co. That is, if Coys
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satisfies these conditions, then C,y o C, will meet the GV bound with high proba-
bility when C;, is a random linear code. Our hope is that formalizing these will lead
to explicit constructions in the future.

We give an overview and intuition for our two sufficient conditions here. We note
that both conditions are only sufficient when the alphabet size ¢ for C,; is suitably
large (exponential in 1/ poly(¢)); see Theorem 5.1 and Theorem 6.2 for details.

 Sufficient Condition 1: A soft-decoding-like condition on C;,. Our first suf-

ficient condition, formalized in Theorem 5.1, is a soft-list-decoding-like condi-

tion on C;,. More precisely, we define a distribution D* on the alphabet F,; the
condition is that .
L
mfgn [I’ < Cout \ {O}] < q_k(l + A) (1)

for some small A. Note that 1/¢* is the probability that a completely random
vector is in C2,, so this condition is saying that if the coordinates of = are drawn
i.i.d. from the same distribution D, then x not much more likely to be in C* than
in a uniformly random vector. We show that if this holds, then C,; o C;, lies on
the GV bound with high probability over the choice of a random linear inner
code C;,.

It’s not hard to see (Remark 8) that this condition holds in expectation for a
random linear code C,,, and in particular there exist linear codes C,,; that have
this property.

This condition is reminiscent of C;, being list-decodable from soft information
(e.g., [KV03]). In soft-list-decoding, one typically gets a distribution D; for each
i € [n], interpreted as giving “soft information” about the i"th symbol. If one
can show that a vector drawn from D; x --- x D,, is unlikely to be in the code,
this implies that there are not too many codewords that are likely given the soft
information we hare received. However, there are several differences between
existing work on soft list-decoding and our work, notably that our distribution
D is a particular one and is the same for all 7, and also there are some differences
in the parameter settings.

This condition can also be seen as a soft form of list-recovery, where we have
the same list in each coordinate.” In more detail, if the support of D is con-
centrated on a small set S (which ours is for reasonable settings of ng, ¢, see
Remark 7), then the condition in Theorem 5.1 is related to asking that the num-
ber of codewords that lie in the combinatorial rectangle given by S x S x ---x S
is about what it should be. Unfortunately, the definition of “small” here does

4The distribution D is intuitively defined as follows. Let C;, be the inner code, and suppose that it has a
generator matrix Gy € F5°**. Then to sample from D, we take a random sparse linear combination of the
rows of Gy (over FF3), and interpret the result in ]Flg0 as an element of 'y, which we return.

5Informally, a code C C X" is said to be list-recoverable if for any small sets 51, ..., S, C &, there are not
too many codewords ¢ € C so that ¢; € \S; for many values of 1.



not seem to be small enough for existing constructions of list-recoverable codes
(for example folded RS codes or multiplicity codes) to yield any results.

Sufficient Condition 2: C,, has good min-entropy. Our second sufficient
condition, formalized in Theorem 6.2, requires the codewords of C,,; to be
“smooth”, meaning, roughly, that every nonzero codeword has a fairly uni-
form distribution of symbols from F,. To illustrate why a smoothness condition
is desirable, let us consider two extreme cases.

The bad extreme is when there exists a codeword c that is supported on very
few symbols, say even on a single symbol. If ¢ = (0,0,...,0) for some o € F,,
then the relative weight of c o C;,, for a random binary inner code C;, of rate ¢,
might be 3 — Q(4/¢), much worse than the ; — O(¢) that we would want for the
GV bound.

The good (possibly unrealistic) extreme is where each nonzero codeword of Co;
has a symbol distribution that is uniform over IF,,. In this case it is not hard to see
that Coy 0Ci, will be close to the GV bound with high probability over a random
linear code C;,. (For this, all we need is that C;, has about the “right” weight
distribution, which a random linear code will have with high probability).

The natural question is thus how smooth the codewords of C,,, should be in
order for C to have distance ; — O(e). In Section 6, we quantify this by the
smooth min-entropy of the codewords” empirical distributions on symbols. We
show in Theorem 6.2 that if this smooth min-entropy is large enough for all
¢ € Cout, then C = Coyy © Gy is likely to lie near the GV bound when C;, is a
random linear binary code.

How large is “large enough”? For this informal discussion, we give one exam-
ple of the parameter settings from Theorem 6.2: It is enough for every non-zero
codeword ¢ € C,y to have a symbol distribution that has ©(en) copies of the
same symbol (say, the zero symbol), while the remaining symbols in ¢ are uni-
formly distributed over a set of size only ¢'°. By some metrics this is still a
fairly “spiky” distribution, but it is “smooth enough” for our purposes.

Note that while our soft-decoding-like condition considers C.;,, our smooth
min-entropy condition here considers C,,; itself.

1.1 Related Work

Explicit Concatenated Codes. Concatenation (with a single inner code) has been a com-
mon approach to obtain explicit codes close to the GV bound. Here we mention a few
such places this comes up. Choosing C,,; to be the Reed-Solomon code, and C;, to be
the Hadamard code, gets a code of length O(k?/e?) for any dimension k& [AGHP92], and
replacing Reed-Solomon with the Hermitian code gets length O((k/¢)>/*) [BT13]. Choos-
ing a different AG code for C,,;, can result in non-vanishing rate and in fact approach rate
g3 (see [Ta-17]). Moreover, concatenating Reed-Solomon with the Wozencraft ensemble
gives the Justesen code [Jus72], having constant relative rate and constant relative distance.
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Note that none of these concatenation-based constructions thus far have beat the Zyablov
bound.

Non-Concatenation-Based Explicit Constructions. As mentioned above, there have been
several breakthroughs in the past few years obtaining explicit constructions of binary
codes near the GV bound, and even efficient algorithms for them. In a breakthrough re-
sult, Ta-Shma [Ta-17] constructed explicit linear codes of relative distance 5= having rate
g2tol). Ta-Shma’s codes are also e-balanced, i.e., A(z,y) € [152, 4], and thus give rise
to explicit e-biased sample spaces, which are ubiquitous in pseudorandomness and de-
randomization. Works that followed gave efficient decoding of Ta-Shma codes and their
variants [AJQ"20, JOST20, JST21, RR23, JST23] (see also [BD22] for a different, random-
ized, construction that slightly improves upon the rate of [Ta-17], and admits efficient
decoding). We note that these codes are graph-based, and do not in general have a con-

catenated structure.

Results with Multiple i.i.d. Inner Codes. Thommesen showed that when the outer
code is a Reed-Solomon code, and it is concatenated with n different random linear codes,
one for each coordinate, chosen independently, then the resulting code lies on the GV
bound with high probability [Tho83]. Guruswami and Indyk devised efficient decoding
algorithms for these codes, based on list-recoverability of the outer code [GI04]. That work
used a Reed—Solomon code as the outer code, which is list-recoverable up to the Johnson
bound. Later, Rudra [Rud07] observed that the parameters could be improved by swap-
ping out the Reed-Solomon code for a code that can be list-recovered up to capacity, for
example a Folded Reed-Solomon code. Later work obtained nearly-linear-time decoding
algorithms by swapping out the outer code for a capacity-achieving list-recoverable code
with near-linear-time list-recovery algorithms [HRZW19, KRRZ"20].

We also mention the work of Guruswami and Rudra [GR10], who show that the same
construction (a list-recoverable code concatenated with n different i.i.d. random linear
codes) is list-decodable up to capacity with high probability. In the results [GI04, Rud07,
HRZW19, KRRZ*20] mentioned above, list-recovery of the outer code was needed for
algorithms, not the combinatorial result (which follows already from [Tho83]). In contrast,
in [GR10], the list-recoverability of the outer code is needed for the combinatorial result
itself. In that sense, the flavor is similar to our sufficient condition in Section 5, although
the techniques are very different, and in our work we only use one inner code.

Further Low-randomness Constructions of Binary Codes on GV Bound. If one’s goal
is to explicitly construct a binary code that achieves that GV bound, at least two types
of partial results may be considered as subgoals. In the first class of results, one seeks
explicit codes whose rate vs. distance tradeoff is as close to the GV bound as possible.
This includes the works discussed in the first two paragraphs of Section 1.1 above. A
second path is to seek codes that fully attain the GV bound, and strive to minimize the
amount of randomness used in their construction.



Varshamov’s classic result [Var57] is that a random linear code likely achieves the GV
bound. Constructing such a code of length n and rate R requires sampling either a ran-
dom generating matrix or a random parity-check matrix, and thus O(min{R,1 — R} - n?)
random bits are needed. Two classical elementary constructions—the Wozencraft ensem-
ble [Mas63] and the random Toeplitz Matrix construction (e.g., [GRS, Exercise 4.6]) —are
able to reduce the needed randomness to O(n).

So far, no codes achieving the GV bound using o(n) randomness are known. More-
over, there is a certain natural obstacle, which we now describe, that needs to be tackled
before sublinear randomness can be achieved. Say that a random code C C F7 is uniform

if every = € 3 \ {0} appears in the code with the same probability, namely, pr,, = 2=
It is not hard to prove via a union bound that a uniform linear code achieves the GV
bound with high probability (this is exactly Varshamov’s observation). To the best of our
knowledge, every known GV-bound construction to date, including the linear random-
ness constructions mentioned above, is uniform. Unfortunately, a uniform code ensemble
with sublinear randomness cannot exist as long as R is bounded away from 1. Indeed,
to have events that occur with probability pg,, at least log, Iﬁ ~ (1 — R)n random bits
are required. Therefore, a code construction obtaining the GV bound with sublinear ran-
domness would have to do so without being uniform (see also [MRSY24, Section 5]). We
have hope that our sufficient conditions in Theorems 5.1 and 6.2 could be attained by
non-uniform codes. For example, as discussed above, the soft-decoding-like condition of
Theorem 5.1 is reminiscent of results on soft-list-decoding and soft-list-recovery, which in
different parameter regimes can even be achieved by deterministic codes.

A related line of work [GM22, PP24, MRSY24] attempts to construct codes that enjoy a
broad class of desirable combinatorial properties similar to those of random linear codes
using as little randomness as possible. Such properties include not just the GV bound, but
also list decodability up to the Elias bound (see [MRSY24]), list recoverability, and, more
generally, local similarity (see [MRRSY24, Definition 2.14]) to a random linear code.

1.2 Technical Overview

In this section we give an overview of the main technical ideas. This section also serves as
an outline of the paper.

Section 3: A moment-based framework. In Section 3, we set up a framework that will
be useful for the results in Section 4 and Section 5. We describe this approach here.

Suppose that we are trying to encode a message m € F% with our concatenated code
C = Cout © Cin, to obtain C(m) = w € F;y™. Each symbol of w is indexed by some « € [n]
and some [ € [ny]; this symbol is equal to

(Cin (Cout (m)a))ﬁ = <Cout (m)m bﬁ>a

where b; is the §’th row for a generator matrix Gy € IFS‘)X’“O for C;,, and where the (-, -)
notation denotes the dot product over IF,. This motivates the definition of a variable X,,, €
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R defined by

_ Z Z com(m abp)

a€ln] BE[no]

Indeed, X,, is the bias of w = C(m); the weight of w is atleast 1 — O(¢N) if and only if X,
is at most O(eN). Thus, to show that the code C has distance at least £ — O(eN), it suffices
to show that
max X, = O(eN).
meFk\{0}
Our strategy will be to consider a large moment of X,, over the choice of a random
nonzero message m:

Epri 10y [Xn]
for some appropriate r. If we can show that this is smaller than (csN)" /¢, then Markov’s
inequality will imply that
Emw{;\{o} [X7] 1

Pr [X,, > ceN] < <=,
L R o

and in particular that there are no messages m so that X,, > ceN.
In Lemma 3.3, we take a Fourier transform in order to re-write E[X] | as a quantity in-
volving Cx,. This quantity can be thought of as follows. For every integer-valued matrix®

V € Z%"" with entries that sum to r, we consider a vector gy € I defined by considering
the matrix GT -V € F5"" and then treating it as a vector gy € Iy by identifying each of
the columns in F5° with elements of F,. Then the quantity in Lemma 3.3 has to do with
the number of these vectors gy that are in CZ,. The exact expression doesn’t matter too
much for this informal discussion; instead we explain below how we use this re-writing
to prove Theorem 4.2 and Theorem 5.1.

Section 4: Most codes C,,; are good. Theorem 4.2 informally says that if C,, is a random
linear code, then with high probability C,, oCi, is near the GV bound. In the proof, we use
our framework from Section 3, and show that with high probability over C,,, the moment
E,.[X},] is small for an appropriate r. To do this, we need to count the number of matrices
V' described above that are likely to land in CL.. Since C,y; is a random linear code, so
is C3,, and so the probability of any particular non-zero gy landing in it is small (about
1/¢"), while of course the probability that 0 is contained in CJ, is 1. Thus, the challenge
is understanding how many gy-s are actually zero. There are two ways that a matrix V' as
described above could lead to gy = 0: Either V' = 0 mod 2, or else V is non-zero mod 2
but GV = 0. The first case can be counted straightforwardly. For the second, we leverage
the weight distribution that the inner code C;, is likely to have. We note that this is the
only place (in any of our arguments) that we need C;, to be a random linear code: We just
need it to have approximately the “right” weight distribution.

®In the actual quantity, the entries of this matrix are ordered, and we denote it V instead of V; we ignore
the ordering in this discussion for simplicity.



Section 5: A soft-decoding-like sufficient condition. The expression that we get for
E,,[X)"] in Lemma 3.3 directly inspires our soft-decoding-like sufficient condition in The-
orem 5.1. One can view the task of counting the matrices V' so that gy, € C.., as choosing
a random V and asking about the probability that gy € Cj,. If the columns of V were
independent, then this would be the same as choosing the coordinates of gy i.i.d. from
some distribution D. Thus we would get a requirement on Pr,.p«[z € C.,], similar to the
condition in Equation (1) that we end up with.

Of course, the coordinates are not independent (because the total weight of V' is fixed
to be r), but this can be solved. In more detail, we choose r to be a Poisson random
variable, which in this setting makes the columns of V' independent. One hiccup is that
the “Poisson-ized” distribution turns out to be meaningfully different than the original
distribution, in the sense that it is much more likely that g = 0 in the Poisson-ized ver-
sion. This means that the “natural” soft-decoding-like condition that one would get out
of this is not realizable: The probability that gy € C., is much bigger than we want it
to be, for any C,., just because gy is too likely to be zero. Fortunately, this seems to be
the only obstacle: as in Equation (1), we separate out the g,y = 0 term (using the analysis
from Section 4) to arrive at a condition that is realizable. We explain why the condition is
realizable—that is, why there exists a C,,; that meets it—in Remark 8.

Section 6: A smoothness condition on C,,;;,. For our second sufficient condition, we
depart from our moment-based framework and work from first principles. Our main
theorem in Section 6 is Theorem 6.2, which informally says that if the elements of C,y
have “smooth” enough distributions of symbols, in the sense that they each have large
enough min-entropy, that C = Co o Ci, will lie near the GV bound with high probability.
The basic idea is to consider a worst-case assignment of symbols in [, to codewords in Cj,;
this assignment need not be linear and can depend on a particular codeword ¢ € Coy.
Such a worst-case assignment would simply assign the lowest-weight codewords in C;,, to
the most frequent symbols in a codeword c € C,,. Using the weight distribution that C;,, is
likely to have, along with the min-entropy assumption, we can show that this worst-case
assignment will still result in codewords w € C of weight at least 5 — O(e).

We note that, unlike our sufficient condition from Section 5, we don’t have a proof
of feasibility for our smoothness condition. That is, as far as we know, there may not
be any linear code C,,; that is smooth in this sense. However, as a proof of concept we
mention in Remark 9 that a random linear code will have a similar property with high
probability. Moreover, we find it plausible that codewords of algebraically structured codes
(say, Folded Reed-Solomon codes, Folded Multiplicity, or even large sub-codes of plain
Reed-Solomon codes), would satisfy this property, even if a random code does not.

2 Preliminaries

Notation. For a vector x € F", and o € [n], we use z, to denote that o’th entry of x.
For z,y € FY, we define (z,y) = 3.V | 2,4y, € Fy. For fields F, where ¢ > 2 is a power
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of 2, we use (z,y) = Tr(>_, Tala), Where Tr: F, — F, is the field trace defined below. (In
particular it is not the standard dot product over F,!) The reason for this is explained later,
but informally it is because we will think of elements of I, as vectors in F5° when ¢ = 2%,
and our notation matches this.

Codes, Linear Codes, and Random Linear Codes. For a finite field IF, a code C C F" is
called linear if C is a linear subspace of F". The dimension of C as a subspace is called the
dimension of the code. For a linear code C C F”, we define the dual code C*+ C F” by

CL{QGFH : Zga-CQOVCEC}.

a€ln]

We say that a code C C F" is a random linear code of dimension £ if C is chosen uniformly
among all subspaces of I} of dimension k.

Gilbert-Varshamov Bound. In this paper, we study codes that approach the Gilbert—
Varshamov Bound, which states that there exist codes of distance § and rate R approaching
1 — hy(0). Here, h, is the binary entropy function, given by

ha(z) = xlog(é) +(1 - 2)log, (ﬁ)

Theorem 2.1 (GV Bound, [Gil52, Var57]). Let 6 € [0,1/2) and let n € (0,1 — ho(0)]. Then for
any n > 1/n, there exists a (linear) code code C C F?% with rate

and relative distance at least 0.

We are interested in the parameter regime where the rate R of the code is very small
and the distance 0 is very large. More precisely, we will focus on the setting where § =
1/2 — O(e). Itis not hard to see (for example, from the Taylor expansion of the entropy
function) that in this case

1 — hy(1/2 — ) = O(e?)

as € — 0. Thus, our goal will be the following.

Goal 1 (What we mean by “approaching the GV bound” for low-rate codes). In this paper,
we say that a family of low-rate codes Cx . C FY “approaches the GV bound” if Cyy. has rate Q(£?)
and distance 1/2 — O(e), where the asymptotic notation is as € — 0 and as N — oc.
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Concatenated Codes and Our Default Parameters. Throughout the paper, we use C,,; C
[y and C;,, C F3° as our outer and inner (linear) codes, both of rate . We will let k = en
and ko = eny = log(q) throughout. As mentioned in the introduction, we sometimes abuse
notation and write Cyy : F ’; — F7 and Ciy: IF’;O — F5° to represent an arbitrary encoding
map for these codes.

Let N = ny-nand K = kj - k. Abusing notation as noted above, the concatenated code
C = Cou © Cin C FY is given by the encoding map C: F}* — F) defined as follows. For
a message m € FLX, we interpret m as an element of IF’; and let ¢ = Cyyt(m); then C(m) is
defined as

C(m) = (Cm(Cl), Cin(CQ)a cee 7Cin(cn>) < Fév

As mentioned in the introduction, we'll take our inner code C;,, C F3° to be a random
linear code of dimension ky = eny. The important property we will need of C;, is that it
have about the right weight distribution, which we formalize in the following property.

Definition 2.2 (7-niceness of the inner code). Fix parameters 0 < 7 < . We say that the inner
code Cy, C T is t-nice if for any i € {1,... ,ng}, the number of ¢ € Ci so that weight(c) = i is

at most
o . 2—n0(a—7')‘
1

(Notice that we omit the “c” from the name “r-nice,” because ¢ will be the same ¢ throughout the
paper; it is the rate of both C;, and Coy).

Lemma 2.3. Let C;, C F5° be a random linear code of dimension ko = eng. Then with probability
at least 1 — ng - 277, C;,, is T-nice.

Proof: Let E; denote the event that C;; has at most ("°) - 27™(~7) codewords of weight
i. Note that the expected number of such codewords is at most (”Z.“) 27", so by Markov’s
inequality,
ICD (E;] >1—-27"",
By a union bound,
Pr[Ci,is T-nice] > 1 — ng27 7",

as claimed. -

We also need the following observation about random binary linear codes.

Lemma 2.4 (Negative correlation of z € C and y € C). Let C C Fy be a random linear code
and let z,y € F3 \ {0} such that x # y. Then,

I?:r[x,y €eCl < fér[x eCl- fér[y e CJ.

12



Proof: A random linear code of dimension Rn contains a given d-dimensional linear sub-

space of F with probability Hf;ol 22}?%22 Since x and y span a 2-dimensional space, we
have

Prz,y € C] =

(2fr —1) - (2fr —2) - <2Rn -1

(20 —1)- (27 —2) Qn_1> = Pr[z € C]- Prly € C].

FF, as a vector space over F,, and Fourier Analysis. Let ¢ = 2" be a power of 2; we will
set ¢ like this for the rest of the paper. It is not hard to see that F, is a vector space over [,
of dimension k. In particular, we can identify elements of F5° with F, by simply writing
elements of I, out in any basis of F, over [F,. For convenience, we will choose a particular
basis, which interacts nicely with the trace map, defined by
Tr(z) =a+a>+ -+ 22" .
It is well-known that Tr is both Fs-linear and also that its image is indeed F5. In that sense,
Tr(-,-) : F, x F, — [, behaves a bit like a dot product, and in fact this can be made formal.
In more detail, for any &, > 0 there always exists a self-dual basis vy, . .. , vy, of Fy = Fox,
over Fy (e.g., [SL80, J]MV90]); that is, this basis has the property that Tr(v;v;) = 1[i = j].
In particular, this means that if we choose such a basis in order to identify F, with F5°, we
have

Tr(a - 5) = (a, B)

for any o, 3 € F, ~ F}°, where on the left hand side we treat o and 3 as elements of F,,
and on the right hand side we treat them as elements of F5°.”

The reason we want to do our identification between F,, and F5° is because it will make
the notation a bit easier for Fourier transforms. For a function ¢: F; — R, we define the
Fourier transform of ¢, denoted ¢: F; — R, by

bl) = = 3 pla)(—1),

z€Fy

Notice that if we were to replace the elements of F, with their corresponding elements of
Fi°, and treat w € F7 as w € F5°" in the natural way, by the above correspondence we can
write this as

o 1 w,xr
bw) = 5 D wla) (1),
xEFSOn

Thus, we will drop the trace notation for the rest of the paper, and just use the above
definition. Not only does this simplify the notation for Fourier transforms, but it allows

7Indeed, if we write a = Y% a;1; and § = 250:1 B;jv; as elements of F;, and hence as («, . .., ax,) and
(B, .-, Br,) as elements of ]F;“’, then by Fa-linearity, Tr(« - 8) = Z” a; B Tr(v; - v;) = Y, i = (a, B).
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us to move back and forth between elements of IF, and elements of F°, which we will
want to do anyway as we have to identify elements of F, as messages for C;, in F4°.

Next, we record a few useful facts about the Fourier transform. The first is that the
Fourier transform can be inverted: For any function ¢: F; — R and any z,

p(x) = @lw)(—1)=), 2)

welp

The second is that for any FF,-subspace V' C [, and for any g € I}, we have

1y(g9) = —1y1(g). 3)

3 A Useful Moment Computation

In this section, we define a random variable X,, that quantifies how “bad” a message
m is for our concatenated code, and we prove (Lemma 3.3) that the moments of X,,, are
well-behaved.

We use the notation set up in Section 2. Namely, we fix ¢ > 0, an integer n, and a
power of two ¢ = 2¥. We consider the concatenated C,, o Ci, for linear codes Cyu C Iy of
dimension k£ = en and C;, C F5° of dimension ky = eng. We let N = n - ny.

In this section, we think of both C,,, and C;, as fixed. The only randomness will be
in choosing a random message m € F} \ {0}. Before we begin, we introduce one more
definition.

Definition 3.1. For a code Ci,, C F5° of dimension ky, let Gy € IE";OX'““ be an (arbitrary) generator
matrix for Ci,. That is,
Cn={Go-x:x€ IF’;U}

Let Q C 5 denote the set of rows of Gy, s0 || = ng. By identifying Fs° with F, (as described in
Section 2, using a self-dual basis), we may also treat ) as a subset of F,. We say that () is the set
derived from C;,.

Remark 3. Since G, can be an arbitrary generator matrix, there is some freedom in defining the set
Q derived from Ci,. It won't matter for the results in this paper, but it may matter for instantiating
our sufficient condition in Section 5.

Next, we define the random variable whose moments we want to bound.

Definition 3.2. For a message of the outer code m € T, define

X,, £ Z Z(_l)«zout(m)g,l»'

a€ln] beQ
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Observe that X, is the bias (namely, the difference between the zeros and ones) of the
codeword C(m) = Cout(m) o Ciy. In particular, if X,, = O(eN) for all nonzero m, this will
imply that the distance of C is least 1/2 — O(e). Thus, our goal will be to show that X, is
small. Towards that end, we will compute the r-th moment of X, (over the randomness
of a random nonzero message m), for a suitable large r. Finally, given an ordered list V' of
pairs in [n| x Q, for every o € [n] we denote by V, the multiset V, = {b: (a,b) € V} (so b
appears twice in V, if (o, b) appears twice in V).

The following lemma characterizes the r-th moment of X, in terms of the dual code
Coue
Lemma 3.3. Suppose that Q) is derived from Cy,. Using the notation above, for every r > 1, it

holds that .

E [Xnl=— Yo (¢ 1w e 1),

meEg0} ¢ -1 Ve([n)xQ)r

where V ranges over all tuples ((a,b1), ..., (o, b)), and gy € T is such that (gy)a = Y ey, b-

Remark 4 (FF,-linear codes over [F;.). Several constructions of potential outer codes (for example,
Folded RS codes [GROS] or univariate multiplicity codes [Kop15, GW13]) are not linear over their
alphabets but instead are linear over a subfield. That is, the alphabets for these codes are F; for
some s > 1, and the codes are F-linear. An inspection of the proof shows that Lemma 3.3 still
holds in this case: The only thing that changes is that we need to define the dual code Cx, by
first “unfolding” the original code to treat it as a subspace of (F,)*", taking the dual, and “re-
folding.” Intuitively, the proof goes through because the definition of the Fourier transform is the
same whether the relevant vectors lie in (F;)" or (F,)*". Similarly, Lemma 3.3 holds when Coy; is
any Fy-linear code (rather than T ,-linear).

More generally, it is not hard to see that all of the results in the paper go through for F-linear
codes over [, (or even any Fo-linear codes) Cou:. Indeed, the results in Section 4 and Section 5
essentially rely only on Lemma 3.3; while the results in Section 6 are separate but are already
stated for Fo-linear codes and can easily be seen to extend to larger alphabets.

Proof of Lemma 3.3: First, we can write, for any m € IF’;,

r

X;@ _ Z H(_l)(cout(m)ajvbj>

V=_(a1,b1),...,(ar,br)) =1
Taking the expectation over a random m € F¥ \ {0}, we have

Cout(m)a,b;5)
B = 2 2 [t

mEF’“\{O} v o =1

P2 2 [Lnfemmeszent, @

mEF’“\{O} vV  agln]
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where we use the convention that ) ,,, b is the zero vector whenever V, is empty.
Now, for any « € [n], let

pale) = (~1) e t),
Taking the Fourier transform over F°, we get for every w,

Palw) = % 3 (—1)ETen ) L (<))

xE]FkO
= — Z xw+ZbEVa b> — ]_ [w frnd Z b] .
:JcE]F ko bEVa

Let us abbreviate m = C,.(m). Plugging the above back to Equation (4), and using the
inverse Fourier transform, we get

o™ = g 1 2 2 1] wetm)

meF“do} V. a€ln]

s e=dp DN | DRI

meF\{0} V  a€[n] weIF];O

B Z Z Z H @(ga) H (_1)<ga,ma)

mGIF‘k\{O} v g: [’I’L]—)]FQ OZG[TL] ae[n}

Moving the sum over m inside, we have

1 _
T _ — Za n< a7m0¢>
ety = 22 | %l || D (neem®
q YV geF? \ agln] meFk\{0}
1 m
sy (e )| 3 o), 5
q vV geF? \ acn] meFF\{0}

where in the second equation we have treated g, m as elements of F5™ in the natural way.
Next, we observe that

- F—1 geCi,,
> <—1><g’m>={q 9= Zou (6)

meFE{0) -1 otherwise.

Indeed, we have

> (=)™ =q" 1, (9) = [Coul - Loz (9) = ¢ - Lex (9),

out
mGIF’;
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and then we subtract off the zero term, where the penultimate inequality follows from
Equation (3).
Thus, given Equation (6), we can write Equation (5) as

E X5 —
m~FE\{0} 1

I 7o) | (¢ -1[g e Cy] = 1). (7)

V g€Fy \ a€ln]

Recalling our expression for ¢,, observe that

ngaga_1[vae Zb]

a€gln] bEVa

Thus, in Equation (7), the only nonzero term in the sum over the g-s is ¢, which was
indeed defined as gy(a) = ., b. We can then conclude that

1
k _
e

E [X]]=

k
m~FE\{0} (@ v € o = 1).

4 Most Linear Codes C,,; Work Well

In this section we show that there exist low-rate concatenated linear codes approaching
the GV bound, and in fact most codes C,,; will work when concatenated with a random
linear inner code C;,. In more detail, keeping the notation as Section 2 and Section 3, we
show that C = C, o C;, has distance % — O(¢e), with high probability, when both C,,; and
Cin are random linear codes of rate . Before our proof, we will set further notation that
will be useful in later sections as well.

Definition 4.1. For a sequence of tuples V = ((a1,b1),...,(ay,b,)), we define V=V (V) €
N"*"0 to be the “unordered” version of V), that is, V[, b] is the number of times that the pair (o, b)
appears in V. Further, let B = B(V) simply be V mod 2, where the modulo is taken element-wise.
We refer to the number of 1-s in the matrix as the weight of B, denoted || B||.

Theorem 4.2. There exist constants c,c,¢ > 0 such that the following holds. Fix any integer
k >0, any e > 0 sufficiently small (in terms of ¢), and any power-of-two q = 2*. Let ng = ko/e
and n = k/e, and let N = ngn. Suppose that ¢ > 20" Let Cy, C F3° be a linear code of
dimension ko that is T-nice, for 7 = 1/\/ng. Let Couy C Ty be an independent random linear code
of dimension k. Then, with probability at least 1 — 2N/
distance of C = Cous © Cin € FY is at least 3 — c - &.

over the choice of Coy, the relative

Remark 5 (7-niceness of inner code). Note that, by Lemma 2.3, a random linear code C, is T-
nice for T = 1/./ng with probability at least 1 —2~*"0). Thus, Theorem 4.2 implies that Coy; 0 Cin
approaches the GV bound with high probability over a random Cy, and a random Cyy.
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Proof: Pick r = ¢*N. More precisely, we will choose r to be the smallest even integer
that is larger than ¢*N; we assume without loss of generality that r = £2N, which will
only affect the constants in the theorem statement, and will make the computations much
more readable. Lemma 3.3 implies that for any fixed C;, (and thus any fixed (2, the set
derived from C;,, as in Definition 3.1),

E [Xrl=—— 3 (¢ 1pwec]-1). ®)

k _
m 0} ¢ —1 ve([n]x Q)"

In order to make the dependence on C,,; and C;, more explicit, we will write X7, (Cout, €2).

Our strategy will be to take the expectation of Equation (8) over the randomness in
Cout, and use Markov’s inequality. To that end, note that for every sequence of tuples
VY = V(Q), it holds that

1 gv =10
Pl“ € C(il - n—=k ’ B
Cout [gv J { qqn ':1 otherwise.

This is since C.., is a random linear code of dimension n — k. Therefore, upon taking the

ou

expectation over C,,, for any fixed €2, Equation (8) becomes

1
E (X7 (Cout, Q)] = | Z(qk Pr gy € Coy] — 1)

Cout,mN]Fg\{O} v Cout

=5 (1l =01 - 2 1l 0]

Vv

<> gy =0]. )

1%

Thus, we are left with bounding the number of V-s for which ¢, = 0, recalling that (gy), =

2 eva b

Using the notation of Definition 4.1, each V gives rise to V (V) € N**" and B(V) €
5", Note that gy = 0 if and only if every row of B(V) is a left kernel vector of G, €
FZOXkO, where G| is the generating matrix of C;,. That is, if and only if every row of B(V)
belongs to C;;.

We also need the following claim, whose proof we defer.

Claim 4.3. Fix a linear code Cy, C F3° of dimension ky that is T-nice for T = 1/\/ng. Let ¢ £ ﬁ—g
and let v € N. Let Gy € F3°** be a matrix whose left kernel is Ci-, and denote

W ={Ve(n]xQ) :BV)-Gy=0}.
Then p
T r/2 . g umg s N ey
W| < (8N - (r/N)'/? - 25 max{l, (gzN) }
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Now we finish the proof, given Claim 4.3. Let 7 = 1/,/ng as in the theorem statement.
Let V € ([n]) x Q)" be such that g, = 0. Recall that every row of B()) must belong to
CiL, so, in particular, ¥ must belong to W. Hence, for a large enough n,, Equation (9)
and Claim 4.3 yield

E  [X7(Cous ] <D 1[g
Vv

Cout,mN]Ff;\{O}
= [W]
(SN)T . (,r,e/N>r/2 . 92N/y/mo+logy N
SN - 682 r/2 22N52/\/é N
(BN)" - (
(8ve-22ve Ne) N
< (32/e- Ne)" - N. (10)

Above, in the third line we have used the fact that » = 2N to replace the maximum in
Claim 4.3 with ¢"/2; in the fourth line we have plugged in r = 2N and also the fact that
our assumption ¢ > ¢/e implies that ng > ¢/&%; and in the last line we have assumed
without loss of generality that ¢ > 1.

By Markov’s inequality,

Pr [Fm € Fi\ {0}, X (Cout, Q) > ceN]

IN A

= Pr[3m e Fj\ {0}, X/, (Cout. Q) > (ceN)']

out

< > Pr (X, (Coun, Q) > (ceN)']

meF’“\{O}
EC " [XT (Cou‘m Q)]

< ou m
= Z (ceN)"

meFg\{0}
(@ = 1) - Eepy im0 X7 (Cous, Q)]
- (ceN)"
< 2" - By m~wi\ {0} [ X (Cour, )]
= (ceN)" 7

where in the last line we have used that ¢* = 2¥<" = 2". Plugging in (10), we see that this

expression is at most
4y/e- Ne\’ 4 '
(S = (85
ceN c

Thus if we choose ¢ = 1284/¢, we conclude that
Pr [Fm € Fi\ {0}, X0 (Cout, ) > ceN] < N - 277

out

< N .97V,
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As we are assuming that ng > ¢/ ¢*, we have that
Un < 2”052

as long as ¢ is sufficiently small relative to ¢, and in particular we have

N=n- no S 2n-n052 _ 2N52

as we always have that n > 1. Thus, the above reads

—Ne&?
Clzi[Elm € FE\ {0}, Xin(Cout, Q) > ceN] < 27N /2,

which proves the claim after observing that without loss of generality we may take ¢ > 2.
]

Finally, we prove Claim 4.3.

Proof of Claim 4.3: Let W’ = {V(V) : V € W}. Since V (V) preserves all the information
in V up to ordering, we have |W| < r!. |WW'|. We turn to bound |W’'|. Let V€ W’. Write
V = B + E where B is a {0, 1} matrix and E is a matrix whose entries are all even. By
abuse of notation we also think of B as a matrix in Fy™"°.

Write p = . Recall that the sum of entries of V' € W' is Np. For 0 < m < Np, write
W), for the set of matrices V' = B + E € W' where the weight of B is exactly m. We
proceed to bound |, | by separately counting the number of ways to choose £ and B.

Choosing £: Given a choice of m, the matrix £ has weight Np — m. Each entry of E is
even, so each non-zero entry is at least 2. Thus, there are at most sz—_m non-zero entries.
The number of ways to choose these entries is thus at most

Np—m

2
9 o
-

t=0

Subject to this choice, the number of possible matrices E is at most

Np—m
T Npmm oIy e
Np—m -

Choosing B: Let I = {i € [n| : B; # 0}, where B; stands for the i-th row of B. The

number of ways to choose I is at most 2". Write |/| = v - n for some v € [0, 1]. Given m
and the choice of I, we claim that there are at most

2N7'<h2(%)*5+¢%)
ways to choose the matrix 5.
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Indeed, recall that every row of B must lie in Cj;. Let B’ € F}*" be a random matrix

m

sampled uniformly from all matrices with weight m, whose set of non-zero rows is I.

The number of such matrices is at most ("‘;ﬂ‘f |) = (7727 ) < QWN'}”(%N). Conditioning on the
weight of each row of B, the fact that C;, is (1/,/ng)-nice implies that

_ lfe € Ch o] = w}
()

for all 7 € I. Since the rows of B; are independent under this conditioning, the probability

Pr[B] € G | 1B] = u] < gty

that every row of B’ lies in C;; is at most 2™ (%JW%*O). The desired bound on the number
of choices for B’ follows.

Obtaining the conclusion: Overall, writing m = .V, we conclude that

logy (|W.|) 3p  n p—« a 1
o\l ml/ =, z - . P _—
N _Wrg[%ﬁ} + N—I—hz 5 +v- | he 5 e+ N
3p n 1 pP—« «
< —_ _— N . — | =
<m{ T+ g (m(00) 0 (=(5) <))}

2
3p 1

L (p=a) 10g2<pfa> +(p_a)+alog2<%> +2a—7€}

5p 1 n (p—a) 2 1 Inln2+1
<Py L logy [ ——— logy =) +1 - 22212
=5 + Wo—l—N—i— 5 0go o + a| logy - + 2

1 n (p—a) 1 1
<3t — 4 log, [ —— Jogo [ =),
ST U TN T T 2 Og2<p a>+0‘ Og?(a)

Here, the third inequality is since ho(z) < —xlog,z + 2z for all x € [0,1]. The fourth
inequality is by observing that v = -5 maximizes the expression.

eln2
To bound this last expression, we observe® that it is maximized at

a = max{p — £%/e, 0}.

8Indeed, the derivative with respect to « of this expression is

21;@)(1+1n<10520‘>).

We consider two cases, one where p < £2 /e and one where p > 2 /e. When p < 2 /e,

1n<p€‘2a> <In(1/e) = 1,

and in particular the derivative is negative for all & € [0,p). This means that the maximum is attained at
a = 0. On the other hand, if p > £2 /e, the derivative is non-negative at zero, and vanishes when oo = p—c?/e,
so the maximum is attained there.
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Plugging this in, we claim that

log, (W) 1 np 1 e
08Wnl) - IR = 2y,
N SO T ey g o | maxy 2

In more detail, if p < £?/e, then plugging in o = 0 yields the 1/p term inside the maxi-
mum. On the other hand, if p > 2/, then plugging in o = p — £2 /e, we have

(p—a) 1 1 g2 e g2 1
5 log, P + a - log, z :%10g2<6—2>—|— P log, B
g2 P 1
—_° 5 -
>In(2)e | 2 Og?(a?)

P D 1 2
=1 — asp >
n + Og2(52) p_g /6

which gives us the e/c? term inside the maximum. Therefore,

Np
W[ < (Np)! Y [W},|

m=0
< NP Q3NDEN/VIGn  pND/2  (max (1 /e2}) P/
v (TN 2Ny togs (V) AR

. . . _ _ N N
where in the last line we have plugged in p = r/N and also used n = - < ik

?

5 A Soft-Decoding Sufficient Condition for C,,;

In this section we give a sufficient condition on C, for Cyy0Ciy, to approach the GV bound.
This condition is similar to a soft-decoding condition, except where the distributions for
each coordinate are the same. That is, for a particular distribution D on I (defined in
Theorem 5.1 below), we imagine choosing a random word » € F} so that x, ~ D for
« € [n] are all i.i.d. Then we ask about the probability that z lies in C\,. If this probability
is close to what it “should” be (for, say, a random linear code) then C,, o C;, will approach
the GV bound with high probability over C;,. In more detail, we prove the following
theorem.

Theorem 5.1 (Sufficient soft-decoding condition for C,;). There are constants ¢,c > 0 so
that the following holds. Let ¢ > 0. Suppose that C;, C F5° is a binary linear code of dimension
ko = eng that is T-nice for T = 1/\/ng. Further assume that no > 64/c*. Let Q C F, be the set
defined from Cy, as per Definition 3.1.
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Let Y € [ be the random variable given by

Y= G-b,

beQ

where (;, ~ Ber (%) are i.i.d. Bernoulli random variables, and let D be the distribution of Y.

Suppose that Coy C Iy is a linear code of dimension k = en that satisfies
1

Prlreci )<

(1+4), (11)

where
ce\ Ee2N+100Vé2 N
22(3) |

Then, Cou, © Ciy is a binary linear code of rate £* with relative distance at least %

Remark 6 (7-niceness of inner code). Note that, by Lemma 2.3, a random linear code C, is
T-nice for T = 1/\/ng with probability at least 1 — 2=*~"0). Thus, Theorem 5.1 implies that if
Cout satisfies Equation (11), then Coy © Ci approaches the GV bound with high probability over a
random Ci,.

Remark 7 (The distribution D is somewhat concentrated.). We note that (1 — e=2¢") /2 =
O(e?) for small £ > 0. In particular, the random variables ¢, in the distribution D that appears
in Theorem 5.1 is Ber(p) for p = ©(e?). This means that a “typical” draw from D will be a sum
of ©(e2ny) elements of ), so D has most of its mass on about q°¢°e(1/=)) elements of F,, out of q.
In this sense, the condition in Theorem 5.1 is reminiscent of a list-recovery-type condition on Co,,
where the input lists are all the same and have size about { = ¢°='08(1/<)),

Remark 8 (Codes satisfying Equation (11) exist). While the eventual goal is to explicitly con-
struct a code Coy that satisfies Equation (11), as a proof of concept we remark that such codes do
exist. Indeed, imagine taking a random linear code Coy of dimension k = en. It is not hard to see
that

E | PrloeCh \{0}]=a"—q

Cout Lz~D™
In particular, there exists a linear code Cyy of dimension k so that

1
1
Q:E)gn [[L’ S Cout \ {O}] < $7

satisfying the condition of Theorem 5.1 with A = 0. (Notice that in the theorem, it is okay if
Propnlz € CL, \ {0}] is smaller than 1/q*, it just should not be much larger).

We prove the theorem at the end of the section, after putting a few preliminaries in
place. For the rest of the section, let ¢ and ¢ be the constants in Theorem 5.1.

For a message m € F*\ {0}, say that m is bad if | X,,,| > ce N, where X, is as defined in
Section 3. Thus, if there are no bad messages, then the conclusion of Theorem 5.1 holds.
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For any r > 0, define

qkq— 1 (c;\f)r ' Z (¢ Lgv € Cou] = 1)

Ve(AxQ)T

Br (Couta Cin) é

Observation 5.2. For any r, the number of bad messages m € F* \ {0} is at most B, (Cous, Cin)-

Proof: By Lemma 3.3, we have

1
E [X']= ¢ - 1[gy €C .
mNF’“\{O}[ m] qk 1 [Z gV out] )

Markov’s inequality along with the definition of B, (Cou, Cin) implies that

1
Pr [Xm Z C&TN] S _kBr(CouhCin)-
m~Fk\{0} q

Thus, the total number of of bad m-s is bounded by B, (Cout, Cin), as desired. [ ]

We may re-write the sum over V € ([n] x )" as an expectation over a corresponding
distribution D, on g € [Fy. That is, to sample from D,, we choose a sequence V of pairs
(i, b;) € [n] x Q for i € [r] independently and uniformly at random; let g € IF} be given by

— Z b
beVa

for o € [n], as we did in Section 3. Thus, the above becomes

gc—1 \ceN

¢* 1\’
= | — P eC . 12
A (2) - (# ppeecaa-1) (12)
This inspires a nice condition for C,,; we want Pr,..p.[g € C%,] to be about 1/¢*. This is
reminiscent of a soft-decoding problem, but one difference is that coordinates g, for a €
[n] are not independent. In order to make them independent, as they are in the statement
of Theorem 5.1, we will first choose r randomly from an Poisson distribution. That is, we

will choose

k N T
Br(coutacin) - q : ( ) ' EQNDT (q [g € Cout] )

r ~ Poi(¢e®N).

We first observe that choosing r at random like this and then choosing g ~ D, results in
the product distribution D" in Theorem 5.1.
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Claim 5.3. Suppose that r ~ Poi(¢e®?N) and g ~ D,. The the joint distribution of the g, is given

by
Jo = Z Ca,b : b>

beQ2

1— 672552
camon(125)

are i.i.d. Bernoulli random wvariables. In particular, the g, are all independent and identically
distributed for each o € [n].

where

Proof: We may view the process of choosing the (o, b;) as dropping r balls into N bins,
with each bin corresponding to a tuple («, b) € [n] x Q. Since r ~ Poi(ce2N), the occupancy
Y, of each bin (o, b) is independent, and distributed as

Y, ~ Poi(ég?).
Notice that Y7, ; is the number of times that b appears in the multiset V,. Thus, by defini-

tion, each g, is of the form
- Z Ya,bb = Z Ca,bba
beQ beQ

where
Cap = Yo, mod 2.

Above, we can replace Y, ;, with ¢, since we are working over a field of characteristic two.

Since the Y, are all independent, so are the (,;. Further, ¢, is a Bernoulli random
variable, and the probability that it is equal to one is the probability that Y, ; is odd. Since
Y. ~ Poi(ce?), this is

Pr[Coz,b = 1] a,b Odd

M8
fb

0

m
Ch‘

o}
(U]

V)
VR
Q]

(e}

]

[
ro| |
o

(e}

]

S
N——
I

|
VRS
—_

I

[N}
o

(U]
N—

7=0
This proves the claim. n

Given Claim 5.3, we return to (12), and break it up into two terms, one corresponding
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to the event that g = 0, and one corresponding to the event that g # 0. We have

A Wt Ly
B’r(coutacm) — Tk q PI‘ [gecout] ]'

q" —1\ce g~Dr

k T
q 1
= qk_l(g> + Prlg=0]- (q’“y{’g[gecim g="0] —1)

q* IRy k L
+ (—) - Pr [9#0}-(q g{’gr[gecoutlg#O]—l)

9~Dr

q* 1y’ k L
+ (—) - Prg#0]- (q P lg € Coulg # 0] —1)

qk — 1 ce gND7'
RYFUTE I (R R (13)
— 4 gc—1) \ce g~D; 9=
+ @ (LY. ¥ PrlgecCr,\ {0} -1 (14)
qk — 1\ ee q gD, g out

Above, in the second-to-last equality we simplified the first summand by noting that
Pr,up.lg € CL,lg = 0] = 1 and canceling the ¢* — 1 terms. In the final equality, we
distributed Pryp, [g # 0] = 1 — Pr,.p, [g = 0] inside the sum in the second summand, and
moved a resulting ' ()" Pry.p,[g = 0] term to the first summand. We handle the two
terms (13) and (14) separately. The first one we will show is small; and the second we will

show is small if C,, has a particular soft-decoding-like guarantee.

Claim 5.4. Suppose that the constants c, ¢ satisfy
¢ > 41n(2) and c > T2¢,

and that n is sufficiently large. Suppose that r ~ Poi(ce?N) as above, and further suppose that
ng > 64/, Then the expectation over r of the term (13) satisfies

E.[(13)] < 275N,

Proof: First, observe that for fixed r, the probability that g ~ D, is zero is precisely what
is bounded in Claim 4.3, and we have

T2 2N Log,(N) er \\"/?
-0 - (5) 2 ol )
g~1r77- lg=0<8 N i rax 2N

Let A = ¢é£2N be the mean of the Poisson distribution that r is drawn from. Taking the
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expectation over r and plugging the result of Claim 4.3, the expected value of (13) is:

k 1 r
o ~) pPrig=0
o (75) (&) faiom

ko3N/ /i AT r/2 r/2 )

<q"2 § E 8 (N) max{l,gQ—N}> Pr[Poi(\) = 7]

1Y)’ r\"/2 e /2 [ \re=A
(L) e (2) 1,2 )
1 ; ce ; N AR 2y 7!
1(8\/r/N\ /2
_ A ko3N/ymg N & [ OAVT/V er
oy (VI sy )

62N/e r
eIV Z 5 (8)‘\/ T/N> Z %(&/EM‘) '

P\ ce2N
r=0 r>e2N/e

er
r

(
(

Consider each of the two summations above. The first one is bounded by

EiNf& 8>\\/7’/N <§:l 8)\\/82/6
rl - s rl
~ew(7z )
Meanwhile, the second term is bounded by

1 /8edr\’ 8ey/eAr\" .
5] <D | > r
Z 7"!( ce?N ) - ( ce2rN ) using !l > (r/e)

r>e2N/e r>e2N/e

32

r>e2N/e

r=0

< 27€2N/e <1

provided that ¢ > 16e+/ec. Then, we have

E{q’f(ly Pr [g = o]} < e A gF 2NV (exp(8M /) + 1)

T CcE QNDT
< 272NV exp(8) /)

< exp(In(2) (4N//ng + *N) — A(1 — 8/c)).

Above, in the final line we used the fact that ¢* = 25"V, Plugging in A = é&2N, we get

E, [qk (é)rgwpﬁr[ _ 0]} < exp (52N(ln(2) _ (1 -8/c)) + %)
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Provided that
¢ > 41n(2) and c > 16,

(which both follow from the assumptions in the theorem statement) we get

w[0(2) momo] m{-23(ootg)
< expy(—£2N/2),

finally using our assumption that ny > 64/£%. n

Finally we are ready to prove Theorem 5.1.

Proof of Theorem 5.1: The rate of the code C,,; o Ci, follows by definition, so we only
need to establish the bound on the relative distance. By Observation 5.2, the number of
bad messages is at most B, (Cout, Cin) for any r, so it suffices to show that there exists an r
so that B, (Cout, Cin) < 1. We will choose r ~ Poi()\), where A\ = ¢£2N, as above. As above,
for any r we can write

B, (Cout; Cin) = (13) + (14),

and Claim 5.4 implies that
E,[(13)] < 275°V2,

In particular, by Markov’s inequality, with probability at least 1 —
of r, we have

2-¢*N/4 gver the choice

(13) < 27N/, (15)

Now we turn our attention to the term (14):

1= L5 (2) (¢ pploecin 01-1)

ce

Note that, by Claim 5.3, when r ~ Poi(\), the distribution D, is the same as the distribu-
tion D" from the statement of the theorem. Thus, by the assumption of the theorem,

ce N A100VA
¢  Pr [geClt\{O}]—1§A§<5> .

r~Poi(\),g~D, o
Further, by a Chernoff bound for Poisson random variables (e.g., [MU17]),

—100%\

Prrz)\—i-lOO\/X < ex <—
| I < exp\ ST 004

) < exp(—1007/2)

for sufficiently large N. Thus, union bounding over the event that Equation (15) occurs
and that 7 < X\ + 100v/), we see that with probability at least

1 — 27N _ oxp(—100?/2) > 0,
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over the choice of r, we have

Br Cou Cin < 27€2N/4 - —
(Cout, Cin) < * gv — 1\ ce

2
< 2—€2N/4 4 2—5€2N

< 1.

¢ (1),\+100ﬁ (ca>/\+100\5

As this is (much) less than 1 for sufficiently large N, we conclude that in particular there
exists an r so that B, (Cout, Cin) < 1, which proves the theorem. =

6 A High Min-Entropy Sufficient Condition for C,

In this section, we give a second sufficient condition under which C,,; will be “good” for
concatenation with a random linear inner code. This second sufficient condition, infor-
mally, says that the codewords of C,,; should have “mildly flat” symbol distributions.

In more detail, given a word ¢ € I}, let D. denote the empirical distribution of symbols
in c. Thatis, for o € F,,

Prlo] = Pr [c, = 0]
Dc a~[n]
(For example, if ¢ = (o, 0,...,0), then c is the distribution on F, with 100% of the mass

on 0; and if n = ¢ and ¢ has one of each different symbol in F,, then c is uniform on F,).
Given a word ¢ € F7, the min-entropy of the distribution D. is given by

H.(c) & —log, max gr[a].

Observe that H..(c) < log,(q).

Our condition will be about a smoothed notation of min-entropy, which informally
allows a small n-fraction of the mass of D. to have high min-entropy. Formally, for some
smoothness parameter > 0, we define the smoothed min-entropy H by

H&(Dc) N max Hoo(Dc/)a
D:Arv(De,Der)<n

where for two distributions D,, D, Arv is the total variation distance.
Before we state our main theorem in this section (Theorem 6.2 below), we state a
Lemma that we will eventually apply to the inner code C;,.

Lemma 6.1. For any n € N, \% < v < i, and integers 241% <k < Zand 223 < T <

2=k g random linear code C C T} of dimension k satisfies the following with probability
1 — 2~ Q(vk+y*ntvn)

For 0 < j < n, let A; be the number of codewords of C of Hamming weight j, and denote by
J* the minimal j for which Y ]_, A; > T. Then,
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1. It holds that j* > an, for some a > hy' (1 —2- —k’lﬁng)-

i "
2. It holds that % > (1 — 279)5*.

i=0 =
3. It holds that 22+ < 2V,
Zi:() i
We defer the proof to the end of the section. Our main result for this section is the
following.

Theorem 6.2. Fix any sufficiently small ¢ > 0. For any integers k,q € N, so that ¢ = 2" isa
power of 2. Let ng = ko/e and n = k/e. Let Cou, C Iy be an Fo-linear code of rate €, and let
Cin C F5° be a random linear code of rate .

Assume further that there exist constants ¢.,, ¢, such that for every nonzero ¢ € Coyy,

HZ(c) 2 (1 - ¢4¢) logg,

and that ng = g, (M) Then, with probability at least

2

1 — 2—95«, (€2no+y/10)

over the choice of Ci,, the concatenated code C = Coy 0 Ciy, has relative distance % — Oz, z,(e).

Remark 9 (Do there exist good C,.?). It is not clear (to us) whether a random linear code
satisfies the min-entropy condition of Theorem 6.2 with high probability (if it did, it would give an
alternate proof of Theorem 4.2). However, as a proof of concept we note that a random linear code
does satisfy the property that the symbols of every nonzero codeword are not contained in a set of
size smaller than ¢' 7. Note that this is necessary from any c with H,(c) > (1 — 7) logy(q).
Indeed, taking a random linear code Co, of dimension k = en, the probability that a given

nonzero codeword violates that constraint is Zf;? () (i/q)" ~ ¢"=9"). Taking the union
bound over all ¢* codewords in C,y,, we get that no nonzero codewords violates the constraint with
high probability, say for v = 3e, assuming g = O(n).

Proof of Theorem 6.2: Throughout the proof, let
7 =0Ce and 7 = Cye,

where ¢, and ¢, are the constants from the theorem statement.

As C = Cuyt 0 Gy, 1s a linear code, to lower bound the distance it suffices to lower bound
the minimum-weight codeword. To that end, fix any nonzero codeword ¢ € C,,, and
consider the word

w = (Cin(cl), Cin(02>a e ,Cin(cn)).

Order the elements of I, as 0, 01, ..., 0,-1 so that

Prloo] 2 Drfon] 2 -+ = Drlog-1l,

(&
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and define
pe(c) = Proy]

fort € {0,1,...,q —1}.

To bound the weight of w, it suffices to do so under a worst-case (not necessarily linear)
mapping from F, to C;,. That is, this worst-case mapping will map the most frequent
symbols in w to the lowest-weight codewords in C;,. Concretely for j € {0,1,...,no}, let

A; = {z € Gy, : weight(z) = j}
be the number of codewords of C;, of weight j, and let
Ui=0M0+ A1+ -+ A

be the number of codewords of C;,, of weight at most j, with the convention that ¢/_; = 0.
Then we consider a worst-case encoding of [, to C;, so that the set of symbols

{‘7%—1)’ Tl(j—ny+1o - - 707]'*1}

maps to the set of A; codewords of C;,, of weight j. Note that some of these sets may be
empty. For example, C;, is not expected have any small-weight nonzero codewords, so,
e.g., A is very likely zero.

With this notation, we can bound the weight of w = c o C;, by weight(w) > d(c), where

no -1 -1

d)E2n- > [ Do w@ | -d)=n-D (| D m] il (16)
§=0 t=0;_1 j=din t=0;_q

where d;, denotes the minimum distance of C;,,.

Next, we lower bound d(w) by considering a worst-case empirical distribution D, for
the symbols in c. That is, we will find the values for p, that minimize Equation (16) while
still corresponding to a distribution p that obeys our assumption that H? (p) > (1 —
7v) log,(q). For convenience, let

b=(1—-~)logq
be our bound on the smoothed min-entropy.
Formally, we have that for all non-zero c € Co,

no £-1
dlc)>d% min n- g1, 17
(©2d£ min Zd: HZ pe| g (17)
j=din =G-1)
where the minimum is over all distributions p = (po, p1,...,p,-1) so thatpyp > p; > --- >

pg—1 > 0and H7 (p) < b.
For intuition, consider what this worst-case distribution p would be if our requirement
were only that the non-smoothed entropy H..(p) > b. Then the worst-case distribution
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p would be the distribution that is uniform on the set of 2° symbols o that map to the
lowest-weight codewords; in particular, we’'d have p, = 2% for t = 0,...,2° — 1. Given
the n-smoothing allowance, then, the worst-case distribution would simply shift 7, of this
mass to the symbol that is mapped to the zero codeword. This means that the worst-case
distribution p is the one given by values p,(b) so that:

n+27"% t=0
p(b) = { 27 t=1,...,(1—n)2t—1
0 else

For a reason that will be apparent soon, we will in fact work with a slightly smaller
entropy bound V' < b. Towards defining ¥/, set

T é (1 - 77>2ba
and let
J =min{j <ng: 4l >T}.

We then set V' so that
éj*—l = (]_ — ’I’})Qb/ £ T/.

Clearly, the worst-case p; (') is even worse than p;(b). Also note that % <1+ A

oy
Now that we know what the worst-case p looks like, and we still need to bound the
value d in Equation (17). Given our expression for p, we see that

j* -1 -1 j*—1

i>ny 27 ) 5 | =g Do (8- ), (18)

j=din tzg(jfl) Jj=din

Next, we will apply Lemma 6.1 with our choice of v, and 7”. We conclude that with

probability at least
1— 2—Q(7k0+72n0+\/770) —1— 27957(52n0+\/%)

over the choice of C;,, the favorable case holds. (Note that we could indeed apply Lemma 6.1,

since v > \/% and ko > 241"% by our lower bound on ny.)
The first conclusion of Lemma 6.1 implies that j* — 1 = ang for some « € [0, 1] that

satisfies

1 —1 / _ _ /
a2h21<1—2- 0gq ogT>_h21(1_2.logq logT + (log T 1ogT)>
ng o
1 —logT 1 —
Zh21<1—2~ ogq—logT + /ng + )2h21(1—2~10gq logT 2 )7
o o N
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where the bound on log T'—log 7" follows from the third conclusion of Lemma 6.1. Further,

log<ﬁ) i

a>ht[1-2e- [+ ——2] -

log ¢ Vo
2 1
> h2_1<1 —25(7%—%) —5> > hyt(1 — dey) > 3~ Vyeln2

where we have used the fact that h, ' (1 — 22) < % — @x (see, e.g., [GRS, Lemma B.2.4]),
and that ny > 4e~2. We also used the fact that we may assume that ¢ < % and ¢ is larger
than some constant depending on ¢, ¢,.

Next, the second conclusion of Lemma 6.1 implies that

j-1 77 =1
Z(Aj)'j2(1—27 (=1 (ZA) (1—27)-any-T,

=0

Thus, returning to Equation (18), we have

d 1 =
ZnO'Qb,Z(AJ'j)

ng - n
0 =

!/

2(1—27)-04.;:(1—27)‘(%(1—77),

using the definition of 7" in the final line. Since N = ngn is the length of the code C =
Cout © Cin, altogether we have that the relative distance of C = C, o Cj, is at least

-2 -na
1
> (1=27)(1 =) (5 - veln?)
1 _ 1 1
> 5 — (\/CWIDQ—FCW_" 2677)6 = 5 _Oévén(g)’

as desired.

We are left with proving Lemma 6.1.

Proof of Lemma 6.1: Similarly to what we did in the proof of Theorem 4.2, we will work
with codes whose weight distribution deviates only slightly from that of a random code.
While Theorem 4.2 required only an upper bound on the weights, here we also need a
lower bound.
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Write p = 2" and p’ = 2=(""%) . (1 — 27%) and fix 1 < i < n. Observe that
n ' <E[A] = n\ 2F-—1 < (n
i) P=el =) =)

VgT[Ai] < (n) P,

and

]

where the latter follows from Lemma 2.4. Fix a 7 > 0 to be determined soon. Markov’s

inequality now yields
Pr {Ai > 2. (n) -p] <27
c i

and Chebyshev’s inequality yields

(i) - 1
A< 2™ ] = (1 —2-mm —2-k)2. (”) p

7

Pr

Fixing any 1 < ¢ < 7 and taking a union bound, it holds with probability at least 1 — 57 —

(D) that
Ai§2m-<7_l)-p foralll <i<n (19)
i
and .
Aiz% forallﬁgigg. (20)

Note that Equation (19) means that C* is 7-nice, in the sense of Definition 2.2. Take

T 1 K\N\? k-v  logn I 2 k
T—mm{§7 -<h2 (1 ﬁ)) S - 0= |hy |1 5 )
We bound the probability that Equations (19) and (20) then hold simultaneously, ac-

cording to which of the two terms above minimize 7. If it is the first one, then the proba-
bility is at least

1 — " — i él—dl—ég

e R G RIS W

To bound §;, we use the fact that h; (1 — z) >

B.2.4], and get nd; < 2-(*/128)7 gince hy'(1 — £)
2 (p—1 2

To bound 05, first note that 1 — 277 (hz'(1=%)) " _ ok > % since + is large enough. Next,

() > \/;2702(1—5—2)11, so (})p > \/LQ—NT‘?/?’ > 2k/4 (using our lower bound on k). We then have

:+ — 52? whenever z < ; [GRS, Lemma
> 1 follows from our upper bound on k.
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5y < mn-27%4 and overall, §, + &, < 2707*/256)n 1 2-%/6 apain using our lower bound on
and the fact that v is large enough.

Next, we bound the probability that Equations (19) and (20) in the case where 7 =
ky bg" , namely,

n

l— - 21 -8 -6,
o (5= (1—2(’Tl°i")n_2—k>2-(")-p s

In this case, §] can be upper bounded by 2-0/4* since %6 < %2 and by our lower bound
on k. For &5, we again use the fact that (7})p > 2¥/4, and we also have that 1—2-77— 2% > 3
again from our lower bound on k. Thus, §; + &, < 2790k,

Assuming Equations (19) and (20) hold, we show that they imply Items 1 and 2, and
begin with Item 1. By Equation (19), in order to bound j*, it suffices to solve the following

equation for j:
J
Z <7’L) 2—(n—kz—7n) > T.
i

i=0
Writing j = an and using standard bounds on the sum of binomial coefficients, we need
to find the smallest « for which an is an integer, and

2h2(o¢)n—%logn—1 . 2—n+k+7’n > T.

Thus, the a for which j* = an satisfies

a2h2_1<1_7_k:—logT+logn) 2h51(1_2'k—10gT)7

n n

since 7 < k'y logn < k— logT logn

We now prove Item 2. Let j'=la-(1—7)-n]. By Equation (19),

j'-1 j'-1

n k
AL A < L g—ntktn < gn(ha(al-7)+r+E-1)
Yy (i) s
=0 =0
By Item 1 and our assumption that 7" > 2%,

k—logT 2 k
j*:a-nzhz_l(l—Q-%)-nzhgl(l—g ) -n > /.

Hence, Equation (20) yields Aj« > () - p-27™, and so,

j*
B2 Y AzAL> (n) pe 2 > (-1 ).
J

i=j'+1
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Therefore,

i A ] Z , B . 1
ZJO > = :j/A+BZ(1_/y).] 1 7
i= 0A 1= 0A + B
Now,
log (45 log (2
) < b1 =) e + 27 + B2
< ha(a(l — 7)) — ho(a) + 47 by the lower bound on ~y
< —(ay)? +4r since hy(z) > 0 and hj(z) < —2
< —(« )2+12- 1ok 2
= g 27 2 0
1 2 -1 k ? A . 2k
< 37 hy (1 — - = —0. by Item 1 and the assumption 7" > 27 .
We conclude that

‘oZ A; >(1_7)j*
oA T 12

1=0

All that is left is to show that 279" < ~. Indeed, this easily follows from our lower bound
on k.
Finally, let us prove Item 3. Following the same reasoning as above, for some 7 > 0,

we have that A ., < 2™ . (jfjrl) -pand A; > 27" . (J’Z) - p with probability at least

1 1
1——— 21
o (1_277n_27k)2. (n) ,p7 ( )

]*

where p = 27"**. Now, we readily get

-k

A *i’l < Aj*+1 < 2t (j*+1) P < 227-n . n_ J < 227’n+2’
SYA T A T 27 () p j*+1

using the fact that j* > {n. Set T = ﬁﬁ. The above bound is thus at most 2V”, and the
success probability, Equation (21), is at least

1_27& n_1_27]€/4
4 ?

where we used 1 —2°™ —27% > 1 and

<7~1>2—n+k > o(ha(e) Lk -2omn)n o o(kpholeel 2logn)y o o(f2lEn)n o k4
j*
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