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Corners in Quasirandom Groups via Sparse Mixing
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Abstract

We improve the best known upper bounds on the density of corner-free sets over quasirandom groups
from inverse poly-logarithmic to quasi-polynomial. We make similarly substantial improvements to the
best known lower bounds on the communication complexity of a large class of permutation functions in
the 3-player Number-on-Forehead model. Underpinning both results is a general combinatorial theorem
that extends the recent work of Kelley, Lovett, and Meka (STOC’24), itself a development of ideas from
the breakthrough result of Kelley and Meka on three-term arithmetic progressions (FOCS’23).

1 Introduction

In the early 1980s, Chandra, Furst, and Lipton introduced the Number-on-Forehead (NOF) model of
communication complexity [CFL83]| to better capture interaction with shared information. The k-NOF model is
defined by k players communicating over a shared channel in order to compute a function f : ({0,1}™)* — {0,1}.
Each player can see the k — 1 inputs of every other player, but they cannot see their own. Albeit perhaps
unintuitive at first glance, the model has a number of strikingly powerful and surprising connections to other
areas of theoretical computer science and combinatorics. For example, lower bounds for k = w(logn) players
would imply breakthrough circuit lower bounds [BNS89, NWO1l [Raz00, BHI12|, and the communication
complexity of several natural functions is known to be equivalent to central problems in Ramsey theory
[CFL83, [Shri&, [LS21D].

Unfortunately, our understanding of this model is severely lacking. Only in the past year have researchers
discovered explicit functions witnessing strong separations between randomized and deterministic 3-NOF
communication complexity [KLM24|, despite the fact that optimal separations were long known to exist
non-explicitly [BDPW10]. More precisely, Kelley, Lovett, and Meka exhibited an explicit 3-player function
which has a constant cost randomized protocol, but requires Q(nl/ 3) bits of communication to compute
deterministically. Their primary technical tool is a combinatorial adaptation of ideas from the recent
breakthrough of Kelley and Meka on three-term arithmetic progressions (3APs) [KM23].

One of the most well-studied functions in the NOF setting is Exactly-N, where each player receives a number
in [N]:=1{1,2,..., N}, and they wish to determine if their numbers sum to N. Introduced by [CFL83|, they
showed that the 3-NOF complexity of Exactly-N is at most O(+/log N) using the Behrend construction of
3-AP free sets [Beh46]. In fact, they observed a near equivalence between Exactly-N (for three players) and
the size of sets S < [N]? without corners: three points (z,v), (z + 2,9), (z,y + 2) € [N]? with z # 0. The
first nontrivial bounds on the size of such sets were proven earlier by Ajtai and Szemerédi [AS74], but the
quantitative behavior was poor, since the proof relied on Szemerédi’s regularity lemma [Sze7h]. The strongest
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bound to date is due to Shkredov [Shk06], who showed any corner-free set of size §N? must satisfy

1
<0 ((loglogN)C)

for some absolute constant ¢ > 0 (see also [Shk05] and the exposition by Green over finite fields [Gre04]
Gre05]). Using the connection shown by [CFLS83|, this implies that the complexity of Exactly-N is at least
Q(logloglog N). Unfortunately, the techniques developed in [KLM24] do not suffice to improve this lower
bound, since they only apply to much denser functions. Concretely, the number of solutions of Exactly-N
(that is, triples z,y, z € [N] that satisfy = + y + 2 = N) is at most N?, whereas the function exhibited by
[KLM24] to have strong lower bounds for deterministic NOF communication has N3¢ solutions for some
small constant ¢ > 0; their technique is restricted to such functions.

Observe that corners may be viewed as a multidimensional generalization of arithmetic progressions. In fact,
upper bounds on corner-free sets easily imply upper bounds on 3AP-free sets (see e.g. [Zha23, Section 2.4]).
Given their tight relationship, many researchers have suspected that the recent techniques of Kelley and
Meka [KM23] used to improve bounds for 3AP-free sets will be amenable to usage in the case of corners (see
e.g. [Mek23| and [Pel23l, Section 1.2]). While there is some preliminary evidence that this direction is viable
[JL.O24, [Mil24], such strong bounds remain currently beyond reach.

1.1 Our results

A common strategy in additive combinatorics when working over the integers is to prove a similar result in
some model setting, such as finite fields, then port the result back to the integers using standard machinery.
One interesting setting is quasirandom groups. For now, one can think of a quasirandom group as a finite
group G enjoying the property that any two large sets A, B — G “mix” under convolutions. In other words, if
we take random samples a € A and b € B, then the distribution of ab is close to the uniform distribution
over G. A classic example of a quasirandom group is G = SL(IF,), the set of 2 x 2 matrices over the finite
field F,, for p prime with determinant 1. The Exactly-N problem naturally generalizes to any finite group G
[BGGOG], where the players receive inputs x,y, z € G and accept if and only if their inputs satisfy zyz = 1g.
Note that over any group, Exactly-N has a constant cost randomized protocol by reducing to equality. We
obtain the following lower bound for computing Exactly-N over G = SLy(FF,) by either deterministic or even
non-deterministic protocols.

Theorem 1.1 (Special case of Theorem . Any non-deterministic 8-NOF protocol computing Exactly-N
over G = SLy(IF,) for prime p requires Q(log"/* |G|) bits of communication.

Similar to the abelian case, there exists an intimate connection between Exactly-N over a group G and
corner-free sets in G x G. However, there is a slight subtlety here, as corners generalize to the non-abelian
setting in two non-equivalent ways. One option is triples of the form {(z,y), (zz,v), (z, zy)} for z # 1, often
referred to as naive corners. In this setting, Austin [Aus16| proved that for G = SLo(F,), any subset of G x G
without naive corners has size |G|>~¢ for some small constant € > 0. Alternatively, one can consider triples of
the form {(z,v), (x2,y), (x, zy)} for z # 1g, sometimes called BMZ corners after the first researchers to study
them [BMZ97]. This formulation is less understood, and it corresponds to the three-player Exactly-N function
over general groups (see e.g. [Viol9, Lemma 21]). We will focus our attention on this latter generalization, and
henceforth refer to them simply as corners. Austin also showed that corner-free sets over SLo(F,,) have density
at most § < O(1/log®|G]) for some absolute constant ¢ > 0 (see [Viol9, Section 5] for a nice exposition). We
are able to substantially improve this bound.

Theorem 1.2 (Special case of Corollary [4.10). Let G = SLo(F,) for prime p. Then, any corner-free subset
of G x G has size at most 5|G|? for

0 < exp (—Q <log1/4 |G|))



We emphasize that Theorems [I.1] and are only special cases of more general theorems, and we direct
readers to Sections [£.1] and respectively, for details.

Both of our results are consequences of a general combinatorial theorem which may be of independent interest.
Before stating it, we require some definitions. A set S < [IN]? is called a permutation functionﬂ if for any
fixing of two coordinates of some a € [IV]?, there is precisely one choice of the other coordinate such that
a € S. For example, S = {(x,y,2) : xyz = 1¢} = G* is an example of a permutation function (identifying [NV]
with G). Given a permutation function S < [N]? and a subset A = S, we denote by Axy, Axz, Ayz < [N]?
the projections of A to the XY, X Z,Y Z-faces of [N]?, respectively.

Theorem 1.3 (Informal special case of Theorem. Letd = 1. Suppose S < [N]? is a permutation function
and A < S is a set of size |A| = 27S|. If S is sufficiently pseudorandom (in the sense of Definition ,
then

{(z,y,2) € [N]*: (z,y) € Axy,(z,2) € Axz, (y,2) € Ayz}| > 9= 0@ N3,

For now, the reader can think of the pseudorandomness condition as saying that the density of S stays
roughly the same whenever you restrict to some large cube. Theorem should be compared with [KLM24]
Lemma 2.10], where they refer to the quantity on the left-hand side of the above inequality as the “cylinder
intersection closure of A.” The two results can be viewed as similar statements in two extreme regimes for the
set S. Our theorem holds when S is permutation function, so it must necessarily be sparse (of size |S| = N?),
whereas their result holds in the dense case where S has size roughly N3~¢ for some small enough constant
¢ > 0. We briefly note that our pseudorandomness notion differs from theirs to better reflect an alternative
regime of interest.

1.2 Future work

We conclude by noting a few directions for future work. The results of [KLM24] hold for sufficiently dense
functions, while our results apply only to permutation functions which are sparse. It would be interesting to
see if these results can be unified in a theorem which works in all density regimes. Another natural open
question is to extend Theorem [I.2] to give quasi-polynomial bounds for corner-free sets over the integers or
3. Over the integers, there are constructions of corner-free sets of size 2~*(v108 N) N2 [Beh46] (see also the
recent improvements [LS21al [Gre21l [Hun22]). Thus, such an extension would be optimal in the “shape” of
the bound. While we are optimistic that the techniques present here may be useful in these settings, we
are not able to directly apply Theorem since the corresponding ambient set (see Section for more
details)
S = {(z,y,z +y) € (Z/NZ)?: z,y € Z/NZ}

is not sufficiently pseudorandom (in the sense of Definition . For instance, if X,Y = {1,..., N/4} and
Z ={3N/4,...,N — 1}, then the cube X x Y x Z is dense in (Z/NZ)? but contains no points in S. Similar
obstructions also exist if we replace Z/NZ with other abelian groups.

Along similar lines, we note the bound in Theorem [I.2) appears to essentially be the quantitative limit of our
techniques. However, it remains plausible that the strong structure imbued by quasirandomness guarantees
that the largest corner-free sets over G = SLa(F,) have size |G|*~¢ for some small constant € > 0. Such
bounds would imply optimal separations between randomized and deterministic 3-NOF protocols. It would
also be interesting to extend our NOF lower bounds to more than 3 players.

Paper organization. We provide a detailed proof overview of our main theorem in Section [2] with proofs
of the main technical lemmas deferred to Sections [} [0} and [7] Section [3] contains a review of preliminary
definitions and facts. Section [] contains applications to lower bounds in the NOF model of communication,
corners in quasirandom groups, and insights about the triangle removal lemma, respectively.

LSuch sets are called 2-dimensional permutations in [LL14, [LPST19], and extend graph functions studied in [BDPWT10), [Shrig].
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2 Proof overview

In this section, we provide a proof overview of our main theorem. Throughout, we recall various definitions
and results for the reader’s convenience. We begin with a pseudorandomness notion which will be key to our
proof.

Definition 2.1 (Pseudorandom against cubes). A set S < X x Y x Z is y-pseudorandom against cubes if
for every cube C < X xY x Z, we have

(z,y,2)ES reX,yeY,zeZ

In other words, the density of a set S which is pseudorandom against cubes cannot change drastically by
restricting to a large cube C. Throughout the proof, we will work with S = [N]? which is pseudorandom
against cubes. We will also mandate that S is very sparse; in particular, if we fix any two coordinates, there
is at most one choice for the last coordinate which produces an element of S. More formally, we define the
notion of a (weak) permutation function:

Definition 2.2 ((Weak) permutation function). Let f: [N]3> — {0,1}. We call f a permutation function
if for every fixing of any two coordinates, there is exactly one fixing of the remaining coordinate so that
f(z,y,z) = 1. If instead there exists at most one value, we call f a weak permutation function.

Mandating that S is a (weak) permutation function is important for many of the applications that we give.
Indeed, it is one of the main challenges in extending [KLM24| where many of the results only apply when S
is relatively dense in [N]3.

We will also want to project a given set A < [N]3 to the faces of a given cube C' in order to work with
two-dimensional sets. We notate the marginals of a set A with respect to a cube C' in the following way:

Notation 2.3. For a set A< [N]? and a cube C = X xY x Z, let Axy < X xY denote the projection of A
onto its XY -face. More formally, a point (z,y) € Axy if and only if there exists z € Z with (z,y,z) € AnC.
The sets Axz and Ay z are defined analogously.

We state our main result below.

Theorem 2.4. Let d,s > 1. Suppose S < [N]3 is a weak permutation function of size |S| = 27°N? which is
y-pseudorandom against cubes, and A < S a set of size |A| = 274|S|. For vy < 2-0(d"'+ds) gmall enough, we

have
H(zayVZ) € [N]3 : (Jﬁ,y) € AXY7 ($,Z) € AXZa (y7z) € AYZ}| = 2io(dd+S)N3~

Before we begin with the proof, we emphasize that our contribution is mostly quantitative. The overall
structure of our proof has been present in the literature studying corners for some time (e.g. see [LMO05] [Shk05]
and |Gre04] for an exposition). For example, much of what we will see below when working with respect to a
pseudorandom set was present in [LMO05], albeit in an arithmetic setting. All of the listed prior work used the
standard “box norm” to understand rectangular structure, whereas we give an improvement by working with
a higher order variant, known as grid norms. Most of the work in proving Theorem [2.4] goes into pinning
down stronger quantitative claims when working with grid norms as opposed to box norms.

The argument proceeds in three main steps. First, we will restrict A to a large cube C' where A n C
satisfies various combinatorial pseudorandom properties. Then, we will show how to efficiently convert these



combinatorial statements to analytic conditions. Finally, we will argue that these analytic conditions are
enough to imply mixing.

2.1 Obtaining spreadness

The first step in the argument is to restrict A to a large cube C' where A n C satisfies certain pseudorandom
properties. We will want to ensure two pseudorandom properties of the marginals of A to faces of C. First,
we want the marginals of A to avoid any strong rectangular structure. We will also want to avoid any rows
which are too sparse. This motivates the following definitions of spreadness and left lower-boundedness, which
were introduced in [KLM24].

Definition 2.5 (Spread). Let r = 1 and € € (0,1). A function f: X xY — [0,1] is (r,e)-spread if for any
rectangle R = X' xY' < X xY of size |R| = 27"|X||Y|, we have

E f(z.y) < (1+¢e)E[f]
(z,y)ER

In other words, a function which is spread admits no significant density increment when restricting to a large
rectangle.

Definition 2.6 (Left lower-bounded). Let e € (0,1). A function f: X xY — [0,1] is e-left lower-bounded
if for every x € X, we have

E f(z,y) = (1-¢)E[f].
yeyY

Left lower-boundedness ensures that the rows of f are not too sparse. Traditionally, one finds the desired
cube C' by an iterative process, where if one of the pseudorandom properties is violated, we can find a slightly
smaller cube on which the density of our set has increased. The process usually concludes by arguing that
the density can only increase finitely many times.

Here is a natural first attempt. Suppose A is a subset of a weak permutation function S < X x Y x Z, where
we initially set X =Y = Z = [N]. For now, we will not use the property that S is pseudorandom against
cubes. If the XY -marginal of A is not (r,e)-spread, then there exists a rectangle R = X' xY' < X x Y of
size |R| = 277| X||Y| with

E Axy(z,y)=Q1+e) E Axy(z,y)
zeX',yeY’ zeX,yeY

A logical next step is to restrict A to the cube C'= X’ x Y’ x Z so that the density of A has increased on
the X'Y’'-face. The issue here is that the marginal of A on some other face of C' can decrease significantly.
Consider some point (z,y,z) € A. If y ¢ Y’, then (z,y,2) ¢ A~ C. Therefore, the point (z,z) € Axz will
not be in the marginal Ax 7. Obtaining a density increment on one marginal might undo progress that was

obtained on some other marginal, and it seems the process may never end. This suggests that we need some
other measure of progress in our density increment strategy.

To remedy this, [KLM24] exploited the fact that A < S where S is pseudorandom against cubes. The
pseudorandomness of S implies that for any large cube C,
ISncCl 15|
o T

Thus, the density of S in C' will always stay roughly the same across every large cube. This indicates
that the density |A n C|/|S n C| might be a useful measure of progress. We follow the approach used in
[KLM24 Lemma 5.5] to obtain a density increment theorem. The proof of the following lemma is deferred to
Section



Lemma 2.7 (Restricting to a good cube). Let S < [N]? be a weak permutation function which is ~y-
pseudorandom against cubes. Let d = 1,7 = 1, € (0,1), and assume v < 2=dr/e)  Let A < S of size
|A| = 2=%4S|. Then there is a cube C = X xY x Z < [N]? of size |C| = 2-CW/2) N3 with the following
properties:

1. |[AnC| =25~ C|,
2. Axz,Ayz are (r,€)-spread,
3. Axz,Ayz are e-left lower-bounded.

There are two differences worth noting between Lemma and [KLM24 Lemma 5.5|. For one, Kelley, Lovett,
and Meka work relative to a set A © D where the set D is not a (weak) permutation function; in fact, it
must be much denser. Concretely, their aim is to apply the theorem with D of size at least N3~¢ for some
small constant ¢ € (0,1). One challenge that comes with this is that the marginals of D are no longer sets,
but rather functions obtained by averaging over a fixed coordinate. For example, the XY-marginal of D is
defined by E.ez D(z,y,2). To deal with this, their notion of pseudorandomness against cubes is stronger
than ours. It requires that both D is pseudorandom against cubes, and in addition that the marginals of
D to faces, when considered inside large cubes, are close to uniform: for a large cube C' = X x Y x Z, the
function E.ez D(x,y, 2) is close to uniform over X x Y. (Weak) permutation functions cannot satisfy this
second property, since the number of z € Z where (z,y, z) € S is either 0 or 1. Thus, we have to make some
alterations to their proof to get what we need, but the overall ideas are similar.

2.2 Density increment for sparse functions

The next key step in our proof is to convert spreadness into an analytic statement that will let us guarantee
mixing. Our main tool for doing this will be the use of grid norms, which were first defined in [KLM24].

Definition 2.8 (Grid norms). For a function f: X xY — R and {,k €N, let

Uek(f)

T1,...,00€X \YeY

E (]E f(xl,y)---f(mz,y)y

(& s s

Y1y YLEY

£k
]E# Hf(xmy])
zgék i=1j=1

The (¢, k)-grid norm of f is given by | vk = \Ueﬁk(f)‘l/fk.

The purpose of the grid norm is to measure rectangular structure. The reader may notice that the (2, 2)-grid
norm corresponds to the classical “box norm,” which has become a staple in studying corners and other
additive combinatorial problems. The reader can check that rectangles of density d can have grid norms
much larger than 0, while random sets of density § have grid norms roughly 6. [KLM24] showed that if the
grid norm of f is significantly larger than its expectation, then we can find a large rectangle under which f
admits a density increment.

Lemma 2.9 (JKLM24, Lemma 4.7]). Let f : X x Y — [0,1]; suppose that ||f||y = d. Let £,k € N. If

Iflv@r = @ +e)lfl,
then there exists some rectangle R < X x Y with

€ 1
E fly)>(1+5)1fln and |Rly> ;e 0%t
(@.y)eR 2 2



Stated in the contrapositive, the above theorem shows that if f is (r,e)-spread for
r = (bk + 1) log(1/6) + log(1/e),

then | flue,r < (1+2¢)||f[1. It is worth noting why (¢, k)-grid norms give an advantage over the classical
(2,2)-grid norm. This is a key aspect of our work which allows us to prove stronger bounds. The grid norm
arises naturally when trying to control expressions of the form

A(fvga h) = veX yIEEYZEZf(x’ y)g(x7 Z)h(ya Z)a

as is the case in Theorem with f = Axy,g9 = Axz,h = Ayz. A simple application of Holder’s inequality
gives the following claim, which is in the same spirit of results in [LMO05, [FHHK24].

Claim 2.10. Given an even integer k > 2 and functions f : X xY — [-1,1], g : X x Z — [-1,1],
h:Y x Z — [—1,1], we have

ACfrg9,h) < I leye—0)lglo@mlPloe,r-

Proof. The proof follows from Hélder’s inequality:

A(f,g,h) = E f(z,y)9(x, 2)h(y, 2)

z,Y,z

E f(a.) (Eale0(0.2))

(k—1)/k K\ 1/k
(E If(:v,y)l’“/(’“)> Y (1@ <Eg<x,z>h<y,z>) )
w,y flj,y z

< [ flwse=1) x lglucm * [Plor

N

where the last inequality follows from Lemma [3.5] O

When f, g, h are indicators of sets of density J, a common strategy is to decompose g = § + gg, h = § + hy,
where E[go] = E[ho] = 0. By linearity, there will be a main term A(f,d,5) = 6 and various error terms.
Suppose we try to bound A(f, go, ho) using Claim with & = 2. We have

A(f, 90, ho) < ||f||2||90HU(2,2)HhOHU(2,2) = 51/2“90HU(2,2) HhOHU(2,2)~

If this error terms exceeds €2(6?), then without loss of generality we can assume [gol|y(2,2) = Q(6%*). With
some regularity conditions on the rows of g, this can be converted to a rectangle of density Q(§'°) where
the density of g has increased from & to § + Q(6'°) (see [Gre04], Proposition 5.7], for example). This density
increment is quite weak; it requires (1/5'°) iterations before the density has increased by a constant factor,
and so we can only guarantee the rectangle we are left with has density at least §9(1/ '),

On the other hand, if we set k = Q(log(1/d)) sufficiently large, then we obtain

A(f, 9o, ho) < 61_1/k”90”U(2,k) HhoHU(z,k) < 25”90”U(2,k) ||h0HU(2,k)~

Now if A(f,go,ho) > (%), then without loss of generality we can assume [go|y(2,5) = Q(6). We will later
show how to convert thisE| to |lgllu,k = (1 +Q(1))d, at which point Lemma gives a rectangle of density
roughly 62**! where the density of g has increased by a constant factor. This density increment process is
more efficient, and it will eventually lead to quasi-polynomial bounds in §.

2In actuality, we use A(f,go,ho) > 2(6%) to deduce E.[g(x,2)h(y, z)] — 62 is far from uniform, which in turn implies
lgller 2,6y = (1 + Q(e))d. The full details are present in Section stated in the contrapositive. However, it is known how to
perform the stated conversion (with some loss in parameters) under certain conditions (e.g. [FHHK24, Lemma 2.9]).



Despite this, applying Lemma does not suffice to give strong enough bounds on the (2, k)-grid norms

of the marginals of A. Suppose we applied Lemma to obtain a cube C' where the marginals of A n C'

are (O(d?),e)-spread for some constant ¢ > 0. Since |A| > 27¢|S|, this would give a cube C of size

IC| = 27O ) N3 where |A n C| = 27D |S A C|. If we try to apply Lemma with these parameters,

we run into an issue: the marginals of A on faces of C' can be very sparse. Since S is a weak permutation

function which is pseudorandom against cubes, the density of Axz could scale with the density of C"
AnCl _[Snc] IS 16 _ Y]

A = < R — - < —.
Bldxzl = X721 < X[2] ~ 3 X7 S §

In particular, |Y| could be as small as 2*Q(d3)N, so at best we can only guarantee E[Axz]| > 2-0(d”),
Therefore, to bound

lAxy lo@r < (1 +2¢)|Axyls,
we would need to guarantee that Axy is (Q2(d3k),e)-spread. That is, to apply the theorem we require a
far stronger assumption than the initial (O(d?),e)-spreadness. If we try to fix this by strengthening our

spreadness assumption, the ambient cube becomes sparser, and we end up “chasing our own tail.”

While the marginals of A to faces of C' can be very sparse, they are dense inside of the marginals of S.
Additionally, the marginals of .S inherit strong pseudorandomness properties since S is pseudorandom against
cubes. In particular, Axy < Sxy, where Sxy is pseudorandom against rectangles.

Definition 2.11 (Pseudorandom against rectangles). A set T < X xY is vy-pseudorandom against rectangles
if for every rectangle R < X x Y, we have

E [R(z,y)l = E [R(zy)]| <7
(z,y)eT reX,yeY

Similar to pseudorandomness against cubes, pseudorandomness against rectangles guarantees that the density
of T is roughly the same when restricting to any large rectangle. Now, if S < [N]? is pseudorandom
against cubes, then the following claim shows that its marginals on any large cube are pseudorandom against
rectangles, with a small loss in parameters. The proof is deferred to Section [3]

Claim 2.12. Suppose S = [N]? is a weak permutation function which is vy-pseudorandom against cubes.
Suppose C = X xY x Z is a cube of size |C| = YY2N3. Then, the marginals Sxy,Sxz,Syz are O(yY/?)-
pseudorandom against rectangles.

Our goal will be to exploit the fact that Sxy is pseudorandom against rectangles in order to argue that Axy
shares similar properties to sets which are dense in X x Y. This situation is not uncommon; oftentimes,
one can prove dense subsets of sparse pseudorandom sets satisfy similar properties to dense sets [KRSS10]
CFZ14l, ICEZ15| [CG16].

One possible strategy to overcome this obstacle is to apply Lemma to some globally dense set D < [N]?
that “models” A. In particular, one would want D’s guaranteed density increment onto a large rectangle to
imply a similar property for A, only with A’s density being measured with respect to the pseudorandom set 7.
Such dense model theorems appear in various contexts throughout theoretical computer science, combinatorics,
and number theory, perhaps most notably as a central ingredient in the proof of the celebrated Green-Tao
theorem [GT08|. Unfortunately, the tradeoffs in standard formulations (see e.g. [RI'TV08, Theorem 2.2])
are not quantitatively strong enough for our purposes, and we do not pursue this direction further. Instead,
we proceed with a self-contained method of proof by directly modifying the steps in [KLM24, Lemma 4.7]
to work in our pseudorandom setting. We are able to achieve a nearly identical lemma, but crucially the
size of the provided rectangle depends on the function’s density relative to a pseudorandom set rather than
globally.

We need the following definitions (see Section [3| for the formal definitions). Let ur denote the uniform
distribution over ' < X x Y. Given a non-negative function f supported on T, we have | f||;(.,) =
E(z,yer[f(2,y)]. The proof of the following lemma can be found in Section @



Lemma 2.13 (Relative version of [KLM24, Lemma 4.7]). Let f: X xY — [0,1] be a function supported
on asetT < X xY of size 7| X||Y|; suppose that | f|1(u) = 0. Let £,k € N. Additionally, assume that T is

y-pseudorandom with respect to rectangles for v < % - (75/2)0(”9) small enough. If

£ oy = X+ ) f]1,

then there exists some rectangle R < X x Y with

€ 1
E > (1+— d IRy = — - e 6%+1,
(a;7y)eRf(x’y) ( 64) [fl and |R]x o1 €

It is essential to our argument that the density of the rectangle in the conclusion depends only on the density
of f in T, rather than ||f|;.

2.3 A sparse von Neumann lemma

At this point, we have used Lemma [2.7] to obtain a cube C' = X x Y x Z where A n C' satisfies various
pseudorandomness properties. Namely, the marginals of A on faces of C' are spread. In the previous section,
we saw that Lemma [2.13] will let us efficiently convert spreadness into bounded grid norms, even if the
function is supported on a sparse pseudorandom set. The goal from here is to argue that the pseudorandom
properties we obtained on C' are enough to ensure that A n C contains roughly the same number of patterns
as a random set of the same density. Such results are often called Generalized von Neumann lemmas. In
[KLM24], they prove the following:

Lemma 2.14 ([KLM24, Corollary 4.9]). Let f : X xY — [0,1], ¢: X x Z - [0,1],h:Y x Z — [0,1]. Let
d>1 and € € (0,1/160), and set r = Q((d? + dlog(1/¢))/e). Assume that:

1. E[f],E[g), E[r] =277

2. g,h are (r,€)-spread.

8. g, h are e-left lower-bounded.
Then

B @t 2)h(. )] = (1+0() B/ Elo] E[A)

One can view this statement as being in the “dense” setting, where 27¢ is relatively large. Notice that for
constant ¢, the spreadness parameter r scales like Q(d?). We would like to obtain a similar conclusion with
f=Axy,g=Axz,h = Ayz which are all dense inside a pseudorandom set. If we apply Lemma [2.7] directly,
we run into a similar issue as discussed in the previous section. Namely, the spreadness requirement scales
with the density of f,g,h, and so we can never find a cube C where the marginals of A are both sufficiently
spread and dense.

Thus, if we want to guarantee mixing for Axy, Axz, Ayz, we need a version of Lemma where the
spreadness requirement scales with the density of A n C in S n C, rather than the density of the ambient
cube C. If we look a bit into the proof of Lemma [2.14] we find where the issue lies. Define

(goh)(z,y) = E g(z,2)h(y,2).
A key step in their proof is to apply Holder’s inequality, then try to control
lgoh —E[g]E[h]], < (1 +O(1))E[g] E[A]
where p depends on the E[h]. They do this by controlling the grid norms

l9lv@r < (@ +O01)E[g] and  |hlyer < (1+O1))E[h].



for k = O(log(1/E[f]). As we saw before, f = Axy could be very sparse, and so controlling (2, k)-grid norms
would require spreadness which is not feasible in our setting.

The choice of k£ in the above approach is far too large for our purposes. To remedy this, we will use the fact
that S is pseudorandom against cubes. It follows from Claim [2.12] that the marginals of S to faces of C' are
pseudorandom against rectangles with a small loss in parameters. The main observation is that for any fixed
z € Z, the function g(x, z)h(y, z) is a soft rectangle. In particular, Claim [3.2| implies g o h = E. g(x, 2)h(y, 2),
and therefore (g o h)*, is a convex combination of rectangles. The pseudorandomness of Sxy then gives that
the k-norm of g o h as a function on X x Y is within a small additive error of the k-norm of g o h restricted
to Sxy. Thus, it suffices to bound the k-norm of g o h viewed as a function restricted to Sxy. Inside of Sxy,
the function f will be considerably denser. We can then choose k to depend solely on the density of f in
Sxvy, rather than the global density of f in X x Y. The details of this argument and proof of the following
lemma are given in Section [7]

Lemma 2.15 (Sparse von Neumann). Let T < X x Y be a set which is y-pseudorandom against rectangles,
and let A < T be a set of size |A| = 27 T|. Let g: X x Z — [0,1],h: Y x Z — [0,1] be functions. Let
d>1,e€(0,1/20). For k = O(d/e) a large enough integer, suppose that

L gllu@r < A +2)lglh,

2. Mo < (1 +e)lhl,

3. g,h are e-left lower-bounded,

4. v < (e|g|||R|1) D is small enough.
Then

B, A )by, 2)] = (1 £ O) ELA] El) E[A)

2.4 Putting everything together

We now have the tools to prove our main theorem.

Proof of Theorem[2.]} The proof consists of three main steps. First, we will apply Lemma 2.7 to restrict A to
some large cube C' = X x Y x Z so that the marginals Axy, Axz, Ay z are sufficiently spread. We will then

use Lemma [2.13] to show that spreadness is sufficient to imply the marginals of A are uniform in an appropriate
grid norm. Finally, we will lower bound the number of patterns (x,y) € Axvy, (x,2) € Axz,(y,z) € Ayz by

applying Lemma [2.15]

Obtaining spreadness. Let £ > 0 be a small enough absolute constant, to be determined later. We ﬁrgt
apply Lemma with r = ¢1d? /e for some large enough constant ¢; > 0, which we can do since vy < 2-0(d%)

is sufficiently small. We find there exists some cube C' = X x Y x Z of density at least 2-0(d) with
1. [AnC| =275 A Q).
2. The marginals Axz, Ayz are (c1d?/e,/64)-spread.
3. The marginals Axz, Ay z are (¢/64)-left lower-bounded.

Obtaining uniformity from spreadness. We will bound the grid norm for Axz; the proof for Ay z is
similar. Assume for the sake of contradiction that

lAxz|u@r > (1+¢)E[Ax 2]
for k = O(d/e) a large enough integer. By Claim we can infer that Sx is (c2y'/?)-pseudorandom

against rectangles for some constant co > 0. For v < 2-0(d") sufficiently small, we have coy'/? < 8- 2_0(‘13’“),

10



so we can apply Lemma to obtain a rectangle R with

€ |R| € 5—0(dk
E [A >(1+—|E[A and — 0 > — .27 0k)
(w)eR[ xz] ( 64) [Ax7] |X[|Z] ~ 64

Since k = O(d/e), this contradicts our assumption that Axz is (c1d?/e,e/64)-spread for ¢; > 0 large enough.

Counting triples. At this point, we have established the following conditions:
L |Axz|v@r < (1+¢) E[Axz],
2. |Avzloer < (1 +e) E[Avz],
3. Axz,Ayz are (¢/64)-left lower-bounded.

In order to apply Lemma [2.15] it remains to check that Sxy is sufficiently pseudorandom against rectangles
in terms of the density of Axz, Ayz. By Claim we know that Sxy is (6271/ 2)-pseudorandom against
rectangles for some constant c; > 0. We already established that |A n C| > 27%|S ~n C|. Since S is
~v-pseudorandom against cubes, we have

ISIel 2

|S N C‘ = N3 7‘S| > W|C‘| _,VNQ > 2—0(d3-',-s)]\/vQ7

where the inequality holds for v < 2-0(@+5) gmall enough. Thus, we have

[AnCl_27SnC| 9=O(d+s)

Bl =53] 2 " 2

The same inequality holds for E[Axz],E[Ayz]. For v < 9—0(d"+ds) sufficiently small, we have 6271/2 <
£0(d) . 9=0Md" +ds) < (¢ . B[Ax ]| E[Ay2])°@. The conditions for Lemma are satisfied, which gives

vex. By ez [Axy (z,y)Axz (7, 2)Ay z(y, 2)] = (1 £ O(e)) E[Axy | E[Ax z] E[Ay z].

We now choose ¢ so that the implicit O(g) term appearing on the right hand side is at most 1/2. Since
|C| = 2-0(@*) N3 this gives at least

(1 . 0(5)) 27O(d3+8)‘0| > 270(d3+8)N3

many points (z,y, z) € C with the property that (x,y) € Axy, (x,2) € Axz, (y,2) € Ay z. O

3 Preliminaries

Given positive numbers x and y, we shorthand r =yt+efory—e<z <y+e.

Sets. Let X,Y. Z, and occasionally X be finite sets throughout. We define the natural numbers to exclude
zero; that is, N = {1,2,...}.

Asymptotics. We use standard asymptotic notation of O(-), Q(-), and ©(-) to suppress fixed constants
that do not depend on any parameters.

Distributions. A distribution v over X is a non-negative function v : X — Ry with E[v] = 1. For
f X > Ry define v(f) = Egex v(x)f(z) to be the average of f under v. Additionally, let ux be the
uniform distribution over X.

11



Functions. For functions f,g: X — R, we define inner products and norms with the normalized counting
measure on X, namely

1/p
S0 = B @) ad Ifl, = (EIf@F)  fori<p<e,

as well as || flloo = maxgex |f(x)]. When | f|o < 1, we will refer to f as being 1-bounded. We will also want
to work with other distributions on X'. For a distribution v on X', we write

1/p
S = B @) ad Sl = ( Ev@lf@P) for1<p<e

For convenience, we will often overload notation when working with a set .S by letting S(x) denote its indicator
function 1(x € S).

3.1 Permutation functions

Definition 2.2 ((Weak) permutation function). Let f: [N]?> — {0,1}. We call f a permutation function
if for every fixing of any two coordinates, there is exactly one fixing of the remaining coordinate so that
f(x,y,2) = 1. If instead there exists at most one value, we call f a weak permutation function.

Occasionally, we refer to a product set as a (weak) permutation function if the corresponding indicator
functions satisfy the definition. Note that these definitions coincide with those of 2-dimensional permutations
and linjections, respectively, from [LL14} [LPS19] (both of which generalize (weak) graph functions [BDPW10L
Shrig).

We often work with sets of a particular form, where the following notation will be convenient.

Notation 2.3. For a set A< [N]? and a cube C = X xY x Z, let Axy < X xY denote the projection of A
onto its XY -face. More formally, a point (z,y) € Axy if and only if there exists z € Z with (z,y,z) e AnC.
The sets Axz and Ay z are defined analogously.

Given a marginal such as Axy, it will always be clear from context what the ambient cube C = X x Y x Z
is. When A is a (weak) permutation function (as will typically be the case for us), the projections satisfy

|A M C| = |Axy‘ = ‘sz| = |Ayz|.

3.2 Rectangles and pseudorandomness

Definition 3.1 ((Soft) rectangle). A rectangle is a function of the form f(x)g(y), where f : X — {0,1} and
g:Y —{0,1}. If we relax the codomains of f and g to be [0,1], we call f(x)g(y) a soft rectangle.

We will often call a product set X x Y a rectangle, viewing it as the product of indicator functions X ()Y (y).
Additionally, we extend these notions in three dimensions to cubes. Soft rectangles have the following
convenient property.

Claim 3.2 ([KLM24, Claim 4.5]). Let f: X — [0,1] and g : Y — [0,1]. The soft rectangle f(x)g(y) can be
written as a convexr combination of rectangles.

A key pseudorandomness notion in this work is pseudorandomness against cubes.

Definition 2.1 (Pseudorandom against cubes). A set S < X xY x Z is y-pseudorandom against cubes if
for every cube C < X xY x Z, we have

E [C(z,y,2)] — E C(z,y,2)]| <.
(W’Z)es[ (2,9,2)] zeX’yexzez[ (@,y,2)]| <~
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A similar notion appeared in [KLM24] with a multiplicative error term and the condition that C is a large
enough cube. They also added a condition on the marginals of S, which becomes useful when S is a dense
function. In this work, S is always a (weak) permutation function, so this was extra condition was not
necessary.

We can also define pseudorandomness against rectanngles in a similar manner.

Definition 2.11 (Pseudorandom against rectangles). A set T < X xY is y-pseudorandom against rectangles
if for every rectangle R < X x Y, we have

E [R(z,y)]— E [R(x,y)] <~
(z,y)eT reX,yeYy

If S < [N]? is pseudorandom against cubes, then we can show that the marginals to faces of a large cube will
be pseudorandom against rectangles with a small loss in parameters.

Claim 2.12. Suppose S < [N]? is a weak permutation function which is vy-pseudorandom against cubes.
Suppose C = X x Y x Z is a cube of size |C| = ~Y?>N3. Then, the marginals Sxy,Sxz,Syz are O(y"?)-
pseudorandom against rectangles.

Proof. We will prove the statement for T := Sxy € X x Y, the other marginals follow similarly. Suppose
C=XxYxZ,andlet R=X'xY' < X xY be some rectangle. We want to show that

E [R(z.y)l— E [R(z,y)]|<O0("?).

(z,y)eT rzeX,yey

Let C' = X' x Y’ x Z. Since S is a weak permutation function, this is equivalent to showing
[SnC'| ||

Snc ) <00
By the 7-pseudorandomness of S, we have
|SmC\:g+7 and 7|SmC’|:m+7.
5] N3 5] N3

This gives
|C’| — yN3 - |S - |C’| + yN?3
[Cl+yN3 = [SnC| ~ |C] =N’

For |C| = vY2N3, we have
|[SnC'| || 1/2
Loy 0(Y?). O
5ncl o To0)
We will also want two other notions of pseudorandomness for functions on a rectangle, spreadness and left
lower-boundedness. Both were introduced in [KLM?24].

Definition 2.5 (Spread). Let r = 1 and € € (0,1). A function f: X xY — [0,1] is (r,e)-spread if for any
rectangle R = X' xY' <€ X xY of size |R| = 27"|X||Y|, we have

E flz,y) <1 +e)E[f]
(z,y)eR

In short, spreadness guarantees that the density of a given function cannot increase by restricting to some
large rectangle. Along similar lines, left lower-boundedness will guarantee that the rows of f are not too
sparse.

Definition 2.6 (Left lower-bounded). Let € € (0,1). A function f: X xY — [0,1] is e-left lower-bounded
if for every x € X, we have

E f(z,y) = (1—¢)E[f].

yey

13



3.3 Grid norms
The grid norm is an analytic quantity that captures captures rectangular structure.

Definition 2.8 (Grid norms). For a function f: X xY —> R and £,k e N, let

Uek(f)

E <IE f(xl,y)~-~f(xe7y)>k

Z1,...,0€X \yeY

E <]E f(ﬂfyyl)'"f(xayk)yZ

Y1, Yk€Y \TEX

6k
E [T]]#@iu)
weX’i 1 i1
yEYk

I

The (¢, k)-grid norm of f is given by ||f\|U(¢)k) = \Uzjk(f)‘l/fk_

The reader will notice that the (2,2)-grid norm is exactly the box-norm. These norms were introduced in
[IKLM24] as a generalization of the classic box-norm from combinatorics. There it was shown that functions
with large grid norms admit density increments when restricting to some large rectangle.

Lemma 2.9 ([KLM24, Lemma 4.7]). Let f : X xY — [0,1]; suppose that | f|| = 0. Let £,k e N. If

[floer = (1 +e)|fl,

then there exists some rectangle R < X x Y with

e 5€k+1.

€ 1
E fay)>(1+5)Ifh and |Rl >3

(z,y)eER

The reader will notice that the contrapositive of Lemma states that if f is spread (see Definition , then
f has a bounded grid-norm. Along these lines, the following lemma will also let us convert pseudorandomness
against rectangles into bounded grid norms.

Lemma 3.3. Let T < X x Y be a set with size |T| = 7|X||Y| which is y-pseudorandom against rectangles,
and let 0,k e N. If v < 1 -2 - 7% then |T|y@n < (1+e)T.
Proof. Assume for the sake of contradiction that |7y e,k = (14¢€)7. By Lemma there exists a rectangle
S BT 7 R
A €
> (1 7) d > - e 7thtL
IR| (+2 Xxy] ™ [xxy|~2°7

This contradicts our assumption on =y, as pseudorandomness against rectangles of 7" implies

RN T R ( 5) |R| |R| L o s
= — =1+ — = — e . O
TETE T xxy VT ) iy Xy o2 c T
Before proceeding, we collect a number of useful facts about grid norms. Although technically, | - [y e,k is not

a norm, it is a semi-norm in the case where ¢ and k are both even [Hatl0, Theorems 2.8, 2.9]. (Thus, we may
apply a triangle inequality in that setting.) Much like standard k-norms, grid norms are monotonic.

Claim 3.4 ([KLM24, Claim 4.2|). Let £,¢' k, k" € N, where £ < ¢’ and k < k'. Additionally, let f : X xY —
Rs>qg. Then,

[flocewy < |flowry and | floery < Ifluer)-

They may also be used to decouple two functions via an application of the Cauchy-Schwarz inequality.
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Lemma 3.5 (JKLM24, Lemma 4.3]). Let g: X x Z >R and h: Y x Z — R. For even k € N we have

k
S <Eg<x,z>h<y,z>) < Unpl9)"2 - Upa(h)2.

zeX,yeY \zeZ

4 Applications

In this section, we present several applications of Theorem [2.4] to communication complexity and extremal
combinatorics. The applications are chosen to illustrate the flavor of results one may obtain via our techniques,
but the list is not exhaustive. Each subsection is self-contained and may be skipped according to the reader’s
preferences.

4.1 Communication complexity of permutation functions

Our first application is to communication complexity. Before providing the details, we briefly review the
necessary setup. The communication complexity of a function f is the fewest number of bits required for a
protocol to evaluate f. We will be exclusively interested in the three-player number-on-forehead (3-NOF)
model of communication, where each player’s input is viewed as being on their forehead, so that they may
see all inputs except their own.

Definition 4.1 (Cylinder intersection). A set A = [N]? is a cylinder intersection if
A={(z,y,2) € [N]’: (z,y) € 51, (z,2) € S5, (y,2) € S3}

for some sets Si, S, S3 < [N]?.

Notice that the left-hand side of Theorem [2:4s conclusion is the size of a specific cylinder intersection.
The work of [KLM24]| referred to this as the “cylinder intersection closure of A,” i.e. the smallest cylinder
intersection containing A. In particular, when A is a cylinder intersection, the cylinder intersection closure
of A is A itself, so this gives a lower bound on the size of cylinder intersections which can be contained
in a pseudorandom set. It is well known that one can translate complexity information to combinatorial
information in the form of cylinder intersections [BNS89].

Fact 4.2. If there exists a b-bit non-deterministic protocol to determine membership in a set S, then S can
be written as a union of 2° cylinder intersections.

For additional background, see, for example, the recent excellent book [RY20] on communication complex-
ity.

Communication bounds on weak permutation functions are known to have strong relationships with bounds on
a number of landmark combinatorial problems, such as corners [CFL83| [LS21Db], combinatorial lines (i.e. Hales-
Jewett theorems) [CFL83| [Shri8], and dense Ruzsa-Szemerédi graphs [LPS19| [AS20]. These functions (and
several variants) have been explicitly considered in a number of prior works [BDPW10, [LL14! [LPS19. [AS20].
Most relevant to our results, Linial, Pitassi, and Shraibman proved the deterministic communication complexity
for permutation functions is (logloglog N) [LPS19]. (One may wish to contrast this with the existence of
a simple constant communication randomized protocol via reduction to equality.) The following theorem
shows that this bound can be substantially improved in the case of sufficiently pseudorandom functions. We
state the theorem for permutation functions, but it can be easily adapted to work for (dense enough) weak
permutation functions.

Theorem 4.3. Suppose S = [N]? is a permutation function which is N~¢-pseudorandom against cubes.
Then, any non-deterministic 3-NOF protocol for determining membership in S requires at least Q((clog N)¥/*)
bits of communication.
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Proof. Suppose there exists a b-bit non-deterministic protocol to determine membership in S. By Fact
S can be written as a union of 2° cylinder intersections A, ..., Ay < S. Let A be the largest one, where
|A| = 27°N2. Assume towards a contradiction that b = O((clog N)*/4) small enough. Then N—¢ < 20"
and we may apply Theorem (with d = b,s = 1) and deduce that

Al = {(x,y,z) e[N]?: (z,y) € Axy, (2,2) € Axz, (y,2) € AYZ}

has size |[A| > 2-00*) N3, However, since A is a cylinder intersection, we have A’ = A. We thus reached a
contradiction since |A| < |S| = N2 O

As a corollary, we get a lower bound for Exactly-N in quasirandom groups such as G = SLo(IF,,), discussed in
Section

Theorem 1.1 (Special case of Theorem . Any non-deterministic 3-NOF protocol computing Exactly-N
over G = SLy(F,) for prime p requires Q(log"/* |G|) bits of communication.

Proof. Let G = SLy(FF,). The proof follows from Theorem [4.3|and the fact that S = {(z,y,2) € G : 2yz = 1}
is D~'/2-pseudorandom against cubes for D = (p — 1)/2 (see Lemma . O

4.2 Corners in quasirandom groups

The notion of quasirandom groups was introduced by Gowers [Gow08§| in studying product-free sets. Quasir-
andom groups enjoy the property that for any two large sets A, B < G, the distribution obtained by taking
uniform random samples a € A, b € B and outputting ab is close to uniform in an Ly-sense. Of course, abelian
groups fail to satisfy the mixing property mentioned above. In F3 for instance, a subspace V of codimension
1 is very dense, but V + V =V is far from being uniform. We now present the formal definition.

Definition 4.4 (D-Quasirandom group). A finite group G is D-quasirandom if every nontrivial irreducible
representation over C has dimension at least D.

One can show that every irreducible representation of a finite group G must have dimension at most /|G|
We record this fact for later use, which can be found in most introductory texts on representation theory of
finite groups. For example, this follows from Proposition 5 in [Ser77, Chapter 2.4].

Fact 4.5. Every complex irreducible representation of a finite group G has dimension at most A/|G].

There are choices of groups G which are D-quasirandom for D = |G|®*(}). Contrast this with abelian groups,
where every irreducible representation has dimension 1. A common example of a quasirandom group is

SLy(F,) = {(i Z) ca,b,c,deF,,ad —be = 1},

the set of 2 x 2 matrices over the finite field F,, for p prime with determinant 1. A classical result of Frobenius
[Ero68] shows that every nontrivial irreducible representation of SLy(F,) has dimension at least 172;1 ~ G5,
(For exposition of these facts and additional background on quasirandom groups, see e.g. [Taoll].)

Quasirandom groups have seen various application in constructing pseudorandom objects. The Ramanujan
graphs of Lubotzky, Phillips, and Sarnak [LPS88| are built from Cayley graphs of PSLy(F,) for specific
choices of p. (The group PSLy(F,) is obtained by quotienting SLo(F,) by its center.) Bourgain and Gamburd
[BGOg| showed that random Cayley graphs on SLy(F,) are expanders. The quasirandomness property was
useful for arguing about the multiplicity of eigenvalues of the Cayley graph. Outside of graph theory, ideas
from the study of quasirandom groups led to an optimal inapproximability result for k-LIN over non-abelian
groups [BK21J. A recent work of Derksen, Lee, and Viola [DLV24] building on [GV19] proved k-NOF lower
bounds for computing an “interleaved product” of elements coming from a quasirandom group. In particular,
their bounds are best understood in the regime where k is growing, and they match that of [BNS89.
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Before we can formally state the mixing property of quasirandom groups, we define the convolution of two
functions f,g: G — R as

(f*9)(@)= E [fgly'z)].

yeG

Notice that the arguments to the functions in the expectation y,y 'z satisfy y - (y~'z) = 2. When puy, us

are distributions, then (uq # p2)(x) is the probability of independent samples z; ~ p1 and 2o ~ o satisfying
T = z129. The most useful property of quasirandom groups is that convolutions of large sets mix. More
formally, we have the following:

Theorem 4.6 ([Gow08| BNPO8|). Let G be a D-quasirandom group and f,g: G — R, and assume at least
one has mean zero. Then

1f* glla < D7V f2lgl2-

There are various proofs of this fact [BNPOS| [Gow08|, [Taoll] which use representation theory. Over abelian
groups, convolutions and Lo-norms have pleasant interpretations when working in the Fourier basis. Many of
these statements have clean analogs over non-abelian groups which can be formulated using representation
theory.

Theorem can be used to count solutions to equations in quasirandom groups. [Gow08] did exactly this to
argue about the size of product-free sets in quasirandom groups. Namely, we can count solutions (x,y) where
ze X,yeY,zy € Z. We have the following:

Corollary 4.7 (|Gow08| BNPO8|). Let G be a D-quasirandom group, and suppose X,Y,7Z < G are subsets.
Then,

E_[X(2)Y(y)Z(zy)] - EIX]E[Y]E[Z]] < D2 X 2] 2] Z]2-

z,yeG
Proof. Let f =X —E[X],g=Y —E[Y], and h = Z — E[Z]. We have

zyiEéG[X(m)Y(y)Z(ﬂﬁy)] = E [(X*Y)(2)Z(2)]

~ EIX]EY]EIZ] + E [(f«0)()h(2)]
= E[X]E[Y]E[Z] £ [ f = gl2]R]2 (Cauchy-Schwarz)
= E[X]E[Y]E[Z] + D~V f|2]gl2 1Rl (Theorem [4.6)

1/2

Since f and E[X] are orthogonal, we have | f[, = (E[X?] — E[X]?) '~ < | X||2, and similarly for g and h. O

We can essentially rephrase Corollary [1.7) as a statement about pseudorandomness against cubes.
Lemma 4.8. Let G be a D-quasirandom group. Then the set
S={(z,y,2y) 1 2,y € G}

is D=2 -pseudorandom against cubes.

Proof. If C = X xY x Z < G? is a cube, then Corollary implies

E [X(z)Y(y)Z(zy)] — E[X]|E[Y]E[Z]| <D Y2. O

E [C(CL‘, Y, Z)] - E [C(.%‘, Y, z)]' - z,yeG

(z,y,2)eS z,y,2€G

Note that the same proof also works to show that {(z,y, z) : zyz = 1¢} is pseudorandom against cubes by
replacing Z in the above proof with Z=! = {71 : 2 € Z}. Together with Lemma we obtain our result on
corner-free sets in quasirandom groups as a corollary of Theorem where we define corners in the following
way:
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Definition 4.9 (Corner). Let G be a finite group. A corner is a triple {(z,y), (zg,y), (z,9y)} € G x G. A
corner is nontrivial if g # 14.

Corollary 4.10. Let G be a D-quasirandom group. Then, any corner-free subset of G x G has size at most
exp (—Q (logl/4 D)) G2

Proof. Let B = G x G be a corner-free set of size |B| > 27¢|G|? for some d > 1. Assume for the sake of
contradiction that d < O(logl/ 4 D) for some small enough implicit constant. Define S © G x G x G to be

S = {(z,y,2y) 1 z,y € G}.

Notice that by the group property, S is a permutation function. Additionally, Lemma 4.8 implies that S is
D~'/2_pseudorandom with respect to cubes. We will embed B as a subset of S by defining

A= {(xvyvxy) H(z,y) € B} c S
Observe A has size |A] > 27¢|S|. Additionally,

{(2,9),(,2772), (2™ y)} € B = {(.y,2y), (v,27'2,2), (27,9, 2)} < A.

(Note that {(z,y), (z,2712), (2y71,9)} corresponds to a corner by an appropriate change of variables.) This
along with the fact that A is a weak permutation function implies that the corner count in B is given by

Z Axy(z,y)Axz(x,2) Ay z(y, 2),

z,y,2€G

which since B has no nontrivial corners, is at most the number of trivial corners |G|>. We can use Theorem
to lower bound this count as long as we can verify that S is sufficiently pseudorandom against cubes. Indeed,
for d < O(log"* D) small enough, we have D~1/2 < 2-0(d") By Fact 4.5, we have D < |G|'/2. This gives a
lower bound on the corner count of

2—O(d3)|G|3 > 2—O(log3/4 D)‘G‘S < |G|2

which gives the desired contradiction. O

4.3 Improved triangle removal lemma for pseudorandom graphs

An important result in extremal combinatorics is the triangle removal lemma [RS78|, which says that any
N-vertex graph which is e-far from being triangle-freeﬂ contains at least 6 N3 triangles, where § = §(¢) does
not depend on N. The original proof of Ruzsa and Szemerédi is based on Szemerédi’s regularity lemma
[SzeT5], which gives very poor quantitative bounds on ¢ as a function of €. Despite much effort towards
obtaining improved bounds, the best known bound [Fox11] is still quantitatively very weak - 6~ is at most
a tower of exponentials of height about log(1/¢). To contrast that, the best known lower bound on ¢ is
quasi-polynomial [Alo02], and shows that § < gOWoe(1/¢)) i5 necessary.

Our main result can be seen as a quasi-polynomial upper bound for the triangle removal lemma in a restricted
setting, when the triangles in the graph satisfy a certain pseudorandom property. First, an equivalent
formulation of the triangle removal lemma is that any graph that contains e N? edge disjoint triangles, must
contain at least JN? triangles. Note that we can identify a triangle (z,y, z) with a point in [N]?. We may
also assume without loss of generality that the graphs we are studying are tri-partite. Thus, we can identify
the triangles in a graph G with a subset of [N]3.

3That is, one needs to remove at least 5(1;7) edges in order to make the graph triangle free.

18



Assume we are in the following special case. Let G be a tri-partite graph with N nodes on each side. Let
A < [N]? denote a maximal collection of edge-disjoint triangles in G, and assume that |A| = 279 N2. Observe
that A is a weak permutation function. Assume that there exists a weak permutation function S < [N]? which
contains A, and which is y-pseudorandom against triangles for v < 2-0(@") Theorem then implies that
G contains at least 2-O(@*) N3 many triangles. That is, in this special case we obtain § > gOlog?(1/2)

5 Obtaining a structured cube

In this section, we prove Lemma To recall, the setup is the following: we have some weak permutation
function S < [N]? which is pseudorandom against cubes, and we have a set A = S which is dense in S. The
goal is to perform a density increment process which restricts A to a large cube C' = X X Y x Z where A
satisfies various pseudorandom properties. First, the cube C should be relatively dense in [N]3. Second, the
marginals of A n C restricted to the XY, X7, Y Z-faces should be spread. As a technical condition, we will
also want the rows of the marginals to be left lower-bounded.

While this third condition is seemingly harmless, we were unable to obtain left lower-boundedness using the
traditional density increment process which iteratively restricts to better and better cubes. To circumvent
this obstacle, we follow [KLM24] which optimizes a carefully defined potential function. As in their work,
we first prove an intermediate result (Lemma which only guarantees left lower-boundedness for a large
fraction of the rows. We will later follow the proof of [KLM24 Lemma 2.13] to prune out these bad rows
while maintaining the desired pseudorandom properties.

Definition 5.1 (Mostly left lower-bounded). Let ¢ € (0,1),8 € [0,1]. A function f: X xY — [0,1] is
B-mostly e-left lower-bounded if for at least a (1 — B)-fraction of x € X, we have

ylgyf(x,y) > (1 —¢)E[f]

Lemma 5.2. Let S < [N]? be a weak permutation function which is y-pseudorandom against cubes. Let
d=1,7r>1¢e€(0,1),8€(0,1/2), and assume v < 2=/ 3. Let A< S of size |A| = 27%S|. Then there
is a cube C = X xY x Z < [N]? of size |C| = 27O /&) N3 such that

1. [AnC|=279SnC|,
2. Axy,Axz,Ayz are (r,€)-spread,
3. Axvy,Axz,Ayz are B-mostly e-left lower-bounded.

Proof. We make minor modifications to the proof of [KLM24, Lemma 5.5]. Let 7 = ©(¢/r) be sufliciently
small. Given a cube C' = [N]?, define the potential function

_|AnC]

e

Let C = X x Y x Z be a cube which maximizes ¢(-).

Density and Large Cube. Initially for Cy = [N]® we have ¢(Cy) = (|A|/|S|)N3" = 274N37 and for
C we have ¢(C) = (|JAn C|/|S n C))|C|". Since C maximizes ¢(-) we can already make two deductions.
First, since |C| < N? we must have |[A n C] = 27¢|S n C|, and second, since |A n C| < |S n C| we have
|C|" = 27¢N3" which implies |C] = 27¥"N? > 270r/e) N3 with the last inequality holding for n = Q(g/r).
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Spreadness. We will show that the marginal Axy is (r,e)-spread. Showing spreadness for Axz and Ay z
is similar. Assume towards a contradiction that there exists a rectangle R = X’ x Y/ ¢ X x Y of size
|R| = 27"|X||Y| such that

E Axy(z,y)>(1+¢e) E Axy(z,y).
zeX’ yeY’ zeX,yeY

Define C' = X’ x Y’ x Z. We have

|[AnC| |AnC|
E A r,Yy) = ———— and E A T,Y) =
sy, XY (@Y) = pel ey Ay (@9) = T

where we have critically used the property that S is a weak permutation function. This gives

AnC) o Il
A X[[v] [el

Let |S| = o N3, noting that o < 1/N. By the y-pseudorandomness of S against cubes, we have |S N C| =
a|C| £ 4|5 and |S n C'| = o|C’| £ +|S]. Thus,

IS N3
SnCl _ olCl=AS| _ Y=aer  olCl _ 1-er  [C]

IS~nC'|~ olC'l+4]S] T 14 |‘75|‘ olCr| 1_,_7%‘:" e
Recall that |C] = 279@/9) N3, Similarly, |C’| = 277|C| = 2-9(4"/5) N3, Therefore,
1-¢/1
Sncl J1-g/16 [0l [C]
SAC| 7 1+¢/16 |C] |C"|

where the penultimate inequality holds for v < 22(47/2) small enough. Putting everything together, we get

o(C) |AnC| ISncl (IC]Y" .
o(C) ~ [AnC Wm0|<00 > (L +e){l —e/a)- 27 > 1

where the last inequality holds for n < O(e/r) small enough. This contradicts the maximality of C.

Mostly left lower-bounded. We next show that the marginal Axy is S-mostly e-left lower-bounded.
The remaining marginals follow similarly. Assume towards a contradiction that there exists X’ ¢ X of size
|X'| = B]X]| such that

y](:EEY Axy(x,y) < (1 - E) E[Axy] Vee X'

Set ' = X' xY x Z, and let C” = C\C' = (X\X') x Y x Z. Note that |C”| = (1 — 8)|C|. We will show
that ¢(C") > ¢(C'), which is a contradiction to the maximality of C. We have

[AnC"| = |AnC|—]AnC'|>(1-(1-¢)B)AnC|.

At this point, we proceed similarly to the previous paragraph. By the y-pseudorandomness of S, we have
|S N C| =0o|C|+~|S| and |S n C"| = o|C”| = ~|S|. This gives

3
S0 Cl _ olCl-nI8] | L= 0|0 _ 1--20@9) |c|
S C7 7 olC+AIS] T 14y olC] T 14206 T[]

> (1—y-200Wr®y(1 - ).

Putting everything together, we get

¢(C") _|AnC"| [SnC] (IC”I
¢(C)  [AnC|] |SncC" \[C]

)n > (1—B+eB)(1—7 20U 1)1 -8)" > 1

where the last inequality holds for v < e - 27(4/) and 7 < O(e) small enough. O
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At this point, we prune out the rows which are not left lower-bounded. Our proof is similar to [KLM24!
Lemma 2.13].

Lemma 2.7 (Restricting to a good cube). Let S < [N]? be a weak permutation function which is ~y-
pseudorandom against cubes. Let d = 1,7 = 1,e € (0,1), and assume v < 2=dr/e) - Let A < S of size
|A| = 279S|. Then there is a cube C = X x Y x Z < [N]? of size |C| = 27C/2) N3 with the following
properties:

1. [AnC|=27UD|S A C|,
2. Axz,Ayyz are (r,e)-spread,

3. Axz,Ayz are e-left lower-bounded.

Proof. Apply Lemma with parameters d, r + 1, /2, 8 = 2-0(dr/e) gmall enough, which we can as we
assume v < 272(4/2) We next prune C' = X x Y x Z to obtain the desired cube.

Let X’ < X be the set of points where Axz is (¢/2)-left lower-bounded, and Y’ < Y be the set of points
y where Ay is (g/2)-left lower-bounded, both with respect to C. Let C' = X’ x Y’ x Z, and consider the
marginals Ax.z, Ay:z with respect to C’. The claim is that the cube C’ satisfies the desired properties.

We already have |A n C| = 274S n C|, and we will now show that |4 n C’| = 2= (@*+D|S ~ C’|. We will do
this by arguing that the number of points in A n (C\C”) is small. Each x € X\ X’ satisfies

ZIEEZ Axz(z,2) < (1—¢/2)E[Axz],

so the “bad” rows of Axz account for at most (1 — ¢/2)8|A n C| many points, and similarly for Ay z. This
gives

AnC|=2|AnC|—2(1—-¢/2)BlAnC| = (1-28)|AnC|.

Combined with |S n | < |S n C|, and assuming 8 < 1/4, we obtain |A n C’| = 274*V|S ~ C’|. Next,

observe that [AnC'] _ (1-28)|AnC]

M — N

: . = (1-28)E[Axz],
X']|Z| 1 X1Z] e

E[Axz] =
and similarly /
|A < |AnC] _
(X'lz] (1 -p8)X]|Z]

which will later be used to show left lower-boundedness.

E[Ax 7] = (1—-8)""E[Axz],

We now show that Ax:z, Ay z are (r,e)-spread. We show this for Ax 7 , and an analogous argument works
for Ay z. Assume that R < X’ x Z is a rectangle of size |R| = 27"|X’||Z]. We can also view R as a rectangle
Rc X x Z of size |R| = (1 —3)27"|X||Z] = 2="*Y|X||Z|. Note that Ax/z is upper bounded by Ax .
That is, for (z,2) € X’ x Z we have

Axiz(z,2) =1y €Y’ (z,y,2) e A] < 1[Iy € Y, (2,9, 2) € A] = Axz(,2).
Next, applying the assumption that Axy is (r + 1,£/2)-spread gives

( ]E% RAX’Z(x,Z) < ( I[—% RAXZ(m,z) <(1+¢/2)E[Axz] < (1 +¢/2)(1 —28) ' E[Ax 7]
T,z)e T,2)€E

We may assume 3 = O(e) is small enough so that (1 +¢/2)(1 —28)~! <1+ ¢, which concludes the proof of
spreadness.

Finally, we show that Ax.z, Ay z are e-left lower-bounded. We show this for Ax z, and an analogous
argument works for Ay-z. Take any z € X’. We have by assumption

ZIEZsz(x,Z) >(1-¢/2)E[Axz]
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Next, since S is a weak permutation function, we have

M Axz(@,2) = A0 ({x} x Y x Z)| 2 |An ({a} x Y x Z)| = [Y\Y'| = ) Axz(x,2)
z€Z 2€Z

If instead we average over Z, using the fact that |Z| = 27C@/5) N gives

E Axiz(z,2) > E Axz(x,z) — - 20079,
2€Z Py

Setting 3 = 2-d7/2) small enough, we can obtain

E Avz(z.2) > (1-¢/4) E Axz(x.2).
zeZ zeZ

We already saw that E[Axz] = (1 — 8) E[Axz]. Putting this all together gives

E Axz(r.2) > (1-¢/4) B Axz(e.2) > (1-¢/0)(1 ~/2)E[Axz] > (1~ ¢/4)(1 ~ /2)(1 - ) E[Axz].

zeZ

For 8 < O(e) small enough, the right hand side is at least (1 —¢) E[Ax/z]. This concludes the proof of left
lower-boundedness. O

6 Density increment for sparse functions

In this section, we prove Lemma [2.13] restated below.

Lemma 2.13 (Relative version of [KLM24, Lemma 4.7]). Let f: X xY — [0,1] be a function supported
on asetT < X xY of size 7| X||Y|; suppose that | f|1(u) = 0. Let £,k € N. Additionally, assume that T is

y-pseudorandom with respect to rectangles for v < % - (75/2)0(“3) small enough. If

Ifloer = @ +e)lfl,
then there exists some rectangle R < X x Y with

1

E fly)>(1+5) I/l and [Bl> <

P 5Zk+1 )
(z.y)ER 64

One may wish to compare it directly with the original version below, where the size of the rectangle obtained
depends on the global density of f, rather than its density inside a sparse pseudorandom set.

Lemma 2.9 ([KLM24, Lemma 4.7]). Let f: X xY — [0,1]; suppose that | f||1 = 0. Let £,k e N. If

£ o ey = L+ )],
then there exists some rectangle R < X x 'Y with

€ 1
E fly)=(1+5)1fln and |Rly> g e-6%t
(@y)eR 2 2

Much of our proof proceeds in the same way as the proof of Lemma 4.7 in [KLM24]. They begin with a
function f defined on X x Y which is dense and has a large grid norm, and obtain a convex combination of
rectangles which has high correlation with f. Then, they argue that if f has high correlation with a convex
combination of rectangles, then it must admit a density increment on some large rectangle. More precisely,
they show:
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Claim 6.1 ([KLM24, Claim 4.6]). Let f: X xY — Rsq and W be a convex combination of rectangles.
Suppose that || flloo < A and W1 = 9. If
w
ot
<|W1

then there is some rectangle R with

R € )
— =14 = = —.
<|R||1’f> + 5 and |R|1 A

Our proof will follow the same outline. The major difference is that while their proof starts with a globally
dense function, we begin with a function f which is dense on a sparse pseudorandom set 7'. The function f
may be very sparse when viewed as a function on X x Y, which is what prevents us from simply applying
the claims from [KLM24]. Much of the work that goes into proving Lemma is proving versions of Claim
4.6 and Lemma 4.7 from [KLM24] which work in this sparse setting. We reiterate that crucially, the density
of the rectangles obtained by our analogous results will not depend on the density of T'.

We will first prove a similar claim to Claim but where the inner products and expectations in the
conclusion are taken with respect to a distribution u. For concreteness, we will eventually apply Claim
with the uniform distribution over a sparse pseudorandom set; however, the statement holds for arbitrary
distributions. The proof follows that of [KLM24| Claim 4.6] with almost no modification.

Claim 6.2 (Relative version of [KLM24| Claim 4.6]). Let f: X x Y — Rx¢ and W be a convex combination
of rectangles. Let p be a distribution on X x Y. Suppose that | f| < A and Wy = 96. If

W
7f> Z 1+€a
<|W|1(u) p

then there is some rectangle R with

R € ed
,f> >1+= and |R|in > —v.
<mm W2 il = 53

Proof. We follow the proof of [KLM24, Claim 4.6] and edit steps to work with distributions. Write W =
Y. ¢iRi where R; are rectangles and ¢; > 0, > ¢; = 1. We begin by pruning rectangles which are too small;
define W' = 3. ¢iR; via ¢ = ¢; if |Ri]1(,) = # and 0 otherwise for some threshold value . We note that

’ . / _ ’
W' P _ Wb W =W'Pu_ | IW=Whalfle | A

Whey  Whe Wi Wi 0

Setting k = €0/2A gives
! /
W Pu WPy
W gy — Wl 2

In particular, we must have that (W', f), > 0, which guarantees that W’ is not identically zero on the

support of u. We have
W, fou _ 2 Ry fu
Wiy 20 Gl Rl

By averaging, there is some choice of R = R; with

R
<,f> >1+< and |R]|1(u) = 5. O
Bl "/,

[\]
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We next prove a relative version of [KLM24, Lemma 4.7]. Our first adaptation requires pseudorandom
properties of T slightly different from those we have used prior, but we will later show using Lemmas and
[6-7] that they follow from our more standard assumption of T' being pseudorandom against rectangles.

The proof of Lemma [2.13] goes through a special distribution before moving to the uniform distribution on 7'
In order to define this distribution, we first require some new notation.

Definition 6.3 (Grid set). For a set T = X xY and £,k € N, let the (¢,k)-grid set be Ty ,(T) = X x Y*
defined as
Lor(T) ={(x1,... 2o, 91, -, Yx) : (@i, y;) € T for every i€ [£],j € [k]}.

The (¢, k)-grid set of T gives extra information in comparison to the (£, k)-grid norm of T'. It follows from
the definition that
_ Ler(D)]

Peuigia

Defining the (¢, k)-grid set has the added benefit of providing combinatorial information about 7. The
relationship between the (¢, k)-grid set and (¢, k)-grid norm will be the main focus in the proof of Lemma
It is helpful to think of the setting where T is the edge-set of a bipartite graph with vertex sets X and Y.
For example, if the vertices {z1,...,xz¢} € X and {y1,...,yx} € Y form a Ky -minor, then (x,y) € Iy, (T).
Note that there could be many more elements in the (¢, k)-grid set of T' than K/ ,-minors since the tuples
(x,y) are ordered, and the entries are not required to be distinct. We will also want to define a set which
contains the tuples (x,y) € I'y x(T) where x; = a,y; = b. This motivates the following definition:

Definition 6.4 (Restricted grid set). Fora setT < X xY, (a,b) € X xY, and £,k € N, let the (a,b)-restricted
(¢, k)-grid set be

Ugwk(T)

T (T) = {(x,y) € Tex(T) : %1 = a,y1 = b

Note that we could have used any choice of indices x; = a,y; = b in the definition, since the set I'y ;(T')
is invariant under permuting the first £ coordinates and the last k coordinates. If we return to the graph
analogy, it is easy to see that every Ky j-minor in the graph which contains the edge (a,b) will correspond to
a tuple in Fé'f,;b)(T). If Y, X} denote the neighborhoods of a, b, respectively, the (a, b)-restricted (¢, k)-grid is
equivalent to considering the set of K1 j_;-minors contained in X; x Y,. This perspective will be especially
useful in the proof of Lemma

Finally, we will define a distribution supported on T which captures the fraction of tuples (x,y) € I'¢ 1 (T)
which have x; = a,y; = b.

Definition 6.5 (Restricted grid set distribution). For a set T < X xY, (a,b) € X xY, and {,k € N, let
the (a,b)-restricted (£, k)-grid set distribution Vg:k (a,b) be the marginal distribution of (x1,y1) when picking
uniform random (x,y) € Iy 1 (T). More precisely,

Iy (1)

T L L,k
Vf,k(a7b) T |F€,k(T)|

-1 XYT.

The factor of |X||Y]| is placed to ensure that E[vf,] = 1. In the graph analogy, this corresponds to a
distribution on 7" which captures the fraction of K (g,k’—minors containing a fixed edge (a,b). If the edge set T
is chosen at random, we would expect that no edge is favored when it comes to being included in Kjy ;-minors,
and so I/Z:k should be close to uniform. In fact, it will suffice that T" is pseudorandom against rectangles when
viewed as a subset of X x Y. We will later make this intuition precise in Lemma

Now, we can state and prove Lemma [6.6]

Lemma 6.6. Let f: X xY — [0,1] be a function supported on a set T < X xY of size 7| X||Y|; suppose
that | fll1(p) = 6. Let €,k € N and A < O(e - §*1) small enough. Additionally, assume that T satisfies the
following pseudorandom properties:
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L Tyer < (1 +¢e/2)T,

2. |viy —prli <A

If | floer = (1 +€)|flli, then there exists some rectangle R < X x Y with

1
,f> (14 5) 1/ lury and Rl gt
< ”Rul(uT) 32 (HT) (HT)

Proof. Assume § > 0, as otherwise the lemma trivially holds. For ease of notation, let y = pu7 and v = 1/Z -
Since f is supported on 7', we have f = T - f. Additionally, ||f|1 = |T1[|f]1(.), which implies | f||; = 7. By
our assumption that ||f||U ek = (L+¢€)|f[1, we have

Lk
(1 +)*(T0)™* <[ flthen = [H n f(@i,y5) ]
T1,.. ,xzeX i

Y1yenny ykEY :1‘7:1
¢k Lk
= KHH wuyj><nnfx“yj )1
T1,.. ,WEX ie1 =1 i=1j=1
Y1yenny kEY
{ k
= Pr [(x,y) € T x(T)] (xi,¥5)
xEXZ[( ) ()] (x,y)er & (T) llllj ’

yEY’C

A random (x,y) € X¢ x Y* is in ['y 4 (7) with probability at most (1 + ¢/2)%*7°* by assumption , S0

xeX*

(%, Y)EFF &(T)
yEY’“

k
lﬂﬂ (Xi, ¥ ] > (1 +e)* ()" Pr[(x,y)eTen(T)] ' = (1 + Z)Ek 5k, (1)

Now, we will use the same telescoping sum trick as in the proof of [KLM24, Lemma 4.7]. Fix some arbitrary
ordering on tuples (7, j) € [£] x [k] and consider the prefix-products

d<ipxy)i= || ey and ¢ogpxy)i= []  fxieyi)
(#,5")<(4,5) (#,5")<(i,5)

with the convention ¢_(;1)(x,y) = 1. For clarity, one should view ¢<(; ;)(x,y) and ¢_(; ;) (x,y) as
functions on X* x Y*. This way, we can apply our functions to points (x,y) € 'y x(T). Note that
Exext,yevt[0<a,1)(X,¥)] = [ fl1 and Exexe yeyr [d<(e,r) (X, ¥)] = HfHU(e k- Consider the telescoping product

E(x,y)ele (T) P<(i,j) (X5 Y) _ I I I If Xi,¥;)
(2]
(i) e[ k] E(x,y)ely.(T) ¢<(i,j)(x> Y) (X’Y)EFI &(T) | ;= 1j=1 ’

By , this quantity is at least (1 + %)Ek 8% so we infer that for some choice of (i*, j*) we have

E(ey)eren(T) D<) (5 ¥) (1 N 5) N @)
E(x,y)ele o (T) P<(i* %) (X, ¥) 4
We would now like to think of ¢_(;+ jx)(x,y) primarily as a function of x;+ and y;+. By an abuse of notation,

we think of Fé?kb (T') as the set of (x,y) € L'y (T) with x;% = a,y;+ = b. Define the function

W(a,b)= E [T f&iy)
(eY)EDE 7 (T) (,5) < (% %)
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We now rewrite the fraction in in terms of W. For the numerator, we have

b (in ) (X, y) = E [T f&iy))

E
(x,y)€le,x (T) (x,y)€le, 1 (T) (4,5)<(i%* ,j%)

= E E [ oy ] flab)

(@)~ \ ey)eDy % (T) (i,5)< (% ,5%)

= E W(a,b)f(a,b)

(a,b)~v
=W, fu.
For the denominator, we have
E b(ix jy(%,y) = E E Px gy (X, y) = E  W(a,b) = [W]iw)
(x,y)ele, 1 (T) (a,b)~v (X,y)erzfléb)(T) (a,b)~v

At this point, we have established the following inequality:

Wz (14 7) 3IW o). (3)

We can additionally obtain a lower bound on [W |,

Wliwy= E E [T f&xivs)
(a,b)~u( :Y)EF( )(T) (4,5)<(i%,5%)
- E [T f&iy))

CoYELek(T) (5 5y 2 (3% %)

> (wy)ep,Z W (T) lnﬂf Xi, Y 1 (since ||f < 1)
> (1 + Z) 5t by @)
Our goal is to obtain the inequalities
Wi = 0% and f >14 5

9 = 1 + I
Whoo Tlioe/,~ " 16

so that we may apply Claim [6.2] with W and f" = f/| f]1(,)- Now, we use assumption (2 that [v — uf; <
A < (g/16) - 8%+ along with the fact that |[W |, || flle < 1 to deduce

(W o =W oul <A and [[Wihe) = [Wihgol < A (4)

To lower bound ||[W{|;(,), it suffices to lower bound |W|[;(,). This gives
e\ tk €
Wl > Wy =A> (1+5) 8% = = 6%+ > 5%, (5)
Note that (5)) implies A < (¢/16)d|W (.. Thus,
€
Wlhe) > Wl =3 > (1= ) Wl (6)
Combining , 7 and @ we can lower bound the inner product by

W= Wofyy =22 (14 2) (1= 1) dIWlhw = 15 - 31W o > (1+ 1) 61W g
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At this point, we have

< _ <Wa f>ll 1 4+ =
Wi ||f\|1 W/ Wl fli ~ 16'
Lastly, we will want to apply Claim (6.2 We have given a lower bound on W], in 7 S0 it remains to

argue that W is a convex combination of rectangles. We have

[] feiy)= [T rxiyy) [T fxieyy) [T fexiyjs)

(4,5)<(i%*,5%) (6,5)<(@*,5%) (4,5)<(i*,5%) (6,5)<(@*,5%)
i;ei”; i=i* j=j
J#J

For any fixing of the variables other than x;+ and y;«, each of the above factors depends on at most one of
X;#% or y;# but not both. Thus, W is a convex combination of soft rectangles, so Claim implies it is also a
convex combination of rectangles. As of now, we have following hypotheses:

1. W is a convex combination of rectangles

2. Setting f' = f/|fl1(u), we have | f'|l < 1/8
3 Wl = 6%
Applying Claim [6.2] gives a rectangle R with

1
1 + A and HRH]_ c £ - 6@](:4»1 D
< [R1) Hf”l(p) 32 () =

It remains to show the pseudorandom assumptions of Lemma hold when T is pseudorandom against
rectangles. The first condition is a consequence of Lemma which says that if T' is pseudorandom against
rectangles, then T has bounded grid norms. The second condition will follow from Lemma [6.7], which says
that if T' is pseudorandom against rectangles, then VZk and p are close in L-distance.

For a moment, we return to the graph theoretic analogy. Consider a bipartite graph with vertex sets X,Y
and edge set T. For a fixed edge (a,b) € T', one can consider the fraction of K, ,-minors which contain (a, b)
as an edge. If T was chosen uniformly at random, each edge should participate in roughly the same number of
Ky p-minors. Equivalently, if the vertices {a, z2,...,2¢} < X and {b,y2,...,yx} € Y form a K/ j-minor, then
{x2,...,z¢} < Xp and {yo,...,yx} < Y, form a Ky j_1-minor. For most choices of (a,b), the restriction of
T to Xy x Y, should still look like a random graph, and so the number of K;_; j—i-minors will be concentrated
around its expectation. In fact, we will show that 7' does not need to be picked uniformly at random; it
suffices that T" be pseudorandom against rectangles. In the graph setting, this is equivalent to saying that the
edge density of any subgraph is within a small additive error of the global edge density. The following lemma
formalizes this intuition.

Lemma 6.7. Let £,k e N, and let T < X x Y be a set with size |T| = 7|X||Y| which is y-pseudorandom
against rectangles for v < (1/2)°“%) small enough. Then, we have Wiy —prli <O (vV/®).

Before we begin the proof, we will need a lemma stating that if 7' X x Y is pseudorandom against rectangles,
then the row densities of T" are concentrated around the mean. We will use the following lemma along the
way.

Lemma 6.8 (|Gre05, Lemma 3.1]). Consider a bipartite graph with vertex parts X andY and edge density
a. Let d(x) denote the degree of a vertex x, and let e1,e9 € (0,1). If there are at least £1|X| vertices x € X
such that |d(x) — a|Y|| > e2]Y| or at least e2|Y| vertices y € Y such that |d(y) — a|X|| > €1]X|, then there
exist X' < X andY' <Y with

€1 €1 €2

|X’| = min (— —) |X|] and |Y'| = min <— —) Y]
272 272
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such that the edge density in the subgraph induced by X' and Y' is at least o + €1e2/2.

Lemma 6.9. Let T < X x Y be a set which is y-pseudorandom against rectangles. For a random x € X,
with probability at least 1 — 2y"/* we have

Tl

E T(z,y) - <2y,
yey XY
and similarly for a random y € Y, with probability at least 1 — 2+v'/* we have
| 1/4
T(x,y) — <2 .

Proof. We will show the first conclusion holds; the proof for the second conclusion is analogous. Assume for
the sake of contradiction that with probability at least 2¢'/4 over the choice of = € X, we have

E T(z,y —‘ 1/4
& T@ ) = 3y

By Lemma there exists a rectangle R = X' x Y’ < X x Y with

T
E T(x,y)=
(z,y)eR | XY

L VY

1/2
=
[XT[Y]

+ 2y and

This gives
Bl (T .2\ B . s IR
E [R@y)l- E [R(x,y>]\>- cogr2) - B e 1BL
e ey 7 XY XY ]

which contradicts the y-pseudorandomness of 7T'. O

Proof of Lemma[6.7. For ease of notation, let y = pr and v = VZ:k. Recall that for (a,b) e X x Y,

b
Y0 (T)|
ITe,1(T)]

Note that if (a,b) ¢ T, then v(a,b) = 0. We will compute v(a,b) for some fixed (a,b) € T. Define the
neighborhoods of a,b to be

D) = {(x,y) € Den(T) :x1 = a,y1 = b} and  v(a,b) = XY,

={zreX:(x,b)eT} and Y,={yeY:(a,y) €T}
Let Ty =T n (Xp x Yy,). The first observation is that
(xh oo Ty Yty e 7yk) € FEG];b)(T) = (‘T27 ey Lpy Y2, e 7yk) € Ff*l,k*l(Ta,b)'
Thus, it suffices to estimate I'y_1 x—1(T,,5). We have

0—1 k-1
Tyt k—1(Tap) |H H
o T = Tab xl7y]

=Up16-1Tap) 7
|Xb|271|Ya|k71 11,...712 1€Xp im1j=1 ( “ ) ( )
a

Since T is y-pseudorandom, we would expect that for typical a,b, we have | X,|, |Ya| to be roughly 7| X|, 7|Y],
respectively. From there, to upper bound I'y_; x_1(T5 ) it suffices to upper bound Up_1 j—1 (T ). If we knew
that T, 1, is pseudorandom against rectangles, we could apply Lemma but a priori this may not be the
case. Luckily, T'c X x Y is «-pseudorandom against rectangles, so restricting 7' to a large rectangle X3 x Y,
should result in a set which is also pseudorandom against rectangles with some loss in parameters. The loss
will be small as long as X x Y, is relatively large, which as previously noted should be around 72| X||Y| for
typical (a,b). Combining these arguments will let us bound the upward deviations of v from g, ultimately
providing the desired bound on |v — p|;. The remainder of the proof is to nail down the exact quantitative
details of these statements.
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Typical (a,b) are good. By Lemma with probability at least 1 — 4y'/4 for a random a € X and be Y,

we have | .|
|l 1/4 al _ 1/4
T| < 2y and ‘ T‘ < 2770,

‘ | X ‘ Y

We will call (a,b) good if these conditions are satisfied.

T, is pseudorandom against rectangles for good (a,b). We will show that T, =T n (X x Y,) is
Ya,p-pseudorandom with respect to rectangles when viewed as a subset of X x Y,, where

7
|Ta,b|

Yap < 27

In particular, when (a,b) is good, we will show that v,, < 4y772.

rectangles, we have

Since T is 7y-pseudorandom against

|Ta,b| N ‘XbHYa|
T XY

E [(XexYo)(z,y)]— E [(XpxYe)(@,9)]| <7
(z,y)eT zeX,yeY

Consider a rectangle R < X;, x Y,. We have

_ |Ta,b| .

E R(z,y) = E  R(z,y)
(¢.y)eT 7| (@.y)eTus
e X, [Yal
b a
Rlz,y) = =t el R(z,y).
meX]:?‘er <x y) |X| |Y‘ reXp,yeY, (x y)

Combining these two equations with an application of the triangle inequality gives

[Ty X [Yel ‘
21 R$, — E R$7 < E T, - —. . E RJZ,
|T| (mvy)eTa,b[ (=.v)] IGbeyEYa[ (@9)] (z,y)eT[ (@9)] X Y] zeXb,era[ (@9)]

| Xp| Vel ITab|> '
— — ). R(z,
<X| V1~ 2] ) sexier, Y]
<| E [R(zy)]- E [Rlx,y] +7v
(z,y)eT zeX,yeY
< 2y

where the last inequality follows by ~-pseudorandomness of T. Rearranging shows that 75, < X; x Y, is
27%—pseudorandom against rectangles. At this point, we will bound v, 5 for good (a,b). By definition,
good (a,b) satisty

1Xp| = (1 £ 29YH)|X| and |Y,| = (1 + 29|V

The «-pseudorandomness of T gives

|Ta,b| > |Xb||Ya| _
T XY

= (r =294 -y = 17/2 (8)

where the last inequality holds for v < (7/2)°(") small enough. Taking inverses of both sides gives

7]

<4 7'72,
Tool =77

Ya,p < 27

and so T, © X} x Y, is 4y7~2-pseudorandom against rectangles for good (a,b).
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T, has small grid norms for good (a,b). The above paragraph showed that T,;, < X, x Y, is
4y7~2-pseudorandom against rectangles for good (a,b). By Lemma we know that

T, \ EDED
(9)

Ue-to-1(Tap) < (1 + 714D <|Xb|Y |

as long as

~ 1 |T b| (—1)(k—1)+1
dyr—2 < = . A1/2 . ( a, >
g AN A A

We now verify the latter inequality. By the vy-pseudorandomness of T', we have
| Tap| = 7| X[ |Ya| £ (T,
and for good (a, b), we have

X3 = (7 £ 29YH|X| and |Y,| = (7 £ 279V4)|Y].

We showed in that ‘T‘%’lbl > 72/2 for good (a,b). Similarly,

Tosl _rlXllVal =Tl AL AT o
GIYal ~ T XY XllVal =7 o2 XY T (-2 )

where the last inequality holds for v < (7/2)°(") small enough. Thus,

1 \TabI (E=D(k-1)+1 1 12 (7—)(4—1)(k—1)+1>4 ,
4 1 X3|Y, =17 5 =4yt

where the last inequality holds for v < (7/2)?%) small enough.

Bounding upward deviations of v. At this point, for good (a, b), we have established the inequality

DSNT) = Upsiomr (Tay) - 1 X0 Y [ (by (7))
1/4\(£—1)(k—1) |T b| (== -1 E—1
< (144D () XY (by @)
A ®
1/8 ‘T b| D=y -1 E—1
< (1+) (i) X (10)
X[ Vo]

where the last inequality holds for v < 279(*) small enough, using the fact that (1 + )" < 1 + 2"z for
x €[0,1] and r > 1. We will bound the latter two factors of separately. Similar to the above paragraph,
we have

Tusl _ TIXol[Ye] + 417! )T (1)

< <7+ <7+
| X |[Yal | Xo|Yal | Xo|Yal (1 —271/4)2

where the last inequality holds for v < (7/2)°() small enough. We also have
fk—2
|Xb|2—1|Ya|k—1 < <7_ + 2,}/1/4> |X|E—1|Y|k—1 < (1 _|_,Yl/8> Te+k_2|X|£_l‘Y|k_l

where the last inequality holds for v < 2-C¢+k).70(M) small enough, again using the fact that (14+z)" < 14+2"z
for x € [0,1] and r > 1. Combining the above three inequalities we obtain

. (e=1)(k—1) ,
= (1 7%) (142 e
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3
< (1 +,Yl/8> Ték—1|X|£—1|Y|k—17
with yet again the last inequality holding for v < 279(%) . 70() small enough. On the other hand, by
monotonicity of grid norms (Claim 7 we have
ILen(T) = Ueao(T) - IXIIY " = Ura (D) - XY IR = 7% X[y~
This gives

1/8\3 _tk—1| v £|V |k 1/8\3 1/8
(1 +AY8)" 751 X[ Y| <(1+7 ) <(1+0(7 ))IXIIYl'

b ~ ~
v(a,b) = T£k|X|€|Y|k T T

XY T <

(7))
|F k(T

We want to bound |v — /1. At this point, it is helpful to recall that y is the uniform distribution over T', so
w(z,y) = | X||Y]/|T| for (x,y) € T and 0 otherwise. Additionally, remember that if a pair (z,y) € X x Y is
good, it must be in T. Since E[v],E[u] = 1, it suffices to bound the upward deviations of v — p, as this is
within a factor of 2 of ||v — u;. With probability at least 1 — 4y/*, we pick a good pair (x,y) which gives

(XY
T

1
Zly— = 1ys, (v— < 1,5, 1 " N -
2 HV /J'HI xeXH::er[ = (V /J')] acEXHj:yEY |: =1 (z,y) is good <V

)] +a4yt < O0(Y®). O

To finish the proof of Lemma we will combine Lemma [3.3] and Lemma [6.7] to argue that if T is
pseudorandom against rectangles, then T satisfies the conditions of Lemma [6.6] The conclusion of Lemma [6.6]
gives a large rectangle R so that (1) f admits a density increment under pup when restricted to R and (2) R
is dense in T'. To finish the proof, we use the fact that T is pseudorandom against rectangles to argue that R
must also be dense globally. From there, we can turn the density increment obtained under ur to a density
increment under the uniform distribution on the entire space. Critically, the density of R in T', and therefore
the density of R in X x Y, will not depend on the density of T"in X x Y.

Proof of Lemma . For ease of notation, let p = pp and v = 1/@ x- For v < e2 . 7Ok) small enough, we
can apply Lemma [3.3] and Lemma [6.7] to deduce that

LT |g@r < (14+¢/2)E[T],
2. v —ply <O(HME).

Since the conditions of Lemma [6.6| are satisfied for v < €% - (§/2)9%) sufficiently small, we obtain a rectangle

R with "
T,y
5 ’f> |f| (11)
(@y)~n [|R|1(u ] <|R|1(M) [l

and |R||y(,) = 45 - € 6°*T1. Note that by y-pseudorandomness of T', we have

1
IR[x = |R[1() — > € ekt (12)

for ¥ < O(e - 6***1) small enough. Rearranging terms, we obtain

R(z,y) ] _ [R(x,y) ]
(z,g~u [|R|1(u) f(x, y) zeX,yeY HRHl(u) f(x7 y)u(gj7 y)
_ Rl
Rl g @ VHEY)]
I1R]1

B gy
1Ry o Benl! @)
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1

where the last equality uses the fact that f is supported on T and p(z,y) = 7~ - T'(z,y). Combining with

gives

T R1e)

“IRL 111y (13)

(w’ig)ERf(%y) > (1 + 3%) :

Since T is y-pseudorandom, we have

7[Ry  |[RNT| YT ( 7|T|) ( gl ) £
= 27— =(1-—=|7=(1- T2 (l—-—)7T.
|2 |R| |R]| 7|R| IR ( 128)

where the last inequality uses and holds for v < O(e? - §***1) small enough. Finally substituting into
yields

VE )= (14 5 ) (1= 155) o = (14 5) 171k =

7 Sparse mixing

In this section, we prove Lemma Our main tool will be the following lemma from [KLM24].

Lemma 7.1 ([KLM24, Lemma 4.8]). Fiz an even integer p € N, ¢ € (0,1/20), and set k = [p/e]. Let
g: X xZ —>Rsp, h:Y x Z — Rsg be two (nonzero) functions, and suppose that

1 gluer < (@ +e)lgl,

2. Ihlo@w < (L +)lhl,

3. g,h are e-left lower-bounded.
Then

E [9(z,2)h(y, 2)] — E[9] E[A]

z€Z

< 20 E[g] E[R].

Lemma 2.15 (Sparse von Neumann). Let T < X x Y be a set which is y-pseudorandom against rectangles,
and let A < T be a set of size |A| = 27UT|. Let g: X x Z — [0,1],h : Y x Z — [0,1] be functions. Let
d>1,e€(0,1/20). For k = O(d/e) a large enough integer, suppose that

L glluer < (1 +¢)|gl,

2. hlu@r < X +e)|h],

3. g,h are e-left lower-bounded,

4. v < (gllgl1]|R]1)PD is small enough.
Then

B A k. 2)] = (1 £ 0() B[A]EL] BIA

Proof. Assume g and h are nonzero, as otherwise the result trivially holds. Let |T'| = 7| X||Y| and D(z,y) =

E.cz g9(x, 2)h(y, z) — E[g] E[h], and set p = O(d) to be a large enough even integer. By Holder’s inequality,
we have

[A(, y)g(x, 2)h(y, 2)] — E[A] E[g] ]E[h]’ =

B A@@D@wﬂ

E
zeX,yeY,zeZ zeX,yeY

=T

E A(z,y)D(x, y)‘
(z,y)eT
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1-1/p 1/p
<T< E A(w,y)”/(””> < E D(z,y)p)
(w,y)eT (z,y)eT

|A‘ 1-1/p 1/p
<7 <T> ( E D(x,y)p>
T (¢,y)eT

1/p
< 2E[A] ( E D(m,y)p> .
(z,y)eT

Thus, it suffices to bound the p-norm of the function D restricted to the set T. We will argue that this
quantity is within a small additive factor of |D|,. Observe that for a fixed z € Z, the function g(z, z)h(y, 2)
is a soft rectangle. Trivially, E[g] E[h] is also a soft rectangle. By Claim we can write D(z,y) = >, ¢;R;
where R; are rectangles and ), |¢;| < 2. The product of rectangles is also a rectangle, which means we can
write DP as a linear combination of rectangles where the coefficients’ magnitudes sum to at most 2P. Using
the assumption that 7" is vy-pseudorandom against rectangles for v < (g]g[1|h[1)?, we have

1/p 1/p
(E D(:c,yw) <( K D(m,muzpv) <Dl + 24" < | D, + 2: Elg] E[A],
(z,y)eT reX,yeY

where the penultimate inequality follows from concavity. We conclude by applying Lemma [7.1] to obtain
IDllp < 20e E[g] E[A]. O
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