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Hardness Amplification for Real-Valued Functions

Yunqi Li* Prashant Nalini Vasudevan®

Abstract

Given an integer-valued function f : {0,1}"™ — {0,1,...,m — 1} that is mildly hard to com-
pute on instances drawn from some distribution D over {0,1}", we show that the function
g(x1,...,x) = f(z1) + -+ f(x4) is strongly hard to compute on instances (z1,...,z:) drawn
from the product distribution D!. We also show the same for the task of approximately com-
puting real-valued functions f : {0,1}" — [0, m). Our theorems immediately imply hardness
self-amplification for several natural problems including Max-Clique and Max-SAT, Approxi-
mate #SAT, Entropy Estimation, etc..
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1 Introduction

Hardness amplification is the process of taking a computational problem II and a distribution D of
instances over which II is mildly hard, and constructing a problem IT" and distribution D’ over which
IT" is much harder. There has been extensive work in the past studying hardness amplification for
various computational tasks such as computing Boolean functions [Yao82, Imp95, GNW11, KS03,
Kal07], inverting efficient functions [Yao82, GIL"90], distinguishing between distributions [Gei22],
deciding languages contained in complexity classes like NP [O'D04, HVV06, Tre05, GG11, BT06],
EXP [TVO07], #P [Lip89, CPS99], or P [BRSV17, GR18, BBB19], solving optimization prob-
lems [GK20], for specific interesting or structured problems [AGGS22, HS23, ASS™24], etc..

In this paper, we study hardness amplification for the task of evaluating integer- or real-valued
functions. We first describe our setting and results, and then demonstrate various corollaries of our
theorems that motivate studying such problems.

Evaluating Functions. In our first result, we consider functions f : {0,1}" — Z,,, where Z,,
denotes the set of integers {0,1,...,m — 1}!, and the computational task is to compute f(z) given
an input x € {0,1}"™. Suppose we are given such an f and a distribution D on {0,1}" over which
computing f is (1 — ¢)-hard — meaning that no small circuit can correctly compute f(z) with
probability greater than (1 — ) when z is drawn from D. Our objective is to construct a function
g and distribution D’ such that computing g is 7-hard over D’ for some small 7. Further, we would
like g to have the same type as f — to take bit-strings as input and produce integers from a bounded
range as output.

For Boolean functions, Yao’s XOR Lemma [Ya082] shows that such amplification can be achieved
by having g be the XOR of multiple instances of f; and similar results are also known if g is the
Recursive Majority-of-3 of such instances [O’D04]. We show that in this case of integer-valued
functions, having g be the sum (over integers) of multiple instances of f achieves the same. For
t € N, denote by (SUM; ® f) the function that takes ¢ inputs z1,...,z; € {0,1}", and outputs the

sum Y, f ().

Theorem 1.1 (Simplification of Theorem 4.1). Suppose a function f : {0,1}" — Zy, is (1—0)-hard
to compute over a distribution D for circuits of size s. Then, fort € N, the function (SUM; ® f) is
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(%) -hard to compute over the product distribution D' for circuits of size (
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as t > 9= where c and ¢’ are some universal constants.

In a typical application of this theorem (see Section 1.1 for examples), one might take § to be
a small constant, m to be some polynomially large value in n, assume (1 — d)-hardness for s being
any arbitrary polynomial in n, and set ¢ to be w(m?) but still some polynomial in n. The theorem
would then imply that (SUM; @ f) is 1/poly(n)-hard for all polynomial-sized circuits.

To place the O(m/+/t5)-hardness we obtain in context, observe that it is not possible to show
that summation generically amplifies such a function to hardness less than ©(1/v/t5). Consider, for
example, a hypothetical function that takes values in {0, 1}, is easy to compute on (1 —24) fraction
of inputs, and on the remaining 24 is optimally hard (so it is not possible to do better than random
guessing). This function is (1 — ¢)-hard. Given ¢t random inputs from the hard distribution, the
hardness comes only from about dt of the inputs. And simply guessing randomly on each of these
will yield the correct value for the sum of their outputs with probability Q(1/v/5).

"We only use Z,, to denote set without involving any modulo operations.



Approximating Functions. In our second result, we extend the above hardness amplification to
the task of approximately evaluating bounded real-valued functions. Here we consider functions f :
{0,1}™ — [0,m), and the task is, for some approximation parameter ¢ € R, to compute some value
in the range (f(x) — ¢, f(z) 4 €) given input x. We show that summation again amplifies hardness,
though with slightly different dependence on the various parameters, and also now depending on
the e.

Theorem 1.2 (Simplification of Theorem 5.1). Suppose a function f:{0,1}" — [0,m) is (1 —9)-
hard to e-approzimate over a distribution D for circuits of size s. Then, the function (SUM; ®

1/2
f) is 10 - (%) -hard to e-approzimate over the product distribution D' for circuits of size

/ 2 .
(W) -8, as long as t > <35, where ¢ and c are some universal constants.

Here too, in the applications we show, parameters are set as described for Theorem 1.1 earlier,
with e = ©(1).

Paper Outline. In the rest of this section, we describe various corollaries of the above theorems
(Section 1.1) and provide an overview of the proofs of these theorems (Section 1.2). In Section 2,
we set up the definitions and conventions needed in the rest of the paper. In Section 3, we prove a
hardcore lemma for relations that is central to our proofs. In Sections 4 and 5, we state and prove
more comprehensive versions of Theorems 1.1 and 1.2, respectively. In Appendix A, we present the
statements of our corollaries in more detail and present sketches of their proofs.

1.1 Corollaries

Functions mapping bit-strings to integers or real numbers, even within limited ranges, are quite
general and capture a variety of natural problems whose complexity is of significant interest —
essentially any problem II whose solution II(x) for an instance z is a bounded integer or real
number. For such problems, our results roughly say that computing the sum of solutions to t
instances is a much harder problem. Such a statement is not particularly meaningful in general,
but things become much more interesting if the problem II also happens to admit an additively
homomorphic self-reduction.

That is, suppose there is an efficient algorithm R such that for any inputs z1,...,z;, we have
II(R(x1,...,2¢)) = > ;II(x;). In this case, the problem of computing the sum of solutions of ¢
instances can be reduced back to the solving the problem II itself on a single instance. Then, our
results can be used to show that mild hardness of II implies strong hardness of II itself, possibly on a
different distribution over instances (in what is sometimes referred to as hardness self-amplification).
And this requirement is weak enough that many natural and important problems have such self-
reductions. Below, we show three examples, each of which is qualitatively distinct from the others.

Optimization Problems. Various natural optimization problems can be cast in terms of com-
puting a polynomially bounded integer-valued function of the input, and further be shown to pos-
sess simple additively homomorphic self-reductions. For example, consider the Max-Clique problem
where, given (the adjacency matrix of) a graph G, the task is to compute the size of its largest
clique. Given graphs G, ..., G}, we can create a new graph consisting of one copy of each G;, with
edges between every pair of vertices that are not from the same graph. The size of the maximum
clique in this composite graph is simply the sum of the maximums in all the G;’s.

Another example is the MaxSAT problem, where given a CNF formula ¢, the task is to find the
maximum number of clauses satisfied by any assignment to its variables. Given t formulas ¢1, ..., ¢;



on disjoint sets of variables, the maximum number of clauses of the formula (¢ A--- A ¢;) that can
be satisfied is simply the sum of the maximums of all the ¢;’s. Note that both of these problems
also happen to be NP-hard. We get the following from Theorem 1.1, following the arguments above.

Corollary 1.3. The following holds for any problem II € {MaxSAT,MaxClique}. If there is a
family of distributions on which 11 is 0.9-hard, then there is a family of distributions on which I is
O(n=%49-hard (where n is the instance size). Further, if the former family is efficiently sampleable,
then so is the latter.

In these corollaries, we consider the asymptotic hardness of these problems rather than for a
fixed input size, which is why we need to consider a family of distributions — one distribution for
each value of the instance size parameter n — rather than a single distribution. And by efficiently
sampleable, we mean sampleable by a polynomial-sized family of circuits. Similarly, when we
just say n-hard, we mean n-hard for families of circuits of size any polynomial in the instance
size parameter n. More detailed and careful statements of all the corollaries are presented in
Appendix A, along with sketches of their proofs. These are all asymptotic statements, and so
involve applying our theorems (which are stated for arbitrary input lengths and circuit sizes) for
all members of families of functions and circuits.

Hardness amplification for optimization problems, including the above examples, was studied
in [GK20]. However, they considered the task of actually finding the maximum clique, the maxi-
mally satisfying assignment, etc., and their results are incomparable to the corollary above.

Entropy Estimation. A natural problem (that has incidentally been of some significance in
cryptography [Vad99]) is that of estimating the Shannon entropy of a distribution given its sampling
algorithm (say, as a circuit). Given a distribution over {0, 1}™, its entropy is some real number in
the range [0, m], and Shannon entropy is also conveniently additive: for any random variables X
and Y, we have H(X,Y) = H(X) + H(Y). We cannot use Theorem 1.1 here because the entropy
is not integer-valued, but we can use Theorem 1.2 to show hardness amplification for the task of
approximately computing the entropy of a given distribution.

In this case, we can in fact go further. A related decision problem, called the Entropy Difference
problem, is known to be complete for the complexity class SZK, which consists of problems that
possess statistical zero-knowledge proofs [SV03]. In this problem, given sampling algorithms for
two distributions Dy and D1, and promised that their entropies are separated by a gap of at least
1, the task is to tell which distribution has larger entropy. If this problem is even mildly average-
case hard over some distribution of instances (Dy, D), then the task of computing the entropy
of distributions to within +1/2 is mildly average-case hard for the distribution given by sampling
(Do, D1) as above and randomly outputting one of the two distributions. These observations,
together with Theorem 1.2, give us the following.

Corollary 1.4. If there is a problem in SZK that is 0.9-hard over some family of distributions, then
there exists a family of distributions on which O(1)-approzimating Shannon entropy is O(n=24)-
hard. Further, if the former family of distributions is efficiently sampleable, then so is the latter.

Approximate Counting. Given as input the description of a Non-deterministic Turing Machine
M and an input z for it, define f(M, z) to be the number of accepting paths in the execution of M
given input x. This function captures the defining problem of the complexity class #P. The same
can be done with the #P-complete problem #SAT, which is the problem of counting the number
of satisfying assignments to a given Boolean formula.



In both these cases, however, the function can take exponentially many values in the instance
size, and so trying to apply our theorems would not give meaningful bounds. However, if we instead
consider the function g(M, z) = logy(f (M, x)), this function is real-valued and lies in a polynomially
bounded range (as long as the formula is guaranteed to be satisfiable). Further, additive +e
approximations to ¢ are equivalent to multiplicative 2¥¢ approximations to f. Theorem 1.2 now
implies the following.

Corollary 1.5. Suppose there is a family of distributions over satisfiable Boolean formulas on
which multiplicatively approximating the number of satisfying assignments to within a factor of 2 is
0.9-hard. Then there is a family of distributions on which the same task is O(n=%2%)-hard (where
n is the instance size). Further, if the former is efficiently sampleable, then so is the latter.

1.2 Technical Overview

In this section, we give an overview of our analysis of the hardness amplification of summation. We
start by looking at hardness amplification of evaluating integer-valued functions (Theorem 1.1), and
then describe how to extend this to approximately evaluating real-valued functions (Theorem 1.2).

Hardness of {0, 1}-valued functions. We will start by showing something even simpler — hard-
ness amplification for functions that only take two different values. Our techniques here are inspired
by ideas in the proof of existing hardness amplification theorems for problems in NP [O’D04].

Suppose that there is a function f : {0,1}" — {0,1}, and a corresponding distribution H
over {0,1}"™, on which the function f is strongly average-case hard; that is, there is some small
v = 1/poly(n) such that for any circuit C' of size at most s,

Pr [C() = f(a)] < L(147),

For simplicity, we assume that f is balanced over H. That is,

P =0]=P =1
Pr[f() =0 = Pr /() =1]

For some t € N, consider the function g : {0, 1} — Z;y1, where g(z1,...,2¢) = f(z1) + -+ +
f(x¢). In the following, we will show that the average-case hardness of g improves polynomially in
t. Particularly, for any circuits of size at most approximately s, we have:

(1)
L t
Pr [C(x) = 14— 1
Pr 0@ =g <5 (145 9) )

Before we show this, let us understand the best hardness we can hope to show. A simple
algorithm for computing ¢ is to just always output the value that g is most likely to take. Since f
is assumed to be balanced over H, this value would be %

ro-g - $ee()

If the function f had been optimally (1/2)-hard, then this would also be the best possible
algorithm for g. What we have is that f is (1 4+ 7)/2-hard for some small v, indicating that f is
still almost optimally hard. We essentially show that in this case the above algorithm is still nearly
the best possible algorithm g.




We start by observing that the hardness of f implies the indistinguishability of the distributions

H conditioned on different outputs — H|y(;)—o and H|s)—1. That is, for any circuit C of size at
most s,

Pr [C(x) = 11f(x) = 1] = Pr [Cx) = 1]f(x) = 0]| <. )

z—H
To see why, suppose that this is not the case. Without loss of generality, there exists a circuit C'
satisfying

Pr [C(x) = 1/(x) = 1] = Pr [C(x) = 1]f(x) = 0] > .

z—H
Then,
Pr [O(x) = f(2)] =5 PrIC(@) = f(@)|f(x) = 1] + 5 Pr{C(x) = f(@)|f(x) = ]
= PrIC(@) = 1[f(x) = 1] + 3 (1 - PrlC(x) = 1| f(x) = 0]
1
25(1 + ’Y)

which leads to a contradiction.

For function g, consider the performance of any circuit C for computing g. We claim that, for
any k € Z; and any v in the output range of C, the following holds:

Pr [C(z) =v|g(x) =k +1] — Pr [C(z) =v|g(z) = k]| <. (3)

<+ H? T+ H?

To prove it, assume

Pr [C(z) =v|g(x) =k +1] — Pr [C(z) =v|g(z) = k]| > . (4)

T+ H? T+ H? o
The distribution x < H?| g(z)=k 18 equivalent to the distribution sampled as follows:

e Independently sample x1, ..., 2y <= H|¢(p)=1, and g1, ..., 24 < H| ()= independently
e Sample a uniformly random permutation 7 from all possible permutations over ¢ coordinates

e Output 7(zy,...,x¢)

Using this observation and the linearity of expectation, (4) implies that there must exist a fixed

(T1,..., Tk, Tpt2,..., o) and a permutation 7, such that
Pr [é(ge) —olf(x) =1] - Pr [é(ﬁ:) = o|f(z) = 0]| > 7.
xz—H x—H
T (X1 ey T T, Tt 25--0) T (X1 ey T T, Tt 25--0)
Then, a circuit C' : {0,1}" — {0, 1} can be constructed by taking zi,..., 2k, Tgt2,...,2; and
permutation 7 as non-uniform advice and working as follows: on the input x € {0,1}", outputs 1
iff C(n(z1,...,x,...,2)) outputs v. The size of C' is approximately the size of C', and we have

x—H

Pr [C(x) = 1/f(x) = 1] = Pr [C(x) = 11f(x) = 0]\ >,

which contradicts the hardness of f as captured by (2).



Based on (3) and a simple telescoping argument, we further obtain, for any i, j € Z;y1 and any
v in the output range of C,

Pr [C(x) = vlg(z) =] — Pr [C(z) =vlg(x) = j]| <li—i|-7. ()

T H? T+ H?

We can now bound the probability that a circuit C can correctly compute the function g as:
t

Pr [C(z) = g(2)] = 3 Pr [g(a) =k Pr [C(z) = klg(z) = K

<+ H? T+ H? T+ H?

=> L. Pr [C(x) =klg(z) = k]

o T H?
~ () [ t]
L .
< (Pr Cz)=klg(z) == —i—’k— ‘ 'y)
t t
=0 < H 2_ 2
t) t - E t t
§ A t (1) t
< 2. P = = - AV.Z28 ) P
S o kzom_;{t _C(x) Ek|g(x) 2 | +;§:0 = |k 2‘ v
t) t -
(1 . t 1t [t
— 2 . — — — —_— . — . .
5 X P @) ke = 5| <) )

t
< (%) 1+ !
= o 9 Y-
where the second line follows from the fact that f is balanced over H, the third line follows from
(5), the fourth line from the maximality of the central binomial co-efficient, the fifth line from
computing the sum of the series there, and the last line from the fact that the events in the
probability expressions are disjoint.

The above approach to bounding the probability of computing the sum of ¢ independent in-

stances of a function whose value between two possible outputs is strongly hard to decide is at the
core of the proofs of our results.

Reducing to two outputs. Since our amplification approach is based on the strong indistin-
guishability of distributions over the pre-image sets of two outputs, for any evaluation problem, we
will identify such a pair of indistinguishable pre-image sets based on assumption that the evaluation
problem is hard. For simplicity, we will take the distribution over which the problem is hard to be
the uniform distribution over {0, 1}".

Consider a function f : {0,1}" — Z,, that is (1 — 0)-hard for circuits of size s. For every
a,b € Zm, a # b, we define a computation problem in which we only consider the correctness on
inputs whose output belongs to {a,b}. We formalize the above problem by defining the relations
R, p over {0,1}" X Zyy:

o If f(z) € {a,b}, then (x,y) € R, if and only if y = f(x);
o If f(z) & {a,b}, then (x,y) € R, for every y € Zy,.

For any = € {0,1}", denote by R, (x) the set of y € Zy, such that (z,y) € R,p. We show that
the hardness of f implies that there must exist some a # b € Z,, and some distribution over their



pre-image sets for which it is hard to distinguish whether f(z) is a or b. More precisely, we show
that there exists a pair (a,b) such that Ry is (1 —6/("y))-hard for circuits of size 5.

To prove this by contradiction, suppose for every a # b € Z,,, there exists a circuit Cy that
satisfies,

0
Pr [C, Ryp(z)] >1— -2 .
xe{()l,nl}"[ 7b($) € 7b($)] (7721)

For simplicity, let Cp,, = Cqp. Then, by combining the C,3’s, we can construct a circuit C' as
follows:

e Input: =z € {0,1}"
e Fori e {0,...,m —1}

— If C; j(x) = i for every j # i, output ¢
e Output L

The size of C' is approximately (T;) - %y < s. It is clear that on the input z, if every C,; outputs
a value in R, (), then C(x) = f(x). Then, the probability that C' agree with f is

Pr [C(z)=f(z)]> Pr_ [Y(a,b),a<b:Chp(z) € Ryp(z)]

x+{0,1}m T z+{0,1}n
>1-— P
2= 30 P [Copl@) ¢ Rasl@)]
(a,b),a<b
Z 1- (57

which results in a contradiction. Therefore, there must exist such an R, that is (1 —6/("y))-hard
for circuits of size s/m?.

Amplifying using hardcore sets. Pick a relation R, that has such hardness. As its hardness
essentially comes from the hardness of deciding between two possible outputs a and b, we can
extend existing proofs of the hardcore lemma for Boolean functions (e.g. that of [Imp95]) to obtain
a hardcore set? for R,p. This is a set H C {0,1}" of density at least &' = 6/(}') such that the
relation R,p is (1 4+ 7)/2-hard over random inputs from H for circuits of size roughly v2s/m?2.
Further, we can ensure that all inputs z € H are such that f(z) € {a,b}, and with only a small
loss, we can also ensure that this set is balanced between the outputs a and b.

The rest of the argument is quite standard. Given t inputs x1,...,x; sampled uniformly at
random from {0,1}", with high probability roughly at least a § fraction of these will fall in H.
Looking at just these 't inputs, we are essentially back in the case discussed at the beginning of
this overview — that of a function that has two possible outputs, with inputs being sampled from a
hard distribution balanced between these outputs. Applying the amplification arguments there to
this subset of inputs, we get from (1) that computing the sum of the f(z;)’s for the z;’s that fall
in H is roughly (1/v/6't ++/8'ty)-hard for circuits of size roughly 72s/m?. In order to compute the
sum of all the f(x;)’s, the sum corresponding to the above §’t inputs needs to be computed. So this
hardness carries over to computing SUM; ® f as well. Setting v = 1/§’t now gives us Theorem 1.1.
The entire process is as depicted below.

2 Actually, what we obtain are hardcore distributions, but we assume these are sets in this overview for simplicity.



f:{0,1}" = Zy, is (1 — §)-hard on {0,1}"
|

f is (3 + €)-hard and balanced on H, where |H| ~ % 2" and |f(H)| =2

|

SUM; ® f is O(ﬁ + V/ty)-hard on H'

|
+Vtém—2 . v)-hard on {{0,1}"}!

SUM; ® f is O(

1
Vitdm—2

Approximating Real-valued Functions. Our main theorem (Theorem 1.2) is that summation
amplifies not just the hardness of computing functions exactly, but also the hardness of additively
approximating real-valued functions with bounded range. Our proof of this follows the same high-
level structure as that of the above theorem about exactly computing integer-valued functions:

1. Using the mild hardness of e-approximating a function f : {0,1}" — [0,m), obtain the mild
hardness of an approximate “two-output” relation R, ;, which corresponds to e-approximating
f(x) under the promise that f(x) is close to either a or b

2. Show that this mild hardness implies that there is a hardcore set of inputs of noticeable size
on which computing R, is strongly hard

3. Show that when multiple samples x; are drawn from this hardcore set, the hardness of e-
approximating the sum of the f(z;)’s amplifies as expected, using the fact that these f(x;)’s
are all close to either a or b

4. Observe that since this hardcore set is of noticeable size, given many uniformly random
inputs x;, a noticeable fraction of them are from this hardcore set, and so the above amplified
hardness carries over

Before we do any of this, we pick a d < € and partition the space [0, m) into (m/2d) intervals
of “radius” d, centered at d, 3d, etc.. Earlier, we defined the relations R, ; by looking at every pair
of values the output f(x) could take, and essentially ignoring inputs whose outputs were not in
{a,b}. Here we do the same, except with these intervals. For every pair of centers a and b of such
intervals, we then define the relation R, over {0,1}" x [0, m) as follows:

o If f(x) € [atd) or f(zx) € [b£d), then y € Ry p(x) if and only if |f(x) —y| <e.
e Else, y € R, (z) for any y.

Suppose f is (1 — §)-hard for circuits of size s. Using arguments analogous to those in the
integer case, we show that there must exist some pair of intervals such that distinguishing between

their pre-images is also mildly hard. That is, there exist centers a,b € [0,m) such that, for any
d?s

circuit C of size £-3, we have:
Pr [C(2) € Rup(a)] < 1— —o—
24-{0,1}n ap ((%W) ’

This completes the first step mentioned above. The second step is to prove a hardcore lemma. for
such relations. To do so, we observe that a crucial element that is essentially sufficient for hardcore



lemmas is what we call a majority combiner. This is a function M that is computable by a small
circuit, and has the property that the output of M (y1,...,y) is contained in R (x) whenever a
majority of the y;’s are contained in R, p(x). For the R,}’s as defined defined in the integer case,
the majority function itself had this property. In the present case, it is not hard to see that the
median function has this property. This observation lets us extend the hardcore lemma to these
relations.

The fourth step above, being quite generic, is unchanged and follows easily, but the third step
turns out to be quite hairy and require careful arguments that take into account the relative sizes
of € and d, the gap between a and b, etc.. The high-level idea is still the same as the corresponding
part of the proof in the integer case. The core there, as captured by (3), was to show that for
any circuit C' (of a certain size) that takes ¢ inputs z1,...,x; sampled from the hardcore set, if
the number of x;’s with f(x;) = a is changed by 1, the probability mass placed by C on any given
output changes by very little. We show the same here, except that instead of showing this for the
probability masses of specific outputs, we need to argue about the masses of intervals of various
sizes. This turns out to be the part of the proof that requires the most care, but ultimately works
out with some similar parameters. We refer the reader to Section 5 for the details.

2 Definitions

2.1 Notations

For m € N, denote the set {0,...,m—1} by Z,, (note that this is just a set, not the ring of integers
modulo m). For v,e € R, we use [v+¢€) to denote the interval [v — €, v 4 €) and use round brackets
for open intervals and square brackets for closed intervals.

For distributions H, G over the same domain {0,1}", for any integers 0 < k < ¢, the sym-
bol TI;(H*, G*=*) stands for the following distribution: sample z1,...,z; from H independently
and sample xgy1,...,2; from G independently, sample a permutation 7 over t entries uniformly
randomly, and output 7(x1,..., ;).

Functions and relations. For n,¢ € N and some alphabet X, 3, given functions f : {0,1}" — %
and g : X! — ¥, denote the function that outputs g(f(z1),..., f(z¢)) over input (z1,...,7;) by
g® f. For a relation R C X x ), for any x € X, we define R(z) ={y:y € Y A (z,y) € R}.

Representing real numbers. We represent real numbers using strings. In each case, the range
of relevant real numbers is some [0, m) that will be clear from the context, and the string is to be
interpreted as a fixed-point representation of numbers in that range. That is, for any y € [0, m),
y is evaluated as y; - 21081=1 4 gy . oflogm]=2 L ... 4 Ylogm] 20 1 Yllogm]+1 ° 271 + ... where
y; € {0,1} and y is represented by (y1, 2, ...).

2.2 Average-Case Hardness

The average-case hardness of a problem is defined with respect to a distribution over its input
domain. We start by formally defining the hardness of evaluating functions.

Definition 2.1 (Hardness of Evaluating Functions). For any § € (0,1), n,l,s € N, consider a
function f : {0,1}" — ¥, where ¥ is an output domain that can be encoded by {0,1}! and
[ = [log|X]|]. For a distribution D over {0,1}", f is called d-hard on D for circuits of size s if, for



any circuit C : {0,1}" — {0, 1} of size at most s, we have

Pr [C(z) = f(z)] < 0.

D

As functions are specific instances of relations, the above definition can be generalized to a
broader context.

Definition 2.2 (Hardness of Satisfying Relations). For any § € (0,1), n,[, s € N, consider a relation
R C {0,1}" x ¥, where ¥ is an output domain that can be encoded by {0,1}! and I = [log|%|].
For a distribution D over {0,1}", R is called §-hard on D for circuits of size s, if for any circuit
C :{0,1}" — {0,1}! of size at most s,

Pr [C(z) € R(x)] < 6.

D

We introduce the following terms for real-valued functions.

Definition 2.3. For a function f : {0,1}" — [0, m), the approximation problem with distance d is
denoted by a relation R‘ch C {0,1}" x R, where

R} = {(x,y) : |f(x) —y| < d}.

Similarly, the closed approximation is defined by

R ={(a,y) : |f(x) — y| < d}.

Definition 2.4 (Hardness of Approximating Functions). For any § € (0,1), o, s € N and m,e € R,
consider a function f : {0,1}" — [0,m). For a distribution D over {0,1}", f is called d-hard
to approrimate on D with accuracy a and distance € for circuits of size s, if the relation R C
{0,1}" x {0,1}* is d-hard on D for circuits of size s, where

R={(z,y): |f(z) —y| < e},

and real value y is encoded by a binary of length a.

3 Hardcore Lemmas

Impagliazzo’s hardcore lemma [Imp95] implies the existence of a strongly hard subset within an
instance space where the Boolean function is only mildly hard on average. In this section, we first
extend the hardcore lemma to a more general setting, for relations with a closure property under
majority. Then, we will demonstrate how to transform a hard distribution into a balanced one, to
facilitate our subsequent proofs of hardness amplification.

The following definition of density is utilized to measure the flatness of the hardcore distribution
obtained, ensuring that it can be reintegrated into the original distribution [AB09, Chapter 19].

Definition 3.1 (Relative Density). For ¢ € (0, 1] and distributions X,Y on {0,1}", X is called
d-dense with respect to Y, if for any x € {0,1}", we have

Pr[X =z] < = -Pr[Y =z].

ST

Claim 3.1. If the déstribution X has a relative deﬁnsz’ty 6, with respect to Y, then there exists
another distribution X, such that Y = 6X + (1 —0)X.

10



Proof. We proof this by showing the construction of X. If § = 1, X and Y are the same distribu-
tions. For 6 € (0,1), consider any z € {0,1}", let

- 1

We have
= 1
Z Pr[X:a:]:T(S Z PrlY =z]—-90- Z PriX=z2]] =1
ze{0,1}" ze{0,1}™ ze{0,1}"
Therefore, X is a valid distribution satisfying Y = §X + (1 — 6)X. O

3.1 Hardcore Lemma for Relations

The closure property under majority is highly useful for identifying the hardcore distribution of
functions or relations. Several prior studies have relied on this closure property to prove the
existence of hardcore distribution [Imp95, KS03, Kal07, BHK09]. We begin by formally defining
majority combiner.

Definition 3.2 (Majority Combiner). For a relation R C {0,1}" x ¥ and ¢ € N, a circuit M :
¥t — ¥ is called a magjority combiner for relation R over t coordinates, if for any z € {0,1}" and
any yi,...,yt € 3, such that [{i:7 € {1,...,t} Ay; € R(x)}| > t/2, we have M (y1,...,y:) € R(z).

The key idea behind Impagliazzo’s hardcore lemma is that, if for any distribution H with certain
density, there always exists a circuit of slightly smaller size that solves the problem with probability
more than % + 7, for some v € (0,1), then we can construct a larger circuit by taking the majority
vote of multiple carefully chosen circuits, which can result in a high probability of agreement with
function f, leading to a contradiction.

Lemma 3.2 (Extended Hardcore Lemma). For n € N, consider a relation R C {0,1}" x {0,1}™;
define G = {x : Yy € {0,1}"",y € R(x)}. Consider any distribution D over {0,1}". Consider any
5 €(0,1), v €(0,1/2), and large enough s € N. Let t = (W] be an integer. If there erists a
magority combiner for relation R over t coordinates of size at most s/2, and R is (1 — §)-hard on
D for circuits of size s, then there is a distribution H over {0,1}"\ G which is 0-dense with respect

to D, such that R is (% + 7)-hard on H for circuits of size ﬁ(g/%)'

Remark 3.1. The best-known parameter for the small circuit size in the lemma is O(%),

whereas the bound we present here is O(%). In fact, the proof in [BHKO09], which uses a
multiplicative weight update method, can be directly adapted to our extended setting. For simplicity,

we provide a proof for a slightly weaker bound, which suffices for our purpose.

We follow the proof in [Imp95, AB09] with some subtle adjustments, and prove the statement
via the Min-Max theorem.

Proof of Lemma 5.2. For a relation R that is (1 —§)-hard on a distribution D, consider a zero-sum
game between two players A and B, defined as follows. Player A selects a circuit C' : {0,1}" —
{0,1}™ of size at most s’ = Wig/w to maximize the payoff, while player B chooses a distribution
S over {0,1}" \ G that is d-dense with respect to D, to minimize the payoff of A. The payoff of
player A is calculated by

Payoff(C, S) [C(x) € R(z)].

= Pr
S

11



Since R is (1 — §)-hard, the following should hold:

PrlzeGl<l1—-6d< Prlz¢G]>0. (6)
D D

Player B’s strategy set is non-empty (at least including D|m¢G). For intuition, player A tends to
choose a powerful circuit to solve problem R and the hard instances of R would benefit player B
more. By the Min-Max theorem, if mixed strategy is allowed, the order of playing will not influence
the game value. Suppose that two players use a mixed strategy D¢ and Dg correspondingly, the
game value is defined as

v=maxmin E Pr [C(z) € R(z)]| = minmax E Pr [C(x) € R(2)]| ,
Dc Ds C+Dg |x<S Ds Dg C+Dg |[z¢S
S<Dg S+Dg

where D¢ is a distribution over all possible choices that A can choose, and Dg is a distribution
over all possible distribution S. The game value is either at least % + v or less than % + . We will
show v < § + 1, as otherwise it would contradict (1 — §)-hardness of R.

Assume that game value v > % + v, then there exists a mixed strategy D¢, such that the
expected payoff of player A would always be at least % -+ v no matter which S is chosen by player
B. Define a bad distribution Bp, as follows,

2 4 Dlprepylc@er@)<i+q):

That is, Bp,, is the hard distribution D conditioned on the above probability statement. Abusing
notation, when saying x € Bp,,, it stands for « € Supp(Bp,). The set Bp,, is disjoint with G,
because for any z € G, for any circuit C'

Pr[C(z) € R()] = 1 > %(1 ).

Since we assume that game value v > % + ~y, for any S with relative density § with respect to D
over {0,1}"\ G, we always have the following,

JPr [C@) € R@)) 2 5+ (7)
xS

Then, we claim that
Pr [xeBDC]§6<1—%).

x<—D

If not, there exists a 7/ <+, such that Pr,. p[z € Bp.] = (1 — %) We construct a distribution

S’ to derive a contradiction: with probability (1 — %’), sample x from Bp, (which is disjoint with
G); else sample  from D conditioned on x not being in (Bp, UG). If x € Bp,,, then

For xz & Bp,,, we have

Pr[S’ =] = ’;, Pr[D = 7] _ ’;’ Pr[D = z] Pr[D = z]

" Prycn [z & (Bp, UQG)] " Precnp [z ¢ G] —Pryep [z € Bp,] 0

12



where the last inequality follows from (6). Thus, S’ has relative density d, supported in {0,1}"\ G.

/

5 vy 1
cu-fvc[o(x) € R(z)] = (1 2) C<—/gc [C(z) ()] 2 < 2 i
xS’ z<Bp,

which contradicts the assumption (7).

Let t = M. According to our hypothesis on R, for any large enough s, there is a circuit
M of size at most 3§, such that, for any = € {0,1}", M(y1,...,y) € R(z) if the majority of y;
satisfies y; € R(x) for i € {1,...,t}. Construct a circuit C, as follows: sample C,...,C; < D¢
independently, let C(z) = M(Cy(z), ..., Cy(x)), the size of C is at most ¢ - ﬁ(s/%) +35 <s. By

taking Chernoff bound, for any x ¢ Bp,,, the probability that C outputs a wrong value is at most
e=77/8, Therefore,

Pr [C(x) € R(x)] > Pr [C(x) € R(z) |x & Bp.] Pr o ¢ Bp]

A~

>1- PrlC(z) ¢ R(x)lx ¢ Bp]

> 1—6*7%/8—5(1—%)

— P B
il € Boc!

=1-4.

which contradicts the assumption that R is (1 — §)-hard on D for circuit size s. Therefore, game
value cannot exceed % + 7.
Consequently, there exists a mixed strategy Dg, such that for any C' with size at most s/,

1
P - .
o1 [C@) € R(z)] < 5+
S
Then, define the hardcore distribution H as follows: sample S < Dg, x < S. Since each S is
supported in {0,1}" \ G and is d-dense with respect to D, and H is a convex combination of S’s,
H is also supported in {0,1}" \ G and has é-density with respect to D. O

3.2 Balancing Hardcore Distributions

Definition 3.3 (Balanced Distribution). For any domain ¥, given a distribution X on {0, 1}" and
Yo,y1 € X, a relation R C {0,1}" x ¥ is called balanced on X around {yo,y1}, if

r [yo € R(x)] = a:lil;( [y1 € R(x)] = % and ng( [yo € R(x) ANyp € R(x)] =0.

X

Lemma 3.3 (Balanced Hardcore). For v € (0,3), 6 € (0,1) and s € N, for a relation R C
{0,1}" x ¥ and distributions H, D over {0,1}", suppose that there exist a,b € X, a # b, such that

e For any x € Supp(H ), there is exactly one of the following holds: a € R(x) or b € R(x).

o Letting D, denote the distribution x + D‘aeR(x)/\bgR(x) and Dy, denote the distribution x <
DlyeR(z)ragR(z); Da> Dy has d-density with respect to D.

If H is a d-dense distribution with respect to D and R is %(1 + v)-hard on H for circuits of size
s, then there is a distribution H' with density 6 with respect to D, on which R is balanced around
{a,b} and (5 + v)-hard for circuits of size s.

13



Proof. Let p, = Pryepla € R(z)] and p, = Pryepg[b € R(z)]. R is 5(1 +v)-hard on H, then

1 1

51 =) <Paspp < 5(1+7).

Otherwise, there is a circuit that trivially outputs a or b can succeed with probability at least
%(1 + 7). Then, construct a distribution H by the following steps:

o Lot p, =1 (HTV —pa> and f, = 1 (HTW —pa). If paspy € 3(1£9), Pas by € (0, 1),

e With probability p,, sample an instance x from D, uniformly randomly; with probability p,
sample an instance x from Dj uniformly randomly.

In the following, we first show that the distribution H' = ﬁH + ﬁfl is balanced. The support

of H' is over D, U Dy, then, for any x € Supp(H'), only one of the following holds: a € R(x) or
be R(z).
1 Yoo 1

a

P R =
Pr o€ R@)] = —p

1+ *ypa 2
Similarly, Pr,. g/[b € R(x)] = % Therefore, R is balanced on H' around {a,b}.

Since Dy, Dy, has 0-density with respect to D, for any = € {0,1}", we have
Pr[H = z] < max {ﬁa : faﬁb T

Both of H and H have 0-density with respect to D, since H' is a convex combination of H and H,
H’ is d-dense with respect to D.
Consider any circuit C of size s,

Pr [C(x) € R(z)] = S Pr [C(z) € R(z)] + T Pr [C(x) € R(z)]

zH' 14+ 7vaeH 14+7v.ep
1 1 0%
<—— (14 + ——
ST YT
1
<z .
5 77
Therefore, R is (3 + )-hard on H’ for circuits of size s. O

4 Evaluating Integer-Valued Functions

We now present our hardness amplification result for evaluating integer-valued functions. Given a
function f, which is somewhat hard to evaluate on average, it is feasible to show that the function
SUM; ® f possesses a strong average-case hardness, where SUM; represents the summation function
over t coordinates. We state our main theorem below.

Theorem 4.1. For 6 € (0,1), m,s,t € N and a distribution D over {0,1}", for any large enough
s, consider a function f : {0,1}" — Z,, that is (1 — 0)-hard on D for circuits of size s, define a
function g : ({0,1}"™")! — Zy. as follows:

g(x1,. .., m) = Zf(xl)

14



Then, for v € (0,1), for large enough s, g is n-hard on Dt for circuits of size s', where

(%)
n=ett4 L2MJ (1‘1‘{21’7),#:[”1(77?_1)1,
r 723
~ 512m2log(4m?/~8)’

For sufficiently small «, the dominant term of 7 is (”/ 2) = @(ﬁ) Taking ¢ large enough enables
us to establish hardness amplification. To prove it, we Wlll first construct the hardcore distribution
for the function f, show that summation effectively amplify the hardness on this hard distribution
and then generalize the result to the original distribution.

Intuitively, the hardcore distribution of any Boolean-valued function is straightforward, as the
output is restricted to either yes or no. However, for integer-valued functions, the structure of a
hard set is inherently more complicated. We characterize the hardcore of integer-valued functions
by defining a set of new problems, simply considering two values in the output domain and an
input value is only considered relevant if its corresponding output matches one of those. We show
that there is a pair of values such that the resulting problem is hard. Then, we extract a hardcore
from this hard problem, which possesses a good structure corresponding to the original function.

Lemma 4.2. For § € (0,1), m,s € N and a distribution D over {0,1}", consider a function
f:{0,1}" = Z,,. For any a,b € Zy, and a # b, define the relation R,y C {0,1}" x {0, 1}08m] gs
follows:

o If f(x) € {a,b}, then (z,y) € Rayp if and only if y = f(x);

o If f(z) & {a,b}, then (2,y) € Rap for any y € {0, 1},
For s > m?logm, if f is (1 — §)-hard on D for circuits of size s, there exists a pair of a,b €
Ly a # b, such that Ryy is (1 — m(zf_l))—hard on D for circuits of size 5.

This lemma suggests that if the function f is hard to evaluate on average, then there must exist
output values a, b, such that distinguishing their pre-images is also hard on average. We defer the
proof to Section 4.1, and our hardcore construction is shown below.

Lemma 4.3 (Hardcore for Integer-Valued Functions). For d,v € (0,1), m,s € N and a distribution
D, consider a function f :{0,1}" — Z,, which is (1 —d)-hard on D for circuits of size s. If s is
sufficient large, there exist a,b € Zy,,a # b and a (7) -dense distribution H (with respect to D),

~+2s

256m?2 10g(4m2/'y5) :
Proof. Suppose f : {0,1}" — Zy, is (1 — d)-hard on D for circuits of size s, by Lemma 4.2, if

s> m?logm, there exists a pair of a,b € N, a # b, such that Ry is (1 — m) hard on D for

then the distribution

on which f is balanced around {a,b} and 5(1 + 7)-hard for circuits of size

circuits of size —>;. This hardness implies that Pry. p[f(z) = a] > m,

Dl (z)=q 18 % dense with respect to D (and the same holds for b).
For relation R, p, the majority gate is a natural choice for the combiner. For some v € (0, 1), let

t= %‘W be an integer, if the size of majority-of-t circuits is less than 25, by Lemma 3.2,
2m
there is a m(%‘s_l)—dense hardcore distribution H' (with respect to D) over {z : f(x) € {a,b}} C
. . 1 ’y . . . 723
{0, 1}, on which R,y is (3 + §)-hard for circuits of size gz5—s Toe (4275}
By Lemma 3.3, we can construct a distribution H with density W‘il) (with respect to D), on
which f is balanced around {a,b} and (1 + ~)-hard for circuits of size 5zz—s ﬂgémz 725y O
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We believe that this hardcore distribution exhibits a desirable structure, given that the hardness
of evaluating function f on it can be captured by indistinguishability. In the following, we consider
the inputs sampled from the hardcore distribution. It is a natural way to amplify the average-case
hardness of function f, by constructing the function SUM; ® f. If f is hard on distribution H on
which there are two possible outputs, then the best algorithm with restricted running time would
not perform significantly better than random guessing. Consequently, the almost optimal way for
guessing the value of SUM; ® f on H! is output the one with the highest probability of occurring.

Lemma 4.4. For v € (0,1), m,s,t € N and a,b € Z,,, consider a hardcore distribution H C
{0,1}", on which function f : {0,1}" — Zy, is balanced around {a,b} and 5(1+4~)-hard for circuits
of size s. Define the function g : ({0,1}")! — Zy.;m as follows:

t

g(x1,..., 1) = Zf(xz)

=1

For k € N,0 < k < t and any other distribution G over ({0,1}")=% for sufficient large s,
specifically s > log(t - m), the function g is n-hard on IL;(H*,G) for circuits of size 5, where

1= 4 (1 rky),

This lemma demonstrates that summation can effectively amplify the hardness over the hardcore
distribution, for which the proof will be presented in Section 4.2. However, the hardcore lemma only
ensures the existence of a hard distribution without guaranteeing efficient sampling. Therefore, to
derive a more meaningful hardness result, we will eventually focus on the hardness on the original
distribution.

One direct approach is to embed this distribution into the original one with some probability
mass parameterized by its relative density. When sampling instances from the original distribution
a sufficient number of times, the number of instances sampled from the hard one will concentrate
around the expected value. Based on this observation, we proceed to prove our main theorem.

Theorem 4.1. For § € (0,1), m,s,t € N and a distribution D over {0,1}", for any large enough
s, consider a function f :{0,1}" — Z,, that is (1 — §)-hard on D for circuits of size s, define a
function g : ({0,1}")! = Zy.m as follows:

t

g(x1, ..., 1) = Zf(xz)

=1

Then, for v € (0,1), for large enough s, g is n-hard on Dt for circuits of size s', where

(1)) t
n=e + 261 (14—(217),# (m(m—l)w’
’ 723

* = Bl2m? log(4m?/~6)"

Proof. Theorem 4.1 For a function f : {0,1}" — Z,,, which is (1 — §)-hard on D for circuits
of size s, by Lemma 4.3, there exists a,b € Z,,,a # b and a ﬁ‘il)—dense distribution H with
respect to D, such that f is balanced around {a,b} and (1 + v)-hard on H for circuits of size

2s

256m?2 log(4m2 /~6)

s =
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H has density 6 = m, then there exists a distribution G over {0,1}", such that D =
6H + (1 —0)G. For t € N, we have

t

t\ » .
Dt: 5]43 1_51&—1{:‘1—1 Hk t—k‘
> ()dta - drt et ah
k=0
Therefore, for any large enough s € N, for any circuit C' of size s’ = g, by Lemma 4.4, we have

Pr [O<x>=g<x>1=2(,i)-8’%1—8)“’“- Pr0() = g(e)

x<+Dt a1l (H* ,Gt=F)

o R D
: (2)-5’“<1—5>““+<éﬁ) (+147)

k=

I
= O
== 1

[e=]

(1)
—p/a . L3l Iz
<e Mty ;ﬂ (1+[217>,

where p = [%] . The last inequality is obtained by Chernoff bound, where the first term is equivalent
to the probability that a binomial distribution with parameter (n, 5 ) samples a value less than p. [

4.1 Proof of Lemma 4.2

Lemma 4.2. For § € (0,1), m,s € N and a distribution D over {0,1}", consider a function
f:{0,1}" = Zy,. For any a,b € Zy, and a # b, define the relation R,y C {0,1}" x {0, 1}108™] g
follows:

o If f(z) € {a,b}, then (z,y) € Ry if and only if y = f(x);
o If f(z) & {a,b}, then (z,y) € Rayp for any y € {0, 1}Msm],

For s > m?logm, if f is (1 — §)-hard on D for circuits of size s, there exists a pair of a,b €
L, a # b, such that Ryy is (1 — ﬁé—n) -hard on D for circuits of size 5.

Proof. Assume that, for any a,b € Zy,, a < b, there is a circuit Cy : {0,1}" — {0, 1}“°gm1 of size
—5, such that
20
Pr [Cmb({ﬂ) S Rmb(a:)] >1-—

@D m(m —1)

Let Cp o = Cyp. Then, we can construct a circuit C' as follows:
e Input: z € {0,1}"

.,m—1}:

— If for every j # i, C; j(x) = i holds, return i.

e Foric{0,1,..

e Return L.

17



During the process, C' compares each output of Cj;(z) with i, which means there are ©(m?)
comparison of ©(logm) bits, so the circuit complexity of C'is at most (Tg) s te m?log m, where
c is a constant. If s > m?logm, the size of C is at most s.

By taking the union bound, we have

Pr [3(a,b),a < b: Cop(z) & Rap(z)] < ngé% [Cop(@) & Rap(z)] < 6.

D
a<b

For any input z, there exists at most one 4, such that for every j # i, C; j(x) outputs 7. If not,
we have Cj j(x) =i = j, which leads to a contradiction.

If every C,p(x) outputs a correct value in R, p(z), there exists a unique i = f(z), such that
Cij(x) € R;j(x) for every j # i, then C computes f(x) correctly.

Pr [C(z) = f(z)] > Pr_[V(a,b),a <b:Cyp(x) € Ryp(x)] > 1 -0,

D <D

which contradicts the fact that f is (1 — §)-hard for circuits of size s. O

4.2 Proof of Lemma 4.4

Lemma 4.4. For v € (0,1), m,s,t € N and a,b € Z,,, consider a hardcore distribution H C
{0,1}", on which function f : {0,1}" — Zp, is balanced around {a,b} and 3(1+~)-hard for circuits
of size s. Define the function g : ({0,1}")! — Zy.m as follows:

t

g(x1, ..., 1) = Zf(xz)

=1

For k € N,0 < k < t and any other distribution G over ({0,1}*)*=%_ for sufficient large s,
specifically s > log(t - m), the function g is n-hard on II;,(H*,G) for circuits of size 5, where

_ (gj) <1 + (’2‘“17> .

Proof. Consider a hardcore distribution H and a function f : {0,1}" — Z,,, such that f is balanced
around {a,b} and (1 + ~)-hard on H for circuits of size s. Let H, denote the distribution z +
H|f(z)—q and Hy denote x < H|fy)—y, we have H = %Ha + %Hb. For any i,k € N, denote
(H., Hf_i) by HF Then, consider any & = (#1,...,%_x) € ({0,1}")!* and a permutation 7 of ¢
entries, we claim the following fact.

Claim 4.5. If s >> log(t - m), for any circuit C : ({0,1}™) — {0,1}1°8'™1 of size at most § and
any i € Zy, v € Li.m, we have

Pr [C(w(@,@)) — |z € Hfﬂ} — Pr [C(Tr(a?,i“)) =vlz € Hi'“]

T HFk T+ HE

<.

By Claim 4.5 (which is proven below), combined with triangle inequality, for any i, j € Z,

Pr [C’(Tr(i’,:ﬁ)) = |z € Hf] < Pr [C’(ﬂ'(i,i)) — |z € Hﬂ Fli— |

T+ Hk
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T Hk
- iko reHt [:E € Hﬂ ff};k [C(w(i,:ﬁ)) =g(z,2) ‘a? € Hﬂ
= Zko 5;<—PIZ’€ [i € Hk} z<_PIr{k [C(ﬂ'(f,i)) = ai + b(k — 1) +A‘j c sz}
) ;io (5) (Fplow@an =aivot—o+afenty] +fi-15])
s k
<3 ((é) ;xf}gﬂ [C(r(@,2) =ai+ bk~ i) + Az e Hy | ﬂ; (’:) . l;')
1 k k L
<z () +a0 (1)

The second last line is obtained by Claim 4.6. Then, for any distribution G over ({0, 1}")t_k,

k
P o) = o) < (1+151).

T II(H*,G) 2k
O
Claim 4.6. For anyt € N,
¢
.t [t t t
i—=|l.]=1=]"
2f=316) 13- (1)
Proof. For any t € N,
¢ 15 L5
t| [t t t! t! >
i——()=S@t-2)(") = t—i -
2 21 6) 2 ;) 20(< T R T
3 151
t—1 t—1 t—1 t t
() -2 ()= () =3 (1)
O

4.2.1 Proof of Claim 4.5

Claim 4.5. If s > log(t - m), for any circuit C' : ({0,1}")t — {0,1}[1°8t™1 of size at most 5 and
any t € Ly, v € Ly.ym, we have

<.

Pr |C(r(z,d) = vlo € By | = Pr [Cr(a,2)) = vl € HY]

T Hk T HE
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Proof. Without loss of generality, suppose there exists a circuit C' : ({0,1}")¢ — {0, 1}lgtm] of
size at most § and i € Zg, k € Z.p, such that

Pr [C(W(i‘,ﬂ?)) — i€ Hiﬁl} ~ Pr [C(ﬂ(i‘,fﬁ)) i€ HZ-"“] > 1.
T+ Hk T+ Hk
Then, there must exists a tuple (z1,z9,...,2r_1) and a permutation 7 of k entries, such that

Pr [C(m(mg(z,x1,...,2k-1),2)) =v|z € Hy)— Pr [C(w(mg(z,21,...,25-1),2)) = v|x € Hy] > 7.
x<—H z—H

Construct a circuit C’, implementing C' by taking an input of length n, along with fixed 7, Z and
Tk, (L1, ..., Tk_1),v as the non-uniform advice, outputs a if and only if C' outputs v and outputs b
otherwise. Then,

Pr [C'(z) = alx € H,)

!
P mEI}-I[C (x) =blx € Hp]| > v

Therefore, the probability that C’ correctly compute f is

Pr [C'(z) = f(x)] = 1Pr[C"(x) =alr € Hy] + %Pr[C'(m) =blx € Hy] >

1
<+ H 2 ( + ’7),

N |

which contradict to f is (1 +)-hard on H.

5 Approximating Real-Valued Functions

In this section, we extend our results to real-valued functions. To avoid any precision loss introduced
by encoding, we assume that for any open interval of length §, there is a value that can be encoded
by {0,1} in the interval. Therefore, for any approximation considered below, we always assume
a > log(m/e) + 4.

Theorem 5.1. For 6 € (0,1), m,e € R, a,s,t € N, a > log(m/e) + 4 and a distribution D
over {0,1}", consider a function f : {0,1}" — [0,m) that is (1 — §)-hard to approximate on D
with accuracy o and distance €, for circuits of size s. For any large enough t, define a function
g: ({0,1}")" = [0,t-m) as follows:

t

g(x1,... @) = Zf(xz)

i=1

Then, for v € (0,1), for any large enough s, g is n-hard to approximate on D' with accuracy o
and distance €, o/ > log(t-m/e) + 4, for circuits of size s', where

()

L €
e T G R
/ ’725

s = -8
256m+/2t0 log(8tm? /e2+20)

n
When v is small enough, n will be dominated by (‘;/f) = @(#) For large enough ¢, we
can effectively obtain a function with strong average-case hardness to approximate by taking the

summation of multiple copies of f.
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Lemma 5.2. For§ € (0,1), m,e € R, a,s € N, a > log(m/e)+4 and a distribution D over {0, 1}",
consider a real-valued function f : {0,1}" — [0,m). For anyl € N, let d = §, which denotes the
radius of the partitioned intervals. For any a,b € {d,3d, ..., (2[ 53] —1)d},a # b, define the relation
R,y € {0,1}" x {0,1}* as follows:

o If f(x) € latd) or f(z) € [b£d), then (z,y) € Rqap if and only if y € (f(x) £e€);
o If f(x)€latd) and f(x) & [btd), then (x,y) € Rayp for any y € {0,1}*.

For any integer | > 1, for large enough s, if f is (1 — §)-hard to approximate on D with accuracy
o and distance € for circuits of size s, there exist a,b € {d,3d,...,(2[2] —1)d}, b—a > (31 —2)d,
such that Rqy is ( 4d” 5) hard on D, for circuits of size d 3.

The proof is deferred to Section 5.1. Following the approach used in the integer case, we
proceed with the construction of the hardcore distribution. This hard distribution maintains a
good structure, on which f will be balanced and mapped to [a £ d) or [b & d), for some fixed a, b,
which implies the closed approximation of f with distance d is balanced on H around {a, b}.

Lemma 5.3 (Hardcore for Real-Valued Functions). For §,7v € (0,1), m,e € R, a,s € N, a >
log(m/e) + 4 and a distribution D over {0,1}", consider a function f : {0,1}" — [0,m), which
is (1 — 0)-hard to approxz’mate D with accuracy o and distance € for circuits of size s. For any
integer | > 3, let d = £, there exist a,b € {d,3d,...,(2[2] —1)d}, b—a > (31 — 2)d, 47‘71122‘5—
dense distribution H (with respect to D), on whzch the closed apprommatwn of f with distance d is

balanced around {a,b} and the approzimation of f with accuracy o and distance € is %(1 +v)-hard
2d2s
256m2 log(2m?/d?~6)

for circuits of size

Proof. Suppose f : {0,1}" — [0,m) is (1 — d)-hard on D for circuits of size s, by Lemma 5.2,
for integer [ > 1, d = §, if s is sufficiently large, there exist a,b € {d 3d,...,(2[5] —1) d}

b—a> (31 —2)d, such that R, (as defined in Lemma 5.2) is (1 - 4i25>—hard on D for circuits
d s,

of size
For Ra’b, the majority combiner can be constructed by taking the middle point. By Lemma 3.2,

when s is large enough, we have a 47‘2225—dense distribution H' (with respect to D) over {z : f(z) €

[atd)U[b£d)} C{0,1}", on which Rap is (5 + J)-hard for circuits of size § = 5=-—s lg;éi;/d%é),
as well as the approximation of f with accuracy « and distance € is hard on H’.

If I > 3, then b — a > 2d, the intervals [a d] and [b + d] are disjoint. Then, by Lemma 3.3,
we can construct a distribution H with density 47”}1 % on which the closed approximation of f with
distance d is balanced around {a, b} and the approximation of f with accuracy « and distance € is

(1 + )-hard for circuits of size 3. O

Analogously, we prove that summation suffices to achieve amplification on hard distributions.

Lemma 5.4. For v € (0,1), m,e € R and a,s,t € N, a > log(m/e) + 4, for large enough
l €N, let d= %, consider a hardcore distribution H C {0,1}" and a,b € {d 3d, . d}
b—a> (31 —2)d, on which the closed approzimation of function f : {0,1}" — [O m) wzth distance
d is balanced around {a,b} and f is %(1 + 7v)-hard to approzimate with accuracy o and distance €
for circuits of size s. For any integer t, define a function g : ({0,1})t — [0,t-m) as follows:

g(x1,. .., m) = Zf(%)
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For k € N0 < k <t and any other distribution G over ({0, 1}”)t7k, for any large enough s,
function g is n-hard to approzimate with accuracy o and distance € on II,(H* G) for circuits of
size 5, where o > log(t-m/e) +4 and

k
n:(lg)<m+3+k7>.

2k l 2
We postpone the proof to Section 5.2 and now present the proof for Theorem 5.1.

Theorem 5.1. For 6 € (0,1), m,e € R, a,s,t € N, a > log(m/e) + 4 and a distribution D
over {0,1}", consider a function f : {0,1}" — [0,m) that is (1 — §)-hard to approximate on D
with accuracy o and distance €, for circuits of size s. For any large enough t, define a function
g: ({0,1}")" = [0,t-m) as follows:

t

g(T1,. .., x) = Zf(:c,)

i=1

Then, for v € (0,1), for any large enough s, g is n-hard to approzimate on D' with accuracy o’
and distance €, o/ > log(t - m/e) + 4, for circuits of size s', where

(%)
©
n=e My 20 (6 + H'y) = — /20,
2¢ 2 m
s = e -8
256m/2t0 log(8tm? /€2~25)

Proof. For a > log(m/e) + 4 and a function f :{0,1} — [0,m), which is (1 — d)-hard for circuits
of size s, by Lemma 5.3, for [ € N, let d = {, there exist a,b € {d,3d,...,(2[55] — 1)d}, b—a >

(%l — 2) d, and a %?—dense distribution H with respect to D, such that the closed approximation

of f with distance d is balanced around {a,b} and that f is £(1 4 v)-hard to approximate with

272
. . . . A v2d2s
accuracy « and distance € on H for circuits of size § = 56T log(2mZ d78) "

Since H has relative density 5 = 4;2225, there exists a distribution G over {0,1}", such that

D =0H + (1—-6)G. For t € N, we have

t

p=% (2) CBR(L = 8)R T (HE, G R,

k=0

Therefore, for any large enough s,t € N, for any circuit of size s’ = %, by Lemma 5.4, we have

AN .
P [C(z) = g()] = kzo (k> (1 =)k sttt e C(®) = 9(@)
b s (%)
< kz_: (2) B (P’\Z/ﬁ+3+gv)
=0

)
I W "
< w4 227 [ EVE L
<e + o ( i +3+ 27),
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where p = % = 22{525. Let | = \/u, we have

2td2§ \/2te25 €
= = —\/2 =
Vi = \/ 2m2  Im to=1

Then, | =

m

2
€ Ve
= —V2t5,5 = -8
S 256my/2t6 log(8tm? /e2~25)

5.1 Proof of Lemma 5.2

Lemma 5.2. Ford € (0,1), m,e € R, a,s € N, a > log(m/e)+4 and a distribution D over {0, 1}",

consider a real-valued function f : {0,1}" — [0,m). For anyl € N, let d = §, which denotes the

radius of the partitioned intervals. For any a,b € {d,3d,...,(2[55] —1)d},a # b, define the relation
Rop € {0,1}" x {0,1}* as follows:

o If f(x) € latd) or f(z) € [b£d), then (z,y) € Rqap if and only if y € (f(x) £e€);
o If f(x) € latd) and f(x) & [bEd), then (x,y) € Rqyp for any y € {0,1}*.

For any integer | > 1, for large enough s, if f is (1 — §)-hard to approximate on D with accuracy
a and distance € for circuits of size s, there exist a,b € {d,3d,...,(2[2Z] —1)d}, b—a > (31 —2)d,
such that Rgp is (1 — 4d225)—hard on D, for circuits of size ﬁf.

) m m

Proof. Suppose that for any a,b € {d,3d, ..., (2[53] —1)d}, a < b, there is a circuit Cyy : {0,1}" —
{0,1}* of size &3, such that

E[C ( ) ( )] 1- 725

Pr x) € Ryp(x .

. a,b a,b )

For simplicity, let C’b,a = Cgp- Taking a combination of circuits Cmb, construct a new circuit

C:{0,1}" — {0,1}* as follows:
e On input z, for any i € {d, 3d, ..., (2[45;] — 1)d} in ascending order:

— Compute C; j(z);

— if C; j(x) outputs a value in (i £ (e + d)) for every j # i, return max;-;(C; ;(x)), which
is the maximum value among all the outputs given by C; j(x).

e Return L if no such 7 exists.

If s is large enough, specifically s > (%)2 -, the size of C' is approximately ({%]) fn— <s
The performance of the circuit C' is stated as follows.

Claim 5.5. For any x € {0,1}", if Cqp(x) € Rqp(x) for any distinct a,b € {d,3d, ..., (2[55]—1)d},
C(x) € (f(z)Le).
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By Claim 5.5, we have

m 2
Pr [C(z) € (f(x) £e)] > Pr [V(a,b),a <b:Cyup(x) € Rop(x)] >1— (b‘ﬂ)  Ad%0 >1—6.
z<D <D ’ ’ 2 m2

The second inequality is obtained by taking the union bound. It contradicts the fact that f is
(1 — §)-hard to approximate with accuracy « and distance e.

In the following, we will prove that the relation R, (a < b) is potentially hard only if b — a >
(%l — 2)d. Assume the distance of two centers b — a < (%l — 2)d, construct a circuit C,; which
outputs a value in (b — (e — d),a + (e — d)), regardless of inputs. Since the interval length is

a—b+2(e—d) >— (§Z—2>d—|—2(e—d) > g
there exists a value in this interval that can be encoded in {0, 1}“.
For any input =z,
o If f(x)€fatd), fx)—e<a+d—e<b—(e—d)<a+(e—d)< f(z)+e
o If f(x)e[b£d), f(x)—e<b—(e—d)<a+(e—d)<b—d+e< f(z)+e.
e Otherwise, any output is in R, ().
Then, the output is guaranteed to have Cyp(2) € Rqp(z).

Therefore, there exist a,b € {d,3d,...,(2[5;] — 1)d}, b —a > (%l — 2) d, such that R, is

2 . . . 2
(1- 4d°9)_hard for circuits of size 5. O
m m

5.1.1 Proof of Claim 5.5

Claim 5.5. For any x € {0,1}", if Cop(x) € Ryp(x) for any distinct a,b € {d, 3d, ..., (2[55]-1)d},
C(z) e (f(z)Le).

Proof. We partition the output space into multiple intervals with length 2d and define a set relation
R, . For each relation, we focus on the inputs whose outputs by f lie in the corresponding intervals
l[a £ d) or [b+£d). Recall the process of algorithm C: for i € {d,3d,...,(2[5;] — 1)d} in ascending
order, if for every j # i, C; j(x) € (i + (e 4+ d)) holds, then C' stops and outputs max;;(C; j(x)).

Suppose that the algorithm returns when i = i, then f(x) > i —d. If f(z) < i — d, there exists
i < i, such that f(z) € [i + d), since we assume the correctness of every C,, then C' should stop
when i = 7, which results in a contradiction.

If f(z) € [%:l:d), Cij(x) € (f(z) £ ¢) for every j # i, then C(x) € (f(z) L ¢).
If f(x) >4+ d, suppose i > i and f(z) € [i + d), then Ci;(z) € (f(z) o).

f(z) —e < Cy5(z) < C(x) <i4d+e< flz)+e

5.2 Proof of Lemma 5.4

Lemma 5.4. For v € (0,1), m,e € R and «a,s,t € N, a > log(m/e) + 4, for large enough
l €N, let d = §, consider a hardcore distribution H C {0,1}" and a,b € {d, 3d,..., (2[5 — 1)d},
b—a > (%l — 2) d, on which the closed approximation of function f :{0,1}"™ — [0,m) with distance
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d is balanced around {a,b} and f is %(1 + 7v)-hard to approximate with accuracy o and distance €
for circuits of size s. For any integer t, define a function g : ({0,1}")t — [0,t-m) as follows:

t

g(x1,..., 1) = Zf(:z:z)

=1

For k € N,0 < k <t and any other distribution G over ({0,1}”)t_k, for any large enough s,
function g is n-hard to approzimate with accuracy o and distance e on II;(H*,G) for circuits of
S

size 5, where o > log(t-m/e) +4 and

k
772(}26)<3\/E+3+k7>.

2k l 2

Proof. For an integer [, let d = §, consider a hardcore distribution H C {0,1}" and a,b €
{d, 3d,...,(2[55] — 1)d}, b—a > (%l — 2) d, such that, the closed approximation of function
f :{0,1}" — [0,m) with distance d is balanced around {a,b} on H. Denote distribution = <
H|f(2)e(ata) Py Ho and distribution x < H|f()epray by Hp. Since f is balanced around {a, b} on
distribution H, H = %Ha + %Hb. The hardness of approximating function f implies the indistin-
guishability of this two distribution H, and Hp.

For t € N, let H! = II;(HZ, H,™"). Then, consider any fixed & = (&1,...,3—x) € ({0, 1pmyiF
and any permutation m of ¢ coordinates, we have the following fact.
Claim 5.6. For s, o’ € N, such that s > o and (t-m,d’,€) is valid, for any circuit C : ({0,1}")" —

{0,1}%" of size at most £, for any i,j € Nyy1, such that |i — j| =1 and any v, € € [0,t-m), e > e,
we have

Pr  [C(@)e(g@)+vEe)|zeH] - Pr [C@)e(g@)+v+v £(€+2d)|zeH| <y

T HF T HF
' (Z,%) ' (Z,2)

where v' = (j —i)(a — b).
Let A = Zf;’f f(&;). For any large even t, for any circuit C : ({0,1}")f — {0,1}*" of size at
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most 3, the following holds,

Pr  [C(@) € (g(Z) £ ¢)]

T HF
' 7 (Z,&)
k
= Pr [i‘ € Hlk} . Pr |:C(£Z'/) c (gt(i'/) :|:€) ic Hlk]
i—=0 - :f(fl‘{k/\ ~ i.(fI_{kA
U 3 em(2,8) ' 7 (Z,8)
1 [k y . -
:272 ; jf;lk [C(x)é(gk(x)-f-A:te)‘xGHi}
=0 7'+ (z,8)

( k > Pr [C’(f’) € (gr(T)+ Ate) ’;z_c € Hgﬂ}

PRI <k> Pr [C(az')e(gk(z)+z‘(a—b)+Ai(e+2dyz’|))]zeﬂg}+7-y¢|

(8)

The inequality (8) is obtained by using Claim 5.6, we use the probability with a same condition
zeH i to give an upper bound for the original term. The last inequility holds by combining Claim

4.6 and Claim 5.7.
Therefore, for any distribution G over ({0,1}")"™, we have

s o [C@) € (@ £ o) < o

Claim 5.7. For large enough l € N, for any circuit C, we have

i (,;fﬂ) Pr [C(:z»')e(gk(:-c)+i(a—b)+Ai(e+2dm))‘zEHg - (k) (3\1/%”)

A T HF
=—3 Z' 7 (Z,2)

[l

whereb—a>(%l—2)d and e =1-d.

Proof. Recall that e denotes the tolerance of the approximation error, and for some integer [ € N,
we let d = §. Since a, b are the multiples of d, let b —a = [ - d, for some positive integer /1. By our
assumption, b — a > (%l — 2) d, thus [ > %l — 2.

For simplicity, for any integer i1, o, let

Plinis) = Pr  [C() € gu(@) + A+ ird,gu(®) + At ind) |7 € HE |
T’ (Z,%)
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It is clear that P(iy,i2) + P(i2,i3) = P(i1,i3) for iy < i < i3. Note that (glfﬂ) = (gk_l), the left

hand side can be upper bounded by

.k
Z(k Z.>-P(z'-h—l—2|z'|,z'-l1+l+2|¢\).
2

Then, we will try to reorder the sum by taking the property of probability:

k

2 k
N PGl —1—2i| il +1+2]i
30 (4 ) Pen—t=2ilin 2

—_k
2

L ) il 1425 -1

k .
= <k+i > P(j,j+1).
j=—k N2 j=i-ly—1—2]i|
2

To calculate the above, we collect the sum of coefficients corresponding to each P(j,j + 1). For
each j, the term should be

ic(4) k
— \3 T1?
i=iz(j)
for some functions iy,i.. Let S(j) = ch_(f;m (Elj_z) denote the coefficient of P(j,j + 1). Since the
- 2

summation of all possible P(j,j + 1) is at most 1, by the definition of probability, it is feasible to
give an upper bound for the entire summation by computing the upper bound for S(j).

For any i € [if(j),i.(j)], i should satisfy the following:

o |

il —1—2li|<j<i-li+1+2]i—1and — = <i<

We prove S(j) = S(—j — 1) by showing the following. For any i € [if(5),i.(j)],
il =1 =20 <j<i-b+l+2]i] -1 —i-h—1—2/i|<—j—1<—i-lj+1+2]i|—1.

Then, —i € [if(—j — 1),ic(=j = D), since () = (x%,), S() = S(=j — 1).

Recall that I; > 31—2, assume [ > 6, [;—1 > 1. When j > 0, we necessarily have i-l1+142 |i| > 1.
If there exists a negative i satisfies the inequality, then i(l; —2) +1 < —(l; —2) +1 < 1, which leads
to a contradiction. Therefore,

i —1—-2i<j<i-li+1+2i—1,
which is equivalent to
Jj+1
lh —2

j—l+1

ir(j) =1 13

1<i<|

J = 7/0(])
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Therefore, we can give an upper bound for S(j),

0=3 (1"

i=ig(j)

: <ljtl2 ) (’“ +§f<j>>
B <4] TG, (f;) 24 1) <k +]Zf<j>)

= (MM ”’) <’“ +lzf<j>>'

On the other hand, j can be upper bounded in terms of is(j), that is

j—l+1

7 < if()+ 1= < (i) + 1)1 +2)+1-1< (ip(j) +2)(l +2).

Then, we plug in i(j),

50 < (Garm ) (s0) < Rz 8 (5500)

In the following, for 0 < i < g, we denote

() = ;“1*22(,5 i z) (10)

It is clear that the maximum value of S(j) is at most the maximum value of 47'(i) + 3(’;), that is
2

k
max . S(j) =max S(j) <4 -maxT(i) + 3<k>

j 720 i x
The first equality holds because S(j) = S(—j—1). To find the maximum value of 7'(), we compare
each pairs of adjacent terms in the sequence.

T(i+1) (i+3)(g+]§+1) O @+3)(5-i)

T() (¢+2)(§’fﬂ.) 2 (Erit)

Then, T(i + 1) > T(i) if and only if i < ¥#£>=3_ We have

Vk+5-3 )
max 7T'(1) < L;;i_(k)
i 1 —

Therefore, for k > 12,

apest <4 LEELE () (8 o 5.1 (),

2
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5.2.1 Proof of Claim 5.6

Claim 5.6. For s, o’ € N, such that s > o and (t-m,d’,€) is valid, for any circuit C : ({0,1}") —
{0,1}*" of size at most 5, for any i,j € Npyq, such that |i — j| = 1 and any v,e’ € [0,t-m), > ¢,
we have

Pr [C(@) € (g(z) +vE€) }ieH;] - Pr [C(@) € (g(&) +v+0v £ (¢ +2d) |z € Hf| <~
T+ H T H
T/ m(z,&) ' m(z,2)

where v' = (j —i)(a — b).

Proof. Without loss of generality, suppose ¢ € N; and j = ¢ + 1. Suppose that there is a circuit C'
of size at most § and v, €’ € [0,t-m), € > ¢, satisfying

Pr [C(Z) € (g(z) +vE€) }i € Hﬂ — Pr [C@) € (g() + v+ £ (€ +2d)) ’a‘c € Hf] > .

THF ZHFb
T/ m(z,) ' m(z,2)
Then, there must exist a tuple (z1,...,2_1) and a permutation 7 of k entries, such that,
Pr [C(@) € (g:(T') +vE€) |z € Hy
z—H
TTg (X100 sT—1,T)
T/ m(z,&)
- Pr [C(&) € (qu(Z') + v+ £ (¢ +2d)) |z € Hy| >

z—H
TTg (T1 00T —1,T)
T/ m(z,)
In fact, g:(Z') = f(z) + gr—1(21, ..., x1—1) + g—k(2), let A = g(Z') — f(x), which is a fixed value
independent of x. Recall that € is the tolerance of approximation error and d is the radius of the
intervals around a and b, while letting d = § for some large enough integer . Define a circuit
C’:{0,1}" — {0,1}* as follows:

1. Input: z € {0,1}".

2. Compute y < C(m(z,z)).

3. Ify € [a+ A+ v+ (¢ +d)), output a value in (a £ §).
4. Otherwise, output a value in (b + §).

If s is large enough, the size of C” is less than s. In the following, we will show that the circuit C”
can approximate function f with a good probability, then result in a contradiction.

For any = € H,, which means f(z) € [a+d), if C(Z') output a value y in (¢:(Z’) + v £+ €) which
is equivalent to (f(x) + A+ v £ €), we necessarily have y € [a + A + v & (¢’ + d)). For any value

€(at§),|f(@)—2] <% +d<e then
Pr [C'(z) € (f(z) £e) |z € Hy] > Pr [C(@) € (q(Z') +vE€)|we Hy).
z—H z—H
7 (T1,. . Th—1,T)
T/ m(z,2)

On the other hand, for any = € Hy, f(z) € [b£d), if C(Z') output a value y, such that
y & (g(T') +v+v £+ (¢ +2d)), which is equivalent to (f(z) + A+ v+ (a — b) £ (€' + 2d)). The
interval above covers the interval [a + A + v £ (¢/ + d)), since

a+A+v+e+d< fz)+A+v+(a—b)+€+2d
at+A+v—€—d>flz)+A+v+(a—b)—€ —2d
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The circuit C’ will output a value in (b =+ £), then

Pr(C'(e) € (f) o) fr € Hy]>  Pr [C@) ¢ (9u(@)+ v+ £ (¢ +2d) |e € Hy].

x<—H

Therefore,

xz—H
TTg (T1 500 s Th—1,T)
T/ m(z,)

the probability that C” can successfully approximate function f on H is

Pr [C'(x) € (f(z) £ €)]

1 , 1
=5 PrC(z) € (f(z) £ e)lz € Ho]+ 5 Pr.
3 Pr [C(@) € (g(T') +vE€) |z e Hy]
Tmp (21,0 T —1,)
T/ m(z,2)

[C'(z) € (f(2) £ )|z € H)]

1
+5 Pr. [C(@) & (9u() + v+ £ (¢ +2d)) |z € Hy] .
TTg (1,00 s Th—1,T)
z'm(Z,%)

> S(1+1),

N =

which contradict to f is $(1 + )-hard on H. O
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A Corollaries

Our motivation for investigating this in the context of general evaluation or approximation problem
arises from the average-case hardness of SZK. The complexity class SZK consists of problems which
have statistical zero-knowledge proofs, for which Entropy Difference (ED) is a known complete
problem [GV99].
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Definition A.1 (Entropy Difference). The promise problem Entropy Difference ED is defined as,

EDy = {(Co,C1) : H(Co) = H(Ch) + 1},
EDy = {(Co, C1) : H(Cy) < H(Cy) — 1},

where Cy, C are circuits with output length n. H(C) denotes the Shannon entropy of the dis-
tribution encoded by circuit C' — that is the distribution of its outputs when its input is sampled
uniformly at random.

Following our approach for hardness amplification and assuming the average-case hardness of
SZK, we derive the conclusion that the estimation of Shannon entropy for distributions exhibits
strong average-case hardness. The corollary can be formulated as follows. We will use the terms
efficient or polynomial-time alternatively.

Corollary A.1. If there is a promise problem 11 € SZK that is somewhat hard on average, then
there exists an efficiently sampleable distribution, on which estimating Shannon entropy is extremely
hard on average. In particular, for § : N — (0,1) and a constant ¢ € N, if there is an efficient
sampler S that on input 1™ outputs a circuit C' with output length n and k € (0,n), such that it
is (1 — 8(n))-hard to decide ED on S in polynomial time, then there exists an efficient sampler S’
that on input 1™ outputs a circuit with output length m, on which estimating Shannon entropy is

. —1/4
infinitely-often 10 - (mﬁ 5’(m)/8) -hard in polynomial time, where §'(m) = ¢ (ml/(c+1)).

Proof Sketch. Assume there is an ED instance sampler S, such that, for any polynomial-time algo-
rithm A,
(C’o,cl)is(w)[ (Co, C1) (Co, C1)] (n)

é(n)
2

Then, the estimating of Shannon entropy with distance 1 is (1 —

2
polynomial-time algorithm A’,

)-hard, that is, for any

Al(Cy) € <H(Cb) + ;)] <1- 5(;)

Pr [
(Co,C1)<—S(1n)
b+{0,1}

We construct an infinitely-often sampler S’ as follows: on input parameter m = n°t! sample

(Ci0,Ci1) « S(A™) and (by,...,bye) for (i = 1,...,n°), and outputs (Cip,,...,Cpep,.). The

output length of resulting circuit is n°t!. By Theorem 1.2, the approximation on S’ with circuit

output length n°*t is 10 (n24(n)/ 8)71/ * hard for polynomial-time algorithms, where t(n) = n¢.
=2 -1/4

As m = n®t!, Shannon entropy is 10- <m +14'(m)/ 8) -hard to approximate on S’ with distance

% for polynomial-time algorithm, where m is the output length of the circuit generated by the

sampler and ¢ (m) = & (m!/(t1). O

Additionally, our result implies the hardness amplification for multiplicatively approximating
the problems in #P with closure property under multiplication.

Definition A.2 (Closure under multiplication). For a counting problem II € #P, II is called
closed under multiplication, if there is an efficient algorithm Comb such that, taking problem
instances (x1,x9,...) as input, outputs an instance z satisfying |z| = |z1| + |x2| + -+ and II(z) =
I(zq) - (x3) - - - -, where we use | - | to denote the complexity parameter of an instance.

33



The closure property under multiplication requires an efficient way for combining the instances
such that the characteristics of the combined instance can be computed as the product of its
components’ characteristics. For example, the #SAT problem, a complete problem for #P, is
closed under multiplication, where the complexity is parameterized in terms of the number of
variables or clauses.

Since our hardness amplification method relies on addition, we take the logarithm of the counting
value. To ensure that the logarithm is well-defined, the problem must be total, meaning that for
every input instance, the counting value is at least 1.

Corollary A.2. For 6 : N — (0,1) and a constant €, if there is total counting problem Il € #P
which is closed under multiplication and is (1 — 0(n))-hard to approximate multiplicatively with
ratio 27¢ on some polynomial-time sampler S for any polynomial-time algorithm, where n is the
complexity parameter of I1, for any constant ¢ € N, there exists an efficient sampler S’, such that

c—2
IT is infinitely-often O ((mﬁ(S'(m))*l/‘l) -hard to approximate multiplicatively with the same ratio

on S'(1™) for polynomial-time algorithms, where &'(m) = § (m'/(¢+V),

Proof Sketch. For simplicity, suppose any instance = generated by S satisfies 1 < II(xz) < 2™.
Assume there is an efficient sampler S, such that, for any (non-uniform) polynomial-time algorithm
A, we have

:m—l;{l") [A(z) € (27 - TI(z),2° - II(z))] < 1—d(n).

Let f(x) = logII(z), it is equivalent to, for any efficient algorithm A’

xegfln) [A'(z) € (f(z) £e)] <1-46(n).

For some constant ¢ € N, we construct another sample S’ (1”c+1): sample z1,- -, xpe  S(1")

independently and output x «— Comb(x1,...,z,c). It is clear that f(z) = Z?:cl f(z;). By theorem
. 2 —1/4
1.2, the approximation of f on §'(1""") is 10 - ¢~ /2 (mcﬁ 5’(m)> -hard for polynomial-time

algorithms. Let m = n°!, it follows that

By A0 € (2 11,2 10)] <0 (55 m) )

where §'(m) = § (m!/(¢+1), O

Beyond the approximation problems mentioned above, we further explore some variants of
optimization problems. For instance, while the search version of MaxSAT is a problem to find the
optimal assignments to maximize the number of satisfied clauses, we focus on a different version of
it, that is to evaluate this maximum value. According to previous study [GK20], the hardness of
searching MaxSAT can be amplified. Our work indicates that evaluating MaxSAT also exhibits this
property. We refer to this problem as MaxSAT in the following.

Corollary A.3. For 6 : N — (0,1), if there exists an instance sampler S, on which MaxSAT
is (1 — d(n))-hard for poly-time algorithms, for any constant ¢ € N, there exists another sampler

S’, on which MaxSAT is infinitely-often O ((mz% 5’(m))_1/2> -hard for poly-time algorithm, where
§'(m) = §(m!/(eth),
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Proof Sketch. Based on sampler S, for constant ¢ € N, construct §'(1"°"): sample Gi(zi,...)
independently, for 7 € {1, .. ,nc+1}, and output ¢1(x1,1,...) A @pet1(Tpet1,...). By theorem 1.1,
the MaxSAT on §/(1"") is O ((n°=26(n))~1/2)-hard for polynomial-time algorithms. Let m = n°*1,
the following holds, for any poly-time algorithm A,

L B [AG) = MaxSAT()] < O (7 5/ (m))~172)

where §'(m) = § (m!/(¢+D). O
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