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Abstract
Numbers-on-Forehead (NOF) communication model is a central model in communication

complexity. As a restricted variant, one-way NOF model is of particular interest. Establishing
strong one-way NOF lower bounds has applications in circuit complexity, additive combi-
natorics, and cryptography. However, proving such lower bounds directly remains highly
challenging due to a lack of effective techniques, leaving many fundamental questions wide
open.

In this paper, we propose a new lifting theorem that establishes connections between two-
party communication and Numbers-on-Forehead (NOF) communication model. Specifically, we
present a deterministic lifting theorem that translates one-way two-party communication lower
bounds into one-way NOF lower bounds.

By our lifting theorem, we construct an explicit 𝑘-player function 𝑓 : [𝑁 ]𝑘 → {0, 1} such that:
there exists a 𝑘-party randomized one-way NOF protocol computing it that sends a constant
number of bits; but any 𝑘-party deterministic one-way NOF protocol computing it requires
sending about Ω( log𝑁

2𝑘 ) bits. In fact, our separation applies to a generalization of 𝑘-player
one-way communication, where the first 𝑘 − 1 players speak freely, and the last player speaks
once. Our separation between deterministic and randomized one-way NOF is optimal when 𝑘

is constant.
Beyond the lifting theorems, we demonstrate the versatility of our techniques by revisiting

the Set Disjointness problem. We provide an alternative proof that the deterministic one-way
three-party NOF complexity of disjointness is Ω(𝑛).

1 Introduction

Numbers-on-Forehead (NOF) communication, introduced by Chandra, Furst, and Lipton [CFL83],
is a central model in communication complexity. In this model, the input is partitioned into 𝑘 parts,
and player 𝑖 can see all parts except for their own (as if it were “written on their forehead”). Since its
introduction, the NOF model has exhibited profound connections to wide fields, including circuit
complexity, streaming algorithms, additive combinatorics, and cryptography.

A natural and well-motivated restriction of this model is one-way NOF communication model,
in which each player is allowed to speak exactly once according to a fixed order. The ma-
jor motivation for studying one-way Numbers-on-Forehead communication is to prove circuit
lower bounds. Most notably, proving 𝜔 (log𝑛) lower bounds for any function 𝑓 : ({0, 1}𝑛)𝑘 in
𝑘-party deterministic one-way NOF communication when 𝑘 = log𝑛 will imply 𝑓 ∉ ACC0 cir-
cuits [HG90, BT94, Cha07, VW07]. Also, achieving strong deterministic one-way NOF communica-
tion lower bounds for merely three players for some problems will imply the size-depth trade-off of
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Boolean circuits [Val77, PRS97]. Beyond circuit complexity, the one-way NOF communication lower
bound has wide applications in additive combinatorics [LS+17, JLL+25].cryptography [CKGS98,
BDFP17, CGK19, LMQW20], distributed computing [DKO14], space-bounded pseudorandom gen-
erators [BNS92, GR14], oblivious branching programs [VW07], and streaming algorithms [Cha07,
CDK19, KMPV19].

Motivated by these wide applications, developing new techniques for proving one-way NOF
lower bounds is a crucial direction in communication complexity. Despite this, our understanding
of the fundamental limits of the one-way NOF model is still preliminary. This knowledge gap
primarily stems from a lack of generalizable techniques for establishing strong lower bounds.
Currently, the primary tool is the generalized discrepancy method [She12, She14, RY15], which is
largely restricted to low-discrepancy functions. While a few alternative approaches exist [PRS97,
VW07, KLM24, KL25], none have yet yielded a lower bound better than Ω(𝑛1/(𝑘−1) ).

Lifting Theorems for One-Way Numbers-on-Forehead Communication Lifting theorems are
a generic and powerful method for translating lower bounds from weaker computational mod-
els to stronger ones. A representative example is the query-to-communication lifting framework
[RM97, Zha09, GPW18, PR17, GPW20, CFK+19, LMM+22, WYZ23, YZ24, MYZ25, WYY25], which
converts query complexity lower bounds into communication lower bounds via gadget composi-
tion. This approach has driven a long line of successful research, yielding diverse applications in
monotone circuit complexity, proof complexity, and combinatorial optimization. Yet, to the best
of our knowledge, all existing lifting theorems apply only to two-party communication (or the
closely related Numbers-in-Hand model). No lifting theorems have been established for the NOF
communication model. Developing NOF lifting theorems is an interesting open direction. Papers
by Kumar, Meka, and Zuckerman [KMZ20], Pitassi [Pit21], and Beame [Bea24] have all raised the
natural question:

Can we develop lifting theorems in NOF models and derive interesting applications?

This problem has remained open; in fact, the literature has lacked even plausible candidate state-
ments for NOF lifting theorems. In this paper, we establish the first lifting theorem that formally
translates two-party lower bounds into the NOF model.

As a first step in this direction, we prove a deterministic lifting theorem that converts two-party
one-way communication lower bounds directly into one-way NOF lower bounds. By providing
this lifting-based approach, we overcome the limitations of prior techniques in one-way NOF
communication. Specifically, we prove an explicit Ω( log𝑁

2𝑘 ) versus 𝑂 (1) exponential separation
between deterministic and randomized 𝑘-party one-way NOF communication, achieving a bound
that is optimal for any constant 𝑘 .

1.1 Our Main Results

In this paper, we propose a new form of lifting two-party communication problems into NOF
communication problems.

Definition 1.1. Let 𝑓 : [𝑞] × [𝑞] → {0, 1} be a two-party base function and 𝑔𝑘 : [𝑁 ]𝑘 → [𝑞] be a 𝑘-party
gadget. The lifted function over 𝑘 + 1 players, denoted as 𝑓 ∗ 𝑔𝑘 : [𝑁 ]𝑘 × [𝑞] → {0, 1}, is defined by

(𝑓 ∗ 𝑔𝑘 ) (𝑥1, . . . , 𝑥𝑘 , 𝑧) = 𝑓 (𝑧, 𝑔𝑘 (𝑥1, . . . , 𝑥𝑘 )) .
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In the standard (𝑘 + 1)-party NOF setting, the inputs are distributed such that the (𝑘 + 1)-th player sees
(𝑥1, . . . , 𝑥𝑘 ) but not 𝑧, while for each 𝑖 ∈ [𝑘], the 𝑖-th player sees all inputs except 𝑥𝑖 .

A key observation driving our approach is that many lower-bound candidates in the NOF
model naturally fall into this lifted framework. Prominent examples include the Generalized In-
ner Product [RY20], Set Disjointness [RY20], Pointer Jumping [VW07, Cha07], and Shifting [PRS97]
problems. As a quick example, consider the Exactly-𝑁 problem: Alice, Bob, and Charlie are given
integers 𝑥 , 𝑦, and 𝑧, and the goal is to determine whether 𝑥 + 𝑦 + 𝑧 = 𝑁 . We can express this as a
composition EQ ∗ 𝑔 by defining 𝑔(𝑥,𝑦) := 𝑁 − 𝑥 − 𝑦, and EQ(𝑧, 𝑠) = 1 if and only if 𝑧 = 𝑠. Then, the
condition 𝑥 + 𝑦 + 𝑧 = 𝑁 holds if and only if 𝑓 (𝑧, 𝑔(𝑥,𝑦)) = 1.

To instantiate our lifting framework, we primarily rely on the Generalized Inner Product (GIP)
function as our gadget.

Definition 1.2. Let𝑞 be a prime and𝑘, 𝑟 ∈ ℕ+. The Generalized Inner Product function GIP𝑘
𝑞,𝑟 : (𝔽 𝑟𝑞 )𝑘 → 𝔽𝑞

is defined as
GIP𝑘

𝑞,𝑟 (𝑥1, . . . , 𝑥𝑘 ) =
∑︁
𝑗∈[𝑟 ]

∏
𝑖∈[𝑘 ]

𝑥𝑖, 𝑗

where arithmetic operations are performed over the finite field 𝔽𝑞 . When the parameters 𝑞, 𝑟 , and 𝑘 are clear
from the context, we simply write GIP(𝑥1, . . . , 𝑥𝑘 ).

Building on this gadget, we establish our main technical result: a tight lifting theorem that
translates the two-party one-way communication complexity of any base function 𝑓 , denoted as
OCC(𝑓 ), directly into the one-way NOF communication complexity of the composed function
𝑓 ∗ GIP, denoted as OCCNOF(𝑓 ∗ GIP).

Theorem 1.3 (Main Theorem). Let 𝑞 be a prime and 𝑘 be a positive integer. Provided that 𝑞, 𝑟 = 2𝑘+1, for
any two-party Boolean function 𝑓 : [𝑞] × [𝑞] → {0, 1}, we have

OCCNOF(𝑓 ∗ GIP𝑘
𝑞,𝑟 ) = Θ(OCC(𝑓 )) .

Disjointness lower bounds. Proving Ω(𝑛) randomized NOF lower bound for Set Disjointness
(DISJ) is an important open problem. This problem remains unresolved even in the three-party
one-way NOF model and has applications for streaming algorithms [KMPV19] and distributed
computing [DKO14]. Currently, the strongest deterministic lower bound of Ω(𝑛) is obtained via
the discrepancy method [RY15]. As a further demonstration of the versatility of our framework,
we apply our techniques to provide a new proof for the deterministic one-way three-party NOF
complexity of set disjointness.

Theorem 1.4. The deterministic one-way three-party NOF complexity of Set Disjointness is Ω(𝑛).

In contrast to the discrepancy-based approach, our proof is built upon the lifting paradigm.
By reducing the NOF problem to its two-party counterpart, our method circumvents the analytic
limitations of discrepancy. We believe this lifting-based approach offers a more promising technical
route toward resolving the Ω(𝑛) randomized lower bound conjecture for NOF disjointness.
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1.2 Applications

1.2.1 Deterministic vs. randomized separation.

In the two-party setting, the equality function (EQ) is a well-known example demonstrating a
separation between deterministic and randomized communication complexity. As a primary
application of Theorem 1.3, we obtain an optimal, explicit separation between deterministic and
randomized one-way NOF complexity by lifting the two-party EQ function.

Corollary 1.5. For any 𝑘 ≥ 2 and 𝑞, 𝑟 = 2𝑘 , the deterministic one-way NOF complexity of EQ ∗ GIP𝑘
𝑞,𝑟 is

Ω( log𝑁

2𝑘 ), while its randomized one-way NOF complexity is 𝑂 (1).

Proof. It is a standard result in communication complexity that the two-party EQ function on
[𝑞] × [𝑞] has a randomized one-way protocol with cost 𝑂 (1) using public coins. Since any (𝑘 + 1)-
party lifted function 𝑓 ∗ 𝑔 can be evaluated by having the (𝑘 + 1)-th player first compute 𝑠 =

𝑔(𝑥1, . . . , 𝑥𝑘 ) and then simulating the two-party protocol for 𝑓 (𝑧, 𝑠), we have randomized one-way
NOF complexity of (EQ ∗ GIP) is 𝑂 (1)

By our main lifting theorem (theorem 1.3), the deterministic one-way NOF complexity of the
lifted function is tightly characterized by the two-party one-way complexity of the base function
OCCNOF(EQ ∗ GIP𝑘

𝑞,𝑟 ) = Θ(OCC(EQ)), For the EQ function on [𝑞] × [𝑞], the deterministic one-way
communication complexity is well-known to be Ω(log𝑞). Since 𝑁 = 𝑞𝑟 and 𝑟 = 2𝑘+1, we observe
log𝑞 = log(𝑁 1/𝑟 ) = log𝑁

𝑟
=

log𝑁

2𝑘+1 . Thus, OCCNOF(EQ ∗ GIP) = Ω
(

log𝑁

2𝑘

)
.

Combining the two bounds yields the desired exponential separation of Ω( log𝑁

2𝑘 ) versus 𝑂 (1)
for any number of players 𝑘 . □

Corollary 1.5 provides an explicit construction achieving an Ω(log𝑁 ) versus 𝑂 (1) separation
in one-way NOF model for a constant number of players. Prior to our work, no stronger lower
bound was known for any restricted NOF communication model and for any number of players.

Related Works. Establishing an explicit separation between deterministic and randomized com-
munication complexity remains a major open problem [BDPW10, KLM24, JLL+25, KL25]. Early
work by Beame, David, Pitassi, and Woelfel [BDPW10] demonstrated an optimal separation by
showing the existence of a 𝑘-party function 𝑓 : [𝑁 ]𝑘 → {0, 1} with randomized NOF complexity
𝑂 (1) and deterministic NOF complexity Ω(log𝑁 ). However, their result relied entirely on a count-
ing argument and was inherently non-explicit. For explicit functions, they prove Ω(log log𝑁 )
versus 𝑂 (1) separation for any 𝑘 ≥ 3.

For explicit constructions, the Exactly-N function introduced by [CFL83] has long been con-
sidered a strong candidate for such separations. While its randomized three-party complexity is
𝑂 (1), a deterministic lower bound was Ω(log log log𝑁 ) [Shk06] until the recent breakthrough by
Jaber, Liu, Lovett, Ostuni, and Sawhney [JLL+25], who showed an Ω((log𝑁 )Ω (1) ) deterministic
lower bound. For other explicit constructions, Kelley, Lovett, and Meka [KLM24] first established
an Ω((log𝑁 )1/3) versus𝑂 (1) separation, a bound that was recently sharpened to Ω(

√︁
log𝑁 ) versus

𝑂 (1) by Kelley and Lyu [KL25].
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1.3 Discussion and Future Directions

A natural open problem is to extend our lifting theorem to the randomized setting. Specifically,
we propose the following conjecture:

Conjecture 1.6. For any partial function 𝑓 : [𝑞] × [𝑞] → {0, 1}, we have

ORCCNOF(𝑓 ∗ GIP) = Θ(ORCC(𝑓 )),

where ORCC(𝑓 ) denotes the one-way randomized communication complexity of 𝑓 , and ORCCNOF(𝑓 ∗GIP)
denotes the one-way number-on-forehead (NOF) randomized communication complexity of 𝑓 ∗ GIP.

Proving this conjecture would imply a separation between quantum and classical communica-
tion complexity in the one-way NOF model [YZ25]. Perhaps more importantly, we believe that the
technical machinery required to resolve this conjecture would provide the necessary tools to prove
an Ω(𝑛) randomized lower bound for the Set Disjointness problem in the one-way NOF model.

2 Preliminaries

Communication complexity. We begin by recalling some standard definitions in communication
complexity. In the two-party communication model, Alice and Bob receive inputs 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 ,
respectively. Their goal is to compute a function 𝑓 : 𝑋 × 𝑌 → {0, 1}. For any two-party function 𝑓 ,
we also use 𝑀 (𝑓 ) to denote the communication matrix corresponding to 𝑓 ; that is, 𝑀 (𝑓 ) is an 𝑋 × 𝑌

matrix where each entry at position (𝑥,𝑦) is 𝑓 (𝑥,𝑦).

Definition 2.1 (One-way communication complexity). Alice sends a single message Π(𝑥) to Bob, and
Bob outputs 𝑓 (𝑥,𝑦) based on 𝑦 and the received message. The deterministic communication complexity is
the maximum length of the message |Π(𝑥) | over all possible inputs, denoted by OCC(𝑓 ).

We use the following lemma by Feder, Kushilevitz, Naor, and Nisan [FKNN95] to characterize
the one-way deterministic communication complexity of any two-party function.

Lemma 2.2. Let 𝑓 : [𝑞] × [𝑞] → {0, 1}. Then 𝑓 has one-way deterministic communication complexity 𝐶

if and only if 𝑀 (𝑓 ) contains a set of 2𝐶 distinct rows. That is, there exists a subset 𝑍 ⊆ [𝑞] of size |𝑍 | = 2𝐶
such that for any distinct 𝑧0, 𝑧1 ∈ 𝑍 , there exists 𝑣 ∈ [𝑞] with 𝑓 (𝑧0, 𝑣) ≠ 𝑓 (𝑧1, 𝑣).

Definition 2.3 (One-way NOF). In the 𝑘-party one-way NOF, 𝑘 players collaborate to compute a function
𝑓 : 𝑋1 × · · · ×𝑋𝑘 → {0, 1}. The inputs are distributed such that each player 𝑖 knows all inputs except for 𝑥𝑖 .

In the one-way communication setting, the players communicate in a fixed order, from the first player to
the last. Each player sends a single message, and the last player outputs the value of 𝑓 (𝑥1, . . . , 𝑥𝑘 ).

The deterministic communication complexity is defined as the maximum total length of all mes-
sages over all possible inputs, and is denoted by OCCNOF(𝑓 ). The notion of cylinder intersections
plays a central role in studying the communication complexity of NOF problems.

Definition 2.4. A set 𝑆 ⊆ 𝑋1 × · · · × 𝑋𝑘 is called a cylinder if there exists an index 𝑖 ∈ [𝑘] such that
membership in 𝑆 does not depend on the value of 𝑥𝑖 . A set 𝑆 is called a cylinder intersection if it can be
written as 𝑆 = 𝑆1 ∩ · · · ∩ 𝑆𝑘 , where each 𝑆𝑖 is a cylinder.
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3 A Lifting Theorem for One-Way NOF Model

We first recall the definition of GIP𝑘
𝑞,𝑟 : (𝔽 𝑟𝑞 )𝑘 → 𝔽𝑞 over a large field by,

GIP𝑘
𝑞,𝑟 (𝑥1, . . . , 𝑥𝑘 ) =

∑︁
𝑗∈[𝑟 ]

∏
𝑖∈[𝑘 ]

𝑥𝑖, 𝑗 .

To simplify notations, we also use [𝑁 ] to denote 𝔽 𝑟𝑞 . Our main theorem aims to show that

OCCNOF(𝑓 ∗ GIP𝑘
𝑞,𝑟 ) = Θ(OCC(𝑓 )),

for any two-party communication problem 𝑓 : [𝑞] × [𝑞] → {0, 1} and 𝑟 ≥ 2𝑘+1. The upper bound,
i.e., OCCNOF(𝑓 ∗ GIP𝑘

𝑞,𝑟 ) = 𝑂 (OCC(𝑓 )), is straightforward. Hence, we focus on the lower bound.

Proof of Theorem 1.3. For any two-party function 𝑓 , by Lemma 2.2, let 𝑍 ⊆ [𝑞] be the set of the
distinct rows of 𝑀 (𝑓 ) of size |𝑍 | = 2OCC(𝑓 ) . Our goal is to prove that

OCCNOF(𝑓 ∗ GIP) = Ω
(
log |𝑍 |

)
.

We omit the subscripts of 𝑞, 𝑟, 𝑘 here as they are fixed throughout the proof. Let Π be any one-way
NOF protocol. We show that if the communication complexity of Π is 𝑜 (log |𝑍 |), then there exist
messages (𝜋1, . . . , 𝜋𝑘 ), as well as distinct rows 𝑧∗0, 𝑧

∗
1 ∈ 𝑍 and inputs (𝑥∗1, . . . , 𝑥

∗
𝑘
) ∈ [𝑁 ]𝑘 , such that

• The first 𝑘 players output (𝜋1, . . . , 𝜋𝑘 ) for both inputs (𝑥∗1, . . . , 𝑥
∗
𝑘
, 𝑧∗0) and (𝑥∗1, . . . , 𝑥

∗
𝑘
, 𝑧∗1).

• (𝑓 ∗ GIP) (𝑥∗1, . . . , 𝑥
∗
𝑘
, 𝑧∗0) ≠ (𝑓 ∗ GIP) (𝑥∗1, . . . , 𝑥

∗
𝑘
, 𝑧∗1).

The items above imply thatΠ cannot distinguish inputs (𝑥∗1, . . . , 𝑥
∗
𝑘
, 𝑧∗0) and (𝑥∗1, . . . , 𝑥

∗
𝑘
, 𝑧∗1). Therefore,

it is not a deterministic protocol for computing 𝑓 ∗ GIP.
LetΠ be any one-way protocol with communication bits less than (log |𝑍 |)/3. By the pigeonhole

principle, there exists a message tuple (𝜋1, . . . , 𝜋𝑘 ) such that the following set 𝐴 has size at least

|𝐴| ≥ 𝑁𝑘 · |𝑍 |
|𝑍 |1/3

= 𝑁𝑘 · |𝑍 |2/3 ≥ 2𝑁𝑘 ·
√︁
|𝑍 |.

Here, the set 𝐴 is defined as

𝐴 =
{
(𝑥1, . . . , 𝑥𝑘 , 𝑧) ∈ [𝑁 ]𝑘 × 𝑍 : the first 𝑘 players output (𝜋1, . . . , 𝜋𝑘 ) on input (𝑥1, . . . , 𝑥𝑘 , 𝑧)

}
.

Now we focus on finding indistinguishable pairs (𝑥∗, 𝑦∗, 𝑧∗0) and (𝑥∗, 𝑦∗, 𝑧∗1) from the set 𝐴. The
following largeness lemma is a crucial component of our proof.

Lemma 3.1. Let 𝐴 ⊆ [𝑁 ]𝑘 × 𝑍 be a set of size |𝐴| ≥ 2𝑁𝑘 ·
√︁
|𝑍 |. Then for uniformly sampled distinct

𝑧, 𝑧′ ∈ 𝑍 , we have that,

𝔼𝑧,𝑧′ [|{(𝑥1, . . . , 𝑥𝑘 ) : (𝑥1, . . . , 𝑥𝑘 , 𝑧) ∈ 𝐴} ∩ {(𝑥1, . . . , 𝑥𝑘 ) : (𝑥1, . . . , 𝑥𝑘 , 𝑧
′) ∈ 𝐴}|] ≥ 𝑁𝑘

|𝑍 | ≥
𝑞𝑘𝑟

𝑞
= 𝑞𝑘𝑟−1.
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We postpone to proof of Lemma 3.1 to Section 3.1. Now we fix any distinct 𝑧, 𝑧′ such that

|{(𝑥1, . . . , 𝑥𝑘 ) : (𝑥1, . . . , 𝑥𝑘 , 𝑧) ∈ 𝐴} ∩ {(𝑥1, . . . , 𝑥𝑘 ) : (𝑥1, . . . , 𝑥𝑘 , 𝑧
′) ∈ 𝐴}| ≥ 𝑞𝑘𝑟−1

as our desired 𝑧∗0 and 𝑧∗1. Since 𝑧∗0 and 𝑧∗1 are distinct rows of 𝑍 , there exists a 𝑣 ∈ [𝑞] such that
𝑓 (𝑧∗0, 𝑣) ≠ 𝑓 (𝑧∗1, 𝑣). Our goal now reduces to finding a tuple (𝑥∗1, . . . , 𝑥

∗
𝑘
) in the intersection, i.e.,

(𝑥∗1, . . . , 𝑥
∗
𝑘
, 𝑧∗0), (𝑥

∗
1, . . . , 𝑥

∗
𝑘
, 𝑧∗1) ∈ 𝐴

such that GIP(𝑥∗1, . . . , 𝑥
∗
𝑘
) = 𝑣 .

To prove that, a crucial fact is that for any fixed 𝑧, the set {(𝑥1, . . . , 𝑥𝑘 ) : (𝑥1, . . . , 𝑥𝑘 , 𝑧) ∈ 𝐴} forms
a cylinder intersection. Therefore, the intersection

{(𝑥1, . . . , 𝑥𝑘 ) : (𝑥1, . . . , 𝑥𝑘 , 𝑧
∗
0) ∈ 𝐴} ∩ {(𝑥1, . . . , 𝑥𝑘 ) : (𝑥1, . . . , 𝑥𝑘 , 𝑧

∗
1) ∈ 𝐴}

is also a cylinder intersection of size at least 𝑞𝑘𝑟−1. We now invoke the following disperser property
of the generalized inner product function over cylinder intersection.

Lemma 3.2. For 𝑟 = 2𝑘+1. Let 𝑆 ⊆ (𝔽 𝑟𝑞 )𝑘 be any cylinder intersection of size |𝑆 | ≥ 𝑞𝑟 ·𝑘−1. Then for every
𝑣 ∈ 𝔽𝑞 , we have that

Pr
(𝑥1,...,𝑥𝑘 ) ∈𝑆

[GIP(𝑥1, . . . , 𝑥𝑘 ) = 𝑣] ≥ 1
𝑞
− 𝑞 · (𝑘/𝑞)4

We postpone the proof to Section 3.2. Assuming Lemma 3.2, we can choose the desired (𝑥∗1, . . . , 𝑥
∗
𝑘
)

such that GIP(𝑥∗1, . . . , 𝑥
∗
𝑘
) = 𝑣 . We then conclude the proof.

□

3.1 Proof of Lemma 3.1

Recall that 𝐴 ⊆ [𝑁 ]𝑘 × 𝑍 is a set of size |𝐴| ≥ 2𝑁𝑘 ·
√︁
|𝑍 |, we aim to prove that

𝔼𝑧,𝑧′ [|{(𝑥1, . . . , 𝑥𝑘 ) : (𝑥1, . . . , 𝑥𝑘 , 𝑧) ∈ 𝐴} ∩ {(𝑥1, . . . , 𝑥𝑘 ) : (𝑥1, . . . , 𝑥𝑘 , 𝑧
′) ∈ 𝐴}|] ≥ 𝑁𝑘

|𝑍 | .

We consider a bipartite graph𝐺 = (𝐿∪𝑅, 𝐸) defined by 𝐿 = 𝑍 , 𝑅 = [𝑁 ]𝑘 and 𝐸 = {(𝑧, (𝑥1, . . . , 𝑥𝑘 )) :
(𝑥1, . . . , 𝑥𝑘 , 𝑧) ∈ 𝐴}, and prove the following lemma.

Lemma 3.3. Let 𝐺 = (𝐿 ∪ 𝑅, 𝐸) be a bipartite graph with |𝐸 | ≥ 2 ·
√︁
|𝐿 | · |𝑅 |. Then for uniformly chosen

distinct ℓ, ℓ ′ ∈ 𝐿, we have that
𝔼 [|𝑁 (ℓ) ∩ 𝑁 (ℓ ′) |] ≥ |𝑅 |

|𝐿 | .

where 𝑁 (ℓ) ⊆ 𝑅 denote the neighborhoods of ℓ in 𝑅.

Proof. Let 1(ℓ, 𝑟 ) := 1{(ℓ, 𝑟 ) ∈ 𝐸} denote the indicator function for whether the edge (ℓ, 𝑟 ) exists in
𝐸. Then we have

𝔼[|𝑁 (ℓ) ∩ 𝑁 (ℓ ′) |] = 𝔼

[∑︁
𝑟 ∈𝑅

1(ℓ, 𝑟 ) · 1(ℓ ′, 𝑟 )
]
=

∑︁
𝑟 ∈𝑅

𝔼 [1(ℓ, 𝑟 ) · 1(ℓ ′, 𝑟 )] .

7



Let deg(𝑟 ) :=
∑

ℓ∈𝐿 1(ℓ, 𝑟 ) be the degree of vertex 𝑟 ∈ 𝑅. Then,∑︁
𝑟 ∈𝑅

𝔼 [1(ℓ, 𝑟 ) · 1(ℓ ′, 𝑟 )] = 2
|𝐿 | ( |𝐿 | − 1) ·

∑︁
𝑟 ∈𝑅

∑︁
ℓ,ℓ ′∈𝐿
ℓ≠ℓ ′

1(ℓ, 𝑟 ) · 1(ℓ ′, 𝑟 ) = 2
|𝐿 | ( |𝐿 | − 1) ·

∑︁
𝑟 ∈𝑅

(
deg(𝑟 )

2

)
.

Now observe that∑︁
𝑟 ∈𝑅

(
deg(𝑟 )

2

)
≥ 1

2 ·
∑︁
𝑟 ∈𝑅

(
deg(𝑟 ) − 1

)2 ≥ 1
2|𝑅 |

(∑︁
𝑟 ∈𝑅

(deg(𝑟 ) − 1)
)2

=
( |𝐸 | − |𝑅 |)2

2|𝑅 | .

The second inequality follows from the Cauchy-Schwarz inequality; the equality uses the identity∑
𝑟 ∈𝑅 deg(𝑟 ) = |𝐸 |. Therefore,

𝔼[|𝑁 (ℓ) ∩ 𝑁 (ℓ ′) |] ≥ 2
|𝐿 | ( |𝐿 | − 1) ·

( |𝐸 | − |𝑅 |)2

2|𝑅 | ≥ 2
|𝐿 | ( |𝐿 | − 1) ·

(2
√︁
|𝐿 | − 1)2 · |𝑅 |2

2|𝑅 | =
(2

√︁
|𝐿 | − 1)2 · |𝑅 |
|𝐿 | ( |𝐿 | − 1)

where the second inequality uses the assumption that |𝐸 | ≥ 2
√︁
|𝐿 | · |𝑅 |. Finally, we conclude the

proof since (2
√︁
|𝐿 | − 1)2 ≥ |𝐿 | − 1. □

3.2 Proof of Lemma 3.2

We prove Lemma 3.2 in this section. The proof is a natural adaptation of [BNS92]. Let 𝑟 = 2𝑘+1 and
𝑆 ⊆ (𝔽 𝑟𝑞 )𝑘 be any cylinder intersection of size |𝑆 | ≥ 𝑞𝑟 ·𝑘−1. We aim to prove that for every 𝑣 ∈ 𝔽𝑞 ,

Pr
(𝑥1,...,𝑥𝑘 ) ∈𝑆

[GIP(𝑥1, . . . , 𝑥𝑘 ) = 𝑣] ≥ 1
𝑞
− 𝑞 · (𝑘/𝑞)4

Proof. Let 1 : 𝔽𝑞 → {0, 1} be the indicator function, i.e., 1(𝑧) = 1 if 𝑧 = 0 and 1(𝑧) = 0 otherwise. We
write its Fourier transform as

1(𝑧) = 1
𝑞

∑︁
𝛼∈𝔽𝑞

𝜒𝛼 (𝑧),

where 𝜒𝛼 are the additive characters of 𝔽𝑞 . Then,

Pr
(𝑥1,...,𝑥𝑘 ) ∈𝑆

[GIP(𝑥1, . . . , 𝑥𝑘 ) = 𝑣] = 1
|𝑆 |

∑︁
(𝑥1,...,𝑥𝑘 ) ∈𝑆

1 (GIP(𝑥1, . . . , 𝑥𝑘 ) − 𝑣)

=
1
|𝑆 |

∑︁
(𝑥1,...,𝑥𝑘 ) ∈𝑆

1
𝑞
·
∑︁
𝛼∈𝔽𝑞

𝜒𝛼 (GIP(𝑥1, . . . , 𝑥𝑘 ) − 𝑣)

=
1
𝑞
+ 1
𝑞 · |𝑆 |

∑︁
𝛼≠0

𝜒𝛼 (−𝑣)
∑︁

(𝑥1,...,𝑥𝑘 ) ∈𝑆
𝜒𝛼 (GIP(𝑥1, . . . , 𝑥𝑘 )) .

The last equality follows by the fact that 𝜒𝛼 (0) = 1 and 𝜒𝛼 (𝑎 + 𝑏) = 𝜒𝛼 (𝑎) · 𝜒𝛼 (𝑏). We first analyze
the upper bound of ������ ∑︁

(𝑥1,...,𝑥𝑘 ) ∈𝑆
𝜒𝛼 (GIP(𝑥1, . . . , 𝑥𝑘 ))

������
8



for every 𝛼 . Recall the definition of GIP, we rewrite it as below 𝐷𝛼 .

𝐷𝛼 :=

������ ∑︁
(𝑥1,...,𝑥𝑘 ) ∈𝑆

𝜒𝛼
©­«
∑︁
𝑗∈[𝑟 ]

∏
𝑖∈[𝑘 ]

𝑥𝑖, 𝑗
ª®¬
������ =

������ ∑︁
(𝑥1,...,𝑥𝑘 ) ∈ (𝔽 𝑟𝑞 )𝑘

∏
𝑖

1𝑆𝑖 (𝑥1, . . . , 𝑥𝑘 ) · 𝜒𝛼

(∑︁
𝑗

∏
𝑖

𝑥𝑖, 𝑗

)������
Let 𝛾𝛼 = 𝐷𝛼/𝑞𝑟 ·𝑘 =

��𝔼(𝑥1,...,𝑥𝑘 )
[∏

𝑖 1𝑆𝑖 (𝑥1, . . . , 𝑥𝑘 ) · 𝜒𝛼
(∑

𝑗

∏
𝑖 𝑥𝑖, 𝑗

) ] ��. By the fact that (𝔼[𝑋 ])2 ≤ 𝔼[𝑋 2],
we have that

𝛾2
𝛼 ≤𝔼𝑥1,...,𝑥𝑘−1

[
1𝑆𝑘 (𝑥1, . . . , 𝑥𝑘−1)2𝔼𝑥𝑘 ,𝑥

′
𝑘

[
𝑘−1∏
𝑖=1

1𝑆𝑖 (𝑥1, . . . , 𝑥𝑘 )1𝑆𝑖 (𝑥1, . . . , 𝑥
′
𝑘
)𝜒𝛼

(∑︁
𝑗

(
𝑥𝑘,𝑗 + 𝑥 ′

𝑘,𝑗

) 𝑘−1∏
𝑖=1

𝑥𝑖, 𝑗

)]]
≤𝔼𝑥𝑘 ,𝑥

′
𝑘
𝔼𝑥1,...,𝑥𝑘−1


∏

𝑖∈[𝑘−1]

(
1𝑆𝑖 (𝑥1, . . . , 𝑥𝑘 ) · 1𝑆𝑖 (𝑥1, . . . , 𝑥

′
𝑘
)
)
𝜒𝛼

©­«
∑︁
𝑗

(
𝑥𝑘,𝑗 + 𝑥 ′

𝑘,𝑗

) ∏
𝑖∈[𝑘−1]

𝑥𝑖, 𝑗
ª®¬


By applying the this argument (𝑘 − 1) times, we have that

𝛾2𝑘−1
𝛼 ≤ 𝔼(𝑥2,...,𝑥𝑘 ),(𝑥 ′

2,...,𝑥
′
𝑘
)

[�����𝔼𝑥1

[
𝜒𝛼

(∑︁
𝑗

𝑥1, 𝑗 ·
∏
𝑖>1

(𝑥𝑖, 𝑗 + 𝑥 ′𝑖, 𝑗 )
)]�����

]
Recall that for any character 𝜒𝛼 , it holds that

∑
𝑧∈𝔽𝑞 𝜒𝛼 (𝑧) = 0. Hence, for any (𝑥2, . . . , 𝑥𝑘 ), (𝑥 ′2, . . . , 𝑥

′
𝑘
),

if there is a 𝑗 ∈ [𝑟 ] such that
∏

𝑖>1(𝑥𝑖, 𝑗 + 𝑥 ′𝑖, 𝑗 ) ≠ 0, we have that

𝔼𝑥1

[
𝜒𝛼

(∑︁
𝑗

𝑥1, 𝑗 ·
∏
𝑖>1

(𝑥𝑖, 𝑗 + 𝑥 ′𝑖, 𝑗 )
)]

= 0

Therefore,

𝛾2𝑘−1
𝛼 ≤ Pr

(𝑥2,...,𝑥𝑘 ,𝑥 ′
2,...,𝑥

′
𝑘
)

[
∀𝑗 ∈ [𝑟 ],

∏
𝑖>1

(𝑥𝑖, 𝑗 + 𝑥 ′𝑖, 𝑗 ) = 0
]
≤ (𝑘/𝑞)𝑟

It implies that
𝐷𝛼 = 𝑞𝑟 ·𝑘 · 𝛾𝛼 ≤ 𝑞𝑟 ·𝑘 · (𝑘/𝑞)𝑟/2𝑘−1

Recall that |𝑆 | ≥ 𝑞𝑟 ·𝑘−1 and 𝑟 = 2𝑘+1, then we have that

Pr
(𝑥1,...,𝑥𝑘 ) ∈𝑆

[GIP(𝑥1, . . . , 𝑥𝑘 ) = 𝑣] = 1
𝑞
+ 1
𝑞 · |𝑆 |

∑︁
𝛼≠0

𝜒𝛼 (−𝑣)
∑︁

(𝑥1,...,𝑥𝑘 ) ∈𝑆
𝜒𝛼 (GIP(𝑥1, . . . , 𝑥𝑘 ))

≥ 1
𝑞
− 1

|𝑆 |

������ ∑︁
(𝑥1,...,𝑥𝑘 ) ∈𝑆

𝜒𝛼 (GIP(𝑥1, . . . , 𝑥𝑘 ))

������
≥ 1

𝑞
− 𝑞𝑟 ·𝑘 · (𝑘/𝑞)𝑟/2𝑘−1

|𝑆 | ≥ 1
𝑞
− 𝑞 · (𝑘/𝑞)4

The first inequality is by the triangle inequality and |𝜒𝛼 (−𝑣) | = 1. The claim then follows. □
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A bonus result of Lemma 3.2 is that we construct a 𝑘-party NOF problem that requires Ω(𝑛/2𝑘 )
randomized communication cost.

Corollary 3.4. For every 𝑛 > 0 and 𝑘 ≤ log𝑛 − 5 log log𝑛. Let 𝑞 be a 𝑛/2𝑘+1-bit length prime number,
and let 𝑟 = 2𝑘+1. Define 𝐺 : (𝔽 𝑟𝑞 )𝑘 → {0, 1} be a function defined by

𝐺 (𝑥1, . . . , 𝑥𝑘 ) = GIP(𝑥1, . . . , 𝑥𝑘 ) mod 2

Then 𝐺 is a function with input length 𝑛, and has a randomized NOF lower bounds Ω(𝑛/2𝑘+1)

4 A One-Way NOF Lower Bound of Set Disjointness

In this section, we present a new proof of the Ω(𝑛) deterministic one-way communication lower
bound for the three-party NOF model. The proof follows a similar structure to that of Theorem 1.3.
However, the key difference is that we no longer have a large gadget with disperser properties.
Instead, we incorporate the density increment argument by Yang and Zhang [YZ22, YZ23].

We first recall that in the two-party communication, for inputs 𝑥,𝑦, DISJ2(𝑥,𝑦) = 1 if and only
if 𝑥 and 𝑦 are disjoint, i.e.,

∧𝑛
𝑖=1(𝑥𝑖 ∨ 𝑦𝑖).

Definition 4.1. Let 𝑥,𝑦, 𝑧 ∈ {0, 1}𝑛. The three-party set disjointness DISJ3 is defined as

DISJ3(𝑥,𝑦, 𝑧) := DISJ2
(
𝑧, 𝑥 ∧ 𝑦

)
=

𝑛∧
𝑖=1

(
𝑧𝑖 ∨ 𝑥𝑖 ∨ 𝑦𝑖

)
.

We now show that the deterministic one-way NOF communication complexity of DISJ3 is Ω(𝑛).

Proof of Theorem 1.4. For any protocol Π with communication complexity 𝑜 (𝑛), we aim to show that
there is a message pair (𝜋∗

𝐴
, 𝜋∗

𝐵
), a pair of distinct inputs 𝑧∗0, 𝑧

∗
1, and a pair (𝑥∗, 𝑦∗), such that:

• Π𝐴 (𝑦∗, 𝑧∗0) = Π𝐴 (𝑦∗, 𝑧∗1) = 𝜋∗
𝐴

.

• Π𝐵 (𝑥∗, 𝑧∗0, 𝜋
∗
𝐴
) = Π𝐵 (𝑥∗, 𝑧∗1, 𝜋

∗
𝐴
) = 𝜋∗

𝐵
.

• DISJ3(𝑧∗0, 𝑥
∗, 𝑦∗) ≠ DISJ3(𝑧∗1, 𝑥

∗, 𝑦∗).

Define the set 𝐷0 :=
{
(𝑥,𝑦) ∈ {0, 1}𝑛 × {0, 1}𝑛 :

∧𝑛
𝑖=1(𝑥𝑖 ∨ 𝑦𝑖) = 1

}
, i.e., the set of all pairs of

disjoint sets. By an averaging argument, there exists a transcript (𝜋∗
𝐴
, 𝜋∗

𝐵
) such that the set

𝐴 := {(𝑧, 𝑥,𝑦) ∈ {0, 1}𝑛 × {0, 1}𝑛 × {0, 1}𝑛 : Π𝐴 (𝑦, 𝑧) = 𝜋∗
𝐴, Π𝐵 (𝑥, 𝑧, 𝜋∗

𝐴) = 𝜋∗
𝐵, (𝑥,𝑦) ∈ 𝐷0}

has a size of at least
|𝐴| ≥ 2𝑛 · |𝐷0 | · 2−𝑜 (𝑛) .

Similar to Lemma 3.3, we now prove the following largeness lemma.

Lemma 4.2. Let 𝐺 = (𝐿, 𝑅, 𝐸) be a bipartite graph with 𝐿 = {0, 1}𝑛. Suppose the number of edges satisfies
|𝐸 | ≥ 2𝑛 · |𝑅 | · 2−𝛿 ·𝑛 for some 𝛿 < 0.1. Then there exist vertices ℓ, ℓ ′ ∈ {0, 1}𝑛 with Hamming distance
𝑑𝐻 (ℓ, ℓ ′) ≥ 0.1𝑛 such that

|𝑁 (ℓ) ∩ 𝑁 (ℓ ′) | ≥ |𝑅 | · 2−2𝛿𝑛−2,

where 𝑁 (ℓ) ⊆ 𝑅 denotes the neighborhood of ℓ in 𝑅, and 𝑑𝐻 (ℓ, ℓ ′) denotes the Hamming distance.
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Proof. Since |𝐸 | ≥ 2𝑛 · |𝑅 | · 2−𝛿𝑛, using similar ideas from Lemma 3.3, we have that

𝔼ℓ,ℓ ′ [|𝑁 (ℓ) ∩ 𝑁 (ℓ ′) |] =
∑︁
𝑟 ∈𝑅

𝔼ℓ,ℓ ′ [1(ℓ, 𝑟 ) · 1(ℓ ′, 𝑟 )] ≥ 2
|𝐿 | ( |𝐿 | − 1) ·

( |𝐸 | − |𝑅 |)2

2|𝑅 | ≥ |𝑅 | · 2−2𝛿𝑛−1,

where 1(ℓ, 𝑟 ) denotes the indicator that (ℓ, 𝑟 ) ∈ 𝐸. We split the expectation based on the Hamming
distance between ℓ and ℓ ′. Specifically, we write 𝔼ℓ,ℓ ′ [|𝑁 (ℓ) ∩ 𝑁 (ℓ ′) |] as

𝔼 [|𝑁 (ℓ) ∩ 𝑁 (ℓ ′) | · 1 (𝑑𝐻 (ℓ, ℓ ′) < 0.1𝑛)] + 𝔼 [|𝑁 (ℓ) ∩ 𝑁 (ℓ ′) | · 1 (𝑑𝐻 (ℓ, ℓ ′) ≥ 0.1𝑛)] .

For the first term, we upper bound it by:

Pr
ℓ,ℓ ′

[𝑑𝐻 (ℓ, ℓ ′) < 0.1𝑛] ≤ 2−𝑛 ·
0.1𝑛∑︁
𝑖=0

(
𝑛

𝑖

)
≤ 2−𝑛 ·

( 𝑒

0.1

)0.1𝑛
≤ 2−𝑛/2.

Hence, we have

𝔼 [|𝑁 (ℓ) ∩ 𝑁 (ℓ ′) | · 1 (𝑑𝐻 (ℓ, ℓ ′) < 0.1𝑛)] ≤ 𝔼 [|𝑅 | · 1 (𝑑𝐻 (ℓ, ℓ ′) < 0.1𝑛)] ≤ |𝑅 | · 2−𝑛/2.

Therefore, the contribution from the second term is at least

𝔼 [|𝑁 (ℓ) ∩ 𝑁 (ℓ ′) | · 1 (𝑑𝐻 (ℓ, ℓ ′) ≥ 0.1𝑛)] ≥ |𝑅 | · 2−2𝛿𝑛−1 − |𝑅 | · 2−𝑛/2 ≥ |𝑅 | · 2−2𝛿𝑛−2,

where the last inequality holds for small constant 𝛿 < 0.1. This completes the proof.
□

By applying Lemma 4.2 with 𝐿 = {0, 1}𝑛, 𝑅 = 𝐷0, and 𝐸 = 𝐴, we obtain a pair of distinct strings
𝑧∗0, 𝑧

∗
1 ∈ {0, 1}𝑛 with Hamming distance 𝑑𝐻 (𝑧∗0, 𝑧

∗
1) ≥ 0.1 · 𝑛 such that the following set

𝑅0 :=
{
(𝑥,𝑦) : Π𝐴 (𝑦, 𝑧∗0) = 𝜋∗

𝐴,Π𝐵 (𝑥, 𝑧∗0, 𝜋
∗
𝐴) = 𝜋∗

𝐵

}
∩

{
(𝑥,𝑦) : Π𝐴 (𝑦, 𝑧∗1) = 𝜋∗

𝐴,Π𝐵 (𝑥, 𝑧∗1, 𝜋
∗
𝐴) = 𝜋∗

𝐵

}
has large intersection with the set 𝐷0, specifically,

|𝑅0 ∩ 𝐷0 | ≥ |𝐷0 | · 2−𝑜 (𝑛) .

Notice that for fixed (𝜋∗
𝐴
, 𝜋∗

𝐵
) and 𝑧∗0, 𝑧

∗
1, the set 𝑅 is a rectangle. Unlike the proof of the lifting

theorem (Theorem 1.3, we can no longer apply a disperser property on the set 𝑅 ∩𝐷0 as there is no
large gadget. Instead, we take the approach by [YZ22, YZ23]. For each ℓ ∈ [𝑛], define the set

𝐷ℓ := {(𝑥,𝑦) ∈ {0, 1}𝑛 × {0, 1}𝑛 : 𝑥 ∧ 𝑦 = 𝑒ℓ } ,

where 𝑒ℓ is the unit vector with a 1 at coordinate ℓ and 0 elsewhere. Yang and Zhang proved the
following pseudorandomness lemma.

Lemma 4.3 (Theorem 1.1 of [YZ23]). Let 𝑅 ⊆ {0, 1}𝑛 × {0, 1}𝑛 be any rectangle. If

|𝑅 ∩ 𝐷0 | ≥ |𝐷0 | · 2−𝑐 ,

then there exists a set 𝑆 ⊆ [𝑛] of size at least 𝑛 − 2𝑐 such that 𝑅 ∩ 𝐷ℓ ≠ ∅ for every ℓ ∈ 𝑆 .
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We include the proof of Lemma 4.3 in Section 4.1 for completeness.

Since 𝑑𝐻 (𝑧∗0, 𝑧
∗
1) ≥ 0.1 · 𝑛, let 𝑇 ⊆ [𝑛] denote the set of coordinates where 𝑧∗0 and 𝑧∗1 differ. By

Lemma 4.3, assuming the communication complexity of Π is 𝑜 (𝑛), there exists a set 𝑆 ⊆ [𝑛] of size
|𝑆 | = 𝑛 − 𝑜 (𝑛) such that for every 𝑖 ∈ 𝑆 , there exists a pair (𝑥∗, 𝑦∗) ∈ 𝑅 satisfying 𝑥∗ ∧ 𝑦∗ = 𝑒𝑖 .

Since |𝑇 | ≥ 0.1𝑛, we have 𝑇 ∩ 𝑆 ≠ ∅. Fix any index 𝑗 ∈ 𝑇 ∩ 𝑆 . Then:

• We have (𝑧∗0) 𝑗 ≠ (𝑧∗1) 𝑗 by definition of 𝑇 ,

• And there exists (𝑥∗, 𝑦∗) ∈ 𝑅0 such that 𝑥∗ ∧ 𝑦∗ = 𝑒 𝑗 .

Combining the two facts, we obtain two inputs (𝑥∗, 𝑦∗, 𝑧∗0) and (𝑥∗, 𝑦∗, 𝑧∗1) that consistent with (𝜋∗
𝐴
, 𝜋∗

𝐵
)

such that
DISJ3(𝑧∗0, 𝑥

∗, 𝑦∗) = (𝑧∗0) 𝑗 ≠ (𝑧∗1) 𝑗 = DISJ3(𝑧∗1, 𝑥
∗, 𝑦∗) .

Thereby the last player can not solve DISJ3 completely condition on (𝜋∗
𝐴
, 𝜋∗

𝐵
).

□

4.1 Proof of Lemma 4.3

Now we prove Lemma 4.3 by using the density increment argument by [YZ22, YZ23].

Theorem 4.4 (Restatement of Lemma 4.3). Let 𝑅 ⊆ {0, 1}𝑛 × {0, 1}𝑛 be any rectangle. If

|𝑅 ∩ 𝐷0 | ≥ |𝐷0 | · 2−𝑐 ,

then there exists a subset 𝑆 ⊆ [𝑛] of size at least 𝑛 − 2𝑐 such that 𝑅 ∩ 𝐷𝑖 ≠ ∅ for every 𝑖 ∈ 𝑆 .

Recall that

𝐷0 := {(𝑥,𝑦) ∈ {0, 1}𝑛 × {0, 1}𝑛 : 𝑥 ∧ 𝑦 = 0𝑛} , 𝐷ℓ := {(𝑥,𝑦) ∈ {0, 1}𝑛 × {0, 1}𝑛 : 𝑥 ∧ 𝑦 = 𝑒ℓ }

where 𝑒ℓ denotes the unit vector with a 1 in the ℓ-th coordinate and zeros elsewhere. For any subset
𝐼 ⊆ [𝑛] and any ℓ ∈ 𝐼 , we define

𝐷𝐼
0 :=

{
(𝑥,𝑦) ∈ {0, 1}𝐼 × {0, 1}𝐼 : 𝑥 ∧ 𝑦 = 0𝐼

}
, 𝐷𝐼

ℓ :=
{
(𝑥,𝑦) ∈ {0, 1}𝐼 × {0, 1}𝐼 : 𝑥 ∧ 𝑦 = 𝑒ℓ

}
.

We now introduce the density function, which will be used in the density increment argument.

Definition 4.5 (Density function). Let 𝐼 ⊆ [𝑛], and let 𝑅 = 𝑋 × 𝑌 ⊆ {0, 1}𝐼 × {0, 1}𝐼 be a rectangle. The
density of 𝑅 with respect to 𝐷𝐼

0 is defined as

𝐸𝐼 (𝑅) := log
(
|𝑅 ∩ 𝐷𝐼

0 |
|𝐷𝐼

0 |

)
.

Note that 𝐸𝐼 (𝑅) ≤ 0 for any rectangle 𝑅, and that |𝐷𝐼
0 | = 3 |𝐼 | , as each coordinate allows three disjoint

assignments: (0, 0), (0, 1), (1, 0). We will write 𝐸 (𝑅) when the underlying index set 𝐼 is clear from
context.

A crucial step in our argument is the projection operation, which allows us to restrict attention
to a subset of coordinates while preserving the rectangle structure.
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Definition 4.6 (Projection). Let 𝑅 = 𝑋 × 𝑌 ⊆ {0, 1}𝐼 × {0, 1}𝐼 be a rectangle. For any coordinate
𝑖 ∈ 𝐼 and side 𝐶 ∈ {𝑋,𝑌 }, the projection of 𝑅 onto coordinate 𝑖 from side 𝐶 is defined as a rectangle
Π𝑖,𝐶 (𝑅) = 𝑋 ′ × 𝑌 ′ ⊆ {0, 1}𝐼\{𝑖 } × {0, 1}𝐼\{𝑖 } , where:

• If 𝐶 = 𝑋 , then 𝑋 ′ =
{
𝑥𝐼\{𝑖 } : 𝑥 ∈ 𝑋, 𝑥𝑖 = 0

}
and 𝑌 ′ =

{
𝑦𝐼\{𝑖 } : 𝑦 ∈ 𝑌

}
.

• If 𝐶 = 𝑌 , then 𝑋 ′ =
{
𝑥𝐼\{𝑖 } : 𝑥 ∈ 𝑋

}
and 𝑌 ′ =

{
𝑦𝐼\{𝑖 } : 𝑦 ∈ 𝑌, 𝑦𝑖 = 0

}
.

Here, 𝑥𝐼\{𝑖 } denotes the restriction of the string 𝑥 ∈ {0, 1}𝐼 to the coordinates in 𝐼 \ {𝑖}.

The projection operation satisfies two useful properties. The first property is that projection
preserves the absence of specific structured sets:

Fact 4.7. Let 𝑅 ⊆ {0, 1}𝐼 × {0, 1}𝐼 be a rectangle such that 𝑅 ∩ 𝐷𝐼
𝑗 = ∅ for some 𝑗 ∈ 𝐼 . Then, for every 𝑖 ∈ 𝐼

and every 𝐶 ∈ {𝑋,𝑌 }, we have
Π𝑖,𝐶 (𝑅) ∩ 𝐷

𝐼\{𝑖 }
𝑗

= ∅.

The proof of Fact 4.7 follows directly from the definition of projection and is omitted.
The second property quantifies how projection can increase the density, and is captured by the

following projection lemma:

Lemma 4.8 (Projection Lemma). Let 𝑅 = 𝑋 × 𝑌 ⊆ {0, 1}𝐼 × {0, 1}𝐼 be a rectangle. If there exists a
coordinate 𝑖 ∈ 𝐼 such that 𝑅 ∩ 𝐷𝐼

𝑖 = ∅, then there exists 𝐶 ∈ {𝑋,𝑌 } such that

𝐸𝐼\{𝑖 }
(
Π𝑖,𝐶 (𝑅)

)
≥ 𝐸𝐼 (𝑅) + 1

2 .

Given Lemma 4.8 and Fact 4.7, the proof of Lemma 4.3 becomes straightforward. We iteratively
apply the projection operation on coordinates 𝑖 ∉ 𝑆 , choosing at each step a suitable side𝐶 ∈ {𝑋,𝑌 }
as guaranteed by Lemma 4.8, which increases the density function by at least 1/2 per step. Since
the density is upper bounded by zero, this process can be repeated at most 2𝑐 times, yielding a
subset 𝑆 ⊆ [𝑛] of size at least 𝑛 − 2𝑐 such that 𝑅 ∩ 𝐷𝑖 ≠ ∅ for all 𝑖 ∈ 𝑆 .

We now proceed to prove Lemma 4.8.

Proof of Lemma 4.8. Let 𝑅 ⊆ {0, 1}𝐼 × {0, 1}𝐼 be a rectangle such that 𝑅 ∩ 𝐷𝐼
𝑖 = ∅. Define 𝐼 ′ := 𝐼 \ {𝑖},

and let
𝐿 :=

{
(𝑥 ′, 𝑦′) ∈ 𝐷𝐼 ′

0 : ∃(𝑥,𝑦) ∈ 𝑅 ∩ 𝐷𝐼
0 such that 𝑥𝐼 ′ = 𝑥 ′, 𝑦𝐼 ′ = 𝑦′

}
.

Note that for any 𝐶 ∈ {𝑋,𝑌 }, we have

Π𝑖,𝐶 (𝑅) ∩ 𝐷𝐼 ′

0 = Π𝑖,𝐶 (𝑅) ∩ 𝐿.

Our goal is to show that there exists 𝐶 ∈ {𝑋,𝑌 } such that |Π𝑖,𝐶 (𝑅) ∩ 𝐿 | is large.
For each (𝑥 ′, 𝑦′) ∈ 𝐿, define the extension set

ext(𝑥 ′, 𝑦′) :=
{
(𝑥,𝑦) ∈ 𝑅 ∩ 𝐷𝐼

0 : 𝑥𝐼 ′ = 𝑥 ′, 𝑦𝐼 ′ = 𝑦′
}
.

We now show that
|ext(𝑥 ′, 𝑦′) | ≤ 2. (1)

This follows from the assumption 𝑅∩𝐷𝐼
𝑖 = ∅. Suppose, for contradiction, that |ext(𝑥 ′, 𝑦′) | = 3. Then

all three extensions of (𝑥 ′, 𝑦′) to coordinate 𝑖 namely, (𝑥𝑖 , 𝑦𝑖) = (0, 0), (1, 0), (0, 1) must be present in
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𝑅. by the rectangle property of𝑅, which would imply exists a pair (𝑥,𝑦) ∈ 𝑅∩𝐷𝐼
𝑖 with (𝑥𝑖 , 𝑦𝑖) = (1, 1),

a contradiction. Hence, (1) holds.
Next, we partition 𝐿 into two sets:

𝐴 := {(𝑥 ′, 𝑦′) ∈ 𝐿 : |ext(𝑥 ′, 𝑦′) | = 2} , 𝐵 := {(𝑥 ′, 𝑦′) ∈ 𝐿 : |ext(𝑥 ′, 𝑦′) | = 1} .

Observe that for any (𝑥 ′, 𝑦′) ∈ 𝐴, both (𝑥 ′, 0) ∈ 𝑋 and (𝑦′, 0) ∈ 𝑌 , since 𝑅 is a rectangle and both
extensions with 𝑥𝑖 = 0 and 𝑦𝑖 = 0 must be in 𝑅. Therefore,

(𝑥 ′, 𝑦′) ∈ Π𝑖,𝐶 (𝑅) for all 𝐶 ∈ {𝑋,𝑌 },

which implies |𝐴| = |𝐴 ∩ Π𝑖,𝐶 (𝑅) | for any 𝐶.
For any such 𝐶, by (1), we have

2 · |𝐴 ∩ Π𝑖,𝐶 (𝑅) | = 2 · |𝐴| ≥
��{(𝑥,𝑦) ∈ 𝑅 ∩ 𝐷𝐼

0 : (𝑥𝐼 ′, 𝑦𝐼 ′) ∈ 𝐴
}�� .

For the 𝐵 part, note that each (𝑥 ′, 𝑦′) ∈ 𝐵 corresponds to a unique element in 𝑅 ∩ 𝐷𝐼
0, so��{(𝑥,𝑦) ∈ 𝑅 ∩ 𝐷𝐼

0 : (𝑥𝐼 ′, 𝑦𝐼 ′) ∈ 𝐵
}�� = |𝐵 |.

Moreover, for each (𝑥 ′, 𝑦′) ∈ 𝐵, there exists at least one choice of 𝐶 ∈ {𝑋,𝑌 } such that (𝑥 ′, 𝑦′) ∈
Π𝑖,𝐶 (𝑅). By an averaging argument, there exists 𝐶 ∈ {𝑋,𝑌 } such that

2 · |𝐵 ∩ Π𝑖,𝐶 (𝑅) | ≥ |𝐵 | =
��{(𝑥,𝑦) ∈ 𝑅 ∩ 𝐷𝐼

0 : (𝑥𝐼 ′, 𝑦𝐼 ′) ∈ 𝐵
}�� .

Putting both parts together, we have for this fixed 𝐶,

2 · |𝐿 ∩ Π𝑖,𝐶 (𝑅) | = 2 · |𝐴 ∩ Π𝑖,𝐶 (𝑅) | + 2 · |𝐵 ∩ Π𝑖,𝐶 (𝑅) |
≥

��{(𝑥,𝑦) ∈ 𝑅 ∩ 𝐷𝐼
0 : (𝑥𝐼 ′, 𝑦𝐼 ′) ∈ 𝐴

}�� + ��{(𝑥,𝑦) ∈ 𝑅 ∩ 𝐷𝐼
0 : (𝑥𝐼 ′, 𝑦𝐼 ′) ∈ 𝐵

}��
= |𝑅 ∩ 𝐷𝐼

0 |.

Finally, using the definition of the density function:

𝐸𝐼
′ (Π𝑖,𝐶 (𝑅)) = log

(
|Π𝑖,𝐶 (𝑅) ∩ 𝐷𝐼 ′

0 |
3 |𝐼 ′ |

)
= log

(
3 · |Π𝑖,𝐶 (𝑅) ∩ 𝐿 |

3 |𝐼 |

)
≥ log

(
3 · |𝑅 ∩ 𝐷𝐼

0 |
2 · 3 |𝐼 |

)
= 𝐸𝐼 (𝑅) + log(3/2) ≥ 𝐸𝐼 (𝑅) + 1

2 .

This completes the proof. □
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