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Locally Sampleable Uniform Symmetric Distributions

Daniel M. Kane* Anthony Ostunif Kewen Wu?

Abstract

We characterize the power of constant-depth Boolean circuits in generating uniform sym-
metric distributions. Let f: {0,1}™ — {0,1}"™ be a Boolean function where each output bit of
f depends only on O(1) input bits. Assume the output distribution of f on uniform input bits is
close to a uniform distribution D with a symmetric support. We show that D is essentially one
of the following six possibilities: (1) point distribution on 0™, (2) point distribution on 17, (3)
uniform over {0™,1"}, (4) uniform over strings with even Hamming weights, (5) uniform over
strings with odd Hamming weights, and (6) uniform over all strings. This confirms a conjecture
of Filmus, Leigh, Riazanov, and Sokolov (RANDOM 2023).

1 Introduction

Despite being one of the simplest models of computation, NC° circuits (i.e., Boolean circuits of
constant depth and bounded fan-in) elude a comprehensive understanding. Even very recently, the
model has been the subject of active research on the range avoidance problem [RSW22, GLW22,
GGNS23], quantum advantages [BGK18, WIKST19, BGKT20, WP23, KOW24], proof verification
[GGHT07, BDK 13, KLMS16], and more.

Pertinent to this paper is the study of the sampling power of NC® circuits. While the general
problem was considered at least as early as [JVV&6], interest in the NC? setting has seen a strong
uptick lately [Viol2b, LV11, BIL12, DW12, Viol6, Vio20, GW20, CGZ22, Vio23, FLRS23, KOW24,
S524]. At a high level, it considers what distributions can be (approximately) produced by simple
functions on random inputs. More formally, let f(U™) denote the distribution resulting from
applying an NC° function f: {0,1} — {0,1}" to a random string drawn from U™, the uniform
distribution over {0,1}™. Typically, m is viewed as being arbitrarily large and n is the parameter
of interest. Then the goal is to analyze the distance between f(U™) and some specific distribution.
Aside from being inherently interesting, this question has also played a crucial role in applications
ranging from data structure lower bounds [Viol2b, LV11, BIL12, Vio20, CGZ22, Vio23, KOW24] to
pseudorandom generators [Viol2a, LV11, BIL12] to extractors [Viol2c, DW12, Viol4, CZ16, CS16]
to coding theory [S524].

One recurring class of distributions in this line of work is uniform symmetric distributions (i.e.,
uniform distributions over a symmetric support). Indeed, these are precisely the distributions that
arise in an elegant connection to succinct data structures (see [Viol2b, Claim 1.8]), for example.
Moreover, this seemingly simple class is already rich enough to allow surprisingly powerful results.
For example, NC° circuits can sample the uniform distribution over the preimage PARITY_l(O)
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(and PARITY ~1(1)), despite a celebrated result of Hastad [:s86] proving that more powerful AC°
circuits require an exponential number of gates to compute PARITY. Perhaps more surprisingly,
the strategy to sample a uniform random string with even Hamming weight is extremely simple:
map the uniform random bits x1,..., 2, to 1 ® x2, 2 B x3, ..., T, B x1 [Bab87, BLET].

A number of notable prior results already rule out specific distributions from being accurately
sampled by NCP circuits. For example, let Dj, denote the uniform distribution over all n-bit strings
of Hamming weight k. The influential early paper of [Viol2b] showed that such shallow circuits
could not accurately sample Dy, for & = ©(n) under certain assumptions about the input length
or accuracy tolerance; recent works [FLRS23, Vio23, KOW24] have eliminated the need for these
assumptions. Additionally, a number of results are known for uniform symmetric distributions
over multiple Hamming weights, such as the case of exclusively tail weights [FLRS23], all weights
divisible by ¢ for fixed 3 < ¢ < /n [KOW24], and all weights above n/2 [GGHT07, Viol2b,
FLRS23] (see also [WP23]).

Despite much effort, the previous body of work proceeds in a somewhat ad-hoc fashion, with
techniques tailored to rule out specific cases. However, an exciting recent work by Filmus, Leigh,
Riazanov, and Sokolov [F1.RS23] gave the following bold conjecture about the capabilities of NC°
circuits for sampling distributions, unifying prior results.

Conjecture 1.1. Let f: {0,1}™ — {0,1}" be computable by an NC® circuit. If f(U™) is e-close
(in total variation distance) to a uniform symmetric distribution and n is sufficiently large, then
fU™) is O(g)-close to one of the following sixz distributions:

e Point distribution on 0™.

Point distribution on 1™.

Uniform distribution over {0™,1™}.

Uniform distribution over strings with even Hamming weights.
o Uniform distribution over strings with odd Hamming weights.

o Uniform distribution over all strings.

All six distributions can be sampled (exactly) by functions whose output bits each depend on
at most two input bits. Hence one may informally view the conjecture as asserting that more
input dependencies do not substantially increase the ability of NC° circuits to generate uniform
symmetric distributions.

In this work, we confirm the conjecture of [FLRS23] as follows.

Theorem 1.2 (Consequence of Theorem 4.1). Let d be a fized constant, and suppose f: {0,1}"™ —
{0,1}" is computable by an NC® circuit of depth at most d. If f(U™) is e-close (in total variation
distance) to a uniform symmetric distribution and n is sufficiently large, then f(U™) is O(g)-close
to one of the six distributions in Conjecture 1.1.

Note that this result is optimal up to the implicit constant in O(g). We include a more thor-
ough discussion of our result’s tightness in Section 4, where we present a quantitative version of
Theorem 1.2 parametrized by the locality (i.e., number of input bits each output bit depends on)
of f. The following corollary is immediate.

Corollary 1.3. For sufficiently large n, the only uniform symmetric distributions over {0,1}"
ezactly sampleable by NC® functions are the siz distributions in Conjecture 1.1.



As a contrasting example to the limitation given by Theorem 1.2, consider the next simplest
class of circuits commonly studied: AC. Up to some exponentially small error, they are able to
sample the uniform distribution over permutations of [n] [MV91, Hag91]. Thus by sampling 1*0"~*
for the appropriate distribution over weights w accepted (or rejected) by a symmetric function f,
one can apply a randomly sampled permutation to output the uniform distribution over f~1(1) (or
f750)) [Viol2b, Lemma 4.3].

Paper Organization. We provide a proof overview of Theorem 1.2 in Section 2. Preliminary
definitions and results are given in Section 3. The full proof of our main result is in Section 4, with
some technical proofs deferred to the appendices.

2 Proof Overview

Our starting point is similar to many past works [Viol2b, Vio20, FLRS23, Vio23, KOW24]: we
reduce an arbitrary function (computable by an NCO circuit) to a collection of structured func-
tions, which are more amenable to analysis. Our results then follow by lifting insights from these
structured functions to our original function.

It will be convenient to work with the abstraction of locality. We say a function f: {0,1}" —
{0,1}" is d-local if every output bit depends on at most d input bits. Observe that the class of
d-local functions captures functions computable by Boolean circuits of depth O(log d) and bounded
fan-in. In particular, constant locality functions are equivalent to those computable by NCO circuits.
Henceforth, let f: {0,1}" — {0,1}" be a d-local function. For simplicity, we hide minor factors in
the following discussion.

2.1 A Structured Decomposition

We will use the “graph elimination” reduction strategy of [[KOW24]. View the inputs and outputs
of f as the right and left vertices, respectively, of a bipartite graph. Following their terminology,
we define the mneighborhood of a left vertex v as the set of all left vertices adjacent to any right
vertex that v is adjacent to. Furthermore, we call two neighborhoods Ny, No connected if there
exist left vertices v1 € Ni,vo € Ny and right vertex uw such that both v; and vy are adjacent to
u. By [KOW24, Corollary 4.11], there exists a relatively small set of right vertices whose deletion
results in a graph with Q4(n) non-connected neighborhoods of size O4(1). In other words, there
always exists a choice of a few input bits whose conditioning upon decomposes f into a mixture of
subfunctions with substantially independent output bits.

This independence is crucial in ruling out the sampleability of various distributions by these
structured subfunctions. For example, [KOW24] used the following win-win argument to prove
strong bounds on the distance between any distribution sampleable by a local function and the
uniform distribution over n-bit strings of Hamming weight £ = ©(n), denoted Dj. If the marginal
distributions of most independent neighborhoods noticeably differ from the corresponding marginals
of Dy, then the errors can be combined together via a straightforward concentration bound argu-
ment [KOW?24, Lemma 4.2].

Otherwise, the marginal distributions of most independent neighborhoods closely match the
marginals of Di. Hence by conditioning on all the input bits that do not affect output bits in
these neighborhoods, the weight of the output becomes a sum of well-behaved independent integer
random variables. From this property, one can show ([KOW?24, Claims 5.16 & 5.23]) that with high
probability many of these random variables are not constant (or even constant modulo ¢ for g > 3),



in which case anticoncentration inequalities (e.g., [Ush86, Theorem 3] or [KOW24, Lemma 3.7])
imply no specific output weight can be obtained with good probability. Hence the subfunctions
cannot accurately sample Dy, so (by a union bound argument) neither can their mixture.

Note that the distribution Dy is a special kind of uniform symmetric distribution (i.e., uniform
distribution over a symmetric support). In this work, we need to handle more general ones; however,
many of the same ideas will drive our analysis.

2.2 Classification of Locally Sampleable Uniform Symmetric Distributions

Now we show how to handle a general uniform symmetric distribution and obtain our classification
result. For convenience, we use a non-empty set ¥ C {0,1,...,n} to denote the acceptable Ham-
ming weights and use Dy to denote the uniform distribution over strings of Hamming weights in
U. Then our goal is to show that local functions cannot approximate Dy unless W is {0} (the point
distribution on 0™), {n} (the point distribution on 1"), {0,n} (uniform over {0",1"}), {0,2,4,...}
(uniform over strings with even parity), {1,3,5,...} (uniform over strings with odd parity), or
{0,1,...,n} (uniform over all strings). We will often refer to the corresponding Dy as the six
special distributions.

Let s € ¥ be an element closest to the middle weight n/2. Note the majority of the mass of
Dy is supported on strings roughly as close to n/2 as s is. Informally, we view Dy as either D;
(uniform over the Hamming slice of weight s) or %DS + %Dn,s (uniform over the Hamming slices
of weight s and n — s). Then the above six locally sampleable distributions can be classified by s:
either it is the endpoint (i.e., s equals 0 or n) or it is the middle point (i.e., s roughly equals n/2).
Our proof follows this intuition. If s = o(n) or s = (1 — o(1))n, we will show that it must be the
case of s € {0,n}. Otherwise o(n) < s < (1 —o(1))n, and we will show that it must be the case
of s ® n/2 and ¥ is effectively all-even, all-odd, or everything.

The s = o(n) or s = (1 —o(1))n case is essentially handled by [FLLRS23]. For completeness, we
give a simple (albeit quantitatively weaker) argument that suffices for our purposes. Our treatment
(Theorem 4.3) is similar to [Vio20] and is presented in Appendix B.

Now we turn to the more interesting case where o(n) < s < (1 — o(1))n and aim to show that
Dy is essentially uniform over even parities, odd parities, or everything. In this scenario, since s
is relatively far from the boundaries, the framework explained in Subsection 2.1 is now applicable.
However, we need a number of new ideas since V¥ is unstructured in general. For illustration and
to introduce these new ingredients, we start with some concrete examples.

The Mixture of Opposite Hamming Slices. The first illustrating example is when ¥ contains
opposite Hamming slices, both of which are significant. For concreteness, consider ¥ = {n/3,2n/3}.
To rule out this possibility, we follow the previous outline to reduce the local function f to more
structured local functions where one has many small neighborhoods that are not connected. Assume
after this graph elimination process, we obtained a local function g with many non-connected
neighborhoods of small sizes. Since the marginal distribution of coordinates of Dy is an unbiased
coin, one may attempt to classify these neighborhoods by their distance to unbiased distributions
as in Subsection 2.1; then use their independence to derive a 1 — e~ (™ bhound when they are far
from being unbiased, and use anticoncentration inequalities to show that the output of g rarely hits
the desired Hamming weights when they are almost unbiased.

The second case indeed works. The first case, however, unfortunately fails, the reason for which
is that g being far from unbiased does not necessarily mean that f cannot sample from Dy. For
example, f could use one uniform bit to choose to sample from D, /3 or Dy, 3, where g only needs
to handle the former without the need to approximate Dy itself. Though this example is artificial



since [Vio23, KOW24] have ruled out local sampling schemes for D,, /3, the argument is oblivious
to this and cannot work for more contrived examples that are similar in spirit to the above one.

To get around this, we observe that though the individual marginals of Dy are unbiased,
their joint distribution is far from any biased distribution (in fact, any product distribution, but
focusing only on biased ones is sufficient for us). Hence we alter the criteria of our two cases
for handling the behavior on marginals. We call a neighborhood Type-1 if it is not close to any
biased distribution, and a neighborhood Type-2 if it is close to some biased distribution. (Note that
these definitions are slightly different from those used in [KOW24].) At this point, if g has many
small non-connected Type-1 neighborhoods, then it is (1 — eiﬂd(”))—far from both D,, /3 and Dy, /3,
which, by a union bound, means it is also (1 — e*Qd(”))—far from any mixture of D, /3, Dy, /3 and,
particularly, Dy = Dy, 325,73} On the other hand, we can similarly argue that the Hamming weight
of a Type-2 neighborhood is a random variable with noticeable variance, since the Hamming weight
of the biased distribution that it implicitly approximates has such a property. Therefore, if g has
many small non-connected Type-2 neighborhoods, the previous argument using anticoncentration
inequalities still works.

We remark that technically, the Hamming weight of a biased distribution has noticeable variance
only if the bias itself is not extremely close to 0 or 1. Fortunately we can ignore those (Claim 4.10)
by truncating the tail of U. Since o(n) < s < (1 —o(1))n, this does not incur much error. In fact,
this is the only place where we actually use the assumption that o(n) < s < (1 — o(1))n.

The Majority Distribution. The second interesting example is the majority case where Dy
is uniform over strings that have more ones than zeros, i.e., ¥ = {n/2+1,n/2+2,...,n}. Note
that this distribution is not close to any of the six special distributions, and thus, if we believe that
the classification result is indeed true, it cannot be approximated by local distributions. Results
are known on distinguishing this distribution with local functions [GGH07, Viol2b, FLRS23];
however, their arguments do not seem to generalize.

To prove that any local function’s output is far from Dy, we still follow the previous outline to
obtain a d-local function g that has n/Cy non-connected neighborhoods of size Cy, where Cy > 1
is a large constant depending only on d from the graph elimination results. As before, if many
of these neighborhoods are Type-1, then we readily obtain (Lemma 4.12) a 1 — e~(") distance
bound by their independence. To handle the case where most of these neighborhoods are Type-2,
we recall that past work [Viol2b, KOW24] used anticoncentration inequalities to show that the
local distribution cannot hit the support of the desired distribution with as much mass as it is
supposed to.

However this simply does not work, since W covers a consecutively wide range of Hamming
weights that significantly exceeds the amount of independence we could use in g. More precisely,
g only has n/Cy independent small neighborhoods, hence their Hamming weight sum is essentially
a discrete Gaussian of variance ©4(n). Due to the random shift from other neighborhoods that we
cannot control, the support of this distribution can, in the worst case, completely lie in ¥ which
has range n/2. Therefore, we cannot hope to establish a similar result saying with high probability
the output of g does not hit the support of Dy.

To circumvent this, we explore the sharp threshold phenomenon in W. Observe that the range
of ¥, though wide, has a sharp cutoff at Hamming weight n/2. This should not happen in a
distribution that behaves like a Gaussian, unless the cutoff appears at the tail. In other words, we
expect to see that in the probability density function of the Hamming weight of the output of g,
the mass on the right boundary of n/2 does not differ from the mass on the left boundary of n/2,



in contrast to Dy. To be more precise, we consider the potential function
¢=Pr|[|X|€n/2+1,n/2+/n]] - Cy-Pr|[|X]| € [n/2—+n,n/2]],

where C/; is another large constant depending on d. Let ¢1 be ¢ when X ~ Dy and ¢2 be ¢ when
X is the output of g. Then obviously ¢; is roughly 1. However ¢y should be 04(1): since g has
many small non-connected Type-2 neighborhoods, the Hamming weight distribution of g can be
shown to be a Gaussian-like distribution with variance n/Cy. If the mean of the distribution is
< n/2 4 O4(y/n), then ¢g is negative since C/; is sufficiently large and the two intervals in the
definition are consecutive. On the other hand if the mean is > n/2 4+ 04(y/n), then ¢, is 04(1) by
standard concentration for the left-hand side of ¢o. In summary, this shows that ¢; — ¢o is always
at least 1 — 0g(1), which implies a 1/C, distance bound since ¢ has range bounded by C”,. Later it
is put together with the Type-1 analysis by a union bound.

A Unified Construction of the Potential Function. Let Py be the distribution over Ham-
ming weights of strings drawn from Dy. To extend the analysis of the above majority distribution
to a general W, the key point is to discover the threshold phenomenon in ¥ and to construct the
corresponding potential function to separate Py from a discrete Gaussian P with variance ©(n)
and an unknown mean. To this end, we follow the same approach to select some Hamming weights
SCWand T C{0,1,...,n}\ ¥, then define

¢ = Pr[|X| € S] - ©(1) - Pr[|X| € T].

To ensure ¢ is large under Py, S needs to take a significant amount of mass in Py. To ensure
¢ is small under P, S and T should not be too far apart (Lemma 3.9), i.e., elements in S should
be paired with distinct elements in 7" such that the distance of each pair is not too large. Guided
by this intuition, we construct S and 7" in a greedy way: we iteratively pick out s € ¥,¢t ¢ ¥ to
update S, T, where the selected pair needs to minimize the distance |s — t|. If we select K pairs in
total, then the absolute distance between each pair is O(K) by a simple induction argument and
the minimality of the distance of each pair upon selection. Therefore, we only need to make sure
K is small while ¢ is large, say at least §, under Py.

For this purpose, we truncate the J-tail and only look for (s,¢) pairs thereinto. Formally, let
0 < ¢ <r < n be such that Hamming weights in [¢, 7] cover 1 —¢ fraction of 2". Then we iteratively
pick out s € ¥ N [¢,r] and t € [¢,r] \ ¥ while minimizing their distance |s — ¢| until ¢ > 6 under
Py. Similarly, if we selected K pairs, the distance of each pair is at most O(K). In addition, since
we have removed the d-tail, we can show (Claim 4.17) that every Hamming slice in ¥ N [¢,r] has

probability mass > L\/gﬁ(l/‘s) under the uniform distribution (and thus under Py by its definition).

Therefore K < /n/log(1/0). Crucially, this additional log factor helps us in upper bounding ¢
under the discrete Gaussian P. Let A = s —n/2. Then

P(s) =272/ )\/n and P(t) = P(s+ K) ~ 27 AT /n ) /n.
Thus

o if A>> /nlog(1/0), then P(s) — C) - P(t) < P(s) < §/v/n,
e otherwise A < /nlog(1/0) and P(s)—0O(1)-P(t) ~ (2*A2/" —0()- 2*(A+K)2/n) /v/n <0,

which implies that ¢ < K -0/y/n < § under P.



One caveat here is that the actual Hamming weight distribution of the sum of small non-
connected Type-2 neighborhoods may embed a periodic pattern. For example, P may be a discrete
Gaussian on even numbers, which is exactly the case in the locally sampleable distribution Dyg 94, . 3-
Luckily, by the argument for ruling out periodic Hamming slices in [KOW?24], periods other than
two are also ruled out for P (Lemma 4.13). Therefore, we only need to additionally make sure the
selected pairs (s, t) have an even distance (Lemma 4.16), since otherwise we may have P(s) ~ 1/y/n
but P(t) = 0 when s and ¢ have different parities.

Extremely Small Error Regime. Combining the above arguments, we can prove a weaker
classification result: if the local distribution P is e-close to Dy where there exists some s € ¥
such that o(n) < s < (1 — o(1))n, then it is (Oq4(e) + e~©4(™)-close to the uniform distribution
or the uniform distribution over even / odd Hamming weights. The additional exponentially small
factor comes from analyzing Type-2 neighborhoods (Lemma 4.13), where an additive e 9a(m) ig
used to rule out the atypical case that the Hamming weight distribution is not Gaussian-like due to
correlations outside those non-connected Type-2 neighborhoods. While this seems inevitable in our
current analysis framework, this factor is minor when ¢ is not extremely small. To further shave
it, we explore the structure of d-local functions from different angles.

Let £ < e=94(") Assume our distribution P is e-close to Dy and is (Od(a) + e_@d(”))—close to
the uniform distribution. Let § < Og(e) + e~©4(™ be the distance between Dy and the uniform
distribution. Then we will use the variance V' of the Hamming weight of Dy to show (Theorem 4.9)
that 0 is in fact Og4(e). On the one hand, since P is extremely close to the uniform, its (pairwise)
marginals should be perfectly unbiased by granularity (Lemma 4.21). Hence V > n/4 —n? - ¢
where n/4 is the variance of the Hamming weight of P. On the other hand, since Dy is already
e~94(")_close to the uniform distribution, it shall not miss central Hamming weights. In fact, every
m ¢ ¥ must be > Og(n). Therefore we can upper bound V < (n/4 — ©4(n?)-6) /(1 — §) by
comparing the variance calculation of Dy and the uniform distribution. Then 6 < Oy(e) follows
from rearranging.

Now we turn to the case that our distribution is (Od(e) + e_@d(”))—close to the uniform distri-
bution over strings of even (or odd) Hamming weights. Then the above argument still works if ¥
contains only even numbers. Otherwise ¥ may include some odd Hamming weights and thus make
the upper bound on V' larger than n/4. To amend this, we show (Lemma 4.22) that P supports on
strings with even Hamming weights and thus we can discard odd weights in ¥ without increasing
the distance €. Then the previous argument carries over. To this end, we notice that the Hamming
weight of P has degree d over o because f is d-local. Hence by granularity, the expectation of the
Hamming weight parity is an integer multiple of 27¢, which has to be zero as the distance e < 279,

Putting Everything Together. Combining the above new ideas, we now give a streamlined
proof outline for proving the classification result in the regime where there exists some s € ¥ such
that o(n) < s < (1 — o(1))n. Assume the output of a d-local function f is close to Dy.

e First we apply the graph elimination results (Proposition 4.6) to reduce the d-local function
f to a number of more structured functions g, where each ¢ is d-local and has Q4(n) non-
connected neighborhoods of size O4(1).

e Then we classify each such neighborhood as Type-1 or Type-2, depending on whether its

output distribution is far from any biased distribution.

— If g has Q4(n) Type-1 non-connected small neighborhoods, then we show (Lemma 4.12)
that the output of g is extremely far from Dy by their independence.



— Otherwise we have Q4(n) Type-2 non-connected small neighborhoods. Unless Dy is close
to the uniform distribution, uniform over even strings, or uniform over odd strings, we
can construct (Lemma 4.16) a potential function ¢ such that its expectation is large
under the Hamming weight distribution of Dy but is small under any Gaussian-like
distribution on even or on odd numbers. Then we show (Lemma 4.13) that the Hamming
weight distribution of ¢’s output is typically a sum of independent integral random
variables that mimics a discrete Gaussian over odd or even numbers, which means ¢ is
indeed small under this distribution.

e Combining the large distance bound from the Type-1 case and the noticeable deviation of the
expected value of ¢ from the Type-2 case, we show (Theorem 4.8) that the output of f is
relatively far from Dy. Since this contradicts the starting assumption, we must have that Dy
is close to one of the three special distributions, implying that the output of f is also close
to the very distribution.

e Finally we use additional treatment (Theorem 4.9) sketched above to further sharpen the
bound.

3 Preliminaries

For a positive integer n, we use [n] to denote the set {1,2,...,n}. We use R to denote the set of
real numbers, use N = {0,1,2,...} to denote the set of natural numbers, and use Z to denote the
set of integers. For a binary string =, we use |z| to denote its Hamming weight.

We use log(z) and In(x) to denote the logarithm with base 2 and e ~ 2.71828. .. respectively.
For a € N, we use tow(a) to denote the power tower of base 2 and order a, where

1 a = O)
tOW(a) = gtow(a—1) 4 > 1.

Asymptotics. We use the standard O(-), (), O(-) notation, and emphasize that in this paper
they only hide universal positive constants that do not depend on any parameter.

Probability. We reserve U to denote the uniform distribution over {0, 1}, and more generally for
v € [0,1], reserve U, to denote the ~-biased distribution, i.e., ¢,(1) = v = 1 —U,(0). Note that
U=U .

Let P be a (discrete) distribution. We use  ~ P to denote a random sample = drawn from the
distribution P. If P is a distribution over a product space, then we say P is a product distribution
if its coordinates are independent. In addition, for any non-empty set S C [n], we use P|g to denote
the marginal distribution of P on coordinates in S. For a deterministic function f, we use f(P) to
denote the output distribution of f(z) given a random x ~ P.

For every event &£, we define P(£) to be the probability that £ happens under distribution
P. In addition, we use P(z) to denote the probability mass of x under P, and use supp (P) =
{z: P(x) > 0} to denote the support of P.

Let Q be a distribution. We use |P — Q|lty = 3 >, |P(z) — Q(z)| to denote their total varia-
tion distance.! We say P is e-close to Q if |P(x) — Q(%)||1y < &, and e-far otherwise.

1To evaluate total variation distance, we need two distributions to have the same sample space. This will be clear
throughout the paper and thus we omit it for simplicity.



Fact 3.1. Total variation distance has the following equivalent characterizations:

P — = max P(&)— Q&) = min Pr|[X #Y].
|| Q”TV event £ ( ) Q( ) random variable (X,Y) [ ?é }
X has marginal P and Y has marginal Q

Let Pq,...,P; be distributions. Then P; x --- x Py is a distribution denoting the product of
P1,...,Pi. Wealso use P! to denote Py x - - - x P, if each P; is the same as P. For a finite set S C [t],
we use P° to denote the distribution P? restricted to the coordinates of S. We say distribution P
is a convex combination of Py,..., Py if there exist ay,...,as € [0,1] such that Zie[t] a; = 1 and
P =2 ey i Pi

We will use several inequalities from [[KOW?24] about total variation distance. The first shows
that distance is largely preserved under conditioning.

Fact 3.2 (See e.g., [KOW24, Fact 4.1]). Assume P ise-close to Q, and let P', Q' be the distributions
of P, Q conditioned on some event £, respectively. Then for any function f,
2e
20
The second allows us to argue that the distance between a distribution D and a mixture of

distributions must be large if the distance between D and each individual distribution in the mixture
is also large.

Lemma 3.3 ([KOW24, Lemma 4.3]; see also [Vio20, Section 4.1]). Let P1,...,P; and Q be distri-
butions. Assume there exists an event € and values £1,e2 such that for each i € [t],

e cither |P; — Q|lrv = 1 — &1 holds,
o or Pi(€) <&y and Q(€) > 1 — &3 hold.

£ (P") = F(Q)|1y <

Then for any distribution P as a convex combination of P, ..., P, we have
|P—Qllty=>1—(t+1)-e1 —ex—e3.

Finally, we will require the following lemma. It shows that two coupled random vectors with
identical marginal distributions will still have Hamming weight mismatch (even modulo an integer)
as long as parts of their entries are independent.

Lemma 3.4 ([KOW24, Lemma 4.4]). Let (X,Y,Z,W) be a random variable where X, Z € {0,1}
and Y,W € {0,1}}71. Let ¢ > min {3,t + 1} be an integer.> Assume

e X is independent from (Z,W) and Z is independent from (X,Y),

e (X,Y) and (Z,W) have the same marginal distribution and is e-close to L{ﬁ for some v €
(0,1/2]® and
< L 9=50v(t-1)/q*
=1

Then we have ,
Pr[X +|Y|=Z+|W]| (mod ¢)] <1— 21 L 9=50v(t=1)/q?
q

We also follow much of the terminology and notation from [[KOW24] below.

%If ¢ > t + 1, then one may instead apply Lemma 3.4 with modulus ¢ + 1, since X + |Y| = Z + |W| (mod q) is
equivalent to X + |Y| = Z + |W]| for ¢ > t + 1.

3Lemma 3.4 holds for v € [1/2,1) as well, with v replaced by 1 —+ in the bounds. This can be achieved by simply
flipping zeros and ones of (X, Y, Z, W). This trick carries over the e-closeness to Uf,v and preserves the congruence.



Locality. Let f: {0,1}" — {0,1}". For each output bit i € [n], we use I(i) C [m] to denote the
set of input bits that the i-th output bit depends on. We say f is a d-local function if [I(i)| < d
holds for all i € [n]. Define N (i) = {i' € [n]: Iz(i) N I(i") # 0} to be the neighborhood of ¢, which
contains all the output bits that have potential correlation with the i-th output bit. For each input
bit j € [m], we use deg¢(j) = [{i € [n]: j € I;(i)}| to denote the number of output bits that it
influences.

We say output bit iy is connected to g if Tp(i1) N If(iz) # 0. We say neighborhood Ny (i)
is connected to Ny (i2) if there exist ¢} € Ng(i1) and i5 € Ny(ia) such that I¢(¢}) N Ip(ih) # 0.
As such, every output bit is independent of any non-connected output bit, and the output of a
neighborhood has no correlation with any non-connected neighborhood of it. When f is clear from
the context, we will drop subscripts in I (i), Ny (i), deg(j) and simply use I(i), N (i), deg(j)-

Bipartite Graphs. We sometimes take an alternative view, using bipartite graphs to model
the dependency relations in f. Let G = (V1,Va, E) be an undirected bipartite graph. For each
i € V1, we use Ig(i) C Vo to denote the set of adjacent vertices in V,. We say G is d-left-bounded
if |[Ig(i)] < d holds for all i € V4. Define Ng(i) = {i' € Vi: Ig(i) N Ig(i') # 0} to be the left
neighborhood of 1.

We say left vertex iy is connected to iy if I (i1) N Ig(i2) # 0. We say left neighborhood N (i1)
is connected to Ng(ig) if there exist i} € Ng(i1) and i, € Ng(i2) such that Ig(i)) N Ig(ih) # 0.
For each j € Va, we use deg(j) = [{i € Vi: j € Ig(i)}| to denote its degree. When G is clear from
the context, we will drop subscripts in (i), Ng (i), degq(j) and simply use I(i), N (i), deg(j).

It is easy to see that the dependency relation in f: {0,1}"™ — {0,1}" can be visualized as a
bipartite graph G = G where [n] is the left vertices (representing output bits of f) and [m] is
the right vertices (representing input bits of f), and an edge (i,7) € [n] x [m] exists if and only
if j € Iy(i). The notation and definitions of I;(i), Ny (i), deg(j) are then equivalent to those of
IG(i)7 NG(i)a degG(j)'

As mentioned in Section 2, it will be useful to reduce a general d-local function to one having
many non-connected neighborhoods of small size by deleting a few input bits.

Theorem 3.5 ([KOW?24, Corollary 4.11]). Let A,k > 1 be parameters (not necessarily constant)
and let F(-) be an increasing function. Let G = ([n],[m], E) be a d-left-bounded bipartite graph.
Define

Flz) = é “exp {32442 - F(2d - 1)} . (1)

Assume H(-) is an increasing function and H(z) > F(z) for all x > L where L > 1 is some
parameter not necessarily constant. If H(x) > 2x for x > L and

F(z)>1 holds for allz >1 and x> \>d- H?*2 (L), (2)

where H®) is the iterated H of order k*, then there exists S C [m] such that deleting those right
vertices (and their incident edges) produces a bipartite graph with r non-connected left neighborhoods
of size at most t satisfying

|S|§L and 1>

< K.
FD) and t<k

>3

Observe that in Theorem 3.5, even if F is a constant function, F' (and hence H) will grow faster
than an exponential function. This implies that the lower bound on x and A\ will (at least) be a
tower-type blowup in d. Surprisingly, this is necessary [KOW24, Appendix A.2].

‘HD(2) = H(z) and H® (z) = HH"*Y (z)) for k > 2.
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Note that in the language of functions, Theorem 3.5 reduces d-local function into (d,r,t)-local
functions, as defined below.

Definition 3.6 ((d,r,t)-Local Function). We say g: {0,1}"™ — {0,1}" is a (d, r,t)-local function
if g is a d-local function with 7 non-connected neighborhoods of size at most t.

Binomials and Entropy. Let H(x) = z - log (i) + (1 —2x) - log (ﬁ) be the binary entropy
function. We will frequently use the following estimates regarding binomial coefficients and the
entropy function.

Fact 3.7 (See e.g., [CT06, Lemma 17.5.1]). For 1 <k <n —1, we have
—F— < <
V8k(1 —k/n) k V7k(1 —k/n)
Fact 3.8 (See e.g., [Wik23a]). For any x € [—1,1], we have

too 2n 2

1+ 1 T T
1-2%< —1- <1- .
v —H< 2 > 21n(2)Z:1n-(2n1)_ 21n(2)

n=

Density Comparison. We will need the following comparison result for the probability density
function of the sum of independent random variables. It is a special case of the more general
Theorem A.1; the proof and discussion on tightness and typical parameter choices are deferred to
Appendix A.

Lemma 3.9. Let t > 1 be an integer, and let X1,...,X, be independent random wvariables in
{0,1,...,t}. For each i € [n] and integer r > 1, define p,; = maxgez Pr[X; =z (mod )| and
assume

Z(l —pri) > L >0 holds for all r > 3.

i€[n]

2t2

Let m = |L/(32t*)| and o = <m> . Then for any x € Z and 0 < k1, k2 < a-m/128,

2
Pr ZXi:x —C-Pr ZXi:x—i-A < jim‘e”“?
1€[n] i€[n]

holds for any A € Z and C € R satisfying

|A| < 2y/k1 - am is an even number and C >2- 12 (VA2 A1)

4 Classification of Locally Sampleable Hamming Slices

In this section, we will prove a general classification result for uniform distributions with symmetric
support that can be sampled by local functions. Let ¥ C {0,1,...,n} be a non-empty set. We
define Dy to be the uniform distribution over z € {0,1}" conditioned on |z| € V.

We will show that if the output distribution of a local function is close to Dy, then it is in fact
close to one of the following six specific symmetric distributions: zeros, ones, zerones, evens,
odds, and all, where

11



e zeros = Dy, ones = Dy,1, and zerones = Dyg 3.

¢ evens = D{even numbers in {0,1,...,n}} and odds = D{odd numbers in {0,1,...,n}}-

e all = D{O,l,...,n}'

Theorem 4.1. Let f: {0,1}™ — {0,1}" be a d-local function. Assume ||f(U™) — Dyl|qy < € for
some W C {0,1,...,n} and n > tow(900(d + 1)). Then

[fU™) = Dllry < tow(850(d +1)) - &
for some D € {zeros, ones, zerones, evens, odds, all}.
Remark 4.2. We show the qualitative tightness of Theorem 4.1 from different angles.

e The six special distributions admit local sampling schemes: zeros and ones can be sampled
by a 0-local function; all and zerones can be sampled by a 1-local function; evens and odds
can be sampled by a 2-local function.

e The lower bound on n is necessarily depending on d. If n < d, then one can sample the uniform
distribution over any support S C {0,1}" of size | S| dividing 2¢. This can be achieved by
fixing a regular mapping 7: {0,1}? — S and using the d input bits to compute it. Also if n
is a power of two and d = log(n), then one can directly sample a uniform string of Hamming
weight one, which is uniform symmetric.

e The unspecified distance assumption € cannot be replaced by a constant, i.e., local functions
are indeed able to arbitrarily closely approximate uniform symmetric distributions.

Starting from evens, we randomly flip the first ¢ € [n] output bits with probability 1/4. This
distribution is 4-local since both evens and the 1/4-biased flipping are 2-local. It is easy to
see that this distribution is at distance 27©(9) to all and evens, and is much farther from
other uniform symmetric distributions. This shows that € can be arbitrarily small even when
d is a fixed constant.

e The distance blowup from || f(U™) — Dy /||y to || f(U™) — D||1y is qualitatively necessary, i.e.,
the local distribution can be closer to a uniform symmetric distribution than to one of the
six special ones. In particular, we identify the following example which rules out a bound of
the form (1 + o(1))e.

Consider the distribution D that with probability 3/4 is evens and with probability 1/4 is
odds. Observe D can be sampled by a 3-local function via a similar strategy to that for
evens. The uniform distribution over n-bit strings of Hamming weight 0, 1,2, or 4 mod 6 is
approximately (1/6)-close to D; however, all six special distributions are (1/4)-far from D.
Thus, the implicit constant in Theorem 4.1 must be strictly greater than 1.

To prove Theorem 4.1, we will classify W into several cases and handle them separately. To this
end, define +(¥) € ¥ to be the Hamming weight in ¥ that is closest to the middle:

((¥) = argmin|s — n/2|
sev
where we break ties arbitrarily. Intuitively, since ¢(¥) is the dominating Hamming weight under
the binomial distribution, Dy is close to either D, () or % (DL(\I,) + Dn,L(\p)), where we recall that
Dy, is the uniform distribution over the Hamming slice of weight k. Based on this intuition, we
divide ¥ into the following cases:

12



e TaiL REGIME: ((¥) < n/2%2 or 1(V) > n — n/29+2,

e CENTRAL REGIME: n/2%2 < 1(U) < n — n/29+2,

In the tail regime, we wish to show that Dg can only be zeros, ones, or zerones. This is
formalized by the following consequence of [F.LRS23, Theorem 1.2]. For completeness, we include
a simple self-contained proof in Appendix B.

. 2
Theorem 4.3. Let f: {0,1}™ — {0,1}" be a d-local function where n > 2%° VT Assume
| fU™) = Dy|lvy < 1/2 for some ¥ in the tail regime. Then Dy € {zeros, ones, zerones}.

In the central regime, we aim to show that Dy is essentially evens, odds, or all by Theorem 4.4,
which will be proved in Subsection 4.1.

Theorem 4.4. Let f: {0,1}™ — {0,1}" be a d-local function where n > tow(900(d +1)). Assume
| fU™) — Dy||ty < € for some V in the central regime. Then

| fU™) = D|l+y < tow(850(d + 1)) - ¢
for some D € {evens, odds, all}.
Combining Theorem 4.3 and Theorem 4.4, we can now establish Theorem 4.1.

Proof of Theorem 4.1. First note that the bound in Theorem 4.1 is trivial if € > tow(850(d+1))~!.
Hence we assume without loss of generality that ¢ < tow(850(d + 1))~! < 1/2. If ¥ is in the tail
regime, then by Theorem 4.3, we have Dy € {zeros, ones, zerones}. Hence by setting D = Dy,
we have ||f(U™) — D|lty < e < tow(850(d + 1)) - e. If ¥ is in the central regime, then the bound
follows directly from Theorem 4.4. O

4.1 Central Regime

In this section, we deal with the central regime where strings from Dy are spread out in the middle
layers, i.e., n/29%2 < (V) < n —n/2%+2 where (V) is the Hamming weight in ¥ closest to n/2.

Theorem (Theorem 4.4 Restated). Let f: {0,1}"™ — {0,1}" be a d-local function where n >
tow(900(d + 1)). Assume ||f(U™) — Dy||py < € for some ¥ in the central regime. Then

| f(U™) = D|ty < tow(850(d + 1)) - €
for some D € {evens, odds, all}.

Recall that g is a (d,r,t)-local function if (1) g is a d-local function, and (2) it has r non-
connected neighborhoods of size at most ¢. The high-level idea underlying the proof of Theorem 4.4
is to use graph elimination results from [KOW24] to reduce an arbitrary d-local function to a
mixture of (d,r,t)-local functions with r as a small multiple of n and ¢ as a large constant. This
additional structure will make the analysis substantially easier. After proving bounds for each
of the subfunctions, we amalgamate them into one for the original function via a union bound
argument. We will first prove the following distance lower bounds for (d,r,t)-local functions in
Subsection 4.1.1.
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Proposition 4.5. Let ¥ be in the central regime and assume ||Dy — D|t, > § holds for all
D € {evens, odds, all}, where

(t+1)?

3(t+1)2 6
§ > exp {_n/ <230(dt+1) _n/r) (t+1) } and n> (230(dt+1) 'n/r) and > 21000dt+1).

Then there exists a function ¢: {0,1}" — R such that — exp {2100(dt+1)3 : (n/r)4(t+1)2} <éx) <1
holds for all x € {0,1}".
Moreover, let g: {0,1}™ — {0,1}" be an arbitrary (d,r,t)-local function and define Py = g(U™).
Then either
[Py~ Dallyy > 1= n? - exp { /220000 ]

or
~120 20(dt+1
B, [0 = (B [0(X)] 2 8-27 — (t41) exp { /224D L

We remark that in [KOW?24], the potential function ¢ is merely the indicator function of the
support of the desired distribution, which has tiny probability mass in the actual d-local distribu-
tion. Since our V is arbitrary in the central regime, the actual construction of ¢ in Proposition 4.5
is much more delicate and is no longer a simple indicator function.

To reduce the actual d-local function to a (d, r, t)-local function, we use graph elimination results
from [KOW?24] as before.

Proposition 4.6. Let f: {0,1}" — {0,1}" be a d-local function. There exists a set S C [m] such
that any fixing of input bits in S reduces f to a (d,r,t)-local function g where

r n

Proof. The statement is trivial when d = 0 since then we can set S = (),r = n,t = 0. For d > 1,
we apply Theorem 3.5. Set F(z) = 230'(d+1)  Then

~ 1
Fz) = S -exp {32d4$2 . 230d-(2d2m+1)} _

Define H(z) = 22*" and let L = 500d. By setting
Kk =\ = tow(600d) > d - H?¥2)(L),
the conditions in Theorem 3.5 are satisfied, yielding the result. O

In [KOW?24], Lemma 3.3 is used to combine Proposition 4.6 and Proposition 4.5. Here we need
Lemma 4.7, which is a slight strengthening of Lemma 3.3, since we have a potential function that
is not necessarily an indicator of an event. Nevertheless, the proof carries over and is deferred to
Appendix C.

Lemma 4.7. Let Py,..., Py and Q be distributions. Let ¢ be a function with output range [a,b]
where a < b. Assume for each i € [{],

cither | Pi—Qlry >1—m or  E_[p(X)~ E_[$(X)] > .

X~ X~P;
Then for any distribution P as a convex combination of P1,...,Ps, we have
2
[P = Qlltv = b—a (C+1)m.
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At this point, we can prove Theorem 4.8, a weaker version of Theorem 4.4 equipped with an
additional assumption on € being not too small.

Theorem 4.8. Let f: {0,1}™ — {0,1}" be a d-local function where n > tow(900(d+1)). Assume
| f(U™) — Dy|lpy < € for some ¥ in the central regime and

€ > exp {—tow(75(;](d +1)) } .

Then
| fU™) = D|y < tow(750(d + 1)) - €

for some D € {evens, odds, all}.

Proof. Let 6 = tow(750(d + 1)) - &, which satisfies

02 exp {_tow(80&d +1)) } ' 3)

Assume towards a contradiction that || f(U™) — Dy||qy > 0 for all D € {evens, odds, all}.
First we reduce f to (d,r,t)-local functions. By Proposition 4.6, we find a set S C [m] such
that any fixing p of input bits in S reduces f to a (d,r,t)-local function f, where

n

> d t<t d). 4
2 fow(600d) an < tow(600d) (4)

r
‘S’ S W and r

Then we use Proposition 4.5 to analyze each f,. Since n > tow(900(d+ 1)), by (3) and (4), the
conditions in Proposition 4.5 holds. Hence, by Proposition 4.5, there exists a function ¢: {0,1}" —
R, which depends only on ¥, such that

(1) a:=1—tow(700(d + 1)) < ¢(x) <1 =:b holds for all z € {0,1}",
(2) for each f,, define P, = g(U™) then either

|Ps, — Dl =1 —n’exp {_T/220d(t+1)} 1y
or

n

~ tow(700(d + 1))

E [6(X)]- E [¢<X>]za/2120—exp{

> 5/289 =: .
X~Dy X~Py, }_ / 2

Note that the above bounds are simplified using (4) and n > tow(900(d + 1)).
Finally we use Lemma 4.7 with P = f(U™), Q = Dy, and Py, ..., P, being the output distri-
butions of f,’s, as well as the parameters a, b, 11,12 defined above. Then we have

§/2130 - B (2\s| 4 1) 2 exp{_r/QQOd(H—l)}

(700(d + 1

130

- tow(750/§(d +1)) n’ - exp {_r/225d(t+1)} (by (4))
§/2130 _ § /9200

~ tow(700(d + 1))

> §/tow(750(d 4+ 1)) = ¢,

u™) —D >
1™ = Dallry = —

(by (4), n > tow(900(d + 1)), and (3))

which is a contradiction. O
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To further lift the assumption on €, we need to explore extra properties of local functions. This
is handled in the following Theorem 4.9, the proof of which is presented in Subsection 4.1.2.

Theorem 4.9. Let f: {0,1}™ — {0,1}" be a d-local function where n > tow(900(d +1)). Assume
| f(U™) — Dy|lpy < € for some ¥ in the central regime and

e < exp {—tow(gogb(d +1)) } .

Then
|F@U™) ~ Dliy < tow(850(d + 1)) - ¢

for some D € {evens, odds, all}.

The full version of Theorem 4.4 follows from the combination of Theorem 4.8 and Theorem 4.9.

Proof of Theorem 4.4. If ¢ > exp{—n/tow(750(d + 1))}, then we apply Theorem 4.8. Other-
wise we have ¢ < exp{—n/tow(750(d + 1))} < exp{—n/tow(800(d + 1))}, from which we apply
Theorem 4.9. O

4.1.1 Analysis of More Structured Local Functions

In this part, we prove Proposition 4.5, which concerns the more structured (d, r,t)-local functions.
For convenience, we additionally assume d,t > 1 in the restated version of Proposition 4.5 below.
This immediately implies the original statement by shifting by one, since any (d, r, t)-local function
is also (d',r,t")-local for any t' > ¢ and d’ > d.

Proposition (Proposition 4.5 Restated). Let d > 1, t > 1, and r > 2100dt - Assume U is in the
central regime and assume ||Dy — D||ty > 0 for all D € {evens, odds, all}, where

§ > exp {_n, <230dt ) n/r) —3t2} and n> (230dt _ n/r>

6t2

Then there exists a function ¢: {0,1}" — R such that —exp {2100dt3 . (n/r)4t2} < ¢(x) < 1 holds
for all x € {0,1}™.
Moreover, let g: {0,1}™ — {0,1}" be an arbitrary (d,r,t)-local function and define Py = g(U™).
Then either
[Py — Dyllty =1 —n* exp {—r/220dt}

or
X)) = E, [6(X)] 262720 — t-exp { /220 }.
E1000) - (B, [6(0)] 2 exp {1/

To prove Proposition 4.5, we fix a (d, r, t)-local function g: {0,1}"™ — {0,1}", where r and ¢ are
parameters to be plugged in later. Recall that for each i € [n], its neighborhood Ny (i) C [n] is the
set of output bits that share common input bits with the i-th output. Let e € [0, 1] be a parameter
to be optimized later. We classify each N (i) = N4 (i) of size s; = [N (4)| into the following cases:

e Type-1. Py|n(;) is not e-close to Z/lss}n for each n/29t3 < s < n —n/ /293,

o Type-2. Py|n(; is e-close to Z/{j}n for some n/2%43 < s <n —n /293
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The classification of Type-1 and Type-2 neighborhoods is different from the ones in [KOW24], where
they only have a single unique biased distribution to compare with. The definition here takes into
consideration all noticeable Hamming weights since Dy can be a mixture of very different biased
distributions, e.g., if ¥ = {n/3,2n/3}, then Dy is roughly a uniform mixture of the 1/3-biased and
2/3-biased distributions, which is not close to any product distribution.

Recall that ¥ being in the central regime means there exists some s € ¥ such that n/2972 <
s < n—n/2%%2. Hence focusing only on the Hamming weights within range [n/2%+3, n—n/29+3], as
in the definition of Type-1 and Type-2 neighborhoods, does not differ too much. This is formalized
by Claim 4.10 and is proved in Appendix C.

Claim 4.10. If U is in the central regime, then ¥ # () and
[P — Dl < 8- exp {—n 27401,

where U = {s € U: n/2¢T3 < s <p—n/27H3},

If g has many small non-connected Type-1 neighborhoods, then we show that P, is extremely
far from Dy, and thus Dy by Claim 4.10, in Lemma 4.12. This is proved via a simple reduction
to the analysis of Type-1 neighborhoods in the single Hamming slice case in [KOW24], quoted as
Lemma 4.11 below.

Lemma 4.11 ([KOW24, Lemma 5.14]). Assume there are v’ > 1 non-connected Type-1 neighbor-
hoods. Then

[Py — Dilly > 1—2vV2n - exp {—*'/2}.

Lemma 4.12. Assume there are v’ > 1 non-connected Type-1 neighborhoods. Then
1Py = Dullyy > 1 —4n'® - exp {—e*'/8} = 8- exp {_n . 2—(d+4)} .

Proof. Let ¥ = {s € ¥: n/29"3 < s <n—n/29"3} which is non-empty by Claim 4.10. For each
s € U, we apply Lemma 4.11 to obtain ||Py — Dsllqy, > 1 —4y/n-exp {—¢e%/8}. Since Dy is the
convex combination of Dy for s € ¥, we have

Py — DWHTV >1—4n'® - exp {—c%'/8},

where we used Lemma 3.3 and the fact that || < n. Then the final bound follows from Claim 4.10
and a triangle inequality. O

If ¢ has many small non-connected Type-2 neighborhoods, we show that the Hamming weight
of Py is the convex combination of sums of many independent bounded random integers with
additional congruence properties.

This “open-boxes” the proofs of [KOW24, Lemmas 5.15 & 5.22]. The key point here is that
€ only needs to be mildly small depending on d and ¢ to obtain the congruence properties by
Lemma 3.4, since every s in the definition of a Type-2 neighborhood is bounded away from the
boundary (i.e., 1/2%43 < s/n < 1 —1/2%+3). The proof of Lemma 4.13 is deferred to Appendix C.

Lemma 4.13. Assume there are v’ > 1 non-connected Type-2 neighborhoods of size at most t.
If ¢ < 273973 then the distribution of the Hamming weight of X ~ Py can be decomposed as
>_p Ao Pp where

1. 32,Ap =1 and each A, > 0;
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2. each P, = X, + Zje['r’] X, where X, is a fived integer and X, 1,...,X,, are independent
random variables in {0,1,... t},

3. we say p is bad if there exists some integer q > 3 such that Zje[r’](l — Do) < 9 Tt—d .yl
where pp.q,; = maxzez Pr (X, ; = x (mod q)]. Then 3,4, p <t-exp {—27Ttmd=2

Note that Item 3 from Lemma 4.13 does not guarantee any congruence property for modulus
2. This suggests that we should handle even and odd numbers in ¥ separately. Indeed, in the
following Lemma 4.14 we show that if Dy is not close to evens, odds, and all, then either its even
part is far from evens or its odd part is far from odds. We remark that Lemma 4.14 also works
for ¥ not in the central regime.

Lemma 4.14. Let I' and = be the set of even and odd numbers in VU respectively. Define v =
Isupp (Dr) |/2" ! and & = |supp (D=) |/2" . Then Dy can be decomposed as ﬁ -Dr + % Dz’
In addition, if ||Dy — D||vy > 0 > 0 for every D € {evens, odds, all}, then

7-Dr —evens|ry _ v(1—1)

either — > € | D= — odds| 1y _ §(1-¢) > J

5
v+E y+re “12 7 v+E y+E T 12 (5)

Proof. The decomposition follows directly from the fact that Dy, Dr, D= are uniform distributions
over their supports respectively. Since supp (Dr) C supp (evens), supp (D=) C supp (odds), and
U £ (), we have

0<y<1, 0<££<1, and v+€>0. (6)

Now we can express ||Dy — D||y. Starting with D = all and by Fact 3.2, we have

D D D=
Dy — allfpy = 1— supp (D) | _ | [supp(Pr) [+ |supp(P=)| _ | 7 +&
A 2n 2
Let ¢’ =6/3 € [0,1/3]. Since |Dy — all||q, > 6 > ¢, this gives
y+EL2-(1-4). (7)

For D = evens, we work directly with the definition of total variation distance:

|supp (Dr) | |supp (Dr) | ‘ L 27— lsupp (Dr) |, Isupp (D) !)

1
[Du ~ evensliry =

2 \[[supp (D) | 2n-1 2n-1 [supp (Dy) |
1 v §
= \|l——7+t1l-—9+——],
2 ( T+E ’Y‘ Ty f)
which implies
1-— <1
§ < 57 y+E<T (8)
i€ y+E&€> 1.
Similarly by inspecting D = odds, we have
1-— +£<1,
w3 v+ &> 1.

In addition, by Fact 3.2, the equalities in (5) hold and the inequalities follows from solving the
following optimization problem, which is proved in Appendix C.

SEven if, say, Dr is undefined due to I' = (§, this decomposition is still valid, since then v = 0 and Dy = D=.
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Claim 4.15. Given constraints (6), (7), (8), and (9), we have 2 +5 <1-4')/2.

Assuming (5) is false, then we should have

=y A= | +& 5 &
v+¢€ v+¢€ v+& 6 27
which, however, contradicts Claim 4.15. O

Given Lemma 4.14, we can focus on the even part or the odd part of ¥. Say, the even part
I' of ¥ witnesses a large deviation from evens. Then we construct a potential function ¢ such
that (1) its expectation is small under each typical P,, and (2) it is large under Dr. In retrospect,
the potential function was defined to be the indicator of the support of the desired distribution in
[KOW?24, Lemmas 5.15 & 5.22], where (2) held trivially and (1) followed from anticoncentration
(i.e. [Ush&86, Theorem 3] or [[KOW24, Lemma 3.7]). Since here we have an unstructured I, it is
much more delicate to construct such a potential function and verify conditions (1) and (2).

Informally, ¢ is constructed to indicate part of the Hamming weights in I" (i¢’s in Lemma 4.16)
and subtracts some nearby Hamming weights that are not covered by I' (j,’s in Lemma 4.16). To
guarantee (1), we will use density comparison results (Lemma 3.9); for (2), we will make sure that
the set of indicated weights in I' consists of a noticeable probability mass in Dr.

Lemma 4.16. Assume n > 2! and 61,82 € (0,1) satisfying 01(1 — 62) < 27190 and §; < §y. Let

I' c {0,1,...,n} be non-empty and contain only even numbers. If |Dr — evens| 1, > d2, then
there exist i1,...,1K5,J1,---,JK Such that
1. 41,...,iK, J1,- .-, JK are distinct even numbers in {0,1,...,n},

2. PrXNDF HX’ S {’il,...,iK}] > 51/60 and PrXNDp [|X| € {jl,... ,jK}] = 0,

3. K<1 +8\/n/ log (m> and |ig — jo| < 4K holds for each ¢ € [K].

Proof. For each m € {0,1,...,n}, define

_ n
wt,, = 27"+ <m> and  wte, = 27" Z ( B 21) and  wts,, = 27" Z (m N 21)

1>0

For even m’s, wt,, captures the Hamming weight distribution of evens.
Let v = Y, cr Wtp,, which equals |supp (Dr) |/2"!. Then

XND r [|X|=m]=wt,/y foreachmeT. (10)
In addition, by Fact 3.2, we have
|Dr — evens||ty = Z Wty =1—7 >8> 0. (11)
even m¢I’

If 61y < 27! then we set K = 1 and select arbitrary i1 € I, j; ¢ I such that |i; — ji| = 2. Since
|Dr — evens||ty > 0, such a pair always exists. Then Lemma 4.16 follows immediately from (10)
and the fact that wt,, > 27" for every even m.

From now on we assume 617y > 2~ "1, Define

m = min {even m: wt<,, > 017/4} and mg = max{even m: wt>,, > d;v/4}.

Note that m| and mg are well-defined. We will need the following estimate for the binomial weights
sandwiched between them. The proof of Claim 4.17 is a direct but tedious calculation on binomial
coefficients and is deferred to Appendix C.
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Claim 4.17. m| <n/2 —/n and mg > n/2 + /n. Furthermore, for each even m € [m, mg], we

have wt,,, > mlfb,g—\(/lﬁ/w”)).
Define
I={meTl:m . <m<mgr} and J={even m:mg <m <mg}\I.
We will select i1, ...,ix from I and ji,...,jx from J. First observe that
Z wt,, > Z Wiy, — Wt —2 — WEspmpt2 > 7 — 0177/2 > 017/2, (12)
mel meTl

which, combined with (10), implies that the first half of Item 2 will be eventually satisfied if we
keep picking out ix’s from I. We describe the actual process separately depending on whether J is
abundant.

The |J| > /n/9 Case. We will simply select (i, jx) iteratively until Item 2 is satisfied, and each
pair is selected to minimize their absolute distance to guarantee Item 3.

e Initialize Ip = I and Jy = J.

e For each k = 0,1,2,..., if ZZG[k} wt;, > 017/16, then set K = k and terminate; otherwise
define I11 < I \ {ix}, Je+1 < Ji \ {Jr} then continue, where

(i, jx) = argmin [i — j|.
(4,3) €I x I,

By Claim 4.17 and the definition of I, we know that if the process does not terminate at time k,
then

1
01y d17+/log(1/(617)) 014 [log (61(1—62))
—>Zwtie2k- > k- 7
16 Le(k) 16\/ﬁ 16\/5

where we used 7 < 1 — d9 from (11). This means that the process must terminate before k& > 1 +

\/n/log (m). Since |J| > /n/9 and §1(1—62) < 2719 we have |J| > 1+\/n/10g (ﬁ),

which implies that we will never run out of j; before termination and the above process is indeed
valid. This argument, combined with (10) and the definition of each I and Ji, already verifies
Item 1, Item 2, and the first half of Item 3. For the second half of Item 3, a simple induction
argument shows that the k-th selected pair has distance at most 4k — 2, which is at most 4K as
desired.

The |J| < \/n/9 Case. Here, the naive greedy selection approach may not work since we may
not have a sufficient amount of j’s to pair with i;’s. However, by (11), the total weight in J is
also noticeable:

Z wt,, > Z wt,, — WtSmL—Q — Wtsz_i_g > (52 — 51’)//2 > 51’}//2, (13)
meJ even m¢rl’

where for the last inequality we used 61y < 81 < do. If we cleverly select pairs until ), wt;, is large
enough, >, wt;, should also be large since |.J| itself is small and hence wt;,, wt;, shouldn’t be off by
much. Now we describe the actual process.
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e Initialize Iy = I and Jy = J.

e For each £k =0,1,2,..., if ZZG[M wtj, > 617/2 or ZZe[k} wt;, > 017/60, then set K = k and
terminate; otherwise define 11 < I \ {it}, Jp+1 < Ji \ {Jr} then continue, where iy, ji are
selected as follows:

(A) if there exists i € Iy, j € Ji that n/2 <i < j, then (ix, ji) = argming jyer, xJ, 11 — jl,
n/2<i<j
(B) else if there exists i € Iy, j € Ji that n/2 > i > j, then (iy, jx) = argming jyer, xJ, |1 —Jl;
n/2>i>j
(C) else if I, # 0 and Ji, # 0, then (ig, jx) = arg mMin(; jer, ., li — jl,
(D) else, by (13), we must have I = (). Then the process errs.

To prove the validity of the above process, we first show that the process does not err. Since
each wt,,, m € J is also lower bounded by Claim 4.17, Zée[k} wt;, > 617/2 will be satisfied before

k>1+ 8\/ n/log (W:&)) by the same argument as in the previous case. On the other hand,
Claim 4.17 also implies that |I|+ |J| > \/n — 1. Since |J| < y/n/9, we have |I| > 8y/n/9 — 1, which

is larger than 1+ 8\/”/ log (ﬁ) as 01(1 — 83) <2719 and n > 219 Hence we never run out

of ix in Item (D) before termination and the above process does not err. This argument, combined
with the definition of each I and Ji, already verifies Item 1, the second half of Item 2, and the first
half of Item 3. The second half of Item 3 can be analogously established by an induction argument
that the k-th selected pair has distance at most 4k — 2 < 4K.

All that remains is the first half of Item 2, i.e., >, wt;, is large upon termination. To this end,
we relate each wt;, and wt;, by Claim 4.18.

Claim 4.18. For any time k before termination, we have wt;, > wt;, /30.
Proof. If (i, ji) is obtained in Item (A) or Item (B), then by the definition of wt, we have wt;, >

wtj, > wtj, /8 immediately. Now we assume that (i, j) is obtained in Item (C). We will show that
both i) and j; are within range [n/2 — \/n,n/2 + y/n], from which we have the desired relation:

; n " " - 2n-(7—l(1/271/\/ﬁ)—1)
Wi, _ (““) > ( /2 f) > (by Fact 3.7 and the range of i, ji)

wtj, (;}1) - (7:}2) T /8- (1—4/n)/w

>

(by Fact 3.8)

If i, < n/2—+/n, then ji > i) since otherwise we should be in Item (B). In addition, every even
m € [n/2 —\/n,n/2] is either selected already or contained in J. To see this, if there exists m €
[n/2—+/n,n/2]NI; and m > ji, then we should be Item (B); if there exists m € [n/2—+/n,n/2|N1}
and m < jg, then we cannot pick iy, < n/2 —/n < m since |iy — ji| > |m — jg| in Item (C). Now
observe that there are at least \/n/2 — 1 even numbers in [n/2 — y/n,n/2]. Since we assumed
|J| < +/n/9, at least 74/n/18 — 1 of the even numbers in [n/2 — \/n,n/2] must be in I and they are
all selected before. By Claim 4.17, this means

e > Wno Ay diyy/log(1/(017)) 1y
Z =18 16y/n =60’
Lelk—1]

which means that we should have terminated already. This gives a contradiction.

21



If jr < n/2 — +/n, then every even number m € [n/2 — /n,n/2| is either selected already or
contained in Ji, since otherwise we would be in Item (B). Then the same argument follows. The
possibility that ix > n/2 4+ y/n or ji > n/2 + \/n can also be ruled out analogously. O

Given Claim 4.18, we always have ZZG[k} wt;, > 017/60 upon termination. This, combined with
(10), establishes the first half of Item 2 and completes the proof. O

By identical reasoning, we can also handle odd numbers. In addition, by relaxing the bounds,
we can remove 27100 from the assumption to get a cleaner statement.

Corollary 4.19. Assumen > 210 and §1, 62 € (0,1) satisfying 81 < 2. LetT' C {0,1,...,n} (resp.,
= c{0,1,...,n}) be non-empty and contain only even (resp., odd) numbers. If | Dr — evens||t, >
9y (resp., ||D= — odds||1\, > 62), then there exist i1,...,iK,ji1,...,jk such that

1. 41,...,iK,J1,--.,JK are distinct even (resp., odd) numbers in {0,1,...,n},
2. Pr[|X| € {i1,...,ix}] > 01/2'% and Pr[|X| € {j1,...,ix}] = 0 where X ~ Dr (resp.,
XNDE);

3. K<1 —1—8\/n/ (100+10g (ﬁ)) and |ig — jo| < 4K holds for each { € [K].

Proof. Simply apply Lemma 4.16 with 6] = 1 - 27190 then 6} (1 — d2) < 87 < 27100, O
We are now in the position of proving Proposition 4.5.

Proof of Proposition 4.5. Let I' and Z be the set of even and odd numbers in ¥ respectively. By
Lemma 4.14,

Dy=—L Dp+—"_ Dz where 7=I|supp(Dr)|/2""" and &= supp(Dz)|/2" ",

RS v+€
In addition, either

7P —evens|ty _ 0
v+ € =12

where ||Dr — evens||, =1—7, (14)

or £ - | D= — odds|lty > §/12.
Assume we are in the former case and the latter can be handled analogously. To construct the
function ¢, we apply Corollary 4.19 with §; = o = 1 — v and obtain iy,...,ix, j1,...,jK. Then

we define ¢: {0,1}" — R by

1 |x]€{i1,...,iK},
¢(x) =< —C |z| € {j1,...,ix}, where C =exp {2100dt3 : (n/r)4t2}.
0 otherwise,

The range of ¢ is obviously from —C' to 1 and

B, 0001 = - (P (X1 € finia] — € Py (X1 € {i-ooviic])
(by Item 1 of Corollary 4.19)
> # (- )/ 2406 — 0) (by Item 2 of Corollary 4.19)
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(0= 9106

IR (15)

In addition, we have

K<1+ 8\/n/ <1oo + log (M)) < n. (16)

Now we turn to the (d,r,t)-local function g. Recall that by definition, it has at least r non-
connected neighborhoods of size at most t. Set ¢ = 2737973 a5 the distance threshold for classifying
Type-1 and Type-2 neighborhoods. If at least ' = [r/2] of them are Type-1, then we apply
Lemma 4.12 and obtain

[Py — Dyllyy =1 —4n'? - exp {—r/26t+2d+10} —8-exp {—n/2d+4} >1—n?- exp {—r/220dt} ,

where we used the fact that d,t > 1, 7 < n, and n > 2!9 Otherwise at least ' = [r/2] of them are
Type-2. In this case, we evaluate the expectation of ¢ under P, by first decomposing the Hamming
weight distribution of P, by Lemma 4.13, then applying Lemma 3.9 to each typical decomposed
distribution. Formally, by the definition of ¢, we first observe that

LB, [000] = Pr (IX] € {in,..vix} = O P [IX]€ (i} (1)

Then by Lemma 4.13, the Hamming weight distribution of X ~ Py is ) »Ap - Pp where each
P, = X, + Zke[r’} X, is a sum of independent random variables X, 1,..., X, in {0,1,...,t}
together with a constant X,. Recall that we say p is good if

> (- max Pr[X,; =z (mod g)]) > 277=d .4/ holds for all integer ¢ > 3, (18)
S
ker!]

and bad otherwise. Then Lemma 4.13 also proves

Z Ap <t-exp {—2_7t_d_2 : r'} <t-exp {—2_20dt : 7‘} . (19)
bad p

Since C' > 0, by (17) and (19), we have

6(X)] < t-exp -2 rh 1 3 AN Gy, (20)

X~P,
good p  (€[K]

where
Goe=Pr|> Xyp=ig—X,| —C-Pr|> X,p=ji—X,
kelr'] kelr’]

Putting all the parameters into Lemma 3.9, we can show that each G, is small. This is formalized
in Claim 4.20 and will be proved later.

Claim 4.20. For any good p and ¢ € [K], we have G, ; < Iz%:% . 9—200

Putting Claim 4.20 into (20), we obtain

t Y1 —7) _
XLEPQ [p(X)] < t.exp{_T/de } LK. Foestol 9200

23



Therefore

B 600] - B o) 2 T o0 g (o) (by (15))
>6-271%0 _¢.exp {—r/220dt} (by (14))
as desired. O

Finally we prove Claim 4.20, which is a direct calculation based on Lemma 3.9.

Proof of Claim 4.20. Following the notation in Lemma 3.9, let n = v/, 2 = iy— X, and A = |ig—ji|,
where A is an even number by Item 1 of Corollary 4.19 as needed by Lemma 3.9. By (18), we set
L =27104t .4/ Since d,t > 1, r" >r/2, and r > 2190% e have

2
9—10dt . 9—10dt ./ 2t s X
— > 2*30dt i d _ > 2730dt . 2t .
m {32754 J > r and o D > (r/n)

Hence 5 ) 5 )
a-m > 2—60dt -n- (r/n)l—I—Qt > 2—60dt .- (’I”/?’L)3t , (21)

where we used the fact that r <n and ¢t > 1. Let

A2
4am’

R1 =

which already satisfies |A| < 2,/k1 - @m as demanded by Lemma 3.9. Now we expand A? and
obtain a simpler formula to work with:

A% < 16K* (by Ttem 3 of Corollary 4.19)
<16- <1+8\/n/ (100+10g< )>>> (by (16))
<32 ( + 64n/ (100 + log < ))) (since (a + b)%2 < 2- (a® + b?))

— 32 ( —|—64n/<100+10g< >+ g< 1¥E )))

+£ (I=7)
<32 ( + 64n/ <99+10g< 7+5 ))) (since v, € € [0,1])
. + &
§215-m1n{n,1+n <1+ln<’y>>}, 22
/ (1 =) (22)
where for the last inequality we used the fact that In (7(7;157)) > 1In (77%) > 0.
Obviously k1 > 0. Now we verify k1 < o - m/128 as follows:
128 2°A? 2y 215 . n
9180d¢® | 62

< (n/7) < 1. (since d,t > 1 and n > (230dt . n/r)6t2)

n
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Define
Ko = <1 +1In (ﬁ)) 10487 (n/T)tQ,

which is at least 1 since n > r and In (v(vltév)) > In <7+5> > 0. Now we verify ky < av-m/128:

128 _ 27 (1 +ln( (fof))) QLA (/2

- 2 < R ey (by (21))
7. n . 91043 | n/r 2
2 (1;}m$g§2.zynﬁﬂ(/ ) (by (14))

_ (1 +1oa(1/8)) - 2% (n/r)"”
- 2760dt3 .n- (r/n)BtQ

<1 (since n > 7 and log(1/6) < n - (2304 . n/r)

(since d,t > 1)

—3t2
)
To verify C' > 2 - el2(v ”1“2+“1), we first bound kqks:

Ny _ 913 . (1+n/ (1+1n( gﬁﬁ)))) (1+1n( g+5))) QU0 (5 /)P

dam — 2—60dt3 . ‘(r/n)3t2

R1R9 =
(by (22) and (21))

_ 913 (1+n+ln(ﬁ>> - 213 (1 4 n + In(4/5))

2-T0d8 .y . (/)42 = 27T Ly (1 )4 (by (14))
220 -n . —3t2
S ST, (r/n)4 (since log(1/8) <n- (2% - n/r) " <n)

— 920 970dt> (n/r)4t2‘ (23)
Since kg > 1, we also have ki < kg < 220 27048 (/)48 1y (93) Therefore
9. 2 (VRIRa+R1) < 9 oy {12 .9.920 9T0dt* (n/r)4t2} < exp {2100dt3 _ (n/r)4t2} —C
as desired. Finally we conclude

32
Gyo- K < K e (by Lemma 3.9)

a-m

: \/Q—GOdtS e Vw2 (e (S ) ) 2 )
(by (16) and (21))

yd -~ 32 , ,
< 7+§) .\/260dt3 NG .exp{—2-210dt (/) }
1 32
’7(7 - g) . \/2_60dt3 v/ )3t2 - exp {—300dt3 — 22 ln(n/r)} (since d,t > 1 and n > r)
-(r/n

< 71 =7) QA0dt? | ~300d8° 71 =7) 9200
v+¢€ v+¢€

as claimed. 0

(since d,t > 1)
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4.1.2 Extremely Small Error Regime
In this section, we handle the case when f(U™) is extremely close to Dy and prove Theorem 4.9.

Theorem (Theorem 4.9 Restated). Let f: {0,1}"™ — {0,1}" be a d-local function where n >
tow(900(d + 1)). Assume ||f(U™) — Dy||ty < € for some ¥ in the central regime and

e <exp {_toW(SO(;L(d +1)) } '

Then
| fU™) = D|y < tow(850(d+ 1)) - €

for some D € {evens, odds, all}.

Given the assumption in Theorem 4.9, Theorem 4.8 guarantees that f(U™) is already exponen-
tially close to evens, odds, or all. Since f is d-local and thus every output bit is of granularity
279 this implies that the distribution of any small number of output bits is ezactly uniform. For
our purposes, we only need to prove it for every pair of two as in the following Lemma 4.21, which
naturally generalizes.

Lemma 4.21. Let f: {0,1}" — {0,1}" be a d-local function where n > 3. Let X ~ f(U™)
and assume ||f(U™) — D1y < 272471 for some D € {evens,odds,all}. Then E[X;] = 1/2 and
E[X;X;] = 1/4 hold for any distinct i,j € [n].

Proof. Assume without loss of generality d > 1, since otherwise f(U™) is a point distribution and
its distance to D is at least 1 — 2~ (=1 > 1/2,

Since f is d-local, the probability density function of X; has granularity 2=¢. Hence E[X;] is
a multiple of 27¢. Since n > 2, the marginal distribution of the i-th coordinate of D is unbiased.
If E[X;] # 1/2, then |[E[X;] — 1/2| > 27% which, by Fact 3.1, implies ||fU™) — D|lty > 2~¢ and
contradicts the assumption.

Similarly, E[X; X;] is a multiple of 2724 and the joint distribution of the i-th and j-th coordinates
of D is unbiased since n > 3. If E[X;X;] # 1/4, then |[E[X;X;] — 1/4] > 272¢, which implies
| £(U™) — D1y > 2724 and contradicts the assumption. O

We will also need the following lemma, which shows that the support of f(U™) has a consistent
parity provided that it is sufficiently close to evens or odds.

Lemma 4.22. Let f: {0,1}™ — {0,1}" be a d-local function. Assume for some D € {evens, odds}
we have
IF ™) = Dllgy <277 (24)

Then supp (f(U™)) C supp (D).

Proof. Assume D = evens and the argument is identical for the D = odds case. Define function
g: {0,1}™ — {0,1} as the parity of f’s output, i.e., g(x) = |f(z)| (mod 2) where |f(x)| is the
Hamming weight of f(z). To show supp (f(U™)) C supp (D), it suffices to show that g is the
constant zero function.

Assume towards a contradiction that g is non-zero, and assume without loss of generality that
T1T - - - Ty is a maximal monomial in g. Note that we consider the constant 1 as a monomial with
degree 0. Since f is d-local, g has degree d over Fy. This means ¢ < d. Hence

If(U™) = D|lyy > PJm [f(z) has odd Hamming weight] (Fact 3.1)
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= E [g(2)] (by the definition of g)

U™
= [, 0@ o)
> N E N [2_6} (since g(x) is non-zero degree ¢ conditioned on xpiq,...,Ty)
e
which contradicts (24). O

Now we prove Theorem 4.9.

Proof of Theorem 4.9. Note that the strong distance bound implies a weaker distance bound:

[fU™) = Dyllry < e <exp {tow(75(7;(d +1)) } '

Then we can apply Theorem 4.8 and obtain a primitive bound

tow(750(d + 1)) n
exp {n/tow(750(d + 1))} = P {_tOW(SOO(d 1) } (25)

for some D € {evens, odds, all}.
Define a potential function ¢: {0,1}" — R by

(;S(x):(|x\—g)2:f+(1—n)~2xi+2' Z TiT;.

i€[n) 1<i<j<n

[fU™) = Dllyy <

Now we do a case analysis and boost the bound in (25).

The D = all Case. In this setting, we will use Ex.p,[¢(X)] as an intermediate to establish
Theorem 4.9. First we present a lower bound:

2
X~Dy p(X)] > X~JI“E%unL)[¢(X)] - nZ N fU™) = Dyllty (since 0 < ¢ < n?/4)
— % _ Tf A fU™) = Dy |lpy (by Lemma 4.21 and (25))
n  n?
> 1 - T - E. (26)

To derive an upper bound, we first use triangle inequality to obtain

tow(750(d + 1)) n
oxp {n/tow(750(d + 1))} = P {tow(SOO(d D)) } ' (27)

Since Dy is all conditioned on the Hamming weight being in ¥, by Fact 3.2 and (27), we have

Dy —allflpy = 3 277 <Z> < exp {_tow(SO(:l(d—i— ) } .

megw

Dy —allllyy < e+

This implies that |m — n/2| > n/tow(800(d 4 1)) for every m ¢ ¥, since otherwise we have

P {_toW(8O(:L(d 1) } =2 (n/2 - ”/to‘:(SOO(d + 1))>
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. on-(1=H(1/2—1/tow(800(d+1))) (by Fact 3.7)

v

Y

7~ 8-
N S

. 9—4n/tow(800(d+1))? _ n
=P T fow(800(d + 1)) J

which is a contradiction. Therefore, we get an upper bound estimate:
[p(X)] = Z (m - E)Q . i (by the definition of Dy)
X~Dy oyt 2 |supp (D) |
2" n\2 () n\2 ()
~ [supp (D) | (;(m_2> Con %<m_2> on

2" n\2 () n’ (m)
= supp (D) | (; (m B 5) S 27 tow(800(d + 1))2 et n)

1 d U Y
= e . —a .
1— Dy —allly \4 tow(800(d+1))2 """ v
Combining this with (26) and n > tow(900(d + 1)), we have

Dy — alllqy < n’e /4
1—||Dy — all|y, ~ n?/tow(800(d + 1))2 —n/4

Dy — allllyy < < ¢ - tow(850(d + 1)) /4,

which implies
| fU™) —alll|lqy < e+e-tow(850(d+1))/4 < tow(850(d + 1)) -

as desired.

The D € {evens, odds} Case. We prove for the evens case and the other one is analogous. By
Lemma 4.22 and (25), we know that supp (f(U™)) C supp (evens). Let I' C ¥ be the even numbers
in W. Then both supp (f(U™)) and supp (Dr) are subsets of supp (evens). We will use Ex.p.. [¢(X)]
as the intermediate.

By Fact 3.1, we have ||f(UU™) — Dr|lv+v < [[f(U™) — Dyl|l+y < € and hence the lower bound
calculation in (26) works for T" as well:

Then similar to the D = all case, we have an analogous (27):

2 ey <e -
— evens X —
r ™V =P T ow(800(d + 1))

which, combined with Fact 3.2, implies

Dr — = ot (M) < — n )
Dr—evenslny = 32 2 (1) <o { i

even m¢I’

An almost identical calculation using Fact 3.7 shows that |m —n/2| > n/tow(800(d + 1)) for every
even m ¢ I'. Hence we have a similar upper bound estimate

1 n n?
E X)) < == - |Dr —
XNDFM)( )= 1 —||Dr — evens||1, (4 tow(800(d + 1)) IPr evens||-|-v> ’
which also implies the final bound by rearranging. O
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A Density Comparison of Sum of Integral Random Variables

The goal of this section is to prove Theorem A.1, which generalizes Lemma 3.9.

Theorem A.1l. Lett > 1 be an integer, and let X1,..., X, be independent random variables in
{0,1,...,t}. Let ® C {2,3,...,t}. Define ¢ as the least common multiple of values in [t] \ P.
For each i € [n] and integer r > 1, define p,; = maxzez Pr[X; = 2 (mod r)] and assume®

Z(l —pri) > L >0 holds for all r € . (28)

i€[n]

24
Let m = |L/(16t*¢)| and a = <m) . Then for any x € Z and 0 < k1, k2 < a-m/128,

32
a-m

X 6—2/@2

Pr ZXi:ac —C-Pr ZXi::B—I—A <
1€[n]

i€[n]
holds for any A € Z and C € R satisfying
|A| < ¢\/k1 - am is a multiple of ¢ and C > 2- 2 (VriRath1)

The typical setting for Theorem A.1 is when we have small ¢ and L = ©;(n); then « is also a
constant depending only on t.

Remark A.2. We emphasize that Theorem A.1 is qualitatively tight in various aspects.

5Note that if (28) holds for some r, then it also holds for 7/ that is a multiple of 7 as Pr[X; =z (mod r')] <
Pr[X; = z (mod r)]. Hence we may assume that ® contains all the multiples of r (up to t) if r € ®.
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e The assumption of A being a multiple of ¢ is necessary. If X;’s have some joint congruence
relation which does not share with A, the bound can fail. Consider the case where n is
even and each X; is uniform in {1,3}, which violates (28) only for »r = 2. Then we set
x = 2n and A = 1. Since the sum is n plus twice an n-bit binomial distribution, we
have Pr(} . X; =z| ~ 1/y/n but Pr[> , X; =2+ A] = 0. Hence the final bound does
not hold unless ko is only constant, in which case we should use Littlewood-Offord-type
anticoncentration results (e.g. [Ush86, Theorem 3]).

e The assumption on k1, ks is necessary. Consider the case where each X; is an unbiased coin.

—If k1 > n, we can set + = n/2 and A = n. Then Pr[}_ X;=2z| = 1/y/n but
Pr[} , X; =2+ A] = 0. Hence the final bound does not hold unless k2 is constant,
in which case we should use standard anticoncentration results (e.g. [Ush&6, Theorem
3]).

— If ko > n, we can set x = n and A = 1. Then Pr[}, X; =z] = 27" > 27" but
Pr[) . X; =2+ A] = 0. Hence the final bound simply cannot hold.

e The trade-off between C' and the final bound is essentially optimal. Consider the case where
each X; is an unbiased coin.

— If k1 > kKo, we set z = n/2 and A = /kin. Then Pr}, X; =z] ~ 1/y/n and
Pr[}", X; =2+ A] = 27" /{/n, which means the final bound holds only if C' > 2"1.

— If kKo > ki, we set © = n/2 + /kon — /kin and A = /kin. Then Pr[)  X; = 2] =
2-r2tvhiR2 [ /pand Pr [y, X; = ¢ + A] & 2752 //n, which means the final bound holds
only if C > 2v#rikz,

We also note that the quantitative bound of @ and m can be slightly improved by tightening our
analysis. Since it does not change our final bounds by much, we choose the cleaner presentation
here.

We will use the following standard concentration inequalities.

Fact A.3 (Hoeffding’s Inequality). Assume X1,...,X,, are independent random variables such that
a < X; <b holds for all i € [n]. Then for all § > 0, we have

1 1 2né>
max ¢ Pr | — 'GZ[:} (X; —E[X;]) >0 ,Pr n Ez[:] (X; —E[Xi]) < -0 < exp {_(b—a)Q} )

Fact A.4 (Chernoff’s Inequality). Assume X1,...,X,, are independent random variables such that
X; € [0,1] holds for alli € [n]. Let p =73, E[Xi]. Then for all 6 € [0,1], we have

2
Pr|Y X;<(1-6)u| <exp -5

1€[n]

To prove Theorem A.1, we observe that intuitively Zie[n] X; should converge to a (discrete)
Gaussian distribution with large variance. Then in this (discrete) Gaussian distribution,

e if x lies much outside the standard deviation regime around the mean, then itself has small
density already,
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e otherwise, its density, compared with the density of z+ A, is only off by a small multiplicative
factor, which means the above quantity is in fact negative given the presence of C.

We first prove a simpler case where each random variable always has a “neighboring” pair of

values in its support. Note that in this case we do not need to assume that the random variables
are bounded. Later we will reduce the case of Theorem A.l to this setting.

Lemma A.5. Let Yi,...,Y,, be independent integer random variables and let ¢ > 1 be an integer.
Assume that o > 0 is a parameter such that for each i € [m], there exists u; € 7 satisfying

PrlYi=w]>a and Pr[Y;=u;+¢|]> .

Then for any y € Z and 0 < k1, ke < a-m/128,

32,
Pr|Y Y,=y|-C-Pr|) YVi=y+A|< m-e22 (29)
i€[m] i€[m]

holds for any A € Z and C' € R satisfying
|A| < ¢/k1 - am is a multiple of ¢ and C >2- el (VA2 +h1)

Proof. 1If A < 0, then we work with negated Y;’s. Hence we assume A > 0. By subtracting u; from
Y; and y, we assume that each u; equals zero. Then we decompose each Y; = W; - B; + (1 —W;) - Z;,
where B; is uniform over {0, ¢}, W; be an a-biased coin (i.e., Pr[W; = 1] = a and Pr[W; = 0] =
1 — ), and Z; is some integer random variable. In addition, W;, B;, Z; are independent.

Now define £ to be the event that Wi < a-m/2. Then by Fact A.4 with § = 1/2 and

W= «a-m, we have

1€[m]

Pr[€] < e~ @™/8, (30)

For fixed W = (Wq,...,W,,) that £ does not happen, let S = {i € [m]: W; =1} of size k = |S| >
a-m/2. Then for any fixed Z = (Z1,...,Zy), the LHS of (29) equals

ZBZ-:b

€S8

Pr W,Z,-E| —C-Pr

9

ZBi:lH—A‘W,Z,ﬂE
€S

where b = y — Zi¢ g Z;i. Recall that each B; is uniform over {0, ¢}. If b is not a multiple of ¢, then
the above quantity equals zero since A is a multiple of ¢. Otherwise, let b’ = b/¢ and A’ = A/¢.

Then the above quantity equals 27% - ((Zf,) -C- (b,f:A,)). We will show that

k k 2 2
<b/>_c'<b/+A/>§\/E’2k'€22’ (31)

which, combined with (30), establishes (29):

LHS of (29) < Pr[] +E [ﬂ¢dividesb 27k ((5) —C. (b,fA,» lﬂg]

2
< e—a.m/S +E |: . 6—252
vk

8
< eom/8 \/7 e 2m2 (since k > - m/2)
a-m

34

ﬁg] (by (30) and (31))



32 _ .
<y ——— e (since k2 < 95¢)
a-m

= RHS of (29).

To prove (31), we first observe that our assumption on k1, kg guarantees that i, ke < k/64.
Then we divide into the following cases:

e If ¥/ <0, then LHS of (31) < 1, which is smaller than the RHS of (31) due to k2 < k/64.
o If 1 <V <k/2— A/2, then (}}) < (,,/'x/) and thus (31) holds due to C' > 1.

o Ifk/2—A'/2 <V <Fk/2+4+/ka -k, then let 01 = b/k and 62 = (b+ A’)/k. Define x; = 26; — 1
and x9 = 209 — 1. Then

1 A K2 1 20 3
—— < ——< < < - < = < —
1= k_m1_2”k 1 and 0<uz;+ 3 ?2 < o, (32)
where we used the fact that 0 < A’ < \/k1 -am < /2Ky -k < k/4 and Vky - k < k/8. Hence
%Sél 8,2<(52 ,and
9k-H(d1) ok-H(d2)
LHS of (31) < -C- (by Fact 3.7)
7Tk7-51(1—51) 8]{352(].—52)
9k-H(d1) ok-H(d2)
< — by (32
= /rk-15/64 \/W (by (32)
k-H(S
P <1 _ <. 21«-(%(62)%(51))) ' (33)
= \/rk-15/64 2
Since §; = H% and §y = H%, then by Fact 3.8, we have
1 +o0 om 9 +oon—1 21 2(n 1—14)

H(52) — H(61) =

2 — p2n —:c
_QIH(Z)Z 2(271—11): 21n 1nZZ

_2A 3:1+A/k *2“”21 i1 ~7)
N kln(2 2n—1

(since zo = x1 + 2A/k)

2./,<;2 +A’/k: *2"””21 1/16 )2i(3,/4)2n=1=0)

- kln(2 (2n—1)
4N - (2\/ng/k+A’/k
= k1n(2)
4261 - (24/R2 + V261)
- kln(2)

5 _12- (VF1k2 + K1)
- k1n(2) ’

(by (32))
n=1 i=0

(since A’ < /2k1 - k)

Putting this back to (33), we have

ok (H(52)=H(81)) > ~12(VRIRztR1) > 9 /()

which implies that the LHS of (31) is at most zero.
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o If V) > k/2+ /Ko -k, then let x = 2\/ka/k. Since v/ka -k < k/8, we have 0 < z < 1/4 and

LHS of (31) < <k> - ( k ) < ok-H((1+x)/2) (by Fact 3.7)
o act 3.
=\v) s \a+ok2) = mr a0 Y
2 2 2
< 2 okH((+0)/2) « £ ok —ka?/2 by Fact 3.8
= Vk = VE (by )
:l.Qk.e_Z%Q' D

Vk

We remark that it is possible to prove Lemma A.5 by a local limit theorem for unbiased coins,
removing the case analysis and explicit estimates on binomial coefficients. However, standard local
limit results (e.g., [Pet12, SW22]) have a uniform error term which will be scaled by C' in the LHS
of (29), this makes the RHS of (29) dependent also on C. To avoid such a complication, we choose
to work on the binomials directly.

Now we prove Theorem A.1 by reducing it to Lemma A.5. To this end, we will divide X1, ..., X,
into many parts, and the sum within each part will have two neighboring values with noticeable
probability weights.

Proof of Theorem A.1. Denote ® = {r1,r2,...,7} where k = |®| < t. For each rj, let S, C [n]
be the set of X;’s with 1 —p,,; > L/(2n), i.e.,

Sy, ={ien]:1—p,:>L/(2n)}.

Since 0 <1 —p,,; <1 and by (28), we have

L= Z(l = Pryi) < |81+ (n =[Sy ) - m’
1€[n]

which implies ‘STJ.| > L/2. Now we remove multiple appearances of indices across Sr;’s to make
them pairwise disjoint. Formally, for each j = 1,2,...,k, we keep n’ := |L/(4t)| elements in Sr;
and update S, , = S, ,\ Sy, for all j' > j. Since k < t and originally !Srj’ > L/2, each S, contains
enough number of elements when we keep only n’ of them.

For each j € [k] and i € S,,, by an averaging argument, there exists ¢; € Z,;/Z such that
Pr [X; = ¢; (mod )] > % Hence, by another averaging argument, there exists z; € {0,1,...,t}
such that z; = ¢; (mod ;) and

1 1 1 L

Pridi=al= o T 2 e D S e

where we used the fact that 0 < L < n. Since i € S,;, we also have Pr[X; = ¢; (mod r;)] <

1 - % and hence, by an averaging argument, there exists ¢, € Zy,|Z such that ¢, # ¢ and
Pr[X; = ¢, (mod rj)] > ﬁj—l) Similarly by another averaging argument, there exists z, €

{0,1,...,t} such that z; = ¢, (mod r;) and

/ L 1 L
Pr[X; = 2] > 5— (rj—1) [(t+1)/r)] =i+ 1)

/

Since both z; and 2] are in {0,1,...,¢}, by a final averaging argument, there exists Zrjs Zp, such

that
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L 2z, 2, €{0,1,...,t} and 2z, # 27, (mod r;),

2. at least 1/(“51) > 1/t? fraction of i € Sy; satisfies Pr [XZ- = z,,j] ,Pr [Xi = z;j} > m.

Let n” = [n'/t*] = [|S,,;|/t*]. Based on Item 1 and Item 2, for each j € [k] we define T, C S, to
be of size n” and contain indices satisfy Item 2.
Recall that ¢ is the least common multiple of values in [t] \ ®. Now we show that the sum of

t¢ - k random variables (t¢ from each one of T, ,...,T;,) is a random variable that satisfies the
conditions in Lemma A.5. Formally, let m = |n”/(t¢)] and select m disjoint subsets Trlj, Y i

of size t¢ from each T;,. Define random variables

Ygzz ZXi for each ¢ € [m]

jelk] T,

and define

Yo=Y X

i€Ujen),eetm) Tr
to be the sum of the rest of X;’s. We will show that for each ¢ € [m], there exists u; € Z such that

2
¢
both Pr[Y, = uy] and Pr[Y; = uy + ¢] are at least o = (ﬁ) . Then Theorem A.1 follows

from Lemma A.5 by conditioning on Y and observing m = | [|L/(4t)] /t?| /(t¢)| > |L/(16t*9)].
Fix an arbitrary ¢ € [m] and define w; = 2,; — 2. for each j € [k]. By Item 1, |w;| <t and r;

does not divide it. Hence the greatest common divider g of |w;], ..., |wg| lies in [¢] \ @, which must

divide ¢. Thus by Bézout’s identity (see e.g., [Wik23c]), there exist s1,...,s; € Z such that

Z Sj - Wj; = gb (34)

JE[K]

In addition, we can assume that [s;| < ¢/g - max;ep |wy|/g < t¢ [Brul2]. Now we define uy as

Up = Z Zr; tQ + Z z;j-t¢.

jE[k]: ;<0 JElk]: 5,20

Then the probability of Y, = uy is at least the probability that every X; € T, fj equals 2, if s; <0,
and every X; € T fj equals z;j if s; > 0. Hence by Item 2 and the independence of X;’s, we have

Lok
Pr Y, = w] > (m) > « as desired. To analyze uy + ¢, we rewrite it as
Up + 1= Z (er . tqb + S5 - wj) + Z (Z;,j . t(;5 + S5 - ’UJj) (by (34))
Jj€Elk]: ;<0 Jj€Elk]: 5,20
= > (ol o —lsiD) + D (o lsil 2 (00— Is))
je[k]: s;<0 je[k]: ;>0

(since w; = 2, — 2;.)

Hence the probability of Y, = u; + ¢ is at least the probability that |s;| (resp., t¢ — |s;|) many
X; € Tfj equal z. (resp., z,) if s; <0, and |s;| (resp., t¢ — |s;|) many X; € Tfj equal z., (resp.,
z,. ) if s; > 0. Therefore Pr[Y; = u; + ¢] > « follows again from Item 2 and the independence of

J

iS. ]
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B Exposition for the Tail Regime

For completeness, we prove in this section the following version of Theorem 4.3, establishing a
large distance bound between f(U™) and every Dy ¢ {zeros, ones,zerones} in the tail regime.
Note that Theorem 4.3 follows immediately from Lemma B.1. Recall that we define (V) =
arg min,cg |s — n/2|, breaking ties arbitrarily.

) 2
Lemma B.1. Let f: {0,1}" — {0,1}" be a d-local function. Assume n > 92% YT

1. (W) < n/2M2 or o (T) > n —n/2%42,
2. and VN{1,2,...,n—1} #0.

Then |/ U™) — Dally > 1/2.

We remark that similar results were proved by [Vio20] and [FLRS23]. Here our argument is
analogous to the degree reduction approach presented in [Vio20] (see also [FLRS23, Section 1.1.1]).
It is possible to improve Lemma B.1 via the approach in [FLRS23] based on the robust sunflower
lemmas [Ros14, ALWZ21, BCW21, Raol9]. Since doing so does not improve the final Theorem 4.1,
we choose to proceed with simpler arguments.

Our proof iteratively finds maximal non-connected output bits and then fixes the input bits
that they depend on. If at some point we found many output bits that are not constantly zero or
one, then we prove a distance bound via arguments like [KOW?24, Lemma 4.2]. Otherwise upon the
termination of the process, we fixed all the output bits which is a point distribution far from Dy.
This is, in spirit, a graph elimination result like the ones that are used extensively in [[KOW24].

The argument here is significantly simpler due to the fact that Dy is far from the middle layers
and any non-constant output bit will deviate a lot from its expected marginal distribution. Indeed,
the marginals of Dy are (¢(¥)/n)-biased, (1 — ¢(V)/n)-biased, or the mixture of the two. Since
|1/2—1(¥)/n| > 1/2—279"2 where 27972 is much smaller than the granularity 2=¢ of each output
bit of a d-local function, we expect large distance error analogous to the cases in Subsection 2.1.

Now we present the formal proof.

Proof of Lemma B.1. For convenience, we set up some notation. For every function g: {0,1}™ —
{0,1}", we define Ay = {i € [n]: I,(i) = 0} to be the set of constant output bits, where we recall
that I,(7) is the set of input bits that the i-th output bit of g depends on. We also define B, C [n]\ A4,
to be an arbitrary maximal set of non-connected non-constant output bits, i.e., I4(i) N Iy() = 0
for any distinct 4,7 € By and each i € By is not a constant output.

We will represent the iterative conditioning sketched above by a rooted tree 7 as follows:

e Each node of T is labeled by a function from {0,1}™ to {0,1}", where the root is f with
depth zero.

e For a node g € T of depth k,

— if By =0 (i.e., g is a constant function), then we say g is a constant leaf,

— if |By| > C} where Cj is a parameter to be tuned later, then we say g is a highly
independent leaf,

— otherwise 1 < |By| < Cj and define Ty = {J;cp, I4(i) € [m]. Then g is an internal node

with 2/7s] many child nodes labeled by g, for all p € {0,1}Ts, where g, is g after fixing
input bits in T, by p.
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Since each B, is maximal, Tj influences every output bit in [n] \ Ay. Thus the locality of g,
is at least decreased by one from g. This means each node at depth k is (d — k)-local and 7 has
depth at most d. Later we will prove the following claim, which establishes distance bounds for
every node in 7.

Claim B.2. Assume n > exp {Ck . 4’“} holds for all k € {0,1,...,d}. If Cp1 > Cy - 87F+! for all
k€ {0,1,...,d — 1}, then for any node g € T of depth k, we have

C,, - 4~ (k)
™)~ Dallry > 13- exp {—8 - (39
We now complete the proof of Lemma B.1 assuming Claim B.2. Set each Cj = 2 - §(k+1)(d+1),

) 2
Since we additionally assumed n > 227 i Lemma B.1, the conditions in Claim B.2 are satis-
fied. Then by Claim B.2 with k = 0, we have

IfU™) = Dyllry 21-3-€ >1/2

as desired. ]

72d+1

Proof of Claim B.2. We proceed by induction on 7 in a bottom-up fashion.

Constant Leaves. We first analyze the base case where g is a constant leaf of depth k. Since
Dy is the uniform distribution over its support, the distance of Dy to g(U4™), a point distribution,
is at least 1 — 1/n by Item 2, which verifies (35) assuming n > exp {C}, - 4F}.

Highly Independent Leaves. Now we turn to the other base case where g is a highly inde-
pendent leaf of depth k, i.e., g has s > Cj many non-connected non-constant output bits, which
we assume without loss of generality is [s]. For each i € [n], let X; denotes the i-th output bit of
g. By the definition of By, random variables X1,..., X, are not constantly zero or one. Since g is
(d — k)-local, we know 2-(4=%) < E[X;] <1 — 2@k for each i € [s], which implies that

min{ Y E[X;], Y (1-E[X]) p 227" P s, (36)
1€[s] 1€[s]
For Y = (Y1,...,Y,) € {0,1}", define £(Y) to be the event that 2-(@=%) /2 < %Zie[s}Yi <
1- 2_(d_k)/2. Since X1, ..., Xs are independent due to the non-connectivity, by Fact A.4 and (36),
we have

PrE(o@™)) =1~ Pr |13 X, <2740 —Pr | 13001 X)) <2702

i€[s) i€s]
. 9—(d—Fk)
21—2-exp{—828}. (37)

On the other hand, for any 0 < s < n/2%? and Z = (Z1,...,Z,) ~ Dys = D; (i.e., a uniformly
random string of Hamming weight s), we have

1 1 s
< - > 9—(d—k) < - 2 > 9-(d=k)
Prl€(Z)] < Pr | 2[ ]ZZ > 2 /2| <Pr |- 26[ ] (ZZ n) >9 /4
(since E[Z;] = s/n < 27972 < 27(d=F) /)
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. 4—(d—k)
Sexp{—548}7 (38)

where for the last inequality we used Fact A.3 and the fact that Fact A.3 holds for draw-without-
replacement experiments as well (see e.g., [[loe94, BLM13]). Similarly, for any n —n /292 < s <n
and Z' = (Z4,...,Z],) ~ Ds, we have

n

Pr[£(Z))] < Pr % 3 (Zg - f) < —27(@=k) /4| < exp {—‘W} . (39)

1€[s] " 8

By Item 1, Dy is the mixture of D, for s < n/2%2 or s > n — n/2%2. Hence, combining (38)
and (39), we have Pr[€(Dy)] < exp {—s-47(@=*) /8}. Then by (37) and Fact 3.1, since s > Cy, we

obtain
Oy, - 4~ (@=F) }

lg@"™) = Dyllzy = 1-3-exp {— 3

which verifies (35).

Internal Nodes. Finally we proceed to the inductive case where g is an internal node of depth
k. Since |By| < Cj and g is (d — k)-local, we know that |T,| < (d — k) - |By| < (d — k) - Cj. Hence
g(U™) is the convex combination of 2/7s! < 2(@=F)Ck many g,(U™)’s of depth k + 1, which, by
induction hypothesis, satisfies

- Cprq - 4—(d—k=1)
ng(u )_D\IJHTvzl_?”eXP{_ bl 3 .

Then by Lemma 3.3, we verify (35) as follows:

. 4—(d—Fk)
>1-3 exp{—ck+1 5 +2-(d—k)-Cy
—(d—k)
>1-3 exp{—ck 1 },
8
where we used the assumption that Cjq > Cj, - 8¢ F+1, O

C Missing Proofs in Section 4

Here, we put omitted proofs from Section 4. We will require the following bounds on the sum of
binomial coefficients.

Fact C.1 (See e.g., [Wik23b, Lugl7]). For 1 <k <n/2, we have
- k+1
S(") < mind onHeym (M) BB
= 1) "\k) n—-2k+1
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Proof of Lemma 4.7

Proof of Lemma 4.7. The proof is similar to the proof of Lemma 3.3. Let T' C [{] be the set of
distributions such that ||P; — Ql|ty, > 1 —n1. By Fact 3.1, for each i € T there exists an event &;
such that P;(&;) — Q(&;) > 1 — 1. This means

Pi(&)>1—m and Q(&)<m forieT. (40)

Define the function f to be the indicator function of the event \/, . &;, i.e., f(z) = 1 if some &;
happens on sample x; and f(z) = 0 if otherwise.
By subtracting ¢ by a, we assume a = 0 and b > 0. By multiplying ¢ and 72 by 1/b, we
assume a = 0 and b = 1, i.e., ¢ ranges in [0, 1]. Define function g = max {f,1 — ¢}, which ranges
n [0,1]. We remark that g becomes the indicator function of (=€) V \/,cp & if ¢ is the indicator
functlon of an event £ as in Lemma 3.3. Let P =) i - Pi be the convex combination and let

1" =Ex~g[#(X)]. Then

iclg @

0< E [¢p(X)])<n —my forig¢gT. (41)

X~P;

Hence

XNP Z a- B )]+ Z a; - X)]

] X~P,

€T i¢T
> Z Q; - X~7>1 )] + Z a; - 1 — (X)) (by the definition of g)
i€l ngT
> i Pil&)+ Y 1= 6(X)) (by the definition of f)
€T Z§ZT XoP
>(L—m)- Y ai+ (1= —m))- Y a (by (40) and (41))
el ¢T
>1+m—1n —n. (by (41) and since 3 ;¢ @ = 1 and each o; > 0)
We also have
g [9(X)] < o [f(X)+1—o(X)] (since both f and 1 — ¢ are non-negative)
<1- E [p(X)] + ; Q&) (by the definition of f)
<1-n+£0-n. (by (40))
Hence
= (0+1)-m < B [g(X)] - E [9(X)]= > 9(x)- (Px) - Q(x))
< Y 4@ (Pa) - Qw)
z: P(x)>9(x)
< (P(z) = Q(x)) (since g(x) € [0, 1])
z: P(x)2Q(x)
=[P —Qltv (by Fact 3.1)
as desired. ]
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Proof of Claim 4.10

Proof of Claim 4.10. Since W is in the central regime, by definition n/2972 < ((¥) < n — n/29+2.
Hence +(¥) € ¥ by construction. By Fact C.1, we have

s e x (e @

s€W: s<n/24+3 or s>n—n/2d+3 0<s<n/24+3

Then by Fact 3.7, we have

Bi= (i) 2 (oyas) 2 % )

Since Dy is simply Dy conditioned on the Hamming weight being at least n/ 2413 and at most
n —n/2%3. By Fact 3.2, we have

Do = Dylyy = Pr_[IX] <n/2% or |X| > n — /2t
~ LW

A A A
- |supp (Dy) | < A+ B < B (by the definition of Dy)
< 2 f8n 202 g (MR HAL), (by (42) and (43))

By Fact 3.8, we have

(=1 4 27 (@)™ _ (1 4 o=(@+D)*™"

H(1/2d+2) _ H(1/2d+3) _ 1 Z

21n(2) = m-(2m —1)
(1- 2—(d+2))2 - (1- 2—(d+1))2 9—(d+3)
> > .
- 21n(2) ~ In(2)
Hence
Dy — Dgl| 1y < 8Vn-27(@+3) . exp {—n . 2_(d+3)} < 8-exp {—n : 2_(d+4)} ,
where we used v/z < /2 for the last inequality. O

Proof of Lemma 4.13

Proof of Lemma 4.153. The proof follows closely with the proofs of [[KOW?24, Lemmas 5.15 & 5.22].
By rearranging indices, we assume without loss of generality that N(1),..., N(r’) are non-connected
Type-2 neighborhoods of sizes 1 < s1,...,s+ < t. Sample Z ~ U™ and set X = (Xq,...,X,) =
9(Z). Define
K= Z X; and Aj= Z X; for each j € [r'].
i¢N(1)U—UN (1) ieN(j)
Then |X| =K + Zje[,’,,l] Aj.

Let R = [m]\ (I(1)U---UI(r")) be the set of input bits that do not affect the first ' output
bits. Define p € {0,1}7 as the entries of Z in R. For each p, we define A\, = 271l X, being
K conditioned on p, and X, ; being A; conditioned on p. Then Item 1 trivially holds. Now we
verify Ttem 2: first observe that for every i ¢ N(1)U---UN(r’), X; depends on I(i) C [m] which is
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contained in R and fixed by p. Hence X, is indeed a fixed integer. In addition, since N(1),..., N(r')
are non-connected neighborhoods, Aj,..., A, depend on disjoint subsets of [m]. Since p simply
fixes some input bits in [m], they remain independent conditioned on p, which means X, 1,..., X,
are independent. Finally, each X, ; is an integer ranging between 0 and |N(j)|, where the latter is
at most ¢ by our assumption.

To prove Item 3, for each p,j and ¢ > 3, we define

Ppygj = maxPr[X,; =2 (mod ¢)] = maxPr[A; =2 (mod q)|p].
TEZ TEZ

By a similar argument to [KOW?24, Claim 5.16], we obtain the following claim.
Claim C.2. E,[(py ;)] <1 —27779+2 holds for any j € [r'] and ¢ > 3.

Proof. We only highlight the difference from the proof of [[KOW?24, Claim 5.16]. Since N(j) is Type-
2, by definition, Py|y;) is e-close to the y-biased distribution where v = s/n for some n/ 20+3 <
s <n—n/293. Hence 2 (4+3) < o <1 — 27 (d43),

Then we apply Lemma 3.4 with v and modulus § = min {q, ¢ + 1} here. Let v* = min {v,1 — ~}.
Since 27(43) < 4* <1/2 and 2 < G < t+ 1, we have

T gesr /@ s 2 ey 2T s,
4q TA(t+1) t+1 ="
which implies E,[(pp,q.;)?] < 1 — 277792 by Lemma 3.4. O

Given Claim C.2, we have E,[1 —p, ;] > 277~9+1. Since p, 4 ;’s are independent over random
p for fixed q, by Fact A.4 we have

Pr Z (1 _ pp,q,j) S 2—7t—d . r/ S exp {_2—7t—d—2 . 7‘/} )
Jelr]

Recall that we say p is bad if for some ¢ > 3 the above event happens. By Item 2, we can
additionally assume ¢ <t + 1 since p, 4, = Dp,t+1,; for all ¢ >t 4 1. By the union bound, we have

Prpis bad] <t-exp {—2*7’5*‘1*2 . r’}
as stated in Item 3. O

Proof of Claim 4.15

Proof of Claim 4.15. We first handle the case v + & < 1. Then (8) and (9) become v < 1 — §’ and

£ <1-4¢". Hence fyig <max{7y,£} <1—¢ as desired.

Now we assume v + £ > 1. Then the constraints are

/- /.
oy S 9-¢€

< < <2.(1-¢ > .
0<me<l 1<y+86<2-(1-0), 27— 7275

By symmetry, assume without loss of generality v < . Observe that if ¢ < 1 and y+& < 2-(1—-4"),
then we can increase 7, & by a small multiple that still satisfies the constraints but increases the
optimization objective. Hence we safely assume that either ¢ =1 ory+&=2-(1-1¢).
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e If¢=1,theny+¢<2-(1—¢) implies vy <1—2§ and v > g, implies v > 1%5. Then the
objective is

2 2 2 1 12
+ +1 2 1—28 +26
L S =y+1+—-2<—
v+¢€ v+1 v+1 1-0
<1-4/2. (since &' < 1/3)

o Ifv+&=2-(1—0"), then £ <1 implies v > 1—2¢". In addition, v < 1 — ¢’ since we assumed
v < €. Then the objective is

2 | ¢2 / / 2
Y+ _4-(1-0)P2-292-2"-7) v /
_ - 2y 42.(1-6
yHE 2. (1—4) —y ntE =9
(1—26)2 . .1 =26+ 267
<) 9 (1-2)4+2-(1-8)=—" "
<5 (1-20)+2-(1-4) -
<1-4/2
as well. O
Proof of Claim 4.17
We first prove the following estimate on wt<,.
Lemma C.3. For all m € {0,1,...,n}, we have Wt<,, = Wt>p_p,. Assume n > 35 and m =

(n—c¢)/2 for some 0 < ¢ <n. Then

n—+1
c+1°

2717 47/ < ey, < wiy, -

Proof. The first equality relation follows from the definition of wt<,, and wt>,_,,. For the upper
bound, we first note that the bound trivially holds for m = 0 (i.e., ¢ = n). Hence we assume m > 1
and observe that

—m+1
tepy =27 o) <ot (M) <ot (M) VBT D by Fact €.
Whsm §:<m—2z‘-— 2. \;)< m) n—gmy1 (v FectCl)

i>0 i<m
n—m+1 n+1 n+1
=wt,, —— ty ———————— = . . S = - 2
Wem n—2m+1_wm n—2m+1 Whm c+1 (since m = (n = ¢)/2)

For the lower bound, we first observe that, if 0 < ¢ < n — 10, we have 5 < m < n/2 and thus
m —2|y/m] >1and m —2y/m > 0. Then

Wtep, > 27 "*1[§£jJ<ﬂl 22) > 27 <nz—-;1anJ>

>0
o H(#)
227m4.¢§;ggiﬁfjgf (by Fact 3.7 and 1 < m — 2 |v/m| < n/2,m —2y/m > 0)
m

2—n TL’H(M> :
_2 9 2 (since m = (n —¢)/2)

V2

1 2
> = .9~ (ctdym)?/n (by Fact 3.8)
V2
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) 2—<c+4 n/2)2/n

v

Sl

(since m < n/2 and ¢ > 0)

2717 g~/ (since (a + b)2 < 2a2 + 2b?)

Y

Now if n —10 < ¢ < n, then wt<,, > wtg = 2=+l On the other hand, 2> n2/2 as n > 35. Hence
the bound 2717 . 4=¢*/n <2717 9 n < wt<,, also holds. O

Now we prove Claim 4.17.

Proof of Claim 4.17. We first show that

mi < n/2—+/nlog(1/(617))/8. (44)

Since v < 1 — 82 from (11), this implies that m| < n/2 — /n as 1y < §1(1 — da) < 27190, Let
M = Ln/Q - nlog(l/(éyy))/?%J and let m* € {M, M — 1} be the largest even number at most
M. Tt is equivalent to show wt<,,» > 01y/4. Define ¢ = n — 2m* and observe that

0 < V/nlog(L/@))/4 < ¢ < 4+ /nTog(L@7)/4 < /nlog(L/(@17))/3 < n
since 617 > 27" and n > 219 Hence by Lemma C.3, we have
Wt<pms > 9—1T . 4=¢*/n > 217, (517)2/3 > 017/4

since 017y < 01(1 — &) < 27190, Therefore for any mp < m < n/2, we have

-2 1
wtp, > wty, > nos Mt Wt<pm, (by Lemma C.3)
n+1 -
-2 1 9 v/nlog(1/(6 4 9

> % : iTV > n Log r{( 1))/ . % (by the definition of m and (44))

_ 617y/log(1/(017))

16y/n

The bound on mg and the case n/2 < m < mg can be proved in an analogous way. O
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