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1 Introduction

Derandomizing space-bounded probabilistic computation is a major challenge of theoretical
computer science. The problem comes in two flavors:

e Derandomization, where the goal is to replace the probabilistic algorithm with another
deterministic, space-bounded algorithm solving the same problem in about the same
space, and,

e Pseudo-randomness, where derandomization is achieved by retaining the probabilistic
algorithm, but replacing its random coins by an explicit, shallow distribution with a
small support.

We call the first type (of general derandomization) white-boz derandomization, because
the derandomization is specific to the specific algorithm it deranomizes. We call the second
type (using pseudo-randomness) black-box derandomization, because the derandomization is
oblivious to the specific algorithm. We refer the reader to the excellent survey paper [H122]
for further reading.

In this paper we focus on black-box derandomization. The class of algorithms we try to
fool is the set of (w, t, ) read-once branching programs (ROBPs) which can be thought of as a
(t41)-layered directed graph, where each vertex in the graph has ¥ outgoing edges connecting
to the next layer, according to the machine action on the given coin toss. (w,t,3) — ROBPs
are the non-uniform analog of space-bounded machines using log w space and ¢ time, getting
at each time step a uniform toss of a |X|-sided dice. For a formal definition see Definition 2.1.
Our goal is to replace the uniform distribution used by the ROBP with another distribution
having a small support.

A prominent example is the INW PRG [INWO94] which is a function P : {0,1}* — X,
such that for every (w,t,%) — ROBP B, running B on a uniform string ¢ € X' behaves
similarly to running B on a uniform string taken from the image of the PRG. In symbols,
| Bzego13 BUNW (2)) — Egest B(0)||< € The INW PRG has seed length log|3|+O(logt -
log(%)). Remarkably, after more than thirty years of intensive research, and a flurry of
results, there is no better PRG known today for general (w,t,%) — ROBPs.

Braverman, Cohen and Garg [BCG19] generalized the PRG notion by assigning integral
(possibly negative) weights to the outputs of the PRG. We say a weighted PRG (WPRG)
derandomizes a (w,t,3) — ROBP B if the weighted average of running B on the image of
the WPRG is close to the true average (see Definition 2.3 for a formal definition). Note
that derandomization by a WPRG is still black-box derandomization as the WPRG is obliv-
ious to the specific machine in the class it tries to fool. [BCG19] showed a WPRG against
(w,t, %) —ROBP with seed length O(log t log wt +log 1). The [BCG19] result is technical and
complicated. Following [AKM™20], [CDR 21, PV21] obtained the same result in a cleaner
way using Richardson’s iteration. Table 1 summarizes the results for general ROBP.

There has been a flurry of work trying to improve and/or generalize these bounds, for
PRG or WPRG against restricted ROBPs. A partial list of these results include:
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Seed Size Reference Remarks
O(logt - log “t) [Nis90, INWO4] PRG

O(logt - log(wt) + log 1) [BCG19] WPRG

O(logt - log(wt)) + O(log ) [CL20] WPRG

O(logt - log(wt)) + O(log ) [CDR*21, PV21] WPRG

O(logt - log(wt) +log 1) [Hoz21] WPRG
Ol 4 Jog 2 Jog, log 1) [CDR*21, PV21] | WPRG when ¢ < w
O(% + log wlogloglog w + log %) [CW25] WPRG when t <« w

Table 1: PRG and WPRG for general ROBP

e Work on fooling small width ROBPs (e.g. width-3 ROBP [MRT19, CHL"23)),

e Work on restricted ROBPs such as regular [BRRY14, CHL*23, CL23], permutation
[HPV21, PV21, CHL*"23, CW25] or monotone [DMR*21] branching programs,

See Definition 2.8 for a formal definition of regular ROBPs. For the other classes, we refer
the interested reader to the survey papers [H22, HH'24]. The result in this paper focuses
on constructing a WPRG against small-width, regular ROBPs.

Braverman et al.[BRRY14] showed a PRG against reqular (w,t,%) — ROBP with seed
length O(logt - log @) In a seminal result, and using completely different techniques,
Ahmadinejad et al. gave a white-box algorithm completely derandomizing the class of regular
ROBPs. Specifically, they show that for regular (w,t,%) — ROBP B, one can approximate
E,ex B(o) in space O(log wt-log log 1). Chen et al.[CHL*23] vastly simplified the [AKM*20]
technique, and we discuss this soon. In addition, they gave a WPRG against regular (w,t,3)—

ROBP with seed length O(logt-(log w+ \/@%—log logt))+O(log % -log log %), where log log t
and log log % are lower order terms. Compared with the previous WPRGs for general ROBPs,
they remove the O(log®t) term at the expense of adding a logt logé term (up to lower
order terms). This is an improvement when w is small relative to ¢ and ¢ > 9~ log’t

In this paper we shave off the lower order term multiplying the log £ term. Specifically:

Theorem 1.1. (informal) There exists an explicit WPRG that e—fools regular (w,t,¥) —
ROBP with seed length O(logt - (logw + 4/log L 4 loglogt)) + O(log 1).

In many cases this completely removes the lower order terms. For example, when ¢ < 2%,
or ¢ is mildly small, i.e., ¢ < 2-(81985)* We summarize these results in Table 2.

We next discuss the previous techniques and our contribution. The common theme
underlying many of these results, is the attempt to replace logtlog% by logt + log %, an
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Seed Size Reference Remarks
O(log(wt) - loglog ) [AKM™*20] | White-box (space)
O(logt - log ) [BRRY14] PRG
O(logt - logwt + log 1) [Hoz21] | WPRG, general ROBP
O(log t(log w + \/log 1 +loglogt) +logtloglog 1) | [CHL*23] WPRG
O(logt(log w + \/log é + loglogt) + log %) This paper WPRG

Table 2: PRG and WPRG for regular ROBP

endeavor often termed "liberating” the error. Braverman et al. [BCG19] were the first
to show such a result, and for that they constructed the first WPRGs, crucially exploiting
negative weights. In a breakthrough result, Ahmadinejad et al. [AKM™20] obtained an
almost optimal white-box derandomization, by using a host of new techniques, including
Richardson’s iteration for error reduction. Cohen et al. [CDR*21] and Pyne et al. [PV21]
noticed that Richardson’s iteration give a clean way to obtain the [BCG19] result. We now
explain this technique, as we build upon it.

Richardson’s iteration is an amazingly efficient way to reduce the approximation error.
Suppose we have at hand a PRG ¢,,,-fooling (w,t,¥) — ROBP, for some large error £,. We
will show how to construct from it a WPRG e-fooling the same class for a much smaller €. We
first describe a white-box algorithm, and then discuss how to turn it to a black-box WPRG.

Suppose we want to fool a (w,t,¥) ROBP B. Let W; denote the random walk matrix of B
at time ¢ € [t — 1] (for a formal definition see Definition 2.1). Instead of working with ¢ linear
operators W;, we define the ”clocked” transformation W of dimension w(t 4+ 1) x w(t + 1),
that has (t+ 1) x (¢t + 1) blocks, each of dimension w x w, and where the blocks are indexed
by i,j € [t] and the (7, 7)’th block is Wi, j] = W; when j =i+ 1 and zero otherwise.

The "clocked Laplacian” of B is L = I — W. Since Wil = 0, L is invertible and
L' =T+ W + ...+ W?" One can see that the blocks of L™ are
Ow Ifj>1
L7, j] = I, Ifi =
IL;W; H0<i<y<t,
where II;_,;W; is taken to be W;-...-W;, and notice that this is a non-commutative product.

Thus, we see that the ezact operator L~ carries all the information that we need, and, in
particular,

L0t = Wy ... W, (1)

is the operator capturing the execution of the ROBPB.



By definition L![i, j] = II;,;W; = E,cxi-iB;j(0) where B;_,; is the (w,j —i,3) ROBP
that acts as B on the layers between i and j (see Definition 2.1 for a formal definition). Now
assume we have a crude PRG P fooling ROBPs. We replace each block E, ¢xj-i B, (o) with

the pseudo-random block Egcqo1):Bi—; (P (x)) (again, see Definition 2.2, for a rigorous
I

definition). Approximating each block independently we get an approximation L1to L7V

O Ifj>i
L1i, ] = I, If i = j
E.ci01y:Bisj(Pisj(z)) f0<i<j<t

I
We denote this approximation by L~! because each block is approximated separately and
independently. It is not difficult to see that

I

—

1L = LY < (t+ Deprg (2)

Richardson’s approximation takes any ey approximation Ay to L™!, (with independent
approximations as above, g9 = (t + 1)gp,,), in some sub-multiplicative norm, and gives
a better approximation to L~! with low-error €. Specifically, the new approximation is
> oito(I = AgL)' - Ag, where m = log; . (1/¢). Doing the calculation, one can see that this

approximation can be done in space O(log wt log log 1) [AKM*20, CHL*23].

Cohen et al. [CDR*21] and Pyne et al. [PV21] noticed that if Ay is the expectation of
B over the image of a PRG P, then one can convert the above white-box algorithm to a
black-box WPRG. This is explained in Section 2.2. Roughly speaking, opening (I — AyL)"

to multiplications, we get a weighted PRG that incorporates up to m independent calls to
the PRG P.

Now, having m independent calls to P is too expensive. To solve this issue:

e [CDR™21, PV21] use a low-error INW generator to create m dependent seeds that are
used in the m applications of P. The crucial point here is that even though the INW
generator has very low error, it is very short m < log%7 and therefore the penalty
incurred by this is off by only lower order terms such as loglog(1/¢).

e Hoza [Hoz21] solved the problem in a completely different way. Instead of using the
INW PRG to generate m dependent seeds, Hoza keeps the different applications of P
independent. However, in each application, instead of averaging over all the seeds of P,
Hoza uses sampler, where on the right hand side we have all possible seeds to the PRG
P. Hoza samples a single x on the left hand side of the sampler, and in each of the
independent applications of P, it averages only over the neighbors of z in the sampler.



He

More formally, fixing x on the left hand side of the sampler, we get an operator L—!
approximating L~!, where

O Ifj>nq
L[i,j] = I, Ifi=j
EyGYBi%j(Pi%j(Samp(l}y))) It o S 1 < ] S t

Hoza showed that for many fixed z € X, the approximation is e-good. The bad z’s
might be very bad, but good samplers have a tiny fraction ¢ of bad vertices.

Both [CDR*21, PV21] and [Hoz21] take the error e, of the crude PRG P to be g,,, =
poly(%)l, so that after using Equation (2), g9 < 1. We next address this point.

Chen et al. [CHL"23] simplified [AKM*20], and also combined their ideas with previous
ideas to give improved WPRGs against restricted ROBPs. The basic idea is to replace the
independent approximation of each block L™'[i, j], by dependent approximations. Specifi-
cally, they introduced the shortcut graph and independently approximated only blocks that
correspond to edges in the short-cut graph. They put an edge between ¢ and j iff j — i is a
power of 2 dividing i. They then complete the other blocks from these approximations. For
1 < j, they first find the shortest path from ¢ to j on the shortcut graph, and they let the

(1, 7)'th block be the product of the approximations along the edges of this path. We denote
sC

the resulting approximation by [f/:/l, where

0w Ify>1
L7, j] = L, Ifi=j
E517._.,526{071}sBi_>j<PiS;%(51, ceey Sg)) If 0 S 1< j S t

where

Pii(;;'(sb s 34) = Pioﬁik(sl) ©..0 Pikfl‘“'k(sk% (3)

and ¢ = 1, ..., i, = j is the shortest path from i to j in the shortcut graph (see Definition 2.6
sC

for a formal treatment). Chen et al. proved that the true inverse of L1is a meaningful
object (that corresponds to a weighted graph, with possibly negative weights). They use the
sparsity of the shortcut graph to prove:

ISpecifically [Hoz21] additionally requires the error to be smaller than w due to constraints arising from
seed calculations.



Lemma 1.2. [CHL" 23](informal) If for every i < j the PRG P,_; €,p4-fools B;_,; then

SC
I — L7 L)< O(MW (B) - w* - 10gt) - €prg,

where MW (B) is the maximal weight of B and its subprograms B;_,

We also note that Braverman et al. showed that MW (B) is at most poly(w) for regular
ROBPs.

We now see that with the new bound in Lemma 1.2, and when working against regular
ROBPs, we only need to choose eprg < poly(wligt), which is much larger than 1/t when
w < t. We can then try to reduce the error to € using Richardson’s iteration. Opening
Richardson’s iteration, reduces to m independent applications of operators that come from
the shortcut graph, which reduces to O(mlogt) applications of the original PRG P. To get
the results stated before, [CHL 23] replace the O(mlogt) independent applications of P,
with dependent applications, where the seeds are the output of a short (length O(mlogt))

low-error INW generator.

We suggest a different way of implementing the Richardson’s reduction. Chen et al.
reduce the new operator to a concatenation of several applications of the original PRG P
and they use dependent seeds for the different applications. Instead, inspired by Hoza’s work
on WPRG for general ROBPs, we would have liked to run independent applications of P3¢
(defined in Equation (3)), but over a smaller sample space. l.e., we want to use a sampler,
such that most vertices z on the left hand side, define a good subsample of the the seeds
of the PRG P%“, and then, opening Richardson’s approximation, we run m independent
applications of P°¢, but averaging each (independently) only over the neighbors of x.

Working out the parameters we find out that this approach is too expensive. The reason
for that is that the PRG P°¢ has O(logt) independent calls to the original PRG P, and these
independent calls are too expansive. Our final solution is to use dependent applications for
the O(logt) applications of P in P using, say, the INW generator, and to use independent
calls to P°¢ using Hoza’s sampler trick. Specifically, we define the derandomized short-cut
operator

sormw Ou If j > i
L=t i, j] = I, Ifi=j
ES1€SINWBi—>j<PiSﬁc;‘(]NW(sl))) fo<:i< J<t

We then use independent applications of this operator on the simpler subset. Specifically,
this gives the operator:



SC+INW+H, Ow Itj>i

L=t [ij] = Ly Iti=yj
E ey Bi;(P2C.(INW (Samp(z,y)))) If0<i<j<t

i—]

Saying it differently, Chen et al. take dependent samples for all the O(m logt) applications
of the original PRG P, whereas we take m independent samples (but averaged over a smaller
subset using the sampler) of a PRG that takes O(logt) dependent samples of P along the
short-cut graph. This gives the results stated before.

The WPRG we have seen before works not only for regular ROBPs, but also for general
ROBPs with small weight (where weight here means Definition 2.7). Meka et al. [MRT19]
showed that a random restriction (with a small bias distribution) of a width 3 ROBP is (with
a good probability) a small weight ROBP. Thus, Chen et al. plug their WPRG into the
[IMRT19] construction. However plugging our improved WPRG does not improve the bottom
line result because the restrictions contain more dominant terms than our improvement.

The paper is organized as follows. We begin with definitions, notations and background
in Section 2. In Section 3 we present the construction of our low weight WPRGand prove its
correctness.

2 Preliminaries and Background

[k] denotes the set {0,...,k}. U, denotes the uniform distribution over {0,1}". Let M
be a w x w matrix. The infinite induced norm ||M||s is ||M]|e= maxz)=1||M2||cc=
maxi<,<w|M,|1, where M, is the r’th row of M. I, denotes the w x w identity matrix and
0, the w X w zero matrix.

For a k x k matrix M and ¢, 5 € [k — 1], M|[i, j] is the value of M at the i’th row and j’th
column. For consistency the rows and columns of a w X w matrix are indexed by [w — 1],
i.e., the indices run from 0 to w — 1. For every f : [w — 1] — [w — 1] there is a corresponding
w x w boolean matrix My such that M;[i, j] = 1 iff f(j) = i. We denote the set of such
matrices by SBM,x., (stochastic, boolean matrices).

Definition 2.1 (ROBP). Let ¥ be an arbitrary subset, w,t € N. B is a width w length
t read once branching program (ROBP) on alphabet ¥ if it is a sequence of t functions

(Bo, By, ..., Bi—1), with B; : ¥ — SBMyxw. The evaluation of B on input og,...00_1 €

Yt is the linear operator B(og,...,00-1) o B 1(0¢-1) - ... - Bo(oo). We also say B is a

(w,t,X) —ROBP. Fori < j € [t] we let B;—s; denote the sequence (B,, ..., Bj_1), which is a
(w,j—1i,%)—ROBP. For anyi € [t—1] the random walk matriz in time i is W; = EyexB;(0).

Definition 2.2 (PRG). Let 3 be an arbitrary subset and s,t € N. A (s,t,%) pseudo random
generator is a function PRG : {0,1}* — X'. For € > 0 and a norm ||-||, we say PRG



(€, ||-]])-fools (w,t, %) — ROBP if for every (w,t,>) — ROBP B we have:
||EJeZtB(O') — Exe{(),l}sB(PRG(JZ))H S €

Definition 2.3 (WPRG). Let 3 be an arbitrary subset and s,t, k € N. A weighted (s,t, %, k)
pseudo random generator is a tuple (', P), where P : {0,1}* — X' and T : {0,1}* —
[—k,k]. Fore >0 and a norm ||-||, we say (I', P) (¢, ||-]|)-fools (w,t,3) — ROBP if for every
(w,t,%) — ROBP B we have:

| Eoest B(0) = Eveqo1):I'(s) B(P(s)))]] < ¢

Definition 2.4 (Sampler). A function Samp : {0,1}" x {0,1}? — {0,1}™ is an (e,0)-
sampler if for every function f:{0,1}™ — [0, 1],

L Pr [Buew, f(4) = Byer, f(Samp(e,y))| < €] 2 1=

Theorem 2.5. [RVW00, Golll, CL20] For every d,e > 0 and integer m, there exists an
(e,0)-sampler f : {0,1}" x {0,1}* — {0,1}™ s.t. d = O(loglog ; +log®) and n = m +
O(log 3 + log 2) that can be computed in space O(m +log 5-).

Definition 2.6 ([CHL"23] Shortcut Graph). For any n € N, the shortcut graph SCy on
N =2"is a graph (V, E). Where V.= [N]| and

E={(1+27) €V x V|27 divides i}

2.1 Weight and Regular ROBPs

Let B be a (w,t,%) — ROBP, and ¢ € {0,1}" a vector indicating which of the vertices on
the final layer is accepting. Let u € [w — 1] and i € [t]. The accept rate of (i, u) in relation
to B, {'is

7, Tfi—t,

Acept(B, q,i,u) =
(¢"Eyext-iBisy(0)),  Else

Definition 2.7 (Weight of ROBP). [BRRY1/, CHL" 23] Let B be a (w,t,%) — ROBP. The
weight of B, denoted as Weight(B), is

—1
Weight(B) = mazge{o}» Z Z |Acept(B, q,i,u) — Acept(B, q,i+ 1,T(i,u, 0))]

1=0 uelw—1],0€X



where I'(i,u,0) = v is the unique v € [w — 1] s.t. Bi(0)yn = 1. We define the mazimal

weight for B as MW (B) by

MW (B) = max Weight(B;_;)

1<jelt]

Definition 2.8 (Regular branching program). Let B be as above. We say B is a regular
ROBP if for every i € [t — 1] the random walk matriz W; is doubly stochastic.

Theorem 2.9. [BRRY14] If B is a regular (w,t,{0,1}) —ROBP, then MW (B) < w(w—1).

2.2 Black Box Richardson’s Iteration

Fix B a (w,t,X) — ROBP. Let W be the clocked random walk matrix, L the ”clocked
I

—_—

Laplacian” matrix, L™! its inverse and Ay = L' its approximation as defined in Section 1.
We assume we have a family of PRGs {F;_,;}; jeg such that

Aoli, ] = EsBiyj(Piosj(s))

and Ay approximates L', i.e., || — AgL||< e, where ¢ is some crude approximation. We
now use,

Lemma 2.10 (Richardson’s iteration). Let m € N and Ay a matriz. Denote

Am = Z (I —AoL) Ay (4)

1€[m]
For any sub-multiplicate norm, if ||I — AoL||< € then ||I — A, L||< ™.

Opening up the powers in Equation (4) to multiplications, Cohen et al. [CDR*21] and
Pyne et al. [PV21] showed that if Ay is defined by a PRG, then A,,[0, ] can also be evaluated
in a black-box manner, alas with weights, i.e., there exists a WPRG (T', G) that implements
A, ie, Apl0,t] = Eges I'(s) B(G(s)).

To explain how this is done we need some definitions. A partition of [t| into i parts is
7 € [t]"™ where 0 < my < ... < m; = t. A labeling of a partition 7 with 4 parts is a function
C:[i—1] — {0,1}. A labeled partition of size i (i,7,{) is a partition 7 with ¢ parts along
with a labeling function ¢ : [i — 1] — {0,1} of 7. Fix an integer m. We let II(¢, m) denote
the set of all labeled partitions (i, 7, £) of [t] of size i € [m].

Definition 2.11 (Independent seeds WPRG). [CDR* 21, PV21] Keeping notation as above
we assume Agli, j| = EsBi—;j(Pi;(s)). We define (I, G) where

[ :I(t,m) - R
G :TI(t,m) x {0, 1} x ym %t

10



defined by:

D(i,m, 0) = (—1)2rei % . [TI(¢, m)]
G((Z7 T, g)a Yoy -3 Ymy 015 -0y Jm) = PO—Hro (yO) o Pﬁg_ml (Jla yl) ©...0 Pﬁz:i—nrl(o—l? yz)

where P’ . is defined by

1— ]

o PLyj(0,5) = Pimj(s)
e PL,(0,5) =00 Pi—s)

2

Lemma 2.12. [CDR*21, PV21] As Aoli,j] = EsB;;(Pi-;(s)) we have that An,[0,t] =
EqcsI'(s)Bosi(G(s))

2.3 Moderate Approximation in Low Weights ROBP

As described in Section 1 Chen et al. used the shortcut graph (given in Definition 2.6) to
sc

define their approximation L1 to the inverse of the clocked laplacian. They then defined L
sc sc

to be the true inverse of L1, i.e., L = (fjl)_l. They proved that:

Lemma 2.13. [CHL" 23, Lemma 6.4] If for every i < j € [t] the PRG P,_,; €prg-fools B;_,;
then

1L YL — L)||0< 1.5 - MW (B) - w? - logt - €prg,

They also proved:
Corollary 2.14. [CHL* 23, Corollary 4.11] Let L and L be lower uni-triangular matrices of
the same dimension, § € [0,1). If ||L7Y(L — L)||< 8 then ||[(L) N (L — L)||< 1%5
Together this implies:
Lemma 2.15. [CHL" 23] If for every i < j € [t] the PRG P,_; p,4-fools B;_,; then

SC
I — LL)|< 3- MW(B) - w? - logt - £pry.

3 Owur Construction

As described in the introduction, our paper combines ideas from [CHL 23] and [Hoz21]. The

construction begins in the same way as [CHL"23]. We use the shortcut graph to define an
sC

initial approximation [//\—/1[@, j] for each block L7'[i,j]. The approximation in [CHL"23] is

11



defined as O(logt) independent approximations of our original PRG. To use Hoza’s sampler
idea, we start by replacing the independent approximations with dependent approximations

SC+INW
using the INW PRG. We denote this approximation by L~! . We then apply Hoza’s
SCHINW+Hy
sampler idea to get our final approximation which we denote by L=t . We now give

the details.

Let w,t,WW € N e > 0 and ¥ an arbitrary alphabet. We construct a WPRG that e-fools
(w,t,%) — ROBP with max weight at most W.

We define three new parameters eg, £,,42, m Where:

I s o . . .
e gy = i . 27VI8 2 _ our initial error for Richardson’s iteration,

® (e = 2logt - the maximal length of a shortest path in the graph SC} of Definition 2.6,

log

= g L + 1 -the maximal degree of the Richardson’s iteration.

€0

We use the following building blocks

° [BRRY14] : Pi—>j : SBRRY — Y7 is a PRG EBRRY - fOOliIlg (w,j — Z,E) — ROBP with

max weight W, where egrry = m It has seed

w-Wlogt

€0

log|Sprry| = log|X|+O(logt log )

° [INW94] INW : Sinw — Sg’ﬁlf{y is a PRG €[Nw—f001illg (wagmazaSBRRY) — ROBP,

where ey = m It has seed

wt
log|Sinvw| = log|SBrry | +O(10g lyas log 5_)
0

e [RVWO00, Golll, CL20] (also stated in Theorem 2.5): Samp : X x Y — S;yw is a
St +1)) -sampler. Its parameters are bounded by

— € —
(58 - 2w2(2t)m+3 9 68 -

1
log|.X| = log|Syw|+O(log ——) = 10g|SINW|—|—O(10g% +mlogt)

log & t t
Og&):O(logmw w

Eg €0 o

log|Y'| = O(log

As in [CHL*23], we define
PZS—%(SD ) Sk) = Pioﬁil (51) ©...0 pik—l‘ﬂk(‘gk)

where ¢ = iy, ..., i, = J is the shortest path from i to j in the shortcut graph SC;.
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Next, for any fixed o € X, we define a family of PRG {P{"), 1 Y — S},

Pl(x)l(y) _ PSCt(]NW<Samp(I"y)))7 and,

11— 1—]
PO o,y) = { FolY)
0o ]DiJrlﬁj(y) b=1.

We are now ready to define our WPRG.
Definition 3.1. We define Wyjnu = (I', G) where

I:1(t,m) - R
G:I(t,m) x X x Y™t x xm

(i, m,t) = (—1)2rel *[TI(¢, m)]
Po(x) (o) o P (01, y1) 0 o0 P (0, 7)

—T1 T —>T2 Ti—Ti+1

G((3,7,8), T, Y0y ooy Yy Oy vy Tp)

Theorem 3.2 (Main theorem). Wna is an explicit WPRG (e, ||||¢, ) -fooling (w, t, ) —ROBP
with maz weight at most W. Its seed length s is

1 1
s=0 (log(w -W -logt) - logt +log(t - |X]) - 1/log — —l—log—) :
£ £

An immediate corollary of Theorem 2.9 gives a WPRG for regular ROBP:

Theorem 3.3 (WPRG for regular ROBP). ¥ = {0,1}. Wyina is an explicit WPRG (g, ||-||¢, )-
fooling regular (w,t,%) — ROBP with seed

1 1
s=0 <logt~ (log(w~logt) + 1/10g—> —i—log—) .
5 5

Tracing parameters:

Lemma 3.4 (Seed length). The WPRG W, has seed length

1 1
@) <log(w -W -logt) - logt + log(t - |X]) - \/logg + log g> :

and its weights are bounded by t - (2t)*" log ¢

13



Proof. 1f one of the parameters w, W is bigger than ¢, then [Hoz21] is a simpler WPRG
achieving the stated parameters, so w.l.o.g assume w, W < t.

The seed length s of Wiipe is

s = O(m(log|Y|+ log|X|) + log| X |+ log|IL(¢, m)|)
w-W -logt w
w-W-logt )

log 1 t
=0 = | log — + log|X| ) + logt - log log —
€0 S

log +

€0 €o

Plugging €9 = % 27 VIoE L e get the desired seed length.
The weights of the WPRG are all the same size |II(¢, m)|. They are bounded by the term
It m) = Sy ()2 < 27 = t(2r)™ < 1 (26) 4V a

Finally we claim correctness:

Lemma 3.5 (Correctness). The WPRG Wyina (€, ||-||e,)-fools (w,t,3) — ROBP with max
weight at most W.

We prove the lemma in the remaining subsections.

3.1 Correctness

Following [CHL*23, Hoz21|, we prove the following two lemmas, which immediately imply
Lemma 3.5. Fix any B a (w,t,%¥) — ROBP with MW (B) < W.

Definition 3.6 (Good and bad z). Call x € X good if for every i,j € [t],u,v € [w — 1] we
have that

‘ESGSJNWBZ'—U'(Pib;c;'(INW(S)))v,u - EerBi—>j (Pzi% ([NW(SCme($, y))))v,U‘ < &

where e is the sampler accuracy. We say x is bad if it is not good.

Now,

Lemma 3.7 (Bad z). Pryex|z is bad] < §,w?(t + 1), where &, is the sampler confidence.
In addition, for every x € X, ||Eses,I'(s) - B(GW(8)) — Epext B(0)||e, < £(2t)™ + 1.

Lemma 3.8 (Good z). For every good x € X, ||Eyes, I'(s) - B(G"(s)) — EyestB(0)|], < £.
Assuming the two lemmas we conclude:
Proof of Lemma 3.5. Let B a (w,t,3) — ROBP with MW (B) < W. Then,
B E,D(5) B(GY(5)) — Boext B(0)| |y < Pl is bad] - (H20)™ + 1)+

< S (2 4 % <e

14



3.2 Badz=x
Proof of Lemma 3.7. For i,j € [t] and u,v € [w — 1] define
figuw(8) = Bisj (PSS (INW(5))) o
Say x € X is bad for 7, j, u, v if
1Eses;yw fijuw(8) = Byey fijuo(Samp(z,y))| > &,

Since Samp is an (&g, 65) —sampler, the probability = is bad for 7, j, u, v is at most ds. By
the union bound

P}'([x is good] > 1 — 4, - w?(t + 1)
TE

Finally, fix any x € X. As |['(s)|= |II(t,m)]| for every s € S¢, we get:

|EseseD(5)B(G®)(s)) = Egest B(0)lley < [|EseseT(5)B(G® (8))]]ey +|[Erext B(0)]]e,
< |TI(t, m)|- max|| B(G®)(s))[|¢, + max||B(o)]|,
sESq cext

< |TI(t,m)|+1 < £(2t)™ + 1.

3.3 Good z

Notice that by definition
SC+INW
ESESINWfiJ}U,v(S) = ( L1 [L]])

SCHINW+H,
EyGYfi,j,u,v(Samp(xyy)) - < L1 [%]])

and so
SC+INW  SC+INW+H,
Lemma 3.9. For every good z, || L' — L7 [|o<es-w(t+1) <2
Furthermore,
SCHINW+H,
Lemma 3.10. For every good x, ||l —  L7!'  L||w< &p.

15



Proof. Using the triangle inequality and ||L||s< 2 we have:

SCHINW+H, sC SC SCHINW+H,
1= L7 Llfeo ([T = L7 |ooH[ L7 = L78 [loor || L=
sC SC+INW  SC SC+INW  SC+INW+H,
S =Lt let2(] L70 = LMl L70 = L7 leo)-

Now,

e we recall that B is a (w,t,%) — ROBP with MW (B) < W. Hence, by Lemma 2.15,

SC

H[ — Z\_JILHOO < 3 - MW(B) : U)2 : 10gt *EBRRY < %
e Also, since INW g;ny-fools (w, k, Sgrry) — ROBP for all k < ¢,
SCHINW SO ;
H L1 —L_lHOOS €[NW'w(t+1)§§0
SC+INW  SC+INW+H,
e Finally, || L=t — L=t []< 2 by Lemma 3.9.
Together, this completes the proof of the lemma. O
Now, let
SCHINW+H,
Ay = L1 ,
and recall that
Ajli, j] = Byey Bios; (PES;(INW (Samp(z, y)))) (5)

Let A? denote the matrix defined as the result of m Richardson’s iterations. Namely,

m SC+INW+H,  SC+INW+H,
Ar =3"(1- L' L. L
1=0

2
By Lemma 2.10 together with Lemma 3.10 and our choice of m =1+ 1101%, we conclude
<o
that

€0 € €

2w’

We are finally ready to prove Lemma 3.8, following [CHL*23, Section 6.2].
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Proof. (of Lemma 3.8) For any basis vector e = ¢;,, (indexed by i € [t] and u € [w — 1]), we
have that ||L~'e||ooc= 1, because it contains columns of stochastic matrices applied on e,.
Hence,

HLfle — Av el = H[fle — AfnLLfleHOO
= ||(I — A}, L)L "el|

9 g
< L el =

In particular, this is true for all e = eg,, © € [w — 1]. We therefore conclude that for any
u,v € [w—1],

(4310, = L0, ), ul] < 5
Recalling that
L70,t] = Egest B(o) (6)
A7[0,] = Ees,T(s) Boot (G (5)) (7)

where Equation (6) is by Equation (1), and Equation (7) is by Lemma 2.12, where the
P = {P,;} that we plug into the lemma is { P°S,(INW (Samp(z,y)))}, where y is the seed
and x is fixed (see Equation (5)).

Therefore, for any u,v € [w — 1]:

’(E5F<S)B(G(x)(5)) - EoeztB(U))[U,UHS i

We conclude:

EL(5)B(G(s)) = Epest Bo)l < 5
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