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Abstract

We study linearity testing over the p-biased hypercube ({0, 1}", M?”) in the 1%
regime. For a distribution v supported over {z € {0,1}* : 3% ;= 0 (mod 2)}, with
marginal distribution p, in each coordinate, the corresponding k-query linearity test
Lin(v) proceeds as follows: Given query access to a function f : {0,1}" — {—1,1}, sam-
ple (z1,...,x) ~ v®", query f onxy,..., T, and accept if and only if Hie[k] flx) =1.

Building on the work of Bhangale, Khot, and Minzer (STOC ’23), we show, for
0 <p< %, that if £ > 1 + %, then there exists a distribution v such that the test
Lin(v) works in the 1% regime; that is, any function f : {0,1}" — {—1, 1} passing the
test Lin(v) with probability > 3 + ¢, for some constant € > 0, satisfies Pr,_en [f(x) =
g9(z)] = & + 6, for some linear function g, and a constant § = §(e) > 0.

Conversely, we show that if £ < 1+ %, then no such test Lin(v) works in the 1%
regime. Our key observation is that the linearity test Lin(v) works if and only if the
distribution v satisfies a certain pairwise independence property.

1 Introduction

A function f: {0,1}" — {—1,1} is said to be linear over Fy', if there exists a set S C [n],
such that f(z) = [[;cq (—1)"; this function is denoted by xs. The classical linearity testing
problem, asks, given query access” to a function f : {0,1}" — {1, 1}, to distinguish between
the following two cases®:

1. f is a linear function.

2. f is far from being linear; that is, for every linear function yg, the functions f and yg
disagree on many points.
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by identifying the range Fy with {—1,1}, under the map b — (—1)°

2the algorithm is allowed to ask/query the value of f(z) at any z € {0,1}"

3the algorithm is allowed to answer arbitrarily for functions f which violate both the conditions
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Linearity testing was first studied by Blum, Luby, and Rubinfeld, who gave a very simple
3-query test for this problem [BLR93|. This test, known as the BLR test, proceeds in the
following manner: Sample z,y ~ {0,1}" uniformly and independently; query f at z,y, and
x @y, and accept if and only if f(z @ y) = f(x) - f(y). Observe that this test accepts all
linear functions with probability 1. Blum, Luby and Rubinfeld proved that any function f
passing this test with high probability (1 — §, for some small § > 0), must agree with some
linear function yg on most (at least 1 — O(d) fraction of) points in {0, 1}". This result, with
the acceptance/agreement probability close to 1, is known as the 99%-regime of the test.

It was shown later [BCH796, KLX10] that the above result extends to the 1% regime as
well; more precisely, for every ¢ € [0,1], and f : {0,1}" — {—1, 1} such that

E [f(x) fly) - flxoy)] >4,

x,y~{0,1}"

there exists S C [n] such that E,qo1y [f(2) - xs(z)] > 0.

The above test is of fundamental importance in theoretical computer science, and has
several applications; for example, it is one of the ingredients in the proof of the celebrated
PCP theorem [FGLT96, AS98, ALM"98]. Furthermore, the analysis of the BLR test by
Bellare et al. [BCH"96] is one of the early uses of Fourier analysis over the boolean hypercube,
an area which now plays a crucial role in many diverse subfields of mathematics and computer
science, like complexity theory, harness of approximation, learning theory, coding theory,
social choice theory, ete. [O’D14].

In this work, we are interested in the problem of linearity testing over the p-biased
hypercube. For p € (0, 1), we denote by p, the p-biased distribution on {0, 1}, which assigns
probability p to 1, and 1 — p to 0. The p-biased hypercube refers the set {0,1}", with the
n-fold product measure uf?”. Linearity testing, in this p-biased setting, asks to distinguish
between linear functions, and functions which are far (with respect to the p-biased measure)
from being linear.

The 99% regime of this problem is well-understood [KKS09, DFH19], and a simple 4-query
test works in this case (see Example 4 below). The question for the 1% regime turns out to
be significantly more challenging for any p # 1/2, and was wide open until a recent work
of Bhangale, Khot and Minzer [BKM23b] made significant progress. In particular, for every
pE (%, %), they give a 4-query test that works in the 1% regime.

Building upon the work of Bhangale, Khot and Minzer, we consider a very general class
of tests, where, very roughly, some k queries xy,..., 2 € {0,1}", satisfying Eie[k] T, =
0 (mod 2) are chosen, and the test accepts f : {0,1}" — {—1,1} if [[;cy f(25) = 1. We
shall require the following definitions:

Definition 1. (Class of Distributions) For k € N, p € (0,1), we define D(p, k) to be the class
of all distributions v on {0, l}k having p, as the marginal distribution on each coordinate
i € [k], and such that supp(v) C {x e {0,1}*: 328 2, = 0 (mod 2)} We say that such a
distribution v has full even-weight support, if the above inclusion is an equality.

For a distribution v € D(p, k), we say that i € [k] is a pairwise independent coordinate,
if for each j € [k|,j # i, it holds that Ex~,|X;- X;] = p*. We say that v is pairwise
independent, if all its coordinates are pairwise independent.



Definition 2. (Class of Linearity Tests) For a distribution v € D(p, k), we define a cor-
responding linearity test, denoted by Lin(v), as follows. Given query access to a func-
tion f : {0,1}" — {=1,1}: Sample’ * = (x1,...,71) ~ v®", and accept if and only if
fl@a) - f(x) - f(xp) = 1.

Note that every linear function passes such a test with probability 1°. More strongly,
each query in v®" having marginal distribution ,uf?" ensures that functions that are close
to linear (with respect to p-biased measure) are also accepted with high probability; in the
property testing literature, such tests are called tolerant. Furthermore, this is a very general
class of linearity tests, containing many of the mentioned previously tests, as demonstrated
by the following examples:

Example 3. The BLR test uses v to be uniform over {x € {0, 1}3 X1 + 22 + 23 = 0 (mod 2)}

Example 4. The j-query p-biased test of [DFH19] (for the 99% regime) uses a distribution
v over {0,1}4 of the following form: With probability py, set all coordinates to 0; with
probability py, set all coordinates to 1; and with probability 1 — py — p1, sample uniformly
from the set {93 e {0, 1}4 cx1+xo + 23+ x4 =0 (mod 2)} Note that each coordinate has
bias p1 + % (1 —po—p1), and po, p1 are chosen so that this equals p.

In this work, we analyze the precise conditions under which tests in Defintion 2 work for
linearity testing, in the 1% regime. Our main result (proven in Section 6) is the following:

Theorem 5. Let p € (0,1).

m, there exists a distribution v € D(p, k), such that

the test Lin(v) is a k-query linearity test over the p-biased hypercube, for the 1% regime.

1. For every integer k > 1+

That is, for every € > 0, there exists a 6 > 0, such that for every large n € N, and
every function f:{0,1}" — [—1,1] satisfying

E H f(Xi) || =

~pen
(X17~'~7Xk) v ZE[k]

there exists a set S C [n], such that

Ex~uen [f(X) - xs(X)]| = 6.

2. The above point also holds for all integers k > 3 with p =
/{;>4withp:1—k—£1.

1 .
1, and for all even integers

3. Conversely, for every positive integer k < 1 + m, and every distribution v €
D(p, k), the test Lin(v) fails in the 1% regime.
Yhere, by * = (21, ...,71) ~ v®", we mean that for each j € [n], sample (atgj), .. 7x,(cj)) ~ v independently

(also see Section 2 for notation).
SWhen k is even, affine functions of the form +yg also pass the test with probability 1. In this work, we
shall ignore the distinction between these functions and linear functions.



That is, there exists a constant a > 0, such that for every large n € N, there exists a
function f:{0,1}" — {—1,1} satisfying

E [[rxa|]=e

~pdn
(le"'»Xk:) v 'le[k]

and such that for every S C [n], it holds that |Ex_,en [f(X) - xs(X)]| < 0n(1).

Remark 6. Note that the above theorem does not discuss the case when k > 5 is an odd
integer, and p = 1 — k_il This case is very interesting and s discussed in more detail
in Section 6.1. Informally speaking, the test corresponding to the “natural” distribution
v € D(p, k), in this case, ensures correlation with a character of Z/(k—1)Z, and not a linear
function xs (that is, a character of Z/27). In Section 0.1, we also present an alternative

test to get around this.

Next, we shall describe the main technical results we prove along the way to prove
Theorem 5. We start by stating (a generalized version of) the main linearity testing result
of Bhangale, Khot and Minzer [BKM23b]:

Theorem 7. (General version proved later as Theorem 33) Let k > 3 be a positive integer,
and let p € (0,1), € € (0,1] be constants, and let v € D(p, k) be a distribution with full
even-weight support (see Definition 1). Then, there exists constants 6 > 0, d € N (possibly
depending on k,p,e,v), such that for every large enough n € N, the following is true:

Let f:{0,1}" — [—1,1] be a function such that

E [H f(Xi)]

(X1, Xpp ) ov®1

> €.

Then, there exists a set S C [n], and a polynomial g : {0,1}" — R of degree at most d and
with 2-norm Ey..,en [9(X)?] <1, such that

E [f(X)-xs(X)-g(X)]]| =6.

Xoud™

Moreover, if the distribution v has some pairwise independent coordinate, then we may
assume g = 1; that is, f correlates with a linear function xg.

We remark that Bhangale, Khot and Minzer only consider the case £k = 4, and only
show g = 1 in the case that all coordinates of v are pairwise independent. However, their
proofs extend to the more general setting of Theorem 7; we give an outline of this proof in
Section 7. Furthermore, we note that we are able to analyze the linearity test for a class of
distributions which is much larger than the class of full even-weight support distributions;
these distributions, in some sense, contain the BLR test, and are formally defined in Section 7.

In the above work, the authors ask whether the conclusion g = 1 can be obtained without
assumption that v has a pairwise independent coordinate. We show this is not possible, and
in fact the assumption that v has a pairwise independent coordinate is necessary.
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Theorem 8. (Restated and proved later as Theorem 2/) Let k € N, p € (0,1), and let
v € D(p, k) be a distribution having no pairwise independent coordinate (see Definition 1).

Then, there exists a constant o > 0, such that for every large enough n € N, there exists
a function f:{0,1}" — [—1,1] such that

1 ‘EXWW [Hle f(Xim > a.

2. For every S C [n], it holds that

Ex g [f(X) - xs(X)]| < on(1).

Moreover, if the distribution v is such that 1 = max; jep,i+ Prx~ [Xi = Xj] < 1 (that
is, no two coordinates are almost surely equal), the above holds for a function f with range

{-1,1}.
Remark 9.

1. The assumptionn < 1 in the second part of the Theorem 8 is necessary. For example, if
the i and j™ coordinates of v are equal, then, for functions f with range {—1,1}, the

terms f(X;) and f(X;) cancel out in the product Ex.,en [Hle f(Xl)} In particular,

the test is equivalent to the (k —2)-query test with coordinates i,j removed from v, and
this new distribution may possibly satisfy the conditions of Theorem 7.

2. The function f we construct in Theorem 8 does not correlate well with any linear
function, although, as possibly required by Theorem 7, it does correlate well with some
constant degree function.

3. The above theorem, answers in the negative a question of [BKM23b], who ask if

(X,Y,Z,IEI:/)NV®7L [91(X) - 92(Y) - g3(Z) - ga(W)]| = 0n(1)

for distributions v € D(p,4) with full even-weight support, and gy, ...,94:{0,1}" = R
bounded, noise stable, and resilient functions.

4. It is an easy check that the distribution v from Fxample j cannot have a pairwise
independent coordinate, unless p = 1/2. This shows that for p # %, simple tests that
work in the 99% regime fail to work in the 1% regime.

5. Recall that every v € D(p, k) satisfies Y, X; = 0 (mod 2) almost surely, for X ~ v.
We never use this in the proof of the above theorem, and the conclusion holds without
it.

Very roughly speaking, in the proof of the above theorem we first construct a counter-
example function in Gaussian space which “passes the test” with decent probability, while
having zero expectation; this function is then converted to a boolean function using the
Central Limit Theorem and a rounding procedure. Along the way, we prove a simple char-
acterization for a random vector to have an independent coordinate, which we believe to be
of independent interest, and is stated as follows:
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Proposition 10. (Restated formally and proved later as Proposition 19) Let X = (Xy, ..., X})
be a k-dimensional multivariate Gaussian random vector, such that for each i € [k], the
marginal is X; ~ N(0,1). Then, the following are equivalent:

1. For every “nice” function f : R — R satisfying Eznoq) [f(Z)] = 0, it holds that
E[f(X1) - f(Xa) - f(X§)] = 0.

2. There exists i € [k] such that X; is independent of (X1, ..., X; 1, Xit1,---, Xk)-

Finally, to use the above theorems (Theorem 7 and Theorem 8), we analyze the tradeoff
between the number of queries k and the bias p, such that a distribution v € D(p, k) with
some pairwise independent coordinate exists. In particular, we prove the following (restated
and proved later as Proposition 25 and Proposition 27):

Proposition 11. Let k € N, p € (0,1). Then, there ezists a distribution v € D(p, k) with

some pairwise independent coordinate if and only if k > 1+ m.

We note that the above generalizes the parameter setting for both the BLR test, corre-

sponding to p = %, k = 3, and the case of p € (%, %) , k =4 considered in [BKM23b].

1.1 Related work

The problem of linearity testing has been extensively studied, starting with the work of Blum,
Luby and Rubinfeld [BLR93], who gave a test for the uniform distribution, in the 99% regime.
The analysis of their test was later extended to the 1% regime [BCH96, KL.X10]. Tests for
linearity have been also been studied in the low-randomness regime, and in the setting of
non-abelian groups [BSSVW03, BoCLR08, SW06].

For the p-biased case, in the 99% regime, Halevy and Kushilevitz [HK07] gave a 3-query
linearity test, that only uses random samples from the p-biased distribution! However, the
test is not tolerant, makes queries that are not distributed according to x>", and hence may
reject functions that are very close to linear (with respect to the p-biased measure). Tolerant
testers were analyzed later [KS09, DFH19]. More strongly, the work of Dinur, Filmus and
Harsha [DFH19)] gives 2¢-query tolerant tester for p-biased testing of degree d functions over
[Fy, a problem which has been well studied over the uniform distribution [AKK™05, BKS*10].

As a part of their work on approximability of satisfiable constraint satisfaction prob-
lems [BKM22, BKM23a, BKM23b, BKM24a, BKM24b|, Bhangale, Khot and Minzer study
the p-biased version of linearity testing, in the 1% regime. As mentioned before, they give a
4-query test for p € (%, %)

David, Dinur, Goldberg, Kindler and Shinkar [DDG*17] study linearity testing on the
k-slice (vectors of hamming-weight k), denoted by Ly ,, of the n-dimensional boolean hy-
percube, for even integers k. They show that if f : {0,1}" — {—1,1} is such that
flz ®y) = f(z)f(y) with probability 1 — € over z,y,x @ y (conditioned on all lying in
Ly.,), then f agrees with a linear function on 1 — § fraction of Ly, where § = d(¢) — 0 as
¢ — 0. In a recent work, Kalai, Lifshitz, Minzer and Ziegler [KL.ZM24] prove a similar result
for the n/2-slice, in the 1% regime.



1.2 Organization of the paper

We start by presenting some preliminaries in Section 2. In Section 3, we prove a variant
of Theorem 8 over the Gaussian distribution, which then is used in Section 4 to prove
Theorem 8. In Section 5, we analyze the tradeoff between the bias p and the number
of queries k, for the existence of a valid linearity test. Combining all results, we prove
Theorem 5 in Section 6. In Section 7, we outline of the proof of Theorem 7.

2 Preliminaries

We use exp to denote the exponential function, given by exp(z) = e” for x € R.
Let N = {1,2,...} be the set of natural numbers. For each n € N, we use [n] to denote

the set {1,2,...,n}. For non-negative functions f,g: N — R, we say that f(n) = o0,(g(n))
if limy, o0 213 = 0.
For a probability distribution v on X', we use supp(v) to denote its support. For n € N,

we use v®" to denote the n-fold product distribution on X™. In particular, we shall be
interested in the case when X C RF for some k¥ € N. In this case, for vectors z € R*",

we shall use subscripts for indices in [k] and superscripts for indices in [n]; that is, for each
i € [k],j € [n], we use acl(]) to denote the (z’,j)th coordinate of x. Further, for each i € [k],
1)

i P

we use z; to denote the vector (x

21 to denote the vector (xgj) . ,x,gj)) € RF.

.,xﬁ")) € R", and similarly for each j € [n], we use

For k € N, let Sy denote the group of all permutations on [k]. For each 7 € S, x € RF,
we use x, to denote (xﬁ(l), . ,a:,r(k)) € R*. With this notation, we define the symmetrization
of functions over RF:

Definition 12. For any function f : RF — R, we define its symmetrization as the function
Sym(f) : R* = R, given by Sym(f)(z) = > g, f2x).

We shall use the following facts from probability theory:

Fact 13. (Chebyshev’s Inequality; see [Durl9] for reference) Let X be a random variable
such that E[X?] < co. Then, for any any a > 0,

Var [X]

2

Pr|X —E[X]| > a] <

a

Fact 14. (Hoeffding’s Inequality [Hoe63]) Let Xy, ..., X, be independent random variables
such that a; < X; < b; almost surely, and let S =" | X;. Then, for all t > 0,

212
r|[S—ES][ 21t <2-exp| - v
Pr{|S—E[S]| > 1] <2 p( ZL(@—%))

Theorem 15. (Multivariate Central Limit Theorem; see [Dur19] for reference) Let XM X2
be RF-valued i.i.d. random vectors, with mean zero, and finite a covariance matriz ¥ € R¥**



giwen by ¥;; = E [Xl-(l) -Xj(»l)}. If S, = \/Lﬁzyzl XO  then, S, D Zasn — oo, for
Z ~ N(0,%). That is, for every bounded continuous function H : R* — R,
lim E[H(S,)]= E [H(Z)].

n—00 Z~N(0,5)
We shall also use the following fact about zeros of polynomials:

Lemma 16. Let pi,...,p, : R¥ — R be non-zero polynomials. Then, there exists y € R*
such that for each permutation m € Sy, and each i € [r], it holds that p;(y.) # 0.

Proof Sketch. The zero-set of any non-zero polynomial has measure zero, with respect to the
Lebesgue measure on R¥. Hence, by sub-additivity, the set of points y € R¥ violating the
statement of the lemma is of measure zero as well. O]

Next, we give some basic results about the probabilist’s Hermite polynomials. The reader
is referred to Chapter 11 in [O’D14] for more details.

Definition 17. The Hermite polynomials (H;)jcz., are univariate polynomials, with H; a
monic polynomial of degree j, satisfying the power series expression

t2 1 :
exp (tx——) :Zﬁ'Hj(m‘)-t], fort,x € R.

2 , !
7=0
N ' ; ' © 1.f. J £
ote that the series above is absolutely convergent, with .~ e[ Hj ()] [t < exp <|t| x|+ 2)
for each t,x € R.

Lemma 18. Let k € N and sy, 5, ...,5c € Zsq, and let X € R¥* be a positive semi-definite
matriz such that ¥;; =1 for each i. For V. =% — I, it holds that

81! . 'Sk!

E [Hy(X1)- - He (Xi)] =

: d
LtV et -tsk]
X~N(0,5) dl - 24 [( ) it k

where s1 4+ -+ s, = 2d, and [(tTV t)d St tZ’“] denotes the coefficient of t7'---t* in
the polynomial (tTV t)d. Also, the above expectation is zero when s1 + -+ + sy is odd.

Proof. Recall that the moment generating function of a multivariate Gaussian distribution
is given by

1
E  [exp(t1X) + ...t Xk)] = exp (— 'Y t) :
X~N(0,5) 2

for each t € R*. Multiplying the above by exp(—3 -¢'t), and plugging in the power series in



Definition 17, we get for each ¢t € R¥ that
=1 N 1 -
Zd;.gd'(t Vt) :eXp(ﬁ-t Vt)
d=0

12 12
- ]E |:6Xp((t1X1——1)+"‘+(thk——k)):|
X~N(0,5) 2 2

(i & - Hg, (Xy) i?) (i % - Hy, (X5 t?)]

s1=0 s=0 '

= E
X~N(0,8)

= Z u : E [Hs1(X1)"'Hsk<Xk>] :

siloosp!l x~
81,...,8 20 1 ki X~N(0Z)

Note that since the power series in Definition 17 is absolutely convergent, all steps above
of interchanging limits and expectations are valid by the dominated convergence theorem.
Finally, comparing coefficients, we have the desired result. O

3 A Gaussian Variant

The first step towards proving Theorem 8 is to prove a Gaussian variant, stated below:

Proposition 19. Let k € N, and let ¥ € R¥*F be a symmetric positive semi-definite matriz
such that:

1. For each i € [k], it holds that ¥;; = 1.
2. The matriz V =% — I has no row/column as all zeros.

Then, there exists a Lipschitz continuous function f: R — [—1,1] such that:

X~N(0,1) X~N(0,%)

3.1 Symmetric Powers of Polynomials

Before we prove the above proposition, we first prove a lemma about (symmetrization of)
powers of multivariate polynomials. We show that if a polynomial g(x1,...,z;) depends on
all the variables 1, . . . , 2, then some power Sym(q?) (see Definition 12) contains a monomial
divisible by z129 - - - x4.

Lemma 20. Let k € N, and let ¢ : R¥ — R be a polynomial such that for each i € [k],
the polynomial ¢; = 0;q is not identically zero. Then, there exists some d € N, and positive
integers si, ..., sy € N such that the coefficient of x5t - x5 - x* in the polynomial Sym(q?)
18 MON-2€r0.

We start by proving the following lemma about derivates of powers of q.



Lemma 21. Let k € N, and let ¢ : RF — R be a polynomial. For each i € [k|, let {; = 0iq.
Then, for every s = (s1,...,8k) € Z’;O with |s| = Zie[k] s;, there exist polynomials
o, -+ Pjss with pg| = [Ticpy G such that for each d > |s|, it holds that

o5 - 957 - 9 () gl Zdz i

Proof. The proof is by induction on |s|. For the base case, if |s| = 0, we have s = (0,0,...,0),
and py = 1 satisfies the statement of the lemma.

For the inductive step, consider any s = (s1,...,s;) € Z%, with |s| = Zie[k] s; > 0.
Without loss of generality, by symmetry, we can assume that s; > 0. By the inductive
hypothesis applied to (51 —1,55...,5;), we have the existence of polynomials py, ..., pjs-1,

with pg_1 = 67" HZ o, 07, and such that for each d > |s| — 1, we have

ls|—1

ain—l -652 . 8Zk (C] ) d [s|+1 | Z dz i

Now, if d > |s|, differentiating the above with respect to x;, we get
Is|—1 |s|—1

(9? -852 . _azk (qd) _ qdf\s\ . ( S‘ +1 Z dl i +qd7\s\+1 . Z dl al pl

|s| -1

:qd_‘s" Zdz 0y - pi- 1+Zdl —[s|+1) - 41 pi+q-Oipi)

Is|
= ¢ Zdz “Di |
i=0

where the polynomials py, ..., pjs do not depend on d, and are such that pj = pjg—1 - 1 =
[Ticpy 07, as desired. O

With the above lemma in hand, next we shall consider the symmetrization operation
applied to derivatives of powers of q.

Lemma 22. Let k € N, and let ¢ : R¥ — R be a polynomial such that for each i € [k], the
polynomial {; = 0;q is not identically zero.

Then, for each large enough even integer d € N, the polynomial Sym (812 05 OF (qd))
18 not identically zero.

Proof. By applying Lemma 21 on s = (2,2,...,2), we have the existence of polynomials
D05 - - - 5 Pok, With pop = Hle[k] %, such that for each d > 2k, it holds that 9% - 93 - - - 07 (qd) =

g2k <212£0 di pz)
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By Lemma 16, let y € R* be such that y (and its permutations) don’t lie in the zero set
of any of the polynomials /4, ..., 0, q. We define

A = min H 6 (y:)’| >0, B= max pi(y=)| = 0.

TESK 0<i<2k—1, €Sy
i€ k]

Then, for any even integer d > max {2k:, %}, it holds that

2%—1
Sym (97 - 05+ 7 (¢%) (W) =D a(wa)™ - [ & [ 6 (wa)* + D d' - pi (ys)
TESE 1€[k] 1=0
2%k—1
> Z ( )d 2k (d2k A Z dl >
TES
> (Z q (yw)d%) (d*F A= 2k - % B)
TES
2%k
> (Z q(yw)d%) : % > 0.
TES

Hence, for even integers d > max {2k, 221, the polynomial Sym (97 - 93 --- 92 (¢?)) is not
identically zero. O

Finally, we prove the main lemma of this section.

Proof of Lemma 20. Let k € N, and let ¢ : R* — R be a polynomial such that for each
i € [k], the polynomial ¢; = 0;q is not identically zero. It suffices to prove that for some
d € N, the polynomial 9?-0z - - - 92 (Sym(qd)) is not identically zero, since then the coefficient
of some monomial divisible by x? - 22 - - 2% is non-zero.

For each polynomial p : R* — R, and each m € Sj, we shall use p, to denote the
polynomial given by p.(z) = p(z;). Then, for all si,...,s;, € Zs, we have that o7 -

852 U a}ik (pﬂ'> = (ajrl—l(l) . 8;?—1(2) . 'ajrlil(k) (p)>7r'
By the above, we have that for each d € N,

020307 (Sym(q®)) = 5 -3 F (zqz>

TESK
_ Z 82 82 82 qﬂ_)
TESK
- Z < T 1(1) 87%71(2) o a?r*l(k) (qd)>7r
TESK
= > (@-a--3 («),
TESE
= Sym (97 - 03 - - - O} (qd)) :
Now, the result follows from Lemma 22. O
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3.2 Proving the Gaussian Variant

We start by proving a slight variant of Proposition 19, where we allow f to be an arbitrary
(possibly unbounded) polynomial.

Lemma 23. Let k € N, and let ¥ € R*** be a symmetric positive semi-definite matriz such
that:

1. For each i € [k], it holds that ¥;; = 1.
2. The matriz V =X — I has no row/column as all zeros.

Then, there exists a polynomial f : R — R such that Ex a1 [f(X)] =0, and

[]rexa||>o.

X~N(0,X) il

Proof. For s = (s1,...,s;) € N¥ and o = (au,...,a;) € RF, let fon : R — R be the
polynomial defined by fs.(z) = a1 Hs, (z) + - - - + aH,, (x), where the polynomials H,, are
Hermite polynomials (see Definition 17). Observe that since sq,...,sg > 1, this polynomial
satisfies Ex~ar0,1) [f(X)] = 0.

Suppose, for the sake of contradiction, that for every s € N¥, o € R, it holds that

H fs,a(Xi) = k]/‘%o’z) H Z OéjHS]. (Xz) =0.

XeNO2) |5 2h X iclk] 5E[k]

Observe that for every s € N*, the above expression can be written as a multivariate polyno-
mial in a, ..., a;. If the polynomial vanishes for all a € R¥, the coefficient of a; - g - - -
must be zero; that is,

Z B H Hi,, (Xi)| =0.

reg, NO0E) ick]

Now, applying Lemma 18, we get that for each d € N, and each sy,...,s, > 1 with s; +
s 48, = 2d,

SOV @] = STV ) | = [sym (V) s <o
TESE TESE

Note that the assumption that V' has no zero row/column implies that for every i € [k], the
polynomial 0; (tTV t) is not identically zero. By Lemma 20, this is a contradiction. O]

With the above, we now prove Proposition 19 via a standard truncation argument.

Proof of Proposition 19. By Lemma 23, we know that there exists a polynomial f: R — R
such that Ex-io, [f(X)] = 0, and [Ex-xos) [[Lieg F(X0)]| > 0.

12



For each integer M € N, we define the truncated function fy; : R — [—M, M] by

fu(@) = f(@) Lpapem + M- Ly — M- Lyay<-m

Also, let gy : R — [—2M,2M], be given by ga(x) = fu(x) — Ex~no,) [fa(X)]. Observe
that

1. For every M, it holds that Exxo,1) [gm(X)] = 0.
2. For every M, the function g, is bounded and Lipschitz continuous.

3. For every € R, fu(z) — f(x) as M — oo. Further, since |fy(x)| < |f(z)] for each
r € R,M € N, by the dominated convergence theorem, we have Ex-x0,1) [fa(2)] =
Ex~no1 [f(z)] =0 as M — oo. This implies that for each z € R, gu(z) — f(x) as
M — oo.

Also, for each z € R,M € N, we have |gy(z)| < |f(2)| + Ex~no,) [|f(X)]]. Hence,
by the dominated convergence theorem, we have that Ex.ar o) [Hie[k] gM(XZ-)} —

Ex~n0,%) [Hie[k] f(Xi)} #0as M — co.

By the above, for some large enough M, the function ﬁ -gn - R — [—1, 1] satisfies the
desired properties. O

4 Linearity Testing Requires Pairwise Independence

In this section, we prove Theorem 8, which is restated below.

Theorem 24. Let k € N, p € (0,1), and let v € D(p, k) be a distribution having no pairwise
independent coordinate (see Definition 1). Then, there exists a constant o > 0, such that for
every large enough n € N, there exists a function f:{0,1}" — [—1,1] such that

1 [Bxeen [T 7X0] | 2 00
2. For every S C [n], it holds that ‘EXNILL?n [f(X)xs(X)]| < o0n(1).

Moreover, if the distribution v is such that 1 = max; jepiz Prx [Xi = X;] < 1 (that
is, no two coordinates are almost surely equal), the above holds for a function f with range

(~1,1}.

The remainder of this section is devoted to the proof of Theorem 24. In Section 4.1,
we prove the first part of the theorem, dealing with functions with range [—1,1]. Then, in
Section 4.2, we show how to round to functions with range {—1,1}.

13



4.1 Function with Range [—1,1]

Let k € N, p € (0,1), and let v € D(p, k) be a distribution having no pairwise independent
coordinate. Let ¥ € R¥** be the (normalized) covariance matrix corresponding to the

distribution v, given by, 3; ; = Ex~. [%} . Observe that the matrix X satisfies the

conditions of Proposition 19, and hence there exists a function h : R — [—1, 1] such that
L. Eznon) [MZ2)] =0
2. The function H : R* — [~1,1] given by H(z) = [Ticjpy P (@) is such that

a =

E [H(Z)]‘ > 0.

1
2 | z~N(0,5)

3. The function h is K-Lipschitz for some K > 0; in particular, both h and H are bounded
continuous functions.

Consider any large n € N. We define f : {0,1}" — [-1,1] by

o0 L7

The function f satisfies the two properties in the theorem statement, as follows:

e Let X ~ % and let Y = (V3,...,Y:) be a {0,1}*-valued random vector, defined as

X(J)_p
Y= f Z] 1o
Let F : {0,1}*" — [—1,1] be given by F(z) = [Ticyy [ (2i). Since H is continuous and
bounded, we have by the Multivariate CLT (Theorem 15) that

BIFOX) -, B H@)] | = | BHY) - B (H)] | <o)

Ex~pon [Hle f(Xz)} ‘ > 20— 0,(1) = «, as desired.

Hence, for large n, we get

e Consider any subset S C [n], and let T C S be any subset of size |T'| = min { [n'/*], |S|}.
Let f: {0,1}" — [=1,1] be defined by f(X) =

z() —p

t (- e 22 )

this function only depends on the coordinates of x outside the set T. Further, for each

; note that

14



x € {0,1}", by the Lipschitz bound on h, we get

- 2
S v D = A P =

< £ ('T' (n—[T))- )

1
NI

p—p? \Vn
< K (I i m)
p—p* \Vn Voo
K 2|7
: = 0,(1),
p—p2 Vn

where we used that (1 —#)~%/2 < 1 +¢ for each t € [0,1/2].

Now, for X ~ p", we have

ELF(0) xs(X)] | < | E[F(X) \w
= | 700 xe0(0)] - Bbax0] | + 0u(0)
~| e [0 xsex)] | 1= 200+ 0,0,

If |S| = [n'/4], then |1 — 2p|'™" = 0,(1). Otherwise, we have that S = T', and by the
Central Limit Theorem (see Theorem 15) | the first term in the above product equals

g [fx)] -, B, 2] | =0 0

E[7(X)] ’ -

X

4.2 Rounding to a Function with Range {—1,1}

Now, we shall prove the second part of Theorem 24.
Let k € N, p € (0,1), and let v € D(p, k) be a distribution having no pairwise independent
coordinate. Further suppose that the distribution v is such that
= max Pr [X;=X| <1
g ijelk]iztj X~ [ j
Let a > 0 be as obtained in Section 4.1. Consider any large n € N, and let f : {0,1}" —

[—1,1] be the function obtained in Section 4.1.
1 w.p. 1+f( )
Let g : {0,1}" — {—1,1} be a random function, defined as g(z) = _’1 wp. 1= f( X
independently for each x € {0,1}". Observe that this satisfies E, [¢(z)] = f(x) for each
x € {0,1}". We will show that the function g satisfies the two desired properties with
probability 1 — 0,(1), and hence by the probabilistic method, this guarantees the existence

of a non-random g as desired. This is done as follows:
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5

1. Let F, G : {0,1}"" — [~1,1] be defined as F(x) = [Licw f (@) and G(z) = [Licyy 9 (i)

Let X,Y ~ v®" be independent (of each other and of g) and let E be the event
that Xy,..., Xy, Y1,..., Y, are all distinct. Then, by a union bound, we have that
Pr[E] <2- ( )"+ k2 (p*+(1 —p)2)n = 0,(1), and hence

EE (G(X) - 1] = E[F(X)] ’

E E [GX)]- E [F(X)]‘<Pr[E]+

g X~v®n X~p®n XY
<rr[E]+| B P00 16 - BP0V
XY X
< 2Pt [E] = on(1)

Similarly, we have

Ehmmf—hwwﬂQ

g | X

Letting 8 = [Ex [F(X)]| > «a, we get Var, [Ex [G(X)]] < 52 + 0n(1) — (8 — 0,(1))* =
0,(1). Hence, by Chebyshev’s inequality (Fact 13), we have |Ex [G(X)]| = § wit
probability 1 — o,(1).

. Fix § C [n]. Let X ~ ", and let W = Ex [xs(X) - g(X)] = >, cqoqyn Pr[X = 2] -

Xs(x)-g(z). Observe that W is a sum of 2" independent and bounded random variables,
and such that E,[W] = Ex [xs(X) - f(X)]. For ¢ = max{p,1 —p} < 1, it holds that
> (2Pr[X = z])? < 4¢™ Y, Pr[X = z] = 4¢", and by Hoeffding’s inequality (Fact 14),
we have for each ¢t > 0 that

2t2

Let t = ¢"* Then, with probability at least 1 — 0,(27"), it holds that |W| =
Ex [xs(X) - g(X)]| < [Ex [xs(X) - fF(X)]| +¢"* = 0a(1).

Now, a union bound over S C [n] shows that with probability 1 — o,(1), the above
holds for every S C [n]. O

Queries vs. Bias Tradeoff

In this section, we analyze the relation between p (the bias) and &k (the number of queries)
for the existence of a distribution v € D(p, k) with some pairwise independent coordinate,
and with full even-weight support (see Definition 1).

5.1 Query Lower Bound

We prove a lower bound on £ in terms of the p, as follows:

16



Proposition 25. Let k € N, p € (0,1), and let v € D(p, k) be a distribution that has some

pairwise independent coordinate. Then, it holds that k > 3 and ﬁ <p<L1l-— ﬁ

Proof. Let X ~ v, and let i € [k] be a pairwise independent coordinate under v.
For Z = 7., X;, we have by linearity of expectation, that E[X;- Z] = (k — 1)p>. On
the other hand, observe that if X; = 1, then Z =1 (mod 2) and so Z > 1. Hence,

p=E[X;- 1] <E[X; Z] = (k- 1)p*,

and we have (k — 1)p > 1; in particular, this shows k > 3.
For the upper bound on p, we consider the following cases:

e k is odd: In this case, if X; =1, then Z =1 (mod 2) and so Z < k — 2. Hence,
(k= 1)p* =E[Xi- Z| <E[X; - (k - 2)] = p(k - 2),
and we have (k — 1)p < (k — 2), as desired.

e k is even: In this case, observe that the distribution of the random variable (1 —
Xi,...,1 — Xj) also satisfies the hypothesis of the proposition, with p replaced by
1 — p. Hence, the above proof gives us (kK — 1) - (1 — p) > 1, as desired. O

Remark 26. The proof of Proposition 25 also shows that for k > 3 and p € {ﬁ, 1— ﬁ},
any distribution satisfying the assumptions of Proposition 25 cannot have full even-weight
support. This is because if p € {ﬁ, 1-— ﬁ , in all cases in the above proof, the random
variable Z must be constant under some value of X; (either X; =0 or X; = 1); this cannot
be the case for a distribution with full even-weight support when k > 3.

5.2 Query Upper Bound

In this subsection, we shall prove the following proposition.

Proposition 27. Let k > 3 be a positive integer, and let p € [ﬁ, 1— ﬁ] (note that this
interval is non-empty for k > 3).

Then, there exists a permutation-invariant® and pairwise independent distribution v(k,p) €
D(p, k) (see Definition 1). Furthermore, if k =3 or if p & {ﬁ, 1— ﬁ}, then there exists
such a distribution with full even-weight support.

The proof involves various cases, considered below in Lemma 28 and Lemma 29.
Lemma 28. Let k > 4 be a positive integer, and let p € [ﬁ, %) U (1 — %, 11— ﬁ] (note
that this interval is contained in [ﬁ, 1-— ﬁ] for k = 4). Then, there exists a pairwise
independent distribution v(k,p) € D(p, k).

Moreover, if p & {k—il, 1— ﬁ}, then there exists such a distribution with full even-weight
support.

we say that a distribution v over {0, 1}k is permutation-invariant, if for X = (X4,..., X) ~ v, and any

permutation = : [k] — [k], the distribution of (Xﬁ(l), cey Xﬂ(k)) is the same as v.
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Proof. Let k > 4 be a positive integer, and let p € [k# L) (1 — k 71— ﬁ} Let

s = |£]; we shall exhibit a vector ¢ = (qo, q1, - - -, ¢s) € [0,

> k 5 /{?—1 s k’—2
2(22,)-(]1':17 ;(Qi_l).qi:p, ;(22,_2).%:]32'

=0

satisfying:

Qzl/2, || =0 (mod 2)
0, |z| =1 (mod 2)
to the point z € {0,1}*, where |z| = Y2, ;. Note that the above properties correspond
to v(k, p) being a valid probability distribution supported on even-hamming-weight vectors,
having marginals ji,, and pairwise independent coordinates. Furthermore, the distribution
v(p, k) has full even-weight support if and only if each ¢; € (0, 1).

The vector ¢ is defined as follows in different cases (for brevity, we omit the verification
of the above properties):

The distribution v(p, k) is then defined by assigning probability {

L.k = 5 is Odda pE |:k11’ T— 1) Let qo = 1 + - 2(1;;2_1)1)7 q1 = (kzlf)_pl;((:_—;))p27 qk-1)/2 =
%, and zero otherwise.
: 1 2 _ k(2k—5) _ 3(k—2)p—3(k—1)p?
2. k>bisodd,1—p € [k— —) Let qo = 1—|— —(kfl)(kf;), qk—3)/2 = (kq)(ia)(m:f) ,
Qk—-1)/2 = % nd zero otherwise.
. k—1)p%—(k+1)p+2 2 k—1)p%—
3. k> 4iseven, p € [ﬁ,%) Let gy = (k=1)p 2(+)p+ , 1 =55 arpe = %,

and zero otherwise.

4. k>4iseven, 1 —p € [ e 1) In this case, we define v(k, p) to be the distribution
obtained by flipping each coordinate of v(k,1 — p).

Next, we show that if p ¢ {ﬁ, 1— ﬁ}, then such a distribution v(p, k) with full even-
weight support exists. We only need to do this for the first three cases, as the procedure
described in the fourth case preserves the property of full even-weight support.

The same argument applies in all cases, and we present it for the first case: that is
when k > 5 is odd, and p € (ﬁ, %) We observe if p # ﬁ, each of the probabilities
0, ¢1, 4(k—1)/2 above lie in the interval (0,1). Now, consider the equations

(kY ~(k—1\ . (k—2\ .
;(m) =0 ;(22'—1) 4= ;(2z—2) 4 =0
In these equations, the variables o, qi, §(k—1)/2 are linearly independent, and hence, there
exists a vector ¢ € R*"! satisfying these equations, which has all coordinates equal to 1,
other than possibly g, 1, Gk—1y/2- Then, for some small § > 0, the vector ¢ + J - ¢ has all
coordinates in (0, 1), and satisfies the required properties. O

Lemma 29. Let k > 6 be a positive integer, and let p € [k 71— %} \ {%} (note that this
interval is non-empty for k > 6). There, there exists a pairwise independent distribution
v(k,p) € D(p, k) with full even-weight support.
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Proof. Let k > 6 be a positive integer, and let p € [k 71— ] p # 1 3. That is, for
1

q = min{p,1 —p} < 5, we have k > 1 + 5' Let ¢ be the smallest odd integer satisfying

> 1—1-5 > 3. Note that this satisfies 4 < ¢ < 3+% < 1—|— < k, and we have ¢ € (z I 1521)

By Lemma 28, there exist pairwise independent distributlons v({,p) and v(¢,1—p), with
full even-weight support. Let 7y = v(¢,p), and let 7y be the distribution obtained by flip-
ping each coordinate of v(¢,1 — p). Since ¢ is odd, for each b € {0,1}, it holds that 7,

has pairwise independent coordinates, each with marginal p,, and such that supp(#,) =
{m € {0,1}*: 38 2, = b (mod 2)} Finally, we define X ~ v(k,p) via the following ran-

dom process: Let (Xpyq,...,Xp) ~ 10 and with Z = Zf:(—i—l X; (mod 2), we let
(X1,...,Xy) ~ vz It is an easy check that this distribution satisfies the required prop-

erties. ]
Finally, we prove Proposition 27.

Proof of Proposition 27. Note that it suffices to find such a distribution that is not necessar-
ily permutation invariant, since averaging the distribution over all permutations preserves
pairwise independence and full even-weight support.

If p = 1/2, for any k > 3, we let v(k,p) be the uniform distribution on the set
{x e {0,1}": Zle x; =0 (mod 2)}

Now, for k& = 3, it must hold that p = 1/2, in which case v(k,p) is as above. For k =4

or k=25, andp;él/Z it must hold that p € [ T 1) (1—k 1,1— } and the result
follows from Lemma 28. For £ > 6 and p # % the result follows from Lemma 28 and
Lemma 29. O

6 Putting Everything Together

We are now ready to prove our main result.
Proof of Theorem 5. Let p € (0,1).

Proposition 27, there exists a pairwise mdependent distribution v € D(p, k) with full

even-weight support. The result now follows by Theorem 33.

1. Consider any positive integer £ > 1 +

2. Suppose that k£ > 3 with p = ﬁ, or k> 4iseven with p=1— . In these cases,
we observe that the distribution v € D(p, k) constructed in Lemma 28 is pairwise
independent, and contains BLR (see Definition 32):

(a) If k > 3,p = ﬁ, the distribution v contains all vectors in {0, 1}k of hamming-
weights 0 and 2 in its support. In this case, Definition 32 is satisfied with b=0
and Z as the all-zeros vector.

(b) If k > 4iseven,and p=1— k -, the distribution v contains all vectors in {0, 1}
of hamming-weights k£ — 2 and £ in its support. In this case, Definition 32 is
satisfied with b = 1 and Z as the all-ones vector.
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The result now follows by Theorem 33.

3. Suppose that k < 1+m is a positive integer, and let v € D(p, k). We perform the
following operation on the distribution v: if 4, j € [k], i # j are such that Prx.,[X; =

X;] =1, we remove coordinates 4, j from v, and repeat until no such pairs remain.

Finally, we are left with a distribution 7 on k < k coordinates. We consider the
following two cases:

(a) Suppose that k = 0. In this case, for every n € N, and every f : {0,1}" —
{—=1,1}, it holds that Ex.,en [Hle f(XZ)] = 1, since the k terms in the product
cancel out in pairs. Hence, it suffices to show the existence of a function f :
0,1)" = {—1,1} satisfying )EXW?” [F(X) - XS(X)]‘ < 0n(1) for every S C [n].
Note that a (uniformly) random function f : {0,1}" — {—1, 1} satisfies this with
high probability, by an argument similar to the one at the end of Section 4.2 (a

random function can be thought of as rounding the constant zero function as in
Section 4.2).

(b) Now, suppose that k& # 0. Then, it holds that 7 € D(p, k), and by Proposition 25,
we have that 7 has no pairwise independent coordinate. Now, by Theorem 24

there exists a constant a > 0, such that for every large n € N, there exists a
function f: {0,1}" — {—1,1} such that

e |MIreoll=] . 5 (I ze
ic[k]

(Xl,...,Xk)Nl/®" ic[k] (Xl,...,X,"C)ND‘@"
and such that ‘EXWE?" [f(X) - XS(X)]’ < o,(1) for every S C [n]. O

6.1 A Corner Case

In the above proof, we leave the case of odd k > 5 and p =1 — k—il This turns out to be
very interesting, and we discuss it next. For the remainder of this section, we fix such a k
and p.

In this case, the pairwise independent distribution v € D(p, k) constructed in Lemma 28,
is supported on vectors of hamming weights 0 and & — 1 (and does not contain BLR as in
Definition 32). In particular, for every & € supp(v), it holds that S2F , ; = 0 (mod k — 1).
For this reason, as we show next, the best we can expect from the test Lin(v), is to guarantee
correlation with a character over Z/(k — 1)Z, and this is indeed true.

Definition 30. (Characters over Z/(k — 1)Z) Let w be a primitive (k — 1)™ root of unity.
For every 0 < r < k — 2, we define the function ¢, : {0,1} = C as ¢,(z) = w"™.

For every n € N, and every integers 0 < r, ... ™ < k — 2, we define the product
character ¢,y oo 2 {0,1}" = C by ¢,y o (x) = H?Zl ¢, (x0)) = Wi rPe?
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Now, consider the test Lin(r). Observe that any character f = ¢,) . passes this test

with probability 1:

E H f(Xy)] = HY@V H ¢ (Y) | = HY@V [W”(”'(Zie[k]n) =1.

Xov®m e in] iclk]

~~~~~

Next, we claim that characters explain the success of Lin(v) for any function f:

Theorem 31. For every constant € > 0, there exists a constant 6 > 0 such that for every
large enough n € N, the following is true:

Let f:{0,1}" — [—1,1] be a function such that ‘EXNV(@n [Hle f(XZ-)} ‘ > €. Then, there
exist integers 0 < M .. ™ <k — 2, such that

E [f(X) é, o0(X)]]| =6

-----
Xeop$m

Proof. The result follows from the work of Bhangale, Khot, Liu and Minzer [BKLM24a,
BKLM24b], and we omit the details. Very roughly speaking, the proof follows a similar
strategy as in Section 7: first show that f has good correlation with a character under
random restrictions; then, use this to show that f has good correlation with character times
a low-degree function; finally, use that v is pairwise independent to get rid of the low-degree
function. O]

Finally, we present an alternative solution to deal with this corner case of odd k£ > 5 and
p=1-— ﬁ Instead of the test Lin(v), we can perform the following test:

Let f:{0,1}" — [-1,1],and let v/ € D(1—p, k) = D(
distribution from Lemma 28.

ﬁ, k) be the pairwise independent

1. Sample X = (X,..., X}) ~ /"
2. Let X' be the vector obtained by negating each of the kn coordinates of X.
3. Query fon X{,..., X and accept if and only if J[,c,, f(X}) = 1.

Each query X7 of the above test is distributed according to p", and the analysis of the test
simply follows from the analysis for Lin(2') in Theorem 5. The drawback here, though, is
that the test does not accept all linear functions with probability 1, but only functions of
the form (—1)I9! - g, for S C [n].

7 Analysis of the Linearity Test

In this section, we shall state and prove a generalized version of Theorem 7. The proof
follows the work of Bhangale, Khot and Minzer [BKM23b], and hence we only give a rough
outline (skipping many of the technical points), pointing out the places where the proof
differs from the above work. We start with the following definition:
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Definition 32. Let k > 3,p € (0,1), and let v € D(p, k) be a distribution. We say that v
contains BLR, if there exists some b € {0,1}, z € {0,1}""°, such that

{(5’317 T2, 1 O T2 B D, Z) w110 € {071}} C supp(v) C {071}k~

Furthermore, for technical reasons, we shall also require that

spang, (supp(v)) = {x e {0,1}": sz =0 (mod 2)} .

=1

Observe that any v with full even-weight support contains BLR (with b =0, and Z the
all-zeros vector). With this, we state the following generalization of Theorem 7:

Theorem 33. Let k > 3 be a positive integer, and let p € (0,1), € € (0,1] be constants,
and let v € D(p, k) be a distribution containing BLR (see Definition 32). Then, there ezists
constants 6 > 0, d € N (possibly depending on k,p,e,v), such that for every large enough
n € N, the following is true:

Let f:{0,1}" — [-1,1] be a function such that

2 i

Then, there exists a set S C [n], and a polynomial g : {0,1}" — R of degree at most d and
with 2-norm Ey..,en [9(X)?] < 1, such that

> €.

E [f(X)-xs(X)-g(X)]]| =6.

Xoudm™

Moreover, if the distribution v has some pairwise independent coordinate, then we may
assume g = 1, that is, f correlates with a linear function xg.

The remainder of this section is devoted to the proof of the above theorem. Let & > 3 be
an integer, and let p € (0,1), € € (0,1] be constants, and let v € D(p, k) be a distribution
containing BLR (see Definition 32). Also, let f: {0,1}" — [—1,1] be a function such that

E [H f(Xz‘)]

X=(X1,...,X})~v®n

> €. (1)

Step 1: Large Fourier Coefficient under Random Restriction.

We note that the proof of this step is where we differ from [BKM23b].
Since the distribution v € D(p, k) contains BLR, we can write v = (1 — ) - v/ + 3 - u, for
some small constant 0 < 8 < %min {p,1 — p}, some distribution v/ over {0, 1}k, and with

1 the uniform distribution over {(ml,JEQ, 21 B 12 DD, Z) x5 € {0, 1}}, where b, Z are as

in Definition 32. Using this, we can describe choosing X ~ v®" as the following two step
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process. First choose a set I C [n], denoted I ~;1_g [n], by choosing i € I with probability
1— 3, independently for each i € [n]. Then, choose Z ~ *! and Y ~ u!, and set X = (Y, 7).

With the above, we can prove that the function f satisfies the property of having a
large fourier coefficient under random restrictions; the reader is referred to [O’D14] for an
introduction to Fourier analysis over the hypercube.

Lemma 34. With 6 = ¢/2, it holds that
P [BScwN: [foas)|za] >0

I"‘lfﬁ[n}v Zo'®l1
Here, fr_z, refers to the restriction of the function f, with the variables in I set to Z;.

Proof. By Equation 1, we have
k
€< E [H f(Xi)] ‘
[k

= E E ([[fra()

’ Li=1
[k
I frez(v;

You®l |2

<
INl—ﬂ[nL A

Observe that in the above expression, the random variables Yy, ..., Y} are constants (deter-
mined by Z). Now, using a (classical) Fourier analytic argument to analyze the BLR linearity
test over the uniform distribution (see Chapter 1 of [O’D14]), we get

3

I -z ()

=1

€ < E E

I~vi_gln], Zev®T |y ap®T

—

= E S TanlS)  Tram(S)  Jraz,(8) - (-1

Troq Zeo®I
1-gln], Z~v scr

|

I~y _gn), Z~v'@1 | SCT

< Pr [ElS CIr: ‘@(S)‘ > 6/2i| +€/2. O

I~q_gln], Zrv'®1

Step 2: Direct Product Test

Using Theorem 1.1 in [BKM23b], by Lemma 34 we get the existence of constants d € N, " >
0, a set S C [n], and a polynomial g : {0,1}" — R of degree at most d, and with 2-norm
Ex.en [9(X)?] < 1, such that

E [f(X) xs(X)-g(X)]| >¢.

Xoud™

This proves the first part of Theorem 7. It remains to show that if v has some pairwise
independent coordinate, it is possible to remove the function g in the above expression.
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Step 3: List Decoding.

This step follows Section 4.2 and Section 4.3 in [BKM23b].

Using an iterative list-decoding process, we can find a constant » € N, and functions
XSy -- -5 X5S,, and constant degree polynomials ¢y, ..., g,, such that it is possible to “replace”
f by 3 e Xsi - g in Equation 1 (and lose at most some constant factor in €). Now, this
implies that for some constant ¢ > 0, and some indices ji, ..., jr € [r], we have

[H XSJZ gjz )

We remark that for the next step, some extra structure on S,’s is needed, and ensuring that
it holds requires the condition on spang, (supp(v)) in Definition 32.

> €. (2)

(X17 Xk NV@TL

Step 4: Invariance Principle Argument.

This step follows Section 4.4, Section 4.5, and Section 4.6 in [BKM23b].

Assume, for the sake of contradiction, that f is not correlated well with any yg; that
is, Eyuen [f(X) - xs(X)] < 0,(1) for each S C [n]. Using this, it can be shown, roughly,
that for each i € [k], the expectation Ey,,on [ngi (X)g;,(X)] < 0,(1); note that for this
conclusion to hold, we might have to modify S;,’s and g;,’s, however it is possible to do so
while maintaining Equation 2.

Now, by an invariance principle argument [MOO10, Mos10, Mos20], very roughly, it is
possible to replace the expectation in Equation 2 over (X7, ..., X;) ~ v®" by an expectation
over (Zy,...,Z) ~ N(0,%)®" where ¥ € R¥** is the (normalized) covariance matrix of
v. Finally, we use that some coordinate X;« is pairwise independent of each X;, for i # ¢*.
Since the Gaussian distribution is determined by its covariance matrix, this implies that Z;«
is mutually independent of (Z;);.+. We have

€ < [H xs;, (Xi)g5,(Xi)

X=(Xq,.. ,Xk NV®”
[ xs,. (Zg;.(Z)
=1

Q

E

Z=(Z1,...,Zx)~N(0,5)®"

5 s @ @[ 5| T v, (2002

e~ ®n
Zi=~N(01) | i€ k] i

Q

Q

E on [iji* (Xi*)gji* (Xl*)] ‘ ) ]g’ H XS]Z gﬁ Z)
Xixrpip i€[k] i

< o,(1),

which is a contradiction. ]
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