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Uniform Bounds on Product Sylvester-Gallai Configurations

Abstract

In this work, we explore a non-linear extension of the classical Sylvester-Gallai configura-
tion. Let K be an algebraically closed field of characteristic zero, and let ¥ = {Fy,...,F} C
K[x1,...,xn] denote a collection of irreducible homogeneous polynomials of degree at most
d, where each F; is not a scalar multiple of any other F; for i # j. We define J to be a prod-
uct Sylvester-Gallai configuration if, for any two distinct polynomials Fi, F; € J, the following
condition is satisfied:

H F € rad (Fi,F)') .
ke[m],
k#ij

We prove that product Sylvester-Gallai configurations are inherently low dimensional. Specif-
ically, we show that there exists a function A : N — N, independent of K, N, and m, such that
any product Sylvester-Gallai configuration must satisfy:

dim(spany (F)) < A(d).

This result generalizes the main theorems from [Shp20, PS20, OS24], and gets us one step
closer to a full derandomization of the polynomial identity testing problem for the class of
depth 4 circuits with bounded top and bottom fan-in.
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1 Introduction

In 1893, Sylvester posed the following basic problem in extremal combinatorial geometry.

Problem 1.1 ([Syl93]). Suppose a finite set of real points are arranged such that any line through two
points of the set contains a third point in the set. Prove that the set of points lies on a straight line.

The first complete affirmative answer to Problem 1.1 was given by Melchior [Mel40]. The
same problem was independently posed in 1943 by Erd6s [EBW " 43], and was answered by Gallai
[Gal44]. The above statement is now known as the Sylvester-Gallai theorem.

It is important to note that the answer to Sylvester’s problem depends on the base field.
For instance, it was known (quite possibly even to Sylvester) that the answer to Problem 1.1 is
negative when the base field is C, as the nine inflection points of any non-singular planar cu-
bic form a 2-dimensional complex configuration satisfying Sylvester’s conditions. In 1966, Serre
asked in [Ser66] whether any complex configurations satisfying Sylvester’s conditions must be
2-dimensional - that is, whether the configurations arising from non-singular planar cubics are
extremal. An affirmative answer to Serre’s question was given in 1983 by Hirzebruch [Hir83],
using highly non-elementary algebro-geometric tools.’

Ever since the solution of Sylvester’s problem, several generalizations and variations have
been studied in combinatorial geometry, theoretical computer science (TCS) and coding theory
[EK66, Han65, PS09, EPS06, BDYW11, DSW14, PS20, PS21] — see [BM90, Dvil2] for brief surveys
on these generalizations. The usual setup of such generalizations is as follows: given a finite
collection of geometric objects (points, in the case of Sylvester’s problem) satisfying enough local
conditions (collinearity of certain triples of points, in the case of Problem 1.1), one wants to know if
such collection of geometric objects must be “low dimensional” (all points must be in one line, in the
case of Problem 1.1). As is usual in the literature, any configuration satisfying the proposed local
conditions are called Sylvester-Gallai configurations, and the result stating that such configurations
are low dimensional is referred to as a Sylvester-Gallai type theorem.

One line of generalizations of Problem 1.1 arises from projective duality, which we now dis-
cuss. By projective duality, any point P = (py,..., pn) gives rise to a dual hyperplane, defined by
the zero set of the linear form {p := p1x; + - - - + pnXxn, Which we denote by V(€p).? Given three
points P, Q, R, the condition that R is in the line defined by P, Q is equivalent to V({p, {q) C V({r)
in the dual space. Lastly, given points Py, ..., P, the condition that they are collinear is equivalent
to dimspang {{p,,...,€p, } = 2. Thus, we can recast Sylvester’s problem as follows: given a finite
set of distinct hyperplanes defined by the set of linear forms £ :={{;,- - ,{m} C R[x1,...,xn] such
that for any i # j € [m], there is k # 1,j such that V({;,{;) C V({y), then it must be the case that
dim spang {£} = 2. For simplicity, if one applies projective duality in two dimensions, the forego-
ing statement becomes quite natural: given a finite set of distinct lines (the set £) such that for any
two lines {;, {; € L, there must be a third line in £ which passes through the intersection of ¢, {,
(i.e., V({1,£2)), then it must be the case that the set of lines forms a pencil (i.e., all lines intersect at
a common point). In fact, this dual formulation was precisely the setting treated in [Hir83].

Motivated by questions in algebraic complexity theory, Gupta [Gup14] proposed non-linear,
algebro-geometric generalizations to the above (dual) formulation of Sylvester’s problem (and
their set variants, such as [EK66]). In this work, we make progress on Gupta’s program and fully
resolve one such generalization of Sylvester’s problem. Before we describe our main result, in the
following subsection we describe the connection between the Sylvester-Gallai configurations that

1By the Lefschetz principle (alternatively by [BDYW11, Theorem 8.3]), one can extend the same result to any alge-
braically closed field of characteristic zero.
“More generally, for any set of polynomials I, we denote the set of common zeroes of all polynomials in I by V/(I).



we study and the Polynomial Identity Testing (PIT) problem, a fundamental problem in algebraic
complexity theory.

1.1 Polynomial Identity Testing (PIT) and Sylvester-Gallai configurations

The Polynomial Identity Testing (PIT) problem is the task of determining whether a given alge-
braic circuit computes the zero polynomial. While there are simple and efficient randomized al-
gorithms for the PIT problem, developing an efficient deterministic solution remains a significant
open problem in theoretical computer science. The PIT problem is closely tied to fundamental
topics such as lower bounds for algebraic circuits [HS80, Agr05, KI04] and derandomizing key
problems in mathematics and computer science [AKS04, FS13, KS515, Mull7, GT17, FGT19]. For
a deeper exploration of PIT and its applications, see [Sax09, SY10, Sax14].

The recent works [AV08, GKKS16, Tav15] have shown that the PIT problem for general circuits
can be reduced to solving it for low-depth circuits, such as unrestricted depth-3 or homogeneous
depth-4 circuits, which has made these circuit classes a focus of recent study. Notably, progress
has been made towards deterministic, polynomial-time PIT for depth-3 circuits of constant top
fanin via the connection between this problem and linear Sylvester-Gallai configurations arising
from depth-3 identities [DS07, KS09, SS13].

Let us now explain how Sylvester-Gallai configurations arise in the context of depth-3 and
depth-4 PIT. Let x := (xy,...,xn) be a tuple of N variables and S := C [x] be the polynomial ring
in N variables. Suppose we are given a depth three circuit with top fan-in three (denoted £3T1X)
that computes a polynomial P. Such a polynomial has the form

P=TJt)+]]aix)+ ], (1.1)
i=1 j=1 k=1

where {;, gj, hy are linear forms.®> When P = 0, that is, when we have an identity, and moreover
this representation of the identity is ”efficient,”* we may wonder whether the linear forms in the
identity must be “low dimensional” (i.e., all such linear forms must “depend on few variables”).
To capture the dimensionality of the circuit given by Eq. (1.1), [DS07] defined the rank of the circuit
as being the linear span of the forms that appear in the circuit. In case of Eq. (1.1), we have that
the rank is dim span. {{;, gj, hk}” Kelm

Consider a linear form {; from the flrst gate and a second linear form g; from the second gate.
Since P = 0, we have that for any a € CN such that ¢;(a) = gjla) = 0, it must be the case
that [Jhi(a) = 0. In other words, we have that V({;,g;) C V([[hx) = Uy V . Since the
algebraic set V ({’,i, gj) is irreducible, we must have V ((),i, gj) C V (hg) for some a E [ ] Note that
this last condition (combined with the symmetry among the gates) is exactly the local constraint
arising from the dual formulation of Sylvester’s problem. In [DS07], the authors asked whether
sets {(Zi}ie {g] }) clm] ’ {hk}kE ) arising from Eq. (1.1) which satisfy the above conditions must
be low-dimens1onal more prec1sely, whether dim span. {{;, gj, hk}i,j,k =0(1).

As it turns out, the Sylvester-Gallai like condition in the previous paragraph can be seen as
a set-version of Sylvester’s problem, which was studied by [EK66]. This work showed that such
configurations must have constant rank. Thus, we deduce that span {Ri, gj,hk} = O(1). This

®Note that, since we are only given the circuit computing P, we do not “know” the polynomial P in the usual way —
that is, we do not know its coefficients and monomials.

4We mean "efficient” in the sense that no subset of the three summands are themselves 0, and all three summands do
not have a common factor. Formally, we want the circuit to be simple and minimal. Definitions of simple and minimal
can be found in [KS09].



shows that any Z°TTE identity essentially depends on constantly many variables. Combined with
the results of [KS08], this gives a black box deterministic PIT algorithm for such circuits. While
significantly extra complexity and subtleties arise when one works with Z¥TTE circuits for k > 3,
the linear forms in “efficient” identities arising from such circuits satisfy enough local relation-
ships to deduce that they have low rank. This approach was carried out by [KS09, S513], who
generalized the above approach and showed an intrinsic and elegant connection between Z*TTZ
identities and Sylvester-Gallai configurations (see [SS13, Theorem 1.4]). As a result of this con-
nection, Sylvester-Gallai theorems imply deterministic, polynomial-time PIT algorithms for Z*TTE
circuits, when k = O(1).

Motivated by these results, Gupta [Gup14] studied depth four circuits with constant top and
bottom fan-ins. This circuit family is denoted Z¥TTZITY, and it computes polynomials which can
be written as a sum of k products of polynomials of degree at most d.

Consider a polynomial Q computed by a Z3TTZIT4 circuit. It has the form

Q=]JAx+]]Bix+]] Cxx),
i1 j=1 k=1

where Aj, Bj, Cy are polynomials of degree at most d. If Q = 0 and the representation is ef-
ficient, as in the previous case, we have V(A;,Bj) C V(][] Cx).> However, as the forms are
not necessarily linear, we have that V (Ai, Bj) is not necessarily irreducible, and thus we no
longer have the same Sylvester-Gallai type configuration, as we cannot guarantee the existence
of k € [m] such that V (Ai, Bj) C V(Ck). Nevertheless, as there are many constraints of the form
V(Ai,B;j) € V(I]Cx), [Gupl4] asked whether such Sylvester-Gallai type conditions would be
enough to prove that dim span. {A;, Bj, Ck}i,)',k is small enough.

Given any “efficient” Z3TTETT¢ circuit (not necessarily computing the zero polynomial), [Gup14]
called it a Sylvester-Gallai circuit if the above constraints on the zerosets (i.e. V(Aj,B;) € V(] ] Cx))
hold. The above discussion shows that all such circuits that compute 0 are Sylvester-Gallai cir-
cuits, but the converse is not true: for instance, multiplying a single form by a constant can change
whether or not the circuit computes 0 without changing the above condition.

Non Sylvester-Gallai circuits are relatively simple compared to Sylvester-Gallai circuits. Non
Sylvester-Gallai circuits do not have too many cancellations (the above discussion shows that
they can never compute 0), and the circuit structure can be preserved by certain linear variable
reduction maps, which is the main tool used in the works [Gup14, Guo21] to handle these circuits.
This allows these works to certify the non-zeroness of non-Sylvester-Gallai circuits.

The cancellations in Sylvester-Gallai circuits on the other hand are a lot more subtle, and it
is not clear if they are preserved by the linear maps of [Gupl4, Guo21]. Similar to how linear
Sylvester-Gallai configurations have constant rank, Gupta conjectured that sets of higher degree
forms satisfying the local condition V(A;,Bj) C V (][, Cx) must “depend on constantly many
variables.” If this is true, then we can efficiently test if Sylvester-Gallai circuits are nonzero using
the methods of [BMS13]. A simpler form of Gupta’s main conjecture is the following generaliza-
tion of the configurations studied in [EK66]:

Conjecture 1.2 (Gupta’s main conjecture - simple form). Let {Ai}; ¢y, U {B; }j ctmy] U Cxk e ms) bea
set of irreducible polynomials of degree < d such that for any i € [my],j € [myl, we have that V (A4, B;) C
V (I I« Cx) (and the same relations hold when exchanging the roles of the polynomials A, B, C). Then there
exists a function A : N — N such that
dimspanc {Aj, Bj, Ck}m.,k < A(d).
®By symmetry among the gates, we also have V(A;, Cy) C V([]B;) and V(B;, Cx) C V([T A4).
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A first step towards establishing the above conjecture is to establish the Sylvester-Gallai ver-
sion of the above conjecture. This motivates us to consider the Sylvester-Gallai configurations we
study in this article, which we now define.® By way of the algebraic-geometric dictionary, we will
henceforth replace the geometric condition V (A, B) C V (C) by the equivalent algebraic condition
rad (C) C rad (A, B).

Definition 1.3 (Product Sylvester—Gallai configurations). A finite set 7 C C[xy,...,xn] of irre-
ducible forms of degree at most d is a d-product-SG-configuration if the following hold.

* Fi ¢ (F;) forany Fi, F; € F. (each form encodes a different hypersurface)

* Foreach F;, F; € F, we have (Sylvester-Gallai condition)

[ Ferad(FF).

FeF\{FFj}

As stated above, the reader may find it strange that the product constraint no longer seems
local, since the condition for each F;, Fj involves every other form in the configuration. However,
by a standard Bézout type argument it follows that the condition [ [z FFp F € rad (Fi, F) is
equivalent to the (local) condition that there are indices k;, ..., k42 different from 1i,j such that

a2
H Fka € rad (Fi,Fj) .

a=1

Since d is a constant, each (local) condition now only depends on constantly many forms in the
configuration as expected. As this equivalent condition is more cumbersome to state, we prefer to
work with the above definition.

In a similar fashion to [Gup14], we can also conjecture that such “product” configurations are
”low dimensional.” This is the content of the following conjecture:

Conjecture 1.4 (Product Sylvester-Gallai Conjecture). There is a function A : N — N such that if F is
a d-product-SG-configuration then dim spang {F} = A(d).

The above conjecture was first considered by [PS20], where the authors proved Conjecture 1.4
for d = 2. Our main theorem, which we now state, generalizes their main result to forms of every
degree, thus fully settling Conjecture 1.4.

Theorem 1.5 (Product Sylvester-Gallai Theorem). There is a function A : N — N such that if F is a
d-product-SG-configuration then dim spang {F} = A(d).

Our proof techniques build upon the techniques introduced in [Shp20, O524] to study radical
Sylvester-Gallai configurations, which we define in Section 1.3. In Section 1.3 we also discuss
related and previous works on non-linear Sylvester-Gallai configurations and the PIT problem for
depth-4 circuits. In Section 1.4, we give a high level outline of our proof, highlighting the technical
difficulties that need to be overcome, as well as the new conceptual contributions of this work. We
will now discuss the main contributions of this work, where we state our main technical result,
which is of independent interest.

®We will later see that our proof strategy will require us to further generalise the definition given above, and we do
this in Definition 3.3.

"Here we recall that the radical ideal generated by a set of polynomials Z, denoted by rad (Z), is the set of polyno-
mials H such that some power of H is in the ideal generated by Z.



1.2 Contributions of this paper

This paper has two main contributions. The first is the proof of Theorem 1.5, which states that
product Sylvester-Gallai configurations of degree bounded by d have dimension uniformly upper
bounded by a function which depends only on d. This result simultaneously generalizes [Shp20,
PS20, OS24], putting us one step closer towards a proof of Conjecture 1.2, and also to the main
conjecture of Gupta [Gupl4]. To achieve this, we adapt the inductive approach from [OS524] to
work with product configurations. This adaptation, as we discuss in Section 1.4, requires us to deal
with several subtleties, one of them being to establish a useful property of the general quotients
of [Shp20, O524]: we prove that such general quotients behave well with respect to (a generalized
notion of) absolute irreducibility. More precisely, we prove that that these quotients send absolutely
reducible forms to reducible elements, and that forms which are absolutely irreducible over the vector
space being quotiented out will remain absolutely irreducible after a general quotient.

The second contribution is our main technical result, Theorem 4.16, which relates absolute
irreducibility of a polynomial P with an effective and uniform bound on the non-primality of certain
ideals containing P. In a simplified form, it can be stated as:

Theorem 1.6 (Prime bound - informal). Let S := Clxq,...,XN,Y1,---,Ynl and P € S\ (x1,...,xN)
be a form of degree d that is irreducible over C(x1,...,xN)Y1,...,Ynl. The number of non-associate
irreducible forms Q € Clxy,...,xn] such that (P, Q) is not prime is bounded above by a function of d.

We believe that the above theorem, and its more general version (Theorem 4.16), together with
its proof, are of independent interest. We now briefly discuss the ingredients needed in the proof of
the above theorem. If one only combines results from Grobner basis theory and elimination theory
with techniques from algebraic geometry, one can obtain an effective bound for the above theorem
which depends on N,n and d. Since the goal of a Sylvester-Gallai theorem is to obtain bounds
independent of the number of variables, such a bound will not be good enough for our purposes.
By combining the Stillman’s uniformity bounds of [AH20a] with results from elimination theory
and algebraic geometry, we are able to obtain an effective bound (depending only on n, d) on the
number of non-associate irreducible forms Q such that (P, Q) is not prime.

Once the dependence on N has been removed and a finite bound on the number of (non-
associate) bad forms Q has been established, we can then use Bertini’s theorem and the Ananyan-
Hochster principle to further drop the dependency on n, finally obtaining a bound which simply
depends on the degree d. To achieve this, we give very effective bounds on the degrees of genera-
tors of Grobner bases for ideals generated by a small number of variables of low degree, and also
for certain elimination ideals of such ideals. These bounds could be of independent interest.

An important point to note is that [O0524] builds on the Ananyan-Hochster principle to show
their transfer theorems, which we also use. However, to prove the above theorem, we also need to
apply the Ananyan-Hochster principle in a different manner: combined with results from Grébner
basis theory, we use it to find low degree polynomials in elimination ideals of ideals generated by a
small number of low degree forms. The details of the above discussion can be found in Section 4.

1.3 Related Work
1.3.1 Sylvester-Gallai configurations

In [Gup14], as a first step of his plan, Gupta proposed the study of a direct generalization of the
linear Sylvester-Gallai configurations, which are captured by the following definition.



Definition 1.7 (Radical Sylvester-Gallai configuration). Let 7 C C|[xy,...,xn] be a finite set of
irreducible forms of degree at most d. We say that F is a d-radical Sylvester-Gallai configuration
if the following hold.

* Fi & (Fj) forany F;, Fj € F.
* Forevery F;, Fj € F, we have Fy € rad (F;, F;) for some Fy, € F\ {Fy, F;}.
The following conjecture is a strengthening of [Gup14, Conjecture 2].

Conjecture 1.8 (Radical Sylvester-Gallai conjecture). There is a function A : N — N such that if F isa
d-radical Sylvester-Gallai configuration then dim span {F} = A(d).

Conjecture 1.8 was proved by [Shp20] in the special case when d = 2. Subsequently, [OS522]
proved Conjecture 1.8 for d = 3, and [OS24] fully resolved the above conjecture in the affirmative.
Note that the condition Fy € rad (F, F;) for forms of degree d is a natural generalization of the
condition {y € (Ei, Ej): by the Nullstellensatz, these conditions are equivalent to V(Fy) D V(Fy, F;)
and V() D V(¢;, ;) respectively. Therefore Conjecture 1.8 is a direct generalisation of the usual
Sylvester-Gallai theorem for forms of higher degrees.

The first work to consider product Sylvester-Gallai configurations was the work of [P520],
where the authors settled Conjecture 1.4 for quadratic forms. In follow up work [PS21], the same
authors settled Conjecture 1.2 for the case when d = 2, therefore proving that Gupta’s PIT algo-
rithm runs in deterministic, poly-time for Z3TTZI? circuits. Note that the above path in the proofs
of Sylvester-Gallai type results is a natural path towards resolving the PIT problem for Z3TT£TT¢
circuits, since Conjecture 1.8 follows from Conjecture 1.4, and it can be shown that Conjecture 1.2
would follow from a robust version of Conjecture 1.4.

Robust and higher dimensional generalizations of the radical Sylvester-Gallai theorems have
also been studied by the works [PS22, GOS22, GOPS23]. Aside from settling such interesting ques-
tions in extremal combinatorial geometry, such variations are also motivated by the PIT problem
for depth-4 circuits, in the hope that these more general versions may be useful towards obtaining
a (potentially simpler) proof of Gupta’s conjectures.

1.3.2 PIT for depth four circuits

Depth-4 circuits with bounded top fan-in are among the ”easiest” classes for which we do not have
deterministic, poly-time PIT algorithms. There has thus been some work on deterministic PIT for
these circuits using methods other than the Sylvester-Gallai based methods discussed above.

In [DDS21], the authors give a quasipolynomial time PIT algorithm for depth 4 circuits of
bounded top and bottom fanins, via the Jacobian method of [ASS5516]. By using the logarithmic
derivative and its power series, they are able to modify the top sum gate in the circuit to a pow-
ering gate. Even though this breaks the bounded top fan-in assumption, models of circuits with
powering gates are well understood, and efficient PIT algorithms for them exist. This allowed
them to harness the known algorithms for such models and obtain their result.

The breakthrough work of [LST22] on lower bounds for bounded depth circuits gives another
approach to PIT for this model. Hardness-randomness tradeoffs have been well studied in alge-
braic complexity [Agr05, KI04], and the work of [CKS19] showed that these tradeoffs also hold in
the bounded depth setting. Combining these results gives a subexponential time PIT algorithm
for depth four circuits. Based on the lower bounds of [LST22], a hitting set generator for bounded
depth circuits was constructed by [AF22], which gives another subexponential time PIT algorithm



for depth four circuits, with improved parameters. This generator relies on the fact that low depth
circuits cannot detect low rank matrices since determinant is hard for them.

It is important to note that neither of the above methods seem to be able to give a truly polyno-
mial time algorithm for the PIT problem for Z*TTEIM4 circuits. The only currently known method
that might do so is the approach of [Gup14].

1.4 High-level proof overview

In this subsection we provide an overview of the proof of our main result, Theorem 1.5. We begin
by outlining the high-level approach used in previous works to bound the dimension of the span
of radical Sylvester-Gallai configurations and discuss the challenges of applying this method in
our context. Next, we describe the tools that we employ to address these challenges. Finally, we
provide a concise summary of how these components are combined to establish our main theorem.
To illustrate the ideas in this overview, we use a special case of product Sylvester-Gallai con-
figurations with a simplifying assumption as an example. In the final part of this subsection, we
explain how this assumption can be eliminated to extend the argument to the general case.

1.4.1 High-level approach

Atahighlevel, our proof uses a similar approach as the previous works on higher degree Sylvester-
Gallai configurations [Shp20, PS20, PS21, PS22, GOPS23, O524], which we now summarize.

LetR:=Cl[xy,...,xn], and S := Ry, ..., yn] be two polynomial rings and F C S be a radical
(or product) Sylvester-Gallai configuration, where the forms in F have degree at most d. Thus,
we can write F = Fj U --- U Fq, where F. are the forms in F of degree e. We start with the
assumption that each form only depends on constantly many variables in S.> A number of key
ideas can already be highlighted in this easier setting.

We want to control the highest degree forms F4 in our configuration, with the goal of reducing
to the case when the highest degree is d — 1, where we can proceed inductively.

If many ideals of the form (F;, Fj), where Fi, F; € Fq, are radical (or prime), then the set 74 is
essentially a (robust) linear Sylvester-Gallai configuration. In this case, the linear Sylvester-Gallai
theorems imply that constantly many forms Fy, ..., Fq are a basis for span {Fa}, and if x1,..., X
is the union of the set of variables of Fy, ..., Fq, then Fq C CIxy,...,x,]. This is sufficient to control
the forms of F3 and apply our inductive step. The interesting case is thus when there are many
ideals generated by forms in 4 that are not radical (or prime). In this case, the goal is to show
that the forms in F4 must share many variables in common. The steps listed below show how
previous works have dealt with this case.

1. First, one devises a structure theorem on ideals that are not radical (or prime). In principle,
such structure theorems show that if an ideal generated by two polynomials is not radical
(or not prime), then the variables appearing in the polynomials must have some special
“dependencies”.

2. Next, combine the structure theorem with the local conditions to show the existence of con-
stantly many “good variables” x;, ..., X such that Fgq C (x1,...,Xp).

In this step, our approach differs from previous works, as in a product configuration, it may
not be possible to directly achieve this high level of control on the forms in F4. We discuss
this in more detail in Step 2 below.

8The set of variables may be different across the forms, otherwise the main theorem is trivially true. Also, note that
the variables of S are both the x and y variables.



3. Finally, we “randomly project” (i.e., apply a general quotient) the special variables xy, ..., xp
to a new variable z in order to reduce the degree of the forms in Fjy.

Also, in this step our approach will differ from previous works. Instead of reducing degree
directly, we will make the forms in F ”factor more.”

We now elaborate on this approach, pointing out the new difficulties we face in this work, and
sketch how we deal with these issues.

Step 1 - Structure theorems: Earlier works ([Shp20, OS22]) gave fairly strong classification of
ideals that are not radical in the first step. In particular, they consider the possible minimal primes
that a non-radical ideal of the form (P, Q) can have, and possible multiplicities that these minimal
primes can have, giving a structural result for each of these cases. However this strategy is hard
to generalise beyond the case of ideals generated by two cubics, since these ideals have very high
degree and their primary decomposition becomes much more complex as the degree grows.

Subsequent work by [OS24] used a significantly weaker (albeit more general) structure theo-
rem, and showed that this suffices to carry out the strategy above. The structure theorem in [O524]
is the following. If P € § is an irreducible form of degree d that is not in the ideal (x1,...,xN),
then there are at most 3d3 square-free forms Q; € R such that (P, Q;) is not radical. Informally,
this statement says that if a form P depends non-trivially on some variable(s) yi, then (P, Q) must
be radical for almost every polynomial Q that only depends on x;, ..., xN.

For product Sylvester-Gallai configurations, the ideals of interest are those that are not prime.
One could hope to generalize the structural result from [OS524] to this setting. However, a state-
ment of the above form is no longer true here. Take the form P = y{ — x1x2y3. This form depends
on the variables y1,y,. However, for every irreducible linear form Q € R, the ideal (P, X1X2 — QZ)
is not prime, even though P and x;x; — Q? are irreducible. This is our first technical difficulty.

We overcome this by showing that the above only happens because P is reducible as a form
in C(xq,...,xN) [y1,y2l, since it factors as P = (y% — Myz) (y% + myz). This is where our
tirst key conceptual and technical contribution comes in. We show that for any degree d form
in R[yy,...,ym] that is irreducible in C (xy,...,xN) [Y1,...,Yn] (such forms are called absolutely
irreducible over R[yy, ..., ym]), there are only finitely many Qi € R such that (P, Qi) is not prime.

A fairly subtle issue remains in the above statement. In order to solve the product Sylvester-
Gallai problem, we need quantitative bounds on the number of “bad forms” Q;. Moreover, we
need a bound which is solely a function of deg(P). If we use standard techniques from commuta-
tive algebra and algebraic geometry, we obtain bounds which depend on the number of variables
(that is: N,n) and on deg(P). This is not sufficient for us, as we want to show that dim span. {F}
does not depend on the number of variables in the polynomial ring. To prove that the number
of bad forms is in fact independent of N and n, we need to work a bit harder, and we need to
make use of two additional tools: Bertini-type theorems (to remove the dependence on n), and
the Ananyan-Hochster construction of small strong subalgebras (this will remove the dependence
on N). This yields, in its basic form, Theorem 1.6, which we discussed in Section 1.2.

Step 2 - Finding a small set of “good common variables”: Suppose F is a radical Sylvester-
Gallai configuration. By the above, we can assume that F is not a robust linear Sylvester-Gallai
configuration. Our assumption implies that for many pairs F;, Fj, the ideal (F;, F;) is not radical. In
particular, for a small 0 < ¢ < 1, we can find 3d3 forms Fy, ..., F345 € Fq such that (]-"i, ]:j) is not
radical for i < 3d® and j < (1 — ¢) | F4l. The radical bound mentioned in Step 1 shows that there is
a € O(1) and an ideal generated by linear forms ({1, ...,{,) that contains every such F;. Repeating
this argument, we can find an ideal ({;, ..., {y) with b constant such that 4 C ({1,...,{p).
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When F is a product Sylvester-Gallai configuration a number of issues arise: first, our structure
theorem deals with prime ideals (instead of radical) and our assumptions are that the forms are
absolutely irreducible. Hence, we will only be able to draw the following weaker conclusion:
there are constantly many variables xj,...,xp such that every F € Fq is either in (xq,...,xp),
or absolutely reducible in the ring S” := C (x1,...,%b) [Xb41,.-., XN, Y1,--.,Ynl. Therefore, when
we apply the general quotient (i.e. a random projection), we can no longer guarantee that the
degree of our forms reduce. We deal with this issue by changing the way we “decompose” the
configuration & = Fj U --- U Fq. This is a key difference between our approach and previous
approaches, since this issue does not arise when studying radical Sylvester-Gallai configurations.
This new decomposition also allows us to solve an issue that arises when we apply the general
quotient. We will now state this issue, and then discuss the solution.

Step 3 - General quotients & degree reduction/lowering degree: The image of an irreducible
form under a projection map can be reducible. In order to apply induction, the definition of prod-
uct Sylvester-Gallai configurations has to be generalised to allow the forms in F to be reducible.
Hence, we update our definition of product Sylvester-Gallai configurations to the following.

Definition 1.9 (Product Sylvester—Gallai configurations). A finite set 7 C C|[xy,...,xn] of forms
of degree at most d is a d-product-SG-configuration if the following hold.

* ged (Fi, Fj) =1foralli#j.

* Forevery Fi, F; € JF,we have H F € rad (Fi/ Fj)'
FeF\{FiFj}

This generalisation already appears in [O524], where reducibility is not an issue when dealing
with radical ideals, since the radical bound also applies to reducible forms. The prime bound
however can no longer apply, irrespective of any assumption: if P is reducible then (P, Q) can
never be prime. In particular, if every form in F is reducible, then we can draw no conclusion
about F4 using the above ideas.

We tackle both these issues by turning this reducibility into an advantage: instead of trying to
reduce the degree as in the inductive approaches of [Shp20, 0524, PS20], we will try and make the
forms in our configuration “factor more”.

In order to formalise what we mean by “factor more”, we introduce the notion of factor sets
of a product configuration. Given a (generalized) product Sylvester-Gallai configuration F, we
define the factor set Z of F to be the set of irreducible factors of all forms in F. As before, we write
I=7U--- UIC,wherte C Sj.

If every form in F factors a lot, then all the forms in Z will have low degree. We will induct on
the highest integer ¢ such that Z. is nonzero. Now, the set of “common variables” we look for will
not be variables common to F4, but variables common to Z.. The absolute irreducibility condition
remains, and we end up with variables x1, ..., xp such that every form in Z. is either in the ideal
(x1,...,xp) or absolutely reducible. We postpone the discussion of how we do this step to the next
subsection. We now show how these common variables are used in the rest of the induction step.

Step 2 lets us find the “common variables” xy,...,xp. Define a projection map ¢ that maps
each x; for 1 < i < b to a random multiple of a new variable z, and acts as identity on the other
variables. If F € (xq,...,xp) then ¢@(F) = zF/, where deg(F’) < deg(F). We define ¢(F) to be
the image of F under ¢, after factoring out powers of z. As we show in Sections 6 and 8 such a
projection map preserves radical and product Sylvester-Gallai structure, and also allows bounds
on the dimension of ¢(F) to be lifted back to bounds on the dimension of F.
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If we have F4q C (x1,...,%xp) (as in the case of radical Sylvester-Gallai configurations) then
@(F) is a Sylvester-Gallai configuration with forms of degree at most d — 1, and induction can
be applied. If on the other hand F is a product Sylvester-Gallai configuration, then we have the
weaker condition that every F € 7. is either in (xy,...,xp) or absolutely reducible in S’. We show
that the image of any F that is absolutely reducible in S’ under the map ¢ is reducible. Thus, in
either case we conclude that Z/ = (, where Z" is a factor set of @ (F), and we can apply induction.

In the next subsection we show how we find these “common variables” in our setting. Note
that we are still under the assumption that every form in F (and thus in 7) depends on only
constantly many variables. We will also show how this assumption is removed.

1.4.2 Putting everything together

Let F be a product Sylvester-Gallai configuration of forms of degree at most d. We now allow
forms in F to be reducible, but still require that they are square-free and are pairwise relatively
prime. Let Z :=7Z; U - - - U Z4 be the set of irreducible factors of forms in 7. We will induct on the
largest integer c such that Z. # (). We first go over the base case in our induction.

Our base case is when every form F; € F is a product of linear forms, say F; = [ [ liq. In this
case, 7 =1, = {eia}i,a' Now suppose we pick {;q and {;p with i # j. The ideal ((’,ia, E]-b) is a mini-
mal prime of (Fy, Fj). Therefore, the product Sylvester-Gallai condition implies that Fy € ({iq, &jb)
for some k, which in turn implies that ¢, € ((’,ia, Ejb) for some choice of index e. This is a linear
Sylvester-Gallai relationship among the elements of Z;. The choice of {;, {;, was arbitrary, except
the condition that i # j. Therefore, the set Z; is a robust linear Sylvester-Gallai configuration, and
therefore has bounded rank. This in turn implies that the forms in 7 have bounded rank, since
they are spanned by monomials of degree at most d in a basis for 7 = 7;.

We now sketch the induction step. Suppose c is the largest integer such that Z. # (. Our
induction step is further split into two steps, as discussed in the previous subsection.

1. First we show that there are variables x1, ..., xp such that every form in Z. is either in the
ideal (x1, ..., xp) or absolutely reducible in S’ := C (x4, ..., xv) [Xb41,---,XN,Y1,-- -, Yn]. This
is a relaxed version of step 2 in the previous approach, applied to Z. instead of Fj.

2. We then show that projecting x4, ...,xp to a new variable z results in a product Sylvester-
Gallai configuration with Z, = () for any e > c.

We elaborate on these in the special case when ¢ = 2, since this already captures all the main
ideas. As before, if 75 is a robust linear Sylvester-Gallai configuration, then step 2 follows easily
by picking a basis for Z,. Consider A,B € 1, and suppose A[F; and B|F; for some F;, F; € F.
Suppose (A, B) is prime. Then (A, B) is a minimal prime of (Fi, F; ) The product Sylvester-Gallai
configuration implies Fx € (A, B) for some k, and therefore C € (A, B) for some C|Fy. Further,
by homogeneity, it must be that C € 7. This gives us a linear Sylvester-Gallai relationship be-
tween the elements A, B, C € Z;. The assumption that Z; is not a robust linear Sylvester-Gallai
configuration will therefore imply that (A, B) is not prime for many pairs A, B. Since the forms in
7, are irreducible (even though the forms in F might not be), by a combinatorial argument and
Theorem 1.6, we deduce the existence of variables xy, ..., xp, completing step 1 above.

We now move on to second step. Suppose ¢ is a projection map that sends x4, ..., xp torandom
multiples of a new variable z. The map ¢ sends elements in (X, ..., x} ) to multiples of z. We also
prove (Proposition 4.5) that ¢ sends elements of 7, \ (xi,...,xp) that are absolutely reducible in
S’ to reducible forms. Since ¢ = 2, the degree of each of these forms has to be 1. Therefore,
if we apply ¢ to some F € F, every factor of F will be linear, even though it is possible that

12



deg(F) = deg(@(F)). This reduces the problem to the base case, and the properties of ¢ allow us
to lift the resulting bound on the dimension of ¢(F) back to a bound on the dimension of Z.

Removing the initial assumption: We started with the assumption that every form in F de-
pended only on constantly many variables. In general, it is of course possible that the forms
depend on many or even all the variables. This issue was overcome in [O524], building on the
seminal work of [AH20a]. They show that forms Hj, ..., Hq of high enough strength (a notion we
define in Section 5) behave essentially like variables, in the sense that C [Hy, ..., Hq] is isomorphic
to a polynomial ring. Further, the extension C[H;,...,Hq] C S has many of the properties that
the extension C [x1,...,xq] C S has, the most useful of them being that this extension preserves
arbitrary intersection of ideals.

Motivated by this, [OS24] define the notion of strong vector spaces and algebras, which are
vector spaces of small dimension spanned by forms of high rank, and the algebras they generate.
They show that in the general case of the radical Sylvester-Gallai problem (when the forms depend
on more than constantly many variables), while there might not be variables x;, ..., x} such that
Fa C (x1,...,%xp), we can find a strong vector space V such that 4 C (V).

The above change complicates the projection step, since random restriction of higher degree
forms is no longer well defined. To fix this, [0S524] defined generalised projection maps, and again
proved that such maps have all the properties that the linear projection maps have. In particular,
they preserve the radical Sylvester-Gallai structure, and they allow bounds on the dimension of
the image of F to be lifted back to bounds on F. With these tools, they set up an inductive
framework to show radical Sylvester-Gallai configurations have bounded dimension, with linear
Sylvester-Gallai configurations acting as the base case.

Extending our results to the setting of strong algebras in order to apply this framework requires
two technical results. First we define the notion of absolute reducibility with respect to strong
vector spaces (Section 5.5). This allows us to extend the prime bound to strong algebras. We then
show that general projection maps send forms that are absolutely reducible with respect to strong
vector spaces to reducible forms. These two extensions to the above framework allow us to prove
our main theorem in the general case.

1.5 Organisation

In Section 2, we give some notation that we will use in the rest of the paper. In Section 3, we
formally define the notions of linear Sylvester-Gallai configurations that we need, and we formally
define product Sylvester-Gallai configurations and the related notion of factor sets. In Section 4,
we gather and establish the necessary results from commutative algebra and algebraic geometry
that we need, and we establish our primality structure theorem. In Section 5 and Section 6, we
collect the necessary facts about strong algebras and general quotients that will be required. Most
proofs for the statements in these sections can be found in [O524], and we only prove the new
statements that we need. In Section 7, we use the results from previous sections to establish the
structure of factor sets of product Sylvester-Gallai configurations. Finally, in Section 8, we combine
all the above ingredients to prove our main theorem, Theorem 1.5.
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2 Preliminaries

Throughout this paper, K will denote an algebraically closed field of characteristic zero, and
S =Klxy,...,xn] will denote the polynomial ring, graded by degree S = P, >, Si, where Sp = K.
Given a ring R and elements Fy,---,F,, € R we denote the ideal generated by Fy,---,Fy as
(F1,-+-,Fn). Given an ideal I C R we denotes its radical as rad (I), which is the ideal consist-
ing of all elements F such that F" € I for some positive integer r.

We use form to refer to a homogeneous polynomial. Given a graded vector space V. C S
spanned by forms of S, we use V; to denote the degree i piece, that is, Vi = V N Si. Note that
we have V = P, Vi. Given two forms A, B we say that A, B are associate if there exists a non-
zero scalar ¢ € K such that A = c¢B. Otherwise, we say that A, B are non-associate forms. For any
integral domain A, we let K(A) denote the fraction field of A, and K(A) its algebraic closure.

3 Sylvester-Gallai Configurations

We now define linear Sylvester-Gallai configurations and state known bounds on their dimen-
sions. We then formally define our main object of study: product Sylvester-Gallai configurations.

Definition 3.1 (Robust linear Sylvester-Gallai configurations). Letc € N,0 < 8 < 1 and V be a
K-vector space. Let F :={v1,..., v} C V be a finite set of pairwise linearly independent vectors. We
say that F is a (v, 8)-linear-SG configuration over K if there exists a K-vector subspace U C V of
dimension at most r such that the following condition holds:

e for any v; € F \ U, there exist at least 5(m — 1) indices j € [m] \ {i} such that v; ¢ U and

Ispang {vi,vj} NF|[ >3 or spang {vi,vj} NUu = (0).

We will say that F is a (r, 8)-linear-SG configuration over the vector space U.

The following bound on such configurations is proved in [O524, Proposition 3.5], which is a
generalization of the result [Shp20, Corollary 16], using the sharper bounds from [DGOS18].

Proposition 3.2. If F is a (v, )-linear-SG then dim spany {F} <1 +1+8/0.
We now formally define product Sylvester-Gallai configurations.

Definition 3.3 (Product Sylvester-Gallai configurations). Let U C S be a graded finitely generated
vector space such that R := S/ (U) is a UFD, and let z € Ry. Let F :={z,Fy,...,F;n} C R be a finite
set of square-free forms of degree at most d. We say that F is a (d, ¢, z, R)-product Sylvester-Gallai
configuration if the following conditions hold:

1. ged (F, Fj) = 1foralli+#j,and ged (z,Fi) = 1foralli € [m] (non-associate forms)
2. every F; is a product of irreducible forms of degree at most c. (factor bound)
3. forevery i #j (Sylvester-Gallai condition)
z- H Fx € rad (Fi, F) .
K#1,j
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The above definition generalises Definition 1.3 in a number of ways. The underlying ring is
allowed to be any finitely generated UFD over K as opposed to just a polynomial ring. The forms
are allowed to be reducible as long as they are square free and relatively prime. Further, the
definition keeps track of the highest degree of any factor of any form in the configuration.

Each of these requirements are needed to allow our inductive framework to apply, following
the same approach as was done in [OS524]. As we mentioned in Section 1, the change between our
inductive approach and the one in [0524] is that we will induct on the maximum degree of any
irreducible factor of the forms F;. Since these irreducible factors are our main object of focus in
our inductive approach, we are naturally brought to the following definition.

Definition 3.4 (Factor set). Let F be a (d,c,z, R)-product Sylvester-Gallai configuration. A set
Z C R consisting of every irreducible factor of every form F € F is called a factor set of F. °

We write Z(F) if the underlying configuration F is not clear from context. Since factors of
forms are forms, we can write Z = 7; U - - - U Z., where Z; C Rj. The degree of 7 is the largest e
such that Z. # (. If F is a (d, ¢, z, R)-configuration then the factor set Z has degree at most c.

The following lemma captures a Sylvester-Gallai like structural result that 7 satisfies.

Lemma 3.5. Suppose U C S is a graded finitely generated vector space such that R := S/ (U) is a UFD.
Suppose F is a (d, c,z, R)-product Sylvester-Gallai configuration, and suppose 1 is a factor set of F. For
every Gy, Gy € I\ (z), at least one of the following is true.

o There is some F € F such that G1|F and G,|F.
* (G, Gy) is not prime.
* [(G1,G2)NT| >3

Proof. Let G1,G2 € 7\ (z). Suppose (G1, Gz) is prime, and suppose there is no F € F such that
G1|F and G3|F. We must show that the third item holds. If z € (G, G;) then we are done, since
z € Z. We are therefore left with the case when z € (G4, G»).

We have rad (F;,F2) C (Gy, Gz). By the Sylvester-Gallai condition on F, and the fact that
(G1, Gp) is prime, we have F3 € (Gy, Gy) for some form F3 € F such that F3 # Fy,Fp. This im-
plies that G3 € (Gj, G2) for some irreducible factor Gz of F3. Since Fy, F3 are relatively prime and
similarly F,, F3 are relatively prime we have Gz ¢ (G1), (G2). O

The following result shows that in order to bound the dimension of a product SG-configuration
F, itis enough to bound the dimension of a factor set 7.

Proposition 3.6. Suppose U C S is a graded finitely generated vector space such that R := S/ (U) is a
UFD. Suppose F is a (d, c, z, R)-product Sylvester-Gallai configuration, and suppose 1L is a factor set of F.
If dim spany {Z} = s then dim spany {F} < (Szd).

Proof. Let Py,...,Ps € T be such that every form in 7 is a linear combination of forms Py,..., Ps.
Consider the subalgebra K[Z] C R generated by Z. We know that 7 C K[Z]<4. Now, K[Z] =
K[Py,-- -, Psl. Thus, every form in F is a linear combination of monomials in Py, ..., Ps of degree
at most d. Hence dim spany {F} < (Sgd). O

The factor set is only defined up to units in R, which are just the nonzero scalars. The properties we are interested in,
such as the dimension of the span of the factor set, and ideals generated by pairs of polynomials in Z are independent
of such scaling, therefore this ambiguity in the definition does not matter to us.
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4 Algebraic-Geometric Toolkit

4.1 Commutative Algebraic preliminaries

Suppose that A is an integral domain and M a finitely generated A-algebra. If M® A K(A) = 0, then
there exists a non-zero f € A such that the localization M = 0. We will be interested in a special
case of this situation when A is a polynomial subalgebra of a polynomial ring S. More precisely,
let S =Klxq, -+ ,xn, 21, ,z¢, A=Klxq, -+ ,xpJand M =S/(g1, -+ ,gs), where gq,- -+ ,gs € S.
Suppose that M @ K(A) = 0. In the following results, we will show that there exists a f € A
with M¢ = 0 such that deg(f) is uniformly bounded. We refer to [Eis95, CLO07] for commutative
algebraic definitions and the background on Grobner basis.

Lemma4.1. Lete > 1. Let S = Klxy, -+ ,Xn,z1,- -+ ,z¢ and A = K[xq, -+ ,xn]). Let g1,--- ,gs € S
with deg(gi) < e, and B =S/(g1, -+ ,9s). If B®a K(A) = 0, then there exists a non-zero polynomial
feAn(gy,: - ,9s) - Swith

2

deg(f) < 2(%

2(’,+n71

+e)
In particular, B¢ = 0.

Proof. Note that A is an integral domain and (0) is a prime ideal in A. Since S = Alzy, -, z¢],
we have that B = Alzy,---,z¢l/(9g1,- -+, gs) is a finitely generated A-algebra. Let B () be the local-
ization of B at (0). Then we have By ~ B ®a K(A) = 0 as A-modules. Therefore there exists a
non-zero polynomial g € A such that g-1 = 0in B and hence g € (g1, -, gs) in S. In particular
By =0and (g1,---,9s)-SNA # (0) in S. Although we do not have control over the degree of an ar-
bitrary g above, it is enough to show that there exists a non-zero polynomial f € (gy,---,gs)-SNA
such that deg(f) <2(% +e)> " .

Consider the lex monomial ordering on S where zg > -+ > z; > X > -+ > x1. LetI =
(g1,---,9gs) - S. Recall that deg(gi) < e for all i. Therefore, by applying [Dub90] to S, there exists
a Grobner basis fy, - - -, fic of I such that deg(f;) < 2(%2 + e)ZHTH for j € [k]l. Now, by [CLO07,
Section 3.1, Theorem 2], we know that {f{,-- - , fi.} N A is a Grobner basis for the elimination ideal
I N A. In particular, there exists a non-zero element f; € IN A for some j € [k]. Therefore, we may
take f = fj. O

Lemma 4.2. Fixd,e > 1. Let S = K(xy,--- ,xn,z1,--- ,z¢] and A = Klxq,---,xn]. Suppose that
ty, -+, tr € A is a regular sequence in S where degg(ti) < d. Let A’ := Klty,---,t;] C S and
S = A'lz1,--- ,z¢]. Let g1,---,9s € S’ with degg(gi) < e. Let B := S/(g1,---,9s) and B :=

S,/(gll Tty gs)
If B’ @A K(A') = 0, then there exists a non-zero polynomial f € A’ C A with

2

degs () < 2d(

2l4r—1

+e)

such that the localization B¢ = 0.

Proof. Since ty,--- ,t, is a regular sequence in S, they are algebraically independent. Moreover,
asty, -+, tr € A, wenote that ty,- -, ty,z1,- - -, z¢ are algebraically independent. Therefore S’ =
Klty, -+ ,tr, 21, -, zm] is isomorphic to a polynomial ring and the elements t1,--- ,ty,z1,-- -, 2¢
can be treated as the variables of the polynomial ring.

Note that degg,(gi) < degs(gi) < e. By applying Lemma 4.1 to S’, there exists f € A’ N

(91, ,9s) - S’ such that degs,(f) < 2( + e Since degs(t:) < d, we have that degg () <

16



{+r—1
)2

d - degg, (f). Therefore we have deg (f) < 2d(%2 +e . Furthermore, since f € (g1,---,9gs) - S,
we have that By = 0. O

4.2 Absolute irreducibility

In this subsection, we recall the notions of Cohen-Macaulay rings, absolute and geometric irre-
ducibility.

Regular sequences, Cohen-Macaulay rings and homogeneous system of parameters. Let R be ring
and M an R-module. A sequence of elements Fy,Fy,---F, € Ris called an M-regular sequence
if (F1,Fp, -+ ,Fu)M # M, and fori = 1,--- ,n, F; is a non-zerodivisor on M/(Fq,--- ,Fi_1)M. If
M = R, then we simply call it a regular sequence. A local ring (R, m) with dim(R) = n, is Cohen-
Macaulay (CM) if there exists a regular sequence Fy, - - - ,F, € m of length n. A Noetherian ring R
is Cohen-Macaulay if Ry, is Cohen-Macaulay for all maximal (equivalently prime) ideals p in R.

Let R = ®icnR; be a finitely generated N-graded K-algebra such that Ry = K. A sequence of
homogeneous elements Fy,--- ,F,, € Ris a homogeneous system of parameters, abbreviated as
h.s.o.p., if we have n = dim(R) and dim(R/(Fy,--- ,Fn)) =0.

Definition 4.3. A polynomial P € F[xy,--- ,xn] is called absolutely irreducible if P is irreducible in
the polynomial ring Flxq,--- ,Xnl, over an algebraic closure F of F.

A scheme X over a field F is called geometrically irreducible if the base change Xp- is irreducible
for any field extension F’ over F. A scheme X over a field F is called geometrically reduced if the
base change Xz is reduced for an algebraic closure F of F.

Proposition 4.4. 1. A scheme X over a field F is geometrically irreducible iff the base change Xg is
irreducible for an algebraic closure F of F.

2. A polynomial P € S = F[xy,--- ,xn] is absolutely irreducible iff the scheme X = Spec(S/(P)) is
geometrically irreducible and geometrically reduced.

Proof. The first part follows from [Stal8, Tag 038]]. For the second part, we note that P is irreducible
over F iff (P) is prime in F[xy, - - - , xn]. Now we are done since primality of (P) over F is equivalent
to the scheme X = Spec(S/(P)) being irreducible and reduced over F. O

Proposition 4.5. Let K[z,y1,...,yml be a graded polynomial ring with deg(z) = 1. Suppose P €
Kz, Y1,...,Yml is a homogeneous polynomial. Then the following holds.

1. If ged(P,z) =1 and P is reducible in K[z, y1, - - - ,ym], then P is reducible in K (z) [y1, ..., yml.

2. If Pis reducible in K (z) [y1, ..., Yml, then P is reducible in K [z,y1, ..., Yym].

Proof. (2) We can assume that gcd(P,z) = 1, otherwise P is clearly reducible in K[z, yi,...,ym].
Since P is homogeneous and ged(z, P) = 1, [Ful89, Section 2.6, Corollary 5] shows that P reducible
in K(z,y1,...,Ym] iff P’ := P(1,y1,...,Ym) is reducible in K[y, ..., yml. Suppose P factors in
K(z)[y1,...,yml as P = AB. Let A = }  palzly*and B = 3 4 pp(z)yP, where y*,yP are
monomials, and p«(z), pp(z) € K (z) # 0. Consider the universal polynomials C =} _ cqy* and
D=3, dpyP where cy, dg are formal variables. We can write the product CD = 2y qy(c,d)yY
where g, are polynomials with coefficients in K. That P = AB is equivalent to the fact that when
we set c« = P, dp = pp, each gy is equal to the corresponding coefficient of P. Suppose P has
degree d as a polynomial in K (z) [yy, ..., yml, and suppose the space of monomials of degree d in
Y1, ---,Ym has dimension N.
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The coefficients of CD define a map to the space IP’IEJ, whose image is closed, since projec-

tive maps are closed. The image of this map is exactly those polynomials in K (z) [yy, ..., ym] that
factor into two polynomials of the same multidegree as C, D respectively. We construct the defin-
ing equations of this image Fy,...,F,. Each F; has coefficients in K, since the coefficients of CD
themselves are in K. That P is reducible implies that each F; vanishes on the coefficients of P. In
particular, each F; vanishes when the coefficients of P are specialised to z = 1.

Similar to this construction, we can construct the defining equations for the space of polynomi-
alsin K[y, ..., ym] of degree d that factor into two polynomials of the same multidegree as C, D.
These defining equations are also exactly Fy,...,F,, since the only coefficients that occur in the
construction in both cases are those from K. By the above, the coefficients of P/, which are exactly
the coefficients of P specialised to z = 1, satisfy these equations. This shows that P’ is reducible,
whence P is reducible. O

We also remark that both the assumption that P is homogeneous and that deg(z) = 1 are
necessary conditions: for example consider P = y7 —xjy3. This form is not homogeneous with the
standard grading, but is homogeneous if we set deg(z) = deg(y,) = 2 and deg(y;) = 3. Further,
@(P) is irreducible in C [z, Y1, yo] but P factors as P = (y1 — vzy2) (y1 + vzy2).

The following two results deal with polynomial rings with possibly non-standard grading.

Lemma 4.6. Let B = Klz,xq, - ,xn], where deg(z) = 1 and deg(x;) = di for some di > 1. For
o € K™, let po be the prime ideal (x; — oz, - -+, xn —oz9n) C Klz, X1, -+, xnl. If T C K™ is a dense
subset, then the set S == {py | o« € T} is dense in Spec(B).

Proof. Suppose that S is not dense in Spec(B). Then S is contained in a proper closed subset
V(I) of Spec(B), where I C B is a non-zero ideal. Let V(I) = U;V(q;) be the decomposition into
irreducible components where qi,-- -, g € B are non-zero prime ideals. Since S C U;V(q;), each
prime p, € S contains at least one of the prime ideals qq,- - - , qr. Let 75 :={ox € T | q; C poJ. Since
Ui_,T; = T, at least one of the sets 7; must be dense in K™. Suppose 7y is dense. Then we may
replace 7 with 7. Let ¢ = qx. Then we have that q C p for all « € 7. We will see that this leads
to a contradiction.

Let f € q C K[z,x1,- -+ ,Xn] be a non-zero polynomial. Let deg(f) = eand f = fo + --- + fe
be the decomposition of f into its homogeneous parts with the grading of B. We may write f, =
go +giz+ -+ gazd where g1,--- ,g9q € Klxq,---,xn] are homogeneous with deg(gi) = e —i.
Consider the map ¢ : B — B/px = Klz]. Then @4(fe) = (Z{izo gi(x))z®. Aspy C Bisa
homogeneous ideal and f € py, we must have fo € py. Hence @4(fe) = 0 in K[z]. Therefore,
(> i9gi)(a) =0forall « € Y. Hence ) ; gi =0inK[xy, -+ ,xn], asd C K" is a non-empty open
subset. Now g; € Klxy,---,xn] is homogeneous with deg(gi) = e—1i. Hence we must have g; =0
for all i. Thus f. = 0, which is a contradiction. O

Proposition 4.7. Let S :==K[x1,...,Xn,Y1,...,Ym] be a graded polynomial ring with deg(x;) =d; > 1
and deg(y;) = e; > 1. Let A = Klxq, -+ ,xn] and K(A) the fraction field of A. Let d > 1 and
P e Sa\ (x1,...,xn). Suppose o : S — Klz,y1,...,Ym] is a map defined by @« (xi) = oizdt with
o € K™ and (p(x(y]) =Yj.

1. If P is absolutely irreducible over K(A), then @ «(P) is absolutely irreducible over K (z) for a general
choice of «.

2. Suppose that ¢ «(P) is absolutely irreducible over K (z) for all o« € T, where T C K™ is a dense
subset. Then P is absolutely irreducible over K(A).
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Proof. (1) Suppose that P is absolutely irreducible over K(A). Then, by [Stal8, Tag 0557], there
exists f € A such that ¢(P) is irreducible over K(z)[ys,---,Ym] for any ring homomorphism
@ : Af = K(z). Let oo : A = Klz] — K(z) — K(z) be defined by x; +— «;z%. Note that
@«(f) € K[z]. Let deg(f) = eand f = fp + - - - + f be the decomposition of f into its homogeneous
parts. Then @« (f) = > {_, fi(o)zt. Let U := K™\ V(fc). Then Y C K" is a non-empty open
subset as f. is non-zero. Moreover, @ «(f) # 0 for all o« € U. Therefore, for all « € U, the map @«
descends to a ring homomorphism A¢ — K(z) by the universal property of localization. Hence
@ «(P) is irreducible in K(z)[y1, - - - ,ymlfor a general choice of «, i.e. for all x € U.

(2) Let T C K™ be a dense subset such that ¢ «(P) is irreducible for all « € 7. Suppose that P
is reducible in K(A)[y1, - ,yml. Then it is also reducible in K(B)[y1, -+ ,yml, where B := Alz] =
Klz,x1,- - ,xnl]. We will show that this leads to a contradiction.

Consider the affine schemes X := Spec(B[yy, -+ ,yml/(P)) and Y := Spec(B). The ring homo-
morphism B — B[y, - -+ ,yml/(P) gives rise to a morphism of finite type f : X — Y. Letn € Y be
the generic point of Y, i.e. 11 is the prime ideal (0). By applying [Stal8, Tag 055A], we know that
there exists a non-empty open subset VV C Y such that the number of irreducible components of
the geometric fiber Xj is constant for all p € V.

Note that by definition Xi = Spec(w ®B k(p)), where k(p) = B,/pBy is the residue

field at p. Since k(p) = K(B/p), we know that Xz = Spec(K(B/p)[y1,---,yml/(P)). Therefore
the number of irreducible components of Xj is the number of irreducible factors of the image

of Pin K(B/p)[y1,--- ,ym]. Note that the geometric generic fiber X5 has at least two irreducible
components as P is reducible in K(B)[yy, - ,yml and n = (0). Therefore, X5 is reducible for all

p € V. Hence the image of P is reducible in K(B/p)[y1,--- ,ym] forallp € V.

For o € K™, let py be the prime ideal (x; — oyz%1, -+ ,xn — qz%") C B = Klz, %1, -+, xnl.
Note that B/p« = K[z] and K(B/p«) = K(z). By assumption we know that the image of P, namely
@ «(P), is irreducible in K(z)[y1, - -+ ,ym] for all & € 7. By Lemma 4.6, the set of primes S := {p |

« € T}isdensein Y. Hence S NV # (). This is a contradiction. O

4.3 Bertini-type results

The classical Bertini theorem says that if a projective variety X is non-singular, then a general
hyperplane section is also non-singular and it is irreducible if dim(X) > 2. Furthermore, several
useful properties of algebraic schemes such as reducedness, Cohen-Macaulayness and normality
are preserved under general hyperplane sections [FOV99, Section 3.4]. In this section, we prove
versions of the Bertini theorems relevant to our applications.

General points. Let F be any field. We say that a property P holds for a general x € F™ (or Ag'),
if there exists a non-empty open subset &/ C F™ such that the property P holds for all x € U/. Here
U C F™ is open with respect to the Zariski topology. Hence U/ is the complement of the zero set
of finitely many polynomial functions on F™. Note that, equivalently a property P holds for a
general & € F™, if there is a closed subset Z C F™ such that the P holds for all « € Z.

Hyperplane sections. We fix n,m € N such that m > 4. Let S = K[xy, -+ ,Xn, Y1, ,Ym] and
A =K[xq, -+, xnl]. For « € K™, let ¢ « be the quotient homomorphism

(p“:S—)R(X::S/(qu1+"'+(xmym)

Note that Ry is also a polynomial ring. In fact, if &; # 0, then Ry ~ K[xi, -, xn,Y2,- -+, yml.
Furthermore, ¢ «(xi) = xi for all i € [n] and hence ¢« is an A-algebra homomorphism. Therefore
¢ « extends to a K(A)-algebra homomorphism

K(A)[Ulz‘ o rym] — (A)[y1,- o /ym]/(‘xlyl + -+ (mem)/
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which we continue to denote by ¢ «. For the remainder of this section we fix the notations ¢ and
R« defined as above.

Affine schemes. Recall that an ideal ideal I in the polynomial ring S is prime iff the quotient
ring S/I is an integral domain. Given such an ideal I, the corresponding geometric object is the
affine scheme Spec(A/I). In order to study primality of such ideals I we will study the geometric
properties the affine scheme Spec(A/I). In particular, I is prime iff the affine scheme Spec(A/I)
is irreducible and reduced. Affine schemes are a generalization of the classically studied affine
varieties defined by ideals in polynomial rings. Working in this generalized setting is essential
for us since the classical setting of varieties is not well-equipped to study nilpotents in the ring
S/1, which are an obstruction to primality of I. In our arguments we will use basic definitions and
properties of affine schemes, and we refer to [[Har77] for the necessary background.

The following result is a version of the Bertini theorem. It shows that absolute irreducibility
over K(A) is preserved under suitable hyperplane sections defined over K.

Lemma 4.8. Let n, m € Nsuchthat m > 4. Let S = Klxq, - ,Xn, Y1, - ,Ymland A = K[xq, -+, xnl.
Suppose that P € S is absolutely irreducible over K(A). Then there exists an open dense subset T C K™
such that ¢ «(P) € Ry is absolutely irreducible over K(A) forall x € T.

Proof. Let F := K(A) and S’ = Flyy, - ,ym]. For B € F™, we let Ré = S'/(Bry1 + -+ +
Bmym) and ¢p be the quotient homomorphism S’ — Rj. Consider the affine hypersurface
X = Spec(S’/(P)) C AJ*. Since P is an irreducible polynomial over F, we know that X is an
irreducible and reduced scheme over F. Note that dim(X) > 3 as m > 4. For any € F™, let
Xp denote the hyperplane section XN V(B1y + - - - + Bmym). We will apply the Bertini theorems
[FOV99, Corollary 3.4.9, Theorem 3.4.10] to show that a general hyperplane section Xg is also
irreducible and reduced.

We consider the linear system on X spanned by yi,- -+ ,ym. Then reducedness of X follows
from [FOV99, 3.4.8, Corollary 3.4.9]. For irreducibility, we verify that the conditions in [FOV99,
Theorem 3.4.10] hold in our setting. We note that the base locus of the linear system yy, - - - ,ym is,
by definition, the common zero set of P,y1, -+ ,ym in F™. Therefore the base locus is contained
in{(0,---,0)}, and hence at most 0-dimensional. Since dim(X) > 3, we have that the codimension
of the base locus of is at least 3. Moreover, consider the rational map ¢ : X --» P]‘F“_l defined
by x — [yi(x) : --- : ym(x)]. Since ¢ factors through the natural map Ag* --» IP)I'F“*I, we have
that dim(¢p—1(p)) < 1 for any p € IP’I‘F“%. Since dim(X) > 3, we conclude that dim(¢$p (X)) > 2.
Hence the linear system is not composed with a pencil. Therefore, by [FOV99, Theorem 3.4.10],
we conclude that Xg is irreducible for a general 3 € F™.

Since Xp = Spec(Rf5 /(@p(P)), we conclude that ¢g(P) is irreducible over F for a general 3 €
[F™. Therefore there exists an open subset I/ C ™ such that for all B € U/ we have that ¢g(P) is
irreducible over F. By [Ras99, Proposition 3.3], we know that ¢/ N K™ is an open dense subset of
K™, and we conclude by defining 7 := U/ N K™. O

The following lemma is a modification of [OS24, Lemma 4.21], which provides a criterion to
deduce irreducibility and reducedness of schemes using properties of the fibers of a morphism.

Lemma 4.9. Let ¢ : A — B be a homomorphism of finitely generated K-algebras. Let Y = Spec(B), X =
Spec(A) and 7 : Y — X be the corresponding morphism of affine schemes. Suppose that X is irreducible
and reduced, i.e. A is an integral domain. Furthermore, suppose that every irreducible component of Y
dominates X.

1. If w1(x) is irreducible for a general closed point x € X, then Y is irreducible.
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2. Suppose Y satisfies Serre’s property Sy, i.e. Y does not have embedded primes. If for every irreducible
component W of X, we have that 7w (x) is reduced for a dense set of closed points x € W, then Y is
reduced.

Proof. We note that (1) follows directly from [O524, Lemma 4.21]. Furthermore, in [O524, Lemma
4.21], statement (2) was proved under the assumption that i1 (x) is reduced for a general closed
point x € W. However, the same argument works if we have that a dense set of fibers 7t1(x) is
reduced. O

We prove the following Bertini-type result which shows that non-primality is preserved by
general hyperplane sections of codimension 2 complete intersections.

Lemma 4.10. Let n,m € Nsuch that m > 5and S = K(xy, -+ ,Xn, Y1, ,Yml. Let P,Q € Sbea
reqular sequence. Suppose that (P, Q) is not prime. Then the ideal (¢ «(P), @« (Q)) is not prime in Ry for
a general o« € K™,

Proof. Let X = Spec(S/(P, Q)) be the affine scheme defined by P, Q. Since (P, Q) is not prime, we
have that X is not irreducible or not reduced. Since P, Q is a regular sequence, we know that X is
Cohen-Macaulay. In particular, X does not have any embedded components and all the irreducible
components of X have the same dimension. Let X = X; U - - - Xjc be the irreducible decomposition
of X. For « € K™, let Hy, C A™*™ be the hyperplane defined by {y := x1y; + - - + XmYm. We let
X« and X  denote the corresponding hyperplane sections XN Hy and X; N H respectively. Note
that X« = Spec(S/(P, Q, {«)) = Spec(Ra/ (@« (P), 9« (Q))).

Case 1. Non-irreducible X. We will show that if X is not irreducible, then a general hyperplane
section X is not irreducible. Suppose that X is not irreducible, i.e. k > 1.

First, we will apply the Bertini theorem [FOV99, Theorem 3.4.10] to the schemes X; and show
that X « is irreducible for general «. Fix i € [k]. Consider the linear system on X; spanned by
Y1, - ,Ym- Let P : Xq --» ]P)H‘g*1 be the rational map defined as x — [y1(x) : - - - : ym(x)]. Note that
dim(X;) = dim(X) =n+m—2 > n+3. Since dim(¢ ! (p)) < n+1forallp € Pﬂ‘g_l, we conclude
that dim(¢(Xi)) > 1. Therefore the linear system spanned by yi,---,ym is not composed of a
pencil. We note that the base locus or the common zero set of yj, - - - ,ym on Xj is contained in the
affine subspace V(y1,- -+ ,ym) C A™"™. Hence the dimension of the base locus is at most n. Since
dim(X;) > n + 3, we see that the codimension of the base locus is at least 3. By [FOV99, Theorem
3.4.10], we conclude that X;  is irreducible for a general x. Note that there are finitely many X;.
Hence, for a general «, we have that X; « are irreducible for all i € [k].

Now, we have that X, = Xj o U - - - U Xy «. We will show that X; o & Xj « fori # j. Then X =
X1, U -+ U Xy, « will be the irreducible decomposition of X«. Hence X, will be non-irreducible,
since k > 1.

We have X; # Xj for i # j and we know that dim(X;) = dim(X;). Therefore U := X; \ Xj isa
non-empty open subset of X;. Let Z = X; N Xj. Note that dim(Z) < dim(X;) -1 < n+m —3.
We will show that for a general &, we must have X; x N U # (. Otherwise, we have X;  C Z for
a dense set of o in K™. Now dim(Xj ) = dim(X; N Hy«) > n 4+ m — 3 by [Har77, Propsition 7.1].
Therefore, we must have dim(Z) = n + m — 3 and X « is an irreducible component of Z for a
dense set of o« in K™. For any irreducible component W of Z, the set of hyperplanes containing
W is a vector subspace of spany (y1, - -+ ,Yym). In particular, the set of « € K™ such that W C Hg
is an linear subspace of K™. Since there are only finitely many possibilities for W, we must have
that there is an irreducible component W of Z such that Hy D W for a dense set of x € K™. This
is a contradiction since dim(V(y1, -+ ,ym)) < n. Therefore, X; o N U # (), and hence Xi « ¢ Xj,«
for a general «, if 1 # j.
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Case 2. Non-reduced X. By the previous case, we may assume that X is irreducible. We will
show that if X is not reduced, then a general hyperplane section X is also non-reduced.

Since P, Q is a regular is sequence, the ideal (P, Q) does not have any embedded primes. Since
X = Spec(S/(P, Q)) is irreducible, we know that (P, Q) has a unique minimal prime p. In particu-
lar, rad (P, Q) = p. Since X is Cohen-Macaulay; it is reduced iff it is generically reduced. Therefore
any non-empty open subset U C X is a non-reduced scheme. Suppose that there is a dense set of
o € K™, such that X is reduced. We let U := X\ V(yy, - - - ,ym ) and in the following we will show
that U is a reduced scheme, and obtain a contradiction.

Let t; - -+, tm be new variables and let A™ be the corresponding affine space. We define S’ =
Kx1, -, Xn,Y1,- - ,Ym, t1,- -+, tm]. We consider the following affine scheme X C X x A™ C
A?™FM defined by the ideal (P,Q,) tiyi) € S’. Letq : X — A™and p : X — X denote the
projection morphisms. For any « € K™, we know that the fiber ¢ ~!(«) is the hyperplane section
X&- By [FOV99, Lemma 3.4.4], we know that the morphism p : p~!(U) — U is a locally trivial
fibration with fibers A™ 1. Therefore, it is enough to show that p~H(U) is reduced.

We note that P, Q, >_ tiy; is a regular sequence in S’. Otherwise, )_tiy; € p-S’,asp- S’ is the
minimal prime of (P, Q) in S’. This is a contradiction, since we may substitute t; = 1 and t; = 0 for
j # 1, to obtain that y; € p for all i. This is a contradiction since ht(p) = 2 and m > 5. Therefore X
is Cohen-Macaulay. Let X'/ C & be the union of the irreducible components of X which dominate
A™ under the morphism q : X’ — A™. Note that X’ does not have any embedded primes,
as X is Cohen-Macaulay. Since X is irreducible, we know that X, is irreducible for a general «
(by the Bertini theorem as proved in Case 1.). Thus a general fiber qfl(oc) = X is irreducible,
and we conclude that X'’ is irreducible by Lemma 4.9. Moreover, we know that the fibers X are
non-reduced for a dense set of «, by assumption. Therefore, X'’ is reduced by Lemma 4.9.

Now p~!(U) is an irreducible open subset of X, as U is irreducible. Therefore p—!(U) is con-
tained in a unique irreducible component of X. Now p~!(U) dominates A™ under the morphism
q, since a general point of X is contained in a general hyperplane Hy parametrized by « € A™.
Therefore, p~!(U) must be contained in X’. Since X’ is reduced, we obtain that p—!(U) is reduced,
as desired. O

4.4 Irreducibility of specializations

Let S = Klx1,--+ ,Xn, Y1, - ,Ym] be a polynomial ring and A = K[xy,---,xn]. Let K(A) de-
note the fraction field of A. For any polynomial P € S and « € K™, we let Py (y1, -+ ,ym) =
P(a1, -, %n, Y1, - ,Ym) € Kly1,---,ym]. Suppose that P € A, and P is absolutely irreducible
over K(A), then it follows from [Stal8, Tag 0559], that P is irreducible in K[y, - - - ,ym] for a gen-
eral o« € K™. Following [Stal8, Tag 0557], we show that we can find a polynomial equation for the
locus of « for which the specialization P is reducible. Furthermore, we show that we can also
control the degree of the polynomial defining the equation.
Forany d,m,r > 1 we let

s2(a+1)mdr—1)

C(m,r,d) = md*(d® +2d)

Lemma 4.11. Suppose that t1,--- ,t. € A is a regular sequence in S where deg(t;) < dand A’ :=
Kfty, - ,t:] CS. Let P € S be a polynomial of degree d. Suppose that

1. P is absolutely irreducible over K(A).

2.PeAlys, - ,yml
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Then there exists a polynomial H € A of degree deg(H) < C(m,r, d) such that P € Klyy, -+ ,yml is
irreducible for any o« € K™ with H(x) # 0.

Proof. We let d; be the degree of P in y; for i € [m]. We may write P as a polynomial in Yy, as
follows:

P=() hiyydr + P

where hy € A and L varies over tuples L = (£, - ,€—1) with 0 < ¢ < dj, and P; € S consists
of monomials of P with degree of y,, strictly less than dm. By assumptlon (2), we know that
hy € A’ for all L. We will show that there exists a non-zero polynomial f,, € A such that, if for
some o« € K™\ V({h}), the specialization P factors into a product of two polynomials of strictly
smaller degree in Yy, , then we must have f,(x) = 0.

For any two integers e, e, > 0 with e; + e; = d,, we define the universal polynomials Q1, Q2
as follows.

Z ZalzLU

0<€<e1

Z ZazeLU

0<€<62

and

where the coefficients aj 1, ap¢1 are indeterminates and L varies over the set of multi-indices
L=(f, - ,¢m_1) with {; < di. Note that the total number of indeterminates a; ¢ appearing as
coefficients in Q1, Q2 is at most 2(d + 1)m¢

Let T:= Al{aye}, {aze ] and T/ := A'[{ay ¢, },{aze,}]. Let I, e, C T be the ideal generated by
the coefficients of P — Q1Q2 in T[yy, -+ ,yml. Since P — Q1Q2 € T'ly1, - -+ ,yml, these coefficients
belong to T’ and we similarly let I, ., C T’ be the ideal generated by these coefficients. Let B
be the finitely generated A’ —algebra T /1%, e, and similarly B = T/I¢, e,.

Note that P = Q1Qz in B, Les [Y1,- -+ ,Yml. Since P is also irreducible over K(A’), we conclude

that there does not exist any non-trivial A’-algebra homomorphism B ., — K(A’). By Hilbert’s
Nullstellensatz, we conclude that B¢, ., ®K(A’) = 0. Therefore, by Lemma 4.2, we know that there
exists a non-zero polynomial fe, ¢, € A with

€1,€2

2(d+1)m%+r—1)

deg(fe, e,) < d(d?+ 2d)%

such that (Be, e, ), ., = 0. Let o« € K™ \ V(hy fe,e,) for some L. Then Py is a non-zero polynomial
of degree d,,, in ym. If Py factors into a product of two polynomials of smaller degree e, €5, then
there exist specializations (Q1)g, (Q2)y of the polynomials Q1, Q2 given by a1 = B1,,1 € Kand
azer = Y21 € Ksuch that Py = (Q1)g(Q2)y. Therefore the evaluation x; — o4, a1 — B¢,
and a1 — V2,1 gives a non-zero homomorphism Be, e, — K. Now, by the universal property of
localization, this homomorphism must factor through Be, e, = (Be,e;)te,.,, @S fey e, () # 0. This
is a contradiction as (Be, e, ), ., = 0. Hence P« does not have a factorization into polynomials of
degree ey, e if hy fe, e, () # 0.

We let f,, = Hel,ez>0,e1+ez:dm fe,e, and Hyy = hi f for some L. Similarly, we may define the
polynomials Hj corresponding to the variables y; for j € [m]. Therefore, we have that if H;(x) # 0,
then P is an irreducible polynomial of degree d; in y;. Therefore we are done by taking H = TT;H;.
Since deg(hr) < d, dj < d and the number of pairs ej, e; > 0,e; + e < d is at most d?, the bound
on deg(fe,,e,) above 1mp11es that deg(H) < C(m,n, d). O
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Corollary 4.12 (Locus of reducible specializations). Let S = K(x1, -+ ,Xn, Y1, -+, Yml be a polyno-
mial ring and A = K[xy,--- ,xn]. Let P € S be a polynomial of degree d. Suppose that P is absolutely
irreducible over K(A). Then there exists a polynomial H € A of degree deg(H) < C(m,n, d) such that
Px € Klyy, - -+ ,yml] is irreducible for any x € K™ with H(e) # 0.

Proof. Since xq,-- - ,Xn is a regular sequence in S, we apply Lemma 4.11 with A’ = A to obtain the
desired conclusion. O

Now we show that we can actually get rid of the dependence on n in the bound for the degree
of H in Corollary 4.12.

Proposition 4.13 (Improved Locus of reducible specializations). There exists a function C: N x
N — N such that the following holds. Let S = K[xy,--- ,Xn, Y1, ,Yml be a polynomial ring and
A =Kl[xq,---,xnl]. Let P € S be a polynomial of degree d. Suppose that P is absolutely irreducible over
K(A). Then there exists a polynomial H € A of degree deg(H) < é(m, d) such that Py € Kly1, -+ ,Yml
is irreducible for any o € K™ with H(a) # 0.

Proof. Let us consider P as an element of Alyy, - ,ym] and write P = } . aey®, where e =
(e1,---,em) € N™withe; +---+ e < dand y€ denotes the monomial ylel ---y$m. Note that the
number of such coefficients is (mgd) and moreover deg¢(ae) < d for all e. Consider the graded
vector space V = @ | V; C S, spanned by all the coefficient polynomials ae. Now we have
dim(V;) < (m:{d) and dim(V) < d(m:;d). By [AH20a, Corollary B], there exists a regular sequence
t1, -+, ty in S such that all the coefficients ae are contained in the algebra A’ := Kl[ty, - -, t;] and
we also have r < R(m,d) = 3B(d(m;;d), d), where "B : N x N — N is the function defined in
[AH20a]. In particular, r is upper bounded by a function of m, d only, independent of n. Since P €
A'ly1, -+ ,yml, we apply Lemma 4.11 to conclude that there exists H with the desired properties

and we also have deg(H) < C(m, R(m, d), d). Hence, we define (Ni(m, d) = C(m,R(m,d),d). O

4.5 Primality criterion and Effective bounds

In this section we prove effective bounds on the number of non-prime ideals of the form (P, Q).
The following lemma proves a primality criterion for certain ideals of the form (P, Q).

Lemma 4.14. Let S := K(x1,...,Xn,Y1,...,Ym] be a graded polynomial ring with deg(x;) = di > 1
and deg(y;) = e; > 1. Let A = Klxq, -+ ,xn] and K(A) the fraction field of A. Let d > 1 and
P € Sa\ (x1,...,xn) such that P is absolutely irreducible over K(A). Then there exists a polynomial H &

K[xq, -+, xn] with deg(H) < C(m, d) such that the following holds. For any irreducible homogeneous
Q € K[xq,- -+ ,xn] such that H & (Q), we have that (P, Q) is prime.

Proof. Let H be the polynomial given by Proposition 4.13. Recall that deg(H) < C(m,d). Let
Q € Klxq, - ,xn] be an irreducible homogeneous element such that H ¢ (Q). We will show that
(P, Q) is prime.

By [0S524, Proposition 4.22], we have that P is a non-zero divisor in S/(Q). In particular
S/(P, Q) is Cohen-Macaulay. Furthermore, we also have that for any minimal prime p over (P, Q)
in S, the ideal p N A is a minimal prime of (Q) in A. In particular, p " A = (Q), since Q
is irreducible. Let t : A™™™ — A™ be the morphism corresponding to A C S. Note that
(X1, ,Zn, Y1, ,Xm) = (X1, -+ ,Xxn) for closed points. Consider the affine schemes given by
Y = Spec(S/(P,Q)) and X = Spec(A/(Q)). Note that we have a homomorphism of finitely gener-
ated K-algebras A/(Q) — S/(P,Q), as (Q) C (P,Q) N A. The corresponding morphism of affine
schemes is given by 7|y : Y — X and we have commutative diagram.
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Since Q is irreducible, we have that the scheme X is irreducible and reduced. Since pNA = (Q)
for any minimal prime p over (P, Q) in S, we have that any irreducible component of Y dominates
X. Therefore, by Lemma 4.9, it is enough to show that nl?l(x) is irreducible and reduced for a
general closed point x € X. Let x = (c1,--- ,cn) € X be a closed point. Let Py € Kly; -+ ,Ym]
denote the polynomial P(cy, - ,cn, Y1, -+ ,Ym). Note that nl;l(x) = Spec(Kly1, - ,yml/(Px)),
as x € X. Since H ¢ (Q), we have that H(x) # 0 for a general closed point x € X. Therefore,
by Proposition 4.13, we conclude that Py is irreducible in K[y, - - - ,ym/] for a general closed point
x € X. Therefore, 7|y, x) = Spec(K[y1, - -+ ,yml/(Px)) is irreducible and reduced for a general
closed point x € X. Hence (P, Q) is prime. O

Proposition 4.15. Let S = K[xy,...,Xn,Y1,...,Yml be a graded polynomial ring with deg(xi) = di

and deg(y;) = e > 1. Let A = Klxq,---,xn] and K(A) the fraction field of A. Let d > 1 and
P € Sa \ (X1,...,xn) such that P is absolutely irreducible over K(A). Then there are at most C(m d)
pairwise non-associate irreducible homogeneous elements Qi € A such that (P, Qy) is not prime.

Proof. Let H € K[xy, - - -, xn] be the polynomial given by Lemma 4.14 . Therefore for any Q; € A
such that (P, Q;) is not prime, we must have that H € (Q;), by Lemma 4.14 . Since, deg(H) <

C (m, d), we conclude that there exist at most C (m, d) pairwise non-associate irreducible homoge-
neous elements Q; € K[xy,...,xn] such that (P, Q;) is not prime. O

By applying our Bertini-type results we can improve the bound in Proposition 4.15. In fact, we
show that the number of non-prime pairs (P, Qi) can be effectively bounded independent of m.

Theorem 4.16. There exists a function C : N — N such that the following holds.

Let S = K[x1,...,%Xn, Y1, ..., Yml be a graded polynomial ring with deg(x;) = d; > 1 and deg(y;) =
ej > 1. Let A = Klxq, - - ,xn] and K(A) the fraction field of A. Let d > 1and P € Sq \ (x1,...,xn) such
that P is absolutely irreducible over K(A). Then there are at most C(d) pairwise non-associate irreducible
homogeneous elements Qi € A such that (P, Q1) is not prime.

Proof. By Proposition 4.15, we know that there exist at most C(m, d) pairwise non-associate ir-
reducible homogeneous elements Q; € A such that (P, Q;) is not prime. Since there are finitely
many such Qj, we may apply Lemma 4.10 to each pair (P, Qi) to assume that (¢« (P), «(Q1))
is not prime for a general « € K™. Note that ¢«(Qi) = Qi. We may apply (m — 5) number
of successive hyperplane sections corresponding to «!!),--. , «(M~5) € K™ to obtain a quotient
ring S — Ry. Note that Ry is isomorphic to Alyy, - - - ,ys]. Let P be the image of P in R« under the
successive quotient morphism. By choosing o« = («(1),---, al™~5)) generally, we may assume
that P is absolutely irreducible over K(A) by Lemma 4.8. Since ol ... x(M=5) ¢ K™ are chosen
generally and there are finitely many Q;, we conclude that (P, Q;) is not prime in Ry for all i. Then
by applying Proposition 4.15 to R, we know that there are at most C(5, d) number of Q; € A such
that (P Qi) is not prime in R. Therefore we are done by defining C(d) = C(5 d). O
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5 Strong Algebras

In this section we recall the definitions and results that we will need about strong algebras. Most
of the definitions and results from this section are taken from [0S24, Section 5], and we refer the
reader to this paper for motivation and further discussions about these definitions.

5.1 Strength

Let R = ©4>0Rq be a finitely generated graded K-algebra, generated by R;. In [AH20a] the notions
of collapse and strength were defined for a polynomial ring. We will extend those definitions to
finitely generated graded K-algebras and prove the necessary properties below. Henceforth, we
refer to a homogeneous element of R as a form, adopting the same notation for polynomial rings.

Definition 5.1 (Collapse). Given a non-zero form F € Ry, we say that F has a k-collapse if there
exist k forms Gy, ..., Gy such that 1 < deg(Gi) < dand F € (Gy,..., Gk).

Definition 5.2 (Strength). Given a non-zero form F € Ry, the strength of F, denoted by s(F), is the
least positive integer such that F has a (s(F) 4 1)-collapse but it has no s(F)-collapse. We say that
s(F) > t whenever F does not have a t-collapse.

Remark 5.3. By the definitions above, a form x € Ry does not have a k-collapse for any k € N. Thus,
we say that for any x € Ry, s(x) = oo. In particular, linear forms in the polynomial ring S have
infinite strength. We will make the convention that s(0) = —1.

Definition 5.4 (Minimum collapse). Given a non-zero form F € R4 and s € N* such that s(F) =
s — 1, a minimum collapse of F is any identity of the form F = G1H; + - - - + GsHs, where Gy, H; are
forms of degree in [d — 1].

It is useful to define the min and max strength of a linear system of forms of the same degree.

Definition 5.5 (Min and max strength). Given a set of forms Fy, ..., F; € Rq, define spin(Fy, ..., Fy)
as the minimum strength of a non-zero form in spany {Fy, ..., F;} and spmax(F1, . .., Fr) as the maximum
strength of a form in spany {Fy,..., F;}.

In particular, given any non-zero finite dimensional vector space V. C R4, define smin(V)
(smax(V)) as the minimum (maximum) strength of any non-zero form in V. If V = (0), then there
are no non-zero forms in V. In this case, by convention we define smin((0)) = smax((0)) = co. We
will say that a vector space V is k-strong if smin (V) > k. Note that the zero vector space is infinitely
strong.

5.2 Strong Ananyan-Hochster Vector Spaces

Let R = @®4>0Rq be a finitely generated graded K-algebra, generated by R;. Given a graded
K-vector space V = @{izl Vi C R, where §; := dim V;, we denote its dimension sequence by
o= (51,...,6(1).

Definition 5.6 (Strong Ananyan-Hochster vector spaces). Let R = ©4>0Rq be a finitely generated
graded K-algebra, generated by R;. For any function B = (By,---,Bg) : N — N4, we say that a
non-zero graded vector subspace V = @{1:1\/1 C R, with dimension sequence 9, is a B-strong AH
vector space if V;j is Bi(8)-strong for all 1, i.e. smin(Vi) = Bi(d). The subalgebra K[V] C R generated
by a B-strong AH vector space V is called a B-strong AH algebra.
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Note that if V = (0), then V is B-strong for any function B, since smin((0)) = co. The following
result is a corollary of [AH20b, Theorem A], and a proof can be found in [0S24, Corollary 5.9].
In the following lemma and the rest of this article, the function A(n,d) : N> — N is the function
defined in [AH20b, Theorem Al.

Corollary 5.7. Let V = @& | V; C S be a B-strong AH vector space for some B : N4 — N9, Suppose
Bi(8) > A(m,1) +3()_; 81 — 1) for somen € N. Then any sequence of K-linearly independent forms in V
is an Ry-sequence. If n > 3, then S/(V) is a Cohen-Macaulay, unique factorization domain.

5.3 Lifted strength

Definition 5.8 (Lifted strength). Let U C S be a graded vector space and R = S/(U). Let F € R4 be
a non-zero form. We define the lifted strength of F with respect to U as

Smin(W, F) := min{smin (Uq + spany {F})}

where F varies over all forms in S4 such that the image of Fin Ris F. Given a set of forms
Fi,---,Fm € Rq, we define

gmin(ur Fl/ Tty Fm) = min{smin(ud + SpanK {Fll T /?m})}/

where Fi varies over all forms in S4 such that the image of Fi in R is F;. Given a non-zero vector
space V C R4, we define

gmin(u/ V) = min{gmin(udr Fl/ Tty Fm)}/

where Fy,-- -, F, vary over all possible bases of V. We say that V C Rq is k-lifted strong with
respect to U if Spin (U, V) > k. For simplicity, we omit U from the notation and write spmin (V) when
U is clear from the context.

Let V = @ ,V; C R be a graded vector space. For any function, B : N4 — N¢ we will
say that V is B-lifted strong with respect to U, if V; is Bi(dim(U;) + dim(V;))-lifted strong, i.e.
Smin(UW, Vi) > Bi(dim(U;) + dim(V;)) for all i € [d]. In other words, V is B-lifted strong with
respect to U, if the vector space U + spany {Fl,- - ,Fm} is B-strong in S, for any homogeneous

basis Fy,- - - ,Fm € Rof V and any set of homogeneous lifts Fl,- .- ,Fm e S.

5.4 Strengthening and Robustness

For any pu € N9, we define the translation function t, : N® — N9 ast,, = (ty1, -, t.,q) where
the i-th component is defined by t,, ;(8) = 8; + . In other words, for all i € [d] we add p; to the
i-th component of . Forany n € N, we let ty :=t(n,... n)-

The following lemma is proved in [O0S24, Lemma 5.15].

Lemma 5.9 (Strengthening of Algebras). For any d € N and a function B : N — N9, there exist
functions Cg : N4 — N% and hg : N¢ — N9, depending on B, such that the following holds:

Given a graded vector space U = @&, U; C S with dimension sequence 5 € N9, there exists a B-strong
AH vector space V = @&, V; such that

1. KU] ¢ K[V],
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2. for all i € [d], we have dim(V;i) < Cg,i(d), where Cp; denotes the i-th component of Cg =
(Cga,--+,Cra): N® — N4,

Furthermore, suppose H = @{1:1]"[1 C U is a graded subspace such that smin(Hi) > hpi(8) for all
i € [d]. Then there exists a B-strong AH vector space V satisfying (1) and (2) above such that H C V.

The following corollary is from [OS24, Corollary 5.16].

Corollary 5.10 (Robustness of strong algebras). Let B,G : N4 — N4 and p € N4, Suppose that
Bi(8) = hgi(6 + ) forall 5 € N4 and i € [d], where hg : N4 — N9 is the function defined in
Lemma 5.9. Let U C S be a B-strong AH vector space and W C S is a graded vector space with dimension
sequences & and W respectively. Then there exists a G-strong AH vector space V such that

1. KU+ Ww] c K[V],

22.Uucyv,

3. foralli € [d], dim(V;) < Cgi(8 + w), where Cg : N4 — N9 is the function defined in Lemma 5.9.
The following corollary corresponds to [0S24, Corollary 5.17].

Corollary 5.11. Let B : N4 — N4, Let U C S be a graded vector space with dimension sequence 5, € N4
and let R = S/(U). Let V C R is a graded vector space with dimension sequence &y, € N4. Suppose V is
hyp o ty-lifted strong with respect to U. Let Py, - - -, Py € R¢q be homogeneous elements. Then there exists
a graded vector space V' C Rgq such that:

1. V' is B-lifted strong with respect to .
2. Py, , P e K[V'].
3. vcVv.

4. forall i € [d], we have dim(V{) < Co i (ti(du + dv)) — du i

5.5 Absolute irreducibility with respect to strong vector spaces

Definition 5.12. Let B : N4 — N9. Suppose B;(8) > A(n,1)+3(}_; i —1) for somen € N. Suppose
R =S/ (U). Suppose V C R is a graded vector space that is hop o t;-lifted strong with respect to
U. Suppose P € Ris a form. Let V' be the vector space obtained by applying Corollary 5.11 to
V and P. Let yy,...,yq be a basis of homogeneous forms of V, and yq1,...,Yp extend this to a
basis of V'. We say P is absolutely reducible over V if P is absolutely reducible as a polynomial in

K(y1,---,Ya) Yat1,---,Ybl-

Remark 5.13. Corollary 5.11 guarantees the existence of the vector space V' with the stated prop-
erties by constructing such a vector space iteratively, however the vector space V' with the stated
properties is not unique. Our definition of absolute reducibility depends on the choice of vector
space V'. We say that P is absolutely reducible if the property in Definition 5.12 is satisfied for
some choice of V', and we say that P is absolutely irreducible if P is not absolutely reducible.

Absolute reducibility and irreducibility with respect to vector spaces allows us to apply Theo-
rem 4.16 in more general settings. The function C : N — N referred to in the following lemma is
the same function whose existence is guaranteed by Theorem 4.16.
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Corollary 5.14 (Corollary of Theorem 4.16). Let B : N4 — N4, Suppose Bi(8) > A(n,1)+3(>_; §i—1)
for somen € N. Suppose R = S/ (U). Suppose V C R is a graded vector space that is hyp o ti-lifted strong
with respect to U. Suppose P € Rgq is absolutely irreducible with respect to V. There are at most C(d)
irreducible non-associate forms Qi € K [V] such that (Qs, P) is not prime.

Proof. Let V' be the vector space obtained by applying Corollary 5.11 to V and P. Letyy, ..., yq be
a basis of homogeneous forms of V, and yq+1, ..., yp extend this to a basis of V'. The ring K [V’]
is isomorphic to a polynomial ring in the variables y;. Further, P is irreducible as a form in K [V’]
by definition of absolute irreducibility with respect to V. Therefore we can apply Theorem 4.16
to deduce that there are at most C(d) forms Q; € K[V] such that (P, Qi) is not prime as an ideal
of K [V']. Further, since yi,...,yp form a prime sequence, prime ideals of K [V’] extend to prime
ideals in R. This completes the proof. ]

6 General Quotients

In the introduction, we outlined our inductive approach for proving Theorem 1.5, which involves
reducing the degree of the factor set in a product SG-configuration through a series of quotient
homomorphisms R — R[z]/(W), where W is a sufficiently strong vector space. This section defines
such general quotients and the essential properties needed for this degree reduction. Most of the
definitions and results in this section are taken from [O0S24, Section 6], which we restate here to
make the paper self-contained. We also provide proofs of the new facts that we will need which
did not appear in [O524].

Throughout this section, we fix positive integers d,1 € Nwithn > 3,and B : N4 — N4 denotes
an ascending function such that B;(8) > A(n,i) +3()_;0i —1) foralli € [d].

The following definition corresponds to [0S24, Definition 6.1].

Definition 6.1 (Graded Quotients). Let U = &¢ U; C S be a graded vector space of dimension
sequence b in S and R := S/(U) be the quotient ring. Let V = @;lei C R be a graded subspace of
dimension sequence .

Let Fy,...,F be a homogeneous basis for V and z be a new variable. For o € K™, let Vy :=
spany {F1 — oxqzdes(F) O F — cxnzdeg(F“)} and I C R[z] be the homogeneous ideal I = (V).
We define the graded quotient map ¢v « as the quotient homomorphism of finitely generated
graded K-algebras given by

PV, - R[z] — R[Z]/ch'

For simplicity we will often drop the subscripts V or «, and write ¢ or ¢ for our quotient
map when there is no ambiguity about the vector space V or the vector «.

Remark 6.2. In the above definition we abuse notation and define V, with a fixed basis in mind.
This abuse of notation is only to simplify our definition of the quotients we will use, and the choice
of basis is not very important, since [AH20a] shows that any basis of V forms an R,, sequence.

The next proposition and lemma correspond to [0524, Proposition 6.3] and [0524, Lemma 6.4].

Proposition 6.3. Suppose V C R is B-lifted strong with respect to U. Then R[z] and R(z]/1« are quotients
of Slz] by Rn-sequences, for any choice of « € K™. In particular, they are Cohen-Macaulay UFDs.

Lemma 6.4. Let S = K[xy,---,xn] and z be a new variable. Fix positive integers di,--- ,dn € N.
For oo € K™, let 1o = (x1 — gz, -+, xn — anzn). Let @ : Slzl — Slzl/1« be the quotient ring

homomorphism.
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1. The ideal 1 is prime in S|z], and the composition morphism Klz] < S[z] — S[zl/1 is injective.
IfF € Klxq, - -+ ,xnl is a non-zero polynomial, then @ «(F) # 0 in S[z]/1 for a general x € K™.
Let F € S\ Kl[xy,---,xn], then ¢ «(F) & Klz] in S[zl/1, for a general x € K™.

If F € S is a non-zero polynomial, then @ «(F) # 0 in S(z]/1« for a general o« € K™.

AN

IfF, G € S have no common factor, then ged(@«(F), 9« (G)) € Klz] for a general « € K™.

6. If F € S is square-free. Then, for a general « € K™, the multiple factors of ¢ «(F) must be in K[z].

Proposition 6.5. Let V. C R be a B-lifted strong vector space and @« : Rlz] — Rlz]/I« be a graded
quotient as defined in Definition 6.1.

1. The ideal 14 is a prime ideal in R[z] and the composition K[z] — R[z] — R(z]/I« is injective.
2. If F € R\ {0}, then @ «(F) # 0 for a general x € K™.

3. IfF € K[V] C R, then ¢« (F) & Klz] for a general « € K™.

4. If F is absolutely reducible with respect to V then @ «(F) is a product of forms of positive degree.

Proof. The proof of items (1)-(3) can be found in [OS24, Proposition 6.5]. So we are only left with
item (4), which we now prove.

Let V' be the vector space from the definition of F being absolutely reducible with respect to
V: in particular, V' is obtained by applying Corollary 5.11 to V, F. Suppose x, ..., X4 is a basis for
V, and yj, ..., yp extends this basis to a basis of V’. By definition, F is absolutely reducible in the
ring A ==K (x1,...,%a) U1,..., Yol

Let J« := I« N Alz]. The proof of [OS24, Proposition 6.5] shows the following facts: The ideal
J« is generated by x; — «;z9¢8%t and that A[z]/J« — Rlz]/I« is an injective map. Further, A[z]/]«
is identified by a subalgebra of R[z]/I« that is generated by a prime sequence.

Since Jo = (xi — ®;z9%8*1), we can apply Proposition 4.7 to deduce that F is absolutely re-
ducible in A (z) /J« = A (z) [y1,...,ypl. Therefore, we can apply Proposition 4.5 to deduce that
F is reducible in A[z]/]«. Since this a subalgebra of R[z]/I« generated by a prime sequence, the
image of F under this inclusion, which is the same as ¢ «(F), is also reducible in R[z]/I. O

The next proposition corresponds to [0524, Proposition 6.6].

Proposition 6.6. Let G : N¢ — N9 be a function such that Gi(8) > hp; o t2(8) for all 5 € N9, Let
V C Rggq be a G-lifted strong vector space and @ : R(z] — R[zl/14 be a general quotient as defined in
Definition 6.1. Let F, G € R¢q be such that they have no common factor. Then,

1. ged(@u(F), 9(G)) € Klz]

2. If F, G are homogeneous, then gcd(@«(F), 9«(G)) = z* for some k € N. In particular, we have
ged(@«(zF), o« (2G)) = Z**1 for some k € N. Furthermore, if F,G ¢ K[V] C R then @«(F),
@ «(G) are linearly independent.

3. If F € R is a square-free form, then @ «(F) does not have multiple factors other than z* for some
ke N
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The next proposition, corresponding to [0524, Proposition 6.9], tells us that if the product SG-
configuration resulting from a general quotient has small vector space dimension, then it must be
the case that the original configuration must have small vector space dimension. We refer to this
result as ”lifting from general quotients,” as we are lifting our upper bounds for the quotiented
configurations to the original configurations. One important aspect to point out is that the lemma
below works for any finite set F (not necessarily coming from any Sylvester-Gallai configuration).

Proposition 6.7 (Lifting from general quotients). Let d,e € Nsuch that 1 < d < e. Let U C Sce
be a graded vector space generated by forms Hy,--- ,H¢. Let R = S/(U). Let V C Rge be a B-lifted
strong vector space with basis F1,--- ,F, € R. Let @« : R[z] — R[z]/I be a graded quotient as defined
in Definition 6.1. Let F C Rgq be a finite set of homogeneous elements. Suppose that there exists D € N
such that dim spany {@ «(F)} < D for a general « € K™. Then

dim span {F} < d*(1 + d)*™"?D - TTt_, deg(H;) - T deg(F;).

We are now ready to show that product Sylvester-Gallai configurations are preserved under
general quotients. But before we can prove this, we have to properly define the new configuration
that will arise from such quotients.

Definition 6.8. Suppose U C Sis a graded finitely generated vector space such thatR:= S/ (U)isa
Cohen-Macaulay UFD. Let F be a (d, ¢, z, R)-product Sylvester-Gallai configuration. Let V C R¢q
be a hg o ty-lifted strong vector space such that z € V, and ¢4 : Ryl — Ryl /Ix be a graded
quotient, where I := (V).

We define a configuration ¢ «(F) as

(Poc(f) = {F/|F € F, (Poc(F) :UYF//F/ 7é 1, (F,/U) = 1} U{U}

Informally, we apply the map ¢« to every element of F, and then factor out all powers of y
from the images, and add the result to our set as long as it is different from 1. Further, we also add
y to the set.

The next proposition shows that this new set is also a product Sylvester-Gallai configuration.

Proposition 6.9. Suppose U C S is a graded finitely generated vector space such that R := S/ (U) is CM
and a UFD. Suppose F is a (d,c,z, R)-product Sylvester-Gallai configuration. Suppose V. C R¢gq is a
hg o tp-lifted strong vector space such that z € V, and @« : Ryl — Ryl /1« is a graded quotient. Then
Q«(F)isa(d,c,y,Ryl/I«)-product Sylvester-Gallai configuration.

Proof. We have y € @«(F) by construction. By item 3 of Proposition 6.6, for any F and F’ such
that @ «(F) = y"F/, we have that F’ is squarefree.

Suppose F/, G’ € ¢« (F) \ {y}. Suppose further that F, G € F are such that ¢ «(F) = y"F’ and
©«(G) = y*G’. By item 2 of Proposition 6.6 we have (¢«(F), «(G)) = y* for some t. Since
(F/,G)(¢o«(F), 9«(G)), and since (y,F') = (y,G’) = 1, we deduce that (F/,G’) = 1. Finally,
since the map ¢« is degree preserving, the set @ (F) is a collection of squarefree and pairwise
relatively prime forms of degree at most d, each of which factor into forms of degree at most c.

By the definition of F, for any F, G € F different from z we have

z- H H e rad (F, G).
He F\{F,G,z}

Applying the map ¢ «, we obtain

y- J]  v™ealH)erad (y'F,y*G’) C rad (F,G’).
HeF\{F,G,z}
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For each such H, we either have @ (H) = y'* for some ty, or @«(H) = y'""H’ for some H' €
@« (F). Therefore we have

y- H H’ € rad (F/,G’).
H/'€pq(FI\{F,G"y}

This completes the proof. O

7 Controlling Factor Sets

In this section, we state key lemmas describing the structure of factor sets in product Sylvester-
Gallai configurations. The function C used in this section is the same function whose existence is
guaranteed by Theorem 4.16.

The first lemma states that forms of maximum degree in a factor set cannot generate a prime
ideal with many forms of lower degree in the factor set.

Lemma 7.1. Let U be a graded finitely generated vector space such that R := S/ (U) is a CM UFD. Let
1 < ¢ < d be integers and F be a (d, c,z, R)-product Sylvester-Gallai configuration with factor set I of
degree c. For any G € I, there are at most d + 2. |Zc| forms H € T such that (G, H) is prime.

Proof. Suppose Hy, ..., Ht € Z.. are such that (G, H;) is prime forall {,and t > d+ c2|Z.|. Among
these forms, there are at most d forms H; such that G|F and H;|F for some F € F. For any other
Hj, the product SG-condition implies |Z N (G, H;)| > 3, and since G € Z. and H; € Z_.. we have
|Ic N (G/H1)| > 3.

If we assume t > d + c? - |Z.|, by the pigeonhole principle, we have w.l.o.g. that there is some
G’ € Z. \ {G} such that G’ € (G,H;) for1 < i < ¢2+ 1. We have codim ((G,G’)) = 2, and
deg (G,G’) < ¢ Since (G,G’) C (G,H;) for each 1 < i < ¢? + 1, each such (G, H;) is a minimal
prime of (G, G’). By the associativity formula, (G, G’) has at most ¢? distinct minimal primes,
therefore without loss of generality we have (G,H;) = (G, H;). Since degH;,degH, < ¢, this
implies that H; € (Hz), which contradicts the definition of Z. This shows thatt < d + 2 |Z.. O

The next lemma states that if we can find a vector space W such that K [W] contains a large fraction
of a factor set, then a general projection simplifies the product Sylvester-Gallai configuration.

Lemma 7.2. Let U be a graded finitely generated vector space such that R :== S/ (U) isa CM UFD. Let F
be a (d, c,z, R)-product Sylvester-Gallai configuration with factor set T where |Z.| > 12(c +1)C(c) + d.
Suppose W C S¢q is a hyp o ty-lifted strong vector space with respect to U with z € W, such that W
satisfies one of the following conditions:

Zc "KW Z31Zc[/4>0 or  |[INKWI>2(c+1)|Z|
If G € I, is absolutely irreducible with respect to W, then G € (W).

Proof. Let{z,Hi,...,H) =ZNKI[W]. Let G € Z, be absolutely irreducible with respect to W such
that G ¢ (W). We will show that the existence of such a G results in a contradiction.

Let V be the B-lifted strong vector space obtained from W and G by applying Corollary 5.11.
By Corollary 5.14 there are at most C(c) many H; such that (G, H;) is not prime. There are at
most d forms H; such that G, H; divide the same form in F. By Lemma 3.5 there are at least
s :=t—C(c) — d forms H; such that (G, H;) is prime. W.Lo.g. we assume that these are Hy, ..., Hs.
We now consider the two cases, and derive a contradiction from each of them.
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Suppose |Z. N K [W]| > 3|Z.| /4. By the assumption on the size of |Z.| we have [Z. N K [W]| >
2|Z:1 /3 + C(c) +d. We can assume Hy,..., H, € Z. forr =2|Z.|/3and r < s. Foreach1 <i<r
we have (G, Hi) is prime, therefore by Lemma 3.5 we have G; € (G, Hi)NZ.. If G; € (W) for any i,
then G € (W), which is contrary to assumption. Therefore G; ¢ (W) for all i, and in particular we
have G; # H; for any 1,j. Since r = 2|Z.| /3, by the pigeonhole principle we must have G; = Gj-
for some j,j’, which in turn implies G € (Hj, Hj/) C (W), contradicting our assumption.

Suppose now that the second condition holds, that is [ZNK[W]| > 2(c + 1) |Z.|. By the as-
sumption on the size of Z. we have |Z NK[W]| > (c +1)[Zc| +C(c) + d. Letr = (¢ + 1) |Z| so
r < s. Since (G, Hy) is prime, by Lemma 3.5 we have G; € (G, H;) for each 1 < i < r. Further, we
must have G; € Z, as (G, Hi) N R.c = (H;i) N R<. By the pigeonhole principle, we can assume
w.lo.g. that G; = - -- = G¢1. Therefore for each H; with 1 <j < c+1wehave G; = o; G+RjH;. If
oj # o forsome 1 <j,j’ <c+1thenG € (Hj, Hj/) C (W), contradicting assumption. Therefore
we can assume that o; = o for all j, and G; — o1 G = RjH;. Since the forms H; are non associate,
we have c + 1 distinct factors of G — G, which contradicts the fact that this form has degree c. [

Finally, the next lemma gives us a way of constructing vector spaces W for which K[W] inter-
sects a large fraction of the factor set.

Lemma 7.3. Letp e (0,1), c <de N, r:=2-C(c)+dand k > 20 - dr/p. Let U be a finitely generated
graded vector space with dimension sequence by such that R .= S/ (U) is a CM UFD. Moreover, suppose
B > hyp oty and Uis hyg o ty strong in S. Let F be a (d, ¢, z, R)-product Sylvester-Gallai configuration,
with factor set T satisfying |Z.| > . Then there exists a B-lifted strong vector space W such that

1. dimW < Cyp ; (ti(0u)) — du.

2.zeW.

3. [Zc NKWI][ > 2-C(c) + d.

4. There are at most w|Z| forms G € I s.t. G ¢ (W) and G is absolutely irreducible relative to W.

5. If further |I.| < €|Z| for some 0 < e < (4-7- 02)_1 then there are at most |Z| /2 forms G’ € T,
such that G’ ¢ (W) and G’ is absolutely irreducible with respect to W.

Proof. Setv := p/2r. For any H € Z, define
Fspan (H):={G|G € Z,[(G,H) N Z.| > 3}.

If Z. is a (v, v)-linear SG configuration, then Z. has a basis of size at most r + 1 4+ 8/v < k by
Proposition 3.2. Let W be the vector space obtained by applying Corollary 5.11 to (0), and the set
consisting of z and a basis for Z.. This W has the first four required properties.

Suppose Z. is not a (1, v)-linear SG configuration. Let Hy, ..., H; ;1 be a set of witnesses to this
fact, that is, each H; is such that ‘]—"Span (Hi)’ < 2v|Z.|. For each i € [r + 1], let {Hij }j be the set
of forms such that H;|F and Hj;|F for some F € F. For each i, there are at most d such forms Hj;.
Let W be the vector space obtained by applying Corollary 5.11 to (0), and the set consisting of
z,Hij, Hi for all i € [r +1],j € [d]. This set has size at most k, therefore W is B-lifted strong. So far
we have shown that W satisfies the first three properties.

Let B := 7.\ L_JKT+1 Fspan (Hi). We have [B| > (1 —1-2v)|Z¢| = (1 — u)|Zc|. Let G € Bbe
such that G is absolutely irreducible with respect to W, we will show that G € (W). If G = Hy;
for some 1i,j then G € K [W] by construction, therefore we can assume that this does not hold. If
(G, Hy) is prime for some i, then |Z N (G, Hy)| > 3. Since H;, G both have degree c, it must be that

33



|Z. N (G, Hi)| > 3, contradicting the definition of B. Therefore we deduce that (G, H;) is not prime
for every 1 < i < 1. Let V be the B-lifted strong vector space obtained by applying Corollary 5.11
to (W), and G. If G ¢ (W) then there at most C(c) forms H € K [W] such that (G, H) is not prime.
Since r > C(c), and since (G, H;) is not prime for all i, we reach a contradiction to Corollary 5.14.
Therefore G € (W). This shows that W has the first four properties.

We now show the fifth property for both constructions of W above. We have [Z. N K [W]| > r.
Let Hy,...,H, € Z. N K[W]. Let B C Z_. be the set of forms G such that (G,H;) is prime for
some 1 < i < 1. By Lemma 7.1 we have [B| < r- ( 2.7, |+d) <212 <21 c2 e 7).
Suppose G’ ¢ B is such that G’ is absolutely irreducible with respect to W. Let V be the B- hfted
strong vector space obtained by applying Corollary 5.11 to (W), and G'. If G” & (W) then there at
most C(c) forms H € K [W] such that (G’, H) is not prime. Since r > C(c), and since (G’, H;) is not
prime for all 1 < i < r, we reach a contradiction. Therefore G’ € (W). The desired bound now
holds by the assumption on ¢. O

8 Product Sylvester-Gallai Theorem

We are now ready to prove our main result, Theorem 1.5.

At a high level, as we mentioned in the introduction, the proof proceeds in 3 steps. In the first
step, we repeatedly apply Lemma 7.3 to construct a strong algebra K[V] which intersects a large
fraction of the factor set, and apply the general projection to our configuration. After constantly
many such steps, the space we obtain will satisfy the conditions of Lemma 7.2, and the general
projection will result in a configuration with factor sets of smaller degree.

Parameter setting: let d € N be a fixed constant. We define a number of functions and constants
based on d. Let B : N4 — N9 be the ascending function given by B;(8) := A(n,i) +3(3>_; §; — 1)
for all i € [d], where A(n, 1) is the function provided by [AH20b, Theorem A].

Let c € Nbe such that 1 < ¢ < d. Define the following parameters:

re=12(c+1)(Ce)+d), eei=(12:7c D), Uei=ec/3, kei=(40-7c-d)/te, ge =9c2.

We inductively define functions Aj; foreach1 <i < dand 0 <j < gi. Let Ajp := 2B o ty.
Given Ay; withj < gi, define Aij11 =hop; o ti;. Given Ay g, define Ai110 =hona,, 0t
Foreachl <i<dand 0 <j < gy, let F” N — N, be the following function:

Ii(n) = max Cong et (8)),
Y seNd, Hau1<nz it

where ||3||; is the {;-norm of the integer vector 6.

Definene : N — Nas
Ne(n) = (d + 3)4get4n+ ¥ 4Tea(n),

Finally, define &c : N — Nas & (n) = (51d)94, and &:(n) =nc(n) - Ec_1(Te0(n)).

Lemma 8.1. Let U C S¢q bea A g -strong vector space and R := S/ (U) (thus R is a CM UFD). Let F
bea (d,c,z,R)-product Sylvester-Gallai configuration.
For each 0 < i < g, there exist vector spaces VW Sz, ...,z and graded quotient maps

(pfxi.l) : (S [Zl,. . .,Zi] /V(i))[ZH_l] —- S [le---/zi—H] /V(H_l)

such that the following hold.
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1. Each VW is A¢ g, —i-strong.
2. dim VIV < T g, —i(dim U).

3. (p&%i)o . -O(pE,?O) (F)isa(d,c—1,z4,,S[z1,...,2q.) /V'9))-product Sylvester-Gallai configuration.

4. dimspany {F} < n¢(dim U) - dim spany {(p&ggcc) 0---0 (Pg?o)(]:)}-

Proof. We construct VV) via the following iterative process.

SetRO) « R, zg=2z VO U, FO + F andlet Z® be the factor set of F0)
for0<i<gc.—1do

if |Z¢"] > rc then

Apply Lemma 7.3 to FW withp=pe,and k =20 - d - v¢ /e to obtain W)
else

Let W(1) be the vector space obtained by applying Corollary 5.11 to Z
end if

Let z;, 1 be a new variable, and let (p((xii) : RO 5 RA) [z /fo? be a general quotient, where
o € KImW g chosen to be general with respect to all the conditions in Section 6.

Set RO+« RO [z4 4] /W((x?, VD « ker (Slzy, ..., zi41] — RGFD),

Set Fit+1) <p£,}3 (FW) according to Definition 6.8, and Z'*+1) to be the factor set of F(i+1).
end for
7"

Fori € [gc], let my == and M; := ‘I (1) ‘ We establish the following facts by induction on i.

Fact1: The space V(U is A. 4._i-strong for every i, and satisfies dim V(Y < T . _i(dim U).

Proof of fact 1. The base case holds by assumption for V(?) = U. Now, if V(') is A g, _i-strong, then
W is A 4. i 1-lifted strong in both cases of the construction: by Lemma 7.3 in the if branch,
and by Corollary 5.11 in the else branch. Therefore V(i1 is also A¢ g._i_1-lifted strong. Fur-
ther, by induction and Lemma 7.3, Corollary 5.11 the vector space W(1) has dimension sequence
bounded by CZ/\C,gcfH(tk(évﬁ*”)) — dy(i-1). Since vt = vi-1) 4 W) we deduce that V(V)
has dimension sequence bounded by Concge ia (tk(dyi-1)). By definition of I 4. i, we have
dim VY < T g, —i(dim U). O

Fact2: Suppose m; # 0 forevery 1 <1i < gc. Thenm; < picmo and
Mi > My —2pc(c+1)mo/(1 — pe) = (1/4 — pe)mo — 2pe(c +1)mo/(1 — pe).

Proof of fact 2. Consider the space W for i > 1. If W= is constructed by following the
else branch above, then Iél) c C [W(FU]. If W1 gatisfies either one of the conditions in
Lemma 7.2, then every form in I((:l) is either in the ideal (W“_l)), or absolutely reducible with

respect to W(i=1) and hence the images of every such under the map (pfxi.;}) has degree less than
¢ by item 4 of Proposition 6.5. In all of these cases, we get m; = 0. Therefore, we can assume that
W=D is constructed by applying Lemma 7.3.

Every form in 7!V that is either in the ideal (WD), or absolutely reducible with respect

1)

to W(i=1) is mapped to a form of degree less than c by the map (p((xt1 . By Lemma 7.3 there
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are at most p. - mi_; forms that do not satisfy either of these properties, therefore we get that
mi < Hemi_1 < pimg by induction. We further have }I(i_l) NncC [W(i_l)]} < 2(c+1)mi_;. By
item 2 of Proposition 6.5, every element in Z(!=1) \ C [W(~1)] is mapped to a unique element in
Fi by the map (p((xt}), therefore we have M; > M;_1 —2(c +1)m;_1.

Iéo) NC [W(O)} ‘ < 3mg/4. Further, there are at most . mg forms in

By Lemma 7.3, we have

IC(O) \ (W(O)) which are absolutely irreducible with respect to W), Thus, at least (1/4 — pc)mg
forms are either absolutely reducible with respect to (W?), or in (W(®)) \ C [W(?]. By item 2 of

Proposition 6.5, each of these forms is mapped to a unique element in 1) under @2?0), therefore
M; > (1/4 — pc)mp. Combined with the above derived equation M; > M1 —2(c +1)m;_1, and
the fact that m; < pgmp we get the claimed bound on M;. O

Note that Fact 1 establishes items 1 and 2 of our lemma.

Establishing item 3: Note that, if m; = 0 for some 1 < i < g, then v (pf,ji) satisfies item 3.

Thus, all we need to show is that the iterative process above will reach m; = 0 for some i < gc.
Assume, for the sake of contradiction, that m; # 0 for 1 < i < g.. Facts 1 and 2, combined

with pe < (12(c + 1))*1, and the fact that m; # 0 for 1 < i < g. imply the following inequalities:

* my/M; < g forevery i > 2.
* Mi > M;y/2forevery 1 <i< ge.

Now, define potentials ®@; for each 1 < i < g¢ by

D; = Z (degG)Z.

GezW

We have @7 < C2M1 by definition. Consider a form G € 7 (1) such that deg G = e. This form

contributes €% to ®@;. We now consider the contribution of the image of (p&? (G) in F+D, There
are 3 cases to analyze:

Case 1: G € (W) and G is absolutely irreducible with respect to W1,

In this case, (pgx?(G ) = zP . G/, for some p € N* and G’ irreducible. Therefore, (pfxii)(G ) only
contributes G’ to the factor set Z(+t1), Since deg(G’) < e —1, its contribution to ®@; 1 is at most
(e —1)2, and we have (e — 1)? < e2. So the potential decreases in this case.

Case 2: G is absolutely reducible with respect to W),

In this case, (pEQ} (G) = zfﬁll [1G;, with 3~ deg G; < e. Therefore t factors G; of G contribute
> (deg G]-)2 to @i1. Since ) (degGj) < e we have ) (deg Gj)2 < e2. So the potential also
decreases in this case.

Case 3: G ¢ (WV)) and it remains absolutely irreducible with respect to w,

In this case, (p((xii) (G) € U+ and deg((pf,}i) (G)) = e, so the contribution of G to the potential
doesn’t change.

By Lemma 7.3, and the fact that mi/M; < e, for i > 2 proved above, at least (My — m;)/2
forms in ZV) fall under cases 1 and 2. The bounds on M;, m; imply that (M; —my)/2 > M, /4.
Therefore, combined with the above case analysis, we have ®;;1 < ®; — M;/4 < ©; — M;/8.
After 8c? steps, we have ®; = 0, which implies that the factor set is empty. Therefore, in iteration
8c2 + 1 < 9¢2, we must have m; = 0, which contradicts our assumption.
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Proving item 4 (dimension bounds): Since dim V() < T g, _i(dimU), and since V¥ is gen-
erated in degree at most d, we can bound the product of the degrees of a basis of V(! by e; :=
(d + 3)Tegte—i(dmU) ot o= (d + 3)4mU be 3 bound on the product of the degrees of a basis of
U. By Proposition 6.7 we have

i 0 i (i-1) i— 0
spany {(pgxgg Vo0 (pfxo)(]-')} < (d + 3)4+dimV eiei_ispany {@E,?gijl) 0---0 (pfxo)(]:)} i

i

By induction, we can deduce that that
dim spany {F} < (d+ 3)4get4(dimU)+3 7% 4Tci(dim W) | giy spany {(pffgcc) 0.0 (p((,?o) (]-")} )

Substituting the definition of ¢ (n) proves item 4. O
We can now prove our main theorem, with Lemma 8.1 acting as our inductive step.

Theorem 8.2. Let U C S¢q be a Ag,g,-strong vector space and R = S/U (hence R is a CM UFD). If F
isa (d, c,z,R)-product Sylvester-Gallai configuration then dim span {F} < & (dim U). In particular, if
Fisa (d,c,z Sz])-product Sylvester-Gallai configuration then dim span {F} < &¢(0).

Proof. The second statement follows from the first since the zero vector space is A4 4,-strong. We
prove the theorem by induction on c. Let 7 be the factor set of F.

Base case: ¢ = 1. That is, when every G € 7 is a linear form.

By Lemma 3.5, for every Gi,Gy € 7 \ {z}, either G1|F and G»|F for some form F € F, or
I(G1, G2) NZ| > 3. Consequently, as long as [Z| > 3d, the set Z is a (1,1/2)-linear SG configuration,
and dimspan{Z} < 51 < 51d. If [Z| < 3d then we trivially have |Z| < 51d, and Proposition 3.6
implies dim span.{F} < (51d)¢ = & (dim U).

Inductive step: suppose now that c > 1.

In this case, U satisfies the hypothesis of Lemma 8.1. Thus, there is a vector space V and a
sequence of graded quotient maps (p&? such that ¢(F)isa(d,c—1,zg.,S[z1,...,24.] /V)-product
Sylvester-Gallai configuration, where @(F) is the composition of the graded quotients (p&ii). The
lemma also guarantees that dim V < I g(dim U), and that V is A o-strong, and hence A¢_1,4. -
strong. Therefore we can apply the inductive hypothesis, and we have dimspan;{¢@(F)} <

Ec—1(dimV) < & 1(T¢o(dim U)). By item 4 of Lemma 8.1 we have

dim spang {F} < nc(dimU) - &c_1(Teo(dim U)) < & (dim U). d

9 Conclusion

In this work, we prove that product Sylvester-Gallai configurations of forms have bounded di-
mension, generalising the result of [OS524], and getting one step closer towards a PIT algorithm
for Z*TIZMY circuits.

To achieve this, we give a novel, and very effective, sufficient condition for the primality of
ideals of the form (P, Q), where P “depends on more variables” than Q, a notion that we make
explicit in Section 4 and Section 5, via the transfer principle from [OS24]. This turns out to be far
more subtle, and to require more tools from algebraic geometry, than giving a sufficient condition
for the ideal to be radical.

Our work leaves two important questions, in order to bridge the gap between our results and
a complete analysis for a polynomial-time, deterministic PIT algorithm for Z*TTETT¢ circuits. The
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tirst question is to extend this work and prove a higher codimension product Sylvester-Gallai the-
orem for all degrees, simultaneously generalising the main theorems of [GOPS23] and this work.
The second question is to provide a tight connection between such Sylvester-Gallai problems and
rank bounds for identities in Z*TTZIT4, thereby generalizing the beautiful result in [SS13, Theorem
1.4] to circuits of depth four.
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