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On Approximability of Satisfiable £-CSPs: V
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Abstract

We propose a framework of algorithm vs. hardness for all Max-CSPs and demonstrate it for a large
class of predicates. This framework extends the work of Raghavendra [STOC, 2008], who showed a
similar result for almost satisfiable Max-CSPs.

Our framework is based on a new hybrid approximation algorithm, which uses a combination of
the Gaussian elimination technique (i.e., solving a system of linear equations over an Abelian group)
and the semidefinite programming relaxation. We complement our algorithm with a matching dictator
vs. quasirandom test that has perfect completeness.

The analysis of our dictator vs. quasirandom test is based on a novel invariance principle, which we
call the mixed invariance principle. Our mixed invariance principle is an extension of the invariance
principle of Mossel, O’Donnell and Oleszkiewicz [Annals of Mathematics, 2010] which plays a crucial
role in Raghavendra’s work. The mixed invariance principle allows one to relate 3-wise correlations
over discrete probability spaces with expectations over spaces that are a mixture of Guassian spaces and
Abelian groups, and may be of independent interest.

1 Introduction

1.1 Constraint Satisfaction Problems

The class of constraint satisfaction problems (CSPs in short) consists of some of the most studied computa-
tional problems in artificial intelligence, database theory, logic, graph theory, and computational complexity.
Given a predicate P : ¥* — {0, 1} for some finite alphabet ¥, a P-CSP instance consists of a set of vari-
ables X = {z1,z2,...,z,} and a collection of local constraints C,Co, ..., C),, each one of the form
P(z;,,%iy, .., xi,) = 1. Here and throughout, we refer to the parameter k as the arity of the CSP. For a
class of predicates P C {P: ¥¥ — {0,1}}, an instance of P-CSP consists of a set of variables X and a
colleciton of constraints C1, ..., Cy, each one of the form P(z;,,j,,...,x;, ) = 1 for some P € P. The
value of an instance Y, denoted by val(Y), is the maximum fraction of the constraints that can be satisfied
by an assignment to the variables.

The most natural decision problem associated with instances of P-CSP is the satisfiability problem:
given an instance YT of P-CSP, determine if it is satisfiable, i.e. , if there exists an assignment A: X — X
satisfying all of the constraints of Y. In a relaxation of this problem called the Max-PP-CSP problem (which
is most relevant to this paper), one is given an instance YT of PP-CSP, and the task is to efficiently find
an assignment to the variables that satisfies as many of the constraints as possible. An a-approximation
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algorithm is a polynomial-time algorithm that, given an instance Y, finds an assignment satisfying at least
a - OPT(T) fraction of the constraints, where OPT(Y) is the value of the optimal assignment.

The study of CSPs has driven some of the most influential developments in theoretical computer science,
including the theory of NP-completeness [21} 40], the PCP theorem [[1} 2, 24]], the development of semidefi-
nite programming algorithms [28 35,153} 154, 46, [18]], the Unique Games Conjecture (UGC in short) and its
consequences [36, 46], the dichotomy theorem [23} |17, 152]] and more. Below, we elaborate on two of these
topics.

The Dichotomy Theorem: a systematic study of the complexity of solving CSPs was started by Schaefer
in 1978 [48], who showed that for every predicate P over a Boolean alphabet, the problem of checking
satisfiability of a P-CSP instance is either in P or is NP-complete. Note that this is not a trivial statement:
by Lander’s theorem [39], if P#NP, then there are languages that are not in P nor are NP-hard; these are
often called NP-intermediate problems. Thus, another way of stating Shaefer’s theorem is that CSPs over
Boolean alphabets cannot be NP-intermediate. Feder and Vardi [23] conjectured that Shaefer’s theorem
holds for all finite alphabets, and this statement is often referred to as the Dichotomy Conjecture. Much
effort has gone into studying the dichotomy conjecture, mainly using the tools of abstract algebra. The
conjecture was recently resolved by Bulatov and Zhuk (independently) [17, 52], who proved that, indeed,
for any family of prediactes P, the decision problem P-CSP is either in P or is NP-complete.

Approximating Almost Satisfiable Instances: the complexity of approximating almost satisfiable in-
stances is rather well understood by now. Here and throughout, we say that an instance T is almost satisfi-
able if OPT(Y) > 1 — ¢ where € > 0 is a small constant.

Some of the theory here is based on the PCP theorem [24, 2, [1]. As an example, an important result
of Hastad [33]] states that for all £ > 0, given an instance T of the Max-3-Lin problem promised to have
OPT(Y) > 1 — ¢, it is NP-hard to find an assignment satisfying at least 1/2 + ¢ fraction of the constraints.
Here, the Max-3LIN problem is the problem Max-P-CSP where P = {Fy, P} and P,: F3 — {0,1}
is defined by Py (x,y,2) = ly4y+2—q. In fact, Hastad’s hardness result [33] also applies to the decision
version of the problem: for every ¢ > 0, it is NP-hard to distinguish between the cases val(Y) > 1 — ¢ and
val(Y) <1/2+e.

Getting a more comprehensive understanding of the approximability of almost satisfiable CSPs requires
a stronger PCP characterization of NP, in the form of the Unique Games Conjecture (UGC) [36]]. Assuming
UGC, Raghavendra [46]] showed that for every collection of predicates P and € > 0, there is a constant Sp
such that:

1. Algorithm: there exists a polynomial-time algorithm that given an instance Y of P-CSP promised to
have OPT(Y) > 1—¢, outputs an assignment satisfying at least Sp fraction of the constraints. Clearly,
this also means that there exists a polynomial-time algorithm that distinguishes instances with a value
at least 1 — ¢ from instances with a value at most almost Sp.

2. Hardness: for all § > 0, given an instance T, it is NP-hard to distinguish between the case that
val(Y) > 1 — e — 4, and the case that val(T) < Bp + 6.

In words, Raghavendra’s result asserts that for every collection of predicates, the approximability of almost
satisfiable instances exhibits a dichotomy between approximation ratios that can be achieved in polynomial
time, and those that are NP-hard (assuming UGC).



1.2 Approxmiating Satisfiable Instances

The complexity of approximating satisfiable CSPs is much more complicated and remains mostly unsolved
as of now (even under reasonable conjectures in the style of UGC [36]). The proof of the dichotomy
theorem implies that for P for which PP-CSP is NP-complete, there exists a constant 0 < dp < 1 such that
it is NP-hard to distinguish satisfiable instances from instances with value at most dp». However, unlike the
almost-satisfiable case, we do not know tight inapproximability results for satisfiable instances for every
‘P. There are only a few P’s for which we know the existence of ap for which efficient ap approximation
of Max-P-CSP is possible, while a;p + ¢ approximation is NP-hard, and even fewer P’s for which we
know the value of avp. An example for such problem is the 3-SAT problem, for which Hastad [33] proved
that azsar = 7/8 works (and more generally apsar = 1 — 1/2F for the k-SAT problem). Another
example is the NTW predicateﬂ that received much attention [43], 144, 37], for which the optimal threshold
of ayTw = 5/8 was shown by Hastad [34]. The problem of determining the existence of the ratio o and
pinning it down gets very difficult very quickly though; see [[15]] for the case of the NAE predicate.

1.3 The Dichotomy Approximation Conjecture

Motivated by the dichotomy theorem and Raghavendra’s theorem discussed above, in [[7]] the authors sug-
gested the following statement, referred to as the Approximation Dichotomy Conjecture:

Conjecture 1.1 (Approximation Dichotomy Conjecture). For all k € N and for all collections of k-ary
predicates P for which P-CSP is NP-hard, there exists a constant op such that:

1. Algorithm: there is a polynomial-time algorithm that distinguishes satisfiable instances of Max-P-
CSP from instances with value at most ap.

2. Hardness: for all ¢ > 0, it is NP-hard to distinguish satisfiable instances of Max-P-CSP from in-
stances with value at most ap + €.

In words, the approximation dichotomy conjecture states that the complexity of the approximating Max-
P-CSP exhibits a rapid phase transition between approximation ratios that can be achieved by polynomial-
time algorithms, and approximation ratios that are NP-hard to achieve. In other words, the approximation
problem is never NP-intermediate.

A sequence of works [7, 9} [10, [11] made progress on the case £k = 3 of Conjecture focusing on
the “hardness” part; we elaborate on these works below. The goal of the current paper is to make further
progress on the case that 3-ary predicates and address the “algorithmic” part of Conjecture[I.1] In particular,
we propose an approximation algorithm for a wide class of CSPs, and develops tools to bridge between its
performance and the “hardness” side of the conjecture.

1.3.1 Why 3-ary Predicates?

In full generality, Conjecture [I.T]is likely to be very difficult to settle. Settling it, even for certain classes
of CSPs, requires one to study associated, very general analytical problems. These problems include within
them (as subcases) the inverse theorems for Gowers’ uniformity norms over finite fields [5, 50, 51]. In
fact, the resulting analytical problem for k-ary predicates implies a generalization of the inverse theorem
for Gowers” U¥~!-norms. For instance, the main result of [I1]] is a solution to this analytical problem for

"The accepting assignments of the predicate NTW are {(0, 0, 0), (0,0, 1), (0, 1,0), (1,0, 0), (1,1,1)}.



k = 3, and it can be used to study the density of restricted 3-AP free sets [8]], a result which was previously
unknown. As the difficulty in the study of Gowers’ uniformity norms sharply increases when k is large, it
stands to reason the associated analytical problems we study also become more challenging as & increases.
Hence we focus on the simplest case that is not understood, k¥ = 3, which is already highly non-trivial. It is
also reasonable to expect that the resolution of the analytical problem for general k£ will ultimately proceed
by induction on k, in which scenario the case £ = 3 will be the base case of this induction

We remark that prior works, and more specifically Raghavendra’s theorem [46] as well as the dichotomy
theorem [[17, 152]], have side-stepped these issues. First, due to the imperfect completeness Raghavendra
requires only fairly simple inverse theorems (corresponding to distributions with full support), and the argu-
ment is essentially the same for all k. Second, in the context of the dichotomy theorem one does not have to
worry about preserving approximation ratios, and the difference between this case and our case is analogous
to the difference between the Hales-Jewett theorem [32] and the density Hales-Jewett theorem [25] 277} 45].

1.3.2 Approximation Algorithms vs Hardness Reductions

To characterize the right approximation threshold for Max-7-CSP, one has to work in two fronts and make
them meet: the algorithmic front and the hardness front. In this section we discuss these two fronts, the way
it is manifested in almost satisfiable CSPs, and the difference between that and the case of satisfiable CSPs.

Dictatorship tests as evidence for hardness: dictatorship tests are one of the most important components
in hardness of approximation results. A function f : ¥ — 3 is called a dictatorship function if it depends
only on one variable. A dictatorship test is a procedure that queries f at a few (correlated) locations ran-
domly, and based on the function values at these locations it decides if f is a dictator function or far from
any dictator function. For brevity, we often refer to the latter type of functions as quasirandom functions.

We briefly describe the notion of being far from dictator functions here. The influence of a coordinate ¢
on a function f: (X", ™) — C is the amount it affects the value of f at a random input, i.e.,

2
Llf] = E “f(:vl?...,xi,...,xn)ff(:/vl,...,:v;,...,:cn)’}.
(21,eeeyn) U™
x) v
Note that dictatorship functions have one coordinate whose influence is 1. A function is called far from
dictatorship functions if, for every coordinate ¢, the influence of the coordinate ¢ in f is small. There are
three important properties of a dictatorship test that are useful in getting the hardness of approximation result
for Max-P-CSP:

1. The completeness c, which is the probability that test accepts any dictatorship function.

2. The soundness s, which is the probability that the test accepts any function which is far from being a
dictatorship.

3. The check that the test makes: if the dictatorship test makes & queries, say to the points (1), ..., z(k),
and performs a check of the form P(f(x(1)),..., f(x(k))) = 1, for P € P, then it can be used to
get a hardness result for Max-P-CSP.

Typically, a dictatorship test with parameters 0 < s < ¢ < 1 that uses a collection of predicates P, can
be converted to an NP-hardness result for the following promise problem: given an instance Y of CSP-P

*Many of the proofs of the inverse theorem for Gowers’ uniformity norms indeed proceed in this fashion.



promised to be at least c-satisfiable, find an assignment satisfying at least s fraction of the constraints. While
this transformation is far from being automatic in general dictatorship tests are often thought of as strong
evidence towards this form of hardness of approximation result. Thus, the hardness part of Conjecture [I.1]
requires dictatorship tests with ¢ = 1, which we refer to as perfect completeness.

Dictatorship tests with perfect completeness: the papers [7,(9,[10,11] develop tools to analyze dictator-
ship tests with perfect completeness. This case turns out to be considerably more complicated than the case
of imperfect completeness. Whereas in the latter case, one can change the dictatorship test slightly (to gain
desirable features from it) at only a mild cost in the completeness parameter, this is unaffordable once we
take ¢ = 1. In particular, the paper [11]] gives a “quasirandom” versus “dictatorship” result for a wide class
of 3-ary predicates.

Matching the dictatorship test via an algorithm: to match the performance of the dictatorship test, an
approximation algorithm has to gain insights from the soundness analysis of the test. At a high level, the
algorithm has to be able to utilize any quasirandom function in an algorithmic way.

In the context of Raghavendra’s theorem [46], the class of quasirandom functions consists of low-degree
functions with no influential coordinates [41]]. To utilize these functions algorithmically, the powerful invari-
ance principle of [42] is used, asserting that these type of functions essentially come from Gaussian space.
As Gaussian samples can be produced algorithmically by solving the semi-definite programming relaxation
and multiplying by vector-valued Gaussian random variables, this gives rise to an algorithm.

In the context of satisfiable CSPs, the class of quasirandom functions is more rich in general. In fact,
this class may even depend on the specific predicate in question. In many cases of interest this class includes
low-degree functions as well as Fourier characters, and it is not immediately clear how to use these types
of functions algorithmically. The invariance principle of [42] fails for these types of functions, and more
information (besides the one gained from the semi-definite programming relaxation) seems necessary for
an algorithm. The main contribution of the current work is to propose such an algorithm and prove a
generalization of the invariance principle that facilitates the use of this type of functions algorithmically.

1.4 Our Main Result

We now state the main result of this paper, and towards this end we require a few definitions. We begin with
the notion of Abelain embeddings, also referred to as linear embeddings.

k
Definition 1.2. Let X1,. .., 3y be finite alphabets and let A C [[ ;. For an Abelian group (G, +), we
i=1
say maps o;: ¥; — G fori=1,... k form an Abelian embedding of A if

k

(al,...,ak) €cEA = Zai(ai) = 0g-
i=1

We say A is Abelianly embeddable if there are maps o; that are not all constant that form an Abelian

k
embedding of A. We say that a distribution 1 over [ X; is Abelialy embeddable if supp(u) is.
i=1

30Often times one requires a plausible complexity-theoretic assumption, such as the Unique-Games Conjecture [36] or the Rich-
2-to-1 Games Conjecture [16].



The notion of Abelian embeddings is central to the study of satisfiable CSPs, and the existence of
embeddings into a group G should be thought of as hinting towards a subspace-type structure inside A. For
technical reasons though, we are only able to handle Abelian groups G that are finite. Thus, we say that A
admits a (Z, +) embedding if it has an Abelian embedding into the group (Z,+). With this in mind, we
wish to define the class of predicates we handle in the current paper, and we begin by giving a few examples.

1. Vector valued punctured 3-Lin: let p be a prime number, let m > 2 and take ¥ = )" \ {0}. Take
the collection of predicates P = { P}, where the set of satisfying assignments of P consists of tuples
(z,y,2) such that z,y, z € F*\ {0}, each pair of z, , z is linearly independent and = +y + z = 0. It
is easy to observe that P admits an Abelian embedding into }*. There are other Abelian embeddings
that are induced by it, such as o1 (z) = (o, x), 02(y) = (@, ), 03(2) = (, 2) for any a € F}".

The predicate P does not admit a (Z, +) embedding, and furthermore there is a group action on %
that preserves satisfying assignments of P. Namely, for each invertible M € F}**™ we can take
T B — [t defined as 7ayu = Mu. It is easy to see that for each such M, if P(z,y,2) = 1,
then P(7mar(x), 7ar(y), 7ar(2)) = 1. Using this, one can show that the collection P is MILDLY-
SYMMETRIC as defined below, and our results therefore apply to P.

2. 3-Uniform hypergraph p-strong coloring: let p > 5 be a prime, take ¥ = IF,, and consider the
predicate P: ¥ — {0,1} where P(z,y,2) = 1y - are distinet and P = {P}. The problem Max-P-
CSP is also known [[12]] as the p-strong coloring problem: an instance can be viewed as a hypergraph
(whose hyperedges are the triplets that are involved in some constraint), and a solution can be viewed
as coloring the graph maximizing the fraction of hyperedges with all distinct colors.

The predicate P does not admit Abelian embeddings, however its support does contain subsets that do
admit Abelian embeddings. The collection P can be seen to be MILDLY-SYMMETRIC (see Section [A]
for a proof), and so our result applies to P.

3. 3-Uniform hypergraph 3-rainbow coloring: consider the previous example except that we take
p = 3. This problem is also known [31] as the rainbow hypergraph coloring problem, wherein an
hyperedge is properly colored if all the colors are present. This time the predicate P has Abelian
embeddings, such as 0,7, ¢: ¥ — F3 defined as o(z) = x, y(y) =y — 1, ¢(z) = z — 2. In fact, this
is even a (Z, +) embedding. We also note that there is a group action {7, 4} berF;,a20 On X defined
as Tq,p(u) = au + b that preserves the satisfying assignment of P.

Because P admits a (Z,+) embedding, the collection P is not MILDLY-SYMMETRIC as defined
below, and our result does not apply to it. As discussed in Sections and [1.9 we view the (Z, +)-
embedding obstruction as an issue of a technical nature (as opposed to the issue of pairwise connectiv-
ity, which appears much more fundamental). Therefore, we suspect that a variant of our result should
hold for this predicate as well.

Having looked at a few examples and non-examples, we now formally define the class of MILDLY-
SYMMETRIC predicates as follows:

Definition 1.3 (MILDLY-SYMMETRIC predicates). A family of predicates P C {P : ¥* — {0,1}} is called
MILDLY-SYMMETRIC if there are actions 11, Ta, ..., Ty : 2 — % such that:

1. For every P € P, every i € [{] and every satisfying assignment o € ¥> of P, the assignment
(1i(01),Ti(02), 7 (03)) is a satisfying assignment of P.



2. For every P € P and for every satisfying assignment o € X3 of P, the set {(7;(c1), 7:(02), Ti(c3)) |
i € [{]} C %3 does not have a (Z, +)-embedding.

In words, a collection of predicates P is called MILDLY-SYMMETRIC if there are maps on the alphabet
. that both (1) preserve the satisfying assignments of all predicates in P, and (2) the orbit of each satisfying
assignment under the maps is rich enough that it doesn’t admit any (Z, +) embedding.

Our main result with regard to Conjecture(1.1|is the following statement.

Theorem 1.1. Let P be a collection of MILDLY-SYMMETRIC 3-ary predicates. Then there exists ap such
that for all € > 0:

1. Hardness: there is a dictatorship vs quasirandom test using P with perfect completeness and sound-
nesss ap + €.

2. Algorithm: there exists a polynomial-time algorithm that distinguishes between satisfiable instances
of P-CSP from instances of P-CSP with value at most ap.

Organization: the rest of this introductory section is organized as follows. In Section [I.5] we discuss the
algorithmic approach for CSPs, and in Section we present our hybrid algorithm. In Section |1.7| we
discuss the analysis of the hybrid algorithm and in Section [I.§] we discuss our main technical contribution,
the mixed invariance principle. In Section|1.9| we discuss other related works.

1.5 Approximation Algorithms for CSPs

In this section we discuss two algorithmic techniques that are vital towards our hybrid algorithm, and are
used in Raghavendra’s theorem and in the dichotomy theorem.

1.5.1 Raghavendra’s Algorithm: Semi-definite Programming Relaxations

For almost satisfiable CSPs, Raghavendra [46]] showed that semi-definite programming (SDP) based al-
gorithms give the optimal approximation algorithms (assuming the UGC). More specifically, we can write
down a basic SDP relaxation of a given instance of Max-P-CSP as shown in Figure I} Here, V is the set
of variables of the instance and C is a distribution over constraints of the instance (representing a weighted
instance of CSP-P), and for each ¢ € C, V(c) is the set of variables appearing in c. For each variable i € V
and an alphabet symbol a € X the program has a vector b; , and additionally there is a global vector by.
We think of these vectors as describing a distribution over good assignments to the instance, and write down
conditions corresponding to that.

The SDP-solution is then rounded, via a non-trivial rounding procedure, to an assignment to the vari-
ables. More precisely, given a solution to the SDP program that lives in dimension m, Raghavendra samples
Gaussians g(l), e ,g(R) € R™ in which each coordinate is an independent standard Gaussian random
variable, and produces jointly distributed Gaussians zy ; o) = (g0, biq). It is easy to see that the z’s
pairwise correlations match the inner products of the SDP solution vectors. Using these samples (as in-
puts), Raghavendra shows that any quasirandom function that performs well in the dictatorship tests yields a
rounding function that satisfies (in expectation) at least s fraction of the constraints, where s is the soundness
of the dictatorship test. We stress that in this context, quasirandom functions refer to low-degree functions
in which all variables have small influence.



It is, therefore, natural to ask if semi-definite programming relaxation also gives the best approximation
algorithm in the setting of Theorem [I.1] This turns out to be false as can be seen from the following CSP.
Let (G, -) be a non-Abelian group and consider the problem 3-Ling. In this problem, we have variables
Z1,..., T, that are supposed to be assigned values from G, and the constraints are of the form x; - ;-2 = ¢
where ¢ € G are constants. In [4] it is shown that the basic SDP for 3-LIN has an integrality gap of 1
vs. 1/|G|, meaning that an algorithm that only uses SDP rounding cannot achieve a better ratio than 1/|G|
on satisfiable instances. However, there is an algorithm that achieves 1/|[G, G]| factor approximation on
satisfiable instances, where [G, G] is a commutator subgroup of G see [6] for example

1.5.2 Gaussian Elimination

Another important algorithmic technique is Gaussian elimination, i.e., solving a system of linear equa-
tions over an Abelian group [22]. Gaussian elimination can at times be more powerful than semi-definite
programming relaxations: using it one can decide whether a given system of linear equations over I, is
perfectly satisfiable or not, but SDPs fail to do so [30,49]]. Still, by itself it is rather weak, and it is not clear
how to use it to obtain non-trivial approximation algorithms for problems such as Max-Cut. We remark
that Gaussian elimination is not enough to check the satisfiability of bounded width P-CSPs [3], which
otherwise are tractable using local-propagation algorithms [3]].

1.5.3 Our Hybrid Algorithm

Our hybrid algorithm blends the two aforementioned algorithmic tools in a nontrivial way. We note that
these two techniques have recently been used together to produce nontrivial algorithms in the area of promise
CSPs. Indeed, therein a combination of semidefinite program/linear program (SDP/LP) and affine integer
program (AIP) was used [13}[14}[19] to solve a few tractable cases. Similarly, SDP+AIP was shown [20] not
to be enough to solve the approximate graph coloring problem. However, these prior works consider solving
the SDP and the system of linear equations once and using these solutions to output the final decision. In
contrast, our hybrid algorithm iteratively modifies the SDP program and the system of linear equations
before coming up with the final decision.

1.6 A New Approximation Algorithm for Satisfiable CSPs

In this section we present our hybrid algorithm that will be used in the analysis of our dictatorship test.

Let P be a collection of 3-ary predicates, all of which are embeddable in a finite Abelian group GG
viathe map o: ¥ — GE] Fix an instance T = (V,C) of Max-P-CSP, where V is identified with the set
{1,2,...,n}, and C is a set of constraints on V. The basic semidefinite programming relaxation of the
instance is given on the left side of Figure It consists of vectors {b; 4 }icy acy, distributions {/i.}ccc over
the local assignments (i.e., on V(%) where V(c) denotes the tuple of variables in ¢) and a unit vector by.
The notation A (Z) refers to the collection of all probability distributions over the set Z. Observe that this
is indeed a relaxation: given a satisfying assignment o : V — 3, choose by to be some unit vector, and

*For many non-Abelian groups G, such as for the group G = S,,, for example, the size of the commutator subgroup [G, G] is
strictly smaller than the size of G. In particular, a 1/|[G, G]|-approximation is strictly better than a 1/|G/|-approximation.

For simplicity, we assume here that this is essentially the only group in which the predicates are embeddable and all the
embedding maps are identical, i.e., 01 = 02 = 03 = 0.



consider the vector assignment

bio = { b_9 if a(i) = a, )

0 otherwise.

For every ¢ € C, the distribution p.. is set to be supported on the assignment a|v(c), which by definition sat-
isfies the constraint c. It can be easily observed that all the constraints (1)—(4) are satisfied, and furthermore,
the objective value of this vector solution is 1, as ¢(z) = 1 if z ~ p, for every ¢ € C.

Semidefinite Program System of linear equations over G
maximize E E [¢(z)]
ceC x~pc

subject to

Find 9 : ) — (G, h that
(1) <bi7a,bj7b> — Pr [37@ — Cl,.in — b} n {ylayQ Y } ( +> suc a

e Ve € C with V(c¢) = (i1, i2,13), we have
ceC, i,7€V(c), abex,
(2) (bia, bo) = ||bial3,Vi € V,a € %, D (yiy) + 9(yiy) + Iyis) = Oc.

(3) boll5 =1,
(4) pec A(ZYO), cec.

Figure 1: A semidefinite programming formulation and a system of linear equations for a given Max-P-CSP
instance T = (V,C).

We also write down a system of linear equations over an Abelian group G, given on the right-side of
Figure I} Note that if the instance Y is satisfiable, then the system of linear equations over G also has
solutions. This follows from the definition of Abelian embeddability (Definition [I.2)): take any satisfying
assignment o € X" and assign 9(y;) = o(a;) forall i € [n].

We modify the semi-definite program and the system of linear equations iteratively as follows. At every
step, we work with an SDP solution where for every satisfying assignment « : )V — 3 to the instance T,
pe(aly(ey) > Oﬁ In other words, every satisfying assignment to the instance ‘survives’ in the SDP solution.

« For a constraint ¢ € C we say that (g1, g2, g3) € G is SDP-unattainable if (o (a1), o (as),0(a3)) #
(91,92, g3) for all (a1, as,as) € supp(i.). Consider an SDP-unattainable tuple (g1, g2, g3) not in a
subgroup (of G®) generated by the SDP-attainable tuples. We modify the system of linear equations
by eliminating (g1, g2, g3) from being a possible setting to the variables corresponding to ¢ while
preserving all the SDP-attainable tuples in a solution.

» For every constraint ¢ € C and an assignment a = (a1, as, az) € X3 if no solution to system of linear
equations assigns (o(a1),0(a2),o(as)) to the variables of ¢, then add a constraint p.(a) = 0 to the
SDP formulation.

It is easy to see that the process ends in polynomially many steps. The algorithm accepts an instance if
the SDP value is 1 at the end of the above procedure. Since we ensured that every satisfying assignment to
the instance ‘survives’ in the SDP solution, for a satisfying assignment «, the vector solution given in ()
will be a feasible solution to the final SDP. Therefore, the algorithm always accepts satisfiable instances of
Max-P-CSP.

SThis can be achieved in polynomial time, see Lemma




As for the soundness of the algorithm, let S be the collection of all Max-P-CSP instances where the
algorithm accepts, and define s = infycg val(Y). To complete the proof of Theoremwe show an 1 vs.
s+ o(1) dictatorship test. We explain this in Section|[1.7]

1.7 The Dictatorship Test

In this section we explain how to use an integrality gap of the above hybrid algorithm to construct a dicta-
torship test. Throughout, we have an integrality gap T with val(T) = s+ o(1). To analyze the dictatorship
test, it will be useful for us to consider the following approximation algorithm (we stress that it is specific
for the instance Y):

1. Solving the programs. Solve the final SDP program such that the objective value of the solution is 1.
As there are n|X| 4 1 vectors, we can assume without loss of generality that these vectors live in R™
for m < n|X| 4 1. Denote by S C G" be the set of all the satisfying assignments ¢ for this system of
linear equations, and note that S' is a subspace.

2. Setting up rounding functions and sampling. For a constant R > 1 to be chosen as large enough, we
fix a rounding function f : RE®l x GE — A(X), such that f(z,w) gives a probability distribution
on . We sample R Gaussian vectors g1, g, ..., g() € R™ where for each j € [m] and ¢ € [R],

0

g; “is distributed according to the standard normal variable. We also sample R uniformly random

satisfying assignments over G from the set S, which we denote by ), 0@ ... (),

3. SDP rounding component. We first take the inner product of the Gaussian vectors with the SDP
vectors corresponding to the variable i. More formally, let z; ) = (bi,a, g<€)>, for every 7 € V,

¢ € [R] and a € 3. This gives a vector z; = (2 (¢,4))¢c[R],acx € RE®I for each variable i € V.

4. Gaussian elimination component. Taking the assignments we sampled form S, we create a string
from w; € G for each variable i € V, where w; = (o(¥) (Yi)) eelr)-

5. Outputting an assignment. For each i € V), sample A(7) according to the distribution f(z;, w;).

1.7.1 A Dictatorship Test with Imperfect Completeness

Towards the construction of the dictatorship test, it is helpful to first analyze a variant of the above algorithm
that only solves the SDP program and applies a rounding scheme (or alternatively, that applies a rounding
scheme that ignores its w-component). This is the setting in Raghavendra’s theorem, and he uses it to
construct a dictatorship test with completeness 1 — £ and soundness s + o(1) that uses the collection P, for
all e > 0. Denote by (b, ) the SDP solution with value 1 and consider the following test to check if a given
function f : % — 3 is a dictator function or far from a dictator function:

1. Sample (y1,yo2, - - ., Yx) as follows:

(a) Sample a random constraint ¢ € C and let P € P be the predicate it uses.

(b) For each i € [R], sample (y1,i, Y2, - - -, Yk,i) according to /1. independently.

(c) For each i € [R)], with probability € resample (Y1, Y2, - - - , Yk,;) from $¥ uniformly and inde-
pendently.

2. Checkif P(f(y1), f(y2),---. f(yx)) = 1.

10



Completeness: If f is a dictator function, say f(y) = y; for some j € [R], then the probability that the test
passes is as follows:

Pr[Test passes] = E

(,P) | (y1,925---Yr)
>(1-¢) E E [P(y1,5, Y2, - -+ Yr.j)]
(e, P) | (Y1,5,Y2,55 - Yk,j)~He
=(1-¢)-1,

where the last equality follows from the fact that the SDP value is 1 and hence p,. is supported on P~1(1)
for every c € C.

Soundness: Let us now analyze the soundness of the test. Towards this, suppose f: 3 — 3 is a quasiran-
dom function Our goal is to show that the dictatorship test accepts with probability at most s + o(1). First,
we express the test passing probability as follows:

Pr[Test passes] = E
(e.P)

E  [P(f(y1), f(y2),--, flyr))]

(y1,92,-Yk)

Fix c and P and focus on the inner expectation. By expressing P in terms of its multi-linear extension, the
expectation above can be written as a linear combination of expectations of the form

)

€S

E ; 2

where S C [k] and F; : % — {0,1} is an indicator function of the form Fj(y) = 1y(,)—, for some
a € Y. An important point is that the analysis of the test boils down to analyzing the expectation of product
of functions where the output of each function is bounded. From this point onwards, Raghavendra [40]
argument proceeds as follows (for the simplicity of presentation we are omitting from the description many
important technical details, such as how to keep the functions we work with bounded):

I. For € > 0, as the distribution on (y1 j,¥2j,--.,Yk,;) has full support, a result of [41] asserts the
expectation can be approximately computed by only considering the low-degree part Ffd of the
corresponding F;s, that is,

17w

€S

E ~E

11 Ff“@»] , ©)
i€s
for some d = O(1).

II. Using the fact that Ffds are low-degree and far from dictator functions, the invariance principle
of [42] states that the inputs Ffd can be “replaced” by correlated Gaussian random variables that
have matching pairwise correlation to the y;’s, i.e.,

<d ~ <d
117 (yi)] ~E|[]F; (Qi)] . )
ieS €S
7By that, we mean that for all a € %, the function 1 (4)—, is quasirandom.

E
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III. The process of sampling the correlated Gaussian can be simulated by the SDP rounding component as
stated above. Thus, using the above observations, an algorithm can generate Gaussian samples such
that

E [P(f(y1)7f(y2),---7f(yk))]]%

(Y192, k)

E [P(f(gl),f(gz), . -,f(gk)ﬂ] , (5

(Y1,925--,Yk)

for some function f. This means that in expectation, the randomized strategy above satisfies at least
Pr[Test passes] —o(1). On the other hand, val(T) < s+o(1), so overall we get that Pr[Test passes] <
s+ o(1) as required.

Note that in the analysis above, even though we started with an integrality gap with perfect completeness,
the resulting dictatorship test has completeness 1 — €. Tracing this back, the only place in the proof that
the fact that ¢ > 0 was used is in (3). In words, that equality asserts that for a k-ary distribution p, if we
want to measure the correlation of f1(v1), ..., fu(yr) where (y1,...,yx) ~ u®% and f;: ¥ — R, then
this correlation only comes from the low-degree parts of fi,..., fi. This fact holds if the support of the
distribution s is ¥, and more generally when the distribution 1 is connected in the sense of [41]]. Alas, this
fact is false for general distributions.

1.7.2 A Dictatorship Test with Perfect Completeness

To design a dictatorship test with completeness 1 via the above paradigm we are forced to set e = 0, meaning
that the distributions arising in (3)) are arbitrary. This means that the equality in (3)) is no longer true, and it
is unclear how to proceed with the analysis of the dictatorship test.

This is the point where the works [7, 19,10, 11] enter the picture. The goal in these works is to understand
what sort of functions may contribute to the left hand side of (3) under only very mild assumptions on the
input distribution. This goal was partially achieved in [11], and we now explain how we use that result to
proceed with the analysis of the dictatorship test. Throughout the rest of the discussion, we fix £k = 3 and
€ = 0 in the above dictatorship test.

Decoding correlations and fixing (3): the result of [9] asserts that if u. has no Abelian embeddings,
then (3) continues to hold, and so the analysis above proceeds in the same way. The result of [[11] is a
strengthening of it, asserting that if 1. admits Abelian embeddings but no (Z, +) embeddings, then functions
F1, Fy, F3 for which the left hand side of (3]) is non-negligible must arise from characters of Abelian groups
and low-degree functions. More precisely, that result shows that there is a finite Abelian group G, a character
X € GOR a map o: ¥ — G and a low-degree function L: ¥% — R with 2-norm 1 such that

E [F1(y1)x(o(y1))L(y1)] = Q(1).
(y1,92,93)~uE "

In this paper, we deduce a list-decoding version of this statement, roughly making the following assertion.
We can find functions G, G2, G3: £ — R that are each a sparse combination of functions of the form
x oo - L for a character x, 0: ¥ — G and low-degree function L such that a correct version of (3) becomes

[[Ew)| ~E [H Gi(yi)] : (6)

€S €S

E

for any S C {1,2,3}.f]
8We remark that strictly speaking, the description of G'1, G2, G'3 is incorrect, and they are only close in Lo-distance to functions
of this form. Our argument requires that G1, G2, G3 are O(1)-bounded, and this results in significant technical complications.
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Generalization of the invariance principle and fixing (@): with () in hand, the analysis of the dicta-
torship test would be done provided an algorithm could generate samples that “fool” the functions G; on
the right hand. The invariance principle of [42] asserts that low-degree functions with small influences are
“fooled” by Gaussian samples, which we are able to produce using the semi-definite programming relax-
ation. However, Gaussian samples fail to fool characters. This is where the Gaussian elimination part of
the algorithm enters the picture: we argue that characters are fooled by the solutions to the linear system of
equations in the hybrid algorithm. Expressing

W

Gi(y1) =Y x;(o(y))L;(y),

Jj=1

this leads us to consider the function G : R x GF — R defined by

1(g1,071) ZX] (1)L

A vpriori, it is not clear what is the relation between G; and él. We have split the input y; of (1 into
two independent samples from Gaussian space and from the set of solutions to the linear system. We show
however, that if all L; have small influences, then the functions G; and G 1 are close in a sense that suffices
for our purposes (this requires some features from the set of characters yx; appearing in G'1 that we are able
to ensure). This is what we refer to by the “mixed invariance principle”, because the discrete probability
distribution of y; is replaced by a mix of a Gaussian distribution and a distribution arising from a solution
for a system of linear equations. We defer a more formal statement of the mixed invariance principle to
Section [L.8 below.

Algorithmically, we are able to generate inputs to G1,Ga, G by solving the hybrid algorithm, allowing

us to replace (@) with
HG yz HG gzvdz] (7

€S €S

(y1,y2,y3) pl (g o)

for all S C {1,2,3}, and the rest of the arguments proceeds in the same way. In the end we get an analog
of (3)) wherein the inputs to the function f are generated by the rounding algoirthm presented in the begining
of the section. Hence, we showed that the probability the test accepts is at most val(T) + o(1) < s + o(1).

1.7.3 On the MILDLY-SYMMETRIC Assumption

We finish this section by discussing the MILDLY-SYMMETRIC assumption, and in particular where it is
used in the above analysis. To carry out the above argument, our only requirement is that the distributions
L arising in the solution of the SDP part of the hybrid algorithm are distribution for which the result of [[11]
applies. Therein, an inverse theorem holds for all 3-ary distributions that do not admit (Z, 4+) embeddings,
and it stands to reason that result should hold for the more general class of pair-wise connected distributions
(in the sense defined therein).

Therefore, if one is interested in a particular family of predicates P which is not MILDLY-SYMMETRIC ,
then in principle one could still solve the SDP program, and if the resulting local distributions . do not
admit any (Z, +) embeddings, then our argument still goes through and the hybrid algorithm above works.

The conditions stated in MILDLY-SYMMETRIC are a relatively elegant way of ensuring that the local
distributions 1. have no (Z, +) embeddings, and hence Theorem is stated in this way. More precisely,
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we argue that if we have an SDP solution with value 1 for a collection P that is MILDLY-SYMMETRIC ,
then can modify it to get an SDP solution with value 1 in which the local distributions . have no (Z, +)
embeddings.

1.7.4 On Search vs Decision Algorithm

Our main result, Theorem [I.1] gives a polynomial time algorithm that distinguishes satisfiable instances
of Max-P-CSP from instances with value at most ap. The approximation guarantee is matched with the
soundness of the corresponding dictatorship test. At this point, we do not know how to convert this decision
algorithm into a search algorithm. Namely, an algorithm that given a satisfiable instance as an input, finds
an assignment with value at least ap in polynomial time. We believe that modifications of the techniques
from Raghavendra-Steurer [47] and Khot, Tulsiani, and Worah [38]] could provide the search algorithm, and
we leave this as an open problem for the future.

1.8 The Mixed Invariance Principle

In this section we discuss the mixed invariance principle. Let y be a distribution over X3 that has no
(Z,+) embeddings, and let f1: (X%, u$™) — C, fa: (X% u") — C, f3: (7, u$™) — C be 1-bounded
functions. The goal of the mixed invariance principle is to study expectations of the form

E  [fi(@)f2(y)f5(2)] ®)

(I7y7z)N/J'®n

and relate them to expectations of related functions over different domains. The above expression should be
compared to the left hand side in (6). As explained therein, in this paper we show that we can find functions
fl, fg, f3 that are 1-bounded, and additionally are close in Lo-distance to sparse sums of functions that are
product of characters over some finite Abelian group GG and low-degree functions, such that

E [fi@)fa(y)f3(2)] -

2. o)
(z,y,2)~p®n (z,y,2)~p®m

= o(1). 9)

For the sake of simplicity assume that fl, fQ, fg are themselves this sparse combinations (as opposed to just
close to them; see Section [2]for a more formal discussion), and write

filz) =) P(o(x))Lp(x) (10)

PeP

and similarly for fg and fg. Here, P; is a set of characters and o: ¥ — G is some mapﬂ Note that in
the case that |[P;| = 1 and the only element in P is the constant 1 function, the function fiis precisely
the low-degree part of f1. Towards the statement of the invaraince principle we decouple the inputs to the
characters-part of f1 and the low- -degree parts of f1 and define

fc}ecoupled(x>:ﬂ,) = Z P(O‘(l‘)) ! Lp(l‘,), (11)

pPePy

and we similarly define ffecoupled and fj’ecoupled.

9We remark that this decomposition is not unique, and often, for our applications, we work with a decomposition with certain
extra properties.
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Definition 1.4. We say that a function fdecoupled of the has T-small shifted low-degree influences if for
every j € [n| and every P € Py it holds that the 3§t influence of Lp is at most T.

We are now ready to state our mixed invariance principle.

Theorem 1.2. (Informal) Suppose ji is a distribution over X3 that has no Z-embedding. There exists an
Abelian group G and embeddings o; : ¥ — G such that for 1-bounded functions f1, fa, f3 : ¥" — C, if
the corresponding decoupled functions féecoupled (x, ") have T-small shifted low-degree influences, then by

letting F; be fjecoupled except we replace L ps with their corresponding multi-linear expansions, we have

E  [fiz)f2(y) f3(2)] — E Fi(x, 92)F2(y, 9y) F3(2,92) || < &(7), (12)
(gg7y7z)wu®" (z,y,z)wﬂ®"7
(9,9y,92)~GE™

where (1) — 0 as T — 0. Here G has the same pairwise correlations as the distribution p.

Remark 1.5. In the above theorem, we use a non-standard notion of the functions that are ‘far from the
dictator functions.” At this point, we do not know how to use this notion of dictatorship test in the actual
(conditional) NP-hardness result (starting with the Rich 2-to-1 Games Conjecture [|16l]). We believe that
new techniques need to be designed for this goal, and we leave it as an open problem for future research.

1.9 Further Remarks and Other Related Work

As discussed above, we view the condition that the distribution p has no (Z,+) embedding as being of
technical nature, and expect the above argument to have an analog as long as p is pairwise connected. Here, a
3-ary distribution over triples (z,y, z) € ¥3 is pairwise connected if the bipartite graph G, , = ((%, %), F)
where £ = {(z,y) | 3z, (z,y,2) € supp(p)}, is connected, and similarly the analogously defined bipartite
graphs G, . and G, . are also connected.

We expect that going beyond pairwise connected distribution would be a significant challenge. The
class of distributions that are not pairwise connected is very rich, and an inverse theorem for this class
is likely to imply effective bounds for the density Hales-Jewett theorem for combinatorial lines of length
3 [25, 27, 145]], a prominent open problem in combinatorics. More generally and for larger arities k, this
class of distributions captures problems such as multi-dimensional Szemerédi theorems [26], for which only
ergodic theoretic proofs are known.

2 Techniques

Is this section we give an outline to the proof of Theorem[I.2] The formal proof appears in Sections 4] [3] [6]

2.1 List Decoding

To begin the discussion, consider an expectation of the form (8]), and suppose it is non-negligible in absolute
value. We already know, using results of Mossel [41]], that if the distribution g is connected, then each
one of the functions f; must be correlated with a low-degree function. But what happens in the case that
1 is not connected? This question was asked in [7, 9, [11]], wherein under the condition that p does not
admit (Z, +) embedding, some conclusion regarding the structure of the functions f; was made. More
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precisely, the main result of [[11] asserts that there is a constant size Abelian group G master and embeddings
0,7, ®: X — Gmaster Of 11 into G master, such that if f1, fo, f3 are O(1)-bounded functions satisfying

(@) f2(9) f3(2)]| > €,
(z,y,2)~p®n

then function f; (and similarly fs, f3) must be correlated with a function of the form x o ¢ - L where
X € @’nﬂaster and L is a function of degree O, (1) and bounded 2-norm. In other words, f; is correlated with
a single function that appears on the right hand side of (10). Optimistically, one may hope that y o o - L
“explains” all of the magnitude of E(,, .y~uen [f1(7)f2(y) f3(2)] in the sense that f may be replaced by it
without changing the value of the expectation by much. Unfortunately, this is incorrect; for once, f; could
be correlated with numerous functions of this type that are very far from each other. Besides, even if this
was true, there is an additional issue: we do not wish to replace the function f; by a function that is not
bounded (at least not at this point of the argument).

A common strategy for addressing the first issue is by appealing to the notion of list decoding. As a
first attempt, one may hope to collect all of the functions of the form x o o - L that are correlated with f7,
and then replace f; with a weighted sum of them according to their correlation. This would have worked
had that collection of functions been pairwise orthogonal. This is not true in our case, though. As a second
attempt, one may find a single function x o ¢ - L that is correlated with f;, and then iterate the argument
with f{ = fi — a-x oo - L where a = (f1,x o o - L). This attempt also fails, this time due to the fact that
/1 may not be O(1)-bounded, and hence the result of [[L1] no longer applies.

To resolve this issue, we take inspiration from the invariance principle of [42, 41]] and from the inverse
Gowers’ norms literature [29]]. In the former, instead of harsh truncations, one performs “soft truncations”
by applying a noise operator that gives a bounded function that is close in L distance to the low-degree part
of the function. In the latter, one defines an averaging operator with respect to a sigma-algebra induced by
the collection of functions that were already found to be correlated with f;. We combine these two solutions,
and the bulk of our effort is devoted to showing it works.

2.2 The Noise Operator, the Regularity Lemma, and the Approximating Formula

Let v be the marginal distribution of  on the first coordinate, and consider the function fy: (X", v%") — C
above. Let P = {P1,...,P.: ¥" — H} be a collection of functions into some discrete domain H, and
let ¢ > 0. We define the function Tp 1_. f1: X" — C in the following way. First, for each x € X", we
define the distribution T'p ;_.x, wherein a sample y ~ Tp ;_.z is generated as follows: sample I C [n]
by including each element in it independently with probability 1 — ¢, then sample y ~ v conditioned on
yr = zy and P;(y) = P;(x) forall i = 1,...,r (see Definition . The function T'p ;. f1 is then defined
by
Tpi-cfilz)= E  [filw)]

y~Tp1_ecx

To get some intuition to the operator Tp ;. we recommend thinking of € as very small. We begin by
noting that the distribution v is a stationary distribution of T» ;_., and that functions f for which f(z) =
g(Pi(x),...,P.(z)) for some g: H" — R are eigenfunctions with eigenvalue 1. We also note (though this
is a bit more tricky to prove) that low-degree functions are nearly eigenfunctions of Tp 1 _. of eigenvalue 1,
and more precisely that ||(I — Tp 1_.)L||2 = o(||L||2) provided that ¢ is small compared to the degree of L.
In other words, when constructed for an appropriate collection P, the operator T'p ;_. almost doesn’t affect
functions of the form of the right-hand side of (10)), and therefore it may be useful to detect such structures.
We show that this is indeed the case.
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2.2.1 The Regularity Lemma

With the new noise operator T'p 1. in hand, we may attempt to execute the idea of the list decoding
argument in a different way. More specifically, starting with f = f;, P = () and fl = 0, once we find a
function of the form x o o - L that f is correlated with, we insert P = x o ¢ into P, take fl =Tp1_f and
proceed the argument on f = f; — f1. In the next step, we will find a new x’ o o - L’ correlated with the
updated f, insert P’ = ¥’ o o to P, update fl = Tp 1_.f and proceed the argument on f = f — fl. When
the argument terminates, we will have that

E [t - @ fw )] | = o(1),

(@,y,2)~p®m

meaning we can replace f; with fl. Our proof goes along these lines, but to make it go through a great
deal of care is required. The key issue is that if we inspect the previous inductive process closely, instead of
updating fl at each step, we should have subtracted a new noised function. For instance, in the second step
we would have subtracted Tp 1_.(f — Typy1-f) from f — Tpy ;_. f to get the function

A=Ff-Tpi-of = Tipya-e(f — Typya-cf),

and at each iteration, the function we inspect gets even more complicated. After a large number of steps,
the function we end up with is no longer O(1)-bounded, in which case the the iterative process gets stuck.
Fortunately, we show that instead of doing this, one may update the approximating function fl as explained
above. We remark that in the formal argument we are required to modify the noise rate ¢ at each step, which
contributes to several technical challenges. Once this process is done appropriately, we find a function
fi= Tp1-cf where |P| is constant and ¢ is bounded away from 0, such that

E (f@rWA:] - E _[A@fEE)6HE)] = o).

(,y,2)~pu®n (z,y,2)~p®n

Similarly, we show that one may replace fs and f3 with noisy versions of them.

2.2.2 The Approximating Formula

The next step in the proof is to show that a function of the form Tp ;_.f; may be approximated by a
function of the form of the right-hand side of in Ly distancem We establish such a formula by fairly
direct calculations, starting with

1
Traef(2) = g Brci oy [F L p)=Pi) v |91 = 21],

where A(z) = Pric,__(n)y~v [Pi(y) = Pi(z) Vi | yr = x1]. We show that on most inputs, both 1/A(x) and
the expectation above are close to functions of the form of the right-hand side of (I0). The intuition here is
that first, the expectation above looks like the application of the standard noise operator on some function.
Second, on inputs where A(z) is bounded away from 0 (which we prove are almost all inputs), we have that
1 d
=Y (1 - A(x))?* + 290
A ~ A #2700,

and one may easily expand the definition of A(z) and write down an explicit formula for it of the form (I0).

0We remark that in fact, such a formula is necessary for us even to make the previous regularity lemma go through.
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2.3 Decoupling the Abelian Part and the Low Degree Part

With the previous steps done, we managed to replace each one of the functions fi, fo, f3 in the expecta-
tion (8) with the functions Tp 1. f1, Tg 1-c f2 and T 1_. f3 respectively. Additionally, we have approx-
imate formula for each one of these functions that seem to have the desired form. Namely, ignoring the
aspect of this approximation for a moment, we have that

Tpichi(z)= >  Pla)Lp(x)

Pespny(P)

where spny(P) consists of all possible products of functions from P, and each one of the functions Lp is
a low-degree function with bounded 2-norm. We would now like to decouple the input x into two copies,
one of which will be fed to the functions P and the other one will be fed to the low-degree functions Lp
(indeed, this is the only difference between the formulas in (TI0) and in (TI))). It turns out that provided that
the collection P is well separated, there is a coupling X, (X', X") between %" and v®™ x v®" such that

S OPOLp(X) = 3 P(X)Lp(X") +o(1)

Pespny(P) Pespny(P)

in Ly distance. By well-separated, we mean that besides the trivial all 1 function coming from the empty
product, every function in spny(7P) has a high Fourier analytic degree; in fact, this degree should be much
higher than the degree of any of the functions L p. We do not elaborate on this point further but remark that
we show how to achieve this property via an appropriate clean-up process (which in return necessitates the
set-up made in Section [4).

The intuition for the existence of the coupling comes from the fact that if we look at the left-hand
side above, and expose 1 — 1/D of the coordinates of X where D is much higher than the degrees of the
functions Lp but much smaller than the separatedness of P, then the values of the functions L p are almost
fully determined, whereas the values of the functions P(X) still have the same distribution as the original
one. This suggests that the behavior of the values of P(X)’s and Lp(X)’s is almost independent of each
other, and hence, such a coupling should exist.

2.4 Deducing the Invariance Principle

Collecting the facts gathered so far, we have shown that the values of the noised function Tp ;_. f1 can be
coupled with the values of decoupled function from (1 1)) in a way that is close in Ly distance, implying that

E [fl (x)fQ(y)fS(z)] - E [fl,decoupled(x,x,)fldecoupled(y»y/)f?),decoupled(Z» Z,) = 0(1)
(2,y,2)~pu®m (,y,2)~pu®"
(xlvylvz/)N,u‘@n
(strictly speaking, we need to apply a rounding function on the output of the decoupled functions; the goal
is to make sure the output is a number bounded by 1 in absolute value). Multiplying the second expectation
out, one may use the standard invariance principle to replace z’, 3/, 2’ with Gaussian random variables. As
for the x, y, z, one notes that the values of the functions only depend on o(x),v(y) and ¢(z), and so they
can be replaced with elements from Gmaster that add up to 0. This finishes a proof sketch of Theorem

3 Preliminaries

In this section, we collect a few basic notions and results that we need.
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Notations. For a vector x € X" and a subset I C [n] of coordinates, we denote by x; the vector in %/
which results by dropping from z all coordinates outside I. We denote by z_; the vector in X"~ ! resulting
from dropping from z all coordinates from [; if I = {i} we often simplify the notation and write it as x_;.
For I C [n],a € ¥ and b € £l we denote by (7 = a,z_; = b) the point in ©" whose I-coordinates
are filled according to a, and whose I-coordinates are filled according to b. For two strings x,y € X" we
denote by A(x,y) the Hamming distance between x and y, that is, the number of coordinates ¢ € [n] such
that z; # ;. We denote by ¢ the complex root of —1, and by @ the complex conjugate of the number a € C.

We denote A < B to refer to the fact that A < C' - B for some absolute constant C' > 0, and A > B
to refer to the fact that A > ¢ - B for some absolute constant ¢ > 0. If this constant depends on some
parameter, say m, the corresponding notation is A <,,, B. We will also use standard big-O notations: we
denote A = O(B)if A < B, A= Q(B)if A 2 B; if there is a dependency of the hidden constant on some
auxiliary parameter, say m, we denote A = O,,(B) and A = Q,,,(B).

We denote 0 < A < B to refer the choice of A and B in the way that B is fixed, and then A is taken to
be sufficiently small compared to B.

3.1 Discrete Fourier Analysis over Product Spaces

Let (X, v) be a finite probability space, and consider the product space (3", ™). We will often consider the
space Lo(X™, ™) of complex-valued functions f: X" — C equipped with the standard inner product

(fo9h = B [F@)g(@)].

Often times, the underlying measure v will omitted from the notation as it will be clear from context.
The space Lo (X", ™) admits several types of decompositions that we will use throughout this paper. The
coarsest decomposition is the degree decomposition; the Efron-Stein decomposition is a refinement of the
degree decomposition; finally, the Fourier decomposition is a refinement of the Efron-Stein decomposition.
We next present each one of these decompositions.

3.1.1 The Degree Decomposition

We first define the notion of d-juntas and the space Vq(X").

Definition 3.1. For a subset I C [n], function f: X" — C is called a I-junta if a function f': ¥ — C
such that f(x) = f'(xy) for all x € ™. A function f is called a d-junta for d € N if it is an I-junta for 1
of size at most d. We define the space V<4(X") to be the linear span of all d-juntas.

The space V<4(X") is often referred to as the space of degree d functions. Using our inner product, we
may define the space of pure degree d functions as follows.

Definition 3.2. Given a product space (X", V™), the space of pure degree d functions is defined as
Voa(2" v") = Vea(B™) N Vea(Z™) .
It is easily seen that

Ly(E",v") = Ven(S") = @ Vea(E", 07,
d=0
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and thus any function f: 3" — C may be uniquely written as
n
f(z) = Z =), where f=% € V_yq(X", ") Vd.
d=0

This decomposition is called the degree decomposition of f, and the function f=% is referred to as the degree
d part of f.

3.1.2 The Efron-Stein Decomposition

The Efron-Stein decomposition is a refinement of the degree decomposition. For each d € N and S C
[n] of size d, one defines the space V_g(X", ") = V_y4(X",v™) N {S-juntas}. It is a standard fact that
@‘S‘:d V_g = V_4, and thus one may write f=¢ € V_g as

)= > (@) where f=¢ € V_g(X", ") V8.
|1S|=d

Thus, one gets the decomposition of f as

=)y =Y @)

SC[n]

where f=° € V_g(X", ") for all S. This decomposition is known as the Efron-Stein Decomposition.

3.1.3 The Fourier Decomposition

The Fourier decomposition is the most refined and explicit decomposition among the decompositions dis-
cussed herein. One first looks at the base space, Lo (X, v), and picks an orthonormal basis for it consisting of
m = |X| real-valued functions, vy, . .., Uym—1: X — R. It is standard to take v to be the all 1 function, and
we will do so here. With these notations, we may construct an orthonormal basis for Lo(3", v™) consisting
of the functions {vg }e{o,...,m—1)» Where

vg(z) = H Ve (25).
i=1

Thus, any function f: X" — C admits a unique decomposition as f(z) = > f(d’)v@(x) where J?(O_Z) =
ae(m|n
(f,vz). We remark that it is easily seen that the space V_; is the span of all vgz with |supp(a)| = d, and
furthermore that V_g is the span of all vgz with supp(a) = S.
The Fourier definition presented herein can be somewhat arbitrary as there are many ways of defining the
functions vy, . . ., vy, —1. Nevertheless, it will be useful for us in order to present the invariance principle [42].
Towards this end

3.1.4 Hypercontractivity

Definition 3.3. For q > 2 and f: (X",v") — C, we define the q-norm of f as
1/q
Il = (&, 15@0m)
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Theorem 3.4. Suppose that (¥, v) is a probability space with |X| = m such that v(x) > o for all v € %,
where m € N and o > 0. For all q > 2 there exists C = C(q,,m) > 0 such that if f: (X",v") — Cisa
degree d function, then

1l < CYlf ]2

3.1.5 The Noise Operator
We will need the standard noise operator on product spaces.

Definition 3.5. For a parameter p € [0,1] and an input x € X", we define the distribution T ,x over
p-correlated inputs with x in the following way. For each i € |n] independently, with probability p pick
Y; = x4, and otherwise sample y; according to v.

The process T, is described as a Markov chain, and as is standard we may consider it as an averaging
operator over functions. That is, we may consider it as a linear operator T,: Lo(X", v™) — Lo(X", V")
defined as

Tpf(x)= E [f(y)]

y~Ta

3.2 Influences and Low-degree Influences
Next, we define a few basic notions from the analysis of Boolean functions.

Definition 3.6. For a function f: (X", ") — C and a coordinate i € [n], the influence of i is defined as

Lfl= B (Ifi=yw=a) - flzs=yz=b)]
Yy~
a,b~v

Next, we define the notion of low-degree influences.

Definition 3.7. For a function f: (X", v") — C, a parameter d € N and a coordinate i € [n], the degree d
influence of i is defined as Ifd[f] = L[f<9].

3.3 The Invariance Principle

In this section, we present the invariance principle of [42]], and we begin with some set-up. Suppose that
>, T, ® are finite alphabets of sizes m;, ma, m3 respectively, and p is a probability measure over X X I' X ¢
in which the probability of each atom is at least & > 0. We set up Fourier bases for (X, ), (I', i) and
(P, ) given by vg, ..., Vmy—1, U0, .-, Umy—1 and wy, ..., Wm,—1. Consider the ensemble of random
variables

X ={vi(x),...;0m—1(),u1(Y), -, Umy—1(y), w1(2), ., Wma—1(2)}

where (,y,2) ~ p. We define the covariance matrix P € R(m1+m2+ma)x(mi+ma+ms) whose rows and
columns correspond to the functions in &X', and the entry corresponding to tow random variables in X. For
example, for v; and u;, the corresponding entry is

Plonug) = (x,y%)wc {vl(:ﬁ)u](y)}

Let
g - {Gl,:m ORI Gm1—1,1‘7 ey GLZ7 ey Gm3—1}
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be an ensemble of centered Gaussian random variables with covariance matrix P. The invariance principle

relates the behavior of low-influence, multi-linear polynomials over X and over G. Below, we state the

version that we need from [41] specialized to our case of interest, but before that, we need a few definitions.
Denote ¢ = m; + mga + m3 — 3, and let M : C9" — C be a multi-linear polynomial given as

M(al,l,...,a17q,...,an71,...,an,q): Z mr H ai,j.
TCn]xq] (i,4)€T
Definition 3.8. The influence of variable (i, j) on M as above is defined as
2
LM = > lagl.
T3(i.)

We will also consider vector-valued multi-linear functions, which are functions M : C?* — CF wherein
each M, is a multi-linear function. The influence of (7, j) on M is defined as I; j[M] = max, I; ;[Mj].
Finally, define trunc: C — C by trunc(a) = a if |a| < 1 and trunc(a) = a/|a| otherwise.

Theorem 3.9. Foralla > 0, k,m € N, d € N, C > 0and e > 0, there exists T > 0 such that the following
holds. Suppose that |3, ||, |®| < m, that p is a distribution over ¥ x I' x ® in which the probability
of each atom is at least o, and let X and G be the ensembles of random variables as above with the same
covariance matrix. Let M : CI" — C* is a multi-linear polynomial with max; ; I; ;[M] < 7.

1. If U: CF — C is differentiable three times and its third order derivatives are at most C' in absolute
value, then

\E WA - B [xp(M@ﬂ))]‘ ‘-

k
2. Define ¢: CF = Rby&(ay,...,a1) = \/Z [trunc(a;) — ai|2. Then
i=1

]E EMI(X™) ~ E [5<M<gn>>]] <e

Last, we need the following elementary fact.

Fact 3.10. Consider the function £: C — [0, 00) defined as &(a) = |trunc(a) — a|. Then & is 2-Lipshitz
function.
Proof. Let a,b € C; we show that [£(a) — £(b)| < 2|a — bl|. If a, b are both at most 1 in absolute value,

then the left-hand size is 0 and the claim is trivial. If exactly one of a and b is at most 1 in absolute value,
say a then

(@) — &) =€) = [b] =1 < [b] — |a] < [b—al,
and we are done. It remains to consider the case that both a and b are at least 1 in absolute value. In that
case, by the triangle inequality
la|bl —blall _ |a[b] —alal| + |ala] —blal|
€(a) —&(b)| = <
lal |b] lal |b]
|16 —lal|  |la—b]|
= +
1] 1]
< 2]a —bl,

and the proof is concluded. O
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3.4 The y-norm and the CSP Stability Result

Definition 3.11. For a distribution p over ¥ X I' x ® and a function f: (X", u$™) — C, we define the n
semi-norm of f as

[fllu=sup E  [f@)g(y)h(2)]|.
g: I —C |(2,y,2)~p®n
h: d*"—C
1-bounded

For general distributions i, |||, is actually a semi-norm; for instance, if the distribution p is uniform
over ¥ x I' x @, then || f||, = |E [f(z)]|. For most distributions we will be concerned with, though, this
semi-norm will actually be a norm.

In our applications, we will need to work with several distribution y over triplets that have the same
marginal distribution over x. A special collection of distributions p that we care about is as follows:

Definition 3.12. For alphabets ¥, " and ®, a distribution v over X2 and a parameter o > 0, define the
collections

M, = { p | pairwise connected distribution over ¥ x I' x ® with no (Z,+)-embedding, p, = v},

My ={p|p(z,y,z) > aV(x,y,z) €supp(p)},
and M, o = M, N M,.

Definition 3.13. Let v be a distribution over 3, let I, ® be alphabets and let M be a collection of dis-
tributions over ¥ x T' x ® such that p, = v for all u € M. For a function f: (X", u&") — C, we

define
e = Y 11F Il

neM

In the special case that M = M,, ., we refer to the associated norm || f||ar,, as the v semi-norm of f, and
denote it by

[ fllve = sup || fllp-
HEMy, o
Remark 3.14. The results in Sections E] and|6.3|apply to the more general notion of semi-norm || f||ar,,
with suitable adaptations, and we will need such a result in Section[/| However, stating it in this generality
would complicate the statements (that are already quantifier heavy) further, and hence we state all of the
results for the most general semi-norm || f||,,q-

It will be important for us to understand the type of functions f that have a significant py-norm, and
towards that end, we use the following result from [11]:

Theorem 3.1. For all m € N, and alphabet ¥ of size at most m, there is an Abelian group Gando: ¥ — G
such that for all e, « > 0 there exists § > 0 and d € N such that the following holds. Suppose that 3, T,
® are alphabets of size at most m, and 1 is a pairwise connected distribution over ¥ X I' X ® with no Z
embeddings in which the probability of each atom is at least . If f: X" — C is a 1-bounded function such
that || ||, > ¢, then there is x € G and L: ¥™ — C of degree at most d and ||L||2 < 1 such that

(fL-xo00) >0

Throughout, a function of the type x o o will be referred to as a character function or a character
embedding function.
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4 Embeddings, Embedding Functions and Cyclic Embedding Functions

Character embedding functions arising in Theorem [3.1] will be important for us to study. The structure of
a general character embedding function, however, is too abstract, and our arguments require more strict
structure from them to go through. The main goal of this section is to process embeddings o as arising in
Theorem [3.1] as well as collections of character embedding functions. This process will produce sort-of
refinements that have a more strict structure, which will be useful for us later.

4.1 Product Functions

Let X be an alphabet of size at most m, let G be an Abelian group of size O,,(1) and let 0: X — G be a
map.

Definition 4.1. We define the class of product functions P(X, G, o) to be the collection of functions of the
form P: 3" — C for which there are 1-bounded univariate functions uy, . . .,u,: G — C for which

P(z1,...,2n) = [ Juilo(:)).
=1

Definition 4.2. We say that a class of product functions P(X,G, o) is T-separated if for any univariate
functions u,v: ¥ — Cin it, it either holds that |(u,v)| = 1 or else |(u,v)| <1 —T.

We need to define a metric on product functions, which we refer to as the symbolic metric.

Definition 4.3. Let P, P': X" — C be product functions in P(3, G, o). The symbolic metric Agymbolic(P; P")
is defined as the minimum number k such that there are uy,...,u,: G* = C, v1,...,v,: G* — C for
which u; = v; for all but k of the indices i € [n], and

P(z1,...,a0) = [Juilo(z:)), P(z1,...,20) = [Jvilo(2:)).
=1 3

Definition 4.4. Fora set P = {Py,..., P,: ¥" — C}, we define

spny(P) = {HPJ“

=1

a; € N, P £ 1 for at least one z} .

We note that in all applications, the functions F;’s will be a composition of a character over some finite
Abelian group y € A®" with a map 0®" where o: ¥ — A is some map, and as such there will be a power
m = O)4(1) such that P/ = 1. Thus, the set spy(P) will always have a finite size Oy 4,-(1).

Definition 4.5. The rank of P = { Py, ..., P,: ¥" — C} is defined as

rk(’P) = PGSI;IR;I’I})#I Asymbolic (P7 1)

We have the following simple fact, asserting that product functions with large symbolic distance act like
high-degree monomials.

Lemma 4.6. Suppose that P: X" — C is a product function from P (X, G, o) which is T-separated. Then
forall € € [0,1) we have that ||Ty_¢ P||a < 27 m (Bemboic(P1)),
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4.2 Embeddings, Master Embeddings and Reduced Embeddings

In this section we fix alphabets >, I', ® and a distribution over v. The primary goal of this section is to
define the master embedding of v and pre-process it to make it easier to work with. At a high level, the
master embedding of v is a group embedding that encapsulates all possible embeddings that may arise in
Theorem [3.1|for 3. This embedding is too abstract and hard to work with, and the goal of our preprocessing
is to modify it so that it satisfies a few properties. Throughout, we let m = max(|X|, ||, |®|).

4.2.1 The Master Embedding

Let v be a distribution over X, and note that the set M, is finite. For each p € M, there are finitely many
Abelian embeddings of p, say (04, Vi, ¢i,u) into (G;,+) fori = 1,..., k for some k = Oy, (1). Thus,
we may define o, (x) = (01,.(x), ..., 0k u(x)) into the group G, = G x ... x G},. With this notation, the
master embedding of v is defined in the following way:

Definition 4.7. For a distribution v over %, define omaster () = (0,(2))uem, and Gmaster = [ G-
neM,

We remark that strictly speaking, the set M, is infinite. However, as o, depends only on supp(s) and
the number of distinct sets that supp () may be for € M,, is finite. Thus, we may think of o master as being
of finite length of at most O,,(1).

Remark 4.8. We remark that if we wanted to work with the semi-norms || f||ar,,
suggested in Remark [3.14] then we have to modify the definition of the master embedding omaster and the
master group Gmaster in the natural way. Namely, we would only take product over i € M, and then the
content of this section remains as is.

A key feature of the master embedding omaster 1S that it captures all characters over any Abelian group
that may arise via embeddings of any p € M,. Indeed, for any " € M, for any Abelian ian group G that
1 may be embedded into via, say, o: ¥ — (, and for any y € G, we may find \/ € Gmaster such that
X0 0(x) = X' 0 Omaster(2) for all z € X. This is true since o is one of the coordinates in omaster- In a sense,
the master embedding o master €ncapsulates within it any character function.

4.2.2 Embedding Reduction

We would like to modify the embedding omaster and the master group Gmaster SO that they have more
structure. The key feature of these modifications that will make them applicable for us is that they preserve
the collection of character functions.

Definition 4.9. Let v be a probability distribution over Y and let 0’ : ¥ — G’ be a map.

1. We say that a map o: X — G reduces to o' : ¥ — G’ if forany x € G there is X € G’ and§ € C of
absolute value 1 such that x o o = 6’ o o’

2. We say that o' is character-encapsulating if the master embedding of v, (0master, Gmaster) reduces to
/

X -

Thus, the goal in our preprocessing step is to find an embedding that has more structural properties than
the master embedding, yet it is still character-encapsulating.
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4.2.3 Reducing the Master Embedding

We now begin with a series of modifications to (Gmaster, Gmaster) SO as to gain additional structural proper-
ties. First, we may assume without loss of generality that the group generated by Image(omaster) 1S Gmasters
since otherwise, we may replace Gmaster With that sub-group. Second, as Gaster is an Abelian group, by
the fundamental theorem of finite Abelian groups, it may be written as GG; X ... X G, where each one of the
group (; is a cyclic group of prime power order, say (Zpidi ,+). The fact that some primes p; may repeat,
and furthermore that we have to consider prime powers (i.e., the case d; > 1) create complications, and the
goal of this section is to obtain enough structure on our embedding so that we can tolerate them.

Of central interest to us will be the following consideration. Suppose that x1, . . ., xs are some character
functions, and consider the partition over >" defined as

Po,...0, = {zeX"|(xioo)(x) =0; Vi}.

Suppose that x1, ..., xs satisfy some relation such that Xlil "‘XZS = 1. Can we always “simplify” the
collection X1, ..., xs without changing the partition it induces? The goal of our preprocessing is that the

answer to the above would be positive, and to get some intuition as to how such simplifications look we first
consider the basic case where the map o is ignored.

4.2.4 Complications that May Arise in Prime Power Cyclic Groups

To get a sense of these potential complications, note that any character function of (Zg, +) is a character
function of ( ZQ, +), and this create issues. For instance, suppose that for a prime p we have x1,...,xs €

Z’\I} such that X% - -- x% = 1 for some 1 < b < p — 1. In our applications we will care about the partition of
the domain, in this case, Z;}, induced by the functions x1, ..., Xs:

Py,...0, = {z | xi(x) = 0; Vi}.

In this language, the fact XZ{ ---x% = 1 means that there are redundancies in this partition. Indeed, in
this case, we could drop xs and have the same partition: by raising both sides to the power a where
ab = 1 (mod p) it follows that x1---xs = 1, s0 xs = X1---Xs—1. Hence, the partition formed by
{X1,---,Xs—1, Xs} is the same as the partition formed by {x1,. .., xs—1}, and we have simplified our col-
lection without affecting the partition. Things become more complicated in prime power cyclic groups.

Suppose for illustration that x1, . . ., s € Z5" satisfy that le ---x% =1forsome 1 < b < p?—1,then

P
we can no longer always conclude that their product is also 1. If b is co-prime to p this would be true (by
raising both sides again to a power a where ab = 1 (mod p?)). If b is not co-prime to p, say b = rp, then we

would be able to replace the characters {x1,. .., xs} With {x1, ..., Xs—1, X4} Where X/, € ZZ‘ and have the
(ci,x) .

same partition. Indeed, we may write y;(z) = e »* *™ for some ¢; € Z>, and get that p(c1+...+¢5) =0

(mod p?). Thus, ¢cs = —(¢1 + ...+ cs—1) (mod p),and so cs = —(c1 + ...+ cs_1) + pt fort € N*. We

o) 2mi

may take xy () =€ » and get that

(—c1—..—cg_1,x)

(cs,x) s i (Bx) o .
(@) =e e T e o R TG,
from which it follows that the partition induced by {x1,...,Xxs} is the same as the partition induced by
{X1y--sXs—1, X%} Thus, we again got to simplify our system while keeping the partition the same.
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Complications that may arise due to the map o: re-introducing the map o into the picture creates some
further complications. Suppose for example that d; = 2 and the corresponding coordinate of o, namely
o1: X — Zy2 is amap of the form o1 () = pm(x) for some m: ¥ — Z,2. Then character functions x o o

for x € Z}E yield functions x o o7 that are not really characters over pr. Rather, they are trivial lifts of a
character form Z,,. We would like to avoid these lifted functions, and so we must clean up the map o.

Definition 4.10. Let p be a prime and let d > 1. We say that a map m: X — Zya is reducible if there is a
map m': ¥ — Zya and a,b € Ly such that m'(x) = p-a-m(z) +bforall x € . Otherwise, we say that
m is irreducible.

We note that if m is reducible, then any character function x o m for x € Z}; is equal to a constant

times a character function x’ o m/ for y/ € Zyi—1. We also need to clean up redundancies between different
coordinates of a master embedding. We begin with handling maps using a single prime p.

S
Definition 4.11. Leto: ¥ — [] L), be a map, and let d = maxdy. We say o contains redundancies if
k=1

there are ay, . .., as,b € N such that 0 < aj, < p® are not all 0 and

arop(z) =b  (mod pd).
k=1

Otherwise, we say o does not contain redundancies.

Suppose that o is a map containing redundancies, and take ¢: ¥ — Z,,q4 satisfying that

Z aror(x) = b+ plt(z).
k=1

Write aj, = p**aj where ) is co-prime to p and take ¢ minimizing d; + s;. Take the map o’ which results
from dropping the coordinate 7 from o and replacing it by . We claim that if y o o is a character function,
then we could write it as 0’ o o’ for some x' € [] Zpdj and 6 a complex number of absolute value 1.

. J#i
Indeed, we may write
offoni _ 2anCon  mw <bw41+m41pdt<@w21 5 awpthoy <w>>2wi
e re = phite =e =
bca;_12 s ca;_lt(x)2 . _caéila;@pdk'hsk_(di+si)0k(z>
= @pdﬁ-si mepdi+si—d L H e ok

ki

Thus, we can take #(2) modulo max(p®*%=% 1) and get that any character of the i coordinate of o can
be written as a product of a constant and characters over o’. The benefit here is that we always have that
d; + s; — d < d;, hence we reduce the size of the group on the ith coordinate. For general embeddings, the
definition proceeds as follows:

k
Definition 4.12. Leto: ¥ — [] ZL,,.q;. We say that o contains redundancies if there is some prime p, such
i=1
that looking at the coordinates of o with p; = p, the resulting map contains redundancies. Otherwise, we
say that o is redundancy-free.
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We summarize this section and the above discussion with the following immediate fact:

k
Fact 4.13. Let G = ] L,,.q; be an Abelian group, and let o: ¥ — G be a map. Then there exists an
=1

)

k
Abelian group G' = ] Zp-d'- with d; < d; and a map o' : ¥ — G’ such that:
i=1 Pi?

1. The map o is reducible to o’
2. Each coordinate of o' is irreducible.
3. The map o’ contains no redundancies.

Proof. As long as there is a coordinate of ¢ that is reducible, say o;(z) = p - a - o(x) + b, we replace o;
with o/ and p;% with p;%~! to get the map ¢’. We get from the above discussion that o is reducible to o’
As long as there are redundancies in o, we find a coordinate 7 as above and replace the embedding o there
as explained above.

Clearly, this process must terminate, at which point we get to a o’ that is irreducible and does not contain
redundancies. 0

4.2.5 Reducing Our Master Embedding

Applying Fact on the maser embedding omaster We get an embedding which is irreducible and with
no redundancies, and to simplify notations we assume henceforth that o aster 1S irreducible to begin with.
Furthermore, by applying an affine shift (which clearly preserves all the features of oy aster), W€ may assume
that its image contains 0 € Gmaster. We recall that we may assume that the image of omaster generates the
whole group Gmaster, Otherwise we may shrink it (and, if necessary, we repeat the above process to get the
embedding to once again be irreducible with no redundancies).

4.3 Cyclic Embedding Functions

As we explained earlier, embedding functions — namely functions of the form P = X o omaster fOr x €
Gl aster — Will be of interest to us. For convenience, it will be easier for us to handle cyclic embedding
functions.

_— k
Definition 4.14. Let P = 0 0master be a function for x € G2 ser» and write Guaster = [ | Zpidi and so
i=1

X = (x1,---, X&) forxi € Z/p;i as above. We say P is a cyclic embedding function if thereis j € {1,...,k}
such that for all i # j we have that x; = 1.

In words, a cyclic embedding function is a function P = X o 0 master that takes into account only one of
the coordinates of omaster- We have the following trivial fact:

Fact 4.15. Suppose that P = X 0 Omaster is an embedding function. Then there are O, (1) functions cyclic
embedding functions P\, ..., Py such that P(z) = Py (z) - - - Py(z) for all x.

Proof. Write x = (x1, ..., xx) for x; € Zj,; and take P;(z) = Xi(Omaster(x)) foreachi =1,... k. O
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Fact will allow us to reduce ourselves to always working with cyclic embedding functions. The
main benefit of working with cyclic embedding functions is that it allows one to isolate calculation to be
only with respect to some prime number p and its powers (as opposed to multiple different primes). Note
that if P is a cyclic embedding function using embedding into Zq, then PP" = 1. However, as the image
Of Tmaster may not include the whole group Z,q, there may be a smaller power k such that P* = 1. The
smallest such power is defined to be the order of P:

Definition 4.16. Let P be a cyclic embedding function on Z,a. The order of P, denoted by ord(P) is the
smallest number k such that P* = 1.

The following facts will be useful for us:

Fact 4.17. Suppose that P is a cyclic embedding function into Za, suppose that ord(P) = t and write

<Cv‘7master,j (z)) i

P(z)=e pe ™ Then:

1. We have that t = p® for some integer 1 < s < d.

2. We may write ¢ = p*=5¢ for some ¢ € ng.
Proof. Take s to be the smallest integer so that p*~* divides each one of the entries of c. Then the second

item holds and we write ¢ = p?~*¢’. Note that

d—s 1 .
s (P ¢ »Pmaster, j (z)) ori

Pps _ ep 4 €<C/,0'master,j($i)>27ri — 1’

so ord(P) < p®. Suppose for contradiction that ¢ = ord(P) < p°. Then by the above computation,
we get that (p?=5tc/, Omaster.j (7)) = 0 (mod p?) for all z, and as ged(p?=5t, p?) < p? it follows that
(¢, Omaster,j(z)) = 0 (mod p) for all z. By choice of s there is 7 such that ¢ is co-prime to p, and we fix
this . As 0 is in the image of omaster (see Section [d.2.5), we may consider fixings of the input x outside
the coordinate 7 such that omaster,j () = 0 for all £ # i and get that ¢;omaster,j(xi) = 0 (mod p) for all
i. It follows that omaster,j(2;) = 0 (mod p) for all z; € X, and contradiction to the fact that omaster iS
irreducible. O]

4.4 Utilizing Redundancies in Collections of Simple Cyclic Embedding Functions

We are now ready to formalize the simplification process as outlined in Section 4.2.4] More specifically,
the general flavor of statements in this section will be of the following type: we have a collection of cyclic
functions that satisfy that equality (or near equality), and we would like to produce a new collection of
embedding functions that simplifies it while producing the same partition over inputs (or nearly the same in
the case of near equality).

We begin with the case of exact equality:

Lemma 4.18. Fix a prime p and suppose that P\, . .., P, are cyclic embedding functions of Ly, , - . ., Zya.
respectively. Further suppose that there are powers 1 < «; < ord(PF;) fori = 1,...,r such that

P{i(a)-- PO"(z) = 1

forall x € X", Then there exists i and powers {;} j+; such that P; = [] Pfj
J#i
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Proof. Consider the powers o, ..., a,. If there is an ¢ such that a; is co-prime to p, then we may find
B; € N such that a;5; = 1 (mod p%). Taking the equality in the statement of the lemma to the power f3;

and re-arranging gives that
P =T F "

JFi
We assume henceforth that each one of the «;’s is divisible by p, and write oy; = p®i o, where ¢ is co-prime
to p. Write ord(P;) = p%~* and
<psic(i)"7master,ji (z)) i
‘P’i = e Pdi

where j; is some index, d; is an integer and c(i) is not divisible by p. Let d = max d;; we get that
m
> alp it (i), omaster,; () =0 (mod p?). (13)
i=1

We note that 0 < a; + s; +d — d; < dforall i as o; < ord(F;) and «; is divisible by p. Next, we argue that
all of the functions P; use the same coordinate of the master embedding.

Claim 4.19. There is j such that j; = j for all 1.

Proof. Suppose this is not the case, and without loss of generality j; # jo. Pick a coordinate k£ such that
(1), is co-prime to k, and fix the input x in on all other coordinates so that we get from that

Ac(l)kamaster,jl (xk) + BC(Q)kUmaster,jg (xk) =C (mOd Pd)

for all 2, € X, where A and B are constants smaller than pd and C' is some constant. We get that omaster
contains redundancies, and contradiction. O

Thus, simplifies to
T
Z aépaﬁs#d_di (c(), Omaster,j(x)) =0 (mod pd). (14)
i=1

Using the fact that the image of omaster contains the 0-element and that the image of omaster generates the
whole group (see Section .2.5)), we get that

,
Z afptitsitd=dic(;y =0 (mod p?).
1=1

Take i minimizing a;, and denote by (/) ! an integer such that (o})(a})~! = 1 (mod p?). Then

pritsitd—di(e(),

Tmaster,j (@) o kR o @) T e(h),
Pi —e pai+d — | | e pai+d

ki

P master, j (x)) i

P(Lk+sk i 04;6 (oz,lb-)_ 1 <C(k)v‘7master,j (@)

— 2mi
11

ki
—ph~ Yiay (o) 7!
- H P, k 7
ki
concluding the proof. O
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Next, the following lemma handles the case of approximate equality. In this case, things are more
complicated, and there are two options. A first conclusion may be, as in the exact equality case, that there
is a P; in our collection that is very close to some product of the other functions in our collection. This may
fail however, and another possibility is that we may replace one of the P;’s in our system with a different
cyclic embedding function P/ such that the partitions induced by the two collections are very similar, and
additionally ord(P/) < ord(F;).

Lemma 4.20. Suppose that P = { P\, ..., P.} is a collection of cyclic embedding functions of the additive

groups Ly , - - ., Ly, respectively, and suppose that rk(P) < T. Then at least one of the following holds:

1. There exists i and powers {[3;} ;i such that
Asymbolic(Pia H P)]B]) <T.
i
2. There exists i and a cyclic embedding function P! such that ord(P/) < ord(FP;) and

Asymbolic(f)h Pz/) <T.

Proof. By definitions, there are powers a; < ord(Py),...,a, < ord(P.) not all 0 and a subset I C [n] of

size at least n — 1" such that
PP P =1

Define (); = P;|; and note that ord(Q;) < ord(P;). Define o, = «; (mod ord(Q;)), and note that we get

! !
that Q" --- Q;". There are two cases:

1. If there is some o that is 0, then we conclude that ord(Q;) < ord(F;). Thus, we may replace P; by
Q; and get that the second conclusion holds.

2. Else, all of the /s are non-zero. Applying Lemma we conclude that there is ¢ and powers

{B;} ;i such that

Qi = H ija
J#1
and so by definition Agympolic(Pi, [] Pfﬂ) <T. O
JF
With Lemma[4.20]in hand, we can now state and prove a version of it that applies to general collections
of cyclic functions (and not only ones that are associated with the same prime p).

Lemma 4.21. Suppose that P = { Py, ..., P,} is a collection of cyclic embedding functions of Lypdrs - - Lo, ar
respectively, and suppose that rk(P) < T. Then at least one of the following holds:

1. There exists i and powers {[3;} j+i such that

Asymbolic(Pz'7 H Pfj) g T.
J#

2. There exists i and a cyclic embedding function P] such that ord(P}) < ord(FP;) and

Asymbolic(Pi7 -Pz/) g T.
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Proof. Pick a prime p such that p; = p for at least a single 4, let I = {4 |p; = p} and definea = [] p;%.
©:pFp
Then

Asymbolic(Plala T Pf‘ra, 1) g Asymbolic(Pla1 T sz 1) < T.

On the other hand, note that if ¢ & I, then

di d;
P = (Bl = 1,

and it follows that

Asymbolic(l_[ Piaia7 1)'
il

Let d = max;cs d;. Note that as a is co-prime to p we may find an integer b such that ab = 1 (mod p?). It
follows that

Asymbolic(l_[ Piai7 1) = Asymbolic(l_I Piaiab, 1) < Asymbolic(l_[ Piaia; 1) g T.
el el el

The proof is concluded by applying Lemma .20} O

4.5 Low Degree Functions

In this section, we collect a few facts about low-degree functions and related notions that we shall need. The
first fact asserts that if a function f is close to a low-degree function, then the values of f(x) and f(y) are
close if we sample x and y ~ T _g; also, the statement holds in the other direction.

Fact 4.22. Let f: ¥ — C be a function.

1. Foralld >0andd € N,

E[I/@) — FW)P] <245 +2Wsalf)
y~T1sz

2. Suppose that Ey x [|f(g;) - f(y)ﬂ < € for some 6. Then W1 /5[ f] < €.

NTl_(SZ'

n .
Proof. We begin with the first item. Writing the degree decomposition f = ) f=" and using Parseval, we
i=0
ge that

n

B [If) = W] =20 - Tia)f =3 20— (1=~

y~Ty_sx =0

and separating the sum into ¢ < d and ¢ > d finishes the proof.
For the second item, doing the same computation we get that for d > 1/4 it holds that

n

Weild) < 5= > 201 - (=00l <

and the proof is concluded. O
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S
If f1,..., fs: ¥™ — C are functions of degree at most d, then it is clear that [] f; is a function of degree
i=1
at most sd. What if the functions f1, ..., fs are not degree d functions, but instead are very close to degree
d functions in Lo-norm? In the following lemma, we show that if fi,..., f; are bounded, then f; - - - f5 is

still close to a low-degree function.
Lemma 4.23. Suppose that fi, ..., fs: ¥ — C are 1-bounded functions such that W 4(fi] < & for all i.
S
Then W q/¢ [H fl] < 452
i=1

S
Proof. Define g = [] fi, and let & > 0 be a parameter to be determined. We show that
i=1

lo-Tisgl3< E [l - gwl?].
y~Ti_s

] s
Define hi(z,y) = [[ fi(z) I f;j(y). Then we get that
j=1 j=it+1
s—1 2

lg—TiosgllE < E |2 hira(ey) — hi(e,y)

y~T1_5x =0

s—1
< SZ IwE |:‘hz+1(l'ay) - hl($7y)|2 )

=0 y~Ty_sx

where we used Cauchy-Schwarz. Using the fact that each f; is 1-bounded, we get that |h; 1 (x,y) — hi(z,y)| <
| fit1(z) — fix1(y)|, and so we get that

lg = Tiosgl < smax  E|Ifi(x) - fily)P] < 25%(d0 + ),
y~T1_sz

where in the last inequality we used Fact@ By Fact it follows that W1 /5[g] < 2s*(d6 + &), and
the proof is concluded by picking § = £/d. O

S A Regularity Lemma

In this section, we state and prove a regularity lemma that will be crucial for our mixed invariance principle.

5.1 The Noise Operator with Respect to Sigma Algebras

In the following definition, we give a variant of the standard noise operator over product spaces that will be
crucial for our regularity lemma.

Definition 5.1. Let X be a finite alphabet, let v be a distribution over 3, let P = {Py,...,P.: ¥" — C}
be a collection of functions, and let € > 0. For each x € X" we define the distribution 'T', p 1_.x to be the
distribution sampled as:

1. Sample I C. [n].

2. Sample y ~ v®" conditioned on y; = xy and P;(y) = P;(x) for all .

33



3. Output y.
Often times the distribution v will be clear from context and we will omit it from the notation.

As is usually the case, we will associated with T, p 1_. an averaging operator over functions, which by
abuse of notation we denote as T, p 1. : La(X", v®™) — Lo(X™, v®™) and define as

Toprefl)= E  [fy)

yNTu,'P,lfsa:

We will use noise operators as a replacement for harsh truncations, as it is important for us to come
up with an operation that is truncation-like yet preserves the boundedness of functions. In this section, we
collect a few basic properties of the noise operator T}, p 1_..

5.1.1 A Stationary Distribution of T, p ;.

We begin by stating a few basic properties of the operator T, p1_.. The following claim asserts that
T, P 1-¢ is a Markov chain over X" and v®™ is a stationary distribution of it. We remark that whenever the
set P is non-empty, the Markov chain T, p 1. is disconnected.

Fact 5.2. Sampling x ~ v®" and then y ~ T, p 1_.x, the distribution of y is v®™.

Proof. Write P = {P,..., Py}, fix a point w € X" and calculate the probability that y = w. Denote
a; = P;(w;), and fix I a choice of a subset of coordinates in the process that samples y conditioned on x.
Then

Priy=w |I| =Pr[Pi(x) = a;Vi,z; = wr | [|Pr[y =w | I, Pi(z) = a;Vi,z1 = wy].
x,y z,y z,y

Let A be the set of z € X" such that P;(x) = a; for all i and 27 = wy. Then by sampling of y we have
that Pr, , [y = w | P;(z) = a;Vi, 21 = wy] = v(w)/v(A), as y is sampled according to v conditioned on
y € A. Also, Pry,, [Pi(x) = a;Vi,z; = wy] = v(A), and multiplying gives that Pr, , [y = w] = v(w).
Since this is true for every I, it follows that it is true for any distribution over I, and thus we get that
Pry [y = w] = v(w). O
5.1.2 Relating Different Noise Operators

In the next fact, we show that if P’ is close to spny(7P), then the operators T, p 1 and T, p (P},1—¢ are
close.

Fact 5.3. Let P be a collection, let € > 0, let P': X" — C and suppose that k = minpcgpn (py A(P, P').
Then

1. There is a coupling of (x,y,y') such that (x,y) is distributed according to (x, T, p1_cx), (z,y) is
distributed according to (x, T, pu(py1--v) and Pr [y # y'] < ke.

2. For any 1-bounded function f: X" — N,

ITy pugpyg—cf — Tupi-cflle < 2Vke.

34



Proof. We begin with the first item. Let P € spny(P) be the P achieving the minimum, and let X C
[n] be the set of coordinates where P and P’ differ. Sample  ~ v, then I C;_. [n] and then y ~ v
conditioned on y; = z and P;(y) = P;(«) for all ¢; note that y is distributed according to T, p 1_.x. Let
y' ~ Ty, pugpy—e. Note thatif I N K = (), then P'(y) = P'(x). Thus, letting E' be the event that
I'N K = (), we have that Pr [E] > 1 — ke and that the distributions of y | F' and ¢/ | E are identical. Thus,
the statistical distance between y and y/ is at most Pr [E] < ke. It follows that there is a coupling between
y and 3/’ such that Pr [y # ¢/] < ke.
For the second item, fix the coupling (x, y,y’) so that we may write

2

E [f(y) - f(y)]

1T pugpy—of = Topa—-fIE=E||E
vy

T

SAE [1yzy] < 4ke. O
T

5.1.3 Nearly Preserving Low Degree Functions

The first of which says that Tp ;. roughly preserves low-degree functions. Toward this end, we introduce
the function

Ap(z) = Pr [P(a') = P(x)Vi|at =27 = Pr  [Pi(a') = Pi(x) Vi]

x'~Ti_.x
that measures how likely a random noisy step from x is to leave the values of all P; € P unchanged. We
have the following fact:

Fact 5.4. Suppose that ¥ is an alphabet of size at most m, P = { Py, ..., P.} is a collection of r product
Sfunctions and v is a distribution over X.. Then for all T > 0 we have that

Pr [Ap(z) < 7] < Op (7).

xwy@’n

,
Proof. For each a € [] Image(F;) define
i=1

B ={ze¥" |P(x)=a;Vi=1,...,1}, Bé:{xeB(ﬂ I;r [R(y):aiVizl,...,r]gT}.
Yy~li—e

In words, B, is a subset of B of elements from which a step according to the random walk of T _. escapes
outside the set with noticeable probability. Note that

xyle“l [z,y € By] = (1p,,, T1-c1p,) = (T =18, T 1=18,) = IT s=z1B. |5

> | T =18, 13,
which is equal to v(Bz ). On the other hand,

Pr [e,y€Bal=v(Ba) _Pr_ [yeBal<w(Ba) _Pr_ [y€Ba <w(Ba)r,

T,y~T1_¢ x€Bg,y~T1_¢ x€Bg,y~T1_¢
and combining the two inequalities we get that v(Bz) < 7. We define Xpaqg = J_ - Bz, and
ac [] Image(P;)
i=1
get that as the size of the image of each one of the P;’s is O, (1) it holds that
Pr [Ap(x) < 7] < v(Xpad) S T O

T~®n
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Claim 5.5. Let d,r,m € N and o, > 0. Suppose that 3 has size at most m, v is a distribution over %, in
which the probability of each atom is at least o, and P = { Py, ..., P,} is a collection of product functions
from P(X,G, o) where G is a group of size at most m. Then for any L: 3" — C of degree at most d we
have that

”(I - TP,1—8)LH§ Sd,m,r,a 51/3HL”%

Proof. Normalizing, we assume that || L||2 = 1. The left-hand side is equal to

2
E

T

E [L(z) - Ly)]

y~Tp1_ecx

E [L(z) - L(y)!F], (15)

y’\”I‘P,leaj

<E
T

and in the rest of the proof we bound the right-hand side. Let 7 > 0 be a parameter to be chosen. We break
right hand size of (I3)) and break it to « such that Ap(x) > 7 and z such that Ap(z) < 7:

+E

T

E  [IL@) = L) Lap)<r

y~Tp1_cx

E

xT

E  [L(x) - L(y)|]21,4p(a;)>7] -

y~Tpi1_cx

(1) (1)

For (I), we have by Cauchy-Shcwartz that

(1) <\|E

E [IL(a?)—L(y)I]4] Pr [Ap(z) <7] S IILlli\/ﬂE{m [Ap(z) < 7.

y~Tp et rv@n

By hypercontractivity ||L||3 <a.q || L]|3 = 1, and combining with Fact we conclude that (1) <qm.d /7
For (IT), we have that

(II)=E e [|L(y) — L(@)]* 1p,y)=pya) vi | Y7 = xT} 1 _
= . .
x Pr[ga[n],ywy@@n [Pl(y) = Pi(z) Vi |yT = xﬂ P(z)
Erc g |[10) = L@ Ln)-pio) v [ 97 = 77]

) IE Ap () Ap(z)>T

We conclude that (17) is upper bounded by

(2L Ty L) =2

1E[ f UL@)—L@)‘QH (1-Iry=ni) < 2 (1- - 99),

Tz |y~Ti_cx T

which is at most 27‘15. Combining, we get that
€
(5 Sama VT + —

and choosing 7 = ¢2/3 finishes the proof. O
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5.2 An Approximating Formula for T, p;_. f

Note that any function P € spy(P) is an eigenvector of T’ ;. of eigenvalue 1. Thus, by Claim
functions of the form P - L are nearly preserved under the operator Tp 1. (provided that the degree of L
is sufficiently small compared to 1/¢). In this section, we show that for any function f, Tp 1_.f may be
approximated as a linear combination of such functions. This statement, which is Lemma|5.8|below, will be
very important for us in at least two contexts:

1. First, in Section [5| we will use this approximate formula in the proof of our p-regularity lemma.
2. Second, in Section [6.3] we will use it to state and prove our mixed invariance principle.

Towards getting such an approximation we need more basic properties of the function Ap(z). In
Claim [5.4] we proved that its values are almost always positive numbers bounded away from 0. In the
next fact, we show that Ap(z) is close to a linear combination of functions of the form P - L for low-degree
functions L. For technical purposes, we need a slightly different claim, giving low-degree-like functions L
that are still bounded:

Fact 5.6. For allr,m € N, ¢ > 0 and £ > 0 and any collection of product functions P, the function Ap
may be written as

where for every P the function Lp is Op, (1) and for all d, Ws4(Lp) < O r((1 — £)9).

Proof. Note that as all of the functions F;’s get the values of characters over an Abelian group of size at
most m, we have that in the set I = [, Image(F;) the distance between any two distinct points is {2, (1).
Thus, we may find a bi-variate polynomial ()(z1, 22) of degree at most O,,(1) and coefficients that are at
most O,,(1) in absolute value such that Q(z1,22) = 1if 21 = 29 € I, Q(21,22) = 01if 21,20 € I are
distinctE-]U sing (, we may write

Ap(e)= E [H@@(y),a-(x)).
i=1

yNT'P,lfs
d .
Write Q(z1, 22) = a; k%25 for d = Op,(1) and plug it in above to get that

k=0

d
Ap(x) = Z Ajyky ~ ajr,krpl(fz)kl T Pr(‘r)kT g [Pl (y)]l T Pr(y)jr]

ook peveskir =0 Y.

d

= > ey G g PL(@)M - Po(@)Er Ty (P] - P ().
J1yeeesdr k1, kr=0

A polynomial Q satisfying these properties may be constructed via Lagrange interpolation for example.
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In our argument, we will actually want to show that the function 1/Ap(x) is close to being a linear
combination of functions of the type P - L. A slight concern is about values of x where Ap(x) since
such behavior is not typical for low-degree functions. The following fact asserts that when we discount the
contribution of such inputs z, 1/Ap(z) may be approximated by a linear combination of functions of the
type P - L; this fact is a relatively easy consequence of Fact[5.6]

Fact 5.7. Forallm € N, 7,¢ > 0 and £ > 0, the following holds for sufficiently large D € N. There is
A" X" — C with the following properties:

1. A" may be written as A"(x) = Y. P - Lp where for all P, Lp is Oy, ¢.,.,(1) bounded and
Pespy(P)

W;QZD[.Z_/P] < 2—(D),

5 UAP@) @] 1*“7’(””} s¢

Proof. Fix z such that Ap(z) > 7, and note that clearly Ap(x) < 1. Thus, we may write

00 T
1
(1—A (1—Ap(z))f+e7,
Ap(z)  1-(1- AP kZ:O Pl kz:% Pl

T
where we take T' = log(2/£) /7. Define A" (z) = Z (1 — Ap(x))*; then the second item is clear.
k=

Using the formula for Ap from Fact |5.6] E expandmg A" and re-grouping terms we get that it may be
written as a linear combination of functions of the form P - Ly-- Ly, where P € spny(P) and each L is
O, (1) bounded and ng[ il Lmor (1 — )4 for all d. Take d = D/ for D to be determined; it follows
from Lemmathat W gop [L LT+1] <r2- D) Re- -grouping, we may write

A= Y PLe
Pespny(P)
where Lp is O 1r(1) = Oy g 7 (1)-bounded and W yop [Lp] Sy rr 2740, =

Lemma 5.8. For all m,r € N, a,e > 0and £ > 0 there exist C; D € N such that the following holds.
Suppose that 3 has size at most m, v is a distribution over X in which the probability of each atom is at
least o, and P = { Py, ..., P} is a collection of product functions from P(3, G, o) where G is a group of
size at most m. Then for all 1-bounded f: X" — C, there exists a function f': X" — C such that:

1. The function f" approximates Tp 1_.f: || Tpi—cf — f'll2 <&

2. The function f' can be written as

> P(z)- Lp(x)

Pespy(P)

where for all P, deg(Lp) < D and |Lpl|ls < C
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Proof. Take the parameters
O<D'<(<r<rtmae <L

Let 7' € [1,7 + /7] be a parameter to be determined, define I (z) = Tp 1< f(2)14,(2)>- and note that

ITpi-cf — Fillz = I Tp1-c f(@)1ap@<rllz < 1 ap@ycrllz Smp VI < 78 (16)

where we used Fact[5.4] Next, expanding the definition we get that

TP,lfgf(I) =k ICc[n] [f(xl) ‘ xlf =In PZ(SU/) = Pz(x) V’L]
z/ ~®On
- = ! gl = g
- A'p(x) Elgs[n] [f(l‘ )1Pi(1‘/):Pi(m) Vs ‘ZL‘I = xl] .

x! ~®n

(1)

Take A”(z) from Fact[5.7| with the parameter ¢ therein being 7 in the current setting. Then ||A"14,>. —
ﬁ(m)lAP%/ 2 < 7. Thus, as (I) is 1-bounded we conclude that for Fy = (I)(2)A” ()14, (z)>- it holds
that

|Fi — Falla < 7. (17)

Next, note that || Fy||3 < 2, therefore there exists 1 < j < 1/4/7 such that

E [(D(@)*A"(2)*Lap @)elrjrrsGenm] <774
and we fix such j. Define the continuous function h: [0,1] — [0, 1] so that h(t) = O for t < 7 + j7,
h(t) = 1fort > 7+ (j + 1)7 and we linearly interpolate between the two ranges. Also, take 7/ = 7 + j.
Defining F3(z) = (I)(x)A”(z)h(Ap(z)), we get that

17 = Fyll2 < \/Ig (D@2 A" (@) Lap@yetr iG] <775 (18)

At this point, our approximating function F3 almost fits the form as needed for f’, but we still need some
modifications. First, we need to explore the structure of (/)(z) and of h(Ap(z)) further, and secondly we
need to perform degree truncation.

For h(Ap(x)), by Weirstrass approximation theorem we may find a polynomial W: [0,1] — R such
that |W (t) — h(t)| < (forall ¢t € [0,1]. We define Fy(x) = (I)(z)A” (z)W (Ap(z)) and get that

[[1F5 — Full2 < C\/Igl [(1)(@)24"(2)?] < ¢, /E[A"(2)?] Smrre ¢ S VC (19)

T

where we used the fact that A” is Oy, - (1) bounded.

The Structure of ().  As in the proof of Fact[5.6} take a bi-variate polynomial Q(z1, z2) of degree Oy, (1)
whose coefficients are all bounded by O, (1) in absolute value such that Q(z1,22) = 1,,—., for every
21,22 € UJ;_; Image(P;). Then

(1) =E rc.in [f(:v’) H Q(Pi(a"), Pi(z))

m/,\/V®n




d o
Writing Q(z1,22) = Y. a;;zi23 where |a; ;| = Oy, r(1), we get that

i,j=0

(D= > P@" P@) B | Y G-t f@) P P!y | =27

J1yeesdr=0 & @ Gy =0

= Z Py(x)" Pr@f)irFJi ----- Jro

j17~~~’j7‘

d ) .
where Fy, () = Tice Y. iy sy, f(/)P{ () - PI" (a'). Note that Fy is Oy, (1)-bounded
i1y00nrir=0

by the triangle inequality, and W=4[Fj, . j,] <m,» (1 —e)4 for all d. Thus, after re-arranging we may write

where W o2 [Lp] < 27UD),

a
Combining the Structures. Write W (t) = > a;t*, where ¢, |a;| < O¢(1) for all ¢, so that
=0

W(Ap(z)) = aiAp(x)'.
=0

Plugging in the formula for Ap(x) from Fact[5.6, we get that W (Ap(x)) may be written as a linear com-

bination of at most O,(1) may terms each of the form aP - Li(z) -~ Ly(x), where |a| = O¢(1) and for
all i, L; is Oy, (1) bounded with Wsy[L;] < (1 — ) for each i. By Lemma {4.23] it follows that

W pyp [Li(z) - Ly Seomar 27, so for large enough D we have W>22D[i1(m) Ly < 27D,

Re-arranging the resulting expression for W (Ap(x)) gives that it may be written as

W)= Y P
Pespny(P)

where L', is O¢(1) bounded and W 920 [L'p] Sprcq 27HP).
By choice of A” from Fact[5.7] we may write

A= Y PoIb

Pespny(P)

where L', is O, (1) bounded and W qon [L/%] < 27UD),
Combining the formulas for (1), W (Ap(z)) and A”(x) and multiplying out, we get that

F4(.%’) = Z P ~/Pé/a

Pespny(P)
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where each E;’D’ is a linear combination of at most Op,r(1) products of at most 3 of the functions IN/Q,
L’Q, and L’é,,. Thus, L’} is O¢(1)-bounded. Also, For each @, Q' and Q" we get by Lemma that

W 93D [EQIN/Q,i” 4] < 279DP) "and so W gsp [L] < 27UD). Thus, defining

r= X e

Pespny(P)
we get that
1 = Falla S p 2745, (20)
Combining (16)), (I7), (I8), (I9) and (20) gives the second item of the lemma. O

5.3 The i Regularity Lemma

With the tools from the previous sections in hand, we may now state a regularity lemma for the norm |||| ..
In words, the regularity lemma says that we can approximate any 1-bounded function f with a function of
the form f’ = Tp 1_., where P has a bounded size and ¢ is bounded away from 0.

5.3.1 A Basic Version of the Regularity Lemma

We begin with the following basic version of our regularity lemma, which already contains all of the essential
ideas.

Lemma 5.9. Forall o« > 0, m € N and £ > 0 there exist eg > 0 and r € N such that the following holds.
Let 3. be an alphabet of size at most m, let v be a distribution over % in which the probability of each atom is
at least o and let f: 3™ — C be a 1-bounded function. Then there exists a collection P of cyclic embedding
functions of size at most r such that

Hf - TP,lfsfHV,Oé < 5

The rest of this section is devoted to the proof of Lemmal[5.9]

We look at all 4 € M, , and apply Theorem on them with the parameters o, m as here and ¢ there
being £/100. As M, , has size O,,(1), we may take 0 to be the minimum over all the §’s in Theorem
and d to be the maximum of all the d’s, take the Abelian group G to be the product of all the Abelian
group in the applications in Theorem [3.1]and o to be the concatenation of all of o’s from the applications of
Theorem

We fix these parameters, set R = [160—20} and further use the following parameters:

0<dp' < (p<er<...<di'<G<a<di<aé&m ! <1 (21)

We now proceed with the following iterative process. Starting with go = E[f], fo = f — g0, Po = 0 and
i = 0, if f; has correlation at least § with a function of the form P, - L; for P, = xy oo and L;: X" — C of
2-norm 1, we do the following:

1. Using Fact 4.15| write P; = P;1--- P, where each P; ; is a cyclic embedding function and k =
O, (1). Define Piyy = Pi U{Pi1,..., Pirts giv1 = Tp e, fand figr = f — gig1.

2. Increase ¢ by 1 and repeat.

The following claim, stating that ||g;+1]|3 > 992/2, is the key in the proof of Lemma Once it is
established, the proof is concluded quickly.

41



Claim 5.10. Forall i < R we have that || g;+1 |3 > i6%/10.

Proof. Fix i, and for each of notation denote T; = Tp, 1_.,. Thus, for j = 1,...,% + 1 we have that
|(fj, PjL;)| = 6. Thus, we may pick a complex number §; of absolute value 1 such that (f;,0;P;L;) > 6.
Noting that f; = f — g; = (I — T}) f and using the fact that I — T is self adjoint, we conclude that

(f,0,(I —T;)P;L;) >6 Vi=1,...,0+L (22)

i+l
We next inspect that quantity (/) = (Ti12f, > 6;( — T;)P;L;), and prove an upper bound as well as a
j=1

lower bound on it.

The Lower Bound: as T, is self adjoint, we conclude that (1) = (f, Z 0;Ti1o(I —T;)P;L;), and
j=
we next argue that T o(f — T;)P;L; is very close to (I — T;)P;L; for each j. Clearly,

Ti+2(1 — Tj)Pij = TZ'+2PJ'LJ' — Ti+2TijLj.

For the first term on the right-hand side, note that P; € spny(Pi42) and so T4 oP;L; = PjTiioL; . It
follows from Claim [3.3] that

1/3
|Tiy2PiLj — PiLjlla < || TivaLly — Ljll2 = (I = Tir2) Ljll Sdmyia 542’

and so || Tj4oP;L; — P;Ljll2 < || Tig2L; — Ljll2 < 142 For the second term, namely for T; T ;P;L;,

first apply Lemma 5.8|to get that | T; P;L; — h;||2 < (; where h; is a function of the form >~ P'Lps
P'espny(P;j)

where Lp has degree at most d; and || Lpr|l2 = On.¢;,a,j.; (1). Combining with Claim 5.5 again it follows

that

3
I Tisa T PyLy =T PyLylz < 26+ Tosohy=hyllz = 26+ (T=Tir2)hslla < 264+ Om, ey a; (€143);
and so || TioT; P Lj — T;PiLy 2 < &1
Concluding, we get that || T;1o( —T;)P;L; — (I —T;)P;Lj|| < 253462, and plugging this into (1) gives
that

i+1
. 1/6 1/6
1) > (£, 30,0 = TP Ly) = 20 + Deify > (i 4+ 13 — 26+ D=5,
j=1
where in the last inequality we used (22)). Thus, (I) > 0.99(i + 1)0.
The Upper Bound: by Cauchy-Schwarz we have that
i+1
(1) < I Ti2fll2ll Y 05(1 = T;)BiLy |2,
j=1
and we upper bound the second norm. Taking a square and expanding, we have that
i+1
1Y 60,1 = THPL;[13 =Y (I = THPL;|13+2) (I = Tj)PLj, (I —Tj)PyLy).  (23)
J=1 J 3'<d
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We bound the first sum on the right-hand side by the trivial bound of 2(i + 1) (as each one of the norms
individually is at most 2), and next we show that the off-diagonal terms are negligible. Fix j/ < j and
inspect the corresponding summand. Then by self-adjointness and Cauchy-Schwarz

(I = T;)P;Lj, (I —Tj)PyLj)| = |(P;Lj,(I = T;)(I = Tj)PyLj)| <||(I —T;)(I — T )PyLjla.
Using the same argument as in the upper bound section, we have that ||T;(I =T/ )Py Ly —(I—T; )Py Lj|| <
e;/6, implying that || (1 — T;)(I — Tj)PjLj |2 < 5;/6. Plugging this into gives that

@3) <20i+ 1)+ (i+1)%/0 <23+ 2),

and so (I) < HTH_Qf”Q\/Q(i + 2)

Combining the Upper and Lower Bounds: combining the upper and lower bounds for (I), we conclude
that || T of||3 - 2(i +2) > 0.99%(i + 1)262, and simplifying we get that || T; o f |3 > i6%/10, concluding
the proof. O

Using Claim [5.10] the process we designed terminates within at most R steps at step ¢ < R, at which
point we have that f; has correlation at most § with any function of the form P - L. Applying Theorem

and the fact that f; is 2-bounded we conclude that || fi||,,o < 2 - £ < &, concluding the proof. O

100

5.3.2 A Version of the Regularity Lemma Allowing Noise Modification

In this section, we state and prove a variant of Lemma [5.9]in which we have a lot of freedom in picking
the noise parameter €. Naively, and borrowing intuition from the case of the standard noise operator, one
expects that the first item in Lemma to hold not only for ¢ but rather for any 0 < ¢’ < ¢. Indeed, for
the standard noise operator the left-hand side may be interpreted as the weight of f on the high degrees,
and taking smaller epsilon amounts to looking at even higher degrees (thus trivially looking at less weight).
While we do not know how to make such an argument go through, below we show how to circumvent this
issue in a relatively easy way.

In the formulation of the lemma below, we will use a decay function w: [0,1] — [0, 1], meaning a

function w satisfying that w(¢) < e. The reader should have in mind w of the forms w(e) = £'° or
w(e) = 27Ve,
Lemma 5.11. For all « > 0, m € N and £ > 0 there exists r € N such that for any decay function
w: [0,1] — [0, 1] there is eg > O for which the following holds. Let ¥ be an alphabet of size at most m, let
v be a distribution over % in which the probability of each atom is at least . Then there exists an Abelian
group G whose size depends only on m, o: ¥ — G, such that for any 1-bounded function f: ¥ — C there
is v’ < r, a collection P of at most v’ cyclic embedding functions and € > & such that

Hf - TP,lfa’fHV,a < 5
forallw(e) <& <e.

Proof. We run the same process as in the proof of Lemma[5.9] Once the process terminates, say at step i, we
know that (I — T'p, 1—.) f has correlations at most ¢ with any function of the form P - L for ¢ = ¢;. If this
holds for all ¢ € (w(e;), &;), we are done as then by Theorem 3.1]it follows that ||(1 —Tp, 1—c ) f|lv,a < & for
alle € (w(g;), ;). Otherwise, we may find €] € (w(e;), &;) such that (I —Tp, ;_./) f has correlation at least
0 with some function P;;1L;11, and we may continue the argument therein by m(;difying gi to be €} (¢ still
satisfies the same requirements from the parameters as ¢;). Carrying out the same analysis as in Lemma[5.9]
we conclude that this modified process also terminates within R steps, and the proof is concluded. O
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5.3.3 A Regularity Lemma with High Rank

We finish this section off by presenting our final regularity lemma which will be used in subsequent sections.
This lemma is a strict strengthening of Lemma [5.11] and it asserts that the collection of cyclic embedding
functions can additionally be guaranteed to have a high rank.

Lemma 5.12. For all « > 0, m € Nand & > 0 there exist r € N and 9 > 0 such that the following holds
for any decay function w: [0,1] — [0,1]. Let ¥ be an alphabet of size at most m, let v be a distribution
over X in which the probability of each atom is at least . Then there exists an Abelian group G whose size
depends only on m, o: ¥ — G, such that for any 1-bounded function f: X" — C there are v’ < r, e > g9
and a collection P of cyclic embedding functions of size at most v’ such that:

1
1. We have rk(P) > @
2. Foralle' € (w(e),e) we have that ||f — Tp1_¢ fllv,a < &
Proof. Fix a, m, &, pick r from Lemma and take R = R(m, r) to be sufficiently large. Take parameters
O<er< Mp'<ep1 < Mpl <...<Mj'<e < M < e <e, (24)

and pick the decay function w(e) = &, and then take £¢ from Lemma
Applying Lemma [5.11] we get that there is /, a collection P of cyclic embedding functions of size at
most 7’ and € > ¢¢ such that for all ¢’ € (w(e), ) it holds that

||f - TP,I—e’waa < 5
If rk(P) > M3, we are done by picking &’ = . Otherwise, we apply Lemma and there are two cases:

1. In the first case, there is P € P such that writing P; = P \ { P} we have Agympopiic (P, spny(P’)) <
M. We get by Fact[5.3|that for all ¢’ < ;

HT?’,I—s’f - TP1,1—€’f||2 < 2y Migr <

sl

2. Else, there is P € P and a cyclic embedding function P’ such that Asymbolic (P, Py < M and
ord(P’) < ord(P). In that case, we take Py = (P \ {P}) U {P’} and get by applying Fact[5.3|twice
that

ITpi—ef = Tp1efll2 < Tpugpyi—ef = Tpi—eflle + 1 Trugpyi—erf — Ty a-e fll2
5 V Mlsla

which is again at most .

Continuing, if rk(P1) > My we are done, and else we repeat the above argument to produce a new collection
of cyclic embedding functions Ps satisfying that for all ¢’ < &5 it holds that || Tp, 1o/ f —Tp, 1-¢ fll2 < %.
Denote by P; the collection formed after ¢ steps of this process.

Note that > ord(P) < > ord(P)— 1 forall i. Indeed, in the first case above we drop an element
PeP;it1 PeP;
from the collection and that element has order at least 1. In the second case above we replace an element in

the collection with an element whose order is strictly smaller. Thus, as originally we have that ) ord(P)
PeP
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is at most r- Oy, (1) (as each P € P has order which is at most O,, (1)), it follows that the process terminates
within 7 - Oy, (1) < R steps.
Let i be the step in which the process is finished. Thus, rk(P;) > M1, and by the triangle inequality
get that
i1 ¢
HTP'L,1*€/f - TP,lfe’fHQ < Z HTP]'H,le’f - TPj,l*E',fH St R <€
j=0

for all &’ < ¢;. It follows that for any such &’ it holds that

||f - TPi,lfs’fHu,a < ||f - T’P,l*E/le/,Cl{ + ”TP,lfa/f - Tpi,lfs’sz/,a
< ||f - TP,I—E/fHV,a + ”TP,l—a/f - TPi,l—a’fHZ
< 26,
and the proof is complete. O

6 Moving to the Mixed Space

In this section, we make another step towards proving our mixed invariance principle: we show how to
associate with a given product space (X", v¥) a mixed space (R x G, D) where n/, n” = ©(n), which
is a product of a Gaussian space with an Abelian group (equipped with some product measure). In particular,
we will need this association to allow us to transfer bounded functions from the product space to the mixed
space, and in this section, we explain this transference.

6.1 Motivation

To begin the discussion, we recall that in Section we have shown that if f: (X", ") — Cis a 1-
bounded function, then we may find a collection P of cyclic embedding functions such that (we omit the
various quantifiers and parameters for the sake of clarity):

1. The size of P is constant.
2. The functions f and T'p ;_. are close in || - ||, o-norm.
3. P has arbitrarily large rank.

Similarly, we may apply the statement for functions g: I' — C and h: ®" — C to get collections Q and
'R of cyclic embedding functions such that

E  [f@gwh(z)]= E [Tpi-cf(2)Toi-9(y)Tri-ch(2)] + o(1).
(z,y,2)~p" (z,y,2)~p™

Thus, to achieve our goal it suffices to come up with a mixed-space on which there are functions f’, ¢’, i’/
that can be associated with Tp 1. f, Tp 1_-g and T'p 1 _.h such that

E [Tpi-ef(2)Toi-—9(W)Tri-ch(z)]= E  [f(2)g'(y)W(2)] + o).
(z,y,2)~u" (x,y,2)~D"'

To motivate the construction of f’, ¢’ and h’ we consider the following two simplified scenarios:
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1. The case that P = Q = R = (: In this case, we have the functions T_. f, T1_.g, T1_.h which
are morally low-degree functions. For these types of functions, the invariance principle of [42] tells
us that we can transfer them to Gaussian space. This is done by looking at Ty_. f, T1_.g, T1_ch as
real-valued polynomials of an orthonormal basis of the basic space, and then plugging in correlated
Gaussian random variables (g, g, g.) whose pairwise correlations match those in the base space.

2. The case that ¢ = 1: In that case, the value of T'p ;_. f(z) depends only on the value of (P(z)) pep.
In other words, writing P = { P, ..., P}, there is a function f': C" — C such that Tp ;_.f(z) =
f'(Pi(x),...,P.(x)). Since each P; is a cyclic embedding function, for each i there is x; € Cﬂas\ter
such that P;j(x) = x; o o(x), and so there is a function f”: G}l ¢er — C such that Tp1_.f(z) =

f,/ (Umaster (-77) ) .

Summarizing, in the first case we can move to Gaussian space, whereas in the second case, we can move to
the master group. In both cases, one can show that the associated function is (essentially) 1-bounded and
has roughly the same distribution of values. The goal of this section is to show that in the general case that
‘P may be non-empty and ¢ is smaller than 1 (but bounded away from 0), we may find an associated function
with T'p 1 _. f that “mixes” between these two possibilities.

6.2 The Decoupled Function

We now move to the formal description of the mixed space and the associated function with f on it.
Our transference works with a function T'p ;. f satisfying the following properties:

1. |P| = Om,an(1).
2. If = Tpa—cf]
3. tk(P) > T where T > 1/n,1/¢,1/a, m.

v,a < 1 where € is arbitrarily small compared to 7).

A function Tp 1. f of this form is guaranteed to exist by Lemma and for simplicity of notation we
denote f' = Tp 1_.f. By Lemma|5.8 we may find a function f of the form

fl@y= > P)-Lp(x)
Pespny(P)
such that:

Lo = Flz <<

2. deg(Lp) and || Lp||2 are both Oy, o 5 ¢.c(1).

Define fdecoupled: (Zn x X" v" X Vn) — Chby

fdecoupled(‘rym/) = Z P(.T) . LP(:L’/).
Pespny(P)

In words, we take two independent copies of the input of 1, plug one copy of it to the embedding functions
and another copy to the low-degree functions.

We wish to prove a relation between the functions fdecoupled and f . Intuitively, the distribution of values
of fdecoup|ed (x,2') when x,z’ are sampled from ™ independently is close to the distribution of values of
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f(X) when X ~ v™. To see that, looking at the formula of f(X), the values of the low-degree functions L p
are mostly determined after we expose 1 — d/d of the coordinates of X, where d is an upper bound on the
degrees of Lp. On the other hand, since P has a high rank, conditioning on exposing these coordinates of X
the values of (P(X)) pespny () still has the same distribution. Thus, the values of (Lp(X))FESp,lN(p) and
(P(X)) pespny (P) are almost independent of each other, which matches the values of the function fyecoupled-

We now move on to stating and proving a formal relation between fdecoup|ed and f , and begin with a
few auxiliary facts. The first of which asserts that if P = {P;,..., P,} is a collection of cyclic embedding
functions of high rank, then for all a; € Image(F;) the event that P;(x) = a; for all 7 has probability at least

Qo r(1).

Fact 6.1. For all m,r € N there exists M € N such that if P = {Py,...,P.: ¥" — C} is a collection
of cyclic embedding functions with rk(P) = M, then for all a; € Image(Py), ..., a, € Image(P,) it holds
that either Pry . [P;(x) = a;] = 0 or

Pr [Pi(z) = a;] = Qpmr(1).

T~ ’

b;—P;(x)
bl'*ai

%) DiFa;

Proof. We write 1p,(;)—q, =
b; esupp(

, so that the left-hand side is equal to

!

ce(\l[l II  @i-r@),

i biesupp(P;)\{ai}

where C' = [] I1 5, thus |C| > Q,(1). To compute the expectation, we expand it out and
i biesupp(P)\{a;} =
get that

eIl Il @-Re)|=c+ > Cla...o)E

t b;esupp(P;)\{a;} (a1,...,ar)€A

where
A={(a1,...,00) |0 < ; < |Image(F;)| Vi and o; < |Image(F;)| for some i} .

Ex [Hl P, (m)“i]

Note that |Image(F;)| < ord(F;) hence for each (aq,...,q,) € A it holds that

O (2= (M) We conclude that

Pr [Pi(z) =a] > C— 02 %My >0, (1)

T
for sufficiently large M. O

Next, suppose that P = {P,..., P.} is a collection of cyclic embedding functions, for each i take
a; € Image(P;) and consider the set of inputs S = {z € X" | P;(z) = a;}. By Fact|6.1| we know that S
has a fairly large density. The next statement asserts that if the rank of P is sufficiently large, then a noisy
process starting from a random point in .S generates a probability distribution close to ™.
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Fact 6.2. Forallr,m € N, (¢ > 0and M € N, if P = {Py,...,P.: ¥" — C} is a collection of cyclic
embedding functions with rk(P) > M, take a; € Image(P1),...,a, € Image(P,) and define
Ti-elg

‘ v(S) 2

Proof. Expanding 1g as in the proof of Fact[6.1], we see that 1¢ = A + > C(P)P where
Pespny(P),P#1
\ (P)
=v

S={xze¥"|P(z) =a;}.

Then

|| <ommeran,

| = Oyn.r(1) for all P. Taking expectation of both sides shows that v/(S) = A 4 2=+ (M) and so
(S )(1 + 2~ (M) We get that

1; —1 =2 %msM) > (PP
l/( ) Pespny(P),P#1

Applying the operator 77 _¢ on both sides we conclude that

T ¢1
s | <o om0, (| max TP )
V(S) 2 Pespny(P )P;él
< 2_Qm,r(M) + Omr < max 2_Qm,r,£(M)>
© \ Pespny(P),P#1
< 2_Qm,a,r(M)7
where we used Lemma 4.6 O

We are now ready to prove the main technical ingredient in the relation between f and fdecoup|ed.

Lemma 6.3. Let m,r € N, { > 0and M € N. Let P = {Py,...,P.: X" — C} be a collection of cyclic
embedding functions such that rk(P) > M. Consider the joint distribution of (x,2') and X sampled as:
sample X ~ v™ and independently sample x ~ TpX and x' ~ T1_.X. Then then distribution of (x,z') is
2= rme(M) close to V™ x V" in statistical distance.

Proof. Fixw,w’ € ¥" and define ¢y oy = Prx oo [ = w, 2" = w']and ¢,y = Pry oo [2/ = @' |2 = w].
By Factthe marginal distribution of  is v™* and $0 Gy ./ = V(Ww)@yy|w- Denote

S ={ueX"|Pu) = P(w)Vi},

and note that conditioned on x = w, the distribution of X is v conditioned on S, i.e.

oo 1s(u)
XE?I/[X—U |z =w] =v(u) J(9)

Thus,

Qu'|w = Z v(u) 1]/‘9(%) u/N]%r,eu [u/ — w/] — Z v(u) 15(?5)) T1_cly (u),

where 1, (v) = 1,/—,. Writing this last expression as an inner product, we get that

1s

1s

lg ,
I/(S) Tl 5 alw’> ( )Tl —€ (w),

— ey /(5]

Qu'|w =
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and so gy, = v(w)v(w')Ti—. Vl(g) (w’). Computing, we get that

5 [t = )] = 3 vl D1 ) = 1| = [T -1

w,w’ w,w’ V(S) (S) 1
ls
< T 1,
H BRZEENE
and the proof is concluded by applying Fact[6.2] O

With Lemmain hand, we can now state and prove the relation between the functions f and fdecoupled-
We begin with a basic version of it:

Lemma 6.4. Let m,r,d € N, and M € N. Let P = {Py,...,P.: ¥ — C} be a collection of cyclic
embedding functions such that rk(P) > M, and consider the joint distribution of (x,z') and X from
Lemmal6.3 Then

E |:’f~decoupled (-% l‘l) - f(X)’2] Sd,mﬂ“ €.

z,x’ X

Proof. Writing f = . P(z)Lp(x) where deg(Lp) < d, we get that the left-hand side in the lemma
Pespny(P)
is equal to

E Y. Plle@)- Y PX)Lp(X)

X
| | Pespny(P) Pespny(P)

- E Z P(X)(Lp(a") — Lp(X))
za!, X Pespny(P)

By Cauchy-Schwarz, we may upper bound the last quantity by

2
Smr > E e = Le(X)] = X ILp = TieLpl S de. 0
Pespny(P) !, X Pespny(P)

We next state the version of our relation that will be used later on.

Lemma 6.5. Let m,r,d € N, e > 0and M € N. Let P = {P, ..., P.: ¥ — C} be a collection of cyclic
embedding functions such that rk(P) > M. Then there is a coupling (X', X"") and X between v™ X v™ and
v™ such that

E |:‘fdecoupled (X/’ X”) - f(X)‘2:| < Om,r,d(f) + Om,r,d,a,n,s(Qigr’m’E(M))~
X, X7, X"
Proof. Let (x,2') and X be a coupling as in Lemma As the statistical distance between (z, z’) and
V™ x U™ is at most 2~ 2rm.s(M) e may couple (x, ') with (X', X”') such that Pr [(z, 2) # (X', X")] <
2 2rm.e(M) and (X', X"') is distributed according to ™ x /™. We take the coupling of (X', X”’) and X and
prove that it satisfies the conclusion of the lemma. Note that the left-hand side of the lemma is at most
|

S E deecoupled(iv,w') - f(X)ﬂ +

r / r / "
ol XX XN |:‘fdecoupled ($a x ) - fdecoupled (X , X )

E
z ! X, X' X"
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The first expectation above is at most O,. ,, 4(¢). For the second expectation, let E be the event that (z, z') #
(X', X"). Then by Cauchy-Schwarz

_ . 2 12
E |:‘fdecoupled (.Z‘, 1'/) - fdecoupled (X/7 X”) 1E:|
z,x’ X, X' X"
~ ~ 4
< E |:‘fdecoupled (xa x/) - fdecoupled (X,a X”) :| Pr [E]
z,x! X, X", X"

~ 4 -
< E [‘fdecoupled(faxl)‘ + ‘fdecoupled(X/aX//)

4
w2 X, X X" ] Pr[E].

We upper bound the first expectation above. By the triangle inequality,

fdecoupled ($7$l)‘ < E ‘LP(I'/)L
P

and hence by Holder’s inequality and hypercontractivity we get that

|:‘fdecoupled z, ' ‘ :| Z ”LP” ~r,d Z HLPHQ ~rm,d,a,n,e L.

1E17

B 4
The expectation of ’ Jdecoupled (X', X")

can be bounded in the same way by O, ., 4,a,5,c(1). As Pr [E] <

2~ rm.e(M) we conclude that

9O (M), 0

|:’f~decoupled($7x) fdecoupled(X/ X”) :| ~r,m,d,on,e

E
z,x X, X X"

6.3 The Mixed Invariance Principle

In this section, we prove the mixed invariance principle. We will use the notations of the beginning of
Section the notation therein is presented in terms of the function f, and we use analogous notations for
the functions g and h below. The notion of shifted low-degree influences will be important for us, and below
we define it formally.

Definition 6.6. We say that a function f of the form above has T-small shifted low-degree influences if for
every i € [n] and every P € spny(P) it holds that I;[Lp] < .

Let ¥: C* — C be any smooth function such that ¥(a, b, ¢c) = abc for a, b, c that have absolute value at
most 1, which additionally satisfies that

|¥(a,b,c) — V(d,V,c ‘<\/| —adP+b=V]?+|c—?

for all complex numbers a,b,c € C. Denote m; = |X|, mg = |I'| and mg = |®|. Given 1-bounded
functions f: (X", v}) — C, g: (I™,vy) — Cand h: (®",v]) — C, define the functions F': 3" x

Rm=Dn ¢, G: ™ x R"2~Un 5 C, H: " x R(m=Dn 5 C by

F(x, Gx) = trunc(fdecoupled(xa Gx))v G(y, Gy) = trunc(gdecoup|ed(y’ Gy))’
H(Z, Gz) = trunC(Bdecoupled (Za GZ))’

where trunc: C — C was defined in Section The main result of this section takes the following form:
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Theorem 6.7. Let f: X" — C, g: I — C and h: " — C be 1-bounded functions, and consider the
functions f, F, g, G, h, H defined as above. Then for every & > 0 there exists T > 0 such that if f, g, h have
T-small shifted low-degree influences

E  [¥(f(x),9(y), h(2))] - E (W(F(z,Ga), Gy, Gy), H(z,G2))]| <& (25)
(z.y,2)~pu" (z,y,2)~p"
(Ga,Gy,G2)~G™
Proof. We keep the parameters as in the setup preceding the theorem. These parameters satisfy the hierar-
chy:
O<r<T lxexdl<l<nprti<smt o<l (26)

First, as || f — f'||,.« < 7 and similarly for g and h, we have that

[®(f(2),9(m),h(N] = B [U(f(2).g'(y),h(2))]

(z,y,2)~pum (@,y,2)~pum

Sé 27

Second, by the smoothness of W it follows that

(z,y,2)~pm (z,y,2)~pm

< e [/
(zy,2)~p"

<S¢, (28)

E (U@, ) - E [\P(f(x),g(y),f%(z»]‘

W(z) — h(z)

~ 2 9
7@ = F@)| +19') - 5wl +

where we used Cauchy-Schwarz and the fact that f "and f are n-close in Lo distance, and similarly ¢’, g and
B, h. Third, using the coupling from Lemma |6.5|and the smoothness of W it follows that

E [\Il(f(X>v Q(Y)7 B(Z))} —E |:\IJ(f~decoup|ed (X/7 X”), gdecoupled(Yly Yl/)v ildecoupled(Z,a Z”))

(X.Y.2) (X.Y.Z)
(X/yy/vzl)
(X”,YN,Z”)
S B WIA1<X,Xf,X/’>|2+1A2<Y,Y',Y">\2+\A3<Z,Z’,Z">\2- (29)
(va’Z)
(leylvzl)
(X”,Y”,Z”)

Here, Ay (X, X', X") = f(X) — fdecoumed(X/, X") and Ag, Ag are defined analogously for g and h. By
Cauchy-Schwarz and Lemma we get that (29) is at most £. Fix X', Y’, Z’, and note that the 2-norm of
fdecoupled (X', X") over the choice of X” is at most O(1) and the influences are at most O(7). We apply
Theorem [3.3|and average over (X", Y”, Z") ~ pu", to get that, provided that 7 is small enough

’ E [\I}(]?decoupled (X/7 X”)a gdecoupled (Yla Y//)a Bdecoupled (Z,a Z//))}
(X/7YI7Z,)
(X//,Y//,ZH)

- E [q}(fdecoupled(X/a G:c)v gdecoupled (Y,, Gy)v ;Ldecoupled (Zla Gz))} ‘ < 5 (30)

(X"Y!, 2" ) ~p
(Ga,Gy,G2)~G"
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Next, by the smoothness of W it follows that

[\Il(fdecoupled (X/7 Gx)a gdecoupled (YI7 Gy)a ildecoupled (Zla Gz))]
(X/’Y/)ZI)N/’LTL
(szGvaz)Ngn

- E [\II(F(X/7G$)7G(Ylva)>H(Z/7GZ))]‘ < E7 (31)

(X/7Y/7Z,)Nun
(Gachvaz)Ngn

where

E= (X’ Y’EZ’) " |:\/§(fdecoupled (X/7 Gm)) + E(gdecoupled(yl7 Gy)) + ‘S(ﬁdecoupled(zly Gz)) 3
(Ga Gy GG

and we recall that the function £ is {(a1,...,as) = \/E |trunc(a;) — a;|*.
i

Claim 6.8. £ < /(.

Proof. By Cauchy-Schwarz, F < /E; + Es + E3 where

El = E [g(fdecoupled (X,a Gz))] ) E2 = E [g(gdecoupled (Y/7 Gy))] )
(X' Y2 )i (XY 2" o
(GwaGyan)Ngn (GacyGvaz)Ngn
E3 = E [g(ildecoupled(zlv Gz))} 5
(X/7Y/’Z/)Nlu‘n

(Gz:Gy:Gz)Ngn

and we upper bound each one of E1, E» and F5 separately. As the arguments are identical, we show it only
for E. By Theorem [3.9] provided that 7 is small enough

Eq

N

E [f(fdecoupled (le X”))} + C
(X/7Y/’Z/)Nlu‘n
(X”,Y”,Z”)Nﬂn

By Fact the function & is O(1)-Lipshitz, and so

E(Foecoutea (X', X")] € [€0F(0)) + | Faccoupea X', X" = /().

E, |
X1 X" X, X', X"
Note that as f” is 1-bounded, £(f/(X)) = 0. Also, note that f’ is ¢-close in /5 distance to f, and so we get
that

Er <

E |: fdecoupled(X/yX//) - f(X)H +O(\/E)
X, X' X"
Applying Cauchy-Schwarz and Lemma gives that £y < +/C, as desired.

Combining all of the inequalities (27), (28], (29), and and Claim|[6.§] proves (23). O
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6.4 A Version of the Mixed Invariance Principle for CSPs

In this section, we prove a variant of Theorem which is tailored to the application in approximating
constraint satisfaction problems. The core issue we have to address is that we need to allow an algorithm
designer the capabilities of making samples according to the mixed space we invariance into. Recall that an
algorithm designer may generate Gaussian samples as G, Gy, G as in the theorem statement, and this is
done via solving an SDP relaxation of the CSP. However, the same cannot be said about the inputs x, vy, z
which are also needed to evaluate the functions F, G and H. A closer inspection shows that we do not
actually need the samples x,y, z to evaluate F, G and H; instead, we only need to know the values of
o(x),v(y) and ¢(z) where o, v, ¢ are master embeddings of all distributions that we look at.

Generating samples of o (), y(y) and ¢(z) to plug into F', G and H sounds like a feasible task. Consider
the case that our master embedding has a particularly simple structure, and that they form embeddings into
the Abelian group (IF,, +). In that case, the embeddings o,~, ¢ can be computed by solving the system
of linear equations o(z) + v(y) + ¢(z) = 0 for all (x,y,z) € supp(u). The solution to this system of
equations is a subspace of IE‘L,EMF'H@‘, and we may generate uniform samples from it so that we may plug
them in place of the values of o(x),v(y), ¢(z). Intuitively, this makes sense: the algorithm designer uses
their capability of doing linear algebra (on top of their capabilities to solve SDP programs) in order to realize
rounding schemes corresponding to the functions F', G and H in Theorem|[6.7]

Indeed, ultimately we show that this is in fact the case, but some care is needed due to the mismatch in
the distributions of group elements the algorithm designer generates, versus what the functions F', G and H
expect. The issue boils down to the fact that the distribution of o (z),v(y), ¢(z) where (z,y, z) ~ u need
not be the same as the one generated by the algorithm designer, and thus we are not able to say that, for any
triplet of product functions

P(z) = [ [ xilo (), Q) = [ xivw)),  R(z) =[] xi(6(z)
i1 i=1 i—1

it holds that the expectation of P(x)Q(y)R(z) is roughly the same under the two distributions. Having said
that, there are two cases wherein we are able to make such an assertion:

1. If we have that P(z)Q(y)R(z) = 1 pointwise on the support of 1", then the two expectations are of
course the same.

2. If we have that Asymbo“c(PQR, 1) > T, then each one of the expectations above is exponentially
small in 7', and in particular, they are roughly the same.

Thus, to make the shift from the distribution of (o (z),v(y), ¢(z)) in Theorem [6.7|to the distribution gen-
erated by the algorithm designer, we must ensure that any 3 triplet of functions associated with the decom-
positions used for f, g and A fall into one of the types above. We achieve this property in the context of
dictatorship tests by a simple preprocessing step.

Towards this end, let Hmaster be the master group, and define the functions F”': H?. ., X RY — C,
G': Hlror X RY — Cand H': H? ier X R” — C in the following way. We demonstrate it for F”, and
the same goes for G’ and H'. Let P be the collection of product functions associated with f, and write each

P e spny(P) as P =[] xpi(o(z;)). Thus,
=1

1=

n

fdecoupled (-Tp Gx) = Z H Xi,P(U(xi))LP(GI)'

Pespny(P) i=1
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We define F” by replacing o (x;) by the group element input. Namely,

F'(a,G,) = trunc 2 H xi,p(a;)Lp(Gy)

Pespny(P) =1

Theorem 6.9. For all n, r € N the following holds for sufficiently small T. In the set up of Theorem [6.7)
suppose that f: 3" — C, g: I'™ — Cand h: ®" — C are 1-bounded functions, and that we associate with
them collections of cyclic embedding embedding functions P, Q, R respectively of size at most r such that
forany P € spny(P), Q € spny(Q) and R € spny(R) it either P(x)Q(y)R(z) = 1 in the support of 1™,
or Asymbolic(PQR, 1) = T'. Then

o B BU@.gw)hE)) - | B [U(EF(0,Ga). G (b.Gy), H (e G2))] S 2 e,
Z,Y,2)~pum a,b,cEHf orer
a+b+c=0

(GzaGy’GZ)Ngn
(32)

6.4.1 Auxiliary Facts
The proof of Theorem [6.9]requires a few auxiliary facts that we record here.

Fact 6.10. Let H be an Abelian group, Y, I', ® be finite alphabets and let |1 be a pairwise connected
distribution over > X I' x ®. Suppose that 0: > — H, v: ' — H and ¢: & — H be maps such that
(0,7, ®) is an Abelian embedding of 1 into H and each one of Image(c), Image(~y) and Image(¢) generates
H. Then, for any x,x', X" € H, we have that the following conditions are equivalent:

1. For a,b,c such that a + b+ ¢ = 0 it holds that x(a)x'(b)x" (c) = 1.

2. Forall (z,y, 2) € supp(p) we have that x (o (z))X'(v(y))X" (¢(2)) = 1.
3. x=x ="
Proof. 1t is clear that the third item implies the first item, and that the first item implies the second item.

Thus, it suffices to prove that the second item implies the third item.
Plugging in y(y) = —o(x) — ¢(z), we get that for all (z, z) € supp(ps,-) it holds that

OxX) (@) = (X'x")(6(2))-

In particular, we get that if x, 2’ have a common z such that (x, z) and (2, z) are both in the support of
p.z» then (xx')(o(x)) = (xx')(o(2’)). Thus, the function (xx’)(c(x)) is constant, and plugging in an x
such that o(z) = 0 gives it is the constant 1 function. As the image of o is H and xY/ is a character, it
follows that xyx’ = 1 on H, and so x = x’. In a similar fashion, one can argue that x’ = x”, and the proof
is concluded. O

Fact 6.11. In the setting of Fact suppose that x, X', " € H™ are such that (xxX'x")i # 1 for at least
T’ coordinates. Then letting o be the minimum probability of an atom in 11, we have that

/

E  [x(e@)X (vm))x"(d(2)]| < (1= Qg (1)7

(@,y,2)~pum
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Proof. Let T’ be the set of i’s such that (xx'x”); # 1. Then

E [X(U(JU))X/(’Y(Z/))X”(ﬁb(z))]‘:H E  [xi(o(z)xi(v(yi)xi (6(2))] | »

(@,y,2)~pm et | @) ~pn

and it suffices to upper bound each one of the terms by 1, ¢ (1). Fix i € 77, and note that the values that

XiX; X, may receive are discrete, all have absolute value 1 and they are Qm| (1) far apart in absolute value.

Thus, there is a fixed constant ¢y, > 0 such that either |Ey . 2)un [xi(0/(2:))x5 (v (1:)x] (9(2:))]| <
1 — ¢pg)q Or else |E gy o) [Xi(0(2:) x5 (7 (y:)) X} (6(2:))]| = 1. Suppose for the sake of contradiction
the latter holds. Then we get that there is a constant § € C of absolute value 1 such that

i (o (i) )G (7 (wi) )X (6(z:)) = 6.

Plugging in (x;,y;, 2;) € supp(u) that maps to (0,0,0) € H? we get that § = 1. It follows from Fact[6.10
that x; = x; = x/, and contradiction. O

Next, suppose we have collections P, Q and R as in the setting of Theorem For notational con-
venience, for each P € spny(P) we pick xp € H such that P(x) = xp(o(z)). We wish to consider the
following two distributions:

1. The distribution Dy: sample (a, b, ¢) € H™ uniformly such that a + b 4+ ¢ = 0 and output
(xp(a), xq@(b), XR(C)) Pespny(P),Qespny (Q), Respny (R) -
2. The distribution D,,: sample (x,y, z) ~ p" and output
(xp(a(2)): xQ(v(¥)): Xr(P(2))) Pespny (P),@espny(Q), Respny(R)-

The following lemma asserts that the distributions Dy and D,, are close in statistical distance.

Lemma 6.12. Suppose the sizes of each one of P,Q,R is at most v, |H| < m and that for any P €
spny(P), @ € spny(Q) and R € spny(R) it holds that either PQR = 1 or else P;Q;R; # 1 for at least
T’ of the coordinates i € [n). Then

SD(D,i, D) Somr (1 = Qo (1)

Proof. The proof is similar to the proof of Fact[6.1] Note that the support of Df, D), has size at most
Om (1), and take S = (ap, b, CR) Pespny(P),Qespny(Q), Respny(R) 1N €ither one of the supports. Note that

DulS)= By II o= I teo=e II L=
a7+;)+c:0 Pespny(P) Qespny(Q) Respny(R)
and
Du(S) = > n H Lip(o(@)=ar H Lo trw)=bo H Ixr(o(z)=cr | -
(@y,2)~p Pespny(P) Qéespny(Q) Respny(R)
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xp(a)—a

Arithmetizing the indicators as 1, ,(4)=ap = II ap—a and similarly for the other ones, then
a'#ap
a’Elmage(P)

opening things up, we get that there are coefficients C'(P, @), R) that are at most O,, (1) in absolute value
such that

Du($)= >, CPQR) E_ [xr(0)xe®)xa()]

a,b,ce
Pespny(P) atbte=
Qesan(Q) Fote=o
Respny(R)
and
Du(S)= >, C(P,QR E Ixp(a(@))xe(v()xr((2))]-
PEspnN(P) (%yyz)wﬂ
Qespny(Q)
Respny(R)

Fix P, (), R and consider their contribution to D,,(.S) and Dy (S). For P, Q, R such that PQR = 1, the two
contributions are the same. Else, by assumption P;Q;R; # 1 for at least 7" coordinates, and by fact each
one of the expectations is at most (1 — Q,,, (1)) in absolute value. It follows that

‘DH(S) B Du(s)| < Z ]C(P, Q, R)‘ (1 - Qm,a(l))Tl gm,r (1 - Qm,a(1)>T/-
Pespny(P)

Qespny(Q)
Réespny(R)

/

Therefore we get that SD(D, D) S So(1 = Lo (1T Sy (1 — Qa (1)) O

S

6.4.2 Proof of Theorem [6.9]

By Theorem|[6.7]and the triangle inequality, it suffices to show that the difference between

(1) = e (Y (F(z,Gz), Gy, Gy), H(z,G2))]
T,Y,z)~ [
(szGvaZ)Ngn

and

(II) = DE [(U(F'(a,Gy),G (b,Gy), H'(c,G.))]

master
a+b+c=0
(Gz,Gy,G2)~G™

is at most <., 2= m.ral(T’) et S e supp(Dyr), and define

M(S) =E [‘IJ(F(x7Gw)’G(y’ Gy)vH(Zsz)) ‘S]a

(@,y,2)~pu™
(Gz>nyGz)Ngn

the conditioning on S means (xp(c(2)), x@(1(¥)), XR(6(2))) pespmy (P).@cspmy (). respmy (R) = S- Note
that | M (S)| < 1 always. Note that (/) = Es~p, [M(S)] and (/1) = Es~p,, [M(S)], and it follows that

I) = (I1)| < SD(Dy, Dpy) Sy 272 @)
y2 ~m,

where we used Lemma[6.12] O
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7 Applying the Mixed Invariance in CSPs

The goal of this section is to prove Theorem [I.1]

One of the main difficulties in coming up with a dictatorship test with completeness 1 and analyzing
its soundness is the following. Following Raghavendra [46], and as shown in [7]], one way to construct a
dictatorship test is to start with an instance of a Max-P-CSP such that its SDP value is 1. Such an SDP
solution gives a set of distributions on the set of satisfying assignments of the predicate P which then can
be used in constructing the queries of the dictatorship test. One issue with this approach is that even if
we know that the SDP value is 1, there is no guarantee that a given local distribution is fully supported on
P~Y(1). Therefore, the support of a local distribution might not enjoy the pairwise connectedness and the
non-Z-embeddability even if the predicate P satisfies both properties. In this case, we cannot apply the
analytical lemma from [[11]], in the soundness analysis of the dictatorship test.

In order to handle this issue, we demonstrate the use of our mixed invariance principle (which uses
the analytical lemma from [[11]) by focusing on a MILDLY-SYMMETRIC predicates. These predicates en-
joy interesting symmetry properties. More specifically, any SDP solution with value 1 can be converted
into another SDP solution with value 1 such that in the modified SDP solution, the support of every local
distribution satisfies the pairwise connectedness and the non-Z-embeddability conditions.

We start by setting up a few notations.

Instance of Max-P-CSP Fix any collection P of MILDLY-SYMMETRIC predicates. An instance ¥ =
(V,C) of Max-P-CSP consists of a variable set ) where the variables take values from X, and a distribution
C on the constraint set. We will associate V with the set [N] = {1,--- , N} for N = |V|. Each constraint
C' € supp(C) is over a tuple of 3 variables, denoted by V(C') = (s1, S2, S3), and consists of a predicate P¢ :
3% — {0,1}. An assignment (z,y, z) to the tuple V(C) satisfies the constraint C'iff (z,y,z) € P5'(1)
where P> € P. For ease of notation, we will use C' to refer to the constraint as well as the underlying
predicate Pc, and simply write C(x,y,2) = 1 or (z,y,2z) € C~1(1) if Po(z,y, 2) = 1.

7.1 The SDP Program

Given an instance Y = (V, C) of Max-P-CSP, the basic semidefinite programming relaxation of the instance
is given in Figure |2l Given a set T, the set of all the distributions on 7 is denoted by A(7"). The SDP
formulation consists of vectors {b; 4 }icy,aes, distributions {/ic} cesupp(c) OVer local assignments (i.e., on
> V(€)) and a unit vector by. Let val(V, i) be the objective value of the solution (V', ).

For every n > 0, the SDP can be solved up to an additive accuracy of 7 in time poly(n,log(1/n)). We
will ignore this issue of approximation and assume that the SDP can be solved optimally in polynomial time.

During the execution of our algorithm, we will modify the SDP by imposing additional linear conditions
on the local distributions. We define a valid integral solution to the SDP program as follows:

Definition 7.1. Fix any assignment o to Y. The vector assignment

b = al;
bi,a:{ 0o a 0“1

0  otherwise
along with p where for every C € supp(C), uc(alyc)) = 1 and puc(d) = 0 for every d # aly(c) is called

an integral assignment to the SDP. Such an assignment is called a valid integral solution if it is a feasible
solution to the SDP.
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maximize E E [C(z)]
C~C zENC

subjectto  (b;q,bj3) = Pr [z;=a,2; =0 Cesupp(C), ¢,jeV(C), abeX (33)
a~pc

(Bias bo) = [[bial3 VieV,aeX (34)
[bol[3 = 1 (35)
pe € A(EV9) C € supp(C)  (36)

Figure 2: Basic SDP relaxation of a Max-CSP instance Y = (V,C).

7.2 Setting up a System of Linear Equations

Once the SDP relaxation is solved, we construct an initial system of linear equations over a certain abelian
group. In this section, we describe an algorithm for formulating this system of linear equations. For conve-
nience, let us call this system of linear equations GE System.

Fix an arbitrary SDP solution (V', ) with value 1. The solution induces local distributions pc over
SV where C' € su pp(C). We assume that for every C' € supp(C), the support of yic is pairwise connected
and has no Z-embedding.

7.2.1 Setting up the Variables associated to v € VV in GE System

In our GE System, there will be many variables associated with a given variable v € V from the CSP
instance Y. Here, we describe a polynomial-time procedure that first constructs a matrix M,, with || rows
associated with the variable v. The columns of the matrix are all the embedding functions associated with
all the constraints v is involved in.

In order to be consistent across different embeddings, we will need to work with embeddings that assign
the identity element to a special element from X. It will be convenient to treat ¥ as [q] = {1,2,...,q}
where ¢ = |X| and let w* = 1.

Definition 7.2. An embedding 01,092,053 : ¥ — G of a subset S C ¥ X ¥ X X is called a standard
embedding if o1(w*) = o9(w*) = o3(w*) = O and there exists g € G such that for every (x,y,z) € S,
o1(x) + o2(y) + o3(2) = g. We will denote such embeddings by ((o1,02,03),9).

Note that any embedding (o1, 02, 03) defined in Definition|1.2{can be converted into a standard embed-
ding by adding —o1 (w*), —o2(w*), —o3(w*) to the maps o1, o2, 03 respectively.

An informal description of the algorithm (presented in Algorithm [I) for computing the matrix M, is as
follows. Fix a variable v € V. The matrix M, is generated in the following three steps.

Step 1. In this step, for every constraint C' such that v € V(C), and every embedding (o1, 02,03, g) of
supp( /¢ ) into an ableian group G, we add columns corresponding to the evaluations of characters of
G on (0j(x))zex where j is the index of v in C.

Step 2. Next, for every subset S of columns in the matrix M, generated in Step 1, we add a column, which
is a pointwise multiplication of columns S. If we treat each complex number in the polar form as e/,

then in this step, we add all the linear combinations of columns when viewed as vectors of exponents.
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Step 3. Finally, we add rows that are pointwise multiplication of the subsets of rows of M, generated in
Step 2. Similar to Step 2., here we add all the linear combinations of the exponents of the rows.

This completes the description of the algorithm for computing M,,. In the actual algorithm, we also keep
track all the group elements mapped to a given element from . across all the embeddings. This is stored in
the variable r}. Finally, we denote by H; a subgroup generated by {r} } cx:.

Algorithm 1 Computing the matrix M,

: Start with ¢ x 1 matrix M, with I as a column.
: Instantiate 7} to be an empty tuple for every ¢ € [q]. Set H to be the trivial group.
: Suppose v is involved in the constraints C, Co, . .., Cy.
fori < 1totdo
Let j € {1,2,3} be the index of v in V(C}).
for each standard irreducible embedding ((o1, 02, 03), g)f supp(pc,) into an abelian group G
do

SANE A I

Add a column (x(0;j(2))zex) to M, for every x € G such that x # 1.

H+ H xG@G.

: ry < (r],0;(£)) for every ¢ € [k]. >r) € H.
10: end for

11: end for

12: Set Gaster — H.

13: Let L’ be the number of columns in M,

®

14: for every subset S C [L'] do > Adding more columns

15: if o;c 5 M, [.][4] is not present as a column in M, then > M,[.][i] is the i** column of M, and o is
pointwise multiplication

16: Add a column o;c g M,[.][i] to M,,.

17: end if

18: end for

19: Let L, be the number of columns of M.
20: Let H; be the group generated by {7y } (g Leti = q

21: for each h € H; do > Adding more rows
22: Suppose h =, g7y where S is a multi-subset of [¢] and addition is a group operation G} ,¢ter-
23: Add a row ogegM,[¢][.] to M, and set i < i + 1.

24: Setry = h.

25: end for

We start with a few simple observations.

Claim 7.3. The group G, generated in Step 12. of Algorithm|l|is the Master group associated with the

master
set of distributions jic;, where v € V(C}).
Proof. First, we add all the embedding of v in lines 4-11 of the algorithm. While doing this, we update the
group H appropriately by ‘adding’ the current group G to it. The variable 7 corresponds to the element of
H associated with the row £. After the algorithm exits from the for loop at line 12, the value of 7y is the
master embedding of the symbol £ € ¥ in G}, ¢t t

Claim 7.4. The columns of the matrix M, contain evaluations of all the characters of G}, ey ON a Subgroup
generated by {r{,r5,...,74}.
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Proof. One should think of the column generated by x &€ G in step 7 as the evaluation of the character
(1,...,1,x,1,...,1) € cﬂ;, on rj. With this view in mind, in steps 14-18, we add columns that
Correspond to every other character from Cﬂa;r evaluated at {77} yc|4- This follows as the character x :=
(X1,X2,--+,Xt) € Gmaster is, by definition, x(g) = []_; xi(g:), and Step 16. is precisely adding such
columns.

/F\inally, in lines 20-14, we are adding rows that correspond to the evaluations of all the characters from

G aster ON every element of G g, generated by {r{,75,..., 7y }. This follows as x € G’master is a group
homomorphism x : G4 eer — C, i€., X(g1 + g2) = x(gl) X (g2) for every g1,g2 € GV acter- O

The variables in the GE System associated to v € V are {yff} where Y € Gv . Tt would be

convenient to think of the variable set as a row of the matrix M,,.

master-

7.2.2 Adding Equations to the GE System

Our next step is to set up a system of linear equations. Ideally, we would like to assign a group element
from {r}{,ry,..., }1’} to a variable v (which corresponds to assigning an element from ). However, this
may not be enforced by a set of linear equations over the group G}, Instead, we relax this requirement
and expect an assignment from H; to the variable v.

In a GE System that we describe next, a solution to the GE System corresponds to assigning a group
element from H to v. We do this by relating values to the variables associated with v € V to a group
element. In other words, every h € H is identified by the respective row of the matrix M,,.

The following two types of sets of linear equations are added to the GE System.

master-

1. Valid character constraints. These equations enforce that the variables {y. }ﬁ correspond to

XEChraster
a row of the matrix M, and hence, the vector assignment corresponds to a group element from H.

Towards this, we add the following set of equations for every v € V,

triv

* y, "V = 1, where triv corresponds to the first column of the matrix M,,.
* For every column )Z’ = (1,...,1,x,1,...,1) added in step 7, if G = Z,q, add a constraint
(yv )p =1

-

« Forevery X, X', ¥ such that y” = ¥ - x, we add the equation y = yX -y .
* As H} can be a subgroup of G} ., there will be certain columns in M, that are constant. If
the column corresponding to Y is constant c, then add the equation ¥ = c.

2. Valid satisfying assignments constraints. These equations make sure that the solution to the GE System
is consistent with the SDP local distributions (the latter are supported on the set of satisfying assign-
ments). Towards this, we add the following set of equations

* For every constraint C' € supp(C) such that V(C) = (s, s2, $3), and for every embedding
((o1,02,03),g) of supp(ic) in G, we add the equation yXn g xe y33 = x(g) where x € G
and X1, X2, X3 are the respective columns added in step 7 in M, , M, , M, for this embedding
and the character .

The equations are linear equations over the circle group T = {z € C | |z| = 1} and hence a solution to
the GE System can be found in polynomial time.
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The justification for these constraints is given by the following observation, which states that a valid
integral solution to the SDP gives a solution to the GE System.

Observation 7.5. Suppose = € [k]V is a satisfying assignment to the instance Y and suppose that this
assignment survives in the SDP solution (V, ), i.e., for every C € supp(C), the local distribution pc
assigns a non-zero probability mass to a:|v(c). Then assigning the ch)h row from M, to the variables {ngZ }
satisfies all the equations from the GE System.

There is a natural way in which one can view a solution to the system of equations above as an element

of [ [,cy H,- With this map, we denote the set of all the solutions to the GE System as a subset of [ [, oy, H.

7.3 Set up towards the Hybrid Algorithm: Modifying the SDP and the GE System

Jumping ahead in the soundness analysis of our dictatorship test that matches the guarantees of our (to be
stated) approximation algorithm, we are interested in computing the expectation

E  [Fs(o(@),z) Fo(7(y),y) - Fs(9(2), 2)]
C(s1,52,83)~C | (z,y,2)~pC

where the first input goes to the product functions from the decomposition of F3,, s and the second input goes
to the low-degee functions. During the application of our mixed invariance principle, we want to replace the
local distribution (o (), y(y), ¢(z)) by some global distribution. In our analysis, the global distribution will
be a random solution to our GE System.

One important technical condition that is required to apply the mixed invariance principle is that when
we make this switch, then the product functions coming from £7,;s should satisfy the following property.

* For every tuple of product functions P, () and R coming from the decompositions of Fy,, Fy, and
F,, respectively, PQ R = 1 under the local distribution iff PQ)QR = 1 under the global distribution.

In order to make sure this technical condition is satisfied, we modify our SDP solution as well as the
GE System iteratively. This procedure is given in Algorithm 2| This algorithm has two main components.

1. ModifyGESystem: In this procedure, we modify the GE System so that if PQ R = 1 under the local
distribution then PQ R = 1 under the global distribution.

2. ModifySDP: In this procedure, we modify the SDP formulation so that if PQ R = 1 under the global
distribution then PQ)R = 1 under the SDP local distribution.

The following claim shows the correctness of the procedure ModifyGESystem given in Algorithm 4]

Claim 7.6. Suppose for cyclic embedding function P, Q, and R, PQ R = 1 under the SDP local distribution,
then the GE System can be modified so that PQR = 1 under the modified global distribution (i.e., under a
random solution to the GE System).

Proof. Fix a constraint C' € supp(C) and let V(C) = (s1, 2, 53). In the algorithm for computing Mj_s,

we add columns corresponding to all the embeddings ((o;, 0%, 07), g;) of supp(uc) over the group G/ for

j=1,2,... . tforsomet > 1. Let H}, := Hé-:l G be the product group. Note that H, is a subgroup of
Gmaster for i € [3].

Now, if PQR = 1 under the local distribution then the product functions must be from the spy of the
characters over H¢,, as these product functions correspond to an embedding of supp(C) and H{, is the master
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group of supp(uc) by definition. Let Hspan(supp(uc)) be the subgroup of H: x Hy x H generated by
{(oj(a),05(b), 05 (c)) | (a,b,c) € supp(uc)}. Using the fact that each of P, Q, R belongs to the spy of
the characters over H, it can be easily checked that PQQR = 1 on the subgroup Hspan(supp(jc)). This
means that there is a unique collection of characters {(x}, x5, Xx4%)}: of the group Hf x Hf x Hf that
evaluates to the constant 1 on Hspan(supp(uc)) and are not constant on any subgroup containing it. Using
these characters, we can add an additional equation to the GE System that enforces PQR = 1 on every
solution to the modified GE System. More specifically, we add the equation y?fl . y?f . y?f = 1 for all ¢ to
the GE System. O

The above claim fixes the problem in one direction. We also require that PQQR = 1 under a random
solution to the GE System implies that PQR = 1 under the local distribution. This is easy to fix by
imposing conditions on the local distributions in the SDP. This is done in Algorithm 3] by simply excluding
the assignments from a local distribution not implied by the GE System.

Claim 7.7. Suppose PQR = 1 for every solution to the GE System, then the SDP can be modified so that
PQR = 1 under the SDP local distribution.

Thus, we run the procedures modifyGESystem and modifySDP towards achieving the condition that
PQR = 1 under a random solution to the GE System iff PQQR = 1 under the local distribution. The
procedure modifyGESystem depends on the SDP solution (V', ). We need to make sure that after running
the procedure on a satisfiable instance, the final SDP and the GE System should have all the satisfying
assignments preserved (i.e., they will be valid integral solutions to the final SDP and the master embedding
of any valid satisfiable assignment is a solution to the GE System).

Preserving all the integral solutions. To make sure we do not exclude any satisfying assignment from the
subsequent SDP formulation during the execution of Algorithm[2] we will need to work with a SDP solution
(V, ) in step 3 with the following property: For every satisfying assignment o € X" to the instance, and
any constraint C' € supp(C), the support of the local distribution ¢ contains oy, ). To see the necessity
of this condition on (V', u), suppose there are multiple satisfying assignments to Y, but the SDP solution
S is supported on a specific satisfying assignment ¢*. During the execution of ModifyGEStstem in step 15
of the algorithm, the GE System will exclude every other assignment from its solution space. Thus, if we
end up running ModifySDP in the subsequent iterations, then the SDP formulation will no longer support
satisfying assignments other than o*.

Lemma below states that we can get an SDP solution (V, pt) with value 1 such that for every
satisfiable assignment « to the instance Y, and for every C' € supp(C), puc(aly(c)) > 0. Before we state
and prove the lemma, we first prove the following simple claim.

Claim 7.8. If (V, ) and (V', p') be any two SDP solutions with value 1. Then there is a SDP solution
(V" 1) with value 1 such that for every constraint C' € supp(C),

supp(u¢:) = supp(pc) U supp(pie).

Proof. Suppose the SDP solution (V, ) consists of vectors {b; o} U {bo} and the SDP solution (V', u’)
consists of vectors {b] ,}U{b{} from R™"*!. Lete; = (1,0) and ez = (0, 1) be the vectors in R?. Consider
the following vectors

(e2® bo) + \}5(62 @ b))

"o
bi,a -

1
e1 b))+ —(ea®b,), A
(1 ,) (2 ,) 0 \/Q

N

1
V2
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It can be easily verified that

1
(b4, b0) = <*2(€1 ® bjq) + es @b ,),by)

1
V2
1
= *2<€1 ® bjq, b)) +
1 1
L+ L,

= [[64]I%,

<62 ® bg’,a? b3>

Sl

‘ 2

Similarly, [|bf||* = 3bol|> + 5[6[|> = 1. Consider e = Suc + 34 for every C € supp(C). We have

1 1
(61 & bi@) + 7(62 & bg’a), 7(61 & bj}b) + 7(62 & b;‘,b)>

V2

S,_.
)
)

1
// /!
< i, j,b> = (ﬁ

1 1
(bia, bjp) + §< farbip)

Therefore, the vectors V" = {b} ,} U {bg} along with the local distributions p" satisfy all the SDP con-
straints. Furthermore, we have supp(uy) = supp(uc) U supp(p-) for every C' € supp(C). Finally, the
SDP value of the solution (V" i) is 1 as u¢ is supported on the set of satisfying assignments to C' for every
C € supp(C).

O

Lemma 7.9. Fix a satisfiable instance Y (V,C) of a Max-P-CSP and a SDP formulation SDP(Y') such that
every satisfiable assignment to Y is a valid integral solution to SDP(Y).

There is a polynomial-time algorithm that returns a SDP solution (V' , u) with value 1 such that for
every satisfiable assignment o to the instance Y, and for every C € supp(C), pc(alyc)) > 0.

Proof. To prove this lemma, we will combine different SDP solutions using Claim[7.8] For every constraint
C and every d = (a1, as,a3) € X3 such that C(d) = 1, we augment the relaxation SDP(Y) with a constraint
pc(d) = 1; call this new relaxation SDP¢ 4(Y). Let (Ve 4, ptc,q) be any arbitrary solution to SDP¢ ().
We then combine all the solutions (Vi 4, ptc,q) with value 1 iteratively using Claim to get a solution
(V', ). This solution satisfies the required guarantee. To see this, fix any satisfiable assignment « to the
instance Y and fix any C' € supp(C). Since, pc(aly(cy) = 1, the solution (VC:ah}(C) , “C,alv@) has value
1 and hence NC(CV’V(C)) > 0 using Claim Furthermore, Claim guarantees that the value of the
solution (V', ) is 1, proving this lemma. O

While Algorithm [2] makes sure that the SDP solution and the GE System are compatible towards apply-
ing the invariance principle in the analysis of our dictatorship test, it is important to show that the modified
SDP has all the satisfying assignments as valid integral solutions. The following claim shows precisely this.

Claim 7.10. If x € ¥V is a satisfying assignment to the instance Y, then it remains a valid integral solution
to the SDP S that we get after running Algorithm 2}

Proof. We will show that the procedure maintains the following two invariants: 1) every satisfying assign-
ment from = € [g]" is also a valid satisfying assignment (after interpreting x, with ry,) to the GE System
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after the modification, and 2) Every satisfying assignment from € [¢]"¥
These invariants are clearly satisfied at the beginning.

When we run ModifySDP, the modified SDP has all the satisfying assignments to the instance Y as valid
integral solutions. This follows as 7 has the embedding of every satisfying assignment to start with, and we
only excluded assignments from the local distributions that are not implied by the GE System.

Next, when we modify the GE System, we add equations, and these equations do not exclude any em-
bedding from the support of u¢ for any C' € supp(C). As the solution from step 3 is guaranteed to keep
aly(c) for every satisfying assignment o and C, every satisfying assignment from [q]" is also a valid satis-
fying assignment to the GE System after the modification.

is a valid integral solution to SDP.

O

Algorithm 2 Massaging the SDP and the GE System towards applying the mixed invariance principle

1: Input: An instance Y (V,C) of Max-P-CSP.

2: Let SDP(Y) be the basic semidefinite program from Figure

3: Let (V, p) be the SDP solution to SDP(Y) guaranteed by Lemma([7.9]

4: if val(V', u) # 1 then

5: Abort. > T is not satisfiable

6: end if

7: if for a constraint C' € supp(C), supp(uc) is either pairwise disconnected or has a Z-embedding then

8: Abort. > T is not satisfiable or C' is not MILDLY-SYMMETRIC

9: else

10: Set up a GE System using the SDP solution (V, u) and solve it.

11: Let T C Hf]V:l H? be the set of solutions to the GE System.

12: if 3 (a,b,c) € supp(uc) such that (r3t, 1%, r2%) & Tlycy where V(C) = (s1, 52, 53) then

13: Run ModifySDP below.

14: else

15: Run ModifyGESystem below.

16: end if

17: if the SDP S or the GE System is modified then

18: Repeat from step 3 above

19: else

20: Return S and the GE System

21: end if

22: end if
Algorithm 3 ModifySDP

1: for every (a,b, c) € supp(uc) such that (5,752, 753) & Ty ) where V(C') = (s1, 52, 53) do
2: Augment SDP(Y') by adding the constraint pc(a, b, ¢) = 0.
3: end for

We now have the following important lemma that shows that applying Algorithm [2|on a CSP instance
where every predicate is MILDLY-SYMMETRIC give returns an SDP solution and a system of linear equa-
tions that are consistent with respect to each other.
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Algorithm 4 ModifyGESystem

1: for every C € supp(C) do
2: Let V(C') = (s1, 52, 53), and H be as defined in the proof of Claim 7.6

3: Let Hspan(supp(jc)) be the subgroup of H}, x HE x H,, again defined in the proof of Claim|7.6}

4: Let Hspan(T|y(C)) = {(wsl‘H67w52’Hév $53|H6) ’ T < T}

5: if Hspan(supp(uc)) S Hspan(T |y (c)) then

6: Let (x1,x2,x3) € HE ></H@\>< HZ be the character that evaluates to the constant 1 on
Hspan(supp(i¢)) and not constant on any subgroup containing it.

7: Add the equation X! - yX2 - yX? = 1 to the GE System.

8: end if

9: end for

Lemma 7.11. Applying Algorithm[2|on a satisfiable CSP instance Y (V,C) where every predicate C € C is
MILDLY-SYMMETRIC will return an SDP solution (V*, w*) and a system of linear equations GE System*
that are consistent with each other. More formally, For every constraint C € supp(C) where V(C) =
{s1, 82, 83}, and for every cyclic embedding functions P, QQ and R, PQR = 1 under the local distribution
from the SDP solution (V*, u*) iff PQR = 1 under the solutions to the GE System™.

Proof. We rule out that the algorithm will never reach the Abort steps (Steps 5. and 8.). Using Claim
and Claim eventually, the algorithm will return an SDP solution and a GE System that are consistent
with each other.

Using Claim the algorithm will never reach Step 5. Fix a satisfying assignment o € 2 to the
instance. Using Lemma for every C' € supp(C), the local distribution pic in the SDP solution has in its
support the set Zo ¢ = {(7i(01),7i(02),7i(03)) | i € [¢(]} C 23 for 0 = a|c. Because every predicate
is MILDLY-SYMMETRIC , the set Z, ¢ (and hence supp(/c)) is pairwise connected and does not have a
(Z,+)-embedding. Hence, the algorithm will never reach Step 8. O

Finally, we compute the running time of Algorithm 2]

Lemma 7.12. Algorithmon a satisfiable CSP instance Y (V,C) where every predicate C' € C is MILDLY-
SYMMETRIC runs in time poly(|V|, |Z|).

Proof. First, the procedure ModifySDP runs in time poly(|V|,|X|). As every modification to the SDP
program strictly reduces the support of one of the local distributions, there can be at most poly(|V|, |X])
calls to the ModifySDP procedure through the execution of Algorithm 2]

In the procedure ModifyGESystem, for a constraint C, if there are cyclic embedding functions P, () and
R such that PQR = 1 under the local distribution from the SDP solution (V*, u*) but PQR # 1 under
the solutions to the GE System*, then the procedure runs in time poly(|V|, |X|) to modify the GE System to
make sure PQQ R = 1 under the solutions to the GE System. The number of cyclic embedding functions is
Oyx((1), and therefore, every call to ModifyGESystem takes at most poly(|V|, [X]) time.

Therefore, the overall running time of Algorithm 2]is poly(|V|, |Z|) O

7.4 Hybrid Approximation Algorithm

In this section, we give our hybrid algorithm for satisfiable instances of Max-P-CSP where P is a collection
of MILDLY-SYMMETRIC predicates.
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Hybrid Algorithm (ALG): the algorithm is given below.

Algorithm 5 Hybrid Approximation algorithm for MILDLY-SYMMETRIC predicates
1: Input: An instance Y (V,C) of Max-P-CSP where P is a collection of 3-ary MILDLY-SYMMETRIC
predicates.
2: Perform the operations mentioned in Algorithm 2]
. if the procedure fails to output an SDP solution (V'*, pu*) and a system of linear equations GE System™
that are consistent with each other then
Reject.
else
Accept.
: end if

(SN

Nk

It can be checked easily that given Lemma the algorithm runs in polynomial time. We define the

following quantity aéﬁg, and by definition, the approximation guarantee of the hybrid algorithm is aéﬁg.

Jan instance Y of Max-P-CSP such that
1. OPT(Y) < 8,

2. SDP value = 1,

3. The hybrid algorithm accepts.

a;ﬁmg = infg

Theorem 7.1. For any collection of MILDLY-SYMMETRIC predicates P, the algorithm ALG for Max-P-
CSP distinguishes between the following two cases.

1. The input instance is satisfiable.

2. The input instance has value at most oz;éwg.
Proof. 1f the instance is satisfiable, then by Lemma [7.11] ALG accepts. If the instance has value strictly
less than v 4,g, then by definition, ALG rejects such instances. O

In the next section, we study a dictatorship test for Max-P-CSP whose soundness matches with the
approximation guarantee of the hybrid algorithm. In other words, we design a test where the test accepts
according to the predicate P, has perfect completeness, and has soundness aéﬁg + ¢, for every constant
e > 0.

7.5 Dictatorship Test

We fix an T = (V,C) of a Max-P-CSP such that the algorithm ALG accepts T. Let X be the alphabet of
the CSP and we identify X with the set [¢] = {1,2,...,q} where ¢ = |X|. Let (V, ) be a solution for the
SDP relaxation of Y.

Given a function F' : ¥f — %, in our dictatorship test Dicty ,, we will sample three queries ac-
cording to the distribution ,u?iR for ' ~ C. For the test Dicty ,, there is no single natural choice of
probability measure p'* on 2" using which we can define the function F' to be ‘far-from-dictator’ required
(as in Definition [6.6) for the application of our mixed invariance principle. Therefore, we need to define
quasirandomness of a function appropriately, and we do so in the next section.
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7.6 The Notion of Quasirandom Functions

For each variable s € V in the original Max-P-CSP instance T = (V,C), there is a corresponding prob-
ability space Qs = (X, us). Therefore, we will define the relative notion of “quasirandom with respect to
(V, 1)”. Roughly speaking, we shall call a function “quasirandom” if all its “influences” are low under
nearly all of the probability distributions corresponding to variables s; € V.

Definition 7.13. (Quasirandom function w.rt. (V,u)) A function F : X" — ¥ is called a (d,T)-
quasirandom w.r.t. (V' , ) if the following property holds. Consider the functions (Fs1,Fsa,...,Fsgq),
where for every j € [q], Fsj : ([q]", p&") — R is defined as F; j(x) = 1p(z)—j- Suppose there exist
product functions Pg_j with tkPs ;) > T such that functions F, s,j Of the form

Fyjz)= ) Pa)-Lp(a)

Pespny(Ps,;)
satisfy:
L ||Fsj — Fsjl2 <e.
2. deg(Lp) and | Lp||2 are both d = Or,4.(1).

3. Furthermore, for every C € supp(C) where V(C) = (s1,S2,3), j, k. ¢ € [q], and for any P €
spnn(Ps, ), @ € spny(Ps, k) and R € spny(Ps, o), either P(x)Q(y)R(z) = 1 in the support of
,U%u or Asymbolic(IDQ}% 1) > T

Then, F is called (d, T)-quasirandom w.r.t. (V, ) if for every s € V, j € [q] and P & spny(Ps ;), for
every i € [n] it holds that I;|Lp] < .

Remark 7.14. A standard notion of (d, T)-quasirandomness that gets used in proving the hardness results
from dictatorship tests has the conditions I;[F. sj‘-i] < 7 forall j € [q] and i € [n], where F f;l is a low-
degree truncation of F ; up to degree d. The reason behind ignoring the high-degree component of Iy ; in
the hardness reduction is that the underlying distribution is connected and hence the high-degree compo-
nents have a negligible contribution. In our case, F j has high-degree components P(x), and we cannot
ignore such components in hardness reductions for satisfiable Max-P-CSPs as the underlying distribution
cannot be made connected. Thus, a natural extension of quasirandomness is to enforce the small influence
conditions on the low-degree components Lp in Fy js. At this point, we do not know how to use this notion
of quasirandomness to convert a dictatorship test to a (conditional) hardness result. We leave this as an
open question for future research.

One may wonder if it is even possible to find the functions Fs,j such that all the above (except for the
quasirandomness property) properties hold for small enough ¢ and large T and 7”. Lemma already
shows the existence of product functions Py ; for Fy ; such that properties 1. and 2. above hold. The
following lemma states that for any collection of functions (f1, fo,..., fs), we can find a collection of
product functions such that the above three properties hold simultaneously.

Lemma 7.15. Foralla >0, m € N, T > 1, and £ > O there exist v € N and eq > 0 such that the following
holds for any decay function w: [0,1] — [0, 1]. Let ¥ be an alphabet of size at most m, let 14 be pairwise
consistent distributions over ¥> in which the probability of each atom is at least o for all 1 < j,k,l < s.
Then there exists an Abelian group G whose size depends only on |X|, 0: ¥ — G, such that for any function
fi: (E",,u;-‘) — C, for1 < j < s, there are v’ < 1, € > g and a collections P; of cyclic embedding
functions of size at most ' such that:
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1. We have rk(P;) > —

w(e)’

2. Forall €' € (w(e),e) we have that || fj — Tp, 1-c fjllv;.a < & where v; is the marginal distribution
Hjke On .

3. forany P € spny(P;), Q € spny(Py) and R € spny(Py), either P(x)Q(y)R(z) = 1 in the support
OfM?M’ or ASymboIic(PQR, H=>T.

Proof. Fix a decay function w’ : [0,1] — [0,1]. For given m, « and sufficiently small &, we first apply
Lemma to the functions f;s individually to get a collection of product functions P; for f; such that
rk(P;j) > T and for all ¢’ € (w(e),¢), |fj — Tp;1-c filluj.a < &, for a sufficiently small decay function
w compared to w’. We will update the collection P; iteratively to arrive at a final collection 77]’- of size at

most |P;| that will satisfy all the conditions from the lemma with the decay function w’, &, = Q. ,(¢2/T),

& =2¢.
1. Sett =1and U; = [n].
2. Construct a subset A; C Uy as follows:

(a) Set Ay = 0.
(b) Forevery j, k,land P € spny(P;), Q € spny(Px), and R € spny(Py) such that P(x)Q(y)R(z) #
1 in the support of p7;,, and Agymbolic(PQR, 1) < T,
i. Addi € [n]to A; for which P;Q;R; # 1 in the support of /1.
ii. Change P' € P; to [[;cp,\ 4, F; (2), and similarly do the same for every j € [s].
iii. Set Up1 = Uy \ Ay

3. Increment ¢ by 1 and repeat step 2 unless for every j, k,l and P € spny(P;), @ € spny(Py), and
R € spny(Py) either P(2)Q(y)R(z) = 1 in the support of [}k OF Agymbolic(PQR,1) > T,

We start with a simple observation. If once triple P, @, R is responsible for adding a coordinate to A;, then
it will never be responsible for adding a coordinate in later iterations. This follows as we change the P, @, R
so that P(x)Q(y)R(z) = 1. The consequence of this is that the procedure stops after a finite number of
iterations. Let t* be the last iteration. Clearly, t* < J[; ] pep, Ord (P), as the RHS is the number of distinct
triples from the collections {spny(P;)};c(q- Thus t* = O, (1), where |P;| < r for every j. Furthermore,
at any given iteration, |4, < I, ] Pep, ord(P) - T = O, +(T) as every triple contributes at most 7" to the
set Ay If we let A := Ui, Ay, then |A| = O, 4(T).

At the end of the procedure, we have that a product function P(x) = [[;"_, Pi(x) is changed to P'(z) =
Hie[n}\ 4 Pi(x). Let the final collection of these product functions be {77]’ }jels]- Since the procedure ends,
we have that for any P' € spny(P}), Q" € spny(Py) and R’ € spny(Py), either P'(2)Q'(y)R'(2) = 1
in the support of if}, or Asympolic(P'Q"R’,1) > T'. Furthermore, as we changed |A| many coordinates to

1 in each of the product functions, we have rk(P;) > @ —|A| = . We now show that the second

w'(e)
property holds for these updated collections.
We have the following claim which is similar to Fact[5.3] except we do the analysis in one shot by
observing that the coupling works for the collections P; and 73]’- directly.

Claim 7.16. For every ¢ > 0, for any 1-bounded function f;: (X", v}) — C,
ITpyameds = Tpyaefillyz < 20/TAF.
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Proof. We first show that there is a coupling of (z,y, %) such that (x, y) is distributed according to (z, Tp, 1),
(z,9) is distributed according to (z, Tp}l,sx) and Pr [y # ¢/] < |Ale.

Note that A is the set of all the coordinates in which P € P; and P’ € PJ’« differ. Sample z ~ v, then
I Ci_. [n] and then y ~ v; conditioned on y; = zy and P(y) = P(x) for all P € Pj; note that y is
distributed according to Tp, 1—cx. Let y' ~ Tps1—cx. Note thatif I'N A = (), then P'(y) = P'(z). Thus,
letting F be the event that I N A = (), we have that Pr [E] > 1 — | A|e and that the distributions of y | F and
y' | E are identical. Thus, the statistical distance between y and 3/’ is at most Pr [E] < |Ale. It follows that
there is a coupling between y and 3’ such that Pr [y # ¢/] < |Ale.

Fix the coupling (z,y,y’) so that we may write

2
HT’PJ’_,I—Efj - T'Pj,l—&fj”?@,? = I:[;:

L}%/ [fi(w) = fi(W)]

<AE [1,2y] < 4|Ale. O
x

=

. 2
There exists £} > 7 = Q.4

1A ), and £ > &), such that for all ¢’ € (w'(g),€), we have

15 = Tpra—e fillvja < N5 = Tpjae fillvjo + 1 TP 1 fi = Tpp i fillv;
<5 = Tpy e fillvya + 1Tps - f5 = Ty 1 fill2
<e+2/[AlF
< 26

7.6.1 The Dictatorship Test for MILDLY-SYMMETRIC Predicates

We are now ready to state the dictatorship test and prove its completeness and soundness. Let (V', ) be a
solution for the SDP relaxation of T and § C G, ger» Where GX ger := [T,y Hy be the subspace of the
set of satisfying assignments of the instance Y (), C) coming from the GE System that satisfy the conditions
from Lemma[7.T1] Let a > 0 be a lower bound on the non-zero probabilities from the distributions pic, and
we treat «v as a constant as the instance size is fixed.

In Figure 3} we give the dictatorship test Dicty ,, for functions F' : ¥R — 3. Note that Lemma
guarantees that (V, ) and S C G, are consistent with respect to every P, Q, R coming from the
decompositions of Fy, j, Fy, i, Fs, ¢, for every C' € supp(C) and 1 < j,k,¢ < ¢ such that V(C) =
(81, s2, s3) and we will use this fact in the analysis of our dictatorship test.

Completeness: a function F' : £ — ¥ is called a dictator function if F(z) = z(*) for some i € [R]. The
completeness of the test is defined as follows,

Completeness(Dicty ;) = rn[}% Pr[F passes Dicty ;).
i€[R],

F is the i dictator
As the distribution pc is supported on the satisfying assignment of the constraint C, the test passes with
probability 1 when F is a dictator function. Therefore, Completeness(Dicty ,,) = 1.

Soundness: the soundness of the test is the maximum probability with which it accepts quasirandom func-
tions. More formally, define the soundness of the test as:
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1. Let (V, ) be a solution for the basic SDP relaxation of T that satisfy the conditions from
Lemma[Z111

2. Sample a payoff C' ~ C. Let V(C) = {s1, s2, s3}.

3. Sample z¢ = {zs,, Zs,, 254} from the product distribution ,u%R, i.e., independently for each ¢ €

R, (280,282, 28) ~ pe.

4. Query the function values F'(zs, ), F'(zs,), F(zs;)-
5. Acceptiff C(F(zs,), F(zs,), F(2s;)) = 1.

Figure 3: SDP integrality gap to a dictatorship test Dicty .

Soundness 4 ) (Dicty ;) = sup Pr[F passes Dicty ,,].
. F:xfoy
F is (d,r)—quasirandom W.r.t.(V,u)

We now state our main theorem regarding the soundness of the dictatorship test Dicty, ,,.

Theorem 7.2. Fix any collection of MILDLY-SYMMETRIC predicates P. Given an instance T = (V,C) of
a Max-P-CSP such that the algorithm ALG accepts Y, the test Dicty ,, has completeness 1 and soundness

Soundness q ) (Dicty ;) = OPT(Y) + 04+ (1),
where OPT () is the optimal value of the instance Y and 04,(1) — 0 as 7 — 0.

The following corollary follows from the above theorem and the approximation guarantee of our hybrid
algorithm.

Corollary 7.17. Fix any collection of MILDLY-SYMMETRIC predicates P. For every € > 0, there exists a
dictator vs. quasirandom test with completeness 1 and soundness agﬁg + ¢, and the accepting criterion of
the test is from the set of predicates P.

Theorem along with Corollary prove our main Theorem [I.I] We prove Theorem in the
rest of the section. We first set up a few notations in Section that will be used in the analysis of the
soundness of the test.

7.6.2 Functions on Product Spaces

Let (2, 1) be a probability space with |2| = g and p has full support on 2. Define the inner product between
two functions f, g :  — R on this space as follows: (f, g) = Ex~pu[f(2)g(x)].

Definition 7.18. An orthonormal ensemble consists of a basis of real orthonormal random variables L =
{lo=1,01,...,04-1}, where 1 is the constant 1 function.
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Henceforth, we will sometimes refer to orthonormal ensembles as just ensembles. For an ensemble

L={ly=1,4y,...,0;,_1} of random variables, we will use L to denote the ensemble obtained by taking
R independent copies of £. Further £() = {E(()l), 852), ... ,Eélll} will denote the i** independent copy of L.
Fix an ensemble £ = {{y = 1,(1,...,{,1} that forms a basis for L?(2). Given such a basis for

L?(Q), it induces a basis for the space L?(Q2?), given by the random variables

R
{za =[] ) ‘ oe{0,1,...,q— 1}R}.
i=1
Therefore, any function F : 2% — R has a multilinear expansion

F(z) = Y. Flo)s(2),

oc{0,1,....q—1}F
where (o (2) = [T, 4o, (2).

Definition 7.19. A multi-index o is a vector (01,03, ....05) € {0,1,...,q — 1} and the degree of o is
denoted by |o| which is equal to |o| = |{i € [R] | 0; # 0}|. Given a set of indeterminates X = {azgz)|j €
{0,1,...,q — 1},i € [R]} and a multi-index o, define the monomial x as

R
ro = [+,
=1

The degree of the monomial is given by |o|. A multilinear polynomial over such indeterminates is given by

F(a:) = Z Fo'xa"

oc{0,1,....q—1}1

Given any function F : Qff — R, with the multilinear expansion F(z) = D ooef0,1,.. g1} R F(o)ly(2)
with respect to the orthonormal ensemble £ = {{y = 1,/1,...,{,—1}, we define a corresponding formal

polynomial in the indeterminates X = {xy) 7 €{0,1,...,g — 1},i € [R]}, as follows:
F(x) = Z F(o)z,.

We will always use the symbol F to denote a real-valued function on a product probability space Q.
Further F () will denote the formal multilinear polynomial corresponding to F. Hence, F'(£?) is a random
variable obtained by substituting the random variables £ in place of 2. For instance, the following equation
holds in this notation:

E [F(2)] =E[F(L")).

zeQR
Vector Valued Functions. We will always use the symbol F = (Fj, Fa,...,F,) to denote a vector-

valued function on a product probability space QF. Further, F(z) = (F1, Fy,...,F,) will denote the
formal multilinear polynomial corresponding to JF.
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7.6.3 Soundness Analysis of the Dictatorship Test

We now analyze the soundness of the test. Towards this, we assume that F' is quasirandom according to
Definition and we fix a decomposition of F' that guarantees the quasirandomness of F' throughout the
analysis. For each s € V, let 2, = (X, u5) be a probability space with atoms in ¥ where the probability of
a € N is ||bsqll3

We will fix an arbitrary mapping from X to {1, 2, ..., ¢}, denoted by : ¥ — {1,2,...,¢}. The domain
of the payoff C' : ¥3 — {0, 1} can be extended from ¥ to Ag. To see this, by the abuse of notation, first
define a A-representation of a payoff C' : ¥ — {0,1} as C': A3 — {0, 1} where

C(eq,,€ay,€a3) = C(g_l(al),g_l(aQ),g_l(ag)), for all (a1,a9,as3) € {1,2,... ,q}s.

The function C' can be extended to the domain Ag by its multi-linear extension. Again, by abusing the
notation, define the extension C as:

3
C(x1, 2, x3) = Z C(o) Hwi7<(gi), forall x1,x2, 3 € A, 37
oexs =1

Extending C to R3?:  We will extend the payoff function C further to a real valued function on (R?)3, by
plugging the real values in the expansion of C' given in the Equation (37). This extension of C' is smooth in
the following sense:

1. All the partial derivatives of C' up to order 3 are uniformly bounded by Cy(q).

2. C'is a Lipschitz function with Lipschitz constant Co(q), i.e..V{x1, T2, Z3}, {y1, y2, y3} € (RY)3,
3
|C (@1, @2, @3) — Cy1,y2,y3)| < Co(q) Y llzi — yilla-
i=1

Local and Global Ensembles. Fix a given SDP solution (V', ) with value 1. We define the following
local and global orthonormal ensembles of random variables for every s € V as follows.

* Local Integral Ensembles £: The Local Integral Ensemble £ = {£; | s € V} for a variable s € V,
by = {¢ s0=1,0g1,...,¢ S,q,l} is a set of random variables that are orthonormal ensembles for the
space 2.

We also define the following global ensembles of random variables:

* Global Gaussian Ensembles G: The Global Gaussian Ensembles G = {g; | s € V} are generated
by setting gs = {950 = 1,9s,1,- - -, gs,q—1} Where

s = Zes,j(wxbs,w,o, Vie{l,...,q—1},

wex
and ¢ is a normal Gaussian random vector of appropriate dimension.

The following lemma states that the local integral ensemble and the global Gaussian ensemble have
matching first and second moments. We need this to apply the invariance principle in our analysis below.
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Lemma 7.20. ([7)]) For every s € V, gs is an orthonormal ensemble w.rt. the space Q)s. Also, for any
payoff C € C, the global ensembles G match the following moments of the local integral ensembles L:

I?[gs,j-gs/,j’] = E s (W)L jr(w N V4,3 €e{l,...,q—1},s,8 € V(P),

(wfwl)’\’/J'C"(svS,)

where uc|(s, s') is the marginal distribution of pc on the coordinates of s, s'.

Soundness analysis. The acceptance probability of the test for a given function F is given by:

Pr[F passes Dicty ,] = E E [C(Fs,(2s1), Fsy(2s5), Fss(2s3))]s (38)

CCzonn&h

where V(C') = (s2, 2, s3). Consider the following expression.

C(Fsi(251) Fsy(255), Fsg(2s3)) Z C(o H 8,05 Zsj (39)

We now apply Theorem [6.9] to the expression
3
E@R H-st-,aj(zs]')
Zo~He | 4=1

The invariant distribution we wish to move to is slightly different from the setting of Theorem [6.9]
Specifically, we wish to consider the following two distributions:

1. The distribution Dg: sample R assignments a®. a@ . a® from the set of satisfying assignment
S C GY e to the GE System independently and uniformly at random, consider (a;, b;, ¢;) =

(agl), a§2), ag?,)) € H} x Hj, x Hf, and output
(xP(a), XQ(b), XR(C)) Pespny(Pey .oy ), Q€PN (Pay oy ) RESPNY (Pog rg)
2. The distribution D,,.: sample (x,y, z) ~ ,uégR and output
(xp(a(x)): X@(V(¥)): XR(D(2))) Pespny(Ps; 0, ). Q€PN Py g ) RESPI (Pog 5)-

The following lemma asserts that the distributions Dy and D,, are close in statistical distance.

Lemma 7.21. Suppose the sizes of each one of Ps, o1, Pss.00, Pss,o5 IS at most r, master| < M and that
for any P € spny(Ps, o,)), @ € spny(Ps,y.00)) and R € spny(Ps, 05)) it holds that either PQR = 1 or
else P;Q;R; # 1 for at least T' of the coordinates i € [R]. Then

SD(DumDS) Smﬂ" (1 - Qm,a(l))Tl-

where o is the minimum non-zero probability of an item from supp(u).
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Proof. The proof of the lemma is similar to the proof of Lemma [6.12] and we only sketch the proof. Here,
we crucially use the fact that the set of solutions S to the GE System and the SDP solution (V', ) are
consistent to each other as stated in Lemma Consider S in the support of one of the distribution.
For any P, Q, R, consider their contribution to D, (S) and Ds(S) defined in Lemma but for the
two distributions D,,, and Ds. For P,Q, R such that PQR = 1, the two contributions are the same.
Else, by assumption P;Q;R; # 1 for at least 7" coordinates, and each one of the expectations is at most
(1 = Qm.a(1))T" in absolute value. O

Now, define the functions FZ¢: (H¥)% x R@~DR — Cin the following way. Let P; ; be the collection
of product functions associated with FSJ from the decomposition of ' : ¥ — ¥ satisfying the quasiran-

R

domness property with respect to the Definition [7.13] Write each P € spny(Ps ;) as P = [] xpi(o(x)).
=1

Thus,

1=

R
Fe(xy)= Y. Le(y) [[xirle(z). (40)
=1

Pespny(Ps,5)

Interpreting the first input over the group (H*)%, we define F g;c : (HX)E x ©f — C by replacing o(z;) by
the group element input. Namely,

R
Fi(ay) = Le(y) - [ [ xip(as): @1)
Pespny(Ps, ;) i=1

Next, we replace the low-degree polynomials with their corresponding multilinear extensions to get the
functions FS"?C: (H)E x R@-1E _ C.

R
F&(a,0)= > Lp@) [[xirlai)
=1

Pespng (P ;)

Finally, the function ng»c D (HA)R x R@DE _; R is defined by taking only real part of the output of F' de»c
and truncating it using the function trunc.

F(a,0) = runc(Re(FE(a, ).

Applying Theorem [6.9|but with respect to the distributions (Ds, D, ), and with the function ¥(a, b, ¢) :=
abc for a,b, c € C, we get

3 3
E o (1 Foeilz) [ Fees (as,.95)) | | < 27 %) (r).

ZCN:LL%R 7=1 a(1)7a<2)7"-7g;R)N37

Qs =g ",

gR

Combining the above with Equations (38) and (39), we get
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PI‘[.’F passes DiCtV,u] < E E [C(Fsdlec(aﬁ y g5, )7 Fsd2ec(a52 ) gsz)’ Fsdgec(a'sza ) 983))]
C~C (1) a(2) a(R>~S

+ 270w 4 (r) (42)

Note that Fde<(a, g) € RY. We now analyze the loss that happens because of scaling, as given in Step 4
of the rounding scheme. Let F9*¢(a, g)* € A, be the vector obtained by scaling it using the function Scale
defined in Step 4 of the rounding scheme Round = below.

The expected value of the solution returned by the rounding scheme Round £ is given by the following
expression.

Roundy:(V, H') = CEC E C(Fslec(a'slvg& )*7 F:2ec(aszvgs2)*7 Fsdgec(a'sgagss)*)} (43)

-----

Let 6 = o, 7v(1) where 6 — O as 7 — 0 and 7" — oo . Fix a constraint C' and a variable s € V(C).
Let E be the event that } %e(Fi?c(as,gs)) € [L — 8,1 + 6]. Note that for all s and z € %, we have
>_;Fsj(z) = 1. The next claim shows that with high probability over as, gs sampled according to the
rounding scheme, } %e(FQ?C(as,gs)) €l—0,144)].

Claim 7.22. For every s € V, Pr[E;] > 1 — O4(0).

Proof. Define Fqo(z) =}, f;’;‘:(a, z) where .ngc is defined in Equation Let Fo(£) := Fg‘;c(a,f) be
the multilinear extension of F,. By definition, all the influences of F, are bounded by O, (7).
Consider the function ¢(z) = |1 — x|. Applying the invariance principle from Theorem 3.9} we get

[((Fa(£s))] — E[((Fa(gs))]| < or(1). (44)
esNﬁ‘s gs
Now, we have
E [((Fa)]= E [(Fa@)]= E _[¢|D F(a, )
€Ll S N

We now fix a coupling (z, ", x5) between S x pu®F and pu®F given by Lemma Let a, denote
the sample (agl), ag), ceey agR)) corresponding to the variable s according to the rounding scheme. Using

Lemma(7.21] we switch a to a distribution o ()

Z]_—dec a, cc” < Z'Fdec CC :1:” +2qu,a,E(T/)’ (45)

as :BNN[L (cc’ :t” 335
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where F ; is the function defined in Equation. Using the fact that ((1 + b) = |b|? for every b € C, we
get

B [\ 2T | = B 1| DA+ 3 R =3 (e
s 7 s1tsHds i j j
- 2
— dec //
_(w’i@/w) Z}' a: , T Z]:J:I:s
ERAadC At ]
2
<> E [\fg;%;,mg — Foy(®s) ]
S (@oadas)
Using Lemma [6.5] we have for every 1 < j < ¢,
2 !
g || seel - A <2t
CALI D) ’
Therefore, we get
Zfd“ al xl) | | <27, (46)

(!, mg L)

Using Equations (#4)), (43), and (#6)), we have

E [ Asangn | | <27 o)
J

Setting &' ~ 2722=(T") 4 o (1), we get that with probability at least 1 — /&, > Q{e(ngc(a57gs)) €
1-— Vo 1+ Vo |. This finished the proof of the claim. ]

Using Equation, the above claim, and the facts that Ffec (as,gs)* is a 1-bounded function and the
function C'is upper bounded by O,4(1) on 1-bounded inputs, we have

Round=(V, u)

2 E E |:C(Fsdlec(a’sl ) gS1 )*7 Fsdgec(a’527982)*7 Fggec(a’837gss)*) ’ /\?ZIES]'] - Oq((S)
C~C oD a®)  aBIS,
as,i:a‘(sl)>
gR
47)

We now remove the truncation and scaling, and see the effect of this on the above expression. Towards
this, we have a following simple claim.

Claim 7.23. Let a € RY such that ), a; € [1 — 9,1+ 0], and let a* be the vector that we get after scaling

the vector a := trunc(a), then
Z( <4q Z - az (6)

%
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Proof.

i % 373 i i J 7
Now,
2
(Z a; — 1) (Z a; — al) 0q4(0) < qZ(a —a;)” + O4(9)
i i
where the last inequality is the Cauchy-Schwarz inequality. O

Claim 7.24. For every constraint C on (s1, s2,53), if (@s,, Qsy, Qsy) and (gs,, gs,,gss) are distributed
according to the distribution from Equation (47), then

B OO (as,, 90,)", (@, 90)" FEE©(000,900)") | N1 By | = | W ou)
X Or q .
E [C(Ffl (@sy,Gsy)s Fd (asz,g82),Fgfc(asg,gsg))) | A?:lESj

Proof. Using the fact that C' is a Lipschitz function with Lipschitz constant Cy(q), we get that the LHS is
upper bounded by

3
d _
0)- Y E [IF(ay,,9.,)" ~ F3<(as,.g5,)l2 | A1 Bs, |
j=1

which by Claim is upper bounded by

3
1)-SE [Hme(F;e‘-‘(aSj,gsj))

Jj=1

Fd<(a,,,g.)2 | AL IESJ +0,(9),

where we use the fact that conditioned on the event E, > iRe(Fdec (as;,gs;)) € [1 — 6,1+ 6]. Fora

non-negative random variable, E[X | E] < P[[ E]], and hence,

E | I9%e(F<(as,, g,,)) -
S S
D Pr[/\3_ Es,]

<2E [IRe(F(as,., g,,)) — Fi<(as,.g.,)]2]

Fé<(ay,,g5,)ll2 | N1 B, |

E ||%e(F<(a,. g,,)) ~ F3=(as,.gs,)]|2]

using the fact that Pr[/\?zlEsj] =1—04(6) < 1/2. Therefore, the LHS from the claim is upper bounded
by

3
1) Y B [[Re(FE(as,, 95,)) — FI<(as,;, g5,)ll2| + 04 (6) (48)
j=1
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Now, for a given variable s € V, by the Cauchy-Schwarz inequality,

— 2 —
E |[Re(F&*(a,,g,)) — F&*<(as,g,)ll| < E ||Re(F*(a,,g,)) — F<(a,, g,)I13]

q
= E Z 9% Fdec a's>gs)) - Fsd;c(a’svgs))z
J=1

I
MQ

E[(Re(Fé5(as,9,) — F35°(as, 9.))?]
1

<.
Il

I
M=

E |y (Fé(ang,)] (49)

1

<.
Il

where v(x) := (Re(z) — trunc(Re(x))2. Applying the invariance principle from Theorem [6.9| with the
smooth function ¥ = ~ for functions f = F; ;,g = 1,and h = 1, we get

E|v(F(ang))]| = E_ [y (Fuz))| <27%e T 1o,).
Zs~opls

As v (Fs,j(2s)) = 0, we have
E [y (F¥(a,,90))] < 2% 4 0,1). (50)

Combining Equations {@8), @9), and (50), we get that the LHS from the claim is upper bounded by
2 %aae(T) 4 o (1) + O4(9) as claimed. O

Using the above claim and Equation7), we get

Round#(V, u)

> E E [C(Fglec(am ) 931)7 Fg;c(asmgSQ)v Fggec(asmgss)) | /\?’:IESJ' - Oq(d)
C~C aM) o) a® s,
as,i:ag)v
gR

We can now remove the conditioning using the fact that F'dec is 1-bounded and Pr[E] > 1 — O4(4) to
get.

Round}-(vv “) =z E E |:C(F51ec(a81 9 981)? FSQEC(asz’ 982)? Fg3ec(a837 933))] - OQ(é)
CnC o) o® . aR)s,
as,i:agl)v
gR

(D)
We already had the following bound from Equation(42))
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Pr[F passes Dicty ,] < E E [C(Fg<(as), gs)), Fig(asy, 9s,), Feo(c, gs5))]
O~Ca®,a®,.. aR)ns,
+ 27 e M) (1)
Combining the above two inequalities, we get

Pr[F passes Dicty ] < Roundz(V, ) + 2~ (T") g/ (7)

where 1/(1) — 0 as 7 — 0. As the integral value of the instance Y is at most OPT(Y), we have
Round#(V, pu) < OPT(Y) and hence

Pr[F passes Dicty ,,] < OPT(Y) + 27 %) /(1)

and this finishes the proof of Theorem O
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Setup: For each s € V), the probability space Qs = (X, us) consists of atoms in ¥ with the
distribution pi5(a) = ||bsal|?. Let F denote the function obtained by interpreting the function
F : X2 — A, as afunction over QI

Input: An instance T = (V,C) of a Max-P-CSP such that the algorithm ALG accepts Y. Let
(V, u) be a solution for the basic SDP relaxation of Y and S C G ..., be the subspace of the set of
satisfying assignments of the instance Y (V,C) over GY .cier := [1,cy H that satisfy the conditions

from Lemma 7111

Rounding Scheme:
Step I: Sample R Gaussian vectors ¢(1), ¢ ... ¢ with the same dimension as V.

Step II: For each s € V, do the following:

1. Foreach j € [R], letggg =1landforce {1,...,q— 1}, set

99 = " lso(w) (s, D).

wex

Letgt = () =1,0%),... . g) ) and g, = (g!", 6!, (™).

)

2. Sample R uniformly random assignments o), a®) ..., a(® from the set of satisfying as-
signments to the instance Y over GY e, Let as = (agl), ag2), ce agR)).

3. Evaluate the polynomial Ffec with (as,gs) as inputs to obtain ps; € C?, and let, p; =
trunc(Re(ps)) where

0 ifz<0
trunc(z) = ¢ = if0<z <1,
1 ifz>1,

4. Round p; to pf.
ps = Scale((ps)1, (Ps)2; -+ (Ps)q)

where

Scale(x1, zo, . ..

) = ﬁ(ml,x%...,xq) if >, x; #0,
(1,0,0,...,0) if S, @5 = 0.

5. Assign the variable s € V a value a € X with probability (p5)c-1(q)-

Step III: Output the assignment from Step 11.

Figure 4: Rounding Scheme Round £.
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A Omitted Proofs

Let p > 5 be a prime, take ¥ = F,, and consider the predicate P: X3 — {0, 1} defined as P(z,y,2) =

1w,y,z are distinct-
Claim A.1. The collection { P} is MILDLY-SYMMETRIC .

Proof. For each a € I, \ {0} and b € F), define the map 7,5: ¥ — X by 7,5(u) = au + b. It is clear
that each one of these maps preserves the satisfying assignments of P, so it remains to check the second
condition in Definition

Let (x,y, z) be any satisfying assignment. We can find @ # 0 and b such that ax +b = 0 and ay+b = 1,
so we may assume without loss of generality that (z,y, z) = (0, 1, z) for some z # 0, 1; this is justified as
the orbits of (0,1, az + b) and (z,y, z) under {74y }o'£0,y are the same, and az + b is some element in IF,,
not equal to 0, 1. Take 2’ = ax + b, and to simplify notation we omit 2" and simply call it z (the original
x,y, 2 will not be used henceforth in the argumnet).

Let A= {(b,a+0b,az+0b)|a+#0,bcF,} be the orbit of (0,1, z) under {7, 4} a0, and suppose that
0,7, ¢ is an embedding of A into (Z, +). By applying an affine shift to all embeddings we may assume that
~v(0) = ¢(0) = 0, and by the definition of embeddings we get that

o(b) +v(a+b)+ ¢laz+b) =0 Va # 0, b. (52)

Taking b = —a and using y(0) = 0 we get that o(—a) + ¢(a(z — 1)) = 0 fora # 0, so ¢(a(z — 1)) =
—o(—a). Hence we get that

—¢(=b(z—1)) +v(a+b)+ plaz+b) =0  Va,b#0.
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Taking b = —az and using ¢(0) = 0 we get —¢(az(z — 1)) + y(—a(z — 1)) = 0, meaning that y(y) =
¢(—zy) for all y # 0. Equality also holds for y = 0 (as both values are 0) and we conclude that

—o(=b(z— 1))+ P(—2(a+b)) + plaz +b) =0 Va,b # 0.

Note that the image of (—b(z — 1), —z(a + b)) under a,b # 0 consists of (a, ) such that « # 0 and
(z — 1) — za # 0, and we get that for any such a, (3 it holds that ¢(a) = ¢(3) + ¢(a — 3). Note that this
equality trivially holds for 8 = 0 (as ¢(0) = 0), so we conclude that ¢(«) = ¢(8)+¢(a—f3) holds whenever
(z — 1) — za # 0. We now use the idea of local self correction to argue that ¢(a) = ¢(8) + ¢(a — ) in
fact holds for all o, 5 € F),.

Take any «, 8 satisfying (z — 1) — za. = 0, and choose o/, 3’ € F,, uniformly and independently.
With probability at least 1 — % > 0 we have that (2 — 1)8' — za/ #0, (z = 1)(B — 8) — 2(a — ') # 0,
(z—=1)F =28 #0,(z—1)(a/ = ) —z(a — B) # 0and (2 — 1)o/ — za # 0 all hold["¥ and we fix
o/, 8" > 0 satisfying all of these inequalities. Adding up the constraints we get from the first two conditions
we get that

¢(a) + d(a—a') = (¢(B) + d(a’ = B) + (¢(B = B) + d(a — B — ' + §))

Using the third and foruth conditions we have ¢(53')+¢(5—3") = ¢(5) and p(o/ — ")+ p(a—F—a'+5") =
¢(a — [3) so that the right hand side simplifies to ¢(3) + ¢(« — ). Using the fifth condition the left hand
side simplifies to ¢(«), altogether giving that ¢(a) = ¢(B) + ¢(a — B).

We conclude that ¢(a) = ¢(8) + ¢(av — B) for all o, 5 € F,,. Thus, we get that ¢(x) = z¢(1) for all
x € Fpand also that ¢(1) = ¢(2- (p—1)/2+2) =2¢((p—1)/2) + ¢#(2) = (p+ 1)¢(1), hence ¢(1) = 0.
This implies that ¢ = 0, and using y(y) = ¢(—zy) that holds for y # 0 and ~(0) = 0 it follows that v = 0.
Plugging this into (52)) gives that o = 0, and the proof is concluded. O

"*Note that we have 5 conditions, so a naive application of the union bound only gives a lower bound of 1 — 2 on the probability
that all of these events hold. However, since (z — 1) — za: = 0, the first two conditions can be seen to be equivalent, so the result
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of the union bound improves to 1 — %.
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