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Abstract

Numerous works have studied the probability that a length ¢ — 1 random
walk on an expander is confined to a given rectangle S x ... x S, providing
both upper and lower bounds for this probability. However, when the densities
of the sets S; may depend on the walk length (e.g., when all set are equal and
the density is 1 — 1/t), the currently best known upper and lower bounds are
very far from each other. We give an improved confinement lower bound that
almost matches the upper bound.

We also study the more general question, of how well random walks fool
various classes of test functions. Recently, Golowich and Vadhan proved that
random walks on A-expanders fool Boolean, symmetric functions up to a O(\)
error in total variation distance, with no dependence on the labeling bias. Our
techniques extend this result to cases not covered by it, e.g., to the confinement
problem to S; x ... x S;, where all sets S; either have density p or 1 — p, for
arbitrary p.

Technique-wise, we extend Beck’s framework for analyzing what is often
referred to as the “flow” of linear operators, reducing it to bounding the entries
of a product of 2 x 2 matrices.

1 Introduction

Fix a set of vertices V' = [n] and t subsets S1,...,S; C V. The hitting property of
expander graphs [AKS87] says that for a sufficiently good expander graph G on the
set of vertices V', the probability that for all « = 1,...,¢ the ¢’th step of a random
walk on G falls inside S; is small, and therefore, with a good probability, the walk
escapes the confinement S; x ... x S;. Specifically,
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Theorem 1.1 (Expander Hitting Property). (Based on [HLW06]) Let G = (V, E)
be a A-expander. Then, for every sequence of subsets Si,...,S; CV such that S; is
of density p; = |Si| / [V,

t—1

Pr Vi€ S]<ypp [[(0=Nvope+ ), (1.1)

(v1,0-,0.) ~RWE 1
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We remark that a slightly weaker bound of Hf;i (\/m + )\) appears in [HLWO06].
For the case where all densities p; are the same p, a bound of p((1—X)p+ )"
appears in [VT12], and of p(p + \)'"! appears in [AFWZ95]. The bound in the
general case (Equation (1.1)) follows by a similar proof, with a slightly more careful
analysis. See Section 4.1.

However, on a conceptual level, one expects an expander random walk to mimic a
truly random walk, each time choosing a vertex uniformly at random independent of
all other choices. I.e., ideally, we would have liked a bound stating that the probability
of an expander random walk being confined to S7 x ... x S; is roughly the same as
the probability of the same event with respect to a walk on the complete graph with
self loops (which equals the product of the densities of the sets). Indeed, for the case
in which all densities are equal, the following has been proven in [AFWZ95]:

Theorem 1.2. [AFWZ95] Let G = (V, E) be a \-expander. For every sequence of
subsets Sy, ...,S; CV such that S; is of density p,

o If A< p/6,

Pr Viv; € Si]>p-(p—2\)"" (1.2)

o If X< p?/2,

Pr Viv; €8] >p-(p— A" (1.3)

How tight are these bounds?

To get a feeling for the upper and lower bounds, let us look at the special case where
all densities p; are the same p. In this case, independent sampling gives the exact
answer p'. The upper bound (Theorem 1.1) is pu'~!, where = p+ (1 — p)A, and

-2 t=2
o™t = P = (™t = ) = pl = p) Y P T < p(L=p)A Y S < A,
i=0 =0

where the first equality is because 1 > p and the second equality is using a* — b* =
(a —b) Zf;é a/bF=177. We also use 1 — p = (1 — p)A. In particular the error term is
at most A, and tends to zero when A tends to 0.
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However, for the lower bound (Theorem 1.2), for any A we have

t—2
0" = plp =N = (0" = (p =N =pAD p T (p =AY
§=0
t—2 A
> pAp'? — N~ ! .
> pAp ]Z:;(p el ;

Thus, when A is some small constant, independent of ¢ and p = 1 —1/¢, the difference
between independent sampling and the lower bound is p'~* X Jr’\l i 1/e. Therefore,
even for arbitrarily small A, if we let ¢ grow to infinity and we let the density p depend
on t, there is a constant gap between the independent sampling probability and the
lower bound! Thus, a natural question is: can we find a better lower bound that

matches the independent probability? In this work we prove:

Theorem 1.3. [New confinement lower-bound] Let G = (V, E) be a A-expander, and
let Si,...,S; CV be each of density p for some p.! If X < '03—2, then

Pr Viv,eS]>p-(p—A1— p2))t_1.

(v1,0.,08)~RWE,

This bound is close to the independent sampling probability:

P =p-(p = A1=p")) " =p"—p-(p = A1 —p))"
t—2
P P (p—A1—=p?))
7=0
<A p(L=p") 30 = A p(1+p) < 20

Therefore, for any A, if we let ¢ grow to infinity, and even if we let the density p
depend on ¢, the distance between the independent probability (p') and the lower
bound is at most 2\ (instead of a fixed constant before).

1.1 Further Results

Expander random walks are typically used as a randomness-efficient way of generating
a uniform-like sequence of vertices vy,...,v;. In most applications, the walk is used
to “fool” a test function f. For example, we may think of the confinement problem
when all sets S; are the same set S, as taking an expander with |V| vertices, which
we label with 0 or 1 according to membership in S. We set f to be the AND function.
We compare the probability that f(zi,...,z;) evaluates to 1 when xy, ..., z; are the
labels obtained from a random walk on the graph (which is the quantity we want

'In fact, we prove the theorem under more general conditions, see 4
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to bound) with the probability that f evaluates to 1 when the labels are obtained
from vertices chosen uniformly at random (which is a known quantity and equals the
density S raised to the power of ¢). We wish to claim these two quantities are close
to each other.

More generally, we say a test function f : Z!, — Zg is e-fooled by expander random
walks if for every A-expander graph G = (V, F) and every labeling val : V' — Zy,

drv (f(val(RWg,)), f(val(Indi,))) <e.

where

e RW,, is the distribution obtained by taking a length ¢ — 1 random walk on
G. That is, we sample v; € V uniformly at random. Then, for i = 2,... ¢
sample v; uniformly at random from the neighbours of v;_;. f(val(RW)) is the
distribution of f(val(vy),...,val(v;)) when (vy,...,v;) is sampled from RW,.

e Ind}, is the distribution obtained by sampling vy, ...,v; € V uniformly at ran-
dom. Note that Indi, = RW’ where J is the complete graph on V with self
loops. f(val(Ind},)) is the distribution of f(val(v;),...,val(v;)) when (vy, ..., v;)
is sampled from Ind:,.

Cohen et al. [CMP*22] proved that all Boolean symmetric functions f are fooled by
expander random walks with up to a O(A/,/pmin) error in total variation distance,
where pmin = min{pg, p1}, and p, is the density of b, i.e., that fraction of vertices with
label b. Thus, even in the symmetric Boolean case, the error bound of [CMP*22] is
O(A) only when pp, is bounded from below by some constant. When pp;, is allowed
to depend on ¢, the error bound of [CMP*22] may weaken as ¢ increases.

A remarkable recent result of Golowich and Vadhan [GV22] significantly strength-
ened and extended the results of [CMP*22], and using new techniques managed to
eliminate the dependence on the bias. That is, they prove that all symmetric Boolean
functions are fooled by expander random walks with up to O(\) error in total varia-
tion distance, where the constant hidden in the Big-O notation is absolute and does
not depend on pp;n,.

Notice that [GV22] implies that for confinement to a fixed set (which is a symmetric
function) the difference between independent sampling and RW sampling is bounded
by O()), even when the density p may depend on ¢. Thus, it implies that Theorem 1.2,
which gives constant difference for p = 1—1/t, is not tight. In this regard, Theorem 1.3
gives a bound that replaces the O()) difference guaranteed by [GV22] with a more
precise bound (that is in particular at most 2\).

Let us now discuss whether the are functions for which the [GV22] bound does not
guarantee an O(A) error, while our technique does.

A first candidate for such a problem is the confinement problem for Sy x. .. x.S;, where
the sets S; might be different, and are only guaranteed to all have the same density.
Theorem 1.3 still guarantees the same bound, whereas [GV22] seems to not apply,
because the function is not symmetric anymore. However, the Golowitch-Vadhan
result might be modified to cover this case as well, by using one fixed set, and adding
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corresponding permutation operators to the expanders, making them directed (which

is still fine for [GV22]).2

However, using our techniques, we prove the following. Let 15(i) equal 1 if ¢ € S and
0 otherwise. Then, 1g, ® --- ® 1g, equals one if the input is confined to S; x ... x S;
and zero otherwise. We prove:

Theorem 1.4. Let G = (V, E) be a A\-expander where A < 1/3, and t > 1 an integer
. Let Sq,...,5; CV be a sequence of subsets such that the largest subset also has the
mazimal variance. Then

dTV (151 XX 1St(RWtG)7 151 XK 1gt(|nd§/)) < 3pmax - A

where pmax 1S the density of the largest subset.

In particular,

Corollary 1.1. Let G = (V, E) be a A-expander where A < 1/3, andt > 1 an integer.
Let S C 'V be a subset of density p, and suppose Si,..., Sy CV are subsets such that
for every i, S; =S or S; =S. Then

drv (1g, ® -+ ® 15,(RWg), 1g, @ -+ ® 1g,(Ind},)) < 3p - A.

Notice that these functions are not symmetric, and therefore the results of [GV22] do
not apply to them, while our techniques still work.

We also use similar techniques to analyze the extent to which the sum function modulo
d is fooled by expander random walks on graphs with arbitrarily biased labelings, and
prove that it is fooled with an O(v/d - \) error in total variation distance, with no
dependence on the labeling bias. We prove:

Theorem 1.5. For integerst > 1, d > 2, and d > 2 let G = (V, E) be a A-expander
where A < 1/6. Let val : V. — Zg be any labeling. Then,

dry (Sumg (val(RW,)) , Sumg (val(Indi,))) < 5vVd -\

The O(v/d)) error term also follows from the work of [GV22] on width-d permutation
branching programs, using different techniques.

Additionally, we prove a bound on the bias of a labeling in terms of the density of
the most frequent label. This is in contrast to previous bias-dependent result (e.g
[GV22] for symmetric functions over Z; with d > 2) where the total variation bound
degrades with pmin, rather than 1 — ppax (and notice that always pmin < 1— pmax). This
dependence is more resilient as it can tolerate very rare labels, as long as the most
common label is not too dominant. We think that this observation could potentially
serve as an incentive to shift the bias dependence in previous works from the smallest
label weight to the largest. Specifically, we prove,

2We thank the anonymous referee for bringing this to our attention.
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Proposition 1.6. For a prime p, let val : [n] — Z, be a labeling that assigns label
a € Zy to p, fraction of the vertices, and denote pmax = max, p,. Then, for every
non-trivial character x of Z,,

2
bias, (val) < \/1 - <1 — cos —W) (1 = pmax)
p
def

where bias, (val) = |E;epx(val(i))].

We also point out that our proofs apply even if the graph is different for each of the ¢
steps, as long as it is a A-expander at each step. The same property holds in previous
works as well, e.g [GV22].

1.2 The Technique

We extend the techniques of Gillman [Gil98], Healy [Hea08] and Beck [Becl5], that
established a framework for analyzing what is often referred to as the “flow” of linear
operators. The flow of a linear operator T" from the linear subspace V5 to the linear
subspace V] is the quantity ||II;7TI|| where II; is the projection operator onto V;. In
our context, V; and V5 will be either the line spanned by the all-ones vector (The
“parallel space”), or its orthogonal complement (The “perpendicular space”).

Let G also denote the transition matrix of a A-expander graph, and let P denote
the projection matrix on the set S. That is, P is the diagonal matrix satisfying
Plv,v] =11if v € S and 0 otherwise. The probability that a length ¢ random walk on
G never escapes S can be expressed algebraically as 17(PG)!"!1 P1, where we denote
1=—"—(1,...,»)7T.

VIV

One way to analyze this expression is to decompose the probability distribution at
each of the t steps to its parallel and perpendicular components. The parallel compo-
nent is identical to the independent sampling case, while the perpendicular component
is shrunk by a factor of A after each step on G. The above approach underlies many
results in the field, and, in particular, the expander Chernoff bound [Gil98, Hea08].
Beck [Becl5] simplified the analysis by defining a 2 x 2 ”flow” matrix for a linear op-
erator 7. The 4, 7'th entry of the flow matrix is the flow of 7" from V; to V;, where V;
and V; are either the perpendicular space or the parallel space. This notation reduced
the problem of bounding quantities like }1TT 1‘ to bounding the [0, 0] entry of a 2 x 2
matrix with non-negative entries. In this language, the expression 17 (PG)""1P1 is
the flow of the operator (PG)!~!P from the parallel space to itself. For more details
about the flow framework see Section 3.

[AFWZ95] proved their confinement probability lower bound by giving simultaneous
upper and lower bounds on flows between the perpendicular and parallel spaces.
However, they did it explicitly and specifically for the confinement problem with equal
density at each step, and obtained sub-optimal bounds. In this paper we analyze flows
emerging from confinement problems (and additional problems) using the 2 x 2 flow
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matrix notation. As a result, we achieve simpler terms that are easier to follow and
generalize to a broader setting of confinement problems with varying densities. These
terms also indicate how to improve upon previous work (even when all densities are
equal).

1.3 Summary and Discussion

As mentioned before, several total variation bounds in previous works depend on the
labeling bias, namely on the weights p, that are induced by a labeling. Cohen et
al. [CMP7*22] proved that all Boolean symmetric functions are fooled by expander
random walks with up to a O(\/,/pmin) error in total variation distance.

Recently, Golowich and Vadhan [GV22], significantly strengthened and extended
these results using new techniques, and in some cases managed to eliminate the
dependence on the bias. In particular, they prove that for the Boolean case, all sym-
metric functions are fooled by expander random walks with up to O(A) error in total
variation distance, where the constant hidden in the Big-O notation is absolute.

For the non-Boolean case much less is known:

e For general symmetric functions defined on Zf, Golowich and Vadhan prove
an O((=%)9@ . )\) total-variation bound where ppin = min, p,, and p, is the
density of label a. Notice that in this bound there is a dependence on ppyi,. It
is an intriguing open problem whether the dependence on the bias is necessary.

e Golowich and Vadhan [GV22] also show that expander random walks fool width-
w permutation branching programs up to a O(A) error in ¢ distance, and a
O(y/w - ) error in total variation distance, a bound that does not depend on
the bias of the labeling. Notice that this bias-independent bound also holds
for non-symmetric functions, as long as they are computed by a low-width
permutation branching program.

In this work we add another example where the error bound does not depend on the
labeling bias. We show for the confinement problem, when the set of maximal density
p(S9) is also of maximal variance (the variance is \/p(S)(1 — p(S5))), the error bound
is O(\) regardless of the densities. Note that this case is not symmetric. We also
improve the lower bound for the symmetric case, as previously discussed.

There are many open problems left.

e First, and foremost, is it possible that all symmetric functions over ¥ are Ojx(\)
fooled by random-walks? For ¥ = {0,1} [GV22] gave an affirmative answer,
but the general case is left open.

e What other non-symmetric functions are fooled by random-walks without a
dependence on the bias? [GV22] showed all small-width permutation branching
programs are such. We added the confinement test functions when all sets have
the same variance. What other functions have this property?

e As alluded to by Proposition 1.6, we think that for many functions the pa-



rameter dominating the bias-dependent error is 1 — pnax rather than py;,. For
example, the bias-dependent bound for any confinement test function (Propo-
sition 5.1) is O(l_;‘max) where pmax is the density of the largest set. It would
be interesting to examine previous results and see if the error terms can be
correspondingly amended.

The paper is organized as follows: In Section 3 we review Beck’s flow framework
[Bec15] and extend it. In Section 4 we prove Theorem 1.3, and prove analogous
lower bounds in the general setting of varying sets and densities. In Section 5 we
study fooling confinement test functions, and in particular prove Theorem 1.4. In
Section 2 we give some preliminaries and background, and introduce our notations.
In Section 6 we prove Theorem 1.5 using our techniques, and in Section 7 we prove
Proposition 1.6.

2 Preliminaries

Notation For any positive integer d, let Z; denote the group of integers modulo
d, and [d] = {1,...,d}. We define the ¢;-norm of a vector z € F" as ||z|, =

S, ||, and its fy-norm as ||z|| = /33, |2, For a field F = R or C, let 1, =
(1/y/n,...,1/y/n) € F™ denote the normalized all-ones vector. When n is clear from
context we simply write 1. For a matrix M € F"*" the operator norm of M is
given by maxgepn (o} | Mz / [|z|. For M € C"*", its conjugate transpose is denoted
as M*. For two real matrices L, M € R™ ", the notation L <., M stands for
entry-wise inequality

A symmetric matrix W € [0, 1]™*™ is an undirected random walk matrix on n vertices

if the columns and rows of W sum to 1, which implies that W;; = W, ; represents
the transition probability between vertex ¢ and j, or vice versa. In this context, I,
denotes the n x n identity matrix, and .J, = 1,, 17 represents a matrix with all entries
being 1/n. When the dimension is clear from the context, we use the notations /
and J respectively. Notably, J, is the random walk matrix for a complete graph
with n vertices with self-loops. For a sequence of matrices M, ..., M;, we denote

[To, My =M, - M;_y-...-M,.

We often use the decomposition F" = V(@& V; where V; = Span{1} is the subspace
of F" spanned of the all ones vector, and V; = Vj is its orthogonal complement. We
define Il as the projection operator onto Vj, noting that Ily = J,,, and II; as the

projection on Vi, noting that Iy = I,, — J,. For a vector € F* we define z!l = Iz
and 2t = I z.

For two probability distributions p; and ps over a finite sample space €2, their total
variation distance is

drv (p1,p2) Z [p1(s) — pa2(s)] -
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Rank-one Matrices A rank-one matrix in F"*" is a matrix of the form zy* for
some non-zero x,y € F™. In this work we often need to compute the norm of such
matrices, for which the following fact is useful: ||zy*|| = ||z|| - ||y||. To see this, recall
that for a matrix M € F"*" we have the following equivalent characterization of the
operator norm

M| = max{VX | Xis an eigenvalue of M*M}.

Now, write (zy*)*zy* = a*z - yy* = H$|]2 - yy*, and observe that HyH2 is the only
non-zero eigenvalue of yy*. The claim follows.

Fourier Analysis over Z,; A character of an abelian group G is a homomorphism
X : G — C* where C* is the multiplicative group of complex numbers. The characters
form a group under multiplication. The dual group of G, G, is defined to be the group
of all characters of G. xq is the trivial character, mapping all group elements to 1.

When G = Z, for some positive integer d, the characters are the maps x;(a) = wj®

27

forb=0,...,d — 1, and where wy =e7d .

Let C%@ denote the vector space of all complex valued function on Zg4, equipped
with the inner product (h,g) = > ., h(a)g(a). The set of normalized characters
{\/ia “Xp : b € Zg}, denoted F, forms an orthonormal basis for C%¢ with respect to this

inner product. Representing functions in C%¢ in this basis proves to be particularly
beneficial. This includes probability distributions over Z,4, which are simply functions
mapping each element of Z,; to a real number in [0, 1].

The Information Theoretic XOR-Lemma The information theoretic XOR-
Lemma [Goll1] relates the total variation distance between two distributions over Zg
to the heaviest Fourier coefficient of their difference, also called the maximum bias.
Given its significance in our analysis for the sum function modulo d, we re-prove it
here for completeness.

Lemma 2.1 (Based on [Golll]). For any two distributions py ps over Zg:

drv (p1,p2) < -max [(Xp, P1 — P2)| -
beZq

2
Remark 2.1. The trivial character is usually excluded from the maximum above,

which is the maximum-bias of the function py — ps. However, in our case, the trivial
character always satisfies (xo,p1 — p2) = 0 as py and pe are probability distributions.

Proof. Let F be the basis of Fourier characters defined earlier, and let S be the
standard basis, namely S = {0, : b € Zs} where 0,(a) = 1 if @ = b and 0 otherwise.
It is straightforward to check that both are orthonormal bases with respect to the
aforementioned inner product.

Now, let || f]|” denote the £, norm of f with respect to the basis B. That is, || f||” =
(> een e, £)|")+. Taking the limit 7 — oo we obtain 1£12 = maxees | (e, £)].
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We see that
lpr — pall = Z Ip1(a) — pa(a)| = 2 - drv(p1, pa),

a€Zq
and

o1 — pallE. = = - max | (xe, 71 — P
*/d bel ’

Since fo-norm is preserved under orthonormal change of basis, we always have

lpy = p2lly < V- llpr = pall; = V- llpr = pally < dllpr =2l

using || f||, < Vd||f||, for f € C% in the first inequality, and || f||, < V/d || f||,, in the
last inequality. Altogether,

dry(p1,p2) < -max |(xp, P1 — P2)| -
beZy

2
0

Expanders For a regular, undirected graph G = (V, E) on n vertices, the random
walk matrix is the normalized adjacency matrix. The spectral expansion is defined as
the second largest eigenvalue of the graph’s random walk matrix in absolute value,
namely

G G

NG) — ma [0 (G
eyll|[z]| - [ly|  =l1 ||z

where the maximum is over all non-zero x, y € R™ which are orthogonal to the all-ones

vector, and by abuse of notation GG also denotes the random walk matrix of the graph

G. We say G is a A\-expander if A(G) = A.

For a A-expander G, let A = %(G’ — J). Since the all-ones vector is an eigenvector
of both G and J with eigenvalue 1, it follows that A is zero on the parallel space
Span{1}. Additionally,

1
Iz = Azt + Al = 1 -l < [l < ol

This implies a valuable decomposition G = J + AA where the symmetric “error
matrix” A is zero on the parallel space, and ||A|| < 1.

Another useful decomposition follows by setting £ = $(G — (1 — ) - J). One can
easily verify that F acts like the identity on the parallel space, and that the orthogonal
space is F-invariant. Thus, for every vector x we have

1
1Bl = | B2l + | B < [l + 5 |G [[” < Nl

This gives rise to the decomposition G = (1 — \)J + AE where the symmetric “error
matrix” F satisfies ||E]| < 1.
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3 Flow

Let IF be either C or R. We decompose F" = Vo @® V; where Vj is the span of the all-

ones vector Span{1} (the “parallel” space) and V| = Vi its orthogonal complement

(the “orthogonal” space). Let Il ' 7 be the projection operator on Vj, and Il o

I — J is the projection on Vj.

Throughout this work we study linear operators 7' : F* — F™ by examining ||I1, 711, ||
for by, by € {0,1}. Intuitively, this can be understood as the “flow of mass” from Vy,
to Vy, under the linear operator T'. To study the flow of a linear operator, we extend
upon the techniques introduced by Gillman, Healy, and Beck, using the notation
and claims of Beck [Becl5]. These were used mostly in the context of the expander
Chernoff bound [Gil98, Hea08].

Definition 3.1 (The Flow Matrix). Let T : F* — F" be any linear operator. Then
the flow matriz of T, denoted T, is the 2 X 2 non-negative matriz defined by

7 (Tl |[TIoT'TL |
ITL T |G 7TLL |

where Iy, is the projection on Span{1l} and Il is the projection on its orthogonal
complement.

Example 3.1. Let G be the random walk operator of a A-expander graph. Then

~ 1 o .
G <iw (0 g\) where <., stands for entry-wise inequality.

To see this, apply the decomposition G = J + NA where ||A|| < 1 and A is zero on
the parallel space. That is, Allg = IIgA = 0. We then have

(i) [[HoGlo|| = [[HoJILo[| = [|J]| = 1,

(ii) ||[TToGILy|| = ||Ho(J + ANA)IL || = [[TTgJI1; + AT ATl || = 0,
(11i) By symmetry ||I1;GIly|| =0 .

(iv) Finally, |ILGIL || = XTI AL || < A

By submultiplicativity and subadditivity of the operator norm, we have the following
submultiplicativity property of the flow operator:

Claim 3.1 ([Becl5]). For every linear operators L, M : F* — F", we have L-M <ew
L-M.

Proof. Let 1,5 € {0,1}. Recall that Il = J and II; = I — J, and thus Iy + IT; = I.
We have

L - Mli,j] = |I;LMIL;|| = ||IL L(IIo + I1) MTL;|| < [|TL; LI ML || + ||TL; LIT, M1 |
< ||TL; LI || - [|TTo ML + ||TL; LTI || - ||TT, ML ]

= L[i,0] - M[0, 4] + L[i,1] - M[1,4] = L - M[i, 5].
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]

Typically, the primary technical tool utilized for analyzing flow matrices consists of
the following bound, which generally hold for non-negative 2 x 2 matrices.

Lemma 3.1 ([Becld]). If A= (Z Z) >ew 0 witha >1 and d < 1 then
be \ !
A <a-
0,0] <a (a—l— 1—d>

Proof. By induction on t. The base case t = 1 is clear. Assume for 1,...,¢t — 1 and
let us prove for t. We have the following recurrence relation

t—2

A'0,0] = A[0,0] - A[0,0] + Y A7[0,0] - A[0, 1] - A[1, 1] - A[1,0]
j=0

where j goes over the last time the path was at vertex 0 before taking the final step.
As Ali, j] > 0 and A[0,0] > 1, we see that A*2[0,0] > A*[0, 0] for all ky > k;. Hence,
t—2
A'0,0] = A"0,0] - a+ Y A[0,0] - be - d>

Jj=0

< A0, 0] <a+chd]> < A0, 0] (a—l— ; _Cd>

J=0

The proof is complete by applying the induction hypothesis. O

A simple way to generalize this lemma to the case where A[0,0] > A[l, 1] but not
necessarily A[0,0] > 1 is as follows.

a b
Lemma 3.2. I[f A= (c d

) 2o 0 with a > d then A0 < 0 (o + 55)' ™

Proof. Write A = a-

7N\
Qo =

b c t—1
) . Hence by the previous lemma A*[0, 0] < a'- (1 + 5@)

QL o

a- (a—l—abfcd)t_l. O

Remark 3.2. Note that the lemma above is not tight when a is small. Indeed, A'[0, 0]
decreases with a, while the bound of Lemma 3.2 blows up when a approaches d. We
do not try to optimize the bound for d close to a. Also, it would be nice to have a
generalization of this lemma for the case of possibly different Ay, ..., A;.

a b

Lemma 3.3. If A = (c d) >ew 0 with a > d. Then for allt > 2,

abe 2 A N be \'TF2
. a® [ a
a—d a—d
k=0

12
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Proof. For every integer k > 1 2% —¢y* = (z — y) - Zf:_ol xiy*~i=1 Using this and

Lemma 3.2, we see that

4100 - (4000 < (a4 ) ot = ((+ ) _>

be t—2 . . be \PR2
=q- . a®la
a—d ‘ a—d

]

Lemma 3.4. For an integert > 1, Let My, ..., M; be a sequence of n X n matrices.

Then
17 (ﬁM) 1-17 (ﬁHOMi> 1| < ( t J\7> [0,0] — (ﬁM[o,o}) :

Proof. Writing M; = IlyM; + 11, M; we have

17 <ﬁ Mi> 1= > 1T1i[(nbiM,»)1 = Y 1", (ﬁ(ﬂbiMi)) 1

be{0,1}1 i=1 be{0,1}t-1 1=1

Since 17TI; = 0. To complete the prooflet LHS = |17 [[;_, M;1 — 17 ([T;_, (Ilo};)) 1.
Then,

LHS=| > 1THM, <ﬁ(HbiMi)>.1

be{0,1}t-1 i=1
b#0t
t—1
< ) 1M, (H(HbiMi)> o1
be{0,1}t-1 i=1
b#£0t
t—1
< ) T (H(HbiMi)) Ty
be{0,1}t~1 i=1
b#£0t
t—1
= Y |, (H (HbiMiHbH)> 1T, M, IT,
be{0,1}t-1 i=2
b0t
t—1
< Z HHOMtHbt—lH ’ H HHbiMiHbile ”HblMll_IOH
be{0,1}t-1 =2
b#£0t
N t—1 _ . t N t _
= ) M0,b] (HM@-[bi,b“]> My[by, 0] = <H Mi> [0,0] = ] ] M0, 0.
bE{O,l}t_l =2 =1 =1
b#£0t

13



]

Lemma 3.5. Let Ay, ..., A; be a sequence of non-negative 2 X 2 matrices such that
for all i, A; <.., A for some 2 x 2 matriz A. Then

(H Ai) [0,0] — H(Ai[o,o]) < A0, 0] — (A[0,0])".

i=1

Proof. We have

(ﬁAi) 0,0] — ﬁ A0,0) = > A0, (ﬁAi[bi,bi_lo Ay[by, 0]

i=1 be{0,1}¢~1 1=2
b£0!
t—1
< Z A0, by ( A[bi—l—labi]) Alby, 0]
be{0.1}¢1 i=2
b;ﬁot_l

= A'0,0] — (A[0,0])".
]
We now proceed to establish techniques for proving flow lower bounds. While these
concepts were introduced specifically for the confinement problem with the same set

density in [AFWZ95], we extend them to general linear operators and use the flow
matrix notation.

Lemma 3.6 (Flow Progress). For linear operators Ty, ..., Ty,
s = =
[1700.01> Tifo.0]- [0, 0] - Tifo. 1] [ i1, 0 (31)
i=1 i=1 i=1
s = =
HE[LO] < 7—;5[1’0] 'HE’[O?O]_"Tt[Ll] 'HTi[lvO] (3'2)
i=1 i=1 i=1

Proof. We have

T -1
[ zlo HOHTHO Iy (T3 + T1Ly) [ [ 731
=1 =1
t—1
> T3, - HOHTz'Ho — [T || - || [ T3l
=1 i=1
P o

= 500,01 T[] T:f0.00 - o, 1} - T[T 1. 0]

i=1

14



and

T ¢ t—1
[T 700 = ||m ] 1o || = ||10 (70T + T30 [ [ 7211,
i=1 i=1 i=1
t—1 t—1
< T - ||To [ [ Zilo || + T AL | - |10 [ ] 7200,
i=1 =1
= =
i=1 i=1
O
Definition 3.3. (Flow sequence) For a sequence of linear operators Th, ..., Ti, the

ow sequence is defined recursively such that ¢ = B0 ond for k >1
y TL[L0)
INET)

_ Ten[0,0] - e — Tria[0,1]
Ch41 = —— —
Tk-l—l[lv O] " Ck T+ Tk-l—l[]-u 1]

The constants ¢; emerge from recursively dividing Equation (3.1) of Lemma 3.6 by
Equation (3.2), as demonstrated by the following lemmas. Therefore, from an intu-
itive perspective, the constants ¢; in the definition above can be thought of as a lower
bound on the ratio between the mass preserved inside the parallel space after the i-th
step and the mass lost to its orthogonal complement.

We remark that the smaller T;]0,1], 7;[1, 1] are taken relative to 7;[0,0] and T;[1,0],
the larger sequence elements will become. In all of our use cases, each operator T;
includes a step on a A-expander graph G. Thus, as we shall later see, we can make
T;[0,1] and T;[1, 1] smaller by taking the the expansion parameter A smaller, and hence
the sequence elements larger. Specifically, in all instances considered in this work,
the constants ¢; are strictly positive. Therefore, for the remainder of this section, we
proceed with the assumption that the provided linear operators Ti,...,7T; are such
that their corresponding flow sequence elements are positive.

Lemma 3.7. Let Ty, ..., T; be linear operators with a positive flow sequence. Then,

e~

for allk =1,...,t it holds that [[_, T;[0,0] > ¢k - [5_, T3[1,0].

Proof. By induction on k. For k = 1 the claim holds by definition. For the induction

—_——

step, assume that ][5, T3[0,0] > ¢ - []5, T3[1,0]. Plugging the induction hypothesis

15



into Equation 3.1 see that

—_—~— —_~— —_—~—

k+1 k
[17:00.0] > Tiza[0,0] - T[] 7:10,0] = Tieia[0,1) - T T3[1. 0]
=1 =1 i=1

— Tya[0,1]
- (- 00 o

Similarly, plugging the induction hypothesis into Equation 3.2,

—_~— —_~— —_~—

k+1 k k
[ Z:01,0] < Tea[1,0]- [ 7200, 0] + Tiia[1, 1] - T ] T3[1, 0]
=1 =1 =1

— Ten[1,1]
< (o B2 )HT 0.0]

Combining these we obtain

—_~—

k+1 (Tk—i-l [0 0] Tk+1[0 H)

HTOO

k
T 1,1 H ﬂ
<Tk+1 [1 O} k-‘rl[ ]) i1

—_~— —_~—

_ (@[0,0] - Cpp —TkE[O, 1]) f[Tz’[O?()] = Cpy - ﬁTi[0,0]

Tk+1[1, 0] ©Ck T+ Tk+1[17 H i=1 i=1

Hence we have the following corollary

Corollary 3.1. For all k=1,...,t we have

ﬁTi[O:O] > T3[0,0] ﬁ (ﬁ'[0,0] _ @)

Proof. By induction on k. For k = 1 the product on the right hand side is empty and
the equality trivially holds. For the induction step, Using Equation 3.1, the previous
claim, and the induction hypothesis,

—~— P —_~—

k+1 k
HTOO>HHOOITTM)7h@JLHE@m
=1 =1 =1
& k+1 -~
— Ti1]0, 1] ~ T;[0,1]
> | Tiya[0,0] — =2 T;[0,0] > T3]0, 0 T;[0,0] — 2= .
_<km,] ” Il I ]g [0,0] _—

16



4 Expander Hitting Property Revised

We use the following notations. For a set S; C [n| we define its density as p; = |S;| /n
and its variance as o; = \/p;(1 — p;). We let P; be the projection matrix on the set
S;. That is, P; is the diagonal matrix satisfying P;[v,v] = 1 if v € S; and 0 otherwise.
G is the random walk operator of the graph G.

4.1 Confinement Probability Upper-bounds

We begin with the hitting property for sets of varying densities. In [HLWO06] the
authors give the bound Hz;ll(, /P;Pi+1+A), which corresponds to |G . .. GP|| rather

than 17 P,G ... GP,1. However, we observe that this loss is not necessary.
Proposition 4.1 (Expander Hitting Property). Let G = (V, E) be a \-expander.
Then, for every sequence of subsets Si,...,S; CV such that S; is of density p;,

t—1
Pr [Viv € S] < ppe- [[((1=Nypipis +A).
=1

(V140,0¢)~RWE
Proof. First note that for all i, || P;JPiy1|| = \/pipir1- Indeed,

1P Pl = [[PAPea ) || = [P - (1P| = v/pipia
Decomposing G = (1 — \)J + AE with ||E|| < 1, we find that

| PGPyl = (1 =A) - BiJPiyy + A BEP |
S (I=XA) - [[PJP ||+ A< (1= X)/pipiv1 + A

Let w = (1/n,...,1/n) € R™ be the uniform vector. Expressing the probability
linear-algebraically we obtain

(v1,...,ve)~RWE

t—1 t—1
Pr  [NiveS]=1"PR, (H GR) 1=1"A [ [(PGP)P1

=1 =1
t—1 t—1
= | ] [(PiaGP)Pu|| < prn-||[[(P+1GP) P
i=1 1 i=1
t—1 t—1 P)
n - PGP - |Pul| = o171 PGP, Lt
PN g( +1GR)|| - || Pl Pe-n E( +1GP) 2 n

t—1 t—1
< Vpip1 - H [(Pir GR)|| < v/prpe - H (L = VPpipir1 + A)
i=1 i=1

where we use P? = P;, and the first inequality is Cauchy-Schwartz, noting that after
multiplying by F;, the resulting vector has at most p; - n non-zero entries. O]
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4.2 Confinement Probability Lower-bounds

As explained in the introduction, previous lower bounds do not give an O(\) bias-
independent bound on the error term comparing with the independent sampling case.
In this section, we give a tighter lower bound that, in particular, is O(\)-close to the
probability of the same confinement event but with independently chosen samples.

Expressing the probability linear-algebraically we find that

t
o, [ [ (P.G) Ty
=1

Therefore, we see that this quantity is applicable to bounds via the lower-bound part
of the flow framework. Consider the sequence of linear operators PG, ..., P,.G with
corresponding flow sequence ¢y, ...¢. It follows from Corollary 3.1 that

—~—

t

= @0

=1

t
Pr [Viv eS| =1"][(PG)P1=

t k+1 pa
[T 60,00 > 10001 [T BG[O,O]—M
i=1 =2 Ci-1

Hence, our next objective is to bound the entries of I/D—;C/?, and find lower bounds on
the constants cq, ... ¢.

pi  Ao;

Lemma 4.1. Forallt=1,...,t we have ]32(/; <ew (a- \

) where the first column
holds with equality.

Proof. First, observe that
PG[0,0] = [T, PG || = [|117P,G117|| = |11 P117|| = [17P1| = p;
Following the discussion about the norm of rank-one matrices, we see that for b €
{0,1},
1L, PGIL | = |1,PG117 || = [T, - [1]| = |1,P1] .
Using this , we find that
P,G[0,0]” + RG[L, 01" = [T P[P + [TL PL|* = | P = py
hence EC/?[LO] = /pi(1 = pi) = 0;.

Now, let us write G = J + AA where ||A|| < 1 and A is zero on the parallel space.
Then

BG[0,1] = |ePGIL || = |[ToP; (J + AA) L || = A [Ty BATL || = A ||Tlo P11, AIL |
< Ao PIL [ = Aoy

where we have used that II;A = A in the last equality. In the inequality we ob-
serve that P,G[1,0] = |[I[, P,GILo|| = |11, PILy|| = ||IIo P11l . Hence we substitute
Mo ZIL | = o;.

Finally, we bound P,G[1,1] = |IL P,GIL || = A |l PAIL || < A. 0

18



By definition of flow sequence (Definition 3.3) and the previous lemma, we obtain:

Corollary 4.1 (Flow sequence lower-bound). Let G = (V, E) be a A-expander, and
let S1,...,5 CV be a sequence of subsets such that S; is of density p; and variance
o;. Let ci,...,¢; be the flow sequence of the linear operators P\G, ..., P,G. Then
= % and:
Ci* Pir1 — A Oiy1

Ci Oip1+ A

Cit1 =

Corollary 4.2. Let G = (V, E) be a A-expander, and let Sy, ...,S; CV be a sequence
of subsets such that S; is of density p;. Let cq,...,c; be the flow sequence of the linear
operators PG, ..., P,G. Suppose that \ is sufficiently small so that ¢; > 0 for all 1.
Then,

t

(V1ye.,0¢)~RWE, i Ci—1

Next, we demonstrate how distinct conditions imposed on A lead to varying bounds
on the flow sequence, consequently leading to corresponding confinement probability
lower bounds.

Lemma 4.2. Let G = (V, E) be a A-expander, and let Sy,...,S; TV be a sequence

of subsets each of density p;. If for all i, A < % C 0041 - ig—?ﬁ, then

t
Pr [VZUzESz]Z,Oln(pZ—Q % /\)

(v1,...,v¢)~RWE, o 0i—1

Proof. By Corollary 4.2, it suffices to prove that under our assumption on A, we have
¢; > 0;/2 for all 4.

For i = 1, we clearly have ¢; = Z—i = 131[)1 > oy. Now, assume that ¢; > 0;/2. We
have
Oi+1 CiPiy1 — ATip1  Oiq1
Cip1 — > — Corollary 4.1
+ 2 - CiO;t1 + A 2 ( 4 )
_ G (2Pi+1 - U,-2+1) —3Aoip _ CGiPit1 (1+ piy1) — 3A0ipa
2 (Ci0i+1 + )\) 2 (CZ’O'Z‘+1 + )\)

Therefore it suffices to show 3Ag;11 < ¢;piv1 (1 + piv1). Indeed, using our assumption
on A and the induction hypothesis,
1 L+ pina < G _Oin Ci  Pit1

A<_. tor - —_— _.—]_—i—z _ — .
6 7 T g 3 1—Pz‘+1( pis1) 3 oin

(14 pi+1).
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The first part of Theorem 1.2 follows as a special case of the lemma above, in which
all sets have the same density. Indeed, in this case, our assumption on A\ becomes
Lemma 4.3. Let G = (V, E) be a A-expander, and let Sy,...,S; TV be a sequence
of subsets each of density p;. If for all i, A < % LT p? | then

Oi+1
t

(’Ul,...,’Ut)NRWtG

Pr Vi v; € S;] > p1 - (pi _ g /\) .
i—2

Proof. By Corollary 4.2 it suffices to prove that under our assumption on A, we have
¢; > o; for all 7. The proof is by induction on 7. For ¢ = 1 we clearly have

[ P1 01
' T—p I—p !

Assume that ¢; > 0;. We have

i iPit1 — A0
Gitl > ¢ 02+1 Ol (Corollary 4.1)
Oit1  CiOiq + A0

2 2
CiPit1 + Ci0; 11 + )\O-iJrl — GO0 — 2)\O'i+1
2
Ci0; 1+ ATt
2 2
Ci (Pz’+1 - Ui+1) —2A0i41 CiPit1 — 2\ 41

— 14 — 14+
Ci02 1 + Aoi Cio2 1 + Aoi

Therefore it suffices to show 2Ao;41 < ¢;p7, ;. Indeed, using our assumption on A and

2
Oi . 2 CiPir1
Oit1 Piv1 = 20541 " 0

the induction hypothesis, A < % .

The second part of Theorem 1.2 follows as a special case of the lemma above, in WthCh
all sets have the same density. In that case our assumption on A becomes A < Z-.
The following lemma refines the bound given in [AFWZ95] and also allows for arbi-
trary densities with decreasing variances.

Lemma 4.4. Let G = (V, E) be a \-expander, and let Sy,...,S; CV be a sequence

of subsets, each of density p; and variance o;. Suppose that o1 > --- > o, If
A< A Pt for all i, then

t
Pr [V’L v; € Sz] Z P1 - H (pZ - )\(1 - pz?—l)) .
=2
Proof. Using our assumption that o; > 0,1 for all « = 1,... ¢, it suffices to prove

that o; < (1 — p?)¢; for all i. Indeed, in that case, by Corollary 4.2 we obtain

t
P v g; Oi1
(m,...,vt)rNRWtG[ Ly ] =P H <p c ) = P1 | | (p - )

¢
i=2 i1 i=2 i1

Sl

> p1- (Pi —(1=pfy)- )‘)
2

<.
Il
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Now, we prove by induction on 4 that o; < (1 — p?)c;. For ¢ = 1 we clearly have

(1= per = U=}y [ 70 = (1 o)V (T =) > o0,

P1

Assume that ;1 < (1 — p? )¢;_1. Then,

1—p12 >1_p?‘ci—1pi_)\ai

i

(Corollary 4.1)

g; g; Ci—10; + A
o cioi(1+ p) = M1 = pF)
N Ci—10; + A
Cic10; + A+ ¢i10ip; — M2 — pF) Cic10ipi — M2 — p)
Cim10 + A Ci—10; + A

where the second equality uses the identity p(1—p*)/o = o(1+p). Thus, it remains to
prove that ¢;_10;p; > M(2—p?). Indeed, on the one hand, by our induction hypothesis
0;-104pq _ i Pi-1pi

1—pfy) o 1+4pia

Ci—10ip; = (

using the identity p/o = o /(1 — p).
On the other hand, our assumption on A implies that

i Pi-1Pi < 9i Pi—1Pi

A <
T 4 T o (T+pia)2-p7)

and the proof is complete. O

When all subsets have the same density, we observe that in fact (14 p)(2 — p?) < 3.
Therefore we obtain:

Theorem 1.3. [New confinement lower-bound] Let G = (V, E) be a A-ezpander, and
let Si,...,S; CV be each of density p for some p.®> If X < '03—2, then

Pr [NiveS]>p (p—A1-p) "
(V140,08 ) ~RWE,

5 Fooling Non-Symmetric Confinement Functions
The class of t-wise confinement functions Conf>" C {f : [n]® — {0,1}} is defined as
Conff?t:{lgl®~--®1st | Sl,...,St Q [n]}

where 1g(7) equals 1 if i € S and 0 otherwise. This class of functions is sometimes
referred to as cut-tensors or cut-functions. Generally, confinement functions are not
symmetric, hence a density-independent total variation bound for this class is not

3In fact, we prove the theorem under more general conditions, see 4
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implied by the previous work of [GV22]. Nevertheless, we show that the class of
confinement functions where the sets have equal variances, is O(\)-fooled by expander
random walks regardless of the densities.

We begin with a density-dependent bound which holds for all confinement functions.

Proposition 5.1. Fort > 1, let G = (V, E) be a A-ezpander, and let Sy,...,S; be a
sequence of subsets such that S; is of density p;. Let pmax = max; p;. Then,

1 — t—1
dry (15, ® --- @ 15,(RWg), 1g, ® - - ® 1g,(Indy,)) < <1 + pmaX) Y

- pmax

Proof. First, observe that we may assume t > 2, as for t = 1 the distributions are
identical and claim trivially holds. The decomposition G = J + AA with ||A]] <1
implies that |G — J|| < A. Also, recall that ||JP;J|| = p;. Let LHS be left-hand size
of the inequality in the proposition. Expressing LHS linear-algebraically, we see that
LHS = 1TT[;_, (BG)1 —1T[[;_, (P,J) 1| and

f[ PG) — f[ P.J) ( II » )) P.(G =) (ﬁ (Pﬂ))H
1:[ (1+ipﬂax>

G~ ) H ( PJ) )

1—
— )\ . (1 + pmax)
]- — Pmax

Note that, in particular, the proof implies a t\ bound for all confinement functions.
A similar hybrid idea was used in [JST21] to derive a generalization of the expander
mixing lemma for length-t random walks.* Proposition 5.1 shows that when the all
the sets are small, say, of density which is bounded from above by some constant «,
the corresponding confinement function is O, (A)-fooled.

LHS <

IN

]

We proceed with the main result for this section.

Theorem 1.4. Let G = (V, E) be a A-expander where A < 1/3, and t > 1 an integer
. Let Sy,...,5; CV be a sequence of subsets such that the largest subset also has the
mazimal variance. Then

dry (15, ® - ® 15,(RWg), 15, ® -+ ® 1g,(Indy)) < 3pmax - A

where pmax 1S the density of the largest subset.

4In fact their result is more general, as it goes beyond random walk on expander graphs. Their
“splittable-mixing lemma” holds for what they call “A-splittable structures”, which are subsets of
[n]* that admit certain high-dimensional expansion properties.
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Proof. First, observe that we may assume t > 2, as for t = 1 the distributions are
identical and claim trivially holds. Let LHS be left-hand side of the inequality in
the proposition. Let n = |V| and identify V' with [n] arbitrarily. Let us denote by
p; the density of S;, and by o; its variance, so that pn., = max; p;. Further denote
Omax — IMax; ;.

We consider two cases according to the relationship between pna. and A. Assume first
that pmax < 2A. Applying the upper-bound Proposition 4.1 we find that

t t—1
LHS = Pr Vi v; € S;] — Hpi < \/pipt - H A+ (1 =N /pipit1)
i=1 i=1

(V1,..,0¢)~RWE,

S Pmax ()\ + ,Omax(1 — /\))t_l S Pmax (3)\)t_1 S 3- Pmax * A

For the first inequality we observe that both terms inside the absolute value are
non-negative, hence the magnitude of their difference is bounded by the maximal
one. Additionally, the upper-bound provided by the hitting property as presented in
Proposition 4.1 applies to both terms. Then, we bound A+ 2A(1 — \) < 3\. The last
inequality holds under our assumption that A < 1/3 and t > 2.

Now, Assume that pmax > 2A. For i =1,...,t, let P; be the n X n projection matrix
on the set S;. That is, P; is the diagonal matrix satisfying P;[v,v] = 1 if v € S; and
0 otherwise. We have the following entry-wise bounds on the flow matrices P;:

D Pi Oi
- <
PZ —e.w (O',L 1 >
where all entries except for the right bottom are equality. To see this, consider that
o PILo|| = ||JPJ|| = |[117 P117 || = [17 1| = p;.
Using the mentioned identity for the norm of rank-one matrices, we see that for
be {01},
IR = [T,7117 ] = IR 1] = TR

Since ||P1|| = /> ;cq = = /Pi, We have

[T AT = [T Al = \/lllt’z'lH2 — MR 1" = /pi(1 = pi) = .

By symmetry we also have ||II; PIly|| = o; . Finally, we bound

ITL AL || < ||| Pl < 1.

Let omax = max; 0;, and recall that by assumption opn. = \/pmax(l — Pmax)- Through
utilizing the submultiplicativity of the flow operator (Claim 3.1) and Example 3.1, we

find that C/J\é <cw ()\p; (;\Z) <,w Afor A def ()\pamax Ur;\ax) . Now, expressing
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the total variation distance linear algebraically, we have

t

LHS = Pr Vi v; € S;] — Hpi

=1

t t t
=n"[J@r)1-1"JJP)1| = 1" [ (GP)1 - 1" [ (MGP)1
=1 =1 1=1

< (f[ éﬁ) [0,0] — (ﬁ é\ﬁi[()’()]) (Lemma 3.4)

< A'[0,0] — (A]0,0])* (Lemma 3.5)

t t
=n"[[(rG) P1—1"]] (PJ) P11
=2 =2
t

Using Lemma 3.3 we obtain the bound

)\p 2 \o t—k—2
A'[0,0] — (A0, 0])" < ——mex meax (pmax+p m"’x)\>

Pmax —
t—2 t—k—2
)\pmax pmax Z ok <,0max 4 )\pmax(l — ?\max))
pmax - k=0 ,Omax -
t—2
—k—
S 2,Omax A (1 - pmax) Z Pl:qax (pmax + pmax(1 - pmax>)t ?
k=0
S 2)Omax “A- (1 - pmax) Z pl:qax = 2pmax : )\7
k=0

where in the second inequality we have used that pmax/(Pmax — A) < 2 and A/(pmax —
A) < 1 under our assumption that pmax > 2. O

6 Fooling The Sum Function modulo d

For integers d > 2, d’ > 2 and t > 1, define the function Sumy 4 : Z, — Z, as
Sumg 4(as,...,a Zaz mod d

Given the insignificance of d’ within this context, we will simplify our notation by
omitting it, using only Sum,.

In this section we employ the flow framework to prove a bias-independent O(\/;l - A)
total variation bound for Sum,. We also prove a bias amplification result (Lemma 6.1)
from which an O(v/d-c") total variation bound can be derived using Lemma 2.1, where
¢ < 1is a parameter that depends on the bias of the labeling and A. [GV22] obtains
a similar bound, which they derive from their results on permutation branching pro-
grams.
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Remark 6.1. While characters of Z4 are formally defined on values in Zg, through-
out this section, we simplify notation by using x(a) for an arbitrary integer a and
character x of Zq,to mean x(a mod d).

6.1 Bias Amplification

We begin our discussion with the Boolean case.

Definition 6.2 (bias over Zy). The bias of a labeling val : [n] — {0,1} is defined as
bias(val) def }Eie[n}(_l)val(i)’.

The distributions over {0,1} obtained by sampling a uniformly random element of
[n] and computing its label is bias(val)-biased. However, the distribution obtained
by taking ¢ uniformly random samples from [n] and computing the parity of the
corresponding labels is only bias(val)’-biased. That is, the bias decreases exponentially
with ¢. To see this, note that

(_1)22:1 val(i;)

(il,...,it)E[n]t

E (_1)val(ij)

= bias(val)".
ij€[n]

Jj=1

It has been observed in [TS17] that this bias reducing construction can be deran-
domized by taking length-t expander random walks on [n] rather than independent
samples. In this case, it is shown that the bias of the resulting distribution is at most
(bias(val) + A\)l#/2] where X is the expansion parameter of the graph. In [TS17], this
property is called parity sampling, and it follows that expander random walks are
good parity samplers. This observation is a key part of the breakthrough construction
of almost optimal e-balanced codes [TS17].

In the context of the sum function modulo d, we allow labelings with a larger alphabet
size. It is therefore natural to ask whether the bias amplification phenomenon extends
to Zg where d > 2. Observe that the bias of a labeling val : [n] — {0,1} is simply
the inner product of the distribution induced by the labeling with the non-trivial
character of Z,. This notion extends naturally to characters of Z; as follows.

Definition 6.3 (bias over Z,). For integers d > 2 and d' > 2, the bias of a label-

def

ing val : [n] — Zg with respect to a character x of Zq is defined as bias, (val)
|Eiemx(val(i))|.

Remark 6.4. Note that this is simply (X, pyar) where val'(i) = val(i) mod d, and
Puar(a) = [{i € [n] : val'(i) = a}| /n.

The same argument as before shows that for any character y of Z,, taking ¢ inde-
pendent samples from [n] and outputting the sum of their labels modulo d yields a
distribution on Z, with bias bias, (val)’ with respect to the character x. Moreover,
we prove that replacing the independent samples by length ¢t random walk on a A-
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expander graph obtains a distribution on Z, with bias at most (bias, (val) + \)/2
with respect to the character y. (In fact, the bound is slightly better, as here it
may be larger than 1). In other words, expander random walks are good character
samplers. This fact has also been independently observed in [JM21].

Lemma 6.1 (Bias Amplification). For integers t > 2, d > 2, and d' > 2, let G =
(V, E) be a M\-expander, and let val : V' — Zg be any labeling. Let x be a character of
Zg. Then

< (1= N)? - bias, (val) + 22(1 — A) + A2) L (6.1)

where bias, (val) = | E y(val(i))

. 1s the bias of val with respect to x.
1€n

Proof. Let us denote n = |V] and identify V' with [n] arbitrarily. Let P be the nxn di-
agonal matrix diag (x(val(1)),..., x(val(n))). Expressing the bias linear-algebraically,
one can check that the left-hand side of Equation (6.1) equals |17 (GP)"1|.

First we bound ||[GPG]||. Decomposing G = (1 — X)J + AE where ||E|| < 1 we have

IGPG| < (1 =N ||JPJ|| + (1 =X ||JPE| + X1 —=)) ||[EPJ|| + ) |[EPE|
< (L= ||JPJ|| + 2701 = A) + A* = (1 — A\)? - bias, (val) + 2X(1 — \) + N2,

where in the equality we have used that

n

% > X(val(z’))‘ — bias, (val).

=1

|TPJ| = [11'P11Y| = |1TP1| =

Thus, |[17(GP)1| < |(GP)| < [|GPG] 2] < (1= )2 - bias, (val) + 2A(1 — A) + A2) L2
as desired. O

6.2 Bias-independent bound using the flow framework

When the labeling is only slightly biased —such as when the bias is bounded by
some constant— the bias amplification property established in the previous section
implies that the distributions Sumg(val(Ind},)) and Sumy(val(RW)) are highly unbi-
ased, with bias which is exponentially small in ¢. Applying the triangle inequality to
the XOR-Lemma (Lemma 2.1), we see that the total variation distance between these
distributions is bounded by the sum of the biases of each distribution with respect to
a worst-case non-trivial character. As such, it is decreasing exponentially fast with
t as well. However, this argument hinges on the assumption that the given labeling
is balanced. If we have, say, bias,(val) = 1 — 1/t for some non-trivial character y
of Z4, he bias amplification argument is insufficient for an effective total variation
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bound. This constitutes the primary reason why earlier works such as [CPTS21]
and [CMP7*22], which rely heavily on the bias-amplification property, result in total
variation bounds that are bias-dependent.

By the results of Golowich and Vadhan [GV22] for Boolean symmetric functions, we
know that the distributions Sumy(val(RWE)), Sumy(val(Indi,)) are O()) close in total
variation distance with an error term that does not depend on the labeling bias. It
is conceivable that a similar phenomenon holds true for d > 2. That is, even when
the distributions Sumy(val(RWL)), Sumg(val(Ind},)) are both highly biased, one may
hope that they are still close in total variation distance, with distance decreasing
with A. Indeed, in [GV22], Golowich and Vadhan use different techniques to derive
an O(v/d-\) total variation bound for width-d permutation branching programs, from
which an O(v/d - \) bound for Sum, with no bias dependence is implied.

In this section, we utilize the flow framework to obtain a similar O(v/d - A) bias
independent bound, specifically for Sumg. The proof in this case is arguably simpler
than the more general case in [GV22].

Theorem 1.5. For integerst > 1, d > 2, and d > 2 let G = (V, E) be a A-expander
where A < 1/6. Let val : V. — Zgy be any labeling. Then,

dry (Sumg (val(RWY)) , Sumyg (val(Indi,))) < 5vd - A

Proof. First, observe that we may assume t > 2, as for t = 1 the distributions are
identical, and the claim trivially holds. Let LHS be left-hand side of the inequality
in the theorem. Let n = |V| and identify V' with [n] arbitrarily. Observe that in
order to obtain a total variation bound, it suffices to bound the maximum bias of the
difference between the two distributions. Indeed, by the XOR-Lemma (Lemma 2.1 )

LHS < ? -max |(x, Sumy (val(RW;)) — Sumy (val(Ind},)) )|

XE€Zq

We fix a character x of Z,; that attains the maximum. Let p = bias,(val) =
|Eiciyx(val(i))| be the bias of the labeling val with respect to x. We consider two
cases according to the relation between p and A. To begin, let us assume that g < 3.
In that case,

v:(vh_”]’E)Nth X (Z val(vz‘)> - E ¥ (Z val(vi))‘ (6.2)

7 1 v~|nd§/ i1
<V (1= )2 221 - A) + a2) L]
<V (31— N2 A+ 221 -0+ 2 < Vi el <svaa,

where the second inequality is implied by the triangle inequality and the bias am-
plification property established in the previous subsection. The last inequality holds
under our assumption that ¢ > 2 and A < 1/6.

27



Now, let us assume that p > 3\. Instead of applying the triangle inequality on the
second line of Equation 6.2, we express it linear algebraically. We then give entry-wise
bounds for the flow matrices of the involved linear operators. Let P be the n x n
diagonal matrix P = diag(x(val(1)),...,x(val(n))). We have the following entry-wise

bounds on the flow matrix P:

ﬁse.w( . \/W)

1 — p? 1
where all entries except for the right bottom are equality. To see this, note that

P[0,0] = [T, PIL|| = |JPJ|| = [|[117 P11 || = 1" P1| = pu.
Following the discussion about the norm of rank-one matrices, we see that for b €
{0,1},
ITL, P, || = ||TT, P117|| = [T, P1]| - ||17]| = T, P1] .
Now, since P is unitary,
PJ0.0 + P[L,0]? = [ToP1|* + [ILPL]? = [ PL]* = [11] = 1
By symmetry we conclude that

P[1,0] = P[0,1] = /1 — 2.

Finally, we bound P[1,1] = ||[II, PIL;|| < |IL||* || P|| < 1.
By submultiplicativity of the flow operator (Claim 3.1) and Example 3.1, We see that

GP <,.,, A for
It V1= p?
/1 — 2 A '

Now, Let us pick up Equation 6.2 after the first inequality. Expressing the bias
linear-algebraically,

oor, (ival(v")> " e X (i Va'@i))' = |17(PG)" ' P1 — 17(PJ) 1P

i=1 =1

def
A=

and,

117 (PG)"~'P1—1"(PJ)"'P1] = [17(GP)'1 — 17 (JP)"1|

= [17(GP)"1 — 17 (Il,GP)'1]| (I, G = J)
< (GP)'0,0] — (GP[0,0))" (Lemma 3.4)
< A'[0,0] — (Ao, 0])". (Lemma 3.5)
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Applying Lemma 3.2 we obtain the bound

1900 - (o < MO, A0y
S;'A(l_“Q)k:()“k(“+; (1—u2)>__
sg-A (L=

where the second inequality holds as our assumption g > 3 implies that pu/(p— ) <
3/2 and A/(p—A) < 1/2. In the third inequality we have used that p+3-(1—p?) < 1.

Overall, we have dry (Sumg (val(RWg,)) , Sumg (val(Ind},))) < 5v/d- ) in all cases, and
the proof is complete. O

As a corollary in the case of d = 2, we obtain an alternative, direct proof of a fact
that is also implied by [GV22]: the parity function is O(\)-fooled by expander random
walks with no dependence on the labeling bias.

Corollary 6.1. For integerst > 1 and n > 1, let G = (V, E) be a \-expander where
A <1/6. Letval: V — {0,1} be any labeling. Then,

dry (Parity (val(RWY)) , Parity (val(Indi,))) < 5v/2 - .

7 Bias bound with heaviest label weight

Lemma 7.1. Let d > 1 be an integer and let w = wy be a primitive d-th root of unity.
Let a = (v, . .., aq—1) be any probability vector such that aupe, = max; o;. Then

< \/1 — (1 —cos%”> (1 — Qnaz)-

As a corollary we get Proposition 1.6.

Proof. Let 6; = 2L for j = 0,...,d — 1. Writing Zj;é ajw’ = 37 ajcos(l;) + i -
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Zj a;sin(f;) we find that

i | = (Z aj Cos(9j)> + <Z a; sin(9j)>
— Z a? cos —|— Z Z 07107 COS COS(G@)

J o At#EG
+ Z a7 sin®(0;) + Z Z ajaysin(6;) sin(6y)
J £y
= Z aj + Z Z ajay (cos(#;) cos(6y) + sin(6;) sin(6y))
J £y

=1- Zz%ozg—l—zz%agcos (6, — 00)

J ) J
=1 —ZZO('CW 1 — cos 2—W(j—é)

J ) ’ d

Now, let M be the d x d matrix such that

It follows that |z|* = 1 — o Ma.

Note that M has zeros on the diagonal, and all other entries are positive constants
which are at least 1 — cos 2. Thus,
1 p

1p-1 -1
ol Ma = pz: ajoe My = pz: ZajagMjg > (1 — CoS —) Z ZOé]Ozg
§=0

=0 ¢=0 J=0 0+#£j Jj=0 é;éj
9\ L o
:(1—c057)§%(1—a3 _(1—C087) 1 — maz) Za]

2
1 — cos g) (1 — maz)

Therefore,

]

Given val : V' — Z, for a prime p, we have that bias, (val) is a convex combination of
roots of unity with heaviest coefficient pyax. As a corollary we obtain Proposition 1.6
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