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Abstract

Time-bounded conditional Kolmogorov complexity of a string = given y, K'(z | y), is the
length of a shortest program that, given y, prints z within ¢ steps. The Chain Rule for conditional
K? with error e is the following hypothesis: there is a constant ¢ € N such that, for any strings
Y, T1,...,20 € {0,1}*, for any ¢ € N, and all sufficiently large time bounds ¢,

L

K' (21, ez | y) > ZKtC(:Ei |y, 21,...,2i—1) — £ - O(logt) — e(N, t),
i=1

where N = Zle ;]

We pinpoint the complexity assumptions equivalent to Chain Rules for conditional K¢, and
the probabilistic variant pK’, where pK'(z | y) < s iff K!(z | y,7) < s for at least 2/3 of random
strings r € {0,1}".

e Chain Rule for conditional K* with error e(N,t) < o(N) is equivalent to the conjunction
of the following two statements:

1. E ¢ io-SIZE[2°()], and
2. GapMcK®P & promise-P, where GapMcK!P is a promise problem to distinguish between
inputs (x,y,1°) with Kf(z | y) < s and those with KPY®) (2 | y) > s + o(|z]).

e Chain Rule for conditional pK* with error e(N,t) < o(N) is equivalent to GapMcpK'P €
promise-BPP, for the analog of GapMcK'P for conditional pK".

These are the first exact complexity characterizations for natural versions of Chain Rules for
time-bounded Kolmogorov complexity.

Assuming GapMcK'P is NP-hard (which is true under cryptographic assumptions [HIR23]),
the equivalence above would simplify to “the Chain Rule for conditional K* with error e(N,t) <
o(N) holds iff NP = P”. That is, under a plausible NP-hardness assumption for GapMcK'P, we
would get that proving P # NP is equivalent to disproving the Chain Rule for conditional Kt.

Among other results, we present a natural promise-BPP-complete problem based on the prob-
lem of approximating pK'(z | %) for short inputs = with |z| < logt, and give some algorithmic
consequences if GapMcpK'P were easy.
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1 Introduction

Kolmogorov complexity defines an algorithmic measure of information in a given string x, denoted
K(z), as the length of a shortest program that prints z. The conditional version K(z | y) is the
length of a shortest program that, given y, prints x.

One of the fundamental properties of the Kolmogorov complexity measure K, discovered by
Kolmogorov and Levin (see [ZL70]), is the Chain Rule, saying that for any binary strings z, y, and
2,

K,y | 2) = K(z | 2) + K(y | 2,2), (1)

where ~ hides an additive error term, at most logarithmic in the total length of all strings. That
is, the most efficient way to describe a pair (x,y) given z is to describe one of them given z, and
then describe the other one assuming the knowledge of z and the first one.
When z = € (the empty string), this Chain Rule is also called Symmetry of Information (Sol)
for K, since it implies
K(z) = K(z | y) = K(y) = K(y | z),

reminding of the classical symmetry of information equality H(X)-H(X |Y)=H(Y)-H(Y | X),
where H(X) is Shannon’s entropy of a random variable X.

Sol for K is universally regarded as one of the most beautiful and useful results in classical
Kolmogorov complexity.

Symmetry of Information for Time-Bounded Kolmogorov Complexity. Of particular
interest to computational complexity is the variant of time-bounded Kolmogorov complexity mea-
sure K¢, where K!(x) refers to the length of a shortest program that prints z within ¢ time steps.
An obvious question is whether the time-bounded measure K satisfies Sol. Since the upper bound
K2 (z,y) S Ki(x) + Ki(y | z) is straightforward, Sol for K! is defined as the following hypothesis:

K(z,y) > KP®(z) + KPO(y | z) — O(logt), (Sol for K¥)

for some polynomial p, and any sufficiently large time bound t.

According to Levin [Lev03], Kolmogorov was interested in the Sol for K! question, since he
believed it might be useful in the quest to resolve open problems in computational complexity. In
particular, Kolmogorov suggested in the late 1960’s that disproving Sol for K! might be a good
approach to proving that P # NP. !

However, it was only in 1995 that Longpre and Watanabe [LW95] proved that P = NP implies
Sol for K. Thus, Kolmogorov’s suggestion to disprove Sol fof K in order to prove P # NP was
sound. Since then, it remains an open question if disproving Sol for K? is also necessary for proving
P £ NP. More generally, the open question is to come up with a natural complezity statement (like
P = NP) that would be equivalent to Sol for K.

'Kolmogorov’s intuition was, perhaps, that his proof of the chain rule for the time-unbounded K used an algorithm
doing a brute-force search over exponentially many possibilities, and it was not clear to him how such exhaustive
search could be avoided.



Multi-String Chain Rules. Applying the Chain Rule in (1) inductively, we easily get the

following version of the chain rule for multiple strings: For any z1,...,z¢,y € {0,1}%,
4
Kz, ae |9) = S K@i | gy, ozion), (2)
=1

where ~ hides an additive error term at most £ O(log(3>°_, |zi| + |y])).
An analogous version for the time-bounded case is the following hypothesis:

l
Ki(zy,... 2 | y) > Z KPO (2 |y, @1, ..., 2i-1) — £- O(logt) — e(N),  (Chain Rule for cK?)
i=1
where p is some polynomial that is the same for any number £ of strings x1,...,xs, ¥y is any string,

t is a sufficiently large polynomial time bound in the total string length N + |y| for N = Zle |4,
and e(N) is an error term.

Note that the interesting setting of parameters for this Chain Rule is when £ is super-constant
(for example, £ = o(NN/logt)). For super-constant ¢, unlike in the time-unbounded case of K, Sol for
K! (the chain rule for two strings) does not seem to imply the multi-string chain rule by induction
on £. 2 Thus, in the time-bounded setting, the multi-string Chain Rule appears to be more powerful
than Sol.

This, potentially more powerful, version of the chain rule for conditional K is our main subject
of study. For this chain rule, we do get an exact complexity characterization, as we explain next.

1.1 Results

Chain rule for conditional K'. First we need to define the problem Gap, ,(,)McK'P. This is a
promise-problem for conditional K!(x | ), where one needs to distinguish between inputs (x,y, 1%)
with K!(z | y) < s and those with K™®)(z | y) > s + o(|z|), for some polynomial 7.

Theorem 1.1 (Case of conditional K¢, informal). Chain Rule for conditional K' with multiple
strings, with error e(N) < o(N), is equivalent to the conjunction

E ¢ i0-SIZE[2°™] & Gap, 4(nyMcK'P € promise-P.

The problem Gap, ,(,,)McK*P is likely to be NP-hard. For example, [HTR23] show that this prob-
lem is NP-hard under randomized polynomial-time reductions, assuming the existence of subexpo-
nentially secure witness encryption® for NP.

If we suppose that Gap, ,(,)McK'P is indeed NP-hard, our equivalence in Theorem 1.1 would
simplify to the following: “Chain Rule for conditional K! with multiple strings, with error e(N) <
o(N), is equivalent to P = NP”. This would show that disproving the Chain Rule for K’ is also
necessary for proving P % NP, validating Kolmogorov’s intuition to the fullest!

2The reason is a polynomial blowup in the time bounds for K on the right-hand side of Sol after each inductive
step, resulting in super-polynomial in ¢ time bounds on the right-hand side of the resulting chain rule when £ is
super-constant.

3We note that secure witness encryption for NP, introduced in [Gar+13], may exist in either the world where there
are one-way functions, or the world where P = NP.



Chain rule for conditional pK’. In our equivalence for the chain rule for K* above, we have a
derandomization assumption of exponential circuit complexity for a problem in exponential time.
This circuit lower bound assumption may be dropped if we consider a probabilistic variant of time-
bounded Kolmogorov complexity pK! instead of K. This probabilistic measure can be defined as
follows: pK'(z | y) < s if K¢(z | y,7) < s for at least 2/3 of uniformly random strings r € {0, 1}*.

We need the problem GapT’o(n)McpKtP, which is a promise problem for conditional pK'(x | y),
defined analogously to Gap, ,(,,)McK*'P above.

Theorem 1.2 (Case of conditional pK®, informal). Chain Rule for conditional pK! with multiple
strings, with error e(N) < o(N), is equivalent to Gap, ,(,,)McpK'P € promise-BPP.

Theorems 1.1 and 1.2 (and related ones) are formally stated and proved in Section 6.

The complexity of computing pK'. While it is likely that the problem GapT’O(n)McpKtP con-
sidered above may be NP-hard, we do not have any proof yet. A natural approach to exploring the
computational power of a problem is to assume that it is easy and see if any interesting algorithmic
consequences would follow. In that spirit, we show the following.

Theorem 1.3 (Consequences of easiness of GapMcpK'P, informal). If, for some polynomial T,
Gap; o(n)McpK*P € promise-P, then

1. E ¢ i0-SIZE[2°(™)], and

2. there is a deterministic polynomial-time algorithm for a version of Range Avoidance, where
one is given a circuit C: {0,1}" — {0,1}?", and needs to find a y € {0,1}*" such that
C(z) #y for all x € {0,1}".

Recall that deciding if pK(z | ) < s is equivalent to deciding if

reg{l}t Kz | r,y) < s] >2/3. (3)
We consider a variant of this problem where (i) the input = is very short, |z| < logt, and (ii) we
just need to approximate the probability in (3) up to an additive error 1/8. It is not hard to see
that under these two restrictions, the resulting problem to approximate Pr;.c(g 1}¢ [Kt(x | 7ry) < s]
is in promise-BPP. (For any such short x, we can compute K!(z | r,y) in deterministic poly(t)
time by brute force. By randomly sampling enough r’s, we can approximate the required proba-
bility in randomized time poly(t).) It turns out that this problem is promise-BPP-complete (under
polynomial-time Turing reductions).

Theorem 1.4 (promise-BPP-complete problem). The problem to estimate, for given x,y € {0,1}*
and s,t € N such that |x| <logt, the probability

P K! <
P (K@) < o]

to within an additive error at most 1/8, is promise-BPP-complete.

The proof of Theorem 1.4 also yields a simple alternative proof of the recent result by [LPT24]
showing that if one could derandomize Yao’s “distinguisher-to-predictor” transformation, then
promise-BPP = promise-P.

Theorems 1.3 and 1.4 are formally stated and proved in Section 7.



1.2 Techniques

To prove Theorems 1.1 and 1.2, we use the concept of a natural property for (conditional) Kf. A
natural property for conditional K! on n-bit strings with usefulness s(n,t) is a predicate P such
that: for all x € {0,1}" and y € {0,1}*, if K(z | y) < s(n,t), then P(x,y,1%) = 1; and for all
y € {0,1}*, P(x,y,1") = 0 for at least 1/2 of uniformly random = € {0,1}". Thus, in a certain
sense, a natural property distinguishes s(n,t)-easy n-bit strings (given y) from uniformly random
ones. A natural property for conditional pK® is defined analogously.

We first show that a chain rule for conditional pK! (conditional K?) is equivalent to the existence
of an efficiently computable natural property for conditional K! (and, in the case of the chain rule
for conditional K*, also the derandomization assumption that E ¢ io-SIZE[2°(™)]).

We then give “worst-case to average-case reductions” showing that computing a natural property
for conditional K is equivalent to computing a corresponding gap version of McpK'P (or, McK®P,
under the assumption that E ¢ io-SIZE[2°(™)]). This implies the equivalence between chain rules
and the worst-case complexity of the corresponding gap problems for McpK'P (McK®P).

We give more details next.

Chain Rule from Natural Property. Here we sketch a proof that a natural property for
conditional K* implies a chain rule for conditional pK’; the case of the chain rule for conditional K
is proved similarly (using the derandomization assumption that E ¢ io-SIZE[2°(™)]).

While a natural property for conditional K? is sufficient for all our purposes, let us assume for
simplicity that we have a natural property for conditional pK*. Using the fact that pK'(z | y) < s
is equivalent to K'(z | y,7) < s for at least 2/3 of random r’s, we can adapt the argument sketched
below to work with a natural property for conditional K? instead; see Section 3 for details.

The proof of the Chain Rule for conditional pK? from a natural property for conditional pK! is a
generalization of the proof argument from [Hir22; GK22; Gol+22]. It uses tools from pseudorandom-
ness (e.g., a hybrid argument) as well as the list-decoding algorithm for Hadamard codes of [GL89].
The latter is used to define the Hadamard Code Direct Product Generator DP¥: {0, 1} — {0, 1}*
[Hir21]. For z = (2,..., 2*) with each 2% € {0,1}", we define

DPZ(z) = (21, z) ... (zF, z),

where (2%, z) denotes the inner product of 2* and x modulo 2.

It can be shown that DP} “encodes” any given string x € {0,1}" into a distribution over k-bit
strings (over all seeds z) with the following property: if this distribution can be distinguished from
the uniform distribution by some efficient algorithm (distinguisher) D (with possibly some advice
a € {0,1}*), then pK'(z | ) < k. It follows that if we set k to be just slightly less than pK'(x | ),
then DPj, will be a pseudorandom generator.

To prove the conditional pK! Chain Rule for strings z1, . .., 2, y, we consider the concatenation
of ¢ generators

DPE (z21)0---0 DPif(Zg)

on independent seeds z1,...,zs, where each k; ~ pK" (x; | y,21,...,24—1), for some t' = poly(t).
By a hybrid argument, this choice of k;’s ensures that the concatenation of ¢ generators is a
pseudorandom generator against efficient distinguishers with advice y. This means that a natural
property for pK'(— | ) is fooled by the generator. It follows that, for some choice of the seeds



21, ..., 20, we have by the usefulness of the natural property that

l
pK'(DPY! (z1) 0 - 0 DP{(2) |y, 21, 20) D ki
=1

¢

~ ZPKt/(ﬂfz‘ | Y21, i)
i=1

On the other hand, for every choice of seeds 21, ..., 2, we have by the definition of DP}, that

pKt<DPii(21) ©--+0 DPif(Z’[) | Y, 215 -+ 725) ,’§ pKt(CEla <y Xy ‘ Y, 21,5 '7Zf)
< pK'(x1,. .. 20 | y)

Combining the two inequalities above, we conclude the required Chain Rule:
¢
pKt(xla e, Xy ‘ y) ,’?—j Z pKt (xl ‘ Y, L1y - 7x’i—1>-
i=1

Natural Property from Chain Rule. To derive a natural property for conditional pK’ from
the Chain Rule for conditional pK’, we proceed as follows. Given strings z,y, partition = € {0, 1}"
into ¢ = n/(clogt) strings z1,...,x, of length clogt each. If pK'(z | y) < s(n), for some s(n) < n,
then by the Chain Rule, so is the sum of conditional Kolmogorov complexities

l
> N g, 1),

=1

where for simplicity of the presentation we ignore some additive error terms. Hence, by averaging,
there is at least one 1 <4 < £ such that

pKP0|Y(t) ($Z ‘ Y, L1y 7«%‘—1) < S(n)/g' (4)

Since each z; is of length O(logt), we can approximate the conditional time-bounded Kolmogorov
complexity of z; in Eq. (4) in randomized time poly(n,t).

The resulting randomized algorithm will accept (with high probability) all “easy” strings .
By a counting argument, we can also show that this algorithm is likely to reject at least 1/2 of
uniformly random strings z. Thus we get a natural property for pK!, which is computable by a
randomized polynomial-time algorithm. See Section 4 for details.

Natural Property for Conditional K! vs. GapMcK'P. Using the idea of the “worst-case
to average-case” reduction of [Hirl8], combined with the use of DP generators as in [Hir20b;
Hir20a], we can show an equivalence between the existence of an efficiently computable natural
property for conditional K¢ (with usefulness n — o(n)) and the existence of an efficient algorithm
for solving GapT,o(n)McKtP, for some polynomial 7 (under the circuit lower bound assumption that
E ¢ i0-SIZE[2°(™]). Such an equivalence allows us to relate the chain rules to the existence of
efficient algorithms for solving GapMcK'P, yielding Theorem 1.1. (A similar argument yields also



Theorem 1.2, without using the circuit lower bound assumption.) We sketch the main idea next;
see Section 2.4 for details.

The main idea used in the proof that a natural property implies a chain rule (sketched above)
is that a given string = can be compressed to about k bits if the DP generator DP}, can be broken
by some poly(t)-time distinguisher.

Since the conditional K complexity of the output of the generator DP{(z) (given a seed z and
an auxiliary string y) is always at most K!(x | y), a natural property for conditional K! (with
usefulness at least K'(z | y)) will always accept the outputs DP%(z), for all z and y, no matter what
k is.

In the other direction, if this natural property accepts DP%(z), given z and y, with high proba-
bility (say, at least 0.6) over random z, then it distinguishes the outputs of DP%(z) from the uniform
distribution (because a natural property accepts at most 1/2 of random strings). Thus it breaks
the generator DP¥. It follows that KPOY(®) (g | ) < k.

These arguments can be used to imply that, for k£ ~ s, estimating the acceptance probability
of the natural property on (DP%(z),y), over random z, allows one to distinguish between pairs of
strings (z,y) with Kf(z | y) < s and those with KPOY®) (2 | y) > s: the former pairs of strings will
be accepted with probability 1, while the latter ones with probability at most 0.6.

Incompresible Strings from Chain Rules. Chain Rule for K implies an efficient algorithm to
construct, for any n,t € N, for n < t < 2°(") an incompressible string z € {0,1}" with K*(z) > n/2,
in time poly(n,t).

To find the required incompressible z € {0,1}", for given n,t € N, proceed as follows.

Set ¢ = p(t), for the polynomial p from the Chain Rule for K!. For a constant ¢ > 0 to
be determined, set m = clogt and ¢ = n/m. Find, one after the other, by brute force,
strings wi, ws, ..., wy € {0,1} so that, for each 1 < i < ¢, Kt/(wi | wi,y. . wim1) > m.
Output z = wiwsy ... wy € {0,1}"™.

For the analysis, observe that such strings wy, ..., w, exist by a counting argument, and each
can be found by brute force in time 2°(™) . poly(#) < poly(t). By the Chain Rule for K,

K'(21,...,20) > £-m —£-O(logt) = (n/clogt) - (clogt — O(logt)),

which is at least n/2, for a sufficiently large constant ¢ > 0. Hence z = wj ... wy is the required
incompressible string, and it is constructed in time £ - poly(t) < poly(n,t).

The constructed incompressible string z (for large enough polynomial ¢) can be shown to require
large circuit size as well. Thus we get that a chain rule for conditional K! also yields the circuit
lower bound E ¢ io-SIZE[2°(")], completing the proof of the forward direction of Theorem 1.1. See
Section 5 for details.

Similar reasoning also proves Item (1) of Theorem 1.3. The idea is that the assumption of
Theorem 1.3 yields a chain rule for conditional pK’, by Theorem 1.2. The latter can be used
to construct an incompressible string, relative to the conditional pK® complexity measure, piece
by piece, as we constructed the string z = wy ...wy above. Here, when constructing each w; of
high conditional pK! complexity, we use an assumed deterministic polynomial-time algorithm B for
GapMcpK'P to choose the lexicographically first log-length string rejected by B.

The proof of Item (2) of Theorem 1.3 also follows since there is a close connection (in fact,
equivalence) between solving the Range Avoidance problem and efficiently constructing a string x



of near-maximum conditional Kolmogorov complexity. The idea is that every string = € {0,1}™ in
the range of a given circuit C: {0,1}" — {0,1}?" has K!(x | C) < n < 2n, for some ¢ = poly(|C|).
Thus any string z € {0,1}?" with K’(z | C') a 2n will be a solution to the Range Avoidance problem
for the circuit C'. See Section 7.4 for details.

Promise-BPP completeness. To prove Theorem 1.4, consider the generator
G*rrn(z) := DP{*(2) o - - 0 DP{"(2),

where each x; € {0,1}™ for m = clogn for some large constant ¢ > 1, and also z € {0,1}". That
is, we use the same seed z for all n DP generators, with each generator DP{’(z) outputting just
one bit (the inner product modulo 2 of z and z;). So G**~*n(z) outputs n bits, using a seed z of
clogn bits. We will explain how to choose the strings z1,...,z, to make this generator “good”.

We want to use this G2 (z) to approximate the acceptance probability of any given circuit
C:{0,1}" — {0, 1}, to within an additive error 1/8. This approximation problem is known to be
promise-BPP-complete.

Suppose that G*1»%n(z) fails to approximate the acceptance probability of some C': {0,1}" —
{0,1} to within additive error 1/8. Then this circuit C is a distinguisher between G*~*7(z) and
the uniform distribution over {0,1}". Using an argument similar to that in the “Chain Rule from
Natural Property” paragraph above, we can show that for some 1 <34 < n,

pKPYUCD (2 | C 2y, ... 1) <  logn,

for some constant ¢ > 1, independent of the constant c.
It follows that if we are able to select 1, ..., z, so that, for each 1 <i < n,

pKPMUCD (23 | C ey, ..o 1) > ¢ logn,

the resulting generator G*1*n(z) will “fool” this circuit C. (Such generators fooling a specific
given circuit C are called targeted generators by [Golll].)
Since pK'(z | w) < s iff Kf(z | w,r) < s for at least 2/3 of random r’s, we can show that access
to an oracle that approximates the probability
Pr [Ki(z|w,7)<s
EMUAEEED
allows us to construct the required strings x1,...,T,, one by one, by trying, for each 1 < i < n,
all possible candidate strings for x; in {0,1}™. See Section 7.1 and Section 7.2 for more de-
tails. For the proof that derandomizing Yao’s “distinguisher-to-predictor” construction would imply
promise-BPP = promise-P, see Section 7.3.

1.3 Related Work

Sol for Time-Bounded Kolmogorov Complexity. Some of the first formal connections be-
tween Sol for K! and computational complexity and cryptography were discovered in the 1990s. It
was shown that Sol for K' implies that there are no one-way functions [LM93; LW95], and that Sol
for K! is implied by the assumption P = NP [LW95].

The gap between the necessary and sufficient conditions for Sol for K' has been narrowed
recently. Hirahara [Hir22] and, independently, Goldberg and Kabanets [GK22] improved the result



of [LW95] to show that Sol for K¢ is implied by DistNP C AvgP, an average-case (errorless) version
of the assumption that NP = P. The argument was extended by [Gol+22] to the case of Sol for
pK?, under the assumption that DistNP C AvgBPP.

Thus, Sol for K! is sandwiched between two average-case assumptions: that any one-way func-
tion candidate can be efficiently inverted on average, and that NP is easy on average. Hira-
hara [Hir22] makes further progress toward closing the gap. He shows that, assuming E requires
exponential-size circuits, Sol for K! is sandwiched between the assumptions that there exists an
errorless average-case heuristic scheme and that there exists an error-prone average-case heuristic
scheme, both for computing K?. Still, exact complexity-theoretic characterization of Sol for K! is
missing.

Lee and Romashchenko [LR05] proved that Sol for K* implies that EXP # BPP. Perifel [Per07]
showed that a certain version of Sol for conditional K! implies that EXP ¢ P/poly. The latter paper
seems to be the first to study the Chain Rule hypothesis for conditional K’, showing how to derive
a weak version of the Chain Rule for K! from a variant Sol hypothesis for K.

Unconditionally, Ronneburger [Ron04] proved that Sol does not hold for Levin’s version of the
time-bounded Kolmogorov complexity measure Kt.

Recently, Sol for K! has been an important tool for, among others, worst-case to average-case
reductions for problems in the polynomial-time hierarchy, computational learning, meta-complexity,
and cryptography [Hir20b; Hir21; HN21; Hir22; GK22; CHV22; Gol+22; Hir+23; 1la23].

For the probabilistic version of time-bounded Kolmogorov complexity pK*, [Hir+23] shows that
a certain average-case version of Sol for pK' (over polynomial-time samplable distributions) is
equivalent to the non-existence of one-way functions. Note that this result is also an equivalence
between a variant of Sol and a complexity (cryptography) assumption. The difference from the
equivalences proved in our paper, in particular, our Theorem 1.2, is that we consider the worst-case
version of a chain rule (“multi-string version of Sol”) for conditional pK?, and show it is equivalent
to the worst-case complexity assumption about approximating conditional pK®.

Complexity of computing Time-Bounded Kolmogorov Complexity measures. Hira-
hara [Hir18] shows worst-case to average-case reduction for GapMINKT. For the conditional Kol-
mogorov complexity K!(z | y), the corresponding minimization problem McK'P is known to be
NP-hard (under randomized reductions) in the sublinear time-bound regime when ¢ < |y| [Hir22;
LP22b]; a sublinear-time version of computing conditional pK’(z | y) is also NP-hard [L.S24]. The
problem McK'P is shown to be NP-hard also for ¢ > |y, but only under the additional cryptographic
assumption of the existence of secure witness encryption [HIR23]. Hirahara [Hir20b] shows that
conditional K&SAT (where the decoding Turing machine also has oracle access to SAT) is NP-hard
to compute. For a random oracle O, the oracle version MK“P is also known to be NP-hard [I1a23];
see [[1a23] and the references therein for more information about the ongoing quest to prove NP-
hardness of various meta-complexity problems such as MCSP (Minimum Circuit Size Problem) and
MK*P (Minimum K complexity Problem).

While the worst-case complexity of MK'P is yet unknown, its average-case complexity (in the
error-prone setting of average-case complexity) has been characterized by Liu and Pass [LP20] who
showed that MK!P is hard on average if and only if one-way functions exist; this equivalence was
later extended also to the case of McK'P [LP22b]. More equivalences between one-way functions
and meta-complexity are given in [IRS22; Hir23; 1.524].



Natural properties. The concept of a natural property for circuit complexity was introduced
by Razborov and Rudich [RR97] in the context of trying to understand the limitations of current
proof techniques for showing strong circuit lower bounds. Roughly, a natural property for circuit
size S(n) is a predicate on inputs of size N = 2™ that accepts all truth tables of n-input Boolean
functions of circuit complexity at most S(n) (all “easy” strings), and rejects at least 1/2 of random
N-bit strings; the first condition (of accepting “easy” strings) is called usefulness. It was shown in
[RR97] that an efficiently computable natural property (of appropriate usefulness) yields an efficient
algorithm for inverting well on average any given candidate one-way function, and so the existence
of one-way functions would imply the non-existence of efficiently computable natural properties.

The concept became highly influential, and inspired a lot of research on circuit complexity,
derandomization, computational learning, proof complexity, and meta-complexity, to name just a
few. For instance, in the context of computational learning, the power of natural properties was
explored in [Car+416; Car+17; OS17; Bin+22; Kar24]; in [GK23], stronger learning results were
obtained from the natural properties for time-bounded Kolmogorov complexity such as K! and
KT. Natural properties were shown to imply various circuit lower bounds in, e.g., [KC00; ITKW02;
IKV23]. In [Hir+24], an assumed natural property for K! and the additional assumption that
E ¢ i0-SIZE[2°(")], give efficient average-case algorithms for finding programs of size K*(x) that
generate x within time ¢ (i.e., K! witnesses), for strings z coming from any efficiently samplable
distribution.

Range Avoidance Problem. The Range Avoidance Problem is related to the dual weak pi-
geonhole principle studied in the context of bounded arithmetic and propositional proof complex-
ity [KraOl; Kra04; Jer04; Jer07]. Motivated to identify natural search problems in the polynomial-
time hierarchy, [Kle+21] studied the Range Avoidance Problem, for the case of circuits C': {0,1}" —
{0,1}™ with m > n + 1, under the name 1-Empty. Korten [Kor21] showed that a polynomial-time
algorithm for the Range Avoidance Problem would imply polynomial-time constructions for many
important combinatorial objects (e.g., Ramsey graphs, extractors, rigid matrices, etc.). The Range
Avoidance Problem for restricted circuit classes (and for different stretch regimes) was studied
by [RSW22; GLW22; Gaj+23]. It is shown in [[LW23] that, under certain cryptographic assump-
tions, a polynomial-time algorithm for the Range Avoidance Problem (even for a polynomial stretch
regime) would imply that NP = coNP; this result provides some evidence that the Range Avoidance
problem may be intractable.

2 Preliminaries

2.1 Kolmogorov Complexity

Let U be a Turing machine. For t € N and x,y € {0,1}*, we define t-time-bounded Kolmogorov
complexity of x given y (with respect to U) as

K (x| y) = min {|p| | U(p,y) outputs x in at most ¢ steps}.
pef{0,1}*

We assume that the string y is given on a separate input tape. As usual, we fix U to be a time-

optimal machine [LV19], i.e., a universal machine that is almost as fast and length efficient as

any other universal machine, and drop the index U when referring to time-bounded Kolmogorov



complexity measures. We use K(z | y) to denote the (time-unbounded) Kolmogorov complexity of
x given y. When y = € (i.e., y is the empty string), we drop the conditioning on y, getting the
definition of the (time-bounded) Kolmogorov complexity of .

Next we recall the definitions of the randomized time-bounded Kolmogorov complexity pK!; see
[LO22] for more information on randomized time-bounded Kolmogorov complexity variants and
their applications.

For A € [0,1] and ¢t € N, we define t-time-bounded probabilistic Kolmogorov complexity of x
given y as

pK: (z | y) = min {k: | Pr,.f0,13:[3p € {0, 1YE U(p, r,y) outputs x in at most ¢ steps] > )\}.

Equivalently, pKY (z | y) < s if and only if

P K? < s| >\
re{oﬂ}t Klry) < 2

We assume that the random string r is given on a separate input tape. For simplicity, we omit A
when A = 2/3.

Lemma 2.1 (Probabilistic Incompressibility [Gol+22]). For any string y € {0,1}*, time bound
t € N (including t = 00), 0 < A <1, and k € N, we have

(2/2)
2k

Procioyn [PKA(@ |y) <n—k] <

2.2 Generators

Let U,, denote the uniform distribution over n-bit strings. For a generator G: {0,1}¢ — {0,1}", a
(randomized) algorithm D: {0,1}" — {0,1}, and 0 < ¢ < 1, we say that D e-distinguishes G(Uy)
from U, if

Pr_cro1y¢,p[D(G(2)) = 1] = Prycioyn p[D(y) = 1]| > €.

Otherwise, we say that the generator G e-fools D. We call a generator G an e-pseudorandom
generator (PRG) for a class C of Boolean functions, if G e-fools every D € C.

Theorem 2.2 ([NW94; IW97]). Assume E ¢ io-SIZE[2°0™)]. Then, for any size parameter s(n) and
error ¢, there is an explicit construction of a generator G: {0,1}* — {0,1}" that is an e-PRG for
the class of n-input Boolean circuits of size at most s(n), with the seed length £ < O(log(s(n)/¢)),
that can be evaluated on any given seed in time poly(s(n)/e).

Definition 2.3 (Hadamard Direct Product Generator (DP) [Hir21]). For k,n € N and any given
x € {0,1}", we define the k-wise direct product of the Hadamard encoding of = to be the generator

DP%: {0,1}"* — {0,1}"

such that
DPL(z1y ..y 2k) == (- 21,..., @ - 2k),

where each z; € {0,1}", for 1 < i < k, and = - z denotes the inner product of x and z modulo 2.
We define the strong version of the DP Generator as

s-DP}: {0,1}"* — {0, 1}"*+*

10



where s-DP¥(21,...,2k) = 21, ., 2k, DPE(21, ..., 23). 2
Lemma 2.4 (K' Reconstruction [Hir21]). Assume E Z io-SIZE[2°)]. For e > 0, z € {0,1}", and
k € N satisfying k < 2n, let D be a randomized algorithm that takes an advice string 8 and runs in
time tp such that D e-distinguishes s-DPE(Upnr) from Upg+i. Then there is a polynomial ppp such
that

KPoP(PtD/2) (1 | B) < k + log ppp(ntp/e).

Lemma 2.5 (pK' Reconstruction [Gol+22]). Fore >0, z € {0,1}", and k € N satisfying k < 2n,
let D be a randomized algorithm that takes an advice string B and runs in time tp such that D
e-distinguishes s-DPL(Upni) from Upg+i. Then there is a polynomial ppp such that

pKé(tD)'pDP(n/e)(x | B) < k+ O(log(n/e)).

Remark 2.6. An extra dependence on tp in the Kolmogorov description size of x in Lemma 2.4 is
due to the derandomization of a distingsuisher D and the Goldreich-Levin list-decoding algorithm
for Hadamard codes [GL89], using the PRG from Theorem 2.2; some seeds of this generator, of
size O(log(ntp/e)), are added to the Kolmogorov description of x.

2.3 Natural Properties

We recall the definition of a natural property for circuit size. For a truth table z € {0,1}", for
N = 2" we denote by size(z) the size of a smallest Boolean circuit that computes the n-input
Boolean function with the truth table .

Definition 2.7 (Natural Property for Circuit Size [RR97]). A natural property for circuit size for
truth tables of length N = 2" with usefulness s(N) < N is a predicate R: {0,1}" — {0,1} such
that

1. for all x € {0,1}V, if size(x) < s(N), then R(x) =1, and
2. PFIE{O’I}N[R(x) = O] 2 1/2

Such a natural property is called BPP-computable if there is a randomized polynomial-time
algorithm A such that

1. for all x € {0,1}V, if size(x) < s(N), then Pr4[A(x) = 1] > 0.9, and
2. Prycgoyn[PrafA(z) = 0] >0.9] > 1/2.

We need the following result of [IKV23]. We use a common definition of the class BPP with
advice, where we say that L € BPP/a(n), for some advice size a(n) for input length n, if there
is a probabilistic polynomial-time Turing machine M such that, for inputs z of length n and
for some good advice a € {0,1}%(") M(x, a) either accepts or rejects every given x € {0,1}"
with probability at least 2/3 over its internal randomness. Note that there is no such acceptance
probability guarantee for any different advice string o/ # a.

4In [Hir21], the output of the DP generator was defined to also include the seed 2%, ..., 2". We call that version
of the DP generator a strong DP Generator.
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Theorem 2.8 ([IKV23]). Let R be a natural property for circuit size for truth tables of length
N = 2" with usefulness s(N) > N¢, for some 0 < e < 1. Then

1. ZPEXP® ¢ P/poly, and
2. ZPPR/1 ¢ SIZE[n*] and promise-ZPP® ¢ SIZE[n*] for all k € N.

Replacing a natural property oracle R with an efficient randomized version, we immediately
get from Theorem 2.8 the following.

Corollary 2.9 (implicit in [IKV23]). Suppose there is a BPP-computable natural property for
circuit size for truth tables of length N = 2™ with usefulness s(N) > N¢, for some 0 < e < 1. Then

1. BPEXP ¢ P/poly, and
2. BPP/1 ¢ SIZE[n*] and promise-BPP ¢ SIZE[n*] for all k € N.

Proof. A natural oracle R is only used as a distinguisher between a distribution over “easy” strings
and the uniform distribution. A BPP-computable natural property gives rise to a randomized such
distinguisher, which is not required to satisfy the BPP-promise (of rejecting or accepting with high
probability) on all inputs. The base ZPEXP algorithm will run a randomized algorithm for a BPP-
computable natural property to simulate its oracle access to R, becoming a BPEXP algorithm in
item (1), and a BPP/1 or promise-BPP algorithm in item (2). O

We define a natural property for K! by analogy with the natural property for circuit size above.

Definition 2.10 (Natural Property for K!). A P-computable natural property for K¢ on n-bit
inputs, with usefulness s(n,t), for some s(n,t) < n, is a polynomial-time algorithm A satisfying
the following: For some polynomial p, we have for all sufficiently large n € N and t > p(n) that

1. for all x € {0,1}", if K'(z) < s(n,t), then A(z,1') =1, and
2. Prycgoayn [Alz, 1Y) = 0] > 1/2.

Such a natural property is said to be BPP-computable if there is a randomized polynomial-time
algorithm A such that, for some polynomial p, we have for all large n € N and t > p(n) that

1. for all x € {0,1}", if Ki(z) < s(n,t), then Pry[A(z, 1Y) = 1] > 0.9, and
2. Prycqo1yn [PrafA(z, 1) = 0] > 0.9] > 1/2.
We also define a natural property for conditional K! as follows.

Definition 2.11 (Natural Property for Conditional K!). A natural property for conditional K' on
n-bit strings with usefulness s(n,t) is a predicate P: {0,1}* x {0,1}* x 1* — {0,1} satisfying the
following: For some polynomial p, we have for all large n,m € N and t > p(n + m) that

1. for all z € {0,1}" and y € {0,1}™, if K!(z | y) < s(n,t), then P(z,y,1%) =1, and
2. for ally € {0,1}", Prycroyn[P(z,y,1") = 0] > 1/2.
A BPP-computable natural property for conditional Kt is defined similarly to that for Kt above.

Below we consider natural properties with usefulness n — §(n,t), for monotone non-decreasing
functions §: N x N — N. When §(n,t) depends only on one of its inputs, we omit the mention of
the other input, and think of ¢ as a function on one input only.

12



2.4 Approximating Time-Bounded Kolmogorov Complexity

MK'P (also denoted as MINKT) is the problem to determine if Kf(x) < s, for given positive integers
t and s. We recall the definition of the gap version of MK'P.

Definition 2.12 ([Ko91; Hir20a]). For a polynomial T and a function §: N x N — N, Gap, sMK'P
is the following promise problem:

Hygs = {(z,1%,1%) | Ki(z) < s},
Mo = {(z,1%,1) | KTO(2) > s+ §(|z],1)}.

Next we consider the Minimum Conditional Time-Bounded Kolmogorov Complexity Problem,
denoted McK'P, where
McK'P = {(z,y,1°,1") | K'(z | y) < s}.

Definition 2.13. For a polynomial 7 and a function §: N x N = N, define Gapmgl\/chtP as the
following promise problem.:

IIyes = {($aya 17, 1t) | Kt(l' | y) < S}v
Mo = {(z,y,1°,1) | KO(z | y) > s+ 6(|zl, 1)}

Lemma 2.14. Gapm;McKtP € promise-P iff there is a polynomial-time algorithm K such that, for
all z € {0,1}™ and y € {0,1}™ and every large enough integer t,

K™ (x| y) —d(n,t) < K(z,y,1") <K'(z | y). (5)

Proof. In the forward direction, define K (x,y,1%) to be the smallest integer 0 < s < 2|z| such
that the assumed polynomial-time algorithm for promise—Gapm;McKtP outputs “yes” on input
(x,y,1%,1%). Since for this s, we have (x,y, 1%, 1) ¢ Ily,, we conclude the required lower bound on
K(x,y,1%) in (5). For the required upper bound on K (z,y,1%) in (5), observe that we will get a
“yes” for some s < K!(z | y), because we definitely get a “yes” when s = K!(x | ).

In the reverse direction, define an algorithm for Gapﬂ(;l\/IcKtP as follows: “On input (z,y, 1%, 1Y),
accept iff K (x,y,1%) < s.” By the definition of K, this algorithm will accept all instances in Iygs,
and reject all instances in Ilye. O

A natural property for conditional K is closely related to GapMcK*P.

Lemma 2.15. If, for some polynomial T and a function §: N — N, GapmgMcKtP € promise-P, then
there is a P-computable natural property for conditional Kt(z | y) on n-bit strings x with usefulness
s(n,t) =n—4d(n,t) — 2.

Proof. Let K be a polynomial-time algorithm for Gap, sMcK'P. For s(n,t) = n —d(n,t) — 2, define
an algorithm A as follows: “On input (z,y, 1), accept iff K(z,y, 150#1) 1%) accepts.”

For correctness, observe that all z € {0,1}" and y € {0,1}™ with Ki(z | y) < s(n,t) are
accepted because (z,y, 1°0#1) 1t) € I 4. For every y, we have by counting that, for at least 1/2
of random = € {0,1}", K(z | y) > n — 2. Hence, for these random z, K™®(z | y) > K(z | y) >
n —2 = s(n,t) + d(n,t), and so (z,y, 15121 1t) € Ty,. O
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Lemma 2.16. Assume that E ¢ io—SIZE[QO(”)}. If there is a P-computable natural property for
conditional K (x | y) on n-bit strings x with usefulness s(n,t) = n—d(n,t), then for some polynomial
7, we have Gap, 5 McK'P € promise-P, where §'(n,t) = §(2n, 2t) + O(log(nt)).

Proof. For this “worst-case to average-case” reduction, we rely on the ideas from [Hirl8; Hir20a;
Hir20b]. Let A(x,y,1%) be a polynomial-time p(n,t) algorithm for the assumed natural property
for K'(z | y) for n-bit strings z. For given x € {0,1}" and y € {0,1}™, consider the generator

DPZ: {0,1}"% — {0,1}*

from Definition 2.3, for some 0 < k < 2n to be determined. We have, for any t larger than some
polynomial in n, and for any seed z € {0,1}"*, that

K*(DP§(2) | 2,y) < K'(z | y) + clogn, (6)

for some constant ¢ > 0. For any given o € N, if K!(x | y) < o, then for k = o + clogn + 6(2n, 2t),
we have by (6) that

K2 (DP%(2) | z,y) < o + clogn
<k—0o(k,2t)
= s(k,2t).

So, A(DP%(2), z oy, 1) accepts with probability 1 over z € {0,1}" (by the definition of a natural
property with usefulness s(k, 2t)).

On the other hand, for every y and z, A(w, z oy, 1?) rejects at least 1/2 of random w € {0, 1}*.
Hence, A(w, z o y,1%!) rejects with probability at least 1/2 over uniformly random independent
w € {0,1}* and 2 € {0, 1}"~.

If it were the case that A(DP¥(z), zoy, 1) accepts with probability at least 0.6 over z € {0, 1}"*,
then A(—,y, 1) would be a (0.1)-distinguisher between s-DP} and U, . Hence, by Lemma 2.4,
we would get that

KPO (2 | y) < k + O(log(nt))
= o + clogn + §(2n, 2t) + O(log(nt))
=0+ (2n,2t) + O(log(nt))
=0+ (n,t),

for some polynomial p. This means that (z,y,17,1%) is not in Iy, of Gap, s McK'P for 7 = p. In
other words, for every instance (z,y,17,1") in Ilyo of Gap, sMcK'P, A(DP}(2),z o y,1%) accepts
with probability less than 0.6 over random z € {0, 1}"*.

We conclude that the following algorithm correctly solves GapT,L;,McKtP:

On input (z,y,19,1%), set k = o + clogn + §(2n,2t). Estimate, to within an additive
error 0.1, the probability over z € {0,1}"¥ that A(DP%(2), z o y,1%!) accepts. If the
estimated probability is at least 0.9, then accept; otherwise, reject.

Using the PRG of Theorem 2.2, we can make the algorithm above run in deterministic polyno-
mial time, which concludes the proof. ]
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Combining Lemma 2.15 and Lemma 2.16, we immediately get the following.
Corollary 2.17. Assume E ¢ i0-SIZE[2°(™)]. The following are equivalent:
e Forany C > 1, there is a polynomial T such that Gap, sMcK'P € promise-P, for é(n,t) <n/C.

e For any D > 1, there is a P-computable natural property for conditional K'(x | y) on n-bit
strings x with usefulness s(n,t) =n —n/D.

We can similarly define the gap version of the minimum conditional pK! measure, Ga Prs McpK*P.

Definition 2.18. For a polynomial 7 and a function 6: N x N — N, define GapmgMcpKtP as the
following promise problem:

HYES = {(l’,y, 137 1t) | pKt(‘r ‘ y) S S}?
Myo = {(,,1°,1%) | K™ (2 | y) > s+ 5(||,1)}.

We get the following.
Corollary 2.19. The following are equivalent:

e For any C > 1, there is a polynomial T such that Gapm;McpKtP € promise-BPP, for §(n,t) <
n/C.

e For any constant D > 1, there is a BPP-computable natural property for conditional K'(z | y)
on n-bit strings x with usefulness s(n,t) =n —n/D.

Proof sketch. By similar arguments, we can prove analogs of Lemma 2.15 and Lemma 2.16 for the
case of Gap”;l\/lcpKtP and BPP-computable natural properties for conditional K'. For the analog
of Lemma 2.16, we do not assume E ¢ io-SIZE[2°(™)], and use Lemma 2.5. O

2.5 Range Avoidance

Definition 2.20 (Avoid). The Range Avoidance Problem [Kle+21; Kor21] is the following search
problem: Given a circuit C: {0,1}" — {0,1}™, for some m > n, find a string z € {0,1}"™ such that,
for all x € {0,1}", C(z) # z. Let Avoid be the Range Avoidance problem for circuits C': {0,1}" —
{0,1}™ with m > (1 + e)n for some (arbitrarily small) constant € > 0 (e.g., think m > (1.01) - n).

Remark 2.21. The complexity of the Range Avoidance Problem appears to be sensitive to the
assumed stretch of circuits C: {0,1}" — {0,1}™. [Kle+21; Kor21] considered the version with
m >n+1, and showed that m =n+1 and m = 2n are equivalent under PNP-reductions. Such an
equivalence is not known under P-reductions. A similar issue arises also in the context of bounded
arithmetic where one seems to need different variants of the dual weak pigeonhole principle axiom
for different systems of randomized polynomial-time reasoning (cf. [Jer07]). In the present paper,
we only consider the version of Range Avoidance with at least linear stretch.

For every y € {C(z) | z € {0,1}"}, we can reconstruct y if we know some pre-image = € {0,1}"
such that C(z) = y. Therefore, Ki(y | C) < n, for t = p(|C|), where p is the polynomial bound
on the time required to evaluate a given circuit C on a given input. Hence, to solve Avoid for a
given circuit C, it suffices to find a string of high conditional Kolmogorov complexity K!(— | C).
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In fact, as observed in [RSW22], the two tasks are polynomial-time equivalent: one can solve Avoid
in polynomial time iff one can find “incompressible” strings for conditional K*.5

Actually, finding a string of high conditional pK! complexity allows us to solve a natural gener-
alization of the Range Avoidance problem, which we term Collective Range Avoidance (CRA).

Definition 2.22 (Collective Range Avoidance (CRA)). The 1/3-Collective Range Avoidance (CRA)
problem is the following search problem: Given a circuit C: {0,1}* x {0,1}* — {0,1}™ for m >
(14¢e)n for some constant € > 0, find a string z € {0, 1} such that, for at least 1/3 of strings r €
{0, 1}, the string z is not in the range of the circuit Cy: {0,1}" — {0,1}™ where Cy.(z) = C(r,x).

Note that the usual Range Avoidance problem is a special case of the CRA problem defined
above when ¢ = 0.

Consider any string y € {0,1}™ that is in the range of at least 2/3 of circuits C,: {0,1}" —
{0,1}™, over uniformly random 7 € {0,1}*. Then, with probability at least 2/3 over r € {0, 1},
there is a string z,, € {0,1}" such that C(r,z,) = y. This implies that pK'(y | C') < n, for some
t = poly(|C|) (the time needed to evaluate the circuit C' on a given input). Thus, to solve 1/3-CRA
problem for a given circuit C: {0,1}* x {0,1}™ — {0,1}™, it suffices to find a string z € {0,1}™
with pK‘(z | C) > n, for some polynomial ¢ = poly(|C|).

For completeness, we state the following observation; the proof similar to the one in [RSW22]
for the case of unary Range Avoidance.

Lemma 2.23. The search problem (1/3)-CRA is in polynomial time if and only if, for every constant
0 < 7 < 1, there is a polynomial-time algorithm that, given 1™, 1, and y € {0, 1}8, finds a string
z € {0,1}™ with pK'(z | y) > (1 —7) - m.

Proof. In the forward direction, given 1™, 1*, y € {0,1}*, and 0 < v < 1, set n = [a - m], for
some constant 0 < o < 1 to be determined, define a circuit Cy: {0, 1} x {0,1}" — {0, 1}™, which
simulates the following Turing machine:

On inputs 7 € {0,1}' and = € {0,1}", decompose z = uv where |u| = logn. Let 0 <
d < n be the integer encoded by the binary string u. Let w be the last min{d,n —logn}
bits of . Run the universal Turing machine U(w,r,y) for at most t steps, and output
the binary string it outputs, padded or trimmed to be exactly of length m.

Note that Cy is of size poly(n, £,t). Applying an assumed polynomial-time algorithm for 1/3-CRA
to Cy, we get a string z € {0, 1}" such that, for all sufficiently large m € N,

pK'(z | y) > n —logn
>a-m—logm
> (1—’)/)’]71,
if we set a =1— (v/2).

In the reverse direction, For a given circuit C': {0,1} x {0,1}" — {0,1}™, with m > (1 +¢)n
for some constant £ > 0, consider any string z € {0,1}" with

pK!(z | C) > (1 — v)m,

® Actually, [RSW22] observes this equivalence for the case of unary Avoid and K, but it immediately generalizes
to the case of Avoid and conditional K.
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where t = p(|C|) for some polynomial p, and v = ¢/(1 4+ €). By our choice of parameters, we get
that pK'(z | C) > n. Hence, by our earlier observation, the string z is a solution to 1/3-CRA, and
by our assumption, such a z can be found in polynomial time. ]

3 Chain Rules from Natural Properties
3.1 Case of K!
Theorem 3.1 (Chain Rule for K'). Suppose that

e E ¢ io-SIZE[2°™)], and

e there is a P-computable natural property A(w, 1) for Kt on n-bit inputs w with usefulness
s(n,t) =n —d(n,t).

Then there exist constants cg,c1 € N such that, for all sufficiently large x1,...,2y € {0,1}* of

lengths ny, . ..,ng, respectively, for any £ € N, and for every t > N, where N = Zle n;, we have
¢
Ki(ws, . xe) > S K (@ | 1, mia) — £ O(log ) — (2(N + ), 28), (7)
i=1

where ng = max{n; | 1 <1i < (}.

Proof. We will apply a DP generator to each of the ¢ strings zi,...,xzy, with the parameters
k; ~ Kpoly(t) (x; | ®1,...,24—1) to be determined. We will use the same seed for each of these ¢
generators.

Note that each x; of length n; < ng has Kolmogorov complexity at most n; + O(1) < 2ng. So
it suffices to have a common DP seed z of length at most max;{k;n;} < 2n%. Each of the ¢ DP
generators will use a prefix of the same z of the length required by the particular DP generator’s
parameters n; and k;. We provide more details next.

For z € {0, 1}2”3, and for k1,..., ks > 0 to be determined, consider the following generator

G(z) ==z 0 DP{!(z1) 0 -+ - 0 DP}*(z),

where each z; is the prefix of z of length n; - k;, for all 1 <i < /.
Note that the total output length of G is

l
M= |z|+ Y ki <|z|+2N =2(nj + N),

i=1

since each k; < 2n;.

First, we show how to choose the parameters k;, 1 < i < ¢ to make G a (1/4)-pseudorandom
generator against time 7(2(n2 + N), 2t)-time uniform algorithms, where 7(n,t) is the polynomial
runtime of the assumed natural property A for K¢ on n-bit strings.

We will use a hybrid argument. Suppose there is a 7(2(n3+ N), 2t)-time distinguisher D between
the uniform distribution and the output of the generator G, with a distinguishing probability at
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least 1/4. Define hybrid distributions Dy, ..., Dy so that, for each 0 < i < ¢, and the uniform
distribution Z over {0,1}2%,

D :=ZoDPy(Z1) o0 DPy(Z;) oUy,,, o+ o Uy,

where each Z; is the prefix of Z of length k;n;.

By assumption, D is a (1/4)-distinguisher between Dy and Dy. By a hybrid argument, there
must exist an index 1 < ¢ < £ such that D is a (1/(4¢))-distinguisher between D;_; and D;. Note
that D can be used to define a randomized distinguisher D’ between s—DPzz(zfi), for z; € U, and
Ui |+k;» given as advice z1,...,T;i1:

The distinguisher D’ on inputs z; and w € {0,1}*, will sample a uniformly random
string « € {0, 1}2”(2)_‘4‘| to define z = z; o a of length 2n2, which will be placed in the
position of Z in D;. The string w will be placed in the ith DP position of D;. Then
D’ will use its advice and randomness to sample from the hybrid distribution D; in
the remaining positions. Finally, D’ will simulate D on the resulting tuple of strings,
accepting iff D accepts.

The runtime of the randomized distinguisher D’ is that of D plus O(M), which is O(7(2(nZ +
N),2t)). By Lemma 2.4 we get that, for a sufficiently large ¢y such that ¢ > N, and for ¢(t) =
pop(poly(t)),
KIO (25 | @1, .. wim1) < ki + log q(t). (8)

Set

ki = max{0, K (z; | z1,...,2;_1) — logq(t) — 1} (9)
so that the inequality in (8) cannot hold. (Note that if k; = 0, then D;_; and D; are identical,
and hence indistinguishable by any algorithm D.) It follows that for these k;’s, the generator G is
1/4-pseudorandom against 7(2(n3 + N), 2¢)-time uniform algorithms.

Set s := M — (M, 2t). By the definition of a natural property, A(—, 12!) rejects with probability
at least 1/2 on the uniform distribution Dy. Hence, by the (1/4)-pseudorandomness of G, A(—, 12t)
rejects with probability at least 1/2 —1/4 = 1/4 on the outputs of G.

By averaging, there exists a string z € {0, 1}2”3 such that

A(z 0 DPJ!(z1) 0 -+~ 0 DP}(2),1%) = 0,
where, as before, each z; is the prefix of z of length k;n;. By the definition of a natural property
(and recalling the definition of s = M — 6(M, 2t)), we get that
¢
K2! (z oDP{1(z1)0---0 ng(@)) > 5= ki+ |2 - 6(M,2t). (10)
i=1
On the other hand, for every seed z € {0, 1}2”(2), we have

K2t (z o DPY!(z1)0 -+ o ngg(z,g)) <Ki(a1,...,20) + |2 + ¢ £ log(N/O), (11)

where the last term is to take into account encoding of all n;’s and k;’s, which can be done using
at most ¢ - Zlelog n; bits, for some constant ¢ > 0; using the AM-GM inequality, we have

Zle logn; < £-log(N/¢).
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Combining (10) and (11), and recalling the definition of k;’s in (9), we get that

Ki(21,...,20) 4 |2| + ¢ £ -log(N/€)

14
>3 (Kq(t)(xi |21, i) — log g(t) — 1) + 12— 8(M, 20),
=1

which implies the required lower bound in (7). O

Remark 3.2. If we assume a natural property with §(2(n + N),2t) < £-O(logt) in Theorem 5.1,
then we get an optimal chain rule statement for ¢ strings with an overall additive error £-O(logt).

3.2 Case of Conditional K’

Here we generalize Theorem 3.1 to the case of conditional K! complexity, by using a natural property
for conditional K. Note that we get slightly better error parameters for the conditional Chain Rule
below compared to the unconditional Chain Rule of Theorem 3.1.

Theorem 3.3 (Conditional Chain Rule for K). Suppose that
e E ¢ i0-SIZE[2°™)], and

e there is a P-computable natural property A(w,z,1") for conditional K' on n-bit inputs w,
conditioned on z € {0,1}*, with usefulness s(n,t) =mn — §(n,t).

Then there exist constants co,c1 € N such that for all sufficiently large y,z1,...,x¢ € {0,1}*, for
any £ € N, and for every t > M, where M = |y| + Zle |z;|, we have

L

Ky, e |y) = K™ (@i [y, 21, im1) — £- O(logt) — 6(2N, 2t), (12)
=1

where N = Zle |z

Proof. The proof is similar to that of Theorem 3.1, with conditioning on y added and some mod-
ifications. The main difference is that we can afford to use independent seeds for different DP
generators now because we can “hide” all these seeds in the conditioned string of the assumed
natural property A for conditional K!. This allows us to make the error of the Chain Rule for
conditional K to be §(2N,2t), independent of the maximum length of the strings x1,...,z; (in
contrast to Theorem 3.1). We provide the details next.

For given strings x1,...,xy of lengths ny,...,ny, respectively, for a string y of length m, and
for the parameters k1, ..., ky to be determined, we consider the following generator

G(z1,...,2¢) = DP(21) 0 --- 0 DP (20),

where |z;| = n; - k;. Note that the output of this generator G is

4
M=) "k <2N,
i=1
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since each k; < 2n;.
For every given sequence of seeds z1, ..., z¢, we have

K2t (Dpii(’zl) ©--0 Dpiﬁ(zf) | Y, 21y 'azﬁ) < Kt(l'l,...,l‘g | y) +c-L- log(N/E)a (13)

where the term ¢ - £ - log(N/{) accounts for the encoding of the input lengths nq, ..., ng.
We argue that, for uniformly random z;’s, G(z1, ..., z¢) is (1/4)-pseudorandom with respect to
the distinguisher A(—,y o0 21 0---o0 2, 1%). Consider the hybrid distributions

D; = DPii(Zl)ou-oDPif(Zi)oniﬂ o---oly,o0yoZio---0Z,

for independent uniform distributions Z1, ..., Z; over strings of lengths niky, ..., ngky, respectively.
Suppose that A(—,1%!) is a (1/4)-distinguisher between Dy and D;. By a hybrid argument, there
must exist some 1 < < £ such that A(—, 1%) is a (1/(4¢))-distinguisher between D;_1 and D;.
We can use this fact to get a randomized distinguisher D that, given advice y, z1,...,x;—1, will
(1/(4¢€))-distinguish between s-DPy* (Us,n,) and Uy, +k,- The distinguisher D is as follows:

The distinguisher D, on input z; € {0,1}"* and w; € {0, 1}*, will randomly sample
strings z;, for 1 < j < ¢ with j # 4, will compute (using its advice z1,...,z;—1) the
strings DP! (21), .- -, DPZ: (zi—1), and will simulate

A(DPE (Zl), e DPZ:; (Zi—l); wi,Z/IkiH, ... ,Ukl, Y, 21y ooy 205 12t),
accepting iff A accepts.

By Lemma 2.4 we get that, for a sufficiently large ¢y such that ¢ > M and for ¢(t) =

pop(poly(t)),
KQ(t) (.CU@ | Y, T1, ... 7xi—1) S kl + log Q(t) (14)

Set
ki = max{0, K (z; | y,z1,...,zi_1) — logq(t) — 1} (15)

so that the inequality in (14) cannot hold. (Note that if k; = 0, then D;_; and D; are identical,
and hence indistinguishable by any algorithm.) We get for these k;s that

A(G(z15...,20),y0z10---02,1%) =0

with probability at least 1/2—1/4 = 1/4, since A(w, 2, 1), as a natural property for conditional K,
must reject at least 1/2 of random inputs w. By averaging over z;’s and by the usefulness property
of A, we get for some z1,..., 2, that

KQt(G(Zla' . '725) ‘ y7Z17"'7Zf) > M — 5(M72t)

)4
> ki — 6(2N,2t).

i=1

Combining this inequality with (13) and (15) above, we get the claimed chain rule. O
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3.3 Case of Conditional pK'

Here we prove that a chain rule for conditional probabilistic Kolmogorov complexity pK! follows
from a BPP-computable natural property for conditional K'. The difference from Theorem 3.3
above is that (1) no circuit lower bound for E (derandomization assumption) is needed, and (2) a
natural property for conditional K* can be BPP-computable (rather than P-computable).

Theorem 3.4 (Chain Rule for Conditional pK'). Suppose that there is a BPP-computable natural
property A for conditional Kt on n-bit inputs with usefulness s(n,t) = n—3(n,t). Then there exist
constants cg,c1 € N such that for all sufficiently large x4, ...,z € {0,1}*, for any £ € N, or every
y € {0,1}*, and for every t > (N + |y|), where N = Zle |z;|, we have

¢
pKt(.’IZ‘17 -y Ly | y) > ZpKtC1 (xl | Y, L1y .- ,.’Ei_l) —L- O(lOgN) - 5(2N7 2t) (16)
=1

Proof. The proof is similar to that of Theorem 3.3. Let n; = |x;|, for all 1 <i < {. For ky,... k¢
to be determined, consider the concatenation of ¢ generators

DPii(21)0---0 DPiﬁ(Zg),

where |z;| = n; - k; for all 1 < i < ¢. Note that the total output length of this concatenation of DP
generators is

¢
M=) "k <2N,
i=1
assuming that each k; < 2n;.
For every given sequence of seeds z1, ..., z¢, we have

pK2 (DPF (21) 0+ 0 DP!(2¢) | y, 21, -, 20) < pK! (a2 | y) + O(L-Tog(N/0)) =: o
By the definition of pK®, this means that, for at least 2 /3 of random strings r € {0, 1}%,
K2t <DPii(z1) 0---0 DPg]gf(Zg) | 7y, 21,y z@> < o. (17)

Set s = M — §(M, 2t). By the definition of a BPP-computable natural property for conditional
K with usefulness s, we have for every sequence of z1,..., z;, every r, and every y that A(—, 1)
rejects on the distribution
L[klo-~~ouk£oroyozlo-~-ozg,

with probability at least (1/2) - 0.9 = 0.45 (where the probability is over both the distribution of
uniformly random inputs and the internal randomness of A). Hence, it rejects with probabilty at
least 0.45 on the distribution

Ug, 0---olUy,0oRoyoZyo---0,

8 Assuming a BPP-computable natural property for K*, rather than conditional K*, one can get a chain rule for pK?,
albeit with worse error parameters. Since these error parameters are insufficient for getting an equivalence between
the chain rule and a natural property, we do not state this result here.
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where R is the uniform disribution over strings of length |r|, and each Z; is uniform over strings of
length |z;| (independend of all other distributions).

Next we will argue that o > s. Towards a contradition, suppose that o < s. Then, by (17), we
have that A(—, 1?%) accepts with probability at least 0.9 - (2/3) = 0.6 on the distribution

DPE(Zl)o...oDP;Z(ZZ)oRoonIO,_,OZZ7

where the probability is both over the input distribution and the internal randomness of A.
Define hybrid distributions Dy, ..., Dy so that, for each 0 <1 < £,

o«~-oZ,{/woRoyozlo~~-oZe,

i+1

D; = DPE (Zl) 0---0 DPiZ(Zl) o Uy,

Since A(—,1?") distinguishes between Dy and D, with the distinguishing probability at least
0.6 — 0.55 = 0.05, we get by the hybrid argument that, for some 1 < i < ¢, A(—, 1?!) distinguishes
between D;_; and D; with the distinguishing probability at least 0.05/¢. By Lemma 2.5 we get
that, for a sufficiently large ¢y such that ¢ > N and for ¢(t) = ppp(poly(t)),

pKIO (2 |y, 1, ..., zi-1) < ki + O(log N). (18)

Set
ki = max{0,pK?® (z; | y, x1,...,2;_1) — O(log N) — 1} (19)

for all 1 <4 </, so that (18) cannot hold. Therefore, for this setting of k;’s, we conclude that
o > s. This means that, by the definitions of o, s, and k;’s,

o =pK'(z1,..., 20 | y) + O(C - log(N/1))
> S
= M — §(M,2t)

0
= ki —6(M,2t)
=1

¢
>y (PKQ(t)(%' |y, 215, 2-1) — O(log N) — 1) —6(2N,21),
i=1

which implies the required inequality (16). O

4 Natural Properties from Chain Rules

4.1 Case of K! and Conditional K!

Theorem 4.1. Assume that, for every constant C > 1, the Chain Rule for K' as in Eq. (7) of
Theorem 3.1 holds for 6(N,t) < N/C. Then, for every constant D > 1, there is a P-computable
natural property A for Kt on n-bit inputs with usefulness s(n,t) =n —n/D.

Proof. Given z € {0,1}", partition = into 1 < ¢ < n strings x1, ...,z of length n/¢ each, for some
¢=n/(clogt), for a constant ¢ > 0 to be chosen later. Note that

K2 (z1,...,2) < Ki(z) + O(logn).
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On the other hand, by the assumed Chain Rule, we have, for sufficiently large ¢ > poly(n), that
l
K2 (21,...,2¢) > Z KPY®) (25 | 21, ..., 2i_1) — £- O(logt) — 6(2((n/0)? +n),2t).
i=1

Assume that K!(x) < s(n,t). Then
0
D> KV (3 |2y, @) < s(nt) + £- O(logt) + 6(2((n/0)* + n), 2t).
=1

Hence, by averaging, there is some 1 < ¢ < £ such that
KPYO) (2, | 21, ..., wim1) < (s(n,t) + £ O(logt) + 3(2((n/0)* +n),2t)) /¢ =: S. (20)

Note that, by brute force, for each 1 < i < £, we can compute KPO'Y(t)(:(:i | £1,...,2—1) in time
27/t . poly(t), which is at most poly(t) for £ = n/(clogt), for a constant ¢ > 0 to be determined.
Consider the following decision algorithm .A:

On input z € {0,1}" and 1%, output 1 iff there is some 1 < i < ¢ such that Eq. (20) is
satisfied.

Clearly, A is a polynomial-time algorithm. It accepts every string z € {0,1}" with K!(x) < s(n, ).
We need to argue that A will reject at least 1/2 of random input strings z € {0,1}", for an
appropriately chosen s(n,t).

Suppose that s(n,t) is such that

S < (n/t)—2log¥, (21)
for S defined in (20). By a simple counting argument, we have, for any fixed string w,
Pr,c (ot [K(y | w) < (n/0) — 2log ] < 2/

Imagine picking a uniformly random z € {0,1}" in stages, where we first pick z; € {0,1}"*/¢, then
zp € {0,1}"¢, and so on until z, € {0,1}"/¢, and finally output z = z; 0 zp 0 - - - 0 z,. By the union
bound, the probability that at least one of 21, ...,z € {0,1}"/* has

K(zi|z1,...,2i-1) < (n/l) —2logt
is at most £ - (2/¢2) < 2/¢. Tt follows that for s(n,t) satisfying (21) above, we have

Pr.ciouyn[A(z,1) =1] < 2/¢,

which is at most 1/2 for ¢ > 4.
It remains to see which values s(n,t) will satisfy (21). We get that s(n,t) must satisfy the

following:
s(n,t) <n—20-logl — (- O(logt) — 5(2((n/0)? + n),2t).
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We will set s(n,t) equal to the expression above. Recalling that ¢ = n/(clogt), we get for any
given constant d > 0 (by choosing ¢ a large enough constant) that
s(n,t) =n — (2nlogl)/(clogt) —n - O(logt)/(clogt) — §(2((n/€)* + n), 2t)
>n—n/d—4§(3n,2t)
>n—n/d—(3n)/C
=n-—n/D,
for C' = 3d and d = 2D. The theorem follows. O

Theorem 4.2. Assume that, for every constant C > 1, the Chain Rule for conditional Kt as in
Eq. (12) of Theorem 3.3 holds for 6(N,t) < N/C. Then, for every constant D > 1, there is a
P-computable natural property A(z,y,1%) for conditonal K' on n-bit inputs x, conditioned on v,
with usefulness s(n,t) =n —n/D.

Proof. The proof is analogous to that of Theorem 4.1 above, with a given string y added as a
conditioned string everywhere in the proof. O

4.2 Case of Conditional pK’

Theorem 4.3. Assume that, for every constant C > 1, the Chain Rule for conditional pK' as in
Eq. (16) of Theorem 3.4 holds for 6(N,t) < N/C'. Then, for every constant D > 1, there is a BPP-
computable natural property A for conditional Kt on n-bit inputs with usefulness s(n,t) =n—n/D.

Proof. The proof is similar to that of Theorem 4.1, appropriately adapted to the case of conditional
pK!. Given x € {0,1}", partition x into 1 < £ < n strings x1, ...,z of length n/¢ each, for some ¢
to be chosen later. Note that, for every y € {0,1}*,

pK* (z1,...,2¢ | y) < pK'(z | y) + O(logn).
On the other hand, by the assumed Chain Rule, we have, for sufficiently large ¢ > poly(n), that
¢
P (1, 2 [y) > > pKPY O (a3 |y, 2, wi1) — £+ O(logn) — 6(2n, 2t).
i=1
Assume that K'(z | ) < s(n,t). Then pK'(x | y) < Ki(z | y) < s(n,t), and so
¢

Z pr°ly(t)(ac,- |y, z1,...,2i—1) < s(n,t) + £ - O(logn) + 6(2n, 2t).

i=1
Hence, by averaging, there is some 1 < ¢ < £ such that

pKPY D (2 | y, 21, mi1) < (s(n,t) + £ Ologn) + 6(2n, 2t)) /L =: S, (22)

By brute force, for each 1 < i < ¢, we can approximate pKPoY(®) (x; | y,z1,...,2i—1) (by random
sampling) in randomized time 2"/¢ . poly(t), which is at most poly(t) for £ = n/(clogt), for some
sufficiently large constant ¢ > 0 to be determined. We provide the details next.

Consider the following randomized decision algorithm A:
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On input x € {0,1}", y € {0,1}*, and 1%, output 1 iff there is some 1 < i < £ such that
Eq. (22) is approximately satisfied. More precisely, output 1 if, for some 1 < i < ¢, for
each of at least 0.6 fraction of randomly sampled n strings r € {0, 1}t/, for t' = poly(t),
there is a string w, € {0,1}=% such that U(w,,r,y,21,...,2;_1) outputs z; within #'
steps.

Clearly, A is a randomized polynomial-time algorithm. It accepts every string € {0,1}" with
Ki(x | y) < s(n,t), with high probability over its internal randomness (which can be argued by the
Chernoff bounds). We need to argue that, for every y, A(—,y, 1*) will reject at least 1/2 of random
input strings z € {0,1}", for an appropriately chosen s(n,t).

Suppose that s(n,t) is such that

S < (n/t)—2logt, (23)

for S defined in (22). By Lemma 2.1, we have, for any fixed string w,
Prcqoye [PRhss(a | w) < (n/0) = 2log ] < 4/

Imagine picking a uniformly random z € {0,1}" in stages, where we first pick z; € {0,1}"/¢, then
2 € {0,1}"/¢ and so on until z, € {0,1}"/*, and finally output z = z; 0 zp 0 - - - 0 ;. By the union
bound, we have with probability at least 1 —4/¢ > 1/2 over random z = z; ...z € {0,1}" that,
for every one of z1,..., 2, € {0, 1}”/{ it holds that

PKB,.55(Z1' |y, 21,...,2i-1) > (n/f) — 2log (.

Consider any such z = z; ...z € {0,1}". For each 1 < i </, there are fewer than 0.55 fraction
of “good” random strings ~ € {0,1}" for which there is a description w, € {0,1}=% such that
U(wy,7,Yy,21,-..,2i—1) outputs z; within ¢’ steps. By the Chernoff bounds, algorithm A will see
at least 0.6 fraction of “good” random strings r in its sample of size n with probability at most
2= By the union bound, the probability that A will accept for at least one 1 < i < £ is at most
¢- 27" Hence, the probability over the internal randomness of A that A(z,y,1Y) = 0 is at least
1—¢-279%0) > 0.9, for all sufficiently large n.

It remains to see which values s(n,t) will satisfy (23). We get that s(n,t) must satisfy the

following:
s(n,t) <m—2¢-logl —¢-O(logn) — §(2n,2t).

Recalling that ¢ = n/(clogt), we set, for any given constant D > 0 (by choosing ¢ large enough),

s(n,t) =n — (2nlogl)/(clogt) —n - O(logn)/(clogt) — §(2n,2t)
>n—n/(2D) — §(2n, 2t)
=n—n/(2D) - (2n)/C
<n-n/D,

for C' =4D. O
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5 Circuit Lower Bounds from Chain Rules

5.1 Case of K¢

Here we get strongly exponential, almost everywhere, circuit lower bounds from a Chain Rule for K¢,
using an idea from [Per07]; see also [All4+06] for a similar argument in the setting of time-unbounded
Kolmogorov complexity.” We will need the following lemma.

Lemma 5.1. Let x € {0,1}Y, for N = 2", be such that, for for t > N3, we have
K(z) > (0.9) - N. (24)

Then x, viewed as a truth table of an n-variate Boolean function, requires circuit size at least
2" /(c-n), for a sufficiently large constant ¢ € N.

Proof. Suppose towards a contradiction that x can be computed by a circuit of size o < N/(c-n).
Such a circuit can be described using

N -d-
o' =0-d-logo < n
c-n

bits, for some constant d € N. We can make ¢’ < N/2 by choosing ¢ = 2d. Given the description
of this circuit, one can compute the entire string = bit by bit, by evaluating the circuit on all
possible n-bit inputs. This can be done in time 2" - (¢)?> < N3. Hence, for t > N3, we have that
K(z) < N/2, contradicting (24). O

Theorem 5.2. Assume that, for any constant D > 1, the Chain Rule for K' as in Eq. (7) of
Theorem 3.1 holds for 6(N,t) < N/D. Then

E ¢ i0-SIZE[0(2"/n)).

Proof. Let N = 2™, m = c-n for some constant ¢ > 0 to be determined, and ¢ = N/m. Let
Ne <t = N for some constant ¢; > 3. Let ¢ = poly(¢) be the polynomial time bound on the
right-hand side of the Chain Rule for K¢.

By a brute-force algorithm, we construct A; € {0,1}"™ so that

K' (A1) > m. (25)

Note that by a counting argument, such a string A; must exist. We find the lexicographically first
such string by enumerating all m-bit strings a € {0,1}™, and checking for each if some w € {0, 1}=™
exists such that U(w) outputs a within ¢’ steps; if yes, we skip over to the next a € {0,1}™. It
takes time 20 to find A;.
Similarly, given the found string A;, we next find (again by brute force, in time 2°0(") a string
Ay € {0,1}" such that
K (Ag | Ay) > m.

Such a string must exist by a counting argument. To find it, we proceed similarly to the case of
Aq, but now simulating U(w, Ay) for ¢’ steps.

"More precisely, [All4+-06] re-prove a result of [Buh+05] that one can efficiently deterministically construct a string
of high Kolmogorov complexity, given oracle access to the set of Kolmogorov-random strings. The proof relies on the
Symmetry of Information for time-unbounded Kolmogorov complexity.
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We continue this way to define Ay, As, ..., Ay so that, for all 1 <i < ¢,
KY(A; | Ar,..., Ail1) > m. (26)

Next, by the assumed Chain Rule, we get from Eq. (26) that

¢
K{(A1, .. A 2 ) K (A [ Ay, Aiy) — £ O(logt) — 6(2(m® + N), 2t)
=1

>¢-m—/{-O(cin) —4N/D
2n
= —-(ecn—O(c1n) —4en/D) . (27)
cn
Choose the constants ¢ and D large enough so that (cn — O(cin) —4en/D) > (0.9) - ecn. Then
B=A;...A;€{0,1}*" requires circuit size (2"/n) by Lemma 5.1.
Finally, observe that each A;, for 1 <1¢ </, is computable in time 20(") | Hence, the truth table
B € {0,1}*" is computable in time 20() - Collecting such B’s over all input lengths n, we get a
language L € E that, almost everywhere, requires circuit size (2" /n). O

Remark 5.3. Under the assumption that a variant of the two-string Conditional Chain Rule for
K® holds, Perifel [Per07] proved that EXP ¢ P/poly. One reason that [Per07] obtained only a
superpolynomial rather than exponential circuit lower bound for EXP is that it used this two-string
Conditional Chain Rule to derive an £-string Chain Rule for K, for a super-constant ¢, suffering
significant blowups in the time bounds for the K' complexities involved. This precluded the use
of sufficiently large values of ¢ in the derived Chain Rule. In contrast, we start with an optimal
(-string Chain Rule for Kt for an arbitrary £ € N, and so we can choose a sufficiently large value
of £ to get exponential circuit lower bounds.

5.2 Case of pK'

We get circuit lower bounds for randomized complexity classes from the assumption that a Chain
Rule for pK? holds.

Lemma 5.4. A BPP-computable natural property for K™ on n-bit inputs with usefulness s(n) >
(0.9) - n yields a BPP-computable natural property for circuit size on truth tables of length N = 2"
with usefulness s(N) > N¢, for some 0 < e < 1.

Proof. Let A be a BPP-computable natural property for K™ on n-bit strings with usefulness s(n) >
(0.9) - n. Define A’": {0,1}" — {0,1} as follows:

On input z € {0,1}N, A'(z) = A(z, 1V").

By definition, A’ is a randomized poly(N)-time algorithm. For at least 1/2 of random strings
w € {0,1}Y, A'(w) rejects with probability at least 0.9 because so does A(w). For z € {0,1}"
with size(z) < 2097 we get by Lemma 5.1 that KN (x) < (0.9)- N, for all sufficiently large n € N.
Hence, A(x, 1) accepts such an z with probability at least 0.9, and therefore so does A'(z). [

Theorem 5.5. Assume the Chain Rule for conditional pK' as in Eq. (16) of Theorem 3.4, for
d(n,t) < nje, for a sufficiently large ¢ > 1. Then
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o BPEXP ¢ P/poly, and,
e BPP/1 ¢ SIZE[n¥], and promise-BPP ¢ SIZE[n*] for any fized k > 1.

Proof. By our assumption and by Theorem 4.3, we get that there is a BPP-computable natural
property A for K™ on n-bit strings with usefulness s(n) = (0.9)-n. By Lemma 5.4 and Corollary 2.9,
the theorem follows. O

6 Proofs of Equivalences for Chain Rules

Here we prove the main equivalences stated in the introduction.

6.1 Case of K!
Theorem 6.1 (Equivalence for K). Consider the following assumptions:
CKT-LB: E ¢ io-SIZE[20(n)]}

PROP-K!: for any constant C > 1, there is a P-computable natural property P for Kt with usefulness
s(n,t) =n—n/C, and

CHAIN-K!: for any costant D > 1, for some polynomial p, for any ¢ € N, for any z1,...,z, € {0,1}*
with N = Zle |z;| and each |z;| < O(V'N), and all sufficiently large t (at least polynomial
in N ), we have

4
Ki(a1,...,20) 2> KO (@ | @, 2i9) — £+ O(logt) — N/D.
=1

We have that
CKT-LB & PROP-K! < cHAIN-K?.

Proof. The direction CKT-LB&PROP-K! = cHAIN-K! follows by Theorem 3.1. That CHAIN-K! =
cKT-LB follows by Theorem 5.2. Finally, the direction cHAIN-K! = PRrOP-K! follows by Theo-
rem 4.1. O
6.2 Case of Conditional K’
Theorem 6.2 (Equivalence for Conditional K*). Consider the following assumptions:

cKT-LB: E ¢ io-SIZE[2°(V)],

PROP-cK!: for any constant C' > 1, there is a P-computable natural property P for conditional Kt with
usefulness s(n,t) =n —n/C,

GAP-MCcK'P: for any constant C' > 1, there is a polynomial T such that Gapm;,McKtP € promise-P, where
8 (n,t) =n/C’, and
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CHAIN-cK!: for any constant D > 1, for some polynomial p, for any £ € N, for any z1,...,z, € {0,1}*
with N = Zle |z, and any y € {0,1}*, and all sufficiently large t (at least polynomial in
N +|y|), we have

y4
K@, ae | y) = SR (@ | yay, .. wiy) — € O(logt) — N/D.

i=1
We have that
CKT-LB & PROP-cK! < cHAIN-cK! < CKT-LB & GAP-McK!P.

Proof. The direction CKT-LB & PROP-cK! = cHAIN-cK' follows by Theorem 3.3. The direction
CHAIN-cK! = CKT-LB follows by Theorem 5.2. The direction CHAIN-cK! = PROP-cK' follows by
Theorem 4.2. Finally, the equivalence CKT-LB & PROP-cK! & CKT-LB & GAP-McK!P is by
Corollary 2.17. O

6.3 Case of Conditional pK'

Theorem 6.3 (Equivalence for Conditional pK'). The following are equivalent:

PROP-cK!: For any constant C' > 1, there is a BPP-computable natural property P for conditional Kt
with usefulness s(n,t) =n—n/C.

GAP-McpK'P: For any constant C' > 1, there is a polynomial T such that Gapm;McpKtP € promise-BPP, for
d(n,t) <n/C".

CHAIN-cpK': For any constant D > 1, for some polynomial p, for any £ € N, for any x1,...,x, € {0,1}*
and any y € {0,1}*, and all sufficiently large t (at least polynomial in the total length of all
strings), we have

¢
pKt(xla <oy Ly ’ y) > Z pr(t)(xZ | Y, T1,. .. 7$i—1) — (- O(]Ogt) - N/D7 (28)
i=1
where N = Zle ;.
Proof. The direction PROP-cK! = CHAIN-cpK' is by Theorem 3.4. The direction CHAIN-cpK! =
PROP-cK! is by Theorem 4.3. The equivalence PROP-cK! < GAP-McpK'P is by Corollary 2.19. [
6.4 If a Gap-Version of Conditional K! Were NP-Hard

In [HIR23], it is shown under cryptographic assumptions that a certain gap-version of computing
conditional K is NP-hard.

Theorem 6.4 ([HIR23]). Assume suberponentially-secure witness encryption for NP. Then the
following promise-problem is NP-hard under randomized polynomial-time (black-box) reductions:
For z,y € {0,1}*, with |x| =n and |y| = poly(n), and some polynomial t, distinguish between

o Ivis = {(z,9) | K™(z | y) < v/n}, and
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o To = {(z,9) | K¥ (x| y) > n— O(1)}.

Note that if, for §(n,t) = n/C, for some large constant ¢ > 1, and for some polynomial 7, it
would be the case that GapT,(;McKtP € promise-BPP, then we would be able to solve the promise-
problem from Theorem 6.4 above in promise-BPP as well. Thus, it is plausible that, for any large
¢ > 1 and any polynomial 7, the problem Gap, , /CMcKtP may in fact be NP-hard (under randomized
polynomial-time reductions). This would dramatically simplify the equivalence for the Chain Rule
for conditional K! in Theorem 6.2, as we show next.

Theorem 6.5. Suppose that, for any large ¢ > 1 and any polynomial 7, the problem GapT,n/CMcKtP
18 NP-hard. Then the following are equivalent:

e NP =P, and

e for any constant D > 1, for some polynomial p, for any £ € N, for any x1,...,z, € {0,1}*
with N = Zle |z, and any y € {0,1}*, and all sufficiently large t (at least polynomial in
N +|y|), we have

14

Ki (21, ..., 20 | y) > ZKp(t)(xi |y, z1,...,2xi—1) — £-O(logt) — N/D.
i=1

Proof. In the forward direction, NP = P implies E ¢ io-SIZE[2°(")] [Kan82], as well as a P-
computable natural property for conditional K! with usefulness s(n,t) = n — o(n). Hence we
can apply Theorem 6.2 to get the Chain Rule for conditional K!, as required.

In the reverse direction, by Theorem 6.2, we get from the assumed Chain Rule for conditional
K', for any constant C’ > 1 and some polynomial 7, a promise-P algorithm for Gap, ,,/cvMcK'P. The
latter problem was assumed to be NP-hard (under randomized reductions). Hence, we conclude
that NP C BPP. Since the Chain Rule also implies that E ¢ io-SIZE[2°(™)], we get that BPP = P
(by Theorem 2.2). O

7 Applications

7.1 Sparse Natural Property for Conditional pK’

Definition 7.1 (Sparse natural property for conditional pK'). A natural property for conditional
pK! with usefulness s(n,t) is a predicate P: {0,1}* x {0,1}* x 1* — {0,1} such that, for some
polynomial p, we have for all large n,m € N and t > p(n,m) that

1. for all x € {0,1}" and y € {0,1}™, if pK'(z | y) < s(n,t), then P(z,y,1!) = 1, and
2. for every y € {0,1}™, Prycio1yn [P(z,y,1") = 0] > 1/2.
When n <logt, we call such a property sparse.

Lemma 7.2. For every s(n,t) < n—3, a natural property for conditional pK'(z | y), for x € {0,1}"
and y € {0,1}™, with usefulness s(n,t) is BPTIME(poly(2",m,t))-computable. Hence, a sparse
natural property for conditional pK' with usefulness s(n,t) is BPP-computable.
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Proof. For given z,y € {0,1}*, take at random strings r1,...,r, € {0,1}f. For each 7;, compute
K(x | 75, y) by “brute force” in time poly(2/%l, ¢, |y|). If the fraction of r;’s with K(x | 74, y) < s(n,t)
is at least 0.6, then accept; otherwise, reject.

Note that if # and y are such that pK'(z | y) < s(n,t), then the algorithm above accepts with
probability at least 1 — 272" by Chernoff bounds.

By Lemma 2.1, for any string y € {0, 1}* and any time bound ¢, the fraction of strings € {0,1}"
with pKtI/Z(a: | y) < n—3is at most 1/2. It means that for each of at least 1/2 of strings « € {0,1}",
there are at most 1/2 of strings 7 € {0,1}! such that K!(z | r,y) < s(n,t). By Chernoff bounds,
getting a fraction of 0.6 such r’s in a random sample of size n is at most 27", Thus our
randomized algorithm will reject with high probability on each of at least 1/2 of random strings
€ {0,1}". O

Theorem 7.3. promise-BPP C promise-PA for any sparse natural property A for conditional pK®
with usefulness s(n,t) > Q(n). Hence, if for some s(n,t) > Q(n), there is a P-computable sparse
natural property A for conditional pK' with usefulness s(n,t), then promise-BPP = promise-P.

Proof. For simplicity, assume that we have a P-computable sparse natural property P with useful-
ness s(n,t) > n/2; a similar argument would work for s(n,t) > ©Q(n). Under our assumption, we
will show how to solve the canonical promise-BPP complete problem CAPP: given a Boolean circuit
C:{0,1}" — {0,1} of size at most n, estimate its acceptance probability Pr.c¢ 13»[C(z) = 1] to
within an additive constant error, say 1/8; see, e.g., [Vadl2].

For strings z1,...,z, € {0,1}!°1°¢" to be determined, consider the following generator from
10logn to n bits: for r € {0,1}10%8"

lew”vx’ﬂ (r) =T1Ty...yXpn T,

where x - y denotes the inner product modulo 2 of binary strings z and y.

Suppose some circuit C: {0,1}" — {0,1} (of size at most n) distinguishes between the outputs
G@1n (1) for uniformly random seeds 7 € {0,1}1°1°8 and the uniform distribution 24, with the
distinguishing probability at least 1/8. (In other words, the generator G fails to solve CAPP on the
circuit C'.) We will argue this implies the following.

Claim 7.4. There exists an 1 < i < n such that
pK!(z; | C 1, ..., z5_1) < 4logn,
for some t < poly(n).

Proof of Claim. This can be deduced from the pK! Reconstruction lemma (Lemma 2.5), but we
will give a self-contained argument, which will be useful for us later.
First, by a hybrid argument (see, e.g., [Vad12]), there must exist an index 1 < i < n such that
C' distinguishes between
L1 Ty X1 Ty X - 7 Up—;

and
T1-Tyeony, Tj—1 - T,Z/{1,Un_i,

for a random r € {0,1}'°1°8™ with the distinguishing probability at least 1/(8n).
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Next, by Yao’s distinguisher-to-predictor reduction, we get a randomized predictor algorithm
C’ that on input r computes x; - r with probability at least 1/2 + 1/(8n) over r and its internal
randomness, given (as advice) the bits xy - r,...,z;_; - . This C’(r) samples at random a bit
b € {0,1} and a string w € {0,1}"7%, and simulates C(z1 - 7,...,2;_1 - 7,b,w), outputting b if C
accepts, and 1 — b if C rejects.

By an averaging argument, with probability at least 1/(16n) over fixing the internal randomness
b, w, we get a deterministic circuit Cy,, (r) that computes z;-r with probability at least 1/2+41/(16n)
over r, when given as advice x1,...,2;—1 (so that it can compute the required bits z1-7,...,2;_1-7).
Call b,w good if Cy,(r) is correct with probability at least 1/2 + 1/(16n) in computing z; - .

Next, for given b, w, we build a list of all z € {0, 1}1010g" such that

Br[Céfw(r) =z-r] >1/241/(16n). (29)

We do so by enumerating all strings z, computing the probability in (29) for each z, and keeping
only those z that satisfy (29). This can be done in deterministic time poly(n), say at most n?2. By
the well-known combinatorial bound on the list size of Hadamard error-correcting codes, the size
of such a list of 2’s is at most (8n)2.8

For good b, w, such a list of z’s must contain the string x;, which can be identified by its index
on the list. Since the list is of size at most 64n?, such an index is of binary length at most 2 log n+6.

If we repeatedly sample random b, w for 32n rounds, at least one of b,w will be good with
probability at least 1 — (1 —1/(16n))3?" > 1 —e~2 > 2/3. Assuming this happened, the description
of x; will consist of about logn 4 5 bits to specify the succefull round, plus 2logn + 6 bits to
specify z; on the list produced in that round. It follows that pK'(z; | C,z1,...,2;_1) < 4logn, for
t = poly(n), say t < n?%, O

By the claim, if we have z1,..., 2, with pK!(z; | C,z1,...,2;1) > 5logn for all 1 < i < n,
then G*#1»-%n will fool the circuit C. That is, we get a PRG for a given circuit C, a targeted PRG
in the terminology of [Goll1].

We can find such z;’s one by one, starting with z1, by enumerating over all strings z €
{0,1}1018" yntil we find the first one such that A(z,C oxy0---ox;_1,1Y) = 0, for t = n?.
By the assumption on the natural property algorithm 4, each such z has the required conditional
pK' complexity greater than 5logn. To find such z1, ..., x, takes time at most poly(n). It follows
that we can solve CAPP in polynomial time, and so promise-BPP = promise-P.

Finally, observe that to find the required strings x1,...,z,, we just need oracle access to the
natural property A. So we get an (adaptive) polynomial-time Turing reduction from CAPP to any
sparse natural property for conditional pK® with usefulness s(n,t) > €(n), as required. O

Remark 7.5. It is interesting to contrast the result in Theorem 7.3 with the result of [Buh+05]
(see also [All+06]) that BPP C PX | where K is a natural property for time-unbounded Kolmoogorov
complexity K, with usefulness s(n) > Q(n). Both results are proved by using the oracle adaptively,
for a polynomial number of steps. The crucial difference is that, in their case, the oracle K is
uncomputable, whereas in our case, a required sparse natural property A is BPP-computable.

®Each such z corresponds to a Fourier coefficient of the Boolean function Cj',,(r) of weight at least 1/(8n). By
Parseval’s identity, the sum of the squares of all Fourier coefficients of a given Boolean function is 1. Hence, the
number of “heavy” z’s is at most (8n).
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7.2 pK'-Based promise-BPP Complete Problem

The sparse natural property for conditional pK! considered above is not a promise-problem (as it
has no well-defined set of No-instances). We can easily modify it to be a promise-BPP problem as
follows.

Definition 7.6 (Promise-BPP problem for estimating conditional pK’ on short inputs). Consider
the following Gap-pK'-problem. For x,y € {0,1}* and t € N, with t = poly(|y|) and |z| < logt, we
have the following Yes and No instances:

o Moes = {2, 1) | Koz | 9) < [2]/2}
L4 1_[NO = {(.’E,y, 1t> ’ pKt1/2(x ‘ y) > ’.’B‘ - 3}

Theorem 7.7. The Gap-pK'-problem of Definition 7.6 above is promise-BPP-complete (under
polynomial-time Turing reductions).

Proof. That this problem is in promise-BPP was already argued in the proof of Lemma 7.2 above.
The promise-BPP-hardness for this problem follows from Theorem 7.3. O

We also get that the following problem to approximate the conditional K! complexity over
random conditioned strings is promise-BPP-complete.

Corollary 7.8. The problem to estimate, for given x,y € {0,1}* and s,t € N such that |z| < logt,
the following probability
Pr [Kiz|ry) <s
rG{O,l}t[ ( ’ y) - ]
to within an additive error less than 1/6 is promise-BPP-complete (under polynomial-time Turing
reductions).

Proof. This is immediate by Theorem 7.7 and the definition of pKj. O

Remark 7.9. We note that the work by Liu and Pass [LP22a] also studies derandomization of
promise-BPP through the lens of (Levin’s version) of Kolmogorov complexity. Their main result is
that promise-BPP = promise-P iff a certain gap-version of computing conditional Levin’s complezity
Kt(z | y) is almost-everywhere worst-case hard (for almost all strings y € {0,1}*) with respect to
probabilistic polynomial-time algorithms. In contrast, we characterize promise-BPP = promise-P in
terms of worst-case easiness (being in promise-P) of a promise-BPP computable version of condi-
tional pK'(x | y) problem (for logarithmically short inputs x).

7.3 On Derandomizing Yao’s Distinguisher-to-Predictor Transformation

Here we observe that Theorem 7.3 can be used to give an alternative proof of (one direction) of
the recent result by Li, Pyne, and Tell [LPT24]. One of their main results is that derandomizing
Yao’s distinguisher-to-predictor transformation (of the kind described in our proof of Theorem 7.3)
is equivalent to proving promise-BPP = promise-P. We will show the following.

Lemma 7.10 ([LPT24]). If Yao’s distinguisher-to-predictor transformation can be made determin-
istic polynomial time, then promise-BPP = promise-P.
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Proof. Given a Boolean circuit C': {0,1}" — {0, 1} of size n, we will try to fool it with the generator
Gt L0, 1}10l08n 5 10 1}" as in Theorem 7.3. Assuming that C is not fooled by this G, we
follow the proof of Theorem 7.3 to get that, for some 1 < i < n,

Ki(z; | C,x1,...,2,1) < 4logn,

rather than pK’(z; | C,21,...,2;_1) < 4logn of Claim 7.4. The reason is that the only randomized
step in the proof of Claim 7.4 was Yao’s distinguisher-to-predictor transformation. Under our
current assumption that this step can be made in deterministic polynomial time, we get a bound
on the deterministic conditional K' description of string x;.
Thus, to fool C, we just need to find n strings z1,...,z, € {0,1}19198" guch that, for each
1< <n,
Kt(.%i | C,xy,... ,a:i_l) > 4logn.

This can be accomplished in deterministic polynomial time, using a brute-force algorithm that, for
each i = 1,...,n, looks for the lexicographically first string in {0, 1}101°g" of large conditional K?
complexity, for ¢ < n?*. We conclude that CAPP € promise-P. O

7.4 If Conditional pK' Were Easy

As noted earlier in Section 6.4, it is plausible (and true under cryptographic assumptions) that a
gap-version of computing conditional K!(z | y) might be NP-hard. It is reasonable to assume that a
gap-version of computing conditional pK!(z | ) might also be NP-hard. However, given the lack of
actual proofs of NP-hardness for these problems, we may ask ourselves what interesting algorithmic
consequences would follow if we were to assume the easisess of these problems instead.

Ideally, assuming such easiness, we would like to conclude that SAT is also easy (thereby es-
sentially establishing the NP-hardness of the corresponding gap-problem). We cannot achieve this
yet, but we can show the following.

Theorem 7.11. Suppose that, for §(n,t) < en, for any constant € > 0, there is a polynomial T
such that Gapm;l\/lcpKtP € promise-P. Then we have

1. E ¢ i0-SIZE[2°(™], and
2. (1/3)-CRA € FP.

Proof. We give two proofs. The first one will use the chain rule.

Under our assumption, we get by Corollary 2.19 the existence of a BPP-computable (actually,
P-computable) natural property for conditional K(z | y) for x € {0,1}" with usefulness s(n,t) =
n — yn, for any sufficiently small v > 0 (dependent on ¢).

Next, by Theorem 3.4, we get a chain rule for conditional pK!: for some polynomial p, for
any ¢ € N, for any x1,...,2¢ € {0,1}* and any y € {0,1}*, and all sufficiently large ¢ (at least
polynomial in the total length of all strings), we have

V4
pKE (w1, mg | y) > Y pKPO (2 |y, 1, wim1) — £ Ologt) — N/D, (30)
=1

where N = Zle |z;] and D > 1 is any sufficiently large constant (dependent on 7).
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By setting ¢ = N/(clogt) and |x1]| = --- = |z¢| = N/ = clogt, for a sufficiently large constant
¢ > 0, we can use the chain rule above to construct, in deterministic polynomial time, a string
r=2x1,...,7 € {0,1}" of complexity pK'(x | y) > (1 — 7)N, for any given string y € {0,1}* and
any constant 7 > 0. We do so by constructing each x1,...,z, in turn, by brute-forcing over all
possible strings in {0, 1}Cl°gt and taking the first one of high conditional pK? () complexity; the latter
can be done in deterministic polynomial time by our assumption that GapT,(;l\/IcpKtP € promise-P.

It follows that we can construct in polynomial time a string a € {0,1}?" of K2 (a) > Q(2™),
and hence a requires circuit size at least (2" /n). This implies item (1).

Similarly, constructing in polynomial time a string b € {0, 1}" with high conditional complexity
pK!(b | y) is equivalent to solving the range avoidance problem (1/3)-CRA by Lemma 2.23. This
implies item (2).

The second proof. The assumption that GapTﬁMcpKtP € promise-P implies that there is a P-
computable natural property for conditional pK' with usefulness s(n,t) > n/2. By Theorem 7.3,
we conclude that promise-BPP = promise-P. By the standard “search-to-decision” reduction for
promise-BPP (see, e.g., [Vadl2]), we can construct in deterministic polynomial time a string z €
{0,1}™ that is accepted by a given circuit C': {0,1}" — {0,1}, provided C accepts a significant
fraction of n-bit strings (e.g., at least 1/2). In our case, we use the assumed polynomial-time
algorithm A for Gap”;McpKtP to look for a string z € {0,1}" such that A(z,y, 1%, 1") rejects, for
given y € {0, 1}* and parameters s and t. By choosing s and ¢ appropriately, we can find strings of
high (conditional) pK! complexity in deterministic polynomial time. This suffices for items (1) and
(2), as noted above. O

8 Concluding Remarks

The complexity of (vairants of) K! appears to be the right notion in the context of (variant) chain
rules for Kt By [Hir+23] and [LP20], the average-case Sol for pK’ over polynomial-time sam-
plable distributions is equivalent to the (error-prone) average-case easiness of (a variant of) MK'P.
By [L.S24], it is also equivalent to computing a certain promise-version for conditional pK’. By
[LP24], it is also equivalent to the worst-case easiness of a certain (somewhat complicated) version
of the promise-problem GapMK!P (where the inputs are restricted to be of “shallow computational
depth”). Our work shows that the worst-case (multi-string) chain rule for conditional pK® is equiv-
alent to Gappo|y7o(n)l\/|cpKtP € promise-BPP, and the chain rule for conditional K! is equivalent to
Gappoly,o(n)McK'P € promise-P (and exponential circuit lower bounds for E).

A very interesting open question is whether Ga pp0|y70(n)l\/|cKtP can be shown NP-hard uncondi-
tionally (without any cryptographic assumptions). Such a result would provide an extremely clean
equivalence: the chain rule for conditional K! is equivalent to P = NP.

Another open question is to understand what complexity assumption would be equivalent to
the worst-case Sol, or chain rule on a constant number of strings, for (conditional) K’ or pK’. One
specific technical challenge is to try to derive a polynomial-time computable natural property, say
for K¢, from the assumed Sol for K’. It is possible to get a 20(n/logn) computable natural property
from Sol for K! (see Appendix B), but it is not clear how to get time, say 20(vn),
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A Inverting One-Way Functions from a Chain Rule

Longpré and Watanabe [LW95] proved that a chain rule for K¢, for two strings (Symmetry of Infor-
mation for K!) implies that no one-way functions exist. That is, every one-way function candidate
f:{0,1}* — {0,1}* (which is length-preserving) can be inverted by a randomized algorithm, with
high probability over uniformly random inputs « to f. Using Theorem 4.1 and Theorem 5.2, we
get the following version of their result.

Theorem A.l. Assume the Chain Rule for K' as in Eq. (7) of Theorem 3.1, for some §(n) <

o(n'/3).

Then any function family f of length-preserving functions f = {f,: {0,1}" — {0,1}"},
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computable in polynomial time, can be inverted in deterministic polynomial time on almost all
mnputs.

Proof Sketch. By [Has+99], one-way functions exist if and only if there are secure PRGs with
polynomial stretch, i.e., polynomial-time computable G: {0,1}"" — {0,1}", for some 0 < & <
1, such that no randomized polynomial-time algorithm can distinguish the outputs of G from
the uniform distribution with a distinguishing probability at least 1/poly(n), for some polynomial
poly(n). Note that, for every seed z € {0,1}™, we have K'(G(2)) < |z| + O(1), for t being the
polynomial runtime of the generator G. Hence, a polynomial-time computable natural property for
K? on n-bit strings with usefulness s(n) = n® would be a distinguisher for G.

By Theorem 4.1, we get from our assumption the existence of a polynomial-time computable
natural property with even larger usefulness s(n) = 0.9 - n. Thus, we can break any candidate
PRG G. Hence, by [Has+99], we get a randomized polynomial-time algorithm A for inverting a
candidate one-way function family f that the PRG G was based on. This algorithm A succeeds
(with high probability over its internal randomness) on almost all inputs y = f(z) for uniformly
random z € {0,1}".

Note that such a randomized inverting algorithm A for f can also always check in polynomial
time whether it has succeeded at getting an inverse z of f on a given input y = f(x) (by checking
if f(z) = y). Hence, we can derandomize this randomized inverter A in polynomial time, using a
Nisan-Wigderson-style PRG (from {0,1}°0°8™) to {0, 1}P°Y(") bits) that exists under the assump-
tion that E ¢ io-SIZE[2°(")] [NW94; TW97]; see Theorem 2.2. The latter assumption holds in our
case by Theorem 5.2. The theorem follows. ]

We also get an analogue of Theorem A.l from the Chain Rule for pK' as in in Eq. (16) of
Theorem 3.4, except we end up with a randomized inverting algorithm rather than a deterministic
one.

B Natural property from Sol

Borrowing some ideas from [LW95] and [Hir21] (see also [Hir22]), we show how to achieve usefulness
s(n) =n — 2, in time 20("/1°87) from Sol.
We need the folowing lemma.

Lemma B.1 (Computational Depth Upper Bound [Hir21]). For every e > 0, every non-decreasing
polynomials q,,, and p,.., and every large enough x € {0,1}", there exists a time bound t* such that
Qe (n) <t* <2, and

K (z) — Kpdpt(t*)(x) <O (n/logn).
Theorem B.2. Assume the Chain Rule for Kt as in Eq. (7) of Theorem 5.1, for some §(n,t) <

O(n'/2/logn). Let t be any sufficiently large polynomial in n. Then there is a 200/ 1°87) _time
computable natural property A for Kt on n-bit inputs with usefulness s(n) =n — 2.

Proof. For any = € {0,1}" and any time bound 7 € N, let y, € {0, 1}KT($) be the lexicographically
first string of length K7 (z) such that the universal TM U(y) outputs x within 7 steps; that is, y,
is the lexicographically first K™ (z)-witness.

42



By the 2-string Chain Rule (Symmetry of Information) for strings x and v, we have for some
polynomial p that, for any large 7,

Kp(T)(yT | z) < KQT(:U,yT) — KP(T) (x) + O(logT) + O(n/logn)

< K7 (y,) — KPO(z) + O(log 7) + O(n/ logn) (yr determines x in 7 steps)
< lyr| = K"D(x) + O(log 7) + O(n/ log n) (since K'(yr) < |y-| + O(1))
= K™ (z) — K (z) + O(log 7) + O(n/ log n). (since |y-| = K™(x))

By Lemma B.1, for every € > 0, there exists a time bound ¢ < t* < 2" such that
K (z) — KP) (2) < O(n/logn).
Hence, by the above, we get for 7 = t* that
KPE) (- | ) < O(n log n).

It follows that, by exhaustive search in time 29("/1°87) we can find a list of strings that contains
the K" (z)-witness 4. Let y be the smallest-length string on the list such that U(y) prints out
within ¢’ time steps, for t <t < 2"°. By the choice of y, the definition of y;«, and since t* > t, we
have that

[yl < lye| = K" (2) < K'(2). (31)

On the other hand, since y is a time-bounded Kolmogorov description of x, we also have
K(z) <y (32)
Consider the following algorithm A:

On input 2 € {0,1}" and 1%, try all strings w € {0,1}°(*/1°8™) running U(w) for at
most 2" steps on each. Collect all those outputs y of U(w) such that U(y) prints =
within 2" steps. Let d be the length of the shortest such y. If d < s(n), then accept;
otherwise, reject.

Observe that A runs in time 29("/1987) " For correctness, if K(x) < s(n), then by (31), A(z, 1Y)
will accept. On the other hand, by a simple counting argument, with probability at least 1 —27¢*!
over uniformly random = € {0,1}", we have that K(z) > n — c. Hence, by (32), A(x, 1") will reject
at least 1/2 random strings x € {0,1}", for s(n) =n — 2. O
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