Electronic Colloquium on Computational Complexity, Revision 2 of Report No. 27 (2025)

Weighted Pseudorandom Generators for Read-Once Branching
Programs via Weighted Pseudorandom Reductions
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Abstract
We study weighted pseudorandom generators (WPRGs) and derandomizations for read-once
branching programs (ROBPs), which are key problems towards answering the fundamental open

question BPL Z L. Denote n and w as the length and the width of a ROBP. We have the
following results.
For standard ROBPs, there exists an explicit e-WPRG with seed length

log n log(nw)
max {1,loglogw — loglogn}

1
+ logw <log log log w — log log max {27 o8 }) + log(l/e)) .
logn/e
When n = w°®), this is better than the constructions in [Hoz21, CDR*21, PV21, CL20]. Further,
by using this result in a black-box way, we attain a WPRG for regular ROBPs with seed length

0 <logn (vlog(l/e) +logw + loglogn) + log(l/g)) .

This slightly improves the result of [CHL™23] and matches the recent simultaneous and indepen-
dent work of [CTS25].

For permutation ROBPs with unbounded widths and single accept nodes, there exists an
explicit e-WPRG with seed length

O <logn <loglogn + \/W) + log(l/a)) .

This slightly improves the result of [CHL™23].

For regular ROBPs with width w, length n < 20(Vlogw) o — 1/ poly w, and multiple accept
nodes, we give the first derandomization which attains optimal space complexity O(logw), i.e.
in L exactly. When requiring the derandomization in L, the only previous method that can
work is using the Nisan-Zuckerman generator [NZ96] or its variations in [Arm98]. Our result
significantly improves the length and error of the regular ROBPs that can be derandomized
under this requirement. Also, if compared to the derandomization of [AKM™*20, CHL'23, CL24],
then our result not only improves the space complexity to optimal, but also improves the time
complexity from super-polynomial to standard polynomial.

All our results are based on iterative applications of weighted pseudorandom reductions,
which is a natural new notion for simplifying ROBPs.

1 Introduction

Randomness is a fundamental resource in computation, but is it essential? A key conjecture in
space-bounded computation is that randomized algorithms in the complexity class BPL can be
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efficiently simulated by deterministic logspace algorithms, i.e. BPL = L. A central approach toward
addressing this conjecture is the derandomization of standard-order read-once branching programs
(ROBPs), which is usually defined as the following.

Definition 1.1 (Read-once branching programs (ROBP)). A read-once branching program f of
length n, width w and alphabet size |X| = 2° is a directed acyclic graph with n + 1 layers Vp, ..., V.
For any layer V; except V,,, each node v € V; has 2° outgoing edges to nodes in Vi11. These edges
are labeled by distinct symbols in 3. There exists a unique start node vgqrt € Vo and a set of accept
nodes Vaccept C V. Given an input x € X", the computation of f(x) is defined as: f(x) =1, if
there exists a unique path vsigrs, V1, ..., Un such that the edge between v; and v;y1 is labeled by x;,
and vy, € Vaeeept; f(x) = 0 otherwise.

Every problem in BPL can be reduced to approximating Ef for a corresponding ROBP f. A
classical method for derandomizing ROBPs is constructing pseudorandom generators (PRGs).

Definition 1.2 (PRG). Let F be a class of ROBPs f: ({0,1}*)" — {0,1}.An e-PRG for F is a
function G : {0,1}¢ — ({0,1}*)"such that for every f € F, we have

Ere(o1y)nf () = Epego13e f(G(r))| < e.

The input length d is called the seed length of the PRG. We say that G is explicit if it can be
computed in space O(d) and time poly(d,n).

Using the probabilistic method, one can show the existence of a non-uniform e-PRG for standard-
order ROBPs of length n, width w, and alphabet size 2°, with an optimal seed length of O(s +
log(nw/e)). However, constructing explicit PRGs that have short seed lengths turns out to be
an exceptional challenge. In a seminal work, Nisan [Nis92a] constructed an explicit e-PRG for
ROBPs of length n, width w, and binary alphabet {0, 1}, with a seed length of O(logn log(nw/e)).
Building on this result, Saks and Zhou [SZ99] developed a celebrated algorithm to derandomize
BPL, within O(log®?n) space deterministically. Nisan [Nis92b] also used [Nis92a] to show that
BPL C SC. Impagliazzo, Nisan, and Wigderson [INW94] generalized the construction of [Nis92a]
by using expanders, to fool more general models in network communication. In the meantime, for
short ROBPs, Nisan and Zuckerman [NZ96] gave another remarkable PRG that has a better seed
length for wide but short ROBPs, i.e. with seed length O(logw) when n = poly logw, e = 9~ log" " w,
Armoni [Arm98] further extended [Nis92a, NZ96] to construct an improved PRG with seed length!

0 ( log n log(nw/¢) ) _

max{1,log log w—loglog(n/e)}

1.1 Weighted Pseudorandom Generators

Despite years of research, the challenging problem of constructing better PRGs for general ROBPs
remains open. Nisan’s generator is still the best explicit PRG for ROBPs when lengths and
widths are large, e.g. n = w = 1/e. However, PRGs are not the only black-box solution to
derandomization. Weighted pseudorandom generator (WPRG) and Hitting set generator (HSG)
can also do derandomizations.

A remarkable work by Braverman, Cohen, and Garg [BCG19] improves the seed length by
introducing and constructing WPRGs.

'[Arm98] needs to use an extractor with seed length optimal up to constant factors which is discovered later than
[Arm98], e.g. [GUV09].



Definition 1.3 (WPRG). Let F be a class of ROBPs f : ({0,1}°)" — {0,1}. A W-bounded
e-WPRG for F is a function (G,w) : {0,1}¢ — ({0,1}*)" x R such that for every f € F, we have

Ere(qoayoynf(z) — Y [de(r)-f((?(f)) <e,

re{0,1}4
Vr, jw(r)| < W.

The input length d is called the seed length of the WPRG. We say that (G, w) is explicit if it can be
computed in space O(d) and time poly(d,n).

As shown in [BCG19], under this notion, the seed length can be significantly improved to
5(log n(logn + logw) + log %), i.e. for € there is only an isolated addend. Chattopadhyay and Liao
[CL20] further improved this isolated addend to be the optimal O(log(1/¢)). Then Cohen, Doron,
Renard, Renard, Sberlo, and Ta-Shma [CDR*21], and also Pyne and Vadhan [PV21] attained
black-box error reductions from PRGs to WPRGs, which can also achieve an isolated error term in
the seed length. They both are based on a preconditioned Richardson Iteration, which was previously
developed by Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and Salil Vadhan [AKM*20] for
high precision derandomization of random walks on Eulerian graphs. Hoza [Hoz21] further improved
the WPRG construction to attain seed length O(lognlog(nw) + log(1/¢)).

Inspired by error reductions used in these WPRG constructions, Hoza [Hoz21] improved the

derandomization of Saks and Zhou [SZ99] to be BPL C DSPACE (\}i&) Cohen, Doron,
oglogn

Sberlo, and Ta-Shma [CDST23], also Pyne and Putterman [PP23], showed that ROBPs with medium

width w = 20(V1°g7) can be derandomized in O(logn) space. Cheng and Wang [CW24] showed that

BPL C logspace-uniform AC!.

HSG is an even weaker notion than WPRG. However, it is also a powerful tool in derandomization.

Definition 1.4 (HSG). Let F be a class of ROBPs f : ({0,1}*)" — {0,1}. An e-HSG for F
is a function H : {0,1}¢ — ({0,1}*)" such that for every f € F, if Egzego,135)n f(x) > ¢, then
Ir € {0,139, f(H(r)) = 1.

The input length d is called the seed length of the HSG. We say that H is explicit if it can be
computed in space O(d) and time poly(d,n).

One can use HSG to find an accepting path when the acceptance probability is significant.
Actually, HSG is more powerful than this. Cheng and Hoza [CH22] showed how to approximate the
acceptance probabilities of ROBPs of length n, width w using an HSG for ROBPs with significantly
larger width O(poly(nw/e)) and length O(poly(nw/e)). Pyne, Raz, and Zhan [PRZ23] further
extended the method to give a deterministic sampler for such a task. Constructing better HSGs
is also a challenging task. Hoza and Zuckerman gave the current best HSG with seed length

O (max{llﬁ)gg?sgi(fﬂ)glogn} + log(1/£)> for binary alphabet.

1.2 WPRG for short-wide standard ROBPs

Although significant progress has been made in the study of WPRGs for general ROBPs with large
length and width, for shorter lengths, the existing work still do not match the seed length of the
HSG construction [HZ20]. This naturally raises the question: can we construct a WPRG for shorter
but wide ROBPs with better seed length? Note that for the special case n = poly log w, NZ FRG

[NZ96] and Armoni’s PRG [Arm98] have optimal seed lengths of O(logw) when & = 2718 "
where v is any constant in (0, 1). However when the error is smaller such as ¢ = 1/ poly(w), the seed



lengths of the WPRGs of [CDR*21, Hoz21, PV21] deteriorate to O(logw loglog w), which have no
advantage than those of the PRGs [Nis92a, INW94, Arm98|.

In this paper, we make progress for answering the question by giving a new WPRG construction
that has a better seed length for short-wide ROBPs. Specifically, we have the following result.

Theorem 1.5. For every n,w € N, e € (0,1), with n > logw, there exists an explicit e-WPRG
with seed length

lognl 1
O og nlog(new) + log w ( logloglog w — loglog max < 2, 0w +log(1/¢)
max {1, loglogw — loglogn} logn/e

for the class of ROBPs of width w, length n and alphabet {0, 1}.

This WPRG has a better seed length than Armoni’s PRG [Arm98, KNWO08]. Also, this slightly
outperforms [Hoz21, CDR 21, PV21, CL20], when n < w.

For the Nisan-Zuckerman regime i.e. n = polylogw, € = 9-1og" ™" n for any constant a > 0, one
can see that the seed length of our Theorem 1.5 is O(logw), by noting that the subtraction of the
two triple-log terms becomes a constant. This matches the seed length of the Nisan-Zuckerman
PRG [NZ96]. Further when n is larger or ¢ is smaller, our seed length is strictly better.

Table 1 and Table 2 summarize the seed length of e-PRGs and e-WPRGs for short-wide general
ROBPs.

Seed length Type Reference
log nlog(nw/e)
o (log Tog 1 bog Tos /5)> PRG | [Arm98, KNW0g]
O(log nlog(nw) + log(1/¢)) WPRG [Hoz21]
0 (% + log(w/e) log log, (1 /5)) WPRG [CDR*21]
@) (% + log w log log log w + log(l/s)) WPRG Theorem 1.5

Table 1: Comparison of seed length of e-PRGs, e-HSGs and e-WPRGs for general ROBPs of width
w, length n < w, and alphabet {0, 1}, where ¢ < 1/ poly(w).

Seed length Type Reference Note
O(log w) PRG [NZ96] g =2 log"w
O(log(w/¢e) log log w) PRG | [Arm98],[INW94],[Nis92a] e < 1/poly(w)
O(logwloglogw +log(1/¢)) | WPRG [Hoz21],|CDR*21] e <1/ poly(w)
O(log w) WPRG Theorem 1.5 £ =2 log"Pw
O(logwlogloglogw 4 log(1/¢)) | WPRG Theorem 1.5 e < 1/ poly(w)
O(logw + log(1/e)) PRG folklore Optimal; non-explicit

Table 2: Comparison of seed length of e-PRGs, e-HSGs and e-WPRGs for short-wide ROBPs of
width w, length n = poly(logw), and alphabet {0, 1}.
One direct application of our new WPRG is to improve the WPRG for regular ROBPs.

Definition 1.6 (Regular ROBP). A regular ROBP is a standard-order ROBP f, where for every
i € [n], the bipartite graph induced by the nodes in layers V;_1 and V; is a regular graph.

Chen, Hoza, Lyu, Tal, and Wu [CHL 23] gave a WPRG for regular ROBPs. Their seed length is
9] (logn <\/log(1/€) + log w + log log n) + log(l/s)) . Using our WPRG instead of the INW PRG

4



in one step of their construction, we can eliminate the low-order multiplicative factors in their
seed length, which are double-logarithmic multiplicative factors attached to both log(1l/e) and
log ny/log(1/e). Our result is stated as the following.

Theorem 1.7. For every w,n € N with n > loglogw, and every e > 27", there exists an explicit
e-WPRG with seed length

O (logn (Vlog(l/e) + logw + log logn) + log(l/s))
for reqular ROBPs of width w, length n and alphabet {0,1}.

A recent simultaneous and independent work of Chen and Ta-Shma [CTS25] also achieves this
seed length. Their construction combines the work of [CHL*23] and Hoza [Hoz21]. On the contrary,
our construction is using our Theorem 1.5 to replace a step of using INW PRG in [CHL'23].

1.3 WPRG for unbounded-width permutation ROBPs with a single accepting
node

Permutation ROBPs are interesting special ROBPs, where the transition functions between layers
are permutations.

Definition 1.8 (permutation ROBP). A (standard-order) permutation ROBP is a standard-order
ROBP f, where for every i € [n] and x € {0,1}*, the transition matriz from V; to Vi1 through
edges labeled by x, is a permutation matriz in RY*Y,

Early work on PRGs for permutation ROBPs [BV10, Dell, KNP11, Stel2, RSV13, CHHL19]
focus on the constant width case. Inspired by the progress on derandomizing squares [RV05,
AKM™'20, APP 23], recent studies focus on unbounded-width permutation ROBPs with a single
accepting node [HPV21a, PV21, BHPP22, CHL"23]. Hoza, Pyne and Vadhan [HPV21a] designed
an e-PRG for unbounded-width permutation ROBPs with seed length O(logn log(1/¢)) for binary
alphabet. They also proved that any PRG for this class must have seed length ﬁ(log nlog(1/e)). For
the WPRG case, Pyne and Vadhan [PV21] designed a e-WPRG with seed length O(log n log(n/e)+
log(1/¢)). This was improved by Chen, Hoza, Lyu, Tal, and Wu [CHL"23] to? O(logn+/log(1/) +
log(1/e)).

Our idea in WPRG construction for general ROBPs can also be used to slightly improve the
WPRG construction for permutation ROBPs. Specifically, we have the following result.

Theorem 1.9. For every n,s € N and € € (0, 1), there exists an explicit e-WPRG with seed length

0 (3 + logn (log logn + \/m) + 10g(1/5)>

for the class of permutation ROBPs of length n and alphabet {0,1}* with a single accepting node.

logZn

When the error is small enough, i.e. € <27 , our WPRG has a seed length optimal up to a
constant factor. The comparison of our result with the previous results is shown in Table 3.

“The detailed parameter of [CHLT23] is O (log ny/log(1/€)/loglog(n/e) + log(1/¢) log log(n/s)>.



Seed length Type | Reference Note
O(lognlog(1/e)) PRG | [HPV21a]
O(log n+/log(n/e) + log(1/¢)) WPRG | [PV21]
0 (log ny/log(1/¢)/loglog(n/e) + log(1/e) log log(n/s)) WPRG | [CHL"23]

@) (logn (log logn + \/log(l/a)) + log(l/s)) WPRG | This work
Q(lognlog(1/e)) PRG | [HPV21a] | lower bound

Table 3: Comparison of seed length of e-PRGs and e-WPRGs for unbounded-width permutation
ROBPs of length n and alphabet {0,1} with one accepting node.

1.4 Derandomization for short regular ROBPs

There is an extensive body of work focused on constructing HSGs, WPRGs, and PRGs for regular
ROBPs [BRRY14, BHPP22, Dell, RSV13, CL24, CHL"23]. These results also have shed light on
derandomizing standard ROBPs and space-bounded computations.

PRGs and WPRGs constructed for regular ROBPs naturally induce derandomization algo-
rithms for this class. However, dedicated derandomization algorithms achieve better performance.
Ahmadinejad, Kelner, Murtagh, Peebles, Sidford, and Vadhan [AKM*20] derandomized regular
ROBPs of length n, width w and alphabet {0, 1} within error ¢, using space O(log(nw) loglog(1/¢)).
Subsequently, Chen, Hoza, Lyu, Tal, and Wu [CHL"23] achieved the same result with a simplified
algorithm. Chattopadhyay and Liao [CL24] constructed another alternate algorithm with the same
space complexity.

Our next result focus on derandomization algorithms for short-wide regular ROBPs and constructs
a derandomization algorithm with improved space complexity and time complexity for this regime,
by adapting our WPRG for permutation ROBPs.

Theorem 1.10. There exists an algorithm that takes a reqular ROBP f of length n, width w and
alphabet {0,1}* and a parameter ¢ > 0 as input, and outputs a value that approzimates E[f] within
error €. The algorithm runs in O(s + logn(loglogn + +/log(w/¢)) + log(w/e)) bits of space.

Notice that when n < 200082 w) and ¢ = 1 / poly w our algorithm achieves a space complexity
of O(s + logw), which is optimal up to a constant factor, i.e. in L exactly. When requiring the
derandomization to be in L, the only previous method that can work is actually the Nisan-Zuckerman
generator [NZ96] and also its variation in [Arm98]. Our result significantly improves the length
and error of the regular ROBPs that can be derandomized in this case. On the other hand, if
comparing with [AKM™*20, CHL*23, CL24], then our result not only improves the space complexity
to optimal, but also improves the time complexity from super-polynomial to polynomial. In fact,
we note that even if n = poly logw, the derandomizations of [AKM ™20, CHL 23, CL24] are still in
super-polynomial time.

One may want to further improve the randomness dependence on ¢ by first using our theorem
with error 1/ poly w and then calling the Richardson iteration method of [AKM™20]. This can be
done, but our main purpose here is to get a derandomization in IL exactly. Note that if applying
that additional operation, then the algorithm is not in I and also not in polynomial time.

1.5 Technical Overview

Our general method is inspired first by an observation about the error reduction technique introduced
in [CDR"21, PV21]. Recall that in [CDR*21, PV21], a given ROBP {A4;}" ; € R“*%, the product



A = II'" | A; can be approximated by a weighted summation of a sequence of iterated matrix
multiplications,

k
A- Z 0" B07n¢,1Bni,17ni,2 T Bni,kflvni,k < €p- (n + 1)'
1€[K]

where o; € {~1,0,1}, K = n°®), {Bij}ij—o can be any family of matrices such that |B;; —
Aiy1... Aj|| <eg/(n+1), and || - || can be any sub-multiplicative norm such that [|A4;|| < 1. Then
one can deploy some inner PRGs, which are some well-known PRGs, e.g. INW generators, for
each B;; such that when the ROBP reads the outputs of these inner PRGs, the corresponding
approximation matrix is a valid B; ;. Further one can use an outer PRG with a large alphabet, to
generate seeds for inner PRGs. This will give the WPRG of [CDR 21, PV21].

An observation is that Bon,, Bn;1ms -« Bn i, can be viewed as a shorter ROBP with a
large alphabet, while the expectation of the original branching program can be approximated as the
sum of weighted expectations of shorter branching programs. So an initial thought is that if one
can somehow recursively apply this procedure, to further reduce the length of the ROBP, until the
length becomes a constant, then by using true randomness for constant length ROBPs, one can
attain a WPRG. Of course, there are problems with this initial thought: first, the alphabet size
may increase quickly; second, one needs to make sure the length can indeed be shorter each time we
apply the reduction; third, the overall weight needs to be bounded. We will exhibit how to resolve
these problems respectively for our results.

To describe our constructions in detail, we introduce a natural concept, the weighted pseudo-
random reduction, which is defined as follows.

Definition 1.11 (Weighted Pseudorandom Reduction). Let Fy be a class of functions ({0,1}50)" —
R. Let Fsimp be a class of functions ({0,1}°1)" — R. A (d, K, e)-weighted pseudorandom reduction
from Fo to Feimp is a tuple (R,w), in which R : ({0,1}*1)™ x {0,1}¢ — ({0,1}*)™ and w :
{0,1}¢ — R. Furthermore, for every f € Fo, we have:

Euf(U) - 57 S wiEw[fRU, )| <e

ic€{0,1}4
Vi, |lw(i)| < K,
Viu f(R(,Z)) € Fsimp‘

We call R the reduction function and w the weight function. In some cases, we use the notation
Ri(:) := R(-,4) for convenience.

A weighted pseudorandom reduction can be viewed as a ‘partial assignment’ for the seed of a
weighted pseudorandom generator. Instead of directly approximating E[f] with Y, &w(r) - f(r),
we consider approximating E[f] with ), 2%10(1’) -Eu,, [f(Ri(Us,))]. So for each i, we only need to
further approximate E[f(R;(Us,))] with another weighted pseudorandom reduction. Despite its
resemblance to error reduction frameworks, the weighted pseudorandom reduction is not designed
for recursively reducing the error. Instead, the core idea is to approximate a complex ROBP by
a weighted sum of simpler ROBPs (e.g. shorter or smaller alphabet), and recursively repeat this

process until the ROBPs are simple enough to be handled easily.



WPRGs for standard-order ROBPs To describe our construction, we start by reviewing
Armoni’s generator in view of weighted pseudorandom reductions. For simplicity, we consider
e > 1/w?. Armoni’s generator can be viewed as a recursive weighted pseudorandom reduction
procedure. It has k levels of recursions. Let f be the original ROBP. At level i of the recursion,
assume the current ROBP is f; of length n and alphabet {0,1}¢1°8% where C' > 0 is a constant. We
prepare a source X of O(log(nw/e)) bits and extracts it using multiple independent seeds Y7, ..., Y},
each of O(log(n/e)) bits. This outputs n chunks of (C'logw)-bit symbols. And the number of
random bits used is reduced from Cnlogw to O(nlog(n/c)). Notice that this is also a one-level NZ
generator. If we further fix the source X, the composition of f; and the one-level NZ generator can
be viewed as a new ROBP that operates on Yi,...,Y,, which can be further regarded as a ROBP
of length m =n - %g{f)) and alphabet {0, 1}Clogw. This perspective allows one to recursively
apply the process. At each level i of recursion, one can reduce a ROBP of length n; and alphabet
{0,1}¢18™ to a ROBP of length n;1 = n; - OUog(n/e)) 14 the alphabet {0,1}¢°8%  The cost

C'logw
of this level is that we use O(log(nw/e)) fresh random bits as a source to extract. By k levels of

k
recursion, Armoni’s generator achieves a seed length of O (k: log(nw/e) +n - (105)(54 E)) ) for any
integer k > 1. However, when ¢ = 1/ poly(w), the multiplicative factor Ollog(n/2)) jeteriorates to

C'logw
a constant. Under such cases, one can set k to be logn to attain a short seed. But then the seed

length is no better than just applying Nisan’s generator.

The first ingredient in our construction is the length reduction, which can accelerate the
length-decreasing rate in the above procedure. For simplicity, we first focus on n = poly logw. We
will handle larger n later. We show how to make n;;; = nil/ % and how to attain an advantage in seed
length based on this property. By a standard method from [CDR ™21, PV21] based on Richardson

iteration, one can transform a PRG with a moderate error 7 into a WPRG with a tiny error . For
C log w

level i, we set the moderate error 7 =2 =»'/¢ for some constants C,c > 0. The WPRG constructed
in this manner has the form:

G(j, 21, Tm) = PRG(21)n; , PRG(Z2)n; 5115 - - - » PRG(2)
w(j) =0;- K.

Njm=—TNjm—1

Here m = O (}gi%’fﬁ;), j is chosen from a predefined set [K], K = n°™ 0 < n;; < nj2 <

. < njm < n are breakpoints, and o; € {—1,0,1}. All these parameters are from a certain
preconditioned Richardson iteration. The PRG PRG(-) that we use here, is the NZ generator with ¢
levels of recursion, maintaining a seed length of O(logw). The output sequence is a concatenation
of m chunks of independent NZ generator outputs, each truncated to a length of n;; — n;; 1
bits. To repeat the process, we convert the WPRG into a weighted pseudorandom reduction
by fixing j and allowing x1,...,Z, to remain free. Namely, we define (R,w), with R;(z) =
PRG(21)n;,, PRG(Z2)n; 51,15 -+ s PRG(@m)n; n—n; s and w(j) = o; - K. The reduced ROBP can
be viewed as running on m large symbols, each corresponding to a seed of an NZ generator PRG(+).

The key point is that by the standard calculation in [CDR*21, PV21], m = O (}ggg?//fn =nt/e if

e = 1/ poly w and we take the constant C' in 7 to be large enough. Hence if we take ¢ = 3, n = ny,
then n;y = ni/g.

In principle, this process can be repeated until n; is reduced to a constant, requiring [ =
loglogn = logloglog w levels of recursion. However, when we apply the NZ generator for a ROBP
with a large alphabet {0, 1}, it requires a seed of ©(s + logw) bits, the constant hidden in big-©
can at least double the bit-length of the alphabet. Hence such a direct repetition may lead to a

final alphabet of logw - 2! = O(log wloglogw) bits, which loses the advantage in seed length.




To solve this problem, we introduce another reduction, the alphabet reduction, which can
control the size of the alphabet using a one-level NZ generator. Assume we have a ROBP f with
length m and alphabet log-size being some large s. Recall that a one-level NZ generator, on an
input source X of O(s + logw) bits, and a sequence of independent seeds Yi,...,Y,,, each of
d = O(log(n/e)) bits, can output m symbols each of length s. So specifically, we can define (R, w),
where Ry (y1, 92, ..., ym) = EXT(z,y1), EXT(2,¥2), ..., EXT(x,yy) and w(x) = 1. Hence by fixing
X = z, then f(R;)(-) is a ROBP with length m and alphabet log-size d which can be a small
constant fraction times |z|.

Now we describe our whole recursive reduction that alternates between length reductions and
alphabet reductions. Let € = 1/ poly(w). We will handle large n later, but now assume at some
step we have already obtained ROBPs of length n; < log? w, alphabet log-size s; = C; logw, and
width w. Next, we first apply the length reduction, which gives us ROBPs of length n; 1 = nl1 / 3,
width remaining the same, and alphabet log-size O(s;) = C'logw for some large constant C. The
weight of this reduction is K = nio(n”l) < 20(it1logni) and we need log K random bits to choose
an addend. Then we apply the alphabet reduction, which gives us ROBPs of the same length n;41,
width w, but alphabet log-size s;1+1 = O(log(n;+1/¢)) = Cilogw = s;. This reduction requires
O(log w) bits of randomness as a source for the extractor. Combining these two steps, we reduce n;
to n;41 and maintain the same width and alphabet. The overall cost is O(log w) bits of randomness
and weight W < 20(nit1logni) - Ope can repeat this process until n is small enough, and this
gives our new WPRG. A detailed calculation can deduce that the whole process needs randomness
[-O(logw) = O(log wlogloglogw). The overall weight W is the product of weights from each level,
f.e. W =22 Omir1logni) « polyw. Also, notice that one can let € be our target error times 1/W
to bound the overall error.

As mentioned before, the above approach works for a ROBP of length n = log? w. To extend it
to a large length, we use an extra length reduction based on Armoni’s PRG and the standard error
reduction [CDR*21, PV21], to reduce the original ROBP to a ROBP that has length << O(log?w),
which fits into the regime we have already settled.

Furthermore, to achieve a smaller target error £ < 1/ poly(w), we slightly modify the sampler
technique given by Hoza [Hoz21], to work on our above construction. We mention that this operation
can also be viewed as an extra level of weighted pseudorandom reduction. This ultimately gives the
WPRG in Theorem 1.5.

WPRGs for unbounded-width permutation ROBPs with a single accept node We
start by reviewing the recent WPRG [CHL 23] in a weighted pseudorandom reduction view. Their
WPRG combines the INW generator and a new matrix iteration. To fool a unbounded-width
permutation ROBP of length n and alphabet {0,1}* within error &, they first prepare a INW
generator PRG : {0,1}¢ — ({0,1}*)" with moderate sv-error® 7 = 20(oglogny/10g(1/2)) " Then they
construct the e-WPRG (G, w) in the following form:

G(j, 21, Tm) = PRG(21)n; ,, PRG(2)n; 5—nj1» - - - PRG(7m)
w(j) =0j- K.

Mj,m = Tj,m—17

Here m = O (logn‘ %), j is choosed from set [K], K = 20 (0 < nj1 < nja < ...<

njm < n are the breakpoints, and o; € {—1,0,1}. All these parameters are from their new matrix
iteration. The seed length of such INW generator is d = s+ O (logn - (loglogn + log(1/7))). Denote

3See Definition 4.5.



(G, w) with the above parameters as R . Viewing R(®) as a weighted pseudorandom reduction, it re-
duces the original ROBP to ROBPs of length m and alphabet {0, 1}%. Finally, they use an ¢/K-INW
generator to fool these reduced permutation ROBPs, which cost d+ O (logm - (loglogm + log(K /<))
bits of randomness. This step introduces some double-logarithmic factors.

We improve the construction, eliminating the double-logarithmic factors in the seed length,
by replacing the last INW generator with recursive weighted pseudorandom reductions. We start
from the reduced ROBP of length n; and alphabet {0,1}°, where ny = m and s; = d. We set
¢’ = (¢/(2K))? as the target error for upcoming weighted reductions. At the ith level of the recursion,
assume the current permutation ROBP has length n; and alphabet {0, 1}*. We use the above WPRG

Clog(1/€)
(G, w) to fool it except that we set the target error to ¢’ and the moderate error to 7 =2 los”n
where C' > 0 is a constant. Denote (G, w) with these parameters as R®%). Then we can view R(®) as

a weighted pseudorandom reduction. It can reduce the current permutation ROBP to permutation

ROBPs of length n;4; and alphabet {0,1}%+1. Here nj1 = O (1og n; ﬁ‘;gg((ll//i'))) — log® n; if we set C

in 7 to be large enough. And s;4; is identical to the seed length of the INW generator PRG(-) used
in R® | thus s;,1 = s; +O(logn, - (loglog n; +log(1/7))) = s;+O (M) We emphasize that the

logn;
increment from s; to s;41 is not significant, hence we do not need an alphabet reduction to control the
alphabet size. This level of recursion has weight W; = 200°8”7) and costs log W; bits of randomness.

We do the recursion for [—1 times, where [ is chosen in a way such that n; = O(1). The total weight of

the recursion is bound by 20(log? n1) gince n; decreases quickly. Notice that this is negligible compared
to /K, which means that ¢’ = (¢/(2K))? is small enough to deduce an e-WPRG. Finally, we calculate
the random bits used. The overall random bits used in our WPRG have three parts, the bits for the
final ROBP of length n; and alphabet {0, 1}*!, the bits used in the recursion, and the bits used in the
first weighted reduction to choose an addend of the matrix iteration polynomial. For the first part,
we have s; = 514+ O(log(1/¢)) - 212t —L— = §; + O(log(1/¢")). For the second part, one can deduce

1=1 logn;

that the number of bits is < O(log3 ny), since Vi, n; 41 = log® n;. This is negligible compared to
log(1/¢"). The third part requires log K bits. Therefore, the overall random bits used in our WPRG is

s1-m3+0(log3 ny)+log W = O(s1+1og(1/€') +log K) = O(s+logn-(loglog n++/log(1/¢))+log(1/e)).

Derandomization of short-wide regular ROBPs Our derandomization adapts our WPRG
for permutation ROBPs and utilizes the rotation technique which is introduced in [RVWO00, RV05]
and commonly used in [AKM™20, CHL'23, CL24]. Recall that the rotation technique in [AKM™20,
CHL"23, CL24] is used to replace the expander walks in INW and also those one-step transitions
on the input ROBP in a white-box way, such that one can use this adapted WPRG to fool the
regular ROBP as if one is using the original WPRG to fool a permutation ROBP. Although our
WPRG is constructed by recursive weighted pseudorandom reductions, notice that for each level
of the recursion, it still inherits the expander walk structure of INW. We show that one can use
a sequence of different rotations for different levels of the recursion and different positions of the
ROBP to adapt the WPRG such that it can simulate random walks on the input regular ROBP.
The parameters basically remain the same as that of our WPRG for permutation ROBPs.

2 Preliminaries

2.1 Some notations

For convenience of description, we denote B, ;. as the class of ROBPs with length n, alphabet
size 2° and width w. We denote P, ) as the class of permutation ROBPs with unbounded width
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and only one accept node, where n is the length s is the log-size of the alphabet. We denote R, s )
as the class of regular ROBPs with length n, alphabet size 2° and width w.

Given an ROBP f, we denote fl7 : ({0,1}%)7=% — R¥X" as the matrix representing the
transition function of f between layers V; and V;. Specifically, the entry [fl%/(z)],., = 1 if there
exists a path from node v in V; to node v in Vj that is labeled by the string z = z1...2;_;.
Otherwise, [f7!(2)]y. = 0.

We use o to denote the composition of functions, i.e. for any two functions f, g where any output
of g can be an input of f, we have that f o g(z):= f(g(z)).

2.2 Weighted pseudorandom reductions

Here we recall the definition of Weighted Pseudorandom Reduction.

Definition 2.1 (Weighted Pseudorandom Reduction). Let Fy be a class of functions ({0,1}%0)" —
R. Let Fgimp be a class of functions ({0,1}1)" — R. A (d, K, €)-weighted pseudorandom reduction
from Fo to Femp is a tuple (R,w), in which R : ({0,1}*1)™ x {0,1}¢ — ({0,1}°)™ and w :
{0,1}? — R. Furthermore, for every f € Fo, we have:

Euf(U) - 55 3 wliEs[fRU, )| <e
i€{0,1}4
Vi Jw(i)| < K,

Vi, f(R(+,7)) € Fsimp-

We call R the reduction function and w the weight function. In some cases, we use the notation
Ri(+) :== R(-,4) for convenience.

We emphasize that throughout this work, both Fy and Fg;p,, are some classes of ROBPs, i.e.
all our reductions keep this read-once property which is crucial in our proof.
We will frequently use compositions of reductions.

Lemma 2.2 (Composition Lemma). Let Fy, F1, Fo be classes of boolean functions within {0,1}% —
R, {0,1}** — R, {0,1}*> — R respectively. Let (R, wM) be an explicit (dy, K1, e1)-weighted pseu-
dorandom reduction from Fy to Fi and (R®,w®) be an explicit (dy, Ka, €3)-weighted pseudorandom
reduction from Fi to Fo. Then the composition (R o R w) . @) .

(R o R, 1) (@) == R (RE (@),

w® - w® (i, ig) = wD(i1) - w® (4z),

is an explicit (dy + do, K1 K2, e1 + Kiea)-weighted pseudorandom reduction from Fo to Fo.

11



Proof. Let R = RW o R® and w = w - w®. For any f € Fy, we have:

1 .
Ey f(U) - odi+ds Z U’(Zlaw)EUs2 [f(R(iLiz)(USz))]
i1€{0,1}%1 io€{0,1}92

1

< ]EUf(U)—271

> w6, [FRY©)]
i1€{0,1}%1
tor 3 O B, JROWD)] g 3 w®m)E, [fRET,)]

i1€{0,1}% iz€{0,1}42
<e1+ Kieo.

Furthermore, |w(iy,iz)| < |w™M (i1)] - |w® (i2)| < K1Ky. For any iy, iy, © — f(Rl(ll)(:c)) € Fi, sp

we can apply Rg) to this mapping, therefore x — f(R;, i,)(7)) € F2. The seed length is di + da.
The function is explicit since both components are explicit. ]

Lemma 2.3 (Composition Lemma for multiple reductions). For any positive integer k, let

Fo,F1,...,Fx be classes of boolean functions within {0,1}% — R,{0,1}** - R,...,{0,1}** - R

respectively. Let (R, w®M), ... (R®) w®) be explicit (dy, Ky,e1), ..., (dy, Ky, i) -weighted pseudo-

random reductions from Fo to Fi,...,Fr respectively. Then the composition (R(l) o...0RK) 4.
k)

RWo...oRM), (@) =RV(..RP(@)...),

71 Tk
w e w® Gy i) = wW G w3,

is an explicit (Zf’;l d;, Hle K, Zle (H;;ll Kj> ei)-weighted pseudorandom reduction from Fy to
F.

Proof. We prove this by induction on k. The base case k = 2 is shown by Lemma 2.2. Sup-

pose the statement holds for k — 1, then (R(l) o...0oRE=D @ . . w(k_l)) is an explicit
(Zf:_ll d;, Hf:_ll K;, Zf:_ll (H;;ll K j) e;)-weighted pseudorandom reduction from Fy to Fi_1. Then
we can apply Lemma 2.2 on (RM o ... o RE=D 4. k=1 and (R®), k), which gives the
desired result. O

3 WPRG for Standard ROBPs

In this section, we provide a new construction of Weighted Pseudorandom Generator(WPRG) for
read-once branching programs(ROBPs). The main idea is iteratively approximating the expectation
of a long ROBP by a weighted sum of the expectations of much shorter ROBPs. Let f be a long
ROBP, our reduction will follow the paradigm:

Ef(U) — 53 3 wE [fRO@))]| <=,

i€2d

where f o R® could be computed by a much shorter ROBP for any fixed ¢ and f.
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We mainly use two types of weighted pseudorandom reductions: alphabet reduction and length
reduction.

Alphabet Reduction: In an alphabet reduction (R, w), each R® is a ({0,1}*)" — ({0,1}*)"
function that maps n short symbols to n long symbols. For any f € B, sw), f o R® could be
computed in B, s ), where the length and width are unchanged but the alphabet log-size is
reduced.

Length Reduction: In a length reduction (R, w), each R®) is a ({0,1}*')* — ({0,1}*)" function
that maps k long symbols to n > k short symbols. For any f € B, 5., [ © R(® could be computed
in B s ), where the length is reduced from n to k but the alphabet log-size is increased to s

For the rest of this section, we are going to show the following lemma. The general strategy is
to apply the two reductions alternately to reduce the length and maintain the width and alphabet
log-size.

Lemma 3.1. For every e > 1/poly(w), there exists an explicit e-WPRG for B, s . with seed

logn 1 . 2,/1aw
length O (s + e pestn) s + log w(log log log w — log log é},’%@) and weight (8n)*V esn.

We note that for smaller target errors, one can further use the sampler trick [Hoz21] to reduce
the error from 1/ poly(w) to an arbitrary € > 0, attaining the following theorem.

Theorem 3.2. For all integer n, s, w, there exists an explicit construction of a e-WPRG for B, s .
with seed length

log nlog(nw) log w
1 loglog1 —logl 2 log(1
¢ (S - max {1,loglog w — loglogn} oo loslogw = og log max "logn/e Flosll/e)

Note that our main theorem Theorem 1.5 is a direct corollary of Theorem 3.2.

3.1 Alphabet Reduction

In this section, we will provide a construction of the alphabet reduction. The alphabet reduction
reduces the alphabet log-size s to a much smaller O(logw) and keeps the length n and width w
unchanged. The alphabet reduction is achieved by using the Nisan-Zuckerman (NZ) PRG, we start
with the construction of the PRG and its main ingredient, extractors.

Definition 3.3 (Extractor). A (k,e)-extractor is a function EXT : {0,1}" x {0,1}¢ — {0,1}* such
that for any X € {0,1}™ with H(X) > k, the distribution of EXT(X,Uy) is e-close to the uniform
distribution on {0,1}*. Here H(X) = max,eo,1}» — log Pr[X = z] is the min-entropy of X, and Uy
is the uniform distribution on {0,1}4.

Theorem 3.4 (Explicit Extractor from [GUV09]). There exists a universal constant Cqyy that
for all positive integer s and positive real €, there is an explicit construction of a (2s,e/3)-extractor
EXT : {0,1}% x {0,1} — {0,1}* with seed length d = Cquy - log .

We mainly use the one-level version of NZ PRG.

Lemma 3.5 (One-level NZ PRG[NZ96] with a large alphabet). Let s > logw. Assume there exists
a (2s, £)-extractor EXT : {0,1}% x {0,1}% — {0,1}*. Let X and Y1,...,Y; be independent uniform
random variables. Then the following construction

NZ(X,Y) = Ex7(X,Y1),...,Ex7(X,Y},)

fools any f € B, s) with error at most €.
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The original proof of [NZ96] also works for large alphabet. We include a proof in Appendix A
for completeness.

Now we construct the alphabet reduction. Given a ROBP f € B, ;.), we use Ef(NZ(X,Y)) to
approximate Ef. By fixing X, the computation of f(NZ(X,Y)) can be done by a program of much
smaller alphabet, that gives the following reduction.

Lemma 3.6 (Alphabet Reduction). For all positive integers w,n,s with s > logw, there exists an
explicit (3s,1, €)-weighted pseudorandom reduction from B, s ) t0 Bn.Copy log 22 w) -

Proof. Let EXT : {0,1}3x{0,1}% — {0,1}* be a (2s, 5 )-extractor with seed length d = Cgyy-log
from Theorem 3.4. Let NZ be defined as in Lemma 3.5. We define the reduction (R, w):

Now consider that we fix  and let y;’s be free. We need to prove that the reduction (R, w) is a
(3s,1, e)-weighted pseudorandom reduction.
Let f € By, sw), then by Lemma 3.5,

[Ef—27% Y Ef(NZ(z,%))| = [Ef —Ef(NZ(X,Y))| <e.
z€{0,1}3s

Therefore, (R, w) approximates f with error at most e.

To prove that f(NZ(z,*)) € B qu) for all f € B, s.) and @ € {0,1}%, y € {0,1}¢. We
construct the ROBP g, := f(NZ(x,x)) as follows:

Let Vp, ..., V, be the layers of f, each consisting of w nodes. The ROBP g, is also defined on
Vo, ..., Vn. The labeled edge set of g, is defined as follows:

Ey, = {(u,v,9) :u € Vi_y,v € Vi,y € {0,1}%,3 an edge from u to v labeled by EXT(x,y) in f}

The start node and accept nodes of G are the same as those in f. Then g, is in B, 4., and
g:p(yh SRR yn) = f(EXT(xay1)7 SERE) EXT(SL’,yn)) = f(NZ({L‘, y)) O

3.2 Length Reduction framework from Richardson Iteration

A length reduction reduces the length n to a much smaller £ but may increase the alphabet
log-size. In this subsection, we construct a length reduction using the error reduction given by
[AKM*20, CDR*21, PV21], and some explicit PRGs against ROBPs.

Lemma 3.7 (framework of the length reduction). For any positive integers n, s, w, positive odd
integer k and positive real €, assume there exists an explicit m—PRG Jor By sw) with seed

length d = d(n, s, w). Then there exists an explicit (log K, K, S (n + 1))-weighted pseudorandom
reduction from By, s ) 10 B(y,dw), where K = (8n)F+1,

To prove Lemma 3.7, we need the following result.

Theorem 3.8 (Error Reduction based on Richardson Iteration [AKM*20][CDR21]|[PV21]). Let
{A;}7, C RY™™ be a sequence of matrices. Let {Bi,j}Zj:O C RYX% be a family of matrices such that
for everyi+1 <3, ||Bij— Ait1... Ajl| < e/(n+1)? for some submultiplicative norm |||, || 4| <1
for all i and also B;_1; = A; for all i. Then for any odd k € N, there exists a K = (8n)F+1, a set
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of indices {n; j}ic[k)jelk] with 0 <n;1 < ... <n;p =n, and signs o; € {—1,0,1},i € [K] such that
(We set B;; =1 for alli):

A- Z gi - Bovni,ani,lvni,Q S Bm‘,k—hni,k < gl t)/2. (n+1).
i€ K]

A proof of Theorem 3.8 is in Appendix B.

Proof of Lemma 3.7. Let k, K,n; ;,0; be as in Theorem 3.8, Let PRG be a ¢/(n + 1)2-PRG for
By, s,w) With seed length d in the assumption. We define the reduction (R, w) as follows:

Ri(xl, e ,.Z‘k) = PRG(xl)ni,la PRG(x2)ni727m,17 ceey PRG(.Tk)

Ww; = O'iK.

N4 =M k—1

Here PRG(z;). denotes the first ¢ symbols of PRG(z;) and each symbol is in {0,1}".

We will show that (R,w) is a (log K, K, " - (n + 1))-weighted pseudorandom reduction from
B(n,s,w) to B(k,d,w)'

Let f € By, s,w)- Recall that L] (z) denotes the transition matrix of f from layer i to layer j
with input = (z1,...,2;—;). Define A; = EIE{OJ}sf["_l”'] [z] and B;j = ]Ere{(]’l}df[id][PRG(JT)j,fL'].
By the definition of the PRG, we have ||B; j — Aiy1... Ajl1 <e/(n+1).

Therefore, by Theorem 3.8,

1K
Ef =22 w(z’)EXﬂRi(X))‘

=1

K
Ef[O,n] - Z UiEf[O’n}(PRG(Xl)ni,lv PRG(XQ)ni,Q—m,17 AR PRG(Xk)ni,k_ni,kfl)

=1
K
< |EFO7 37 g Ol (PRG(X 1), , JES11 72 (PRG(Xo )y ) -
=1
o 'Ef[ni’kfhni’k] (PRG(Xk)m,k*ni,kﬂ)
K
=|[A1... Ay = " 0iBom, Bniyimia - Brosormin
=1
<. (n+1).

The weight is K = (8n)**! by Theorem 3.8, and so the seed length is log K = O(klogn).

Finally, we need to show that f o R; € B, q.,) for all f € By, 5., and i € [K]. We construct the
ROBP g := f o R; as follows:

Let Vg,...,V, be the layers of f, each consisting of w nodes. The ROBP g is defined on
Vo, Viiys -5 Vg, The labelled edge set of g is defined as follows:

Ey={(u,v,z):j€nj,u€Vy, ,,v €V, r€ {0,1}4,
there exists a path from u to v in f through PRG(2)n, ;—n,,; ; }
The start node and accept nodes of g are the same as that in f. Then g is in B 4,.,) and

g(x1,...,xy) = f(PRG(:Bl)myl, PRG(mg)ermyl, e PRG(ka)ni,kfni,k,l) = f(Ri(z1,...,xL)). O
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3.3 Length Reduction instantiated by Armoni’s PRG

We use Armoni’s PRG for B, ., to instantiate the framework of Section 3.2.

Theorem 3.9 (Armoni’'s PRG[Arm98, KNWO08]). For all positive integer n,s,w and positive real £,

log n log(nw/e) )
log w—loglog(n/e) /"

there exists an explicit construction of a e-PRG for B, s u) with seed length O(s+ Tog
Here the big-O of the seed length hides a universal constant.

We have two instantiations that have different parameters.

Lemma 3.10 (Length reduction 1). For any constant a,c,C € N, for all integer n, w, if n < log®w,
then there exists an explicit (log K, K, 1/w®)-weighted pseudorandom reduction from B, cogw,w) t0
B

(

1/c . .
nlle Clogwaw): Where K < (8n)" /“+1 C' is a constant depending on ¢,C, a.

_alogw
Proof. Fix ¢, C to be constants. We use Armoni’s PRG* for B0 10g w,w) With error g9 = %
By Theorem 3.9, the seed length is O (C logw + %) = ("logw, where C’ depends

on ¢,C,a. Then we can set k = 2nt/c > % in Lemma 3.7 and invoke it to attain this

lemma. O

Lemma 3.11 (Length reduction 2). For any constant a € N, for all integer n, s, w, there exists an ex-

plicit (log K, K, 1/w®)-weighted pseudorandom reduction from I3 toB, 1 oz 1 log(naw ,
( / ) (TL,S,U}) <10g§ w,O(er logllogg 'wlfglgg lo)g'n>’w>
10gw+1

where K = (8n)V logn

22U IEE By Theorem 3.9, the

. logn 1 1 1 1 .
seed length is O (s + %). Then we can set k = ‘ll/;gl;”g?l?fo’; < 12?: < log'?w in

Lemma 3.7 and invoke it to attain this lemma. O

Proof. We use Armoni’s PRG for By, ) with error g9 =

3.4 Combining the reductions

We combine the reductions from Lemma 3.6, Lemma 3.10 and Lemma 3.11 to give the following
reduction.

Lemma 3.12 (Main reduction). For all integer n,s,w, for all € > 1/poly(w), there exists an
explicit

log w
(O (s + % + log w(loglog log w — log log l(l)zgn%)) , (8n)2 Vieen &)-weighted pseudoran-

dom reduction from B, 5., t0 Bo(1),0(1ogw)w)-

Proof. We set up the reductions as the following, which is also illustrated in Figure 1.

We have the following reductions:

Let (RM,w™M) be a (di, Wy, e/4)-weighted pseudorandom reduction from Bn,s.w) to By
given by Lemma 3.11, where

nl,Sl,w)

b dl = O(logw)u

o ny = logl/2 w,

4Readers can notice that for this setting, the Armoni’s PRG that we use, should automatically become the
Nisan-Zuckerman PRG.
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o log n log(nw)
¢ s1= O(S + loglogwfloglogn)’

logw+

o Wi = (8n)Vlosn

Let (R® w®) be a (s9, Wa,e/(4W1))-weighted pseudorandom reduction from Bn,,s1w) to
B(n,52,w) given by Lemma 3.6, where

o log n log(nw)
° d2 - O(S + loglogw—loglogn)7

® Ny = 10g1/2w
o s < 2Cqyvlog(l/e),
o Wy =1.

Using Lemma 2.2, (RWoR®) w®.1w?)) is a (dy +da, W1, £/2) weighted pseudorandom reduction
from B, . to B(log w2Cauy log(1/e)w) Ve set ' = (¢/W1)? and continue the reduction with the

following parameters:
logw log w
log1/e’ ™ log1/e++/lognlogw”

n3:10g1/2w,n7j+1:n,}/3 fori=3,....0—1. ng=
It is clear that

1
[ = logloglog w — log log lozgnt;)s +O(1).

For i = 3,...,1 — 1, let (R® w®) be a (d;, K;,<')-weighted pseudorandom reduction from
Bn; 2ccuy log(1/e")w) tO B(niJrl»Clarge logw,w) given by Lemma 3.10, setting constants ¢ = 3, C' =

%05(1/5’), a =log,,(1/¢') in Lemma 3.10, where

o di =logK; =0(n; 1/2 logn;),
o K; = exp(O(nZV2 logn;)).

Notice that since n3 = logl/ 2w and n; is monotonously decreasing, the condition n; < log® w is
always satisfied, so the condition in Lemma 3.10 is always met.

For i = 3,...,1 — 2, let (ﬁ(i),@(i)) be a ((@,I?i,s’)—weighted pseudorandom reduction from
Bni i1, Crarge logwaw) 10 Bn, 1 2Ccuy log(1/e")w) 8iven by Lemma 3.6, where

o d; = O(logw),
L] I?l =1.

We invoke Lemma 2.3 to compose the 2] — 7 reductions, which gives (R(3) oR®) o RW o R@W o

..o RU=D 4B 53) @) . @ ..o =1 Also by Lemma 2.3, we know the reduction is a

(d*, W*, e*)-weighted pseudorandom reduction from B, s ) 10 B, 2C0y log(1/e/),w)- The latter class
is contained in B(o(1),cy log w,w)- L he parameters (d*, W*, €*) is shown as following:

o W= Hi il’)W W = eXP(Z /2 logn;) < exp(llog 1/3 w) < exp(logl/2 w),

o &= i_é = ;;éWj-WjSl-E-W<€"exp(log1/2w)<E/(2W1).
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We invoke Lemma 2.2 again and compose the (dj +dg, W1, €/2)-weighted pseudorandom reduction
from B, s to B(log1/3 w2Cauy log(1/e)w) with the (d*, W*, 6*)—Weighted pseu.dorar'ldom reductilon
from B(logl/s w2Cauy log(1/e)w) 1O Bo),cauy logwaw)- We get the desired reduction with the following
parameters:

e Seed length: s; + 59+ s* =O(s+ % + log w(loglog log w — log log lé‘;gnz;’e),

log w

o Weight: W7 - W* < (8n)°V loen |

e Error: ¢/2+ Wy -¢/(2W) =e.

The lemma follows. O

Length reduction 2:

= log!/3 - _lognlog(nw)
no = log W, 80 = 0 (8 + loglogw—loglogn )’

log w
dyp = O(logw), Wy = (8n)2V ﬁ, eg = ¢/4.
B(n,s,w) B(”O,So,w)

Alphabet reduction:
ny=ng= logl/3 w,
s1 = 2Cquy log %,

dy = O(Sl) -0 (S + = log n log(nw)

Length reduction 1: g log w—loglogn > )

n;:ni/g,s;:@m«gelogw Wi=1
di = O(n;), Wi = O(2™), &; = (e/(4Wp))2. 1 =¢/(4Wo).
///—\
B(n}, i, w) B(n;, si,w)

10 9
\//
Alphabet reduction:
nit1 =n; , sis1 = 2Cquv log &
d; = O(logw), W = Le; = (¢/(4W)))*.

Figure 1: The recursion we use to iteratively reduce the ROBP in the construction of the
WPRG Lemma 3.1. The arrows represent the reduction from an ROBP to simpler ROBPs.

The reduction naturally gives a WPRG, which is the PRG in Lemma 3.1

Lemma 3.13 (Lemma 3.1 restated). For all C > 0,e > 1/poly(w), there exists an explicit e-
WPRG for By crogww) with seed length O (M + log w(log log log w — log log 1% ))

log log w—loglogn logn/e
. 2 log w
and weight (8n)~V teen

Proof. Let (R,w) be the reduction from Lemma 3.12. We construct the WPRG (G, w) with
the same weight function w and G is defined as G(z,i) = R(x,7). By Lemma 3.12, to fool the
original ROBP we only need to provide randomness for the seed of (R,w) and also provide a
random string x which can fool an arbitrary ROBP in Bo(1),copy logw,w)- We use true random-
ness for x and this only takes O(logw) random bits. Also the randomness used by (R, w) is
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0 (% + log w(loglog log w — log log lcl)(g);gnz;)a)>' So the total seed length is as stated. The

weight also directly follows from Lemma 3.12. O

3.5 Reducing error beyond 1/ poly(w)

To further reduce the error from 1/poly(w) an arbitrary small ¢, we use the sampler trick
from [Hoz21]. The original technique applies to a PRG and gets a WPRG with a smaller er-
ror. Here we also use the technique but we apply it on a WPRG and get a WPRG with a smaller
error, for the convenience of our analysis.

We shall first introduce the definition of an averaging sampler:

Definition 3.14 (Averaging Sampler). A (a,)-averaging sampler is a function Samp : {0, 1}" x
{0,1}? — {0,1}7 such that for every function f:{0,1}9 — [—1,1], it holds that:

sebr |27 2. SGamp(e,y) ~Elf]| 2af <.
ye{0,1}?

Lemma 3.15 ([CL20] Appendix B, [Golll, RVWO00]). For all & > 0,y > 0, there ezists an explicit
(o, v)-averaging sampler with seed length r = q + O(log(1/a) + log(1/7)) and p = O(log(1/a) +
loglog(1/7)).

We now introduce the construction of a WPRG for class B, s ) With error e. First, let (Go, wo)

be a WPRG for By, s, with error 1/(2w - (n 4+ 1)?) and weight W, which is constructed from
Lemma 3.12. We then set the parameters as follows:

_ log(n/e)
¢ k= Tglu)

e a=1/(W-w? (n+1)?),
o v =¢/(22n)% - (W)F - w?).

We assume that Samp is a («,~)-averaging sampler, and let K, n; j, w; ; be as in Lemma 3.8. Our
WPRG is constructed as follows:

G(ﬂl’, Y1, -5 Yk, 2) = GO(Samp(x7 yl))niyla GU(Samp(x7 y2))n¢727ni717 B GO(Samp(xv yk))ni,k*ni,kfl
w(T, Y1, - Yo i) = 03K - [[5_; wo(Samp(z, y;))
Now we show that the construction serves as a good WPRG for B, , ., with error .
Lemma 3.16. For all n, s, w, assume there exists a W-bounded 1/(2w - (n + 1)?)-WPRG (Go, wo)
for B s.w) with seed length d, and a (c,)-averaging sampler Samp : {0,1}" x {0,1}7 — {0, 1}
with a,y as defined above. Then there exists a e-WPRG for B, s ) with seed length r + kp and
weight Woen/e)/log(nw) . poly(nw /).

The proof of Lemma 3.16 is deferred to Appendix C.
Combining the lemma with Lemma 3.1, we prove the main theorem of the section:

Theorem 3.17 (Theorem 3.2 restated). For all integer n, s, w, there exists an explicit construction
of a e-WPRG for B, s ) with seed length

log w
logn/e

1 1
o <S og n log(nw) + log w(log log log w — log log

loglogw — loglogn

)—Hog(l/e))

and weight poly(nw/e).
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Proof. Let (Go,wo) be a 1/(2w - (n+1)?)-WPRG for By, ;. with seed length

log nlog(nw)

1
d=0 <s + + log w(logloglog w — log log oW ))

loglog w — loglog n logn/e

and weight W = poly(nw/e) given by Lemma 3.12.

Let Samp be a (1/(2W - w? - (n + 1)2),¢/(2(2n)* - W¥))-averaging sampler with seed length
r =d+ O(log(nw/e)) and p = O(log(nw) + loglog(1/¢)) given by Lemma 3.15.

By Lemma 3.16, we get a e-WPRG for B, , ., with seed length

log nlog(nw) log w

r+R2k+1)p=0 <s + + log w(logloglog w — log log )+ log(l/s))

0
loglog w — loglog n logn/e

and weight poly(nw/e).
O

3.6 Application: a WPRG for regular branching program with a better seed
length

One application of our WPRG is to improve the WPRG for regular ROBPs by Chen, Hoza, Lyu,
Tal, and Wu[CHL'23]. Their construction can be viewed as a weighted pseudorandom reduction
from long regular ROBPs to short standard ROBPs with large alphabets. Then they fool the short
ROBPs with an INW generator. We show that if one replaces this INW generator with our WPRG
instead, then we can slightly improve the seed length.

Recall that we denote the class of all regular ROBPs of length n, width w and alphabet
Y ={0,1}* as Ry 5. Our result can be stated as the following.

Theorem 3.18 (Restate of Theorem 1.7). For every w,n € N with n > loglogw, and everye > 27",
there exists an explicit e-WPRG for Ry 1, with seed length

@) <logn (Jlog(ﬁ%— log w + log logn> + log(1/5)> .

In Section 6.3 of [CHL 23], the WPRG (G, w) : [K]| x ({0,1}*)" — {0,1}" X R for R, 1., before
using the INW generator to replace independent seeds, has the form

G(i7y17y27 .. y’l’) = (Gi,l(y1)7Gi,2(y2)7 o ')Gi,’r’(yr))
w(i7y17y27 .- y?“) =K- 03,

where i € [K] and Vj € [r],j € {0,1}%. The parameters satisfy K = n°(™ r = O(mlogn),o; €

{=1,+1}, where m = © <\/m;%m> =0 (\/log(l/s)) G ; is the PRG by Braverman, Rao,

Raz, and Yehudayoff [BRRY14] for R, 1 ., within target error 7 = min {2_ Vies(1/¢) 1 / poly(w, log n)}
Therefore, the length of each y is

s=0 (logn (\/log(l/e) + logw + 10g10gn)) :

We view the WPRG as a weighted pseudorandom reduction from regular ROBPs to standard
ROBPs by fixing ¢ and let y1, ..., ¥y, be free. This is summarized as the following theorem.
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Theorem 3.19 (Section 6.3 of [CHL'23]). For all n,w € N and £ > 0, there exists a (log K, K, ¢)-
weighted pseudorandom reduction from Ry 1. to By sw, where K = no(m), r = 0(mlogn) and

s=0 (10gn (\/log(l/s) + logw —i—loglogn)) :

Now prove Theorem 3.18.

Proof of Theorem 3.18. To construct a WPRG that fools R, 1, within error ¢, we can use a
(log K, K, ¢/2)-weighted pseudorandom reduction given by Theorem 3.19 and fool every reduced
short ROBP in B, 5, within error ¢/(2K). Denote B as the original regular ROBP. Denote
>ic(] & " E[Bi] as the summation of expectations of reduced short ROBPs given by the weighted
pseudorandom reduction. Then we have

E[B] - ) = E[B] <e/2,
1€[K]

nd |w;| < K. Denote (G,w’) : {0,1}¢ — ({0,1}*)" x R as the ¢/(2K)-WPRG. Then we have

viek |EBl- Y “Whew)| <o/eK),

z€{0,1}¢

Using triangular inequalities, we have

BB - WY wlz(f)Bi(G@)) <e.

i€[K] z€{0,1}4

This gives a WPRG for B with seed length log K + d.
As r,log K = O(mlogn) = O <logn log(1/€)>, using INW generator for fooling B;’s would

require

d=s+0 (logrlog(Kw/e)) = s+ O ((log logn + loglog(1/e)) - <log ny/log(1/e) + logw + 10g(1/6>>
bits of randomness. Instead, our WPRG from Theorem 3.2 for this step requires

log r log w

d=0 (s + + log wlogloglog w + log ny/log(1/¢e) + log(1/5)>

loglogw — loglogr

bits.
Note that logr = O(loglogn + loglog(1/¢)) < logn since ¢ > 27", and logloglogw < logn
since n > loglogw. Therefore, the overall seed length of our WPRG is

log K 4+ O (s + lognlog w + log(1/¢))
=0 (logn (x/log(l/s) + logw + loglogn) + log(l/e)) .
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4 WPRG for Permutation Read-once Branching Programs

In this section we focus on WPRGs against permutation ROBPs. First we recall the definition of
permutation ROBPs with only one accept node.

Definition 4.1 (Permutation ROBPs). A ROBP f € By, ;) s a permutation ROBP if for every
i €[n], x € {0,1}%, the matriz fi—14(z) is a permutation matriz.

We denote the class of permutation ROBPs with unbounded width and only one accept node by
Pn,s), where n is the length s is the log-size of the alphabet.

Next we show our WPRG for P, ).
Theorem 4.2. There exists an e-WPRG for P, ) with seed length s+O(log n(loglog n+ \/WH—
log(1/¢)) and weight 200ogny/log(1/2))

Before we prove the theorem, we introduce some more definitions and lemmas.

Definition 4.3 (PSD norm). Let A be a w X w positive semi-definite matriz. The PSD norm on
RY with respect to A is defined as ||z||a = VaT Ax.

Definition 4.4 (sv-approximation [APP23]). Let W and W be two w x w doubly stochastic
matrices. We say that W is a e-singular-value approximation of W, denoted by W S%va W, if for all

T,y € Rw7
— 13
YT (W — W)x‘ < 5 Ul _wrw + 1l _wwr) -

Definition 4.5 (fooling with sv-error). Let (G,w) : {0,1}* — {0,1}" x R be a WPRG. Let C be a
family of matriz valued functions B : {0,1}* — RY*". We say that G fools C with e-sv-error if for

Sv
all BEC, Y cro1ys[3:B(G(2)) - w(2)] e Epegoyn[B(2)].
We describe a remarkable previous PRG against permutation ROBPs, given by [HPV21b]. From
now on we may slightly abuse the notation P, ,) to let elements of it also denote matrix-valued

functions.

Lemma 4.6 (Lemma 4.1 in [CHL 23], originally by [HPV21b]). For all s,n,e there exists a PRG
(actually the INW generator) that fools Py, s with e-sv-error. The seed length is

s + O(log n(loglogn + log(1/¢))).

Remark. We note that Lemma 4.1 in [CHL" 23] only proves the case for s = 2, but their proof can
naturally be generalized to handle arbitrary s. See Appendiz E.

Next we describe the key ingredient in previous error reductions for WPRGs against permutation
ROBPs.

Lemma 4.7 (Claim 9.3 in [CHL"23]). Let n € N, let 7 € (O,@),
({0,1}°)" be a PRG that fools Py, s with sv-error 7. Let k € N, and let

a= (4 T logn)kJrl .
Then there exists a WPRG G w®) that can be written in the form of
GW) (i, 21, ... 20) = G(@1)ng 1 G(@2)nigs - » G (@0 )y
w® (@) =o(i) - K.

where K = n°®) i € [K],r = O(klogn), o(i) € {~1,0,1} and 0 < n;; < n, such that G® fools
Pin,s) with entrywise error a.

and let G : {0,1}¢ —
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4.1 One level of the reduction

We show that the previous lemma already gives a reduction:

Lemma 4.8. For any integer n,k,s and any € > 0, there exists T = Q(ek%l/log2 n) such
that there exists a (O(klogn),n®®) ¢)-weighted pseudorandom reduction (R,w) from Pin,s) to

P(O(k log n),s+0(log n(loglog n+log1/7))) -

22/ (k+1) 1 )
161og?n’ 64log®nd”

Proof. Let G be the INW PRG that fools P, ) with 7-sv-error, such that 7 = min{

Then the seed length is d = s + O(log n(loglogn + log 1/7)) by Lemma 4.6.

We invoke Lemma 4.7 with G and k, which gives (G*), w(*)). This WPRG fools Pn,s)

with entrywise error (4-\ﬁ-logn)k+1 < . We define the reduction (R,w) : Ri(z1,...,2,) =

G® (i, ..y xp),w; = wF ().

By Lemma 4.7, the weight of this reduction is bounded by K = n©®). The seed length of the
reduction is log K = O(klogn), since we need log K = O(klogn) bits to choose i.

Given any f € P, ), notice that each f oR; is a ROBP of length r = O(klogn) and alphabet
size 2¢ = 2stO(ogn(loglogn+log1/7)) * The reason is that the transition matrix of f o R; from the
j — 1-th layer to the j-th layer on input = € {0,1}% can be expressed as (f o R)U=1(x). As
(foR)I=Lil(z) = f[”ivﬂ'*l’”ivj](G(x)niﬁj_ni,j_l) and the latter is a product of n; j —n; j—1 permutation
matrices, the transition matrix of f oR; is also a permutation matrix. Hence f o R; is a permutation
ROBP. Also, note that each f o R; only has one accept node since its accept node is the same as
that of f.

Therefore, the reduction is a (O(klogn), O(n*), ¢)-weighted pseudorandom reduction.

Setting k = y/log(1/¢) in Lemma 4.8, we immediately have the following lemma:

Lemma 4.9. For any integern, s and any e > 0, there exists a (O(log n\/log(1/¢)), 20U0snv1oe(1/2)) o).
weighted pseudorandom reduction from P, 5 to P(O(lognm),erO(logn(\/mHog logn)))*

Setting k = O(log®n) in Lemma 4.8, we immediately have the following lemma:

Lemma 4.10. For any integer n,s and ¢ > 0, there exists a (O(log n),QO(lOg3 "), €)-weighted

pseudorandom reduction from P, 5 to P(logg 1,5 +-O(XBULE) L loo 1 1og log n))

logn

4.2 Recursion of reductions

We give a multi-level recursive procedure which gradually reduces the program from P, ;) to
P(O(l),s-f—O(logn(loglogn—l—\/m») with error ¢, for any n, s, .
We start by reducing the length of the permutation ROBP to O(logn/log(1/¢)) and the weight

to 20U08nv/108(1/2)) with error £/2. Previous works use an INW PRG to fool the reduced ROBP,
which leads to an extra double logarithmic factor in the seed length. Here we use the recursion
instead to avoid this extra factor.

Lemma 4.11 (Reduction for permutation ROBP). For any integer n,s and any € > 0, there
exists a (O(logn log(1/¢)), 208 nV/1ee(l/e) O(E)) -weighted pseudorandom reduction from P, 4 to

P(O(l),s—i—O(log n(loglogn++/log(1/¢))+log(1/¢)))"
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Proof. Let (R w(©) be the (dy, Wy, £/2)-weighted pseudorandom reduction from Pin,s) 10 Piny 1)
such that n; = O(logny/log(1/¢)) and s; = s + O(logn(loglogn + /log(1/¢))). The reduction is

guaranteed by Lemma 4.9 and have the following parameters:
1. do = O(logn+/log(1/¢)),
2. Wy = 200ogny/10s(1/2)),
Now we define a new parameter ¢’ = ¢/2W,. Let
ng =n,n; = log3 Ni—1

for each i =1,...,l and n; = 32768. It is clear that [ < loglogn.
For each i = 1,...,1, let (R®,w®) be the (d;, W;, (¢')?)-weighted pseudorandom reduction
from Py, 5,y to P which is guaranteed by Lemma 4.10. The reduction has the following

parameters:

Ni41,5i41))

1. d; = O(log® n;),
2. W; = 2los’ i,

3. Si+1 =8; + O(ilOg(l/El) + log n; log log nz) =3; + O(lOg(l/E)).

logn; logn;

Using Lemma 2.3, we first composite (R, w®), ... (RO, w®) to get a (d*, W*, e*)-weighted
pseudorandom reduction (R®), w®)) from Pino,s0) t0 Pny,s) With R® = RMW o ... o R® and

w® =w® . w®. We have the following parameters:
1. d*=dy+...+d; <O(llog®ny) < O(log”t(n/e)),
2. W* =Wy -... - W, < 20og’n) < 90(10g” (n/e))
3. & =i (&) [[o Wy < ()2-Wr-1<¢/2,

4. s =89+ Zi:l(si — Si—l) = 89 + Zé:l O(IOg(l/El)) = 89 + O(log 1/6,).

log n;

The last item holds because n; decreases rapidly. Because n;—; = 2V/ni , when n; > 215 = 32768,
We have n;_1 > n?. When n; > 32768, Zé:l log(1/=) < 1og 1/e'-(1/logn;+1/(2logn;)+1/(4logn;)+

log n;
o+ 1/(2 ogny)) <logl/e.
Finally, we composite (R*), w®) with (R, () to get the final reduction (R,w) from Pln,s)
to Po(1),s,))- By Lemma 2.2, the parameters are:

1. d =d* + dyp = O(logny/log(1/¢)),
2. W =W*. WO < 2O(logn\/log(1/5))’

3.e=¢/24¢/2-Wy <,
4. s =s;=s0+ O(log1/e") = s+ O(log n(loglogn + /log(1/c)) + log(1/¢)).
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One can also see our reduction strategy for the above lemma through Figure 4.2.

ny = O(logny/log(1/¢)), s1 = s + O(logn(loglogn + /log(1/¢)))

do = O(log n\/log(1/e)), Wy = 20Ueen1oe(1/e)) o) — /9.
Pn,s) P(ni, si)

nip1 = log® n;, siv1 = s; + O(lmgl(()gL&@ + log n; log log n;)

d; = O(log? n;), W; = 20008°n) . — (2/(2W,))2.
Figure 2: Reduction for permutation ROBPs in Lemma 4.11.

Given this lemma, we immediately have the main theorem of this section:

Theorem 4.12 (Theorem 4.2 restated). There exists an e-WPRG for Py, s with seed length
s+ O(log n(loglog n 4+ +/log(1/e)) + log(1/¢)) and weight 200osnv/log(1/€))

Proof. Let (R,w) be the reduction from Lemma 4.11. We construct the WPRG (G, w) with the
same weight function w, and G is defined as G(z,i) = R(x,7). By Lemma 4.11, to fool the original
ROBP we only need to provide randomness for the seed of (R,w) and also provide a random
string  which can fool an arbitrary ROBP in P(O(l),5+o(1ogn(loglogn+\/W)+1og(1/s)))' We can
use another e error INW generator from [HPV21a] to generate this constant length x and this only

takes s + O <log n(loglogn + y/log(1/¢)) + 10g(1/5)> random bits. Also the randomness used by

(R,w) is O(logmn+/log(1/e)). So the total seed length is as stated. The weight also directly follows
from Lemma 4.11.
O

It is well known that a WPRG fools a Permutation ROBP with an arbitrary number of accept
nodes and error ¢ if it fools the program with only one accept node with error €/w. Therefore, we
have the following corollary:

Corollary 4.13. There exists an e-WPRG for length n, width w, alphabet size (out degree) 2° Per-
mutation ROBPs having an arbitrary number of accept nodes, with seed length s+ O(logn(loglogn +

log(w/¢)) + log(w/¢)) and weight 201eemV1os(w/=)),

5 Derandomizing Regular Branching Programs

In this section, we give our improved derandomization for short-wide regular ROBPs. When
n < log?w ynd ¢ = 1 / poly(w), our result provides an O(log %) space derandomization, which is
optimal up to a constant factor. We achieve this by constructing a new derandomization algorithm
that runs in space O(log(w/e) +1logny/log(w/¢)), adapted from our WPRG for permutation ROBPs
from the Section 4.

As a warm-up, we show that binary regular ROBPs can be transformed in logspace into binary
permutation ROBPs such that they have the same acceptance probability (but probably do not
compute the same function). This new transformation is given in Appendix D. After applying this
transformation, we can run our WPRG of Corollary 4.13 to attain the desired derandomization for
the binary case.

25



However for non-binary alphabets, the technique turns out to be much more complicated. In
the rest of this section, we mainly focus on this case.

5.1 More preliminaries
We recall some standard definitions in the literature of [RVW00, RV05, AKM*20, CHL ™23, CL24].

Definition 5.1 (Regular bigraph). A bigraph is a triple G = (U,V, E), where U and V are two
sets of vertices and E C U x V is a set of edges going from U to V. A bigraph is called d-reqular if
every vertex in U has d outgoing edges and every vertex in V has d incoming edges.

The transition matriz of a regular bigraph is a the matric M € RV*Y such that M, , s the
fraction of edges going from u that go to v.

Definition 5.2 (One-way labeling). A one-way labeling of a d-regular bigraph G assigns a label
i € [d] to each edge in G such that for every vertex u € U, the labels of the outgoing edges of u are
distinct. If G has a one way labeling, we say that Glu,i] = v if the outgoing edge of u that is labeled
1 goes to v.

Definition 5.3 (Two-way labeling). A two-way labeling of a d-regular bigraph G is a labeling of the
edges of G such that:

e Every edge (u,v) has two labels in [d], the ‘outgoing label’ and the ‘incoming label’.
e For every vertex u € U, the outgoing labels of the outgoing edges of u are distinct.
o For every vertex v € V, the incoming labels of the incoming edges of v are distinct.

Definition 5.4 (Rotation map). Let G = (U, V, E) be a d-regular bigraph with a two-way labeling.
The rotation map of G is a function Rotg : U X [d] — V X [d] such that Rotg(u,i) = (v, j) if there
is an edge (u,v) € E with the outgoing label i and the incoming label j.

Definition 5.5 (Derandomized Product). Let Gi = (U,V, E1) and Go = (V, T, E3) be two d-regular
bigraphs where G1 has a two-way labeling and Gy has a one-way labeling. Let H = ([d], [d], Exr)
be a c-regular bigraph with one way labeling. The derandomized product of G1, G2 and H is a
(¢ - d)-regular bigraph with one-way labeling denoted by G1 @)y G2 defined as follows. To compute

(G1®yG2)vo, (i0, jo)] for vo € U and (ig, jo) € [d] x [c]:
e Let (v1,11) = Rotg, (vo,1ip)-
o Let iy = HI[i1, jo.
o Let vg = Galvy, is).
e Output (G1®)yG2)vo, (io, jo)] =: va.

Definition 5.6 (Two-way labeling of derandomized product). Let Gi = (U,V, E1) and Gy =
(V,T,Es) be two d-regular bigraphs where both G1 and Go have two-way labeling. Let H =
([d],[d], Er) be a c-regular bigraph with two-way labeling. We define the two-way labeling of
the derandomized product G1 @)y G2 as follows. To compute the rotation map ROtGl@HGz for any
vertez vo € U and any pair (ig, jo) € [d] x [¢], we do the following:

o Let (Ul, il) = RO'EG1 (’U(),’io).

e Let (iz,51) = Roty (i1, jo)-
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o Let (Uz, ig) = RO'EG2 (Ul,ig).

e QOutput Rotg, @H02 (U07 (i07j0)> = (1)27 (i3aj1))-

To ensure that the derandomized product behaves like the direct concatenation of the two
bigraphs, we need H to be a spectral expander.

Definition 5.7 (spectral expander). Let H = (U,V, Ey) be a d-regular bigraph with transition
matriv Wy € RUXV where |U| = |V|. Define J € RVXV where J; j = 1/|U| for alli € U,j € V.
Then the spectral expansion of H is denoted by AN(H) and defined as follows:

AH) = Wi = J]l2
We also need the definitions for regular branching programs:

Definition 5.8 (Regular Branching Program). Let f be a ROBP in By, s.,. We call f a regular
branching program if all vertices in the graph of f except the vertices in the first layer have precises
2% incoming edges.

A general regular branching program may not have a two-way labeling. If we equip it with a
two-way labeling for each step of the transition, we call it a regular ROBP with two-way labeling.

Definition 5.9 (Regular ROBP with Two-way labeling). A regular ROBP with two-way labeling is
a pair (f,lin) where f is a regular ROBP in By, 54, with vertex set V. =VyUVi U---UV,, edge set
E=FEiU---UE, and edge labeling Loy : E — [2°]. The function l;y, : E — [2°] map every edge
to another label. Furthermore, for every vertex i € [n], i, and Ly, restricted on E; is a two-way
labeling of the bigraph G; := (Vi—1, Vi, E;).

We neglect £, in the notation since we can always consider Ly, to be the canonical order given
by the ROBP.

We denote the class of all reqgular ROBPs with two-way labeling REY.

n,S,W "

We recall the derandomization algorithm for regular branching programs in [CHL'23].

Let (f, %) be a regular ROBP with two-way labeling in R[Y, . For each i € [logn], let
Hy = ([25-¢71], [2°-¢!], Ep,) be a c-regular bigraph with A\(H;) < A. Define éj*)]q,l = (Vie1, Vi, Ey),
which is a 25-regular bigraph with two-way labeling. Define E(SC,) = {(j,7 +2%) :j € [n —2!],t €
[logn], 2! is the largest power of 2 dividing j}. For each (j,j + 2') € E(SC,) recursively define the
graph éj_m-_,_Qz as follows:

Gj—>j+2t = Gj—>j+2t71 @HiGj+2t—l_>j+2t

The following lemma shows that the transition matrix of the final graph Gosm is close to the
product of the transition matrices of the intermediate graphs.

Lemma 5.10 (Lemma A.20 of [CHL"23]). Let n,d,c € N. For each t € {0,1,...,logn} and each
j € [n—2Y, let éj+2t—j = (VJ, Vitat, Ej+2t—j) be a (d - ct)-reqular bigraph with a two-way labeling.
Furthermore, let A € (0, Flogn ) and for each t € [logn], let Hy = ([d-c'7'],[d- '], Epn,) be a
c-reqular bigraph with a one-way labeling satisfying N(Hy) < A. Assume also that for each t € [logn]
and each j € [n — 2'], we have

Gj_>j+2t - Gj—>j+2t71 @Hth+2t71_>j+2t,Vt Z 1,
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and

Gjsjr1 = Gjsj4,
(where the equation above merely denotes equality as graphs with one-way labelings). For each
(1,7) € E(SC,,), let Wj; be the transition matriz of Gi—;, and let

W i=W, ;1 Wit

Then

— sv

W0 R11xlogn Wneo-
Theorem 5.11 (Claim A.23 of [CHL"23]). The following algorithm computes
Rots  (vo, (@, €1, €logn))
1. Fori=1 ton:
(a) Update (v,x) < Rotgz _  (v,x), so now v € 12498
(b) If i < n:

i. Let t € [logn] be the smallest positive integer such that i is not a multiple of 2!, i.e.,
the binary expansion of © has precisely t — 1 trailing zeroes.

ii. Update (x,e1,...,e;—1) < Roty, ((z,e1,...,e1—1),er).
2. Output (v, e).
We also need the efficiently computable spectral expander Hy. The following lemma shows that

such a spectral expander exists. The construction of H; is based on Margulis-Gabber-Galil graphs
[Mar73, GG81].

Lemma 5.12 (Space-efficient expanders, Lemma A.22 of [CHL"23]). For every d € N that is a
power of two, for every \ € (0,1), there is a bigraph H = ([d], [d],EH) with a two-way labeling
satisfying the following:

o \NH) <A
e H is c-regular where ¢ is a power of two and ¢ < poly(1/\).
e Roty can be evaluated in space that is linear in its input length, i.e., space O(log(d/N)).

We use the following error reduction polynomial in our algorithm, which gives a good sv-
approximation for a sequence of transitions.

Theorem 5.13 (Recursion [CL24]). Let {A;}"_; C R be a sequence of doubly stochastic matrices.
Let {Bi j}}'i—o C RY*™ be a family of matrices such that B; ; ge/(lologn) Aig1... Aj Assuming that
Bi_1; = A; for all i. Then for any k € N, there exists K = O((2n)¥), t = O(klogn), a set of
indices n; j for each i € [K],j € [t] with0<mn;1 < ... <njy =n and a set of signs o; € {—1,0,1}
for each i € [K] such that:

sv
E agj; - B()’ni,lBni’hni’2 oo Bni,t—lﬂli,t ok A1A2 v An.
1€[K]

28



5.2 The algorithm

We give our derandomization algorithm for regular branching programs.

Theorem 5.14. There exists an algorithm that takes as input a regular ROBP and a parameter
e > 0, and outputs an approzimation of its acceptance probability with error €. Furthermore, if
the reqular ROBP has length n, width w and alphabet size 2%, then the algorithm runs in space

O(s + logn(loglogn + y/log(w/e)) + log(w/¢)).

Proof. To define the algorithm, we need to prepare three things in advance: the two-way labeling,
the error reduction, and the rotation algorithm.

First, the input of the algorithm is a regular ROBP f without two-way labeling. However, we
can easily convert it to a regular ROBP G with two-way labeling by assigning an arbitrary label to
each incoming edge. (i.e., in(e) =i if e is the i-th incoming edge of the vertex.). This can be done
in space O(s + log(nw)).

Second, we need to predetermine the sets of indices and signs used in a recursive error reduction
procedure. We use parameters similar to those in Section 4. We set ng = n,n; = O(log ny/log(w/¢)).
Fori:=2,3,..., let n; = ﬂog?’ ni,ﬂ. We take [ to be the first integer such that n; < 2'°. Notice
that | = o(loglogn).

Now for each ¢ € [I], we prepare a group of parameters for invoking Theorem 5.13. We use n;, n;41

as the n,r respectively in Theorem 5.13. When we apply it to ng,n1, we set op = /2w as the
2/ (kg +1) 1

161og? ng ’ 64log’ n
gives a number Wy € N,a set of indices {”g'?t)}je[Wo],te[m] and a set of signs {0}};emy)- After
that, we set & = £2/(2wWj). Then for every i € [l — 1], we set a; = ¢’ and k; = log?n;, 7; =
5’)2/(ki+1) 1

16log® n; ’ 64log’n;
and a set of signs {0 };ew,-

target error and ko = \/log(1/ap), 7o = min{ 0} as the original error. Theorem 5.13

}. Theorem 5.13 gives a number W; € N, a set of indices {nyz YWl telni]

min{ (

We stress that one can assume each {nglg Yiewiltelniza) and {oj} e, satisfies the following
properties:
For each i =0,1,2,...,1 — 1, for any doubly stochastic matrices A1,..., Ay, and B, , such that

SV

Bpg =7 Apy1...Agand By, = A for all p € [n;]. Then let

!/
A = Z O'j . BO,nET;Bn“) n(i) e Bn(z) nw

. 3,17775,2 i1 =10
JE[Ws]

It holds that A’ approximates A ... A,, with entry-wise error at most «;, by Theorem 5.13.

The third part of the preparation is an implementation of the rotation algorithm Theorem 5.11.
We use the algorithm for every level ¢, to get those approximation matrices with sv-error ;.

For any ¢ =0,1,2,...,l — 1, to use Lemma 5.10 for the correctness of Theorem 5.11, we need
to prepare a group of parameters n;, A;,d;,¢;. Let A\; be 7;/(11logn;). For each t € [logn;], we
use Ht(i) as the t-th A;-spectral expander used in the lemma, where every Ht(i) can be achieved by
Lemma 5.12. The parameter ¢; is set to be the degree of Ht(z), which is the same for all . We
let dy = 2°. Let d;+1 = d; + [logn;]| - [loge¢;| for all i = 0,1,...,1 — 1. One can see later that the
parameter d; is the degree of the branching program after the first ¢ levels of reduction.

Now we have prepared [, {ni}ézo, {Wi}ézo, {n%}ie[l],je[Wq;},te[niH]a {o; }je[ni]a {di}ézo, {ci}ézl and
graphs {Ht(l)}ie[l],te[log n;]- Notice that all these parameters can be computed in logspace, so we will
directly use them in the algorithm description. Then we construct our algorithm that approximates
the acceptance probability of the regular ROBP. In general the algorithm adapts the WPRG of
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the previous section and runs the ROBP on the output of the WPRG but with the following two
adjustments:

e every time when the WPRG needs to conduct a one-step walk on an expander, then the
algorithm instead conducts a corresponding rotation on that expander.

e every time when running one step of the ROBP using an output symbol of the WPRG, the
algorithm conducts a corresponding rotation on the ROBP.

For completeness of the description, the whole algorithm is given as Algorithm 1.
In Algorithm 1, for every j € [n], Gj«;_1 is the bipartite graph (V;_1,V}, E;) of input ROBP
f, as described in Definition 5.9. Rot and Rotg are defined by Definition 5.4. We use

S jei—1
the (9 to denote a temporary variable that stores a label in the following way. z() e [d)] =
[do] X [co]'°8™0 x [c1]'°8™ x -+ x [¢_1]'°8™~1. For every i € {0,1,...,1 — 1}, ¥ denotes the prefix
of 0 in [d;] = [do] x [co]'°8™0 x - x [¢;_1]'°8™~1, and e%l) is in [¢;] for every t € [logn;] such that

; i i—1 i-1
x():(:v( 1),€g )7-"7 l(ogn2_1>'

Algorithm 1: Approximate the acceptance probability of a regular ROBP

Input: A regular ROBP f, a starting vertex vy, an accepting vertex ve,q, an error
parameter € > 0.
Output: An approximation of the probability that f reaches ve,q from vg.
Set a counter ans < 0.
foreach jy € [Wyl,j1 € [W1],...,Ji—1 € [Wi_1](Enumerate all possible summands in the
error reduction polynomial) do

foreach (:cgl), azgl), e ,x;’)) (Enumerate seeds), where each

2" € [d)] = [do] x [co®B™ x [e1]°B™ x -+ x [e4]°8™-1 do
Let 2 be a temporary variable and =) « xgl).

Initiate position pointers for each level tg < 0,1 + 0,...,t + 0.

Let v <~ vy be a temporary variable recording the current vertex.

while t; < n; do

tg < to + 1.

(v, 20) Rotgtoﬂo_l(v,az(o)). ‘

Update pointers: For i =1 to [, if t;_1 = ng:ll)tﬁl, we let t; < t; + 1. Let 7 be

the largest ¢ such that ¢; is updated.

if 1 < then

Let p € [logn;] be the smallest positive integer such that ¢; — nx?tiﬂ is not a
multiple of 2P. ‘ o ' '

Update (x(i), egl)j eg), . e ) ROtHéi) (=@, egl), eg’), o ,e(lzl), e}(f)).

p—1 P
else if i = [ then
l
L 2 xizz‘rl

if v = v.,q then
| Add oy, - 0j, -+ 0j,_, to ans.

Normalize ans by ans < ans/d;, return ans.

The following figure gives an example of how our algorithm 1 computes the desired rotation
maps.
Next we prove the correctness of the algorithm.
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Rot Rot ~ Rot

1 1 1
o, a2, a2,

Rot ~ GO Rot ~ &) Rot ~ Rot ~ Rot ~ GO Rot ~ &) Rot ~ Rot ~ Rot ~©) [Rot ~

(0) (0)
0—)1 1—»2 G2—>3 4—)5 5—»6 G6—>7

Rot ~ Rot ~ Rot ~ Rot ~ Rot ~
1" Rot ~ 1" Rot ~ 1" 1" Rot ~ 1"
o) awm 7m 7m

2 1
Use seed x; Use the next seed x§2)

Figure 3: The figure shows our recursion process to compute Rot G, (Rot 10 (vo,xgl)) ,xé”)
0—1
when | = 2,n; = 2. The indices jg, j1, jo are omitted.

Let égo)l _,; denote the bipartite graph with two-way labeling of the input from the (¢ — 1)-th
layer to the t-th layer. We recursively define G i t—1st S the graph obtained by applying

Jo,J1,-
A1) A(i—1) _ (@ _
Theorem 5.11 to GJO,]L e Q,a_erl,...,ijh iab—1—b where b = N @ = N0 g with
the aforementioned parameters n;, A\;,d;,c;. Let W;:)),gl i1 et—1 be the transition matrix of
()
Gjom, wJie1,t—1=t"
w® w®

The output of Algorithm 1 is a weighted sum of W i ey —1 o ftoi1 1407 A8
shown in the following equation:

ans

-1
> (e ) By, e,
Jo€[Wol,j1€[Wh], \i=0
s Ji—1€[Wi—1]
l l 1
1 Roté@ ' ' e Roté(;) ' ' Roté(;) ' ' (Uo, acg )) ,33‘;) R ,xfn) = Vend
J0sJ1yeesdi—1 J0J1,m g1 J0J1y g1
ni—1—-ng ,1—2 ,0—1

_ . wd
- > (H UJz) [ Jodtedietmen =17 Wigi i, 10 vorvuny

Jo€[Wol.j1€[W1]

o Ji—1€[Wi—1]

By Lemma 5.10, for any i € [I], jo, j1,---,Ji—1 € [Wo], [Wh], ..., [Wi—1], letting b = n() a =

—1,t?
nglzl +—1, we have the following approximation.
w B w (=D w1 w -1
01 seeenfim1stet—1 Tiza 50,51 5eerJi—2,bb=1 VY 50,41, ,fi—2,b—1b=2 """ V¥ jo.51,....5i—2,a¢a+1"

These matrices satisfy the condition of Theorem 5.13. By the construction of the {nyz} and
{0}, we have that for each ¢ € 0,1,...,l — 1 and each jo, j1,. .., ji-1,

w () o) _ @) T G .
W]O) ’]1 1 W]U7 ’J’L 1 Z O-‘h W j07“'7ji Wjo’“'aji S Q.
V0,Vend

ni¢n;—1 10 ]ze[Wz] ni+l<_ni+1_1 10 V0,Vend
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By summing over all the errors, we have the following;:

w(0) w(0)
ans — (W1 Wi,
V0,Vend
-1 1—1
=D X [
1=0 ]OE[WOLJIE[Wﬂ? k=0
cosJim1 €[Wi—1]
S (0) S (0) B oot o (i+1)
[Wjo,...,jil Wioodin E: o W i Wi i
ni+mn;—1 1+0 V0Vena  Ji€[Wi] Nit1¢Nip1—1 10 00, Vond

-1

=5 DD DI

1=0 joe[Wo],j1€[W1],
cnJic1€[Wi 1]

<ag+Wop-a1+...+Wo-Wip---Wi_1- .

By our parameters, this entry-wise error is at most €/w. Therefore, the total error is at most &
when the accept node set is an arbitrary subset of V;, = [w].

Then we prove the space complexity of the algorithm. Similar to the proof of Lemma 4.11,
d; = O(logn(loglogn + y/log(w/e)) + log(w/¢c)), which is exactly the seed length in that proof.
The algorithm shall store ans, j;,n; for each i € [l — 1] and =), which costs no more than
O(s+logn(loglogn++/log(w/e))+log(w/e)) space. Calculating a two-way labeling and computing
cost O(s + log(nw)) space. The computation of Roth@) costs O(|z9|) space according to

Lemma 5.12. Therefore, the total space complexity is O(s+logn(loglogn++/log(w/e))+log(w/¢)).
[
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A A proof for Lemma 3.5

We reprove the lemma for completeness.
Definition A.1 (total variation). Let A and B be two random variables defined on a common
probability space X. The total variation distance between A and B is defined as
1
dry(A, B) = o ; |Pr[A = z] — Pr[B = 2] .
x

Definition A.2 (Min-Entropy). Let X be a random variable. The min-entropy of X is defined as

Hoo(X) = — log, (maXPr[X - :q) .

zeX

Definition A.3 (Conditional Min-Entropy [Vad12] Problem 6.7). Let X and A be two random
variables. The conditional min-entropy of X given Y is defined as

f{oo(X’Y) = —log, < E sup Pr[X =z|Y = y]> )
yeY peX
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We need the following lemmas.

Lemma A.4 (Chain rule of Conditional Min-Entropy [Vad12] Problem 6.7). If |supp(A)| < 2°,
then Hoo(X]A) > Hoo(X) — s.

Lemma A.5 (Problem 6.8 of [Vad12]). Let Ext:{0,1}" x {0, 1} — {0,1}™ be a (k,¢)-extractor.
If Ho(X|A) > k, then
dTV ((Em‘t(X7 Ud): A): (Um7 A)) < 3e.

(Here Uy, and Uy are independent uniform random variables of length m and d respectively.)

Lemma A.6 (Data Processing Inequality). Let X,Y be two random variables in the same probability
space. Let A be a random variable that is independent of both X and Y. Let f be a function. Then

dTV(f(Xv A)a f(Y7 A)) < dTV(Xv Y)
Now we can prove the lemma.

Lemma A.7 (Lemma 3.5 restated). Let s > logw. Assume there exists a (2s, 5,)-extractor
ExT: {0,1}%* x {0,1}¢ — {0,1}*. Let X and Y1,...,Y, be independent uniform random variables.
Then the following construction

NZ(X,Y)=ExT(X,Y1),...,EXxT(X,Y,)
fools any f € B, s.w) with error at most €.

Proof. Let f € By, 5. Let X and Y1,...,Y), be independent uniform random variables. We use
a hybrid argument. Define U; to be independent uniform random variables of length s for each
i € [n]. Define Z; = EXT(X,Y;) for each i € [n]. Define R; to be the random variable over V;,
which represents the distribution of the state of f on input Uy, ..., U;. Define R; to be the random
variable over V; which represents the distribution of the state of f on input Zi,...,7Z;. We will
show that dry (R;, R;) < £ for all i € [n].

The base case i = 0 is trivial, as both Ry and ﬁo represent the initial state of f. Assume the
statement holds for i — 1. For the case 4, notice that [supp(R;_1)| < w < 25. By the chain rule
Lemma A .4,

Hoo(X|Ri_1) > 2s.

Therefore Lemma A.5 implies

dry ((Zi, Ri—1), (Ui, Ri—1)) <

Slo

By the data processing inequality, we have

_ _ 1
dry ((Us, Ri—1), (Ui, Ri—1)) < dry(Ri—1, Ri—1) < (i )6.

Using the triangle inequality, we have
1€

drv ((Zi, Ri_1), (Us, Ri_1)) < e

Denote the transition function of f from V;_; to V; as T;. Then ]A?iZ = TZ-(ZZ-,RL-_l) and R; =
T;(U;, R;—1). Using the data processing inequality again, we have

~ ~ 1€
drv (Ri, R;) < drv((Ui, Ri—1), (Zi, Ri—1)) < e

Therefore, dry (R, En) < £ and the lemma is proved. O
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B A proof for Theorem 3.8

We prove Theorem 3.8 using the Richardson Iteration for completeness. The Richardson iteration is
a method to obtain a finer approximation of L~! from a coarse approximation B of L~! and the
invertible matrix L itself.

Lemma B.1. Let L € R™ ™ be an invertible matriz and B € R™*™ such that |B — L] < &g for

a submultiplicative norm || - ||. For any non-negative integer k, define
k .
R(B,L,k)=> (I-BL)'B
i=0
Then ||L™" = R(B, L, k)|| < | LY - [|L]F - 5™
Proof.
k .
|L~' — R(B, L, k)| = || (I - (- BL)’BL) Lt
=0

-y
< [T = BL|*™" |17
S HLfIH . HLHkJrl . €§+1
O

Theorem B.2 (Theorem 3.8 restated). Let {A4;}7, C RY*" be a sequence of matrices. Let
{Bi,j}ijo C RYX™ be a family of matrices such that for every i+ 1 < j, ||Bi; — Ait1... Aj|| <
g/(n+1)? for some submultiplicative norm || - ||, ||A;|| < 1 for all i and also B;—1; = A; for all
i. Then for any odd k € N, there exists a K = (8n)**1, a set of indices {nijticir) jer with
0<mni1 <...<njr=mn, and signs o; € {—1,0,1},i € [K] such that (We set B;; =1 for all i):

A- Z gi - Bovni,ani,lani,Q S Bni,k—lani,k < gtz (n+1).
1€[K]

Proof. Define L € ROvtDwx(nthw apnq B ¢ ROHDwx(nthw a9 follows:

1 0 0 0 O I 0 0o ... 0 0

~A; T 0 0 0 By I 0 ... 0 0

L = 0 —A2 I 0 0 ’B: BO’Q Bljg I 0 0
0 0 0 ... —A, I Bon Bin Ban ... Buin I

This means that

~
(a]
(a]
[a)
()

Ay I 0 ... 0 O
L1 = A1Ay A,y I ... 0 0
AjAs. A, Ay A, As.. A ... A, T
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By assumption, there exists a submultiplicative norm ||-|| on R**". We induce a submultiplicative
norm on || - |4 on R(vDwx(mtw. Tet pf = (M”)"Jrl € RvHDwx(m+hw where each M; ; € R¥X™,
Define || M||4 = max¢pp 1] S M; || Tt is easy to verify that || - || 4 is a submultiplicative norm,
and [|[M||a = ||M||; when w = 1.

Beacuse ||B;; — Ait1... Aj|| <e/(n+1)% for all i + 1 < j, we have |[B — L4 <e/(n+1).
Also, Because ||A;|| < 1 for all 4, we have ||L||4 <n+1and [|[L7 |4 <n+ 1.

Define M = R(B, L, (k — 1)/2), then

k41

_ _ k+1 € 2
IL7Y = Mla < L7 a - L[, - ( ) <e®HD2 . (n41).

n—+1

Expand M = (sz)fj:ll, where each M, ; € R**". We foucus on M 41, which is a w x w
matrix and ||[My 41 — A1da. . Ayl <L — M4 < e®HD/2 (n 4 1),
To express M 41, we define

o Bi,j—lAj — Bi,j 1 < J,
“ 70 P>
Then we have

(k—1)/2
Mint1 = Bon + Z Z Aoy Bryry - AT]’—M“J'BT]W'

j=1 0<r<-<r;<n
Defining M9 = B, . 1 A; = B, 1Bi_1; and MY = B; ;. we have
g ij — Pig—145 = Dij-1D5-13 ij — Digs

(k—1)/2

ekt t;
My =Boa+ Y, > S (O EE M), M
J=1 0<ri<-<rj<nti,..t;€{0,1}

L . . . . t;
Encoding j,r1,...,7j,t1,...,t; into a single index ¢ € [K], rewrite Mé;l)M,ng,QQ M}j%
Bomi Briimis - By, for some niy < ... < ngp = n, define o; = (—1)"++% | we have the

desired result.
Finally, we bound K by £51 . (n + 1)(k=1)/2. 2(=1)/2 < (g )kt1,

C A Proof for Lemma 3.16

In this section we provide a proof for Lemma 3.16, which is similar to that of [Hoz21]. We start by
sampling a random matrix using a sampler, using a union bound.

Lemma C.1. Let Samp : {0,1}? x {0,1}" — {0,1}? be a («a,)-averaging sampler. Then for every
matriz valued function f:{0,1}4 — RY*Y such that ||f||1 < C, we have:

ze{}())ﬂ}r 277 Y f(Samp(z,y)) —E[f]|| > Caw| <wy.
yE{O,l}p 1
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Proof.

277 > f(Samp(x,y)) — E[f]| > Cow

Pr
ze{0,1} e} .

> Cow

= Pr dicyy |:Z |:2p Z f(Samp(z,y))i,; — E[fli;

wel0.1y” jem] | yefonyr

< Pr o Zicujep |27 Y, f(Samp(z,y))ij — Elf]ij| = Ca
ze{0,1} ye{0.1}P

< Y Pr [|C7'277 Y f(Samp(x,y))i; — C'Elfli;]| > o

il gefw) SO ye{0.1}r

<w?y.
O

Lemma C.2 (Lemma 3.16 restated). For all n,s,w, assume there exists a W-bounded 1/(2w -
(n +1)2)-WPRG (Go,wo) for B, s,w) with seed length d, and a (o, )-averaging sampler Samp :
{0,1}" x {0,1}? — {0,1}* with v,y as defined above. Then there exists a e-WPRG for By, s ) with
seed length r + kp and weight W'e9(n/&)/log(nw) . poly(nap fe).

Proof. Take any f € B, ;). Let A; = Efli=1i(Go(U)) for i € [n]. Define B; ; = > > ef0,134 Wo(z):
f91(G(z)). Forany 2 € {0,1}", we define B, = > >_yefo,13» Wo(Samp(z, y))- fI((G(Samp(x,y)))j—i)-

We call a seed z to be ‘good” iff for all 4, j € [n], || B;; — Bf;[1 <1/(2w - (n + 1)). Otherwise,
we call  to be ‘bad’.

Since wyp is W-bounded, ||wo(z)- fI9/(G(2))]|1 is at most W. Note that Waw < 1/(2w- (n+1)?).
By Lemma C.1, for any 4, j € [n],

. 11Bij — Bijll > 1/(2w - (n+1))] < w?y =¢/(2(2n)" - WF).
x€10,1}"

By a union bound, the probability Pr,c(q,1y-[2 is bad] is at most e/(2(2n)F - WH).

For a good seed , we have [|A; ... Aj—Bf |1 < [|4i... Aj=B; 1+ Bij—B;lh < 1/(w-(n+1)?).
By Theorem 3.8, we have:

<((n+Dw)F-(n+1)<e/2.
1

11,52 ° Th—1,lk

k
Ay Ay = 0B5, B, .. B
=1

For a bad seed, we can upper-bound ||Bf]]|1 by K. Therefore, we have:

K
Ay Ay = 0iB§; B, .. Bl <14+ K-w*
=1

11,52 Th—1,0k

1
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Combining the two cases, we have the following inequality:

Ef—m Z Z w(waylvﬂ-7yk‘7i)f(G(x?y17""yk))

:L'E{O,l}"ﬂ ylru)yke{O’l}p

1 K
T T T
Ay A, — ? E E UiBO,hBil,iz T Bikflﬂ'k
z€{0,1}7 i=1 1

IN

1
<5 D

K
Ay Ay =Y 0B, B, ... B
i=1

11,02 Tk—1,lk
ze{0,1}" 1
x is bad
1 K
+? Z AlAn_ZO’lBg,llB’Lxl,lQBﬁfl,lk
x€{0,1}" i=1 1
z is good
<e/24+(1+K-Wk).5
<e.
The lemma follows. O

D Transforming binary regular ROBPs to binary permutation
ROBPs

Lemma D.1. There is an algorithm which on inputting a reqular ROBP P with length n width
w and binary edge labels, outputs a permutation ROBP P' with length n width w and binary edge
labels, such that P’ has exactly the same acceptance probability as P (but may not computing the
same function as P). The algorithm has workspace O(log(nw)).

Proof. P’ has the same vertex set as that of P. The algorithm transforms each layer 7 of P in the
order i = 0,1,2,...,n. For layer 4, consider the subgraph S between V; and V;1;. The algorithm
handles each node v € V; in order. For each v € Vj, if it is not reachable by any previous node of
V; in S, which can be done in logspace, then it does the following traverse in S. Starting from v,
choose an edge with label 0, and then go to the corresponding neighbor. For each next neighbor
visited, use £ to record the label of the edge e it just traverses to this neighbor. If the other adjacent
edge ¢’ the neighbor has a label ¢ = ¢ then flip its label ¢/. Then traverse through this edge €’ to go
to the next neighbor. Go on doing this until it reaches v again.

Notice that starting from v we can visit every node of V; U V; 1 that is reachable from v in the
above traverse. Because for each next neighbor u, it can only be either v or a node which is not
visited before in this traverse, since except v, every node visited already has both adjacent edges
visited, and the traverse only visits edge that is not visited before.

Also after the traverse, every node reachable from v in V11, because of the flipping, can have
different labels for the two adjacent edges. So the induced graph by these nodes reachable, becomes
a permutation. Notice that for each next v € V;, flips can only happen when it is reached for the
first time from previous nodes in V;. So each edge will be flipped only once.

After we went through every v € V;, all nodes of V; 11 in S are reached. So we have a permutation.
O
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E Proof sketch for Lemma 4.6

Though not explicitly mentioned, the analysis of the INW generator in appendix B of [CHL 23]
works for large alphabet ROBPs. Here we slightly modifies their proof to make it explicitly works.

We start with the definition of the INW generator. Some notions are defined in the preliminaries
of Section 5

Definition E.1 (INW generator for large alphabets). Let n,c,d be powers of two. For each
t € [logn), let Hy be a c-regular bigraph Hy = ([d - 1], [d - ¢], En,), with a one-way label. Relative
to the family (Ht)icliogn), we recursively define the INW generator as follows:

Define INW : {0,1}l°¢d — [0,1}1°¢4 g5 the trivial PRG. For each t € [logn], having de-
fined INW,;_; : {0, 1}3+(=Dloge _y 10 1} ogd 2" e define INW, : {0, 1}4+tlose _y £0 1} logd2" 44
INW;(z,y) = INW;_1(x), INW,_1 (H[z,y]). Here the comma denotes concatenation.

The INW generator relates to the derandomized product of permutation ROBPs, since they
have consistent one-way labelings.

Definition E.2 (consistent consistent one-way labelings). Let G = (U,V, E) be a d-regular bigraph.
A consistent one-way labeling of G is a one-way labeling of G such that for every v € V., the labels
of the incoming edges of v are distinct, i.e., the G[v,i] = G[u, 1] implies u = v. In this case, we can
extend the labeling to a two-way labelings:

ROtG(u’ Z) = (G[ua Z.]a i),
i.e., the incoming label and the outgoing label of an edge (u,v) are the same.

Lemma E.3 (Derandomized Product with consistent consistent one-way labelings,[RV05]). Let
Gy = (U,V, Ey) and Gy = (V,W, E3) be two d-reqular bigraphs with consistent one-way labelings. Let
H be a z-regular bigraph with one-way labeling. Then G1©)G2 has a consistent one-way labeling.

Let f be a permutation ROBP in P, ). Then f is also a regular ROBP with a consistent
labeling. It can be sv-approximated with the method of Lemma 5.10. Furthermore, the method
corresponds to fooling f with the INW generator.

Lemma E.4 (equivariance between INW generator and Lemma 5.10). Let f be a permutation
ROBP in P, . Lett € [logn], (j,j + 2') € Esc,, and Gjjio0 be the (d - ¢*)-regular bigraph with
two-way labeling as defined in Lemma 5.10. Then for any v € VI and x € {0,1}41°8¢ e have

W, Gy fusa) = [o,2') & [fIFHINW(@) | =,

uU,x

Proof. The proof is by induction on ¢t. For the base case ¢ = 0, both sides mean u has an outgoing
edge labeled x going to v. Assume the statement holds for £ — 1. Recall that

Gj%jJer = Gj—>j+2t_1@Hth-‘er_l—)j-i-?t’Vt Z 1,

Then for ¢, the left side can be computed as follows (where z = (z,y)):

(w2) =Rotg_ (w2),
(2, 9') = Rotp, (2,y),
(v,w) = Rotg (2, y).

j+2t—L ot
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Where the right side can be computed as follows:

f[j,j+2t—1](||\|\/\/t_1(z)) = w,
Ht [Za y] = Zla
FUHTHLIRTNW, L (2) = 0.
The induction hypothesis implies that the two sides are equivalent. O

Finally, we can prove the lemma.

Lemma E.5 (Lemma 4.6 restated). For all s,n,e there exists a PRG (actually the INW generator)
that fools P, s with e-sv-error. The seed length is

s + O(log n(loglogn + log(1/¢))).
Proof. Let A = min{e/(11logn),1/6(log>n)}. Let d = 2° and for each t € [logn|, let H; be a
c-regular expanders with A(Hy) < A from Lemma 5.12. Let {INW;},c(i05 ) be the INW generator
from the definition. Let INW = INW,z,,. Then INW is a PRG with seed lengths
logd 4+t -loge = s+ O(log n(loglogn + log(1/¢))).

For any f € P(, ), the derandomized product of f coincides with the the output of fo INW,

ie. Wy o= Ex fOm(INW(X)). Since Wye 0 11x10gn Wien_1 - Wico by Lemma 5.10, INW
fools f with e-sv-error. O
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