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Abstract

We show that the GCD of two univariate polynomials can be computed by (piece-wise) alge-
braic circuits of constant depth and polynomial size over any sufficiently large field, regardless
of the characteristic. This extends a recent result of Andrews & Wigderson who showed such an
upper bound over fields of zero or large characteristic.

Our proofs are based on a recent work of Bhattacharjee, Kumar, Rai, Ramanathan, Saptharishi
& Saraf that shows closure of constant depth algebraic circuits under factorization. On our way
to the proof, we show that any n-variate symmetric polynomial P that has a small constant
depth algebraic circuit can be written as the composition of a small constant depth algebraic
circuit with elementary symmetric polynomials. This statement is a constant depth version of
a result of Blaser & Jindal, who showed this for algebraic circuits of unbounded depth. As an
application of our techniques, we also strengthen the closure results for factors of constant-depth
circuits in the work of Bhattacharjee et al. over fields for small characteristic.
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1 Introduction

A popular theme in the research on algebraic computation is that of parallelization. A typical
result of this flavor shows that a seemingly sequential computational task can also be performed by
algebraic circuits of surprisingly small depth. One of the earliest results of this nature is a result of
Csanky [Csa76] which shows that the n x n symbolic determinant polynomial can be efficiently
computed by algebraic circuits of depth O(log” 1). Subsequently, a significant generalization of
this result by Valiant, Skyum, Berkowitz and Rackoff [VSBR83] showed that any algebraic circuit
of size and degree poly (1) can be converted to a circuit of depth O(log® 1) with a poly () blow
up in size. The decades of 1980s saw many such surprising parallelizability results for algebraic
problems, and we refer an interested reader to the detailed introduction in the work of Andrews &
Wigderson [AW24] for further pointers to this literature.

Our focus in this work is to study the parallelizability of GCD computation of two univariate

polynomials. More formally, we are interested in the following problem — can the GCD of two



polynomials be computed by a polynomial size constant depth algebraic circuit that takes the
coefficients of the polynomials as input? A recent work of Andrews & Wigderson [AW24] showed
that over fields of characteristic zero or sufficiently large characteristic, this is indeed the case, i.e.
the GCD of two univariate polynomials can be computed (piece-wise) by constant depth algebraic
circuits of polynomial size. Here, the “piece-wise” part is to account for the fact that the GCD of
two polynomials is not a rational function of their coefficients. We define this model of piece-wise
algebraic circuits formally in Definition 4.3, but for this introduction, we encourage the reader
to think of this as a standard algebraic circuit. In addition to the GCD, Andrews & Wigderson
showed a similar constant depth upper bound for many closely related algebraic problems like the
LCM, the resultant, the discriminant, the inverse of the Sylvester matrix and computing square-free
decomposition of a polynomial.

The key technical fact underlying the results in [AW24] was that many of these algebraic
problems have a relatively natural constant depth algebraic circuit if the input polynomials were
given via their roots, and not their coefficients. Moreover, these circuits really compute functions
that are symmetric in the roots of the inputs polynomials. Thus, if one could somehow compute
these symmetric functions of roots via a constant depth algebraic circuit that takes as input the
coefficients of the polynomials (and not their roots), we would be done. Over fields of zero
or sufficiently large characteristic, Andrews & Wigderson showed that this is indeed the case.
Their primary technical ingredient for this is the fact that over such fields, there are constant
depth algebraic circuits of polynomial size that can transform the first n power-sum symmetric
polynomials to the n elementary symmetric polynomials and vice-versa. Unfortunately, this last
fact is not true when the underlying field has small (non-zero) characteristic. In fact, over such
fields, power-sum symmetric polynomials of degree 1,2, ..., n are not algebraically independent,
while the elementary symmetric polynomials are, and hence we cannot expect to compute the n
elementary symmetric polynomials from the first # power-sum symmetric polynomials. While this
specific issue is fixable to an extent by considering power-sum symmetric polynomials of carefully
chosen degrees (e.g. over fields of characteristic 2, we take the first n power-sums of odd degree), it
is unclear if the transformation from this set of power-sums to elementary symmetric polynomials
can be done efficiently in constant depth. This technical issue obstructs the natural attempt at
extending the results in [AW24] to finite fields of small characteristic and necessitates the need for
some new technical ideas.

In this work, we show that the GCD of two univariates can indeed be computed by polynomial
size constant depth algebraic circuits (again, piece-wise) over all fields of polynomially large size,
but arbitrary characteristic. We now discuss our results in more detail, before moving on to an
overview of the proofs.



1.1 Owur results

Theorem 1.1. There is an absolute constant c € IN such that the following is true.
Forall n € N and any field F with at least n® elements, the gcd of two univariates over IF of degree at
most n can be computed piece-wise as a ratio of algebraic circuits of size poly(n) and depth O(1).

A more detailed version of the above theorem statement is provided in Theorem 4.4. The above
(piece-wise) circuit yields an efficient parallel algorithm for computing the GCD of two polynomials.
More precisely, there is an algebraic PRAM algorithm with polynomially many processors and
constant number of rounds that takes the coefficient vectors of two univariate polynomials as
input and computes their GCD. Each processor is allowed to perform basic field operations and
branching instructions (based on if a variable is 0 or not).

Our proof techniques also extend to some of the other results in [AW24] and show that these
continue to be true over all large enough fields. Perhaps the most interesting among these is that
there is a constant depth algebraic circuit of poly(n) size that takes as input the coefficients of two
univariates of degree n and computes their resultant. From Theorem 1.1, we also get a piece-wise
small constant-depth circuit for the LCM of two polynomials using the fact that LCM(f, g) = %.
However, our techniques do not extend to many of the other results in [AW24], most notably that
of computing square-free decomposition and results on arbitrary manipulation of the multiplicities
of roots (Section 9 in the full version of [AW24]).

On our way to the proof of Theorem 1.1, we prove the following theorem that might be

independently interesting.

Theorem 1.2 (Complexity of symmetric polynomials). Let n,d,s € IN be parameters, and let IF be a
sufficiently large field, i.e. |IF| > (nds)® for an absolute constant ¢ > 0. Let P(x) € F[x| be a symmetric
polynomial on n variables of degree d and let Q(z) € F|z] be the unique degree d polynomial such that
P(x) = Q(Esym,(x),...,Esym, (x)). Then, the following are true:

e If P is computable by a circuit size s and depth A, then Q can be computed by a circuit of size
poly(s,d, n) and depth A + O(1).

e If P is computable by an algebraic formula of size s, then Q can be computed by a formula of size

poly(s,d, n).

In [BJ19], Blaser & Jindal showed that if an n-variate symmetric polynomial P can be computed
by an algebraic circuit of size s and degree d, then it can be expressed as the composition of a
circuit Q of size and degree poly(s,d, n) with elementary symmetric polynomials. However, if
P is assumed to be computable by a constant-depth circuit or a formula, it is unclear from the
proof in [BJ19] whether Q also has a small constant-depth circuit or a formula respectively. Thus,
Theorem 1.2 is a version of the result of [BJ19] for constant depth algebraic circuits and formulas.



Showing such a statement for constant-depth circuits was mentioned as an open problem in [AW24]
and Theorem 1.2 answers this question affirmatively.

Our proofs are based on techniques that were recently used to show the closure of constant-
depth circuits and formulas under factorization in [BKR*25] over fields of zero or large characteris-
tic. These closure results, in turn, are a consequence of a classical theorem of Furstenberg [Fur67]
that gives a computationally simple and explicit expression for the power series roots of a bivariate
polynomial (see Theorem 2.6 and Theorem 5.4).

Our proof techniques have another consequence of closure under factorization over fields of
small characteristic. In [BKR*25], while the complete closure result was over fields of zero or
large characteristic, a weaker statement was shown to be over fields of small characteristic. More
specifically, it was shown (Theorem 1.3 in [BKR"25]) that if an n variate degree d polynomial f has
a constant-depth circuit of size s over the field IF , (for a prime p) and g is a factor of f, then for
some i € IN, g” has a constant-depth circuit of size poly(s,n,d) over the algebraic closure (or a
very high degree extension) of ]Fpk. Using the techniques here, we show that the circuit for g” "isin
fact over the field ¥ itself, provided that this field is polynomially large. We refer to Theorem 5.1
for a formal statement of this result.

1.2 Proof overview

Proof of Theorem 1.2: We start with a discussion of the proof of Theorem 1.2. To this end, we
begin with an outline of the proof in [BJ19], who originally showed the version of Theorem 1.2 for
general algebraic circuits. Here the authors consider the polynomial

F(z,y) =y" —z2iy" '+ + (=1)"2, — 1,

and think of the polynomial F as a univariate in y with coefficients from the ring FF[z]. Since
F(0,y) = y" — 1 has n distinct roots, namely the n'" roots of unity, we get by an application of
Newton Iteration that each of these roots of " — 1 can be lifted to a unique power series (in z)
root of F(z,y). Let these power series roots be Ay(z), A1(z),..., Ay—1(z). If P(x) is a symmetric
polynomial, then there is a unique n variate polynomial Q of degree at most deg(P) such that
P(x) = Q(Esym,(x),...,Esym, (x)), where Esym,(x) is the elementary symmetric polynomial of
degree i in x. Let us consider the substitution where the variable x; is replaced by the power series
Ai(z). Note that Esym (Ao, ..., Ay—1) must equal z; forevery j € {1,2,...,n — 1} and equals z, — 1
for j = n. So, we get

P(Ao(2),..., Ap1(2)) = Q(z1,...,zn —1).

We now note that since Q is a polynomial, it suffices to compute the power series A;(z) modulo
(z)4e8(Q)+1, Using the fact that if F has a small algebraic circuit, all its truncated power series roots



have small circuits, and with a few small modifications, we get a small unbounded depth circuit
for Q.

Given this outline, to prove Theorem 1.2, it would suffice to show that the truncated power
series roots of F(z,y) have small constant-depth circuits, and we do exactly this! Note that F itself
has a small constant-depth circuit. We now invoke the closure results for factors of constant-depth
circuits shown in [BKR25] (Theorem 4.1) to show that the truncations of the power series A; can
be computed by small constant-depth circuits. This fact together with the above outline gives us
Theorem 1.2.

We note that even though the main closure results in [BKR"25] are for fields of zero or large
characteristic, the instance we have at hand here is very special — we are trying to compute the
power series roots of a polynomial that has no repeated roots. For such instances, essentially the
arguments from fields of characteristic zero carry over as is to fields of small positive characteristic.
This completes an outline of the proof of Theorem 1.2.

Computing the resultant in constant depth: To prove Theorem 1.1, we first observe that Theo-
rem 1.2 can be generalized for polynomials that are bi-symmetric. More precisely, we observe that
if a 2n variate polynomial P(x,y) is symmetric in x and in y (although it need not be symmetric in
x Uy together), then P equals Q(Esym,(x), ..., Esym (x),Esym,(y),...,Esym, (y)) for a unique
polynomial Q. We then show that if P has a small constant-depth circuit, then so does Q.

An almost immediate (and independently) interesting consequence of the above discussion is
that the resultant of two monic univariates can be computed by a constant-depth circuit that takes
the coefficients of the polynomials as inputs. If f(x) = fo+ fix +-- -+ x" and g(x) = go + 1x +
-+ - 4 x" are two univariates with roots denoted by {a1,...,a,} and {B1, ..., Bn} respectively, then
their resultant R equals [T; jc[,)(#; — B;). We note that R is a polynomial that is symmetric in the
roots of f and the roots of ¢, and has a small circuit of constant depth that takes these roots as inputs.
Thus, from the generalization of Theorem 1.2 to bisymmetric polynomials, we get that there is a
polynomial Q that can be computed by a small constant-depth circuit, such that Q composed with
the elementary symmetric polynomials of {«1, ..., &, } — the coefficients of f —and the elementary
symmetric polynomials of {f1, ..., Bn} — the coefficients of ¢ — equals R. Thus, we have a small

constant-depth circuit for the resultant of two univariates that takes the coefficients as input.

Computing the GCD: It would be helpful to revisit the proof strategy of Andrews and Wigder-
son [AW24]. If the polynomials f and g are square-free, then the ged(f,g) can be obtained by
‘filtering” from f only those roots of f that are also roots of g. One of the key aspects of [AW24] was
to execute this ‘filtering” operation using the efficient transformation (via constant-depth circuits)
between elementary and power-sum symmetric polynomials of the roots of f and g. In the more
general setting when f and g are not square-free, using some additional ideas, [AW24] reduce to



the square-free setting by first computing the square-free decomposition' and working with each part
in the decomposition.

In the setting of characteristic p > 0, we have to address two issues — (a) we do not have
efficient transformations between power-sum and elementary symmetric polynomials, and (b)
computing the square-free part of f is a more general operation than computing the p-th root of
polynomials (something that we still do not know how to do efficiently and this would be very
interesting). We give an alternate implementation of the filtering operation using Theorem 1.2 and
also have a simple observation that allows us to completely bypass the calculation of the square-free
part. We briefly elaborate on the key steps below.

* An auxiliary polynomial containing gcd(f, g): Our first observation is that, if we consider
a generic linear combination of f and g given by F(y,z) := f(y) +z - g(y), then each root
of ged(f,g) (from ) divides F with the right multiplicity. Furthermore, there is no other
« € TF satisfying F(a, z) = 0. Thus, if we could somehow filter the y-roots of F(y, z) with their
multiplicity, we will obtain ged(f, ). This thereby avoids computing square-free components
of f and g entirely.

e Filtering roots of one polynomial using another, a 1a [AW24]: Suppose {07, ..., 0} is the
multi-set of roots of f over F and ¢(y) € F[y], [AW24] define a ‘filter” operation to compute

Filter(f [ g #0) =[] (y— o).

i[m] : g(0)#0

[AW24] show that the above can essentially be computed piece-wise via elementary sym-
metric polynomials of {g(c1), ..., g(owm)} with the advice parameter being the degree of the
filter. Rather than proceeding via power-sum symmetric polynomials (which requires large
characteristic fields), we once again use Theorem 1.2 to express this as a constant-depth circuit
over the coefficients of f and g. Theorem 1.1 now follows by noticing that

_ F(y,z)
Filter(F(y,z) | ¢ #0)°

ged(f(y),g(y)) = Filter(F(y,z) | ¢ = 0)

Organization of the paper

The rest of the paper is organized as follows. We start with some general notations and preliminaries
in Section 2, followed by the proof of Theorem 1.2 in Section 3. In Section 4, we show that the
resultant and GCD can be computed by constant-depth circuits and in Section 5, we use these
techniques to strengthen the closure results for constant-depth circuits under factorization.

lie., computing f1, ..., f; that are square-free and co-prime such that f = [] fl-i



2 Preliminaries

Notation

* We use IF, K etc. to refer to fields and F to refer to the algebraic closure of IF. Also, IF[x] refers
to the polynomial ring, F[x] to the ring of formal power series, and FF((x)) refer to ring of

Laurent series with respect to the variable x with coefficients from the field IF.
¢ We use boldface letters such as x to refer to an ordered tuple of variables

* Given a univariate polynomial f(x) € [F[x] (or more generally in the ring of formal Laurent
series IF((x))), we denote by [x"] {f} the coefficient of the monomial x" in f. In the case of
a multivariate polynomial, such as f(x,y), we interpret f as an element of [F[y][x]—that is,
as a univariate polynomial in x with coefficients in [F[y|—and [x"] {f} then refers to the x"

coefficient viewed as a polynomial in y.

e The notation Hom, (F) refers to the degree d homogeneous part of F, and Hom(F) refers to
the sum of all homogeneous parts of F up to degree d. For any subset xs C x and any i € [d],
the degree i homogeneous part of F with respect to x5, denoted by Hom, ; (F).

e The i*" elementary symmetric polynomial is sum of all multilinear monomials in x of degree i.

Formally, the i elementary polynomial is Esym;(x) == Ysc[u):|s)=i [ Ties xi-

2.1 Interpolation

The following uses of polynomial interpolation in the context of algebraic circuits are due to Michael
Ben-Or.

Lemma 2.1 (Interpolation). Let IF be a subfield of a commutative ring R, and suppose that IF contains
at least d + 1 distinct elements. Choose distinct points wy, . ..,ay € . Then, for any polynomial f(t) =
fo+ fit+ -+ fat? € R[t] of degree at most d, and for each index i € {0,...,d}, there exist elements
Bio, - - -, Bia € F (depending only on i and the «;’s) such that the coefficient f; can be recovered from the
values of f at the interpolation points:

fi = Biof(wo) + Binf (1) + - + Biaf (a). O

Corollary 2.2 (Applications of interpolation). Let «y, ..., a; be distinct elements of the field F. The
following statements are immediate consequences of interpolation:

1. [Extracting homogeneous parts] Let C(x) be a polynomial of total degree d, and let xg C x be a
subset of the variables. For any i € {0, ...,d}, the degree i homogeneous component of C with respect



to the variables in xs, denoted Homy ;(C), can be written as

d
Homy,(C) = Y- - Clay xs,x5)
j=0

for some scalars B, ; € IF that are independent of the polynomial C.

2. [Derivatives via evaluation] Suppose C(x,y) is a polynomial with degree d in the variable y. Then
the it partial derivative of C with respect to y can be expressed as an F[y|-linear combination of the
evaluations C(x, &) for j = 0,...,d. Specifically, there exist polynomials po(y), . .., na(y) € Flyl,
each of degree at most d and independent of C, such that

d
9,C(x,y) = Z())uj(y) -C(x,aj).
j=

Moreover, if C is computed by a circuit of size s and depth A, then both operations—extracting homoge-
neous components and computing partial derivatives—can be implemented by circuits of size poly(s,d) and
depth at most A 4+ O(1). O

2.2 Resultants

Definition 2.3 (Sylvester Matrix and Resultant). Let IF be a field. Let P(z) and Q(z) be polynomials of
degree a > 1 and b > 1 in F[z]. Define a linear map Tp o : F* x IF* — F** that takes polynomials A(z)
and B(z) in [F[z] of degree a — 1 and b — 1 respectively, and maps them to AP + BQ, a polynomial of degree
a+b—1

The Sylvester matrix of P and Q, denoted by Syl (P, Q), is defined to be the (a 4 b) x (a + b) matrix
for the linear map I'p g.

The Resultant of P and Q, denoted by Res; (P, Q), is the determinant of Syl_(P, Q). O

Fact 2.4 (see, e.g., Chapter 3 of [CLO05]). Suppose f(z),g(z) € F|z| are monic polynomials, and the
multiset of their roots over Fareay,..., «, and Bi,--., By Then,

b

Res;(f,g) = ﬁn(“i — Bj)-

i=1j=1

2.3 Factorization of monic polynomials into power series

Lemma 2.5 (Factorization into power series). Let f(t,y) € K[t,y] be a polynomial that is monic in y
such that f(0,y) is square-free. For each o € K (the algebraic closure) such that f(0,a) = 0, there is a
unique power series @, (t) € K[t] satisfying ¢, (0) = a such that f(t, p,(t)) = 0.



In fact, the polynomial f(t,vy) factorizes in K[t][y] as

fty) =TT —eat))

weZ

where Z is the set of roots of f(0,y) in K.

The above lemma is essentially folklore and [DSS22, Section 3] gives a formal proof of the above. We
also note that the lemma can be applied in the multivariate setting by taking a multivariate polyno-
mial in variables x1, x3, . .., x4, y, replacing each x; by x; - t (for a new indeterminate t) and viewing
the resulting polynomial as a bivariate in t and y with coefficients in the field F(xq,x2,..., x,).

2.4 Furstenberg’s theorem for roots of multiplicity one

We define the following diagonal operator for bivariate power series F(x,y) = Yij Fi,jxiyj € Flx,v]
as follows:

2(F)(t) =Y F,;-t.
i>0
Theorem 2.6 ([Fur67, Proposition 2]). Let P(t,y) € E[t, y] be a power series and ¢(t)€ F[t] be a power
series satisfying P(t,y) = (y — ¢(t)) - Q(t,y). If p(0) = 0 and Q(0,0) # 0, then

_ [V 9%P(tyy)
"= (w) &0

The diagonal expression above can be simplified to a slightly more convenient expression for

implicitly defined power series roots.

Corollary 2.8. Let P(t,y) € F[t,y] and ¢(t) € F[t] such that (0) = 0, P(t, ¢(t)) = 0and 9,P(0,0) =
« # 0. Then,
()= L —er " {0uP(y) - (ay — Pley)"}-

m>1

Suppose P(x,y) is computable by a small constant-depth circuit. Using Corollary 2.8, [BKR*25]
showed that truncations of power series roots (of multiplicity 1) of P(x,y) also have small constant-
depth circuits.

Theorem 2.9 (Power series roots without multiplicity [BKR"25]). Let P(x,y) € F[x, y] be a polynomial
computed by a circuit C, and let ¢(x)€ F[x] be a power series satisfying ¢(0) = 0, P(x, ¢(x)) = 0 and
dyP(0,0) # 0. Then, for any d € IN, there is a circuit C' computing Hom [¢] such that

size(C") < poly(d, size(C))

10



depth(C’) < depth(C) + O(1)

3 Complexity of Symmetric Polynomials

A polynomial P(xy,...,x,) is symmetric if for every permutation ¢ on n elements, P(x1,...,X,) =
P(X4(1),- -, Xo(n))- The elementary symmetric polynomials {Esym;(x) };c[,) are ubiquitous exam-
ples of symmetric polynomials. Surprisingly, the fundamental theorem of symmetric polynomials
states that every symmetric polynomial P can be uniquely expressed as polynomial expressions in

{Esym;(x) }ic[n)-

Theorem 3.1 (Fundamental theorem of symmetric polynomials). Let P(x) be a symmetric poly-
nomial on n variables of degree d. Then there is a unique polynomial Q(y1,...,Ys) such that P(x) =
Q(Esym, (x), Esym,(x), ..., Esym, (x)). Moreover, the degree of Q is at most d.

Given this fact, it is natural to ask if complexity of the polynomial Q is related to the complexity
of P? Blaser and Jindal [B]19] showed that if P is computable by a small algebraic circuit, then Q is
also computable by a small algebraic circuit.

Theorem 3.2 (Theorem 4 in [BJ19]). Let P(x) € C[x] be a symmetric polynomial on n variables
of degree d computed by a circuit C of size s. Let Q(x) € C[x| be the unique polynomial such that
P(x) = Q(Esym,(x),...,Esym,(x)). Then, Q(x) is computable by a circuit of size poly(s,d, n) over C.

One of the main steps in their proof is to compute the truncations of power series roots using
Newton Iteration. Based on the ideas from [BKR*25], we would expect that replacing Newton
Iteration with Furstenberg’s theorem (Theorem 2.6) should give us an analogous result over
constant-depth circuits. Indeed, this turns out to be the case. We now prove the constant-depth
version of their result.

Theorem 3.3 (Complexity of symmetric polynomials). Let n,d,s € IN be parameters, and let IF be a
polynomially large field, i.e. |IF| > (nds)* for an absolute constant ¢ > 0. Let P(x) € F[x] be a symmetric
polynomial on n variables of degree d computed by a circuit C of size s and depth A. If Q(z) € F|z] is the
unique degree d polynomial such that P(x) = Q(Esym, (x), ..., Esym, (x)), then Q(z) is computable by
a circuit of size poly(s,d, n) and depth A + O(1) over F.

Proof. Letay, ..., «, be n distinct elements from F and ; denote Esym;(ay, ..., a,) for eachi € [n].
Define F(z,y) as:

F(z,y) :=y" = (m+ By "+ + (=1)" " (zn1 + 1)y + (=1)" (20 + Bn)-

Note that F(0,y) = y" + ¥y (—=1)'y"'Bi = [Tiepn (v — @i). Since ay, . . ., &, are distinct, we have

11



that F(0,y) is square-free and hence (by Lemma 2.5) F(z, y) factorizes as

n

F(z,y) = [(y - Ai(2))
i=1
where A;(z) € F[z] with A;(0) = «; for each i € [n]. Furthermore, Esym, (A1(z),..., Ax(2z)) =
Z + ,Bk.
We now apply Theorem 2.9 on F(z,y) to get size poly(s,d, n) and depth A + O(1) circuits
Ay,..., A, such that A;(z) = A;(z) mod <z>dJrl for each i € [n]. This implies that for each i € [n],

Esym,(Ay,..., A,) =z + i mod (z)*™ .

P(Ay,...,A,) = P(As,..., A,) mod (z)*™
From Theorem 3.1, degree of Q is at most d. Therefore,

P(Ay,...,A,) = P(As,..., A,) mod (z)*™

(Esym, (A1,..., Ay), ..., Esym, (Aq,..., Ay))
(z1+B1,--- 20+ Bn)

= Q(z1+B1,---,2zu + Bn) = Home; P(A4,..., A,)

=0
=Q

Since P and each 4; is computable by a size poly(s,d, n) and depth A 4+ O(1) circuit, we obtain
a poly(s,d,n) and depth A + O(1) circuit for Q(z + 3), and thus for Q(z) as well (by shifting
z <+ z—0). O

3.1 Multi-symmetric polynomials

Definition 3.4 (Multi-symmetric polynomials). Let x = x; U - - - LI X be a partition of the set of variables
x. A polynomial f(x) = f(xy,...,Xx) is said to be multi-symmetric with respect to the above partition if
forall i € [k] we have that f(x) is symmetric with respect to the part x;. In other words, for every choice of
permutations 1y, ..., 7T 0N X1, . . ., X, we have f(111(x1), ..., 7 (Xx)) = f(x1,...,Xg). O

The following is a natural extension of Theorem 3.1. For purely the ease of exposition, we
assume the size of each part in the partition is the same; the proof would readily extend to the

general case with mere notational changes.

Theorem 3.5 (Fundamental theorem for multi-symmetric polynomials). Let x = x; U - - - LI xx be a
partition of the variables with each |x;| = n, and let P(x) be a multi-symmetric polynomial with respect to
the above partition of degree d. Then there is a unique polynomial Q(y1,...,yx) (wherey; = (Yi1, ..., Yin))
such that P(x) = Q(Esym(xy), ..., Esym(xy)) where

Esym(x;) :== (Esym,(x;),...,Esym (x;)).
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Moreover, the degree of Q is at most d.

Proof. The proof is just a simple induction on k. For k = 1, the claim follows from Theorem 3.1.
Assuming that the theorem is true for k — 1, and write P(x) as

P(x) = ) [l {P} -
e>0
We will say e; ~ e; if there is some permutation 77 on |x,| elements such that 77(e;) = ej; let & be a
distinct set of representatives of the equivalence classes defined by ~. Note that if e; ~ e;, then
x| {P} = [x:j] {P}. Therefore, if we define He+(x) for an e* € & as

He(x¢) == ), x¢

P(x) = ) [x¢ 1{P} - He: (x¢)

e*esd
=) [x¢'] {P} - Qe+ (Esym(x;)) (by Theorem 3.1)
e*cs
for some Q.- of degree at most |e*|. Since P is multi-symmetric, we have that [x¢] {P} is multi-
symmetric with respect to x; Ll - - - U x¢_1. By induction, there exists polynomials Q. of degree at
most d — |e| such that

(x¢] {P} = Qe(Esym(x1), .., Bsym(x_1)).
— P(x) = ¥ Qe (Esym(xa),..., Esym(x_1)) - Qe (Esym(xc))

e*ed

=: Q(Esym(xy),...,Esym(xy))
for some Q(y11, - .., Yk,) of degree at most d. O

Theorem 3.6 (Complexity of multi-symmetric polynomials). Let IF be a polynomially large field with
respect to parameters n,d,s € IN, i.e. |IE| > (nds) for an absolute constant ¢ > 0. Let x = x3 Ll - - - LI x be
a partition of the variables, with each |x;| = n, and let P(x) € F[x| be a multi-symmetric polynomial with
respect to the partition of degree d computed by a circuit C of size s and depth A. If Q(z11, ..., zkn) € F|z]
is the unique degree d polynomial such that

P(x) = Q(Esym(x1), ..., Esym(xt))

where Esym(x;) := (Esym, (x;), ..., Esym, (x;)), then Q(z) is computable by a circuit of size poly(s, d, n)
and depth A 4+ O(1) over FF.
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Proof. The proof is almost a direct extension of Theorem 3.3. As in the proof of Theorem 3.3, for
each i € [k] define the polynomials for z; = (z;1,...,zi,):

F(ziy) == y" = (@ia+ B0y -+ (1) @it + Bu-1)y + (1) (zi + Bn)

where B; = Esymi(le, ..., &) for some distinct choice of ay,...,a, € F. By Lemma 2.5, since
Fi(0,y) =TT, (y — «;) is square-free, we have that F;(z;, y) factors
n

Fi(zi,y) =] [(v — Aij(z:))

=1

where A;j(z;) € F[z;] and A;;(0) = «;. Note that Esym (A, ..., Aiy) = z;, + B,. By Theorem 2.9,
we have circuits Aj; of size poly(s, n,d) and depth A -+ O(1) such that

Aij(zi) = Aij(zi) mod <Zl‘>d+1.

From Theorem 3.6, degree of Q is at most d. Thus,

P(A11(z1), ..., Aga(zi)) = P(An(21), - ., Aga(2s)) mod (z)* !

(Esym(Aqy, ..., A1), ..., Esym(Ag, ..., Agy))
(z1+8,...,z¢ + 08)

— Q(z1+8,...,zx+ B) = Hom; P(A11(z1), ..., Agu(zi))

=Q
=Q

By Corollary 2.2, the RHS is computable by a poly(n,d,s)-size depth A + O(1) circuit, and by

un-translating by 3 we also obtain a such a circuit for Q(z, ..., z). O

4 Computing resultants and GCD

4.1 A constant-depth circuit for the resultant over all fields

An almost immediate corollary of Theorem 3.6 is a polynomial size constant-depth circuit for the

resultant of two polynomials over any large enough field.

Corollary 4.1 (Computing resultants in constant depth). Let IF be any large enough field (i.e., |IF| > d°
for some absolute constant ¢ > 0). Given two degree d univariate polynomials f(y) and g(y) that are monic
in y and provided as a list of coefficients, we can compute the resultant of the two polynomials, Res,(f,g),
via a poly(d)-size depth O(1) circuit over the coefficients of f and g over the field IF.

Proof. Let f(y) = y™ — fiy™" '+ + (1) foand g(y) = y®> — giy™ ' + -+ + (~1)*go and let
d = max(dy, dz). If the multiset of roots (in IF) of f and g are givenby {c1,...,04 } and {7, ..., 74, },
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then by Fact 2.4 we have

dy do

Resy(f,g) =] (i — 7).

i=1j=1

The RHS is clearly a bi-symmetric polynomial with respect to {o1,...,04 } U{7,..., 74, } andisa
poly(d) sized depth 2 circuit over the ¢’s and 7’s. By Theorem 3.5, there exists a unique Q of degree
at most dyd, such that

Res,(f,8) = Q(Esym(cy,...,04 ), Esym(7, ..., 74,)).

Note that Esym, (¢, ..., 04 ) is just f, and Esym (1, ..., T4,) is just gr. Thus, by Theorem 3.6, Q is
also computable by a circuit of size poly(d) and depth O(1) over the coefficients f1,..., f1,, 81, - - -, 4,
over the field F. ]

If f(x,y),8(x,y) are multivariate polynomials that are monic in y and computable by size s
depth A circuits, then the coefficients of monomials in y is also computable by size poly(s, n,d),
depth A 4 O(1) circuits and thus Res, (f, g) is also computable by a size poly (s, n,d) depth A+ O(1)
circuit.

The resultant is the case of computing the product of g’s evaluations on the roots of f. A more
general statement is the following lemma.

Lemma 4.2. Let FF be any large enough field (i.e., |IF| > (sdidan)© for some absolute constant ¢ > 0).
Suppose f(x,y),§(x,y) € F[x,y] are two n-variate polynomial that are monic in y, of degree dq and d
respectively (in y), that are given by size s, depth A circuits. Let {ov, ..., 04, } be the multi-set of y-roots of f
over IF(x). Then, for any 1 < r < dy, we can obtain a circuit of size poly (s, n,dy,dy) and depth A + O(1)

for
Esym, ({g(x,01), ..., §(x72,)}) € Flx].

Proof. Letd = max(dy,d). Note that Esym, (y1,...,ym) = [t'] {(1 +ty1) - - (1 + tym)}. By Corol-
lary 2.2, it is computable by a size poly(r, m) depth 3 circuit over F.
If {t1,..., T4, } is the multi-set of y-roots of g, then

dp
Esym, ({g(x 01),..., g% 4)}) = Esym, ({Hl(az- )i [dl]}>
j=

is clearly a bi-symmetric polynomial with respect to {1, ...,04 } U{7,..., 74, }. Thus, if f(x,y) =
yh 4+ fiyh o+ fy and g(x,y) =y + g1yl + -+ - + g, then each f;, g; are the elementary
symmetric polynomials of {0y,...,04} and {T,...,74,}, and Corollary 2.2 shows that we can
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obtain circuits of size poly(s,d) and depth A + O(1) for them. By Theorem 3.6, we can express

the above as Q(f1,..., f1,,81,---,84,) Where f(x,y) = y" + fiy" 1+ + f4 and g(x,y) =
¥ + g1y~ + - - - + go with Q computable by a size poly(s, n,d), depth A + O(1) circuit. O

The above lemma can also be easily generalized to computing elementary symmetric polynomi-
als of a rational function g(x)/h(x) on the roots of f(x) in Lemma 5.9.

4.2 Computing the GCD of two polynomials

Unlike operations such as computing the resultant of two polynomials, the GCD of two polyno-
mials f(y), g(y) is not a continuous function of the coefficients and therefore cannot be expressed
as a polynomial (or even a rational) function of the coefficients of f and g. Andrews and Wigder-
son [AW24] show that it can be expressed as a piece-wise rational function of the coefficients of f,
g where we have a sequence of rational functions computed by small algebraic circuits over the
coefficients of f and g such that one of them computes ged(f, ), and we know which of them via
appropriate zero-tests.

Definition 4.3 (Piece-wise rational circuit families). A piece-wise rational circuit for a function
P : F" — " is a family of ‘computation circuits’ {Aq,..., As : F" — F"}, {Bq,...,Bs : F" — "}
and ‘test circuits’ {Ty, ..., Ts : F" — F} such that for every a € F" we have

where the advice parameter r = max {k € N : Ty(a) # 0}. The size of the family is said to be the sum of
the sizes of A;’s, B;’s and T;’s, and the depth of the family is maximum depth of any A;, B;, T; that constitute
the family. O

Situations where P(a) € F[y| (such as computing the GCD of two polynomials given by a
list of coefficients) can be equivalently viewed as a multi-output function that outputs the list
of coefficients of the polynomial P(a). For a more detailed discussion on this perspective and
the definition of piece-wise rational ACP circuits, we refer the reader to [AW24, Section 2 in the full

version].

The following is the analogue of the main result of [AW24] for computing the GCD of two
polynomials over all sufficiently large fields expressed in terms of piece-wise rational circuit

families.

Theorem 4.4 (Computing GCD of in terms of coefficients). Let K be any polynomially large field (i.e.,
|K| > (d1d2)¢ for some absolute constant ¢ > 0). There are explicit families of algebraic circuits {Py, 4,1},

{Quydr i }r {Tay ok } Of size poly(dy, da) and depth O(1) such that, for every f(v), g(y) € Kl[y] that are
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monic in y with deg(f) = d1, deg(g) = da, we have

_ Py o r (@(f)/ @(8))
Q. (coeff(f), coeft(g))

ged(f(v),8(v))

where r = max {k < poly(di,dz) : Ta 4,x(coeff(f),coeff(g)) # 0}. (Here will use coeff(f) to refer
to the vector of coefficients of f.)

In fact, the ‘advice’ r above is essentially just deg(gcd(f,g)). The key idea is to consider the
polynomial F(y,z) = f(y) +z-g(y) = ged(f, g) - F'(y,z) and somehow ‘filter out’ the F'(y,z). We

now describe how to accomplish this.

Let f(y) € K[y] be a monic polynomial that factorizes over K as (y — 1) - - - (y — 0y )%, with
e; > 1. For any polynomial g(y) € K[y], we define Filter(f | ¢ = 0) and Filter(f | g # 0) as

Filter(f [ g #0) = [] (v—a)%,

i€m]
g(oi)#0
Filter —0) = R | ‘
(flg=0) ig] (y ) Filter(f | ¢ #0)
8(0i)=0

Lemma 4.5 (Computing Filter from coefficients). Let K be any large enough field (i.e., |K| > (d1dy)* for
some absolute constant ¢ > 0). There are explicit families of circuits { Ag, 4,1}, {Ba,dpi}» { Tay do ik } Of size
poly(di,dy) and depth O(1) such that, for every pair of monic polynomial f, g € Kly] with deg f = dy
and deg g = d,, we have

Ay 1 (coeff(f), coeff(g))
By, a,,r(coeff(f), coeff(g))

Filter(f | ¢ #0) =

where the advice parameter ¥ = max {k < poly(di,da) : T, 4,x(coeff(f),coeff(g)) # O}.

Proof. Let f(y) = T1"4(y — 0;)% with 0; € Kand ¢; > 1, and let £ be the multiset of roots of f(y)
in K. If r = deg(Filter(f | ¢ # 0)), then

Esym, ({g(0) : c€2}) =[]  glo)% #0,
ic[m] : g(0;)#0

Esym, ({g(c) : c€X}) =0 forallk>r

as any subset of size greater than r among X~ must necessarily contain a ¢ such that g(c) = 0.
By Lemma 4.2, the above is expressible as circuit of size poly(dy,d;) and depth O(1) over the
coefficients of f and g and that gives us the claimed family {Ty, 4, }-
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To obtain the filter as a ratio of algebraic circuits, define the polynomial h(x,y) = (y — x) - g(x)
for a fresh variable x. Note that, for any ¢ € K, we have h(c,y) = 0 if and only if g(c) = 0.
Therefore,

Esym, ({h(c,y) : c€X})= [ ((y—)-g())"
i€[m] : g(01)7#0

= ( I1 (ym)“"> -Esym, ({g(¢) : c €X})
i€lm] : g(07) #0

Esym, ({h(c,y) : ¢ € L})
Esym, ({g(0) : 0 €£})

. Filter(f | g #0) =

Once again by Lemma 4.2, both the numerator and denominator on the RHS can be expressed as
circuits of size poly(di, d;) and depth O(1) over the coefficients of f and g and that gives us the
circuit families { A4, 4, } and {Bg, 4,k }- O

We are now ready to prove Theorem 4.4

Proof of Theorem 4.4. Without loss of generality, let us assume that d; := deg f > degg =: d, (by
working with f, ¢ — f if their degrees were the same). Let {07, ..., 0, } € K be the union of roots of
fand g, and let

fly) =@y —o) - (y—om)™,
g(y) = (y—o)4

€1 ...
— gcd(f,g) =Wy —o)---(y— am)ef" where e/ = min(e;, e}).

Consider the polynomial F(y,z) = f(y) + z - g(y) for a fresh variable z, which is monic in y
since deg f > deg g. The key observation is that ged(f, g) = Filter(F(y, z) | ¢ = 0) and the theorem
essentially follows from Lemma 4.5 and this observation. We formalize this below.

Since F(y, z) is clearly divisible by ged(f, ), we can write F(y,z) as

F(y,z) = ged(f, ) - F'(y,2)
for some F'(y,z) € K[y, z]. Note that, for every o;, we have F/(c;,z) # 0 (for otherwise (y — ¢;)% +1
divides both f and g). Therefore,
Filter(F(y,z) | g # 0) = F'(y,2)
Fy,z)

— Filter(F(y,z) | g =0) = Filter (F(y,2) | £0) — ged(f,g).
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By Lemma 4.5, we have circuit families {Ag, 4, }, {Ba, ok}, {Td,,dpk } Such that

Ag, a4, +(coeff, (F), coeff(g))
By, 4, (coeffy (F), coeff(g))

where r = max {k < poly(dy,dz) : Ty a,x(coeff, (F),coeff(g)) # O}

Filter(F(y,z) | ¢ #0) =

— gcd(f, g) = Filter(F(y,z) | g = 0)

_ F(y,z) - By, 4, (coeff, (F), coeff(g))
A, i, (coeffy (F), coeff(g))

Since each coefficient of F can be expressed as a polynomial function of the coefficients of f and g,
the above circuit families { A4, 4,k }, {Ba, dpk}» { Ty a4} can also be expressed as poly(dy, dy) size
depth O(1) circuit families over the coefficients of f and g. It can also be checked that the advice
parameter r = dq — deg(gcd(f,g))-

As stated, although ged(f(y), g(v)) € K[y] and is thus independent of the variable z, the RHS
of the above equations consist of numerators and denominators that depend on z. To eliminate z
from the RHS, we can remove any powers of z dividing the numerator and denominator and then
set z to zero. This can be achieved by expanding the test circuits to also find the smallest i such that
2] {Ad1/d2/7’ (coeff, (F), coeff( g))} # 0 and set the numerator and denominator circuits as

Py iy 1) (coeFE(f), coeff(3)) := [2'] { F(¥,2) - Buy a, (coeff, (F), coeff(g)) | ,
Qi 1) (cOCTE(f), c0efE(8)) 1= [2'] { A, -(coeff, (F), coefi(g)) }

respectively. Thus, overall, we obtain size poly(dj, dz) and depth O(1) circuits over the coefficients
of f and g as claimed by the theorem. O

5 Improved closure results for fields of small characteristic

In this section, we use the Theorem 1.2 to prove the following closure result for constant-depth
circuits over fields of characteristic p. This statement is similar to a result in [BKR*25] with one
key difference — the circuit for g(x)pf in Theorem 5.1 is over the underlying field itself and not over
the algebraic closure (or a high degree extension) of the base field IF;, provided g is polynomially
large. This extends the results of Kaltofen [Kal89] for fields of characteristic p for natural subclasses
of algebraic circuits such as constant-depth circuits, formulas, branching programs etc. The key
technical ingredient in the proof again is the use of Theorem 1.2.

Theorem 5.1 (Complexity of factors). Let IF; be a field of positive characteristic p that is polynomially
large (i.e., there is an absolute constant c such that |IF| > (snd)°). Let P(x) € IF,[x| be a polynomial on n
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variables of degree d computed by a circuit C of size s and depth A. Further, let g(x) be a factor of P(x) with
multiplicity p’ - e where ged(p,e) = 1. Then, g(x)?" is computable by a circuit of size poly(s,d, n) and
depth A + O(1) over IF,.

We start with a few preliminaries necessary for the proof of the theorem. We shall interpret P(x)
as an element of F[x, y|, and apply amap ¥ : x; — tx; + a;y + b; on P(x) for randomly chosen 4;s
and b;s, to ensure certain properties®. Thus, without loss of generality, we can work with a bivariate
polynomial P(t,y) over a field that contains the other variables. Some preliminaries will also be

stated for bivariate polynomials.

5.1 Hasse derivatives

We shall work with the notion of Hasse derivative, which is the standard alternative to partial
derivatives in the small characteristic setting. We state the definition and the product rule for Hasse
derivatives. For more details, we recommend the reader to refer to [Forl4, Appendix C].

Definition 5.2 (Hasse derivatives). The Hasse Derivative of order i of F(t,y) € F[t, y] with respect to
y, denoted as D;i) (F), is defined as the coefficient of z* in the polynomial F(t,y + z). O

Lemma 5.3 (Product rule for Hasse derivatives). Let G(t,v), H(t,y) € F[t,y] be bivariate polynomials
and let k > 0. Then,

Dy’ (GH) = Y DJ(G)- Dy (H)
i+j=k

5.2 Furstenberg’s theorem over small characteristic fields

The following version of Furstenberg’s theorem over small characteristic is very similar to The-
orem 2.6, with some key differences. The theorem expresses an appropriate power of a power
series root of a polynomial as a diagonal of a rational expression involving the polynomial and its

derivatives.

Theorem 5.4 (Furstenberg’s theorem over small characteristic fields (Theorem A.3 in [BKR25])).
Let T be a field of characteristic p. Let P(t,y) € F[t,y] be a power series and ¢(t)€ F[t] be a power series

satisfying

P(t,y) = (y— ¢(t)"* - Q(ty)

2We expand on this in the beginning of Section 5.4. For more details, please refer to the preliminaries of [BKR*25].
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for some £ > 0,e > 1 such that gcd(p,e) = 1. If ¢(0) = 0and Q(0,0) # 0, then

20! (P
o = (y 7Dy (P)(ty,y)) (5.5)

e P(ty,y)

We can further simplify the expression in Theorem 5.4 to get a version of Corollary 2.8 over

small characteristic fields.

Corollary 5.6 (Corollary A.5 in [BKR"25]). Let P(t,y), Q(t,y) € F[t,y] and ¢(t) € F[t] satisfy

P(t,y) = (y — ¢(t)"* - Q(ty)

with ged(p,e) =1, (0) = 0and Q(0,0) = a # 0. Then,

)
: oy J Dy (P)(ty) m
p_ plle(mn)—=2)) ) Zy  \FI\T) (0 ple
o) ngo[y ]{ o (w — P(Ly))
Moreover,
2e(d+p’) ’ D(P/) P)(t ) m
Hom<d[<o<t>r’ﬁHom<d{ Y [yr’“e(m“”)]{ye.(anffl D (ayrs —piey) " |
m>0

The following claim would be helpful to express « = Q(0,0) as an appropriate Hasse derivative
of P.

Claim 5.7. Suppose P(t,y) = (y — (p(t))PéE -Q(t,y) € F[t,y] with ged(p,e) = 1, ¢(0) = 0 and
Q(0,0) = a # 0. Then,

o =D P(0,0)

Proof. Let F(t,y) = (y — q)(t))p['e. Then, by Lemma 5.3,

14

D/ P(ty)= Y D F(ty) D Qty)

i+j=p'-e
— py"P0,0)= ¥ DJF0,0)-D Q0,0
i+j=p'-e

Note that D;i) F = [Z] {(y”[ 20 — g )e} and is a nonzero polynomial only for i of the form p* - ¢/

14 Y
for some 0 < ¢’ < ¢, and D](f F—1. Furthermore, for every ¢’ < e, we have D;p ¢) F is divisible
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by (y — qo)”f and hence Dy’ ¥) F(0,0) = 0forall ¢’ < e. Therefore,

DY P(0,0) = ¥ (0 F(0,0)) - (D (0,0))

i+j=p‘e
= (Y F0.0) - (P 0(0,0)) = Q(0,0) = . .

5.3 Complexity of power series roots over small characteristic fields

Using Theorem 5.4 and Corollary 5.6, we get the following analogue of Theorem 2.9 over arbitrary
tields of small characteristic.

Theorem 5.8 (Power series roots with multiplicity over small characteristic). Let IF be a field of positive
characteristic p. Suppose P(x,y) € F[x,y] is a polynomial computed by a circuit C, and ¢(x)€ F[x] isa

power series satisfying P(x,v) = (y — (x))P" - Q(x,y) where p(0) = 0, ged(p, e) = 1 and Q(0,0) # 0.
Then, for any d € N, there is a circuit C' over IF computing Hom<, [q)”é] such that

size(C") < poly(d, size(C))

depth(C") < depth(C) + O(1)
Proof. The theorem follows from Corollary 5.6 that asserts that

2e(d+p")

(r")
@ et ) DY PYEY) 0 m

m>0

and Corollary 2.2 shows that the RHS is computable by a size poly(s, n,d) and depth A + O(1)
circuit. ]

5.4 Proof of Theorem 5.1

We will need the following generalization of Lemma 4.2, whose proof we will defer to the end of
this section.

Lemma 5.9. Let IF be any large enough field (i.e., |IK| > (sdn)¢ for some absolute constant ¢ > 0). Let
f(xy),8(x,y), h(x,y) € F[x,y] be polynomials that are monic in y of degrees ds, dg and dj, respectively,
with ged(f,h) = 1, that are given by size s, depth A circuits; let d = max(df, dg,dy). If {(71, ... ,O'df}

be the multi-set of y-roots of f over F(x), then for any 1 < r < dy, we can get circuits A(x), B(x) of size
poly(s,n,d) and depth A 4+ O(1) such that

o ({55 1)) - 45

22




We are now ready to complete the proof of Theorem 5.1.

Proof of Theorem 5.1. By interpreting P(x) as an element of F[x,y], let P(t,y) = Y (P(x,y)) €
F[x][t,y] for amap ¥ : x; — tx; 4+ a;y + b; where the a;s and b;s are chosen at random. This
will ensure that P(t,y) is monic in y, the square-free part of P(t,y) is also square-free at t = 0,
and that P(t,y) € F[x][t, y] is also computable by a size poly(s,d, n), depth A + O(1) circuit over
F. From Gauss’ Lemma, we know that all the factors of P can now be assumed to be monic
in y without loss of generality, and viewing P as a bivariate in t and y with coefficients in F(x)
maintains the factorization pattern of the polynomial. Furthermore, the map can be inverted using
the transformation x; — x; — a;y — b; and t — 1 and this gives us a way to argue about factors of P
using factors of P. Thus?, it suffices to show that for an arbitrary factor g(t,y) € F[x][t,y] of P(t,y),
if the multiplicity of g(t, v) is p’ - e with ged(e, p) = 1, then g(t, )" is computable by a poly(s,d, n)
size, depth A + O(1) circuit over the field F.

First we note that the existence of a power series factorization of P(t, y) follows almost imme-
diately from Lemma 2.5. We cannot apply Lemma 2.5 directly because the preprocessing map
Y only ensures that the square-free part of P(,y) remains square-free when ¢ is set to zero. Ap-
plying Lemma 2.5 on the square-free part of P(t,), denoted by P(t,y), gives us the factorization
P(t,y) = [icpm (v — @i(t)), where each ¢;(t) has a distinct constant term ¢;(0) € F.

Suppose g(t,v) is a factor with multiplicity p’ - e. For each power series y-root ¢(t) of ¢(t,y), we
can write B(t,y) = (y — go(t))”/'eQ(t,y) for some Q(t,y) that satisfies Q(0, ¢(0)) # 0. Translating
y toy + ¢(0), we can use Corollary 5.6 on P(t,y + ¢(0)) to show that Homgd[(p(t)p[] is equal to

e(d+ () , "
Hom., {qom)ﬁ 5 ) {Dy BUCY9O) (g + 9(0))7"* = Plt,y + 9(0)) H

m>0

where « = Q(0, ¢(0)) # 0, which is also equal to Dy ) P(0, ¢(0)) by Claim 5.7. Thus, we define
the rational function R(z) as

i DY)y +2)  (pa 5 e 5 g
S e )]{ g (O (P02) (2 Py +2)

If P(0,y) = [T (v — i(0)), and g(0,y)?" = [Tics(y — 9;(0))?" for some subset S C [m], then the
power series roots of g(t,y) are precisely ¢;(t) for j € S and hence

gty =TT — o)) = T1(w" — R(9;(0))) mod 4+

jes JES

— g(t,y)" =Hom, [¢'(t,y)]

3For more details, we encourage the reader to refer to the preliminaries in [BKR*25].
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where ¢'(t,y) = Q(y”[ — R(9;(0)))
je

Is| |
Iﬁy”“s'” - (=1)PI7F - Esym, ({R(;(0)) : j € S})
=0

Thus, it suffices to show that Esym, ({R(¢;(0)) : j € S}) forall 1 < k < d can be computed by a
poly (s, n,d) size depth A + O(1) circuit as that would immediately yield similar size and depth

bounds for g(,y)? by Corollary 2.2.

Rnum (Z)
Rdenom (Z )

Rgenom (2) are both computable by a poly(s, d, n) sized depth A + O(1) circuits since P(t,y) is given

Note that the rational function R(z) can be easily expressed as where Ryum(z) and

by a poly(s,d, n) sized depth A + O(1) circuit (using Lemma 2.1 and Corollary 2.2). Furthermore,
Rgenom (z) = (D;p ) (P)(0,2))%W@+P)+1 50 it remains nonzero element of F, when z is set to any
root of B(0,y) (Claim 5.7).

Note that Esym, ({¢;(0) : j € S})isin F since they are the (signed) coefficients of (0, y). Thus,
by Lemma 5.9, we can express Esym, ({R(¢;(0)) : j € S}) as aratio of two poly(s, d, ) size depth
A + O(1) circuits over F. By eliminating the division gate using the standard technique of Strassen
(which works in constant depth), we obtain a poly (s, d, n) size depth A 4+ O(1) circuits over F for

Esym, ({R(¢;(0)) : j € S})foreach1 < k < d, and thus a similar bound for gty O

Proof of Lemma 5.9. Note that

U Ug 1
Esymr (Z}i’ . /Z)df> = [tr] {(Ul + tul) e (vdf + tudf)} . m (510)
¢ -+ Ody

Let {T], . ng} Ap1 .-, pa,} C F(x) be the multi-set of y-roots of g and h respectively. Thus,
setting u; = ¢(x,0;) and v; = h(x, 0;) in (5.10), we see that

D(o,7,p) = [F]{ (h(x 1) + tg(x,01)) - (h(x,00,) +t3(x,03,) |

dy, dg dy, dg
~ 7] { (H(m )+ ] - m) - (H(adf o0+ Tiey, - m) }

j=1 j=1
is multi-symmetric with respect to {(71, e, 0y f} L {Tl,. .., ng} L { 01/, pdh} that is computable
by a poly(s, d) size depth A 4+ O(1) circuit (over o, 7, p). Thus, by Theorem 3.6, we have a circuit of
size poly(s,d) and depth A + O(1) over the elementary symmetric polynomials of o, 7, p, which
are the coefficients of f, ¢ and , and they are also computable by size poly(s,d) depth A + O(1)
circuits (by Corollary 2.2). That gives us the circuit A(x).
. . . d

The circuit B(x) is to compute [T.”, h(x,0;) = Esymdf(h(x, 01),...,h(x,04,)) and Lemma 4.2

shows that B(x) is also computable by a size poly (s, d) depth A 4+ O(1) circuit. Since ged(f, h) =1,
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they do not share any y-roots and hence the division A(x)/B(x) is well-defined. O
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