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The input to the k-pointer-chasing function are two arrays a,b € [n|" of pointers and
the goal is to output (say) the first bit of the pointer reached after following k pointers,
starting at a[0]. For example, the output of 3-pointer chasing is the first bit of b[a[b[a[0]]]].
The communication complexity of this fundamental problem and its variants has a long,
rich, and developing history, starting with [PS84]. For background see [KN97, RY19, Vio23].
Here I consider deterministic protocols with k rounds and 2 players: Alice, who sees b but
not a, and Bob who sees a but not b. In a 0-round protocol Alice outputs the answer with
no communication. In a 1-round, Alice sends a message then Bob outputs the answer, and
so on. Alice always goes first.

[INW93] prove a ¢(n — klogn) lower bound on the communication complexity. They then
write that getting rid of the —klogn term “requires a more delicate argument” which they
sketch. The textbook [RY19] states an n/16 — k lower bound and omits the proof because
it is “too technical.”

I give a very simple, apparently new proof of an n/8 lower bound. This follows from
the next theorem for A = B = [n|" and F4 = Fg = (. The bound holds for any k. In
particular, for k& = n/8 the bound holds regardless of the number of rounds. I write [n] for
{0,1,...,n— 1} and for a set A I write A for its size as well, following notation in [Vio23].

Theorem 1. There is no k-round protocol with communication s and sets A, B C [n]™ and
Fa, Fg C [n] such that:
(0) The protocol computes k-pointer-chasing on every input in A X B,
(1) The F4 pointers in A are fized, i.e., Vi € Fa3uvVa € A, ali] = v, and the same for B,
(2) The unfived density of A, defined as A/n"~Fa is > 22577/4%Fa " and the same for B,
(3) Al0] is alive, defined as P,ecalal0] = v] < 2/n for every v € [n].

Proof. Proceed by induction on k, a.k.a. round elimination. For the base case k = 0, we can
fix B and hence Alice’s output. But since A[0] is alive, the probability that this is correct is
<(2/n)-n/2 < 1.

The induction step is by contrapositive. Assuming there is such a protocol and there are
such sets, we construct a (k— 1)-round protocol and sets violating the inductive assumption.
Suppose Alice sends ¢ bits as her first message. Fix the most likely message, and let By C B
be the set of > 27!'B corresponding strings. Next is the key idea, taken from the proof of
the fixed-set Lemma 3.14 from [GSV18|. If there is a pointer i € [n] — Fp which is not
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alive in By, fix it to its most likely value, call By C By the corresponding subset, and let
Fg, = Fg U{i}. Note that the unfixed density increases by a factor 2 since

By >2 By 230

nn_FBl N i - nanB'

Continue fixing until every unfixed pointer is alive, and call B’, Fiz the resulting sets. The
unfixed density of B’ is then

B’ 27'B
n—Fp — pn—Fp

2FB/*FB > 2287n/4+FBft+FB/7FB — 22(87t)7’n/4+FB/'

Now note that Fgr < n/4 because the density cannot be larger than 1. We use this to
analyze Alice’s side. Because A[0] is alive, Pyecalal0] € Fp/| < 2Fp//n < 1/2. So there is an
alive pointer B'[i] such that Pla[0] = i] > 1/2n. Let A’ C A be the corresponding subset,
and let Fy := F4 U{0}. The unfixed density of A’ is

A - A/2n A2

. > 228—n/4+FA—1 — 228—n/4+FA/—2 > 22(5—t)—n/4+FA/

n”_FA’ — nanAfl o nanA

since t > 1.

This gives a (k — 1)-round protocol where Bob goes first that computes (k — 1)-pointer-
chasing where the first pointer is B’[i]. We can swap players to let Alice go first and permute
pointers to let A’[0] be the first pointer. O

I am grateful to Quan Luu for helpful discussions.

References

[GSV18] Aryeh Grinberg, Ronen Shaltiel, and Emanuele Viola. Indistinguishability by adap-
tive procedures with advice, and lower bounds on hardness amplification proofs.
In IEEE Symp. on Foundations of Computer Science (FOCS), 2018. Available at
http://www.ccs.neu.edu/home/viola/.

[KN97] Eyal Kushilevitz and Noam Nisan. Communication complexity. Cambridge Uni-
versity Press, 1997.

[INW93] Noam Nisan and Avi Wigderson. Rounds in communication complexity revisited.
SIAM J. on Computing, 22(1):211-219, 1993.

[PS84]  Christos H. Papadimitriou and Michael Sipser. Communication complexity. J. of
Computer and System Sciences, 28(2):260-269, 1984.

[RY19] Anup Rao and Amir Yehudayoff. Communication complezity. 2019.
https://homes.cs.washington.edu/ anuprao/pubs/book.pdf.

[Vio23] Emanuele Viola. Mathematics of the impossible: The uncharted complexity of
computation. 2023.



