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Abstract

Let C be a complexity class and A be a language. The statement “A ¢ C” is a separation of A from C.
A separation is constructive if there is an efficient algorithm called a refuter that prints counterexamples
to the statement “M decides A” for every C-algorithm M. Concretely, refuters witness errors of M on A
by printing, on input 1™, an n-bit string « such that M(x) # A(xz). Many recent breakthroughs in lower
bounds and derandomization, like the algorithmic method [12], rely on constructive separations as a core
component. Chen, Jin, Santhanam, and Williams [14] studied the consequences of constructivizing clas-
sical non-constructive lower bounds in complexity theory. They showed that (1) constructivizing many
known separations would imply breakthrough lower bounds, and (2) some separations are impossible to
constructivize.

We study a more general notion of “efficient refutation” in terms of C-Student- Teacher Games, where
the C-refuter (Student) is allowed to adaptively propose candidate counterexamples x; to an omniscient
Teacher. If x; fails to witness an error, Teacher reveals a counterexample y; to the statement “z; is a
counterexample to the statement ‘M decides A’ 7 — the nature of y; depending on how the separated
language A and complexity class C are defined. We show:

e If there is a P-Student-Teacher constructive separation of Palindromes from one-tape nondetermin-
istic O(n'*°) time [39], then NP ¢ SIZE[n*] for every k.

e If there is a uniform AC°[gpoly]-Student-Teacher protocol generating truth tables of super fixed
polynomial circuit complexity, then P # NP.

e There is no P-Student-Teacher protocol which for infinitely many ¢ > 0, generates high—K"C strings.

Our results imply a conditional separation of Jefdbek’s theory VAPC from V?, a theory equivalent to
Buss’s theory S3. This improves and significantly simplifies the work of Ilango, Li, and Williams [25],
who separate VAPC from the weaker theory VPV under the existence of indistinguishability obfuscation.
‘We do not use cryptographic assumptions in our separation. Instead we introduce a natural and plausible
conjecture on the uniformity of proofs in bounded arithmetic, inspired by Kreisel’s Conjecture in logic.
We believe this conjecture to be of independent interest.
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1 Introduction

Constructive lower bounds are a key concern of complexity theory. We know that hard functions ezist,
but not how to exhibit them efficiently. There are two ways to formalize the notion of constructivity. The
algorithmic perspective asks for the computational complexity of searching for witnesses to a complexity
lower bound, like hard truth tables. The proof-theoretic perspective asks for the weakest logical theory that
proves complexity lower bounds. This paper obtains new results about both formulations of constructivity
and the relationship between them.

In particular, we study the computational model of Student-Teacher Games, which links the proof-
theoretic and algorithmic perspectives on constructivity. Roughly, if a complexity lower bound LB is provable
in a “bounded” logical theory, then “efficient” Student-Teacher games witnessing LB follow. We obtain new
results about Student-Teacher games witnessing: lower bounds for deciding Palindromes, existence of time-
bounded Kolmogorov-random strings, and existence of Boolean functions of high circuit complexity. From
these results, we conditionally derive (1) consequences about the provability of these statements and (2)
separations of expressive and well-studied logical theories. We structure our introduction as follows:

(i) Building on prior work studying the consequences of algorithmic constructivity in complexity theory
[14, 28, [50], we show that efficient Student-Teacher games witnessing known complexity lower bounds
imply breakthrough lower bounds.

(ii) We scrutinize the relationship between algorithmic constructivity and proof-theoretic constructivity.
The natural translation into bounded arithmetic of complexity-theoretic statements that mention “poly-
nomially bounded resources” results in a schema of logical sentences, one for each fized polynomial.
This disrupts the well-known connection between provability of lower bounds and witnessing Student-
Teacher games.

(iii) We identify a new family of conjectures called Witnessing Hypotheses for Uniform Proofs which give
Student-Teacher witnessing from a schema of lower bounds. We demonstrate that these conjectures
are well-founded, and connect them to the famous Kreisel Conjecture in mathematical logic.

(iv) As a consequence of these conjectures, we give the first known conditional separation between the well-
studied bounded arithmetic theories VAPC and V! (equivalently APC; and S}). Moreover, we do so
without cryptographic assumptions. This constitutes substantial progress towards understanding the
necessary tools needed to show unprovability in bounded arithmetic.

In the remainder of this introduction we give context, motivation, a more detailed description of our
results, and a list of open problems about constructive complexity theory.

1.1 Algorithmic Constructivity in Complexity Theory

Underpinning many recent developments in complexity theory is the notion of constructive lower bounds.
Namely, algorithms for solving refutation problems and avoidance search problems.

1. Refutation — If a lower bound holds for a problem II against a model of computation M, then the
II-Refutation for M problem is: given an algorithm A from M and a number n, print a string of length
n for which A fails to solve II correctly; i.e. a counterexample to the claim that “A solves II.”

2. Avoidance — Fix A = J, cyy A an infinite set of compressible strings, where each A,, denotes the n-bit
strings described by a particular set of bounded-complexity devices, such as Boolean circuits of size at
most log(n)2. The A-Avoid problem is then: given a number n, print an n-bit string outside A,,. That
is, print a counterexample to the claim “every n-bit string is compressed by a A-device.”

Refutation has been an explicit object of study since Kabanets [27] introduced refuters to give an uncondi-
tional weak derandomization of RP. Since then, upper bounds on refuters have been a driving force behind
derandomization and lower bounds. A seminal example is the algorithmic method of Williams to give lower
bounds against ACCY. These lower bounds [52, |12] crucially use a refuter for the NTIME hierarchy the-
orem, with [12] in particular using an almost-everywhere refuter of Fortnow and Santhanam [20] against
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NTIMEGUESS|T(n), O(n)], for time-constructive T'(n). Refutation has also been recently shown by Chen,
Tell, and Williams [13] to unify many previous techniques that give conditional derandomization results.

Avoidance search problems are also intimately tied with circuit lower bounds and derandomization.
Korten [28] showed that many important explicit construction problems (e.g. computing hard truth tables,
rigid matrices, and high time-bounded Kolmogorov complexity strings) are all reducable to the avoidance
problem EMPTY.

EmpTY: Given circuit C: {0,1}™ — {0,1}", with n > m output a string « € {0, 1}" outside the range of C.

This shows that circuit lower bounds and derandomization are implied by fast algorithms for EMPTY.
Ren, Santhanam, and Wang [50] deepened this connection by studying algorithms for C-Avoid, parametrized
by a circuit class C. Finally, Chen, Hirahara, and Ren [10], and a follow-up by Li [36], used Korten’s reduction
from finding hard truth tables to EMPTY in order to give truly exponential circuit lower bounds for SoE.

Constructive Separations. To formally study the power and limitations of constructive lower bounds,
Chen, Jin, Santhanam, and Williams [14] asked what happens if you can convert several classical non-
constructive lower bounds into constructive ones? Their definition of constructivity goes through efficient
Refutation algorithms, and implicitly Avoidance algorithmsﬂ

Definition 1.1 (C-Refuter). Let f: {0,1}* — {0,1} be a function and let A be an algorithm. The refutation
search problem Refy 4 == {(n,z) | € {0,1}" and f(z) # A(z)} asks to find an input = where A disagrees
with function f. An algorithm R(1™) is a C-refuter against A if R € C and for infinitely many n, (n, R(1")) €
RefR,A.

Definition 1.2 (C-Constructive Separation). For complexity classes A, B,C, a separation B ¢ A is called
C-constructive if for some language Lp decidable in B and any proposed algorithm A € A that decides Lpg,
there is a C-refuter R4.

Chen et al. [14] gave several insights on constructive separations. First, they showed that a P-constructive
separation for the classic Palindromes lower bound of Maass [39] implies a major complexity separation.

Theorem 1.3 (Theorem 3.4, [14]). If Maass’s lower bound against deciding Palindromes with one-tape
nondeterministic Turing machines of subquadratic time can be made P-constructive, then E ¢ SIZE[2°"], for
some § > 0.

They also showed that efficient Avoid algorithms imply complexity separations.

Theorem 1.4 (Implicit to Theorem 1.7(i), [14]). If there is a uniform AC°[gpoly] algorithm solving Avoid
for circuits of size s(n) = n{1°8 m“? then P £ NP.

However, not all known lower bounds can be made constructive. Chen et al. [14] observed that there
can be no polynomial time algorithm which on input 17, outputs an n-bit string of high-KP°Y complexity
(see Proposition . This contrasts in a peculiar way with the lower bounds of Theorem and Theorem
Chen et al. |14] argue that understanding better which lower bounds are likely to be constructive or
non-constructive will be key to progress in complexity theory. See their paper for more details.

1.2 Our Results: Student-Teacher Constructive Separations
In this paper, we generalize the results of Chen et al. [14] to the setting of Student-Teacher refuters.

Definition 1.5 (Student-Teacher Game (Informal)). Let o(X) = VY 6(X,Y), for 6 a quantifier-free formula,
and let p(n), ¢(n) be polynomials. We say S(1") is a C-Student-Teacher game if S is an algorithm in C with
access to a counterezample oracle CX[¢] which given an X € {0,1}?(") either responds “YES” or returns
aY € {0,1}9 such that (X,Y) is false. We further write C X[p, r(n)] for a function r(n) to indicate S
gets access to r(n) calls to the oracle CX.

1An avoidance algorithm can be thought of as a refuter for the “always-YES” algorithm against some hard language.
For example, a polynomial time algorithm solving Avoid for the function that maps descriptions of s(n)-size circuits to their
truth-tables gives a polynomial time algorithm refuting the “always-YES” algorithm for MCSP[s(n)].
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Student-Teacher games are a natural model of computation which appear in learning algorithms and
bounded arithmetic. For many complexity lower bounds, provability in a weak logical theory implies an
efficient Student-Teacher refuter, rather than a standard refuter as seen in [14]. This means that to study
the (un)provability of complexity lower bounds, it is necessary to study Student-Teacher games. We make
this connection more explicit in the following section. See a more detailed definition of Student-Teacher
games in Section [2.6]

As an example of a Student-Teacher game, consider a P-Student-Teacher refuter Sy, solving the refutation
search problem Refp, rs, with M a one-tape subquadratic time nondeterministic Turing machine. Here,
wpal(X, W*) expresses the following formula:

wpal(X, W*) £ “For every witness W of length |X|*!, [M(X,W) =0 and X is a palindrome] or
[M(X,W*) =1 and X is not a palindrome.]”

Each round, S would propose X, W* to the counterexample oracle C X, where either CX says “YES” if
X is an input that M fails to decide whether X is a palindrome, or C X responds to S with a witness W
such that M does correctly decide X.

Palindromes. We generalize Theorem [I.3] to P-Student-Teacher refuters.

Theorem 1.6. If for any nondeterministic one-tape subquadratic time Turing machine M there is a P-
Student-Teacher game Sy (1™) with counterexample oracle C X [pp,), O(1)] solving Refp, as for n-bit inputs,
then NP ¢ SIZE[n*] for any k > 0.

A P-Student-Teacher refuter is considerably stronger than a P-refuter in the context of Palindromes
lower bounds. The oracle C X [pp,] acts as a restricted NP-oracle, as finding a witness W where M (X, W) is
correct is an NP-language. Nevertheless, we show that P-Student-Teacher refuters for one-tape subquadratic
NTMs deciding Pal still imply breakthrough circuit lower bounds.

Weak Shannon Counting. We give a slightly orthogonal result to Theorem [1.4f Here, we consider
avoidance algorithms for weak Shannon counting. Namely, for a fixed b € N and given an input 1%V, output
a truth-table of length N which is not computed by a size (log N)® Boolean circuit. Let owsc(X,b) express
the following formula:

ewsc(X,b) £ “For every circuit C of size (log|X|)?, the truth table generated by C disagrees with X on
some bit.”

We introduce the notion of an absolute Student-Teacher game, which solves SIZE[n’]-Avoid for infinitely
many b. Meaning, the student S takes two inputs: 1V and b (represented in binary) and solves SIZE[n?]-
Avoid.

Theorem 1.7. If there is an absolute poly log-uniform AC®[gpoly]-Student-Teacher protocol S(1V,b) with
oracle C X |[pwsc,O(1)] solving SIZE[n®]-Avoid for infinitely many b € N, then P # NP.

If you simply fix a b € N instead of having an absolute Student-Teacher protocol, then such a Student-
Teacher protocol does exist (see Section . However, we only get our consequence P # NP for an absolute
Student-Teacher protocol.

Our notion of an absolute Student-Teacher protocol appears naturally in the context of bounded arith-
metic and witnessing theorems. See Section [I.4] and Section for a discussion.

High-KP°Y Strings. We now give an avoidance problem which provably has no Student-Teacher game.
Let wgt(X,b) express the following formula:

okt (X, b) & “For every Turing machine and advice pair (M, a) of description length | X|/4, running M for
n? steps with advice a has output disagreeing with X.”

Let BHaltDesc[n®, p(n)] be the class of Turing machine and advice pairs (M, «) of total description length
p(n) which, starting with « on the tape of M, runs for n¢ time. We then have the following.

Theorem 1.8. There is no absolute P-Student-Teacher protocol S(1",b) (b given in unary) with oracle
C X [pxe, poly(n)] solving BHaltDesc[n®, n/4]-Avoid.
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1.3 Proof Theoretic Constructivity in Complexity Theory

Our results on Student-Teacher constructive separations have several consequences on the provability of lower
bounds in bounded arithmetic. Bounded arithmetic is a related and more fine-grained notion of constructivity
that comes from not just the algorithms for refutation and avoidance, but also from the logical expressivity
needed to prove the correctness of these algorithms.

Bounded Arithmetic. Bounded arithmetic studies fragments of Peano Arithmetic (PA) which use rea-
soning inherent to computational complexity classes. The earliest example is the theory 1A, introduced by
Parikh [45]. He showed that reasoning in I1Ag corresponds to the Linear Time Hierarchy (LTH), and that cer-
tain operations like exponentiation are infeasible in this theory. One of the most important and well-studied
bounded arithmetic theories is Cook’s theory VPV. It is an essentially equivalent version of Cook’s original
theory, PV1, defined in his seminal 1975 paper [18]. This theory was the first proposed to exactly characterize
polynomial-time computation and reasoning, and more generally was the first theory introduced to explicitly
connect standard complexity classes and bounded arithmetic. PV stands for polynomially verifiable, and one
of Cook’s original motivations for defining this theory was“that the verification method must be uniform,
in the sense that one can see (by the [PV;-]proof II) that the verification will always succeed” [19, pg. 83].
For example, if VPV proves a statement like VX ¢(X), then there is a polynomial time algorithm VERIFY,,
which on input Y verifies that ¢(Y") holds.

This constructive property is called witnessing. If a theory T proves the existence of some object, then
this implies there is an efficient algorithm that generates this object. As an example, suppose VPV were
to prove the following Ily statement describing a circuit lower bound for language £, which is decided by
machine M:

“For every input length n and circuit C' € C, there exists an input x of length n such that C(x) # M (z)”

Then, the witnessing property for VPV says there is a polynomial time algorithm which finds an incorrect z
when given n, C' as input. Notice that this a P-refuter!

While a provable II; statement directly translates into a refuter, the situation is more complicated for
II; statements with ¢ > 3. Focusing on ¢ = 3, witnessing properties give Student-Teacher protocols. For a
II3 statement Vna X VY#(n,X,Y), a witnessing Student-Teacher protocol S would take as input 1", and
query the counterexample oracle C X [g] on guesses for a satisfying X, for ¢ =VY 0(n, X,Y). See Sections
and [2.5] for more details on witnessing theorems.

IT3 formulas naturally encode many refutation and avoidance type statements. Maass’s Palindromes lower
bound, Shannon counting, and the existence of High-KPY strings are all examples. Hence, the (un)provability
of these statements in bounded arithmetic is closely tied to Student-Teacher constructive separations.

A Gap Between Constructive Separations and Provability. In Chen et al. [14], they noted a gap
between constructive separations and provability. A P-constructive separation of B ¢ A does not at all
guarantee that VPV F “B ¢ A”. This can be for several reasons: the refuter might not be provably
correct inside VPV, or B ¢ A might only be formalizable as a II3 formula, which by witnessing gives a
Student-Teacher game with an polynomial time student, rather than just a P-refuter. For these reasons, the
consequences of a (non)constructive separation of B ¢ A may not have any bearing on the (un)provability
of the same lower bound B ¢ A.

An explicit example of this gap, given by [17} [L1], is proving the correctness of the AKS primality testing
algorithm [1]. We can formalize the correctness of it as the following formula:

Vn [AKS(n) =1+—=V1l<d<mn,din],

where AKS is a function symbol for the AKS primality testing algorithm. If this statement were provable
in VPV, then there would be a polynomial time algorithm which on input 1™, n a composite number, would
be able to determine a factor of n. Hence, VPV proving the correctness of AKS would imply that factoring
has a polynomial time algorithm. This shows that the proof of correctness in [1] of their polynomial time
algorithm AKS uses functions which are themselves not polynomial time computable, unless factoring is easy.
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Formalizing Lower Bounds as Schemas. Straightforward translations of many complexity lower bounds
into the language of bounded arithmetic require schemas of formulas: a sequence of formulas indexed by
substitution of fixed polynomials {n}.cny. Theories of bounded arithmetic cannot quantify over arbitrary
polynomials in a natural senseﬂ A simple example of this would be the Deterministic Time Hierarchy
theorem.

DTIMEH(c) £ “For every sufficiently large n and Turing machine M, there exists an input X of length n
where simulating M on X for n¢ time incorrectly decides hard language L£.y1”

For each ¢ € N, you get a new formula DTIMEH(c) describing that DTIME[n¢*!] ¢ DTIME[n¢]. This is
necessary in bounded arithmetic as exponentiation is not a feasible operation, so a single formula DTIMEH
quantifying over all ¢ is not possible in a theory like VPV. The same issue also occurs when writing down,
say, P # NP in the language of VPV.

This poses a problem when trying to study the provability of lower bounds. Applying witnessing to a
schema of II3 formulas ¥[c] would result in a schema of Student-Teacher games, each solving a different
search problem parametrized by c. Further, a Student-Teacher game for ¥[cg] is not required to share any
structure or runtime with a Student-Teacher game for ¥[c1], with ¢y # ¢;. This means that our results on
absolute Student-Teacher games do not automatically imply provability consequences.

1.4 Our Results: Consequences in Bounded Arithmetic

We initiate the study of the following natural question about lower bound schemas.

Question 1.9. Let LB(c) be the logical translation of some complexity theoretic lower bound, parametrized
by ¢ € N. If VPV I LB(c¢), for every ¢, then does VPV use the same “proof” for every ¢?

While it is unclear at all if VPV F “P # NP”, it is known that VPV = DTIMEH(c¢), for every ¢ € N.
Amazingly, VPV could use “the same” proof for every ¢! This follows as the refuter for DTIMEH is completely
agnostic to ¢, and hence is the same regardless of the value of c¢. Specifically, there is a hard language
L € DTIME[n“"1\DTIME[n¢] where a refuter runs linearly in n to construct a counterexample of a proposed
machine M € DTIME[n¢] deciding £. Does this property of the Deterministic Time Hierarchy theorem hold
more generally for other complexity lower bounds?

We denote by ‘Witnessing Hypothesis for Uniform Proofs’ (WHUP) that such a phenomenon in fact
holds, and that for certain classes of lower bound schemas, if a theory 7 proves the schema, then it does so
with the same proof.

Hypothesis 1.10 (WHUP for theory VPV (Informal)). Let VPV FVn3I X VY 6(n, X, Y, n°), for a quantifier-
free 6 and for infinitely many ¢ € N, and let ¢(n, X,c) = VY 0(n, X,Y,nc)ﬂ Then there is a witnessing
absolute Student-Teacher game S(1™, ¢) which, for infinitely many ¢, finds a satisfying X of length n using
O(1) oracle calls to CX|y].

WHUPs can be used to connect the (un)provability of schemas of formulas in bounded arithmetic with
absolute Student-Teacher constructive separations. Our Witnessing Hypotheses are similar to and inspired by
a conjecture of Kreisel for Peano Arithmetic. See Section [dfor a detailed discussion where we carefully define
Witnessing Hypotheses and provide many supporting examples for the validity of WHUPs. We conclude
this section with a sketch of each of our results on provability.

Palindromes. First, we extend Theorem to provability in VPV. Let Pal be a II3 formula expressing
Maass’s lower bound.

Theorem 1.11. If VPV I Pal, then NP ¢ SIZE[n*].

This complements recent work of Chen, Li, and Oliveira [11], showing that if Maass’s lower bound is
provable in VPV, then collision resistant hash functions do not exist.

2Bounded theories can include auxiliary quantified variables in a statement to “pad up” and reason about super-polynomial
functions. However, this transformation greatly expands the set of feasible objects. For example, the padded formalizations of
circuit complexity can discuss the entire 2”-bit truth table of an n-input n*-gate circuit C' — an object inaccessible to poly-time
algorithms given only C. Miiller and Pich [42] explain the trade-offs in detail.

3In the full Witnessing Hypothesis presented in Hypothesis we further restrict the structure of the schemas and how ¢
may be used. See Section [4f and Definition for more details.
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Weak Shannon Counting. Building on the work of Thapen [51], Jefdbek |26], studied the theory VAPC :=
VPV + dWPHP(VPV) which adds the dual weak pigeonhole principle, the combinatorial principle behind
EMPTY and C-Avoid. He showed VAPC has an intimate relationship with randomized complexity (ZPP) and
approximate counting. Namely, all provably total functions in VAPC are contained in ZPP, and conversely,
a large natural subclass of ZPP is definable in VAPC. It is possible that VAPC may completely characterize
ZPP, but this would require showing that ZPP has a complete problem [51].

VAPC is interesting because of its ability to formalize most known complexity lower bounds. Jetabek
showed that it can formalize Shannon counting arguments, and Miiller and Pich [42] further illustrated its
power by formalizing Parity lower bounds and the method of approximations. Recent results in unprovability
have also been shown. Chen, Li, and Oliveira |[11] showed that if collision resistant hash functions exist, then
Maass’s palindromes lower bound is not formalizable in VAPC.

We give a result orthogonal to Jetfabek’s provability of Shannon counting in VAPC. We introduce a theory
Vg& to characterize quasipolynomial AC® reasoning. This theory is incomparable to VAPC, but we show it is
also capable of proving weak Shannon counting.

Lemma 1.12. Let b € N. VO# proves the existence of truth tables not computable by Boolean circuits of

size nb.

Further, under a WHUP for VO#7 we have consequences for the provability of hard truth tables.

Theorem 1.13. Assuming a WHUP for the theory V9, if V%& proves for every b € N that there are truth
tables of hard for size n’ circuits, then P # NP.

We then get as a clear corollary,
Corollary 1.14. A WHUP for VO# implies that P # NP.
See Theorem [5.10] for full details.

Conditional Separation of V! and VAPC We show the following surprising unprovability result.

Theorem 1.15. Under a Witnessing Hypothesis, VPV (or even V!) cannot show the existence of High—K"b
strings, for almost every b € N.

As a corollary, we conditionally separate theories V! and VAPC (equivalently Si and APCy).
Theorem 1.16. Under a Witnessing Hypothesis, VAPC is not equivalent to V!.

Proof. In the work of Korten [28], it was shown that APC; proves the existence of high-KPY strings. Fur-
thermore, the APCi-proofs that “there is a High—K”b string” for each b seem very “uniform” — the only
substantial difference is which dual weak pigeonhole principle is invoked. Each proof uses dWPHP(U;) where
Uy is the n?-step universal Turing machine function symbol.

However, under a Witnessing Hypothesis (Hypothesis , V! does not show these strings exist. O

This improves and greatly simplifies the result of Ilango, Li, and Williams [25] separating VAPC and
VPV under the existence of indistinguishability obfuscation and NP ¢ i.o. coAM. Our result is also the first
such conditional separation between any bounded arithmetic theory 7 and VAPC which uses a plausibleE|
non-cryptographic assumption.

Separating theories of bounded arithmetic should be far easier to prove than demonstrating the existence
of cryptographic objects like collision resistant hash functions or indistinguishability obfuscation. It is then
desirable to give conditional separations of theories using assumptions much weaker than cryptography. We
believe Witnessing Hypotheses are such an assumption. However, Corollary indicates that WHUPs are
still quite strong, as some will imply major complexity separations. Is this the case with a WHUP for VPV?
Are WHUPs in fact EQUAL to the existence of some cryptographic object?

4In 33|, Krajicek showed that assuming Kolmogorov’s Conjecture, P C SIZE[n*] for some fixed k, then VAPC is strictly
stronger than VPV. However, Kolmogorov’s Conjecture is widely believed to be false.
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1.5 Owur Techniques

Constructive Separations. We employ the general strategy of Chen et al. [14] to show that efficient
refuters imply circuit lower bounds.

(i) Assume, for sake of contradiction, a complexity collapse (eg. P = NP or P C SIZE[n*]). Show that a
C-refuter from a C-constructive separation of B ¢ A produces outputs of very small circuit complexity.

(ii) Show that there exists a too efficient algorithm M € A for a hard language £z which is correct on all
inputs of low circuit complexity. This forms a contradiction.

As mentioned in Section this argument is not sufficient on its own to discuss the consequences
of provability of lower bounds, as provability and witnessing implies Student-Teacher refuters instead of
standard refuters. To handle this, we introduce several novel round collapse techniques to remove the
Teacher from Student-Teacher protocols. This gives a reduction to the proof strategy of [14].

Round Collapses. Round collapse techniques have seen widespread recent study to show the unprovability
of TI3 sentences in theories of bounded arithmetic [8} (25 |33} 9} [16] |47]. We continue this line of work by
introducing three novel round collapse arguments.

A common issue with round collapse techniques is that they are very ad hoc and strongly depend on
the discussed lower bound. In the case of Maass’s Palindromes lower bound, we introduce in Section |3| a
very general technique to deal with collapsing a P-Student-Teacher protocol whose counterexample oracle
CX|p,O(1)] solves an NP-language. Recall for a one-tape subquadratic time NTM M, @pa(X) certifies that
for every witness W, M(X,W) = 0 when X is a palindrome. Hence the counterexample oracle C X [pp,]
solves the NP language of determining a witness W’ where M (X, W’) = 1. Assuming NP C SIZE[n*], we
may use the Easy Witness Lemma of Murray and Williams [43] to give a compressed description of W'.
By providing this compression of W’ as advice to the Student, we can replace a single query to CX[ppa].
Repeating this argument allows the conversion of a P-Student-Teacher refuter into a P/o(n)-refuter.

Our other round collapses are much more ad hoc. For weak Shannon counting and Theorem we
generalize the technique of Chen et al. [14] to efficiently simulate a polylog-uniform ACY[qpoly] refuter C'(17)
with a general sublinear size Boolean circuit, assuming P = NP. Their idea is to show that computing the
i-th bit of C(1™) is a ¥4 [polylog(n)] problem, which collapses to DTIME[polylog(n)] under P = NP. We
show this argument completely in Lemma[5.5] Where we must generalize this argument is to further allow a
polylog-uniform ACY[gpoly] Student-Teacher refuter, and provide a method to remove the C'X oracle gates.
We do so in Section [l

The round collapse for high-KP°Y strings and Theorem is conceptually the most natural. We take
direct inspiration from the DTIME[n]-constructive separation of DTIME[n¢*!] ¢ DTIME[n¢]. The linear time
refuter Ry (1™) simply outputs the padded source code of M, (M) o 0"~ !(™)I Qur observation in Section
is that for an absolute P-Student-Teacher protocol solving BHaltDesc[n®, n/4]-Avoid for all ¢ € N, the source
code of the Student is a valid response for the counterexample oracle CX[pk:]. We give a fine-grained
reflection argument to generally transform a P-Student-Teacher protocol for BHaltDesc[n®, n/4]-Avoid into a
polynomial time algorithm, even when polynomially many Teacher queries are made by the Student-Teacher
protocol.

1.6 Comparison to Other Work

AC’ reasoning and Provable Circuit Lower Bounds. Several previous works have studied the prov-
ability of circuit lower bounds in bounded arithmetic via round collapses. Pich [47] showed unconditionally
that the theory VO, corresponding to log-uniform ACO[poly] reasoning, cannot prove superpolynomial size
circuit lower bounds. This contrasts with our Lemma where we show that the theory VO# proves
fixed polynomial size circuit lower bounds. This suggests an intriguing question of finding the exact logical
strength necessary for proving fixed polynomial size circuit lower bounds.
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Separating VAPC and VPV. Krajicek [33] gave the first conditional separation of VPV and VAPC via round
collapse techniques. Unfortunately, his round collapse required the unlikely assumption that P C SIZE[n*].
In [32], Krajicek called for reasonable assumptions under which VAPC is strictly stronger than VPV. This
was achieved by Ilango, Li, and Williams [25], who showed that under indistinguishability obfuscation
and NP ¢ i.0. coAM, these theories are indeed separated. These conditional separations of [33, [25] were
accomplished by studying the dual weak pigeonhole principle dWPHP(VPV) and Student-Teacher protocols
for solving EMPTY.

Using a Witnessing Hypothesis, we conditionally separate VAPC from an even stronger theory V!, which
contains VPV. Further, we make use of a weaker, uniform version of the dual weak pigeonhole principle.

1.7 Open Problems

This work suggests several continuations and open problems. We provide two directions pertaining to
(un)provability, and several towards understanding and proving WHUPs.

Improving the Palindromes round collapse. While we show that a constant round Student-Teacher
refuter for Palindromes would imply NP ¢ SIZE[n*] for any k > 0, we fall short of proving this for w(1)
rounds. Is there a polynomial round Student-Teacher refuter for Palindromes? This could be used to extend
our provability consequence to theories V*!/S3.

Unprovability for APC'. In Section we show that under a Witnessing Hypothesis for VPV, generating
high KP°Y strings is not feasible in VPV. Can this be generalized to unprovability in APC'. This would likely
have to be for a notion of zero-error time-bounded Kolmogorov complexity, which the authors are unaware
of appearing in the present meta complexity literature.

What do proofs look like? Amongst our examples of the “absolute” witness phenomenon, like the refuter
for DTIMEH, what do the VPV proofs actually look like? This would be a basic building block to understand
before attempting to prove a WHUP. We emphasize that we know the proofs, but not a structural measure
or property that makes it clear they are “the same” across different values of the parameter. Surprisingly
simple polynomial schemas have proofs in VPV where we do not have a solid understanding of their structure.
One example is,

@(b,c) 2Vn ¢ >b—n° > n’.

As VPV is defined for the purpose of encapsulating polynomial time computation (rather than performing
arithmetic), even simple arithmetic identities can have “complicated” proofs. Showing that the sequent
calculus proofs of (b, c) over VPV are the same for all b, ¢ € N would be of interest.

Correct Formulation of “Same” Proofs. We phrase our WHUPs based on the notion of Herbrand
proofs from the famous Herbrand’s Theorem in first order logic. This allows us to interplay with witnessing
theorems nicely. However, it is possible that our notion of “same proof” is still too coarse, and that WHUPs
would be more appropriately phrased in another way. One potential example would be the notion of uniform
proofs, proposed by Buss [|4], where proofs are given an efficiently decidable direct connection language as
you would a circuit.

Proving a WHUP. Perhaps the most obvious would be actually showing a WHUP to be true for VPV,
Vgﬁ, or any other bounded arithmetic theory. We believe that past work on Kreisel’s Conjecture |24} 23} |30]
serves as an excellent starting point. For example, Krajicek and Pudldk [30] show that Kreisel’s Conjecture

is true over any theory which is finitely axiomatizable, of which many theories of bounded arithmetic are
(including V! and VO#).

Consequences of WHUPs. Corollary [I.14] shows that WHUPs can have immediate consequences if true.
Are there more examples of WHUP consequences, but for standard theories like VPV and V!? Further, are
there consequences if WHUPs are false?
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1.8 Paper Organization

In Section [2] we give the requisite preliminaries in bounded arithmetic and complexity theory. In Section
[3l we give our results on Student-Teacher constructive separations for Palindromes, and its applications to
provability in VPV. In Section [d] we introduce Witnessing Hypotheses for Uniform Proofs and apply them
to get the unprovability of finding high-KP?Y strings in VPV. We further give a detailed discussion of the
viability of WHUPs and their inspiration from the famous Kreisel Conjecture in logic. Finally, in Section
we introduce the theory VO# and show that a WHUP for this theory would imply P # NP.

2 Preliminaries

Basic knowledge of complexity classes is assumed. See [3] or any text on complexity theory for a reference of
the standard definitions. We attempt to keep this paper as self-contained as possible for mathematical logic
and bounded arithmetic; however, we recommend seeing the SIGACT column of Oliveira [44] which surveys
much of the recent work on the provability of complexity theory. This survey provides invaluable context to
the motivations of this paper.

2.1 Circuit Uniformity

A family of circuits C' = {C}, },>1 is called uniform if some uniform algorithm is able to, on input n, compute
a fixed binary encoding of (C,). We will use the direct connection encoding of circuits, where (C,,); = 1 if
and only if ¢ encodes a triple (g, h,r) with g and h being gate indices, and r indicating the type of g (namely,
one of NOT/AND/OR/INPUT/OUTPUT). In the case that r is an INPUT type, it must also indicate which
input bit out of n. Topologically, h feeds into g as an input, unless r indicates that g is an INPUT type. We
will also need an oracle direct connection encoding. This is a slight modification where we add two types of
gates: ORACLE, and Oracle OUTPUT, where ORACLE represents a black-box oracle that takes in p(n)
bits and outputs g(n) bits. For both of these gate types,  must also indicate which of the p(n) input bits a
gate h is feeding into ORACLE, or which of the g(n) output bits an OUTPUT gate g is. Note that given a
circuit with s(n) gates, its (oracle) direct connection encoding will be of length at most s(n)3.

Definition 2.1 (LOGTIME-uniformity). We say that a circuit family C = {Cy},,, where C,, is of size s(n),
is logtime uniform if there is a linear time algorithm U which on input n and an index i < |(C),)|, both
represented in binary, outputs the é-th bit of (C},). Similarly, such a circuit family is polylogtime uniform if
the uniform algorithm U runs in time polynomial in the input size.

2.2 Basic Logic and Terminology

We will assume basic knowledge of propositional and first-order logic, as well as Gentzen’s sequent calculus.
We remind the reader of some of the standard syntax below. For a concise and complete introduction to the
necessary logic and proof theory, see Chapters I-III of [17] or Chapters I and II of [5].

Definition 2.2 (Syntax).
Symbols and Terms: The symbols appearing in first-order logic are the usual logical connectives (=, A, V, =),
quantifiers (V, 3), specified function and predicate symbols, and constants (0-arity functions). As well, arbi-
trary names for variables are allowed. A term is inductively defined: any variable z is a term, and for any
function symbol f of arity k and terms ¢1,...,tg, f(t1,...,tx) is a term.

Formulas: A formula is also inductively defined. Atomic formulas are of the form P(t1,...,t) for a pred-
icate P of arity k, and general formulas are built up from atomic ones by applying logical connectives and
quantifiers. We say a variable x in a formula is bound if it is in the scope of a quantifier Q z. Otherwise, it
is free. A formula with no free variables is called a sentence.

Substitution: Let A(z) be a formula with x a free variable. For a term ¢, we denote A(t/x) to be the
substitution of t for x in A, where we replace every occurence of the free variable x in A with ¢.

Definition 2.3. A first-order theory T is a set of sentences which is closed under logical implication.
Specifically, if T derives via a sequent calculus proof the sentence ¢, then ¢ € T'. A set of sentences I' are
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an aziomatization of T if I' C T and all of T is derivable from I' via sequent calculus proofs. The language
of a theory T, L(T), is the set of symbols for functions, predicates, and constants (0-ary functions) used in
the logical sentences contained in 7. A theory is said to be universal if it has an axiomatization with only
universally quantified sentences in prenex normal form.

We can compare theories by considering the set of theorems that they prove. The appropriate notion is

Definition 2.4 (Conservative Extension). Suppose that 71 and 7Tz are two theories where 7; C T3 and the
vocabulary of 72 may contain function or predicate symbols not in 7;. We say 7z is a conservative extension
of Ty if for every formula ¢ in the vocabulary of 77, if T3 F ¢ then 71 F .

In other words, the second theory proves nothing new over the original vocabulary.

In this paper, we study the first-order theory of arithmetic, Peano Arithmetic (PA), as well as its sub-
theories. We denote by N the standard model of PA, which should be interpreted as the ‘real world’. The
defining feature of Peano Arithmetic (and its intended model N) is induction: for a formula ¢(z,7), the
aziom of induction, Iy, is the sentence:

vy (¢(0,7) AV (p(z,7) = ¢(x +1,7)) = Voe(r,7)) -

Peano Arithmetic is defined by basic arithmetic axioms and the axiom of induction for every formula
. For a restricted class of formulas ®, we define |® as the subtheory of PA with induction restricted to
formulas ¢ € .

2.3 Peano Arithmetic

We recall the characterization of provably recursive functions of 1%, |7].

Definition 2.5. Let T be a subtheory of PA and f : N¥ — N. The function f is 3;-definable in T iff there
is a formula p(z1,...,zE,y) € ¥; such that:

L T+ (v2)(3'y)e (T, y)
2. {(d@,b) : N[ (a,b)} is the graph of f, i.e. ¢(a,b) holds iff f(@) = b for all naturals @, b.
Y1-definable functions in a theory T are also commonly called the provably recursive functions of 7T .

Lemma 2.6 (Informal). Let f be a function that is provably recursive in PA. Then we can freely add the
function symbol f to £(PA) and the defining axioms of f to PA without modifying the strength of PA.

Definition 2.7. Let n > 1. The set of functions which are primitive recursive in ¥, is defined inductively
by:

1. Constant function 0, succcessor function, and all projection functions are primitive recursive in %,,.
2. Closure under composition.
3. If g: N* = N and h: NF+2 — N are primitive recursive in %,,, then so is the function f defined by
f(0,2) = 9(2)
fm+1,2) =h(m,Z, f(m,2))
4. If (%) is a formula (x)y(x, Z) where B € II,,_; then Uy is primitive recursive in %,,.

Theorem 2.8 (Theorem 12, [7]). The X, -definable functions of I1X,, are the functions which are primitive
recursive in X,,.

10
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2.4 Theories of Bounded Arithmetic

We will be working with two-sorted theories, which deal with both a number-type (think in N) and a finite
binary string type. The binary string type has an equivalent interpretation as a set type, where the i-th
index of a string X being 1 indicates that 7 is in the set X. We follow the convention of denoting numbers
in lower case (z, y, z,...) and strings in upper case (X, Y, Z,...). All theories in this paper are theories of
arithmetic, and all share the language of arithmetic (£%), which contains the set of first-sort functions and

predicates, {0, 1, +, -, S, | - |; =, <} and the set of second-sort functions and predicates, {X(-), | - |; =2}
Here, S refers to the successor function of a number, X (i) outputs in number type the i-th bit of string X,
and | - | on a string-type variable outputs a number-type which is the length of the string.

In two-sorted bounded arithmetic theories, function symbols can be thought of as the run of some resource-
bounded computational model (eg. Turing machines or uniform circuits). As such, the representation of its
inputs becomes important. We will take the standard convention that the string-type is presented “as itself”
in binary and a number-type is represented in unary when supplied as input to a function symbol. A feature
of Peano Arithmetic and its subtheories is that any function f which is “easily” definable and provably
total may be freely added to the language without changing the provability of any sentences. Below, we will
specify exactly what these functions are for each theory we use.

Definition 2.9. We denote a number quantifier as bounded by writing Vo < ¢t 0(x) or Jx < t(x), for a term
t not using . This is syntactic shorthand for Vo [x < t = 6(z)] and 3z [z < tAO(x)] respectively. Similarly
for quantifiers over strings, we say write VX < t6(X), and 3X < t6(X) to indicate VX (| X| <t = 60(X))
and 3X (| X| < tA0(X)). We say that a formula ¢ is 3F = 17 if the only quantifiers are bounded quantifiers
over the number type (though there may be free string variables). A formula ¢ is Eﬁl/ﬂﬁl, for i > 0, if ¢
is of the form, 3X < t0(X), for #(X) a IIP formula, or respectively, VX < t6(X), for §(X) a X8 formula.

5 formulas can be thought of as an effective version of the arithmetic hierarchy, and bears many
similarities and connections to the polynomial hierarchy.

Definition 2.10 (Provably Total Functions). Let T be a two-sorted subtheory of PA and f : N¥ — N. The
function f is Y.B-definable in T iff there is a X 2-formula ¢(z1,...,zx,y) such that:

1. THVZ)3y)e(Z,y)

2. {(d@,b) : N[ ¢(d,b)} is the graph of f, i.e. p(a,b) holds iff f(@) = b for all naturals @, b.
YB_definable functions in a theory 7 are also commonly called the provably total functions of T
We may give a lemma similar to Lemma for provably total functions.

Lemma 2.11 ((Informal)). Let f be a function that is provably total in a two-sorted theory T'. Then we
can freely add the function symbol f to £(T) and the defining axioms of f to T without modifying the
strength of T'.

Theory V°. One of the weakest and most basic of theories in bounded arithmetic that is studied is Cook
and Nguyen’s theory VO, which captures uniform-AC reasoning. It is a uniform version of the propositional
proof system AC’-Frege, and superpolynomial lower bounds for AC’-Frege imply unprovability in V°.

At the base of VO are the so-called 2-BASIC axioms, which define the basics of how each function and
predicate in £% behaves. This includes statements like -0 = 0, distributivity of addition over multiplication,
and many others. See |17] for the full list of axioms. In addition to 2-BASIC are the comprehension axioms
YE-COMP, where for any Y -formula ¢, we get the axiom,

X <yVz <y X(z) < p(2).

YE-COMP axioms should be thought of as giving V° the power to generate truth tables of AC’-computable
functions. VO will, in addition to £2, have a function symbol f in its language for every LOGTIME-uniform
AC? function f, and the YB_defining axiom of f added to V°. Note it is well-known that LOGTIME-uniform
AC® is equivalent to the LOGTIME Hierarchy, so we may include functions symbols for either.

VY is surprisingly powerful and expressive. It is capable of proving many elementary theorems about
number theory and combinatorics and can perform Goédel numbering and coding of sequences. It is known
that VO cannot reason about the Parity function (@) or other functions which have AC® lower bounds.

11
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Theory VPV. The full definition of VPV is involved, and the details do not matter here outside of its
correspondence with polynomial time functions. To see a detailed definition of VPV, see [17]. The language
of VPV is £2 along with a symbol f for any polynomial-time computable function f. The theory is defined
by initially adding the defining axioms of five uniform-AC® functions, and then using Cobham’s recursive
definition of polynomial time functions |15] within the theory to build out the rest of FP.

Theory V!. Adding the comprehension axioms SZ-COMP to 2-BASIC, we go from V° to V1. As every
polynomial time function is X¥-definable in V!, we may freely add their definining axioms to the theory
and add a function symbol for every f € FP. This theory characterizes polynomial time computation and
reasoning, similarly to VPV. It has the benefit of being much easier to define, and is more easily generalizable
to reflect reasoning in the i-th level of the polynomial hierarchy (theory V*). It is known that VPV C V!, but
it is open if VPV and V! are in fact equal; under cryptographic assumptions like the hardness of factoring,
Thapen showed that V! is strictly stronger [51]. As we shall also see, there is an important difference in the
witnessing theorems for VPV compared to the witnessing theorems for V?.

V! (and more generally Vi, for i > 0), are equivalent to the single-sorted theories S} introduced by Buss
in his seminal PhD Thesis [6].

VPV Function Symbols We will be translating several lower bounds against Turing machines of different
resource bounds. In order to give VPV-translations of these statements, we must introduce some preliminary
function symbols.

Let Runj/(X,n) be the VPV function symbol that on input X and clock bound n, runs M for n steps
on input X and outputs the contents of its tape. Similarly for a nondeterministic machine M, an input
X, clock n, and witness W supplied on a separate read-only witness tape, we have a VPV function symbol
Runjps (X, n, W) which run M for n steps on input X and nondeterminism W and outputs the contents of
its tape input/work tape.

Lemma 2.12 (Implicit in |18} |6]). There is a paddable encoding of one-tape deterministic Turing machines
L1y C {0,1}* which is decodable in VPV. Specifically, there is a VPV function symbol Run(M, X, n)
where for every Turing machine M and its binary encoding En; € Lras, VPV F VX Vn Runy (X,n) =
Run(Ej, X, n).

Similarly for one-tape nondeterministic Turing machines, we can give an encoding language Ly C
{0, 1}* which is decodable. Specifically, there is a VPV function symbol Run(M, X, n, W) where for every non-
deterministic Turing machine M and its binary encoding Fys € Lyrar, VPV EVYX VW VR Runpy (X, n, W) =
Run(Ey, X, n, W).

The above lemma can be reformulated for k-tape Turing machines for any number k, but we will only
be concerned with one-tap machines in this paper. We will always assume Turing machines are encoded as
Ly from Lemma 2:12]

2.5 Witnessing Theorems in Bounded Arithmetic

Witnessing theorems broadly show that if a theory 7 proves a ¥ formula ¢, then there is a function f,
computable in a complexity class C7 which finds a witness to the existential quantifiers in . We will largely
work only with VX and VX2 formulas, which make witnessing conceptually simpler due to there being a
single existential quantifier.

The most classical example of witnessing in Bounded Arithmetic is Buss Witnessing [6], which is written
in the language of two-sorted theories in |17].

Theorem 2.13 (Buss Witnessing, [6}/17]). Let 7 be either V! or VPV, and let ¢ be a . formula. Suppose
that
THEVXIY (X, Y).

Then there exists a function F' € FP such that N = VX (X, F(X)).

Krajicek, Pudldk, and Takeuti generalized Buss Witnessing to VX2 formulas as follows.

12
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Theorem 2.14 (KPT Witnessing Theorem, [34]). Let T be a universal theory with language £. Suppose
that for a ©F formula ¢,

THVYX3YVZ o(X,Y, Z).

Then for a constant k£ > 1 and a sequence C1,...,Cy of L-string terms,
THYXVZ [SD(X7 Cl(X)7zl) \ QO(X, CQ(Xv Zl)a Z2) VeV C)O(Xa Ck(Xa Zl7 CER Zk—l)a Zk)] .

This theorem applies to VPV, as VPV is a universal theory. For VY and V!, KPT Witnessing as above
cannot be immediately applied as neither theory is universal. There are several ways around this. One way
is to universalize the axioms of V? and V! to give conservative extensions V° and Vl, where KPT Witnessing
can be applied. The other way is to prove KPT Witnessing directly using proof theoretic arguments and
Buss Witnessing. For V°, we will use the former method and apply the above KPT Witnessing Theorem to
the universal VO. For V!, we present its own KPT Witnessing Theorem below.

Theorem 2.15 (KPT Witnessing Theorem for V!, [31]). Suppose that for a X formula ¢,
VIEVYX Y VZ.(1Z] < | X)) e(X,Y, 2).

Then there is an FP function F' such that,
NEVXVZ.(|Z] < |X|) ¢(X,F(X),Z2),

where F' has access to the counterexample oracle C X [p] which on query (X,Y") outputs a string Z of length
at most | X| such that N = —¢(X,Y, Z) or “yes” otherwise.

The Student-Teacher game interpretation of KPT Witnessing is very useful. A Student F', which is
a search algorithm of some complexity class C, will take in X as input and want to find a Y such that
VZ o(X,Y,Z). They start by proposing F;(X) to the Teacher, the counterexample oracle, who either says
F1(X) is correct or gives a Z; back to the Student as a counterexample. This repeats for r rounds until the
Student proposes a correct Y.

A difference between VPV and V! is revealed here: the Student-Teacher game from the KPT Witnessing
for VPV ends in constantly many rounds, while the Student-Teacher game for V! ends in polynomially many
rounds. This makes unprovability of Y£Z formulas in V! potentially much harder than in VPV. Unprovability
of V8 formulas usually goes by applying KPT Witnessing and showing the resulting Student-Teacher game
can collapse into an impossibly fast/small algorithm without the counterexample oracle. The more rounds
of a Student-Teacher game, the harder it is to prove that the oracle may be removed.

2.6 Student Teacher Games and Refuters
We formally introduce the Student-Teacher game framework which witnesses the KPT Witnessing Theorem.

Definition 2.16 (C—STCX[“"’T] uniformity). Let C be a complexity class, and for a term ¢, let
b= 3V (V] < tn)VZ (2] = ) p(n, Y, 2)

be a formula with p € X and N |= 4. As well, let (n) be a time-constructible function. Define Search,, to
be the total search problem Search, := {(n,Y) | Y a binary string such that N =VZ (|Z]| =n) ¢(n,Y,2)}.

We say that A is a C-STCX¥] gearch algorithm for Search,, if A € C and on input 17, A outputs a
Y satistying VZ (|Z| = n) ¢(n,Y, Z) using at most r(n) many oracle queries to the counterexample oracle
CX[g].

Many complexity lower bounds are easily formalizable as either VX2 or V&2 formulas in £(VPV) and
L(V?), where the existential quantifier witnesses a mistake that some Turing machine or algorithm has made
when attempting to decide a hard language. Applying witnessing theorems to these lower bounds when they
are provable in bounded arithmetic gives us refuters.

Suppose, say, VPV were to prove a complexity lower bound formalizable as VX2 formula 9. Applying
KPT Witnessing, we would then get an P-ST¢X ler] constructive separation. For a VX8 formalizable lower
bound, Buss Witnessing then directly gives a P-refuter and a P-constructive separation.
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2.7 Time-Bounded Kolmogorov Complexity

There are many ways to define time-bounded Kolmogorov complexity |2}, 135]. Some choices made in these
definitions are essentialy arbitrary, like which efficient universal Turing Machine to use. We will specify
these choices carefully enough to give a particular translation of time-bounded Kolmogorov complexity into
theories of (bounded) arithmetic, but our results will not depend on the precise formalization. We follow
Section 2.2 of [38], elaborating on some details.

Fix a string pair encoding function (-,-) : {0,1}* x {0,1}* — {0,1}T defined by the map (u,v)
dbl(u) 0 01 o v, where dbl(u) = uiu; o ugug o - - - 0 Uy, U, simply double-prints each bit of u. Denote by 7
and 7y the left and right extraction functions, so m ({(u,v)) = w and mo({u,v)) = v. These pair encoding and
element extraction function are linear-time computable and well-defined for all non-empty binary strings.
Furthermore, delimiter overhead is only incurred for the length of the first string, plus an additive constant:
Yu, v [{u,v)] = 2Ju| + 2+ |v|.

Fix U a Universal Turing machine that can emulate any single-tape Turing Machine M with at most
polynomial-time overhead. Let runy (M, z, 1) denote the function that outputs the entire non-blank contents
of the tape of M simulated on input = for ¢ steps of U. By the assumption that U is efficient, runy can be
computed in time poly(|M|, |z|, ).

Finally, the t-time bounded Kolmogorov Complezity K'(x) of a string z is the length of the shortest
two-part description d of x such that U decodes d into x:

Ktz)= min {|d| : U(ri(d), m(d), 110Dy =z}

de{0,1}*

The K complexity of any string z is at most |z|, because the two-part description can simply “memorize”
x. Consider the description d = (H, z) where H is the constant-length description of a Turing Machine that
immediately halts. Because run outputs the contents of the tape of H, this is simply x. Thus we have the
following

Fact 2.17. There is an absolute constant ¢ such that for every function ¢(n) > 0 and every x € {0,1} it
holds that K*(z) < |z| + c.

Observe that it is important to pay delimiter overhead for the constant-length machine H instead of
the variable-length string = to obtain the basic fact above. This is implicit in every reasonable definition of
time-bounded Kolmogorov complexity.

3 Provability of Palindromes Lower Bounds

In this section, we generalize the work of Chen et. al. [14] and show that provability of the palindromes lower
bound in VPV implies circuit lower bounds.

To do this, we formalize Maass’s lower bound as a V%2 £(VPV)-sentence and, assuming VPV - “Maass”,
apply the KPT Witnessing theorem. We then assume a complexity upper bound that both collapses the
Student-Teacher refuter into a P-refuter and causes a contradiction via the argument of [14].

In Section [3.1} we give a formalization of palindrome lower bounds and discuss its witnessed Student-
Teacher refuter under VPV-provability. We then give a slightly generalized version of the constructive
separations argument of |[14]. Finally, in Section we identify a complexity assumption that both collapses
the Student-Teacher refuter and allows a standard constructive separations argument to go through.

3.1 Formalization of One-Tape Nondeterministic Turing Machine Lower Bounds

First, we state Maass’s theorem in plain English.

Theorem 3.1 (|39]). The language PAL := {p € {0,1}* | p a palindrome} is not computable by any
one-tape nondeterministic Turing machine in n'! steps.

To formalize Theorem we will need to introduce several functions, all of which are clearly VPV
function symbols. The symbol VaINTM(:) takes in a string M and outputs 1 if and only if M is a valid
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encoding (M € Lyra) of a one-tape nondeterministic Turing machine. We define IsPal(X) to output 1 if
the string X is a palindrome, and 0 otherwise. Recall that Run(M, X,t,W) outputs 1 if nondeterministic
machine M on input X with guess bits W ACCEPTS within ¢ steps. Finally,

Errhoar (M, X, t, W) £ (IsPal(X) = 4) A (Run(M, X, t, W) =1 — i).

Let Pal(ng) denote the following sentence.

Pal(ng) £ Vn (n > no) VM (IM| <n/2)3X (| X| =n) IWx (|[Wx| <2t H)VIW (W] < n'h)
VaINTM(M) A (Errp 4 (M, X, 0"t W) v ErD o (M, X, n*Y, Wy))

The formalization covers two cases: either the machine M claims an input X is a palindrome when it is
not (captured by Err®), or it claims X is not a palindrome when it in fact is (captured by Err').

The Student-Teacher Refuter. Assuming VPV F Pal(ng), for some ng, we have the following Student-
Teacher game interpretation via the KPT Witnessing theorem.

Let ¢ be the innermost X formula of Pal(ng), and 7 be the fixed constant many rounds of the Student-
Teacher game. A P-Student will take as input 1" and a machine M. In round one, they will query the
Teacher on a string X and witness Wx where it thinks M incorrectly decides X is or isn’t a palindrome. The
Teacher will respond with a witness W that either shows the machine M correctly accepts the palindrome X
on M (X, W), or that the proposed witness Wy actually rejects a non-palindrome X J°| This is an P-ST¢X 7]
constructive separation for Maass’s lower bound.

3.2 Constructive Separations for Palindromes

In order to collapse Student-Teacher games, we will need small amounts of nonuniformity to replace the
Teacher’s responses. This generalizes the argument of [14] that P-constructive proofs of Maass’s lower
bound imply breakthrough circuit lower bounds. Here, we will need P/o(n)-constructivity.

Lemma 3.2 (Lemma 3.3, |[14]). There exists a one-tape nondeterministic Turing Machine M running in
subquadratic time that acts correctly on all inputs = with circuit complexity |x|°, for a fixed 0 < § < 1.

Proof sketch. First, on input z, M will guess a logn-input circuit C, of size n® and evaluate it on all n
possible inputs to verify that C, succinctly represents x. Next, for each 0 < i < n/2, M will evaluate C, on
i and n — i and ensure that C(i) = C(n —i). In total, M will run in time n - n®©® = o(n?) for a sufficiently
small constant §. O

Lemma 3.3 (Generalization of Lemma 2.3, [14]). Assume that P C SIZE[n*] for some k > 1. Let € > 0. Then
for any P/o(n)-algorithm R(1™) with n output bits, we have that the string R(1™) has circuit complexity
o(n®).

Proof. Assume that P C SIZE[n*] for some k& > 1, and let R be a P-algorithm with advice a of length
|a| = o(n®) which takes in a unary input 1™ and outputs an n-bit string. For any &’ > 0, we can construct a

new P/(|a|+O(logn))-algorithm R’ where R’ takes as input 1"~ and i € [n] in binary, is given n in binary as
advice, and outputs the i-th bit of R(1™). This is clearly still a polynomial time algorithm, and by the above
assumption, has a circuit of size O(n® ¥ +o(n?)). Set ¢/ = ¢/2k to achieve the desired circuit complexity. [

The following is a straightforward generalization of the second item of Theorem 3.4 in [14].
Theorem 3.4. Let 0 < ¢ < 1. A P/n®-constructive proof of Maass’ bound implies that P ¢ SIZE[n*].

Proof. Suppose that P C SIZE[n*]. Then by combining the above two lemmas, there is a one-tape NTM
M running in subquadratic time that is correct on all strings which could be output by refuters. This
contradicts Maass’ lower bound being P /n®-constructive. O

5Note that in the second case, no response from the Teacher is actually needed as a polynomial time Student can check this
condition for themselves.
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to remove the first teacher query, adding n® bits of advice, for any e > 0 we desire. Picke < 1/ (100dk3)

3.3 Round Elimination for the Student-Teacher Refuter

Similar to the round elimination of [8], we show that every query to the counterxample oracle CX can be
replaced by a sublinear advice string. There are two new ideas compared to previous work.

(i) Recognize that Teacher in the Student-Teacher refuter is just an NP predicate.

(ii) By assuming (towards a contradiction) that NP C SIZE[n*], we can use the Easy Witness Lemma for
NP to “compress away” Teacher into sub-linear advive, round-by-round.

Theorem 3.5 (Easy Witness Lemma, [43]). Let & > 0. Suppose that NP C SIZE[n*]. Then there is a
constant d > 0 Wahere for any £ € NP and Yes-input X, there is a witness W succinctly represented by a
circuit of size n?*",

Theorem 3.6. Let , k be positive integers. Assume that NP C SIZE[n*]. Then an P-STYX#"] /4(n) refuter
for Maass implies an P-STCX#:r=11 /¢/(n) refuter for a(n) = O(n®) with § < 1 and a’(n) = C - a(n)°*"),
with C' > 0 a constant.

Proof. Let M be a nondeterministic Turing machine clocked to run in time n''!, and let d be the constant
appearing in Theorem First, we note that without loss of generality, the Student will only propose a
palindrome to the counterexample oracle. This is because if the Student proposes a non-palindrome, then
the oracle response can be compressed to 0 bits and completely removed; the Student can check for itself in
linear timd?| that its proposed string X is not a palindrome, and in n'! time to simulate M on X and the
proposed witness Wx.

Let p € {0,1}™ be the first palindrome that the student queries the teacher. As no teacher queries are
made yet, p is computable in P/a(n). Consider the following NP-language L,,;::

Lr.={z:z {0, 1}"1'1 and M(p,z) =1}.

Note that L7, is the set of witnesses to the nondeterministic machine W that takes in 1™ as input and
a string of length a(n) as advice and decides if p is a 1-input to M. Further, we can pad down the input
to 1", for any constant ¢ > 0, and add n in binary as advice. Pick ¢ < §. Hence by Theorem there
exists an x € L7, that has circuit complexity (n® 4+ logn + a(n))dk3 < (2a(n))dk3. We replace the teacher
by instead giving the student this witness circuit at the beginning of the Student-Teacher game. As a result,
we change the protocol to have r — 1 rounds of interaction and a(n) + (a(n) + n% + logn)¥*’° < (4a(n))?*’
bits of advice. O

We then have the following corollaries.

Theorem 3.7 (Theorem . If for any nondeterministic one-tape subquadratic time Turing machine M
there is a P-Student-Teacher game Sj;(1") with counterexample oracle C X [ppai, O(1)] solving Refpa ps for
n-bit inputs, then NP ¢ SIZE[n*] for any k > 0.

Proof. Suppose there is an P-ST¢X (o] refuter of constantly many rounds r for Palindromes. Apply Theorem
2r

Repeatedly apply Theorem another 7 — 1 times to have a P/o(n'/1%) refuter, we contradict Theorem
O

Theorem 3.8 (Theorem [1.11)). If VPV I Pal(ng), for any ng > 0, then NP ¢ SIZE[n*].

Proof. Suppose VPV F Pal(ng) and that NP C SIZE[n*] for some k > 0. Then by the KPT-witnessing
theorem, we get an P-STCX[#7] refuter of constantly many rounds r. Applying Theorem we have a
contradiction. O

6Student need not be a one-tape TM, so checking PALINDROME can indeed be linear time.
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4 Existence of K'-Random Strings

Hirahara’s lower bound Ryt ¢ P for t = gpoly is unconditionally non-constructive [22| [14]. Could we
extract a related unprovability result for VPV? Non-constructivity was established by using assumed P-
refuters to print high-K? strings for ¢ = gpoly in only poly-time — a contradiction [14]. This suggests to
begin studying VPV-provability of the lower bound “Rg: ¢ P” by considering first the simpler statement
“there exist Kf-random strings,” abbreviated informally as IRk below.

Even JRk: requires some care to express in VPV. Straightforward (i.e., without padding) translation
of JRk: into VPV with ¢ = gpoly is impossible, because VPV-number-terms must have fixed polynomial
growth. So we study instead provability of a sequence of statements asserting that high-K™ strings exist:
“for sufficiently large n, there is an n-bit string X with K{(X) > n/2” where t = n¢ for each c.

Formalization 4.1 (HiK? for VPV). Fixing ng, define the following sequence of VPV sentences for each ¢ € N.
HiK'[c] := Vn.(n > ng) 3X.(|X| =n) VD.(|D| < n/2) run(m (D), m2(D), n°) # X

Remark 4.2. The symbol c is not a free variable in a VPV-formula called HiK?. It is rather the parameter of
a sequence of formulas where “ n®” abbreviates the constant-length termn-n-n----- n.
~—_——

¢ occurences of n

Fixing sufficiently large ng, each statement HiK![c] is true in the standard model by simple countingm
Furthermore, the argument is essentially identical for each ¢, differing only by a substitution of numeric
terms. Can VPV carry it out? Can VPV prove HiK! via a “uniform” argument, such that the proofs for
HiK![c] and HiK![¢] with ¢ # ¢’ have a clean quantitative relationship as syntactic objects?

We make some progress towards answering these questions about provability of the schema HiK![c] by
giving lower bounds on Student-Teacher search for Kt-random strings for each fixed ¢ € poly (Section
and proof-theoretic hypotheses under which these lower bounds imply unprovability (Section .

4.1 Student-Teacher-Search Lower Bounds for K!~-Random Strings

First we derive a sequence of search problems from the schema HiK* as described in Section Extract the
quantifier-free part of HiK*[c] for each c as:

Ye(n, X, D) := (D] < n/2 An>ng) — (run(m1(D), ma(D), n) # X A |X|=n)

Because HiK'[¢] is true in the standard model for every ¢, the problem Searchy, is total and well-defined for
every c. To ease notation, we spell out and abbreviate these search problems below.

Definition 4.3 (Search for K’-Random Strings). For each ¢ € N, abbreviate the problem Search,,, by
FHIK! ] := {(1™, X) | K™ (X) >n/2A|X]|=n}
An answer to the counterexample query X for JHiK![c] is binary string D that is
1. short, so |D| < n/2 and
2. describes X, so D = (M, A) with M run on input A for at most n¢ steps halts with X on the tape.

Any such D is a valid counterexample to the claim “K™" (X ) > n/2.” Having fixed terminology, we are ready
to state and prove our lower bounds aginst Student-Teacher search for K!-random strings.

The base case — Students that make no queries — is implicit in Proposition 1.8 of [14]. Generalizing the
“indexing template” embedded in that proof yields our construction. Their argument is paraphrased below.

Proposition 4.4. For ¢ > 1, no student running in time O(n¢) and making zero queries solves IHiK*[c + 1].

"The constant ng need only be large enough to ensure that run(my (D), m2(D), ng) is well-defined for |D| > ng/2. Thus ng
can be fixed to an absolute constant depending only on the machine and pair encoding implicit in the run and 7 functions.
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Proof. Suppose S is a student that runs in time O(nc) and solves FHiK![c + 1] without making any queries.
Denote by ¢ the description length of S, fix arbitrary n € N, and let ;,, = S(1™) be the n-bit K™ random
string found by S. Define the indexing of S to be the standard, one-tape Turing Machine ix(S) that results
from substituting S into the Indexing Template (Algorithm . Because S makes no queries, it can indeed
be simulated by a standard one-tape Turing Machine.

By construction, ix(.S), given input n encoded in binary, prints z,,. This takes 0(nc) steps for a larger
polylog factor than in the original runtime of S, accounting for time to print 1™ onto the worktape and
to run S(1™). The description length of ix(S) is just £ + a for an absolute constant a depending on the
universal machine and book-keeping code to expand the binary representation of n into 1. Therefore, the
pair (ix(S), bin(n)) witnesses K™ (2,,) < 2(¢+ a) +logn + 2 — a contradiction for sufficiently large n. [

Algorithm 1 Indexing Template ix(.S)

Parameters S the description of a Turing machine
1: On input bin(n)
2: output S(1")

Observe that a, = (ix(S), bin(n)) is a uniform counterexample to the claim “x,, is a K* random string”
for any zero-query student and sufficently large n. This suggests that even if a student S for IHIK! does
make queries, the description of S could be used to answer and eliminate them. Two-parameter indexing —
tracking both n and number of queries made by S(1") — suffices to realize this intuition (Algorithm .

Theorem 4.5. For ¢ > 1, no student running in time n¢ solves IHiK?[2¢ + 1].

Proof. Suppose S is a student of description length ¢ running in time n¢ that solves IHiK![2¢ + 1] using at
most 7(n) < n° queries. By Proposition it is immediate that r(n) > 1. We will eliminate these queries
by constructing a uniform sequence of valid answers — derived from S itself — that are easy to produce
without a teacher. Before arguing for validity, we show that such a “reflection exchange” of answers and
queries is well-defined and establish some basic properties (Claim [4.6]).

More precisely, to generate counter-examples for S from the description of S, we must convert S into a
standard, one-tape Turing machine (TM) — because JHiK" is defined with respect to this particular model
of computation. The Reflection Template transforms any student S into a standard Turing machine rf(.S)
by substituting the description of S into Algorithm [2] below. We must additionally handle the change in
computational model from the Student, as an oracle Turing machine, to a standard one-tape Turing machine.
For each standard one-tape Turing machine M, write "M for the binary encoding of M induced by the
particular universal machine used to define IHiK?. We can now state

Claim 4.6. There is a standard one-tape Turing machine rf(S) such that, fixing the sequence of answers
an; = ("rf(S)7, ("rf(S)7, (bin(n), bin(j)))) and denoting by ¢, ; the induced sequence of queries

qn,i = “the i-th query made by S(1") after getting a,, ; in response to the j-th query for j € {1,...,(i—1)},”
the following properties hold:

1. rf(S) on input ("rf(S)7, (bin(n), 1)) prints the first query made by S(1™).

2. rf(S) on input ("rf(S)7, (bin(n), bin(i))) prints g, ;.

3. rf(S) runs in time O(¢ + n*logn) on all inputs of the form (7rf(S)7, (bin(n), bin(j))).
4. The description length of rf(S) is £ + a,s for some absolute constant a,f.

Proof. Observe that “running rf(S) on appropriate inputs” is exactly a constructive definition of the queries
qn,i for each n and ¢ < r(n). All claimed properties follow by inspection and simulation of rf(.S) because
S is deterministic and time-bounded. The runtime blow up from O(n¢) to O(n*¢logn) occurs due to the
treatment of the oracle tape as a 2nd tape, and simulating it on the first via a standard two-to-one tape
simulation [3]. None of these assertions are about the validity of answers a,, ; as responses to queries g, ; —
they assert only that both sequences are well-defined and can be obtained in bounded time by running and
manipulating the description of rf(.S). O
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Algorithm 2 Reflection Template rf(S)

Parameters S a student
1: On input (D, (bin(n), bin(q)))

2: i+ 1 > assumption: S makes at least one query
3: loop

4: Gn,; < Simulate S(1™) until it queries teacher

5: if i < g then

6: Answer the simulated query g, ; with (D, (D, (bin(n), bin(3)))) > ezactly a,, ; when D = "rf(S)"
T i1+ 1

8: else

9: | break the loop

10: output g, ; > the last query from simulated S(1™)

To eliminate ¢ > 1 queries from S, we answer them with a description of the reflection template applied
to S — the standard machine rf(S). The Autodidact Template transforms any student S making at most
r(n) queries into a student ad(.S, ¢) making at most r(n) — ¢ queries by substituting the description of S and
bin(g) into Algorithm [3| below. Preservation of correctness and runtime guarantees is

Claim 4.7. Student ad(S, ¢) runs in time O(n?¢logn) and solves IHiK?[2c+ 1] using at most r(n) — ¢ queries.

Proof. We argue by induction, showing first that student ad(S, 1) solves FHiK![2¢ + 1] within the claimed
runtime and makes at most r(n) — 1 queries. Consider the set of first queries ¢, 1 asked by S(1™) for each n.
These strings depend only on S and n — so intuitively, their K"26+1—complexity is bounded. Formally, the
machine rf(S) on input ("rf(S)7, (bin(n), 1)) prints ¢, 1 for each n in at most O(n°logn) steps (items 1 and
3 of Claim [4.6). Therefore, the machine-input pair

("rf(S)7, (Trf(S)7, (bin(n), 1))) = an1

of length O(f) + O(log n) witnesses K™ (gn,1) < n/2 for all sufficiently large n. Thus, for sufficiently large
n, the string a, 1 supplied to S(1™) by line 6 of ad(S, 1) is a valid answer to query g, 1. By the assumption
that S solves FHiK![2¢ + 1], it must produce an element of Ry..e+1 given any sequence of valid answers from
teacher of length at most 7(n). Therefore, the simulation of S(1™) executed by ad(S, 1) will solve FHiK![2¢+1]
using at most r(n) — 1 queries to a real teacher, because a, 1 is a valid answer to ¢, 1. Accounting for the
time complexity of simulation and string manipulation, rf(S,1) takes at most O(n2?¢logn) steps on inputs
1™. This concludes the base case.

For the inductive step, suppose that student ad(S, i) solves FHiK![2c + 1] using at most r(n) — i queries.
Inspecting the autodidact template we have that, when running ad(.S,¢): (1) all queries made by S until the
(i + 1)-th query are answered by ay, ; for j € {1,...,i} and (2) query gy ;11 is the first query answered by
teacher. Because ad(S, i) is a student solving FHiK[2¢+ 1], it must produce an element of Ry, 2c+1 given any
sequence of valid answers from teacher of length at most r(n) — 4. We argue that a,, (;11) is a valid answer
to query gy (i41)-

The standard, one-tape machine rf(S) on input ("rf(S)7, (bin(n), bin(i +1))) prints g, ;+1) in at most
O(€ + n®logn) steps (items 2 and 3 of Claim [4.6). Therefore, the machine-input pair

(Trf(S)7, (Trf(S)7, (bin(n), bin(i +1)))) = an i+1)

of length at most O(¢) + O(logn) + O(logr(n)) (by item 4 of Claim witnesses K"2C+1(qn7(i+1)) < n/2
for all sufficiently large n, because we know r(n) < n° from the runtime bound of S. Therefore, student
ad(S,i 4+ 1) correctly simulates one additional teacher response for S compared to ad(S,4) and so solves
JHiK![2¢ + 1] using at most r(n) — (i + 1) queries. Induction on i now proves Claim [4.7] O

Now conclude the proof of Theorgmby substituting ¢ = r(n) into Claimto get that ad(S, q) solves
JHiK![2¢ + 1] using zero queries in O(n>¢) time, contradicting Proposition O
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Algorithm 3 Autodidact Template ad(S, q)

Parameters ¢ € N and S a student

1: On input 1™

2: 441 > assumption: reflect at least one query
3: loop

4: Gn,; < Simulate S(1™) until it queries teacher

5: if ¢ < q then

6: Answer the simulated query g, ; with a,; = ("rf(S)7, ("rf(S)7, (bin(n), bin(7))))

7 141+ 1 > increment #queries reflected
8: else

9: | break the loop
10: Continue simulating S(1™) but answer all subsequent queries by asking teacher
11: output the output of simulated S(1™)

4.2 Gap Between Student-Teacher Search Lower Bounds & VPV-Unprovability

The Student-Teacher search lower bounds above do not suffice to obtain VPV-unprovability. Suppose VPV
proves HiK![c] for every c. Applying KPT-witnessing, we would obtain for every ¢ a DTIME|[g.] Student-
Teacher search solving FHiK![c], for some arbitrary polynomial q.. There is no contradiction to Theorem
because it does not control the relationship between n¢ and ¢q.. However, if ¢. = o(nc/ %) could be guaranteed
for even a single ¢, then unprovability of the HiK! schema in VPV would follow.

One way forward is to make a stronger assumption about the supposed VPV-proofs of HiK![c]. In larger
theories than VPV that are known to prove HiK![¢] for each ¢, the proofs are uniform — essentially the same
for each c. An assumption like “VPV proves HiK![c] for each ¢ and furthermore the proofs are structurally
uniform” could enable control over Student runtime, such that a single polynomial-time algorithm witnesses
K!-random strings for every t € poly.

Such dramatic consequences of uniform proofs might seem unrealistic; the term n¢ appears in the
quantifier-free part of HiK![c], so shouldn’t any student witnessing HiK![c] take time at least n°? This
appealing but flawed intuition presumes that witnessing requires simulation of an n°-time machine. In re-
ality, Teacher may be the only party responsible for an n°-time computation — it depends on the scheme.
In Section we give several examples of VPV schemata ®[c] parameterized by arbitrary polynomial time
bounds n¢ — with quantifier prefix identical or similar to HiK*[¢] — where both (1) each statement is prov-
able in VPV for every ¢ by the “same” proof and (2) witnessing the statement takes absolute polynomial
time — not n° for each c.

Summarizing the above, it is both plausible and well-motivated to ask for better control over the com-
plexity of witnessing terms when VPV proves a parameterized sequence of theorems by “essentially the same”
proof. This requires a definition of uniform proofs. Towards this end, we discuss next a similar question
about Peano Arithmetic (PA) and extract a witnessing hypothesis for uniform VPV-proofs by analogy.

4.3 Kriesel’s Conjecture & Witnessing Hypotheses for Uniform Proofs

A fundamental question about “merging” a sequence of theorems into a single theorem appeared in 1975 as
Problem 34 on Friedman’s list of One Hundred and Two Problems in Logic, attributed to Kriesel [21]. For
some theories, a positive answer to this question would imply uniform witnessing.

Conjecture 4.8 (Kriesel’s Conjecture, §4.4 of [49]). Suppose for a formula ¢(x) and a number k, one can
prove ¢(S¢(0)) in Peano Arithmetic using < k steps for every ¢. Then Vep(c) is provable in Peano Arithmetic.

Efforts to resolve Kriesel’s Conjecture (KC) uncovered a peculiar situation: KC is very sensitive to how
PA is axiomatized! For example, KC is true when PA is axiomatized with a ternary relation for multiplication
[46, 41] or with minimality instead of induction [23]. But KC is false when PA has a function symbol for
subtraction [24], and remains open for the “textbook” presentation of PA using function symbols {5, +, x}.
Hrubes discusses these issues in detail [23].
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Let PA; denote the theory of Peano Arithmetic with symbols for every primitive recursive function,
axiomatized by a list L of formulas. If KC is true for PAy, then it is straightforward to extract parameter-
independent witnessing terms from a sequence of proofs: just apply KC followed by KPT witnessing. This
interchanges the order of quantifiers as desired: a single sequence of witnessing terms that works for all
sentences in the schema. One intermediate step is required — PA is not a universal theory, and so KPT
does not apply directly. We work out the details below for IK!R, towards developing a uniform witnessing
hypothesis for the weaker theory VPV by analogy. First recall the KPT theorem, stated below for single-
sorted theories.

Theorem 4.9 (Single-Sorted KPT). Let T be a universal theory with vocabulary L. Let ¢ be an open
L-formula, and suppose that T F VZ Jy Vz o(Z,y, z). Then there is a finite sequence ty,...,t,. of L-terms
such that

TEVE V2, ... 2. [0(Z, t1(Z), 21) V (B, ta(Z, 21), 22) V- -V O(Z, 60 (X, 21,4+ - oy 2r1), 21)]

Now translate “for every ¢ and almost every n, there exists a K" -random string of length n” into a
PA-formula. Because PA-terms are not bounded by polynomials, here we can admit the runtime exponent ¢
as a free variable. Fixing sufficiently large ng, define

HiK!(c) := Vn.(n > ng) Jz.(z < 2™) Vd.(d < 2™/?) run(my(d), mo(d), unary(exp(n,c))) # =

For every reasonable list of axioms L, if PAy includes all primitive recursive functions, it includes the
necessary function symbols and proves their relevant properties.

e unary(w) is the PAL, symbol for the function that outputs z such that bin(z) = 1*, and
e exp(n,c) is the PAy symbol for the exponentiation function n®.
e run is the PA, function symbol for runy from the definition of time-bounded Kolmogorov complexity,
e 7m1(2) and ma(z) are the PAL, symbols for the pair decoding functions (see Section [2.7)).
Again, this translation of IK’R exploits the power of PA to admit c as a variable of the object language.

Proposition 4.10. Suppose KC is true for PA;, and there exist absolute constants ng and k such that one
can prove HiK!(5¢(0)) in PAy using < k steps for every c. Then, letting PA, be any universal conservative
extension of PAp, there is a finite sequence of PA’ -terms ¢, . .. ¢, such that

PA} F Ve Vn.(n > ng) Vdy, ..., d, |(run(mi(dy), m2(dy), unary(exp(n,c))) # qi(n,c)) V

(run(my(dz2), m2(da), unary(exp(n,c))) # qa(n,c,dy)) V
.V

(run(m1(dy), m2(d,), unary(exp(n,c))) # ¢ (n,c,dy,...dr—1))

Proof. Assume that PA; proves HiK! as in the statement of the lemma, and KC is true of PAr. Applying
KC, we have PA;, I Vc HiK!(c) for some absolute constant ng. Now let PA} be any universal conservative
extension of PA;. Because PA} extends PAj, we also have PA} F Vc HiK!(c). Because PA] is universal,
appeal to KPT witnessing (Theorem concludes this proof. O

4.4 Conditional Unprovability of HiK[c] in VPV and V!

By analogy to the outcome of assuming KC and applying KPT to a conservative universal extension of PA,
introduce the following
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Hypothesis 4.11 (Witnessing for Linecount-Uniform VPV-Proofs). Let ¢(n, p, X,Y) be a £ (VPV) formula
with all free variables displayed. Suppose there is an absolute constant ng , number k, and VPV-term ¢ such
that one can prove Vn.(n > ng) 3X.(|X| < t(n)) V¥¢(n,n% X,Y) in VPV using < k steps for every ¢. Then
there is a finite sequence F1, ... F, of VPV-function symbols that are absolutely witnessing:

for every ¢, VPV - Vn.(n > ng) VY1,..., Y. |¢o(n,n® Fi(n,c), Y1) V

p(n,n’ Fa(n,c,Y1),Ys) V
SV

go(n,nc, Fr(naca Yla s YT’—l)a Y;“)

The asymmetry in how c is given to ¢ compared to how c is given to each F; — n® vs. ¢ — is crucial for
our applications. If Hypothesis holds, then any student derived from the hypothesis takes arguments 1™
and 1¢ because numeric terms are supplied in unary for two-sorted complexity classes (see Section . If ¢
were instead given to F; as n¢, the implicit student would take poly(n¢) time to print K n“_random strings of
length n — and no contradiction would arise. However, combining Hypothesis[{.11] with the Student-Teacher
lower bounds for FHiK! from the last section (Theorem , we have

Corollary 4.12. Under the Witnessing Hypothesis for Linecount-Uniform VPV-Proofs, there is no fixed k
such that one can prove HiK![c] in VPV using < k steps for each c.

This would rule out linecount uniform proofs of HiK![c]. However, linecount uniformity — though well-
motivated by Kriesel’s Conjecture — is certainly not the only reasonable notion of uniformity in proofs. We
hope that a deeper understanding of uniform VPV-proofs will emerge by studying witnessing hypotheses
that emphasize different aspects of common structure in theorems and proofs. To begin the investigation,
we introduce a strong witnessing hypothesis that emphasizes the common element in statements like HiK?|c]
— substitution of polynomial time-bounds into the execution of Turing machines, formalized as

Definition 4.13 (poly-Runtime Schema). Fix a universal function symbol run(M, A, s) to output the tape
of machine M run on input A for s steps. An infinite sequence of formulas @ is a poly-runtime schema if ® is
obtained by taking an infinite union over substitution of polynomial runtimes. Formally, let ¢ be a formula
with a free variable p occuring only in terms of the form run(M, A, p) — as the time bound. Then,

© = | Jo(p/n%)
ceN
We refer to the c-th sentence in such a schema by ..

Hypothesis 4.14 (Witnessing for poly-Runtime Schema in VPV). Suppose ® is a poly-runtime schema with
o = Vn.(n > ng) IX.(|X| < t(n)) YY¢(n,p, X,Y) for ¥ a ZF(VPV) formula and ¢ a VPV-term, and there
is an absolute constant ng such that VPV = ®. Then there is a finite sequence Fi,... F,. of VPV-function
symbols that are absolutely witnessing:

for infinitely many ¢, VPV F Vn.(n > ng) ¥Y1,..., Y, |¥(n,n° Fi(n,c), Y1) V

w(na nchQ(na &) Yl)v }/2) \
SV

w(na nca Fr(na & Y17 cee erl)a Yr)
The conclusion is essentially identical to that of the linecount WHUP. However Hypothesis is much
stronger: it asserts that VPV cannot help but give absolute witnessing if it proves a poly-runtime schema.

Therefore, combining Hypothesis with the Student-Teacher lower bounds for IHiK? from the last section
(Theorem [4.F)), we have
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Corollary 4.15. Under the Witnessing Hypothesis for poly-Runtime Schemas in VPV, there are infinitely
many c such that VPV does not prove HiK![c].

Under Hypothesis we get VPV-unprovability of HiK![c|, but not V! unprovability. This under-
exploits our Student-Teacher lower bounds for IHiK!, which can eliminate poly-many rounds from Student.
So, we introduce an appropriate WHUP for V! — derived from the KPT Theorem for V! (Theorem [2.15]).

Hypothesis 4.16 (Witnessing for poly-Runtime Schema in V!). Suppose @ is a poly-runtime schema with
o =Vn.(n > ng) IX.(|X| < t(n)) VY(n,p, X,Y) for ¥ a XF (V1) formula and t a V1-term, and there is an
absolute constant ng such that V! - ®. Then there is an absolutely witnessing FP function F such that for
infinitely many c,

Ny = Vn.(n > no)VYh(n, ne, FEX1® y)

Corollary 4.17. Under the Witnessing Hypothesis for poly-Runtime Schemas in V!, there are infinitely
many c such that V! does not prove HiK?[c].

These two corollaries imply separations with Jerabek’s theory VAPC.

Theorem 4.18. VAPC I HiK![¢], for all ¢ € N. Further, under Witnessing Hypotheses, VPV I/ HiK![c] and
V1 HiK[¢].

Proof. Tt was shown by Korten 28] that VAPC - HiK*[c]. 0O

We spend the remainder of this section addressing the plausibility of these hypotheses, by giving examples
of VPV-theorems that do enjoy absolute witnessing despite varying polynomial bounds.

Remark 4.19. It is interesting to note that our arguments do not distinguish between poly-Runtime Schemas
and runtime schemas of higher time complexity (such as quasipolynomial time). Let py(n) = n(°% ™", Then
we can consider the two-sorted variant of S and study the provability of the schema HiKP(") - Our WHUPs
and round collapse techniques would extend to this setting, separating Si from the theory corresponding to
the quasipolynomial form of VAPC.

4.5 Examples of Schemata With “Uniform” Proofs & Absolute Witnessing
The WHUPs discussed in this section apply to VPV-schemata of the form

D[c] :=Vn.(n > ng) 3IX VY p(n®, X,Y)

where (p, X,Y) is ©F for each ¢ € N. Here we give examples of simple VPV-theorems to illustrate that
this class of schemata is non-trivial. All these examples have both proofs that are identical up to numeric
substitutions and witnessing algorithms that run in some absolute polynomial time — not n® for each c.
Therefore, no contradiction can arise from assuming a WHUP (and constant-line proofs) for any of these
theorems. The WHUP would just “automatically” transform proofs into witnessing algorithms that meet
known complexity upper bounds. The common element in all these examples is efficient transformation
of encoded Turing Machines. For each example we describe the VPV-translation and carefully discuss the
complexity of witnessing. We do not argue for VPV-provability, because all these theorems follow from
properties of universal machines and lemmas about efficient string manipulation that are readily available
in VPV — see the discussion in Sections 2.1 and 4 of [48].

4.5.1 Machine Templates

The first three examples give basic properties of machine-only Kolmogorov complexity. Fix a universal
Turing machine U and define the machine-only t-time bounded Kolmogorov Complexity moK},(x) of a string
z as the length of the shortest encoded machine that prints x when simulated by U:

moK{ (@) = pin {1+ U(d, &, 140) =)

This definition is brittle compared to standard time-bounded Kolmogorov complexity. The UTM never
provides any input to the encoded machine d, forcing d to “hardcode” useful strings instead of reading them
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from an input tape. Therefore the basic fact about K* — VaK!(z) < |z| + a for an absolute constant a
— fails. However, we can recover something similar for moK?, even in VPV: an uniform upper bound on
moK?*(x) for every .

Memorization Templates. For every polynomial time bound ¢, for every string length n, there is a
hardcoded-string “template” machine M of length n, such that any string X of “sufficiently smaller” length
can be pasted into the template to produce a new machine M’. The machine M’ prints X in less than ¢
time. Pasting is a polynomial-time string function that copies the bits of Y into a sequence of states of M.
We formalize this as a VPV-schema below, varying the polynomial time bound.

MEMT [no, c] :== Vn.(n > ng) IM.(|M| =n) VX.(|X]| < n/16) runy(pastey (M, X),n¢) = X

VPV cannot quantify over arbitrary polynomial time bounds, but it can prove the MEMT schema via an
essentially-identical proof for each ¢. However, no contradiction can arise from a WHUP because it is easy
to witness M: print the U-encoding of a Turing Machine that prints an ezplicit all-zero string instead of an
implicit all-zero string. That is, the ith state of M is “write 0 to the tape, move the head right, transition
to state i+1.” The paste function replaces the “write 0” element of state ¢ of M with bit X (). The content
of this simple theorem is the gap between n and | X| — it asserts an upper bound on the cost of memorizing
a string relative to some fixed model of computation and encoding of machines shared by runy and pastey;.

Notice that witnessing M in this example takes linear time completely independant of ¢. This is more
restrictive than the consequences of a WHUP, which allows witnessing algorithms to take 1¢ as an argument.
Our next example actually exploits this dependence.

Clocking Templates. For every polynomial time bound p, for each sufficiently large n, a “template”
machine M of length n enforces a p-step timeout on shorter machines, making sure they halt in time p
and signalling a fault if they run too long. We’ll formalize this in VPV using a pair encoding function: the
clocking template applied to machine description D outputs (h, run(D, e, n®)) where h is 1 if D halted within
n® steps and zero otherwise. Consider the following collection of VPV-theorems CLOCKTng, c] :=

Vn.(n > ng) IM.(|M| =n) VD.(|X| < n/16)(halt(D,e,n°) — run(paste(M, D), e,n*) = (1, run(D, e,n)))
A (=halt(D, e, n¢) — run(paste(M, D), e,n*¢) = (0, run(D, e,n)))

Once again, there is a straightforward witnessing for M: print the U-encoding of a machine that explicitly
prints the all-zero string Z of length n/16 to the worktape (as in the memorization template), and then runs
a n°-clocked U to simulate Z. Pair the worktape contents of the results with 0 or 1 depending on if Z halted.
The paste function then replaces the explicitly-coded Z with the encoding of D, resulting in a template with
the desired behaviour.

Witnessing this template actually depends on ¢: the clock requires clog(n) hardcoded bits in the descrip-
tion of M. However, this dependence is not polynomial: for sufficiently large n, clog(n) < n. Inspecting the
WHUPs for VPV (Hypotheses we see that the witnessing function symbols occur as F(n,c,...),
meaning that n and ¢ are given in unary to the witnessing algorithm. Therefore, in fixed poly(n, ¢) time we
can hardcode the binary representation of n¢ into a clock. This is an example where the straightforward
witnessing has ezactly the complexity implied by a WHUP.

Clocked Unrolling Templates. VPV can also discuss a local formulatiorﬁ of machine-only K*(z), which
bounds the time complexity of producing each individual bit z; of = given 7 in binary. Consider the following
polynomial-time function, which “unrolls” a given machine into an n-bit string — essentially a machine
analog of the truth-table generator for circuits [32].

For every polynomial time bound p, for each sufficiently large n, a “template” machine M of length n
can extract an n-bit vector of p-step decisions from sufficiently shorter machines. That is, pasting a shorter

8 A local formulation of standard K* complexity appears, for example, as Definition 3 of [37] where a hardness assumption
about deciding local Kt is used in a direct and elegant construction of pseudo-random functions.
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Algorithm 4 Unrolling a Machine, Unroll(D, n, n¢)

Parameters n in unary, n° in unary
1: for alli € {0,...,n} do

2: if D run on input bin(¢) accepts within n¢ steps then
3 ‘ Print 1

4: else

5 L Print 0

machine D into M and running the result agrees with Unroll(D,n,p). Translating into VPV define the
schemea UNROLLT[ng, ¢] :=

Vn.(n > ng) IM.(|M| =n) VD.(|D| < n/16) runy(paste; (M, D), &,n***') = Unroll(D, n,n°)

Witness M in poly(n, c) time by printing an appropriate U-encoding of Algorithm [5| below.

Algorithm 5 Unrolling Template

Parameters D the description of a machine, n in unary, n¢ in unary

Write 07/16 to the worktape

Move the head two cells right — leaving a blank

Write 1" to the worktape

Move the head two cells right — leaving a blank

Write 1™ to the worktape

Run Unroll on the contents of the worktape, with arguments separated by blanks

To accomodate paste, implement line 1 of M by ezplicitly printing 0 symbols — one state per symbol, exactly
as in the previous two templates. Implement lines 3 and 4 by maintaining binary counters on the worktape.
This requires O(logn) and O(clogn) bits to be hardcoded in M, respectively. Finally, the code of Unroll
takes some absolute constant number of bits in the encoding of M. Just as above, printing M takes fixed
polynomial time given (1™, 1¢) as input.

4.5.2 Deterministic Time Hierarchy Theorem

Consider the compressible-counterexample deterministic time hierarchy theorem, used to obtain Student-
Teacher lower bound for constructing circuits [8].

Lemma 4.20. For every ¢ € N, there is a language H, € DTIME[n°*!] satisfying the following:

e COUNTEREXAMPLES: Every candidate n®-time TM M that tries to compute H, will make a mistake
on an n-bit input Zeyor = "M ' o ™ where o denotes concatenation and m € 0* is a padding string
chosen to make |Zepror| = n for all sufficiently large n.

e COMPRESSIBILITY OF COUNTEREXAMPLES: The counterexamples Zo.or are efficiently compressible to
O(log(n)) bits by recording both the constant-length description M and n in binary, by just padding
M to the appropriate length.

Though the diagonalization machine H,. uses time O(n°t1), the implicit refuter uses only time O(n) —
and is the same regardless of which polynomial “slice” of the hierarchy is being refuted! The deterministic
time hierarchy theorem has a straightforward translation into a sequence of VPV-sentences.

Formalization 4.21.
DTIMEH[c] := ¥n VM.(|M| < n/16) 3X.(|X| = n) run(M, X, n) # run(H,, X,n*!)

This is a simpler formula than the VPV-schemata ®[c] used in WHUPs, because the quantifier prefix is
V3 instead of V3V. We know that VPV = DTIMEH]¢] for each ¢, and each proof is “essentially the same”
up to substitution of n® (Lemma 3.1 of [29]). Therefore, Buss Witnessing (Theorem [2.13)) applies and we
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immediately get refuters for H.. But the uniformity is not expoited by Buss Witnessing — we get a sequence
of refuters with arbitrary and unrelated polynomial runtime for each ¢, and indeed each runtime may be
much larger than n¢. This is much worse than the absolute refuter obtained outside VPV.

In this simpler setting, is there a generic way to convert such uniform collections of proofs into absolute
witnessing that we already know exists? To further assess the plausibility of such convenient witnessing, we
let wy be the VPV-term given by the compressible counterexamples of Lemma [£.20] and ask the following

Question 4.22. Does VPV prove that wy witnesses the DTIMEH]¢] errors for each ¢?

4.5.3 Efficient Conversion From Multi-Tape to One-Tape Turing Machines

It is a classical theorem that for k > 2 any k-tape Turing Machine can be simulated by a one-tape Turing
Machine with at most quadratic overhead.

Theorem 4.23 (Claim 1.6 of [3]). If the language L can be decided in time n¢ on a k-tape Turing Machine,
then L can be decided in time 16kn2¢ on a single-tape Turing Machine.

Formalize this in VPV by defining the function symbols rung and run; to simulate k-tape and single-tape
Turing Machines, respectively. Then consider the following collection of VPV-theorems ONE. TAPE[ng, k, ¢] :=

VM AM' Vn.(n > ng) VX.(|X| =n) rung(M, X,n°) = runy(M’, X, 16kn>)

This quantifier prefix is identical to that of ®[c], but the types are different: strings instead of numbers.
Therefore, a witnessing algorithm for ONE.TAPE is given M encoded in binary and must print the encoding
of M’. The encoding length | M| under any reasonable encoding — which we fix using run, — is determined
by the number of states and alphabet size. The number of states in M’ given by straightforward proofs
of Theorem [4.23] is exponential in k& but linear in the states and alphabet-size of M. Therefore, in a fixed
polynomial time in |M|, a witnessing algorithm prints M’. Only the transformation of the “code” of M
matters to the witnessing algorithm — not the runtime bound on M.

5 Consequences of Provably Hard Truth Tables

Under a natural witnessing hypothesis for a theory corresponding to uniform A(:O[qpoly]7 we have P # NP.

5.1 A Theory for AC’[gpoly]-Reasoning

In Section we recalled the two-sorted theory VO which corresponds to log-uniform AC® circuits. Here,
we extend the definition to a new theory denoted V%, corresponding to polylog-uniform ACO[qpoly]. The
definition of VO# is very simple: starting from the axioms of V¥ and language £(V), add the function symbol
#, commonly known as the smash operator, to the language and defining axioms of V°. Smash is defined
by axioms stating z#y = 2I'¥l for numbers z,y. It is used to give quasipolynomial growth rates of the
number type.

The characterization of V° with uniform AC” is carried out in detail in Chapters IV and V of [17]. They
treated AC? as the logtime-hierarchy LH, known to be equivalent to logtime-uniform AC®.

Theorem 5.1 (Folklore). log-uniform AC®[poly] = LH.
Importantly, this is generalizable to the polylog-hierarchy polyLH.
Theorem 5.2 (Folklore). polyLH = polylog-uniform ACO[qpoly]

Cook and Nguyen showed that all logtime-uniform AC’-functions are YB_definable in VO, as well as the
converse witnessing theorem that any VY- sentence provable in VO has its existential quantifier witnessed
by a logtime-unform AC® function.

This correspendence holds for uniform ACO[poly], but generalizes to any class of circuit sizes that is closed
under composition, with the appropriate modification of the language and axioms. By adding the smash
operator #, it is standard to get an identical correspondence between polylog-uniform AC° [gpoly] and VO#.

We believe this theory is of independent interest, and will discuss it’s strength at the end of the section.

26



1031

1032

1033

1034

1035

1036

1037

1038

1039

1040

1041

1042

1043

1044

1045

1046

1047

1048

1049

1050

1051

1052

1053

1054

1055

1056

1057

1058

1059

1060

1061

1062

1063

1064

1065

1066

1067

1068

1069

1070

1071

1072

1073

5.2 Stating Existential Circuit Lower Bounds in £(V})

We first give a logical translation of the classical lower bound due to Shannon.

Theorem 5.3 (Shannon Counting). Let b > 0. For every sufficiently large N, there exists a truth table X
of length N which is not succinctly represented by any |N|-input circuit of size |N|°.

Normally, it would be impossible to describe such a lower bound in £(V°) or E(VO#), as it involves

evaluating general circuits, instead of AC® circuits. However, because our feasible objects will be truth
tables of length 2", we can evaluate general circuits of each fixed polynomial size n¢ in size qpon(2”)—AC0.
While we normally reserve capital letters for string-types, we will use IV to refer to 2" in this section. More
formally, we use the following folklore lemma about AC’ evaluation of general circuits.

Lemma 5.4 (Folklore). Let k& > 0. There is a polylog-uniform AC® circuit of size N'e(M)*" which on input
the DCL encoding of a general circuit C' of size n* and an input z of n bits, outputs C(z).

Proof. By a standard counting argument, it is known that there are at most 2°(*(")1°87) circuits of size s(n).

As a DCL representation of a size s(n) circuit is a string of length at most s(n)?, we have that there are
at most 20((m)*legn) DCL strings of size s(n) circuits. Plugging in s(n) = n*
20(n** logn) — O(N(esN)*) DCL strings of size n* circuits.

We construct an AC? circuit £ to evaluate any size n* general circuit as follows:

, we get that there are up to

1. CircuiT LOOKUP LAYER: Have a multiplexer identify the which circuit C' has been input
2. InpuT LOOKUP LAYER: Have a multiplexer identify the circuit input  which has been specified.

3. EVALUTATION LAYER: Output the memorized evaluation of indentified circuit C' and input z.

Uniformity. Normally, the above circuit would be highly non-uniform. However, in the size regime of
N = 2", this becomes feasible. A polylog-uniformity algorithm of £ would have runtime ponIog(NlOg(N)%),
which is DTIME[poly(n)]. This means that a uniformity algorithm Ag running in time log(N)¢ = n° for
circuit £ has time to evaluate circuits of size n®?. Setting ¢ > 3k would allow for the uniformity algorithm
to, after stages (1) and (2), evaluate the input (C, ) and give the output bits. O

By Lemma we have in V% a sequence of function symbols for generating the truth tables of fixed-
polynomial size general circuits given as input. This is feasible due to the input length N, where a fixed
polynomial is only polylog. Define the sequence of symbols TT,(C, N) as functions that take a number N
and circuit C of length |C| = |N|® and output the truth table of C' of length N. These operations have
function symbols and defining axioms in VO# because the polylog-uniform ACY complexity will be N - gpoly (V)
to evaluate the circuit C' on each of the N possible inputs (by Lemma[5.4). We will also assert that TTs(-, )
checks if the input circuit is valid and of length |N|°, and treats it as the constant 0 function if it is not.
This is because verifying a DCL encoding can be done efficiently in AC’. We can now give the following
translation,

Hard(b) 2V N3 X (|X| = N)VD(|D| < N) TTy(D,N) # X

The above formula makes a choice to rely on the function symbol TT, verifying that N is a power of two and
the circuit D is a valid circuit of size | N|® instead of explicitly verifying this outside of the function symbol.
We make this choice because we will need a WHUP for VO#, and the cleanest presentation of such a WHUP
is given when TT, absorbs the circuit verification procedure. See the discussion on WHUPs below for more
detail.

Comparison to VAPC and Shannon Counting. The typical description of Shannon counting is that
there exists a truth table = of length N, which has circuit complexity N/log N. It is this formulation
which Jerdabek showed is provable in VAPC. Our logical translation, however, is weaker: we only require
proving a schema that asserts a truth table with super-fized-polynomial circuit complexity exists, rather
than exponential.
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5.3 Round Elimination of the Student-Teacher Refuter

Student-Teacher Interpretation The structure of the Student-Teacher game is very similar to previous
sections. In each round, a polylog-uniform AC®[qpoly(N)] Student constructs a truth table X and queries
the Teacher. Every round that the Student is not correct, the Teacher will respond with a small circuit D
that succinctly represents X . Crucially, Teacher’s response (to be replaced with a SearchMCSP oracle) is of
length polylog(N) and computable in PH.

The round elimination strategy will be different from previous sections. We will show that the problem
of outputting the i-th bit of the Student-Teacher game is in fact in the polylog hierarchy polyLH, and use the
assumption P = NP to show that the output of the Student-Teacher game will have small circuit complexity.
We begin with a warm-up lemma.

Lemma 5.5 (Lemma 2.5, [14]). Assume P = NP. Then for every polylogtime-uniform AC® algorithm A
which outputs n bits on input 1™, the output A(1™) has circuit complexity at most polylog(n).

Proof. Let D be the uniformity machine for ACY algorithm A which on input n in binary and index 7 in
binary, reports the i-th bit of wire and gate information of A,,, the n-th AC® circuit of family A. Let f(n, 1)
be the function that outputs the i-th output bit of A, (1™). Notice that f is in PH: due to A, being constant
depth, one can existentially and universally guess gate/wire information and verify it due to D. This means
the evaluation of f is in Zd—TIME[O(logd n)] for some constant d depending on the depth of circuit A and
the polynomial time SAT algorithm. By assumption, P = PH, hence the evaluation of A,,(1") may be done
in deterministic polylogn time. It is standard to convert such a program to a circuit of polylog size. O

The above lemma is a blueprint for the generalization to Student-Teacher games. Let ¢, denote the
quantifier-free part of Hard[b], to state

Lemma 5.6. Assume P = NP. Let r € N be a constant. Then any polylog-uniform AC?[N (g N)k]—STCX[%’T]
game for Hard[b] has output of circuit complexity log(N)™ = n™ on inputs 17V, for some m = m(k) > 0.
Furthermore, if & = O(1), then m = O(1).

Proof. We exactly follow the proof of Lemma [5.5 with one major modification: we must replace the oracle
gates/Teacher’s responses.

Let the Student S be an ACH[NUoeN )k] counterexample oracle circuit with d > r and a uniformity
algorithm A(i,n) which runs in time (log N)%. As well, let P = NP be realized by a polynomial time SAT
algorithm of time n®. As SearchMCSP € FNP there is by assumption a fixed polynomial p = p(N, |s(n)]),
for s(n) a size function s(n) < 2"/n, where SearchMCSP € DTIME[p(N, s(n))]. With s(n) = n®, we have
that there is a LOGTIME-uniform circuit family {Cx}y of size p(N)* solving SearchMCSP. By Lemma
we can evaluate C'y by a polylog-uniform ACg[NlOg(N)3k] circuit Ey. Let the uniformity algorithm for &£, Ag,
run in time (log N)% for some constant ¢gz. From student S, we modify the oracle circuit, by replacing any
oracle gate by the circuit solving SearchMCSP(-,n%), £y, and all oracle output bits by the output bits of .
Denote this new circuit S*.

By the same proof of Lemma the output S*(1%V) has circuit complexity (log N)™ = n™, where
m = 100dak max(q1,q2). This follows by the repeated application of the polynomial time SAT algorithm,
and the substitution of £y into S for each Teacher oracle. O]

Finally, we will introduce a WHUP for VO# in order to obtain an absolute Student-Teacher game for any
b € N and Hard[b]. Proof-theoretic consequences will follow.

Witnessing Hypothesis. The structure of the schema Hard[b] is somewhat different from the schema
HiK?[c] for the existence of high KP?Y strings seen in Section 4l For Hard[b], we are substituting function
symbols instead of substituting runtimes, contrasting with our WHUP for VPV which substitutes runtimes
into a universal machine. Such a difference is natural when we go from reasoning with Turing machines to
reasoning with circuits. Another variation of WHUPs is required to handle varying function symbols.

Definition 5.7. A parametrized uniform circuit family {Cy(b)}, is a circuit family where the uniformity
algorithm A(i,n,b) takes in an index to the DCL 4, the input length n, and an additional parameter b, all
represented in binary. Unless stated otherwise, we will only consider polylog-uniformity.
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nz Definition 5.8. Fix a parametrized uniform AC°[gpoly] family C(b) = {C,,(b)}, and let f,(X) be the VY,

s function symbol which evaluates C' on input X with parameter b for the uniformity machine. We say that
u2  an infinite sequence of formulas ® is a parametrized uniform schema if ® is obtained by taking an infinite
125 union over parameter values of a parametrized uniform circuit family. Formally, let ¢ be a formula which
u  has a parametrized uniform function symbol f,. We denote ¢(f,/3), b € N to be “substituting” the value b
uzr  for the parameter p, where we use the function f, wherever f is named in p. We set

¢ = U @(fp/c)'

ceN

1128 Outside the theory, this can be thought of as a substitution; all we are doing is substituting numerals into
u29 the parameter of a uniformity algorithm. However, it is not a true term substitution in the object language,
u0 as a first order theory cannot treat functions as free variables.

1131 The following WHUP for VO# strengthens the WHUP for VPV using parametrized uniform circuits.

n»  Hypothesis 5.9 (V% Witnessing Hypothesis for Uniform Proofs). Suppose ® = |J oy ¢(fp/c) is a parametrized
us  uniform schema with ¢ € X2 and VO# F ®. Then there is a finite sequence FY, ... F,. of Vo#—function symbols
s such that, for infinitely many c,

VO# FVn VYi,..., VY, (ap(n, n®), Fi(n,c), }_}1) Voo(n,n®, Fy(n,c, }71),172) Vv

eV @(nvnchr(nacv }717 .. '7}77”71)» _’r))

1135 We are now ready to show our provability consequences for VO#.

ms  Theorem 5.10. Assume Hypothesis If V%E F Hard(b), for every b € N, then P # NP.

us  Proof. Because Hard[b] is a parametrized-uniform schema, under Hypothesis there is a fized polylog-
ws  uniform AC’[qpoly(N)] student S for the Student-Teacher game of Hard(b), for infinitely many b € N. For
usn  sake of contradiction, assume P = NP. Let m = ms¢) be the exponent in the circuit size of S(1V), per
o Lemma Note that m is a constant. If b > m, then we have a contradiction, as the output S(1V) will
ua  have circuit complexity smaller than n®. O

uwe 5.4 VPVy Proves Hard(b) for Every b

s Before demonstrating that VO# F Hard(b), we show as a conceptually simpler task that VPV + Hard(b), for
us  an appropriate logical translation of weak Shannon counting in £L(VPV) U {#}. The theory VPV takes the
uss  theory VPV and adds the functions symbols and defining axioms for |- |; and #, where |- |; gives the length
ws of a number, and # is the smash operator. With these additions, we have the following £(VPV4) logical
ue  translation Hard(b),

Vn,N.(n = |N|,) 3F.(|F| = N) VD.(|D| = n’) TT(D,N) # F

1148 We can prove weak Shannon counting in this theory by iterated halving, the classic procedure common
e in learning algorithms. Let Cp be the set of Boolean circuits of size n® with n input bits. There are at most

s 20(n"1081) quch circuits. If N = 2™ then this number is bounded by N#N#N ---#N, b+ 1 many times.
usi Set Cf = Cp. We will proceed in rounds; in round i, we set

b = in {CeC ' |TT(C);=b
argbg{%ﬂ}\{ €C. | TT(C); = b}
Ci={CecC '|TT(O); =b;}.

1152 Clearly, |Ci| < |C;"|/2, hence halving our search space. After r = |Cy| rounds, we will have 0 re-
153 maining circuits matching the truth table prefix bibs...b,.. If 0 circuits remain, then we have the answer
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biby...b.0N~". As N is feasible in the translation Hard(b), computing b; each round is a feasible minimiza-
tion in VPVy. This step is feasible in VPV, but not in VO#. Finally, the rounds can be expressed as a L5

induction over the bits of the resulting truth table, where one existentially guesses a number b € {0,1}% in
round i < |[N#N#N ---#N|; which is the least popular truth table prefix generated by size n® circuits.

0
5.5 VY b Hard(b)
We give a proof sketch that, in fact, VO# F Hard(b), for every b € N. We need the following folklore theorem,
Theorem 5.11. [17] V° proves the soundness of bounded depth Frege

Corollary 5.12. V% proves the soundness of quasipolynomial size bounded depth Frege.

Lemma 5.13. VY I Hard(b), for every b € N.

Proof Sketch. It is known that depth-(1.5) Frege has quasipolynomial sized propositional proofs of the
dWPHP [40]. Further, these proofs are highly uniform, in the sense that you can give a direct connection
language for the proofs, as you would for circuits, and this language would be polylog-uniform ACO[pon].
A VO# proof of Hard(b) would simply verify the soundness of the bounded depth Frege proof of dWPHP,
substituting each propositional variable ¢ with the assertion that the truth table of the circuit C' of size
nlis T. O

This proof method is likely not the easiest method; a more straightforward way would be directly taking
the bounded arithmetic proof of dWPHP(X%(«)) in Buss’s theory T2(«), and reformulating it as a proof in
VO, replacing the uninterpreted oracle symbol o with V° function symbols.

We then get as a corollary the surprising consequence,

Corollary 5.14. If Hypothesis [5.9]is true, then P # NP.
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