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Abstract

A central open question within meta-complexity is that of NP-hardness of problems such as
MCSP and MKtP. Despite a large body of work giving consequences of and barriers for NP-
hardness of these problems under (restricted) deterministic reductions, very little is known in the
setting of randomized reductions. In this work, we give consequences of randomized NP-hardness
reductions for both approximating and exactly computing time-bounded and time-unbounded
Kolmogorov complexity.

In the setting of approximate Kpoly complexity, our results are as follows.

1. Under a derandomization assumption, for any constant δ > 0, if approximating Kt com-
plexity within nδ additive error is hard for SAT under an honest randomized non-adaptive
Turing reduction running in time polynomially less than t, then NP = coNP.

2. Under the same assumptions, the worst-case hardness of NP is equivalent to the existence
of one-way functions.

Item 1 above may be compared with a recent work of Saks and Santhanam [SS22], which makes
the same assumptions except with ω(log n) additive error, obtaining the conclusion NE = coNE.

In the setting of exact Kpoly complexity, where the barriers of Item 1 and [SS22] do not apply,
we show:

3. If computing Kt complexity is hard for SAT under reductions as in Item 1, then the
average-case hardness of NP is equivalent to the existence of one-way functions. That is,
“Pessiland” is excluded.

Finally, we give consequences of NP-hardness of exact time-unbounded Kolmogorov complex-
ity under randomized reductions.

4. If computing Kolmogorov complexity is hard for SAT under a randomized many-one re-
duction running in time tR and with failure probability at most 1/(tR)

16, then coNP is
contained in non-interactive statistical zero-knowledge; thus NP ⊆ coAM. Also, the worst-
case hardness of NP is equivalent to the existence of one-way functions.

We further exploit the connection to NISZK along with a previous work of Allender et al.
[AHT23] to show that hardness of K complexity under randomized many-one reductions is highly
robust with respect to failure probability, approximation error, output length, and threshold
parameter.
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1 Introduction

Meta-complexity aims to determine the computational complexity of the tasks to compute various
intrinsic complexity measures of given binary strings. Two prominent examples of such complexity
measures are the minimum circuit size of a given truth table of a Boolean function, and the minimum
time-bounded Kolmogorov complexity (denoted Kt) of a given binary string. The corresponding
meta-complexity problems are the Minimum Circuit Size Problem (MCSP):

given a binary string x ∈ {0, 1}2n and a parameter s ≤ 2n, decide if there is an n-input
boolean circuit of size at most s whose truth table equals x,

and the Minimum Kt Problem (MKtP):

given a binary string x ∈ {0, 1}n, and a parameter s ≤ n, decide if there is a binary
input w of length at most s such that some fixed universal Turing machine U on input
w prints x within t time steps.

The history of these two problems goes back to at least the 1950s and ’60s. In the Soviet
Union, during that period, those involved in ‘theoretical cybernetics’ were keenly interested in
problems related to switching circuits and Kolmogorov’s new theory of the complexity of strings.
It was widely suspected that one could not avoid perebor (exhaustive search) in the solution of the
corresponding minimization problems. Levin’s interest in perebor, culminating in his discovery of
NP-completeness in the early 1970s, was motivated in particular by questions about the complexity
of time-bounded Kolmogorov complexity [Tra84]. Since then, both MCSP and MKtP have resisted
categorization as efficiently decidable or as NP-complete, a somewhat uncommon state of affairs
for natural problems in NP.

In 2000, Kabanets and Cai took up the study of circuit minimization again, with a result
suggesting that NP-hardness of MCSP may be very difficult to resolve: if MCSP is NP-hard under a
deterministic many-one reduction such that output length depends only on input length, then one
gets the lower bound E ⊈ P/poly [KC00]. At least, if MCSP is NP-hard, then showing its hardness
would seem to require different techniques than those applied in the past, barring any further
major breakthroughs. A line of work has continued to push further in this negative direction,
progressively obtaining (1) “stronger” consequences, and (2) consequences of NP-hardness under
more powerful forms of reducibility. An example of the former is a result of Murray and Williams,
which obtains NP ⊈ P/poly from NP-hardness of MCSP under log-time uniform AC0 reductions
[MW15]. An example of the latter is a result of Hitchcock and Pavan, which obtains EXP ̸= ZPP
from NP-hardness of MCSP under deterministic non-adaptive Turing reductions [HP15]. There are
many more examples of this kind of work relying essentially on the determinism of the reductions
in question; see, e.g., [AH19; SS20; AHK17; HW16].1

In contrast to the negative line of work for deterministic reductions, there is a positive line of
work obtaining NP-hardness of variants of MCSP and MKtP that seem to come progressively closer
to the standard definitions of these problems. Examples include [Ila23; Hir22; ILO20; Ila20]. A
common feature of these results is their employment of randomness in the NP-hardness reductions.
An impressive example of such a result is Hirahara’s recent proof of NP-hardness of partial-function

1One result of [HW16] deals with one-query randomized reductions to MCSPO working for every oracle O, which
may be seen as an exception. Other results of that work give consequences of deterministic reductions to, for example,
approximating circuit size and Levin’s Kt complexity.
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versions of MCSP and MKtP [Hir22]. Additionally, from [AD17], MCSP is hard for SZK (statistical
zero-knowledge) under randomized reductions, which is the strongest unconditional hardness known
for MCSP. All of this begs the question whether randomness is the key ingredient for the hardness
of problems in meta-complexity: most barriers apply to deterministic reductions, whereas most
progress has been made via randomized reductions.

As for the negative direction for randomized reductions, there has been far less headway. In fact,
prior to this work, only two such results were known for MCSP and MKtP. Murray and Williams
ruled out NP-hardness of MCSP in the very restrictive setting of poly-logarithmic-time randomized
projections [MW15]. More recently, Saks and Santhanam showed that NE = coNE if approximating
Kt-complexity is NP-hard under randomized non-adaptive polynomial-time reductions (with some
caveats, including a derandomization assumption and that the time-bound t in the superscript of
Kt must be greater than the running time of the reduction) [SS22].

Of course, any NP-hardness of MKtP or MCSP would be a major breakthrough for complexity
theory, including hardness under a non-black-box reduction. In that sense, the kind of reduction
in question is hardly important in itself. That being said, obtaining consequences of restricted
forms of reduction can certainly help guide the “search for NP-hardness”. For example, a recent
work of Ilango proved that approximating Kt within Ω(n) additive error is NP-hard in the random
oracle model [Ila23]. As mentioned in that paper, the reduction circumvents the barrier of [SS22]
by requiring more time than the superscript t. As with much of complexity theory, one can always
take negative results as putting into focus the space for positive progress.

In this paper, we advance in the negative direction for randomized reductions, obtaining results
with stronger consequences and from reductions to harder problems compared to prior work.

1.1 Results

We show a number of consequences of the assumptions that there exist restricted randomized
NP-hardness reductions for the exact and approximate variants of the problem to determine the
(time-bounded) Kolmogorov complexity of a given binary string.

In addition to the problem MKtP introduced above, we shall also consider its time-unbounded
version, MKP, where given a binary string x ∈ {0, 1}n and a threshold parameter s ≤ n, one
needs to decide if there is a string w ∈ {0, 1}≤s such that a fixed universal TM U(w) outputs x.
We also consider the probabilistic variant of Kt, denoted by pKt, where pKt(x) is defined as the
minimum length s such that, for each of at least 2/3 of random strings r, there exists some input
wr ∈ {0, 1}≤s such that U(wr, r) outputs x within t time steps. The corresponding Minimum pKt

Problem is denoted by MpKtP. For g : N → N and µ ∈ {K, pK}, Approxg-µt refers to the problem
of approximating µt complexity of a given x ∈ {0, 1}n to within a g(n) additive error. Approxg-K[s]
refers to the problem of approximating K complexity except with threshold parameter fixed to s.
(See Section 2 for precise definitions.)

Consequences of showing the NP-hardness of an approximation to pKt or Kt. Informally,
our first results show that NP-hardness of Approxnδ -pKt under honest non-adaptive randomized
reductions with runtime sufficiently smaller than t implies that

• NP ⊆ coAM (and hence, the polynomial-time hierarchy collapses [BHZ87]), and

• if, in addition, no one-way functions exist, then NP ⊆ BPP;
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here ‘honest’ reductions are those that make queries of length at least some polynomial of the input
to the reduction. We also get a similar result for Approxnδ -Kt, under a derandomization assumption
that E requires exponential-size nondeterministic circuits.

More precisely, we show that under the same NP-hardness assumptions, there is a black-box
non-adaptive reduction from SAT to inverting an auxiliary input one-way function.2 Moreover, this
reduction is of a restricted form in which the oracle only needs to invert the function on auxiliary
input φ, where φ is the input to SAT; this is called a “fixed-auxiliary-input reduction” [ABX08].
The “γ-honesty” condition below means that all queries q ∈ {0, 1}∗ made by the reduction are such
that |q| ≥ nγ , where n is the length of the input to the reduction.

Theorem 1.1 (Collapsing the Polynomial Hierarchy). For any constants δ, γ > 0, there is a
polynomial p such that, for any t, tR : N → N satisfying p(tR(n)) ≤ t(n) for all n ∈ N, we have the
following.

1. If Approxnδ -pKt is hard for SAT under a γ-honest non-adaptive randomized reduction running
in time tR, then there is a black-box non-adaptive fixed-auxiliary-input reduction from SAT to
inverting an auxiliary-input OWF. The latter implies that

NP ⊆ coAM.

2. Assume E ⊈ io-NSIZE[2o(n)]. If Approxnδ -Kt is hard for SAT under an honest non-adaptive
randomized reduction running in time tR, then

NP = coNP.

As a consequence of the above non-adaptive black-box reduction from SAT to inverting an
auxiliary-input one-way function, we further obtain from the hypothesis of Theorem 1.1 that the
existence of a standard one-way function can be based on the worst-case hardness of NP. That
is, proving NP-hardness of Approxnδ -Kt (under restricted randomized reductions) is as hard as
achieving the ‘holy grail of cryptography’.

We obtain both adaptive black-box and non-adaptive BPP-black-box3 reductions from SAT to
the problem of inverting a standard OWF. The former follows immediately from our Theorem 1.1
and a recent work of Nanashima [Nan21] (see Theorem 2.27 below), and the latter is implicit in
[Hir23], though we provide a short, self-contained proof building on Theorem 1.1.

Theorem 1.2 (Excluding Pessiland and Heuristica). For any constants δ, γ > 0, there is a poly-
nomial p such that, for any tR, t : N → N satisfying p(tR(n)) ≤ t(n) for all n ∈ N, we have the
following.

1. If Approxnδ -pKt is hard for SAT under a γ-honest non-adaptive randomized reduction running
in time tR, then there exist both (I) a black-box adaptive randomized polynomial-time reduc-
tion, and (II) a BPP-black-box non-adaptive randomized polynomial-time reduction, from SAT
to inverting a OWF. As a consequence, we get

NP ⊈ BPP ⇐⇒ ∃ OWF.
2We consider auxiliary input functions f = {fφ}φ∈{0,1}∗ as defined in [OW93]; see Section 2.3
3As defined by [GT07], a BPP-black-box reduction R from a problem L to a problem L′ is an efficient oracle

Turing machine that correctly decides L, given any oracle A ∈ BPP such that A decides L′; see Section 2.
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2. Assume E ⊈ io-NSIZE[2o(n)]. If Approxnδ -Kt is hard for SAT under an honest non-adaptive
randomized reduction running in time tR, then

NP ̸= P ⇐⇒ ∃ OWF.

We also obtain similar results for Levin’s Kt complexity. See Corollary 3.3.

Consequences of showing the NP-hardness of Kt. Though the conclusions of Theorems 1.1
and 1.2 are incomparable, one may find NP ⊆ coAM unbelievable, in which case Theorem 1.2 would
not appear to yield a promising route for actually excluding Pessiland and Heuristica. Indeed, the
earlier barrier result of [SS22] was part of Hirahara’s motivation to introduce a harder ‘distribu-
tional’ variant of Kt complexity in a recent work [Hir23], delineating an intact positive approach
for excluding Impagliazzo’s worlds via NP-hardness of meta-complexity.

As a counterpoint, building on a work of Liu and Pass [LP23], we show that NP-hardness
of exact Kt complexity would still suffice to exclude Pessiland while circumventing the barrier of
Theorem 1.1 (and [SS22]). As noted in [LP23], problems of exact and approximate Kt complexity
are qualitatively different: approximating Kt within ω(log n) additive error is unconditionally easy
on average (in the ‘error-prone’ sense) over the uniform distribution, but the argument fails in the
setting of exact Kt. Thus, there is still room for optimism with regard to excluding Pessiland via
NP-hardness of standard Kt complexity.

Theorem 1.3 (Excluding Pessiland). There is a polynomial p such that, for any t, tR : N → N
satisfying t(n) ≥ p(tR(n)) for all n ∈ N, we have the following.

1. If MpKtP is hard for SAT under an honest non-adaptive randomized reduction running in
time tR, then there is a black-box average-case reduction from SAT to inverting OWFs. As a
consequence, we get that

DistNP ⊈ HeurBPP ⇐⇒ ∃ OWF.

2. Assume E ⊈ io-NSIZE[2o(n)]. If MKtP is hard for SAT under an honest non-adaptive random-
ized reduction running in time tR, then

DistNP ⊈ HeurP ⇐⇒ ∃ OWF.

Consequences of showing the NP-hardness of K. Finally, we show that NP-hardness of
Kolmogorov complexity under randomized many-one reductions would imply NP ⊆ coAM and a
collapse of the polynomial hierarchy. To the best of our knowledge, this is the first evidence against
NP-hardness of exact Kolmogorov complexity under randomized many-one reductions. We also get
under the same assumption that if NP ̸⊆ BPP then one-way functions exist.

Theorem 1.4 (Collapsing the Polynomial Hierarchy). There is a polynomial p such that, for any
tR : N → N, we have the following. If MKP is hard for SAT under a randomized polynomial time
many-one reduction running in time tR(n) and with failure probability at most 1/p(tR(n)), then

NP ⊆ coAM.

If, in addition, no one-way functions exist, then NP ⊆ BPP.
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Robustness of reductions to K. In fact, we can get a stronger result than that stated above:
namely, we show that if a decidable language L reduces toMKP as in Theorem 1.4, then L ⊆ NISZK,
where NISZK is the class of promise problems admitting non-interactive statistical zero-knowledge
proofs. Since it is known that NISZK ⊆ SZK ⊆ AM ∩ coAM [GSV99; For89; AH91], where SZK
is the class of problems admitting statistical zero-knowledge proofs, this captures Theorem 1.4. It
also yields improvements on a previous work of Allender et al. [AHT23] (see Section 7).

Combining the above with a converse provided in [AHT23], we show that hardness ofMKP under
randomized many-one reductions (with sufficiently small failure probability) is remarkably robust
with respect to approximation error, failure probability, honesty, and threshold parameter (fixed
or unfixed). For instance, if MKP is NP-hard under a tR(n)-time many-one reduction with failure
probability 1/poly(tR(n)), then it is also NP-hard under a polynomial-time many-one reduction
with exponentially small failure probability.

More specifically,

Theorem 1.5. There is a polynomial p such that for any decidable language L and polynomial tR,
the following are equivalent.

1. L ⊆ NISZK;

2. MKP is hard for L under a randomized many-one reduction running in time tR(n) and with
two-sided failure probability at most 1/p(tR(n));

3. Approxno(1)-K[n/2] is hard for L under an honest randomized many-one reduction with one-
sided failure probability at most 2−poly(n).

1.2 Related Work

Saks and Santhanam obtain a barrier result similar to our Theorem 1.1, Item 2, for the regime of
super-logarithmic additive error. Specifically, they prove the following.

Theorem 1.6 ([SS22]). Assume E ⊈ io-NSIZE[2o(n)]. There is a polynomial p satisfying the follow-
ing. For any t, tR : N → N such that p(tR(n)) ≤ t(n), if Approxω(logn)-K

t is hard for SAT under an
honest, fixed query length, non-adaptive randomized reduction running in time tR, then NE = coNE.

Here, “fixed query length” means that the lengths of all queries made in the reduction are
identical and depend only on the length of the input to the reduction, independent of randomness.
In comparison, at the cost of increasing the approximation error term from ω(log n) to nδ for any
constant δ > 0, we obtain the stronger (and presumably less believable) consequence NP = coNP.
Moreover, we do not require that the reduction have fixed query length: in our case, the length
of queries need not be the same, and they can depend on the input and the randomness of the
reduction. The honesty condition is identical in this work and [SS22]. We also note that our proof
techniques can be made to capture the regime of ω(log n) additive error, in which case we recover
the statement of [SS22] improved to reductions without fixed query length; see Corollary 3.4.

Our Theorem 1.2 is related to a recent work of Hirahara [Hir23], which introduces a “distribu-
tional” variant of Kt complexity, denoted dKt, defined as follows: for a string x ∈ {0, 1}∗, a time
bound t ∈ N, and a distribution D,

dKt(x | D) = min
s∈N

{
∃d ∈ {0, 1}s

∣∣∣∣ Pr
r∼D

[U(d, r) halts and outputs x within t steps] ≥ 2/3

}
.
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Using the techniques of that work, it is possible to recover a part of our Theorem 1.2 exactly: namely,
the existence of a BPP-black-box non-adaptive reduction from SAT to inverting a OWF. This is
essentially due to the fact that if, for example, approximating Kt is NP-hard, then approximating
dKt is also NP-hard, since dKt captures Kt when the provided distribution D always outputs the
empty string. A probabilistic variant of dKt is also introduced in [Hir23], which similarly generalizes
pKt.

However, our proof of Theorem 1.2 takes a partly different approach to that implicit in [Hir23].
In particular, though both our proof and that work employ a non-black-box worst-case to average-
case reduction as in [Hir18; Hir20a; Gol+22], the latter approach would use this kind of reduction
in two places: once to reduce NP to inverting an auxiliary-input one-way function, and once to
obtain NP ⊈ BPP =⇒ DistNP ⊈ AvgBPP. To accommodate the reduction to inverting an
auxiliary-input OWF, Hirahara introduces a new kind of mildly black-box reduction, which is more
restrictive than the standard notion of a class-specific black-box reduction [GT07]. In contrast,
as an intermediate step, we obtain a completely black-box non-adaptive reduction from NP to
inverting an auxiliary-input OWF. We employ a class-specific worst-to-average reduction only to
obtain NP ⊈ BPP =⇒ DistNP ⊈ AvgBPP.

As noted above, we could alternatively simply combine our Theorem 1.1 with [Nan21] to obtain
the statement

NP ⊈ BPP =⇒ ∃OWF.

However, we provide in Section 4 a self-contained proof of a BPP-black-box non-adaptive reduction.
This is for completeness and to clarify the connection to Theorem 1.1.

Finally, we mention a few previous works related to our Theorem 1.4. Interestingly, by Allender
et al., computing Kolmogorov complexity is known to be hard for PSPACE under deterministic
adaptive Turing reductions [All+06]. This was improved by Hirahara to show that Kolmogorov
complexity is hard for EXPNP under deterministic adaptive Turing reductions and hard for NEXP
under randomized non-adaptive reductions [Hir20b]. Thus, Theorem 1.4 indicates a sharp contrast
between the power of randomized many-one reductions and more powerful reductions with respect
to the hardness of Kolmogorov complexity. Saks and Santhanam also prove that NP-hardness
of approximating Kolmogorov complexity within ω(log n) additive error under honest randomized
non-adaptive reductions would imply NP ⊆ coAM [SS22]. Note that Theorem 1.4 does not assume
honesty.

1.3 Techniques

Proof sketch of Theorem 1.1. As a warm-up, first consider the case of a deterministic length-
increasing many-one reduction. In particular, let R be such a reduction from SAT to Approxnδ -Kt

mapping inputs φ ∈ {0, 1}n to outputs (x, 1s) with |x| ≥ n2/δ and with the superscript t greater
than the running time of R. It is easy to see that, for any output (x, 1s) of R(φ),

Kt(x) ≤ |φ|+O(log n)

≤ |x|δ

≤ s+ |x|δ.

This follows from the procedure that, given φ hard-coded, simulates R(φ) and returns its output.
Accordingly, a reduction of this kind cannot exist: since all of its outputs are Yes-instances, it
would imply φ ∈ SAT for every formula φ.
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When moving to the more general case of a randomized many-one reduction, one can think of
R(φ) as a distribution over instances of Approxnδ -Kt, and a given output x is made with probability
according to R(φ). Observe that in the deterministic case, it held trivially that with high probability
over x ∼ R(φ),

Kt(x) ≲ s ⇐⇒ Pr[R(φ) = x] > β,

for any choice of β ∈ (0, 1). We would like to show that something similar is true in the randomized
setting. That is, there is still a correspondence between the Kt complexity of outputs and their
probability under R(φ). This means that Approxnδ -Kt (and thereby SAT) will reduce to a problem
of probability estimation.

There exists unconditionally a coAM protocol A that, given (φ, x, β) as input, accepts iff
Pr[R(φ) = x] is roughly greater than β, with high probability over x ∼ R(φ) [For89; BT06b];
see also [HW15] Appendix A. Under our derandomization assumption, A can be implemented in
coNP. For simplicity, assume that every output (x, 1s) of R has the same threshold parameter
s ∈ N, so we may omit this part of the outputs. Define a parameter

β =
1

2s · poly(n)
.

We claim that for every φ ∈ {0, 1}n, A(φ, x, β) will work well at deciding Approxnδ -Kt on outputs
x of R(φ).

On one hand, we will show that with high probability over x ∼ R(φ), if Kt(x) ≤ s, then
Pr[R(φ) = x] > β. The idea is to use a counting argument, giving an upper bound on x such
that Kt(x) ≤ s, to show that R(φ) must be “concentrated” on these inputs. In particular, the
probability over x ∼ R(φ) that Kt(x) ≤ s and Pr[R(φ) = x] ≤ β is roughly at most

2s · β =
1

poly(n)
.

So, with high probability over x ∼ R(φ), if x is a Yes-instance of Approxnδ -Kt, then Pr[R(φ) = x] >
β, in which case A(φ, x, β) correctly outputs 1.

On the other hand, we will show that if an output x has probability greater than β under R(φ),
then x must have Kt complexity roughly upper-bounded by s. In the realm of time-unbounded
Kolmogorov complexity, we could rely on the well-known Coding Theorem to prove a statement of
this kind. Namely, for any samplable distribution D, it holds that

K(x) ≤ log(1/D(x)) +O(log n).

Similarly, if D is samplable given some non-uniform input φ, then

K(x) ≤ log(1/D(x)) + |φ|+O(log n).

Observe that our distribution R(φ) is samplable in polynomial time given φ as input. Thus, if x is
samplable with probability greater than β under R(φ), then it holds that

K(x) < log(1/β) + |φ|+O(log n)

≤ s+ |φ|+O(log n)

≤ s+ |x|δ.
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Of course, bounding K-complexity does not suffice for our purposes. Instead, we apply a recent work
of Lu, Oliveira, and Zimand [LOZ22], which gives unconditionally a coding theorem for probabilistic
Kt complexity, denoted pKt. Specifically, we use a version of the coding theorem for distributions
samplable in polynomial time given an auxiliary non-uniform input. For some polynomial psc and
time-bound t0 = poly(n) at least the running time of R, this yields

pKpsc(t0)(x) ≤ s+ |φ|+O(log n).

Roughly speaking, pKt-complexity refers to the time-bounded Kolmogorov complexity of a
string in the presence of some uniform randomness. This notion is in some sense intermediate
between Kt complexity and K complexity. Moreover, under the derandomization assumption E ⊈
io-NSIZE[2o(n)], pKt and Kt turn out to be nearly equal: for some polynomial p0, Kp0(t)(x) ≤
pKt(x) + log p0(t) [Gol+22]. So, for t ≥ p0(psc(t0)), the above implies

Kt(x) ≤ s+ |φ|+O(log n)

≤ s+ |x|δ.

To summarize, with a sufficiently large t = poly(n) and a derandomization assumption, we obtain
an auxiliary-input coding theorem for Kt complexity. This yields the required converse, namely,
that high probability under R(φ) implies bounded Kt.4

We conclude that the coNP procedure A can be used to decide SAT. Therefore, NP ⊆ coAM =
coNP.

To obtain Theorem 1.1 for honest reductions rather than polynomially length-increasing reduc-
tions, we can simply rely on the “paddability” of SAT. That is, given a SAT-instance φ ∈ {0, 1}n,
it is trivial to append some terms to φ in a way that does not affect its satisfiability but increases
its length as desired. Since our assumed reduction R is honest, for some constant γ > 0, for any
query x of R(φ), it holds that |x| ≥ |φ|γ . If we let R′ be the reduction that, on input φ ∈ {0, 1}n,
pads to obtain φ′ ∈ {0, 1}nc/γ

and then runs R(φ′) to obtain x, we will now have |x| ≥ |φ′|γ = nc.
To summarize, if there is an honest reduction from SAT to some language L, then there is also a
polynomially length-increasing reduction from SAT to L.5

For the full statement of Theorem 1.1, we need techniques that can handle randomized non-
adaptive Turing reductions. We exploit the fact from [IL90] that the non-existence of a one-
way function would provide an algorithm A for probability estimation as described above. In
particular, for any distribution D ∈ PSAMP, for some poly-time computable function f , there is
an oracle algorithm A such that AI(x) outputs an estimate of Pr[D = x] with high probability
over x ∼ D, where I is any inverter for f . Thus, in the presence of a non-adaptive reduction from
SAT to Approxnδ -Kt, we also get a non-adaptive reduction from SAT to the inversion of a one-way
function. It was shown in [Aka+06; Aka+10], with the construction of a sophisticated protocol
building on techniques from [FF93; BT06b], that such a reduction would imply SAT ∈ coAM.
However, as mentioned above, our distributions of interest R(φ) are not in PSAMP, but require
φ as a non-uniform input. Luckily, a result of [ABX08] transposes [Aka+06] to this non-uniform
setting. Specifically, we have a reduction from SAT to the inversion of an auxiliary-input function
f = {fφ}φ∈{0,1}∗ , where on input φ to SAT, the reduction only needs to invert f on auxiliary

4We note that the use of the coding theorem for pKt is the main reason why we need to require that the runtime
of our randomized NP-hardness reductions for Approxnδ -Kt must be polynomially smaller than the parameter t.

5A similar application of padding is in [Hir23].
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input φ; given this, [ABX08] yields SAT ∈ coAM. This completes our overview of the proof of
Theorem 1.1.

Proof Sketch of Theorem 1.2. Our proof of Theorem 1.2 builds on that of Theorem 1.1, making
use of a few more ideas to obtain a reduction from NP to inversion of a standard OWF. The first
idea is the fact that any inverter for an appropriate function can be used as an errorless average-case
inverter for a desired auxiliary-input function. In particular, let f = {fx}x∈N be an auxiliary-input
function, and define g to be the function that randomly samples x from a distribution D′ and then
applies fx to a uniformly random input z. It is not hard to show by an averaging argument that any
inverter for g works as an inverter for fx with high probability over x ∼ D′. Moreover, crucially,
if the inverter fails to invert some fx, then it can be made to output a special failure symbol ⊥
when given the auxiliary input x, with high probability. This is due to the fact that successful
inversion can be verified in poly-time: given a candidate pre-image y of some string z under fx,
simply run fx(y) to verify; see Lemma 2.20. This, along with a reduction from SAT to inverting
an auxiliary-input OWF, yields an errorless randomized heuristic for SAT over any distribution
D′ ∈ PSAMP.

The final piece of Theorem 1.2 is a worst-case to average-case reduction. The goal is to obtain

(SAT, D′) ∈ AvgBPP =⇒ SAT ∈ BPP,

which will complete the proof given the discussion above. To that end, we employ tools from [Hir18]
and follow-up works. A difficulty is that, from (SAT, D′) ∈ AvgBPP, the available worst-case to
average-case reductions only yield

Gapτ,nδpKt ∈ BPP.

The promise-problem Gapτ,nδpKt is potentially easier than Approxnδ -pKt, since it involves a poly-
nomial gap τ between time-bounds in Yes-instances and No-instances. As a result, the gap version
may not be NP-hard, so its easiness would not yield SAT ∈ BPP. Fortunately, by a different ap-
plication of the coding theorem for pKt, we are able to show that NP-hardness of Approxnδ -pKt

implies NP-hardness of Gapτ,nδpKt. Roughly, with high probability over the randomness of the
reduction from SAT to Approxnδ -pKt, the pKt complexity of queried strings will be somewhat close
to their time-unbounded K complexity. Thus, granted the leeway of the nδ approximation term,
the difference in time-bounds between t and τ(t) does not affect the correctness of the (slightly
modified) reduction when we use Gapτ,nδpKt as an oracle in lieu of Approxnδ -pKt. A more technical
outline of the proof is given in Section 4.

Proof Sketch of Theorem 1.3. For the proof of Theorem 1.3 in the setting of exact pKt and
Kt, the approach discussed above does not work; recall that the approximation term nδ was critical
at a number of points. Thus, our starting point is the following statement from a recent work of
Liu and Pass [LP23].

Assuming E ⊈ io-NSIZE[2o(n)], if {MKtP}×SAMP[tD(n)] ⊈ HeurP for some time bound
tD polynomially less than t, then one-way functions exist.

That is, the average-case hardness of MKtP with respect to any distribution samplable within some
polynomial running time smaller than t would suffice to imply one-way functions.

Our goal now is to show that if MKtP is NP-hard, then {MKtP} × SAMP[tD(n)] is “hard for
distributional NP”: namely, if MKtP is easy on average over every distribution D samplable in
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time tD, then every distributional problem (L,D′) ∈ NP × PSAMP is likewise easy on average.
Combining this with the statement from [LP23], we would get

DistNP ⊈ HeurP =⇒ {MKtP} × SAMP[tD(n)] ⊈ HeurP

=⇒ ∃OWF.

To show the distributional NP-hardness of MKtP, we reduce from an arbitrary distributional prob-
lem (L,D′) ∈ DistNP. Under the assumed NP-hardness of MKtP, there is a randomized non-
adaptive reduction R from L to MKtP. With a large enough choice of the polynomial t, we can
ensure that the reduction from L to MKtP runs in time polynomially less than t. In particular, we
get that the following distribution Q is samplable in time at most tD:

Sample x ∼ D′, and then output a sample from the query distribution of R(x).

From there, it is not too hard to show that, if H is a heuristic for MKtP working over Q, then the
algorithm RH (that simulates R and answers any oracle queries with H) is a heuristic for L over
D′. This yields the desired result.

Proof Sketch of Theorem 1.4. Finally, the proof of Theorem 1.4 proceeds along the lines of
that of Theorem 1.1, but with several important changes.6 The main challenge is that the Coding
Theorem for K only gives us an approximate equality between K(x) and log(1/D(x)) for x’s sampled
from a distribution D. This was not a problem for Theorem 1.1 as it dealt with an approximate
version of Kt, and we could absorb some slack of the Coding Theorem into an approximation error
of Kt. But Theorem 1.4 is for the exact version of K, and we cannot apply the same strategy here.
Instead, we show that this slack can be absorbed by a different argument, crucially relying on the
fact that the randomized reductions R in the assumption of Theorem 1.4 are many-one and have
the error probability inverse-polynomially small in their runtime tR.

Namely, for φ ∈ {0, 1}n, consider the distribution of queries (x, 1s) made by the reduction R(φ).
We call such a query “heavy” if its probability (according to R(φ)) is at least 1/(poly(tR(n)) · 2s).

Our SAT algorithm (using a probability estimation protocol as in Theorem 1.1) essentially
behaves as follows:

On input φ, sample a query (x, 1s) according to R(φ), and accept if (x, 1s) is heavy.

For φ ̸∈ SAT (which is the difficult case to analyze), heavy queries will cause our SAT algorithm
to make a mistake by incorrectly accepting φ. We bound the error probability of our SAT algorithm
by upperbounding the total probability mass of such heavy queries.

Roughly speaking, we upperbound the total probability mass of “heavy” queries (x, 1s) by

poly(tR(n)) · Pr[K(x) ≤ s].

Note that, since φ ̸∈ SAT, we have by the condition of correctness of the many-one reduction R
that R(φ) must place a very small γ probability on its queries that are Yes-instances of MKP, i.e.,
Pr[K(x) ≤ s] ≤ γ. Hence, the error probability of our SAT algorithm is at most poly(tR(n))·γ, which
can be made sufficiently small if the error probability γ of the reduction R is inverse-polynomially
small in the runtime tR(n).

6We actually give two different proofs of Theorem 1.4. We describe the first one here. The second one uses
techniques building on a work of Allender et al. [AHT23] to obtain coNP ⊆ NISZK ⊆ AM ∩ coAM. More details may
be found in Section 7.
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1.4 Organization

In the next section, we give some technical preliminaries and notation. In Sections 3, 4, 5, and
6, we prove Theorems 1.1, 1.2, 1.3, and 1.4, respectively. In Section 7, we exhibit a connection
between the hardness of K complexity and NISZK, which we use to prove Theorem 1.5. In Section
8, we discuss consequences of NP-hardness of promise problems of the form (Kt vs. Kt′) in light of
Hirahara’s recent proof that the “partial function” versions of these promise problems are indeed
NP-hard under randomized many-one reductions [Hir22]. We conclude in Section 9 with some open
questions.

2 Preliminaries

2.1 Meta-complexity

Fix a universal Turing Machine U . The following three complexity measures are with respect to
this choice.

Definition 2.1 (Kolmogorov Complexity). The Kolmogorov complexity of a string x ∈ {0, 1}∗,
denoted K(x), is equal to

min
s∈N

{ ∃d ∈ {0, 1}s | U(d) halts and outputs x } .

Definition 2.2 (Time-bounded Kolmogorov Complexity). For a time bound t ∈ N and a string
x ∈ {0, 1}∗, the t-time-bounded Kolmogorov complexity of x, denoted Kt(x), is equal to

min
s∈N

{ ∃d ∈ {0, 1}s | U(d) halts and outputs x within t steps } .

For a function τ : N → N, Kτ (x) denotes Kτ(|x|)(x).

Definition 2.3 (Probabilistic Time-bounded Kolmogorov Complexity [Gol+22]). For a time bound
t ∈ N and a string x ∈ {0, 1}∗, the t-time-bounded probabilistic Kolmogorov complexity of x, denoted
pKt(x), is equal to

min
s∈N

{
Pr
r∼Ut

[ ∃d ∈ {0, 1}s | U(d, r) halts and outputs x within t steps ] ≥ 2/3

}
.

For a function τ : N → N, pKτ (x) denotes pKτ(|x|)(x).

Definition 2.4 (Levin’s Kt Complexity). For a string x ∈ {0, 1}∗, the Kt complexity of x is equal
to

min { |d|+ log t | U(d) halts and outputs x within t steps } .

Definition 2.5 (Kolmogorov complexity approximation problems). For any g, t : N → N, for
µ ∈ {Kt, pKt,K,Kt}, Approxg-µ is the following promise-problem (ΠY ,ΠN ):

• ΠY = {(x, 1s) | µ(x) ≤ s}

• ΠN = {(x, 1s) | µ(x) > s+ g(|x|)}

For s : N → N, we also consider a “fixed threshold” version, denoted Approxg-µ[s], as follows.
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• ΠY = {x | µ(x) ≤ s(|x|)}

• ΠN = {x | µ(x) > s(|x|) + g(|x|)}

Definition 2.6 (Gapτ,gK
t and Gapτ,gpK

t). For each µ ∈ {K, pK}, and for any g, τ : N → N,
Gapτ,gµ

t is the following promise-problem (ΠY ,ΠN ):

• ΠY = {(x, 1s, 1t) | µt(x) ≤ s}

• ΠN = {(x, 1s, 1t) | µτ(t)(x) > s+ g(|x|)}

Definition 2.7 (MKP, MKtP, and MpKtP). MKP denotes the language {(x, 1s) | K(x) ≤ s}. For
any t : N → N, and for each µ ∈ {K, pK}, MµtP denotes the language {(x, 1s) | µt(x) ≤ s}.

Fact 2.8. For every t ∈ N and x ∈ {0, 1}∗, it holds that

K(x) ≤ pKt(x) ≤ Kt(x).

Lemma 2.9 ([Gol+22]). If E ⊈ io-NSIZE[2o(n)], then there is a polynomial p0 such that

Kp0(t(n))(x) ≤ pKt(n)(x) + log p0(t(n))

for every t : N → N, n ∈ N, and x ∈ {0, 1}n.

The Coding Theorem for pKpoly, due to Lu, Oliveira, and Zimand, is easily extended to the
statement below, which allows for distributions samplable in polynomial time given an auxiliary
non-uniform input.

Lemma 2.10 (Unconditional Coding Theorem for pKt [LOZ22]). There exists a polynomial psc such
that for every t, a : N → N, D = {Dz}z∈{0,1}∗, where for every z ∈ {0, 1}a(n), Dz is a distribution

over {0, 1}≤n that is samplable by a randomized t(n)-time algorithm on input z ∈ {0, 1}a(n), we
have the following: for every n ∈ N, z ∈ {0, 1}a(n), and x ∈ {0, 1}≤n in the support of Dz,

pKpsc(t(n))(x) ≤ log (1/Pr[Dz = x]) + log psc(t(n)) + a(n).

The following is similar to Lemma 35 of [SS22], adapted to pKpoly and the case that the distri-
bution is sampled non-uniformly.

Corollary 2.11. Let psc be the polynomial of Lemma 2.10. For t, a : N → N, D = {Dz}, where
for every z ∈ {0, 1}a(n), Dz is over {0, 1}≤n and is samplable by a randomized t(n)-time algorithm
given input z, we have for every n ∈ N, z ∈ {0, 1}a(n), and 1/22n < ε < 1,

Pr
x∼Dz

[
pKpsc(t(n))(x) ≤ K(x) + a(n) + log psc(t(n)) + log(16 · n/ε)

]
≥ 1− ε.

Proof. By Lemma 2.10, for any z ∈ {0, 1}a(n) and x ∈ {0, 1}≤n in the support of Dz,

pKpsc(t(n))(x) ≤ log(1/Pr[Dz = x]) + log psc(t(n)) + a(n). (1)

We partition {0, 1}≤n into subsets Si, where for i ∈ [4n− 1],

Si =

{
x ∈ {0, 1}≤n

∣∣∣∣ 1

2i
< Pr[Dz = x] ≤ 1

2i−1

}
,
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and

S4n =

{
x ∈ {0, 1}≤n

∣∣∣∣ Pr[Dz = x] ≤ 1

24n

}
.

For i ∈ [4n−1], call a string x i-bad iff x ∈ Si and K(x) < i− log(16 ·n/ε). Observe that for x ∈ Si,
if

pKpsc(t(n))(x) > K(x) + a(n) + log psc(t(n)) + log(16 · n/ε),
then by Eq. (1),

K(x) < log(1/Pr[Dz = x])− log(16 · n/ε)
≤ i− log(16 · n/ε),

so x is i-bad; note that x may be i-bad only for i ≥ log(16 · n/ε), as otherwise K(x) would be
negative, which is impossible. By a counting argument, for any i ∈ [4n − 1], the probability over
Dz that a string is i-bad is at most

2i−log(16·n/ε)

2i−1
=

ε

8n
.

By a union bound over i ∈ [4n− 1], the total probability that the output of Dz is i-bad for some i
is less than ε/2.

Finally, since there are at most 2n+1 strings of length at most n, the probability over x ∼ Dz

that x belongs to S4n is at most 1/23n−1 < ε/2. Applying another union bound, we conclude that

Pr
x∼Dz

[
pKpsc(t(n))(x) > K(x) + a(n) + log psc(t(n)) + log(4n/ε)

]
< ε,

as desired.

We also have a version of the above for Kpoly, under a derandomization assumption.

Corollary 2.12. Assume E ⊈ io-NSIZE[2o(n)]. There is a polynomial qsc with the following prop-
erty. For t, a : N → N, D = {Dz}, where for every z ∈ {0, 1}a(n), Dz is over {0, 1}n and is samplable
by a randomized t(n)-time algorithm given input z, we have for every n ∈ N, z ∈ {0, 1}a(n), and
0 < ε < 1,

Pr
x∼Dz

[
Kqsc(t(n))(x) ≤ K(x) + a(n) + log qsc(t(n)) + log(4n/ε)

]
≥ 1− ε.

Proof. Let qsc in the statement of this corollary be such that qsc(n) = 2 · p0(psc(n)) for all n ∈ N,
where psc is as in Corollary 2.11 and p0 is as in Lemma 2.9. By Lemma 2.9, for any threshold
s ∈ N, if

pKpsc(t)(x) ≤ s,

then

Kp0(psc(t))(x) ≤ s+ log p0(psc(t)).

Thus, Corollary 2.11 implies that

Kqsc(t)(x) ≤ K(x) + a(n) + log psc(t) + log(4n/ε) + log p0(psc(t))

≤ K(x) + a(n) + log qsc(t) + log(4n/ε)

with probability at least 1− ε over x ∼ Dz, as desired.
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2.2 Reductions

Definition 2.13 (Honest Reductions). For a constant γ > 0, a reduction is called γ-honest if, on
inputs of length n ∈ N, it only makes queries of length at least nγ. In particular, if queries are
parameterized in the form (x, 1t) for some x ∈ {0, 1}∗ and t ∈ N, γ-honesty requires that |x| ≥ nγ.

We will simply say that a reduction is honest if it is γ-honest for some constant γ > 0.

Definition 2.14 (Length-increasing Reductions). A reduction is nc-length-increasing if for any
constant c ∈ N , on inputs of length n ∈ N, it only makes queries of length at least nc.

Lemma 2.15. For any language L, if there is a γ-honest non-adaptive reduction from SAT to L
running in time tR(n), then for any c ∈ N, there is an nc-length-increasing non-adaptive reduction
from SAT to L running in time at most O(tR(n

c/γ)).

Proof. Let R be an honest non-adaptive reduction from SAT to L. For any c ∈ N, let Rc :
{0, 1}n → {0, 1}nc/γ

be the mapping that, given a SAT-instance φ ∈ {0, 1}n, outputs a SAT-instance

φ′ ∈ {0, 1}nc/γ
such that φ ∈ SAT iff φ′ ∈ SAT. This may be done in time at most O(nc/γ), by the

paddability of SAT.
Let R′ be the reduction obtained by composing Rc and R. Namely,

On input φ ∈ {0, 1}n, apply Rc(φ) to obtain φ′ ∈ {0, 1}nc/γ
. Then run the reduction

R(φ′), which will make a number of queries to L.

By honesty, R(φ′) only makes queries of length at least |φ′|γ = nc. Thus, R′ is a nc-length-increasing
reduction from SAT to L. Moreover, R′ runs in time at most

O(nc/γ) + tR(n
c/γ) = O(tR(n

c/γ)),

and it is easy to see that R′ is non-adaptive.

Definition 2.16 (Class-specific Black-box Reductions [GT07]). Consider languages L and L′ and
a complexity class C. A PPT oracle machine R is a C-black-box reduction from L to L′ if, for
every oracle A ∈ C such that A decides L′, it holds that RA decides L.

Note that if C is the class of all functions, then R is a (standard) black-box reduction from L
to L′.

We also consider class-specific reductions to inverting (auxiliary-input) one-way functions. In
particular for a (auxiliary-input) function f , R is a C-black-box reduction from L to inverting f if,
for every oracle I ∈ C that inverts f (as defined in Section 2.3), RI decides L.

2.3 One-way Functions, Inversion, and Average-case Complexity

Definition 2.17 (HeurP and HeurBPP [BT06a]). Let (L,D) be a distributional problem. An al-
gorithm A is a randomized heuristic scheme for (L,D) if, for any δ > 0, n ∈ N, and x in the
support of Dn, A(x;n, δ) runs in randomized time poly(n/δ), and with probability at least 1−δ over
x ∼ Dn,

Pr
A
[A(x;n, δ) = L(x)] ≥ 2/3.

If A is deterministic, we simply call it a heuristic scheme for (L,D).
Define HeurP to be the class of distributional problems with a heuristic scheme, and define

HeurBPP to be those with a randomized heuristic scheme.
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Note that we will typically omit the parameters n and δ from the input to a heuristic scheme
when they are clear from context.

Definition 2.18 (Inversion of functions). Consider a poly-time computable function f = {fn :
{0, 1}s(n) → {0, 1}ℓ(n)}n∈N, for polynomials s and ℓ, and a PPT algorithm I. For δ ∈ [0, 1], we say
that I inverts f with failure probability δ if for all sufficiently large n ∈ N,

Pr
I ; x∼Us(n)

[ fn(I(1
n, fn(x))) ̸= fn(x) ] ≤ δ.

We say f is weakly invertible if, for some PPT algorithm I and b ∈ N, I inverts f with failure
probability 1 − 1/nb. We say f is strongly invertible if, for every b ∈ N there exists some PPT
algorithm I such that I inverts f with failure probability 1/nb.

It is well known from the work of Yao that if every poly-time computable function is weakly
invertible, then every such function is strongly invertible [Yao82]. Throughout this paper, we will
use the statement that “one-way functions do not exist” to mean that every poly-time computable
function f = {fn}n∈N is strongly invertible.

We also consider the inversion of auxiliary-input functions

f = {fx : {0, 1}s(|x|) → {0, 1}ℓ(|x|)}x∈{0,1}∗ ,

for polynomials s and ℓ, in the sense of Ostrovsky andWigderson [OW93], where fx(y) is computable
in time poly(n) given x ∈ {0, 1}n and y ∈ {0, 1}s(n) as input.

Definition 2.19 (Inversion of auxiliary-input functions). Consider a poly-time computable auxiliary-
input function f = {fx}x∈{0,1}∗ and a PPT algorithm I. For x ∈ {0, 1}n and δ ∈ [0, 1], we say that
I inverts fx with failure probability δ if

Pr
z∼Us(n)

[fx(I(x, fx(z))) ̸= fx(z)] ≤ δ.

The following lemma states that inversion of a standard one-way function implies errorless
average-case inversion of an auxiliary input one-way function. This idea is implicit in [Nan21], and
a similar statement is made explicit in [Hir23, Theorem 10.3]. We refer the reader to the proof in
[Hir23].

Lemma 2.20. There is a PPT non-adaptive oracle machine M satisfying the following. For
any distribution D′ = {D′

n}n∈N ∈ PSAMP and poly-time computable auxiliary-input function f =
{fx}x∈{0,1}∗, there is a poly-time computable function g = {gn}n∈N such that for any n ∈ N and

constant d ∈ N, if I is a n−4d-inverter for gn, then M I n−d-inverts fx with probability at least
1− n−d over x ∼ D′

n. Moreover, if x does not have this property, then for all z ∈ {0, 1}∗,

Pr
M,I

[
M I(x, z) outputs ⊥

]
≥ 1− 1/2n.

2.4 Probability Estimation Protocols

For a probability distribution D over {0, 1}m, and for any x ∈ {0, 1}m, we denote by D(x) the
probability of x in D.
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Lemma 2.21 (Leftover Hash Lemma [ILL89]). Let X be a distribution over {0, 1}t such that for
every z ∈ {0, 1}t, the probability assigned by X to z is at most 2−m. Let Ht,k be a universal family
of hash functions mapping t bits to k bits. Then the following distributions have statistical distance
at most

√
2k/2m:

1. (h, h(x)) for h ∼ Ht,k and x ∼ X, and

2. (h, v) for h ∼ Ht,k and v ∼ Uk.

The lemma below follows from [IL90], modified for the case that samplers for the distributions
Dx require a non-uniform input x. It gives a protocol that estimates, to within a constant multi-
plicative factor, the probability of a given sample z from a given distribution Dx, assuming oracle
access to an inverter for an auxiliary-input function fx defined from the distribution Dx.

Lemma 2.22. Let D = {Dx}x∈{0,1}∗ be such that each Dx is samplable in time tD(n) given
x ∈ {0, 1}n as input. There exist an auxiliary-input function f = {fx}x∈{0,1}∗ and a randomized
algorithm A as follows. For any n ∈ N, x ∈ {0, 1}n, constant d ∈ N, and oracle I that inverts fx
with failure probability at most 1/(10 · nd),

Pr
z∼Dx ; A

[(1/c) · pz ≤ AI(x, z) ≤ 2 · pz] ≥ 1− 1

nd
,

where pz = Dx(z) and c ∈ N is a universal constant. Moreover, A runs in time poly(n) and queries
its oracle non-adaptively.

Proof. We follow a proof given in [IRS21], modified appropriately for the auxiliary-input setting.
Let M be a machine that samples Dx, for x ∈ {0, 1}n, in time t := tD(n) given x as input.

For k ∈ N, let Ht,k be a universal hash function family mapping t bits to k bits. Consider the
auxiliary-input function f = {fx}x∈{0,1}∗ defined as

fx(r, k, h) = (M(x, r), k, h, h(r)),

where r ∈ {0, 1}t is the randomness used by M , and h ∈ Ht,k. Let I be an inverter for fx.
Define an algorithm A0 with oracle access to I as follows.

On input (x, z, k), sample h ∼ Ht,k and w ∼ Uk, and simulate I(z, k, h, w). If I finds a
valid pre-image, accept. Otherwise, reject.

Let
Rz = {r ∈ {0, 1}t | M(x, r) = z}.

Let k ∈ [t+ 2] be arbitrary. First, consider the case that pz = Dx(z) ≤ 2k−t/4. Then we have that
|Rz| ≤ 2k/4. Thus, for a fixed h ∈ Ht,k, the number of buckets w ∈ {0, 1}k such that h(r) = w for
some r ∈ Rz is at most 2k/4. The probability that A0 samples some such w ∈ {0, 1}k is at most

2k

4
· 1

2k
=

1

4
.

Hence, the probability (over its internal randomness) that A0(x, z, k) rejects is at least 3/4.
Next consider the case that pz ≥ c · 2k−t/4, where we choose c = 256. Then, we have |Rz| ≥

c · 2k/4. Consider the distribution X over {0, 1}t that samples a uniformly random string from Rz.
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By the Leftover Hash Lemma (Lemma 2.21) applied to X, we have that the distributions (h, h(r))
and (h, v), for h ∼ Ht,k, r ∼ Rz, and v ∼ Uk, have statistical distance at most√

2k

c · 2k/4
=

1

8
.

Hence, for every z ∈ {0, 1}t and k ∈ [t] with |Rz| ≥ c · 2k/4, the following two distributions have
statistical distance at most 1/8:

• (z, k, h, v), for h ∼ Ht,k and v ∼ Uk;

• (z, k, h, h(r)), for r ∼ Rz and h ∼ Ht,k.

Sampling r ∼ Ut, h ∼ Ht,k, and outputting (M(x, r), k, h, h(r)) is equivalent to sampling
z ∼ Dx, r ∼ Rz, h ∼ Ht,k, and outputting (z, k, h, h(r)). Then, by an averaging argument, we get
that, with probability at least 1− 1/(2nd) over z ∼ Dx,

Pr
r∼Rz ; h∼Ht,k

[I fails to invert (z, k, h, h(r))] ≤ 1

8
. (2)

So, with probability at least 1− 1/(2nd) over z ∼ Dx, we have that if pz ≥ c · 2k−t/4, then the
probability (over its internal randomness) that A0(x, z, k) rejects is at most the failure probability
of I in (2) plus the statistical distance between the distribution in (2) and the distribution sampled
by A0(x, z, k) (with its internal randomness). The former is at most 1/8 by (2), and the latter is
also at most 1/8 by the argument above based on the Leftover Hash Lemma. Hence, in this case,
A0(x, z, k) rejects with probability at most 1/8 + 1/8 = 1/4.

Let A be the algorithm that, for every 1 ≤ k ≤ t + 2, repeats A0 for n times on independent
choices of h and w, and outputs 2k−t/4 for the smallest choice of k such that A0(x, z, k) rejects
more than half the time.

For all but 1/(2nd) of z ∼ Dx, we have by the Chernoff bounds that this k must be such that
pz ≤ c ·2k−t/4, with probability at least 1−2−Ω(n) over the internal randomness of A. On the other
hand, let 1 ≤ k′ ≤ t+ 2 be the maximum value such that pz ≤ 2k−t/4, and hence 2k

′−t−1/4 < pz.
Again by the Chernoff bounds, A outputs k ≤ k′, with probability at least 1 − 2−Ω(n) over its
internal randomness. It follows, that the estimate 2k−t/4 output by A(x, z) is such that

pz/c ≤ 2k−t/4 ≤ 2 · pz,

with probability at least 1− 1/(2nd)− 2 · 2−Ω(n) ≥ 1− 1/nd, where the probability is over z ∼ Dx

and the internal randomness of A. The lemma follows.

Finally, we will need the lemma that gives a coAM protocol for any language that is reducible
(in a certain particular way) to the task of inverting auxiliary-input one-way functions.

We need the following definition.

Definition 2.23 (Fixed-auxiliary-input reduction [ABX08]). Consider a language L, an auxiliary-
input function f = {fx}x∈{0,1}∗, a randomized poly-time non-adaptive oracle machine R, and some
ε ∈ (0, 1). For any string x ∈ {0, 1}∗, we say that R is a non-adaptive fixed-auxiliary-input
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reduction from L(x) to ε-inverting fx if, for some polynomial p, for every oracle I such that I
inverts fx with failure probability ε,

Pr
R
[RI(x) = L(x)] ≥ 1

2
+

1

p(n)
.

If R satisfies the above for every sufficiently large x ∈ {0, 1}∗, we simply say that R is a non-adaptive
fixed-auxiliary-input reduction from L to ε-inverting f .

Lemma 2.24 (AM∩coAM protocol from fixed-auxiliary-input reduction [ABX08; Aka+06]). Con-
sider a language L, a poly-time computable auxiliary-input function f = {fx}x∈{0,1}∗, and a constant

d ∈ N. If there is a non-adaptive fixed-auxiliary-input reduction R from L to n−d-inverting f , then
L ∈ AM ∩ coAM.

The protocol above was adapted for the auxiliary-input setting by [ABX08] from [Aka+06].
We include a sketch of the proof below for completeness. The proof relies on the lower-bound
protocol of Goldwasser and Sipser [GS86], and the upper-bound protocol of Fortnow [For89] (see
also [AH91]), briefly described below. We consider sets S ⊆ {0, 1}n such that membership can be
verified in poly-time by a machine V given an auxiliary input string z.

Very roughly, in the [GS86] lower-bound protocol, on input (s; z, 1n), the verifier randomly
selects a pairwise-independent hash function h and sends it to the prover. The prover then sends
to the verifier some strings {x1, . . . , xℓ}. The verifier checks that each V (xi, z) = 1 and that
h(xi) = 0. By repeating the above a number of times to amplify the gap in probabilities, we obtain
the following statement.

Lemma 2.25 (Lower-bound Protocol [GS86]). Let δ > 0 be a constant. There is an Arthur-Merlin
protocol such that, on input (s; z, 1n),

• If s ≤ |S|, then some prover causes the protocol to accept with probability 1− δ.

• If s > (1 + δ) · |S|, then all provers cause the protocol to reject with probability 1− δ.

The idea behind the [For89; AH91] (see also [BT06b]) upper-bound protocol is as follows.
On input (s; z, 1n), the verifier first obtains a secret uniformly random member x of S. Then,
it randomly selects a hash function h, and sends to the prover both h and h(x). The prover
sends the verifier some strings {x1, . . . , xl}. The verifier checks that each V (xi, z) = 1 and that
x ∈ {x1, . . . , xl}.

Lemma 2.26 (Upper-bound Protocol [For89; AH91; BT06b]). Let δ > 0 be a constant. There is
an Arthur-Merlin protocol such that, on input (s; z, 1n), if the verifier has access to secret uniformly
random elements of S, the following holds.

• If s ≥ |S|, then some prover causes the protocol to accept with probability 1− δ.

• If s < (1− δ) · |S|, then all provers cause the protocol to reject with probability 1− δ.

Proof sketch of Lemma 2.24. The prover in the AM∩coAM protocol will take the place of the oracle
I in a simulation of R(x). Let Qx denote the query distribution and tR(n) the running time of R
on input x ∈ {0, 1}n. In order to force the prover not to cheat by saying that some query cannot
be inverted, the verifier will ask the prover to provide the pre-image sizes |f−1

x (y)| for all queries y
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made by R(x). In order to enforce these sizes, one would like to use the protocols of Goldwasser
and Sipser [GS86] and Aiello and H̊astad [AH91]. However, the latter can only be applied when
the verifier has access to secret (i.e., hidden from the prover) uniformly random elements of f−1

x (y),
which will not be possible in general for y ∼ Qx.

To remedy this issue, the verifier asks for [GS86] lower-bound proofs of the |f−1
x (y)| and also

for the expectation E[|f−1
x (Qx)|]. By a Chernoff bound, with very high probability, an empirical

average of |f−1
x (y)| over many samples y ∼ Qx should be close to this value; if it is not, the verifier

can abort. This together with the lower bound proofs will ensure that the prover can neither falsely
over- nor under-estimate the sizes of these sets frequently.

However, we still need a protocol for the prover and verifier to agree on E[|f−1
x (Qx)|], and the

aforementioned obstacle for [AH91] still applies here: the verifier has no way to sample random pre-
images of y ∼ Qx. In contrast, [AH91] can be applied to give an upper bound on E[|f−1

x (fx(Un)|]:
the verifier can privately sample random x1, . . . , xm ∼ Un and send the values y1 = f(x1), . . . , ym =
f(xm) to the prover for upper- and lower-bound proofs. To take advantage of this, one divides
queries into ‘heavy’ and ‘light’ categories, where for a threshold t, a query y is ‘t-heavy’ iff

Pr[Qx = y] > t · Pr[fx(Un) = y].

In the case that all queries are t-light for t = poly(n), the verifier can use a ‘hiding protocol’, sending
the prover hidden y ∼ Qx randomly interspersed with y ∼ fx(Un). One can show that if the prover
frequently cheats on y ∼ Qx, then it is likely also to violate [AH91] on one of the y ∼ fx(Un). In
this way, the expectation

Ey∼Q(x)[ Pr[fx(Un) = y] | y is light ]

can be verified. See [Aka+06] for more details.
Moreover, observe from the definition of ‘t-heavy’ that the probability over y ∼ fx(Un) that y is

t-heavy is at most 1/t. Thus, choosing a uniformly random t ∼ [nd+1, nd+2] we can let the prover
answer ⊥ on all t-heavy queries, and since the prover still n−d-inverts fx, the reduction should still
succeed. Thus, we would like an AM∩ coAM protocol to tell apart t-heavy and t-light queries, and
then we will do size-verification only on the t-light queries.

In light of the foregoing discussion, we arrive at the following protocol.

• Sample a uniformly random t ∼ [nd+1, nd+2].

• Sample m sets of queries (y
(1)
1 , . . . , y

(1)
k ), . . . , (y

(m)
1 , . . . , y

(m)
k ) by simulating R(x) on inde-

pendent random strings r1, . . . , rm ∼ UtR(n), where k is the number of queries made in an
execution of R(x) and m is a sufficiently large polynomial in n.

• For each (i, j) ∈ [m] × [k], ask the prover for Pr[Qx = y
(i)
j ], and use [GS86] to enforce lower

bounds.

• For each (i, j) ∈ [m] × [k], ask the prover for Pr[fx(Un) = y
(i)
j ], and use [GS86] to enforce

lower bounds. Along with the above, this entails a commitment from the prover as to which
queries are t-light and which are t-heavy.

• Take the average

µR := Ei,j [Pr[Qx = y
(i)
j ]].
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Take the average

µf := Ei,j [Pr[fx(Un) = y
(i)
j ] | y(i)j is claimed t-light ].

• Using [GS86] and [AH91], obtain estimates of

µ′
R := Ey∼Qx [Pr[Qx = y]].

• Using a hiding protocol as described above, obtain estimates of

µ′
f := Ey∼Qx [ Pr[fx(Un) = y] | y is t-light ].

• Abort if µR or µf deviate significantly from µ′
R or µ′

f respectively.

• For a random j ∼ [m], simulate R(x) on randomness rj and queries (y
(j)
1 , . . . , y

(j)
k ). For each

i ∈ [k], if y
(j)
i is claimed t-heavy or if the provided value Pr[fx(Un) = y

(i)
j ] is equal to 0, answer

the query with ⊥. Otherwise, answer the query with a pre-image of y
(j)
i under fx, which the

prover provides and the verifier checks. Output the output of R(x).

To see the correctness of the protocol, first note that with high probability, almost all t-heavy and
t-light queries are correctly classified as such. This is due to the fact that we have correct upper-

and lower-bounds for each Pr[Qx = y
(i)
j ]. On one hand, since we have correct lower-bounds for each

Pr[fx(Un) = y
(i)
j ], all t-light queries have proofs of being t-light. On the other hand, by the use of

[GS86], the only possible inaccuracies of the provided Pr[fx(Un) = y
(i)
j ] are overestimations: thus,

a t-light query is never claimed t-heavy.

Next, since the verifier obtains correct values of Pr[fx(Un) = y
(i)
j ] on all light queries y

(i)
j , the

prover cannot make many false claims of light queries being non-invertible. By the above reasoning
that answering ⊥ on all heavy queries does not violate the condition of the reduction, the lemma
follows.

We also need the following result of Nanashima [Nan21].

Theorem 2.27 ([Nan21]). For any poly-time computable auxiliary-input function f = {fz}z∈{0,1}∗
and any constant d ∈ N, if there exists a black-box non-adaptive reduction from SAT to n−d-inverting
f , then there is a black-box adaptive reduction from SAT to the task of inverting one-way functions.
Hence, if no one-way functions exist, then NP ⊆ BPP.

3 Proof of Theorem 1.1

The following lemma comprises the first part of Theorem 1.1, Item 1. The conclusion NP ⊆ coAM
follows by combining Lemma 3.1 and Lemma 2.24.

Lemma 3.1. For any constants δ, γ > 0, there is a polynomial p1 such that, for any t, tR : N → N
satisfying p1(tR(n)) ≤ t(n) for all n ∈ N, we have the following. If Approxnδ -pKt is hard for
SAT under a γ-honest non-adaptive randomized reduction running in time tR, then there exist a
poly-time computable auxiliary-input function f = {fφ}φ∈{0,1}∗, a constant d ∈ N, and a black-box

non-adaptive fixed-auxiliary-input reduction from SAT to n−d-inverting f .
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Proof. LetR1 be the assumed γ-honest tR(n)-time reduction from SAT to Approxnδ -pKt, for γ, δ > 0.
LetR2 be the n

2/δ-length-increasing randomized reduction from SAT to Approxnδ -pKt of Lemma 2.15
applied to R1. The reduction R2 runs in time less than

t′(n) := tR(n
4/(δ·γ)).

For any φ ∈ {0, 1}n, let Qφ denote the query distribution of R2 on input φ.7 Note that Qφ is
samplable by a randomized t′(n)-time algorithm given input φ ∈ {0, 1}n. Also note that, by honesty
of the reduction and the definition of Approxg-pK

t, each query (x, 1s) of R2 on input φ ∈ {0, 1}n is
asking if pKt(x) ≤ s, or if pKt(x) > s + n2. Since pKt(x) ≤ |x| + cu, for some universal constant
cu ∈ N dependent on the choice of the universal Turing machine, we may assume that s is such that
s+ n2 ≤ |x|+ cu ≤ t′(n) + cu, since otherwise we can always correctly answer such a query (x, 1s)
as ‘Yes’. Below we shall always assume that a query (x, 1s) of R2 is such that s ≤ t′(n)− n2 + cu.

Let f = {fφ}φ∈{0,1}∗ be the auxiliary-input function, A the non-adaptive oracle algorithm,
and c ∈ N the constant of Lemma 2.22 applied to {Qφ}φ∈{0,1}∗ and a constant d ∈ N such that

nd ≥ t′(n)2.
Let m = t′(n). For any s ∈ N, let

βs =
1

c ·m3 · 2s+1
.

Define a reduction as follows.

On input φ ∈ {0, 1}n, simulate R2(φ), obtaining queries to Approxnδ -pKt. Accept a
query (x, 1s) iff AI(φ, (x, 1s)) ≥ βs (which will require a number of non-adaptive queries
to an inverter I for fφ). Accept φ iff R2 accepts.

We claim that the above is a black-box fixed-auxiliary-input reduction from SAT to (n−d/10)-
inverting f . To that end, consider any φ ∈ {0, 1}n. We will bound the probability over queries
(x, 1s) ∼ Qφ that the query is answered incorrectly by evaluating AI(φ, (x, 1s)) ≥ βs, where I is an
arbitrary inverter for fφ with failure probability n−d/10. There are two ways for this to happen:
either pKt(x) ≤ s but AI(φ, (x, 1s)) < βs, or pK

t(x) > s+ n2 but AI(φ, (x, 1s)) ≥ βs.
We start by bounding the probability of the first kind of failure. By Lemma 2.22,

Pr
(x,1s)∼Qφ ; A

[ pKt(x) ≤ s ∧ AI(φ, (x, 1s)) < βs ] ≤ Pr[ pKt(x) ≤ s ∧ Qφ(x, 1
s) ≤ c · βs ] +

1

m2

≤
m−n2+cu∑

s=0

∑
x∈{0,1}≤m : pKt(x)≤s

c · βs +
1

m2

≤
m−n2+cu∑

s=0

2s+1 · c · βs +
1

m2

≤ m

m3
+

1

m2

≤ 2

m2
.

7Without loss of generality, we may assume the queries of R1 are identically (though not necessarily independently)
distributed. It is always possible to obtain a reduction with this property by applying a random permutation to the
queries of a non-adaptive reduction.
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To bound the probability of the second kind of failure, observe that for all (x, 1s) in the support
of Qφ, we have

pK2·psc(t′(n))(x) ≤ pKpsc(t′(n))(x, 1s) +O(log n)

≤ log(1/Qφ(x, 1
s)) + |φ|+O(log n), (Lemma 2.10)

where the polynomial psc is as in Lemma 2.10. In particular, if Qφ(x, 1
s) ≥ βs/2, then for t ≥

2 · psc(t′(n)),

pKt(x) ≤ log(2/βs) + |φ|+O(log n)

≤ s+ |φ|+O(log n)

≤ s+ n2. (3)

Taking the contrapositive,

pKt(x) > s+ n2 =⇒ Qφ(x, 1
s) < βs/2.

Define p1 in the statement of this theorem as

p1(n) = 2 · psc(n4/(δ·γ)).

This ensures that p1(tR(n)) ≥ 2 · psc(t′(n)). Then, for t ≥ p1(tR(n)),

Pr
(x,1s)∼Qφ ; A

[ pKt(x) > s+ n2 ∧ AI(φ, (x, 1s)) ≥ βs ]

≤ Pr[ pKt(x) > s+ n2 ∧ Qφ(x, 1
s) ≥ βs/2 ] +

1

m2
(Lemma 2.22)

≤ 1

m2
.

Overall, by a union bound, the probability overQφ that some query of R2 is answered incorrectly
by AI is at most 2/m. When AI answers all queries of R2(φ) correctly with respect to Approxnδ -pKt,
the reduction outputs SAT(φ) with probability at least 2/3. This completes the proof.

We can also prove Item 2 of Theorem 1.1 via Lemma 3.1, by making use of the derandomization
assumption. Specifically, we show that if Approxnδ -Kt is hard for SAT under an honest reduction,
then the same is true of Approxnδ/2-pKt′ for t = poly(t′).

Lemma 3.2. Assume E ⊈ io-NSIZE[2o(n)]. Let p0 be the polynomial of Lemma 2.9 and psc the
polynomial of Lemma 2.10. For any constants δ, γ > 0 and t, tR : N → N satisfying t(n) ≥
p0(psc(tR(n

4/(γ·δ))) for all n ∈ N, we have the following. If Approxnδ -Kt is hard for SAT under an

honest non-adaptive randomized reduction running in time tR, then Approxnδ/2-pKp−1
0 (t) is hard for

SAT under a n2/δ-length-increasing non-adaptive randomized reduction running in time tR(n
4/(γ·δ)).

Proof. By Lemma 2.15, there is a n2/δ-length-increasing randomized reduction R from SAT to
Approxnδ -Kt, samplable in time at most tR(n

4/(γ·δ)). On input φ ∈ {0, 1}n, R makes queries to
Approxnδ -Kt of the form (x, 1s) with |x| ≥ n2/δ.

Given any Approxnδ -Kt query (x, 1s) in the course of the reduction R, we will instead query
(x, 1s

′
) to an oracle for Approxnδ/2-pKt′ , where s′ := s+ 4n and t′(n) := p−1

0 (t(n)) for all n ∈ N.
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First consider the case that (x, 1s) is a Yes-instance of Approxnδ -Kt, so

Kt(x) ≤ s.

Adding (Kt′(x)− Kt(x)) to both sides of the equation, it follows that

pKt′(x) ≤ Kt′(x)

≤ s+ (Kt′(x)− Kt(x))

≤ s+ (Kt′(x)− K(x))

≤ s+ 4n, (Corollary 2.12)

where the last line holds with probability at least 1 − 2−n over the internal randomness of R. In
this case, (x, 1s

′
) is also a Yes-instance of Approxnδ/2-pKt′ .

Now suppose (x, 1s) is a No-instance of Approxnδ -Kt, so

Kt(x) > s+ |x|δ.

This implies that

pKt′(x) = pKp−1
0 (t)(x)

≥ Kt(x)−O(log n) (Lemma 2.9)

> s+ |x|δ −O(log n)

> s′ + |x|δ/2

Thus, (x, 1s
′
) is a No-instance of Approxnδ/2-pKt′ .

Item 2 of Theorem 1.1 now follows from Lemma 3.1, Lemma 2.24, and Lemma 3.2.
We also obtain the following statement for Levin’s Kt complexity.

Corollary 3.3. For any constant δ > 0, we have the following. Assume E ⊈ io-NSIZE[2o(n)]. If
Approxnδ -Kt is hard for SAT under an honest non-adaptive randomized reduction, then NP = coNP.
Moreover, if no one-way functions exist, then NP ⊆ P.

Proof. Argue as in Lemma 3.1. In “bounding the probability of the first kind of failure”, simply
replace pKt with Kt and argue analogously. For the “second kind of failure”, apply the derandom-
ization assumption and Lemma 2.9 at Eq. (3) to obtain that

Kp0(t)(x) ≤ s+ |φ|+O(log n),

and therefore
Kt(x) ≤ s+ |φ|+O(log n).

The rest of Lemma 3.1 proceeds analogously. The first part of the corollary then follows from
Lemma 2.24 and the derandomization assumption. The second part follows from Theorem 2.27.

Finally, we remark that using the techniques of Lemma 3.1, we can recover the result of [SS22]
for logarithmic additive error, while doing away with the requirement of “fixed query length”.
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Corollary 3.4. There is a polynomial p such that, for any constant δ > 0 and t, tR : N → N
satisfying p(tR(n)) ≤ t(n) for all n ∈ N, we have the following. Assume E ⊈ io-NSIZE[2o(n)]. If
Approxω(logn)-K

t is hard for SAT under an honest non-adaptive randomized reduction running in
time tR, then NE = coNE.

Proof. Argue as in Theorem 1.1, Item 2, but for the case of unary languages in NP. In Lemma 3.1,
we now consider unary inputs φ = 1n for n ∈ N. In this case, the query distribution Qφ can be
sampled in time t′(n) given log n bits encoding n. That is, Qφ ∈ PSAMP. Applying Lemma 2.10,
at Eq. (3), we now obtain pKt(x) ≤ s+ O(log n). The rest of the proof proceeds analogously. We
conclude that NP = coNP for unary languages, which is equivalent to NE = coNE.

4 Proof of Theorem 1.2

We start with a brief outline of the proof of Theorem 1.2.

1. By Lemma 3.1 (from the proof of Theorem 1.1), we get a black-box non-adaptive fixed-
auxiliary input reduction from SAT to inverting an auxiliary-input function f = {fφ}φ∈{0,1}∗ .

2. By Lemma 2.20, under our assumption of the non-existence of OWFs, we get, for any
polynomial-time samplable distribution D, a PPT machine that inverts fφ with high proba-
bility over φ ∼ D. Combined with step (1), this yields that (SAT, D) ∈ AvgBPP.

3. From the worst-case to average-case reduction of [Hir18] (and subsequent works [Hir21] and
[Gol+22]), for some distribution D′ ∈ PSAMP, there is a BPP-black-box non-adaptive ran-
domized polynomial-time reduction from Gapτ,O(logn)pK

t to the average-case problem of solv-
ing SAT over D′. That is,

(SAT, D′) ∈ AvgBPP =⇒ Gapτ,O(logn)pK
t ∈ BPP

for a sufficiently large polynomial τ depending on the running time of the heuristic for SAT.
(See Corollary 4.2.) Combined with step (2), we get that Gapτ,O(logn)pK

t ∈ BPP.

4. For a sufficiently large t, if Approxnδ -pKt is NP-hard, then Gapτ,O(logn)pK
t is also NP-hard.

(See Lemma 4.3.) Combined with step (3), this yields NP ⊆ BPP.

We provide more details on steps (3) and (4) of the proof outline above. We start with step (3).

Lemma 4.1 ([Gol+22]). There exist a language L ∈ NP and a PPT non-adaptive oracle machine
M1 satisfying the following. If B is a PPT errorless heuristic for L over the uniform distribution,
then for some polynomial τ depending on the running time of B, MB

1 decides Gapτ,O(logn)pK
t with

high probability in the worst case.

The NP-hardness of SAT yields the following.

Corollary 4.2. There exist a distribution D′ ∈ PSAMP and a PPT non-adaptive oracle machine
M1 satisfying the following. If B is a PPT errorless heuristic for SAT over D′, then for some
polynomial τ depending on the running time of B, MB

1 decides Gapτ,O(logn)pK
t with high probability

in the worst case.
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Proof sketch. We use a t-time heuristic for SAT over the distribution D′ := R(U), where R is a
tL-time reduction from L to SAT, to work as a (t ◦ tL)-time heuristic for (L,U). Then we apply
Lemma 4.1.

Next we provide the details on step (4).

Lemma 4.3. Consider any constant δ > 0, and let psc be the polynomial of Lemma 2.10. Let
polynomials t, tR : N → N be such that t(n) ≥ psc(tR(n)) for all n ∈ N, and let R be a n2/δ-
length-increasing black-box non-adaptive tR-time randomized reduction from SAT to Approxnδ -pKt.
Then, there is a black-box non-adaptive reduction R′ that, for any polynomial τ , reduces SAT to
Gapτ,nδ/2pKt.

Proof. We will show that querying (x, 1s, 1t) to a Gapτ,nδ/2pKt oracle would answer any query

(x, 1s) to R correctly with respect to Approxnδ -pKt. First consider the case that a query (x, 1s) is
a Yes-instance of Approxnδ -pKt. That is,

pKt(x) ≤ s.

Clearly, (x, 1s, 1t) is also Yes-instance of Gapτ,nδ/2pKt, and the query is answered correctly.

Now suppose (x, 1s) is a No-instance of Approxnδ -pKt. That is,

pKt(x) > s+ |x|δ.

Adding pKτ(t)(x)− pKt(x) to both sides of the inequality, we obtain

pKτ(t)(x) > s+ |x|δ + (pKτ(t)(x)− pKt(x))

≥ s+ |x|δ − (pKt(x)− K(x)).

By our definition of t and Corollary 2.11, with probability at least 1 − 2−n over the internal
randomness of R, we have that

pKt(x)− K(x) ≤ 4n,

so by the above,

pKτ(t)(x) ≥ s+ |x|δ − 4n

≥ s+ |x|δ/2.

Thus, (x, 1s, 1t) is a No-instance of Gapτ,nδ/2pKt, and the query is answered correctly.

We are now ready to prove Theorem 1.2, restated below for convenience.

Theorem 4.4 (Restatement of Theorem 1.2, Item 1-(II)). For any constants δ, γ > 0, there is
a polynomial p satisfying the following. If Approxnδ -pKt is hard for SAT under a γ-honest non-
adaptive randomized reduction running in time tR, where tR, t : N → N satisfy t(n) ≥ p(tR(n)) for
all n ∈ N, then there is a BPP-black-box non-adaptive reduction from SAT to inverting a one-way
function.
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Proof. Let psc be the polynomial of Lemma 2.10. We choose p in the statement of this theorem
such that

p(n) = 2 · psc(n4/(δ·γ)).

Note that p(n) = p1(n) = 2 · psc(n4/(δ·γ)), where p1 is the polynomial of Lemma 3.1.
Let d ∈ N and f = {fφ}φ∈{0,1}∗ be as in Lemma 3.1, and letM0 be the black-box fixed-auxiliary-

input reduction guaranteed by that lemma. Let D′ ∈ PSAMP be as in Corollary 4.2.
Let I be any PPT n−4d-inverter for f , and let M and g be as in Lemma 2.20 applied to f and

D′. By that lemma, M I n−d-inverts fφ with probability at least 1−n−d over the choice of φ ∼ D′.
Moreover, if M I does not invert f on some φ, then on input φ, it outputs ⊥ with probability at
least 1− 1/2n.

Consider the algorithm H := MMI

0 that simulates M0 and answers its queries with M I , out-
putting ⊥ if any of the queries are answered with ⊥. By Lemma 3.1, we have that H is an errorless
heuristic for SAT over D′. Let M1 be the PPT oracle machine of Corollary 4.2. By that corollary,
MH

1 decides Gapτ,O(logn)pK
t in the worst case, for some polynomial τ depending on the running

time of H.
By Lemma 2.15, there is a n2/δ-length-increasing reduction from SAT to Approxnδ -pKt running

in time at most tR(n
4/(δ·γ)). By Lemma 4.3, there is a PPT non-adaptive oracle machine M2

reducing SAT to Gapτ,O(logn)pK
t. Thus, the machine that simulates M2 and answers its oracle

queries with MH
1 decides SAT.

To summarize, we have shown that the composition of machines M2,M1,M0, and M is a BPP-
black-box reduction from SAT to inverting f . This concludes the proof of the theorem.

Item 2 of Theorem 1.2 now follows from Item 1 and Lemma 3.2.

5 Proof of Theorem 1.3

We will make use of the following statements from Liu and Pass [LP23]. We observe that these
statements are proved in that work by exhibiting black-box average-case reductions from MpKtP
and MKtP to the inversion of one-way functions. Note that the heuristics below may err in the
sense of Definition 2.17.

Lemma 5.1 ([LP23]). There exists a polynomial q satisfying the following. Consider polynomials
t, tD : N → N such that t(n) ≥ q(tD(n)) for all sufficiently large n ∈ N, and any distribution
D = {Dn}n∈N ∈ SAMP[tD(n)].

1. There is a non-adaptive PPT oracle machine M and a function f such that, for any oracle
I that inverts f , M I is a heuristic for MpKtP over D.

2. Assume that E ⊈ io-NSIZE[2o(n)]. There is a non-adaptive PPT oracle machine M and a
function f such that, for any oracle I that inverts f , M I is a heuristic for MKtP over D.

Theorem 5.2 (Restatement of Theorem 1.3, Item 1). There is a polynomial p satisfying the
following. Let t, tR : N → N be such that t(n) ≥ p(tR(n)) for all n ∈ N. If MpKtP is hard for SAT
under an honest non-adaptive randomized reduction running in time tR, then there is a black-box
average-case non-adaptive randomized reduction from every problem in DistNP to the problem of
inverting a one-way function. It follows that

DistNP ⊈ HeurBPP =⇒ ∃OWF.
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Proof. Assume that MpKtP is hard for SAT in the sense described in the statement of this theorem.
Consider any language L ∈ NP and distribution D = {Dn}n∈N ∈ PSAMP.

Suppose D is samplable in time at most na and L is reducible to SAT in time at most na via an
honest deterministic reduction, for some constant a ∈ N. Note that there is a randomized black-box
non-adaptive reduction from L to MpKtP running in time at most tR(n

a) and only making queries
of length at least nγ for some constant γ > 0. That is, there is a MpKtP-oracle algorithm R that
runs in time at most tR(n

a), and for every x ∈ {0, 1}n,

Pr
r∼UtR(na)

[L(x) = RMpKtP(x, r)] ≥ 2

3
.

Now, since R is honest, it only queries strings of length at least ℓ(n) := nγ . Let Qℓ(n) denote
the query distribution of R on input x ∼ Dn and randomness r ∼ UtR(na). Since Qℓ(n) may be
implemented in time at most na + na + tR(n

a) =: tD(ℓ(n)), we have Q ∈ SAMP[tD(n)]. Choose p
in the statement of this theorem such that p(tR(n)) ≥ q(tD(n)), where q is as in Lemma 5.1.

Let M be the reduction and f the function of Lemma 5.1, Item 1. Consider any c ∈ N, and let
I be any oracle that inverts f (with sufficiently small inverse polynomial failure probability). By
Lemma 5.1, M I is a randomized poly-time heuristic for MpKtP over the distribution Q with failure
probability at most 1/(tR(n

a) · nc+1).

Let M ′ := RMI
be the machine that, on input (x, r), simulates R(x, r) and answers all oracle

queries with M I . By a union bound and an averaging argument, with probability at least 1− 1/nc

over x ∼ Dn, it holds that

Pr
r
[L(x) = M ′(x, r)] ≥ 2

3
− 1

n
.

This completes the proof of the theorem.

Theorem 5.3 (Restatement of Theorem 1.3, Item 2). Assume E ⊈ io-NSIZE[2o(n)]. There is a
polynomial p satisfying the following. Let t, tR : N → N be such that t(n) ≥ p(tR(n)) for all n ∈ N.
If MKtP is hard for SAT under an honest non-adaptive randomized reduction running in time tR,
then there is a black-box average-case non-adaptive deterministic reduction from every problem in
DistNP to the problem of inverting a one-way function. It follows that

DistNP ⊈ HeurP =⇒ ∃OWF.

Proof sketch. The proof is analogous to that of Theorem 5.2, applying Item 2 of Lemma 5.1 instead
of Item 1. Assuming that E ⊈ io-NSIZE[2o(n)], the machine M ′ may be derandomized.

6 Proof of Theorem 1.4

Below, we give a first proof of Theorem 1.4, which proceeds somewhat like the proof of Theorems
1.1 and 1.2: namely, we exhibit a non-adaptive reduction from SAT to inverting an auxiliary-input
one-way function.

Theorem 6.1 (Restatement of Theorem 1.4). For any polynomial tR, if MKP is hard for SAT
under a randomized many-one reduction running in time tR(n) and with failure probability γ, where
γ ≤ 1/(tR(n))

7, then there is a non-adaptive fixed-auxiliary-input reduction from SAT to 1/(10 ·n)-
inverting an auxiliary-input function f (dependent on R). Hence, we get that
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1. NP ⊆ coAM; and

2. if, in addition, no one-way functions exist, then NP ⊆ BPP.

Proof. Let R be a randomized poly-time reduction from SAT to MKP, running in time at most
tR(n) on inputs of length n, and with failure probability at most γ. For φ ∈ {0, 1}n, let Qφ be the
tR(n)-time samplable distribution of K-queries (x, 1s) induced by R(φ). Note that for any output
(x, 1s) of R, we may assume that s < tR(n). If not, then it must be that |x| ≤ O(1) in order to print
the output within the running time of R, in which case the MKP instance can easily be answered
as ‘Yes’. Below, we assume s < tR(n) in every possible output of R.

Let f = {fφ}φ∈{0,1}∗ be the auxiliary-input function, A the non-adaptive oracle algorithm, and
c ∈ N the constant of Lemma 2.22 applied to {Qφ}φ∈{0,1}∗ with d = 1.

For any given s ∈ [m− 1], where m := tR(n), define

βs :=
1

8c ·m · 2s+1
.

Let I be any algorithm inverting f , and consider the following algorithm B for SAT:

On input φ ∈ {0, 1}n, simulateR(φ) to get a query (x, 1s). Accept iffAI(φ, (x, 1s)) ≥ βs.

Toward a contradiction, suppose B fails to decide SAT at infinitely many input lengths; let
n ∈ N be some such input length, and let φ ∈ {0, 1}n be the lexicographically first string of length
n such that

Pr
B
[B(φ) ̸= SAT(φ)] ≥ 1/3.

First consider the case that φ ∈ SAT. By the correctness of R, with probability at least 1 − γ
over the choice of (x, 1s) ∼ R(φ), it will hold that K(x) ≤ s.

Arguing as in Lemma 3.1,

Pr
(x,1s)∼Qφ

[K(x) ≤ s ∧ AI(φ, (x, 1s)) < βs] ≤
m−1∑
s=0

∑
x∈{0,1}≤m : K(x)≤s

c · βs +
1

n
(Lemma 2.22)

≤ m · 2s+1 · c · β +
1

n

<
1

8
+

1

n
.

Thus, for φ ∈ SAT, the overall probability that B(φ) ̸= SAT(φ) is at most

1

8
+

1

n
+ γ <

1

3
.

Now suppose φ /∈ SAT. For each 0 ≤ s ≤ m − 1, let xs1, x
s
2, . . . , x

s
2m be the elements in the

support of the conditional distribution

Qφ,s(x) :=
Qφ(x, 1

s)∑
y Qφ(y, 1s)

,

listed in the non-increasing order of their probabilities in Qφ,s. For a set S ⊆ [2m], let Xs(S) =
{xsj | j ∈ S}.
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Observe that for each 0 ≤ s ≤ m− 1 and i ∈ [2m],

K(xsi ) ≤ log i+ 2 log(nm).

This bound follows from the procedure that, on input (i, n, s), finds and defines as φ the lexico-
graphically first string of length n such that Pr[B(φ) ̸= SAT(φ)] ≥ 1/3 and then determines the ith

heaviest element of the distribution Qφ,s and outputs it.
It follows that, for each 0 ≤ s ≤ m− 1, we have

Pr
x∼Qφ,s

[K(x) ≤ s] ≥ Pr
x∼Qφ,s

[x ∈ Xs([2s/(nm)2])]. (4)

By partitioning Xs([2s]) into (nm)2 consecutive intervals of size 2s/(nm)2, we get

Pr
x∼Qφ,s

[x ∈ Xs([2s])] ≤ (nm)2 · Pr
x∼Qφ,s

[x ∈ Xs([2s/(nm)2])]. (5)

Consider any 0 ≤ s∗ < m such that the marginal probability

Qφ(s
∗) :=

∑
y

Qφ(y, 1
s∗) ≥ 1

4m
.

Observe that, for every such s∗, some elements of Xs∗([2s
∗
]) must have probability less than βs∗/2

with respect to Qφ,s∗ , that is,

Qφ,s∗(x) ≥ βs∗/2 =⇒ x ∈ Xs∗([2s
∗
]). (6)

Indeed, suppose that for every x ∈ Xs∗([2s
∗
]) we have Qφ,s∗(x) ≥ βs∗/2. Then we get that

γ ≥ Pr
(x,1s)∼Qφ

[K(x) ≤ s] (correctness of R(φ))

≥ 1

4m
· Pr
x∼Qφ,s∗

[K(x) ≤ s∗] (Qφ(x, 1
s) = Qφ(s) ·Qφ,s(x))

≥ 1

4m
· Pr
x∼Qφ,s∗

[x ∈ Xs∗([2s
∗
/(nm)2])] (Eq. (4))

≥ 1

4m(nm)2
· Pr
x∼Qφ,s∗

[x ∈ Xs∗([2s
∗
])] (Eq. (5))

≥ 2s
∗ · βs

∗

2
· 1

4m(nm)2

=
1

128 · c · n2 ·m4

>
1

m7
,

contradicting the choice of γ ≤ 1/m7.
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It follows that

Pr
(x,1s)∼Qφ

[K(x) > s ∧ AI(φ, (x, 1s)) ≥ βs)

≤ Pr
(x,1s)∼Qφ

[Qφ(x, 1
s) ≥ βs/2)] +

1

n
(Lemma 2.22)

≤
∑

s : Qφ(s)≥1/(4m)

Qφ(s) · Pr
x∼Qφ,s

[x ∈ Xs([2s])] (Eq. (6))

+
∑

s : Qφ(s)<1/(4m)

Qφ(s) +
1

n

≤
∑

s : Qφ(s)≥1/(4m)

Qφ(s) · Pr
x∼Qφ,s

[x ∈ Xs([2s])] +
1

4
+

1

n

≤
∑
s

Qφ(s) · Pr
x∼Qφ,s

[x ∈ Xs([2s])] +
1

4
+

1

n

≤ (nm)2 ·
∑
s

Qφ(s) · Pr
x∼Qφ,s

[K(x) ≤ s] +
1

4
+

1

n
(Eqs. (4) and (5))

≤ (nm)2 · Pr
(x,1s)∼Qφ

[K(x) ≤ s] +
1

4
+

1

n
(Qφ(x, 1

s) = Qφ(s) ·Qφ,s(x))

≤ (nm)2 · γ +
1

4
+

1

n
. (correctness of R(φ))

Thus, for φ /∈ SAT, the overall probability that B(φ) ̸= SAT(φ) is at most

γ + (nm)2 · γ +
1

4
+

1

n
<

1

3
.

We conclude that B(φ) ̸= SAT(φ) with probability less than 1/3, contradicting the definition
of φ.

Applying Lemma 2.24, we conclude that NP ⊆ coAM, obtaining Item 1 of the theorem. Applying
Theorem 2.27 yields Item 2 of the theorem.

7 NP-hardness of K complexity and NISZK

In this section, we build on techniques from Allender et al. [AHT23] to give an alternative proof
of (a strengthening of) Theorem 1.4. In particular, we prove the following.

Theorem 7.1. For any polynomial tR and decidable language L, if MKP is hard for L under a ran-
domized many-one reduction running in time tR(n) and with failure probability at most 1/tR(n)

16,
then L ⊆ coNISZK.

On one hand, this yields an improvement on the following statement implicit in Theorem 15
of [AHT23]. Recall the definition of fixed-threshold Approxg-K[s] from Section 2: namely, for
g, s : N → N,

• ΠY = {x | K(x) ≤ s(|x|)};
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• ΠN = {x | K(x) > s(|x|) + g(|x|)}.

Theorem 7.2 ([AHT23]). For any decidable language L, if Approxω(logn)-K[n/2] is hard for L

under an honest randomized many-one reduction with failure probability at most 1/nω(1), then
L ⊆ coNISZK.

Note that Theorem 7.1 improves on Theorem 7.2 above in 3 respects: we do not require the
reduction to be honest, we do not require an ω(log n) approximation term, and we do not require
the threshold parameter to be fixed.8 Also note that, setting L = SAT, Theorem 7.1 captures Item
1 of Theorem 6.1, since, by known results, NISZK ⊆ SZK ⊆ AM ∩ coAM [GSV99; For89; AH91].
One can also obtain Item 2 of Theorem 6.1 from Theorem 7.1 by combining ideas from [Ost91;
OW93] and [Nan21]. (See [HN24] for a further explanation.)

On the other hand, [AHT23] also provides a converse to Theorem 7.2, namely:

Theorem 7.3. For a language L, suppose L ⊆ coNISZK. Then, for any polynomial p, there is
an honest randomized many-one reduction from L to Approxno(1)-K[n/2] with (one-sided) failure
probability 2−p(n).

Thus, we obtain the following result, indicating a surprising robustness of NP-hardness of K
complexity with respect to many-one reductions.

Theorem 7.4 (Restatement of Theorem 1.5). Consider any decidable language L and polynomials
tR and p. The following are equivalent.

1. L ⊆ coNISZK;

2. MKP is hard for L under a randomized many-one reduction running in time tR(n) and with
two-sided failure probability at most 1/tR(n)

16;

3. Approxno(1)-K[n/2] is hard for L under an honest randomized many-one reduction with one-
sided failure probability at most 2−p(n).

We now prove Theorem 7.1. To understand the proofs in this section, the reader doesn’t need
to know the definitions of the statistical zero-knowledge class SZK and its non-interactive version
NISZK. We just need the following problem that is known to be complete for NISZK.

Definition 7.5 (Entropy Approximation problem). The entropy approximation problem, denoted
EA, is defined as follows. Let D be a probability distribution sampled by a circuit C, and let H(D)
denote the entropy of D. Then EA is the following promise problem:

• ΠY = {(C, k) | H(D) > k + 1}, and

• ΠN = {(C, k) | H(D) < k − 1}.

The following lemma was originally stated for the case of a deterministic reduction, but the proof
is easily modified to give the same conclusion from a randomized reduction with exponentially small
failure probability.

8Allender et al. do argue for robustness with respect to the fixed threshold parameter in the case of an nε

approximation gap, for 0 < ε < 1 [AHT23, Propositions 3 and 5]. However, they do not consider the case that the
threshold parameter can depend on the randomness of the reduction, which we allow in a reduction to MKP.
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Lemma 7.6 ([GSV99]). Suppose a language L reduces to EA under a randomized many-one re-
duction with failure probability at most 2−Ω(n). Then, L ∈ NISZK.

We now state and prove the following strengthening of Theorem 1.4. Theorem 7.1 follows by
combining Lemmas 7.6 and 7.7.

Lemma 7.7. For any decidable language L and polynomial tR, if MKP is hard for L under a
randomized many-one reduction running in time tR(n) and with failure probability at most γ, where
γ < 1/tR(n)

16, then EA is hard for L under a randomized polynomial-time many-one reduction with
failure probability 2−Ω(n).

Proof. Let R be a randomized poly-time reduction from L toMKP, running in time at most tR(n) on
inputs of length n, and with failure probability at most γ. For φ ∈ {0, 1}n, let Qφ be the tR(n)-time
samplable distribution of K-queries (x, 1s) induced by R(φ). As in the proof of Theorem 6.1, we
may assume without loss of generality that s < m in every possible output of R, where m := tR(n).

For 0 ≤ s < m and x, y ∈ {0, 1}∗, denote the marginal probability

Qφ(s) :=
∑
y

Qφ(y, 1
s),

and denote the conditional probability

Qφ,s(x) :=
Qφ(x, 1

s)

Qφ(s)
.

Given any L-instance φ, by random sampling from Qφ, one may find a parameter 0 ≤ s∗ < m
such that

Qφ(s
∗) ≥ 1

4m
. (7)

By a Chernoff bound, this may be done in polynomial time and with failure probability at most
2−n. Then, if s∗ has the property in (7), one may compute from φ and s∗ a poly-size circuit C
that outputs the string 0n with probability at most 2−n and otherwise outputs strings distributed
according to Qφ,s∗ . Namely, C is defined to sample at most m2 pairs (x, 1s) ∼ Qφ; if it finds one
with s = s∗, it outputs x, and if not, it outputs 0n. Let Q′

φ,s∗ denote the distribution sampled by

C. Let R′ be the reduction from L to EA that computes s∗ and C as described above and then
outputs (C, s∗ + 4 logm).

We will now show the correctness of R′. For a contradiction, suppose R′ fails at some input
length n ∈ N, and let φ ∈ {0, 1}n be the lexicographically first string of its length such that
EA(R′(φ)) ̸= L(φ) with probability greater than 2−n. Assume the parameter s∗ computed by R′

has the property in (7). Note that since Q′
φ,s∗ is computable given parameters n and s∗, by the

coding theorem for Kolmogorov complexity, it holds that9∣∣∣∣∣ E
x∼Q′

φ,s∗

[K(x)]−H(Q′
φ,s∗)

∣∣∣∣∣ ≤ 3 logm. (8)

9See [LV19, Theorem 8.1.1]. We have chosen the statement of Eq. (8) to ensure that it holds both for prefix-free
and plain Kolmogorov complexity, regardless of the choice of universal TM. See also [LV19, Example 3.1.5].
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First consider the case that φ ∈ L. By the correctness of R,

γ ≥ Pr
(x,1s)∼Qφ

[K(x) > s]

≥ 1

4m
· Pr
x∼Qφ,s∗

[K(x) > s∗] (Qφ(x, 1
s) = Qφ(s) ·Qφ,s(x))

Rearranging the above, by definition of γ,

Pr
x∼Qφ,s∗

[K(x) > s∗] <
1

m14
, (9)

and so

H(Q′
φ,s∗) ≤ E

x∼Q′
φ,s∗

[K(x)] + 3 logm (Eq. (8))

≤
(
1− 1

2n

)
· E
x∼Qφ,s∗

[K(x)] +
1

2n
·O(log n) + 3 logm (definition of Q′

φ,s∗)

≤ E
x∼Qφ,s∗

[K(x)] + 3 logm+ o(1)

< s∗ + 3 logm+ 1. (Eq. (9))

It follows that (C, s∗ + 4) /∈ EA in this case, as desired.
Now suppose φ /∈ L. By the correctness of R and the definition of s∗, we may show as above

that

Pr
x∼Qφ,s∗

[K(x) ≤ s∗] <
1

m14
. (10)

Let x1, x2, . . . , x2m be the elements in the support of the conditional distribution Qφ,s∗(x) listed in
the non-increasing order of their probabilities in Qφ,s∗ . For a set S ⊆ [2m], let X(S) = {xj | j ∈ S}.

Observe that, by the decidability of L, for each i ∈ [2m],

K(xi) ≤ log i+ 4 logm.

This bound follows from the procedure that, on input (i, n, s∗), finds and defines as φ the lexico-
graphically first string of length n such that Pr[ EA(R′(φ)) ̸= L(φ) ] ≥ 2−n and then determines
the ith heaviest element of the distribution Qφ,s∗ and outputs it.

It follows that

Pr
x∼Qφ,s∗

[x ∈ X([2s
∗
/m4])] ≤ Pr

x∼Qφ,s∗
[K(x) ≤ s∗]. (11)

By partitioning X([m8 · 2s∗ ]) into m12 consecutive intervals of size 2s
∗
/m4, we get

Pr
x∼Qφ,s∗

[x ∈ X([m8 · 2s∗ ])] ≤ m12 · Pr
x∼Qφ,s∗

[x ∈ X([2s
∗
/m4])]

≤ 1

m2
. (Eqs. (10) and (11))
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Since there are at most m8 · 2s∗ strings with Kolmogorov complexity at most s∗ + 8 logm− 1, and
since the cumulative probability of those strings under Qφ,s∗ is at most that of X([m8 · 2s∗ ]),

Pr
x∼Qφ,s∗

[K(x) ≤ s∗ + 8 logm− 1] ≤ Pr
x∼Qφ,s∗

[x ∈ X([m8 · 2s∗ ])]

≤ 1

m2
.

Thus,

H(Q′
φ,s∗) ≥ E

x∼Q′
φ,s∗

[K(x)]− 3 logm (Eq. (8))

≥ (1− 2−n) · E
x∼Qφ,s∗

[K(x)]− 3 logm (definition of Q′
φ,s∗)

> s∗ + 4 logm+ 1.

We get that (C, s∗+4 logm) ∈ EA in this case, as desired. We conclude that on all sufficiently large
L-instances φ, R′ is correct with probability at least 1− 2−n over its internal randomness.

8 NP-hardness of (Kt vs. K) and (Kt vs. K)∗

8.1 Randomized Reductions

In this section, we examine promise problems of the form (Kt vs. Kt′), for time bounds t, t′ ∈ N, in
comparison with the ‘partial function’ versions (Kt vs. Kt′)∗ recently shown NP-complete by Hira-
hara [Hir22]. While NP-hardness of (Kt vs. K) would imply NP ⊆ coAM via our proof techniques
above, the consequence does not seem to follow in the partial setting, as we discuss further be-
low. We then show that NP-hardness via deterministic Turing reductions of either (Kt vs. Kt′) or
(Kt vs. Kt′)∗ (with appropriate settings of t and t′) would imply NP = P. It follows that these prob-
lems are NP-intermediate with respect to deterministic Turing reductions, provided the existence
of one-way functions.

We start with formal definitions of the partial version of Kt complexity and the promise problems
mentioned above.

Definition 8.1 (Partial (Time-bounded) Kolmogorov Complexity). For a time bound t ∈ N, a
string x ∈ {0, 1, ∗}∗, and a complexity measure µ ∈ {pKt,Kt,K}, the partial (t-time-bounded,
probabilistic) Kolmogorov complexity of x, denoted (µ)∗(x), is equal to

min
{
µ(x′) | x′ consistent with x

}
,

where a string x′ ∈ {0, 1}∗ is said to be consistent with x ∈ {0, 1, ∗}∗ if |x′| = |x| and, for every
index i ∈ [|x|] such that x[i] ̸= ∗, it holds that x[i] = x′[i].

Definition 8.2 ((Kt vs. Kt′)). Let t, t′ : N → N. For µ1 ∈ {Kt, pKt} and µ2 ∈ {Kt′ , pKt′ ,K},
(µ1 vs. µ2) is the following promise problem.

• ΠY = {(x, 1s) | µ1(x) ≤ s}

• ΠN = {(x, 1s) | µ2(x) > s}
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(µ1 vs. µ2)
∗ is defined analogously, with the partial complexity measures (µ1)

∗ and (µ2)
∗ in

place of the standard (‘complete function’) ones.

By a proof analogous to that of Theorem 1.4, we get the following statement.

Lemma 8.3. Let t : N → N be arbitrary and tR : N → N a polynomial. If (Kt vs. K) is NP-hard
under a randomized many-one reduction running in time tR(n) and with failure probability at most
1/(tR(n))

7, then NP ⊆ coAM.

One may contrast Lemma 8.3 with Hirahara’s recent proof that (Kt vs. K)∗ is in fact NP-
hard under a randomized many-one reduction with the same properties. This suggests that the
techniques of [Hir22] will not extend to the setting of standard (Kt vs. K) without leveraging
some more powerful notion of reducibility. Viewed another way, to obtain NP-hardness of MKtP
complexity under randomized many-one reductions, one would need techniques that apply more
narrowly to smaller-gap versions of the problem.

Note that the statement gives NP-hardness of MKtP∗ under a randomized reduction even when
t ∈ N is arbitrarily larger than the running time of the reduction. In the case of a randomized
reduction, it is not unreasonable to make the assumption that t ≫ tR, as is done in [SS22] and in this
work. This is because randomized reductions may easily sample strings of maximum Kolmogorov
complexity, so it is easy to generate No-instances of MKtP (or MKtP∗) within time tR. Note that
this would be impossible for a deterministic reduction.

Lemma 8.4 (Implicit in [Hir22]). There exists a polynomial tR : N → N such that for any constant
c ∈ N and any sufficiently large polynomial t : N → N, (Kt vs. K)∗ is NP-hard under a randomized
many-one reduction running in time tR(n) and with failure probability at most 1/tR(n)

c.

Proof sketch. One needs to verify that the failure probability of the reduction is at most 1/nc for
an arbitrary large constant c ∈ N. Recall that in the proof of [Hir22] Lemma 8.3, the reduction
samples random strings fi ∼ {0, 1}λ·w(i) for i ∈ [n], where n ∈ N is the number of variables in the
input CMMSA instance, w : [n] → N is a weight function, and λ is some fixed polynomial in n. The
reduction succeeds provided, for every T ⊆ [n], for some constant c ∈ N,

K(fT ) ≥ λ · w(T )− c · |T | · log n. (12)

This is used in the ‘soundness’ part of the proof to argue that the set B ⊆ [n] is not authorized.
In particular, one must prove that w(B) < θ from the fact that K(fB) ≤ o(λ · w(B)) + |M |, where
|M | is an arbitrary program of size λθ/2. To see that Eq. (12) is sufficient for this purpose, observe
that for any c ∈ N,

λ · w(B)− c · |B| · log n ≤ K(fB)

≤ o(λ · w(B)) + |M |

implies that

λ · w(B) ≤ c · |B| · log n+ o(λ · w(B)) + |M |
≤ o(λ · w(B)) + |M |,

since c · |B| · log n ≤ cn log n = o(λ). Thus,

w(B) · λ · (1− o(1)) ≤ |M |
≤ λ · θ/2,
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which implies that w(B) < θ, as desired.
Now we will show that, for any c ∈ N, Eq. (12) holds with probability at least 1− 1/nc−2. First

observe that by a standard counting argument, with probability 1− 1/nc−2,

K(f[n]) ≥ λ · w([n])− (c− 2) · log n.

Moreover,
K(f[n]) ≤ K(fT ) + λ · w([n]\T ) + 2 · |T | · log n,

since one may describe f[n] by describing fT , hard-wiring f[n]\T , and describing the set T ⊆ [n]
itself. Thus,

K(fT ) ≥ K(f[n])− λ · w([n]\T )− 2 · |T | · log n
≥ λ · w([n])− (c− 2) · log n− λ · w([n]\T )− 2 · |T | · log n
≥ λ · w(T )− c · |T | · log n,

so the reduction does not fail in this case.

One may wonder why the barrier of Lemma 8.3 does not apply to the partial Kt setting. The
primary issue is that a correspondence between the compressibility of queries and their probability
under the query distribution Qφ appears to be missing. As a result, we cannot apply our central
proof technique of reducing meta-complexity to a problem of probability estimation.

Roughly speaking, there is a difference between the Kolmogorov complexity K(z) of the de-
scription of a query z := (x, 1s) with x ∈ {0, 1, ∗}∗ and the partial complexity K∗(x) of x. By the
Coding Theorem for K, we still have an approximate correspondence between the logarithm of the
inverse probability of (the description of the query) z output by the randomized reduction and the
complexity K(z). However, K∗(x) can differ significantly from K(z). For example, consider a string
y = 0n, and let y′ be a uniformly random string in {0, ∗}n. Since y′ is a uniformly random string
over the binary alphabet {0, ∗}, it’s almost certainly true that K(y′) ≥ n−O(log n). On the other
hand, K∗(y′) ≤ K(y) ≤ O(log n).

More concretely, for example, consider a reduction from SAT to the problem of approximat-
ing (Kt)∗ (with a fixed threshold parameter s ∈ N). Here, the queries x ∈ {0, 1, ∗}∗ may contain
unspecified ‘∗’ positions. On one hand, we can use a standard coding theorem (adapted appropri-
ately) to show that a query x having probability greater than β ≈ 1/(2s · poly(n)) under the query
distribution Qφ would imply that (Kt)∗(x) ≲ s.

However, the converse does not seem to hold. Previously we showed that, for strings queried
in the reduction, it was unlikely for a string to be both of low complexity and low probability.
This followed from a counting argument and a union bound: there are roughly at most 2s strings
x ∈ {0, 1}∗ with Kt(x) ≤ s, so the cumulative probability of strings with both this property and
Qφ(x) ≤ β is at most 1/poly(n). In the case of partial Kt, it is no longer true that there are
‘few’ strings of low complexity. In particular, any one short description d ∈ {0, 1}s can witness
(Kt)∗(x) ≤ s for 2n distinct strings x ∈ {0, 1, ∗}n (unlike standard Kt, where one description only
‘maps’ to one string). Thus, partial Kt complexity is not readily connected to probability under
efficiently samplable distributions, which was the key connection exploited in the previous sections.

36



8.2 Deterministic Reductions

As another point of comparison, in Lemmas 8.6 and 8.7, we show that if either of (Kt vs. Kt′) or
(Kt vs. Kt′)∗ is NP-hard with respect to deterministic adaptive Turing reductions (for a sufficiently
large exponential function t′), then one obtains the stronger consequence that NP = P. This implies
that if one-way functions exist, (Kt vs. Kt′) and (Kt vs. Kt′)∗ are both NP-intermediate with respect
to deterministic Turing reductions.10

Note that Lemmas 8.6 and 8.7 hold for Turing reductions with arbitrary polynomial running
time (i.e., less than or greater than the time-bound t), and there is no honesty requirement. After
this, we show similar results for honest reductions and superpolynomial t′.

We will use the ‘dream-breaker’ of Bogdanov et al. [BTW10].

Lemma 8.5 ([BTW10]). Suppose NP ̸= P. There is an algorithm B and a universal constant d
with the following properties. Let A be any poly-time algorithm that attempts to solve search-SAT
and only errs by incorrectly outputting ⊥.11 For infinitely many n ∈ N, B(A, 1n) outputs a formula
φ ∈ {0, 1}n and a witness a such that φ(a) = 1 but A(φ) = ⊥. Moreover, if A runs in time at most
nb on inputs of length n, then B(A, 1n) runs in time at most (nb)d.

Lemma 8.6. For every constant c, there is a constant c′ with the following property. Let t, t′ :
N → N be such that for all n ∈ N, t(n) ≤ nc and t′(n) ≥ 2c

′n. Then (Kt vs. Kt′) is NP-hard under
deterministic polynomial-time Turing reductions iff NP = P.

Proof. Let M be a Turing reduction from search-SAT to (Kt vs. Kt′) running in time at most nb

on inputs of length n ∈ N. Define a machine M ′ that on input φ ∈ {0, 1}n simulates M(φ) and
answers its queries as follows. If the query (x, 1s) is such that s ≤ 4b log n and s ≤ 2|x|, answer the
query by brute force; otherwise simply accept the query. Note that M ′ runs in time at most n6bc.

Let B be the refuter of Lemma 8.5, and let n ∈ N and φ ∈ {0, 1}n be such that B(M ′, 1n) =
(φ, a) with M ′(φ) = ⊥ but φ(a) = 1.

Clearly, if a query (x, 1s) is such that s ≤ 4b log n or 2|x| < s, M ′ answers it correctly. We now
claim that for every query (x, 1s) of M ′(φ), it holds that Kt′(x) ≤ 4b log n. In particular, one may
compute x from advice (n, i), where x is the ith query of M ′(φ), in time at most(

n6bc
)d

+ n6bc < 2c
′·|x|,

assuming 2|x| ≥ s > 4b log n and choosing c′ = 4cd, where d is the constant from Lemma 8.5. For
t′ : N → N such that t′(m) ≥ 2c

′m, this implies

Kt′(x) ≤ s.

Thus, M ′(φ) answers all of its queries correctly with respect to (Kt vs. Kt′), and

M ′(φ) = M (Kt vs. Kt′ )(φ) = search-SAT(φ),

a contradiction.

10Since either of these problems could be used to break a cryptographic PRG, the existence of OWFs means they
must not be efficiently decidable.

11Note that any poly-time algorithm may be transformed into such an algorithm by verifying any candidate
satisfying assignment to the input before returning it.
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The following statement for (Kt vs. Kt′)∗ indicates that Lemma 8.4 makes essential use of ran-
domness, unless NP = P.

Lemma 8.7. For every constant c, there is a constant c′ with the following property. Let t, t′ :
N → N be such that for all n ∈ N, t(n) ≤ nc and t′(n) ≥ 2c

′n. Then (Kt vs. Kt′)∗ is NP-hard under
deterministic polynomial-time Turing reductions iff NP = P.

Proof sketch. The proof is nearly identical to that of Lemma 8.6. One may still compute a string
consistent with x from advice (n, i) by simulating the reduction, obtaining the query x, and replac-
ing any ‘∗’s in x with ‘0’s. Let x̃ be the string x with all *’s replaced by 0’s. It is easy to verify
that (Kt′)∗(x) ≤ Kt′(x̃) ≤ 4b log n.

Note that we could prove the above lemmas for (Kt vs. K) and (Kt vs. K)∗ (that is, with time-
unbounded K and K∗ in ΠN ) without the use of a dreambreaker. If we additionally assume that
the NP-hardness reductions are honest, we obtain the same results but with t′ any superpolynomial
function.

Lemma 8.8. Let t : N → N be polynomial and t′ : N → N superpolynomial. (Kt vs. Kt′) is NP-hard
under honest deterministic polynomial-time Turing reductions iff NP = P.

Proof. Argue as in Lemma 8.6. Since the reduction is honest, we have

|x| ≥ nγ

for some constant γ > 0, for any string x queried in the reduction M . Recall that any such x of M
may be computed from advice (n, i) in time at most(

n6bc
)d

+ n6bc < n7bcd

≤ |x|7bcd/γ

< t′(|x|),

as desired.

Lemma 8.9. Let t : N → N be polynomial and t′ : N → N superpolynomial. (Kt vs. Kt′)∗ is
NP-hard under honest deterministic polynomial-time Turing reductions iff NP = P.

9 Open Questions

We have shown various consequences of (time-bounded) Kolmogorov complexity being NP-hard
under randomized notions of reducibility. Some of these consequences may be taken optimistically
(Theorem 1.3), while others may be viewed as barriers to the kinds of NP-hardness in question
(Theorems 1.1, 1.4), which include kinds of reduction that have previously been used to show
NP-hardness of variants of Kt complexity (eg. [Hir22]; see Section 8 above).

This work leaves open a number of directions; here, we indicate a few.

1. Can we remove the requirement, in Theorems 1.1, 1.2, and 1.3, that the time bound t in the
superscript be larger than the running time of the reduction? Recall that this requirement
was due to our use of the coding theorem for pKt.
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2. Can we show consequences of randomized NP-hardness reductions to MKTP or MCSP (i.e.,
minimization problems for Allender’s KT complexity or boolean circuit size)?

3. Can we extend Theorems 1.1, 1.2, or 1.3 to adaptive randomized Turing reductions? Note that
this kind of extension is unlikely in the case of Theorem 1.4, given the prior work discussed
in Section 1.2 [All+06; Hir20b].

4. Can we improve Theorem 1.4 to hold for randomized many-one reductions with constant
failure probability? In particular, can we improve the “robustness” of many-one reductions
to K, as in Theorem 1.5, to hold for constant failure probability and exponentially small
failure probability?
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