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Complexity-Theoretic Universal Inductive Inference

Shuichi Hirahara* Mikito Nanashima!

Abstract

Solomonofl’s theory of universal inductive inference (Inf. Control., 1964) provides a frame-
work for predicting a future observation from past ones generated by an arbitrary randomized
Turing machine. The theory is founded on the notion of resource-unbounded Kolmogorov com-
plexity, and thus Solomonoff’s approach cannot be realized as a finite-step algorithm.

In this paper, we develop a complexity-theoretic counterpart of Solomonoff’s theory. We
construct a polynomial-time universal inductive inference algorithm that extrapolates a sequence
of symbols generated by any unknown ¢-time randomized Turing machine in time polynomial in
t, assuming that time-bounded Kolmogorov complexity can be computed in average polynomial
time. Previously, it was not even known whether distributional learning for all polynomial-size
circuits—an i.i.d. analogue of inductive inference—is feasible if NP is easy on average. Moreover,
without any unproven assumption, we characterize a distribution of sequences for which there
exists an efficient inductive inference algorithm by the notion of prequential compression. We
also construct an optimal efficient inductive inference algorithm that performs as well as any
other efficient algorithms.

Our universal inductive inference algorithm relies on (1) a new algorithmic proof of a chain
rule for time-bounded algorithmic information, and (2) an online algorithm that boosts the
“confidence” of our inductive inference algorithm.
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1 Introduction

Inductive inference, introduced by Solomonoff [Sol64a; Sol64b], is a foundational concept underlying
the process of knowledge acquisition. In Solomonoff’s formulation, the problem is to extrapolate a
long sequence of symbols: given a sequence x1,xs,...,x;_1, the task is to predict the next symbol
x; for each ¢ € N. This type of reasoning arises in many real-world contexts. Scientists infer laws
of nature from empirical observations; artificial intelligence systems learn patterns from data; and
animals develop instincts that help them recognize danger in their environment. All of these can be
viewed as forms of inductive inference, namely using observed data to predict the future. Developing
an algorithmic foundation for inductive inference is therefore a central challenge in science.

Solomonoff’s theory presents an elegant framework for universal inductive inference. The goal
is to extrapolate, according to a single inference principle, any sequence generated by an unknown
randomized Turing machine. His approach bases the inference rule on Kolmogorov complexity,
where the Kolmogorov complexity K(x) of a string z is the length of a shortest program that
outputs . Roughly speaking, given a prefix -; = (z1,...,x;—1), Solomonoff’s universal inference
assigns probability psoi(zi | T<;) < >_, 2-K(@<i:9) to each candidate continuation z;. Despite
its conceptual simplicity, this scheme already achieves the universal inference guarantee described
above. Solomonoff’s inductive inference has profoundly influenced subsequent research and has
been used as a foundational building block in the theory of universal artificial intelligence [see, e.g.,
MF98; Hut05; HQC24].

Complexity-Theoretic Implementation of Solomonoff’s Theory. There is a major caveat
in Solomonoff’s original approach, as he noted himself [Sol64a, Section 3.1.2.1]. The scheme depends
on K(-), which is provably uncomputable. Thus, Solomonoff’s algorithm for inductive inference
cannot be implemented as an algorithm that halts in finite steps. To address this issue, in his seminal
paper, he suggested replacing K with what is now called time-bounded Kolmogorov complexity. For
a given time bound t € N, the t-time-bounded Kolmogorov complexity K!(x) of a string z is the
length of a shortest program that prints x within time t. This suggests a complexity-theoretic
variant that assigns mass pl(z; | £<;) & 3, 9-K'(@<i#)  for which analogous guarantees hold for
all efficiently generated sequences by the same argument. However, even under the assumption that
K! is efficiently computable, whether Solomonoff’s inductive inference can be efficiently implemented
remains a fundamental open question. This motivates the following question.

Question 1.1. Can we establish a complexity-theoretic counterpart of Solomonoff’s theory of in-
ductive inference? Specifically, assuming the existence of an efficient algorithm that approzimates
time-bounded Kolmogorov complexity, is there an efficient algorithm for universal inductive infer-
ence that works for every efficiently generated sequence?

A difficulty of resolving this question affirmatively stems from the fact that the problem of
approximating K?, denoted by GapMINKT, is currently in an NP-intermediate status. Hirahara
[Hir18; Hir20b] showed that GapMINKT € P if DistNP C AvgP (NP is easy on average), which implies
that NP-completeness of GapMINKT would establish the equivalence between worst- and average-
case complexities of NP—the major open problem in the theory of average-case complexity, known
as excluding Heuristica from Impagliazzo’s five worlds [Imp95]. Although it is easy to implement
a time-bounded variant of Solomonoff’s inductive inference under the assumption that P = NP,
the assumption in Question 1.1 is much weaker, and in particular, weaker than DistNP C AvgP.
Bogdanov and Trevisan [BT06] showed that any worst-case problem nonadaptively reducible to
DistNP is in NP/poly N coNP/poly, which poses a significant challenge to Question 1.1 as well as to
ruling out Heuristica.



Question 1.1

GapMINKT € P > 7 Inductive inference
Theorem 2.1

[Hir20b)]

) Question 1.2
DistNP C AvgP > 7 Distributional learner
Corollary 2.1
l[XialO]

Y [ABX08] 3 PAC learner
over P /poly-samplable distributions.
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Figure 1: Solid arrows denote known implications. “d Inductive inference” in the figure refers
to the statement that there exists a polynomial-time algorithm for inductive inference of every
efficiently generated sequence. Dashed arrows with a cross mark (x) represent implications that
cannot be established via certain classes of proof techniques ([BT06; ABX08]). Red arrows indicate
the new results of this paper.

Currently, it is not even known if distributional learning—an i.i.d. analogue of inductive inference—
is feasible if DistNP C AvgP. Distributional learning, introduced by Kearns, Mansour, Ron, Rubin-
feld, Schapire, and Sellie [KMRRSS94], is the task of learning an unknown distribution D using
independent and identically distributed (i.i.d.) samples from D. This is a special case of inductive
inference where each symbol z; is promised to be drawn independently from the same distribu-
tion D, whereas inductive inference must handle arbitrary dependent data sequences. Thus, the
following is an open question much weaker than Question 1.1.

Question 1.2. Assuming that NP is easy on average, is there an efficient algorithm for distributional
learning of every P/poly-samplable distribution?

Which classes of learning problems admit NP-hardness proofs has been a central topic in compu-
tational learning theory. On a positive side, NP-hardness of PAC learning can be proved when the
class of hypotheses is restricted [PV88], the description length of hypotheses is restricted [Hir22a,
or the sample complexity is limited [BKST25]. On a negative side, Applebaum, Barak, and Xiao
[ABXO08] showed that NP-hardness of PAC learning cannot be established via non-adaptive reduc-
tions unless NP C coAM. Hirahara and Nanashima [HN21] showed that PAC learning of P/poly
(polynomial-size circuits) over P/poly-samplable distribution is efficiently solvable under the as-
sumption that DistNP C AvgP, indicating that proving NP-hardness of this learning task is at least
as hard as ruling out Heuristica.! Xiao [Xial0] proved that PAC learning over P/poly-samplable
distributions is reducible to distributional learning, and thus the former is easier than the latter.
Question 1.2 lies at the frontier of this line of research and in the intersection of computational
learning theory, average-case complexity theory, and meta-complexity theory, asking whether dis-
tributional learning is as hard as solving NP or not; see Figure 1 for the summary.

2 Our Results

In this paper, we provide an affirmative answer to Question 1.1 and hence to Question 1.2, thereby
establishing a complexity-theoretic counterpart of Solomonoff’s theory of universal inductive in-

LA follow-up work of [IN21] by Goldberg and Kabanets [CK23] improved the assumption of DistNP C AvgP to
GapMINKT € BPP.



ference (Section 2.1). Moreover, in Section 2.2, we establish a characterization of distributions
of sequences for which there exists a polynomial-time inductive inference algorithm without any
unproven complexity-theoretic assumption.

2.1 Complexity-Theoretic Universal Inductive Inference Using GapMINKT

We first formalize the notion of complexity-theoretic universal inductive inference. Our goal is to
design an algorithm that, given a size parameter s and a time parameter ¢, predicts the next symbol
z; (encoded as a binary string of length n) at almost all positions ¢ of the sequence generated by
any unknown ¢-time randomized Turing machine of description length s. We call such an inference
algorithm universal because the single algorithm works for every sequence generated by an arbitrary
randomized Turing machine. We adopt accuracy and confidence parameters (¢, d) as in the standard
PAC model [Val84] and measure accuracy by the total variation distance: two distributions X and
Y are said to be e-close, denoted X =, Y, if the total variation distance between X and Y is at
most €. An inference algorithm is considered to be accurate at the i-th round if the distribution of
the symbol 2/ predicted by the algorithm is e-close to the conditional distribution of z; given z;.
A formal definition follows.

Definition 2.1 (Complexity-Theoretic Universal Inductive Inference). Fiz parameters n,s,t € N
and accuracy/confidence parameters e 1,671 € N. Let L be a randomized algorithm that takes the
parameters param = (n,s,t,e 1, 871) and i —1 preceding strings x<; = (v1,...,2;_1) € ({0,1}7)"71,
and outputs a string in {0,1}". We write L(x<;;param) for the output distribution of L on input
x~;, where the randomness is over the internal randommness of L.

Let 11 be an arbitrary randomized Turing machine described by an s-bit string that, in time at
most t, generates at least m strings x1,. .., Ty, with each x; € {0,1}". Let (X1,...,Xy,) denote the
joint distribution of the m strings (not necessarily i.i.d.). For a function o : N* =N, we say that
L solves complexity-theoretic universal inductive inference with round complexity o if, for every
such 11 and every m > o(s,n,e"1,671),

Pr [L(CC<Z‘; param) =¢ (Xl | X<i = m<@)} > 1- 5,

iN[m]=w<i

where i is uniform over [m] := {1,...,m}, Xo; = (X1,...,Xi—1), and the probability is over the
choice of © and the randomness of II used to generate x ;.

Our universal inductive inference algorithm is based on an efficient algorithm that approxi-
mates t-time-bounded Kolmogorov complexity K!. We consider an assumption slightly weaker than
GapMINKT € P—the assumption that there exists a randomized polynomial-time algorithm K
such that for every input = € {0,1}* of length n and every time bound ¢t € N,

K(z) < K(z,1%) < K'z)+ O(logn)

with high probability over the internal randomness of K.2 We denote this assumption by GapK'-vs-K €

pr-BPP. This worst-case assumption is equivalent to the existence of an errorless average-case al-

gorithm for time-bounded Kolmogorov complexity with respect to the uniform distribution [Hirl8;

Hir20b; Hir20a; GKLO22], and, in particular, it follows from DistNP C AvgBPP (see Appendix E).
Our main theorem is stated as follows.

2The difference K*(z) — K(z) is known as (basic) computational depth, and, in general, can be as large as
n [AFMVO06).



Theorem 2.1. If GapK'-vs-K € pr-BPP, then complexity-theoretic universal inductive inference is
solvable in time® poly(t) with round complezity s - O(n*e%57?).

In fact, the round complexity can be significantly improved, with the caveat that the inference
algorithm below needs to know the total number of rounds, and its running time is larger.

Theorem 2.2. If GapK'-vs-K € pr-BPP, then when the total number of rounds m is explicitly
provided to the inference algorithm, complezity-theoretic universal inductive inference is solvable in
time t°07") with round complexity O(s e 2671).

In Appendix B, we observe that any (even time-unbounded) universal inductive inference algo-
rithm requires Q(se 2 4 s4!) rounds. Thus, for a constant confidence §~! = O(1), Theorem 2.2
provides a polynomial-time algorithm for complexity-theoretic universal inductive inference with
the optimal round complexity O(se~2), which matches the information-theoretic lower bound up to
a constant factor.

Using the results above, one can immediately answer Question 1.2 affirmatively, although with a
large sample complexity or a long running time. We actually obtain an efficient distributional learner
with sample complexity O(s €2 log (5*1) via a non-trivial reduction that boosts the confidence of a
distributional learner constructed from Theorem 2.2.

Corollary 2.1. If DistNP C AvgBPP, then there exists a randomized algorithm that for every dis-
tribution D sampled by a polynomial-time sampler of description length s, given as input m i.i.d.
samples drawn from D, outputs a circuit whose output distribution is e-close to D with probability
1 — 6 in time poly(s,e~1,871), where m = O(s €2 log 5_1).

Furthermore, Corollary 2.1 improves the sample complexity of the prior work [HN21] from
O(s%¢8logd!) to O(se 2logd~') for PAC learning over P/poly-samplable distributions. This
follows from the reduction of Xiao [Xial0], which converts a distributional learner to a PAC learner
while preserving sample complexity. However, it should be noted that the result of [HN21] and
ours are actually incomparable because their learning algorithm solves agnostic learning, which is
more general than PAC learning. Whether agnostic learning can be reduced to inductive inference
remains open. It is an important open question to develop a common learning framework that
unifies agnostic learning and inductive inference.

2.2 Unconditional Polynomial-Time Inductive Inference

It is of great importance to understand for which sequences inductive inference is possible in poly-
nomial time without any unproven complexity-theoretic assumption. We establish a characterization
of distributions over binary sequences for which there exists a polynomial-time inductive inference
algorithm with constant accuracy and confidence by the notion of prequential compression [Daw84;
DV99; Gri07].

We introduce the notion of (n, €)-prequential q'-compression for a distribution X over {0, 1}%.
We partition a sequence x ~ X into m blocks (y1, . .., ym) of length n (and hence m = [N/n| and the
last block may be shorter than n). We measure the coding length of y; given y—; = (y1,...,yj—1)
using the information content q' with respect to the t-time-bounded universal distribution Q! [IL90;
HN23]. Let Q% be the t-time-bounded universal distribution with an advice string 2, i.e., the output

3The running time depends only on ¢ because t dominates other parameters under the requirement that an unknown
Turing machine generates at least m symbols in time ¢, where m > Q(se1671).



distribution of a universal Turing machine U on a uniformly random input 7 ~ {0, 1}* and an advice
string z when run for ¢ steps (see Section 4 for the formal definition). Define

d'(z]2) = —logQ"*(x),

where Q%*(x) is the probability that x is sampled from Q%*. When z is the empty string, we
simply write q'(x) instead of q'(x | z). The information content qf(z) of x with respect to Qt is
approximately equal to the ¢-time-bounded probabilistic Kolmogorov complexity pK’(z) of a string
z [GKLO22], which measures the shortest length of a program that prints x in time ¢ given a public
random string [HN23].

Definition 2.2. For a function t: N — N, we say that a distribution X over {0,1}" is (n,e)-
prequential q’-compressible if

m

ey z;qt(lyq”(yj | y<j) | < eN+H(X),
J:

where m = [N/n]| and y; denotes the concatenation of the i-th bit of x for all i € N such that

n(j —1) <i <min{nj, N}, and H(X) denotes the Shannon entropy of a distribution X.

Blier and Ollivier [BO18] empirically observed that deep learning models can compress the
training data very well—even when accounting for the huge parameters of deep learning models—
using the prequential compression with respect to the probability distribution induced by a deep
learning model. Definition 2.2 is independent of a specific model and measures the coding length
with respect to the ¢-time-bounded universal distribution. Using this definition, we provide a
mathematical justification of the empirical observation of [BO18]: a distribution X" of sequences is
prequential compressible if and only if there exists an efficient inductive inference algorithm for X'.
This indicates that the empirical observation of [BO18] is not only limited to deep learning models
but also is a universal phenomenon applicable to every model.

Theorem 2.3 (see also Theorem 6.1). There exists a sequence {Lec}.~1en of randomized polynomial-
time algorithms such that for every family X = {XN}Ynen of distributions XN over {0,1}V, the
following are equivalent.

1. For every constant € > 0, there exist constants n € N and ¢ € N such that for all large N € N,
XN s (n, €)-prequential q'-compressible for t(m) = m°.

2. For all sufficiently small constants ¢ > 0 and alln € N with n > (1/€)*°, for all large N € N,
XN is (n,€)-prequential rK!-compressible for the constant function t = N9, Here, rK!(x)
is the t-time-bounded Kolmogorov complexity of x, i.e., the shortest length of a randomized
program that prints x in time t with high probability.

3. For every constant € > 0, there exists a randomized polynomial-time algorithm L that predicts
the next bits of X given its prefiz with accuracy € and confidence € for all sufficiently large
N. That 1is,

zNPUrV] [L(z<i) =c (AN | X5 =2)] > 1
z~ XN

where XN denotes the i-th bit of X.

4. Item 3 holds for every constant € > 0, for some ¢ € N and for L := L.



This characterization carries a strong conceptual message: in the prequential setting, efficient
prediction is equivalent to efficient compression.

The connection between compression and prediction has a long history in statistics and infor-
mation theory. A line of recent work in machine learning revisits this perspective, typically using
the direction from compression to prediction as a coding-theoretic interpretation or as an empiri-
cal evaluation principle for specific model classes [BO18; BLH23; DRDCGMGWAOHV24], rather
than providing theoretical guarantees. In particular, Delétang, Ruoss, Duquenne, Catt, Genewein,
Mattern, Grau-Moya, Wenliang, Aitchison, Orseau, Hutter, and Veness [DRDCGMGWAOHV24]
explicitly note that there is no strong guarantee that a good compression rate leads to good au-
toregressive samples. There are also theorem-level results for restricted statistical model classes;
for example, Han, Jiang, and Wu [HJW24] derive prediction guarantees for hidden Markov and re-
newal processes. In contrast, Theorem 2.3 provides an unconditional complexity-theoretic theorem
in the polynomial-time regime: prequential compression with respect to time-bounded universal
distributions characterizes the existence of a randomized polynomial-time predictor.

Note that the characterization in Theorem 2.3 concerns next-bit prediction with constant accu-
racy (equivalently, prediction of blocks of constant length). Extending this equivalence to polynomial-
time prediction and compression for arbitrary n-bit blocks remains an important open problem.

2.3 Perspective: Towards a Practical Inductive Inference

A salient feature of the inductive inference algorithm £ = {L. .} of Theorem 2.3 is that the algorithm
runs in polynomial time without any unproven assumption and is defined independently of a specific
distribution X over sequences. Thus, in principle, the algorithm £ can be implemented and run
in practice. This is an optimal inductive inference algorithm in the sense that if there exists some
efficient inference algorithm for X', then £ can also solve the inference task for X. Moreover, it has
the intriguing property that if GapMINKT € P holds, then £ solves the inductive inference task
for any distribution X samplable by any efficient randomized Turing machine of small description
length.?

One of the central themes in machine learning has been to understand the practical success of
deep learning models, such as large language models, from a mathematical point of view. Our results
provide a mathematical foundation for constructing efficient inference algorithms in a theoretically
grounded manner. An intriguing direction for future research is to investigate the relationship
between our optimal inference algorithm £ and large language models. Although our algorithm £
may be too slow to be practical due to a large hidden constant (originating from a universal Turing
machine), it is theoretically optimal in the sense of Theorem 2.3. In contrast, large language models
perform well in practice but may not be theoretically optimal. Is there an inference algorithm that
can take the best of both worlds?®

2.4 Related Work

An implementation of Solomonoff’s universal theory in a complexity-theoretic realm was first sug-
gested by Impagliazzo and Levin [IL90]. A large part of their paper was devoted to proving that
DistNP Z HeurBPP if and only if NP x {{/}  HeurBPP (i.e., the uniform distribution ¢ is the hardest
input distribution for NP among all the polynomial-time samplable distributions). It was alluded
in the last section of their paper that a “universal inductive inference” is feasible if and only if

4This follows from Theorems 2.1 and 2.3.
A related paper [CKKZ22] proposed a neural network architecture that can learn a constant-size program, but
the architecture is not especially good in practice.



a one-way function—a fundamental cryptographic primitive—does not exist. Unfortunately, they
did not provide the exact statement for universal inductive inference nor a proof for it, except
that [IL90, Proposition 1] claims—without a proof—the equivalence between the non-existence of
one-way functions and the existence of an efficient algorithm that approximates Qf(z) on average
when z is sampled from a t-time-samplable distribution. Because of this, their ideas were not well
understood in the community. Meanwhile, Liu and Pass [LP20] established the equivalence between
the non-existence of one-way functions and the existence of an efficient average-case algorithm for
K!(x) for a uniformly random input x. It was only recently that Hirahara and Nanashima [HN23]
implemented the ideas of Impagliazzo and Levin [IL90], and proved the equivalence between the
non-existence of one-way functions and the existence of an efficient average-case universal induc-
tive inference. This algorithm solves inductive inference for a random sequence x generated in the
following two steps: a constant-size randomized program Il efficiently generates another efficient
randomized Turing machine II with an advice string, and II generates a sequence x randomly. The
average-case inference algorithm is required to succeed for most sequences x generated in this way,
and is “average-case universal” in that it works for every constant-size program Ily; however, it does
not work for every environment II. Indeed, the running time of their algorithm is characterized by
20(cd"(IN) i the worst case, where cd'(IT) := *(II) — K(II) is called the computational depth of 1I,
and there are exponentially many strings with computational depth ©(|II]) [AFMV06].

To summarize the results in the previous paragraph, the following are equivalent: (1) one-way
functions do not exist; (2) there exists a polynomial-time algorithm that computes K*(z) on average
over a uniformly random x; and (3) there exists a polynomial-time average-case universal inductive
inference algorithm. The implication from (2) to (3) establishes a complexity-theoretic counterpart
of Solomonoff’s inductive inference in the setting of average-case complexity. This differs from
Theorem 2.1, which establishes an analogous result in the setting of worst-case complexity. Arguably,
our inference algorithm is universal in the same spirit of Solomonoff’s universal inductive inference
because it works for random sequences generated by every environment I, as long as the number of
rounds is sufficiently larger than the description length of I1. It should also be noted that the previous
results [IL90; LP20; HN23] provide error-prone-average-case to error-prone-average-case reductions,
whereas ours provide worst-case to errorless-average-case reductions (because GapK*-vs-K € pr-BPP
is equivalent to the existence of an errorless average-case polynomial-time algorithm for K'). It
is an important open question whether the gap between error-prone and errorless average-case
complexities can be closed [HS22; HN22].

Naor and Rothblum [NRO6] introduced the task of learning adaptively changing distributions in
the setting of average-case complexity, and characterized its hardness by the existence of one-way
functions. The task is a special case of the average-case inductive inference task where the algorithm
is allowed to choose a single round 7 so that the output distribution z of the algorithm is statistically
close to the conditional distribution of z; given x;. The inference algorithm of Theorem 2.1 solves
a task more general than the worst-case variant of learning adaptively changing distributions: The
inference algorithm succeeds in almost all rounds 4, not just one round chosen by an algorithm.

3 Technical Overview

In this section, we present the key ideas underlying our inference algorithm. Section 3.1 introduces
a key lemma for Theorems 2.1 and 2.2. We present an exposition of Solomonoff’s inductive inference
in Section 3.2. We sketch the proofs of Theorem 2.3, Theorem 2.2, and Theorem 2.1 in Sections 3.3
to 3.5, respectively.



3.1 Algorithmic Proof of Chain Rule

Our characterization (Theorem 2.3) suggests that efficient inductive inference is impossible for
any prequential-incompressible distributions, and that it is necessary to construct a prequential
compressor for inductive inference to be feasible. This is indeed the approach we (need to) take,
and a key lemma behind Theorems 2.1 and 2.2 enables us to construct a prequential compressor for
every distribution generated by an unknown efficient Turing machine under the assumption that
GapK'-vs-K € pr-BPP. The lemma, stated below, establishes a time-bounded analogue of the chain
rule for K [ZL70]. In fact, Theorems 2.1 and 2.2 hold under the weaker assumption that the chain
rule below holds; see Remark 7.1.

Lemma 3.1 (Chain rule for ). If GapK'-vs-K € pr-BPP, then for every string € = (x1,...,%m),
where each x; € {0,1}=", and for every t > n + m, we have

m

S PO (z; | o) < () + m - O(logt),
i=1

where x<; = (x1,...,Ti—1).

This lemma demonstrates the existence of a prequential compressor that takes x.; and z; as
input and compresses x; so that the total coding length is at most q’(x) + m - O(logt). Note that
this is optimal up to the additive term m - O(logt) because q‘() is the lower bound of the coding
length of any ¢-time decoding algorithm.

The special case of m = 2 is referred as symmetry of information. Symmetry of information for
time-bounded Kolmogorov complexity [LM93; LW95] has been studied in the literature of meta-
complexity (e.g., [Hir21; Hir22b; GK21; HILNO23; 11a23; HLO24; HLN24]). Lemma 3.1 generalizes
symmetry of information for time-bounded Kolmogorov complexity proved in [Hir22b; GK21].

In fact, a straightforward extension of the previous proofs yields an additive term m? - O(logt),
which is insufficient for our applications. At a high level, the difficulty is that a prequential compres-
sor needs to efficiently estimate k; ~ qP*Y(")(z; | £;) in order to carry out a hybrid argument; see
Appendix A for details. Avoiding this quadratic loss is one of our main technical contributions. We
achieve this by presenting an algorithmic proof of the chain rule: We present an efficient algorithm
that, given x1,...,z; as input, outputs a value k; such that for every i € [m],

ki > POV (i | T<i)

and
m
Z ki < q'(x) +m - O(logt).
i=1
Lemma 3.1 follows immediately from this algorithmic proof. In fact, the values (ki, ..., k) algo-

rithmically estimated will be crucial for the proof of Theorem 2.1. The proof of the chain rule can
be found in Section 5.

We mention in passing that our algorithmic proof of the chain rule is fundamentally different
from the previous proofs [Hir22b; GK21] in that our prequential compressor makes adaptive queries
to an oracle that solves GapK"'-vs-K. This is particularly important in the literature of average-case
complexity because it may bypass the limits of nonadaptive reductions shown by Bogdanov and
Trevisan [BT06].

Independently of this work, Kabanets and Kolokolova [KK25] presented the equivalence between
a conditional variant of a chain rule for pKP°Y and the existence of an efficient algorithm that
approximates the conditional pKP°Y-complexity.



From the Chain Rule to Prequential Compression. Prequential compressibility of every
distribution X sampled by an efficient Turing machine II of description length s immediately follows
from the chain rule (Lemma 3.1) and the coding property of qP°". The coding property of qP°Y,
also known as the domination property, states that for every x in the support of X,

q'(x) < —logPr[X = z] + s+ O(1)

when t is sufficiently larger than the running time of II. This follows from the simple fact that a
uniformly random program coincides with the description of II with probability 279, in which case
the universal Turing machine simulates exactlyll; see Proposition 4.4. Taking the expectation of
the inequality over z ~ X and applying Lemma 3.1, we obtain (up to negligible terms)

E poly(t) (.. N < E [of < H(X

E [Zq (i | 7<)| S _E [a@)] SHA) +s5,

which shows that & is prequential compressible. According to Theorem 2.3, this suffices for efficient
inductive inference with constant accuracy and confidence. To explain why this is the case, we need
to review Solomonoff’s fundamental ideas.

3.2 Review: An Exposition of Solomonoff’s Inductive Inference

Our inference algorithms build on Solomonoft’s inductive inference [Sol64a] and its complexity-
theoretic implementation in the average-case setting [IL90; HN23]. A time-bounded variant of
Solomonoff’s inductive inference can be viewed as a form of Bayesian inference with prior Q.
Given the previously observed data stream x.; = (z1,...,x;—1), the inference algorithm samples a
prediction Z; for the next symbol from the conditional (posterior) distribution of Q! given the prefix
;. Following [IL90; HN23], we refer to this sampling process as universal extrapolation. We also
call the conditional prefix x.; the contexrt of the universal extrapolation, following a similar notion
used in the literature on large language models.

The reason why universal extrapolation solves the task of universal inductive inference can be
elegantly explained by the chain rule for the KL divergence. Let X = (A&1,..., X)) be the joint
distribution of m strings produced by an unknown t¢-time sampler IT with description size s. By the
coding property of ¢,

) = Prit = a]
KL(¥ || Q) = aEX [log Pr[Qf = x| <s+4+0(1).
By the chain rule for KL divergence (see Lemma 4.1),
1 & , ;

where Q! denotes the marginal distribution of the i-th string generated by Qf. Hence, if m > s,
the amortized KL divergence from the true conditional distribution to the inferred one at each
position ¢ vanishes asymptotically. By Pinsker’s inequality (Proposition 4.1), this implies that the
conditional distribution (X; | X<; = @«;) is statistically close to the distribution (Q! | Q%, = x;)
of universal extrapolation with context x.;, and thus sampling from the latter solves the task of
inductive inference.



Previous work: inference for computationally shallow inputs. The previous work [IL90;
HN23] in the literature presented an efficient average-case algorithm for universal extrapolation
assuming the non-existence of one-way functions (which is weaker than GapK'-vs-K € pr-BPP).
In fact, building on [AFMV06; AF09], Hirahara and Nanashima [HN23] constructed a worst-case
algorithm that samples from (Q! | QL, = ;) on input €; and runs in time 20(cd (@<i)+logt) where

cd’(x) denotes the computational depth of = defined as
cdi(z) = '(x) — K(z).

The slow growth law (see Lemma 4.6)states that no algorithm can rapidly increases computational
depth, and hence the algorithm of [HN23] is efficient on most instances generated by an efficient
constant-size program. However, this algorithm is no better than a brute force search when the
input  is computationally deep, i.e., cd’(z) ~ |z|.

3.3 Polynomial-Time Inductive Inference from Prequential Compression

A new idea of this paper, significantly different from the previous ideas in the literature [ILI0;
HN23], is to shrink the context x.; by “moving its prefix to an advice string”. This (simple but
important) idea underlies all the results of this paper, and we illustrate it by sketching the proof of
Theorem 2.3.

To prove the implication from Item 1 to Item 3 of Theorem 2.3, we need to construct a
polynomial-time inductive inference algorithm £ that predicts the next bits of a (w, €)-prequential
q’-compressible distribution X over {0,1}". The inference algorithm £ takes an input x.; =

(z1,...,mi—1) € {0,1}71 partitions it into consecutive blocks yi,...,y; so that |yi| = -+ =
lyj—1| = w and |y;| < w, and then executes the “advised universal extrapolation” with context
y; and advice y<; = (y1,...,yj—1). The advised universal extrapolation refers to sampling z from

the t-time-bounded universal distribution Q*¥<i with the advice string y.; conditioned that y; is
the prefix of z.

The significant advantage of advised universal extrapolation over the standard one is that it
can be implemented in polynomial time when the context length is O(logn): indeed, one can use
rejection sampling, that is, repeatedly sample from Q"¥<i until the condition that y; is a prefix
is satisfied, which happens with probability 2-1%1=0()  The disadvantage of advised universal
extrapolation is that it may not solve the task of inductive inference for all efficiently samplable
distributions, yet we prove it for all prequential compressible distributions X.

To see why L is an inductive inference algorithm for a prequential compressible distribution X,
let Y; denote the j-th block of z ~ X for each j € [m] and observe that

1 _ 1 <
S KLY Yo [| Q79 [ Yeg) = — | E | D d'(Y) | Yey) | —H(X)
j=1 j=1
< N < ew,
m

where the equality holds by the definition of the KL divergence, the first inequality follows from the
definition of the (w, €)-prequential q‘-compression, and the last inequality holds because m = [N/w].
This shows that the amortized KL divergence from (Y; | Y;) to (Q“Y<i | Y;) is at most ew.
Applying the chain rule for the KL divergence to each block of length w as in Section 3.2, the KL
divergence from (X; | X-;) to advised universal extrapolation is bounded by e, which establishes
the accuracy of advised universal extrapolation.
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We briefly mention that a strong converse holds: the existence of an efficient inductive infer-
ence algorithm implies not only prequential q'-compression but also prequential rK!-compression
(Item 3 = Item 2 in Theorem 2.3). In contrast to q’(z) and pK'(z), which essentially refer to the
shortest length of a compressed string in the presence of public random strings, the t-time-bounded
randomized Kolmogorov complexity rK’(z) of  is the shortest length of a compressed string that
can be decoded to x in time ¢ with high probability over the internal randomness of the decoder;
arguably, the latter is a more natural notion of compression. To compress a string in the sense of
rK!, we employ the pseudo-deterministic version of arithmetic coding, which was recently developed
by Hirahara, Lu, and Nanashima [HLN24].

Details of Theorem 2.3 and its proof can be found in Section 6.

3.4 Efficient Advised Universal Extrapolation

In order to prove Theorem 2.2, we combine the new idea of shrinking contexts with the previous
result of [HN23]. The rejection sampling algorithm for advised universal extrapolation sketched in
Section 3.3 has the significant limitation that it is efficient only for short contexts. We overcome
this limitation by inverting an auxiliary-input one-way function—whose security is weaker than that
of one-way functions. An auxiliary-input one-way function is a family of functions indexed by an
auxiliary input z that is hard to invert on average for some z. It is known that every auxiliary-input
one-way function is efficiently invertible under the assumption that GapK®-vs-K € pr-BPP. Applying
the idea of [HN23] to auxiliary-input one-way functions, we can obtain an algorithm that executes
advised universal extrapolation with context x and advice z in time 20(cd" (zl2)+log 1) fo. every x and
every z, where cd’(z | 2) == (2 | 2) — K(z | 2) denotes the conditional computational depth. We
then use the chain rule for computational depth to guarantee that most blocks are computationally
shallow given advice.

Corollary 3.1 (Chain rule for computational depth). If GapK'-vs-K € pr-BPP, then for every

string € = (z1,...,Ty), where each z; € {0,1}=", and for every t > n +m, we have
m
Z cdPYO (2 | 2oy) < edi(z) +m - O(logt).
=1

This immediately follows from Lemma 3.1 together with K(x) < > " K(z; | ©<;) +m-O(logt).

By the slow growth law, if the entire sequence x is generated by a t-time sampling algorithm with
an s-bit description, then cdP*V®) (x) < O(s) holds with high probability. Therefore, if m > s/logt,
the chain rule implies that the expectation of cdP®Y® (z; | &.;) over a uniformly random position
i ~ [m] is at most O(s)/m < O(logt). By Markov’s inequality, for every § € (0, 1],

Pr |cdPY®(z; | @) <671 O(logt)| > 1—6. (1)

i~[m]
This means that the advised universal extrapolation algorithm runs in time 205~ logt) — ¢O(1/9)
for a (1 — 0)-fraction of blocks i ~ [m].

In our inference algorithm of Theorem 2.2, we partition the sequence z1,...,2, € {0,1}" of
symbols into blocks y1,...,ym € ({0,1}™)", where each block consists of w symbols. To predict the
next symbol, we apply the advised universal extrapolation with context y; and advice y<;. Applying
Corollary 3.1 to the blocks (y1,...,ym), the advised universal extrapolation works correctly for a
(1 — &)-fraction of blocks in time t(1/9) if m > s/logt. By arguments similar to Section 3.3, the
“block-wise” KL divergence from the target distribution to the advised universal distribution is at

11



most O(s)/m < O(logt). Applying the chain rule for the KL divergence inside each block, the
amortized per-symbol KL divergence to the advised universal extrapolation is at most O(logt)/w <
€25, where we choose w = ¢~ 267! - O(logt) so that this inequality holds. By Markov’s inequality,
the per-symbol KL divergence is at most €2 for a (1 — §)-fraction of positions inside a block. By
Pinsker’s inequality, the total variation distance is at most e.

Putting this together, the inference algorithm requires at least m > s/logt blocks of width
w = ¢ 2671 - O(logt). This condition is satisfied when the number o of rounds is larger than
(s/logt) - w = O(se 26~1). Details can be found in Section 7.

3.5 Fully Polynomial-Time Universal Inductive Inference

Next, we present the ideas for the proof of Theorem 2.1, which constructs a universal inductive
inference algorithm that runs in fully polynomial time in all parameters. A high level idea is to
boost the confidence level of the algorithm of Theorem 2.2, which runs in polynomial time if the
confidence parameter ¢ is constant.

For the purpose of the exposition, we first make an ideal assumption. We assume that the
conditional computational depth cd’(z | ) is efficiently computable. This assumption helps to
illustrate the ideas in Section 3.5.1, although the assumption is provably false because resource-
unbounded Kolmogorov complexity is not computable. Removing this false assumption is one of
our main technical contributions, which we describe in Section 3.5.2.

3.5.1 Confidence Boosting via Merge-Segmentation

Assuming that the conditional computational depth is efficiently computable, we obtain an errorless
efficient algorithm for advised universal extrapolation: The algorithm either outputs a special sym-
bol L indicating the failure of an algorithm (when the input is computationally deep), or otherwise
it correctly executes the advised universal extrapolation. Note that the universal extrapolation algo-
rithm of [HN23] is error-prone, i.e., the algorithm does not know when it makes a mistake, because
it is based on inverting one-way functions in the sense of error-prone average-case complexity.

As in Section 3.4, we partition the input sequence z1,...,z, into blocks y = (y1,...,ym). By
Corollary 3.1, a 2-fraction of blocks satisfy cd’(y; | y<;) < O(logt). We call such a block good. For
good blocks, the advised universal extrapolation algorithm successfully predicts the next symbols.
Our idea is to iteratively use this argument to boost the confidence.

In more detail, our confidence boosting procedure starts with the initial sequence y' = (y1, ..., %m)
of blocks. Next, we consider a “resegmentation” of blocks. We call a sequence z = (z1,...,2p) of
blocks a resegmentation of y if the concatenation of z is equal to that of y. We construct the
resegmentation y? of y! by merging all the consecutive good blocks. We repeat this process and,
for each round r, construct a resegmentation "+ of " by merging all the consecutive good blocks.
We stop the process after R :=log 6~' rounds.

Since a %—fraction of blocks in y! are good, the number of blocks in y? is at most m /2. Similarly,
in each round, the number of blocks decreases by half. After R = logd~! rounds, the number of
blocks is at most dm. Thus, a (1 — J) fraction of the blocks in y are good in some round. This
enables us to construct R inference algorithms, one of which is correct for a (1 — 4) fraction of y.
Specifically, for each r € [R], the r-th inference algorithm uses the advised universal extrapolator
with the advice of (some prefix of) y". The final inference algorithm takes the uniform mixture of
the predictions made by the R inference algorithms.

In the outline above, we have omitted many technical details. To mention a few of them: (1)

Why is a %—fraction of y" good? (2) How can we compute the resegmentation in an online manner?

12



(3) How can we take the uniform mixture of the R predictions? We briefly describe how to deal
with these issues below.

The issue (1) can be addressed using the slow growth low. Let y" = (y{,...,y;). Observe that
y! can be efficiently converted to y” using O(blogm) bits of information that specifies the way of
segmentation, from which the slow growth law implies

cdPYO (y7) < edi(y') + O(blogm).

Hence, the amortized conditional computational depth of y" per block remains O ((s + blogm)/b) <
O(logt), as long as b > s/logt. This implies that a %—fraction of the merged blocks in y” are good.

The issue (2) can be addressed as follows. We claim that, for any block y; to be predicted,
we can compute from y.; a list of R resegmentations of y.; such that one of them matches the
resegmentation at the first round r in which y; becomes good (if such a round exists). This is
obtained by simulating the merging process for R rounds on y; (rather than on the entire sequence).
The claim holds because, up to round r, the block ¥; is not yet good, hence not merged; therefore
y; and the subsequent blocks do not influence the process on y;, and the simulation coincides with
the original process up to round r.

The issue (3) can be addressed by the property of the universal extrapolator of [IL90], which
sequentially predicts the next bit. This enables us to combine such predictors on the fly.

3.5.2 Identifying Good Blocks with the Algorithmic Proof of Chain Rule

The remaining and most technical challenge is to remove the false assumption that conditional
computational depth is efficiently computable, which enabled us to verify whether a block is good
or not in the argument above.

We change the definition of good blocks so that one can efficiently check whether a block is good
or not, using the algorithmic proof of the chain rule for qt. We say that a block y; is good if the
coding length GP°Y(y; | y<;) according to the universal extrapolation algorithm (i.e., the negative
logarithm of the probability that the algorithm outputs y; given y-; as advice) does not exceed k;
computed from the algorithmic proof of the chain rule in Section 3.1, up to an additive constant. As
mentioned in Section 3.1, each k; is efficiently computable from y.; and ;. Moreover, GP°Y (i | y<i)
is also computable in the worst case from y.; and y; because the universal extrapolator outputs
the next-bit conditional probability.

We need to verify two properties: (completeness) why a constant fraction of blocks is good in
each round of merging, and (soundness) why inference is accurate for good blocks.

Completeness. The completeness follows from the fact that a %—fraction of blocks in y" =
(y1,-..,yy) have conditional computational depth at most O(logt). For such blocks !, the universal

extrapolator correctly simulates the universal distribution QPY:¥<i implying that the assigned
coding length gP°V (y! | y~,) is close to QPO (yr | y_,;). By contrast, k; computed from the algorithmic
proof of the chain rule satisfies k; > qP°Y (y! | y~,;) for each i € [b]. Hence, at least a %—fraction of
the blocks satisfy
PPV (yf [ yla) = PV (F | yL) < ki,

and are therefore good according to the new definition.

Soundness. To see the soundness, assume that the ¢-th block is good, i.e., cjpo'y(yf | yZ;) S ki
By an argument similar to the one using Markov’s inequality to obtain the tail bound for cdP°Y
(Equation (1)), we may observe that k; < K(y! | y~;) for almost all i. Thus we obtain PV (y! |
y-,) < K(y; | y-,;), which indicates that the universal extrapolator assigns the nearly optimal
coding length. This enables us to bound the KL divergence.

Details can be found in Section 8.
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3.6 Improving Time and Sample Complexity in ITD Cases

The i.i.d. learning setting of Corollary 2.1 is a special case of the foregoing non-i.i.d. scenario. To
obtain fully polynomial running time and sample complexity O(se~21log 1), we run the algorithm
from Theorem 2.2 for O(log §~1) rounds at a sufficiently small constant confidence error and then
select a hypothesis by clustering. Concretely, among the O(log §~!) candidate samplers we identify
the largest cluster of pairwise close distributions in statistical distance and output any member. The
clustering step uses the algorithm of Naor and Rothblum [NRO6] for approximating the statistical
distance between samplers.

Organization of this paper. The remainder of this paper is organized as follows. In Section 4,
we fix notation and present the necessary preliminaries. In Section 5, we give an algorithmic proof
of the chain rule (Lemma 3.1) and derive Corollary 3.1 as a corollary. In Section 6, we establish
the equivalence between prequential compression and efficient inductive inference. In Section 7, we
establish Theorem 2.2 using the ideas introduced in Section 3.4. In Section 8, we prove Theorem 2.1
building on the confidence-boosting framework of Section 3.5. Finally, we derive Corollary 2.1 in
Section 9.

4 Preliminaries

All logarithms are base 2 unless stated otherwise. Let (,) be a (standard) pairing function that
maps N x N to N.

We use the notation negl to represent some negligible function, i.e., for any polynomial p and
sufficiently large n € N, it holds that negl(n) < 1/p(n). We also use the notation poly to refer to
some polynomial.

For each n € N, define [n| := {1,2,...,n}. For every z,y € {0,1}*, let = o y denote the
concatenation of x and y. For readability, we may omit the symbol o and write simply zy.

For k < k' < n and a string x € {0,1}" with i-th bit denoted xz;, define T = T 7 and
x[k:k’} =TTk

For a sequence of strings x1,x9,...,2;, ... € {0,1}*, we define x-; := (x1,...,2;_1), i.e., the
binary encoding of the sequence of the first i — 1 strings. We also let x<; := (z1,...,2;). For a
sequence of strings @, we let |x| denote the length of its binary encoding.

We define the flattening operator b as follows: for each 2! = (1, . .. ,:L’,1ﬂ>, con ™= (2wl ),

where each :L'; € {0, 1}, we set
1 m\ .__ 1 1 2 2 m m
D(w™, ™) = (T, Ty BTy TRy e T, T ).

For n € N, we use the notation “for every ¢ > O(n)” to mean that there exists a universal
constant ¢ > 0 (independent of n) such that the statement holds for all ¢ > ¢n. In particular, for
every x € {0,1}* and every ¢t > O(|x]), it holds that K'(z) < |z| + O(1) < 2|z|.

For any distribution D, we use the notation x ~ D to refer to the sampling of x according to D.
For any finite set S, we use the notation z ~ S to refer to the uniform sampling of z from S. For
simplicity, we may identify a distribution D with a random variable drawn from D.

For a distribution D and an oracle machine M, we write MP to indicate that M has oracle
access to D, where each oracle query returns an independent sample x ~ D.

For any distribution D over strings and any = € {0, 1}*, let D(x) denote the probability that z
is sampled according to D. We also use D(z%) to represent

D(xx) = Z D(xzoy).

ye{0,1}*
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Probability Theory. In this paper, we assume basic knowledge of probability theory, including
the union bound, Markov’s inequality, Jensen’s inequality, and Hoeffding’s inequality. For an event
FE where trials to determine whether E occurs are repeated efficiently, we say that an algorithm M
performs the empirical estimation of the probability that E occurs with accuracy error £ € [0, 1]
and confidence error § € [0,1] if M computes a value v with Pr[E] — e < v < Pr[E] + ¢ with
probability at least 1 — & over trials. By Hoeffding’s inequality, only O(¢~2logd~!) are needed for
such estimation.

For any distributions D and &, let A (D, £) denote the total variation distance between D and
E. Let KL(D||E) represent the KL divergence between two distributions D and £.

We review conditional KL divergence and the chain rule for KL divergence.

Definition 4.1 (Conditional KL divergence). For random variables (X,X") and (¥,)"), the con-
ditional KL divergence from X'|X to Y'|Y is defined as

E o Pr(X’ = 2/|X = «]
(z,2! )~ (X, X7) & Pr[Y = a'|Y = z]

KL((X']0)[[(VY)) =

Lemma 4.1 (Chain rule for KL divergence [cf. CT06, Theorem 2.5.3]). For any random variables
(X, X") and (),)'), it holds that

KL(X, XY, ¥') = KL(X[)Y) + KL((X"]X)[|(V']Y)).

In particular, for any m € N and any random variables (X,..., X™) and (Y*,...,Y™),
KL(XY, LA™Y V™) =) KL T V).
i=1

We also review Pinsker’s inequality and its reverse.

Proposition 4.1 (Pinsker’s inequality and its reverse; see [SV15]). Let P and Q be probability
distributions, and assume « = min, Q(x) > 0. Then,

An(PQ) < EKL(P | Q) < - An(P.Q)

Average-Case Complexity. Let U = {U,},en denote the family of uniform distributions, where
U,, is the uniform distribution over {0,1}".

A family of distributions {D,, } ,e over strings is said to be samplable if there exists a polynomial-
time randomized algorithm D such that, for each n € N, the distribution of D(1") is statistically
identical to D,,. Trivially, U is samplable.

We say that a randomized algorithm A solves a promise problem II on errorless average over
D with failure probability 6 € (0,1) if (1) A outputs II(x) or L (which represents “failure”) with
probability at least 3/4 over the choice of randomness for A for every = € Support(D), and (2) the
failure probability that A(x) outputs L overwhelmingly (i.e., with probability at least 3/4) over the
choice of x ~ D is bounded above by §.

We say that a distributional problem (I, {D,},en) has an errorless heuristic scheme A if, for
all n,6~! € N, the randomized algorithm A given n and §~! in unary solves II on errorless average
over D,, with failure probability 9.

Let AvgsBPP and AvgBPP denote the classes of distributional problems that admit, respectively,
an errorless heuristic algorithm with failure probability §(n), and an errorless heuristic scheme.

Let DistNP denote the class of distributional problems (L, {Dy}nen) such that L € NP, and
{Dp }nen is samplable.
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Auxiliary-Input One-Way Functions. We introduce auxiliary-input one-way functions, a no-
tion first proposed by Ostrovsky and Wigderson [OW93]. Informally, these are families of functions
that are hard to invert in a weaker sense often encountered in cryptographic contexts.

An auxiliary-input function is a family of functions f = {f.}.c(0,1}+ indexed by binary strings
z. We say that f is polynomial-time computable if each f,(z) is polynomial-time computable from
(z,x).

Definition 4.2 (Auxiliary-Input One-Way Function). A polynomial-time computable auziliary-
input function f = {f.: {0,1}P=) — {o, 1}p°'y(|2|)}ze{071}* is said to be an auziliary-input one-
way function if for every polynomial-time randomized algorithm A, there exist infinitely many z €
{0,1}* such that

Pr{fz(A(z £2(r))) = f2(r)] < negl(|2]),

where  ~ {0,1}PY2D 45 o random seed.

4.1 Algorithmic Information and Meta-Complexity

We fix an arbitrary efficient universal Turing machine U, which we assume has the following struc-
ture: three read-only one-way tapes (for input, auxiliary input, and external randomness, respec-
tively), one read/write working tape, and one write-only one-way output tape. We assume that
U cannot write blank symbols to the output tape. For each input z € {0,1}*, auxiliary input
z € {0,1}*, and randomness r € {0,1}*, we write U%*"(x) to denote the contents of the output
tape after executing U on input z, auxiliary input z, and external randomness r, for ¢ steps. When
the time bound t is not considered, and the auxiliary input z and randomness r are the empty
string, we omit the corresponding superscripts.

For simplicity, we may identify a Turing machine II with its binary encoding used as input to the
universal Turing machine U. We use the notation |II| to represent the length of the binary encoding
of II. Furthermore, we say that an s-size randomized Turing machine (or program) II € {0,1}=*
generates a stream 1, ..., ZTp,... € {0,1}* in time ¢ to mean that Ut/’”(H) outputs xi,..., %y, as
a prefix for ¢/ >t and r ~ {0,1}" (recall that the output tape of U is one-way).

Kolmogorov Complexity. For each t € N, the t-time-bounded Kolmogorov complexity K(z | 2)
of a string x € {0,1}* given advice z € {0,1}* is defined as the minimum k € N such that there
exists TT € {0,1}* for which UZ?(II) halts within ¢ steps and outputs 2. We also define the time-
unbounded Kolmogorov complexity as K(z | 2) = limy_o K!(z | 2). If 2 is the empty string, we
omit the notation “| z”.

In the literature of Kolmogorov complexity [LV19], z is usually referred to as a “conditional
string” because of its connection to the conditional algorithmic probability in a recursion-theoretic
regime. In a complexity-theoretic regime, however, the distinction between a conditional string and
a conditional algorithmic probability will be crucial. We thus refer to z as an advice string to avoid
the confusion with the notion of conditioning in probability.

It is well known that K admits an optimal form of conditional coding as follows.

Proposition 4.2. There exist a polynomial p and a constant ¢ such that for allt € N, every t-time
sampler 11 for a distribution D over strings, and all x oy in the support of D,

K(y [ 2,1I) < —log D(y||z) + ¢ logt,
where D(y||x) denotes the conditional probability that y is sampled after observing the prefic .
Proof. See [LV19, Corollary 4.3.2]. O
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Approximating Time-Bounded Kolmogorov Complexity. We define the GapK®-vs-K prob-
lem used in our assumption.

Definition 4.3 (GapK'-vs-K). For ¢ > 0, the promise problem Gap K'-vs-K = (Ilyes, Ipo) is
defined as follows:

Myes := {(2,1°,1") : K'(z) < s}
o = {(2,1°,1") : K(z) > s + clog(t|z|) } .

We write GapK"'-vs-K € pr-BPP to denote that Gap K'"vs-K € pr-BPP for some constant ¢ > 0.
It is known that the assumption GapK'-vs-K € pr-BPP follows from the average-case easiness of
NP and implies the nonexistence of auxiliary-input one-way functions:

Theorem 4.1 ([Hir20b; GKLO22]). If DistNP C AvgBPP, then GapK'-vs-K € pr-BPP.

Lemma 4.2 ([cf. HS17]). If GapK"'-vs-K € pr-BPP, then there is no auziliary-input one-way func-
tion.

Lemma 4.2 shows one use of the assumption GapK"vs-K € pr-BPP. The other use is to prove a
chain rule for q’, shown in Section 5 (Lemmas 5.1 and 5.2). In fact, the assumption in Lemma 4.2
can be replaced by this chain rule; see Appendix C. Therefore, in our technique, we indeed invoke
the assumption GapK'-vs-K € pr-BPP only to obtain the chain rule via an algorithmic construction,
and once established, the remaining inference relies only on that chain rule.

The following proposition is straightforward.

Proposition 4.3. If GapK'-vs-K € pr-BPP, then there exist a randomized polynomial time algo-
rithm K and a constant ¢ > 0 such that for every x € {0,1}* and every t > O(|z|),

Pr |[K(z) < K(z,1%) < K!(z) 4 clog(t|z|)| > 2/3.

K

Proof. Let A be a randomized polynomial-time algorithm that solves Gap K'-vs-K € pr-BPP for
some constant ¢ > 0. By a standard repetition argument, we may assume that the error probability
of A on input (z,1%,1%) is at most 1/(6|z|).

Define the algorithm K as follows: given z € {0,1}* and t € N, it executes A(z,1°,1%) for all
s € [2|z]] to find the smallest s* such that A(z,1%",1%) = 1. Then, it returns s* + clog(t|z|).

By the union bound, with probability at least 2/3, A returns the correct answer for all s € [2|x|].
In that case, we have:

K(z) < s* + clog(t|z]) < K'(x) + clog(t|z]),

where the first inequality follows from A(x, 1%, 1%) = 1, and the second follows from A(z, 1% 71, 1) =
0. ]

Universal Distribution and (g-)Computational Depth [cf. IL90; HN23]|. For eacht € N,
the t-time-bounded universal distribution Qb given advice z € {0,1}* is defined as the distribution
of U%*(w) for a uniformly random w chosen from {0, 1}!. If 2 is the empty string, we write Q"* as Q°
by omitting z. We define (x| 2) := —log Q"*(x), where recall that Q"*(x) denotes the probability
that z is sampled according to Q“*. We also define the t-time-bounded (q-)computational depth of
x given advice z as cd'(z | 2) = ¢'(z | 2) — K(z | 2).

Here we introduce some basic properties.
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Proposition 4.4 (Domination Property [cf. HN23, Lemma 6.9]). There ezist a polynomial® p and
a constant ¢ such that for all t € N, every t-time sampler 11 for a distribution D over strings, and

all z in the support of D,
QPO (z) > 27¢IU . D(z).

Proposition 4.5. There exists a constant ¢ such that for all z,z € {0,1}* and all t > ¢ - |z|, we
have Qb (z) > 0.

Proof. The claim follows from the fact that there exists a trivial ¢-time program that hardcodes x
and outputs it directly, without using z at all. O

Proposition 4.6. There exist a polynomial T and a constant ¢ such that for all t,t' € N with
t' > 7(t) and all z,z € {0,1}* with t > ¢ - |z|, ¢ (z | 2) < q'(z | z) + clogt. In particular,
cd” (x| 2) < cd'(z | 2) + clogt.

Proof. Let 7 be a sufficiently large polynomial (with respect to the simulation overhead of U). For
every program II (given z) whose computation on U outputs z precisely at the t-th step, we can
construct a program II' (again given z) that that simulates II for exactly ¢ steps and then outputs
x and halts. This simulation halts within 7(¢) steps, so for all ¢ > 7(¢) the computation of I’
is t’-time-bounded. Moreover, IT' can be described using |IT| + O(log(¢|11|)) < |II| + O(logt) bits,
where we have assumed |II| < ¢ since otherwise U would not be able to read the entire description
of Il within t steps.
Thus, for every t' > 7(t)
Qtl’Z(ZL‘) > 2—O(logt) . Qt’Z(ZL‘).

Taking negative logarithms yields the proposition. The claim about cd is immediately follows by
subtracting K(z | z) from both sides. O

Proposition 4.7. There exists a constant ¢ such that for all z,z € {0,1}* and all t € N with
t=c- |l”,
K(z | 2) <d'(z | 2) + clogt.

Proof. The proposition follows from Proposition 4.2, since the sampler for Q% can be specified

using only O(logt) bits given z. O

Probabilistic Kolmogorov Complexity [GKLO22]. For each ¢t € N and 0 € [0, 1], we define
the t-time-bounded probabilistic Kolmogorov complexity pK4(z | z) of a string = € {0,1}* given
advice z € {0,1}* as the minimum & € N such that

Fr y [EIH € {0,1}=F s.t. UH7(11) halts within ¢ steps and outputs x| > 4.
r~{0,1

By default, we set 6 = 2/3 and omit the subscript § unless otherwise specified.
By definition, we obtain the following proposition:

Proposition 4.8. For each t € N and z € {0,1}*,

TNFOI,Il}t [K'(z | r) < pK'(z)] > 2/3.

We also state a known relationship between pK' and K, as shown in the following lemma.

5The polynomial overhead p in time arises from the simulation overhead of the universal Turing machine U.
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Lemma 4.3 ([GKLO22, Lemma 18]). For any t,n € N with t > O(n) and any = € {0,1}=",
K(z | t) < pKi(z) 4 logt.

We observe that appending randomness to the advice does not significantly affect pK in expec-
tation.

Proposition 4.9. There exists a polynomial p such that for each t,n € N with t > O(n) and
z,y € {0, 1}§n;
PP (x| y) < E  [pK'(z | y,7)] + O(logt).
r~{0,1}¢
Proof. Let v = ETN{O,l}t[pKt(ZL‘ | y,7)]. Since t > O(n), we may assume that v < 2n.
We first observe that

1
Pr [pK! < 4] > —. 2
o oK (x| r) S v ] > o o)

Indeed, if this inequality were false, then

1 2 v
= E K! H(l-—)=v4+4-—=—-—> 1
v R [pK'(z |y, )] > (v+ )( 2n> v+ ~ 5, 2vtl
which is a contradiction.

Equation (2) implies that pK’f%yTEt) (x | y) < v+ O(1). To see this, consider the first 2¢-bit of

an external random string r ~ {0, 1}P°Y(®) is composed of two random strings 1,75 ~ {0,1}¢. The
event in Equation (2) holds for r; with probability at least 1/(2n); conditioned on this, by the
definition of pK'(x | y,r1), there exists a program of length at most v 4 4 that outputs x with
probability at least 2/3 over ro. We can simulate such a program in poly(¢) time by interpreting
each bit of 1 and ro as being read from two separate portions of r.

Goldberg, Kabanets, Lu, and Oliveira [GKLO22, Lemma 21] proved that the success probability
of pK is easily amplified by standard repetition. Thus,

PPN (3 | ) < pKEY (@ | y) + Ollogn) < v + Olog),

as desired. O
One main advantage of working with pK lies in the following coding theorem.

Theorem 4.2 (Optimal Coding for pK [LOZ22]). There exists a polynomial p such that for every
randomized Turing machine M that may take advice z € {0,1}* and halts in time tpr(z) and for
every string x € {0,1}* is the support of M(z),

pKPEM ) (4| M, 2) < —log }A’}[x — M(z)] +logp(ta(z)).

In particular,
KP4 ) 2 | 2) < O(IM]) ~ log Prfe ¢ M(2)] + Ollog a(2)).

We now review the relationship between pK and q. These two complexity measures are essentially
equivalent, up to an additive logarithmic term and a polynomial overhead in the time bound.

By applying Theorem 4.2 to the universal distribution Q!, we immediately obtain the following
upper bound:

Lemma 4.4. There ezists a polynomial p such that for all x,z € {0,1}* and all t > O(|x|),

pKPO (2 | 2) < ql(x | 2) + log p(t).
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A corresponding lower bound is also known, following from the domination property of the
universal distribution:

Proposition 4.10 ([HN23, Proposition B.3]). There ezxists a constant ¢ such that for each t € N
and x,z € {0,1}*,
q(z | 2) < pKi(z | 2) + clogt.

Direct Product Generator We review the notion of the direct product generator, explicitly
formulated in [Hir21].

Definition 4.4 (Direct Product Generator). For k: N — NU{0} with k(n) < 2n, a k-direct product
generator DPy, takes = € {0,1}* and z € {0,1}21%1” as input and outputs zo(x, 21)F2 0" 0T, Zi(|a|) ) Fa
where (,)r, denotes the inner product in F2, and z; = 2(j_1)|z|+1:i|«|] for each i € [k(]z])].

Note that, in the literature, the seed length is often defined as k - |z| for a parameter k. Here,
we fix the seed length as 2|x| - || independently of k by ensuring the seed is sufficiently long.

The following lemma captures the key property of the direct product generator. Intuitively, it
transforms a string of high pK into a pseudorandom string against algorithms of bounded description
size. (The lemma is stated in the contrapositive form.)

Lemma 4.5 (DP-reconstruction for pK [Hir20b]; see also [GKLO22, Lemma 22|). There exists a
polynomial ppp such that for any € > 0, n,k € N, and x € {0,1}", if D is a tp-time randomized
Turing machine that e-distinguishes DPy(x; z) from random, i.e.,
Pr  [D(DPg(z;2)) =1] — Pr [D(w) =1] > ¢,
z~{0,1}"*.D w~{0,1}27%+k D
then )
pKPDP(tD,n,e_ )(:E | D) < k+ 10ngp(tD,n,efl).

Slow Growth Law. We review the slow growth law [Ben88; AFPS12; Hir23|, which informally
states that an efficient randomized algorithm cannot significantly increase the computational depth
of the given input.

Specifically, we will use the following form, proved in [HN23, Lemma 6.15]. The proof in that
work relativizes since it builds on a relativizing result from [Hir23, Lemma 8.13], so the result also
holds in the presence of an advice string.

Lemma 4.6 ([HN23, Lemma 6.15]). There exists a polynomial p such that for every z € {0,1}*,
every trr-time randomized Turing machine 11 that takes z as advice, every i,t € N with t > p(tr +
I1I]), and every 6 € (0,1],

We state two corollaries that follow as special cases of Lemma, 4.6.

Lemma 4.7. There exist a polynomial p and constant ¢ > 0 such that for every x,z € {0,1}* and
every i,t € N with t > p(|z|),

cdp(t)(xm | 2) <cd'(x | 2) +logt+ c.

Proof. This follows by applying Lemma 4.6 to a program that simply embeds = and outputs it
(without using randomness). O
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Proposition 4.11. There exist a polynomial T and a constant ¢ such that for every t € N, every
t-time sampler 11 for a distribution D over strings (with t > |I1|), and every 6 € (0, 1], we have

P1rD [ch(t)(x) < c- (1] +log S logt)} >1-0.

Proof. This follows since ¢cd?® (1) < ¢®®(II) < [II] + O(1). O

4.2 Universal Extrapolation

For each distribution D over {0, 1}*, each k € N, and each = € {0, 1}*, we define Nexty(x; D) as the
conditional distribution over the k-bit prefix of a continuation of z, sampled according to D. (If =
is not in the support of the prefixs of D, we treat it as a distribution over the empty string.) More
formally, Nexty(z; D) is a distribution over {0,1}<*. The probability that y € {0,1}=F is sampled
according to Nexty(z; D) is defined as the probability, over w sampled from D, that the first |z| + k
bits of w (or w itself if |w| < |z| 4+ k) are equal to xy, conditioned that z is a prefix of w.

Following the terminology of [HN23], we refer to the task of sampling from Nexty(x; Q') on input
a “context” x as universal extrapolation. We further consider an advised variant, in which the goal
is to sample from Nexty(z; Q%*) on input the context x together with advice z.

Building on [HN23] via distributional inversion for Q%#, and assuming no auxiliary-input one-
way functions exist, we can perform advised universal extrapolation in time polynomial in the
parameters and exponential only in the computational depth of the context. The formal statement
is given below.

Lemma 4.8 (Universal Extrapolation Lemma). Assuming no auziliary-input one-way functions
exist, there is a polynomial-time randomized algorithm UE such that for all k,t,e ',a € N and all
z,x € {0,1}* with cd'(z | 2) < o,

Agy (UE(:U; z, 1<k’t’571’2a>) , Nextk(:v; Qt’z)) <e.

Proof. The argument of [HN23, Theorem 8.1] applies verbatim to the advised setting: the construc-
tion and analysis are unchanged when z is provided as auxiliary input. See [HN23, Section 8] for
details. O

Furthermore, the main result of [HN23] yields an inference algorithm whose running time is
exponential in the description length s of a sampler for the target.

Proposition 4.12 (Corollary of [HN23, Theorem 9.1]). If auziliary-input one-way functions do not
exist (indeed, it already suffices to assume the nonexistence of infinitely-often one-way functions),
then the complexity-theoretic universal inductive inference is solvable in time 20(s) . poly(t,e~1,671)
with round complezity O(se 2671).

5 A Chain Rule for Time-Bounded Algorithmic Information

In this section we give an algorithmic proof of the chain rule for qf; the formal statement is as
follows.

Lemma 5.1. If GapK'-vs-K € pr-BPP, then there exist a randomized polynomial-time algorithm
CR, a constant ¢ > 0, and a polynomial T such that for every m-tuple x = (x1,...,2m) of binary
strings and every t > m + n:
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1. For each i € [m], CR(x<;,1") outputs an integer k; € N.

2. With probability at least 1 — negl(t) over the internal randomness used to produce ki, ..., kpy,
the following hold simultaneously:

k; > qT(t) (x; | ®<i) for alli € [m],

and

m
Z ki < q'(x) + melogt.
i=1

Moreover, for every 6 € (0,1],

t
Pr [kz <K(z; | i) +071 ((ﬁm(w) —i—clogt)] >1-34.

i~[m]

Proof. Without loss of generality, we may assume that ¢ > O(|z|). This is because, once the
statement is established, for any ¢ satisfying m +n < t < O(|z|), we can first apply it to ¢’ =
max{7(t),O(|z|)} (< poly(t)) for the polynomial 7 in Proposition 4.6, and then derive the statement
for ¢t from Proposition 4.6, namely,

q’(z) < q'(x) + O(log t).

Since GapK'-vs-K € pr-BPP, there exist a randomized polynomial-time algorithm K and a
constant cg such that for each z € {0,1}* and ¢t € N,

Pr |K(z) < K (z,1%) < Ki(z) + o 1og(t|x|)} > 2/3.
K

Consider an arbitrary m € N and an m-tuple = (x1,...,z,,) of binary strings. Consider any
t > O(|z|), as stated in the lemma. For each i, let n; = |z;|, and set n = max;n;, N = >, 2n2,
and M =" 2n;. Thent >m and t > > .n; > n. Moreover, 2t> > N + M.

Let pg be the polynomial in Lemma 4.4. Let p; be a large enough polynomial we specify later.
We consider a randomized algorithm D that is given y € {0,1}2”, selects r ~ {0,1}70®)  and
outputs 1 if

K ()17 0) < Jrf 4 [yl = 7 (= Irl + 262 = 7);
outputs 0 otherwise.

Let k1,...,kn € NU{0} be arbitrary parameters with k; < 2n; for each i. Observe that the
length of DPg, (x1;21) 0 -+ 0 DPy, (Zm; 2m), where z; € {0, 1}2”:2 in our formulation, is

m m
2(271124-/%) ZN—i-Zki <N+ M <22
i=1 =1

First, observe that D distinguishes DPy, (z1;21) © -+ 0 DPg, (Zm;2m) o ¢’ from a truly random
string if

m
Zkz > qt(.’lfl,...,CEm) +c2 -mlogt,
=1

where y' ~ {0, 1}2t2_N —2iki and ¢ is a sufficiently large constant to be specified later.
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Notice that we can efficiently compute (r, DPg, (x1; 21)0- - -0DP, (% 2m)oy’) from r, 21, . .., T,
215y 2Zm, k1, .., km, and 3/. Now, we choose p; and c; enough large so that for each n,m,t € N,
T1, ... @m € {0,1}=", and for each r, 21, . .., zm,y (where r € {0,1}7°® and 2 € {0,1}2" for each
i, and y € {0, 1} N=2iks),

KP O (r, DPy, (213 21) 0 -+ 0 DP,, (T 2m) 0 /)

SKPOO gy, ag | 7))+ |4 21|+ F |zm] + ||+ Olog ky + . .. + log k) + O(log t)
<KPO(zq, .o @ | 7) 4+ |r| + N+ || +c1-mlogt.

For each 4, suppose that y; = DPy, (z;; z;). Recall that, with probability at least 2/3, we have

K((T,yl 0"'Oymoy/)>1p1(t)> < KO (r iy 0 -+ 0y 0 ) + o log(p1(t) - (polt) + 2t%)).

In addition, by Proposition 4.8, when r ~ {0,1}P0() KPo()(z | r) < pKPo(®) (z) with probability at
least 2/3.
If both events occur, then for a sufficiently large constant co, we obtain

K((r, Yy10--0ynoy), 1p1(t)> < Kpl(t)(r, y10--oymoy) +co log(pl(t) (po(t) + 2t2))
<KPOO (21, .. x| 1) + 7|+ N + | + cxmlogt
+ colog(pi(t) - (po(t) + 2t))
< pKPO (21 ) + || + N+ |y | + cemlogt
+ colog(p1(t) - (po(t) + 2t))
<q'(z1,...,2m) + 7| + N+ |y| + comlogt — 7,

where the last inequality follows from Lemma 4.4.
Moreover, if Y7, ki > g (21, ..., 2m) + c2 - mlogt, then

B((r1 00 m), 170) < ¢!, ) + I+ N+ |y/| + comlogt — 7

m
S+ N+ [+ k-7

=1
=|r|+2t* - 7.

Thus, we have

Pr [D (DPy, (%1;21) 0+ -- 0 DPy, (Tm; 2m) 0 y') = 1] >

D,Zl,...,Zm,y/

[SSRI )
[SSRIN )
Ne]

In contrast, we consider the case in which y; = w; ~ {0, 1}2"12“” for each i. By the standard
counting argument, with probability at least 1 — 275 over r, w1, ..., Wm,y,

K(r,wyo---owmoy')>|r|+ |wyo---owy,oy|—6.

Since K ((r,wy o -+ 0wy 0y'),1t) > K(r,wy o - - 0 wyy, 0 i) with probability at least 2/3, the
union bound implies that

Pr [D(wlo-uowmoy/)zl]<i—|—é<7.

D7w17"'7wm7yl
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Thus, whenever Y ", k; > q'(21,...,%m) + c2 - mlogt, we have

1
Pr [D (DPy, (z1;21) 0 -+ 0 DP, (@i zm) 0y ) =1] = Pr[D (w10 owpoy’) =1] > T (3)
Now, we consider a randomized procedure K that generates ki, .. ., kn, in the following inductive
manner: Let 7 be the current round and assume that ki,...,k;—_1 have been already determined.

For each j € [2n;], the procedure K empirically estimates two probabilities

dpf =  Pr [D(DPy,(x1;21) 0+ 0 DPy,_ (i 152i-1) © DPj(mi5 i) o) = 1] ,

21yeey245T5 D

and

tr;- = Pr [D(DPy, (z1521) 0 -+ - 0 DPy,_ (w15 2i-1) ow;or) = 1],

215,25 —1,W5,7, D

within additive accuracy 4-1/(216t) and negligible (in t) confidence error, where |w;| = 2n?+3j, and r
is chosen so that the total length of the input becomes 2t%. Let cfp; and t}‘; be the estimated values,

respectively. Then, K determines k; as the maximum j € [2n;] satisfying that d~p; — t}; < 1/(54t)
(if there is no such j, let k; = 0). For each ¢ € [m], let p; denote the randomness used by K in

the i-th round. Then, ki,...,k; are deterministically computable in polynomial time (in ¢) from
x1,...,T;, t, the description of D, and p1, ..., p;, according to the procedure K.
Fix any p1,..., pm such that all empirical estimations are performed successfully. Notice that

they determine each value of k;. Then, it must hold, for each i € [m],

g 11 1
dpj, —tri, <dpy, —1rj, + o < oo F =
Ph — Wk = 0Pk =1+ 976 = 500 T 108t~ 360

and
2 1 1 1

— =
216t 54t 108t 108t
For notational simplicity, let dp’ = dpfﬁ and tr’ = tr}'ﬁ for each i € [m], and let

i i i -
dpy, 11 — U1 = dpgyp1 — g1 —

deZZ Pr [D(wlou-owmor):l},
Then, we can observe that

Pr [D (DPkl(xl;zl) o---0DP (Tm;2m) oy’) = 1] —Pr [D (w1 O+t O W oy') = 1]

m m

. 4 . . 1 1
=dp" —dp’ =) (dp' —dp" )= (dp'—tr')<m - = —.
p™ —dp Z(p ') Z(p r)Sme o = o5
i=1 i=1
From Equation (3), it follows that
m
Zki<qt(m1,...,xm)—|—02~mlogt. (4)
i=1
We will show that for a large enough polynomial ps, the following holds for each ¢ € [m]:
P2 (z; | @i, pei) < ki + log pa(t). (5)

Assuming the inequalities above at first, we now proceed to derive the lemma by specifying CR.
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Consider now the randomness of py, ..., py. Since the empirical estimations in K are performed
with negligible confidence error,

Pr [Vi e [m], pKP2® (z; | i, poi) < ki + logpa(t)| > 1 — negl(t).
Ply-sPm
Thus, for each i € [m],

E oK (i |2eipe)| < E k] + logpa(t) +2n - negl(t).
P1y--5Pi—1 P1y--5Pi

From Proposition 4.9, for large enough polynomials p3 and 7, for each i € [m)],
q (@i | i) < pKPO (2 | 22i) + Ologt)

< E|pKPO(; |2 pe)| + Ologt)
P1y-5Pi—1

< E [k +logps(t), (6)

Plye-sPi

where the first inequality follows from Proposition 4.10.
By the same reasoning, it follows from Equation (4) that

m
Z E [ki] < d'(z1,...,2m) + co-mlogt 4 2mt - negl(t). (7)
Plye-sPi
i=1
The algorithm CR, given z<; = (1, ...,2;) and 1!, empirically estimates the value of E,, . [ki]
by executing K independently with (x1,...,x;), with accuracy error +1 and negligible confidence

error. (poly(t) trials suffice by Hoeffding’s inequality and the fact that each k; € [0,2t].) Let k; be
the estimated value, i.e., if the empirical estimation succeeds then |k; —E,, _ ,[ki]| < 1. Then CR
outputs k; + 1 + log p3(t), which serves as k; in the lemma.

The claim about CR is straightforward to verify. If the empirical estimation in CR succeeds
(which occurs with probability at least 1 — negl(¢)), then for each i € [m], from Equation (6) we
have

A |zi) < E (k] +logps(t) < ki + 1+ log ps(t).

P1y--5P%
In addition, from Equation (7),
m B m
Z(k’ + 1+ logps(t)) < ZE[/@Z] + 2m + mlog ps(t)
=1 7

< q'(x1,...,2m) +2m + mlogps(t) + ca - mlogt + 2mt - negl(t)
< q'(x) + m - c3logt,
for a sufficiently large constant cs.
The statement in the ‘Furthermore’ part of the lemma can also be verified under the same event
that all empirical estimations succeed. By rearranging the above, we obtain

Z(iﬁ' +14 logpg(t)) < q'(x) +m-c3logt
i=1
= K(z) + cd'(x) + m - c3logt

< Z:K(:z:Z | x<i) +cd'(x) +m - cglogt +m - O(logt).
i=1
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Thus, for a sufficiently large constant cy4,

E |k +1+1logps(t) — K(zi | )| <
i~[m] m

Recall that for each i € [m)],
Fi+ 1+ logps(t) — K(xi | @<i) > (@i | @<i) — K(i | w<;) > —c5logt,
for a sufficiently large constant ¢5 from Proposition 4.7. Trivially,

cd'(x)

E [12;, + 1+ logps(t) — K(z; | £<;) + c5log t] < + (ca + c5) logt.

i~[m]

Since the quantity inside the expectation is nonnegative, an application of Markov’s inequality yields
that for every ¢ € (0, 1],

7 1 (cd(z)

Pr |ki+1+1logps(t) — K(x; | x<;) + c5logt <6 - o

i~[m)]

+ (eq —|—C5)logt>} >1-0.

Therefore, for any such i € [m],

~ dt
ki +1+4logps(t) <Kz | @ey) +071- (C ﬂiw) + (ca +¢5) logt) :
By choosing ¢ = max{cs, ¢4 + ¢5} in the lemma, we obtain the desired bound.
We complete the proof by providing the deferred proof of Equation (5). Recall that for each

i € [m]7

Pr [D (DP],C1 ($1; Zl) ©---0 DPkF1 (.7,‘7;71; Zifl) o) DPki+1(l‘i; Zi) ¢) 7“) = 1]

D,z1,...,zi,r

— D,z1,...€zf_1,wi,r [D (DPk1 (ZL‘l; 21) ©---0 Dpki,l(xifl; Zl',l) o w; o T‘) = 1] > @

(8)

Based on the above, we construct the following algorithm D; that distinguishes DPy, 1 (z;; 2;)

from truly random strings given D, xo; = (x1,...,2—1), and p<; = (p1,...,pi—1): On input
y € {0, 1}2”§+ki+1, the distinguisher D; first executes K with x.; and randomness p.; to obtain
ki,...,k;—1, and then outputs the same answer to

D (DPk1 (x1521) 0+~ 0DPg, (zi—152i—1) 0y O r) )
where 7 is selected so that the total length of the input becomes 2t.
Then, Equation (8) is rewritten as
P (D1 (Ot 2)) = 1= Pr (D (w) = 1) > 1o
From Lemma 4.5,
pKP (2 | D;) < ki + 1 + log pa(t),
for a large enough polynomial ps. Thus, by taking ps large enough,
KO (; | 2oi, pei) < pKPO (25 | D) + D] + O(log t)
< ki + 1+ logpa(t) + |D| + O(logt)
< ki + log pa(t),

as desired.
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As an immediate corollary we obtain the following chain rule for qf, which formally restates
Lemma 3.1.

Lemma 5.2 (Chain rule for ¢*). Assume GapK'-vs-K € pr-BPP. Then there exist an absolute
constant ¢ > 0 and a polynomial T such that for every m-tuple x = (x1,...,xy) of binary strings
of length at most n and every t > m +n,

m
ZQT(t) (zi | ®<;) < q'(x) +m-clogt.
i=1

Proof. By Lemma 5.1 there is a randomized procedure CR such that, for some fixing of its random
coins, it outputs integers ki, ..., ky, with the following properties: (i) k; > q"®(z; | x<;) for all
i € [m], and (ii) Y.1% ki < q'(z) + m - clogt. Therefore,

m

ZqT( xz‘$<z Si +m ClOgt

i=1
as claimed. O
As a further consequence we obtain a tail bound for the conditional computational depth.

Lemma 5.3 (Tail bound for conditional computational depth). Assume GapK'-vs-K € pr-BPP.
There exist an absolute constant ¢ > 0 and a polynomial T such that for every m-tuple * =
(1, ..., @) of binary strings of length at most n, every t > m + n, and every § € (0,1],

Pr [ch(t)(a:i | zei) <071 (cd:n(a:) + clogt)} >1-0.

i~ [m)]

Proof. Fix the random coins of CR as in the proof of Lemma 5.2, and let kq, ..., ky, be the resulting
outputs. For these quantities we have

t
Pr |cd™®(z; | @) <671 (Cd( )+clogt>}
m

i~v[m]

> Pr [/c, —K(z; | ) <671 (cd;iw) —i—clogt)} >1-4,

inv[m]

where the first inequality holds since k; > q"®) (z; | £<;) for all i € [m]. The claim follows. O

6 Prequential Compression and Inductive Inference

In this section, we prove Theorem 2.3. We start with the formal definition of time-bounded ran-
domized Kolmogorov complexity.

Definition 6.1. The t-time-bounded randomized Kolmogorov complexity of x given z is defined as

rKi(z | 2) = min{|d\

2
r~{P())I:1}t [Ut’”(d) halts and outputs x| > 3}.

Theorem 6.1 (Restatement of Theorem 2.3). There exists a sequence {Lcc}c~1en of randomized
polynomial-time algorithms such that for every family X = {XN}nen of distributions XN over
{0,1}Y, the following are equivalent.
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1. For every constant € > 0, there exist constants n € N and ¢ € N such that for all large N € N,
XN is (n, €)-prequential qt-compressible for t(m) == m°.

2. For all sufficiently small constants e > 0 and alln € N withn > (1/€)1-°1, there exist constants
c € N and Ny € N such that XV is (n, €)-prequential rKt-compressible for the constant function
t = N¢ and for all N > Ny. That is,

m

INI%N Z;th(yj | y<;) | <eN+HAN),
‘]:
where m := [N/n] and y; denotes the concatenation of the i-th bit of x for all i € N such that
m(j — 1) < i < min{mj, N}.

3. For every constant € > 0, there exists a randomized polynomial-time algorithm L such that for
all sufficiently large N,
Pr [L(z<) = (XN [ X =24)] >1—¢,

i~[N]
XN

where XZN denotes the i-th bit of XN
4. For every constant € > 0, there exists a constant ¢ € N such that for all sufficiently large N,
Pr [EQE(:EQ-) =, (XZ-N \ Xi\; = :c<z)] >1—e.

i~[N]
XN

We first present a inductive inference algorithm for all prequential compressible distributions.

Lemma 6.1. Let n € N, ¢ € N, and e ' € N be constants such that € is sufficiently small.
There exists a randomized polynomial-time algorithm L7 . such that for any family X = {XNYy of
(n, €)-prequential q-compressible distributions XN over {0, 1}V for t(m) = m¢, it holds that for all
sufficiently large N € N,

13]1"\]] [ﬁ’;e(w@) =5 (XiN \ Xi\; = x<z)] >1-9,

z~ XN

where § = eX/4.
Proof. For notational simplicity, we simply write XV instead of X below. For simplicity, we assume
that n exactly divides N.

We define a randomized polynomial-time algorithm L7, as follows. Given as input z<; €
{0,1}~1, it partitions z; into consecutive blocks y1,...,y; so that y; o ---0y; = =, lyir| = n
for all j/ < j and |y;| < n, defines t := ¢(|y<;|), runs the universal Turing machine U"¥<i(d) for a
random program d ~ {0,1}" to obtain its output w, and outputs the (Jy;| 4+ 1)-th bit of w if y; is
the prefix of w; otherwise, it repeats this trial up to 20 . O(log e~ 1) times; if all trials fail, output
an arbitrary bit. Since n, e, and ¢ are constants, this algorithm runs in polynomial time.

Since |y;| < n, each trial of L, succeeds with probability at least 2-9() Thus, the algorithm
simulates the conditional distribution of the continuation of y; under the ¢-time-bounded universal
distribution Q®¥<s with probability at least 1 — €. It follows that for every x,

n _ t7y<j t7y<j _
Lios) = (Q7 | QU7 = ),
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where k = |y;| + 1 € [n] and Q’;’yq denotes the k-th bit of Qb¥<i,
For each j, let Y; be the random variable of the j-th block of x ~ X'. Since X is (n, €)-prequential
q'-compressible, we have

| 1
JE KLY 1Y [ QU9 1Yg)) = 23 (Bl (Y | Yey)] - HY; | Yey)
Jj=1
1
( Zq (Y; | Yej) | — H(X)
m
eN
< — <en.
m

Fix y.; and define Y'(y<;) == (Y; | Y<; = y<;). Applying the chain rule for KL divergence to Yj’ ,
we obtain

KL(Y; | Yoj = y<; || QY7 | Yo = y<j)
= KL(Y'(y<j) || Q<)

, t,
—ZKL( (eilb | V' (wei)er || Q27 1 Q7).
where the subscript £ means the k-th bit of the string. Therefore,

jr[m] k] {KL< nG-1+k | Xenig1) H Qi | ¥ej0 QL Yq)}

ZKL( (Y<i)k | Y’ (y<j)<k H Qk’yq | th])]

n j~[m ,y<J

1 .

=— E  [KL(Yj|Yqj =y || Q" | Yoj = y<j)]
n ]N[m}vy<j
1 .

== E [KL(Y; | Y4 || Q" | Yoy)]

N j~[m]
<e.
By Markov’s inequality and the non-negativity of the KL divergence, with probability at least 1—+/e
over (j,k) ~ [m] x [n] (which corresponds to a uniformly random index i = n(j — 1) + k ~ [N]) and

x~X,

KL (Xz- | Xy = 2o

Q' | Y2j 0 QLY =) Ve
From Pinsker’s inequality,

(/4

Y<]OQ7 V< —$<i>> < —.

Aty <(Xz | X<i = 7<i), (Q e NG

By the triangle inequality for total variation distance, for every i, we have
el/4

Atv(()(z‘ | Xi = 2<i), L7 ($<z)) < W +e.
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Thus, we obtain

/4
P Aty (X | Xy = i)ﬁge i) < —= >1- :
iN[]l;\é] w (| Xei = w), L2 (2<5)) ) te€ Ve

The claim follows by observing that €'/4/y/2 4+ ¢ < § and /e < 6 for all sufficiently small € > 0. [
We will use the following pseudo-deterministic arithmetic coding.

Theorem 6.2 ([HLN24, Theorem 4.6]). Let D = {Dy}ren be a family of distributions where each
Dy, is supported on {0,115 for an efficiently computable function £(-). Suppose there exists a
nonuniform advice sequence {cy} such that, for each k € N,

o for any z, the next-bit distribution Nexti(z; Dy) is polynomial-time samplable given z and o, ;"

o for each b € {0,1}, Pr[Next;(z;Dg) = b] > 1/v(k) for a universal function -y.
Then, there exists a polynomial T such that, for each k € N and every x € Support(Dy,),
K™ E1e) (2| ay) < —log Dy (x) + O(log(k (k) £(k))).
We now present prequential compression from an inductive inference algorithm.

Lemma 6.2. Lete > 0 and X = {XN}nen. Assume that there exists a randomized polynomial-time
algorithm L such that for all sufficiently large N,

P[zr\/] [L(z<i) = (XiN | xY = )] >1—e
XN

Then, for every n € N, for § = O<€1/6 + % + ﬁe), there exist constants ¢ € N and Ny € N

such that XN is (n,0)-prequential rK'-compressible for the constant function t = N¢ and for all
N > Ny.

Proof. For notational simplicity, we simply write X instead of XV. We construct a prequential
compressor for X' from the inference algorithm L. A high-level idea is that if x ~ X' is partitioned
into m = [N/n]| consecutive blocks of length n (the last block has length at most n), then most
blocks are predictable, and such blocks can be compressed.

For every j € [m], let B; denote the set of indices in the j-th block and y; € {0,1}=" denote
the j-th block for each j € [m]. By Markov’s inequality, with probability 1 — /e over i ~ [N], it
holds that

E A (L(X<i), (X | i = wi))] < Ve (9)

T

Let G be the set of indices j € [m] such that Equation (9) holds for all i € B;. Then, the size of G
is at least m — /eN =m - (1 — \/en).

"In the original statement, they assume next-bits predictability, i.e., that every next-bit probability is approximable
within fixed polynomial accuracy and confidence error. This property trivially follows from samplability by standard
empirical estimation. Moreover, while their theorem is stated for the uniform computational model, the same proof
applies to the nonuniform model, i.e., in the presence of an auxiliary input sequence {c}.
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Fix an index j € G and an index i € B;. We define P as the randomized algorithm that, given
T<; as input, output L(x<;) with probability 1 — 2« and output a uniformly random bit b ~ {0, 1}
with probability 2a, where we define a := y/e. Then we have

A (P(z<i), L(z<;)) < 2a.
By the triangle inequality for A, and Equation (9), we have

xLEX[AtV(P(qu), (X | Xei = 20))] < 3Ve.

By Markov’s inequality,

Pr [Aw(P(aei), (X | Xei = 2<i)) = /%] < 36/6.

Applying Proposition 4.1, since Prp[P(x<;) = b] > « for every b € {0, 1}, we obtain

Pr [KL(Xi | Xy = i || Plawi)) < 0(62/3/a)] > 1 — 366,

x~X
and thus
: _ ) ) 2/3 1/6\ _ 1/6
E KL( | Xey = 2 || Plo<)] < O(e /a) n O(e ) - O(e )
We now take the sum over all ¢ € B; and obtain
> E KL | Xe = o | Pla<i))] < O(n : 61/6). (10)
1€B; il

Fix an arbitrary index j € G. Define C' to be a randomized algorithm that recursively uses the
predictor P to construct a string of length n; specifically, given y as input, C' recursively calculates
bj == P(yob;y---bji_1) for each i € [n] and outputs by - - - b, € {0,1}". Let Y; denotes the j-th block
of X. By the chain rule for KL. and Equation (10), we have

KL(Y; | Yo || C(Y<;))
= E KLY | Ye; =y<; || Cly<y))]

y<i~Yoj
- E : . )

oy Z KL(X; | X = 24 || P(2<i))

ZEB]'

0] (n : 61/6>.
For any y.; in the support of Y.j, let D,_, denote the distribution induced by C(y<;). Observe
that

IN

E[-log Dy_, (Y;)]
= H(YJ | Y<j) + KL(YJ ‘ Y<jHC(Y<j))
<H(Y; | Yej) + O(n - /9,
We apply Theorem 6.2 to D,_, under the parameter settings k := ¢! (here we apply Item 3 only

for 71 € N), £(k) := n, and advice aj := y~;. Then the assumptions of the theorem are satisfied
with y(k) = 1/a using P as the sampler for next bits. Hence, for every y; in the support of D,

—log Dy, (y;) + O(log(k~(k) £(k)))
—logDy_,(y;) + O(log(n/¢)).

Y<ij»

—1 .
rPoly(e ,|y<]l)(yj | y<j) <
<
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Taking the expectation and summing over j € [m], we obtain

> B[Ny | vey)]

j€[m]
< 3 (E[-log Dy, (¥))] + Olog(n/e) + 3 (n+0(1))
jeG jelm\G
< 3 (005 | Y<)) + O(n- /8 +og(n/e)) ) + mv/ne - (n+ O(1))
jEG
1
<H(X)+ N - O<61/6 og(n/e) + fe)
We define § so that this is bounded by H(X) + d N, which completes the proof. O

We observe that q'-compression implies rK!-compression.

Lemma 6.3. For all sufficiently large n € N and all € > 0, the following holds. Let X be a (n,€)-
prequential rKt-compressible distribution over {O,I}N for some N > n* and for some constant
function t = N€¢. Then, X is (n,d)-prequential q"' -compressible for t'(m) = m¢ for some constant

c and § ::e+0(lo%>.

Proof. We first claim that there exists a constant ¢y such that for all but finitely many z and z and
all t > |z| + |z|,

0" (z | 2) <K'z | 2) + O(log |z). (11)

Let d* be the string of length rK'(z | 2) such that U"™*(d*) outputs = with probability 2 over a
random r ~ {0,1}'. Consider the constant-size program that, given z as input, randomly chooses
s~ [|lz| + O(1)],d ~ {0,1}%, and r ~ {0,1}! and outputs U""?(d). The output of this program is
equal to & when s = |d*|, d = d*, and U""*(d*) outputs x, which happens with probability at least
|:c|+0(1) Ll 2= Q(2‘|d*|—10g\x|), Thus, Q' (x| 2) > Q(Z‘th(ﬂZ)—log\ﬂ) for a sufficiently large
constant ¢y, which completes the proof of the claim.

We define t/(m) := m2%¢. Applying Equation (11) to the blocks (y1,...,ym) of  ~ X, we have

> " WDy ye) < 7 (K (s | y<g) + Ollog ) + VN - (n+ O(1)),
Jj=1 j=vN

where we used the fact that t©0 = N©¢ < j20¢ = ¢/(j) < ¢/(|y;|) for every j > +/N. Taking the
expectation of the first term over z ~ X, we obtain

EX Z (rK"(y; | y<;) + O(logn)) | < H(X) +eN +m - O(logn)
i=vN

by the (n, €)-prequential rK'-compressibility of X'. Since m = [N/n], we obtain

m - O(log n) gN-0<1°g”).

n
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We also have v'N - (n + O(1)) < O(N/n) because n* < N. Combining the inequalities above, we
conclude that

" /" logn
E X th (ly<;) (vj | y<;5) SH(X)—FN-(E—I—O( i ))

7j=1
O

Proof of Theorem 6.1. It is obvious that Item 4 implies Item 3.
The implication from Item 2 implies Item 1 follows from Lemma 6.3. Specifically, for a given
constant € > 0, we choose n = (1/€)? in Item 2 and obtain that X is (n,¢)-prequential rK'-

compressible. By Lemma 6.3, XV is (n, §)-prequential ¢ -compressible for § = O(%) + e < 2¢,
where the last inequality holds for all sufficiently small € > 0, as desired.

To prove the implication from Item 1 to Item 3, assume that XV is (n,e¢)-prequential ql-
compressible for ¢(m) = m¢. By Lemma 6.1, the algorithm L = 5264 predicts the next bits of

XN with accuracy e and confidence €, which completes the proof of Item 3.

We prove the implication from Item 2 to Item 4 in a similar way. For each ¢ > 0 and ¢, we
define € = (2¢)1/4, n = (1/¢)? and L. = L7 . using the inference algorithm of Lemma 6.1. Note
that this choice of £, is independent of a specific distribution X. Let ¢ > 0 be a given constant
for which we aim to prove Item 4. By Item 2, X is (n, €)-prequential rK’-compressible for t = N¢,
where we choose n = (1/€)2. By Lemma 6.3, XV is (n, 2¢)-prequential q"'-compressible for some
t'(m) = m®1). By Lemma 6.1, Ly predicts the next bits of X N with accuracy and confidence
§ = (2€)1/* for some c. We set ¢ = (¢')*/2 so that § < €, which shows that L. = L7
the desired accuracy and confidence.

The implication from Item 3 to Item 2 follows from Lemma 6.2. Specifically, let € be the constant
that satisfies Item 3. Then &V is (n,d)-prequential rK’-compressible for some constant function

t = poly(N) and § = 0(61/6 + % + \/ﬁe) For all sufficiently small ¢ > 0 and n > (1/¢)01,

define € := 1/n8. Then we have § = O(m) = ﬁ < (¢)H01(1—o(1) < ¢ where we used that €

achieves

n

is sufficiently small. It follows that X'V is (n, €')-prequential rK'-compressible, as desired. O

7 Inductive Inference via Advised Universal Extrapolation

In this section, we prove the following theorem via advised universal extrapolation.

Theorem 7.1 (Restatement of Theorem 2.2). If GapK'-vs-K € pr-BPP, then when the total number
of rounds m is explicitly provided to the inference algorithm, complexity-theoretic universal inductive
inference is solvable in time 007N with round complewity O(se=2571).

7.1 KL Bound for Advised Universal Extrapolation

We first establish the following KL bound for advised universal extrapolation.

Lemma 7.1 (Advised Universal Extrapolation). If GapK'-vs-K € pr-BPP, then there exist a con-
stant ¢ and a polynomial p satisfying the following for every n,s,b,w € N: Let Il be an s-size
randomized Turing machine that produces at least b-w binary strings x1i,...,Tyy,... € {0,1}" in
tr (> s) time. For each i € [b], let T° = T(i—1)w+41 O+ © Tiy- Then, for any t € N with t > p(tn),

_
E [KL(X]XZ;

ire[b],5~[w]

Qe QT n])} < % (% +logt) ,
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where X<, XL, ' ) (@t T ywtjo1), and
T(i—1)yw+j chosen according to 11, respectively, and XEJZ = (X<i,Xij).

In particular, if b > s/logt and w > 2ce '6 logt for e 1,671 €N,

(slsQ=™)) <€l 21—,

and X; represent distributions of (z',...,T

Pr o [KL (X5

i7x<17j7x7/<j
; ; <i <i z' i St (<t gl P
where i ~ [b], j ~ [w], " ~ X<, ~ X<], 2; = (@~ 2ly), and Xi|xZ) represents the
o . . . <t _ <1,
conditional distribution of T(;_1yw4j gwen X T2

Proof. Let 7 be the polynomial in Lemma 5.2, and 7" be the polynomial in Proposition 4.6.
For each i € [b], let X? be the distribution of z¢, 2= = (z1),...,z", and X=! be its distribution.
From Lemma 5.2, we obtain that for any ¢ > O(t11) (recall that bw < t11 since all strings are
generated in tyy time),

b
S D@, | 2 < ¢t (@=") +b- O(log ).
=1

From Proposition 4.4, for a large enough polynomial 7", we have that for any ¢t > 7" (t11),

d'(z',...,72°) < O(s) + O(logt) — log Pr [be = :Usb]
=0(s) +O(logt) — ZlogPr C=2| X =],

From the two inequalities above, we have

M-
—~
()

o' 70 + log P [X7 = 21| X< = a<]) < 0(s) + - Ofog ).

=1
From Proposition 4.6, we have for every t' > 7/(t)
q"(@ | 2 < D@ | 2¥) + O(logt).

Therefore, by taking large enough polynomial p, we obtain that for every ¢ > p(tr),

b
Z (qt(a_ci | 2<%) + log Pr [Xi = fi‘X<i = .CE<Z]) < O(s) +b-0O(logt).
i=1
Notice that
Vi i |y <i <
¢'(z" | z=") + logPr [X' = 2| X< = ]:logPr[X = 7|X = a7]

Pr[Qt*<" = 1]

Thus, by taking expectation over X1, ..., X we get

b
Y KL ()‘(in<1'
=1

Qt’Xd) < O(s) +b-0O(logt).
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By taking a large enough constant ¢ > 0,

Qt,X<i>} _ 2;1@ (Xi|X<z‘

For each i € [b], we apply the chain rule for KL divergence and obtain

w
<i <
Q) = SOKL (X)X
j=1

E [KL (Xi|X<i Qt»X“) <e- (g + logt) . (12)

i~[b]

tX<

t X<’L )
Along with Equation (12), we derive the first part of the lemma as follows:

o)}

tX<i X<z
[(J—l)n+1rjn]|Q[(J 1 NJ)

KL (Xi|X<i

tXZ

in Bl RACHES

1 - i
= E [KL (X1|X<Z QW“)}

w

c

— ( —I-logt)

w

Next, we derive the second part of the lemma from the above.
If b > s/logt and w > 2ce 1571 logt are satisfied for e 1,671 €N, then

E(—i—lot) <0 ° | logt) =eb
w \b 8 = 2logt \s/logt 8t) =<

Therefore,
t,X<i

_
E KL (X]XZ;

irv[b] 5~ [w]

t’).(_@)n])} < €d.

Notice that, by the definition of conditional KL divergence,

(@)

X< X<i | <i
2 Q0 ): E [KL (X;|x§;

[(G—1)n] ;
I<Z7I2<j

; <i
KL (X}]X3]

Since KL divergence is always nonnegative, by Markov’s inequality,

Pr [KL (X;ﬁ = (gz»gj; Qtv“i)) < e} >1-4,

A
,T ,],$<]~

as desired. O

7.2 Inductive Inference via Advised Universal Extrapolation
Now we provide the formal proof of Theorem 7.1.

Proof of Theorem 7.1. Let pg and ¢y be the maximum of the polynomials and constants in Lem-
mas 4.7, 5.3 and 7.1, respectively. For each ¢t € N, let ¢’ := po(t) and ¢’ := po(t’') below. Without
loss of generality, we assume that, t” >t > 2, ¢g > 1, and cglogt’ > logt” for each t.
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For each n,m, s,t,e 1,671 € Nwith m > 17¢3-se 2671, let b = [s/logt']. We also define w € N
as the largest integer such that b-w < m. Let m :=b-w (< m). The proof is based on the advise
universal extrapolation as in Lemma 7.1 on m strings x1, ..., Tp.

Below, we assume that cplogd—! < s. Otherwise, 2° < §~% = poly(§~1). In this case, we can
use universal extrapolation without any advice that works in time poly(2%,¢~1) < poly(61, 1)
(this is exactly the same setting as [HN23]) to extrapolate a prefix string produced by an s-size
program under Q! with statistical error e.

We first verify that a random position ¢ ~ [m] almost falls in [/2] (thus ignoring i1, .., Tm
does not much affect the confidence error). Since m < b(w + 1) = m + b, we have

Pr [i > il m—ﬁ1<b< 1 < ) n 0 <25
rli>ml=——< — 7 . “s
in[m] m m — \logt/ 17¢3 - se=26—1 — 17c3e2logt’  17c¢%-se 2 — 17

From the assumption, there is no auxiliary-input one-way function by Lemma 4.2 (or Proposi-
tion C.1) and thus there exists the polynomial-time randomized algorithm UE in Lemma 4.8.

Now we present the construction of the algorithm L based on UE. Given an input prefix x;
and parameters param = (n,m, s,t,e 1, 61), the algorithm L first computes ', ", w, b,/ as defined
above. If i > m, the algorithm halts with an arbitrary message (we ignore this case as discussed
earlier). Otherwise, if i < m, the algorithm computes the unique pair (¢, ;') € [b] x [w] such that
i=(i'—1)-w+j', and outputs a sample from

-1
A 1 n,t'’ 2e=1,2¢0¢ .1/3¢00
UE<x<f,x , 1{mt"2e7, ),

where .i'l<]/ — :U(i’—l)w—‘,—l O:-+0 x(i’—l)w-i-j’—l and .’,1?<i = (.le O+ O0OTyyy.-- 7x(i’—2)w+1 O-+-+0 x(i’—l)w)'
(Note that z; is parsed into (x<i/,a_ci<lj,).) Observe that #3905 " = poly(t5 ") since ¢ = po(t).

It is easily verified that L halts in polynomial time in ¢ (recall that ¢ > m > Q(se26~1) and
t > n). Below, we verify the correctness under the condition ¢ < m. Under this condition, a random
choice of 7 is regarded as random choices of (i, j') ~ [b] x [w].

We first observe the lower bound on w as follows: Since (w + 1)b > m,

17¢f - se 261
w>"2 > A | > 16cge 20" logt'.
b s/logt! +1

Since b > s/logt’ > s/logt” and w > 16c2e 26 logt’ > 2¢p - 2¢72- 4571 - logt”, Lemma 7.1
implies
Pr {KI;(Xﬂx<i

it m<il 51 i
7 7x<l 7] 7I<J

—i! otz ¢ J

If the event above occurs, it holds that

Atv <N6th <£Z‘Z</],, Qt”,i<i ) ’Xi‘x<i> < \/21 . KL <X1|SU<Z

—ql . 1 =<il €
Next,, ($Z<j/7Qt T )) < 3
where the first inequality follows from Pinsker’s inequality.
In addition, since b > 2s/logt’ > (s + cplogd—!)/logt’, Lemmas 4.7 and 5.3 implies that for
every j’,
1" ! 6
Pr [cdt (2% | T<i) < 3cod tlogt' + logt' + co} >1—-. (14)

ol ol
i< &L 3
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When this occurs, by Lemma 4.8,

Y -/ 11 9.—1 9cq 4l .413co8 1 Y no.<il
Ao (UE (xzq/;xﬁ 1{mat”2e7 1 20000 >> Next, <x2<j’;Qt @ <

Therefore, if both the events in Equations (13) and (14) occur,

€
5 .

€ €
Aty (L ($<i§ Param) aXi|x<i) < B} + B = €.

By the union bound, we conclude that

2
Pr [Aw (L (x<i;param), Xjlz<;) <€ >1—( =0+ 0 + 0 >1-4.
1T < 17 4 3

O]

Remark 7.1. Theorem 7.1 indeed follows from the chain rule for q° (i.e., the statement in Lemma 5.2)
without assuming GapK'-vs-K € pr-BPP. Recall that the proof of Theorem 7.1 invokes the as-
sumption GapK'vs-K € pr-BPP at three points: (i) to obtain a tail bound for cd’ (Lemma 5.3);
(i) to derive the KL bound for advised universal extrapolation (Lemma 7.1); and (iii) to invert
auxiliary-input one-way functions (Lemma 4.2 and Proposition C.1). For the first two purposes,
the assumption GapK'vs-K € pr-BPP is used only to establish the chain rule for q*. For the last,
by Proposition C.1, it also depends solely on the chain rule for q'.

8 Fully Polynomial-Time Inductive Inference

In this section, we take the inference algorithm from Section 7 as a subroutine and prove the
following main theorem.

Theorem 8.1 (Restatement of Theorem 2.1). If GapK®-vs-K € pr-BPP, then complexity-theoretic
universal inductive inference is solvable in time poly(t), with round complexity s - p(n, e 1,671 for
some polynomial p = O(n26_65_5).

Throughout Section 8, we use the following notation for next-block probabilities. For any
z,y €{0,1}7,
Dy|lz) = Pr[NextM(x;D) = y] .

In particular,
Q" (y =) = Pr[Next,(z;Q") =y].

8.1 Next-Bit Generator from the Nonexistence of AIOWF

We first formalize the notion of a next-bit generator. We then construct such a generator for the
time-bounded advised universal distribution Q%?, obtained via Lemma 4.8 from the nonexistence
of auxiliary-input one-way functions. Our construction satisfies the additional technical properties
required to establish our KL-divergence bound.

Definition 8.1 (Next-Bit Generator). For n € N, a next-bit generator is a randomized algorithm
G that, on input x € {0,1}* and an advice string o, outputs a pair (po,p1) of real values in [0, 1]
such that

pot+pi <1

for every input x, advice a, and choice of internal randomness. We write G(x; ) = (po,p1)-
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Given m € N and advice «, a generator G induces a distribution D@ over {0, 1}=™ defined, for
each z € {0,1}=™, by

||
Dg‘(fﬂ) = <szix<¢> *De | x>
=1

where (pg |y, P1)y) < G(y;a) for each y € {0,1}<™ and we set p., = 1 — (pojy + P1)y) if
lyl < m, and p., := 1if [y| = m. If G runs in polynomial time and its outputs are rationals
with denominators that are powers of two, then D¢ is exactly samplable in time poly(m, |a|) by
drawing each next bit according to (pg |y, P1 || y> Pe || y) Using poly(m, |a|) random bits. In our concrete
construction below we ensure this property as stated in the lemma. Thus, a polynomial-time next-
bit generator can be regarded as a polynomial-time sampler for its induced distribution.

We will use the following specific next-bit generator.

Lemma 8.1. If there exists no auxiliary-input one-way function, then there exist a polynomial-
time next-bit generator Q, a constant ¢, and a polynomial v such that for everyt,e ', d € N, every
z € {0,1}*, and every x € {0,1}* with t > c|z|, the following holds: if we denote by (po,p1) the
output of Q(x; z,1¢, 1<, 1), then for each b € {0,1}:

1. py > 1/5(t,e"t,d), and py is a rational whose denominator is a power of two;

2. if cd'(z | 2) <logd and cd'(zob| z) <logd, then

%r[(l—e)-Qt’Z(bllx) <pp < (14e)-Q¥(0b|a)] > 1—negl(t).

First, we prove the following technical lemma for proving Lemma 8.1.

Lemma 8.2. There exist a polynomial p and a constant ¢ such that for every z,z € {0,1}*, every
t>c-|z|, and every b € {0,1},

1

b2 >
Q (b”l') . 2cdt(acob|z) p(t)

Proof. Let ¢ be a sufficiently large constant, larger than the constants in Propositions 4.5 and 4.7.
For every z,z € {0,1}*, every t > c|z|, and every b € {0,1}, we have

e QU (obr)  QPF(zob) QLF(wobx)
VO ="y = Q) QPe(eb)’

since QtQ’z(x) > 0 by Proposition 4.5.

Let X C {0,1}* be the set of m such that U(rm) produces z as a prefix within ¢ steps. Then
there exists a universal constant ¢y such that, for each © € X, there exists append(m,b) € {0,1}* of
length at most |7| 4+ ¢g logt such that U?(7’) outputs = o b and halts within 7(¢) steps. This follows
since one can simulate 7 in ¢ steps and output b when the (|z| + 1)-st bit is produced. Notice that
this position can be specified using O(logt) bits with a universal hidden constant. Furthermore,
append(+,b) can be taken to be injective.

We only consider the case t? > cglogt by choosing ¢ sufficiently large (which implies a lower
bound on #). Let Xb C {0,1}** be the set of 7 such that U?(r) produces z o b and halts in 2 steps.
By the above argument, for every © € X, it holds that append(w,b) € Xb. Let append(X,b) =
{append(m,b) : m € X}. Then append(X,bd) C Xb.
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Thus, for some universal polynomial py(t) = t,

th’z(ﬂfo b) > Z 9=l

7’'eXb

> Y o

7/ €append(X,b)

> Z 2—\7r|—co logt
ﬂ'EX
Yy 2l = 7) QY ().

po t meX

Rearranging,
Q" (o) 1
Qv#(zx) po(t)’

On the other hand, for some universal polynomial py,

Q" (z 0 bx) > Q"*(x 0 b)
— 9—a"(zobl2)

_ 2—cdt(xob|z)—K(zob\z)
> 2—0dt(gcob|z)—qt2 (zob|z)—log p1(t)

_ Q" (ob)
= 2cdt(mob\z) 1 (t) )

where the second inequality follows from Proposition 4.7. Thus,

QY*( o b¥) - 1
Qt27Z(IE o b) - 2Cdt(ar;ob|z) -y (t) .

Combining the inequalities above,

Qt272 (xob) Qb? (x 0 bx) 1

>

Q™ (b]lx) >

This proves the lemma.

We now proceed to the proof of Lemma 8.1.

Qt,z(x*) ’ Qt2,2($ o b) - 2Cdt(:17ob|2) 'po(t) 1 (t) )

Proof of Lemma 8.1. From the assumption that there is no auxiliary-input one-way function, we
obtain the universal extrapolation algorithm UE in Lemma 4.8. In addition, let p be the polynomial

of Lemma 8.2.

The algorithm Q, given a prefix string 2 € {0,1}*, advice z € {0,1}*, and parameters ¢, e !

N (all given in unary), executes
UE(z; 2, 1<1’t’EJE1’d>)

independently N times, where the accuracy parameter is set to be

e = 4e d - p(t),
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and N is chosen as the smallest power of two such that N > ¢(t) - (4de!p(t))? for some sufficiently
large polynomial ¢, so that the empirical estimation of probability achieves an accuracy error of at
most +¢/(4d - p(t)) with negligible confidence error. Let by,...,bx € {0,1,e} denote the resulting
independent samples from UE.

For each b € {0, 1}, let

_Hie[N:bi=b)
N

By construction, we have pg + p; < 1 and p, > 0 for each b € {0,1}. Then Q computes (po, p1)
satisfying the following conditions:

L. py > gz for each b e {0,1}.

2. Each py is a rational number whose denominator is a power of two.
3. po+p1 <L

4. Py —p] < Tap for each b e {0,1}.

Such a pair (pg,p1) can be obtained by setting for each b € {0,1},

ﬁb_% 1fpb>2dp()
Dy = ﬁb+% 1fpb<4dp()
D otherwise,

where N’ is the smallest power of two such that N’ > 4de~! - p(t). The properties above are easily

verified from the facts that )
€ €

— <
8- p(t) ~ N " ad-p(t)’

and that both N and N " are powers of two.
Finally, Q outputs (po,p1) as its answer.
Now, we verify the properties of (). Since UE halts in

p0|y(’$‘, ‘Z|7t76UE7d) - pOIy(|$’ ‘Z‘ t € 7d)7

the algorithm @ runs in polynomial time. Moreover, the first property of the lemma trivially follows
from Items 1 and 2 by taking y(¢,e 1, d) = 8¢~ 1d - p(t).

Thus, it remains to verify the second property of the lemma. To this end, assume that t > O(|z|),
cd'(z | z) < logd, and cd'(z o b | z) < logd.

For each b € {0,1,¢}, let

Py = lle [b, + UE(x; 2, 1<1’t756E17d))} .
Since t > O(|z|) and cd’(x | z) < logd, it follows from Lemma 4.8 that

A= Ay (UE(m;z, 1<1’t765517d>> , Next (; Qt’z)> < €eyE,

and hence c

d-p(t)

by = QY02 < D [y — QY (V|2)| = 24 < 2eue = 5
b'e{0,1,e}
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As long as the empirical estimation py of p; succeeds (which holds except with negligible prob-

ability), we have
€
5 _pfl< — =

Thus, we derive from the triangle inequality that for each b € {0, 1},

Py — Q" (bll2)| < lpy — pol + B — Ph| + [p5 — Q% (b))

S 3dp() T 4d-p) T adp()
= d-p(t)

In addition, since t > O(|z|) and cd*(x o b | ) < logd, Lemma 8.2 implies

) > 1 > 1
= 2cdt(zob\z) p(t) - dp(t)

QY (b]|x
By combining the two inequalities above, we obtain

|y — Q7 (bl|l2)| < < e QY (bllz),

d-p(t)

which implies
(1-¢€) - QY0llz) < p < (1+¢) QY (bl|l2),

as desired. O

Finally, we introduce notation for the information content (i.e., the code length) under Q. For
x,z € {0,1}* and t,d € N, define

|z|

it g | 2) = —log [ [ Pasjjoeir
=1

~ -1
where (po |z, P1||zes) Q(:E<i; z, 1t 1€ ’1d> .

8.2 Confidence Boosting via Merge-Segmentation

We now prove Theorem 8.1. As a technical device for our confidence boosting, we first formalize a
merge segmenter.

Definition 8.2. A merge segmenter is a randomized Turing machine M that, given a sequence
of binary strings € = (x1,...,Tm) and an advice string o € {0,1}*, outputs a sequence of strings
Yy = (Y1,...,Yn) with n < m such that, for every internal randomness for M, there exist indices
si,ti € [m] with s; <t; for all i € [n] and:

1. yi = (xs;, Ts,41, - -, Tt;) for all i € [n];

2. s1=1,t;+1=s;41 foralli <n, and t, =m, i.e.,

(Tsyyves@tyy TogyenvyThgy vey Ty yenns Ty, ) = L.
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We use the notation C'(x; o) to denote the output of a merge segmenter C' on input sequence x
with advice a.

As an intermediate step, we prove the following lemma via our merge-segmentation argument. It
shows that, except on a d-fraction of positions and pasts, the code length assigned by our next-bit
generator () is within an additive O(n~'6~'¢logt) of the optimal (i.e., K), after an appropriate
resegmentation of the past by a merge segmenter.

Lemma 8.3. If GapK'-vs-K € pr-BPP, then there exist a polynomial-time merge segmenter C,
a polynomial T, and a constant ¢ such that for every b,s,t,6 ', n~' € N and every sequence
x1,...,xp € {0,1}* generated by an s-size, t-time randomized program, the following holds: if
b>46"'n"ts/logt and td~1n~t < 2%, then

‘ [11):]’1" [ Pr [Ela € [¢] such that (jz(;)(:ri | y*) < K(z; | ®<i) + cn_lé_lﬁlogt] >1- n] >1-0,
oL | x,CQ ’

where y© = C(x<;;1%,1Y), £ = O(log(6~n71)), et = O(t), and d = poly(t).

Proof. Since GapK'-vs-K € pr-BPP, we obtain the next-bit generator Q from Lemma 8.1 and the
polynomial-time algorithm CR together with a polynomial 7 from Lemma 5.1. Without loss of
generality, we assume s < t; otherwise, the universal Turing machine would not be able to read,
and thus would not use, the entire description of the input. Let 7o denote the polynomial from
Proposition 4.6.

We fix the negligible function negl(-) appearing in the statements of Lemmas 5.1 and 8.1, and
may assume without loss of generality that negl(t) < 2*2527 since these functions arise from the
empirical estimation used in the proofs of Lemmas 5.1 and 8.1 (see each proof).

For notational simplicity, let us define, for the polynomial-time merge segmenter C' (to be con-
structed later), for i, z<;, z;, and randomness p used in executing C' and Q, the event E(i,x<i,xi, p)
to be that these variables satisfy the condition in the statement of the lemma; i.e.,

Jda € [¢] such that cj;(;)(mi | C(xi;1%,1Y) < K(zg | @ey) + en L6 Wlogt,

where £ = log(46~'n~1), e7! = 2t, d = py(t), and c is a sufficiently large constant, and pg, T are
sufficiently large polynomials, all to be specified later.

Let « denote (z1,...,%n). We construct the merge segmenter C' and show that
Pr|Pr[E(i,x<;, zi,p)] > 1— 277(5 > 1 —27(+2), (15)
T P

Indeed, the lemma follows immediately from Equation (15) as follows. By the union bound,

Pr [E(i,x<i, i, p)] > 1— 306 =276 > 1y,

T,%,p

since 2% < nd/t < nd. Thus, by Markov’s inequality we obtain the lemma:

Pr [Pr[E(i,a?Q-,:L‘i,p)] > 1—77} > 1-4.

LT <q | LisP

Therefore, it suffices to prove Equation (15), whose proof is given below.
From Proposition 4.11, for any sufficiently large polynomial pq,

Pr[cd”®(z) < O(s +logt)| > 1-27(+2),

xT
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Since we assume t6~1n~1 < 2% it follows that logt < s. Hence,
Pr [cdpl(t) (z) <cs| > 1—2706+2)
x

by choosing ¢; to be a sufficiently large universal constant.
Thus, to prove Equation (15), it suffices to show that for every = with cdPr®) (x) < s,

3
PY[E(ia55<i7$iaP)] > 1- 7775 (16)
7,0 4
Fix such an « arbitrarily.
Now, we consider an arbitrary sequence y = (y1, . . ., ¥, ) obtained by merging consecutive strings

from x into some blocks; i.e., n < m, and there exist indices s;,t; € [m] with s; <t; for all i € [n]
such that

1.y = (@s;, Ts;41, - - ., ¢,y for all i € [n];

2. s51=1,t+1=s441 for all © <n, and t, = m, i.e.,
(Tsyyeves@tyy TogyeneyThgy vy Ty yenns Ly, ) = L.

These are the properties of merge segmenters. We call such a sequence y a resegmentation of x.

Notice that any such resegmentation y of x is polynomial-time computable from x and the
auxiliary information Y := (|y1|,..., |yn|). The latter can be described using n - O(logt) bits, since
the total length of the strings in @ (and thus in y) is at most O(¢), as it is generated within time ¢.
Namely, by the slow growth law (Lemma 4.6), there exists a universal polynomial ps such that for
every n € N and every y = (y1,. .., yn) satisfying the above,

cd”®(y) < cd?V(2,Y) + O(logt)
= q" Oz, V) - K(z,Y) + O(logt)
< qm(t)(a;) + qpl(t)(Y | £) — K(x) + O(logt)
< O (x) + Y| - K(z) + O(log t)
< cd”®(z) +n - O(logt)
<c-(s+nlogt), (17)

where c¢; is a sufficiently large constant.

Now we apply the adaptive merge-segmentation argument. Define a verifier V' as follows. For
a sequence (y1,...,yn) and i € [n], the verifier V' decides whether to accept y; using only y-; and
y;, as follows: (i) it computes (j;(dt) (yi | y<i) by executing Q given advice (y;, 17", 1671, 19); (ii) it
computes k; by executing CR(y<;, 1¥'), where #' = 7,1 (7(t)); and (iii) it accepts if and only if

~T(t
q:,(d)(yi | y<i) < ki + 1.

The merge-segmentation argument is outlined as follows. As initialization, let &' = x. At
round a > 1, we apply V to strings in % in an online manner and obtain x®*!' by merging all
consecutive accepted strings, thereby decreasing the number of strings. We will show that at each
step V accepts a large constant fraction (e.g., 0.8) of the blocks. This implies that at each step the
number of blocks decreases by a factor of two, while the fraction of unsatisfied strings within the
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new blocks increases. Consequently, after £ = O(log(6~'n~!)) rounds, all but an O(én) fraction of
strings in @ are accepted at some round. Intuitively, C' receives v € [¢], which specifies the round
at which z; is first accepted, and then outputs a segmentation y®, consisting of the sequence in x“
preceding z;, obtained by applying the above merging process for a rounds.

We now formalize the idea outlined above. First, we observe that V accepts a large fraction of
the strings in any resegmentation of x, provided that the number of strings is sufficiently large, as
stated below:

Claim 8.1. For any resegmentation y = (y1,...,Yyn) of &, if n > s/logt, then
Pr [Pr [V (y<i,y:) = accept] > 1 — 2—“‘9] > 0.8.
i~o[n] |V
Proof. We apply Lemma 5.3 with parameter ¢ := po(t). Combining this with Equation (17), there

exist a universal polynomial p3 and a universal constant c3 such that

Pr [cdm(t)(yi | y<i) < c3- logt] >0.8. (18)

i~[n]

because

n n

(0.8)1 - (Cdm(t)(y) + O(log t)) < (0.8)" (Q(S*”k’g” + O(log t)>
< o(%) + O(log )
< O(logt),

where the last inequality follows from s/n < logt.
From Lemma 4.7, there exist universal polynomials 7 and pg such that

iflj[l;ﬂ Vi € [lyil] cd™ (i) | y<i) < Ingd(t)} > 0.8,

where recall that (yi)[j] denotes the first j bits of y;. Here, from Proposition 4.6, we can choose
7 sufficiently large so that t' = 7, '(7(t)) > Ta(p2(t)) for each t (i.e., 7(t) > 71 (m2(ps(t)))), which
specifies the aforementioned 7 and pg .

Thus, it suffices to show that the claimed event occurs for any such index i € [n].

Since any prefix of y; satisfies the condition in the second item of Lemma 8.1, the union bound
implies that with probability at least 1 — |y;] - 2 t* >1—t- 2~ over the randomness of Q, for all
j € [l |

Pl y = (1= € QO ((wi); | (e)j-n):

where (y;); is the j-th bit of y;, and

7 ) A T e !
POy Pl o)) € QU -17 Y<is 1 @17, 19).
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Under this event, we have

|yi|

(1) _ :

Qi Wi ly<i) = —1og [ T ply), 100,
j=1

il

< —log [T Q%< ((w); | (wi)j—1)) + lyil -log(1 — )"
j=1

< q"O(y; | y<i) +t-log(1 — (26) 1)~
<q D (yi [ y<) + 1,
where the last inequality uses log(1 — (2¢)~1)~! < ¢! for all ¢ > 1.
In addition, from Lemma 5.1, with probability at least 1 — 2" over the randomness of CR,
ki < CR(y<i, 1!') satisfies
ki > q™ & )(yi | y<i) = qT(t) (Yi | y<i)-

If both events occur, then
Tt r
T Wi ly<) <O lya) +1< kit 1,

and thus V' accepts. By the union bound, this happens with probability at least 1 — (¢ + 1) - 2% >

1—27%" for sufficiently large t. o
Now we consider the following adaptive procedure with ¢ rounds. Let ! := x. In the o-
th round, given the current sequence x® = (z¢,...,zy, ) with m, < m, we execute V(x%, x%)

for each I € [mg]. If V accepts, we call such an ¢ an accepted block. We then construct a new

sequence 1! = (3:‘1’“, o, 2% Y where mg11 < My, obtained by merging each maximal sequence
a+1

7 Ma+1
of consecutive accepted blocks into a single block. Namely, x

string in 22! is either

is a resegmentation of «, and each

(i) b(xf, 23y, ..., xp) for some k < k', where x¢, ..., 27, are all accepted but 2} ; and z,_  are
not accepted (if they exist), or

(ii) a singleton corresponding to a non-accepted block.

We recall that b denotes the flattening operator.

First, we assume that the negligible error event with probability 2" from the randomness in
executing V in Claim 8.1 does not occur.

We observe that as long as m; > s/logt, the length of the sequence is reduced by at least half,
ie., miy1 < m;/2. Indeed, if m;y1 > m;/2, then there must be at least m;/4 non-accepted blocks
(otherwise, more than half of the blocks in &‘*! would consist of accepted ones, which implies that
some consecutive accepted blocks were not merged). This contradicts Claim 8.1, which states that
at most 0.2m;(< m;/4) non-accepted blocks can exist.

Namely, after £ = log(46~!'n~!) rounds, the length of the sequence satisfies

me < max{2~"-m, s/logt} < %’7 -m.

Thus, for a 1 — dn/4 fraction of indices i € [m], there exists a round «; € [¢] at which V' accepts
z; for the first time (i.e., z; appears as a singleton in y*) and mg, > s/logt. We call such «; the
critical round for the i-th string x;. For the remaining indices i, we define a; := L for convenience
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(note that even if x; is accepted for the first time, we regard «o; as L whenever my, < s/logt).
With this terminology,
Pr [aZ#J_]>1——6 (19)
i~v[m] 4

Next we demonstrate that for most ¢, at its critical round, the corresponding output from CR
well approximates the time-unbounded conditional Kolmogorov complexity within additive error
O(n~16~1logt).

For each round « € [/], consider the sequence x® at this round. Let k{,..., kA, denote the
outputs obtained by sequentially executing CR(-; 1t/) on x%. Since x“ is a resegmentation of x,
from Equation (17) we have

cdP2® () < ¢y - (54 mg logt).

Suppose that m, > s/logt. Then, from Lemma 5.1, except with negligible error probability 2t
in CR, it holds that

ia~P[£za] ki, < K(zf | 2%;,) +can 16 Wlogt] > 1 — Z—?, (20)
for some universal constant c4, because
4151 (Cdli‘”a) + O(logt)) < O(ty~16Y) < ed” (@) + Olog ) O(logt))
oyt < (s + ma log D 4 O(log t)>
<0 én_lé <7rja + logt>

<Oty 6 logt),

where the first inequality follows from Proposition 4.6, since t' > 75(p2(t)), and the last inequality
follows from mq > s/logt. Namely, for each o with m,, > s/logt, there are at most (nd/4¢) -mq <
(nd/4¢) -m indices that do not satisfy the event in Equation (20). Thus, except with negligible error
probability £- 27" in CR, there are at most (7d/4) - m pairs (o, iq) € [£] X [mq] satisfying

me > s/logt Ak > Kz | 22;) + can 16 logt. (21)

For the moment, we assume that this negligible error in executing CR does not occur.

Consider any i € [m] with a; # L. Since x; is accepted for the first time at round «;, there
is a unique pair (o,cidx(i)) € [£] X [mq,], where cidx(i) denotes the index of x; in &, such that
T = a:adx( ) Thus, if

kS

cidx (¢

) > K(z; | x + eyn Lo logt

<CIdX(Z))

holds, then («y, cidx(7)) belongs to the set of pairs satisfying Equation (21). Since there are at most
(nd/4) - m such pairs, we have

@A) m

Pr [aﬂu:k .
m 4

i~v[m]

() = K@i | 220, + 047771571510gt] >1-

cidx

From the union bound applied together with Equation (19), it follows that

1o né  nd no
ZNP[fn] {az 1L A kudx(z) < K(z; | x<c|dx(l)) +ean 1o 1810gt} >1— <4 + 4) =1- 5 (22)
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For such i, since x; (= x?iiix(i)) is accepted by V', we have, for a sufficiently large universal constant
C7

~T(t)( | 2 ) < k%41

De,d \Ti | Lcidx(i)) = Feidx(i)

< K(z; | wiicidx(i)) +eyn o Ylogt 4+ 1

< K(zi | 2<;) +O(1) + O(n~ 16~ logt)
<K(z; | £<i) + e 16 logt,
o
<cidx(z)
Now, we specify the merge segmenter C. Given a sequence x;, advice a € [¢], and ¢t € N (in
unary), C follows the merge-segmentation procedure described above for a — 1 rounds, with the
difference that C' does not perform verification or merging of x>; := (z;,..., ). Notice that as
long as x; is not accepted in any of the rounds from 1 to a—1, &>; does not affect the resegmentation
of x.;, since x; is never concatenated. Namely, C' exactly simulates the above procedure up to the
round immediately before x; is accepted. Thus, if «; is the first round at which x; is accepted by
V', the merge segmenter C' outputs x X where cidx(i) € [mq] denotes the index of z; in the

where the third inequality holds because x.; can be obtained from by flattening.

«
<cidx(z
resegmentation  (provided that the samé random tape is used for each execution of V', which can
be ensured by taking a sufficiently long random tape and fixing which portion is used depending on
the round and the index in the current segment).

Therefore, if i € [m] satisfies the event in Equation (22), then for a := «;

q;g)(xi | y®) < K(z; | i) + Cn_15_1€logt.

for y* = C(x<;; 19, 1Y),

Since each execution of Q(-; 17" 1¢7" 19) and CR(~;1?') halts in poly(¢) time, the total running
time of C' is bounded by « - poly(?).

Taking into account the error probability in C' (arising from @ and CR), the union bound yields
the following bound in Equation (16):

Pr[E(i,z<i,x;,p)]= Pr_ |3a € [f] such that cjzg)(mi | y*) < K(zi | ®<i) + cn_15_1€logt]
P ZN[m],Q,C ’
S 110 g g
2
3
>1—-nd
— 477 Y

where the last inequality holds because

419 _41.9

20-271"" < O(log(6 1)) - 271" < O(s) - 271" <27t < 275 < G/t < 6n/4

for any sufficiently large ¢. This completes the proof of Equation (15), and hence of the lemma. [

Intuitively, Lemma 8.3 establishes algorithmic near-optimality for almost all positions with high
probability over the data, which in turn yields statistical optimality (e.g., a KL-divergence bound).
We now formalize this to complete the proof of Theorem 8.1.

Proof of Theorem 8.1. Since we assume that GapK'-vs-K € pr-BPP, we obtain the next-bit genera-
tor ) from Lemma 8.1, and the merge segmenter C' together with the polynomial 7 from Lemma 8.3.
For each parameter n,m,s,t,e 1,671 € N, we define

n = cnéfle*Qn logt,
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where ¢, is a sufficiently large constant to be specified later. Applying Lemma 8.3 with 5~ and
n~! yields
¢=0(log(6~'n™")).

Next, we define
w = [cwé_Qe_zn_lﬁlogﬂ ,

where ¢, is a sufficiently large constant to be specified later. Let ¢; denote the universal con-
stant from Lemma 8.3; we assume without loss of generality that c¢; is large enough so that
¢ < c1log(671n~1). We then set

by = 16yt
0= a0 llogt

Finally, define b as the largest integer b € N such that bw < m.
Throughout, we assume that m > wbg; thus, b > by. Since

wby = O<5_26_27]_1€logt . 6_177_1Z1§gt> =5-0073% Y =5-0(n2 %),

this assumption can be expressed as
m Z S p(”’ 6_17 6_1)7

for some universal polynomial p(n,e=t,671) = O(n26_65_5), as stated in the theorem.
Under these parameters, we observe that a random selection from [m] rarely falls outside [bw],
as stated below:

Claim 8.2. If 2° > 6~ 'n~!, then with probability at least 1 — & over i ~ [m], we have i < bw.

We defer the proof for now. Based on this fact, we mainly focus on the case in which the
prediction stage i lies within [bw] in what follows.

For a sequence of binary strings z1,. ..,z € {0,1}", we use the notation 1‘; € {0,1}" to denote
the ((i — 1)w + 7)-th string, and let ' = 2% o --- o 2%, that is, x; is the j-th string in the i-th block
z'. Note that selecting an index uniformly at random from [m], conditioned on it being at most
w - b, is equivalent to selecting a pair (i, ) € [b] x [w] uniformly at random.

We consider the case in which t6~'n~1 < 29 is satisfied. From Lemma 8.3, with probability at

least 1 — § over 4 and =<' = (z',...,z"!), it holds that
~r(t s i i 15—
Pr [Ela € [¢] such that qo((t))poly(t)(x | y®) <K@ | <) +ein o Wlogt| > 1 —n, (23)

'ill 7C’Q

where y® = C(x<%1%,1"). Below we fix such a pair (i, 2<%) arbitrarily.
For each a € [f], let D! be the distribution over {0,1}=“" defined as follows: for each z €
{0,1}<*™ and y € {0, 1},
D(yllz) = P;_f”m
where (pg‘Hx, p?‘”x) — Q(z; C (2<% 12,1%),17®) 100®) 1poly()) . Furthermore, we define the distribu-
tion D over {0,1}=%" by

D'(z) = E [Di(z)] for each z € {0,1}=*".

an~[{]
First, we show that
B [logDi(a} [al,) +10g Q7O (s} ]| 251)] < &5 (20
jN[w},-’fzj,IE;,C,Q
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where z<' = zl o --. 0 2L, 7!

polynomial to be specified later.
From the definition of D, for each a € [¢] and each x, we have

/- .
oz ~;, and 7' is a sufficiently large

—log D'(z) < —log D' (x) + log¥;

thus,

—log D'(z) < ml[Il}]—logDz( x) + log l.
aeE

Let E be the event in Equation (23) over ', C, Q. Then,

E [~logD'(z") | E] < E [mln—logDz (z") E] +logt
7,0,0 #.0.0 Lagll
<i.,1a qt

= IIE [gg{?] A0(t) poly( t)(fc | C(z551%1 ))‘E] + log ¢

< E [K(Z' |x<) | E]+cin ' logt + log !
a_:i7C’Q

< E K@ |z) | E]+cn 6" Ylogt +logl + O(1)
ji7C7Q

< E [~logQ" W@ || z<%) | E] + cin 6~ Wlogt + O(log £t),

70
"0,

where the third inequality follows from the definition of FE, the fourth inequality holds since Z<*
(= z'o-- -0z 1) is computable from <! (= (z',...,Z"!)) by concatenation, and the last inequality
follows from Proposition 4.2.

By rearranging the above, we obtain

E[~log D'(a}]|aL,) +10g Q" (a} | 2Z)) | E]

j7i‘l7c7Q~

1 w

= o> B[l Di(a] |aky) + g QO e} | 52)) | 2]
j:1z’ ,Q
1 ) A

=~ E [-1ogD'(a") +10gQ" (" | 7<) | ]
w zt,C,Q
1

< —(an” 167 logt + O(log £t))

< 5. et Wlogt + O(log ¢t)
con 10 Wlogt

Recall that ! > §~te Inlogt. Thus, by choosing ¢, sufficiently large with respect to c¢; and the
universal constant hidden in O(log ¢t), we obtain

€26

[Flog Di(a} |1 7L) +10g Q7O (a} || 22) | E] < -

j7j2<] 7x; 7C7Q

We also consider the case where E does not occur. From Lemma 8.1, there exists a universal
polynomial v such that for every z,y € {0,1}* and every a € [/],

|y|

—log Di(y | 2) < = 108D5 | poy., < lyl-log(t),
i=1
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We can easily verify that

Di(y @), (25)

D'(y| z) = ZZ

aE[Z] aG[[]pa ( )

where p,(z) is the probability that a prefix of a sample from D!, corresponds to z. Thus, we obtain

—log D'(y | #) = —log Z Z ( )Dé(wa)

< pa(x)

<2 > wely Por (%) (

a€ll]

—log D}, (y || ))

< |y| - log (1),

where the first inequality follows from Jensen’s inequality.
We use this evaluation when E does not occur as follows:

jN[w],E;j,c’Q[_ log D' (a || %) + log Q" (a:z I jéz)}
<pifE] B [-lgDi(a |at,) +10g Q70 (i | a)) | £]

JN[wL Tejs a,Q
cl . N e (d || 50 ) (|| =S c
+ PriE] jN[w]vfij:C,Q[ log D (xJ Hx<]) +1ogQ (xj Hx<]) ‘E }
<120 P B [-lgDi(s}]|aL,) | E)
2 j~lwl 2t ;,C,Q
€2

< -+ n-nlogy(t)
€2 9. nlogy(t)
2 + e cynlogt

Thus, by taking ¢, sufficiently large with respect to the exponent of v, we obtain Equation (24):

E |~ log D' (|| 2L;) +10g Q") (i} || 25} )| < LU
— x x - €T xr— . ~ — — =€ .
il s, 1,00 s s 2 2
Let X7 ¢ az denote the conditional distribution of x given
< . ,
mzz = (b, 2l 2?2l 1) (= o (i-Dwtj)) -

Then we have

E [KL(X] |22} || Next (ol DY) — KL(X] | 5} || Next,(255: Q7)) |

5225,C,Q
- 2 E o) e (123
j,x <J,CQ z~X1|m
< €%5.
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Thus,

B [KL(X] |25 || Nexto(al;: D) | < E_[KL(X] | 2Z) || Nexta (255;Q7 1)) | + ¢,
j,ng,C,Q hE2;

Recall that this bound holds with probability at least 1 — § over the choices of i and <’
We now use the following claim.

Claim 8.3. Let 7’ be a sufficiently large polynomial. With probability at least 1 — & over the choices
of i and <,
2
E [KL(X] | 25 | Next,(2}; Q")) | < é%.
]7 m<]

The proof is based on a standard probabilistic argument using the chain rule for KL divergence
and is deferred. We now fix an arbitrary 7/ that satisfies this condition.

Combining this claim with the previous bound and applying the union bound, we conclude that
with probability at least 1 — 2§ over the choices of 7 and £<°,

B KL o3 INet @i D)] < B [KL(XG |23 [ Nexta (@55 Q7)) + 0
he &0 e

< 25 + €26 = 2€626.

From the non-negativity of the KLh divergence and Markov’s inequality, we have

Pr
<
JEZ;

CI,EQ [KL(Xl B> H Nextn(xq,DZ))} < 262] S1_s

We fix arbitrarily j,m% satisfying the event above. Let Nextn(a’czj;l_)i) denote the distribution

obtained from Next,, (i’%j; D*) using a uniformly random seed for C' and @ (which determines the
distribution D?). Then we obtain

Atv<X1|:c<],Nextn(:z<j,D’)>_\/% L(X! | 25! || Next, (2 ;; Di))

N[

<5 & 00 125 o209

1 .92
226

:6’

where the first inequality follows from Pinsker’s inequality, and the second inequality follows from
Jensen’s inequality.
By the union bound, we conclude that

Pr [Atv (X;i

.. i
17.]7sz

<, Nextn(x<j,D’)> < e} >1- 34, (26)

This yields the construction of our inference algorithm L, which performs sampling according to
Next, (z ;; D).
We now specify L in a more formal manner. Given parameters n, s, t,e 1,61, n~!, the algorithm
L first computes
N = cn5*1672nlogt and w= [cwéﬂe*zn*lﬁlogﬂ,
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and then verifies whether t§~1np~! < 2% If this condition does not hold (i.e., t6-1n~t > 29),
L executes the inference algorithm from Proposition 4.12, which works for m > O(e 2§71s) and
runs in time poly(2%,¢,¢71,671) < poly(t,e~!,671). Thus, it suffices to consider the case in which
t6In~ <29,

Given the past stream x.,, L partitions them into blocks, each consisting of w strings, and
identifies a pair of indices (7,j) € N x [w] corresponding to the next position ¢. Let b be the largest
integer b € N such that bw < m. This b is introduced only for the analysis, and L does not need
to know it (since computing b would require the total bound m of messages, which is not given).
We now assume that ¢ < b and ignore the case ¢ > b (which will be regarded as a confidence error).
Thus, we can parse the past stream as (:c<i, ac’< j) and compute f’< j by concatenation.

Then, L makes its prediction by sampling Z from mn(:iij; D?). This procedure is carried
out as follows. First, L selects the randomness required for executing C' and @, which in turn
determines D’. Then L obtains a sample from Next,, (z1 i D?%) by (i) selecting o € [¢] with probability

pa(izj)v
2ol Pat (T j)’ ‘ ‘
and (ii) sampling  with probability D¢, (7 || 2 ;). Notice that, by Equation (25), this procedure is

where p, (S%Z< j) is the probability that a prefix of a sample from D!, corresponds to x

equivalent to sampling Z directly from Nextn(a’:i< i DY).
The first step is performed by computing p,(Z% ;) for all a € [{] via executing

Q(_; C(m<i; 1a’ 1t)’ 1T(t)’ 1O(t)7 1po|y(t)).

The second step is carried out by executing the same next-bit generator () with the same advice
(C(x<% 1%, 1Y), 171 100) lpo'y(t)) and constructing T by sequentially generating each bit.

The total running time is at most poly(n,m,t,¢) < poly(t), where we used n < t and byw <
m < t, which holds since the entire stream is generated within ¢ time.

Since L can exactly sample from Mn(@j;[}i) without any approximation, the guarantee
follows from Equation (26). By combining this with Claim 8.2 and the union bound, we obtain

Pr |:AtV(XL ‘ Ty L(iB<L;n, s, 1, 6717571)) < 6}

LT,
> Pr [t <bw]- Pr .[Atv (X; | :LE;, Nextn(a’zij; DZ)> < e]
v~[m] INE S
>1—46.

Hence, the statement follows after replacing 6! with 46! throughout the argument.
The deferred proofs are provided below, thereby completing the proof.

Proof of Claim 8.2. Since b is the largest integer such that bw < m, we have (b + 1)w > m, and
hence bw > m — w. The claim is verified as follows:

b - 1
Prli<bu=-—>"""_1 Y51 ~>1_5
i~ [m) m m m bo

where the second inequality follows from m > bow, and the last inequality holds since
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Proof of Claim 8.3. For any sufficiently large polynomial 7/, by Proposition 4.4 (domination prop-
erty), we have that for any @ = (x1,...,2,,) in the domain,

QT’(t) (.f') > 2—O(s+10g(st6*16*1)) 'PY[X<bw _ i‘]
> 2790) . Pr[X oy, = 7,

where T = x1 0 -+ 0 xp,, and ngw = X 00 Xpy, with X; denoting the random variable of the
i-th string. Note that the additive term O(log std—'e~!) accounts for encoding b and w.
Therefore, we have

Pl"[X<bw = :f]

— = <
Q0@ | =

Applying the chain rule for KL divergence, for any sufficiently large t € N,

KL(X<[Q7") = E {log

T

B KL 25 | Nexty (755 Q)]

o 1)
(i.)~ ] x [w], 27, @ <

1 o o
~ b Z @Z[KL(X; | mij H Neth(ajEj; Q (t)))]
(i)~ [b] X [w] ©<

1 _ ,
= — .KL(X ()
b KL(X<hw Q)

O(s) O(s) 2 52
< < < .
T bw T os-Q(e72073n72) 0

From the nonnegativity of KL divergence and Markov’s inequality, we obtain

.Pr@_[ E [KL(X; E= Neth(;fE;,;QT'(t)))] < 625] S1-s
1, ]7;1;<j

9 Improving Time and Sample Complexity in ITD Cases

In this section we present a fully polynomial-time inference algorithm for i.i.d. samples from an
unknown target distribution that achieves improved sample complexity.

This task falls under the distributional learning model introduced by Kearns, Mansour, Ron,
Rubinfeld, Schapire, and Sellie [KMRRSS94]. For completeness we recall the definition.

Definition 9.1 (Distributional Learning [KMRRSS94]). Let 2 = {Pn}nen be a class of distribu-
tions, where each 9, is a set of distributions over {0,1}", and let m: N x (0,1] x (0,1] — N.

We say that 9 is distributionally learnable in polynomial time with sample complexity m(n, ¢, d)
if there exists a randomized polynomial-time oracle machine L such that for every n,e ',67' € N,
and every distribution D € Dy, the algorithm LP(1",1¢ ' 15 ") draws at most m(n,e,d) i.i.d.
samples from its sampling oracle for D and outputs a description of a sampling circuit h : {0, 1}5 —
{0,1}™ satisfying

Atv(h(Ug), D) <,

with probability at least 1 — § over the samples and the internal randomness of L. Here U, denotes
the uniform distribution over {0,1}*.
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The main result of this section (restated from Corollary 2.1 in Section 2) is as follows.

Theorem 9.1. If GapK'-vs-K € pr-BPP, then for every pair of polynomials s(-) and t(-), the class of
all distributions over {0,1}" that are samplable in time t(n) by a Turing machine whose description
length is at most s(n) is distributionally learnable in polynomial time with sample complexity

O(s(n) e 2log 6_1) :
We will use the following auxiliary lemma as a technical tool in the proof.

Lemma 9.1. Assuming auxiliary-input one-way functions do not exist, there is a randomized
polynomial-time algorithm A such that for every pair of circuit descriptions Dy, D1 and every
6,0 € (0,1],

Rr[A(DO,Dl;leﬂ’lg—l) € [Aw(Do, Dy) — ¢, AtV(DO,Dl)—i—eH >1-4,
A

where Dy, denotes the distribution of Dy(Uy) for a uniformly random seed Uy (and b € {0,1}).

We refer to € and ¢ as the accuracy and confidence parameters, respectively.

The proof of the lemma follows the technique used in [NR06, Theorem 4.1]. At a high level,
use an inverter for auxiliary-input functions to (distributionally) invert fp, p,(b,r) = Dy(r) with
b+ {0,1} and (Dy, D;) as auxiliary input. We then empirically estimate the predictability of b
from x < Dy(r) via the inverter, and recover the statistical distance from this success probability.
See Appendix D for the formal proof.

We now prove Theorem 9.1 using Lemma 9.1.

Proof of Theorem 9.1. Let L be the inference algorithm from Theorem 7.1. Fix a sampler D of
description length s = s(n) that runs in time ¢ = ¢(n) and samples D. Consider a program II of size
s’ = O(s+logn) that hard-wires the description of D and the parameter n (in binary) and outputs
a fresh sample from D on fresh random coins at each round. We treat II as the target program to
be inferred by L.

Base learner. Set €, ;= ¢/5 and ¢y, := 1/4, and let

my =cs 6225£1

for a sufficiently large universal constant ¢ > 0. The base learner Ly,se chooses i ~ [m] uniformly at
random, draws z1,...,z;_1 ~ D i.i.d. from its oracle, and runs L on the prefix z.; with parameters
n,s',t, ezl, 621, outputting the sampler h produced by L (which hard-wires z;).
By Theorem 7.1, with probability at least 1 — §;, = 3/4 over the choice of i and z;, the output
h satisfies
Atv(’H,D) <ep =¢/5,

where H is the distribution induced by h(Uy); we used that the conditional distribution of the ith
sample given x; is exactly D in the i.i.d. setting. The running time is poly(n, e~!), and the sample
complexity is my = O(s e ?) (assuming logn < s; otherwise, since 2° < n, one can instead invoke
the exponential-time inference algorithm from Proposition 4.12 (as in prior work [HN23]), which
runs in time 2°05) . poly(e~1) < poly(n, e~ 1) and uses O(s e~ 2) samples.

Confidence boosting. Repeat Ly,s. independently

N = [32 In %1
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times to obtain hypotheses hi, ..., hy. By Hoeffding’s inequality, with probability at least 1 —§/2,
at least a 5/8 fraction of them satisfy A (Hi, D) < €/5, where H,; is the distribution of h;(Uy).

To identify a good hypothesis without the description of the sampler D, apply A to every pair
(hi, hj) with accuracy €/5 and confidence

5
§ = ——
N )
2(5)
obtaining estimates 3” of A¢v(Hi, H;). Let C C [N] be a maximum-size subset such that
ijeCandi<j = A;; < 3e/5.

This can be found by solving a maximum-clique instance in time O(2Y) = poly(6~1), where we
place an (undirected) edge (¢,7) if A;; < 3€/5 (with i < j). Output any h; with i € C.
By a union bound over the (];[ ) estimator calls, with probability at least 1 — §/2 we have

|Aij — Aw(Hi Hy)| < e€/5 foralli< j.
Together with the previous event
‘{z € [N]: Aww(Hi, D) < 6/5}‘ >5N/8

(which holds with probability at least 1 — §/2), a union bound implies that both events hold with
probability at least 1 — 4.
Let G :={i € [N] : Atv(H;, D) < ¢/5}. Conditioning on these events, for distinct 4, j € G,

Aij < Avw(Hi, Hj) +€/5 < Ap(Hi, D) + Ay (H;, D) + /5 < 3¢/5.

Thus, G forms a clique. Furthermore, since |G| > 5N/8, it must be contained in the maximal clique;
hence G C C.
Fix any i € C' and j € G; then

Aw(Hi, D) < Apy (i, Hy) + Doy (Hj, D) < A j +€/5+€¢/5 < e.

Thus the output hypothesis has total variation distance at most e from D with probability at
least 1 — §. Since N = O(log 1), the overall sample complexity is N - my = 0(86_2 log 5‘1), as
claimed. O
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A On Extending the Proof of the Symmetry of Information

In this section, we briefly explain why a direct extension of the earlier proofs by Hirahara [Hir22b]
and Goldberg and Kabanets [GK22] for the symmetry of information (i.e., the case m = 2) yields
an additive term of m? - O(logt) in the proof of the chain rule.

Indeed, the direct extension is applicable only in the following weaker form (for convenience we
work with the pK-complexity; see Section 4.1 for the definition):

m

> ek (@ |2k, ki) < pKY (@1, ) +m- O(logt),
i=1

where k; := pKP® (z; | 2i k1, ... ki—1) — O(logt) for each i € [m — 1]. That is, we allow each
round to receive, as additional advice, the previous complexity estimates k1, ..., k;_1.

Below we outline the proof, in which these complexity estimates are used in a hybrid argument,
specifically to construct hybrid distributions. For simplicity, we use poly to denote polynomial time
bounds, so that we do not have to explicitly track polynomial overheads.

Let p be a large enough polynomial determined by ppp in Lemma 4.5. We define the pseudo-
random string wpp by applying the direct-product generator sequentially as follows:

wpp ~ DP, (z1521) 0 -+ 0 DPy,, (Tmi 2m)

where z1,..., 2z, are independent uniformly random seeds. The values ki, ..., k&, are defined in-

61


https://doi.org/10.1016/S0019-9958(64)90223-2
https://doi.org/10.1016/S0019-9958(64)90223-2
https://doi.org/10.1016/S0019-9958(64)90131-7
https://doi.org/10.1016/S0019-9958(64)90131-7
https://doi.org/10.1109/ITWF.2015.7360766
https://doi.org/10.1145/1968.1972
http://colt2010.haifa.il.ibm.com/papers/COLT2010proceedings.pdf%5C#page=524
http://colt2010.haifa.il.ibm.com/papers/COLT2010proceedings.pdf%5C#page=524

ductively as:

ki == pr(t)(IL‘i | x<i k1, .., ki) —clogt for each i € [m — 1], and

m—1
Em = pKi (21, .., 20) — Z ki + clogt.
i=1

for a large enough constant ¢ > 0.

Now consider a distinguisher D that, given a string w, approximates KPW(®) (w) using the algo-
rithm K from Proposition 4.3, and outputs 1 (i.e., interprets w as pseudorandom) if the approxi-
mated complexity is smaller than a threshold 7 := pK'(z1,...,z,) + Y, |z:| + O(logt).

If the input string is indeed the pseudorandom string wpp, then intuitively, since wpp is generated
from the sequence (z1,...,x,) and random seeds (z1, ..., zm,), we expect:

KPY (wpp) < pK'(z1,..., ) + Y _ |2 + Ologt) = 7.
=1

More precisely, one would also need to include some additional randomness to simulate the prob-
abilistic algorithm deterministically. However, this technical detail is not essential for the current
argument, so we omit it for simplicity.

By contrast, for a uniformly random string w of the same length |wpp| = >/, (2] + ki), a
standard counting argument implies that, with high probability,

K(w) > > (lzi| + ki) — 0(1) = pKi (1, ..., 2m) + D |2i| + clogt — O(1) > 7
i=1 =1

by choosing c sufficiently large. Thus, the distinguisher D can distinguish the pseudorandom string
wpp from a uniformly random string w with constant advantage.
Now, for each i € [m] U {0}, we define the hybrid string hyb; sampled as

hyb; ~ DPy, (215 21) © - -+ 0 DPg, (243 24) 0 Wiy1 0 -+ 0 Wy,

where each wj; for j > 7 is an independent uniformly random string of the same length as DPy; (x5 25).

Notice that hyb, is a uniformly random string, while and hyb,,, is distributed identically to the
pseudorandom string wpp. Therefore, D distinguishes hyb,,, from hyb,.

Suppose that D does not distinguish hyb;,_; from hyb; for every i € [m — 1]. Then, D must
distinguish hyb,, ; from hyb,, (otherwise, D cannot distinguish hyb,,, from hyb).

In this case, we can construct a distinguisher D,,, for DPy,_ (2,; zm) as follows. Given an input
wy, and advice x1,...,Tm—-1,k1,...,kn_1, the distinguisher D,, executes D on the concatenated
string:

DPk, (z1521) ©--- 0 DPr. (Zm—1; 2m—1) © Wiy
Note that each DPy,(x;; %) is efficiently samplable given z; and k;. The above string behaves as
hyb,, when w, is sampled from DPy,_ (Z;2m), and as hyb,,_; when w,, is sampled uniformly at

random.
Since D, is specified by D along with the external advice z1,...,Zm—1,k1,...,kn_1, the pK
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reconstruction lemma (Lemma 4.5) yields:

pr<t) (:L‘m | Tly--- ,$m,1,k1, e ,k‘z‘,l)
<k + O(logt)
m—1
< pKt($17 s 7xm) - Z k'z + O(logt)
=1
m—1
= pK'(z1, .. 7m) — > pKPD (| wciskr, -+ Kim1) +m - O(logt).
i=1

Thus, the chain rule follows as long as hyb, ; and hyb; are indistinguishable for D for all
i€m—1].

Indeed, we can observe these indistinguishabilities, and this is precisely where the additional
advice strings ki, ..., k;—1 become necessary.

Fix i € [m—1]. Suppose that hyb, _; and hyb, are distinguishable by D. Then, we can construct
a distinguisher D; for DPy, (z;) in the same way as we did for D,,. Applying the pK reconstruction
lemma (Lemma 4.5) gives

pr(t) (l‘z ‘ Ty, ]4}1, ceey k'ifl) < k;+ O(log tm’y_l)
< pr(t) (i | T<is k1, -+ ,ki—1) — clogt 4+ O(logt),

which yields a contradiction for large enough constant c.
Here, the additional advice k1, ..., k;_1 is necessary to sample a hybrid string

Dpk‘l ($17 Zl) ©«--0 DPk‘i_l (xWL*l; mel) O Wi O Wi41 0+ 0 Wnm,

given w; as input. Without this advice, the distinguisher D; cannot generate the appropriate prefix
of the hybrid string needed to simulate D.

On Removing Advice Strings The issue is that it is unclear whether each k; defined above can
be computed in polynomial time, particularly because we do not yet know whether the conditional
version of pK! is efficiently computable under the assumption DistNP C AvgBPP. A natural way to
handle this is to treat these quantities as external advice. This introduces an additive overhead of

m

Z O(logky + ... +logk;_1) = m? - O(logt).
i=1

However, this is not sufficient for our purposes, since the additive term diverges in the amortized
sense as m grows.

B Lower Bound on Round Complexity

In this section we present a lower bound for complexity theoretic universal inductive inference.

Proposition B.1. For size parameter s and accuracy and confidence parameters e 1,671 € N, any
algorithm, possibly time unbounded, that solves complexity-theoretic universal inductive inference
must have round complezity at least

Qse?+s071).
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Proof sketch. The Q(se2) term. This follows from the reduction in [HN23], which shows that an
inference algorithm with round complexity o(s,e~!) at a fixed constant confidence yields a binary
classification learner with sample complexity O(c(s,e™1)) for a specific task that requires Q(se=2)
samples; see [HN23, Section 10 and Appendix A]. Hence o(s,e 1) = Q(se™2).

The Q(s6~1) term. Fix n = 1 for concreteness. Let s be large and consider a program II,
indexed by a secret string o € {0,1}*/2. On round i € [s/2] it outputs the bit ;; after that it
outputs any fixed bit. The description length of I, is |a| + O(log s) < s for large s.

Let L be any inference algorithm. For each prefix a—;, L yields a predictive distribution p; € [0, 1]
for the next bit being 1. Define a adversarially by

{0 if p; > 1,

oy = . 1
1 ifp; < 3.
Then the true conditional distribution at round ¢ < s/2 is the point mass at «;, while L’s prediction
assigns probability p; to 1. The total variation distance between these two distributions equals
lpi — | > % Thus for any € < % the prediction fails at every one of the first s/2 rounds.

If the total number of rounds is m, achieving success on a (1 — 4) fraction of rounds requires

2
2 o5 o m s S = (seY),
m 2
Combining the two parts yields the stated lower bound. O

C Inverting AIOWF from Chain Rule

In this section, we observe that the chain rule for ¢¢ implies the nonexistence of auxiliary-input one-
way functions. In the main body, we used the assumption GapMINKT € pr-BPP for two purposes:
first, to obtain an algorithmic proof of the chain rule, and second, to deduce the nonexistence of
auxiliary-input one-way functions. Hence, the first statement already yields the second, and the
role of the assumption GapMINKT € pr-BPP is only to establish the chain rule.

Proposition C.1. Suppose the chain rule for q' holds. That is, there exist an absolute constant
¢ > 0 and a polynomial T such that for every m and every m-tuple * = (x1,...,2m) of binary
strings, for allt > ¢ - |x|,

m

ZqT(t)(xi ] a:<i) < '(x) +m-clogt.
i=1

Then, no auzxiliary-input one-way function exists.

Proof sketch. From the standard construction of pseudorandom generators from one-way func-
tions [HILL99], an auxiliary-input one-way function yields an auxiliary-input variant of pseudo-
random generator. It therefore suffices to show that the chain rule for q is sufficient to break any
auxiliary-input pseudorandom generator.

By the usual hybrid argument, the stretch of any auxiliary-input pseudorandom generator can
be increased to any fixed polynomial [GolO1, Section 3.3.2]. Hence fix n € N and let

G :{0,1}" x {0,1}" — {0,1}"’
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be an auxiliary-input pseudorandom generator. The security requirement is that for every poly-
nomial time randomized algorithm A and every z € {0,1}", the distinguisher A given z cannot
distinguish G(z, ) for z ~ {0,1}" from a uniform string in {0,1}"".

We describe a distinguisher A for G. On input (z,y), where y is either G(z,z) for uniform
x or a uniform string in {0, 1}"27 parse y into n consecutive blocks y',...,y" € {0, 1}” For
each ¢ € [n], the adversary draws polynomially many independent samples from Q™M Z, where
y<t=(y',...,y" 1), and tests whether

Q MY (y1) > 1/poly(t),

where ¢ = poly(n) is chosen sufficiently large compared to the running time of G. If this event
occurs for some i, A accepts; otherwise A rejects. Recall that sampling from Q7®):¥~" is simply
performed by executing the universal Turing machine U with auxiliary advice y<!

We analyze A. If y = G(z,z), then y is generated in polynomial time from a program with
description length O(|z| + |z|) = O(n). Hence q'(y) < O(n) for all large enough t. By the chain
rule,

Zq (v [9=") < d'(y) +n-clogt < n-O(logt).

Therefore, there exists an index i € [n] with q"® (y/" | y<’) < O(logt), equivalently QO™ (i) >
1/poly(t). With polynomially many samples from Q™M™ the value y' appears with noticeable
probability, so A accepts with noticeable probability.

If y is uniform in {0,1}", then each block ¢ is uniform in {0, 1}" independently of y<i. For
any fixed 7 and any fixed prefix y<?, the probability that a uniform y* matches one of polynomially
many samples drawn from Q7(*):¥ <’ is at most poly(n)/2", which is negligible. A union bound over
i € [n] shows that A accepts a truly random y only with negligible probability.

Thus A distinguishes G(z,z) from uniform for every auxiliary input z, which contradicts the
security of G. Hence no auxiliary-input one-way function exists. O

D Estimating Statistical Distance

We prove the following technical lemma, building on the ideas from [NRO6].

Lemma (Restatement of Lemma 9.1). If there is no auziliary-input one-way function, then there
exists a polynomial-time randomized algorithm A such that for every description of circuits Do and
Dy and every e 1,671 € N,

Pr [A(Do,Dl; 1157 € [Aw (Do, D1) — € Ay (Do, D1) + €| > 16,
A

where Dy (resp. D) is a distribution of Do(r) (resp. D1) for a random seed r.

Proof. We define the following auxiliary-input function fp, p, that takes a description of a pair of
circuits Dy and D; as auxiliary input:

fa(b,r) = Dy(r),

where b € {0,1}, and r € {0,1}* is the input to Dy and D; (without loss of generality, we assume
that the lengths of input to Dy and D are the same with a proper truncation).

Since we assume that there is no auxiliary-input one-way function, {fp, b, }p,,p, is not one-
way. Furthermore, based on the hashing technique developed in [IL89], we can also simulate uniform
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sampling from fg(i p,(y) on average over y = fp, p, (b,r) with small statistical error, where b ~
{0,1} and r is a randomly selected input. Notice that the distribution of y is statistically equivalent
toy ~ Dy for b ~ {0,1}. Thus, for a given y ~ Dy, where b ~ {0,1} is a secret bit chosen at
random, we can construct a natural predictor for b that empirically examines which label tends
to be occur from the (approximated) uniform sampling from fl;; p,(y). Based on this idea, Naor
and Rothblum [NRO6] proved that the predictor can correctly predict the secret b with probability

Aty (Do,D1)
2

roughly % + , resulting in the following claim.

Claim D.1 ([NRO06, Lemma 4.2]). If there is no auziliary-input one-way function, then there exists
a polynomial-time algorithm A such that for every pair of circuits Dy and Dy and every e ' € N,
At (Do, D1) €

. 1
p A(y:Dg. Dy 1€ ) = b] > = 4 2w Z0: Z1) €
bN{O,l},gI;NDb,A[ (s Do, D1, 1) = 0] = 5 + 2 2

By contrast, we can easily observe that % + %

even in the statistical case.

is the best possible success probability

Claim D.2. For all distributions Dy, D1 and all boolean-valued randomized functions f,

1 A (Do, D)
P p— b < — —_— .

Proof. The claim is verified as the following simple calculation:

P (1) =1 = 3 (52100 Prlf(2) = 11+ 520(0) elfe) = 0]

b7 b
u.f ;

= 3 (520000 + 5 (2ay) ~ Do) Pels (o) = 1)

!
Yy
11, B . B
543 (B ) =1 Pr 176) = 1)
1 Atv(,Z)Oa,Z)l)
=5 + 2 .

O

Now, we present the construction of A. Let A be the algorithm in Claim D.1. Given descriptions
of Dy and D; and parameters e ', 6~ € N, the algorithm A empirically estimates the probability
that A(y; Do, D1, 12671) = b for b ~ {0,1},y ~ Dy, within accuracy error €¢/4 and confidence error §.
Let p € [0, 1] be the estimated value. Then A outputs 2p — 1 as the estimation of A (Do, Dy).

By Hoefliding’s inequality, the empirical estimation above is accomplished by examining how
many times the event A(Dy(r); Do, D1,12¢ ") = b occurs in M = O(e 2log 6~1) trials for fresh seeds
b and r. Thus, A halts in polynomial time in e =%, !, and the description size of Dy and Dy (notice
that the length of each sample is bounded by the description size of Dy and Dy ).

We verify the correctness. Let p = Pryq0,1},y~p,,4[A(y; Do, D1, 16_1) = b]. With probability at
least 1 — ¢, the empirical estimation is successfully performed, i.e., |p — p| < €/4 holds. We observe
that 2p — 1 € [Aw (Do, D) £ €] in this case.

From Claim D.2, A )

- € 1 tv Do, Dl €
p§p+1§§+72 +Z;
thus, 2p—1 < AtV(Do,Dl) + 6/2 < AW('D(),'Dl) + €.
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By contrast, from Claim D.1,

i>p Sl Aw@oD) e e 1 Aw(Do,Dr) €
4~ 2 2 4 4 2 2 2
thus, 2p — 1 > Ay (Do, D1) — €, as desired. O

E Robustness of Our Assumption

In this section, we show the robustness of our assumption GapK'-vs-K € pr-BPP.
First, we introduce some auxiliary preliminaries.

Definition E.1 (MINKT). For a function o: N x N — N, the problem MINKT[o(n,t)] is defined
as
MINKT[o(n,t)] = {(z,1%) : K'(z) < o(|]z|,t)}.

Let U* = {Upp, 4 n,ten be a family of distributions, where each Uy, ;) is a distribution over (z, 1%)
for x ~ {0,1}".

Definition E.2 (GapKt—vs—pr(’ly). For ¢ > 0 and a polynomial T, the problem Gap K'-vs-pK™ =
(Iyes, o) is defined as follows:

Hyes = {(:Ev 18) 1t) : Kt(x) < 8}7
o == {(2,1°,1%) : pK™®(2) > s + clog(t|z])}.

We write GapK'-vs-K € pr-BPP to denote that Gap K'-vs-pK™ € pr-BPP for some constant ¢ > 0
and polynomial T.

The main assumption GapK'-vs-K € pr-BPP is robust in the following sense.
Theorem E.1. The following are equivalent:
1. (MINKT[n — clog(nt)],U*) € Avg;,,BPP for some constant ¢ > 0 and some polynomial p.
2. GapKt-vs-pKP°Y ¢ pr-BPP.
3. GapK'-vs-K € pr-BPP.

Proof sketch. The implication from Item 1 to Item 2 follows from Hirahara’s worst-case-to-average-
case reduction; we refer the reader to [Hir20b]. The implication from Item 2 to Item 3 follows
from the trivial inclusion of NO instances, which holds since K(z) < pK™®(z) + O(logt) for any
polynomial 7 (see [GKLO22, Lemma 18]).

Thus, it remains to show the implication from Item 3 to Item 1. Assume Item 3. By Proposi-
tion 4.3, there is a (randomized) algorithm K such that, with high probability,

K(z) < K(z,1") < K'(z)+ clog(|z|t)

for some constant c.
We construct an algorithm A that places (MINKT[n —2clog(nt)],U*) in Avg; /501, BPP as follows.

Given an instance (x,1%), the algorithm A outputs 0 if K (z,1%) > |z| — clog(|z|t), and outputs L
otherwise.
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We check that A is errorless and succeeds with inverse-polynomial probability over (x, 1%) ~ U*.
First, A never errs on NO instances since it never outputs 1. Hence it suffices to show: (i) on YES
instances, A outputs L with high probability; and (ii) under x ~ {0,1}", the probability that A
outputs L is at most 1/poly(nt).

For (i), let (z,1") be a YES instance. Then, with high probability over the randomness of K,

K(2,1%) < K'(2) + clog(|zlt) < |2] — clog(|alt),

so A outputs L.
For (ii), note that if K(x) > |z| — clog(|z|t), then

R(z,1') > K(@) > o] - clog(|alt),

and hence A outputs 0 with high probability. Therefore, A outputs | with high probability only
when K(z) < |z| — clog(|z|t). By the standard counting argument, the fraction of such = € {0,1}"
is at most 1/poly(nt), which proves (ii). O
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