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Improved Debordering of Waring Rank
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Abstract

We prove that if a degree-d homogeneous polynomial f has border Waring rank WR(f) = r, then its
Waring rank is bounded by
WR(f) < d- OV,
This result significantly improves upon the recent bound WR(f) < d - 4" established in [Dutta, Gesmundo,
Ikenmeyer, Jindal, and Lysikov, STACS 2024], which itself was an improvement over the earlier bound
WR(f) < d".

1 Introduction

Given a circuit class @, its closure, G, is defined as the closure of the set of polynomials computable in
C.Specifically, this includes all polynomials that are limits, in the Zariski topology, of a converging sequence
of polynomials computable in €. Over the complex or real fields, this is equivalent to the coefficient vectors
converging in the usual sense (i.e., with respect to the Euclidean topology). However, this notion also
applies to arbitrary fields and can be defined algebraically.

In this paper, we study the closure of depth-3 powering circuit, denoted by ZAZ. The output of a
LML circuit is a degree-d homogeneous polynomial of the form

fx) =) ti(x)%
i=1

where {; are linear forms (i.e., homogeneous linear polynomials).! The Waring rank of a homogeneous
polynomial of degree d is defined as the minimal r such that f can be computed by a LAY circuit. Tt is
also known as the symmetric tensor rank of f. The border Waring rank of a polynomial f, denoted WR (f), is
the minimal r such that f is in the closure of polynomials of Waring rank at most r.

Alder [Ald84] (see also [BCS97, Appendix 20.6]) showed that WR (f) = r if there exist r linear functions
{; € C(¢g)[x] such that

.
f=1li 04,
lim )¢

1=

Equivalently, WR (f) = r if there exist a degree-d polynomial g € C[e][x], an integer ¢, and linear forms
{; € Cle]lx] such that

.
edf +edtlg = fol.
i1

This alternative definition generalizes to arbitrary characteristic fields.
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Understanding the relationship between WR (f) and WR (f) is a longstanding open problem. Forbes
[For16] conjectures that YAX = ZAL. In other words, if WR (f) = poly(n, d), then WR (f) is also polynomi-
ally bounded. Ballico and Bernardi [BB17] proposed a stronger conjecture, asserting that taking limits can
save at most a factor of d. Specifically, they conjectured

WR (f) < (WR (f) — 1) - deg(f).

This conjecture was verified for small values of r (r = 3,4, and when d > 9, also for r = 5) [LT10, BB13,
Bal18].

In [DGI"24], Dutta, Gesmundo, Ikenmeyer, Jindal, and Lysikov studied the general case and proved
that if a polynomial f of degree d has WR (f) = r, then

WR(f) < d-4"
We significantly improve upon the upper bound given in [DGI"24].
Theorem 1.1. Let f € C[x]q be a homogeneous polynomial. If WR (f) =, then

WR(f) < d - r10VT
For more on debordering, Waring rank, and related problems see [BCC" 18, DDS22, DGI"24].

2 Preliminaries

In this section, we introduce some notation and formally define the Waring rank and border Waring rank.
We work over the field C of complex numbers. The space of homogeneous polynomials of degree d in
variables x = (x1,...,Xn) is denoted by C[x]4. We write f ~ g for f,g € C(¢)[x] if lim,_,of = lim,_,0 g (in
particular, both limits must exist).

The projective space PV is defined as the set of lines passing through the origin in V. For each nonzero
v € V, the corresponding line is denoted [v] € PV, where [v] = [w] if and only if v = ¢ - w for some scalar
ceC.

For integers j < d, we denote

. (d .
(@) =it () “TTa—1,
where (d); represents the falling factorial.

2.1 Facts from [DGI " 24]

Definition 2.1 (Waring Rank). Let f € C[x] be a degree-d homogeneous polynomial. The Waring rank of f,
denoted WR (f), is the smallest integer r such that there exist homogeneous linear forms {3, . .., {, satisfying:

f= ie;i.
i=1

Definition 2.2 (Border Waring Rank). The border Waring rank of f, denoted WR (f), is the smallest r such
that f can be expressed as a limit of a sequence of polynomials with Waring rank at most .

As shown in [Ald84], the next definition is equivalent to Definition 2.2.

Definition 2.3 (Border Waring Rank Decomposition). A border Waring rank decomposition of a degree-d ho-
mogeneous polynomial f € C[x]4 is an expression of the form:

.
f=1im Y ¢,
e—04
i=1
where {4, ...,¢. € C(¢)[x]; are linear forms with coefficients rationally dependent on ¢. The border Waring
rank WR (f) is the smallest number r of summands in such a decomposition.



A rational family of linear forms { € C(¢)[x]; always has a well-defined limit when viewed projectively.
Specifically, if £(¢) is expanded as a Laurent series:

o0

Ue) = Z e, with{q #0,
i=q
then: -
lim[¢(e)] = yg%i:q e'lqri = [4g]. 1

A border Waring rank decomposition is called local if, for all summands in the decomposition, this limit
is the same.

Definition 2.4 (Local Decomposition [DGI*24]). Let f € Cle]q be a degree-d homogeneous polynomial. A

border Waring rank decomposition:
T

f=1im ) ¢¢
e—=0
i=1

is called a local border decomposition if there exists a linear form { € C[x]; such that:

lim[¢;i(e)] = [€] forallie [r].

e—0

The point [{] € PC[x]; is called the base of the decomposition. A local decomposition is called standard if
¢ =c- ¢l forsome q € Zandc € C.

The number of essential variables of a homogeneous polynomial f is the smallest integer m such that,
after a linear change of coordinates, f can be expressed as a polynomial in m variables. Denote the number
of essential variables of f by N(f).

Lemma 2.5 (Lemma 4 of [DGI* 24]). For a homogeneous polynomial f € C[x]q, we have N(f) < WR (f).

Lemma 2.6 (Lemma 6 of [DGI"24]). If f has a local border decomposition, then it has a standard local border
decomposition with the same base and the same number of summands.

The following lemma can be proved by induction on the degree. It also follows from Corollary 3.2, as
discussed in Remark 3.4.

Lemma 2.7 (Lemma 7 of [DGI " 24]). Suppose f € Clx]q4 has a local border decomposition with v summands based
at [0]. If d > r — 1, then:
f= fd—r—b-l . g(X),

where g is a homogeneous polynomial of degree r — 1.

The following lemma shows that when the degree is greater than the rank, the decomposition must be
local (or consist of local decompositions).

Lemma 2.8 (Lemma 10 of [DGI*24]). Let f € Clxlq be such that WR (f) = r. If d > v — 1, then there exists a
partition v =11 + - - - + 1y such that f has a decomposition:

d—ri+1
iy .

M-

9k,

~
Il

1

where each ¢3!

gk has a local decomposition, with [{y] as the base of the decomposition, and:
WR (6877 gy ) <

The following simple lemma is implicit in [DGI™24].



Lemma 2.9 (Perturbing a Variable by ¢). Let f € Cle][x]. If xq >~ g, where g € C(¢)[x], then:
f(x) ~f(g,x2, ..., %Xn)-

Proof. Let fy = lim,_, f(x), where fy € C[x]. For some f; € Cle][x], we can write f = fy + ef;. Similarly,
since lim,_,ox; = lim,_,o g, we have g = x; + €g’ for some g’ € C[e][x]. Expanding f, monomial-wise and
substituting g for x4, it is straightforward to verify that:

fo(g,x2, ..., xn) = fo(x) + ef2(x),
for some f, € Cle][x]. Thus,
f(g,x2,...,xn) =To(g,x2,...,xn) + f1(g, X2, ..., %Xn) = fo(x) + efa(x) + ef1(g, X2, ..., xn) = To,
as required. O

We will frequently use this lemma to simplify border Waring rank decompositions.

Additionally, if WR (f) = rand f = lime 0 ) ;_; (¢

¢, where each {;(x) € C(¢)[x];, then for an integer q
such that €9 - £;(x) € Cl[e][x]; for all 1, it holds that

.
gddf 4 gddtlg — Z(quﬂdr

i=1

for some g € Cle][x]q.
Conversely, if for some integer g, polynomial g € C[e][x]q4, and linear functions £; (x) € C[e][x];, we have

T
gdf +¢edtlg :fo, )
i=1

then WR (f) < .
From this point onward, we will consider the representation in (2) for polynomials f with WR (f) < r.

3 Improved debordering

In this section, we provide the proof of Theorem 1.1. The proof begins by describing an e-perturbed di-
agonalization process. We consider homogeneous polynomials f € Clx]4 and assume, without loss of
generality, that N(f) = n < WR (f) (see Lemma 2.5).

Lemma 3.1 (Perturbed Diagonalization). Let
T
edf+etlg=>) f
i=1

be a decomposition of f, where {;(x) € Clel[x];. Then, there exist:

o gamatrix A = Ay + €A1 € Cle]™™", where Ag € C™7 is invertible,

o integers0=q1 < 2 < ... < qn < q,

® a permutation 7 : [v] — [r], and

e linear functions Ly, ..., L;,



such that, for every i € [n] and m € [qqn], defining

kim = argmax{qx < m},
keli—1]

the linear function L (x) satisfies the following:

gi—1 .m g Kim q P
m=0 € Zk:1 Cim,kXk + €77X4 1f1 <n,

Li(x) := i) (AX) = . . ‘ ‘ 3)
m=0€ Zk:l Ci,m, kXK Zle <1<

Furthermore, for some polynomial § € Clel[x]q, we have
eIf(Agx) +e91g(x) = )1,
i=1

which is a border Waring rank decomposition of f(A¢x). Moreover, if the original decomposition of f was local, then
the decomposition of f(Ax) is also local, based at x;.

To better understand this construction, consider the matrix Q representing the L;’s, where Q; is the
linear form corresponding to the coefficient of ¢’ in L;. Explicitly:

Zt‘:ll cijkxk  ifj < qi,
Qij = xi ifj =qy,
0 ifj > qi.

Thus, the first n rows of the matrix Q are in lower triangular form. Importantly, a variable x; does not
appearin Ly, ..., Lx_; and can only appear in columns j > qx.

Proof of Lemma 2.9. First, observe that we can assume, without loss of generality, that no {; contains powers
of ¢ larger than q. This simplification can be achieved by removing these higher-order terms from {;, which
would only modify g without affecting the decomposition.

Let us denote C;[¢;] € C[x]; as the coefficient of ¢ in {;.

In Algorithm 1, we outline the process for constructing the matrix A. The algorithm begins by construct-
ing a basis of linear functions. At each iteration, it identifies the smallest power of ¢ such that one of the
remaining {; has a coefficient at that power which is a linear function linearly independent of all previously
constructed basis elements. This {; is then removed from the set, and the identified linear function is added
to the basis. This process repeats until all {; are processed.

After this step, each {; is associated with a basis element and a corresponding power of ¢, representing
the coefficient of that power in {; during the iteration. Additionally, the {;s are re-indexed based on the
order in which they were removed.

Next, an invertible linear transformation is applied to ensure that each basis element corresponds to a
variable. Specifically, under the new indexing, x; becomes the variable associated with the basis element
derived from {;. After the transformation, each {; takes the form:

= Ei(xl, - ,Xi—l) + Eini + £qi+1f{,
where deg () < q;. Finally, we adjust x; by adding ¢, ensuring that:

= Ei(xl,...,xifl) + e9ixg.



Algorithm 1 Perturbed Diagonalization

1: Set Iy = [r]and £ = 0.
2: fork=1...ndo

3: Find the smallest power j such that C;[{;] is linearly independent of all elements in £, for some
i€ Ix_1.

4: Set qx = j, and let iy be the smallest index i such that C, [{i] is linearly independent of all the linear
forms in L.

Update Iy = Ix—1 \ {ix} and set (k) = ix.

Define L = Cq, [t ] and Lie = 31 5 &79%C5le, .
Update £ = £ U Ly.

: end for

: Complete 71 to be a permutation on [r].

10: Define A € C[e]™" such that for all k € [r], ([y + Ly ¢ )(Ax) = xy.
11: Define Lk(X) = eﬂ(k)(AX).

Y XN G

To verify the correctness of the constructed matrix A, observe that for each k, Lyele—o =0, meaning that
f_k+f_k,£ =L+0(e). By the definition of qy, for every m < qi, Cm[&i] € span{ij |j < k}forallie [r]\Ix_1.
Thus, after the variable transformation defined by A, only variables x;, ..., xx—1 appear in the coefficients
of e™ for m < q. Furthermore, the coefficient of ¢ 9 in Ly is precisely xi, ensuring that (3) holds.

Note that A can be written as A = Ag + e¢A;, where Ay € C™*" is invertible because [y (Agx) = xx.
Consequently, for some polynomial § € C[e][x]4, we have:

f(AX) + € - g(Ax) = T(Apx) + € - §(Apx).
Therefore:

T T
eTf(Agx) + €91 G(Agx) = e9f(Ax) + €9 g(Ax) = ) Li(Ax)¢ =) T{.
i=1 i=1

The fact that the new decomposition remains local, provided the original decomposition was local, follows
directly from the invertibility of Ay. O

Corollary 3.2. Let f, Ly, and § be as in Lemma 2.9. Then, for every k € [n] and j € [r — 1], it holds that

j
wr(2F) <k
0x),

Proof. By the definition of the L;s, xi does not appearinLy,...,Lx_1 (see (3)). Therefore, using the notation
of Lemma 2.9, we obtain:

I f(Apx) 10g(x) O ) [ L) P A
g STy a1 T O (caf(ax) + 9t g(AX)) = — [ Y LY = (a); - L8,
o, ox| axL( (Ax) g(Ax)) o] ; (d)- Y I i
j
wr(2F) <k
0x),

i=k+1
Remark 3.3. The conclusion of Corollary 3.2 can be strengthened to

j
wR (2T <rokoja,
oxy,

Since Ay is invertible, it follows that

as after each derivative, we can re-diagonalize and conclude that each successive derivative, not taken with
respect to x1, reduces the rank further.



Remark 3.4. We note that Corollary 3.2 implies Lemma 2.7, as it shows that taking a derivative with respect
to any variable other than x; reduces the Waring rank. Consequently, any monomial can contain at most
1 — 1 other variables.

We now give the proof of Theorem 1.1.

Proof of Theorem 1.1. The proof proceeds by induction on r. For 1 < r < 100, the result of [DGI " 24] implies
that WR (f) < 4" < 1%V, Hence, we assume from now on that r > 100.

Let e9f +e9Tg = Y |, (¢ be a border Waring rank decomposition of f, where ¢;(x) € Cle][x];. By ap-
plying Lemma 2.9, we can assume without loss of generality that the {;s are in diagonal form, as described
in the lemma.

We handle two separate cases. The first is when d > r — 1, and the second is when d < r —1.

The case d > r—1. From Lemma 2.8, there exists a partition r = ry+.. .41, such that f has a decomposition

m

f=2 6™ gx,
k=1

where ngh‘ﬂgk has a local decomposition, with [{x] being the base of the decomposition, and

WR (fﬁ_rkﬂ : Qk) S

Sinced-) |-, rllco‘/ﬁ < d-719V7 it suffices to prove Theorem 1.1 for local decompositions when d > r—1.

Assume that f has a local border Waring rank decomposition, based in x;, as in the conclusion of
Lemma 2.9.

LetY = {xl,...,xuo\/ﬂ} and Z = {XUO\/;JH,...,XH}. For convenience, rename the variables in Z as
Z={zy,...,zm} for m =n — [10,/r]. By Lemma 2.7, we have the following representation of f:

m r—1

f=x{* (fo(Y) +) ) = gi,k(Y/Zi+1r~--/Zm)> : (4)

i=1 k=1

In other words, we first consider monomials involving only the Y variables. Then, each other monomial
contains one or more variables from Z, and we group these monomials according to the minimal i and then
the maximal k such that zF divides them.

Clearly, fy is a polynomial of degree r — 1 in |10,/r] variables, and hence its Waring rank satisfies

_ B B [10v/7]—1
WR (fo) < |10y/r] +1—3 _ [10y/r] +1—3 < e(r+ [10y/r] —3) < (5.1
r—2 [10/r] —1 10yr—1
Consequently,
WR (x ™1 fg) < d- (5-1)°V7.
Next, observe that x! """ . g; , can be obtained by taking k derivatives of f with respect to z;, setting
z1 = ... = z{ = 0, and multiplying the result by k!.

From Corollary 3.2, we conclude that WR (xf’”l . girk) < r—|104/7] —1, and clearly it is a polynomial
on at most n — i variables. The induction hypothesis implies that

WR (x{7 ™1 gix) < d- (r— [10y/7] — )10V Lovr) L

Hence,

WR (x{ 12 gix) < v (r— [10V7) =1V,



It follows that

m r—1
WR(f) < d- (5.r)5ﬁ+ d'ZZr' (r— UO\/FJ _1)10 T—[10/T]—1
i=1 k=1
<d- (5.r)5ﬁ+ d-r2. Z(T_ LlO\/ﬂ _1)10\/#(10\@71
i=1
<d-(5-1)V"T4d-rd.pl0vrS)

<d.riovr,

The case d < v — 1. Assume that f has a border Waring rank decomposition as in the conclusion of
Lemma 2.9. As before, set Y = {xq, ... ,XUO\/;J} and Z = {XUO\/;JH, ...,Xn}, and rename the variables in Z as
Z={zy,...,zm} for m =n — |10,/7]. Using the same reasoning as before, we conclude that

m r—1
WR(f)<d-(5-7)VT+d-r- Y Y (r—[10yr] —)1OVr-Hovr=
i=1 k=1
<d- Tloﬁ. O
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