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Abstract

AcodeC: {0,1}F — {0,1}"isa g-query locally decodable code (7-LDC) if one can recover
any chosen bit b; of the message b € {0, 1}* with good confidence by querying a corrupted string
% of the codeword x = C(b) in at most g coordinates. For 2 queries, the Hadamard code is a
2-LDC of length n = 2%, and this code is in fact essentially optimal [KW04, GKST06]. For g > 3,
there is a large gap in our understanding: the best constructions achieve n = exp(k°V), while
prior to the recent work of [AGKM23], the best lower bounds were n > Q(k#) for g even and
n > f)(k%) for g odd.

The recent work of [AGKM23] used spectral methods to prove a lower bound of n > Q(k%)
for g = 3, thus achieving the “k72 bound” for an odd value of g. However, their proof does not
extend to any odd g > 5. In this paper, we prove a g-LDC lower bound of n > Q(k%) for any
odd g. Our key technical idea is the use of an imbalanced bipartite Kikuchi graph, which gives
a simpler method to analyze spectral refutations of odd arity XOR without using the standard
“Cauchy-Schwarz trick” — a trick that typically produces random matrices with correlated

entries and makes the analysis for odd arity XOR significantly more complicated than even arity
XOR.
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1 Introduction

A (binary) locally decodable code (LDC) C: {0, 1}* — {0,1}" is an error correcting code that admits
a local decoding algorithm — for any message b € {0, 1}* and any string ¥ € {0, 1}" obtained by
corrupting the codeword x = C(b) in a small constant fraction of coordinates, the local decoder
is able to recover any bit b; of b with good confidence while only reading a small number of
coordinates of the corrupted codeword %. More formally, we say that C is (g, 0, €)-locally decodable
if the decoder only reads at most g bits of the corrupted string, and for any ¥ with Hamming
distance A(x, ¥) = |[{u € [n] : x, # ¥,}| < 6n and any input i € [k] to the decoder, the decoder
recovers b; with probability at least § + ¢. Locally decodable codes were first formally defined in
the work of [KT00], although they were instrumental components in the earlier proof of the PCP
theorem [AS98, ALM*98], and have deep connections to complexity theory (see Section 7 in the
survey of [Yek12]). Example applications include worst-case to average-case reductions [Tre04],
private information retrieval [Yek10], secure multiparty computation [IK04], derandomization
[DS05], matrix rigidity [Dvil0], data structures [Wol09, CGW10], and fault-tolerant computation
[RomO6].

A central question in coding theory is to determine the optimal blocklength 1 of a (g, 6, €)-LDC
as a function of k, the length of the message, and g, the number of queries, in the regime where g
is constant and 6, ¢ are also constant. The work of [KT00] shows that there are no 1-query locally
decodable codes unless k is constant, so the first nontrivial setting of g is g = 2. For 2-query locally
decodable codes, we have an essentially complete understanding: the Hadamard code gives a
2-LDC with n = 2%, and the works of [KW04, GKST06] show a lower bound of n > 220 which is
therefore tight up to a constant in the exponent.

Unlike the case of g = 2, for g > 3 there is a large gap between the best-known up-
per and lower bounds on n. The best-known upper bound, i.e., construction, comes from
matching vector codes [Yek08, Efr09], and achieves, in the case of 4 = 3, a blocklength of
n = exp(exp(O(+/log kloglog k))). This is 2k e, subexponential in k, which is substantially
smaller than the Hadamard code, the code of optimal length for 4 = 2. More generally, for any
constant g = 2", the works of [Yek08, Efr09] construct g-query locally decodable codes of length
n = exp(exp(O((log k)" (log log k)'~1/"))), which has a similar qualitative subexponential behavior.

On the other hand, the known lower bounds for g > 3 are substantially weaker. The original
work of [KT00] proves that a g-LDC has blocklength n > Q(quj). This was later improved by the

work of [KW04], which showed that for even g, a g-LDC has blocklength n > Q(k# ). For odd g,
they observe that a g-LDC is also a (g + 1)-LDC where g + 1 is now even, and so their lower bound

for even g trivially yields a bound of n > Q(k%) for odd 4.

The lower bounds of [KW04] remained, up to polylog(k) factors, the best lower bounds known
until the recent work of [AGKM?23], which used spectral methods developed in the work of [GKM22]
for refuting constraint satisfaction problems to prove a lower bound of n > Q(k%) for 3-LDCs.
This lower bound of [AGKM23] was the first improvement in any LDC lower bound by a poly(k)

factor since the work of [KW04], and achieves the ”k# bound” established for even g for the odd
value of g = 3. However, the proof of [AGKM23] does not extend to any odd g4 > 5, and while



the spectral method approach of [AGKM23] was used in recent work of [KM?24a] (and follow-ups
[Yan24, AG24, KM24b]) to prove an exponential lower bound for 3-query locally correctable codes
(LCCs) — a stronger variant of an LDC where the decoder must additionally be able to correct any
bit x,, of the uncorrupted codeword — there have been no improvements in 4-LDC lower bounds
since [AGKM23]. In particular, because the proof of [AGKM23] does not extend to all odd g > 5, the

- - +1
best known lower bounds for g-LDCs are: (1) n > Q(k#), if gisevenorg =3,and (2) n > Q(kgj)
~ q
if g > 5is odd. Thus, a natural question to ask is: can we prove a n > (k-2) lower bound for g-LDCs
for all constant q?

As the main result of this paper, we prove the following theorem, which establishes this lower
bound.

Theorem 1. Let C: {0,1}* — {0,1}" bea (q, 5, €)-locally decodable code with q > 3 and q odd. Then,
2

k< Oy(n' e logn). In particular, if q, 5, € are constants, then n > Q ((k/log k)%)

The main contribution of Theorem 1 is that it improves the qg-LDC lower bound for g > 5 from

n > Q(k‘qlTl) ton > Q(k#), which is a poly(k) factor improvement. However, we additionally
note that for g = 3, Theorem 1 has a better dependence on the lower order terms of logk, 0, ¢
hidden in the Q(-) as compared to the result of [AGKM23], which showed the weaker bound of

n>0 (632516]{3)'
- log® k

As stated in [AGKM23], the proof techniques of [AGKM23] extend to any g > 5 under the
additional assumption that the code C satisfies some extra nice regularity properties." This condition arises
for g odd but not g even for the following reason: in the proof, one defines a matrix where we would
like to “evenly split” a degree-g monomial xy, ... x,, across the rows and columns of the matrix.
When g even this is possible, as we can divide the monomial into two “halves”. This property allows
us to define a matrix with independent bits of randomness and obtain a somewhat simple proof.
However, for g odd, the best possible split is of course (%, qzj)/ which is slightly imbalanced. To
handle this issue of imbalance, [AGKM23] uses the standard “Cauchy-Schwarz trick” developed in
the context of spectral refutation algorithms for constraint satisfaction problems precisely to tackle
this issue of imbalance. The “Cauchy-Schwarz trick” produces degree 2(g — 1) monomials, which
are even, but at the cost of making the randomness dependent. This dependence in the randomness
makes the analysis for odd g considerably more technical than the more straightforward analysis
for even ¢, and is where the aforementioned additional assumption on the code is needed. The
fact that even g is substantially more easier to handle from a technical perspective compared to
odd g is a reoccurring theme in the CSP refutation literature that has appeared in many prior
works [CGL07, AOW15, BM16, RRS17, AGK21, GKM22, KM24a].

Our main technical contribution is the introduction of an imbalanced matrix, or equivalently a
bipartite graph for odd arity instances, that allows us to refute certain odd arity instances without using
the Cauchy-Schwarz trick. By using an imbalanced matrix and bypassing the Cauchy-Schwarz trick,

In fact, as we mention in Section 2.2, it turns out that the proof strategy of [AGKM23] extends easily to the case of
q = 5 without the need for any additional assumption, contrary to what is claimed in [AGKM23]. The fact that this was
missed by [AGKM23] appears to be an oversight on their part. Nonetheless, their approach does break down for g > 7.



we maintain independence in the randomness in our matrix (as opposed to introducing correlations),
which makes the proof considerably simpler. The simpler proof has the additional advantage that,
as mentioned earlier, in the case of g = 3 we can improve on the lower bound of [AGKM23] by a
log k - poly(1/&,1/6) factor. Our use of a bipartite graph in the proof is perhaps surprising, as it is
contrary to the conventional wisdom that symmetric matrices (i.e., normal, non-bipartite graphs)
ought to produce the best spectral certificates. Indeed, the purpose of “Cauchy-Schwarz trick” is to
turn an odd arity instance into an even arity instance so that we can represent it with a balanced
matrix, with the expectation (that is true in many cases) that the balanced matrix will produce a
better spectral certificate.

The bipartite graph that we produce is a Kikuchi graph, i.e., a carefully chosen induced subgraph
of a Cayley graph on the hypercube. As we note in Remark 2.5, bipartite Kikuchi graphs have
appeared in prior works, namely [Yan24, KM24b]. However, the graphs in those works can
be converted to non-bipartite graphs via a straightforward application of the Cauchy-Schwarz
inequality, and so they are not “inherently bipartite”. To our knowledge, our work is the first work
to use such a graph that is inherently bipartite, meaning that no easy conversion to a non-bipartite
graph via the Cauchy-Schwarz inequality appears to exist.

Concurrent work. Inconcurrentwork, [BHKI.24]also provesan > Q(k R ) lower bound for g-query
locally decodable codes for odd 4. Their bound is slightly weaker compared to Theorem 1, as it has
a worse log n dependence. Namely, for constant ¢, 6, [BHKL24] proves that k < o(n'-2% 1(log n)*)
for nonlinear codes and k < O(n1=2/9 (log1)?) for linear codes, whereas Theorem 1 proves that
k < O(n'=2/ log n) for both nonlinear and linear codes, which is a stronger bound in both cases.

2 Proof Overview

In this section, we give an overview of our proof and the techniques that we use. We will start with
a thorough summary of the approach of [AGKM?23], first for the (easier) case of even g, and then for
the more involved case of 4 = 3. Then, we will explain our approach using bipartite Kikuchi graphs.

For the purpose of this overview, we will assume for simplicity that the code C is linear, although
we note that the proof for nonlinear codes does not change in any meaningful way.

2.1 The approach of [AGKM23] for even g

By standard reductions (Fact 3.5), for any linear g-LDC C: {0, 1}* — {0, 1}", there exist g-uniform
hypergraph matchings (Definition 3.1) Hj, ..., Hr on the vertex set [n], each with |H;| = on
hyperedges, such that for each i € [k] and each hyperedge C € H;, it holds that } . x, = b; when
x = C(b). One should think of the hyperedges H; as the set of query sets that the decoder may query
on input i. That is, the decoder, when given input i € [k], simply chooses a random C < H;, reads
x|c, and then outputs ¢ x,. The linear constraints . x, = b; that are satisfied by x = C(b) for
all b € {-1,1}* imply that the decoder succeeds in correctly recovering b; with probability 1 on an
uncorrupted codeword.



Switching from {0, 1}-notation to {—1, 1}-notation via the map 0 +— 1 and 1 — -1, the above
implies that for any b € {1, 1}*, the system of constraints given by [],cc x» = b; foreachi € [k] and
C € H; is satisfiable, with x = C(b) being a satisfying assignment. This implies that the degree-g
polynomial @ (x) = Zle bi Y.cen, [1vec Xv has value val(®y) = maxye(_1,1yn Pp(x) = Zf:1|Hi| =
onk for all b € {-1,1}*. Indeed, by setting x = C(b), we have that [[,cc xo = b; for each i € [k]
and C € H;, and so ®,(C(b)) = Zf-‘:llHil = onk. Thus, to prove a lower bound on #, it suffices to
show that for any Hj, ..., Hi of size 6n, if n is too small, then there exists b € {-1, 1}* such that
val(®y) < onk.

We do this by bounding E,_;_; 1y¢[val(®Py)] using a spectral certificate. The certificate is as follows.
First, we define the Kikuchi matrix/graph Ac, as follows.

Definition 2.1 (Basic Kikuchi matrix/graph for q even). Let £ > g be a positive integer (which
we will set to n1=2/1 eventually), and let C € ([Z]). Let Ac be the matrix with rows and columns

indexed by sets S € (['Z]) where Ac(S,T)=1if S®T = C and Ac(S,T) = 0 otherwise. Here, S& T
denotes the symmetric difference of S and T, whichis{u : (u €e SAu¢T)vV(u ¢ SAueT)}. We
will at times refer to the matrix Ac as a graph (where we identify Ac with the graph with adjacency
matrix Ac), and then we will refer to the nonzero entries (S, T) as edges.

Notice that the condition that S @ T = C is equivalent to the existence of a partition C = C; U C;
into two sets of size % suchthat SNC =C;, TNC=Cy,and S\ C; =T\ Co. Namely, S®T = C
if and only if we can split the hyperedge C evenly across S and T — notice that here we crucially
require that g is even for the matrix Ac to have a single nonzero entry!

The matrix Ac is a Kikuchi matrix, first introduced in the work of [WAM19] for the problem of

tensor PCA, and has the following nice properties: (1) the matrix Ac has exactly D = (q”}z) ( /_1;72)

nonzero entries, and (2) for each x € {-1,1}", letting z € {-1, 1}(7) denote the vector where
zg = [1pes X0, we have zTAcz = D [],cc X»- These two properties allow us to use the Ac’s as a
“basis” to express any homogeneous degree-q polynomial in variables x € {—1,1}" as a quadratic
form on a linear combination of Ac’s. Namely, if we let A; := }.ccy, Ac and A = A = Zle biA;
(mimicking the definition of @), then we have z" Az = D®y(x) for every x € {-1,1}", where z is
defined as before. We can thus express @, (x) as a quadratic form on the matrix A, and so we have
shown that énk < val(®y) < [|All2 - (})- So, to finish the proof, it remains to bound E[||A|l2].

Aseachb; is chosen independently from {-1, 1}, the matrix A = Zle b;A;is a Matrix Rademacher
series, and so we can bound its spectral norm using the Matrix Khintchine inequality (Fact 3.6).
This implies that E;[||All2] < O(Aykflogn), where A is the maximum number of 1’s in a row any
of the A;’s. As the A;’s are symmetric matrices with entries in {0, 1}, we can view them as adjacency
matrices of graphs. With this perspective, A is simply the maximum degree of a vertex S in any of
the A;’s.

The maximum degree A can never be smaller than the average degree in an A;, which is 6nD/(}).
Thus, if each A; is approximately regular, so that the maximum degree is on the same order of
magnitude as the average degree, then we would be able to conclude that

snkD < (Z)]Eb[HAHz] < (Z) : % - O(ykllogn)

(i
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— k < O(llogn).

Ideally, we would like to take ¢ to be as small as possible to now get the best possible bound on
k. However, the maximum degree A is always at least 1, and so for A to be on the same order of
magnitude as the average degree, we must have average degree > Q)(1). The average degree is

q/

6nD/(}), which a simple calculation shows is roughly 6n (£) ? and so we need to take ¢ > 1172/,

This means that our potential bound is k < O(n'~?/1logn),i.e., n > Q(k#), as desired.

Finding an approximately regular subgraph: row pruning. We have shown that if each graph A;
is approximately regular, meaning that its maximum degree is on the same order of magnitude as

its average degree, then we can prove n > Q(k# ). Unfortunately, the graph A; is not approximately
regular, even though the underlying hypergraph H; is a matching, i.e., H; is as “regular” as possible. A
naive way to try to enforce this “approximately regular” property is to simply remove all vertices
S with large degree in A; (along with their adjacent edges), producing a new graph B; with max
degree bounded by O(1) times the average degree of A;. However, for a general graph, this deletion
process may delete most (or all!) of the edges, resulting in a considerable drop in the average degree.
So, the resulting graph B; need not be approximately regular. Crucially, because H; is a matching,
we can show that this process in fact only deletes a o(1)-fraction of the edges, and so the average
degree is essentially unchanged. This means that the graph B; is indeed approximately regular, and
so we can use the B;’s in place of the A;’s to finish the proof.

The above vertex/edge deletion step is typically called the “row pruning” step, so-named
because it prunes rows (and columns) of the matrix A;, and has appeared in many prior works that
analyze spectral norms of Kikuchi matrices. While at first glance this step may appear to be a mere
technical annoyance, it is in fact the most critical part of the entire proof. In this case of the above
proof, we note that this is the only step that uses that the H;’s are matchings, and if the H;’s are
not matchings then the lower bound is clearly false. In fact, in the entire proof above, one should
view all the steps up until the row pruning step as generic and dictated by the polynomial ®, whose
value we wish to bound, and the row pruning step is the key part of the proof that determines if the
approach succeeds in obtaining a strong enough bound on [E;[val(®y)].

As observed in [AGKM23], one can also view the above proof as giving a reduction from a
g-LDC to a 2-LDC for even 4. In this viewpoint, the row pruning step is the crucial part of the proof
that shows that the object produced by the reduction is in fact a 2-LDC.

2.2 The approach of [AGKM23] for 4 = 3 and why it fails for odd g > 7

We now recall the approach of [AGKM23] for g4 = 3 and explain why its natural generalization to
odd g > 7 fails. As briefly mentioned earlier, the reason the previous proof does not succeed for
odd g is because the matrix Ac has no nonzero entries when |C| is odd. This is because the row
sets S and the column sets T have exactly the same size ¢; the Kikuchi graph would have nonzero
entries if we, e.g., simply allowed |T| = ¢ + 1. Namely, we can make the following definition.

Definition 2.2 (Naive imbalanced Kikuchi matrix for odd ¢). Let g4 be odd and let C € ([Z]). Let

{ > g be a positive integer. Let A7, be the matrix with rows indexed by sets S € ([’;]) and columns

5



indexed by sets T € ([”]), where A(S,T) =1if S® T = C and otherwise A,.(S,T) =0

{+1
Analogously to Definition 2.1, if the (S, T)-th entry of Al. is nonzero, then [S N C| = 21 and
IT N C| = 5. This imbalance causes the average left degree of A} := Y-y, A to be roughly

(g+1)/2
()"

on (ﬁ)(q vz , while the average right degree is 6n . In order for the row pruning step to

have any hope for success, we need both of these quantities to be at least 1, which requires taking

(>n'"F In fact, using this asymmetric matrix precisely reproduces the n > Q(k & ) bound.

The first key step in the proof of [AGKM23] for g = 3 is to use the “Cauchy-Schwarz trick”
from the CSP refutation literature: we construct a new system of constraints by first taking two
constraints x, Xy, Xy, = bj and x;, X, Xw, = b; that both contain the same variable x,, and then we multiply
them together to derive a new constraint xy, X, X, Xw, = b;bj, using that x% = 1since x, € {-1,1}.
Crucially, the arity of the derived monomial is 4 (or more generally 2(g — 1)), which is now even.
We thus define a new polynomial W, of even degree for the derived instance:

Wy(x) = Z bib; Z Z bibjxy, Xv, X, Xw, -

i#] u€[n] (u,01,02)€H;
(u,w1,wa)eH;

A simple application of the Cauchy-Schwarz inequality relates val(®;) and val(W¥};), and hence this
derivation process is typically called the “Cauchy-Schwarz trick”. The main drawback is that in the
derived constraints, the “right-hand sides” are products b;b;, and we have introduced correlations
in the right-hand sides.

We can now use the Kikuchi graphs Ac (Definition 2.1) for each derived constraint C, as the
derived constraints have even arity. However, we will make one small, but crucial change. For a
derived constraint xy, Xy, X, Xw,, Where v1,v2 “come from” one hyperedge (1, v1, v2) and w1, w»
“come from” the other hyperedge (1, w1, w;), we view this constraint as two pairs ({v1, v2}, {w1, w2 }),
and for an edge (S, T) in the graph A((y, v,} {w;,w,}), We require that S contains one element from
each of {v1,v,} and {w, w,}, and that T contains the other element from each. That is to say, we
evenly split the variables from the underlying (original) hyperedges across the row set S and column
set T. The fact that we split elements evenly is crucial for the row pruning step that we will discuss
shortly.

With the above definition of the matrix A((v; 0,},{w;,w,}), W€ can then make the following
definitions. First, we partition [k] randomly into two sets LUR, with |L| > w1thout loss of generality.
Then, we let Al,] = Zue[n] Z (u,01,v0)€H; A({vllvz},{wl,wz})/ i = Z]ER b A i and A = ZzeL bZAl. The

(u,w1,w2)€H;
random partition of [k] into L U R is a nice trick used in [AGKM23] that makes the matrix A be the

1/3 and

sum of mean 0 independent random matrices. At this point, we can now take ¢ = nl=2/1 =y
apply similar steps as done in the case of g even to finish the proof, provided that the “approximately

regular” condition can be made to hold for each graph A;, i.e., the row pruning step succeeds.

2The degree may be smaller if the constraints share at least 2 variables, but this would reduce the degree further and
so it is only “better” for us. There are several simple ways to handle this issue, but we will ignore this technicality for the
purpose of simplifying this proof overview.



Finding an approximately regular subgraph: row pruning. Let us now discuss the row pruning
step for the matrices A;. Unlike in the even case, the constraint hypergraph that defines the matrix A;
isno longer a matching. Instead, the edges in the graph A; “come from” tuples (1, {v1, v2}, {w1, w2 })
where (u,v1,v2) € H; and (4, w1, w2) € UjerHj — here, u is the shared variable that is “canceled”
by multiplying the two constraints together. To find an approximately regular subgraph of A;,
intuitively we need to show that a typical vertex has degree roughly equal to the average degree.
We can try to understand how concentrated the degrees are in A; by computing the variance of
deg;(S), the degree of S in A;, when S is chosen uniformly at random (see Lemma 5.6 for a formal
calculation that is closely related). Here, it is crucial that we have split the uncanceled variables
{v1,v2} of the hyperedge (u, v1,v;) evenly across S and T because if we had not, then any set S
that contains both {v1,v,} should® have degree (k). This is much larger than the average degree,
which one can show is n~1/3k, and happens with probability 7~1/3: high enough to dominate the
variance.

In fact, even when we use the even split, Var(deg;(S)) may still be too large. However, from
the calculation of Var(deg;(S)), we can extract the following natural combinatorial condition that,
if satisfied, will make the variance small enough to finish the proof: we require that each pair of
variables {u, w} appears in at most d, = (¢/ n)%k = n183k hyperedges in UjcrH;. However, the
hypergraph Ujeg H; is a union of matchings — it is not a matching itself — and so it is quite possible
that there are pairs of variables {u, w} that appear in, say, Q(k) hyperedges in U;jcgH;.* In fact,
if many such “heavy pairs” {u, w} exist, then we are unable to show that the graph A; has an
approximately regular subgraph, and the above proof fails!

Nonetheless, the above proof still accomplishes something nontrivial. For g4 = 3, we obtain a
proof that k < O(n'/3) under the additional assumption that each pair {1, w} of variables appears
in at most n~1/3k hyperedges in UjerkHj.> More generally, for larger odd g, we can show that
k < O(n'~2/7) under the additional assumption that for any set Q of size |Q| = s where2 < s < qzj’

2s

the set Q appears in at most d; := (¢/n)" 2k =n"" ik hyperedges in Ujc[x H;.

Removing the heavy pairs assumption. The final step in the proof of [AGKM?23] is to remove
this assumption by using the hypergraph decomposition method of [GKM22]. For each heavy pair
{u, w}, we create a new “big variable” p and replace all hyperedges (1, w, v) with a new hyperedge
(p,v). Then, we create a new set of derived constraints by canceling the heavy pair variables p,
resulting in a new degree-2 polynomial whose value we can then bound.® So, if there are many
heavy pairs, then we can produce a degree-2 polynomial, and otherwise we already win via the
degree-4 polynomial.

The hypergraph decomposition strategy fails for g > 7. The above approach to handling heavy

3Formally, it has degree at least the number of hyperedges (1, w1, wp) € U jerH; that contain the variable i, and this
is typically Q(k). For example, it is Q(k) for every u if the H;’s are random hypergraph matchings.

*Because the H;’s are matchings and |R| < k, even a single variable u cannot appear in more than k hyperedges. This
is why we do not encounter a “heavy singleton” condition.

>As we do not know R in advance, we must impose a global condition on U4 H; instead of Ujegr Hj. However, as we
expect |R| to be about k/2, this is also only off by a constant factor.

¢Formally, the proof of [AGKM23] proceeds slightly differently and uses a bipartite graph, although it is equivalent to
this.



pairs suggests a natural strategy to handle larger heavy sets. Namely, let d; := n 7Tk be the
“threshold for heavy sets Q of size s” that we found via the variance calculation. Foreach2 <'s < q%ll
we let P; denote the set of heavy Q’s of size s. Then, for each heavy set Q, we can introduce a
new variable p and replace all hyperedges C € Uj¢[x)H; containing Q where Q is the largest heavy
set (ties broken arbitrarily) with the hyperedge (p, C \ Q). This will produce, for each i € [k], a
hypergraph Hfs) where each hyperedge in HES) has the form (p, C’) where |C’| = g —sand p € P; is
a new variable.

The derivation strategy of the “Cauchy-Schwarz trick” now suggests that we should, for each s,
group the hypergraphs H ©) .. H ]((s) together and derive constraints by canceling the new variables
p. Namely, we take two hyperedges (p, C) and (p, C’) that use the same p and combine them
to produce the derived constraint (C, C’) that has arity 2(g — s). Once again, we can define an
analogous Kikuchi matrix and attempt to complete the proof, and the success of this strategy is
determined by whether or not the row pruning step goes through.

It turns out that, for g = 5, this simple generalization does indeed succeed. We suspect that
this was perhaps missed by [AGKM23] because the thresholds d; are rather delicate, and the proof
breaks if we set, e.g., dy = n~1/% - nl=s log 1 as opposed to n~/5k (recall that we expect k to be about
nl=s log n as this is the lower bound that we are shooting for).

However, for q > 7, this proof strategy fails. The first case that breaks is for g =7 and s = 4, i.e,,
we have produced derived constraints (C, C’) of arity 6 by canceling a heavy 4-tuple. The issue is
that the hypergraphs Hf’), ...,H ]((4), which have hyperedges containing g — s = 7 — 4 = 3 original

variables from [7], may still contain heavy pairs or triples. It turns out that, for any odd g, the cases
q+1

of s =2 and s = 3 are always fine, so this problem does not arise for ¢ = 5 (recall that 2 < s < -,

which is 3 when g = 5).

2.3 Recursive hypergraph decomposition and Kikuchi graphs for partite XOR

While the strategy described above fails for g4 > 7, there is again a natural next step to try. The
problem with, e.g., the case of 4 = 7 and s = 4, is that the hypergraphs H (4), e, H,(f) may still
contain heavy pairs or triples. So, we can simply recurse and decompose these hypergraphs again
to produce hypergraphs H §4’3), ..., H ;{4’3) and H %4’2) ,...,H ]((4’2). Here, hyperedges in H 54’3 have the
form (p®, p®) where p™® € Py is a heavy 4-tuple and p® € P; is a heavy triple, and hyperedges in
Hi4’2), el H,(f’z) have the form (p(4), p(z), v), where p(4) € Py, p(z) € P,and v € [n]. (Because UleHi
is the union of matchings, each variable v appears in at most k hyperedges, so it is not possible to
have a heavy singleton.)

For this overview, let us consider the case of HYL’Z), ..., H 154’2). We need to bound the value of
(I)I(]4’2)(x, y), defined as

k
4,2 .
q);(j )(xfy) = Z b; Z YpoYp@Xo .
EL(pW,p@,0)eHt?

As before, we can now derive constraints using the Cauchy-Schwarz trick. Namely, we can take
two hyperedges (p*, pgz), v1) € Hf4’2) and (p®¥, pg), vy) € H;4’2) that share the same heavy 4-tuple



p(4), and then form the derived hyperedge ((pgz), 1), (pgz), 02)).

Now, the approach of [AGKM23] breaks down. To use their Kikuchi graph, we need to be able to
derive constraints that only use the original variables [#]. But, the above derived constraints still use
“heavy pair” variables. One could try to, e.g., combine the derived constraint ((pgz)’ v1), (pgz), 02))

with some constraint in H}fl’z) that also contains the heavy pair pgz), but such a constraint will be

of the form (pg}), pgz), v3), i.e., it will have a new heavy 4-tuple. So, the new derived constraint
will be ((p(12), v1), U3, (pg}), v3)), and we have the same problem again. Furthermore, we cannot try

to combine different “types” of hypergraphs, e.g., combine constraints in HJ(Z) for some j with

constraints in H§4’2) for some i, as it could be the case that after the hypergraph decomposition

step, most (or all) of the original 6nk hyperedges are placed in, e.g., H§4’2) for some i, and so all
hypergraphs of a different “type” are empty.

Let us now explain our approach to handle this problem. We need to design a Kikuchi matrix for
hyperedges that are partite: each hyperedge in Uf,‘le 54’2) has two vertices from the vertex set P, and
2 vertices from the vertex set [1]. We introduce the following Kikuchi graph in this work for partite
hypergraphs, which is defined as follows. For a derived constraint ((pgz), v1), (pgz), v7)), we let the

matrix A @® be the matrix indexed by pairs of sets S1 and S, where S1 C [n] has size ¢ and
1

20ApY 22)
S, C P, also has size £. That is, each row has a set for each distinct set of variables, which are [n] and
@

P,. By analogy to the earlier definition of Ac, we should set A @ ((51,5),(T1, ) =1if
((Pl /Ul)/(pz /UZ))

S16Th ={v,v}and S, ® T = {pgz), pgz)}, and furthermore we require that the variables “coming
from” the underlying original hyperedges in H*? are split as evenly as possible across the rows and
columns. Namely, we require that either v; € 51, p;z) € S,and v, € T3, pgz) € T5, or vice versa, so
that the variables (v1, pgz)) “coming from” the first underlying hyperedge are split across the row
and column, and likewise for the second underlying hyperedge.

Analogously to the definitions in Section 2.2, we can randomly partition [k] into L U R
and let A; ; = Zp(4)€p4 Z(p(“),p?),vl)er‘l'Z) A((pgz),m),(pgz),vz))’ A = ZjeR bjAijand A = 3 biAi. A

(¥ )eH ("D

straightforward calculation shows that E;[||A|2] provides an upper bound on Val((l);;l’z)). Thus, to

determine whether or not this matrix A is good enough to prove the desired n > Q(k#) bound,
we need to argue that the row pruning step holds, i.e., each A; can be made approximately regular.

It turns out that, while the calculations are substantially more complicated that those appearing
in [AGKM23], this approach does in fact work, provided that we adjust the thresholds d slightly.

_25,2 _25,3 _ 2_
We need to set ds =n 1 "1k (instead of n~ 7 "1k) for2 < s < '72—1, while keeping dgn = n? 'k the
2

same. This allows us to prove the n > Q(k#) bound for g =7.

Generalizing our g = 7 approach to all odd g. We can now generalize our above approach to all

odd g as follows. The output of the recursive hypergraph decomposition step yields hypergraphs

et et +1 . . .
His 1 r),‘”,HI({S 1 r), where 2 < s < qT is an integer, s > 1 > --- > t, > 2 are all positive

r)

integers, and t1 + ¢, + - - - + t, + s < g. This notation means that each hypergraph Hfs’tl"”’t contains

hyperedges of the form (p®),pt), ..., p*),C), where each p!=) € P;, i.e., it is a heavy t,-tuple,



p®) € Ps is a heavy s-tuple, and C C [1] has size g —s — t; — -+ - — t, and is the set of remaining
“original variables” from [n]. We then apgly the Cauchy-Schwarz trick to form derived constraints,
which now take the form ((p( v, pgt’ ,C1), (p( v, p(zt ), Cy)). We define the Kikuchi matrix

(4.2)

analogously to the case of H'*~ shown above for 4 = 7. Namely, we

(@ .. p,C0), (o7, o))
make the following definition.

Definition 2.3 (Kikuchi matrices for partite hypergraphs). Let ((p(tl), el pgt'), Cr), (p(tl) el pg’), C»))

be a derived constraint where p(tZ),ng) € P;, for each z € [r] and C;,Cy; C [n] have size

g—s—2. 4tz LetA((pitl) ..... W e, (p(t]) .... W0 ) be the matrix indexed by tuples of sets (S1,...,S;,S)

where for z € [r], S, C PZ has size { and S C [n] has size {. The matrix has a 1 in the
(S1,...,5,5),(Ty, ..., T, T))-th entry if for each, S, ® T, = {p(tZ),pzz)} and ST = C; & Cs.
Otherwise, the entry is 0.

In order for the row pruning step to go through, we need to be a bit more careful in our definition

of the matrix A (! o Namely, as done in Sections 2.2 and 2.3, we want to split

P05y, C2))
the variables (p(tl), e, pgt r) ,C1)and (p(tl) eee, p;t ), C») of the underlying hyperedges evenly across
the row and column sets (Sy,...,S;,S)and (T3, ..., T;, T). However, each element p(tz) comes with
a “weight” of t, because p'*z) corresponds to a set of t, original variables [n]. Because we “canceled
out” a variable in P, the total weight of the remaining elements in each hyperedge is g — s. Ideally,
we would like to achieve an even split of (1>, >

Fortunately, for the row pruning step to go through, we do not require an exactly even split: we
just need that each side of the split has total weight at most g. A simple greedy algorithm shows

that this is in fact always possible, and so we can make the row pruning step go through. This

), but this is not always possible.

allows us to prove a lower bound of n > Q(k#) bound for all odd g, finishing the proof.

2.4 A simpler proof with bipartite Kikuchi graphs

The above proof for odd g is substantially more complicated compared to the fairly simple proof for
even g sketched in Section 2.1. Recall that this is the case because the proof in Section 2.2 uses the
“Cauchy-Schwarz trick” to derive new constraints of arity 2(q — 1) that have correlated randomness.
When we group the derived constraints so that they have independent randomness, i.e., we write
A = )1 biA;, where each b; is an independent bit, the success of the row pruning step is dictated
by the structure of the derived constraints that contribute to the matrix A;. However, the derived
constraints look like (C, C’) where there exists u € [n] such that (u,C) € H; and (u, C’) € UjerHj,
and so not only are they no longer matchings, they can have highly irregular structure. Because
of this, we then decompose the original hypergraph matchings Hi, ..., Hx into new hypergraphs
where the union, over i € [k] of the new hypergraphs in each “piece” of the decomposition is
regular. In the case of g = 3,5, this can be handled with a simple decomposition step as done (or
could have been done for 4 = 5) in [AGKM23], and for 4 > 7 a more involved recursive hypergraph
decomposition step along with a partite Kikuchi matrix, as sketched in Section 2.3 and Definition 2.3,
is needed.
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The key point here is that original hypergraphs Hj, ..., Hy are matchings, i.e., they are already
“regular”, and so the additional complexity in the proof for odd q comes from the use of the
Cauchy-Schwarz trick, which is the step that derives new constraints that are no longer “regular”.
If we could somehow avoid using the Cauchy-Schwarz trick entirely, we would never lose the
“regularity property”, and so we could potentially obtain a substantially simpler and more direct
proof that avoids any hypergraph decomposition steps.

Unfortunately, we are not quite able to achieve this goal — in the “top level” case, i.e., when the
hypergraph matchings Hj, ..., Hy already satisfy the global property that U;c[xjH; has no heavy
setsof sizes for2 < s < qTH, we still do the Cauchy-Schwarz trick to construct the Kikuchi matrix
as sketched in Section 2.2. This means that we will do one step of hypergraph decomposition to
produce, foreach2 <s < 5~ La decomposed instance with hypergraph matchings His), ...,H IES).

Now, recall that the reason we required the more complicated recursive hypergraph decompo-
sition step in Section 2.3 is because, if we were to apply the Cauchy—Schwarz trick again to each
decomposed instance H <) .. H ,({5), the resulting derived constraints may again not be regular.

However, the hypergraphs H ©) ., H ]((s) are themselves still matchings, i.e., they are regular, as this
property is inherited from the original hypergraphs Hj, ..., Hr. Our key technical contribution,
as we now explain, is the introduction of a bipartite Kikuchi graph that allows us to refute each
decomposed instance H%S) ,.o..,H ]((S) without using the Cauchy-Schwarz trick at all. Because we do
not apply the Cauchy-Schwarz trick, our hypergraphs remain matchings, and so we do not need to
do a recursive hypergraph decomposition as done in our other proof (Section 2.3). The thresholds

_2,3
that we use in the decomposition step are the original thresholds ds = n~ 7 "7k, which we note are a
factor of n'/7 larger than the thresholds that are needed for our other proof in Section 2.3.

Refuting the decomposed instances with bipartite Kikuchi graphs. Instead of doing the

Cauchy-Schwarz trick, we introduce a bipartite Kikuchi graph that is imbalanced. This is perhaps

a counterintuitive approach to try, as typically imbalanced matrices do not give good spectral

refutations. For example, as explained at the beginning of Section 2.2, one can define an imbalanced

matrix (Definition 2.2) that cleanly handles the case of odd g with no hypergraph decomposition
1

steps at all, but the imbalance of the matrix produces the weaker bound of n > f)(k%).
Recall that for each i € [k], a hyperedge in H;S) has the form (C, p) where p € P; and |C| = q —s.
We now define our bipartite Kikuchi graph Ac .

Definition 2.4 (Our imbalanced bipartite Kikuchi graph). For a set C € ( g- ) and p € Ps, let Ac
be the adjacency matrix of the following graph. The left vertices are pairs of sets (S1, S2) where
S1 C [n] has size £ and S, C P has size { as well. The right vertices are pairs of sets Ty C [n] and
T, C Py, where |[T1| =¢+1-35 and |T| = ¢ + 1. We put an edge ((S1,S2), (T1, T2))if S1@Th = C,
which implies that |S1 N C| = q ! and i NC| = q+1 —s,and also S, ® T, = {p}, which implies that
péSrandp € Tp.

Definition 2.4 is inspired by our partite matrix (Definition 2.3), as for each row/column, we
have a subset for each “variable set”, i.e., [n] and P;. However, unlike Definition 2.3, we now have
|S1| # |T1| and |S3| # |T2|, and this makes the graph Ac, quite imbalanced. The size of the left
vertex set is N = (}) (Il;sl)/ where |Ps| ~ nk/ds. This bound on |P;]| follows because UjepH; has at

11



most nk hyperedges in total and each p € P; is contained in at least ds hyperedges. On the other
hand, the size of the right vertex set is Ng = (,_1,,) (lé,lill) |p;| ( ) 'N .. Recall that £ = n’ ~7 and
dy = n"T*ik, s0 Ng ~ n'/INy.

Remark 2.5. We note that Ac , is not the first use of an imbalanced bipartite Kikuchi graph, as
imbalanced Kikuchi graphs are used in [Yan24, KM24b]. However, in those works one can easily
produce an equivalent Kikuchi graph (i.e., non-bipartite and balanced) with essentially the same
properties via one application of the Cauchy—Schwarz derivation trick to the underlying hyperedges.
Here, as discussed in detail in Section 2.3, such a strategy fails. We thus view our bipartite Kikuchi
graph Ac, as being inherently bipartite, as we are unable to construct an equivalent (balanced)
Kikuchi graph with analogous properties to it by first deriving constraints on the underlying
hypergraph and then forming a balanced Kikuchi graph similar to Definition 2.1 using the derived
constraints.

With the graph Ac,, defined, we then let A; = }/ (C.p)eH® Acpand A = Zf-‘zl biA;. Crucially,

because we have not used the Cauchy-Schwarz trick, A; depends only on H 55) and not on any of

the other hypergraphs. Because H;S) is a matching (over the larger vertex set [n1] and P;), the row
pruning calculation is much more straightforward.

Row pruning for the imbalanced bipartite Kikuchi graph. Unlike the case of normal Kikuchi
graphs, we now need to argue concentration of both the left and right vertices. The case of the left
vertices is rather straightforward: because H; ) is a matching and for an edge in Ac p, the left vertex
contains I elements of C, which is the subset of “original variables” [1], a similar calculation to
the row prurung argument in Section 2.1 shows concentration of the degrees of the left vertices

provided that the average left degree 4y is at least ()(1). The average left degree is d;, ~ (%) T n,
which is roughly n/7 > 1 since ¢ = n'=2/1.

The calculation for the right vertices is more interesting. We again use that H fs) is a matching
to argue concentration provided that the average right degree dy is at least Q(1). Now, we have

ol s
dr ~ (3) 7 i (|1£ |) n. As shown earlier, |Ps| < nk/ds ~ 1+27_%, using our threshold for ds.

Substituting in ¢ = n172/7 and the above bound on |P;|, we see that dg > Q(1) holds. Thus, the row
pruning step goes through, and we are able to prove the n > Q(k%) bound with a substantially
simpler proof compared to our proof sketch in Section 2.3.

&

Our bipartite Kikuchi graph compared to the naive imbalanced matrix. Why does the matrix

Ac,p succeed in yielding a k-2 lower bound, whereas the naive £ vs. { + 1 matrix (Definition 2.2)

+1
only yields a k% lower bound? Recall that for an edge ((S1, S2), (T1, T2)) in the matrix Ac ,, we have
split C across S1 and Ty as [S1 N C| = 11 and i NC| = qH — 5. Because p ¢ Sy and p € T, this

q

means that the row set contains 21 Varlables from (C, p), and the column set “effectively” contains

% variables from (C, p): it has 1 Ll — s variables contained in T1 and then an extra s from T, because
ps as a variable “represents” a set of size 5. Notice that the L vs. — spht is precisely the split
used by the ¢ vs. { + 1 matrix. So, it is reasonable to ask: why is the matnx Ac p performing better?

_1 _25,3
The reason lies in the fact that the chosen threshold is d; = (%)S 2k = n 977k has an “extra
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factor” of n/7 when viewed from the following perspective. Recall that the thresholds d are used
only for2 < s < qTH. But, if we substitute in s = 1, we get di = n'9k, which we can view as
giving us a bound on the maximum degree of a singleton v that we are able to tolerate. However,
in the hypergraph H := U’_ H;, each singleton v has degy,(v) < k, as H is a union of matchings.
So, d, is a n/1 factor “larger” than we might expect. In fact, following intuition from [GKM?22],
we would like deg(Q) to “drop” by a factor of ¢/n per additional vertex included into the set Q,
i.e., we intuitively set d] = k and then take d/_ , = ({/n)d for larger s. This yields the threshold

d, = ( )S Tk = n_%r%k, which is the threshold we used in Section 2.3. However, the threshold d/,
is not the threshold that arises out of the approach of [AGKM23] (Section 2.2); we can tolerate an
extra factor of n'/4.

Let us now explain why this n'/9 factor is critical. We expect the left/right degrees to be about
q-1 u]+1

(ﬁ)#variables MR e, (£)™ - n for the left degree and ({) - n for the right degree If this

n
happens, then we must take ¢ = n!1=2/(4*1) rather than n'=2/7. This results in the weaker kit 1 bound,
and is precisely what happens with the naive matrix from Definition 2.2. However, for the matrix
Ac,p, the fact that d; has an extra factor of n'/7 boosts the average right degree by a factor of

q+1
n'/4. This means that our right degree is roughly (%) 7 . n1*14 and this allows us to still take
¢ = n172/1. Notice that when we computed the sizes of the left and right vertex sets for Ac ,, we
had N ~ n'/1N;, whereas in the naive imbalanced matrix of Definition 2.2 one has Ng ~ n2/1Nj.

Postmortem: the power of the bipartite Kikuchi matrix. The proof of then > f)(k#) lower bound
using the bipartite Kikuchi matrices sketched above is substantially simpler than our other proof
(sketched in Section 2.3) that follows the more well-trodden path of “hypergraph decomposition +
Cauchy-Schwarz” used in prior works ([GKM22, HKM23, AGKM?23, KM24a, Yan24, KM24b]). The
success of the bipartite matrix in this setting comes as quite a surprise to us, as it is contrary to
the conventional wisdom that imbalanced matrices yield poorer spectral certificates compared to
balanced matrices. Moreover, the simplicity of the analysis is not just nice for aesthetic reasons:
Theorem 1 obtains a better dependence on log k, 6, and ¢ in the case of 4 = 3 as compared to the
lower bound of [AGKM23]. In fact, the log k dependence in Theorem 1 is exactly the same as the
dependence obtained for even g, and the loss in the 6 and ¢ factors comes from the “top level”
instance where we still use the Cauchy-Schwarz trick.

Roadmap. The full proof of Theorem 1 is presented in Sections 4 to 6; we give preliminaries and
notation in Section 3. In Section 4, we handle the setup and the hypergraph decomposition step
(Section 4.1). In Section 5, we refute the “top level” instance using the Cauchy-Schwarz trick, and
in Section 6 we use our new bipartite Kikuchi matrices to refute the subinstances His), ..., H ,(f) for
all2<s < &
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3 Preliminaries

3.1 Basic notation and hypergraphs

We let [n] denote the set {1, ..., n}. For two subsets S, T C [n], we let S @ T denote the symmetric
difference of Sand T,ie., S®T :={i: (i€ SAi¢T)V (i ¢ SAieT)}. Foranatural numbert € N,
we let ([’tl]) be the collection of subsets of [1] of size exactly ¢.

For a rectangular matrix A € R™*", we let [|A[|2 := maxX,erm, yeRrn:||x|2=]y[l2=1 x T Ay denote the
spectral norm of A.

Definition 3.1 (Hypergraphs and hypergraph matchings). A hypergraph H with vertices [n] is a
collection of subsets C C [n] called hyperedges. We say that a hypergraph H is g-uniform if |C| = g
for all C € H, and we say that H is a matching if all the hyperedges in H are disjoint. For a subset
Q ¢ [n], we define the degree of Q in H, denoted deg,,(Q), tobe [{C € H: Q € C}|.

Definition 3.2 (Bipartite hypergraphs). A bipartite hypergraph H has two vertex sets [n] and P
and is a collection of pairs (C, p) with C C [n] and p € P called hyperedges. We say that a bipartite
hypergraph H is g-uniform if |C| = q — 1 for all (C, p) € H, and we say that H is a matching if all the
hyperedges in H are disjoint. That is, for (C, p) and (C’,p’) in H, itholds that CNC" =Qand p # p’.

3.2 Locally decodable codes

We refer the reader to the survey [Yek12] for background.

A code is typically defined as a map C: {0,1}* — {0, 1}". However, for our proofs it will be
more convenient to view a code as taking values in {—1, 1} rather than {0, 1}; we switch between
the two notations via the map 0 — 1 and 1 — —1. Fora code C: {-1,1}* — {-1,1}", we will write
x € C to denote an x = C(b) for some b € {0, 1}*.

A locally decodable code is a code where one can recover any bit b; of the original message b
with good confidence while only reading a few bits of the encoded string in the presence of errors.

Definition 3.3 (Locally Decodable Code). A code C: {-1, 1} — {-1,1}" is (q,6, €)-locally de-
codable if there exists a randomized decoding algorithm Dec(-) with the following properties.
The algorithm Dec(:) is given oracle access to some y € {-1,1}", takes an i € [k] as input, and
satisfies the following: (1) the algorithm Dec makes at most g queries to the string y, and (2) for all
be{-1,1} i€ k], and all y € {~1,1}" such that A(y, C(b)) < 6n, Pr[Dec?(i) = b;] > 1 + ¢. Here,
A(x, y) denotes the Hamming distance between x and v, i.e., the number of indices v € [n] where
Xy F Yo.

Following known reductions [Yek12], locally decodable codes can be reduced to the following
normal form, which is more convenient to work with.

Definition 3.4 (Normal LDC). A code C: {-1,1}* — {-1,1}" is (g, 6, ¢)-normally decodable if for
each i € [k], there is a g-uniform hypergraph matching H; with at least 61 hyperedges such that for
every C € H;, it holds that Pry,_(_y 1y¢[bi = [[,ec C(b)o] = % + €.
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Fact 3.5 (Reduction to LDC Normal Form, Lemma 6.2 in [Yek12]). Let C: {-1,1}% — {-1,1}" bea
code that is (q, 6, €)-locally decodable. Then, there is a code C": {~1,1}F — {-1, 1390 that is (g,0,¢)
normally decodable, with &' > €56/3¢*27 ! and &’ > ¢/221.

3.3 Matrix concentration inequalities

We will make use of the following non-commutative Khintchine inequality [LP91].

Fact 3.6 (Rectangular Matrix Khintchine Inequality, Theorem 4.1.1 of [Tro15]). Let X1, ..., X be fixed
d1 X dy matrices and by, ..., by be i.id. from {~1,1}. Let 0 > max(|Z; XX 1ll2, 125, X7 Xi1ll2).
Then

]E[ ||iz: biXill2 ] < \202 log(dy + ).

3.4 Binomial coefficient inequalities

In this section, we state and prove the following fact about binomial coefficients that we will use.

Fact 3.7. Let n, {, q be positive integers with { < n. Let q be constant and €, n be asymptotically large with
¢ =o(n). Then,

Proof. We have that

o n—{+q\ °

(8) ( q )

Using that (%)b <(p) < (%)b finishes the proof of the first equation.
We also have that

-1
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and this is ©(1) since ¢ = o(n) and g is constant. O

4 Proof of Theorem 1

In this section, we begin the proof of Theorem 1. By Fact 3.5, we may assume that we start with a code
C in normal form. Namely, C ismap C: {-1,1}¥ — {-1,1}", and there exist g-uniform hypergraphs
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Hjy, ..., Hi of size exactly 6n such that for every C € H;, it holds that By, (1 1)¢[bi [Tyec C(D)o] > &.

We will show that k < O(nl_%é_z_% ¢~4), which implies Theorem 1.
To begin, we let @}, (x) denote the following polynomial:

k
(I)b(x) = Z Z bl' nxv.

i=1 CeH; veC

Because By (_1 1y¢[bi [Toec C(D)o] = ¢, it follows that E,[®y(Cy(x))] > SZf;llHil > ¢Onk. Hence,
we have that Ey[val(®y)] > ¢onk, where val(®y) := maxye(-1,1y» Pp(x).

Overview: refuting the g-XOR instance ®;. It thus remains to bound E;[val(®;)]. We will
do this by building on the spectral methods of [GKM22, AGKM?23]. As discussed in Sections 2.3
and 2.4, the argument proceeds in two steps.

(1) Hypergraph decomposition: First, we decompose the hypergraphs Hj, ..., Hx informally as

_3
follows. For2 <t < %, we define “degree thresholds” d; where d; = (%)t 2 k. Then, for

every Q C [n] of size s with2 < s < %, we call Q “heavy” if Q is contained in more than d;
hyperedges in the multiset UleHi. For each heavy Q, we introduce a new variable y,, and let
P be the set of the labels pg corresponding to |Q| = s. Then, for each hyperedge C,if Q € C
is the largest heavy Q contained in C, we replace the hyperedge C with (C \ Q, pg), where
po € Ps. We thus produce, for each i € [k], hypergraphs Hfs) foreach2 < s < q%l where a
hyperedge in HES) has the form (C’, p) for some p € Ps and C’ C [n] with |[C’| = g — s, along
with the hypergraph H; of “leftover edges”.

2) Refutation: With the decomposition in hand, we then produce polynomials W' for each
( p P poly b

+1
2<s< qzj’ along with a polynomial W, such that W;, + 252:2 \I/,(Js) = ®;,. We then produce
upper bound Ep[val(W})] as well as [Ej [Val(‘lfés))] for each polynomial ‘Ifés) in the decomposition.
Combining these bounds allows us to upper bound Ej[val(®,)] and finishes the proof. As
discussed in Section 2.4, our key technical contribution is designing the matrix whose spectral
norm upper bounds E,, [Val(‘lfzs))] for each of the “decomposed” instances W) for2 <s < qTH

We now formally describe the decomposition process.

Lemma 4.1 (Hypergraph Decomposition). Let Hy, ..., Hy be g-uniform hypergraphs on n vertices, and
let H be the multiset H = UleHi.

For each 2 < s < qzi, let ds be a positive integer such that dy > ds > -+ > dgn > 1, and let
2

P; ={Q € ([”]) : deg(Q) > ds}. Then, there are g-uniform hypergraphs Hy, ..., H; and, for each

S

2<s< qTH, bipartite hypergraphs H ©, ..., H]((s), with the following properties.

(1) Each HZ.(S) is a bipartite hypergraph where each hyperedge contains q — s left vertices in [n] and one right
vertex p € Ps. Furthermore, |Ps| < O(|H|/ds).

(2) Each H is a subset of H;.
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(3) For each i € [k], there is a one-to-one correspondence between hyperedges C € H; and the hyperedges in

q+1
H,H®, ... H'T givenby (C,p) € H* s> CUp € Hyand C € H/ — C € H,.

i
(4) Let H' = U*_ HJ. Then, for any Q € (")) with 2 < s < 1, it holds that degy;,(Q) < ds.
(5) If H; is a matching, then H’ and Hfs)for 2<s< qTH are also matchings.

The proof of Lemma 4.1 follows by using a simple greedy algorithm, and is given in Section 4.1.

Given the decomposition, the two main technical parts of the proof are given by the following
two theorems. In the first theorem, we refute the q-XOR instance resulting from the hypergraph H’,
and in the second theorem we refute the bipartite (§ — s + 1)-XOR instances from the hypergraphs
H® foreach2 <'s < q—;rl

Theorem 4.2 (Refuting the regular qg-XOR instance). Let q > 3 be an odd integer. Let k, n be positive
integers and 6 € (0,1). Let £ = |[n'"2/7.572/1), and suppose that k > 4f. For 2 < t < qTH, let

=32

de = (L) 2k

n

Let Hy, ..., Hg be g-uniform hypergraph matchings on [n] of size < 6n, and suppose that for every
Q C [n]with2 < |Q| < qzj/ it holds that deg,(Q) < d|q|, where H = Ui.‘lei. Let Wy(x) be the
polynomial in the variable x1, . . ., x,, defined as

k
\I’b(x):z Z bil_[xv.

i=1 CeH; veC

Then, By _q 1y [val(Wp)] < O(nVok) - (ke logn)'/4,

Theorem 4.3 (Refuting the bipartite instances). Let g > 3 be an odd integer, and let 2 < s < qTH. Let
k, n be positive integers and 6 € (0,1). Let £ = [n'=%/7. 572/, and suppose that k > 4. For2 <t < qTH,

_3
let d; = (%)t 2 k. Let P, C ([Z]) be a set with 4¢ < |Ps| < O (Z—f)

Let His), ...,H ;{S) be bipartite (q — s + 1)-uniform hypergraph matchings on (q[’j]s) X Ps of size at most
on. Let \PEJS)(X, v) be the polynomial in the variable x1, . .., x, and {yp }pep, defined as

‘I’és)(x,y) = Z Z biyy l_[xv i

k
i=1 (C,p)eH; veC
Then, By (1 1)k [Val(‘Ifés))] < 6nO(y/kllogn).

We prove Theorem 4.2 in Section 5, and we prove Theorem 4.3 in Section 6.
With the above ingredients, we can now finish the proof of Theorem 1.

Proof of Theorem 1. By Fact 3.5, we may assume that our code C is in LDC normal form, and our goal
is to show that k < O(¢7*672¢log n) holds, where ¢ = | n'=2/9.572/7], which implies Theorem 1. We
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will assume that 6 satisfies 6 > n_#, as otherwise 62¢ > n holds,and so k < n < O(e¢74567%¢ log n)
trivially holds.

_3
Foreach2 < s < q%ll define d; = (%)S 2 k. We will assume that k > 4¢, as otherwise we are
1
already done. Because of this assumption, we have (%) k> 1, which implies that d; > 1 for all
2<s< qzj. We can thus apply Lemma 4.1 with these thresholds, which decomposes each H; into

H! and Hfs) for2 <s < qTH Note that |Ps| < O(6nk/ds) = O(1) - (%)s_% - on.

The one-to-one correspondence property in Lemma 4.1 implies that for each b € {1, 1} and

every x € {-1,1}", if we set y, = Hvep x, foreachp € Psand 2 < s < qTH, then it holds that

+1
By(x) = Wy(x) + 5,5, W (x, ).
We can now apply Theorems 4.2 and 4.3 to bound E[val(W})] and ]E[Val(\lfgs))]. However, it is
possible that the condition that |Ps| > 4¢ does not hold. But, if |Ps| < 4¢, then the conclusion of
Theorem 4.3 still holds. This is because for any b, val(¥\") < ¥ |H"")| trivially holds, and we

also have Zi'(:l |Hfs)| < |Ps|ds, as each p € P; contributes at most ds hyperedges to UleHfs). Hence,
Val(‘I’és)) < {d, in this case, which is at most 6nO(4/k{logn) when 6 = Q(n_ﬁ).
We thus have that
q+1
2

eonk < E[val(®y)] < E[val(Wy)] + Y E[val(W}")] < O(nVok) - (ktlogn)'/* + snO(ykllogn).
s=2

We have two cases. If O(nVok) - (k¢ log n)'/4 is larger than 6nO(W), then we conclude that
eonk < O(nVok) - (kflogn)/* = k < O(e™*6 2t logn),
and if O(nVok) - (k¢ log n)'/* is smaller than 6n O(W), we conclude that
ednk < 5nO(kllogn) = k < O(e " logn).

2

Thus, we have k < O(¢7462¢logn) = O(nl_q 6_2_% ¢~*1og n), which finishes the proof. O

4.1 Hypergraph decomposition: proof of Lemma 4.1

We prove Lemma 4.1 by analyzing the following greedy algorithm.

Algorithm 4.4.
Given: g-uniform hypergraphs Hj, ..., Hy and parameters dy > dz > --- > dgu1 > 1.
2

Output: g-uniform hypergraphs Hj,...,H, and for2 <s < qTH, bipartite (g7 — s + 1)-uniform

hypergraphs H <) . H 1(<S) over the left vertex set [11] and right vertex set P; C ([’;]).

Operation:

18



1. Initialize: H/ = H; for all i € [k], Ps = 0, and P} = {Q € (")) : deg;,(Q) > ds},
where H" = Uje H .
2. Fort = q—;rl,...,lz
(1) While P/ is nonempty:
(a) Choose p € P; arbitrarily.
(b) Choose anarbitrary set of d;+1 hyperedgesin H' containing the set p. Namely,
let Ciy, ..., Ci,., be hyperedges in H" where C;; € H} , ..., C

3 4
Ldp+1 € H;’dt+1'

(c) Add p to P; and for each r € [d; + 1], remove C;, from Hlfy and add the
hyperedge (C;, \ p, p) to Hff).
(d) Recompute P} = {Q € (['Z]) : degy, (Q) > di}.
3. Output H7, . .. ,H,’( and His), ... ,H,(j) forall2 <s < q%l.

We now need to show that the output of Algorithm 4.4 has the desired properties.

Item (1) holds by construction, as each p € P; has size s so when the hyperedge C is split into
(C\p,p) IC\p|=q-s. Wehave that |Ps| < O(|H|/d;), as each hyperedge C € H has (crudely) at
most 29 = O(1) subsets of size exactly s, and each p € P; must appear at least d; + 1 times across
hyperedges in H.

Item (2) holds by construction, as we start with H' = H; and only remove edges from H’.

Item (3) holds because each hyperedge C € H; is either never removed (in which case it appears
in H’), or it is removed exactly once. If it is removed by choosing some p € Ps, then it appears in
HES) as the hyperedge (C \ p, p).

Item (4) holds because otherwise the algorithm would not have terminated.

Item (5) holds because the operations done by Algorithm 4.4 do not affect the matching property.
This finishes the proof.

5 Refuting the Regular 4-XOR Instance

In this section, we prove Theorem 4.2, which we recall below.

Theorem 4.2 (Refuting the regular q-XOR instance). Let g > 3 be an odd integer. Let k, n be positive

integers anil 5 € (0,1). Let £ = [n172/7.572/), and suppose that k > 4. For2 < t < B It
dp= (L) 72k,

Let Hy, ..., Hy be gq-uniform hypergraph matchings on [n] of size < on, and suppose that for every
Q C [n]with2 < |Q] < 112L1, it holds that deg,(Q) < d|g|, where H = Ui.‘le,-. Let Wy(x) be the
polynomial in the variable x1, . . ., x, defined as

k
‘I’b(x)zz Z binxy.

i=1 CeH; wveC

Then, By (1 1yc[val(¥;)] < O(nVok) - (kllogn)'/4.
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The proof of Theorem 4.2 follows the overall blueprint outlined in the work of [AGKM23], as
explained in Section 2.2.

Step 1: the Cauchy-Schwarz trick. First, we show that we can relate W(x) to a certain “Cauchy-
Schwarzed” polynomial fr r(x).

Lemma 5.1 (Cauchy-Schwarz Trick). Let W be as in Theorem 4.2 and let L, R C [k] be a random partition
of [k], i.e., each i € [k] appears in L with probability 1/2, independently, and R = [k] \ L. Let fi r(x) be the

polynomial defined as
fLr(x) = Z Z Z bib; 1—[ Xy l_[ Xy -

iEL,jGR ue[n] (u,C1)€H,-,(u,C2)€H]- veCy veCy

Then, it holds that (qval(W))* < gon® + 4nE( gy val(fy r). In particular, Epe_1,13x (g% - val(W)?] <
q6n2 + 47’1]E(L/R)]Eb€{_1,1}k [Val(fL,R)].

Proof. Fix any assignment to x € {—1,1}". We have that

2 2

@UEP=| Dy > bxe| <[ Y2 YD) D bixc

ue[n] i€lk] (u,C)eH; ueln] ue[n] \i€[k] (u,C)eH;

=n Z Z Z bib]‘xCGCz =n|q Z|H1| + Z Z Z bibijGCZ

u€ln]i,jelk] (u,Ci)eH; i€[k] u€ln]i,jelk],i#j (u,C1)eH;
(u,C2)eH; (u,C2)eH;

=qn-on+4n-Eqr fLrx) ,

where the first equality is because there are ¢ ways to decompose a set C; € H; with |C;| = g into
a pair (1, C) with |C| = g — 1, the inequality follows by the Cauchy-Schwarz inequality, and the
last equality follows because for a pair of hypergraphs H; and H;, we have i € L and j € R with
probability 1/4. Finally, maxyec(—1,1)» B ryfLr(¥) < E r)[maxye—1,1y f,r(X)] = E g)val(fL,r)-
Thus, we have that g2 - val(W)? < qon? + 4n - B g) val(fi r). O

Step 2: defining the Kikuchi matrices. Next, we define the Kikuchi matrices that we will use and
relate them to the polynomial f; .

Definition 5.2. Let g4 > 3 be an odd integer and let £ = |n'=%/7 . 572/4]. Let (1, C1) be a hyperedge
with |C1| = g — 1 and let (1, C;) be a hyperedge with |C2| = g — 1. We define the matrix A, c,,c,
to be the matrix indexed by pairs of sets (S1, Sz) where S1,S, C [n] and |S1| = |S2| = ¢, where
Auc,,c,((51,52),(11, T2) =1if S1®Th = C1 and S2 @ To = Cy, and 0 otherwise. We note that this is
equivalentto |S1NCq| =TI NCq| = qT_l and [S; N Cy| = TN Cy| = qz;l.

We will also view the matrix A, ¢, c, as the adjacency matrix of a graph G, c,,c,-

For i # j € [k], we define A;; = X, i 2(u,Cr)eH;, (u,Co)eH; Au,C1,C,- We also define A; =
2jer bjAijand A = Yy biA;.
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Claim 5.3. For each (u, Cy, Cy), the matrix A, c,,c, defined in Definition 5.2 satisfies the following
properties.

) (n (q-1),2

(1) The matrix A, c,,c, has exactly D = ( 1t ) nonzero entries.

(2) For each x € {-1,1}", let z € {—1,1}(';) be defined as: zs, 5, := [lyes, Xv [1yes, Xo- Then,
ZTAM,CLCzZ =D HveQ Xo H"{JECZ Xy.

In particular, zT Az = D f r(x).
As additional notation, we let N := () and d = ‘S”kD

Proof. To prove Item (1), we will count the number of edges. By definition we have an edge
((51,52), (11, T1)) in the graph with adjacency matrix A, c,,c, iff [S1 N Cq| = ! and 1S2 N Ch| = = I 1.

The number of such 57 is (q 1) (n -y

-5
holds.
To prove Item (2), we observe that

T — —
Facez= ), amswenn= ), | x| [xe] Jw ] ]x

), and the number of such S, is the same. Hence, Item (1)

((51,52)(T1, T2))€E(Gu,cy,¢5) ((51,92)(T1, T))€E(Gy,cy ) vEST  v€Sy  velr  vely
= [[ =[] == 2 |[e][w=p]]x]]x
((51,52),(T1, T2))€E(Gu,cq,c,) vES1OT1  0E€S8T) ((51,52)(T1, T2))€E(Gu,cy,c,) vECT  vECH veCr  vey

The “in particular” follows immediately from Item (2) and the definition of A. m|

Step 3: finding an approximately regular submatrix. The key technical lemma, which we shall
prove in Section 5.1, shows that we can find an approximately biregular subgraph of A; for each
i€L.

Lemma 5.4 (Approximately regular submatrix). For i € L, let A; be defined as in Definition 5.2. There

exists a positive integer D’ with D > D’ > £ such that the following holds. For eachi € L, (u,C1) € H;,
j € R, and (u, C2) € Hj, there exists a matrix B;y,c,,c, € {0, 1}(7) with the following properties:

(1) Biu,cy,c,isa “subgraph” of Ay,c,,c,. Namely, Bi,c,,c, = B}, ¢ ¢, andifBiu,c,,c,((S1,52), (Th, T2)) =
1, then we also have A, ¢, c,((S1,52), (T1, T2)) = 1.

(2) Biju,c,,c, has exactly D’ nonzero entries.

(3) The matrix Bi := Yjer Duefn] 2 (u,Cr)eH;, (u,Co)eH; Biu,1,02 has at most O(d) nonzero entries per row
or column, where d = %.
Step 4: finishing the proof. With Lemma 5.4 in hand, we can now finish the proof. Let B;
be the matrix defined in Lemma 5.4. We observe that Items (1), (2), and (3) in Lemma 5.4,
along with Claim 5.3, imply that for each x € {-1,1}", there exists z € {-1,1}" such that
z"Bz = D’ f r(x). Hence, for any x € {-1,1}", it holds that val(f; r) < ||B||2 - N. We thus have that

E, Val(fL R)] < D,]Eh[”B”Z]
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It remains to bound E,[||B||2], which we do using Matrix Khintchine (Fact 3.6) in the following
claim.

Claim 5.5. Let B be the matrix defined in Lemma 5.4. Then, Ep[||B||2] < O(d+/k{logn).

We postpone the proof of Claim 5.5 to the end of this section, and finish the proof of Theorem 4.2.
We have that

N
Ey[val(fL,r)] < —]Eb[||B||2 —O(d\/kflogn)
=0(1)- F\/kélogn = onk - O(ykllogn),

where we recall that d = 6nkD/N. We note that the above holds for any choice of the partition
L UR = [k]. Finally, we recall that by Lemma 5.1, we have that

(Ep[q val(W)])* < ]Ebe{_lll}k[qz -val(W)?] < qon® + AnE r)Epeqoq,1yr[val(fLr)] < qon? + on’k - O(y/kllogn)
— Ey[val(W)] < O(nVok) - (k¢ log n)/4.

We now finish the proof of Claim 5.5.

Proof of Claim 5.5. By Matrix Khintchine (Fact 3.6), we have Ey[||B|l2] < O(4/0?logN), where
= ||Zl 1 BZ|| as B; is symmetric. Since B; is symmetric, ||B;]|> is bounded by the maximum
€1-norm of a row in this matrix. By construction of B;, this is O(d). Hence, 2 < k - O(d)? = O(kd?).
We can thus set 02 = O(kd?) and apply Fact 3.6 to conclude that E;[||B||2] < O(d+/klog N).
Recall that we have N = (’;) < nl(nk)! < n°®. Hence, log N = O({logn), which finishes the
proof. m]

5.1 Finding an approximately regular subgraph: proof of Lemma 5.4

In this section, we prove Lemma 5.4. We will prove Lemma 5.4 by using the strategy, due to
[Yan24], of bounding “conditional first moments”. These moment bounds form the main technical
component of the argument.

Lemma 5.6 (Conditional first moment bounds). Fix i € L. For a vertex (S1,S>), let deg.(S1, S2) denote
the degree of (S1, S2) in A;.

Let (u,C1) € H; and (u,C3) € UjerH;. Let uy c,,c, denote the distribution over vertices that first
chooses a uniformly random edge in A, c, c, and then outputs a random endpoint. Then, it holds that

q-1
Es, [deg;(51,52)] <1+ 0(1) (2) onk .

/S52)~1hu,cq,Co

Claim 5.7 (Degree bound). Let d = 22 Then, we have that d > Q(1) - (%)q_1 dnk and that
(L)1 snk = Q(1).
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Proof of Claim 5.7. Applying Fact 3.7, we have that

2

q-1y m—(q-1)
snD () (o) e\
= ) > 1) - = A
N on ) >Q(1)-on (n)
Because ¢ = |n172/1572/7] and k > ¢, we have (%)q_1 onk > 1, which finishes the proof. O

We postpone the proof of Lemma 5.6 to the end of this subsection, and now use it to finish the
proof of Lemma 5.4.

Proof of Lemma 5.4 from Lemma 5.6. Fix i € [k]. Let I' be a constant (to be chosen later), and let
V! ={(S1,52) : deg;(S1, S2) < I'd}.

Let(u,C1) € Hiand (u, C2) € UjerH;. Welet A:',u,Cl,Cz be the matrix where A;,u,CLCz((Sl’ Sy), (11, Tp)) =
Au,Cl,Cz ((Sl, Sz), (Tl, Tz)) if (51, 52) € V' and (Tl, Tz) € V’, and otherwise A;/bllcllcz ((Sl, Sz), (Tl, Tz)) =
0. Namely, we have “zeroed out” all rows and columns of A, c, c, that are not in V’. Notice that

;’u,cl,cz depends on i € L because V' does.

The conditional moment bound from Lemma 5.6, combined with the lower bound on d from
Claim 5.7 implies that Es, s,)~y, ¢, ¢,[deg;(51,52)] < O(d). Hence, applying Markov’s inequality,
the number of vertices (S1,S;) that are adjacent to an edge labeled by (u,Cy, Cz) and have
deg;(51,52) > I'd isat most O(D/T'). Hence, there must be at least D(1 - O(1/I')) edges, i.e., nonzero
entries, in A;,u,C,C"

Now, we let B; ,, c,c be any subgraph of A;,u,C,C’ where B; ,, c,c has exactly D’ = |[D(1-0(1/T))]
edges. This can be achieved by simply removing edges if there are too many. By choosing I' to be a
sufficiently large constant, we ensure that D’ > D /2. Note that because B; , c,c’ is the adjacency
matrix of a graph, it is a symmetric matrix.

To prove the third property, we observe that for any vertex (S1, S2), the matrix

B; = Z Z Biu,cy,co
u€[n] (u,C1)€H;,(1,C2)€Vjer H;

has at most I'd = O(d) nonzero entries in the (S1, S2)-th row or column. Indeed, this follows because
it is a subgraph of the original graph A;, and if (S1, S2) had degree > I'd; in A; then it has degree 0
in B;. This finishes the proof. ]

It remains to prove Lemma 5.6, which we do now.

Proof of Lemma 5.6. Let (u,C1) € H; and (u,Cz) € H; for some j € R. We observe that for any
(51,S,) € ([’;]) X ([;,']), the vertex (S1,S2) is adjacent to at most one edge labeled by (u, Cy, C3).
Hence, it follows that u, ¢, c, is uniform over pairs of sets (S, Sz) such that |S; N Cy| = qT_l and
520 Ca| = L. Thus,

1 ’ ’ -1
E(s,,80)~p,c, 0, [d€8;(51,52)] <1+ D Z {(51,82) : [S1NCy| = [S1NCY [ =1[S2NCa] =52 NG| = T}l

(u',C1,Cy)
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1 zics, 15inC)I=13" L g-1
<1+ = Z Z [{(S1,S>) : 23682 530y =1 l}| (because Z1 C S implies |S1 N Cq| > ——
Z1CCq (u’,Ci,Cé)
ZrCCo
EVAR=

! IRi|=(~|Z1] IRiNC}I=1-]Q] : 3
v 2 ) X |{(R1IR2) Rl e gt (bY taking Ry = S1\ Z1)
Z1€Cr QiCZy (w',Cy,C
Z2CCy Q2C7Z> Q1= C/ ﬂZl
|Z1]=1221= 1" Qr= (j'mz2

1 - Qa1 n q-1-1Q2] n
=1*p Z Z Z (2 |Q|)(€—|Z1|—(67 |Q1|))(——|Q2|)(€—|ZZ|—(”’—;1—

Z:€Cr Qi€Zy (w',C1,Ch)
Z,CCy Q2CZy Q1= C'ﬂZl

|Z1|=1Z2|= 15 Q:=C}nZs
o) n n
SR D YD D M A RS FT
D A Qieh wiCLC) =121 = (5 = 1Q1))\l = |Z2| = (55~ = 1Qz2l)
Z2CCy QCZr = C’le
|21|:|ZZ|:qT Qo= C’ﬂZz

Recall that D := ( ) (n[ (Z 11)) By Fact 3.7, we have

T

1Q2])

. ; ; o\ 71 1Q 1221102 [\ @ D-I0i-1
5(@—|zl|—(q2;1—|Q1|))(€—|zz|—(%‘l—|Qz|)) = 0): (5) ‘O(l)'(E) ’

as |21 = |Z5] = 5.
For sets Q1, Q2, we let 1(Q1, Q2) be the number of (u’, C{, C}) such that Q; € C] and Q> C CJ.
We then have that
¢\~ D-1Q11=1Qa|
]E(S1,Sz)~{lu,C1,C2 [degi(sll 52)] <1+ O(]-) Z Z [J(Qll QZ) (_) .

Z1€Cq Q1S4
Z,CCy Q2C7;

-1
1Z1|=]Z5|=1+

We now show that u(Q1, Q2) < O(1) (%)'Q”HQZl onk where 0 < |Q1],|Q2| < qT_l. We have
several cases.

(1) 1Q1] = 0. In this case, we know that (u”, C}) is in H; for some j € R with Q> € C}. We have three
subcases.

(@) |Q2| = 0. Then, there are at most qon choices for (u’,C]) € H;, as |H;| = 6n and we

have g choices for the special element u. Furthermore, given u, there are at most k

choices for (u’, C}) with (u’,C}) € UjegHj, as each H; is a matching and |R| < k. Thus,
w(Q1, Q2) < O(6nk) in this case, which satisfies the desired bound as |Q1] + [|Q2] =0

(b) |Q2| = 1. Then, there are at most gk choices for (u’, C}) € UjerH; with Q, € CJ. Indeed,
this is because each H; is matching, and |R| < k. As H; is a matching, there is at most one
choice for (1, C}) € H;. Hence, u(Q1, Q2) < O(k) in this case, which is < O(1) (£) onk.
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(c) |Q2] > 2. Then, there are at most gd|g,| choices for (v, C}) € UjerHj, by regularity. As
before, given (u, C;), there is at most one choice for C] € Hi. Hence, 1w(Q1, Q2) < O(d|g,)) in

_3
this case. Since 2 < |Q»| < qz;l, we have that d|g,| = (%)lQ2| 2 k, which is at most (%)lQ2| onk
3
since (£)? 6n > 1.

(2) 1Q1] = 1. Then, there are at most q choices for (u’,C]) € H;. It then follows that we have
determined |Q>| + 1 elements of (u’, C}) € UjecrHj, namely u’ along with Q>. We have two
subcases.

(@) |Q2| = 0. Then, we have determined one element of (u’,C}), and so we have at most
k choices. Thus, 1(Q1,Q2) < O(k) in this case, which is at most O(1) (%)lQl| dnk, since

-1

|01] < L.
(b) |Q2] > 1. Then, we have determined at least two elements of (u’,C;). As Q| < 1

2 7
we have that |Qy]| +1 < #, and so we have at most d|g,|+1 choices in this case. Thus,

_1 a1
1(Q1, Q2) < O(digye1)- As digyier = (£) @77k < (£) 7 1 snk < (£) 919 510k, where
we use that |Q] < qT_l, we again have the desired bound on u(Q1, Q2).

We have thus shown that u(Q1, Q2) < O(1) (%)lQlHlel onk. Hence,

¢\ QI+l ¢\ D-1Q11-1Qz]

]E(51,52)~#L1,C1,C2 [degi(Sl, S)] <1+ 0(1) Z (E) onk - (E)

Z1CCq Q1€2y

Z>CCo Q2SZy

|Z11=1Z:1= 15
AL
<1+0(Q1) (;) onk,
which finishes the proof. m]

6 Refuting the Bipartite Instances

In this section, we prove Theorem 4.3, which we recall below.
Theorem 4.3 (Refuting the bipartite instances). Let g > 3 be an odd integer, and let 2 < s < qTH. Let
k, n be positive integers and 6 € (0,1). Let £ = [n'=%/7. 572/, and suppose that k > 40. For2 <t < qTH,
_3
let d; = (%)t 2 k. Let P, C ([Z]) be a set with 4¢ < |Ps| < O (Z—f)
Let His), ...,H ;{S) be bipartite (q — s + 1)-uniform hypergraph matchings on (q[’j]s) X Ps of size at most
on. Let \I/(bs)(x, v) be the polynomial in the variable x1, ..., x, and {yp }pep, defined as

k

\Ifés)(x,y) = Z Z biyy l_[xv .

i=1 (C,p)eH; veC
Then, By (1 1y:[val(W{)] < 5n0(ykllog n).
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For notational simplicity, we will assume that n1=2/9.572/9 ig an integer, so that ¢ = nl=2/q.572/4,
We note that if n172/9 . §72/7 is not an integer, then we can set { = |n1=2/9 . 572/, and this only
changes the bounds of the following proof by an O(1)-factor. We will also write H; instead of H ES)
to simplify notation.

We begin by defining the following Kikuchi matrix.

Definition 6.1 (Kikuchi matrix for bipartite hypergraphs). For each C € ( ) and p € Ps, we define
the bipartite graph G ,, parametrized by ¢, as follows. The left vertex set V1, is the set of pairs of
sets (S1,Sy) where S; € ([ ]) and S, € ( *). The right vertex set Vi is the set of pairs of sets (T7, T»)

where Tj € (e£1 Jand T € (€+1) We add an edge ((S1, S2), (T, Tz)), which we view as “labeled” by

C, if the following conditions hold:
1) SieThi=Cand S, @ T = {p};
2) 1591 C|l =21 (and so ITy nC| = L —5).

We can naturally view the graph Gc, as corresponding to its bipartite adjacency matrix Ac , €
{0,1}Vi*Vr_ For each i € [k], we define the matrix A; = 2 pyer; Acy- Welet A = Z;‘:l biA;.

Claim 6.2. For each C € ([ ]) and p € Ps, the matrix Ac,, defined in Definition 6.1 satisfies the
following properties.

(1) The matrix Ac , has exactly D = (1, )(ne (Z 15)) ('*I!) nonzero entries.

(2) For each x € {-1,1}" and y € {-1,1}>, let z € {-1,1}"t and w € {-1,1}" be defined as:
251,85, = Hz;651 Xy Hpesz Yp and wr,, 1, = HveTl Xo HpeTz Yp- Then, ZTAC,Pw = D]/p [Toec xo-

In particular, z"Aw = DW(x, y).

As additional notation, we let Ny, := |V, |, Ng := |V|. Finally, we let d; and dr denote (upper

bounds on) the average left and right degrees of each A;, i.e., d = OI’\“]D and dg = %.

Proof. To prove Item (1), we will count the number of edges LetC € ( ) p € Ps. By definition,
we have an edge ((S1, S2), (T1, T2)) in G¢p iff [S1 N C| = 1 and p ¢ Sz. The number of such S is
(Z,f) (ne (Z,ls)), and the number of such S, is (IPstl 1). Hence, Item (1) holds.

i

To prove Item (2), we observe that

2" Acpw = Z 251,5Wn, 5 = Z 1_[ Yo l_[ Yy l_[ Yo 1_[ Y

((51,52),(T1, 12))€E(Gc p) ((51,52)(T1, T2))€E(Gc p) v€S1  p'€S2 wely  p’ely
=) [[ = [l w="" 2 w]]w=Dy]]x
((51,52),(T1,12))€E(Gc p) veS1@Ty  p'eSr0Th ((51,52),(T1,T2))€E(Gc p) veC veC

The “in particular” follows immediately from Item (2) and the definition of A and the A;’s. O

The key technical lemma, which we shall prove in Section 6.1, shows that we can find an
approximately biregular subgraph of A; for each i € [k].
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Lemma 6.3 (Approximately regular submatrix). Let Ay, ..., Ax be defined as in Definition 6.1. There
exists a positive integer D’ with D > D’ > & such that the following holds. For each i € [k]and (C,p) € Hj,
there exists a matrix B ¢, € {0, 1}V1*VR with the following properties:

(1) Bjc,pisa “subgraph” of Ac,p. Namely, if Bi c ,((S1,S2), (T, 1)) = 1, then Ac,p((S1, S2), (T, T»)) = 1.
(2) Bi,c,p has exactly D" nonzero entries.

(3) The matrix Bi := ¥ pen, Bi,c,p has at most O(dy) nonzero entries per row and O(dr) nonzero entries
per column.

With Lemma 6.3 in hand, we can now finish the proof. Let B; be the matrix defined in Lemma 6.3.
We observe that Items (1), (2), and (3) in Lemma 6.3, along with Claim 6.2, imply that for each x €
{-1,1}" and y € {-1,1}", there exist z € {-1,1}"* and w € {-1,1}' such that zT Bw = D"W(x, y).
Hence, for any x € {-1,1}" and y € {-1,1}"s, it holds that D’W(x, y) < ||B||2 - VNLNg. We thus
have that [E;[val(W)] < m NNR B, HB,].

It remains to bound [E, [||B |l2], which we do using Matrix Khintchine (Fact 3.6) in the following
claim.

Claim 6.4. Let B be the matrix defined in Lemma 6.3. Then, E[||B||2] < O(+/drdrkl1logn).

We postpone the proof of Claim 6.4 to the end of this section, and finish the proof of Theorem 4.3.
We have that

E,[val(W)] < VNLNR]E;,[HBH] 2VI\£)LNRO(\/deRk€10gn)

Nrdi N d kt1
=0(1)- \/ LALVRARK® 081 = 0nO(ykllogn),

as required, where we recall that d;, = 0nD /Ny and dr = 6nD/Ng.
We now finish the proof of Claim 6.4.

Proof of Claim 6.4. By Matrix Khintchine (Fact 3.6), we have E,[||B|2] < O(+y/021log(NL + NR)),
where 02 = max(llZ:-‘:1 BiB! |2, ||Z:-‘:1 B/Bi|l2). Since B;B;" is symmetric, ||B;B||2 is bounded by the
maximum #;-norm of a row in this matrix. We observe that the ¢;-norm of the (S1, Sp)-th row in
B;B! is simply the number of length 2 walks starting from the left vertex (S1, S2) in the bipartite
graph with adjacency matrix B;. As this graph has maximum left degree O(d;) and maximum right
degree O(dR), it follows that this is at most O(ddg). Similarly, the maximum ¢;-norm of a row in
BiTB i is the number of length 2 walks starting from the right vertex (T;, T2) in the bipartite graph
B;, and this is at most O(drdy). Hence, |25, BiB[ |2 < ¥ O(drdg) = O(kddg), and similarly
125, BT Billa < O(kdpdr) as well.
We can thus set 62 = O(kdpdg) and apply Fact 3.6 to conclude that Ey [|| B||2] < O(\/dedR log(Nr + NR)).

Recall that we have Np = (}) (|P5|) < nt(nk)! < n°® and Ny = (p1 )(|P5|) < nt(nk)t*! < n00,

+1-s/ \{+1
Hence, log(N1, + Ngr) = O({¢log 1), which finishes the proof. O
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6.1 Finding an approximately regular subgraph: proof of Lemma 6.3

In this section, we prove Lemma 6.3. Similar to Lemma 5.4, we will prove Lemma 6.3 by using the
strategy, due to [Yan24], of bounding “conditional first moments”.

Lemma 6.5 (Conditional first moment bounds). Fix i € [k]. For a left vertex (S1, Sz), let degi,L(Sl, Ss)
denote the degree of (S1,S2) in A;, and for a right vertex (Tr, T), let degi,R(Tl, T>) denote the right degree in
A;.

Let (C,p) € H;, and let iy c p denote the distribution over left vertices that first chooses a uniformly
random edge in Ac,, and outputs its left endpoint. Similarly, let ur c,, denote the distribution that outputs
the right endpoint. Then, it holds that

q-1
¢ z
]E(51,52)~#L,c,p [degi,L(Sl’ S$))]<1+0(01) (;) on
!
|Ps|

Claim 6.6 (Degree bound). Let d;, and dr be the quantities defined in Definition 6.1. Then, for the
choice of parameters given in Theorem 4.3, it holds that

on

AN
Er, 1) ~ur ., [deg; r(T1, T2)] <1+ 0(1) (Z)

q-1 q-1

AN A
dr > Q (—) on | and (—) on>1
n n

q+1 q+1
AN AN
> - - >1.
dRQ((n) lpslén) and (n) lpslén >1

We postpone the proofs of Lemma 6.5 and Claim 6.6 to the end of this subsection, and now use
them to finish the proof of Lemma 6.3.

Proof of Lemma 6.3 from Lemma 6.5 and Claim 6.6. Fix i € [k]. Let I be a constant (to be chosen later),
and let V] = {(51,52) : deg; 1(81,52) <TdL},and let Vi = {(T, T2) : deg; r(T, o) < Tdg}.

Let (C p) € H;. We let A’ be the matrix where A’ iC.p ((S1,52), (1, T2)) = Ac,p((S1,52), (Th, T2))
if (51,52) € V/ and (T3, T2) e V and otherwise A’ LCp ((51, S2),(T1,T;)) = 0. Namely, we have

“zeroed out” all rows of Ac that are not in V; and all columns that are not in V.

The left degree conditional moment bound from Lemma 6.5, combined with the lower bound
on dr from Claim 6.6 implies that E(s),5)~uLc,p [degi,L(Sl, S2)] < O(dr). Similarly, we have
Er, 1) ~ux c ,[deg; r(T1, T2)] < O(dgr). Hence, applying Markov’s inequality, the number of left
vertices (S1, S2) that are adjacent to an edge labeled by (C, p) and have degi,L(SL Sp) > I'dy is at
most O(D/T). Similarly, the number of right vertices (T1, T>) that are adjacent to an edge labeled by
(C, p) and have deg; (T3, T2) > T'dg is at most O(D/I'). Hence, there must be at least D(1 — O(1/I))
edges, i.e., nonzero entries, in A;/C/

Now, we let B; ¢ be any subgraph of A;/C’p where B; c has exactly D' = [D(1 - O(1/I))]
edges. This can be achieved by simply removing edges if there are too many. By choosing I' to be a
sufficiently large constant, we ensure that D’ > D /2.
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To prove the third property, we observe that for any left vertex (S1,S»), the matrix B; =
Z(C,p)e H; Bi,c,p has at most I'd;, = O(d) nonzero entries in the (51, S2)-th row. Indeed, this follows
because it is a subgraph of the original graph A;, and if (S1, S2) had degree > I'd;, in A; then it has
degree 0 in B;. Similarly, any right vertex (T1, T>) has degree at most O(dg) in the matrix B;. This
finishes the proof. O

It remains to prove Lemma 6.5 and Claim 6.6, which we do now.

Proof of Lemma 6.5. Let (C, p) € H; be an edge. We will first compute the left degree and then the
right degree. We observe that for any (51, S2) € Vi, the vertex (S, S2) is adjacent to at most one
edge labeled by (C, p). Hence, it follows that i ¢, is uniform over pairs of sets (S1, Sz) such that

|IS1NC| = q andp ¢ S». We have

-1
> HGSLS):IsinCl=1sinC =T~ andp,p ¢ 52

(C"p)eHN\{(Cp)}
— -8\%(n -2(q - -
<1+ 5nD 1(1711_1 ) (n 2(g -s )(|Ps| )
-5 t- (51 - 1)
where we use that |H;| < on.
Applying Fact 3.7 and using that |Ps| > 4¢, we have

l(q —8)2(71 ~2(q —s))(|PS| -2) ~ 1 (q —S)z(n -2(q —s))(lPsl —2) _
A A S N e AT A A Ul Ut AR

-
="

soawf)z(w;”(wﬂfz)soawf)

-1
Hence, ]E(51,52)~yL,c,p [degi,L(Sl’ 52)] <1+ O(l) (%) 2 on.
We now compute Ep, 1)~y RCp [degi,R(Tl, T>)]. As before, for any (T, T) € Vg, the vertex (T1, T)
is adjacent to at most one edge labeled by (C, p). So, it follows that pg,c , is uniform over pairs of
sets (T1, T) such that [Ty N C| = %1 —sand p € T,. We have

]E(51/52)~,11L,C,p [degi,L(SL S)l=1+

v |

q-1
v

1 , +1 ,
Er, 1) ~ux c o [deg; g (11, T2)] = 1 + D Z H(T, T2): IhnC|=|TinC'| = qT —sandp,p’ € T }|
(C",p)eHN{(C,p)}
on—1

1. (q—s)T n=2(q -s) qu—ﬂ
- D \&_s) \(t+1-5)—(g+1)+2s/\ ¢-1

We have
1(q9-5)> n-2(q-s) |Ps| -2
D(ﬂ_s) ((€+1—s)—(q+1)+25)( -1 )
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B 1 g-s)? n—2(q~s) |Ps| -2
- (12) (”—(‘7‘5)) (IPS{!—l) ”’T“ —s) \(+1-8)—-(g+1)+2s)\ -1

_ 1 (7—5)(n—2(q—s))(|Ps|—2)

T m=(q-s)\ (|P.|-1\ \ 1L _ _ _

([_{Z%l)(lpl,! 1) > s ! q+s (-1
+1

T g
soa)(;) =
S

where the last inequality is by Fact 3.7 and uses that |Ps| > 4¢. Hence, B, 1)~y ¢, [deg; z(T1, T2)] <
q+1
2

1+0(1) (£) 77 Lon. O

[Ps]
Proof of Claim 6.6. We observe that by Fact 3.7 and that |Ps| > 4¢,

q=sy (m=(q=s) (|Ps|-1
o _ (DD

NI

> on - Q(1) (%)T .

1
Because ¢ = n172/1572/1, we have ({) 2

We also have that

on > 1, which finishes the case for the left degree.

() (S (P

5nD ) Uzt )0 £
1’\11 = on - I — 2 zén.Qa)(f) Zf .
R (e+1—s)(z+51) " 1P|
_3 q+1_
Now, because |Ps| < nk/ds where ds = (%)s 2 kand ¢ = n'72/7572/4 it follows that 61 (%) 77 B 2
o+ _ _3 1

on (£) 77 L(£)°72 = 51 (£)? > 1. This finishes the case for the right degree. m
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