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Parallel Repetition for 3-Player XOR Games

Amey Bhangale* ~ Mark Braverman’  Subhash Khot*  Yang P. Liu®  Dor Minzer!

Abstract

In a 3-XOR game G, the verifier samples a challenge (x,y, z) ~ u where p is a probability
distribution over ¥ x I' x ®, and a map ¢t: ¥ x I' x & — A for a finite Abelian group A
defining a constraint. The verifier sends the questions z, y and z to the players Alice, Bob and
Charlie respectively, receives answers f(z), g(y) and h(z) that are elements in A and accepts if
f(x) + g(y) + h(z) = t(x,y,z). The value, val(G), of the game is defined to be the maximum
probability the verifier accepts over all players’ strategies.

We show that if G is a 3-XOR game with value strictly less than 1, whose underlying distri-
bution over questions p does not admit Abelian embeddings into (Z,+), then the value of the
n-fold repetition of G is exponentially decaying. That is, there exists ¢ = ¢(G) > 0 such that
val(G®™) < 27¢". This extends a previous result of [Braverman-Khot-Minzer, FOCS 2023] show-
ing exponential decay for the GHZ game. Our proof combines tools from additive combinatorics
and tools from discrete Fourier analysis.
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1 Introduction

In a k-player game G, a verifier chooses a question z := (2!, 22, ..., 2%) ~ p, for some distribution

[ oover ¥ X Yo X --- x X, for finite alphabets 21,...,%;. The verifier sends z! to player 1,
who responds with an answer f%(x%). The verifier accepts based on the evaluation of some known
predicate V(z, {f*(z'),..., f¥(z*)}). We define the value val(G) of the game G as the maximum
probability of winning such a game for the players.

A natural question that arises is how the value of a game decays under parallel repetitions.
The n-fold parallel repetition of G, which we denote as G®", is the game where the verifier samples
n questions (z1,...,x,) ~ p®" and sends the i-th coordinate of all of (z1,...,z,) to player i
simultaneously. The players win the repeated game if they win each one of the n instances.

Parallel repetition of 2-player games is well-understood by now. Originally suggested by [FRS94|
as a way to amplify the advantage in interactive protocols, it is now known that the value of 2-player
games decays exponentially if the value of the game is strictly smaller than 1. This result was first
proved by Raz [Raz98| using information theoretic techniques. Subsequent works simplified the
proofs and improved it quantitatively [Hol09, Raoll, DS14, BG15|. We remark that most of these
works, with the exception of [DS14], follow the information theoretic proof of Raz. The work [DS14]
suggests an analytical approach to the problem in the case the game G is a projection game.! While
it is natural to suspect that the (naive) bound val(G®") < val(G)™ should hold, it turns out to
be false [Fei91, FV02|. Even this failure is well understood, and it is known to be related to the
geometry of tilings of high dimensional Euclidean space (see [FKO07, KORWO08, AK09,BM21]), and
more specifically to the fact that there are bodies of volume 1 and surface area O(y/n) that tile the
Euclidean space R™. Parallel repetition of 2-player games has many applications in the theory of
interactive proofs [BGKWS8S§|, communication complexity [PRW97, BBCR13, BRWY 13|, quantum
information [CHTW04,BBLV13], and hardness of approximation [FGL196,ABSS97, ALM 198, AS98,
BGS98, Fei98, Has01, Kho02a, Kho02b, GHS02, DGKRO05, DRS05].

The situation for k-player games, where k& > 3, is much more poorly understood. Even for
k = 3, the best bound known general bound for val(G®™) is inverse Ackermann, which follows from
quantitative versions of the Density Hales-Jewett theorem [Ver96, Pol12|. Since proving effective
bounds on the value of parallel repetition of k-player games seems like a very challenging task,
researchers tried to focus their attention on more limited classes of games. In [DHVY17], the authors
consider the class of connected games, and prove that an exponential decay holds for them. Their
proof uses information-theoretic techniques similar to those used in the context of 2-player version.
Here, a game is connected if the following graph on supp(u) is connected: connect x, 2’ € supp(u)
with an edge if z,2’ differ in a single coordinate. More quantitatively, one considers a weighted
version of this graph, where the weights correspond to re-sampling a coordinate in the distribution
p; with this in mind, connectedness is concerned with the second eigenvalue of this graph being
bounded away from 1. The authors of [DHVY17| then suggested that to make more progress on
multi-player parallel repetition one must tackle games that are not connected, and suggested the
GHZ game as an example of such game.

The GHZ game is a special 3-player game that has its origin in physics (where it is known
as quantum pseudo-telepathy). In the GHZ game the verifier samples a challenge (z,y,2) € F3
such that  +y + 2z = 0, sends x, y and z to Alice, Bob and Charlie respectively, receives answers
f(z),9(y), h(z) € Fa, and accepts if f(x) + g(y) + h(z) = 2 Vy V z. The GHZ game is easily seen
to have classical value 3/4, but all existing techniques seemed to fail to prove an effective upper
bounds on the value of GHZ®". Holmgren and Raz [HR20] were the first to tackle this problem,

We remark that in the majority of applications, and especially in the area of probabilistically checkable proofs,
one is often only concerned with projection games.



and they showed that val(GHZ®") < n=*(1) using a combination of information theory and Fourier
analysis. Later works simplified the proof for the GHZ game [GHM*21] and used these techniques to
prove polynomial bounds for all 3-player games with binary questions [GHM 22, GMRZ22|, namely
games where supp(x) C {0,1}%. Finally, in [BKM23c| it was shown that val(GHZ®") < 2-(") using
techniques from additive combinatorics. We defer the reader to Section 2.1.2 for further discussion.

The primary goal of this work is to study parallel repetition for a very natural class of 3-
XOR which includes within it the GHZ game. We show that the value of a 3-XOR games decays
exponentially provided that the underlying distribution of question does not admit any Abelian
embeddings into (Z,+), and in particular we recoever the result of [BKM23c|. Our proof uses new
techniques from Fourier analysis [BKM22, BKM23a, BKM23b, BKM24| as well as powerful results
from additive combinatorics [Gow01].

1.1 3-XOR Games, Embeddings and Connectedness

To state our main result formally we require some setup. Suppose that X, I', & are finite alphabets,
and let p be a distribution on ¥ x I" x ®. Let ¢ : supp(u) — A be a target function, where A
is a finite Abelian group. The pair (p,t) defines a 3-XOR game G, wherein the verifier samples a
challenge (z,y,z) ~ u, sends z, y and z to Alice, Bob and Charlie respectively, receives answers
f(x),9(y),h(z) € A and accepts if f(z) + g(y) + h(z) = t(z,y, 2).

The wvalue of an n-fold repeated game under this setup is defined as the maximum over all
XA g: " — A" h: ®" — A" of

Pr[f(z)i +9(y)i +h(z)i = t(zi,9,2) V i=1,2,...,n]. (1)
(x7y7z)wu®n

Let G®" be the n-fold repeated game, with value val(G®™). We are not able to establish parallel
repetition for all 3-player XOR games, and we need to make some assumptions on the structure of
the distribution p. We discuss why removing these assumptions may prove to be quite challenging
in Section 1.3.
Definition 1.1 (Embeddings). An embedding of a distribution p on ¥ x I' x ® into an abelian
group A consists of three maps o : 3 — A,v:T'— A, ¢ : ® — A such that o(x) +v(y) + ¢#(z) =0
for all (z,y,z) € supp(u).

We say that p has no Z-embeddings if all embeddings of p into Z are trivial (in the sense that
0,7, ® must be constant maps). Throughout, we will assume that g has no non-trivial Z-embeddings.
If 1 has no Z-embeddings, then it also satisfies a mild connectivity property.

Definition 1.2 (Pairwise-connected). We say that a distribution g on ¥ x I' x ® is (x, y)-pairwise-
connected if the graph on ¥ xT" with an edge between (z, y) if there is some z with (z,y, z) € supp(u)
is connected. We say that p is pairwise-connected if it is (x, ), (v, 2), and (z, z) pairwise-connected.

Lemma 1.3. If u has no Z-embeddings, then u is pairwise-connected.

Proof. If p is not (x, y)-connected, then there are partitions ¥ — X' UY" and I' = TV UT"” such that
if (z,y,z2) € supp(u), then (z,y) € ¥’ x IV or (x,y) € ¥” x I'". Thus, we can define the embedding
o(x)=~(y)=1forz e yel” o(x) =~(y) = —1 otherwise, and ¢(z) = 0 for all z. O

We note that this notion of pairwise-connectivity is much weaker than connectivity in the context
of [DHVY17], or even player-wise connectivity as defined in [GHM*22|. In particularly, the GHZ
game is pairwise-connected but neither connected or player-wise connected. This explains why the
techniques for showing parallel repetition for the GHZ game differ significantly from the analyses
of (player-wise) connected games, which are information-theoretic in nature.



1.2 Owur Main Result

The main result of work is that games G with XOR predicates over input distributions p without
Z-embeddings, have exponential decay under parallel repetition.

Theorem 1. For a 3-player game G over distribution p with XOR predicates, if val(G) < 1 and p
has no Z-embeddings, then there is a constant ¢ := c(G, ) > 0 such that val(G®™") < 27,

Beyond the result itself, our proof method shows a connection between parallel repetition, at
least in the case of XOR games, and techniques/questions in additive combinatorics. Specifically,
our proof leverages an analytical stability result from [BKM24| for 3-wise correlations over pairwise-
connected distributions with no Z-embeddings. Thus, we (very speculatively) suspect that better
understanding of these stability results (or extensions to higher arities & > 3) may lead to more
general 3-player or k-player parallel repetition results. We defer a more detailed discussion of our
techniques to Section 2.

1.3 Z-Embeddings, Pairwise-Connectivity and Beyond 3-XOR Games

The current paper only deals with distributions p that do not admit (Z, +)-embeddings, and this
is due to the technical limitations in our analytical machinery. In a future work, we show how to
prove upper bounds for the n-fold repeated game under the weaker assumption that u is pairwise
connected. In this case though, we can only show that the value of the n-fold repeated game decays
as 27" for some € > 0 (as opposed to a purely exponential bound as in Theorem 1). In fact, this
result holds for a class of games that strictly contains the class of 3-XOR, games.

Proving results for 3-XOR games on distributions p that are not pairwise connected however
seems to require additional ideas, since the type of analytical tools we use do not seem to have
analogs for in such distributions.

2 Overview of Proof of Theorem 1

In this section we give an overview of the proof of Theorem 1.

2.1 High-Level Structure of Argument

By the fundamental theorem of finite Abelian groups, to show Theorem 1 it suffices to consider the
case where A is a cyclic group of prime power order, say A = Z,, where m = p* for a prime p. For
intuition throughout this section, the reader can think of the game as being over Zs, though all our
proofs work over other cyclic groups. Even if the original game is over Zo, our proofs ultimately
require defining functions over larger cyclic groups (e.g., Zqk ), just as the analysis of the GHZ game
of [BKM23c¢]| looked at functions over Zj.

2.1.1 Step 1: Reducing to an Analytic Statement and Nonembeddable Targets

The first step of the proof is to arithmetize the probability that a set of strategies f, g, h win G®"
as an analytic quantity. Throughout, let w be the complex mth root of unity.

Lemma 2.1. Let f : X" = Z,g : '™ = Z h : ®" — Z be strategies. For a vector S € Z,
define Fg(x) = wiln] Sif(z)i, and Gg, Hg analogously, where w is the primitive root of unity of



order m. Define Ts(x,y,2) = w™ Lieln) St (@Y%) - The winning probability of the strategies f,g,h
1s exactly given by:

Es~zn Bz y2yopen [Fs()Gs(y)Hs(2)Ts(x,y, 2)] -

Lemma 2.1 follows from simply expanding out the definitions of Fg,Gg, Hg,Ts and reversing
the order of the expectations.

From here, it is beneficial to consider 2-player XOR games, and give a simple and direct proof
of parallel repetition. For the following result, let D denote the unit disk in the complex plane, and
T(z,y) = w @Y,

Lemma 2.2 (Two-dimensional case). For a connected two player XOR game G with distribution
w over X x I' and target function t : supp(u) — Zp, with value less than 1, there is constant
c:=c(G,pu) >0 such that for any F : ¥" - D, G : T" — D we have

IE(:fc,y)~u®” <27

F(z)G(y) HT(%‘,%’)]

i=1

The intuition is that the quantity we wish to bound is an inner product of F, G with respect to
T®" (where T is thought of as a matrix), and we know that singular value of matrices tensorize.

Proof. Let D, = diag(y1,) and D, = diag(11,). Note that [|(Dy/*)®"F |y, |(Dy/*)®"G||2 < 1. Thus,
it suffices to show that for all A: 3 — D and B : ' — D with HDi/ZAHg = ”D;/ZBHQ =1, that

|E(2)~oplA(@) B(y) T (z,)]| < 1.

This implies then that the maximum singular value of D, Y 2TD; /2 i5 less than 1, and the lemma

follows because the maximum singular value tensorizes. Note that by the Cauchy-Schwarz inequality,
B (o) ~ul A@) B@)T (z,9)]| < D3/ All2||Dy/*Bll2 = 1,

with equality only if |A(z)| = |B(y)| and A(z)B(y)T(x,y) = 1 for all (z,y) € supp(p). By con-
nectivity of u, the former condition and ||D;1/2A||2 = 1 implies that |A(z)| = 1 for all z € X, and
|B(y)| = 1 for all y € . Let A(z) = €2>™®) B(y) = 2™, Then the latter condition gives that
a(x) + b(y) = t(x,y)/m (mod 1) for all (z,y) € supp(p). By shifting a(x),b(y) to be multiples of
1/m, this implies that ¢ has value 1, a contradiction. O

This implies parallel repetition for 2-player XOR games. Indeed, we can assume the game is
connected. Using Lemma 2.2, for any S € Zy, we have |E(, ) o0 [Fs(2)Gs(y)Ts (7, y)]| < 2SI,
and as |S| > Q(n) on average over the choice S ~ Z we get from Lemma 2.1 an exponential decay
for the value of the 2-player XOR game.

Can we carry out such an argument for 3-player games? The first piece we would need is an
analogue of Lemma 2.2. In fact, the naive generalization of Lemma 2.2 to 3-functions is false, as we
discuss in more detail in Section 2.1.2. The condition we actually require on ¢ and T" comes from
looking at the end of the proof of Lemma 2.2, where we argued that if A(z)B(y) = T'(x,y) for all
(z,y) € supp(u), then t has a strategy of value 1. This is false in the 3-player case. Instead, for the
3-player setting, the assumption we require on 7T is exactly that there are no functions A : > — D,
B:T'—» D, C:® — D such that A(z)B(y)C(2)T(z,y,2) = 1 for all (z,y,z) € supp(p). In this
case, we say that T is nonembeddable over ID. In the case that T is nonembeddable over D, we
are able to show that this statement tensorizes by following the work of [BKM23a| (though some
adaptations are needed to get a proper exponential decay):



Theorem 2. Let T : supp(p) — D be pairwise-connected and nonembeddable over D. Then there is
a constant ¢ := ¢(T, p) > 0 such that for all functions F : X" - D, G : T" - D, H : " — D,

E(w,y,z)~u®" <27

F(@)G(y)H(2) [ T (i, yir )
=1

The proof of Theorem 2 is substantially more challenging than its two-dimensional counterpart
stated in Lemma 2.2, and we overview the ideas in Section 2.2. Combining this with Lemma 2.1
shows that for target functions ¢ that are nonembeddable over D, parallel repetition with exponential
decay holds.

2.1.2 Step 2: Barriers to Analytic Argument, and Linear Structure

Next, we discuss a case where T is embeddable over D, but the game G still has value less than 1. In
this case, we are not able to apply Theorem 2, and we must resort to a different set of techniques.

The most natural example of a 3-XOR game in this case is the GHZ game, defined as follows.
The distribution u over Z3 is uniform over {(x,y,z) : # +y + 2z = 0}, and strategies f, g, h win on
x,y,z if f(x) 4+ g(y) + h(z) =2 VyVz (mod 2). It is easy to check that the value of this game is
3/4. The tensor T defined by T'(z,y,2) = (—1)*V¥V# and has values

7(0,0,0) = 1,7(1,1,0) = —1,7(1,0,1) = —1,7(0,1,1) = —1.

This is embeddable over D by taking A = B = C, and A(x) = i* = 2™ Another way of viewing
this is that

1
Sty ) =2V y Ve =iay,2) (mod2) Y (z,y,2) € supp(s).

Thus, 2t(z,y,2) =z +y + z (mod 4). Thus, the winning condition f(z) + g(y) + h(z) = t(x,y, 2)
(mod 2) can be rewritten (2f(z) — z) + (29(y) — y) + (2h(2) — 2) = 0 (mod 4). This is the key
observation in [BKM23c|, and combining it with powerful tools from additive combinatorics (which
we overview in Section 2.1.4) yields exponential decay for parallel repetition of the GHZ game.

Our argument in the general case that T is embeddable follows a similar strategy and uses
additive combinatorics as well. Note that if A(z)B(y)C(2)T(z,y,2) =1 for

A(l‘) _ e27ria’(:c)7 B(y) _ e?m’b’(y)’ C(z) _ eZWic’(z),T(x’ v, Z) _ e—27ri-t(x,y,z)/m

then we get that o'(z) + b'(y) + () = t(z,y,2)/m (mod 1). Assuming that a(z),b(y),c(z) are
all rational with denominator dividing Nm < oo (which we can assume) we get that (writing
a'(z) = a(x)/(Nm) and similar for ¥’ (y), d(2)),

a(x) +b(y) +c(z) = N -t(x,y,z) (mod Nm),

for functions a : ¥ — Zyy,, b : T’ = Zym, c: ® — Zyy,. Thus the winning condition f(z) + g(y) +
h(z) = t(x,y,z) (mod m) can be rewritten as:

(V- f(z) = a(z)) + (N - g(y) = b(y)) + (N - h(z) = ¢(2)) =0 (mod Nm).

This is a very similar setup to the GHZ game we described above, with one critical difference. In
the GHZ game, the distribution p itself was a subspace of Z3 consisting of points with sum 0, while
our input distribution g is still somewhat arbitrary. This arbitrariness prevents us from applying
tools from additive combinatorics, and to remedy the situation, we must gain more control over the
structure of the distribution u. In the next section, we discuss how to use ideas from [BKM24| to
reduce to the case where p is uniform over {(x,y, z) € A® : x + y + z = 0}, for some (possibly very
large) finite Abelian group A.



2.1.3 Step 3: The Master Embedding and Reducing to Functions Constant on the
Master Embedding

The group A discussed at the end of the previous section will be called the master group, which we
define now. Fix a sufficient large integer r, and let (1,71, ¢1), ..., (0s,7s, ¢s) be all embeddings of u
into cyclic groups Ay, ..., As of (prime power) order at most r, with o;(z*) = v;(y*) = ¢;(2*) = 0 for
some fixed z* € 3, y* € I', 2* € &, which we can assume by shifting each embedding. Then, we define
the master embedding as on(x) := (01(x),...,05(x)) (Definition 6.1), and set A C A; X -+ x A
as the subgroup generated by {om(z): z € £}. The key property of o, and A is that if 4 has no
Z-embeddings, then for r sufficiently large the following holds. For all z,2' € 3, o(x) = o(2’) for
all embeddings o if and only if oy (z) = o (2’) (Lemma 6.2), and analogously for vy, dm.

Recall that at the end of Section 2.1.2, we rewrote the winning strategy of the game as f (z) +
9(y) + h(z) = 0 for (z,y,2) € supp(u), where f(z) = N - f(x) —a(x), g(y) = N - g(y) — b(y),
and h(z) = N - h(z) — ¢(z). Thus, f,g,h win the game exactly when f, g, h act like an embedding
on p. The general philosophy of the master embedding asserts that to get such behaviour, the
values of the functions f(z), §(y) and h(z) must morally depend only on o (), Ym(y) and ¢p(z)
respectively. Indeed, we are able to transform the functions f , g and h to functions with similar
winning probabilities that are constant on the master embeddings. Abusing of notations we assume
that f, § and h are such functions to begin with, namely f(z) = f(z/) if om(z) = om(z’), and
analogously for g and h. This way, regardless of the original distribution u, we can imagine that we
are working with the set of challenges {(om (), Ym(¥), #m(2)) | (z,y, 2) € supp(n)}, and by changing
variables we may assume that to begin with we have that

supp(p) C {(z,y,2) e Ax AXx A: z+y+ z =0},

(where x + y + z = 0 because the master embeddings satisfies this equation). Formalizing this
intuition is much more challenging, and is the main content of Section 6. In particular, it requires
a version of our analytic result Theorem 2 in this setting (Theorem 5). We remark that a version
of this was shown in [BKM24]|, but in order to achieve our tighter quantitative bounds of exp(—cn)
for parallel repetition, we need to give a tighter analysis and a slightly different proof adapted to
our setting.

In the above paragraph we gave intuition on how to reduce to the case where supp(p) is a subset
of (x,y,z) € A x Ax A with x +y + 2z = 0. However, we actually wish to have supp(u) to be
exactly this set. To achieve this, we use path tricks (discussed below in Section 2.2) to enlarge the
input alphabets and distribution y, without changing the master group A, and without reducing the
winning probability of the game by much. This idea of using path tricks to enlarge the distribution
was exactly used in [BKM24] in the setting of showing analytic theorems, and an identical approach
works for parallel repetition too.

2.1.4 Step 4: Applying an Additive Combinatorics Argument

Finally, we use techniques from additive combinatorics to solve the case where supp(u) is exactly
{(z,y,2) e Ax Ax A: x +y + z = 0}. Our main theorem is the following.

Theorem 3. Let A be a finite abelian group and t : A3 — Zyk. Let N > 1 be minimal so that
there are functions a,b,c : A = Zyy with a(z) 4+ b(y) + c(z) = N - t(z,y,2) (mod p*N) for all
r+y+2z=0. Then there is a constant c = c(t, A) > 0 such that for any f,g,h : A" — Z,

(I,yf)f(v‘lg):)'
THy+z=



A simpler version was given for the GHZ game in [BKM23c|. At a high level (using the notation
from the previous sections), the argument goes as follows. If f(z)+§(y)+h(z) = 0 with probability
at least € over x+y+z = 0, (z,y, 2) € AxAxA, then using tools from additive combinatorics such as
the Balog-Szemeredi-Gowers lemma, we deduce significant structural facts about f, g, h: A — Zym
(Lemma 8.1). We ultimately combine this with the fact that f is not completely arbitrary, as it
must take the form f(z) = N - f(z) — a(x), to arrive at a contradiction.

2.2 Proof of Main Analytic Results
2.2.1 Changing the distribution via random restrictions

In this section overview the tools needed to show our analytic results, focusing on Theorem 2 (our
other analytical result, Theorem 5 involves similar ideas). A very useful trick throughout our proofs
will be that we can alter the distribution over questions p (without changing its support), at the
cost of reducing the number of repetitions n by a constant factor. For example, we can change the
distribution to uniform over its support. Formally, we can show:

Lemma 2.3. Let G, be a game with question distribution p = oy’ + (1 —0)v for distributions /', v.
Let G,y be the game with the same questions over distribution p'. Then

Proof. Deferred to Section 3.3. O

2.2.2 Path Tricks

A natural approach towards showing Theorem 2 is to induct on n, where the base case n = 1
follows exactly because T is nonembeddable over ID. However, we don’t know how to induct on
such a base case. We instead first work towards establishing a base case for functions F, G, H that
are {a-bounded, instead of {s-bounded. To achieve this, the idea of [BKM23a| was to use a path
trick (Section 4.1), which changes the distribution p to a larger distribution u* over ¥/ x I x ®,
where ,u;z has full support. In fact, we can assume the support is uniform, by applying the random
restriction trick (Lemma 2.3).

Formally, the path trick takes an integer r, sets X+ C 21 and for all YLy 21, Y2, 225 - « -, Yor, Zor
such that (v, 2;), (2, Yi+1) € supp(pyz), adds the following to supp(u™). Let (z, s, 2:) € supp(u)
fori=1,...,2", and (2}, yi+1,2) € supp(p) for i =1,2,...,2" — 1. Then,

({z1, 2}, 29,..., 22}, 91, 200) €T X' x @

is added to supp(u™). For sufficiently larger 7, if y1,, was initially pairwise-connected, then M;z has
full support. Also, we can show that if there were functions F, G, H with

> g,

F(2)G(y)H(2) Hmi,yz-,zz-)]

=1

then there are functions ' : (1)* =D, G:T" = D, and H : " — D with

> £On(1)

Eay,2)~(ut)en

F<x>é<y>ﬁr<z>Hmi,yz-,z»]

i=1




for some tensor T that is still nonembeddable over D, i.e., we only incur polynomial loss. We prove
this in Lemma 4.6.

At this point, it is worth discussing how the path trick formally helps with enlarging the distri-
bution p, towards eventually ensuring that supp(p) is all z +y + 2z =0 for (z,y,2) € A x A x A.
Towards this, we first calculate how embeddings evolve under the path trick. Given a embedding
(0,7, ®) of i, one can easily check that it uniquely induces a embedding on p* of the form (o™, 7, ¢),
where

ot ({xy, 2], 20,... 290 }) = 0(21) — o () + - — o(ahy ;) + o(x2r).
Because ({z,z,...,2},y,2) € supp(u™), and o™ ({z,...,2}) = o(z), we know that the image of o
on 4 is nondecreasing. We can also show that by carefully applying a sequence of path tricks, that
we can increase its size until the image is a subgroup (Lemma 6.8).

2.2.3 Establishing an Inductive Hypothesis

When p,, is a product distribution, we can establish a weak base case via the Cauchy-Schwarz
inequality:

|E w2 [F(2)G(y) H(2)T (2, 2)]|
< (E(x,y,z)~u|F(x)‘QE(I,y,z)Nu‘G(y)’2‘H(Z)’2)

where the final equality critically used that p,. is a product distribution. If the right hand side was
instead (1 — 0)||F||2]|G||2||H ||2, then we would be able to actually perform the induction on n via
singular value decomposition (SVD) on F,G, H, thinking of F' : ¥ — C as a matrix in CEXE"!
Thus, we want to say something like: if 7" is nonembeddable over I, then equality in (2) cannot hold.
Equality in (2) holds only if F(z) = 0G (y)H(2)T(x,y, z) for some 6 € C, for all (z,y, 2) € supp(u).
This looks quite close to T" having an embedding over D, except that F(x),G(y), H(z) may be 0.

In [BKM23a], this issue (which they called the Horn-SAT obstruction), was handled as follows.
First, perform more path tricks to the distribution to transform it to a larger distribution (which
we relabel p for convenience) satisfying a relazed base case (see Definition 4.10). Informally, the
distribution p over ¥ x I' x @ satisfies the relaxed base case, if for some subset ¥/ C ¥ any function
F with nontrivial variance on ¥’, and G, H, satisfy the base case, i.e.,

|E (g, )ps [F (@) G () H (2)T (2, y, 2)]| < (1 = S|P [l2]| G|zl H 2.

1/2
2= PGl H], (2)

We too need to establish a relaxed base case, and we do so by analogous ideas.

2.2.4 High and Low Degree Parts

With the relaxed base case in hand, we are able to perform the induction on functions F' where during
the SVD, the the resulting functions all have nontrivial variance on ¥’. To handle general functions
F, we decompose them via an Efron-Stein decomposition (Section 3.2), into functions that are have
equal degrees on Y. The reader can think of an Efron-Stein as a version of a Fourier transform,
on a set X without additive structure. Just as with a Fourier transform, high-degree functions have
high influence/variance on each coordinate. Thus, starting from a high-degree function, one show
that while performing SVDs in the induction, it remains high-degree for many iterations, allowing
us to perform the induction. This allows us to handle the high-degree parts of F.

For the lower-degree parts of F', their variance on A’ is low, so intuitively F' does not change
much under the noise operator 7°f which mixes inputs in A’. Applying 7% (and taking random
restrictions) makes the input distribution symmetric over A’. This case ends up reducing to the
two-variable case on (y, z), where an exponential decay bound is known (see Lemma 2.2).



2.2.5 The Case with Complex Embeddings

The above discussion was for showing Theorem 2, when T' was nonembeddable over ID. As discussed
in Section 2.1.3, we require an alternate analytic theorem which reduces to the case where p is
uniform over x +y + 2z = 0, (z,y,2) € A x A x A We describe the idea for adapting to this
case. The approach for this case is largely the same as for proving Theorem 2 as discussed above:
establish a variant of the relaxed base case, and split into high and low-degree parts. Here, high and
low-degree are with respect to the noise operator (which we call 7™°9st) which mixes over x, 2’ with
the same master embedding, i.e., o (z) = on(2’). Once again, the contribution of the high-degree
parts vanishes, and the low-degree parts intuitively correspond to applying 7™°9est. This is exactly
what we wanted to show: that x, 2’ with oy (2) = on(2’) are (approximately) indistinguishable from
the perspective of strategies f, and thus we can reduce the input alphabets to A themselves.

3 Preliminaries

3.1 General Notation

Let [n] = {1,...,n}. For a real number x we write ||x||g/z := min.ez |z — 2[. We use a S b to
denote a = O(b) and a 2 b to denote a = Q(b). We let ® denote complex numbers, and let D denote
the unit disk. We let supp(u) denote the support of a distribution u.

Matrices. We briefly use matrices in a few places, when we are working with “two-player” like
games, such as merging symbols (Lemma 4.7). We will denote matrices using boldface. For a matrix
A, we let A®™ denote its n-th Kronecker power. For a vector v, we let diag(v) denote the diagonal
matrix whose diagonal entries are v;.

3.2 Efron-Stein Decomposition

We will use the standard Efron-Stein decomposition on the product space Lo(X", u&™). For a
function F' € Lo(X", ™) and S C [n], we let F=° be the homogeneous function of degree |S| that
depends on the coordinates in S. Let F~ = Z|S|:i F=5.

Effective degree and influences. In our relaxed base case (Lemma 4.11), we will consider the
variance on a subset ¥’ C Y. Thus, we define effective degrees and influences of a function f, which
are the influence and degrees that ¥’ contributes.

Create a orthonormal basis B for Lo(X, i) of the form B = By U By, where By is an orthonormal
basis for functions that are constant on ', and By is an orthonormal basis for functions supported
on Y’ that are orthogonal to the constant function.

For any function F' € Lyo(X", u™) we can write F = >y eBen ﬁ(X)X, where ﬁ(x) = (F,x). Let
Xconst be the constant function on ¥, which we assume is in B;. For a character Y € B®", we define
its degree and effective degree as

deg(X) - ‘{Z € [n] PXi F Xconst}’ and Eﬂ:deg(X) = ‘{2 S [n] Xi € BQ}‘

Note that deg(x) > effdeg(x).
This allows us to define the decomposition into effective degree homogeneous parts. Let

Ff=i= Y Flox

XEB®n effdeg(x)=t



We now define the effective influence.

If[F] = Y LieglF] for I eq[F] = E(yyesal|F(z) — F(y)P],
i€[n]

where (z,y) are sampled as follows. Sample z distributed as p$™, and set y; = x; for all j # 4. If

x; € X\X set y; = x;, and if z; € ¥ then sample y; € ¥ independently.
Analogous to the case of standard influences, we know that

LewlFl= > [F()I? and Ig[F]l= ) efideg(x)|F (01> = > ill 7|3,
XEB®™ x;€B> xeB®n 0<i<n

We finally define the effective noise operator, which we denote as ’7'1efp. Define Tefpr(x) =
E, st @) [F(y)] where y ~ N£ff () is distributed as follows. For each i € [n], with probability
1 — p set y; = ;. With probability p, if z; € X\Y', then set y; = ;. Otherwise if x; € 3, then y;
is sampled independently according to u; conditioned on being in ¥'. As with the standard noise
operator, we have

7~1einF — Z (1 _ p)zFefF:z‘

0<i<n

3.3 Random Restrictions

Consider distributions p, p/,v on ¥ x I' x ® with g = au’ + (1 — a)v. We can take a random
restriction of functions F,G,H on X" I ®" as follows. Let I C [n], where each i € I with
probability 1 — a.. Sample p := (z(p), y(p), 2(p)) € v®!. We may define the restricted functions
Fryy: SN 5 C as Fr,(x) = F(z,2(p)), and similar for G, H. Note that over the distribution
of (I,p), and x ~ (p/)®[P\ | the distribution of (z,z(p)) is identical to u®™. At a high level, this
lets us move from a distribution p on [n] to a distribution y’ on about an coordinates, as long as
ap’ < p pointwise. This was exactly the content of Lemma 2.3, which we now prove.

Proof of Lemma 2.5. Take a random restriction of u as described above. The probability that
I[n] \ I| < 6n/2 is at most 2= by a Chernoff bound. Thus, for a strategy f,g,h achieving
val(G?") we know that

Z,Y,2 )~ n
1— I3 1 xl 2 h i ‘/'U'L" Z?Z’L V /1/—17...,77/

(=(p),y(p) 7Z(p))NV®I
<

' Pr x)i + i +h(2)i = t(xi,y5,2) Vien\I
P e etn @i+ 9@+ A() =t i, 2) [n] \ 1]
(z(p),y(p),2(p))~v®!

< Eroy yval(@a") < val(G5?) + 27000, .

4 No Complex Solutions: Reductions

The main goal of the following two sections is to show Theorem 2, restated below.

Theorem 2. Let T : supp(p) — D be pairwise-connected and nonembeddable over D. Then there is
a constant ¢ := ¢(T, p) > 0 such that for all functions F : X" - D, G : T" - D, H : " — D,

E(Ivyvz)’\'u®n S 2_cn.

F(2)G(y)H (=) | [ T(xi, 1, Zi)]

=1

10



Combining this with Lemma 4.2 directly implies an exponential decay bound on 3-player XOR
games where the target function ¢ does not have linear structure over any abelian group.

Corollary 4.1. Let G be a game given by p,t. If u is pairwise-connected, and T(z,y,z) = wh(@y:2)
for w = exp(2mi/m) is nonembeddable over D then there is a constant ¢ = (G,u) > 0 with
val(G®n) < 27¢cn,

Proof. For S € 7", let 1(S) = |{i : S; = 1}|. Then by Theorem 2 and the triangle inequality, the
winning probability as written in Lemma 2.1 at most
Egzn 2715 < o=¢'n. O

In the remainder of the section and the next we show Theorem 2. Before starting, we make
the trivial observation that if |T'(z,y,2)| < 1 for any (x,y,z) € supp(u), then the result is clear.
So for all T' encountered in the series of reductions we do later, we assume |T'(z,y, z)| = 1 for all
(x,y,2) € supp(p).

Lemma 4.2. If |[T(z,y,2)| <1 for some (x,y, z) € supp(u), then there is ¢ := c(u,T) > 0 such

E(ayzympen | F@)G@H ) [] T (i yi ) || <27
i=1
Proof. This follows from the fact that E, , ), [|T(z,y, 2)[] < 1. O

4.1 Path Tricks

We start by defining what it means to do a path trick on . The effect of this will be changing X
to the larger X1, the distribution to pu* over X7 x I x ®, and the tensor to ¢ : supp(u*) — [—1,1].
The goal is to ensure that u* has full support over (y, z).

We define pt as follows.

Definition 4.3 (Path trick). The following procedure takes a distribution p on ¥ x I" x ® and
generates T on ¥ x I' x ®, which we call applying an “z path trick with r steps" to p.

1. Sample y1 ~ fiy.

2. Sample (z1, 21) from p, conditioned on y = y;.

3. Sample (2, y2) from p, conditioned on z = z;.

4. Repeat, and in the final step sample (z2r, yor-1,1) from g conditioned on z = zor-1.

Now let ¥ C ¥2 1. 4 is over the sequences ((z1,},..., @ 1_,Tyr—1),y1, z9r—1) generated by
the process above.

Throughout, we will let & = (z1,2},...,25, 1 |, x90-1).

Now we define TT(Z,y, z) as follows:

27‘71 27“71_1
+(z _ T2 1. 2)
TH(%y,2)= = E Il 7@y z) TI T@yira, 20)
LT 5T yp 1 _rTor—1 i=1 i=1
Y15--5Ygr—1
Z1yeesRgr—1
= / / o _
T= (21,27, ..., o1 1, Tor—1),Y =Y1,2 = z2r1]

Note that T is still nonembeddable over D.

11



Lemma 4.4. As defined above, if T is nonembeddable over D then T is nonembeddable over D. If
(y, 2) was pairwise-connected in i and 2"~ > min{|T|, |®|}, then the support of (y, z) in u* is full.

Proof. Define (x,...,z) =T € XT for all x € ¥. Note that either T (7, y, 2) = T(z,y, 2), or else
|T*(Z,y,z)| < 1, where we are trivially done by Lemma 4.2. So T'" is nonembeddable. The second
claim on the support of (y,2) in u™ is clear. O]

Performing the path trick maintains pairwise-connectivity.
Lemma 4.5. If u is pairwise-connected, then u* is pairwise-connected.

Proof. (y, z)-pairwise-connectivity is clear, so we focus on (x, y)-pairwise-connectivity by symmetry.
We first show that any two symbols y,y’ € T" are connected. This is because yu is pairwise-connected,
and ((z,x,...,72),y) € supp(u™) for any (x,y) € supp(u). Now, every ¥ € Xt in adjacent to some
y € I', which completes the proof. O

We now show that performing the path trick can only decrease the value polynomially.

Lemma 4.6. If there are functions F': X" — D, G: " — D, H : " — D with

n

E(x,y,z)wu@’” [F(SL‘)G(y)H(Z) H T(l’“ Yi, ZZ)]
=1

> €

)

then for ut, Tt as defined above, there are functions F* : (32 ~1)" = D and H:®" — D with

n

E(a,y,2)~(ut)en [F+($)G(y)ﬁ[(z) H T (i, yi, 21)]
i=1

> g2,

Proof. We start by performing a simple reduction on H. Define
H(2) = By rpen F@ GO (@, 5, 2)| = 2].

Then note that
‘]E(x,y,z)wp,@" [F(.CC)G(y)H LIJ Y, 2 ‘ =
= E(x,y,z)~u®” [F(l‘)G(y)ﬁ(Z)T(x, Y, Z)]1/2'

Eonpr. [H(2)H(2)]| < [Hll2|Hll2 < || H]l2

Hence ‘E(%%Z)Num [F(2)G(y)H(2)T(z,y, z)]’ > 2. The remainder of the proof involves repeated

application of Cauchy-Schwarz.
We show the following by induction on 7:

or— 1 27“71
E [ Fa)F@) - Gun)Glyar—ri) [[ T iy 20T (@l gigr,2i) || = €7 (3)
xl,x’l,‘..,xy_l,z;?ﬂ_l i1 i1

Y1seeYgr—14q
Z1ye-s%9r—1

Let us establish the base case r = 1.

& < By ayepon [F@) G H ()T, 2]

= E  [F(x1)F ()G (y1)G(y2)T (1, y1, 21)T (2], y2, 21)] | -

21
/
T1,Y1,27,Y2

12



The inductive step will follow by squaring this, and using Cauchy-Schwarz on the variable other
than yor—1,1. Precisely,

2
or—1 or—1
r+1 T PV T2 iy 2:)
62 < E H F(.CI?Z)F(.T;) . G(yl)G(erfl_i_l) H T(.’L’z, Yi, Zz)T(iL';, Yi+1, Zl)
T e Tor—1,T0,y | i1 i=1
y17~--,y2r71+1
ZlyeesZor—1
2
or—1 or—1
< E E H F(xz)F(x;) -G(y1) H T(xi,ys, Zi)T(x;7 Yit1, 2i)
Yor—144 xlyxllvmvxzr—lvxérfl i=1 i=1
yl!"'zyQT‘*l

Rlse-5”%0r—1

Note that this last expression exactly equals (3) for r + 1, completing the induction. Finally, the
definition of H gives that the LHS expression in (3) can be expressed as:

27‘71 27“71_1 27”71 27"71_1
E [IF@) ] FG)- Gu)H () [] T(eiyiz) [[ T@hviga,2)
TLEY0Tor =1 | =1 i=1 i=1 i=1

Y1s--5Ygr—1
Z1yee3Zor—1

So we can set FT(Z) = Hf:ll F(z;) H?:llfl F(z}). This is exactly what we wanted to show, once
we note that only the T" part of the previous expression depends on yo, ..., yor—1,21,...,29r-1_1. 1

4.2 Merging Symbols

Let us go back to the setting of a distribution p over ¥ x I' X & (you can think of it as if we have
already applied a path trick to x). Consider a graph G with vertices in X, where z,2’ € 3 are
connected if and only if there are y € ',z € ® such that (z,vy,2), (2',y,2) € supp(n). Give each
connected component in G a single representative vertex, and let rep(z) denote the representative
of the component of x € ¥. Let ¥~ = {rep(z) : z € X}. The first goal is to reduce to the case

where (rep(z), ), 2) € supp(s).
Lemma 4.7 (Merging symbols). If F: X" - D, G: I - D, H : ®" — D satisfy

n

E(py,o)pon [F(@)G(y)H(2) [T T (@i, i, 20)]
i=1

> €

)

then there is a distribution pi' over X x T' x @ with {(rep(x),y, 2) : (x,y,2) € supp(u)} C supp(i'),
nonembeddable T : supp(p') = D, and F : ¥ — D with

E(;,;,%Z)N(M/)@n [F(2)G(y)H (z) Hf(xi,yi, zi)]| = e*M,
i=1

where M = |X|.

Proof. Define the matrix A € C=*(I'x®) py A y,2) = (2, y,2)T(2,y,2). Let D, = diag(p.:) and
D,. = diag(fy,»). Define the vector R(y, z) = G(y)H(z).

13



In the calculations below, to simplify notation we by abuse of notation let A, D;,D,. denote
A®" DE", D respectively. By the hypothesis and Cauchy-Schwarz we get:

e < [F°AR| < |DY?F|o|D; *AR]2 < |D; *AR],

so expanding gives
(DZI/QQR)*(D;ZI/ZA*DI_IADZI_;/Q)D;Q2R > 52.

Using HDgl/ézRHg < 1 and repeated Cauchy-Schwarz gives us
(D%ZR)*(D;ZI/2A*D;1AD;;/Q)MDZIIfR > £2M.
Thus for F = D, !AR we know that
F*A(D,]A'D'AM-IR > M, (4)

Now we interpret this to extract the desired T and 1/, Consider a random walk between ¥ and
(I'x @) as follows, where each step is sampled proportional to p. The total number of steps is 2M —1,
starting from (yi,21) ~ fy,.. It goes through vertices (y1,21), 1, (Y2, 22), - - ., (Yam, 2m), €. Then
we can set p/(z,y,2) = Pr[z = xp,y = y1,2 = 21| and

M-—1
T(ZL’ Y,z) = HT xlay’nzl H T xlayl+17zl+1) T=TM,Y =Y,z =2Z21
i=1 i=1

Then (4) exactly tells us that u/, T satisfy the conclusion of the lemma. _To check that T is
nonembeddable note that T'(z,y, z) = T(x,y, z) for all (z,y, z) € supp(u), or |T(x,y, z)| < 1, where
we are done by Lemma 4.2. O

Now, by the random restriction trick (Lemma 2.3), we can ensure that supp(x~) contains exactly

(rep(z),y, 2).

Lemma 4.8. Under the hypotheses of Lemma 4.7, there is a distribution p~ with supp(,u )~:
{(rep(z),y,2) : (z,y,2) € supp()}, n’ > cn, and functions F : (£7)" — D,G : T — D, H :
" — D such that

’

n

you [F(2) G (y) H (2) 7 yi,20)]) >

=1

2M
(w2~ e /2.

We have reduced the size of the alphabet and support of the distribution so we may worry that
T :supp(n~) — {—1,1} may become embeddable into D. We show that if this is the case, then we
can show that the game has exponentially decreasing value. This can be viewed as an instance of
two player games.

Lemma 4.9. If T : supp(u~) — D is embeddable over D then for some ¢ := c¢(T, pu) > 0,

E(%yvz)"“/i@" é 2_cn'

P(2)G(y)H(2) HT@@,%,z»]

=1
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Proof. We first show that if T" : supp(u~) — D is embeddable, then there are no functions A : ¥ — D
and B : (I' x ®) — D for which A(x)B(y,z) = T(z,y,z) for all (z,y,z) € supp(p). Assume such
A, B existed. We will show how to create an embedding on supp(u) from one on supp(p~). Take
an embedding A'(x)B'(y)C'(z) = T'(z,y, z) for all (x,y,z) € supp(p~). Then we have

A(z) A'(rep(z))
A(rep(z))

A(x)
A(rep(z))

hence T admits an embedding on u, a contradiction.

So we may assume that 7' : X x (I' x ®) — D is nonembeddable. Critically, we have combined
I', ® so that this is two dimensional now. Thus, the conclusion follows from the two-dimensional
case, in Lemma 2.2, O

T(x,y,2) = A(x)B(y,2) = T(rep(z),y,2) = B'(y)C'(z),

4.3 The Relaxed Base Case

In this section, we reduce to u which satisfy a certain relaxed base case. This is to handle the Horn
SAT obstruction, as introduced in [BKM23al].

Definition 4.10 (Relaxed base case). We say that a distribution g on ¥ xI'x ® and ¥/ C ¥ satisfy
the relaxed base case if:

® iy is a product distribution.
e (y,z) uniquely determines x in supp(u).

e For a nonembeddable tensor T', functions G: I' - C, H : ® — C, and F' : ¥ — C with
Lt [F(2)] = By o, [Lowes [ (x) = F(2')P] > 7| F|3,
we have for a constant ¢ := ¢(T, u) and M = max{|X|, |T|, |®|},

[E(e,y,2)p [F(@)G() H ()T (2, y, 2)]| < (1= er! ™M) F||2]| G|z ]| H]l2-

The following lemma gives a reduction to the relaxed base case.

Lemma 4.11 (Reduction to relaxed base case). If there are functions F : ¥" — D, G : T™ — D,
H:o" — D with

n

E(z,y,z)wu‘g’” [F(SL‘)G(y)H(Z) H T('Tu Yi, ZZ)]
=1

then we can find X, T, ® and /ﬁ on ¥ XTIt x & and X' C ¥F satzsfymg the relaxed base case,

and n' > cn, functions f E=HY 5D, G: T - D, H: ®' — D, and nonembeddable
T :supp(ut) — D with

> €

)

> ¢Om(1), (5)

E(xvva)N(l/'Jr)@n [ H xla Yi, Zz

Proof. We construct ™t as follows starting from .

1. Apply the path trick (Lemma 4.6) to y. The result is a distribution x() on ¥ x Tt x ® such
that uﬁ}l has full support.
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2. Apply the path trick (Lemma 4.6) to . The result is a distribution x3 on ¥t x I't x @
such that u@(f; is full. We also will require that for all z and ¥ = (z,...,z) € T, there
isaye 't with (Z,y,2) € supp(,u(z)). This follows because if (z,¥,2) € supp(,u(l))7 then
(#,7,2) € supp(u®).

3. Merge symbols in ¥ using Lemmas 4.7 and 4.8. Relabel the alphabet as X1 still. Call this
distribution ;).

4. Apply a random restriction so that (y, z) is uniform. This is our distribution g’
5. Set X = {rep((x,...,x)) : x € T}

The existence of F, G, H, and nonembeddable T satisfying (5) follows from combining Lemmas 4.6
to 4.9. It suffices to show that p’ satisfies the relaxed base case. The first two properties follow by
construction. We proceed to showing the third property.

In fact we only use the weaker property that E.,, [leesr|F(2)]?] > 7||F||3. Assume that
IF|l2 = ||G|l2 = ||H|]2 = 1. For simplicity of notation, we use <,> in this proof to suppress
constants depending on M, u.

Let us multiply F'(z) pointwise by the same unit complex number so that

YyZ) [

is a positive real number. We may assume this throughout. Then we have the equality

’E(:v,y,z)Nu [F(x)G(y)H(z)T(ac, Y, Z)H =1- %E(x,y,z)rvu ‘W - G(y)H(Z)T(.%, Y, Z)|2 .

Assume for contradiction that |F(x) — G(y)H (2)T(x,y, 2)|? < A710M for all (z,y,2) € supp(u),
for some constant c. In particular, ||F(z)| — |G(y)||H(2)|| < cm?M.

Now, there is x € ¥’ with |F(z)|? = 7. For all z € ® there is y € I't with (z,y,2) € supp(u).
Using that |G(y)| <1 for all y (as ||G]|2 = 1), we deduce that

|F(a)] - er®M
L TeTo]

We next establish that |G (y)|, |F(z)| = 7™/? for all z € £,y € I'". Indeed, for any (z,%) such that
there is a z € ® with (z,y, 2) € supp(u), then |F(z)| > |G(y)||H(z)| — cm°"™M > |G (y)|\/T — M|
and

2T

F(0)] = er?
IG(y)| > W

as |H(z)] < 1. This implies that |G(y)|, |F(x)| = 7/2 for all z € ©*,y € 't because the z,y
coordinates are pairwise connected, so there is a path from the z € ¥/ with |F(x)| > 7Y/2 to any

x € X of length at most M.
Now, because T" is nonembeddable, there is (x,y, z) € supp(u) with

Fz) Gl AG) |,
F G

H
W)l [H)™

2 |F ()] = er®™,

T(‘T7y’ Z) -

z
z
From this, it is direct that

IT(2,y,2)G(y)H(2) — F(z)| 2 min{|G(y)H(2)|, |F(x)[} 2 7.

16



4.4 Reducing to High-Degree Functions

In this section, we will deduce Theorem 2 from the following bound on functions with high effective
degrees, which we show in Section 5.

Theorem 4. If u satisfies the relazed base case (Definition J.10), then there are constants ¢ :=
co(T,p),C = C(T,pn) > 0 such that for all G : I™ — C,H : ®" — C, and F : ¥" — C that is
effectively homogeneous with effective degree d,
n
By ypon [F (@) G H (2) [[ T(wisyi, )] < 2704 Pl Gl H]J2.
i=1
To deduce Theorem 2 from Theorem 4, the idea is to decompose F = 7}ejpr +(1- ’Tleifp)F ,
where [ is the identity operator. We can handle the former term because it causes the distribution
i to mix over ¥/, at which point the underlying game becomes essentially connected. The second
term has only high-degree terms, and we apply Theorem 4. To achieve the desired quantitative
dependence on n in Theorem 2, we will use a combination of noise operators instead of a single
operator to more effectively eliminate low-degree terms.
Our combination of noise operators comes from the following lemma.

Lemma 4.12 (Polynomial approximation). For any d € Z>q and e € (0,1/2), there are po, ..., pq €
[0,1 —¢] and co,...,cq € R such that:

1. Z?:()ijé? =1 fork=0,1,...,d,
2.0< Y0 gk <1fork>d+1.
d
3. S oles| < 200V8),
Proof. The proof uses Chebyshev polynomials and other tricks, and is deferred to Appendix A. O

We also prove that applying a single noise operator Tlef& to F' leads to a game whose value is
exponentially decaying.

Lemma 4.13. For F:¥" - D, G:IT" - D, H : ®" — D, u constructed as in Lemma 4.11, and
any § > 0, there is a constant ¢ := ¢(T, ) > 0 such that

n

E (4 ,2)opon [ TEe F(2)G () H (2) [ [ T(@i, i, 24)]
=1

< 2—c§n.

Proof. Recall that (y,z) determines x in the support of u. Thus we can (by abuse of notation)
write T'(y, z) = T(x,y,z). Let ' be the distribution defined as follows: sample (z,y, z) ~ u, then
al ~ Nfﬁg(:z), and return (2/,y, z). Then by definition,

E (o, [T F(@)G ) H (=) [ [ T (i, 20)]
=1

E(z,y,z)N(,u/)@" [F(x)G(y)H(Z) H T(ylv zl)] :
=1

For sufficiently small constant ¢ := ¢(T, 1), we can write ' = c€u+ (1 — c¢€)v for the distribution 7z
which is sampled as follows: sampled (z,y, 2) ~ p conditioned on x € ', and then resample z € ¥’/
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independently. Taking a random restriction (Lemma 2.3) gives that it suffices to show that for all
F:¥" 5D,G:T" - D,H: 3" — D, we have

nl

By e [F(2)G(y) H(2) [T 7w 2] <27
=1

Note that 7z is connected, so it suffices to show that 7" is nonembeddable over supp(). This follows
from the fact that Lemmas 4.7 and 4.9 only use values T'(x, y, 2) for z € ¥’ to show nonembeddability
of T. O

We can now show our main analytic result, Theorem 2.

Proof of Theorem 2. By combining all our reductions in Lemmas 4.6 to 4.8 and 4.11 (which either
increase € by polynomial factors, or decrease n by a constant), we assume that p satisfies the relaxed
base case. Let I be the identity operator on Lo(X", u&™). For parameters d € Z>( (chosen later)
and € = 1/4, let {¢;},{pi} be as in Lemma 4.12, and define T = Z;‘l:() cﬂ'p‘;ff. We now write

n

E(z,y,z)w,u®" [F(CB)G(y)H(Z) H T(xlv Yi, zl)]
=1
E(zy,2)~pon [TF ()G (y) H(2) H (i, yi, 2i)] + By, 2ypen (I = T)F(2)G(y) H () H T (x4, yi» 7))
i=1 i=1

We handle the first term using Lemma 4.13. Indeed,

E(ay.ypen [TE(@)G(y) H(2) [ [ T(@i, yi, 20)]
i=1
d n
< Z |Cj| E(x,y,z)w,u®” [EifFF(:L‘)G(y)H(Z) H T(xla Yis ZZ)] < 20(d\/§)2—c6n’
J=0 i=1

by Lemma 4.13 and that p; < 1 — ¢ for all j by Lemma 4.12. We use Theorem 4 to handle the
second term. Indeed,

E(ay,)~pon (I = T)F(2)G(y)H(2) HT(%‘, Yi» zi)]
=1
n d n
= Z(l - Z ij;?)E(w,y,z)N,u‘@" [Feff:k (iL‘)G(y)H(Z) H T(xza Yi, zz)]
k=0 §=0 i=1
< Z E(a},y,z)wu@’” [Feff:k(‘r)G(y)H(z) H T(l'm Yi, Zz)] < Z 2—ck(k/n)c <n- 2—d(d/n)07
k=d+1 i=1 k=d+1

where the first inequality uses Items 1 and 2 of Lemma 4.12, and the second inequality uses
Lemma 5.1 and ||Fef=F||y < ||F||2 < 1 for all k. To conclude, set d = ¢'n for sufficiently small
constant ¢, so that the total is at most 20(dVeE)g—cen 4 4y . 9—d(d/n)® < 2-¢'n, O
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5 Main Induction: No Complex Embeddings

The goal of this section is to show Theorem 4 by induction on n.

Theorem 4. If p satisfies the relazed base case (Definition 4.10), then there are constants ¢ :=
(T, pn),C = C(T,pu) > 0 such that for all G : T™ — C,H : ®" — C, and F : ¥" — C that is
effectively homogeneous with effective degree d,

n

E(z,y,z)fv,u@" [F(l‘)G(y)H(Z) H T(:Ela Yi, Zl)]
=1

—C nc
< 27U PG| H]J2-

Let P4 be the class of all functions F : £ — C such that all monomials in F have effective
degree at least d. Define

n

E(z,y,z)w,u@n [F(:U)G(y)H(Z) H T(m17 Yi, Zl)] :
=1

Yn,d ‘= sup
|Fll2<1,FeP(nd)
IGll2<1,][H||]2<1

Theorem 4 follows from the following lemma.
Lemma 5.1. If pu satisfies the relaxed base case, then v, q < (1 — c(d/n)oM(l))'yn,l,d,l.
Proof of Theorem . Tterating Lemma 5.1 a total of d/2 times gives:
Yd < (1 = ¢(d/n)OM Y2 < exp(—c - d(d/n)OM D). O
The proof of Lemma 5.1 proceeds by performing an SVD on the functions F, G, H.

Lemma 5.2 (SVD). For a function F : X" — C with |F|2 = 1, for M = |X|, there are functions

Fi,...,Fp : 5L 5 C, F,...,F}; : ¥ — C, and nonnegative real numbers k1,. .., ky satisfying:
1. Fi,..., Fa form an orthonormal basis.
2. F{,...,F}, form an orthonormal basis.
3. M k2=1.

4. F(z) =M k. Fo(x1,..., 20 1)F.(2,) for all z € T

Note that each F, € P("~14=1) because each F! has degree 1.

For notational simplicity, let I = {1,...,n—1} and J = {n}. We write ; = (x1,...,2p—1) and
rj = x,. Towards showing Lemma 5.1, because F' has all monomials of effective degree at least
d, we know that its effective influence satisfies Ief[F] > d. Hence there is an index j € [n] with
I; ¢ [F] > d/n. Without loss of generality, we let j =n. Let 7 = d/n.

This actually implies that the average effective variance of the F is large.

Lemma 5.3. We have: ZTG[M] K21 [F)] = I e [F] > 7.
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Proof. Indeed, if (x,,y,) are sampled by the distribution used to define I, we know

2
In,eff[F] = EI[,(In,yn)HF(xl7 wn) - F(%’[, yn)’2] = Exl,(xn,yn) Z HrFr(wl)(F;(wn) - F;(yn))
re[M]
= Ex;,(xn,yn) Z Ky Koy By (21) Frg ($I)(Fr/1 (7n) — Frll (yn))(Frlg (zn) — qug (Yn))
r1,r2€[M]
= ]E(ifnﬂn) Z ,{/3|F’I/‘(zn) - FT{(yn)P = Z K’zleff[F
re[M] re[M]
O

Perform SVDs on F, G, H using Lemma 5.2. We write

M M M
= Z/{rFr(xI)F;(l'J)aG(y) = Z)\sGs(yI)G;(yJ)aH(z) = Z'UJL‘Ht(xI)H);(:EJ)
r=1 s=1 t=1

Define the quantities:

ﬁ(sa t) = E(z,y,z)wu@’l [Fr(x>Gs(y)Ht(Z) H T(xi; Yi, Zz)]a
i€l

F(5,t) 1= By o)l Fr(2) G (y) H(2)T (2, y, 2)].

Then by definition we know that

n

E(x,y,z)wu‘g’” [F(l‘)G(y)H(Z) H T(xw Yi,s Zz)] = Z KT)\SI’Ltﬁ((S? t)ﬁ(& t)'
=1 r,s,t€[M]

5.1 Finding a Singular Value Gap

Let § < A satisfy that none of the k,, Ag, y¢ lie in [0, A], and § < (CM )1000M. We can find such

6, A with § > 7OMM) Let R = {r : k, > A}, S = {s: Ay > AV, T = {t : yz > A}. Note that
because |Fy.(s,t)| < Yp—1,4-1, |[F/(s,t)| <1 we know

S A OF (0| < | Y mehaEr (s D s, 0)] + M a0 (6)
r,s,t€[M] reR,seSteT
5.2 Cauchy-Schwarz and Simple Observations

For the remainder of the section, we assume that Lemma 5.1 is false for the choice of F,G, H. By
the Cauchy-Schwarz inequality we get:

Z Koy A1 o (3, t)F’ s,t)] < Z A2 ?Z|F (s,1)] \/Zmz Z Fi(s, )2 (7)

reR,seSteT seSteT reR reR seSteT

We have the following simple observations:
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Lemma 5.4. For all s,t we have: ), .y |f7:($,t)|2 <~

Proof. Write

~ Yepn B, 0)F,

Fop= - .
Ve 1B (s D12
Clearly |]}?’87t|]2 = 1. Thus, we get
2
> B (5, 8)% = |Epyoyeper | Fot()Gr(y)Hs(y) 7@, v, Zz‘)] <V 11
re[M] el
O
Analogously, we have:
Lemma 5.5. For all s,t we have: 3, .y |j72(5,t)|2 <1
Proof. The proof is identical to that of Lemma 5.4. O

Lemma 5.6. For all v we have: 3, iy ]ﬁz(s,t)lz <1

Proof. This is one of the few places in the proof we use that z is determined by (y, z) under the
relaxed based case (Definition 4.10). To clarify this throughout this proof, we will write x as z(y, 2).
Define the functions Usy : I' x ® — C as Us4(y, 2) = GL(y)H{(2)T(x(y, 2),y, z). These functions
are orthogonal over Lo(I" x ®, p1,, »). Indeed for (s1,t1) and (s2,%2),

E(y,z)wuy,z [Usl,tl (y7 Z)U827t2 (y’ Z)] = E(y,z)wuy,z [G{sl (y)G{SQ (y)Hél (Z)Htlg (Z) |T($(ya Z)a Y, Z) ’2]
= ]E(y,Z)N,uy’z [Ggl (y)G{SQ (y)Hfil (Z)H£2 (Z)] = 1(81,151):(82,152)7

where we have used that p, . is a product distribution, |T'(z,y,2)| = 1 for all (z,y,2) € supp(u),
and orthogonality of the families G, and H]. The lemma follows because F/(s,t) = (F/,Usy). O

Note now that these lemmas show:

ST O F (s )P <2 4 and > k2 Y [Fis,t)P <1

seSteT reR reR seESteT

Thus, if Lemma 5.1 fails, we must have near-equality of Lemmas 5.4 and 5.6.

Lemma 5.7. For all s € S,t € T we have: ) .p \ﬁ(s,t)]Q >(1- 4‘2\{3 V2 gt

Proof. If the contrary holds, then

D XY F(s )P < (1= 40MP) gy,
seSteT reER

because Ag, iy > A. Combining this with (6) and (7) would show Lemma 5.1. O

Lemma 5.8. For allr € R we have: 3 g e |IT\,’,(S,1€)|2 >1-— 4%\243.
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Proof. If the contrary holds, then

dorr D s 0 <1-46M°,

re€R seSteT
because £, > A. Combining this with (6) and (7) would show Lemma 5.1. O

The remainder of the section is split into two cases depending on whether |R| < |S||T| or |R| >
|S||T"|. The former is handled by showing that we can perturb F,, G, H; to reach a contradiction.
The latter is handled by using the one-dimensional bound guaranteed by the relaxed base case.

5.3 Handling the Case |R| < |S||T]

In this case we will show how to build functions F , é,ﬁ] that violate the inductive hypothesis.
Define the | R| dimensional vectors V(5 defined as v = F,(s,t). Because |R| < |S||T|, we can
find some (s1,t1) and (sg,2) such that [(V(s14) V(52:22))] is non-negligible.

Lemma 5.9. For q > d, and vectors vy, ...,vq4 € CY, there is i # j such that
(i, v5)| > A~ ill2vg]]2-

Proof. By scaling we may assume that ||v;||2 = 1 for all i. Let V € C?*? be the matrix whose i-th
row is v;. Then VV* has entries (v;,v;), and has rank at most d. Hence

Yl o) = Tr(VV*)?) 2 d - (¢/d)* = ¢*/d.
ij

Thus there is an ¢ # j with

as long as ¢ > d + 1. O

Let (s1,t1) # (s2,t2) (we do allow for sy = sg or t; = to) satisfy

S S - S S 1
(V) vzt > | R~V ey |y iz, > m%%—l,d—lv (8)

where we have used Lemma 5.4.

Now we define the perturbed functions é, H. Let oy for s € S and B; for t € T be unit complex
variables. Let A for s € S and By for t € T' be nonnegative real numbers satisfying > g A2 =1
and Y. Bf = 1. Define

é = ZasAsGs and ﬁ = Z/BtBth.

ses teT

Note that |G|z = |[H||2 = 1. Define the coefficients

F = E(z.y.2)pl [F.(2)G(y)H(z) HT(% Yi, 2i)]5
il
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and the function F' = M. Then ||F|jz = 1 and thus
V2rer [P

2
S IEL = By [F@GWH () [] T yi 2))| <¥21410 (9)
reR el

for any choice of ay, B¢, As, B; by the inductive hypothesis. Expanding the leftmost term gives

STIEP= Y acAdayAyBiBiBu By Fr(s,t)Fo(s', 1))

reR r,s,t,s’ t/
= Z aSAS@ASIBtBt@Bt/ <V(S7t),v(5/,t/)>.

Y
s,t,s’,t

Let us take the expectation of the previous expression over a; for s ¢ {s1,s2} and 5, for t ¢ {t1,t2}
being independent, uniform unit complex variables. This gives

E Y aa@ BB (VD V)
a875¢{81752} s.t.s't!
Bet¢{tita} L7777
= > AB|VEI3 (10)
seSteT
+ Y ABBB By (VD V) (11)
sES
tt' e{ty, b} t£L
+ Y aAag Ay B (VD V) (12)
s,8'€{s1,52},5#s'
teT
+ Y Ay AgBiBBy By (VD V), (13)

s,5'€{s1,52},575
tt e{ty,ta} t#t

By Lemma 5.7 we know that the expression in (10) is at least (1 — 4‘2\44 ’ )7721_17 d—1- The rest of the

argument is split into subcases depending on whether s; = s9, t; = t2, or neither.

Case 1: We have ](V(Sl’tl), V(S2’t2)>\ > 4(2]‘4/‘[3 7721—1,11—1 for some s; = sp or t] = to: By symmetry,

we only consider the case s; = sg. Let s = s1. In this case, the terms in (12) and (13) vanish. We
set A; = 1 and all other Ay = 0. set By, = 1/v/2 and By, = 1/v/2. The the expression in (11)
simplifies to

1 — 1 — —
56151 Bt2 <V(87t1)7 V(S7t2)> + 561526151 <V(s,t2)’ V(S7t1)> = Re (6151/8152 <V(S7tl)7 V(s’t2)>> ’

Thus, we should choose 3, 3:, to make the final expression a positive real number. Then its value

is [(V(t) sty > 4(2\{3 %2#1@71 by assumption. So the total sum is greater than

46M3N 46 M3 9
1= =7 ) a1+ —x7 Yn-1d-1 = Yn-rd-1>

a contradiction.
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Case 1 does not hold and (V1) V(s2.42))] > TiV2_1 41 for some s; # sy and t; # to
Set Ay, = Ay, = By, = By, = 1/v/2. We first bound the expressions in (11) and (12). Because
Case 1 does not hold, the expression in (11) can be lower bounded by

46M3
Ad Yn—1,d—1>

— max |<V(Svt1)7v(8¢2)‘ >
s€{s1,s2}

and an identical bound follows for (12). The expression in (11) can be simplified to

1

i (“81%6t1/3t2<v (), V1)) 4 gy B, By (Vo) Vi)

+ Qg By By (VO VEL)) 4 g 0 B, By (V0 1), V(w»)

1 — _
= 5 Re (04810‘7825t1ﬁt2 <V(Sl7t1)a V(S27t2)> + O‘szaiﬁﬂh 61‘/2 <V(S27t1)¢ V(817t2)>) . (14)

Define o = o, @y, and 8 = B4, B, Pick a, uniformly at random so that af(V(suh) V(s2.t2)) jg
a positive real number. Say a8 = w. Then E[a~!8] = E[w™!8%] = 0, so the second term in (14)
vanishes. Thus in expectation, the total value of equations (10) to (13) is at least

46M3N 46M3 46M3 1
1_7A4 Tn-1d-1 " AT Yn-ld-1 T Az Yn-ld-1t M%z Ld—1 >z Ld—1>

a contradiction.

5.4 Handling the Case |R| > |S||T)|

In this case we use the relaxed base case (Definition 4.10). We start with the following observation.

Lemma 5.10. If |R| > |S||T| then for all s € S,t € T we have ), .p \F’(s HF>1- 4‘5M5,
Proof. By Lemma 5.8 we know that

i 46 M3 ASM3
Z ’F;(S,t)FZ’R‘ (1_ A2 > Z’SHT‘ (1_A2>.

reER,seSteT

Because ) . p |F’ (s,t)]? < 1forall s € S,t €T by Lemma 5.5, the conclusion follows. O

For s € S,t € T, define the functions

Fv ZT‘ERF/(S t)F
st —
VY er | Fils 02

Note that || Fiy|2 = 1 and

E(a g0 | Fot (@) GL(9) H(2)T (,y,2)| ) = D [Fi(s,t)* =1 - 45M5, (15)
reR
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by Lemma 5.10. Now we leverage the relaxed base case property of i to get that

1
~ 46 M® "\ 10031
IefF[Fst] < < ) = 5/7

cA?

for all s € S and t € T. The remainder of the proof converts this into an effective influence bound
on the F/ functions themselves to contradict Lemma 5.3.

In the following, treat all functions to be on the space Lo(I" x @, 11 »), where we recall that
(y, z) is a product distribution and determines z uniquely in the relaxed base case. Note that for
all s € 5t € T that

= ~ ~ 86 M°
B~ GLHIT o = | Fall3 + |GLHITIB — 2E¢s0) [Fu@) L) HI T (w,9.2)] < 2y, (16)
where we have used (15) and that the expectation is real. For all r € R we have
|Fi= > Feord| <|[F- X Beocmr| + Y Feo|cumr - Fi

seSteT seSteT seSteT

By (16) the second term can be bounded by

o = 8OM°®  85MT
! 7/ 2 o
3 F,f(s,t)HGSHtT—FSt S Mo - o
seSteT
The first term can be simplified to get
T A — 1/2 40 M3
|77 > Fenamr| = (17— X Feor)” < 200
sesSteT seSteT

where we have used that the functions G, H{T are orthonormal (see the proof of Lemma 5.6), and
Lemma 5.8. By the triangle inequality again, we get

LalF] < L [Fl = Y Flls,OFa| + > [F(s,0)l el Ful

seSteT seSteT
<|F- X FeoFd,+ > 1FsDiLalFl
seSteT sESteT
46M3  86MT
+ ——— + M?§ < 2M?Y,

= A2 A2

by our choice of § = (th)loooM

. This gives that

> wH(Fl] < M6+ ki a[Fl] < M&® +2M*0 < 7,
re[M] reR

1
by the choice of § again, because ¢’ = (ﬁfgj) 9% This contradicts Lemma 5.3.
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6 Complex Embeddings: Reductions

The system f(z) + g(y) + h(z) = t(z,y,2) (mod m) has a solution for all (x,y,z) € supp(u) iff
it has a solution for all prime power factors p¥ of m by the Chinese remainder theorem. So we
assume m = p® for the remainder of the paper. If T is nonembeddable over D, then we are done
by Corollary 4.1. So we assume that T' is embeddable over D, and hence there is an integer N and
functions a : X = Zpkn, b : T = Zyey, 00 @ = Zypry with

a(z) +b(y) +c(z) = N -t(x,y,2) (mod p"N).

We assume that N is minimal. Thus the equation f(z) + g(y) + h(z) = t(2,y, 2) (mod p*) can be
rewritten as f(z) 4+ g(y) + h(z) = 0 (mod p*N) where f(z) = N - f(z) — a(x).

This motivates us to apply the techniques of [BKM24] to reduce to the case where the distribution
w is over all (z,y, z) € A% with x +y 4+ z = 0, where A is a finite abelian group (the master group)
that governs all abelian embeddings of u.

6.1 Master Group and Embedding

We start by introducing the master embedding, which essentially captures all the abelian embeddings
of p. The master embedding maps into a finite abelian group as long as p has no Z-embeddings.

Definition 6.1 (Master Embedding). Let p be a distribution on ¥ x I' x &, and let M =
max{|3|, |T'|,|®|}. Let r = Op(1) be sufficiently large. Let (01,71, ¢1),--.,(0s,7s, ¢s) be all em-
beddings of p into cyclic groups A, ..., As of size at most . Then a master embedding of u into

[Licjq Ai is given by
om(z) = (01(2),...,05(2)), M) = 1)), Pm(z) = (¢1(2), ..., ds(2)).

As argued in [BKM24], for sufficiently large r = Ojs(1), the master embedding captures all
embeddings that are not equal up to simple transformations.

Lemma 6.2. If u has no Z-embeddings, then o(x) = o(x') for all embeddings o,v,¢ of p if and
only if om(z) = on(2’), and simliar for the y, z variables.

We also do a reduction to the embedding functions a(x) +b(y) +c(z) = N -t(x,y, 2) (mod p*N)
to ensure that (a,b,c) are constant on the master embedding. Specifically, define a(z) = a(z)
(mod N), and similar for b,¢, and let i(z,y,2) = (a(z) + b(y) + &(2))/N. We claim that the
game with target values ¢ is equivalent to the game with target value ¢. Indeed, note that if
f(z)+g(y) + h(z) = t(z,y, z) then for

r a(z) — a(x)

Fla) = fla) + S

(1) O R N © )

we have f(z) + g(y) + h(z) = t(z,y, 2) (mod p).
Thus, from now on, we make the following assumption.

Assumption 6.3. We write N -t(x,y,z) = a(x)+b(y)+c(z) (mod p*N) where 0 < a(z),b(y), c(z) <
N for all x,y, 2.

This way, we know that a, b, ¢ is an embedding, hence it is captured by the master embedding.
Lemma 6.4. Under Assumption 6.3, (a,b,c) is an embedding. Thus, if om(x) = on(z’), we have

a(z) = a(z’).

26



6.2 Modest Noise Operator and Modest Influences

The goal of this section is to define the modest noise operator and modest influences.

Let p be a distribution on ¥ x I' x ®, and consider a set ¥’ C X. Let A be the master group,
and for each a € A, let X!, = {x € ¥/ : on(x) = a}. Create an orthonormal basis of L?(%, ) called
B = B'UUgeaB, as follows. B, is an orthnormal basis for functions supported on 3/ that are
orthogonal to constant. B’ is an orthnormal basis for functions that are constant on each X

Any function F € Ly(X", u™) can be written as F = > epen F(X)x. For a character x, define
its modest degree as moddeg(x) = {i : xi € UgeaB,}. This allows us to define the modest degree
decomposition

modest=i _ Z F\(X)X-
xEB®™:moddeg(x)=1

Now define the modest influence as

Imodest[F] = Z Ii,modest[F] = E(m,y)eE"HF(Q:) - F(y)|2],

i€[n]

where (z,y) are sampled as follows. Sample z € X" according to p®". If z; ¢ ¥/ set y; = x;.
Otherwise, set y; to be from u, conditioned on y; € E;m(x_).
Analogous to the case of standard influences we know that

Limodest [ F'] = Z |ﬁ(X)|2 and  Imodest[F] = Z moddeg(X)|ﬁ(X)|2.
XEB®" x;€B\B’ xeB®™

We finally define the modest noise operator 71"l‘;)de5t. Define 71"_“;)de5tF () =E,. Npredest () [F(y)],

where Nf"_"ge“(a:) is the following distribution. For each i € [n], with probability 1 — p, set y; = ;.
Otherwise with probability p, do the following. If z; € ¥\ ¥/, set y; = x;. Otherwise, sample y;
from i, conditioned on y; € B!, (@) Analogous to the standard noise operator, we have

7-1r10pdestF _ Z (1 - p)iFmodest:i'

0<i<n

6.3 Saturating the Master Embedding via Path Tricks

The goal of this section is to perform multiple path tricks as in Section 4.1. This is with two goals
in mind. The first is to enlarge the sets {om(z) : € £}, {1m(y) : y € I'}, {¢pm(2) : z € ®} until each
of them forms a group. In fact, it is easy to argue that the three groups must be identical.
The secondary goal will be to work towards establishing a variation of the relaxed base case.
Throughout this section, p,¢ will denote a distribution and target value, and f: X" — Z7 . ¢ :
I — 2z h:®" — Z7 will be strategies. Let the winning probability of f, g, h be represented as

val,«(f,g,h) = Pr [f(x)i +9(y)i +h(2); = t(xi,¥5,2) (modm) V i=1,2,...,n].

(xyy7z)~y,®"

Lemma 6.5. Let p,t represent a game of value less than 1, and let val,¢(f,g,h) > e. If p*
represents the result of applying a path trick to p_with r steps (Deﬁmﬁoné.é’), then there is tT such
that i+, tT has value less than 1, and there are f,g,h with val,+ 1+(f,g,h) > .
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Proof. Without loss of generality, let ™ be the result of an x path trick. In this case, we set

27“—1 2r—1_1
tH(F g, z0r1) = )ty z) — Y @k v, 7).
i=1 i=1
This definition actually does not depend on ys, ..., Ygr-1,21,...,29r-1_o. Indeed, because a(x) +

b(y) +c(z) = N - t(z,y,2) (mod p*N) we have

27“71 27‘71_1
N -tH(Z, 91, 29r-1_1) = Z a(x;) — Z a(zl) + b(y1) + c(zgr-1_1) (mod p*N),
i=1 i=1

so t* is uniquely determined modulo p¥.
Now, u™, t* has value less than 1 because for all (z,y, 2) € supp(u), we have t*((z,...,2),y,2) =
t(z,y, z). We will show the following by induction.

or—1 or—1

r—1 T

CoPro Y fa) = f@) +g(un) — 9@t ) = @y z) — tHah yie, z) | =€
xl:£1:"'7$27“717w27‘_1 i=1 i=1

Y1sYgr—14q
Z1yee3%9r—1

(17)

Let us establish the case r = 1. Because val, ;(f, g,h) > €, we get

2
8sEz{ Pr vun+ﬂm>t@hmwn=h@mﬁ=4]
(z1,91,21)~p)

<Bo [ Pr (70 ol) — o) = e = oF
(1,y1,21)~p@)

=E. Pr [f(z1)+9g(y1) —tx1,y1,21) = f(z2) + g(y2) — t(z2,y2,21) = h(21)|21 = 2]

(Ihyl,Zl)NM
(@] ,y2,21)~p

< Ez( Pr : [f(x1) = flz2) + 9(y1) — g(y2) = t(z1, 91, 21) — t(2), y2, 21) |21 = 2] (18)
X1,Y1,21 )~
(x],y2,21)~p

= Pr [f(z1) = f(=1) + 9(y1) — 9(y2) = t(z1, 91, 21) — t(27, 92, 21)]- (19)

xl,xl

Y1,Y2
21

We complete the induction with a similar approach. By induction

_QT 1 gr—1
2r+1 QT 1+1 /
< Eyyfl“ , Pr , § f(i) D)+ 9(y) — § (@i, vis 2i) — U5 Yit1, 2)
x17x17---7x27717$2r71 =
Y15--5Yor—1 =1
Z1y--3%9r—1
_27"71 gr—1
/ QT 1+1 !
= Ey27'*1+1 o ! xPl" o E , f(i) = f(x5) + 9(y1) — E t(s, Yi, 2i) — H(25, Yiv, 2i)
1,L15-5Lor—1, or—1 . —
Y15--5Yor—1 —l_l i=1
Z1ye-3%9r—1

Expanding the last expression and removing the g(y? ' ) like in (18), (19) completes the induction.
To conclude, we discuss the choices of f g,h We set f( ) = 212;_11 fla) — er_l_l f(z}) and

i=1 7
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g(y) = y. Finally, for each 2 € ® we randomly choose 71(2) as follows: generate (z,y,2’) from p
conditioned on 2’ = z, and set h(z) = t(x,y,2') — f(x) — g(y). Then (17) exactly tells us that
E;[val,+ 4+ (f,g,h)] > ¥ as desired. O

We study how embeddings evolve under the path trick.

Lemma 6.6. Let pu+ be the result of applying an x path trick to p. If o+, v, ¢ is an embedding of
u™, then there must be an embedding o,7, ¢ of u such that v*(y) = b(y) for ally € T, ¢7(2) = ¢(2)

for all z € @, and o+ (F) = Y2, o(zi) — Y2, Lo(a)).

Proof. Recall that ((z,...,2),y,2) € supp(u™). Thus, there is are embeddings ,v, ¢ of p with
Y (y) =(y) and ¢7 (2) = ¢(2). If (&, 91, 29r-1-1) € supp(u™), then

gr—1 gr—1_1
ot (@) = =) — (1) = Y o(w) — Y ala)).
=1 i=1

Finally, we discuss how to augment the image of the master embedding.
Lemma 6.7. Consider the following sequence of steps to a distribution p.

1. Perform a z path trick with r > logy M.
2. Perform ay path trick with r > logy M.

3. Perform a x path trick with r = 2.

Then if u had master embeddings ow, Ym, Om, then the new distribution u* has master embeddings
ob v, o generated according to Lemma 6.6. In particular, Image(ym) C Image(v,)), Image(¢m) C
Image(oyh), and for all x1,x9,x3 € ¥ we have on(x1) — om(z2) + om(z3) € Image(a)).

Proof. Everything before the final sentence follows from Lemma 6.6. Let u/,u” after step 1, 2
respectively. In u/, (x,y) has full support. In p”, (z, 2) has full support, and for all x € ¥,y € T there
is some z with (z, (y,...,y),2) € supp(i”). Now, we find a path containing any 1, e, z3 € . Pick
ay € . Let 21,2 be such that (z1,(y,...,y),21) € supp(’) and (x2, (y,...,y),22) € supp(u”).
Because (z, z) has full support in p”, there is i with (x3, ¥, 22) € supp(p”), as desired. O

By shifting, assume that 0 € Image(ow), Image(ym), Image(dm).

Lemma 6.8 (Saturated embedding). Let p,t represent a game of value less than 1, with strategies
[,9.h withval,,(f,g,h) > €. Then there is a game pt, ¢+ of value less than 1, and strategies f, g, h

with val,+ ¢+ (f, g, h) > e9%W . Additionally:

1. The master embeddings o, Ym, bm of p* satisfy for some finite group A:
Image(owm) = Image(ym) = Image(én) = A.

2. (y,2) has full support in u™*.

Proof. Repeating Lemma 6.7 multiple times, and its symmetric y, z versions, we eventually reach
a distribution pu* where Image(oy,), Image(ym), Image(ém) are subgroups. These must be the same
subgroup because (say) (z,y) has full support. Then for any a € Image(ow),b € Image(ym), we
know that —a — b € Image(¢m). Let A = Image(ow). Item 2 can be guaranteed by applying one
more z path trick. The bound val,+ .+ (f,g,h) > £Om 1) follows since we apply Lemma 6.5 a finite
number of times. O
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6.4 Merging Symbols

We apply symbol merging in this section as in Section 4.2.

Lemma 6.9. Let (i, t) be a game of value less than 1, with strategies f, g, h with val,+(f,g,h) > ¢.
Then there is a distribution p' with {(rep(z),y, 2) : (z,y,2) € supp(p)} C supp('), t' on supp(u’)
with game value less than 1, and strategy f such that val, v (f,g,h) > g2M

Proof. To avoid repeating arguments, we will show this by combining Lemmas 2.1 and 4.7. We
use the same notation as the proof of Lemma 4.7. In particular, u’ is still given by the random
walk between ¥ and (T' x ®), and we let N - #/(z,y,2) = a(z) + b(y) + ¢(z) (mod p*N). Clearly,
(1/,t') has game value less than 1 because t'(z,y,2) = t(z,y,z) for (x,y,2) € supp(p). Finally,
we set ]?(93) as follows: pick (y,z) as a random neighbor of = propotional to mass in y, and set
f(z) = t(z,y,2) — g(y) — h(z). Define Fg, Gg, Hg as in Lemma 2.1, and Rg(y, z) = Gs(y)H(2).

Elvaly v (f,9,1)] = Esezp B FSA(D, A"D, ' A)Y ! Ry
— Esezy, |(D}*Rs)"(D,}/*A"D; ' AD, /%)M D}/ Rs |
* *TYy)— * *TY)— M
> Egezn [(REA*D;'ARS)M] > Egezn [REA*D, 'ARS]
> Esezn [[Fs ARs|P|M > Esezy [Fs” ARg)*

2M 2M
:Valmt(fag?h) > € )
where we have applied Jensen’s inequality and Lemma 2.1 several times. O

Now we show that we can reduce to when the support is exactly (rep(z),y, z). This is essentially
a repeat of the arguments in Lemmas 4.8 and 4.9.

Lemma 6.10. Let (i1,t) be a game of value less than 1, with strategies f, g, h with val,¢(f,g,h) > €.
Then there is a distribution p~ with support {(rep(x),y,2) : (z,y,2) € supp(p)}, (y,2) is a product
distribution, t— on supp(p~) with game value less than 1, and strategies f,g,h on n' > cn variables

with val,,— —(f,g,h) > e2M /2.

Proof. We may assume that (p,t) are as constructed in Lemma 6.9. Then p=, ¢, f, §,ﬁ are formed
by taking a random restriction. It suffices to show that (x~,¢7) has game value less than 1. We
show that otherwise, the two player game on 3 x (I" x ®) with target value t(z,y, z) was unwinnable,
so we can apply a two-player parallel repetition theorem to reach a contradiction [Raz98|. Indeed,
assume there are strategies 7(z) + s(y, z) = t(z,y,2) (mod m), and f(x)+g(y) +h(z) =t~ (x,y, 2)
for (x,y,z) € supp(p~). Then clearly

t(w,y,2) = r(x) +s(y,2) = (r(x) —r(rep(x)) + r(rep(z)) + s(y, 2)
= (r(z) —r(rep(x)) + 7 (x,y,2) = [f(x) + r(z) — r(rep(z))] + 9(y) + h(2),

so t admits a strategy with value 1, a contradiction. O

6.5 Establishing the Master Relaxed Base Case

The goal of this section is to establish an analogue of the relaxed base case in this setting.

Definition 6.11 (Master relaxed base case). We say that a distribution g on ¥ xI'x ® and ¥/ C %
satisfies the master relaxed base case if:
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® iy is a product distribution.
e (y, z) uniquely determines z in supp(u).

e For functions G: I' - C, H : ® —» C, and F : ¥ — C with

Imodest[F] = Ex,a}’Nuz[1z,x’62’1om(m):om(w’)|F($) - F(x/)|2] > THF”%’
we have for a constant ¢ := ¢(u) and M = max{|X|, ||, |®|} that

E(r,y,2)ou F(2)G(y) H (2)] < (1= er M) || F ]| G| H 2.

As in Lemma 4.11, we show that applying two path tricks, merging, and taking a random
restriction results in a distribution p that satisfies the master relaxed base case. In the next section,
it will be important to remember that we got to a distribution satisfying the relaxed base case in
this manner, because we require that the original distribution is contained inside it.

Lemma 6.12. Consider a distribution p on X xI'x ®. Perform the following sequence of operations
to L.

1. Apply the path trick (Lemma 6.5) to p on coordinate y to reach a distribution p on ¥ x
't x .

2. Apply the path trick (Lemma 6.5) to pt) on coordinate x to reach a distribution p? on
Tt XTIt x ®.

3. Merge symbols in X% using (Lemma 6.10) to reach a distribution M(S).
4. Random restrict p3 so that (y,z) is uniform. Call this distribution u™.
5. Set X' = {rep((z,...,x)): z € L}.

Then u™ satisfies the master relazed base case with the set Y.

Proof. The first two items of Definition 6.11 are satisfied by construction. We focus on the last
item.

Relabel £, T'" as X, T for simplicity. Start with the observation that Ey.,, [1zesv|F (2)|?] >
7||F||3. Assume that |F|j2 = ||G]|2 = ||H||2 = 1. For simplicity of notation, we use <,> in this
proof to suppress constants depending on M, u.

Let us multiply F'(z) pointwise by the same unit complex number so that

B¢

T,Y,2)~ [F(l')G(y)H(Z)]

is a positive real number. We may assume this throughout. Then we have the equality

B F@CWHE = 1~ 5B ey 210 [[FE) — C)H ()]

Assume for contradiction that |F(x) —G(y)H (2)|? < er1%%M for all (x,y, ) € supp(i). In particular,
|1F ()] = |G| H(2)]] < er®™M.
As in the proof of Lemma 4.11, we can establish that |F(x)|,|G(y)|,|H(z)| = 7M/2 for all

x € X,y €T, ze ®. Now, we actually establish that |F(z)| must be nearly constant by using that
1 has no Z-embeddings. Recall that ||F(z)| — |G(y)||H(2)|| < 7°°M. Using that |F(x)| > 7M/2
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gives us |1 — |[F(2)| " YGW)IIH(2)|| S 7M. Define f'(z) = —log [F(x)], ¢'(4) = log|G(y)], H'(2) =
log |H(z)|. Then we get

1f' () +d'(y) + B (2)| S 7 forall (z,y,2) € supp(n),

ie., f',g',h are approximately a Z-embedding. By the Dirichlet approximation theorem, for N =
(CT)*M there is some ¢ < N and integers o(z),y(y), #(z) with

W)\ 1
q |~ qNYGM)

1
= GN1/BM)’

1

¢(2)
= gN/GM)’

q

h'(z) -

J'(y) -

Thus

0(2) + () + 6] < alf' ) +9'(9) + K + 1oy S NrOV 43(0m) 0 < 1.

Hence 0,7, ¢ form a Z-embedding, so they are all constant. Thus
1
! _ -3
[log |F(2)| — 1og | F'(2)| < <7375 = (C7) ™,

so [1— |F(x)|/|F(2")|] £ (C1)~3 for all x, 2.
To conclude, we will establish that the arguments of F'(x) are nearly constant. Recall that
|F(z) = Gy)H(2)| £ 7°°M and |F(2)],|G(y)], |H (2)] 2 7/, s0

7_49M Z

Let f'(z) = arg(F(x))/(27), ¢'(y) = arg(G(y))/(27), h'(z) = arg(H(z))/(27). A direct calculation
gives that || f'(z) + ¢'(y) + M (2)llr/z < 79M i e f ¢, B nearly form an embedding. Applying
Dirichlet approximation again gives

1

¢(2)
= GN1/BM)’ =

h'(z) - .

This gives that

|20t 4200+ 002)

3
/ / /
. </ (@) +g'(y) + B (2)|lr/z + (NG <1/q.

Thus, o(z) + v(y) + ¢(2) =0 (mod q), i.e. forms an embedding. Thus, for any z, 2z’ with oy (x) =
om(z") we have o(z) = o(2’) by the definition of the master embedding. Thus, for any x, 2’ with
om(T) = om(2") we have that |f'(x) — f'(2')| < (C7)~3. Combining this with |1 — |F(z)|/|F(z")]| <
(C1)73 for all z, 2’ gives |F(z)— F(2')| < 773 for any o (z) = o ('), contradicting the hypothesis.

0l
6.6 Applying the Modest Noise Operator

In Section 7 we will show the following bound on functions with high modest degree.

Theorem 5. If u satisfies the master relaxed base case (Definition 6.11), then for any G : I'™ — C,
H:®" = C, and F : X" — C that with all terms having modest degree at least d:

—c n)¢
|E ey, 2ppon [F(2)G(y)H(2)]| < 27T B |Gl H o
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We will apply this bound to reduce to studying functions that are constant on the master
embedding. The idea is to apply the modest noise operator, apply Theorem 5 to remove the high-
degree terms, and then take a random restriction onto a distribution that distributes mass equally
over inputs with the same master embedding.

Lemma 6.13. Let i be a saturated distribution on X xT' X ®, and let v be a distribution on AxT X ®
sampled as follows: sample (y,z) ~ py. -, and return (—om(y) — om(2),y, 2).

For any constant ¢ > 0, fgr al~l sufficiently small ¢ (in terms of c’)i and valy ,(f,g,h) > € for
€ > 27" there are strategies f,g,h on n/8 coordinates with val,(f,g,h) 2 gOm(1) /9c'n,

Proof. Perform path tricks and merging as in Lemma 6.12 to transform g into u™ which satisfies
the master relaxed base case. For simplicity, relabel f, g, h as the resulting strategies. Note that
this reduces n by a constant, due to random restrictions, and val,+ ,(f, g, h) > ¢’ for ¢’ = gOm),
Let d € Z~p be chosen later, € = 1/4, and {¢;},{p;} as in Lemma 4.12 for ¢ := . Let
T = Z?:o CijTOdESt. Let Fs,Gg, Hg be as defined in Lemma 2.1. Let a,b,c and N satisfy a(x) +

b(y) +c(z) = N - t(x,y,2) (mod p*N), and define
o 271 - a(x) o 27mi - b(y) o 2mi - ¢(2)
A(z) := exp <pkN> , B(y) :==exp (pkN , and C(z) :=exp N )
For 5§ C Zz,, define As(z) = [[;¢pn A(x)%, so that Ts(x,y, z) = As(x)Bs(y)Cs(z) for all (z,v, 2) €
supp(p). By Lemma 2.1,
val,+ 1 (f, 9, h) = By y o) mutyen [Fs(2)Gs(y) Hs(2)Ts (2, y, 2)]

=B y)n(uryen (I = T)(AsFs)(2)(BsGs)(y)(CsHs)(2)]
+ Egy,)n(utyen [T (AsFs)(2)(BsGs)(y)(CsHs)(2)] .

— —

We will bound the first term using Theorem 5. Indeed,

By ) m(utyen (I — T)(AsFs)(z)(BsGs)(y)(CsHs)(2)]]

d
= D= By on [(AsFs) ™= (2) (BsGs) () (CsHs) (2)]
k=0 =0

< Z 2—ck(k/n)c <n- 2—cd(d/n)c7
k=d+1

where we have used Lemma 4.12 and Lemma 7.1. For the choice d = ¢/n for ¢ < ¢/(€+1) | we know

that 2-2dd/n)) < ' /2, because &/ > 27", Thus Lemma 2.1 and triangle inequality give

d
> el ‘ESNZ%E@,%@NW)W (T4t (AsFs) () (BsGs)(y) (CsHs)(2)]
=0
> valyty(fog,h) —€'/2>€'/2.

Because Z;?:l ;] < 20 by Lemma 4.12, there is some j with

Esng, E(n g2~y on [T (As Fs) (2) (BsGs) (y) (Cs Hs) ()] | = & /291D 2 eOmll) j20(m),
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Define the distribution ' as follows: take a sample (z,y,2) ~ p*, and then resample z’/ ~
N{“_ngSt(x). Then the above expression equals

|Es~zp Bz y.2)~(u)2n [(AsFs) () (BsGs) (y)(CsHg) (2)]| = valew (f, g, h),

by Lemma 2.1 again. Thus val; ,/(f, g,h) 2 gOm(1) 190(¢'n) - Formally, we need to define the tensor
t on the support of p/. However, by Lemma 6.4 we know that for any x, oy is constant on the
support of N{"f,ffs"(ar), so t just inherits its value.

To conclude the proof, we will take a random restriction of u/. Note that all atoms have
in p/ value at least 1 — p; > € for all j = 0,1,...,d, by Lemma 4.12. By construction, p*
contained all points of the form (rep((z,...,x)),(y,...,y),2) for (z,y,2) € supp(r). Thus we can
take a random restriction onto a distribution v supported on (z’,y, 2) for all (y, z) € supp(u) and

om(2") = om(rep(x)) = —om(y) — om(z). The random restriction reduces n to at least n’ = én/2 =
n/8 coordinates, and only affects the winning probability by an exponentially small amount (see
Lemma 2.3). O

Apply Lemma 6.13 to reduce to a distribution g on A x I' x ®. Because (y, z) is already a
product distribution in the master relaxed base case, we can take another random restriction so
make Y (y), ¢m(2) uniform over A. Thus, we have reduced to the distribution on A% which is
uniform over all (z,y,2) € A% with z +y + 2z = 0. Theorem 3, whose proof is based on additive
combinatorics (as in [BKM23c|), shows that in this case, ¢ < 27", This completes the proof of
Theorem 1, after we show Theorem 5 and Theorem 3.

7 Main Induction: Complex Embeddings

This section is dedicated to proving Theorem 5. The proof is nearly identical to that of Theorem 4.

Theorem 5. If i satisfies the master relaxed base case (Definition 6.11), then for any G : I'™ — C,
H:9®" = C, and F : X™ — C that with all terms having modest degree at least d:

—c n)¢
|E ey, 2ypom [F(2)G(y)H(2)]| < 27T |G| H o

Define Q™% to be the set of functions F : ¥ — C all of whose terms have modest degree at
least d. Define

Yn,d ‘= sup ‘E(J:,y,z)fvu@” [F(I)G(y)H(Z)H :
|F[|l2<1,FeQ(™d)
IGll2<1,[|H||l2<1

Then Theorem 5 follows from the following lemma.
Lemma 7.1. If pu satisfies the master relaxed base case, then ~, 4 < (1 — c(d/n)oM(l))’yn,Ld,l.

Proof of Theorem 5. Apply Lemma 7.1 a total of d/2 times, giving
Tna < (1= e(d/n) D)2 < exp(—c- d(d/n)?4 ). O

The remainder of the section is devoted to establishing Lemma 7.1. Because F € Q™% we know
that Imodest[F'] > d, 80 T := I} modest|F] > d/n for some j. Without loss of generality, let j = n, and
perform an SVD (Lemma 5.2) to write F'(z) = Zﬂil kB (z1) Fl ().

Analogous to Lemma 5.3, the sum of modest influences of the F) are large.

34



Lemma 7.2. We have: ZTG[M] K2 Imodest|[F1] = n,modest | F] > T.

Proof. Indeed, if (2, y,) are sampled by the distribution used to define Iiodest, Wwe know

In,modest[F] = Em;,(acn,yn)HF(xIa xn) - F(SL‘[, yn)|2]
- 2

= Ez,,(acn,yn) Z “rFr(xI)(qu(xn) - Fr/(yn))
L re[M]

z1,(Zn,Yn) Z Ky Ky Fory ('II)FTQ (l‘])(F,{l (.Tn) - F711 (yn))(F'){Q (‘Tﬂ) - F;g (yn))
_7"1,7"26[M}

= E($n7yn) Z Hz‘FT{(xn) - F’r/‘(yn)|2 = Z HgImodest[Fr]

re[M] re[M]

=K

Given the SVDs
F(z)= Y wF(xn)Fl(zs), Gy)= Y NGs(x))Gi(xs), H(z)= Y wHi(z)H(z)),

re[M] s€[M] te[M]
define the quantities
FT(Sa t) = E(x7y,z)~u®f [Fr(x)Gs(y)Ht(z)]
F;(S, t) = E(x,y,z)wu[F;(x)G;(y)Hé(Z)]
Then by definition we have that

E (@ y,2)~pen [F(2)G(y)H (2)] = Z fstMtE(S,t)ﬁ(s,t).
r,s,tE[M]

7.1 Finding a Singular Value Gap

Let § < A satisfy that none of the k,, Ag, p¢ lie in [0, A], and § < (CM )1000M. We can find such

6, A with § > 7OMM Let R = {r : k, > A}, S = {s: Ay > AL T = {t : yy > A}. Note that
because |Fy.(s,t)| < Yp—1,a—1, |[F1.(s,t)| <1 we know

> ke st Fr (5, 0)Fl(s,1)| < > K Astte Fr (5,0 F)(5,0) | + 0MPy_1 01 (20)
r,s,te[M] reR,seSteT
7.2 Cauchy-Schwarz and Simple Observations

For the remainder of the section, we assume that Lemma 7.1 is false for the choice of F,G, H. By
the Cauchy-Schwarz inequality we get:

ST mdauF(s,O)F] < ST @Y R0k Y2 > [Fis. 0P (21)

reR,seSteT seSteT reR reR seSteT

The following simple observations are analogous to their counterparts Lemmas 5.4 to 5.8 in Section 5.
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Lemma 7.3. For all s,t we have: Zre[M] |f7:(5,t)|2 < '72—1 de1-
Lemma 7.4. For all s,t we have: ZTG[M] ]ﬁ(s,t)|2 <1.

Lemma 7.5. For all v we have: 3, iy ]ﬁ(s,t)P <1

Lemma 7.6. For all s € S,t € T we have: ) .p \ﬁ(s,t)]Q >(1- 4‘2\{3 V2 gt

Lemma 7.7. For all v € R we have: 3 g e |@(s,t)\2 >1- 4‘5AA§[3.

The case |R| < |S||T| is handled identically to Section 5.3 (imagine that the tensor "= 1). So
in the remainder of the section, we focus on the case |R| > |S||T.

7.3 Handling the Case |R| > |S||T)|

In this case we use the master relaxed base case (Definition 4.10). We use the analogue of
Lemma 5.10, whose proof is identical.

Lemma 7.8. If |R| > |S||T| then for all s € S,t € T we have ) . p |E’\,{(s,t)\2 >1- 4‘2\245.

For s € S,t € T, define the functions

7 2rer (s tF;
st —
VEer | Flls,

Note that ||Fy||2 = 1 and

(Emorn [Fa@CiH)]) = X Fls 0 = 1~ 200 22)
reR

by Lemma 7.8. Now we leverage the master relaxed base case property of u to get that

— A5 MP® 100M
Imodest[Fst] < ( A2 ) = 6,)

for all s € S and t € T. The remainder of the proof converts this into an effective influence bound
on the F/ functions themselves to contradict Lemma 7.2.

In the following, treat all functions to be on the space Lo(I' X ®, 1, .), where we recall that
(y,2) is a product distribution and determines z uniquely in the relaxed base case. Note that for
all s € 5t € T that

86 M°
AZ 7

|Fat = GLH s = | Fatll3 + | GLH{I = 2B ey ) | Fan(@) Glly) HY(2)| < (23)

where we have used (22) and that the expectation is real. For all » € R we have
7= Y R, <|[F- Y Feoc]|| + > Fis. |G - Fa

sESteT seSteT SESET
By (23) the second term can be bounded by

8OM5  85MT7

2
, M TR T AT

Z F’st HG’Ht :

seSteT
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The first term can be simplified to get

where we have used that the functions G/, H] are orthonormal (because p, . is a product distribution),
and Lemma 7.7. By the triangle inequality again, we get

r

= 1/2 45 M3
= (1B = 2 1Fs0R) T <y 5
seSteT sESteT

F] - Z ﬁ(sa t)G;Hé

Imodest[Fy{] < Imodest [ﬁ - Z F;(S, t)F,Ts/t + Z |F7£(37 t)|Imodest[FA‘s;]
seSteT seSteT

Fl = > Fs0F| + Y |50 Imodest o]
seS;teT seSteT

46M3  86MT - 5

S\ xz t Az TMTY < 2M7,

A\ 1000M

CMT)

<|

by our choice of § = ( . This gives that

> Kl lmodest|Fy] < M6+ K2 Imodest[Fy] < M6® 4+ 2M°8 < 7,
re[M] reR

1
by the choice of § again, because ¢’ = (43%5) 9% This contradicts Lemma 7.2.

8 Additive Combinatorics

This section is dedicated to proving Theorem 3.

Theorem 3. Let A be a finite abelian group and t : A3 — Zyk. Let N > 1 be minimal so that
there are functions a,b,c : A — Zyy with a(z) 4+ b(y) + c(z) = N - t(z,y,2) (mod p*N) for all
v +y+2z=0. Then there is a constant ¢ = c(t, A) > 0 such that for any f,g,h : A" — Z,

Pr [f(@)i+g(y)i + h(2)i = t(wi, i, z)  (mod p¥),i =1,2,...,n] <27
(z,y,2)€(A™)?
z+y+2=0
We show Theorem 3 in the remainder of this section. By minimality, we may assume that N is
a power of p. Let N = p?. Assume that

Pr [f(x)i +9(y)i + h(2)i = t(xi,yi, z;) (mod pk),z’ =1,2,...,n] > ¢,
(ft»‘,erZ)f(Ag)3
T+y+z=

where ¢ > 27", for contradiction. Then writing f(z) = N - f(z) —a(z), g(y) = N - g(y) — b(x), and

h(z) = N - h(z) — c(z), where f, g, h: A" — ZZkN’ we get that

Pr [f(#)+g(y)+h(z) =0 (mod p"N),i=1,2,...,n]>e.
(Iyy_;_z)_ie_(v‘lgﬁ
T+y+z=

We can follow the approach [BKM23c, Section 2| to conclude the following.
Lemma 8.1. There is a subset A' C A" with |A'| > QPP "N)| A" such that f is an order-p*N

Freiman homomorphism on A'.

37



At this point, write A = HZ 1 Z k- We have the map a : A — Z,ry. Consider its restriction

modulo p, which we write as @ : A —) Z defined as @(x) = a(z) (mod p). We show that @ must be
the shift of a homomorphism.

Lemma 8.2. For sufficiently small constants c, if € > 27" then @ : A — Z, must take the form
a(z) =c+ Zle ciz; (mod p), where x = (z1,...,21) € A.

Proof. Because f is an order 4 Freiman homomorphism we know for all u,v,w,r € (A)* with
u4v = w+a we have f(u)+ f(v) = f(w)+ f(z) (mod pFN). Recall that f(z) = N- f(z) —a(z) =
—a(z) (mod p). So if u+ v = w+ x then a(u) +a(v) = a(w) + a(x) (mod p). The number of such
A-tuples is at least [A/|*/] A" > QPP M) AP, so a satisfies:

Pr [a(u;) +a(v;) = a(w;) + a(x;) (mod p) V i € [n]] > Q({_:O(p’@N))‘
(u,v,w,z)€(AM)*utv=w+x
If @(u) +a(v) # a(w)+a(x) for some (u,v,w,r) € A* with u+v = w+2 then the above probability
is at most (1—1/|A]?)" <« ePP"N)_ So a(u) +a(v) = a(w) +a(x) for all u+v = w+x. This implies
the conclusion. O

Now we show that many of the coefficients ¢; = 0 in fact.

Lemma 8.3. Under the hypotheses of Lemma 8.2 we have that ¢; = 0 if p; # p, or p; = p and
ki <k+7.

Proof. If ¢; # 0 for some p; # p, then @ is not the shift of a homomorphism from A — Z,,.

Now consider ¢ with p; = p and k; < k + j. Split A" into |A|"/p™ groups as follows. We first
describe how to split (Zpki)” into (p*)™/p" groups. This is done by splitting ZLy; into pFi~1 groups
of size p:

{0,1,....p—1}U{P:p+1,...,2p—1},...,{pki — ... P — 1},

and then taking the direct product n times. The point is that for any z,y € (Zpki)” in the same
group, x # y (mod p), as n-dimensional vectors. Now we split A" as follows: (zj,...,x) and
(y1,---,yr) are in the same group if and only if z; = y; for any ¢’ # i, and (z;,y;) are in the same
group of (Z,;)" as described.

Because |A’| > |A|”/p”, the Pigeonhole Principle tells us that we can find z,y € A’ in the same
group. By construction, p kig = pkiy. Because f was an order pkN > p* Freiman homomorphism,
we deduce that pFif(z) = pF f( ) (mod pFt7), so f(z) = f(y) (mod p) as k; < k + j. Thus,
a(z) = a(y). Because zy = y; for all i’ # i by construction, using Lemma 8.2 gives us ¢;(z; —y;) = 0
(mod p). By construction z; # y; (mod p) as vectors, so ¢; = 0. O

By symmetry, we can apply both Lemmas 8.2 and 8.3 to b, ¢ to write:

y)=d+ Z diy; (mod p) and ¢(z) =e+ Z eizi (mod p).

We will use this to contradict minimality of N. To start, we first show a relationship between the
coefficients ¢;, d;, e;.

Lemma 8.4 (Matching coefficients). If a(x) = ¢ + ZZ‘L:1 ciwy, bly) = d + 25:1 d;y;, and ¢(z) =
e+ E{;l eizi then c+d+e =0 (mod p) and ¢; = d; = e; (as elements of Zy).
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Proof. Recall that a(z) + b(y) +¢(z) = N - t(z,y,2) =0 (mod p) for all z +y + 2 = 0 in .A. Thus
c+d+e=0 (mod p) and ¢; = d; = e;. O

Finally we reach a contradiction by showing that N was not minimal.

Lemma 8.5. Assume c+d+ e =0 over Z. Define a(zx) = a(z) —c— ZZLZI i, b(y) = bly) —d —
L e, 7(2) = () — e — SSE cizi. Then (@) + b(y) + (=) = alw) + b(y) + (=) (mod pkN)
and a(x),b(y),c(z) =0 (mod p) for any x,y,z € A.

Proof. The final claim from Lemma 8.2. For all (z,vy,2) € A® with x +y + 2 = 0 we know that

L

(a(@) +b(y) + c(2)) = (@(x) +b(y) + &=z)) = (c+d+e) + Y il +yi + z).
1=1

If p; = p and k; < k + j then ¢; = 0. Otherwise, x; + y; + 2z = 0 (mod p*N), as N = p?. In both
cases, 3.1 ci(zi + yi + 2) = 0 (mod p¥N) as desired. O

This contradicts the minimality of IV, because we can shift ¢, d, e by multiples of p to ensure
that ¢ +d + e = 0 (recall that ¢ +d+ e =0 (mod p) by Lemma 8.4), and then divide everything
by p to reduce N to N/p.
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A Proof of Lemma 4.12

Proof. Fix po,...,pq € [0,1 — €] to be chosen later, and let ¢; = % for j =0,...,d. We

will show that Items 1 and 2 of Lemma 4.12 are satisfied for any ch01ce of pj.
For Item 1 (where k < d) consider the polynomial p(x) = x*. By the Lagrange interpolation
formula, we know that

Taking x = 1 gives us 1 = p(1) = E?:o cj,of, as desired.
Define A;, = Z?:o cjpé?. We will show that Ay > Agyq for all £ > 0. Because limy_,oo A = 0
evidently, and A; = 1 by the above, 0 < A, <1 for all k > d + 1, as desired. Note that

d k

Ap — Ap1 = ZN(k kH H = 15) ZH

z;é]( §=0 z;éj( )

The positivity of this expression follows from H;.lzo(l —p;) >0, as pg,...,pq <1, and the identity

d
p] ao a1 aqd
= . Po Py Pyt = 0. (24)
2 T = > i

ag+---+ag=k—d
ao,...,adGZzo

We establish this identity below, in Lemma A.1.
We proceed to Item 3. Let

Ty(z) := % ((;I,- + Va2 — 1)+ (. — Va2 - 1)d) (25)

denote the d-th Chebyshev polynomial, and let T'(z) = Ta(:%x —1). Let p; = 155 (cos(jm/d) +1).
Note that 0 < p; < 1 — ¢, and T(p;) = Ty(cos(jm/d)) = cos(jm) = (~1)7. Let ag,...,aq be the
coefficients of T, i.e., T(z) = Zgzo apr®. We have that

d d d d d d d
=D ak=> ary cipf =) ¢y janpf =3 eiT(py) =D (=1 =} lejl,
k=0 Jj=0

k=0 7=0 j=0 k=0 7=0 7=0

S

Hi;ej(Pj_Pi)
(recall that pg > p1 > -+- > pg). To conclude, note that

where the final equality uses the definition ¢; = to deduce that cj(—l)j > 0 for all j

14¢

T(1)_T<1

) < T(1+ 4e) < exp(O(dy/e)),

— &

where the final inequality comes from taking z = 1 + 4¢ in (25). O
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Lemma A.1. (24) holds for any distinct real numbers py, ..., pq, and integer k > d.

Proof. Using the Vandermonde determinant, one can compute that

; %, o s %, o
ph I oo P
S g |0 A [ | A
=0 Hi;éj(pj — pi) : : i : : :
11 .1 11

i,
Pdi

1

This is the Schur polynomial corresponding to the partition A := (0,0,...,k — d). The Giambelli

formula says that this the Schur polynomial can be alterantively expressed as

> ool
T

where T ranges over all semistandard Young Tableaux for partition A\, and ¢; is the number of
occurrences of ¢ in T'. Evidently, this is equivalent to the RHS of (24), for A\ with a single piece of

size k — d, and labels between 0, ..., d.

O
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