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Abstract

We prove local and global inverse theorems for general 3-wise correlations over pairwise-
connected distributions. Let ;1 be a distribution over ¥ x I' x ® such that the supports of iy,
Hzz, and g, are all connected, and let f : ¥" — C, g : I = C, h : ®"* — C be 1-bounded
functions satisfying

[f(@)g(y)h(2)]]| Z e
(z,y,2)~p®m

In this setting, our local inverse theorem asserts that there is § := exp(—e~9#()) such that
with probability at least d, a random restriction of f down to én coordinates J-correlates to a
product function. To get a global inverse theorem, we prove a restriction inverse theorem for
general product functions, stating that if a random restriction of f down to dn coordinates is §-
correlated with a product function with probability at least 8, then f is 27 Po(0s(1/9)_correlated
with a function of the form L - P, where L is a function of degree poly(1/4), ||L|l2 < 1, and P is
a product function.

We show applications to property testing and to additive combinatorics. In particular,
we show the following result via a density increment argument. Let X be a finite set and
S C £ x X x X such that: (1) (z,z,2) € S for all z € S, and (2) the supports of Sz, Sy,
and S, are all connected. Then, any set A C X" with |X|7"|A| > Q((logloglogn)~°) contains
x,y,z € A, not all equal, such that (z;,y;,2;) € S for all i. This gives the first reasonable
bounds for the restricted 3-AP problem over finite fields.
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1 Introduction

A recent line of research [BKM22, BKM23b, BKM23c, BKM24a, BKM24b| about the approximability
of satisfiable constraint satisfaction problems (CSPs in short) identified the following analytical
problem as a central component. Suppose that 3, I" and ® are finite alphabets (thought of as being
of constant size), and let u be a distribution over ¥ x I' x ® in which the probability of each atom
is at least Q(1). What triplets of 1-bounded functions f: ¥ — C, g: I — C, h: " — C can
achieve a significant 3-wise correlation with respect to pu, i.e., satisfy that

f(@)g(y)h(2)]| = e? (1)
(x,y,2)~pu®"

To get a meaningful answer, one must make some assumptions about the distribution u; otherwise,
u could be supported only on inputs of the form (x,z,x), in which case one could take f to be
any function of large 2-norm, g(y) = m and h = 1. Here and throughout, we will restrict our
discussion to the class of pairwise-connected distributions, defined as follows.

Definition 1.1. For finite alphabets 3, ', ®, a distribution g over ¥ x I' X @ is called pairwise-
connected if the bipartite graphs (X UT', supp(pz,y)), (XU P, supp(pz,2)), (I'U P, supp(py,2)) are all
connected.

Earlier works have considered smaller classes of distributions. In [Mosl0]|, Mossel shows that
if 1 is connected, then any triplets of functions satisfying (1) must be correlated with low-degree
functions. Here, a distribution is called connected if the graph whose vertices are supp(u), and whose
edges are between points in supp(p) that differ in exactly one coordinate, is connected. In [BKM22],
the authors consider the notion of Abelian embeddings and speculate that solutions to (1) are related
to Abelian embeddings of p.

Definition 1.2. We say S C 3 x I' x ® admits an Abelian embedding if there are Abelian group
(G,+)and mapso: ¥ = G,v: ' = G, ¢: & — G not all constant, such that o(z)+~(y)+¢(z) =0
for all (z,y,z) € S. A distribution p over ¥ x I' x & is said to admit an Abelian embedding if
supp(x) admits an Abelian embedding.

Prior works [BKM23b, BKM24a| considered the class of distributions that do not admit any
Abelian embedding (which can easily be seen to be larger than the class of connected distributions),
and the more general class of distributions that do not admit embeddings to (Z,+). In the former
case, it was proved that triplets of functions satisfying (1) must be correlated with low-degree
functions. In the latter case, it was proved that triplets of functions satisfying (1) must be correlated
with a functions of the form L -y o o®" L' -y o~y®" L".x" 0 ¢®" where L, L', L" are low-degree
functions with bounded 2-norm, v, ', X" € G" are characters, and o, 7, ¢ is an Abelian embedding
of p into G, where (G, +) is some finite Abelian group.

The issue of (Z,+)-embeddings: the arguments in [BKM23b, BKM24a| rely on the fact that if
i does not admit any embedding into (Z, +), then it can only admit embeddings into Abelian groups
of size O, (1), of which there are O, (1) many (up to isomorphism). In particular, one can take a
product of all such groups and be sure that the resulting Abelian group will “contain” within it all
embeddings of p. This fact completely breaks once p does have embeddings into (Z,+). Indeed,
such embedding automatically gives rise to embeddings into (Zy,+) for any prime p. Despite of
that, even in the presence of a (Z, +) embedding, it is not clear if there are solutions to (1) that do
not fall into the “low-degree times embedding function” mold.



1.1 Main Results
1.1.1 The Global Inverse Theorem

Our main result is an inverse theorem even in the presence of (Z,+) embeddings. In this case,
embedding functions are quite arbitrary, and their main notable feature is that they are product
functions, in the sense that they are product of functions each depending only on one of the input’s
coordinates. With this in mind, our main result is the following statement.

Theorem 1. Let a > 0, let X, 1", @ be finite alphabets, and let p be a pairwise-connected distribution
over X X I' x @ in which the probability of each atom is at least o. Then for every € > 0 there exist
d € N and § > 0 such that the following holds. If f: ¥ — C, g: IT™ — C, h: ®" — C are 1-bounded

functions such that

E  [f(@)g(y)h(2)]| = e,
(z,y,2)~p®m

then there exist L: X" — C of degree at most d and ||L||2 < 1, and a product function P: X" — C
of the form P(x) = [] Pi(x;) where |Pi(x;)| = 1 for all i and x, such that |(f,L - P)| > 9.
=1

Quantitatively, we have that d = exp((1/e)>M), and § = exp(— exp((1/e)9=D)).

1.1.2 The Local Inverse Theorem

The main new component in the proof of Theorem 1 is a similar looking local inverse theorem. By
that, we mean that given functions f, g and h satisfying (1), we prove a similar structural result in
a local (and random) part of the domain, given by random restrictions. For a function f: X" — C,
a subset I C [n] of the coordinates, and a setting z € X!, the restricted function fr_,, is a function
fio.: BN 5 C defined as J1-:(y) = f(xr =y, 27 = 2).

In a random restriction, either the set I is sampled randomly, the fixing z € £/ is sampled
randomly, or both. Below, we use the notation I ~j_, [n] to mean that I is a random subset of [n]
in which each i € [n] is included in I with probability 1 — o, and z ~ v/ means that z € %/ is such
that each z; is independently distributed according to v.

Definition 1.3 (Random restriction). Let u be a distribution over X" and write pp = (1 —a)v+ o/
for distributions v, /. Then for a function f : ¥ — C, I ~1_4 [n], and z ~ v/, we define the

random restriction f_,, : (N /PN 5 C as fro.(2) = f(a, 2).

Our local inverse theorem asserts that if 1-bounded functions f, g, h satisfy (1), then with notice-
able probability, a random restriction of f (and similarly of g, h) correlates to a 1-bounded product
function. More precisely:

Theorem 2. Let a > 0, let X, 1", @ be finite alphabets, and let pu be a pairwise-connected distribution
over X x I' x ® in which the probability of each atom is at least . Then for every e > 0 there exists
0 >0 such thatif f: 35" - C, g: T" = C, h: ®" — C are 1-bounded functions satisfying that

E  [fx)gwh(z)]| = e,

(z,y,2)~p®m

then, writing u = (1 — §)v + 0U where U is uniform over 3, we have that:

Pr P % = C,||Pil|os < 1},07 with

Iy gn] 2!

E [fro@ [[R@)]][>06] =6

T 1
g il



Quantitatively, 6() > exp(—e =),

Remark. A few remarks are in order. First, as far as global inverse theorems are concerned, the
low-degree part L is necessary. Second, the correlation parameter § in Theorem 2 is exponentially
better than the one in Theorem 1, and thus it gives better quantitative bounds in some applications.
Third, we do note know whether the exponential dependency in Theorem 2 or the double exponential
dependency in Theorem 1 is necessary. As far as we know, both results may be true with § = e«(),
For instance, in the case no (Z,+) embeddings exist, most of the arguments in [BKM24a] give
quasi-polynomial type dependency between the two parameters.

1.2 Applications

In this section we discuss a few applications of our main results.

1.2.1 Restricted 3-APs

Let p > 3 be a prime thought of as constant. A restricted 3-AP in [F)) is an arithmetic progression
T, + a,r + 2a where x € F) and a € {0,1}"\ {0}. The restricted 3-AP problem asks what is
the maximum density of a subset A C I} which is free of all restricted 3-AP’s, i.e., that does not
contain any triplet of the form z,x + a,r + 2a € A for some x € F) and a € {0,1}"\ {0}. The
restricted 3-AP problem can be seen as a variant of Roth’s well known result in the finite field
setting [Rot53, Mes95], which was highlighted by Green [Gre].

It follows from the density Hales-Jewett theorem that the density of a set A that doesn’t contain
any restricted 3-APs is vanishing with n, and using the quantitative bounds from [Pol12] one has

14] < 1 . .
o S O( m) Below, we state a result that (among other things) gives the first reasonable

bounds (i.e., finite number of iterated logarithms) for a set A C F} that doesn’t contain any
restricted 3-APs.

Theorem 3. Let X be a finite set and let S C X X ¥ X X be a non-empty set satisfying that:
1. (x,z,x) €8 for allz € X, and
2. supp(Szy), supp(Szz), supp(Sy:) are all connected.

Then there are constants cx,, Cs, > 0 such that for any A C X" with % > (10g10gc+gn)62’ there are
x,y,z € A, not all equal, such that (z;,y;,2) € S for all i € [n].

Thus, taking ¥ =F, and S = {(z,z + a,z + 2a) | z € Fp,a € {0,1}}, one sees that S satisfies
the conditions of Theorem 3, and the conclusion regarding the density of 3-AP free sets follows. In
fact, we can take an even sparser S and conclude a similar result. For example, for p = 3 we can
take

S ={(0,0,0),(1,1,1),(2,2,2),(0,1,2),(1,2,0)},

and ensure that a set A with density exceeding i must contain a triplet x,y, z not all

Wﬁgn)“E
equal such that (x;,y;,2) € S for all i. In comparison, the standard restricted 3-AP problem also
allows for (x;,yi, zi) = (2,0,1).

Theorem 3 and the consequence for restricted 3-APs free sets improve upon a recent result
of [BKM23a|, who proved an analogous statement in the case the common difference a is allowed
to be in {0,1,2}"\ {0}. Our proof of Theorem 3 proceeds by combining Theorem 2 with a density
increment argument. This derivation is somewhat similar to the argument in [BKM23a|, however

the approach we take here is simpler and applies in more generality.



1.2.2 Direct Sum Testing in the Low Soundness Regime

Our next application is to the direct sum testing problem [DDG15,DG19, WYZ24]. More specifi-
cally, consider the so-called diamond test, introduced in [DG19| and recently analyzed in [WYZ24]|,
which proceeds as follows. Given a function f: ¥" — [, sample a,b € ¥", and = € {0,1}" uni-
formly and independently. Denoting by ¢,(a,b) the point in X" where ¢, (a,b); = a; for i’s such
that x; = 1 and ¢ (a,b) = b; for i’s such that x; = 0, the tester reads the values of f at the points
a, ¢z(a,b), ¢x(b,a) and b, and accepts if and only if

f(a) = f(¢z(a, b)) = f(dz(b,a)) + f(b) = 0.

n
It is clear that any function f which is a direct sum, i.e. any function of the form f(a) = >_ fi(a;),
=1

i=
passes the test with probability 1. For p = 2, the paper [DG19] proposed the diamond tester as a
natural 4-query test of direct sum-ness, and conjectured that in works in the so-called 99% regime.
This conjecture was recently confirmed in [WYZ24]|, wherein the authors showed that if f passes
the test with probability 1 — &, then there is a direct sum function g such that

Pr [f(z) # g(x)] < Ojz)(e).

TeX™

Using the techniques underlying Theorem 1, we are able to analyze this test in the small soundness
regime. More precisely, we show the following result:

Theorem 4. For all finite alphabets ¥ and € > 0, there are d € N and &' > 0 such that the following
holds. Suppose that f: X" — I, passes the diamond test with probability at least % +¢e. Then there
exists a € Fp \ {0}, a function L: ¥" — C with ||L|l2 < 1 and degree at most d and P: ¥" — C a

product function P(x) = [] Pi(x;) where |P;(x;)| =1 for all i and x, such that
i=1

E [wgf@)L(x)P(x)} ‘ >

where wy, is a primitive root of unity of order p. Quantitatively, the bounds on d and ' are the same
as i Theorem 1.

We remark that the complicated form of correlation as in the statement of Theorem 4 is necessary.
In the 99% regime, i.e. in the case that the test passes with probability 1 — &, our argument allows
us to recover a similar to Theorem 4 without the low-degree part L and with ¢’ =1 — Op(1/¢).

1.3 The Swap Norm

Underlying the proof of our inverse theorems is the swap norm, which is a new norm that can be
viewed as an analogue of the U?-Gowers’ uniformity norm. To define the swap norm, we introduce
the following convenient notation.

Definition 1.4. Given z,y € X" we write (2/,y') ~ (z <> y) to denote the following distribution
over X" x ¥". We sample (2/,y') to satisfy (,y}) = (zi,vi) or (yi, z;) uniformly, independently for
each coordinate 7.

In words, given x,y € X", the values of coordinates in the distribution (2/,y") ~ (x <> y) is either
the same as in (z,y), or else it is swapped, and the choice in each coordinate is made independently.
With this notation, we define the swap inner product and the swap norm.



Definition 1.5 (Swap inner product and swap norm). For functions f1, fo, f3, fa : ¥ — C, define

swap(f1, f2, f3, f1) = E [f1($)f2(y)f3($')f4(y’) :

TN y~ET
(2" y")~(z>y)

When f; = fo = f3 = fs = f, we abbreviate this notation and write swap(f) := swap(f, f, f, f)-

The form swap(fi1, fa, f3, f1) is easily seen to be a multi-linear form, and we show that it satisfies
several properties that are reminiscent of Gowers’ norms [Gow01]; see Section 3 for details. Among
other things, we prove that swap(f)/* is a norm over functions f (see Corollary 3.6).

To get some intuition as to the relevance of the swap norm to product functions, we note that

n
if f(x) = [[ Pi(z;) is a product function with || f||, = 1, then swap(f) = Hng = 1. More generally,
i=1
a quick Cauchy-Schwarz argument shows that if f is e-correlated with a product function P with
| P|ly = 1, then swap(f) > &%.!

Our local inverse theorem for the swap norm asserts that this is essentially the only possible

way to have a large swap norm, at least under random restrictions. More precisely, we show:

Theorem 5. If f : " — C is a B-bounded function satisfying that ||f|l2 < 1, swap(f)/* > ¢, then
there is a constant §(e, B) > 0 such that:

Pr HP S 5 C||Pa < 1}y with \<sz,HPZ-> > 6(e, B)| = d(e, B).

I~q_ nl,z~%! —
1 6(8,B)[ ] icT

Quantitatively, 6(¢, B) > (a/B)O(E_O“)),

Deducing Theorem 2 from Theorem 5: to prove Theorem 2, we show that for any triplets of
functions f, g and h satisfying (1) with respect to some distribution g which is pairwise-connected,
it must be the case that the swap norm of f is noticeable, at least in expectation over appropriately
chosen random restrictions. This deduction is shown via a sequence of applications of the Cauchy-
Schwarz inequality (which we call the path trick, see Definition 3.8). This gets us that a form similar
to the one in the definition of the swap inner product, except that the distribution over (z,y) is not
necessarily uniform, is noticeable. We then apply random restrictions to modify the distribution
of (z,y) to be uniform. This step closely mirrors the situation with Szemerédi’s theorem: if f has
nontrivial correlation over the distribution supported on k-APs, then by performing a sequence of
Cauchy-Schwarz manipulations, we conclude that f has a large U*~! norm.

The proof of Theorem 5: the bulk of our effort goes into establishing Theorem 5, and our
argument proceeds by induction on £. One challenging aspect of the proof is that for the conclusion
to be true, one must consider random restrictions. In other words, there are functions f that have
a noticeable swap norm that have o(1) correlation with all product functions.? This means that our
inductive proof strategy must incorporate within it random restrictions all the way, and we defer
further discussion to Section 2.

!This is similar to the way that if f is correlated with a character then it has noticeable U? uniformity norm, and
if it is correlated with a “degree s” polynomial then it has noticeable U*™" uniformity norm.
2For example, one can take ¥ = {—1,1} and a random signed quadratic function, namely taking a set of random

independent signs {«;,; }1<i<j<n and defining f(x) = sign(d, as jzix;).
i<y



1.4 Subsequent and Future Works

Subsequent works: in [BKLM24a|, [BKLM24b| we use the results proved herein to settle a
conjecture from [BKM22|, as well as give reasonable bounds for the density Hales-Jewett theorem
over [3]™.

More specifically, in [BKLM24a| we prove that [BKM22, Hypothesis 1.6] is true. To state
this result, we first recall the natural extension of the definition of Abelian embeddings to k-ary
distributions. We say that a distribution p over 31 X ... X 3 admits an Abelian embedding if there

k
are Abelian group (G, +) and maps o0;: ¥; — G not all constant, such that > oy(x;) = 0 for all
i=1

(x1,...,2) € supp(p). The main result of [BKLM24a] is the following assertion:

Theorem 6. Let k > 3 and let 31, ..., X be finite alphabet. Suppose that p is a distribution over
31 X ... X X in which the probability of each atom is at least o, and further suppose that y does not
admit any Abelian embedding. If f;: X' — C are 1-bounded functions for i =1,...,k, such that

e

($1,~~-7$k)NM®" i=1

2 €,

then there exists a function L: ¥ — C of degree On (1) and ||L||2 < 1 such that (f1,L) > Qa(1).

The paper [BKLM24a| also establishes extensions of this result which are necessary for the
application to the density Hales-Jewett problem, and we refer the reader there for further discussion.

In [BKLM24b|, we establish reasonable bounds for the density Hales-Jewett theorem |HJ63,
FKO91, Pol12], which can be thought of as an even more restricted form of the restricted 3-APs
problem. In this context, a combinatorial line is a triplet z,y,z € {0,1,2}", not all equal, where
for each ¢,

(x4, yi, 2:) € {(0,0,0),(1,1,1),(2,2,2),(0,1,2)}.

The main result of [BKLM24b| asserts that if A C {0,1,2}" does not contain any combinatorial

. |A| 1 .
line, then & < (logToglogTog ) where ¢ > 0 is an absolute constant.

Future works: in future works, we plan to investigate the algorithmic applications of Theo-
rem 2 for the class of satisfiable constraint satisfaction problems of arity 3, extending the result
of [BKM24b] to a wider class of predicates. An example for a predicate of interest which belongs to
this larger class (and for which the result of [BKM24b| does not apply) is the rainbow coloring of
3-uniform hypergraph. In this problem, the input is a 3-uniform hypergraph H promised to be tri-
patite, and the goal is to partition the vertices into 3-parts and maximize the number of hyperedges
touching all parts.

We also plan to investigate whether one can extend results as Theorem 3 and establish the
stronger counting versions. By that, we mean a statement along the lines of: if A C F}} is a set of
density at least e, then it contains at least ¢ fraction of the restricted 3-APs, where 6 = d(¢) > 0.

1.5 Preliminaries

General notation. Let [n] = {1,...,n}. For a subset I C [n] we write I = [n]\ I. For a real
number z we write ||z z := min,ez [z — 2. We let C denote complex numbers, and let D denote
the unit disk. We let supp(u) denote the support of a distribution p. For a finite set ¥ we write
x ~ X" to denote sampling x uniformly randomly from ™.

Our arguments use singular-value-decompositions heavily (abbreviated SVD henceforth), as per
the following definition.



Definition 1.6 (J-SVD). For a function f : ¥ — C we say that its J-SVD is a representation
f =2, Nigih; for g; ¥/ — C and h; : &1 — C, where )\; are singular values and g;, h; are singular
vectors when f is expressed as a matrix M € CZ"*2 for I = [n]\ J defined as My = f(z,y).

2 Proof Overview

In this section we give a proof overview for our inverse theorems. We begin by discussing our local
inverse theorem, Theorem 2.

2.1 From 3-Wise Correlation to a Large Swap Norm

The first step towards proving Theorem 2 is the following statement, which reduces the proof
of Theorem 2 to Theorem 5.

Theorem 7. Let p be a pairwise-connected distribution over % X I' X ® for finite sets 3,1, ®. If
1-bounded functions f: 3" — C, g: "™ — C, h: ®" — C satisfy that

E _ [f(2)g(yh(2)]

(m’yVZ)N:LL@TL

2 €,

then there is a > Qs r|,jo|(1), and distribution v over X satisfying p, = aU + (1 —a)v for uniform
U over X, such that

E {swap(fl—m:fI—)ZafI%z:fI—)z)} 25()“(1)-

I~—q[n]

ZNZ/I

The idea towards proving Theorem 7 is to enlarge the alphabets X, I, ® and distribution p
carefully through a sequence of path tricks. Formally, the path trick takes an integer r, sets
Y+ C Y2771 and for all Y1, 21, Y2, 22, - - ., Yor, zor such that (v, 2i), (2, yiv1) € supp(pyz), adds
the following to supp(u™). Let (zi,vi, 2:) € supp(p) for i = 1,...,2", and (@}, yi41, 2;) € supp(u) for
1=1,2,...,2" — 1. Then,

({x1,$/1,332,. . .,l‘gr},yl,ZQT) EXTXxI'x®

is added to supp(ut). We can define similar path tricks that enlarge I' and ® respectively.

The guarantees of the path trick are given in Lemma 3.9. Informally, if we apply an z-path
trick, enlarging 3, then f1,g, h have correlation at least 9 where h:®" — C is still 1-bounded
but otherwise arbitrary, and f* : ¥t — C is defined for z = (z1,2),...,291) € (7)™ as
) = H?;l (x;) H?:ll_l f(z}). Tn other words, the values multiply.

Now, perform the following sequence of three path tricks.

1. Perform a y-path trick that makes xz have full support.
2. Perform a z-path trick that makes zy have full support.
3. Perform a z-path trick for r = 2.

This only affects the value of ¢ polynomially. Let the resulting distribution be u over Xt xI'" x ®T.
By inspection, one can check that for all a,b € ¥ that there is some y € I'" and 2z € ®T such that
((a,a,b),y,z) and ((b,a,a),y, z) are both in the support of u™. Intuitively, this means that the
first and third coordinates of ¥ C 3 can be swapped without affecting the correlation. Because

[T (x) = f(x1)f(x])f(z2), this means that swapping each coordinate of 1,z should not affect the
value of f* significantly, and thus f has large swap norm.



2.2 The 99% Regime of Swap Norm Inverse Theorem

The rest of this overview section is devoted to discussing the proof of Theorem 5, which consists of
the bulk of the effort in this paper. As mentioned earlier, our argument proceeds by induction on &,
and we first address the base case that ¢ is sufficiently close to 1. In this case random restrictions
are not necessary, and we establish the following stronger result:

Theorem 8. If f : X" — C satisfies ||f|l2 < 1 and swap(f) > 1 —c for ¢ < 0.05, then there are
Py,...,P,: X — C with ||P;||2 =1 such that |(f,Py...P,)| >1—0(c).

To prove Theorem 8, we build P, ..., P, one at a time. Let the {1}-SVD on f be f = > \;gihi,
where the largest singular value is A\;. We will take P; = g1, and note that for any function
P 2PN} 5 € we have that (f,g1P) = A\ (hy, P). We repeat the argument on hy: perform an
SVD, take the largest singular value and so on, until we end up with a product function. To argue
that this process works, it suffices to argue that swap(h1) = (1 + Q(6))swap(f), where § = 1 — \2.
Towards this end, we expand swap(f) (one can check that the orthogonality of g causes other terms
to cancel) and get that

1 —c < swap(f Z Nswap(hi, hi, hi, hi) + 22)\2/\25W3p(h1, hj, hi, hj)
) 1<j

We require a non-trivial bound on the off-diagonal entries, and we show that swap(hs, hj, hi, hj) <
2/3 for orthogonal h;, h; (Lemma 4.2), which holds for ¢ # j. Using this estimate, we can show that
A% is close to 1 and hence § is close to 0. It follows that swap(f) < Aswap(h1) + 36 + O(6%), giving

w. —454+0(62
swap(h1) > S0 > (14 Q(6))swap (/).

2.3 Inverse Theorem for the Swap Norm

We now discuss the proof of Theorem 5. At a high level, our goal will be to perform a sequence of
random restrictions and SVDs to eventually get to a function g such that:

1. Correlation for g implies correlation for f: if a product function correlates with g, then
a product function correlates with f up to a multiplicative factor £'%° loss.

2. Increase in swap norm: swap(g)/* > e + 1.
3. Boundedness: if f is bounded, then g is also bounded.

Once we find such a procedure, we can iterate it until the swap norm of the resulting function
becomes close to 1, which happens in O(1/£!%) iterations by the second item. At that point, we
use the base case, namely Theorem 8, and conclude that the resulting function is correlated with a
product function. This result then translates to a correlation of a random restriction of f with a
product function, where the correlation parameter is at least (£100)1/¢"" = exp(—e=©01)),

The starting point of our argument is that if f has large swap norm, then for a random subset
J C [n], the largest singular value of the J-SVD of f is at least 9 in expectation. This follows
by Lemma 3.3, which states that the swap norm is the expected box norm of f with respect to a
random partition (J,J), and the fact that having a large box norm with respect to some partition
implies a large singular value in the corresponding SVD decomposition.

This suggests the following approach: consider the J-SVD, say f = > A\;g;h;, and try to come

3
up with a candidate function g above based in the functions g;. A natural attempt, for instance



would be to take g to be a linear combination of the the singular vectors g1, go, ..., possibly only
those corresponding to large singular values. However, we do not know how to argue that this
works, even in the case where there is only one large singular value. The issue is that there is no
clear way to directly relate swap(g;)swap(hi) and swap(f).

Instead, we take the following iterative approach. Let Agh be the first term of the J-SVD of
f, and write A = f — Agh — note that |A]3 = [|f]l5 — A < 1 — O, If swap(A) < €99 e,
is very small, then we know by the fact that swap'/* is a norm that swap(Agh) ~ swap(f). Then
swap(g)swap(h) = (1—o(1))swap(f), and hence one of swap(g) or swap(h) is much larger, as desired.
Otherwise, swap(A) is still quite large and hence the J’-SVD of A for a random J' C [n] has a large
singular value. Let the first term in the J'-SVD of A be M ¢'h/, and write

AN =A-Ngh =f—Agh—NJgH.

Again, note that ||A’||2 < [|A]|3 — M. However, now gh and ¢’h’ live on different partitions which
makes it difficult to relate them to some SVD of f (we want to use SVDs to increase the swap like
we did in Section 2.2). To handle this, we random restrict f on a common refinement of J and J',
ie, I:=(JNJ)U(JNJ). After random restriction,

/ /
Tz = JTs2 — Agr—2hisz — )\QIHZ T—z-

Critically, gr—z,hi—z, 97 ,., b, all live on the same partition of I. On average, the random
restriction does not increase ||A’||2 or decrease swap(f) (see Lemma 3.7). Thus we may continue
repeating this process until it terminates — this should happen within e=©®) steps because [|A’||3
decreases during each step of the iteration. In the end, after several rounds of random restriction,
we are left with a function A := f — Z;‘F:l Aigihi, where T < =0, gi, h; are functions over some
partition of f, and swap(A) is very small. At this point, we are able to use a more complicated
version of the argument in Section 2.2 to build the desired function g as a linear combination of the
gi's

There is one point to discuss: the g;, h; may live on the same partition of f, but may not
necessarily be the true SVD of f on that partition. This is not difficult to fix: after each random
restriction, replace the g;, h; with the true SVD up to that many terms. This can only decrease
|A||2 further, because

min
Aigi hi:1<i<t

’f Z Aigihi

is attained exactly when A;, g;, h; are the first ¢ terms of the SVD of f.

2.4 Getting Bounded Functions

The above argument naturally gives rise to product functions P that are only guaranteed to be
£o-bounded, whereas in Theorem 2 we require the product function to have absolute value 1 always.
In Section 6 we prove that if a 1-bounded function f correlates to an fo-bounded product function,
then f in fact correlates to a 1-bounded product function, with polynomial loss in the correlation;
see Theorem 10 for a formal statement.

2.5 The Global Inverse Theorem

Finally, to get Theorem 1 we use the following restriction inverse theorem, extending the ones
from [BKM23c, BKM24a]:



Theorem 9. Let f : ¥ — C be 1-bounded and p = (1 — p)v + pU where U is uniform over X.
Suppose that for € > 0 it holds that

Pr HP 8 = C||Pi|lo < 1},c7 with

INl*P[n]VZ’\'VI

E_ [fl—n(x) HR(CEZ)” >el|l >e
St i€l

Then there exist 1-bounded P; : X — C fori =1,...,n, and a function L : X" — C of degree at
most D := D(p,e) with ||L|2 < 1 such that:

/
Z €,

repsn i=1

E !f(x)L(m) I[P

where quantitatively &' > exp(—Cx;(p~'log(1/€))°M) and D < Cx;(ep) =D for some constant C;.

In words, Theorem 9 asserts that if a random restriction of f is correlated with a product
function with noticeable probability, then f itself must be correlated with a product of a low-degree
function with a product function.

The proof of Theorem 9 proceeds along similar lines as in [BKM23c, BKM24a|, with some
differences. In previous works, a key component of the proof was a small-set expansion statement,
asserting that if h: X" — ¥ is a function such that

Pr [h(z) = h(y)] > €

ML

Y~pT
(where y ~, x is the distribution where for each coordinate i independently, y; = x; with probability
p, and else y; ~ ), then there exists a € XV such that h(z) = a for at least €% of the z’s. Here,
we have to prove a similar looking statement in the case that h: ©¥® — DY (where D is the unit
disk), and we know that h(x) and h(y) are close in £2 (as opposed to exactly equal) with probability
at least e. In this case, we show that there exists a € (R/Z)" such that h(z) is close in ¢3 to a for
at least €9»(1) of the ’s.

3 The Swap Norm and Its Properties

3.1 The Box Norm

We begin by discussing the boz norm, which is intimately related to the swap norm.

Definition 3.1 (Box inner product and box norm). For functions fi, fa, f3, f4 : ¥" — C and
S C [n], define the box inner product as

boxs(fi, f2, f3. fa) == E s fi(zs, xg) f2(ys, yg) f3(ys, xg) fa(xs, y5) | -
rs,ys~ -
I§7y§NZS

In the case that f; = fo = f3 = fy = f, we simplify the notation and write boxg(f) = boxs(f, f, f, f)-

Tt is easily seen that boxs(f1, f2, f3, f4) is a multi-linear form, and it is known that boxg(f)/*

is a norm. Indeed, the following lemma implies that:

10



Lemma 3.2. Let f1, fa, f3, f4 : £ — C and S C [n]. Then

’bOXS(flaf27f3)f4)’2 < boxS(fl)f37f17f3)bOXS(anf4af2af4)a

Iboxs (f1, f2, f3, f1)|* < boxs(f1)boxs(f2)boxs(f3)boxs(f1),
and boxs(f) < ||f||5 for any f: X" — C.

Proof. For the first assertion,
2

boxs(fi.fou o )P =| E_( E_files.0)fls.2)( E_Files. o) falys2))

zg,ys~ES N gxS z~TS
2 - 2
< E_| E Aso)flse)| E | E Filesa)falus )]
zg,ys~ES | pxns zg,ys~ES | gxs

= bOXS(flaf37flafB)bOXS(anf47f2af4)7

where we have applied the Cauchy-Schwarz inequality. Repeating this argument (but with the

coupling f1, fa and fa, f3) gives that boxs(f1, fa, f3, f1)* < boxs(fi, fa, f1, fa)boxs(f2, f3, f2, f3),
which gives boxs(f1, f3, f1, f3)? < boxgs(f1)boxs(f3), hence the second assertion.
For the third assertion we note that by Cauchy-Schwarz again

bOXS(f7f7f7f) = E f<378;xg)f(ys,yﬁ)f(ySaxé)f(eTS’y?)

zg5,ys~Sd
r5yg~DS
1/2
< E |f(zs,25)P|fus,us)P B |f(ys,z5)*|f(zs,yg)|?
$SvySNZE xSvySNEi
r5ys~E° r5Ys~2°
= || £ll3- O

3.2 The Relation between the Box Norm and the Swap Norm

Next, we observe that the swap inner product of 4 functions is the expected box inner product of
the same 4 functions over a randomly chosen partition.

Lemma 3.3. We have that

Swap(flanaf3’f4): [bOXS(fl,fQ,fS,le)]-

SC[n)

Proof. Looking at the definition of swap(fi, f2, f3, f4), we denote by S the random set of coordinates
where (z},y}) = (yi, i), i.e. where there was swap. Conditioning on S, it can be seen that the
expectation is equal to exactly boxs(f1, fo, f3, f1), and as the distribution of S is uniform over all
subsets of [n] the claim follows. O

Using this connection, Lemma 3.2 implies analogous properties for the swap norm.

Lemma 3.4. We have that swap(f1, f2, f3, fa) < || fill2llf2ll2]| f3l2] f4ll2-

11



Proof. By Lemma 3.3

swap(fi, fo, f3, fa) = S]CE[ } [boxs(f1, f2, f3, f4)]

< B [bors(1)" *hoxs(f2) V“boxs (1) *boxs( i)

< | full [[F2ll2 I 30l 11 Fall, - O

We also get the following Cauchy-Schwarz-Gowers type inequalities for the swap norms.

Lemma 3.5. For any f1, fo, f3, f4 we have that:

|5Wap(f1,f2,f3,f4)| Swap(flaf27flafZ)swap(f3af47f3>f4) (2)

and

5W3P(f17f27f17f2) Swap(fhfluflafl)swap(fzva)f27f2) (3>
Proof. The first follows from the identity

swap(f1, f2, f3,f4) = E

z,y~S"

fi(@) f2(y) - E f3($')f4(y’)]

(@' y" )~ (z4y)

z,y~S"

i) fa(y') - E fa(w’)f4(y’)] ' (4)

(@'Y )~(z<y) (@'Y )~(z<y)

The second equality follows because E(z y)~(zy) f3(2') f4(y) is the same for all (z”,y") in the
support of (z <> y). Now, (2) follows from the Cauchy-Schwarz inequality. For (3), we note:

2
Swap(f17f27f17f2)2: IEbOXS(flaf%flan))

oxs(f1, f1, f1, f1) Eboxs(f% f2, fo, f2)

2
<IE boxs(f1, f1, f1, 1)/ ?boxs(fa, fa, fa, f2)1/2>
<Eb
3
= swap(fi, f1, f1, f1)swap(fz, fa, fo, f2).

Here, the first equality is Lemma 3.3, and the first inequality is Lemma 3.2. O
Applying Lemma 3.5 implies that swap(f)'/* is a norm.
Corollary 3.6. swap(f)l/4 is @ norm on functions f.

Proof. Clearly it obeys scaling and nonnegativity by (41). By Lemma 3.5 we get that:

swap(f1 + f2) = Z swap(fa, fb7 fcv fd)

(a,b,c,d)e{1,2}4

< Z swap(fa )/ 4swap(fy) Y/ *swap(f.) "/ *swap(f)/*
(a,b,c,d)e{1,2}*

= (swap(f1)"/* + swap(fo)"/*)". 0
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The next lemma proves that swap( f )1/ 2 is non-decreasing in expectation under random restric-
tions.

Lemma 3.7. For a subset I C [n] and f : X" — C we have that

Swap(f7fafaf)1/2< IEZI swap(f[—>z>f[—>Zafl—>zaf[—>z)1/2 .

z

Proof. Note that

Swap(faf>f7f): E Swap(flﬁxaflﬁyyflﬁz’aflﬁy’)
z~S gyt
('Y )~(zy)
< E swap(f1—z) " Sswap( fr_y ) Sswap( f1 )/ dswap(froy )4
T~ SYyn~
(@)~ (z+y)
1/2
< E  swap(fioa)Pswap(fioy)'? B swap(fioa)'/Pswap(fiy)'/?
e~y e~ y~s!
(@' y")~(zey) (@' )~(z+y)
2
= E swap(f[_m,)1/25wap(f1_>y)1/2 = ( E swap(fl—>x)1/2> .
z~S y~x! z~!

(z'y" )~ (z4y)

Here the first inequality uses Lemma 3.5 and the second uses Cauchy-Schwarz. O

3.3 3-Wise Correlation Implies Large Swap Norm

The goal of this section is to establish Theorem 7.

3.3.1 Path Tricks

In this section we discuss the path trick, which is a tool that allows us to modify the underlying
distribution p to get additional desirable properties from it. We start by defining the distribution
resulting from a path trick of r steps on pu.

Definition 3.8. Given a distribution g on 3 X I' x ® and integer r > 1, define the x path trick
distribution g+ on ¥ x T' x & (where ¥ C £2" 1) as follows:

1. Sample y; ~ fiy.
2. Sample (z1, 21) from p, conditioned on y = y;.
3. Sample (2, y2) from p, conditioned on z = z;.

4. Repeat steps 2 and 3, and in the final step sample (z2r,yor—1,1) from p conditioned on
Z = Zor-1.

p' is over the sequences ((x1, 2], ... ,$l2r_1_1, Tor—1), Y1, 29r—1) generated by the process above.

The y and z path tricks can be defined symmetrically. One way to think of the x-path trick is
as considering the bipartite graph between I" and ® that has edges between (y, z) if there is z such
that (z,y, z) is in the support of x, and in that case the edge is labeled by x. Path tricks correspond
to walks in this bipartite graph, and the resulting symbol in the first coordinate corresponds to the

13



edge labels collected throughout the walk. The following result from [BKM22| asserts that if f, g, h
have non-trivial correlation with respect to u, then f*, g and A’ have non-trivial correlation with
respect to the path trick distribution u™, where fT is an alternating conjugated product of f along
the labels and h' may be an arbitrary 1-bounded function. We reproduce its proof below for the
reader’s convenience.

Lemma 3.9 (Path trick). Let u be a distribution on X xI' x ®. If 1-bounded functions f : ¥" — C,
g:T" = Cand h : " — C satisfy |Eyy)~pon[f(@)g(y)h(2)] > €, then for any r > 1 and p*
defined as above for an r-step path trick, there are 1-bounded functions f+ ()" —-C,g:T" = C,
h: ®" — C satisfying:

E [fH(@)g(y)h(2)]] = ¥
(@,y,2)~(ut)®n

Additionally for x = (z1,2],...,29—1) € (XT)™ it holds that f*(x) = H2:11 f(zi) H?:llfl fal).

Proof. We start by performing a simple reduction on h. Define

h(z)= B [flz)g(y)le = 2.
(z,y,2" )~ pu®n
Then note that
B @) = | B BRG] <Inbibl: < IRk = B (@)

Hence ’E(x7y72)wu®n [f(m)g(y)ﬁ(z)]’ > €2, The remainder of the proof involves repeated application
of Cauchy-Schwarz. We show the following by induction on r:

27‘1

E I f - 9y)g(yor111) || =% (5)

/ ’
L1 5Ly 5eeey -7327‘71:3327-,1 i=1
ylv"'7y27‘—1+1
Z1--3%9r—1

Let us check the base case r = 1.

e < E [f@gyh@)]|=| E [f(z1)f(=))g(y1)g(y2)]|-

($7y7z)wﬂ®n #1 12
T1,Y1,%7,Y2

The inductive step will follow by squaring this, and using Cauchy-Schwarz on the variables other
than yor—1,4. Precisely,

2
or— 1
r—+1 P
e < E H Flai) f(@]) - 9(y1)g(yar—111)
11»1/17~~-:m27'717x/2r_1 i=1
Y11y y27‘71+1
Zlseeey Zor—1
2
27‘71
< E E IT f@f@l) - g(u)

/ ’
Yor—=141 | 21,25 sTor—15Topn 1 | ;-
Y1,y Yor—1
217"'7227’—1

14



Note that this last expression exactly equals (5) for 7 + 1, completing the induction. Finally, the
definition of h gives that the LHS expression in (5) can be expressed as:

27‘71 27”71_1
E IT f@) T FG&D - g(u)i(zar)
T1,E e Tyr—1 | 21 i1

Y1,--5Ygr—1
ZlyeesZor—1

So we can set fT(z) = Hf;_ll (x;) H?;l*l f(«%). This is exactly what we wanted to prove. O

Pairwise-connectedness: We remark that it is easy to observe that if y is pairwise-connected,
then put is also pairwise-connected. In fact, it improves connectivity between two of the coordinates:
if 7 is taken so that 2" is larger than [T, |®|, then supp(y, ) = I’ x ®; see [BKM24a, Lemma 3.12]
for a proof. This fact will be useful for us later on.

3.3.2 A Symmetry Argument

Now we prove Theorem 7 by applying a sequence of path tricks, and then applying a symmetry
argument. We start by applying the following sequence of three path tricks.

1. Apply a y path trick with parameter r satisfying 2" > max{|X|, |®|}.
2. Apply a z path trick with parameter r satisfying 2" > max{|X|, |T"|}.
3. Apply a x path trick with parameter r = 2.

After this sequence of operations, we know that there is a distribution g™ on £ x ' x & such
that ©* C 33, and 1-bounded functions g : (I'")" — C, h: (#7)" — C such that

E  f(@)f(w2) f(x3)g(y)h(z)| =70 (6)
(;Qy,z)w(qu)"
z=(z1,72,23)
By doing the path tricks in this specific order, we are able to guarantee the following nice property
of supp(u™) that allows us to then exploit symmetry.

Lemma 3.10. Let distribution u™ over X+ x I't x ® be as defined above. For any a,b € ¥ there
arey € Itz € @1 such that both ((a,a,b),y,z) € supp(u™) and ((b,a,a),y,z) € supp(u™).

Proof. After the first y path trick, by pairwise connectivity the distribution y’ over ¥ x I'" x & is
pairwise-connected and satisfies that p/,, has full support. Let z € ® be chosen arbitrarily, and let
Ya, Yp be such that (a,ye,z) € supp(p) and (b, yp, z) € supp(p'). Let p” be the distribution over
Y x I't x &T after applying the z path trick to u/. Again by pairwise connectivity, u” is pairwise-
connected and the support of yiy, is full, so there is some 2’ € ®* such that (a, s, 2’) € supp(u”).
Also, note that for Z:= (2, 2,..., z) we have that that (a,ya, ), (b, yp, 2) € supp(i”’). To conclude,
set y := yp and z := Z and note that (a, a,b) corresponds to the path y, — 2’ — y — 2, and (b, a, a)
corresponds to the path y, — 27— y, — 2. O

We are now ready to prove Theorem 7, restated below.
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Theorem 7. Let y be a pairwise-connected distribution over X X I' X ® for finite sets X, ', ®. If
1-bounded functions f: 3" — C, g: " — C, h: ®" — C satisfy that

E  [f(@)g(y)h(2)]

(x’y7z)N:LL®n

2 €,

then there is a > Qs r|,jo|(1), and distribution v over X satisfying p, = aU + (1 —a)v for uniform

U over X, such that
E {Swap(fl—wafl—),zaf[—)zaf[—)z)} >5OM(1)-

I~—q[n]

ZNZ/I

Proof. Consider um as above, and define the distribution p~ as follows. Sample a,b € ¥ uniformly at
random and sample ¢ € {a, b} uniformly at random. Now let y, z be as guaranteed by Lemma 3.10,
ie., ((a,c,b),y,2) € supp(u™) and ((b,c,a),y,z) € supp(u™). Include ((a,c,b),y,2) in p~ with
probability mass ﬁ Let a > 0 and v be such that ™ = ap™ + (1 — a)v. Applying a random
restriction and using (6) tells us that

E o (@ F1 (O frous 091 )hiu(2)| =D (7)
Im—alnl  |(@ge)m(uo)T
((u1,u2,u3),v,w)~v z=(a,c,b)

Define the function fju csupp(; )] — C as:

Fra(@,e,0) = B Frou (@) Fou (€) f1ous ().

a’ b/ ~(a+>b)

Note that by choice of y, z (via Lemma 3.10) we have that that

E ,f[—>u1 (a)ff—>u2 (C)fl—mg(b)gI—w(y)hI—)w(z) = E 7f~l,u(aac7 b)gl—w(y)hl—m)(z)-
(IJJf()N(lg)I (a:,y,_z2~(lg)’

Because g, h are 1-bounded this, together with (7), implies that

o) < ‘ P
5 < E u _
I~1_qln] 71 L2((uz)T)
(ul,ug,ug)wufc
- o7\ 1/2
= E E _ ‘fl—>u2(c>‘2 E fl—m1(a/)fl—>u3(b/>
I~i_qln] (a,e,b)~(pz )T (a’,b")~(as>b)
(u1,u2,U3)~V£ =
- o7\ 1/2
< E E B E fI—>u1 (a/)fl—mg (b/)
Irvi_a[n] (a,e,b)~(uz)T | [(a/,0)~(as>b)
(u1,u2,ug)~vt -
= ; E [ ] swap(f[—)upf[—)U37fI—>u17fI—>U3)l/2
~Nl—a|l
(ul,ug,ug)wug{
1/4 1/4
< E swap(f1-u;) E swap(f1-us) )
I’\‘l—a[n] I""l—a[n]
(u1,u2,us)~vi (u1,u2,us)~vi
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where we have applied Cauchy-Schwarz and Lemma 3.5 (3). To conclude, note that for (z1, x2, z3) ~
I that both z; and x3 are distributed as p,, and thus if v/ is the distribution of u; (or ug) for
(u1,u2,us) ~ v, then (1 — o) + aU = p,. This exactly implies the conclusion of Theorem 7. O

4 Proof of Theorem 8: the 99% Regime

The goal of the section is to establish Theorem 8. The key component in the proof is the following
lemma, which then implies Theorem 8 by induction.

Lemma 4.1. Let f: X" — C be a function such that || f||, < 1 and swap(f) =1 —¢ for e < 0.05.
Let \1 be the mazimum singular value under the {1}-SVD of f. Then:

o A2 >1-— 3.
o If6=1—X and f =310, Nigihi is the {1}-SVD then swap(h1) > (1 — &)(1 + Q(9)).
We require a weak bound on swap applied to orthogonal functions.

Lemma 4.2. If (h1,ha) =0 and ||h1]|2 = ||h2|l2 = 1, then swap(hy, ha, h1, he) < 2/3.

Proof. Let o, 8 be uniform complex numbers with |a| = |3| = 1/v/2. Note that

1 > E [swap(ahi + Bha, ahy + Bha, ahy + Sha, ahy + Sha)]

Q,

1 1
= stap(hl) + stap(hg) + swap(hi, ha, hi, h2)

1
> 5\/swap(h1)swap(h2) + swap(hq, ha, h1, ha)
> Dswap(in, ha, i, ),
where the first inequality uses Lemma 3.4 and the last uses Lemma 3.5. 0l

Now we can proceed to the proof of Lemma 4.1.

Proof of Lemma 4.1. Writing f =", Aigih; in the {1}-SVD, one can check that

1 —e=swap(f,f, [, f) Z)\4swap —|—22)\2/\25wap hi, hj, hi, hj).
1<J

Applying Lemma 4.2 gives

2
1—5<Z)\?swap +22)\2)\2 ZA swap(h. % (Z)\22> _ZA? , (8)

1<J

which is at most § >°; A} + 2 as swap(h;) < 1. Thus Y, A} > 1—3¢, and as ), )\f < 1 we conclude
that A2 > 1 — 3e. Denotmg §=1— )2 we get that § < 35 and also that Z#I 5 < 0. Using these
notations we conclude from (8) that

2 4
1—-e< Z Mswap(h;) + 3 (1 - Z Af) < Miswap(hy) + 55 + 0(6%),
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where the final inequality uses Af > 1 — 24. Thus,

1—e—36—0(6%
(1-9)?

swap(h1) > > (1—¢)(1+Q(9)),

for sufficiently small e (recall that § < 3¢). This completes the proof. O
We now prove Theorem 8, restated below.

Theorem 8. If f : X" — C satisfies ||f|l2 < 1 and swap(f) > 1—c for ¢ < 0.05, then there are
Pi,...,P,: X — C with ||P||2 = 1 such that |(f,P1...P,)| > 1—0(c).

Proof. We prove the following claim by induction on n: there is a constant C such that for all
sufficiently small €, if swap(f) > 1 —¢ then there is a product function P = P; ... P, with ||P|l2 =1
and (f, P) > 1— Ce. It is evident for n = 1.

Now let n > 1. Perform the SVD as in Lemma 4.1 and let A\? = 1 —§. We will set P = g, P’
where (h1, P’y > 1 — C(e — Q(d)) by induction, because swap(hi) > (1 —e)(1 + £2(d)). Note that

(f,P) =M (h, P') > (1 =821 —-C(e — Q@) =1—Ce

where the last inequality holds provided that C' is a sufficiently large constant. O

5 Proof of Theorem 5: the Inverse Theorem for the Swap Norm

The goal of this section is to establish Theorem 5. At a high level, the proof of the result proceeds by
induction on €. We show that given a function f, we can do a process consisting of taking random
restrictions and SVD decompositions to get a function f’ whose (normalized) value is significantly
larger than that of f. Additionally, the function f’ will have the property that if it is correlated
with a product function, then f is also correlated with a product function (perhaps a different one).
Here and throughout, the normalized value of f is swap(f)*/2/ || f||3; it will be easier to work with
as we are considering restrictions of f that may have different 2-norms.

5.1 An Iterative Scheme

Fix a function f : ¥" — C with /swap(f €2 as in the statement of Theorem 5. In this
section we provide an iterative argument that alternately peels off large singular vectors for random
partitions and performs random restrictions, with the goal of increasing swap(f) so that we can
apply induction. At each time step in the iteration we maintain a subset R; C [n] (a random subset
of some density), a partition R; = Sy UT; (which is uniormly random conditioned on R;), and a
function f; : ¥ — C which is a random restriction of f onto Ry.

Let us now formally define the iterative scheme. Set fo = f, t = 0, Ry = [n], and take Sy, Tp as
a uniformly random partition of Ry. We choose v = ©(£®), to be determined more precisely later.

1. Define A; := f; — Zle Aigihi, where A, ..., \; are the ¢ largest singular values of the S;-SVD
of f; with corresponding singular vectors g; : % — C, h; : ©7t — C.

2. If swap(Ay)Y/2 < 4[| f¢||3 or t > 8y72, terminate.

3. If swap(A)Y2? > v||f¢l3 and t < 842, let Ry = S’ UT’ be a uniformly random partition of
R;. Set Spp1:= 5N S’ and Tiv1 =Ty N T'. Set Riyq = Spr1 UTig1.

4. Let fii1:= (ft)(R,\Riy1)—> for random z ~ YhRAR1 Increase ¢ by 1 and iterate.

18



We use the following potential function to analyze the progress of the iterative scheme:

e swap(fi)'/? — || A3

D, =
1£:113

The idea behind the potential function is that during each iteration, if it does not terminate, A; is
subtracting off one extra term in the SVD, so ||A¢||3 should be decreasing and thus increases ®;.
Thus, if swap(f;) stays the same throughout the process, we will eventually have that swap(Ay)
must be small.

The first step in the analysis is to argue that with non-negligible probability, ®; does not decrease
significantly under a random restriction.

Lemma 5.1. Let f,g: X" — C be functions such that f is B-bounded. Let I C [n], C > 1, and

2
0 > 0. Then with probability at least 56‘@22 over z ~ X1 :

Cswap(fr-:)'""* — llgr-:[3 _ Cswap(f)'* — g3

> —25 and || fr-:3 >
12|12 17113 e

I£113. (9)

/2_
Proof. Let @ := %‘I‘;W. By Lemma 3.7 we know that:
2

E [Cswap(fr-:)" = llgr—=]15 = (@ = 2) || fr-2 ]3] = Cswap(f)'/? = g3 — (@ —26)I| £113 = 261 13-

2~

As the random variable under the expectation on the left hand side is at most C'B? always (since
f is B-bounded), it follows from an averaging argument that

o113
CB?

Pr, [Cowap(fi2)/? = lgross | — (@ — 20) el > 51£13] >
oy

Any z for which this event holds satisfies the conclusion of the lemma. Indeed, the first inequality
in (9) follows by bounding &|/f[|3 > 0 and re-arranging, and the second inequality follows by
bounding swap(fr-,)"? < | fr-s=[3 (which holds by Lemma 3.4), lgre]2 > 0, ® > —[gll3/ /1
and rearranging. O

5.1.1 Analyzing a Single Iteration

We now state and prove the main iteration lemma, stating that each step is successful with noticeable
probability, wherein a successful step is one in which the potential ®; increases significantly and the
2-norm of f; does not decrease too much.

Lemma 5.2. Let f;, Ry = S; U T, A; be defined as above. If swap(A)Y? = 4| fil3, then with
probability at least Q(ve%|| f:||S/B°), it holds that ®11 > ¢ ++2/4 and || frs1 |3 = Q)| £:I3-

Proof. Let Ry = S"UT be a uniformly random partition, as described in the iterative scheme.
Define A := Ay/||A¢]|2, s0 that [|Alj2 = 1 and swap(A) > 72| f;[|3]|A¢]|3* by the assumption that the
process has not terminated. By Lemma 3.3 we have that Eg[boxs(A)] = swap(A) > 72| £l Adll5 %,

and as boxg(A) < 1 for all S by Lemma 3.2, we get by an averaging argument that

PUAIST o IRl - 210
2AdF] 7 2as ~ 2B

Elr boxS/(A) >
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In the last inequality we used the fact that |A¢]|3 < || £:]|3 < B Let k1 > k2 > ... be the singular

values of A € C¥* *" | With these notations, we get that with probability at least V2| fellaB=4/2
over S’

VIfell3
=b . 1
K3 g K oxgr(A) > SN (10)

Let g : 29 — Cand h : 7" — C be the unit singular vectors corresponding to 1 and define
A} = Ay — || A¢l2k19h. Using (10) it follows that

72 1 fell2
1AL = 1A — 13T < (A3 — 2 1A, HQQ < 1Az~ *llftl!z, (11)
where the last transition uses the fact that ||A¢|l2 < || f¢ll2-

Now we will take the random restriction and invoke Lemma 5.1. Let I := Ry \ Rt+1, § =~2/8,

C = &%, and use Lemma 5.1 for f := f;,g := A} to get that with probability at 88]!,?”2 over
2z~ 3

e Pswap((f)1—2)"? = (A 113 < e Pswap(f)'/2 — |ALIE  4*
1(fe) 12113 11 £ell3 4’
and

1 ferall3 = 1(f) 12113 = Q2% felI3
(we used ||A}||2 < ||£1]13 to replace the HgHg /I f|ly term in Lemma 5.1 by 1). By (11) we know that

-5 1/2_|IA/112
e swap({}il' [EVIGESS > d; + ﬁ Thus, the conclusion follows from the fact that fi11 = (f)7—. and
2

(AN 152113 = |A1]|3. Indeed the latter inequality follows because

(AD 1=z = fer1 — Z)\ 9i) 12 (hi) 152 — [[Adll2k1915 202,

and (g1)7-z,...,(gt)1—- and g7_,. are all functions from $5+1 — C, and (h1)7_., ..., (h¢)7—s. and
hi_s, are all functions from X7#+1 — C, and that the SVD is the optimal way to reduce the o norm
of a matrix by subtracting rank one matrices. O

5.1.2 Analyzing the Termination State

We next analyze the functions f; and A; upon the termination of the process. In the following
lemma, we show that with noticeable probability, either the process terminated with A; with small
value while swap(f;)1/2/||f:||* has not decrease by much, or else swap(f;)'/2/ ||| is noticeably
larger than swap(f)'/2/|/f||>. Denote by 7 the time step on which the iteration scheme ends, so
either 7 = 872 or swap(A,)2 < 5| £ 3.

Lemma 5.3. Let T = 8y 2. Over the randomized process described above, with probability at least
(|l f|l2/B)°T*), we either have (Case 1) that:

swap(fr)'/? _ swap(f)'/?
el ~ If13

or (Case 2) there is some 7 € {1,2,...,T} such that swap(A)Y2 < y||f-112, 115113 = (9)°® for
allt < 7, and

+&% and ||frl? = (ev)°D)f)2,

swap(f)!/? _ swap(/)"/?
AT

—65.
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Proof. Consider the event that the conclusion of Lemma 5.2 is true at each iteration ¢ < 7. Under
this we get that ||f;[|3 = (e7)9®| f||3 for all i = 0,1,...,T. The probability of this is at least

O(1 2
(e7/B)OT T 11 £:l15Y = (e fll2/B)OT
In this event, we get that ®; > ®q + t72/4, for t < 7. Thus

RV COLE . U Wk Y Y S
I1£2113 I1f113 1£el3 - 11F13
because Ag = f. If t = 8772, we are in Case 1. Otherwise, Case 2 holds. O

Intuitively, if the first case of Lemma 5.3 holds then we have successfully made progress by
increasing the value of f;. At that point we could appeal to the inductive hypothesis and conclude
that f; is correlated with a product function, and thus be done. Otherwise, the second case holds,
and we know that we have not lost too much in value when passing from f to f; but at the same time
we know that swap(A;) is small, meaning that, in a sense, we have exhausted all of the meaningful
parts in the SVD decompositions of f. In the next subsection, we show how to use this information
to construct a function f’ related to f that has significantly larger value, such that correlations of
f" with product functions are related to correlation of f with product functions.

5.1.3 Analyzing Case 2 in Lemma 5.3

In this section we provide a way to increment swap(f) in the second case in Lemma 5.3.

Lemma 5.4. If swap(A)Y2 < 28| f:|13, for sufficiently small ¢, and % € [€2/2,0.99] for
2

some t = O(e719), then there are Be=OW||fy||5 ' -bounded functions g : ¥ — C, h : ¥T — C with
lgllz = ||hll2 = 1 and constant 1y, with |ng | = Q(e¥) such that at least one of the following holds:

1. swap(g) > (1+ Q(ﬁ))“ﬁ‘}"ﬁ{t) and for any I C Sy, z € ¥, and P : 2%\ — C it holds that
tli2

<(ft)[—>z>Ph> = ng,h‘|ft||2<gf—>zap>'

2. swap(h) > (1+ Q(e2))™ i pl(ljj) and for any I C Ty, z € X1, and P : X\ — C it holds that

((fe)1=2,9P) = ngnll fell2(hr—2, P)-

Before proving this, we need a technical lemma, asserting that the singular vectors of large
singular values are bounded in f,. This helps to prove that g, h in Lemma 5.4 are bounded.

Lemma 5.5. Let f € C5*T and let g € C¥ and h € CT with ||g||2 = ||h||2 = 1 be singular vectors
of f with singular value . Then g, h are B/\-bounded.

Proof. Thinking of f as a matrix and g and h as vectors, we have that g = % f*h. Thus

< Blalh _ Blallz _ B
o] \ \ - 5 O

Proof of Lemma 5.4. By scaling, we may assume that [|f¢||2 = 1. For simplicity of notation, let
f := fi, consider the Sp-SVD decomposition of f, say f = > N\gih; where \; > A4 for all .
i

Define

A=f— Y Ngihi

. 4
ieft] Nzt
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and recall that Ay = f — > Nigih;. By Corollary 3.6, we know that
i€([t]

swap(A)Y* < swap(Ay)Y* + swap(A — AV < et + Z i < 2cet.

z‘e[t},/\,-<#

Thus, A has a small value and we henceforth work with it. For simplicity, relabel ¢ as the number
of \; subtracted in the definition of A, so that A = f — 2221 Aigihi. We remark that (by the upper
bound on ¢ in the statement) we get that \; > Q(ce?’) for each i = 1,...,t.

Let F = f—A=>Y"_, \gihi. By Corollary 3.6 we know that

swap(F)* > swap(f)"* — swap(A)"* > swap(f)V/4(1 — 4ce?). (12)

The remaining analysis is split into two cases depending on the size of Aj.

Case 1: \; > 1—¢2/10'% By Lemma 3.4 and Corollary 3.6 we know that

¢ 1/4
swap(A1g1h1)'/* > swap(F)/* — swap (Z )\igihz)
=2

’Lgl %

2
> 0.999swap(f)'/4,

where we have used that HZZZQ )\igihiHQ < /1 — A2 < ¢/10°. Because swap(g1h1) = swap(g1)swap(h1)
we conclude that because swap(f) < 0.99,

swap(g1) = (14 Q(1))swap(f) or swap(hi) = (1 +€Q(1))swap(f).

Assume the latter by symmetry. In this case, let ¢ = g1, h = h1. Then item 2 follows because

(fr=z,9P) = <Z)‘zgz I—>z791P> = A (hr=z, P).

and g1, hy are O(B)-bounded by Lemma 5.5, and ng.p := A1.

Case 2: \; <1—¢2/10". Let 6 =1 — A} Define

swapy, (F, F, F, F) := E,. FEFWFEFPY),
T,y
(&' v )~ (@erm,)

where (2/,y') ~ (x <1, y) denotes that (z},y)) = (x;,y;) for i € Ry \ T}, and otherwise (x},y.) =
(x4,9:) or (yi, x;) with probability 1/2 for ¢ € T;. Then we can see that

swap(f)(1 — 16¢£?) < swap(F) < swapr, (F Z)\4swap (hi, hiy hiy hi) + 2 Z AQ)\zswap(hl,h],hl,h ).
=1 1<i<y<t

(13)
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Here, the first inequality is by (12), and the second follows because (using (4))

2

swap(f, f,f,f)= E E fiz") fo(y))

zYy~E" | (2/,y )~ (xy)
2
= E fi(@") f2(y")
zy~E" (2! )~ (zoy) (27 gy )~ (@' <1 y')
2
< fi@") f2(y")
zy~E" (2 y )~ (zey) | (@ ")~ (2 1Y)
2
= fi@) fa(y)
z,y~E" | (z',y" )~ (zr1,Y)

:Swath(fafafvf)'

We further split into two cases depending on the size of the second term in (13).

Case 2(a): The second term is large. Consider the case that

5
2 Z Ag)\stap (hiy hj, hi, hy) > stap(f)

1<i<y<t

In this case let f1,. .., 3 € C be i.i.d. unit complex numbers, let a; = t~1/23;, and g := Zﬁzl ;0.
Then ||g||2 =1 and

(f152,9P) = <Z)\zgz i) sz (i%9i>P> <Z)\ ai(hi) 1=z, > =t"%(h;., P)
=1

for h:=3"t_| Bidihi, so ||hlla < 1, so the second part of item 2 holds with 7, = t~1/2 > Q(e%). A
calculation yields that

, E ; swap(h) = E NiXj A Agswap(hi, by, by, he) E[Bi B BrBel
1,490t ..
Y 1,5,k L€

—Z)\4swap hiyhiyhiyhe) +4° Y AfX3swap(hi, by, hiy hy)

=1 I<ei<y<t

> swap(f)(1 — 16¢£?) + 2 Z )\2)\2swap(hi,hj,hi,hj)

1<i<y<t

)
> swap(f)(1 - 16¢e”) + Jswap(f) > swap(f)(1+ Q(e?)),
for sufficiently small c. Here, the second equality follows because E[f5;5;5k/5¢) = 1 only if {i,j} =

{k, ¢}, and otherwise is 0. Also, the first inequality uses (13). Thus, item 2 holds for some choice of
B1,...,08:. The functions g and h are Be= 9 bounded by Lemma 5.5 because A\; > O for all i.

Case 2(b): The second term is small. Precisely, that

5
2 > A N3swap(hi, hy, hi, hy) < stap(f)

1<ei<y<t
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In this case, we know that
: 5
Z)\fswap(hi,hi, hi, hy) > swap(f)(1 — 16¢e?) — stap(f) > (1 —0/3)swap(f).
i=1

Now we remove all small \; to get that

> Aswap(hi, hi, hiy hi) = (1= 6/3)swap(f) — dswap(f)/10 > (1 — §/2)swap(f).

L<ist,\7> gl
To conclude, note that

1—-90/2 1-6/9
max  swap(h;) > (1-4¢/ )S\Q/ap(f) > (1—-0/ )QSwap(f)
A2 () i A}

> (14 Q(5))swap(f).

Thus, picking ¢ achieving the maximum on the left hand side, we may set ¢ = g;, h = h; and recall
from above that (fr_.,gP) = X\i{(hi)1—z, P), where A? > Q(£5). Thus the second part of item 2
holds for 7,5 := \; = Q(3). Finally, g;, h; are Be~°() bounded by Lemma 5.5. O

5.2 Main Induction: Proving Theorem 5

Now we apply the iteration scheme of Section 5.1 to prove Theorem 5, restated below, by an
inductive argument.

Theorem 5. If f : " — C is a B-bounded function satisfying that ||f|2 < 1, swap(f)/* > ¢, then
there is a constant 6(e, B) > 0 such that:

Pr HP S 5 C||Pla < 1}y with ‘<fHZ,HP,~>

I~y _s(e,By[n],z~v2!

> 5(2, B)| > 6(z, B).
iel

Quantitatively, é(e, B) > (5/3)0(370(1»'

Proof. We prove the following statement by induction on € and B: under the hypotheses of Theo-
rem 5, there is a constant d(e, B) such that

E sup{‘<fz—>z,HP¢>

I~y _s(e,3y[N] e
Sy icl

:R:E—)C,HPZ-Hgglforiej} >6(e,B).  (14)

Theorem 5 follows from (14), because f is B-bounded. If ¢ > 0.99 then (14) follows from Theorem 8.
For the inductive step, note that for each i = 0,1,...,t, the distribution of set R; is R; ~y—i [n].
Also, conditioned on R;, S; ~1/9 R;. Let v = ce® for a sufficiently small constant ¢. The conclusion

of Lemma 5.3 holds with probability at least ¢(e, B) := (E/B)O(TQ). In Case 1 of Lemma 5.3, let
7:=8v72 and in Case 2 let 7 be as in the statement.
We first consider Case 1, when 7 = 8y~2. If so then

swap(f)/> _ swap(f)"/?
(AT

+e8 2?2460
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by Lemma 5.3. Let & := (e24€°)1/2 = e+ Q(e*) and B’ := B||f|l2/||f-||2 = Be~°) by Lemma 5.3.
By induction, a random restriction of f; correlates to a product function, i.e.,

E s {[((f)re TI R)|: P ClRIe <1forie RT3, Bl fill
™-aer it iERAT
Z~3

> §(e’, B9,

Because restricting onto (R \ I) ~s(e,B) Ior is equivalent in distribution to restricting onto a set
sampled ~9-+5(s pry [n], we conclude that:

E Sup{‘<fI%ZaHPi>

Iy g—rs(er, 51y [0 icT
2z~

: P X = C||Pl2 < 1forie 7} > q(e, B)é(e', B' )9,

Thus this case follows by induction for the choice (where 7 < e=9(M) for
5(e, B) = q(z, B)e?Ms(e + Q(e*), Be=OM).

In Case 2, by symmetry we may assume that item 2 of Lemma 5.4 holds. Then with probability at
least q(e, B)/2 over Ry ~y-- [n],z ~ XM\t and S, ~1/2 Ry, that there are functions g, h satisfying
item 2 of Lemma 5.4. By item 2 of Lemma 5.4 we know that

W W 1/2 2
swap(h) > (1 + Q(ss?))w > (1+ Q%)) (H"Jfﬁ? - e5> > (14 Q(2))swap(f),

as swap(f)/2 > €% and ||f]|2 = 1. Let & = ¢ 4+ Q(¢3) and B’ = Be=9(") 5o that h is B'-bounded
(recall that ||f-]|3 > €9(). By induction we know that a random restriction of h correlates to a
product function, i.e.,

g o {|(he T 2)

Iy s BTt A
ZNSEI ’LETt\I

P Y C||Pla<1forieT\ 1} > 8¢, B)).  (15)

In particular, note that the random restriction in the above equation is independent of Sy. For a fixed
restriction [ ~q_sr pry Ty, 2 ~ v/ let Pr. = HieTt\I P; denote the product function guaranteed in
(15). Then, we know that:

E E |<(f7')(5't,f)—>(z’,z)agStﬁz’PI,zH P> E |<(f7—)[_>z,gP]7Z>|
INl—&(g’,B/)Tt 2/ ~YSt INI—&(E’,B’)Tt
ZNEI ZNZI
:Ug,thTH2 E ‘<hl—>Z7PI,z>’
~1os(e, BN Tt
2zt

> EO(T+1)5(€/’ B/),

where the first transition is by the triangle inequality, the second transition is by Lemma 5.4, and
the third one is by the choice of Pr .. The result follows because:
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1. The hypotheses required to apply Lemma 5.4 occur with probability at least q(e, B).
2. gs,—» is a constant bounded by Be=9(") (by Lemma 5.4), and
3. (fr)(s.,)=(=,z) has identical distribution as f;, for J ~M_o- (e, pry ANd T ~ /.

This completes the induction, by setting §(e, B) = B~'e9"t¢(e, B)§(¢’, B'). Solving the recursion
for § gives the quantitative bounds claimed in the theorem. O

6 Correlation to Bounded Product Functions

Note that Theorem 5 says that (under random restriction) there is an fo-bounded product function
that correlates with the 1-bounded function f. In this section, we prove that this random restriction
must in fact correlate to a 1-bounded product function.

Theorem 10. Let f: X" — C be a function with ||f||la < 1 and P; : ¥ — C be such that ||P;||2 < 1

and
n

E /@) [[ PG| >0

~3n
T~ i1

Then there are functions P} : ¥ — D such that

E [f(z) HP;(:EZ-)]‘ > 500,

~ n
s i=1

Fix f and P as in the setting of the theorem. By making small perturbations in P we may assume
that P(z) # 0 for all z. Our proof relies on the following standard approximation of intervals by
exponential sums.

Lemma 6.1. For any real numbers R > L and n there is ¢ : R — C and function b(x) :=

[, c(0)e*™ ™ satisfies:

o )% le(®)ldo < (2£)", and
e Forx € [L+n/2,R—mn/2] it holds that b(x) =1

o Forx € (—oo,L—n/2]U[R+n/2,00) it holds that b(z) = 0,
e For all x € R it holds that 0 < b(z) < 1.

Proof. Let Ij4 p) be the indicator function of the interval [A, B]. Let b = 77_1[[L,R] * Iy /2.m/2)-
All items except the first are evident. For the first item, for a function g : R — C let g(0) :=
ffooo g(x)e~?™9%dx be the Fourier transform. By Fourier inversion,

o0 1 0 —
/ (O)ldo = / T O\ a2 (6)1d6

1 oo 1/2 o 1/2 n_1 1/2
<n</ |I[Lﬂ]<9)2d9> < / |I[—n/2,n/2](9)|2d9> _ <n> |

by Parseval’s identity. O
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Now we move towards the proof of Theorem 10. Write P; = Q;R; where R; : ¥ — Ry, and
|Qi(x)| =1 for all x € X. By replacing f — f[[;~; @ we may assume that P; = R; in fact, i.e., P;
take nonnegative real values.

Define the set Sy r := {z € X" : el < P(z) < ef'} and let u(Sp g) := Pryesn|z € Srg] and
AL R = Eeesn [f (2)P(2)1ses, 5)- Let D =log(16/62).

Lemma 6.2. It holds that A_p p > 0/2.

Proof. First we bound

J
i Ezn[f(fE)P(iU)lP(x)g(SQ/lG] <7
because || f||1 < 1. Also, by Hélder’s inequality and ||f||, <1
4/3 ) 2 _ 0
E [f(2)P(2)1p@)<iese]| < ' E_[|P(x)" lpay<iessel| <+ E_[P(@)]" < -,
N rX 4w~2” 4
because f is 1-bounded and || P||2 < 1. O

Proof of Theorem 10. Let a,n < 1 be parameters to be chosen later. Let —D — 1 < L < D and
R =L+ a. Let ¢ r(0) be the coeflicients guaranteed by Lemma 6.1. Then

I cL,R<9>< K [f(x)e%i“n”z)]) W= E [f@)gn@),

— 00 TN O

where g1, r(z) = b(In P(x)) and b is the function in Lemma 6.1. By the properties of gz, g,

E [f(z)gr,r(z)]| =

E f(‘r)]'IESL,R
TeEX™

r~N"

= 1(SL—n/2.L4n/2) = (SR-n/2.R1n/2)-

Furthermore, we can bound (using —D — 1< L < D)

>e b E_[le"P(z) = 1] |f(2)1zes, )

N

E f(x)lxeSL,R

z~N"

E f(x)P(x)]'xESL,R -

TN

> e "AL g — 20u(SLR),

because |e* — 1| < 2« (for a < 1) and || f]|; < 1. Overall, we have concluded that

/OO CL,R(9)< E [f(x)ezmamp(x)]) a0

—00 T BT

> e VAL r — 200(SL,R) — 1(SL—n/2,10n/2) — H(SR—y/2.Rin/2)-
The expectation of the RHS over L ~ [-D — 1, D] chosen uniformly at random is at least

aA_pp 40 4n S ad® 40 4n
eP(2D+1) 2D+1 2D+17 322D+1) 2D+1 2D+1’

(16)

where the last inequality is by Lemma 6.2. Here, we used the fact that

«

—L —D —D
Apg] > Appl=ePA pp—2
Ele™"ALp] > ¢ VAL > e P A b pop
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and that similar calculations give

2c 2n 2n
ILE[M(SL,R)] < D+l ]% [1(SL—y/2,40/2)] < D+’ ILE [11(SR=n/2,R+n/2)] < 5D+ 1°
Choosing a = §3/1000 and 1 = §°/400000 the expression in (16) is at least WZDH)‘ Hence

(56
100000(2D + 1)

[ evn®) (&, [r@emon ) s >

—00 BN

for some choice of L. Because [* ez, r(6)]d6 < (a/n)'/? = 20/6, we conclude that

. §7
2mi0 In P(z)]| ~
. @e I|Z 56000000 + 1)

for some 0. This concludes the proof, because e2™@P() ig 5 product function in which each

component is into the unit disc. O

Proof of Theorem 2: Theorem 2 immediately follows by combining Theorems 5, 7 and 10.

7 Restriction Inverse Theorem

The goal of this section is to establish Theorem 9.

7.1 Preliminaries on Product Functions

In this section we collect preliminary facts about product functions and their distance. For I C [n]
define F(I) to be the set of product functions P : ¥/ — C such that |P;(z)| = 1 for all z € " and
i € [n]. We start by discussing how to convert such a product function P : 3™ — C into a vector.

Throughout this section we will use the notation O,,(-) to denote that we are suppressing
constants depending on p, v, with polynomial dependence on the parameters being suppressed. For
example, if p, v < 1, this means O((py)~9M). It will be convenient for us to fix a special reference
input o € X.

Definition 7.1. Let P(z) = [[;", P;(z;) be a product function with P;j(0) € Rx for all i € [n].
Define 7(P) € R?"4l as 7(P); ,» = Pi(¢’) € C. For general P = [[I_, P;, let c1,...,c, € C with
lci| = 1 be such that ¢;P;(0) € R>g. Then define 7(P) := n([]}, ¢; P).

Informally, 7(P) is defined by concatenating P;(c’) for i € [n],0’ € X, if P;(0) are real. Note
that m(P) is a 2n|A| dimensional because P;(¢’) are complex numbers. The reason we are taking
the reference point ¢ and normalizing appropriately so that the P(o) is real valued is to ensure
that 7(P) is invariant under rotation by a unit complex number. Our next goal is to establish that
|{P, Q)| for product functions P, @ is related to ||7(P) — 7(Q)l||2. The statement bellow asserts that
if m(P) and II(Q) are far, then P and @ can only have a small correlation. Throughout this section,
the implicit constant € hides factors that depend on the probability of the smallest atom in pu.

Lemma 7.2. Let P,Q : X" — C be 1-bounded product functions. Then

(P, Q)| < exp(=Q([[n(P) - m(Q)]3)).
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Proof. We may assume that P;(0),Q;(0) € Rx for all i € [n]. Because [(P,Q)| = [, |(Pi, Qi)
it suffices to argue that for each 4,

(P, Q)] < 1= Q(|P = Qil3)-
Fix 7 and let 8 € C be of absolute value 1 such that [(P;, Q;)| = 0(F;, Q;). Then

E[|P(@) + Qi) - 10P(x) - Qi(x)]*].

N |

(P, Qi)] = Re((0F;, Qi) =

Denote 7; = ||P; — Q;|3. If |Pi(2)| < 1 — &7 or |Qi(z)| < 1 — %7 for some z, then (using the 1-
boundedness of P;, Q);) we immediately get from the previous inequality that [(P;, Q;)| < 1 —Q(m;),
and we are done. Hence, we assume henceforth that |P;(z)],|Qi(z)| > 1 — &7; for all z. We get that

(P, Qi) < 1~ SE[0P(x) - Qi@)?].

In the rest of the argument we show that E, [|0P;(z) — Qi(x)[?] > Q(7) by case analysis. If
|0 —1| < %\/77, then by the triangle inequality

E [16F:(x) - Q)] 2 B [IPx) - @i@)) ~ 1= 6B 1P @)1 > S /7

and so B, [|0P;(z) — QZ(:L‘)|2] > 17
E [10P;(z) — Q)] = Q (|6P, i(0)*) = |Pi(0)Re(8) — Qi(o)* + | Pi(0)Im(0) .

and we are done. Else, [§ — 1| > 1,/7;, and then

If [Im(6)] > %\/» then the second term on the right hand side is already 1671, and we are done.
Else, [Im(0)| < /7 and |0 — 1| > $./7, so it follows that Re(d) < 1 — 1,/7;. If Re(¢) < 0 then
|Pi(0)Re(0) — Qi(o)| = |Qi(0)| = 1/2, and we are done. Else,

ROR(®) - Qo) > Qo) = [P@Re(0) > 1~ gri— (1 V7 ) 1= gy ©

We will require a partial converse to Lemma 7.2. Tt essentially says that if ||7(P) — 7(Q)||3 < ¢,
then ||P — Q||3 is small up to some transformations.

Lemma 7.3. If P,Q € F(|n]) then there is some |c| = 1 such that ||cP — Q|3 < ||7(P) — n(Q)||3.
Proof. Let |c;| =1 be such that ¢;(P;, Q;) € Rxp, and let ¢ = [ ¢;. Note that
and hence (P, Q;)| = 1— || P — Q:]13/2.

HCP QHQ =2- EHCZ Jf'z Qz(xz) IEHEB(JIZ)QZ(xl)

i=1 i=1
_2—2H‘ PzaQ'L \ H(l_HP Q’L||2/2)
=1

< Z IP; — Qill5 = [Im(P) — =(Q)]13,
i=1
as desired. O
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Now we will describe a procedure which takes a function f and produces a small list of product
functions which essentially capture the set of all product functions with nontrivial correlation to f.
We begin by defining the list of all product functions that are correlated with f.

Definition 7.4. Given a 1-bounded function f : 3" — C, define List.[f] to be the set of product
functions P € F([n]) with |(f, P)| > «.

The next result extracts from List.[f] a short list that is essentially a net.

Lemma 7.5 (|[BKM24a, Lemma 12.16]). Let f : ¥" — C be a 1-bounded function. There is some
ShortList. 5[ f] C List.[f] satisfying:

1. |ShortList 5[ f]] < =5, and
2. For all P € List.[f] there is P’ € ShortList, s[f] wuth |(P, P")| > .

We will require a lemma which says that if f correlates to a product function, then it does so
with nonnegligible probability under random restriction.

Lemma 7.6. Let f: X" — C be a 1-bounded function, and P be a 1-bounded product function with
|(f, P)| > e. For any subset I C [n], it holds that

Pr (Ui Proal 2 /2] > /2.

z

Proof. Follows by a simple averaging argument, as f, P are 1-bounded. O

7.2 From Random Restrictions to a Direct Product Test

We will require the following theorem which turns local agreement into global agreement. If D = 0,
it would follow by standard small-set-expansion arguments.

Theorem 11. Let M,n be positive integers and p,y € (0,1). Let f:{0,1}"* — RM be such that:

Pr [[f(z) = f(y)ll2 < D] > e.

ar~p[n]y~1—y@

Then
b ][Hf(w) — FW)ll2 < Oy (Dlog(1/2))] = %D,
T,y~p[n
Proof. Deferred to Section 7.3. O

The hypothesis of Theorem 9 guarantees that a random restriction of f correlates to a product
function on 3". We can think of the product function that correlates with f;_,, as an element of
(RZ=NI. Consider F : {0,1}"* — (R?®N<" as the map from I to the correlating product function
(later we argue that the product function correlating to f7_,, does not heavily depend on z). We
will prove that this function F[I] satisfies the following direct product test.

Definition 7.7 (Direct product test). For p,a > 0, we say that a function F : {0,1}" — (R¥)s»
for integer K and parameter D passes the DP(p, a) with probability:

P (IFLA)e - FlBle) < D).
A,BN,)[T;,)]’?A,BQC

Here, the probability is over C' sampled from ~, [n] and A, B sampled from ~, [n]| conditioned on
ADCand BDC.
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Then, we prove the following inverse theorem for the direct product test of Definition 7.7.

Theorem 12. Let n, K be positive integers such that F : {0,1}" — ([0,1]5)S" with parameter
D > 1 passes DP(p, ) with probability at least . Then there is a function g : [n] — [0, 1]% with

2o [lsla = FlAJle < Opa(Dlog(1/2) +108(1/e)%)] 3 0n(h.
Also, for each x € [n] there is some A C [n] such that g(z) = F[A],.

The remainder of the section contains the proof of Theorem 9 given Theorems 11 and 12.

7.2.1 Local structure

Note that the short lists of f; .. (as in Lemma 7.5) may depend on both I and z. Our next goal
will be to define short lists that do not depend on z and use these to define a direct product test.
Let K > C,log(1/e)°M and ¢ < 9 for sufficiently large constant C,. For I C [n] define

Wi :={P e F(): 1;7 [3Q € Shortlist. ja .2 10[ 7], [[7(P) = 7(Q)I3 < K] > ¢},

i.e., Wt is the set of product functions that are close to something in ShortListE/ZEz/lO[fj_m] for a
noticeable fraction of assignments z to I. The next lemma produces a short list capturing W7.

Lemma 7.8. There is a subset SW; C Wy satisfying:

1. |SW| < O(e72¢7Y).

2. For all P € Wy there is Q € SW; with |m(P) — 7(Q)||3 < 4K.
Proof. For Q € F(I) define

S(Q) i={(z.P) : P € ShortList. s 2 1ol fy_, ). [(P) — 7(Q)[13 < K}.

Let SWr consist of a maximal set of @ € Wy such that S(Q) are disjoint. We first prove that

item 2 is satisfied. Consider a P € W where (2,Q") € S(P) N S(Q) for some Q € SW;. Then

I(P) — m(Q)I < 2ll7(P) — n(Q)]3 + 2|w(@) — m(Q)I3 < 4K, by the triangle inequality.
Towards item 1, for a subset S C %1 x F(I) define its inder as Z(S) = 2 (s,P)es H(2), where p

is the measure over z € 1. Then

C|SWi| < Z(Ugesw, S(Q)) < O(e72),

where the first inequality is by disjointness and the definition of S(Q), and the second inequality is
by Lemma 7.5. Indeed, note that if (2, P) € S(Q) then P € ShortList, /5 .2/10[f7_,,], and each short
list has size at most O(e72). O

Our next goal is to argue that for many I' Cy /5 I C, [n] it holds that SWy is nonempty. This
is by a small-set-expansion argument.

Lemma 7.9. Ii holds that
Pr [|SWy|> 0] > Q(e7).

I/gp/Z[n]
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Proof. For each z € £’ let Q, € Shortlist, /5 .2 /10[f77_,,] e random. We argue that

Pr |:H7T(Q(Z,Z/)) - 7T(Q(z,z”))“% < O<10g(1/5))] > Q(€7>' (17)

IC,[n),z~xT
I/gl/QI,Z,,Z”NEI\I/

Indeed, by the hypothesis in Theorem 9, with probability € over (I,z) there is some P with
I(fi_..P)| = . By Lemma 7.6, ’<f7*>(z’z,),P‘[/>| > ¢/2 with probability at least /2 over
2/, and thus there is some @ € Shortlist, 5 .2 /107 ] with |(P|r, Q)| > €2/10, and hence
|7(P|r) — 7(Q)]|3 < O(log(1/e)) by Lemma 7.2.

Hence with probability at least (¢/2)? conditioned on (I, z), there are

—(z,2")

Q' € Shortlist. p 210 f7_, (. .n] and Q" € ShortList. 5 2 10[f77_, (. m)]

with [|7(P|y)—m(Q")|3 < O(log(1/e)) and |7 (P|1)—m(Q")|] < O(log(1/e)), so [ (Q)—m(Q")I3 <
O(log(1/¢)) by the triangle inequality. The probability that these specific @', Q" are picked from
the short lists is Q(e*), by Lemma 7.5. Thus (17) follows.

Now for K = C'log(1/¢)°™M) and small ¢ = %) the lemma follows from Theorem 11. O

Now we define a relaxed version of Wj. Define

Wri={P € F(I): Pr [3Q € Shortistess c2olfr,.L, I7(P) = 7(Q)F < O(K +1og(1/2))] > Ce/4}
zex!

We can define S?VI//I C /W/I as in Lemma 7.8. Finally we argue that if |[SWp| > 0 and P € SWp
then for any I” C I’ it holds that P|;» € SWn.

Lemma 7.10. Let P € SWy and 1" C 1. Then Pl € S’ﬁ//[//.

Proof. Let z ~ %" and Q € ShortList, /5 .2 /10[f77_,,] be such that [[7(P) — n(Q)|l3 < K. Such Q
exists with probability at least { over z because P € SWp. By Lemma 7.6 we know that

Pr [1(fmr ey QL) > /4] > /4.

2 I\

Thus with probability at least (e/4 over (z,2), Q| € List€/4[fﬁ%(z Z/)]. By the definition of

ShortList, /4 c2 /100 and Lemma 7.2, we know that there is P’ € ShortList, /4 .2 1099 with [|7(P’) —
m(Qlr)I3 < Olog(1/e)). Thus

lw(P") = ()3 < 2[w(P') = (Qlr)13 + 2l|7(P) — m(Q)I3 < O(K +log(1/e)).

This holds with probability at least (e/4 over (z,2’) as desired. O

7.2.2 Applying the Direct Product Test

Define a function F : {0,1}" — (R?®N<" as follows. Let I C [n] and define F[I] to be a uniformly
random element of SW; (and apply =) if it is nonempty, and otherwise a random point. The
following lemma bounds the success probability of the direct product test.

Lemma 7.11. It holds that

Pr [IFU e — FI" |3 < O(K +log(1/€))] > Q%)
I'C, 2(n]
I”,I”lgl/Ql
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Proof. By Lemma 7.9 we know that [SWp| > 0 with probability at least Q(e ) Fix P € SWp.
By Lemma 7.10 we know that P|;» € SW i, SW . The result follows from ]SW1//| |SW]///| <
O(¢™'e72) by Lemma 7.8 and the triangle inequality. O

We now have all the pieces necessary to prove Theorem 9.

Proof of Theorem 9. By Lemma 7.11 and Theorem 12 there is a 1-bounded global function g : [n] —
C*l and constants K’ < O,((K +log(1/¢))log(1/)°M) and &’ > (£¢)9 () such that

(llglr = F[I|I3 < K'] > €. (18)
ICP/4[

Let G(x) = [, 9(i); be the product function corresponding to g. Let v = 3/(CK’) for suffi-
ciently large constant C. -
By (18) and the definition of SW, we know that

Pr [3Q € F(I), [{fr.. @) = /2, |7(G|1) - 7(Q)]3 < O(K")] = €.

Igp/4[n],ZNZI

For this fixed pair (I, z) we conclude that

—/ / /7 > / — /7 ! 2< 2 > .
v P [ Qo 2 /4 n(Gle) = 7(Qury ) < ] 2 e/8. (19)

This follows because ]<f7/_>(z ) Q(1\1')—=)| = €/4 with probability at least €/4 by Lemma 7.6, and
also, E[||G|r — Q3] < O(yK'), and hence

Pr{lln(Glr) — 7(Qun o) > e < OGKf(cc2) < &8,
by Markov’s inequality and the choice of v. Let |a] =1 be such that

0G| — Q1) 13 < e,

which exists by Lemma 7.3. Thus
StabO((fa>7~)(z,z/)> [(f7 ),aG]sz
€

Tz
2
(7o Quiy—2)| = [laGlp = Q(I\I’)—>z’H2>

v T =

764
Thus
2 /23
— — € € e'Ce
Stab, G = E Stabo((fG)- ,}25’-7-7>
ZNZT’Z/NEI\I’
Thus Theorem 9 follows for degree D := O(pylog(1/d")) for §' := 52/055. O
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7.3 Small-Set Expansion

The goal of this section is to establish Theorem 11. We require the following standard result on
small-set expansion in the biased hypercube.

Theorem 13 (Small-set expansion). Let p,y € (0,1), and A C {0,1}". Let u(A) := Pry [z €
Al]. There is a constant ¢ = pr(l) such that for all A, Pry n]y~y ()T Y € A] < (A)H'C

Proof. Let T: La({0,1}™; u5™) — Lo({0, 1}"; u5™) be the averaging operator defined as T, f(z) =
Eyers(2) [y ) Then

Pr [,y € Al = (14, T,14) < [[Lall2[|T51a]2-

a~pln]y~1—y (2
By [O’D14, Chapter 10] we have that ||7}14]]2 < ||1a]l2—c for some ¢ = ¢(p,y) > 0, giving us that

Pr [r,y € Al < |Lall2l|Lallz—c = p(A) 2 - p(A)V =) < p(a) /4, O

aplnly~1—s ()

Our first goal is to apply Theorem 13 to establish an analogue of Theorem 11 in the setting
where the dimension m is small.

Lemma 7.12. Let m,n be positive integers and p,v € (0,1). Let f: {0,1}" — R™ be such that:

Pr [[[f(z) = f(y)la < D] > e.

z~p[n]y~ioqa

Then
@ = FWll2 < 2Dm] > (£/2)0e (D),

7yN
Proof. For all v € R™, let
Sy ={x €{0,1}": f(x); € [vi,v; +2D/m] for all i€ [m]}.

Note that each x € R", [ _p.m lzes, = (2Dy/m)™. Also, for each z,y € R™ with ||z — y[l2 < D it
holds that

[ teses = TTeDVi— = ) > vy (1= Y 20220 > oy 2
vER™ i=1 i=1

Combining these along with small-set-expansion (Theorem 13)

e<  Pr lf(x) = f(y)ll2 < D]

xrp[n]y~1-y@

2
E |:/ 1]:7 SU:|
(QD\/ m)™m z~p[nly~i—yx LSveR™ ve
2 / )
S o7 = p(Sy)'te
@DV Jyegn M)

< 2max pu(Sy)¢,
v

where we have applied Theorem 13. Thus, u(S,) > (¢/2)%+(1) for some v € Z™. To conclude, note
for any x,y € S, that ||f(z) — f(y)|l2 < 2Dm and

Pr(15(z) = FWlls <2Dm] > u(S,)* > (¢/2)% ). ]
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Now to prove Theorem 11 we will essentially randomly project the values of f(x) down to a
constant number of dimensions, and then apply Lemma 7.12. Towards this we first prove that a
random projection indeed preserves the £ norm of pairwise distances in a way that we need.

Lemma 7.13. Let u,v € RM and let g1,...,9m ~ N(0,1) be uniform Gaussian vectors in M
dimensions. Then for v’ = m=Y2((u,g1), ..., (u,gm)) € R™ and v = m=2((v,q1), ..., (v, gm)) it
holds that

Prffu — /|3 > 2u—vl}] < e ™ and Prfllu’ — '3 < §llu — olf3] < (105)™/2,

Proof. We may assume without loss of generality that v = 0 and that ||ul2 = 1. The first bound
then follows from the Hanson-Wright inequality, because each (u,g;) is Gaussian with variance
|lul|3 = 1. For the second bound let n; = (u, g;)/||u||2, and note that

m
Pr{le/|3 < 8llul3] = /
2 ? 27, 1771 <§mE[

where B, is the unit ball in m dimensions. O

e /2 < (27) ™ 2Vol(VémB,,) < (105)™/2,

At this point, we are ready to proceed to the proof of Theorem 11.

Proof of Theorem 11. Let m,d be parameters chosen later. By Markov’s inequality and Lemma 7.13
there are gi,...,gm € RM such that g(u) = m~Y2((u, g1), ..., (u, gm)) satisfies:

[lg(u) = g(v)ll2 < 82| f(u) = f(v)]2] < 3(106)™/ (20)

7yNP[ ]
and
Pr ([lg(u) — g(v)ll2 < 2D] > e — 3¢ ™/10 > /2

zrop[n]y~—y

for m = 100C,log(1/¢e) for sufficiently large constant C,, = O,,(1). Combining the latter
equation with Lemma 7.12 gives

i llg@@) = g(W)ll2 < 4Dm] = (/2)%r 1) > g%l (21)

Let § be sufficiently small so that 6(108)™/2 < 91 here the constant C)p~ in the definition of
m is sufficiently large. Combining (21) with (20) gives

() = F @2 < 4612 Dm] > 02 —3(108)™/2 > £V,

;tyrv

as desired. [

7.4 Analysis of Direct Product Test

In this section we prove Theorem 12, restated below.

Theorem 12. Let n, K be positive integers such that F : {0,1}" — ([0, 1]%)S" with parameter
D > 1 passes DP(p, ) with probability at least €. Then there is a function g : [n] — [0, 1]% with

P e [HgIA* F[A][l2 < Opa(Dlog(1/e) +log(1/)*?)| > el

Also, for each x € [n] there is some A C [n] such that g(z) = F[A],.
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We first rephrase the distribution in the direct product test. Note that we may find constants
7,7 € (0,1) such that the distribution over A, B,C in Definition 7.7 is equivalent to sampling
A~,[n], B~i1_yA,and C €,y AN B. Here B ~;_, A means that A, B are 1 — ~y correlated.

Let us work with this formulation from now on. Our first goal is to establish that ||F[A]|anp —
F[B]|ang||2 is small.

Lemma 7.14. Under the hypotheses of Theorem 12 it holds that

2e
P F(A)lans — FIB < 0, (D +log(1/e)V?)] = =
ANP[”]vBer—WA |:H ( )’AQB { ]AQBHQ p,'y( + Og( /5) ) 3

Proof. Follows by the fact that C' C,» AN B for some 4’ > 0 and the Chernoff bound. O
For the remainder of the section, let D’ = O(D + log(1/¢)/?).

Definition 7.15 (Consistent). We say that A, B are D’-consistent if || F[A]|anp—F|[B]|angll2 < D'.
If A, B are D'-consistent we sometimes write that A € Cons(B) or B € Cons(A).

Definition 7.16 (Good). We say that A is good if Prg., . a[B € Cons(A)] > ¢/3.

By an averaging argument, we know that Pry. ,[A4 is good] > /3. Let r be a parameter to
be determined.

Definition 7.17 (Excellent). For some D" > D’  we say that A is excellent if A is good and

Pr E [||F[B]|BQB/ — F[B/]BmeHg | B e Cons(A)} > (D”)2 and B € Cons(A4)| <.
Ble'yA B'Nl_»yA

Now we establish for large enough D” that the probability that A is good but not excellent is
exponentially small.

Lemma 7.18. If D" > C, D' then

APr[ }[A is good but not excellent] < exp(—Q,(D"))/r.

Proof. Let C := C,. For a real number X > 0, let E(A, B, B’, X) be the event that
IF[Bl|sns — F[B']| |3 = C|IF[B]|ansns — F[Bl|ansns |3 + X.

The main claim is that Pry g g/ [E] < exp(—,,(X)). To see this, consider first fixing B.B’. Note
for i € BN B’, there is some probability p > 0 (for each coordinate iid, independent of n), such that
i € A. Thus, the claim follows from Bernstein’s inequality.

Note that when E(A, B, B', X) does not hold and (A, B), (A, B') are D'-consistent:

IF[B)|prpr — F[B')|prpr |3 < X + C|F[Bl|ansnp — F[B')| ansns |3
< X + 20| F[Bl|anBnB’ — F[A”AQBOB’H%
+2C||F[A]| ansnp — F[B) ansns |13
< X +20D +20D < X + O(D).
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where we have used the triangle inequality and consistency of (A, B) and (A, B"). As Pry p p/[E] <
exp(—Q,~(X)), we get that

1 IBEB’ [1B,B’€Cons(A),A good €XP (HF[B”BQB’ - F[B,”BQB’ H%/C,)] < eXp(O%P(D))7 (22)

for sufficiently large constant C’ depending on p,~. Consider good A and B € Cons(A) with
E [Lprecons(a) exp (|[F[Bllsns — F[B|prp|I3/C")] < exp(Os,,(D)).
Then
E [1precons(a) | F[BllBrpr — F[B'l| s3] < O4,(D)
follows by convexity of exp. The lemma follows from Markov’s inequality applied to (22). O

Now we define how to generate a global function g4 for each set A C [n]. Ultimately, our goal
is to prove that these g4 agree for a nonnegligible fraction of A.

Definition 7.19 (Voting). Define the function g4 : [n] — [0,1]¥ as

gA(:L') = 1B€Cons(A),ac€B||U - F[B]xH% :

min E
v=F[B']4:B'€{0,1}" Bry_~ A

In other words, ga(x) is the minimizer over all F[B], of the expected distance between it and a
random B that is consistent with A.
We require a lemma on the conditions of product distributions.

Lemma 7.20. Let U = (Uy,. o Un) be a product distribution. Let U be U conditioned on an event
with probability at least d and Uy, ..., Uy, be the marginal distributions of U. Then

> drv(Us, U;)? < log(1/d).
i=1
Proof. Use the following sequence of inequalities:
log(1/d) > dxr(U[|U) = " dkn (Ui, Us) =Y drv (Ui, Up).
i=1 i=1

The first is because U is U conditioned on an event of probability at most d, the second is because
U is a product distribution, and the last is by Pinsker’s inequality. O

For the remainder of the analysis it will be useful to define the degree of a set A.
Definition 7.21 (Degree). Define deg(A) := Pra., 4 [A" € Cons(A)].
We first prove that for A with nonnegligible degree that the votes are consistent with F'[A].

Lemma 7.22. For all A it holds that ||(ga)|a — F[A]|l2 < O,~ (D" 4 log(1/deg(A))*/?).
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Proof. By the definition of consistency we know that
(D")? > E[lF[Blans — F[A]lansl3 | B € Cons(A)]

— 3" Ellacsl FIBl. — FIALIR | B € Cons(4)]
€A

> Y Ellen|F[Bl: — (9a):ll3 | B € Cons(A)]
€A

where the final inequality is by the optimality of g4. By the triangle inequality we conclude that

?> ) Elleenl|F[Al: — (94):l3 | B € Cons(A)]
€A

= Prlz € B | B € Cons(A)]|F[Al. — (94)al3.
T€EA

Now, Pr[z € B | B € Cons(A)] > Q,~(1) except for O, (log(1/deg(A)) many = € A, by
Lemma 7.20. Also, ||[F[A]z — (g4)z]13 < O(1) for all z. Thus,

IF[A] = (ga)|all3 = > IF[A )all3 < Opr ((D)? + log(1/deg(A)))
€A

as desired. O

Now we prove that if A is excellent, then F[B] agrees with g4 for most B such that (A, B) is
D'-consistent.

Lemma 7.23. If A is excellent then

[HgA\B — F[B]|l2 > C,,D" and B € Cons(A)] < O(r /).

B~1 LA

Proof. Fix B satisfying the condition in Definition 7.17. By definition,

(02> B [IF(B)snm — FIB) sl | B' € Cons(4)].

Nl,y

By the triangle inequality, and optimality of g4,

E  [llgalgns — FB]|snpll3 | B' € Cons(A)]

Blrp oA

<2 B [1F[Bllane — FIB w3 + lgalsns — FIBlpnp I3 | B' € Cons(A)]

B~y oA

<O((D"?).
Rewrite the above equation as

((D")? Z Pr[ve B' | B' € Cons(A)]||(94)z — F[Bl.||2.

B/~
reB 74

To conclude, recall by Lemma 7.20 that because Pr[B’ € Cons(A)] > £/3 because A is good, that
for all but O, ,(log(1/¢)) many x € B that

Pr [z € B' | B' € Cons(4)] > Q,,(1).

B~y oA

This completes the proof. O
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Finally, we prove that for almost all pairs of consistent A, A’ that the votes are close in £5. The
proof closely resembles that of Lemma 7.18.

Lemma 7.24. For D" > C,,D", We have that

Pr —guarlla < D", and deg(A),deg(A4’) = M| > W),
Anp[n],Almy 4 A lga = garll2 g(A), deg(A’) }

Proof. We first argue that there are many pairs (A, A’) that are D’-consistent and deg(A), deg(A’) >
€9 Indeed, let S = {A: deg(A) > ¢/3}, i.e., the set of good A. Then

Pr[A’ € Cons(A), A€ S, A" € 9]
Pr[A’ € Cons(A)] — Pr[A’ € Cons(A), A ¢ S] — Pr[A’ € Cons(A), A" ¢ 9]
€

=
>e—¢/3—¢/3>¢/3.

By Lemma 7.18 at least /4 of pairs (A, A’) also have that both A, A" are excellent as long as
exp(—Q,,(D"))/r < €/100 (we will choose r later to ensure this).

We now prove the stronger claim that over consistent pairs (A4, A"), the probability that B ~q_
A and B’ ~1_, A’ are inconsistent is very unlikely. In other words, B and B’ vote similarly towards
ga and g4. Formally, we want to prove that:

Ay ]]?:)41/‘ " [A/, Be COHS(A), B¢ COHS(A/) and HF[B”BQB/ — F[B/”BQB/HQ > D”/]
B~1i7A7,B’~11_1,A’

< exp(—Q,~(D")).
Towards proving this, define F(A, A’, B, B) to be the event that

|F[B]|ns — F[B']|Bnsll2 > Coy | F[B]|ananBrs — FIB'l|anansnsll2 + D" /2.

We first argue that Pra a g p/[E(A, A', B, B')] < exp(—Q,~(D")). Indeed, fix B, B’ and note that
for i € B, B’ there is some probability p > 0 (independent of n) such that i € AN A’. Thus this
follows by a Chernoff bound. When FE(A, A’, B, B’) does not hold and (A, A"), (A, B), and (A’, B)
are all consistent pairs:

|F[B]|gnp — F[B']|nprlla < D" /2 4 C||F[B]| anainBnp — F[B']|anansnpll2
Dm/2 + C||F[B]|AmA’mBmB’ - F[A”AOA’mBmB/HQ
+ C||F[A)| ananBns — FlA || anansns |2

+ C||F[A'| anarnBnp — F[B'l| ananpns |2

< D”//Q +CD' +CD' +CD' < D".

<
<

Here we have used the triangle inequality and consistency. Restrict to (A, A’) satisfying

T [A/, B € Cons(A), B € Cons(4’) and || F[B]|gns — F|B']|pns |2 > D’”] <,
Broy—y A, B~y o A

for r chosen later. At least £/6 — exp(—,,(D"))/r > €/12 fraction of (A, A’) satisfy this. Say
that (B, B’) is a valid pair if |F[B]|gng — F[B']|snp|l2 < D",

||9A’B - F[B]||2 < Op,v(D,/) and HgA’|B’ - F[B,]HZ < Op,w(D”)-

By Lemma 7.23 we know that at most O(r) fraction of pairs (B, B’) are not valid.
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For such (4, A"):

(D")? > E, IF(B]|pns — F1B|pns |3 | B € Cons(A), B € Cons(4'), (B, B') valid] ,

and by the triangle inequality:

E [llgalBnp — 9a/|Brp|l3 | B € Cons(A), B' € Cons(A'), (B, B') valid]

)

<3 E llgals - F(B)I3 + llgarlsr = FIBN3 + IF[Blpns — FIBpas 3

‘ B € Cons(A), B' € Cons(4'), (B, B) valid| < 0, ((D")?).

Rewriting this gives us:

O, (D) 2 ) P [x € BNB' | Be Cons(A), B’ € Cons(A), (B, B') valid] ||(94)z — (9.4)x]13-

z€[n]

Because BN B’ is a product distribution, and the event B € Cons(A), B’ € Cons(A’), (B, B’) has
probability at least 2/9 — O(r) > £2/10, by Lemma 7.20 we get that

rr [x € BNB' | B e Cons(A), B’ € Cons(A'), (B, B') valid| > Q,,(1)

on all but O, (log(1/¢)) many x € [n]. This completes the proof. O

Now Theorem 12 immediately follows from combining Lemma 7.24 with Theorem 11, when

choosing r = e~ ChnP" for appropriately chosen constant C’;A7 > 0.

Proof of Theorem 12. By Lemma 7.24 and Theorem 11 there is a function g : [n] — [0,1]¥ such
that
P {9 = galle < 0p (D" l0g(1/2))), deg(4) > O] > 0
~oln

Here, we may assume that deg(A) > ¢%(M) by restricting g4 only to A with deg(4) > %), and
then applying Theorem 11. To conclude, note that Lemma 7.22 gives

lgla = FlA]ll2 < llg = gallz + |F[A] = galall2 < O, (D" log(1/€))

for deg(A) = M) and recall that D" < O, (D +log(1/¢)'/?). .

8 Applications

8.1 Restricted 3-APs over ) and Generalizations

In this section we establish Theorem 3 by a density increment argument.

Theorem 3. Let X be a finite set and let S C X X 3 X X be a non-empty set satisfying that:
1. (z,x,z) € S forallz € ¥, and

2. supp(Szy), supp(Szz), supp(Sy:) are all connected.
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Then there are constants cx, Cs > 0 such that for any A C X" with % > — O there are

(logloglogn)cz
x,y,z € A, not all equal, such that (z;,v;,z) € S for all i € [n].

Throughout this section, let m = |¥X|. Let @« = m™"|A| and define fq : ¥" — R as fa(z) =
A(z) — «, where we abuse notation to write A(x) to be the indicator function of A. Naively, we
wish to have a distribution p supported on S such that pg, py, 1. are all uniform. Unfortunately
this is not always possible. Instead we settle for an approximate version of uniformity which we
then random restrict so that u, becomes uniform.

Throughout this section, assume that a > C,,(logloglogn)~¢m. Call a triple (z,y, z) such that
x,y, z are not all equal and (x;,y;, z;) € S for all i € [n] a valid triple.

Lemma 8.1. Let p be the distribution over ¥ x ¥ x ¥ with mass % — mi\/ﬁ on (a,a,a) fora €3,

and |S\%m : % on each @ for @ € S\ {(a,a,a) : a € £}. If A has no valid triples, then there are
1-bounded functions g : X" — C, h : X" — C such that:

max [fa(z)g(y)h(2)]|, l9(z) fa(y)h(2)]|, [9(z)R(y) fa(2)]
(:p,y,z)rw,u@" (wtyvz)'\’“@" (:Jc,y,Z)~u®"
> 03/7 — exp(—Q(sv/)). (23)
Also, it holds that B, sn[A(x)] > o0 — 26.
Proof. Note that if A has no valid triples, then
E [A@AWAG)] =  Pr [z =y=2] <exp(-Q(6v/n)).
(907972‘)“’#@” (x}yyz)wlu,@n

Thus the first part follows from expanding A = a4+ f4. The second part follows because

E [A(x)] > E [A(x)] —drv(pg",E") > a — 20,

oopg” Latel

by applying Pinsker’s inequality. O

For the remainder of the section we let v = exp(—1/a%m) for sufficiently large constant C’,
(depending on m) and let § = v3/11000. Assume without loss of generality that the maximum
in Lemma 8.1 is attained by the first expectation. Now we will apply our inverse theorem to
randomly restrict f4 so that it correlates with a product function over the uniform distribution on
¥" (or we obtain a density increment by other means). For A C X" let u(A) = m™"|A| denote the
density of A with respect to the uniform measure on X",

Lemma 8.2. Assume that (23) holds. Then there is a subset I C [n] with |I| < n—n'/3 and u € X"
such that either:

o u(Ajy) = a+0, or

o (A1) = a— 106/~ and there is a product function P := Py ... P,, where P;: ¥ — D for
each i, such that
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Proof. Applying Theorem 2 (recall that p is pairwise-connected by item 2 of Theorem 3) we know

that there is some 8 > Qm<%> > 2n2/3 such that:

, Pr[ | [Sup{K(fA)I—m,PH : P is 1-bounded product function} > | > 7,
~1-gIM

u~1/[
for some distribution v satisfying u = (1 — 8)v + SU. Indeed, we first pass via a random restriction
from the distribution p on n coordinates to a distribution x4 on ©(d\/n) coordinates, where the
support of i’ is S, the probability of each atom in u is €,,(1), the marginal of x' on x is uniform,
and get the an expectation analogous to (23) is still at least a/16 with probability at least a/16.
We then invoke Theorem 2 on this expectation.
Thus item 2 holds unless

Pr [M(Al_m) >a- 105/7} <1 - 0.991. (24)
INI_[}I[TL]

In that case, by Lemma 8.1,
E A= E [A@)]>a—20

I~y _gln] Top®n

uNVI

Combining this with (24) implies item 1. O

If item 1 of Lemma 8.2 holds, then we are done (we have obtained a density increment). Oth-
erwise, item 2 holds. In this case, for simplicity rename I as [n] again (recall that || > n'/3 by
Lemma 8.2), and rename A, as A. Thus (f4)7—. gets renamed as f4 = A — a.

In this case we require a more specialized kind of random restriction. We will try to find subsets
T C [n] and restrict to € X" such that a; = zp for all ¢, € T. We hope for two things to be
true for this subset T". First, [ [,o Pt should be nearly-constant. Second, the density of A does not
drop significantly under this restriction. While this is clearly not true for a fixed T', we prove that
we can choose T with sufficient randomness to ensure this.

We now formally define the operation which forces coordinates to take the same value.

Definition 8.3. For a function g : ¥" — C and T C [n], define g_7 : 2"~ 1T+ — C as follows. For
z € Yandy € X"\ let v € ¥" be the vector where v; = y; for i € [n]\T and v; = x otherwise. Then
g=7(z,y) := g(v). For brevity, for disjoint sets T1,...,Tn we write g=—1,,. 17y = (... (9=11) - - - )=Ty -

We now prove that if 7" is a sufficiently random set, then E[g—r] is close to E[g].

Lemma 8.4. Let S C [n] and let g : X" — C be 1-bounded. Then

2mk
E g(z)— E E  g=r()| < —F=
T~Xn TCS,|T|=k g~xn—Fk+1 VIS
Proof. Let v be the distribution on X" over the v vector (as defined in Definition 8.3) obtained by
sampling T' C S, |T| = k and x € X" *+1_ It suffices to prove that dry (v, &") < 2ZE because g

NEl

is 1-bounded. To prove this, further let v/ to be the distribution where we sample T' C S and set

xy = a for all t € T, where a is some fixed element of ¥. We will prove that dpy (¢, X") < f}”—li‘

Towards this, we may assume that S = [n]. The claim is evident when k& = 1. For k£ > 1 note
that sampling 7' C [n] and be achieved by sampling 7" C [n]| with |T| = k£ — 1 and then sampling
t € [n]\ T" and setting T'=T" U {t}. Thus the result follows by induction. O
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With these tools in hand we are ready to prove Theorem 3.

Proof of Theorem 3. We may assume that item 2 of Lemma 8.2 holds, or else we have already
obtained a density increment. Let vy,...,v, : ¥ — R/Z be such that Pj(z) = e>™(®) for all
j€n], z € E

Let ¢ = g L5, and let N = n¢. By the Pigeonhole principle, we can find disjoint sets Si,..., Sy
of size |S;| = y/n/2 such that for every i € [N] and j,j’ € S, it holds that [|v; — vj||e < T

Let v be an arbitrary vector in S;, and let 1 < k; < nim be such that lkiv||oo < nfﬁ — such a k;
exists by Dirichlet approximation.

Now let T; be a uniformly random subset of S; of size k; for all ¢ € [N] and perform the following
sequence of restrictions. For all ¢ € [N] force that x; = ;s for all j,j' € T;, and then uniformly
random restrict all coordinates in [n] \ (71 U---UTx). By Lemma 8.4 we know that:

1

4Nmnm

E E [u((A=n,..1v)r-0)] 2 a =100/y = —7— > a = 115/y.  (25)
TiQSZ-,\TA:k:i,ie[N} wu~ DN\ T n

Similarly, by Lemma 8.4 we know that

_ P Sy— > /2.
Tigsi,m\:ki,iemuwg[%\um%EzwK(fA)_Tl’”"TN)H“(x)( Ty T ) 1=u(@)] 27 = — = 2/

Let Q@ = (P=1y,... 7y ) 1—u- We will argue that @ is nearly constant. For z,y € PN

Q(x) — Q(y) = exp <2m’iv: Z Ut(y)) exp (27712 Z ve(x) — vy ( ))) -1 H P;(u;).

Jj=1teT; Jj=1teT; 1e([n]\UsT3)

For j € [N] and let v € Tj be such that ||k;jv|e <n~ ?. Then
| 32 ]| < Msolloo + 37 lloe = vlloe <™ o+ kyn™ 3 < 2075
€T} teT;

Combining this with the above yields that |Q(z) — Q(y)| < 100Nn 2 = 100n 2. Letting
A" = (A=, Ty ) I—u, combining this with the above (26) then implies that:

E [(A") = af] = 7/2 — 1000~ 52 > ~/3,
T;C8;,|Ti|=k;,i€[N]
u~SPINY Ty

and thus

P A — 6 6.
TiQSiJTi\ikuiG[N]H ( ) Oé’ /Y/ } f)//
uwz["]\UiTi

If
P A)>a—~/6]>1—~/6
Tigsi,wiéki,iew][u( ) > a—~/6] v/
'LLNE["]\U'T'
then there is some event A’ where pu(A’) > o — /6 while |u(A") — a| = v/6, so u(A’) > a+~/6 as
desired. Otherwise, we know that
P AN < 6 6.
TiQSi,\Tiliki,ie[N][ ( ) @ - 7/ ] 7/
u~ DN\ T;
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Finally, recall that § = 43/11000. Combining this with (25), which says that

E [1W(A)] > a —118/7 > a —~7/1000
T;CS;,|Ti 1=k i€[N]
u~ D [MI\U; T;

gives that there is some event A’ with pu(A4’) > a + +2/72.
The claimed quantitative dependence in Theorem 3 holds because v = exp(—1/ a%), and A’ C
1
>N for N > n2im? (at some point we labelled n'/3 as n). Thus, after O(1/7) iterations the dimension

would be at least n(1/24m*)°™ and we would end up with a set with density 1—o0(1), which clearly

must contain a valid triplet. O
8.2 Direct Sum Testing

In this section we prove Theorem 4, and we fix f as in the statement of Theorem 4 throughout. We
first note that the direct sum test is equivalent to the following test: sample I C;/; [n], z,2' ~TF é,

z, 7 ~ FZ and check that f(x,y) — f(x,y') — f(2',y) + f(2',y") = 0. Thus, it follows that

]E Z w}])(f(x,y)*f(Z,y')*f(z/,y)Jrf(z/,y')) > <;) _|_ €> p = 1 —|— p&"
JEFp

and so E;

> wlj;(f(x’y)_f(x’y,)_f(x/’y)Jrf(x’y))] > pe. It follows there is j # 0 such that, letting
J#0
F(z) = ngf(z), we have that

‘E [F(:m y)F(a',y)F(z,y)F(2, y’)} ‘ > e

We note that the left hand side is exactly swap(F’), so applying Theorems 5, 9 and 10 we get that
there is L: ¥" — C with || L||, < 1 and degree at most D = exp((1/¢)°("), a product function P =
Py --- P, where P;: ¥ — C is 1-bounded, such that |(F, LP)| > 6, and 6 = exp(—exp((1/¢)°M)).
Letting G = me, we get that |G|, <1 and

F,LP)| 5

(
G, P)| = > :
’< ) >| HLH4 20(D)

where we used ||L]|, < 20(P) which follows by hypercontractivity. Applying Theorem 10 again
gives that there is a product function Q = Q- --Q, where Q;: X — D for each ¢, such that
G, Q)| = 2500%, and plugging in the definition of G finishes the proof.

8.3 Proof of Theorem 1
Theorem 1 follows by combining Theorems 2 and 9 and then applying Theorem 10 as in Section 8.2.
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