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Abstract

Numbers-on-Forehead (NOF) communication model is a central model in communication
complexity. As a restricted variant, one-way NOF model is of particular interest. Establishing
strong one-way NOF lower bounds would imply circuit lower bounds, resolve well-known
problems in additive combinatorics, and yield wide-ranging applications in areas such as
cryptography and distributed computing. However, proving strong lower bounds in one-way
NOF communication remains highly challenging; many fundamental questions in one-way
NOF communication remain wide open. One of the fundamental questions, proposed by
Gavinsky and Pudlak (CCC 2008), is to establish an explicit exponential separation between
quantum and classical one-way NOF communication.

In this paper, we resolve this open problem by establishing the first exponential separa-
tion between quantum and randomized communication complexity in one-way NOF model.
Specifically, we define a lifted variant of the Hidden Matching problem of Bar-Yossef, Jayram,
and Kerenidis (STOC 2004) and show that it admits an (O(log n))-cost quantum protocol in the
one-way NOF setting. By contrast, we prove that any k-party one-way randomized protocol

ni/3

for this problem requires communication Q(z,%). Notably, our separation applies even to a

generalization of k-player one-way communication, where the first player speaks once, and all
other k — 1 players can communicate freely.

1 Introduction

A fundamental objective in the study of quantum advantage is to exhibit computational separations
across diverse models. Communication complexity has seen substantial progress toward this goal:
a line of work [BCW098, Raz99, BYJK04, GKK*07, RK11, Gavl6, GRT22, Gav19, Gav20, GGJL.24]
now establishes exponential separations in several two-party communication settings. Building on
these foundations, Aaronson, Buhrman, and Kretschmer recently introduced quantum information
supremacy [ABK24]—a paradigm focusing on tasks where a quantum device utilizes exponentially
tewer resources (qubits) than any classical counterpart (bits). Their proposed task, rooted in the
classical-quantum separation of the Hidden Matching problem, was recently realized in a landmark
trapped-ion experiment [KGD*25].
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Despite these successes in two-party communication complexity, quantum advantage in the
multiparty setting remains poorly understood. The premier model for multiparty communication
is the Number-on-the-Forehead (NOF) model, introduced by Chandra, Furst, and Lipton [CFL83].
In this model, the input is partitioned into k parts, and player i can see all parts except their
own (as if it were "written on their forehead"). While the k = 2 case coincides with the standard
two-party model, for k > 3, NOF protocols can simulate a strictly broader range of computational
models, making it a uniquely powerful and challenging framework. Recently, G66s, Gur, Jain,
and Li [GGJL24] highlighted the separation of quantum and randomized communication in NOF
models as a major open problem.

The main obstacle to obtaining strong separations between quantum and randomized protocols
in the NOF model, already noted in [GGJL24, YZ25b], is the lack of techniques for proving
lower bounds for deterministic and randomized NOF protocols. Most existing methods, such as
the discrepancy method [RY15], apply equally well to quantum, randomized, and deterministic
communication, making it difficult to distinguish the power of quantum versus classical protocols
in the NOF setting [LS™09].

Therefore, it is natural to consider the quantum advantage of the NOF model in restricted
settings. Similar to the research on two-party CC, the focus typically shifts from simultaneous
models to one-way and then to two-way communication [BCW98, Raz99, BYJK04, GKK*07, RK11,
Gavle, GRT22, Gavl9, Gav20, GGJL24]. A remarkably natural and well-studied restriction of
this model is the one-way NOF communication model, in which each player is allowed to speak
exactly once according to a fixed order. Some progress has been made on the simultaneous
NOF communication model, which is a weaker variant than the one-way NOF model. Gavinsky
and Pudlak [GPO8] established the first O(logn) vs Q(nl/ 6k2) separation between quantum and
classical communication in the simultaneous NOF communication setting. Recently, Yang and
Zhang [YZ25b] improved this to an O(logn) vs Q(nl/1%) separation for three-player simultaneous
NOF. In [GP08] and [YZ25b], they further posed the following open problem:

Can exponential quantum advantage be established in one-way Numbers-on-Forehead communication?

As mentioned in [GP08], even the three-player case of one-way Numbers-on-Forehead communi-
cation is highly nontrivial and of independent interest.

Why we study one-way NOF communication. Although one-way NOF model may at first appear
to be a restricted variant of the general NOF model, it nonetheless possesses significant theoretical
motivations and a wide range of applications.

First, the model holds pivotal importance for several long-standing open problems in circuit
complexity. For instance, proving an w(logn) lower bound for any function f in k-party deter-
ministic one-way NOF communication with k = logn would imply that f ¢ ACC® [HG90, BT94,
Cha07, VWO07]. Even more strikingly, establishing strong deterministic one-way lower bounds for
only three players in specific problems would yield significant size-depth trade-offs for Boolean
circuits [Val77, PRS97]. Beyond circuit complexity, one-way NOF lower bounds have deep connec-
tions with additive combinatorics. Remarkably, establishing strong deterministic one-way NOF
lower bounds for specific problems yields quantitative bounds for the Hales-Jewett theorem, dense
Ruzsa-Szemer’edi graphs, k-term arithmetic-progression-free sets [LS*17, JLL*25].

More broadly, one-way NOF communication model has wide applications in theoretical com-
puter science, with particularly profound implications for cryptography. In cryptography, one-



way NOF communication is intrinsically linked to protocols of Private Information Retrieval
(PIR) [CKGS98], lower bounds in position-based cryptography, lower bounds in function inver-
sion [BDFP17, CGK19], and leakage-resilient key exchange protocols [LMQW20]. Beyond these
cryptographic primitives, it’s further evidenced by its direct applications in lower bounds in dis-
tributed computing [DKO14], construction of space-bounded pseudorandom generators [BNS92,
GR14],time-space trade-off of oblivious branching programs [VW07], and lower bounds of stream-
ing algorithms [KMPV19].

Despite its profound implications and extensive applications, several fundamental questions
regarding the one-way NOF communication model remain unresolved. Most notably, as recently
highlighted by [GP08] and [YZ25b], establishing an explicit exponential separation between ran-
domized and quantum one-way NOF communication remains a major open problem. Establishing
strong lower bounds in one-way NOF communication remains highly challenging. In addition to
the aforementioned discrepancy method, several other techniques have been developed for prov-
ing one-way NOF lower bounds [PRS97, BPSW05, VW07]. However, none of these approaches
can surpass the Q(n'/* =1y lower bound barrier.

Quantum advantage via lifting techniques Lifting theorems are a generic method for translating
lower bounds from weaker computational models to relatively stronger ones. A representative
example of lifting theorems is the query-to-communication lifting theorems [RM97, Zha09, GPW18,
PR17, GPW20, CFK*19, LMM*22, Y724, MYZ25], which convert lower bounds in query complexity
into communication complexity lower bounds, using a suitable base function composed with a
gadget.

In the two-party setting, applying lifting to problems where quantum decision trees offer an
exponential advantage over randomized ones, such as the Forrelation problem [Aar10, AA15],
we can get the exponential separations between two-way quantum and classical communication
complexity [GRT22, GGJL24]. Investigating whether similar lifting techniques can be extended to
the more complex one-way NOF setting is a natural and highly promising direction.

Recently, Yang and Zhang [YZ25a] proposed a novel lifting framework connecting two-party
communication with the Number-on-the-Forehead (NOF) model. Specifically, they established a
deterministic lifting theorem that translates one-way two-party lower bounds into the one-way
NOF setting. However, they left the randomized version as a significant open problem, achieving
only deterministic bounds at present.

Inspired by the technique in [YZ25a], we successfully bypass this Q(n!/k=1) lower bound
barrier and resolve the aforementioned open problem. Specifically, we establish the first explicit
exponential separation between randomized and quantum one-way NOF communication by using
lifting techniques.

1.1 Owur Contributions

In this paper, we establish the first exponential separation between quantum and randomized
communication complexity in the one-way NOF model.

Our construction is based on a lifted version of the Hidden Matching (HM) problem introduced
by Bar-Yossef et al. [BYJK04]. In the standard two-party HM problem:

1. Alice is given a string z € {0,1}".



2. Bob is given a perfect matching M € M, on nnodes.

The goal is for Bob to output a tuple (i, j, b) such that the edge (i, j)) e Mand b = z; ® z;.

It was shown in [BY]JK04] that HM admits an O(log n) simultaneous quantum protocol, whereas
any one-way randomized protocol requires Q(y/n) communication.

In our construction, we utilize a structured subset of perfect matchings. Fix m, for each i € [m],
we define a perfect matching M; between the sets {0,...,m — 1} and {m,...,2m — 1} as:

M; :={(t,m+ ((i+¢) mod m)) : £ € [m]}.

Let M = {Mj,..., My} denote this collection. The Lifted Hidden Matching problem, denoted by
HM = g, is defined as follows:

Definition 1.1. Let g : {0,1}"*"V — {0,1}™ be the gadget function with ny = (%)*?. The Lifted
Hidden Matching Problem, denoted HM = g, involves k inputs distributed among the players as follows: Let
m=ng/2,

® The i-th player receives (X1, ..., Xi—1, Xi+1, .., Xk) Where x1 € [m] and x; € {0,1}" for2 <i < k.

The goal is for the last player to output a tuple (¢,r,b) such that (¢,r) € My, and b = g(x2, ... xx); @
g(x2, ety Xp) -

Remarkably, this problem remains easy for quantum communication. Similar to the Hidden
Matching Problem, the first player only needs to send a uniform superposition of the string
g(x2, ..., xx), with a communication cost of O(logn) qubits. The last player can then perform a
measurement on this superposition, which depends on the matching M, , and output the parity
of some pair in M, (see the appendix for more details). We note that other players do not need to
send any message using this protocol. Thus, the main result of our paper is the n®(!) randomized
one-way NOF communication lower bound.

Theorem 1.2. Let ng = ()3, there exists an explicit gadget function g : {0,1}"*~1) — {0,1}™ such

that the randomized one-way NOF communication complexity of HM * g is Q(;’%).

2 Preliminaries

2.1 Communication Complexity

We begin by recalling standard definitions in communication complexity. In the two-party com-
munication model, Alice and Bob receive inputs x € X and y € Y, respectively. Rather than
computing a simple boolean function, their goal is to solve a search problem (or compute a relation)
P C X xY x Z. For any given input (x,y), the objective is to output a valid answer z € Z such that
(x,y,2) € P.

Definition 2.1 (Randomized one-way communication complexity). In the randomized one-way com-
munication model, Alice and Bob share a public random string r. Alice sends a single message II(x,r) to
Bob, and Bob outputs an answer z € Z based on y, the received message, and the shared randomness. A
protocol has S-error if, for every input (x,y), the probability over the shared randomness that Bob outputs
an invalid answer is at most 8. The randomized one-way communication complexity of P with error § is the
maximum length of Alice’s message over all inputs and random strings.
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By Yao’s Minimax Principle, to prove a lower bound for randomized protocols with error §
in the worst case, it is sufficient to prove a lower bound for the distributional complexity—that is,
the communication complexity of any deterministic protocol that errs with probability at most §
under a chosen input distribution (in our case, the uniform distribution).

Definition 2.2 (One-way NOF Communication Model for Search Problems). In the k-party one-way
Numbers-on-Forehead (NOF) model, k players collaborate to solve a search problem P C X1 X --- X X X Z.
The inputs are distributed such that each player i knows all inputs except for their own x; (i.e., player i sees
x_;).In the randomized one-way setting, the players communicate in a fixed order, from the first player to
the last. Each player i sends a single message I1;(x_;,r) based on their visible input, the previously sent
messages, and the shared randomness r. The last player then outputs an answer z € Z.

Definition 2.3 (Cylinder Intersections). A set S C Xy X -+ X X is called a cylinder if there exists an
index i € [k] such that membership in S does not depend on the value of x;. A set S is called a cylinder
intersection if it can be written as S = S1 N - - - N Sg, where each S; is a cylinder.

2.2 Basics of Information Theory

Our proof approach involves several standard definitions and results from information theory,
which we now recall.

Definition 2.4 (Entropy). Given a random variable X, the Shannon entropy of X is defined by

1
W(X) = Zx: PI'(X = x) log (m) .

For two random variables X, Y, the conditional entropy of X given'Y is defined by
HX[Y) :=Eyy [HX|Y =y)].

For p € [0,1], the binary entropy function is defined as H>(p) = —plog, p — (1 - p) log,(1 - p). Itis
well known that Hy(p) is a concave function.

Lemma 2.5 (Subadditivity of Entropy). For a list of random variables X1, X, . .., X4, we have:

d
H(X1, X2, ..., Xq) < ZW(Xi)-
P

Definition 2.6 (Mutual Information). The mutual information between joint random variables X and Y
is defined as
I(X;Y) = H(X) - H(X]Y),

Lemma 2.7 (Data Processing Inequality). Consider random variables X,Y, Z forming a Markov chain
X —Y — Z. Then, the mutual information satisfies:

I(X;7)>21(X;2).

Definition 2.8 (Hamming Distance). Let x = (x1,...,%X,),y = (y1,...,yn) € {0,1}" be two strings.
Their Hamming distance dg (x, y) is defined as:

du(x,y) = [{i: x; # yi}|.
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Definition 2.9 (Total Variation Distance). For two discrete random variables X and Y taking values in a
finite sample space Q, the total variation distance between their probability distributions is defined as:

Ay (X,Y) = % Z | Pr(X = ) — Pr(Y = w)|.
weQ

In this paper, we use U, to denote a random variable that is uniformly distributed over the Boolean hypercube
{0,1}™. For instance, Aty (Z,Uy,) measures the statistical distance between the distribution of a random
variable Z € {0,1}™ and the uniform distribution over {0,1}".

3 Quantum Advantage for One-Way NOF Communication

We prove the exponential separation between quantum and randomized one-way Numbers-on-
Forehead (NOF) communication in this section. We first recall the statement.

Theorem 3.1 (Theorem 1.2 restated). There exists an explicit gadget function g : {0,1}"*=1 — (0,1}
such that the randomized one-way NOF communication complexity of HM * g is Q (%)

3.1 Step 1: Choosing the gadget function
Definition 3.2. Let q be a prime power and k,r > 0. We define the function GIPS’, : ([F;)k — [y by
GIPZ’r(xl, ceXg) = Z n Xi js
jelr]ielk]

where Fg is a finite field, and all arithmetic operations are over Fy. When g, r, k are clear from context, we
write GIP(x1, .. ., xx) for simplicity.

We note that GIP is a cylinder intersection extractor:
Lemma 3.3. [YZ25a] For r > 2*1. Let S C ([Fg)k be any cylinder intersection of size |S| > ¢"*~1. Then

for every v € [y, we have that

Pr  [GIP(xy,...,xx) =0] <

(xl,..A,xk)ES

+q- (k/g)*

|~

We modify the function GIP’;;l by setting the field size ¢ = 2"/ 2" and the number of blocks

r = 2k*1. We define our gadget function g : {0, 1}"*~1) — {0, 1}™ such that its output is represented
by the first ng bits of GIPI;;I.

Lemma 3.4. Let S € {0,1}"*~V be any cylinder intersection of size |S| > 2n*=D=n/2 " Then for any
z € {0,1}™,
Pr [g(xg,...,x;) =z] <270 427210,
(x2,....xk ) ES
Proof. Let N = n/2k, so the field size is g = 2N. We identify F, with the Boolean hypercube {0, 1}".
By the discrepancy bound for the GIP function over the cylinder intersection S, the distribution of



the full output of GIP is extremely close to uniform. Specifically, for any y € {0, 1}, the point-wise
probability is bounded by:

Pr  [GIP(xy,...,x;) =y] <27N 4272V,

(x2,....Xk ) €S
based on the exponential sum bound for our choice of r = 2k*! and k < 1°§ =
Our gadget function Z = g(x», ..., xx) outputs exactly the first ng bits of GIP. For any specific
prefix z € {0,1}", there are exactly 2V~ full outputs y € {0, 1}V that match this prefix. Therefore,
the probability of obtaining z over the cylinder intersection S is the sum of the probabilities of these
matching extensions:

Pr_lg(e....x)=2] = D Pr _[GIP(xz.....x) = ]
(2. € ye€{0,1}N:y matches z (x2e%c) €
< 2N (27N 4 272N)
=270 4 27N=m < p7m0 4 920,
Where the last inequality follows by the fact that ny = (n/ 2k)2/3 < pj2k = N. m|

3.2 Step 2: Simplifying one-way NOF protocols

To prove the randomized communication lower bound, by Yao’s minimax principle, it is sufficient
to prove a lower bound for any protocol that achieves a constant advantage under a uniform input
distribution.

To simplify our analysis, we first apply the following simplified process to any one-way NOF
protocol. Let m = ng/2 denote the number of possible matchings.

Definition 3.5 (Simplified protocols). For any protocol I1 for HM * g under the uniform distribution, we
define its simplified version I1* as follows:

* The first player sends 117 (x—1) = TI1(x_1).
* Foreach?2 <i <k, the i-th player sends 11} (x_;) = (IL;(j, X2, ..., Xi=1, Xis15 s Xk)) je[m]-

The high-level intuition behind the simplified protocols is that each player i with 2 < i < k
enumerates its transcript for all possible values of x; € [m] and sends the entire list. We observe
the following useful property of simplified protocols.

Claim 3.6. Let II be a deterministic protocol for HM * g with S-error under the uniform distribution. Then
the following statements hold:

1. The protocol I1* is a deterministic protocol for HM * g with d-error under the uniform distribution.
2. || = [Ty | and |IT;| = m-|I1;| for 2 < i < k. The communication complexity of 1" is |H1|+m-2f:2 IT;].

3. Under the uniform distribution, the protocol II* depend only on (x2, ..., xx). That is, they are indepen-
dent of x1, respectively.



Proof. The claim follows directly from the construction of IT*. For item 1, the last player knows the
actual value of x; (due to the NOF model) and can simply extract the x;-th component from the
tuple sent by each player i > 2. This perfectly simulates the original protocol II, thus achieving the
exact same §-error. Item 2 is immediate since each player i > 2 sends exactly m simulated transcripts
of II;. Item 3 holds because Player 1 does not see x; in the NOF model, and for i > 2, enumerating
the messages over all possible dummy values j € [m] completely removes the dependence on the
actual input x. o

We emphasize that item 3 is crucial and significantly simplifies our subsequent analysis. By
ensuring that the entire communication transcript of II* is strictly independent of x;, we can
evaluate how much information the protocol reveals about the gadget output g(x, . . ., xx) without
needing to condition on the specific matching M, .

3.3 Step 3: Proving communication lower bounds for simplified protocols

To analyze the communication complexity of simplified protocols, we begin with a key observation:
since the protocol IT* is independent of x1, it inherently lacks information regarding the matching
M, . Consequently, to solve the Hidden Matching problem, IT* must contain sufficient information
about g(xy, ..., xx). The intuition of our analysis is to consider two exhaustive cases based on how
the information about g is distributed among the players:

* Case1: Thefirst player’s messageIl} (xa, . . ., xx) contains enough information about g(x, . . ., xx)
such that the last player can compute HM = g. In this case, we must have |II}| = Q(+/np), fol-
lowing the known randomized one-way communication complexity of the Hidden Matching
problem [BYJKO04].

¢ Case 2: The remaining k — 1 players collectively communicate sufficient information about
g(x2, ..., xx) through NOF communication. In this case, the total communication must satisfy
21.12 7| = Q(n/ 2%). This follows from the cylinder intersection extractor properties of g, which
dictate that the distribution of g(xp, ..., x;) remains statistically close to uniform unless the
communication is Q(n/25).

This intuition is formalized in the following theorem:

Theorem 3.7. Let g : {0,1}"*~1 — {0,1}" be the gadget function described in Lemma 3.4. For any
simplified protocol I1* for HM * g under the uniform distribution with error 1/16, we have

k

0| = Q(Vrg) or || = Q(n/2%).

i=2

We observe that our main result (Theorem 1.2) follows as a direct consequence of Theorem 3.7.

2/3
and m = ng/2, by Theorem 3.7 and Claim 3.6, for any protocol

n
2k
IT for HM * g under the uniform distribution with error 1/16:

k 1/3
| . n
I+ — _§2 ;| =Q(—2k/3).
1=

Setting the parameters ng =

] = Q




This completes the proof of Theorem 1.2.

We now dedicate the remainder of this section to establishing Theorem 3.7. Let II* be any
simplified protocol that solves HM # g with an overall expected error at most 1/16. Let 7 denote
the random variable representing the full transcript of the protocol IT*. Let the inputs (x, ..., xx)
be random variables uniformly distributed over {0, 1}k=Dn and let Z = g(x, ..., xx) € {0,1}™ be
the induced hidden target random variable.

Proof of Theorem 3.7. We assume the communication cost of players 2 through k is bounded by
co = Zfzz III}| = o(n /25). Let ey = |TT} | denote the communication cost of the first player. We aim to
prove that ¢; = Q(4/no).

The proof proceeds in two main parts. In the first part, we leverage the condition ¢y = o(n/ 2k
alongside the properties of our cylinder intersection extractor to establish an information upper
bound of I(Z;7) < ¢1 + 2, which we formalize as Lemma 3.8. In the second part, we utilize the
structural properties of the one-way Hidden Matching problem and simplified protocols to prove
a matching lower bound of I(Z; 7) = Q(4/ng), which we formalize as Lemma 3.9.

By combining Lemma 3.8 and Lemma 3.9, we immediately conclude that:

c1+221(Z; 1) 2 Q(+/no),
which directly implies [TI]| = ¢; = Q(+4/ng). This completes the proof of Theorem 3.7. |
We first prove the information upper bound.

Lemma 3.8. Assuming the communication cost of players 2 through k in II* is ¢g = o(n/2K), then
(Z;7) < 1 +2, where ¢ = |IT]].

Proof of Lemma 3.8. Let X = X5 X - - - X Xj. be the input space visible to the first player. By Claim 3.6,
the entire protocol IT* is independent of x;. Thus, the transcript random variable 7 = (71, 7>1) is
solely determined by inputs uniformly drawn from X. For any specific realization, the first player’s
message 71 confines the inputs to a subset S;; € X, where there are at most 2°! such subsets. Given
71, the subsequent messages 7. partition X into at most 2 cylinder intersections. Thus, any
specific transcript 7 = (71, 7-1) is associated with a cylinder intersection C,. The actual set of valid

inputs generating 7 is exactly S;, N C;.

Let p, = Pr[z = 1] = % be the true probability of generating 7, and let g, = % be the
volume of its corresponding cylinder intersection. Since S, N C; C C,, we trivially have p, < ¢,.
Note that for any fixed 7;, the cylinders {C.}. , partition X, meaning 3, | ¢. = 1. Consequently,

the sum over all possible transcript realizations is tightly bounded:

D= > ar <2 x1=27

1 T>1

We classify a transcript 7 as “bad” if its cylinder is small, ie., g; < 2-1/2" " Since there are
at most 2% cylinders for any fixed 7;, the total measure of bad cylinders given 7; is at most
2e0 . 27n/2 = peo-n/2 The overall probability that the protocol generates a bad transcript is
bounded by summing g, over all bad r:

Pr[r € Bad] = Z pr < Z g < cho—n/zk < 2c1+co—n/2k'

reBad reBad 5
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We can safely assume ¢ < %Q(n/Zk) (otherwise the desired bound ¢; = Q(+4/ng) holds trivially).
Given ¢y = o(n/2%), we have ¢; + ¢ — n/2F < —Q(n/2%). Thus, Pr[z € Bad] < 2-2(n/2°)  With
overwhelming probability 1 — 279/ 2, the transcript 7 is “good”.

For any valid good transcript 7 (where p, > 0 and ¢, > p-n/2 ), Cr is a large cylinder intersection.
By Lemma 3.4, the target random variable Z = g(x, .. ., x¢) is extremely uniform over C,, bounded
by Pr[Z =z | C] <27 + 272m0 < 2~m+l - Conditioned on the realized transcript 7 = 7, the
probability of Z scales by the density. Let x = (xp,...,xx) € X, we have:

_1{x €5, NCe1g(x) =2}

Pr[Z=z|1=r1]

|ST1 ﬁCT|
[{x € Cr 1 g(x) =2}
B |ST1 nc‘rl
_Pr[Z=z|C] |G|
18y NG
_ Pr[Z=z|C] " q: < ﬁZ_nm’l,
Pr Pz

Taking the logarithm, the conditional entropy given a specific good transcript is lower-bounded
by:
H(Z|t=r1) Zno—l—log%.

We now calculate the expected conditional entropy over the random variable 7. Since entropy
is non-negative, we can simply drop the contribution from bad transcripts:

qr
HZ|t)=) pHZ|t=1) > pf(no—l—log—).
Z T€§Od pr

By applying Jensen’s inequality to the logarithmic term over the good transcripts:

qr qr c
prlog = < log( > pr—) <log (Z qr) <log(2) =cy.
Teéod pr reGood pr T

Thus, the expected conditional entropy is firmly bounded by:
H(Z | 1) =2Pr[r € Good](ng—1) —¢1 > (1 - 2_9("/2k)) (np—=1)—c1=2np—c1 —1-0(1).

Since Z is uniform over the entire space X, its unconditional entropy is H(Z) > ng. Therefore,
the mutual information revealed by the protocol is:

(Z;,t)=HZ)-H(Z|t)<nyg—(ng—c1—1—-0(1)) =c1 +2.
This completes the proof. o

Now we focus on the second part of the proof. Recall that the last Player k (acting as the referee)
knows x; and the full transcript z. Since II* solves HM * g with an expected error at most 1/16,
the transcript must contain sufficient information to solve the Hidden Matching problem. The
following lemma provides the required information lower bound.
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Lemma 3.9. Let IT* be any simplified protocol that solves HM * g with an overall expected error at most
1/16. Then, I(Z; T) = Q(+/no).

Proof of Lemma 3.9. Let M = {Mj,..., My;,} be the set of m = no/2 edge-disjoint perfect matchings.
Recall that the transcript 7 is independent of the first player’s input x; (which uniformly determines
the matching M € M). Therefore, for any fixed transcript 7 and a specific chosen matching M € M,
the output of the protocol is a constant triple (i, jm, bm), where (iy, ju) € M is the predicted edge
and by € {0,1} is the predicted parity. Since the output edge is guaranteed to be in M, an error
occurs for a fixed M if and only if by # Z;,, © Zj,,.

Let e; denote the overall error probability of the protocol conditioned solely on the transcript
7 = 7. Since the overall expected error is E,[¢;] < 1/16, Markov’s inequality implies that Pr[z €
Tgo0d] = 1/2, where 75404 is defined as the set of transcripts satisfying e, < 1/8.

Fix any good transcript 7 € Tgo04. Let

&M =Pr[by # Ziy @ZjM |T=1,M = M)]

denote the error conditioned on both the transcript r and a specific matching M.

Since the expected error over uniformly chosen matchings is Eyre m[e-,m] = &7 < 1/8, applying
Markov’s inequality again yields a subset of matchings M, = {M € M : e, < 1/4} of size
IMZ| > m/2 = ng/4. We construct a simple bipartite graph G, = (L, R, E,) whose edges are exactly
the constant predictions (i, jir) made under each M € M. Because the original matchings are
mutually edge-disjoint, G, contains exactly |E.| = |[M.| > ng/4 edges.

By Turdn’s theorem, a simple bipartite graph containing a spanning forest of rank r spans at
most 2r vertices and thus has at most r> edges. Consequently, the rank of G, must be at least
\/@ > 4/ng/4. Let A, C E. be such a spanning forest, which provides |A;| = Q(y/ng) linearly
independent edges.

Let uz,v € {0,1}!4 denote the true parities and the predicted parities on A,, respectively.
By construction, each edge e € A; originates from a unique matching in M7; let M, denote this
matching. Since every matching in M, has a conditional error of at most 1/4, the probability
of predicting the wrong parity for edge e is exactly ¢, 5, < 1/4. By linearity of expectation, the
expected Hamming distance between the true and predicted parities on A, is bounded by:

1
Ezldi(uz.0) | 7=1] = ) eom, < lAdl
ecA;

Next, we apply the following lemma, a generalization of Fano’s inequality due to Bar-Yossef,
Jayram, and Kerenidis [BYJK04], to upper bound the entropy of u.

Lemma 3.10 ([BYJKO4]). Let W be a random variable over {0, 1}*, and suppose there exists a fixed vector
v € {0, 1}* such that E[dy(W,v)] <€ - k for some 0 < € < 1/2. Then the entropy of W is bounded by,

HW) < k- Hy(e),

where Hy(+) is the binary entropy function.

Applying the generalized Fano’s inequality (Lemma 3.10) with k = |A;| and error bound 1/4,
we have H(uz | T = 7) < |A;|Hx(1/4). Furthermore, because the forest A, is acyclic, its parities

11



impose |A;| independent linear constraints on Z, leaving exactly ng — |A;| bits of uncertainty for
any fixed uz. By the chain rule,

HZ|t=1)<H(uz | t=1)+H(Z |uz,t =71) < |A|H2(1/4) + ng — |A;| = ng — Q(+/no).

Taking the expectation over 7 and using the trivial bound H(Z | T = 7) < ng for bad transcripts,
the overall conditional entropy is bounded by:

HZ | 2) < 3(00) + 3 (0~ QD) = o ~ Q).

Finally, since the unconditional entropy of the target is H(Z) > ng, the mutual information
revealed by the protocol is precisely lower-bounded:

I(Z;7) = H(Z) - H(Z | 7) > Q).

This completes the proof. |
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Appendix

Quantum protocols for HM = g [BYJK04]: We present a quantum protocol for lifted hidden
matching problem with communication complexity of O(logn) qubits. and x», ..., xx € {0,1}" be
the first player’s input and x1, ..., x¢—1 € {0, 1}" be the last player’s input.

Let z = (21, ..., Zny) = g(x2, ..., Xk).

1. The first player sends the state |¢/) = \/lﬁ Z?:Ol(—l)zi i).

2. The last player performs a measurement on the state |i/) in the orthonormal basis
B={ =101 (0 € b, |
\/E - ’ x1) (-
The probability that the outcome of the measurement is a basis state % (Jky + 1)) is

1 2_l _1\%k _1\2¢)2
|<¢|E(|k>+|1’>)>| =5, (GDF+(=D™)".

This equals 2/n if z; @ z, = 0 and 0 otherwise. Similarly, for the states \/%(VC) —|£)), we have that

1 5 . 2.
|(¢|$(|k>—|{’)))| =0 ifzz @z =0, and;1fzk69zg—1.
Hence, if the outcome of the measurement is a state %(Ik) + |£)), then the last player knows

with certainty that zx ® z, = 0 and outputs (k, £,0). If the outcome is a state % (|k)—1|£)), then the last

player knows with certainty that zx ® z, = 1 and hence outputs (k, ¢, 1). Note that the measurement
depends only on the last player’s input and that the algorithm is O-error.
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