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Abstract

We first extend the results of [CKSV22] by showing that the degree d elementary symmetric
polynomials in n variables have formula lower bounds of Q(d(n — d)) over fields of positive
characteristic. Then, we show that the results of the universality of the symmetric model
from [Shp02] and the results about border fan-in two XIIY circuits from [Kum20] over zero
characteristic fields do not extend to fields of positive characteristic. In particular, we show
that

1. There are polynomials that cannot be represented as linear projections of the elementary
symmetric polynomials (in fact, we show that they cannot be represented as the sum of k
such projections for a fixed k) and

2. There are polynomials that cannot be computed by border depth-3 circuits of top fan-in
k, called SIS, for k = o(n).

To prove the first result, we consider a geometric property of the elementary symmetric
polynomials, namely, the set of all points in which the polynomial and all of its first-order
partial derivatives vanish. It was shown in [MZI7] and [LMP19] that the dimension of this
space was exactly d — 2 for fields of zero characteristic. We extend this to fields of positive
characteristic by showing that this dimension must be between d — 2 and d — 1. In fact, we
show this bound is tight, in the sense that there are (infinitely many) polynomials where each
of these bounds is exact.

Then, to consider the border top fan-in of the symmetric model and depth-3 circuits (some-
times called border affine Chow rank), we show that it is sufficient to consider the border top
fan-in of the sum of linear projections of the elementary symmetric polynomials. This is done
by constructing an explicit metapolynomial to check the condition, meaning that this result also
applies in the border setting.

1 Introduction

Given n independent variables z1,...,x, and a degree d < n, we define the elementary symmetric
polynomial of degree d (over an arbitrary field F of characteristic denoted by char(F)) to be the sum
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of all degree d multilinear monomials in these indeterminants, i.e.,

> =

se(ln))ies

This polynomial naturally appears in many problems, for instance, if we consider the product of
affine, constant-free polynomials, we can express such a product by

n n

H$Z+y :Zy’ﬂ ek 1‘1,...,'13"). (1)

i=1 k=0

We say that these polynomials are symmetric because they are invariant under permutations of
the variables, and we say that they are elementary because they are the basic building blocks of
symmetric polynomials, namely, the set of symmetric polynomials can be written by Flef, ..., el].
We include more fundamental properties in the appendix, Section [A]

Motivation. In algebraic complexity, computation of the elementary symmetric polynomials ap-
pear very naturally in many contexts. Algebraically, we commonly define computation through
algebraic circuits, which we model using acyclic directed graphs, where certain nodes represent
operations, addition and multiplication, and other nodes represent inputs, which are given as in-
dependent variables and field constants. We can then restrict this to so-called algebraic formulas,
which require that the underlying graph be a tree. We can then further restrict the depth of a tree
and force layers to alternate in operations, creating, for example, depth-three XIIX formulas, where
the root node is an addition node. We may further restrict this model to SL¥IIY formulas, where
the root node may only have at most k children.

The earliest-known motivation for studying the complexity of the elementary symmetric poly-
nomials came from boolean circuit complexity, where circuits compute boolean functions using a
graph labeled with and-gates, or-gates, and not-gates. When considering boolean formulas of con-
stant depth, it was shown in [FSS84] that the majority function had super-polynomial lower bounds,
where the majority function is given by \/ 1e(l7) Nicr - Clearly, ey, ,, /2 looks like an algebraic ana-
logue of the majority function, so it was believed to be a good candidate for a polynomial that
would have constant-depth formulas with super-polynomial lower bounds. Unfortunately, due to a
construction of Ben-Or (see Theorem 3.1 of [Shp02]), e, ¢ was shown to have XIIX formulas of size
O(n?) (but the problem of super-polynomial XII3 lower bounds has since been solved, see [LST24]).
In [SWO1] and [Shp02], it was shown that this upper bound is tight for 3IIX formulas of certain
elementary symmetric polynomials over fields of characteristic zero. This was further extended in
[CKSV22] to be tight over general algebraic formulas, also over fields of characteristic zero. We
further have that [HYTI] found super-polynomial lower bounds for certain elementary symmetric
polynomials for homogeneous multilinear formulas, where each node computes a homogeneous mul-
tilinear polynomial (the result of which is independent of field characteristic).

Another motivation was explored in [LST24] and [FLST24], where we can view the computa-
tion of the elementary symmetric polynomials as naturally related to constant-depth arithmetic
formulas. For example, we can consider XIIY formulas and explore how they can be converted into
homogeneous XIIY formulas, where each node computes a homogeneous polynomial. One idea is to
apply to each product gate and then compute each resulting elementary symmetric polynomial
using homogeneous circuits (for instance, we could use the upper bound of [SW0I] for homogeneous

computation of €]} by IIXIIY of size nZO(\/a), but this only works for characteristic zero fields). This
idea can be extended to work for deeper constant-depth circuits.



In [Shp02], the elementary symmetric polynomials were used to define an algebraic computational
model, which was called the symmetric model. It was defined by taking a series of linear polynomials
Li,...,L,, € Flzq,...,2,] and a degree d < m and defining the computation by eJ'(L1,..., Ly,).
[Shp02] then showed that the symmetric model is universal over fields of characteristic zero, meaning
that it can compute any (homogeneous) polynomial. This was done using Fischer’s identity (see
[Fis94] and [Shp02]), which tells us that we can write any degree d homogeneous polynomial f €
Flxy,...,2,] as f = LY + -+ + L% | for some linear polynomials L1, ..., L,, € Flzy,...,,], and it
was then shown that polynomials written in this form can be expressed in the symmetric model.
We observe that this only works over fields of characteristic zero, as there are many polynomials in
positive characteristic that cannot be written in this way, as, for example, (x 4 y)? = 2P + P when
char(F) = p.

Then, in [Kum20], the results around the symmetric model were used to study the border “affine
Chow rank” of a polynomial, where this name selected based on [Dut25]. We say that the affine
Chow rank of a polynomial f € F[zy,...,x,] is the smallest k& such that f can be computed by a
YFIIY circuit. We mention that there are polynomials with affine Chow rank that is Q(n) over
any field. Recall that, given a complexity measure, we define its border complezity by extending the
underlying field to F(e), for some new variable ¢, and, instead of requiring our model to compute
f(z), we need only to compute € - f +eN 1. F(z,¢) for some N > 0 and F € Flxy,...,%n, €| (where
we may sometimes write that €V - f + eVt . F(x,¢) ~ f). Through the results of the symmetric
model, [Kum20] showed that, over fields of characteristic zero, every homogeneous polynomial has
border affine Chow rank of at most two.

In this paper, we will consider these results over fields of positive characterstic. This is an
interesting consideration, as, for algebraic complexity theory, the underlying field of our model “does
not matter,” in the sense that collapsing VP and VNP over any single field is enough to collapse the
polynomial hierarchy. There have been many recent results that attempt to take known results over
fields of certain characteristics and extend them to arbitrary fields (see [And20], [DIK™*24], [For24],
[BLRS25], [BKR™25]).

Results. We have considered computation of the elementary symmetric polynomials using formu-
las over fields of positive characteristic. By the Ben-Or construction, we know that there is a XIIX
circuit computing e of size O(n?) over infinite fields (independent of characteristic). In this paper,
we extend the results of [CKSV22] and show that their results on fields of zero characteristic extend
to fields of positive characteristic, namely that this upper bound is tight for formulas for certain
elementary symmetric polynomials.

Theorem 1.1. For an arbitrary field, any algebraic formula computing e} has size Q(d(n — d)).

In the second part of the paper, we show that the results of [Shp02] and [Kum20] do not extend
to fields of positive characteristic. First, we show that the symmetric model is not universal over
such fields. In fact, we show something stronger; we show that there are some polynomials that
cannot be represented by k-linear combinations of projections of the symmetric model, even if we
extend to the border setting.

Theorem 1.2. If char(F) # 0, then, for every fized n, there exists a homogeneous polynomial

f €Fxy,...,x,] of degree d such that, for every linear Lgl), . ,Lgi,L?), . ,Lg,li,l € Flzy,..., 2]
and constants cq,...,c € F,
k
f#zcied(l’gl)a“wl’%))' (2)
i=1

Further, this applies in the border setting.



As we have previously mentioned, the symmetric model is intimately related to the models
studied in [Kum20], namely the YIS model. Through this, as an immediate corollary of Theorem
[[.2] we show that the results of [Kum20] also do not extend to fields of positive characteristic. In
fact, we prove, under such bounds, Q(n) lower bounds for the border affine Chow rank of certain
polynomials.

Theorem 1.3. If char(F) # 0, then, for a fixed n, there exists a polynomial in at most n variables
that is not in LKIY for k = o(n).

Proof techniques. We will first focus on proving Theorem [I.1]in Section[2] This proof will largely
rely on the proof for the case of characteristic zero from [CKSV22] but with a modification to the
step that relies on the field characteristic. Namely, the proof revolves around studying what we will
call the set of order-two zeros of a polynomial.

Algebraic complexity theory focuses on using the algebraic properties of polynomials to split them
into classes based on how “hard” they are to compute. One such property that has been utilized (see
[Gat87], [Kum19], [CKSV22], [KV22], [ABV1T]) is what we will call the order-2 zero space, which
represents the zeros of a polynomial of order at least two. Given a polynomial f € Flxy,..., 2],
we define its order-2 zero space, denoted Va(f), to be the points where it vanishes along with its
first-order partial derivatives, i.e.,

_ of Of_ n _OF = 29—
wh)=v (fgt ) faer 0= L= = Law—of. @)
where V(f1,..., f¢) denotes the affine variety defining the zero set of some polynomials fi,..., f.

Remark 1.4. This idea of the order-2 zero space is utilized in [Kuml9] and [CKSV22] without a
name. Then, in [KV22], it is introduced as the “singular locus” of a polynomial, denoted sing(f),
which is a well-known object in algebraic geometry, in a nod to the notation of [Gat87]. For this
paper, we have decided to change this notation, as this definition of singular locus does not precisely
align with the algebraic geometric definition. Although it is true that, when f is square-free, this
definition exactly characterizes the singular locus (Vo(f) = sing(f)), this is not true in general.
This follows from the fact that the singular locus of a polynomial is a property of its corresponding
hypersurface, a purely geometric object, while the order-2 zero space is a property of the polynomial,
itself. Specifically, if we consider the power polynomial p}; = ¢ + -+l it is well-known that
sing(p?) = {0} (see Example 10.21 of [Gat2])]), but, if we consider char(F) = ¢ # 0, we trivially
observe that Va(py) = V(p}). We find that letting this definition differ from its natural geometric
definition is confusing, so we have, therefore, decided to change it.

In many of these recent results, this geometric object appears due to an important lemma that
relates its dimension to the size of a product decomposition of the polynomial.

Lemma 1.5 (See Lemma 1.7 of [Kum19] and Lemma 3.4 of [CKSV22]). Suppose F is algebraically
closed. Let f € Flxy,...,x,] be homogeneous of degree d. If there are constant-free polynomials
f1s91, - fe, 98 € Flay, ..., 2] and a polynomial h € Flxq, ..., x,] such that deg(h) < d and

k

i=1

then dim Va(f) > n — 2k.



Proof. The proof follows from the following inequality,

k

i=1

where the first inequality comes from Lemma 5.8 of [CKSV22] and the last inequality is a basic fact
from algebraic geometry. O

Note 1.6. Notice that the hypothesis of algebraic closure is necessary for the previous lemma. For
example, consider f = (x4 --- + x2)2. We notice that Vo(f) = V(f) = {0} over R, but we get a
lower bound of dim Va(f) > n — 2 over C.

The key observation for the proof in [CKSV22] was that small formulas computed polynomials
with “many” order-2 zeros. Then, they prove an upper bound of the dimension of the set of order-
2 zeros of the elementary symmetric polynomials and utilize this to show an Q(d(n — d)) lower
bounds on formulas that compute them over fields of zero characteristic (with n being the number
of variables and d being the degree). For certain selections of n and d, this bound is tight, as the
Ben-Or construction shows an O(n?) upper bound on the size of XIIY formulas computing e”. This
was known to be tight for XIIY formulas over fields of characteristic zero from [Shp02].

It was shown in [MZ17], [LMP19], and [CKSV22] that dim V5(e}}) = d — 2 over fields of charac-
teristic zero, where dimension is, of course, defined in terms of affine varieties. No such equivalent
statement was known (to the author’s knowledge) for fields of positive characteristic. In this paper,
we show that the dimension is slightly different over such fields, specifically, it can vary between
being d —2 or d — 1.

Lemma 1.7. For char(F) = p # 0, we have that d —2 < dim V,(e}}) < d—1. In particular, for fized
d > 1, there are values of n such that dim Va(el}) = d — 2 and values such that dim Va(el)) =d — 1.

Then, for the rest of the proof in [CKSV22] to work, we need only that dim V5(e}) < d, so this
lemma suffices for proving the main result.

Interestingly, Lemma allows us to also extend the lower bound result in [Shp02] of e} in
YIIY formulas of Q(d(n — d)) to fields of positive characteristics. In [Shp02], they show that, over
fields of characteristic zero, for every vector space V' C F" such that e} vanishes on V', we have that
dim(V) < "T'Hi. For fields of positive characteristic, observe that if we combine Proposition 6 from
[GGIL22] with Lemma we conclude that we have the upper bound of dim(V') < %‘1_1

We will now turn our attention to the proof of Theorem (and hence Theorem by extension),
which we prove in Section Consider char(F) = p # 0. From a basic application of , we will
show that Theorem [I.2] easily implies Theorem We then show that a polynomial that can be
written in the form given by can be rewritten as

L r
f= Zgihi +ZL?7
i=1 i=1

where g;, h; are homogeneous, L; are linear, d is the degree of f, and £ = O(p). Then, our goal will
be to carefully select a value of f that cannot be written in this form.

We will now give a brief explanation to why it makes sense that such an f exists. Suppose that we
select an f that is set-multilinear, meaning that we can split the variables into d groups where each
monomial consists of exactly one variable from each group. Then, we can take the set-multilinear

1Using the fact that we can represent a polynomial as a “strength” decomposition of size codim(V)



part of the right-hand side of the equation, which means, namely, that we can ignore the Y ;_; Lf
part of the expression due to the fact that (a 4+ b)? = a? + VP (assuming that d > p). Then, we
can split each g;, h; based on subsets of the set-multilinear groups each monomial falls in, so we can

write it as some form of
024

F=>"gihi.
=1

Then, we clearly have a product decomposition, so we can use Lemmato conclude that dim Va(f) >
n — £ - 29+ Then, if we select d to not depend on n, we conclude that ¢ > Q(n — dim Va(f)). We
should observe that this argument only works in the non-border case, and it would require a careful
argument to show that it works in the border setting.

While this explanation can provide some intuition behind the claim, the proof does not follow
this argument. Instead, we analyze the coefficients of f and construct a polynomial that “witnesses”
the condition. Specifically, it is used to show that if a certain set of multilinear monomials have
nonzero coefficients in f, then there must be another multilinear monomial that is nonzero. But
this approach is perhaps more ideal, in a sense, to the one described above, as it is then obvious
why this applies in the border setting. Recall that a property is called “closed,” meaning it being
satisfied in the non-border setting implies that it is satisfied in the border setting, if there is a
metapolynomial, meaning a polynomial whose variables are seen as the coefficients of an input
polynomial, that evaluates to zero if and only if the input polynomial satisfies the property. It is
thus often advantageous to explicitly give such a metapolynomial when showing that a property is
closed.

2 Order-2 zero space of the elementary symmetric polyno-
mials

In this section, we will focus on extending the results on the formula complexity of the elementary
symmetric polynomials from [CKSV22], as in we will prove Theorem and Lemma Specifically,
we will show that these results extend when we consider fields of positive characteristic, which we
do by analyzing the order-2 zero set of the elementary symmetric polynomials, as this is the only
part of the proof that uses the characteristic of the field. Upon careful inspection of [CKSV22], we
can state the main result we rely on in the following lemma. For the sake of completeness, we prove
this lemma in the appendix in Section

Lemma 2.1 ([CKSV22]). Suppose f € Flz1,...,zy,] is a polynomial of degree d > 3 that can be
computed by a formula ® of size s. Then,

52 &(n - dmV3(f)

Then, in [CKSV22], the proof is completed through the following claim.

Claim 2.2 ([MZ17], Lemma 12 of [LMP19], Lemma 5.2 of [CKSV22]). Let char(F) =0. Ifd > 2
and d < n, then dim Va(el)) = d — 2.

In particular, we have that Va(el}) = UIE( ) V(zi|iel).

L)

One should notice that a formula complexity lower bound of Q(d(n—d)) on e} when char(F) = 0
immediately follows from this. We will spend this section studying this result over fields of positive
characteristic.



One may first ask whether the result from Claim can be extended to fields of positive char-
acteristic. From the following example, we can see that this is not the case.

Example 2.3. Consider the field Fo = {0,1} (or even its algebraic closure Fy). We consider the
set Va(€3), and we will show that {(a, o, o, a, ) | @ € Fo} C Va(ed), implying that dim Va(e3) > 1.
To see this, consider an arbitrary o € Fo, and notice that

5 0e3
es(a, a, o,y a) = <2) a? = 10a?, 822» (o, 0, a0, ) = e (a, o, , ) = 4a.
7

Clearly, we cannot hope to get an upper bound of d—2 for arbitrary choices of field characteristic,
number of variables, and degree. But, if we instead turn our attention to an upper bound of d — 1,
this is possible. Luckily, for the sake of asymptotic bounds, the difference between d — 1 and d — 2
is not important.

Before getting to the proof of this result, we believe that it is useful to provide some motivation
for where the proof stems from. Specifically, we consider the case of Va(e}) for some n > 2. Observe
that we can write each gix%(a) = 2 @5 Then, for i # j, 37 ar — > a6 = a; —aj. We
thus conclude that, if a € Va(e¥), then a3 = -+ = a,,. As we repeat this strategy for increasing
values of d, we notice that this strategy allows us to reduce to smaller degrees, where we observe
that a € Va(e}}) if an only if the components of a can be separated into at most d — 1 groups, where
the values in each group are the same. We will now formalize this approach.

Lemma 2.4. Over any field, if 1 <d <n, then dimVa(e}}) <d—1.

Proof. We will consider S = {(a1,...,a,) € F" | {a1,...,an}| <k}, which is the set of all points
whose number of distinct coordinates is at most k. We will then show that Vi(el}) C Sg—1. From
this, the claim immediately follows, as dim Sy < k.

To prove this result, we will inductively prove the following claim.

Claim 2.5. Ford > 0 and m > d, let ag,...,aq € F be such that ag = 1. Then, we have that
a € V implies that (ay,...,am) € Sq, for
[m]
I .
< (m -1

We can apply the above claim for d — 1 and set ag—1 =1 and ag_2 = --- = g = 0 to prove the
lemma. We can now focus on proving the claim, which we will do by induction on d. Notice that
the case of d = 0 is obvious, as ag = 1, so V = (). Now, consider the claim for d, using the inductive
hypotheses for d — 1. Let a = (aq,...,a,) € V. Observe that

d
V=V <Zaie§”1(mj |jel)
i=0

d d d
0= Zaie;”*l(al, ey Q1) — Zaiezm*l(ag, cey Q) = Zai(e;”*l(al, cey Q1) — e?fl(ag, e
i=0 i=0 i=0
d d
= Zai(awﬁf(az, ey 1) — ameﬁf(%, s @met)) = (a1 — am) Zaieﬁf(az, ey Gmt).
i=1 i=1
Hence, we have that either a1 = a,, or 2?21 a;ei—1(az,...,am—1) = 0. Observe that we can easily

extend this argument to work for any ag, for k € [m — 1J.



Now, let I = {k € [m — 1] | ar, = ay,}. Without loss of generality, assume that [m — 1]\ I = [¢].
Observe that if £ < d, then the claim trivially follows, so we assume that ¢ > d. Consider some
k € [¢], and, using the fact that a; = a,, for each i € I, observe that

-1
0= aipreila;|j€m—1]\{k}) = Za1+1 Z ( apej(ap | p e [0\ {k})
i=0
a—1 o
am( )m eslay |p € [0\ (k) Za ety [p € [0\ (RY),

j=0 i=j
where o € Fzjt1,...,2n,]. Observe that o/, = ag- (I!) = 1. We then can use the inductive
hypothesis to conclude that (ai,...,as) € Sq—1. Because ap11 = -+ = a,,, we conclude that
a € Sy. O]

Although the following information is sufficient to extend the theorem to fields of arbitrary
characteristic, one may be interested in how tight this bound is. Specifically, suppose that we have
fixed some field characteristic and some number of variables, then what is the relationship between
the value of d and the dimension of the order-2 zeros. We have already shown a simple example
where the d — 1 bound is tight, but we will now show that there are more such examples where it is
tight (there are actually infinitely many of them).

Proposition 2.6. For char(F) =p # 0 and d > 1, there is ann € Z>1 such that dim Va(el}) > d—1.

Proof. Suppose that we have already picked some n > d. Consider arbitrary (1,...,84—1 € F. We
will consider the point o = (av, ..., ) € F™ defined by

{@ i<d—2
a; =

B4—1 otherwise.
First, observe that

min(d,n—d+2)

n n—d+2 i
eq(a) = ( ; ) Z Hﬁj Ba1-
=2 re(t-2yjel
Then, for k € [d — 2], we have that

Oel

axk( a) = 63:11(041,...,ozk_l,ozk+1,...,oz7,)

min(d—1,n—d+2)

_ Z (n—(j—i—2> Z Hﬁﬂ B,

i=2 re(1 2N EY ET

Further, for k € [d — 1, n], we have that
Oely
Txk(a)

n—1
edil(al, ey O 1, 1 - - ,an)

min(d—1,n—d+1)

> (U X Te e

i=1 re(f4y?,) i€l



It is thus sufficient to pick an n > d such that ("_EH'Q) =0 mod pfor every i € [2, min(d, n—d+2)]
and ("_?'H) =0 mod p for every ¢ € [1,min(d — 1,n — d + 1)].

To do this, we fix n so that n —d+ 1 > d — 1 and is a power of p. The proof will then be
completed using Lucas’s Theorem.
Theorem 2.7 (Lucas’s Theorem, see [Luc78|, [Mes14]). Let p € N be a prime and a,b € N be
numbers. We then write a and b by their unique base-p expansion, namely, a = Zf:o a; - p* and

b= Zi‘c:o b; - p'. Then, we have that
) = ﬁ @i mod
b) 5 \bi P

Observe that this shows that all of the above binomial coefficients are zero mod p, completing
the proof. O

where we say (‘;:) =0ifa; <b.

In the other direction, we would like to be able to adapt the proof from characteristic zero fields
to find some conditions where this proof works. Unfortunately, the original proof from [MZ17],
[ILMP19], and [CKSV22] relies on the value n — d + 1 being nonzero over the field, which is not
necessarily preserved when using induction. Fortunately, if we combine this original proof with the
result of Lemma we can show that d — 2 is sometimes tight.

Claim 2.8. Letchar(F) =pand2 <d <n. Ifp =0 orn—d+1 # 0 mod p, then dim V5(e]}) = d—2.

Proof. We begin by partitioning V>(el}) into sets based on the locations of where coordinates are
zero. Specifically, given an index set I C [n], we set

Sr={a€F"|a; A0 i€ S, Vien]}.

Observe that F* = U[g[n] Sr. We will then show that, for each I C [n], we have that dim(S; N
Va(el)) < d — 2 (where dimension is defined in terms of the Zariski topology), which will complete
the proof.

Consider an arbitrary I C [n]. First, observe that if |I| < d — 1, we have that dimS; < d — 2, so
we get the desired result. Now, we can assume that [I| > d — 1. Let a € S; N Va(e})). Then, we can

apply @ and @ to say

" Delt oey_,

0= axi(a):n~eg_1(a)—;ai Fo. (a) = (n—d+1)e?_(a).

i=1

Hence, we conclude that e} _,(a) = 0. We further notice that, for every ¢ € [n],

36" aeg—l
erdl—l(a) = axd (CL) + a; 8$ (a’)7
7 K3
so we conclude that either a; = 0 or 82%1 (a) = 0. Because, for every i € I we know that a; # 0,

Oeg 4
FII — F” naturally add zeros in the indices not in I, we conclude that Va(e) NSy C V[(Vg(eg_ll)).
Noticing that v; does not change the dimension of the underlying variety,

(a) = 0. Thus, we conclude that (a; |i € I) € ‘/g(elllll). Hence, if we let vy :

we conclude that

dim(S; N Va(el)) < dim(vr(Va(ell}))) = dim Va(el/l ) < d — 2,
by Lemma [2:4] This completes the proof. O



3 The Symmetric Model

In this section, we will study a computational model defined from the elementary symmetric poly-
nomials. Specifically, we will define Sym to represent the set of homogeneous polynomials of some
degree, say d, that can be written as e/'(L1, ..., Ly,), for some linear (homogeneous) polynomials
Li,...,Ly,. We will then say that X/*!Sym are all polynomials that can be written as a linear
combination of k elements of Sym. We will use Sym and L¥]Sym to denote the border versions of
these classes. Later in the section, we will prove Theorem [3.9] from which we conclude that the fact
that some polynomials cannot be computed by X[*ISym implies that they cannot be computed by
LY circuits.

This model of computation was introduced and studied in [Shp02], where it was shown that, in
fields of characteristic zero, every polynomial can be computed by Sym. This result used the fact
that, under such conditions, every polynomial has finite Waring rank (the smallest k such that a
polynomial can be written as LY +- - -+ L, for linear L;). This was proved in Lemma 2.4 of [Shp02],
but we provide here a slight variation of this lemma, which is slightly stronger and uses a slightly
different method.

Lemma 3.1. Assume that F is algebraically closed (or simply that 2% + 1 is fully reducible in F).
If f € Flay,...,x,] is a degree d homogeneous polynomial that is in Sym and q € Flay, ..., x,] is
linear, then f + q@ is in Sym. This is also true in the border setting.

Proof. Let wy,...,wq € F be all of the solutions to z% + 1 = 0 (counted with multiplicities). Then,

we know that ed(—wi,...,—wq) =1 and e (—w1,...,—wq) = 0 for every k € [d — 1], as
d d
2141 = H(z —w;) = sz*keg(—wl, ey —Wd)-
i=1 k=0

Now, let L1, ..., Ly, € Flz1,...,x,] be linear such that e/'(Ly, ..., L,,) = f. Then, observe that,

using ,
d

67dn+d(L17 cee 7Lm7 —wig, ..., —Uqu) = Z e'rin(le RN Lm)egfi(_wlqﬂ LR —(Jqu) = f + qd'
=0

We finally note that this also works in the border setting if we let L1, ..., L,, be border polynomials
approximating f. O

Unfortunately, the Waring rank model is known to be not universal in positive characteristic. If
char(F) = p # 0, then we observe that, for every d > p, monomials in L%, where L € F[z1,...,x,]
is linear, must be divisible by some 2. For example, we cannot represent multilinear polynomials

from this model. In this section, we will build on this fact to show that Sym and X(*ISym are not
universal. Specifically, we will show that polynomials in these classes can be expressed as the sum of
a small number of reducible polynomials and an arbitrary number of powers of linear forms. Then,
if we consider the computation of a multilinear polynomial, we can ignore these linear powers and
only consider the reducible polynomials.

We will spend this section proving Theorem Then, Theorem will follow from Theorem
To begin with, we will restrict our attention to fields of characteristic two, as this will make the
proofs simpler. We will focus on how to extend them to higher field characteristics after this.

10



3.1 The case of characteristic two

For this section, we assume that char(F) = 2. Before we can show that there is a polynomial
that cannot be computed by Sym, we must identify one such polynomial. We observe that the
polynomial x; x5 has infinite Waring rank over fields of characteristic two, so one may hope that this
polynomial (or a similar one) could be a good candidate. Unfortunately, our first discovery is that
all polynomials of degree two can be computed in Sym.

Claim 3.2. For every degree two homogeneous polynomial f € Flxy,...,x,], there are linear

Li,...,Lp, € Flzy,...,2,] such that €5'(Lq,...,Ly) = f and e{*(L1,...,Ly) = 0.

Proof. Without loss of generality, we assume that f = > | z;y; (we can then make any polynomial
through a change of variables). Let w € F be the 3rd order primitive root of unity. Then, observe

es(wr + Wy, wir Fwy,z +y) = 2y, e (wr + wy,wir +wy,z +y) =0.

Hence, €3" (wz1 4+ w?y1,w?s1 + wyr, @1 + Y1, . . ., Wy + W Yn, W2 Ty + WYn, Tn 4+ Yn) = Doy T;y; and
ey (way + w?yr, wiry + wyr, 1+ Y1, - Wy + WY, WAL + WY, Tn 4 Yn) = 0. O

We thusly turn our attention to polynomials of degree three. Our key observation is that, by
Lemma [3.I] we can compute linear powers “for free.” We then further observe that it is very easy to
compute reducible polynomials. Finally, with a trivial application of Newton’s identities, we observe
that this condition is not only sufficient but also necessary.

Claim 3.3. For every degree three homogeneous polynomial f € Flxq, ..., x|, f isin Sym if and only
if there is a reducible homogeneous degree three polynomial g € Flay, ..., x,] and linear ¢1,...,q; €
Flay,...,2,] such that

f=g9+d+ - +q.

Proof. First, suppose that f isin Sym. Let Ly,..., Ly, € Flxy, ..., z,] be linear such that e§*(Lq, ..., Ly,) =
f. Then, by the Newton identities and the fact that py = e?, we observe that

f = eé"(Ll, .. ,Lm)pT(Ll, .. 7Lm) —+ GT(Ll, e ,Lm)pgﬂ(Ll, .. ,Lm) +pgl(L1, e ,Lm)
=l (Ly,...,Lp)e (L, ..oy L) + (e (L1, ooy L)) + L3+ + L3 .

Now, let g be a reducible homogeneous degree three polynomial and ¢y, ..., g be linear. Let g;
be homogeneous degree two and g be linear such that g = g1g2. By Claim [3:2] let Ly,..., L, €
Flx1,...,x,] be linear such that g1 = e5*(L1,...,Ly,) and 0 = e"(Ly,..., Ly,). Then, observe that

@?(Lla e 7LWL792) = egn(le .. '7LM7g2)erln(L17 oo 7Lm792) + [GT(Lla .. '7Lm392)}3
+ L4+ L) +g5
=g1g2+ (e"(L1,.. ., Ly, g2))* + LY + -+ L3, + g3.

Then, the proof is completed by Lemma (3.1 O

As a simple corollary to this claim, we can use this to characterize elements of X*Sym.

Corollary 3.4. For every degree three homogeneous polynomial f € Flxy,...,xy,], f is in I Sym
if and only if there are reducible homogeneous degree three polynomials g1, ..., gx € Flz1,...,z,] and
linear q1,...,q0 € Flxy,...,x,] such that

F=gi+ g +da++a

11



Utilizing this characterization, we will now focus on determining a counter-example. We will
focus our attention on multilinear polynomials, as, as we have previously described, they cannot
be computed by cubes of linear forms in characteristic two. In fact, cubes of linear forms cannot
contain any multilinear monomials, so we can ignore this part of the representation. Hence, it will
suffice to find a polynomial that cannot be written as the multilinear part of a reducible polynomial.
Specifically, we will focus on the polynomial xjxoxs + T42526.

The argument will follow by showing that, if the multilinear part of a reducible polynomial
has nonzero coefficients of zizsx3 and x4x576, there must be another multilinear monomial with
a nonzero coefficient. We will do this by constructing a polynomial in the coefficients of a linear
and quadratic polynomial that relates the coefficients of the multilinear monomials in their product.
Then, the fact that this also works in the border case will follow from the polynomial identity.

Claim 3.5. The polynomial f = x1xex3 + x4xsx6 € Flx1,...,26] is not in Sym. This is also true
in the border setting.

Proof. Suppose that f is in Sym. Let g be a reducible homogeneous degree three polynomial and
q1,-- -, qk be linear such that f = g+q3+- - ~+q,?;. First, we observe that all monomials in ¢ +- - -—i—q,?;
are not multilinear. Thus, the coefficients of the multilinear monomials in f are given by g.

We will denote the coefficient of an arbitrary multilinear monomial (x;x;zx) of g (and hence f)
by c¢;j1. Because g is reducible, we will split it into a linear part, denoted g:, and a quadratic part,

denoted g, given by
6 6 6
g1= Y aiwi, g2 =YY byTix;,
i=1

i=1 j=i

where g = g1g2. Notice that the multilinear coeflicients are given by c;jx = a;bji + a;jbi + arbi;.

Our goal will be to use the fact that c¢1o3 # 0 and c¢456 # 0 (meaning that cia3c456 # 0) to
show that some other c;;j; # 0, a contradiction. We will consider these c;;, values as polynomials
in the coefficients of g; and go. Notice that we can conclude that there is a term within cj23¢456
that is non-zero, say aibasasbsg # 0. Observe that this is generated by exactly one other partition
of variables, namely co34¢156, implying that this term is canceled when we take ci23¢456 + C234C156-
We can then apply the process repeatedly until we hit a point where the equation computes zero.
We then observe that this is a metapolynomial in the coefficients of f, so this also applies in the
border setting.

We will state this more formally to show that this indeed happens. Let P3[6] represent all of the
ways to partition [6] into two sets of size three. Then, we will show that

Z Z cijk =0 mod 2. (4)

ZePs[6] {i,5,k}eT

Observe that this equality proves the claim, as ci123 = ¢456 = 1, implying that there is another
partition {1, 7, k}, {¢', j', K’} such that ¢;jpci /i # 0, which is a contradiction. We further observe
that this argument works in the border setting.

We now prove the equality. Consider as a polynomial in the indeterminants given by a; and
bjr. Observe that the monomials in this equation can be written in the form a;b;ra: b1, where
{4,4,k,i',j', k'} = [6]. But this monomial can only be generated by two partitions, {{4, j, k}, {¢’, j', '} }
and {{¢',4,k},{i,5',k'}}, where the corresponding coefficient is one. This lets us conclude that

Z Z Cijk = 2 Z Z a;aibjgpbjg . O

ZePs[6] {i.5.k}eT {3,43C[6] {{7.k},{5" k' }eP2([6]\{i,3'})

12



With a bit of carefulness, we can extend this argument to X*/Sym. We will use a similar
polynomial to our counter-example, but we will, this time, add more monomials of the form xz;y;z;.
We will then use the same identity as the previous case, but we will instead take a sum over
partitions of the 3¢ variables into groups of three. We can now consider this as a polynomial in the
coefficients in the decompositions of the reducible polynomials. Now, each monomial can be split
up into ¢ parts based on the reducible polynomial the variable comes from. Then, we can permute
the corresponding linear parts, as we did in the previous part, for those that came from the same
equation, and we conclude that the number of partitions that generate this monomial is given by
the product of factorials of the corresponding size of the groups. Thus, if ¢ is big enough, one of
these sizes must be at least two, and we conclude that the whole equation is zero.

Claim 3.6. The polynomial f = Zle xi2; is not in LF Sym for k < £ — 1. This is also true in
the border setting.

Proof. For simplicity of proof, we will write f = Zle X3i—2T3i—123; € Flx1,. .., x,] (with n = 3¢).
Let k < ¢ — 1, and suppose that f is in ¥FISym. Let g1, ..., gr be reducible degree 3 homogeneous
polynomials and ¢z, . .., ¢, be linear such that f = g1 +---+gx + ¢ + - - + ¢>,. For each g, let g

be linear and g; be homogeneous degree two such that g = g;g;’. We will write

g; = En:az(.t)xi, gl = ZZb(t)x ;.
i=1

=1 j=1i

We again notice that we can ignore the monomials in ¢3 + -+ + ¢3,.
In g1 + -+ + gk, the coefficient of z;x;2, is given by

Za(t)b(t + a b(t) + a(t)b( )

which we will write as ¢;j,. Then, we claim that, setting Ps[n] to be the set of all ways to partition

n into sets of size three,
Z H cijr =0 mod 2.
Z€Ps[n] {i,j,r}€Z

To see this, consider one of the monomials formed by this formula, which can be written as

ai bl ggwbg’;;;, where {i1,j1,k1,... 40, jo,ke} = [n] and ¢y, ..., ¢, € [k]. The partitions that
(t)

feature these monomials are exactly characterized by permutations of the a,’ with the same value
for t. Thus, let n; be the number of ¢; values such that ¢; = 7. Then, the coeflicient of this monomial
is nq!...ng!. Because £ > k + 1, there is at least one n; > 2. Thus, this coefficient is zero modulus
two.

Finally, we observe that this implies that there is another monomial that is non-zero and that
this works in the border setting for the same reasons as in the proof of Claim O

3.2 Higher characteristics

In this section, we will extend our previous arguments from fields of characteristic two to fields of
arbitrary, positive characteristic. To begin with, we will extend Claim to the case of arbitrary
positive field characteristic.

13



Claim 3.7. Let char(F) =p # 0. If f € Flzy,...,z,] is homogeneous degree p+ 1 and is in Sym,
then there are reducible homogeneous degree p+1 polynomials g1, ..., gp—1 € Flz1,..., 2] and linear
q1y---q0 € Flay, ..., xp,] such that

f=g+ gt gt
Proof. Let Ly,..., Ly € Flzy,...,z,] be such that e}’ ,(L1,...,Ly,) = f. Then, by the Newton
identities, we have that

p+1

f= Z(_1)i—1em+1 ALy, Lo)p™ (L, ..., L)

_Z Ve (L, ..., L )P (L ooy L) 4 (€7(Lay ooy Ly ))PFE 4 LPT o 2L O

Notice that this claim is not as strong as the claim for characteristic two. Currently, it is not
known how to extend it, but only one directions is necessary for the rest of the proofs. The biggest
part of the problem is that it is not clear how to extend Claim to this case, even if the field
characteristic is three.

We will now focus on extending Claim [3.6] to fields of positive characteristic. The main difference
for the proof in this case is that it is not necessarily true that each reducible polynomial has a
linear factor. But, instead of choosing the linear factor for permutations, we can fix one of the two
polynomials to use. Then, the proof will follow similarly.

Claim 3.8. Let char(F) = p # 0. The polynomial

(p+1)i

f= Z H T EF[ml,...,xn]

i=1j=(p+1)(i—-1)+1
is not in L Sym for £ > k - (p — 1). Further, this is true in the border setting.

Proof. Assume that ¢ > k- (p — 1) and let ¢1,...,9m € F[z1,...,z,] be reducible homogeneous
degree p 4+ 1 polynomials and ¢y, ...,qn € Flz1,...,z,] be linear polynomials such that

f=g+ - Fag+d+ -+ R

We will consider splitting each g; into the product of two polynomials. For each i € [k], let d; be
the lower of the degrees of the polynomials that we split g; into. Hence, letting Sq C Z% be the set
of n-tuples summing to d, we can write g; as

gi = Z aldz Z bz

a€Saq, a€Spt1-d;
Consider a fixed monomial z;, ...2;,,,, and 1et M = {il, ...y ipt1}. Observe that the coefficient of
p+1

this monomial is not influenced by the term qf +---+¢q5 . We will abuse notation and sometimes

write, given a subset S C [n], ag) or bg) to represent the coefficient corresponding to the multilinear

monomial given by the set S. Thus, we have that the coefficient of this monomial in f is given by

k
> > adtins=en

=t se(s)
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Assume that £ > k- (p — 1) for the sake of reaching a contradiction. We will now show that

F= Z HC]EO mod p.

I€Ppt1[n] I€T

Once we show this, the proof is clearly complete.

gl)bgf) . agf)b(”) where

We will fix a monomial in F. Observe that it can be written as ag; S
S1USTU---US,US, = [n] and t1,...,t; € [k]. Notice that the coefficient of this monomial is equal
to the number of choices of Z that could generate it. In fact, a choice of Z is a valid selection if and
only if there is a bijection  : [(] — [(] such that T = {S1 US],),..., S US] )} and t; = tr(). For
i € [k], let n; be the number of t; values such that ¢; = ¢. Notice that ny 4 --- + ng = £. Then,
the number of such selections of bijections is exactly equal to ni!---ng!l. Because £ > k- (p — 1),
there is a i € [k] such that n; > p. Thus, we have shown that the coefficient of this monomial is zero
modulus p. This then completes the proof by the same argument as the proof of Claim [3.5] O

3.3 Border Depth-Three Formulas

Now, in this section, we will connect the border symmetric computational model to S*IIIY formulas.
In [Kum20], the main result came from observing we could convert a slightly restrictive extension

of the border symmetric model to LI2ITIY formulas. Specifically, for a given homogeneous degree d
f € Flz1,...,xy,) such that there are linear L1, ..., L, € F(e)[z1,...,2,) where €]'(L1,...,Ly) ~ f
and e*(Lq, ..., L) = 0 for every k < d, then we can write f as a SPIIIY formula, using ,

n

[[a+eLi)—1=€"ej(Ly,....Ln) + € Y 7 el (L., Lin).
i=1 i=d+1

In this section, we will analyze the opposite relationship; namely, if we know a polynomial can

be computed by a SIFIIIY circuit, can we say anything about its computability in the symmetric
model? We then conclude that the LIFIIIY model is weaker than sums of the border symmetric
model.

Theorem 3.9. If f € Flxy,...,z,] is homogeneous degree d and can be represented using SIFITIY,
then we can represent f by LIk Sym.

To prove this, let fl(l), ceey 7(75,3 € F(e)[z1,...,z,] be affine and ¢1,...,c; € F(e) be such that
[~ Zle C; H;Zl fj@. We claim that, if each f;l) is not constant-free, then the result is obvious.

Notice that, in this case, we can assume that each f;i)(()) = 1. Then, observe that

m;

k mg ) k i k . .
f=Half) = Ha |3 e [T 2| =D e Ha [TTES | =D e eal2f?,. . L),
i=1  j=1 i=1 i=1 =1

Now, we only need to consider what happens if there is some fj(z) such that fj@ (0) = 0. We
will show that we can modify this polynomial to make it have a constant part without changing the
polynomial we approximate. To do this, we merely need to add a constant part to fj(l) that will not
change that polynomial we approximate. The proof is then completed from the following lemma.

Lemma 3.10. Let F, G, € F(e)[z1, ..., xy] be such that { is linear (and hence constant-free). Then,
there is an o € F(e) such that, if F -0+ G ~ f for f € Flxy,..., 2], then F- ({ + o)+ G ~ f.
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Proof. To prove this, imagine that « is a new independent variable. Then, consider F'- (£ + a) + G
as a polynomial over x1,...,%,,a. Notice that the coefficients of monomials in x,...,z, are in
Fle]. Then, observe that there are only a finite number of coefficients in monomials that include a.
Therefore, it is obvious that we can select « to make all of these coefficients polynomials (multiplying
the denominators) and, by multiplying by ¢V (for some large enough N), we ensure that this does
not change the approximation. O

This completes the proof of Theorem

4 Future Directions

We end by pondering some open problems.

e In Lemma we observe that there are cases where dimVs(e}) = d — 2 and other cases
where dim V5 (el}) = d — 1, but these cases do not cover all possible ones. Can we determine a
characterization for, given a char(F), d, and n, which case €]} falls under?

e When considering Theorem we, motivated by [Shp02], force the inputs to the elementary
symmetric polynomials to be linear. We could then, just as easily, allow the inputs to be
affine and then increase the degree of the elementary symmetric polynomial. Of course, we
can easily homogenize this case by introducing a new independent variable xg, so this case can
be considered as an extension of the case with linear inputs. Unfortunately, due to limitations
with Newton’s identities, our current strategy only lets us consider degrees of char(F) + 1. Is
there a way to show that a particular polynomial cannot be computed by this inhomogeneous
model?

e To prove Theorem in the case of char(F) = 2, we use Corollary which provides a
necessary and sufficient condition for being computable by L¥!Sym. For fields such that
char(F) > 2, we are only able to provide a necessary condition. Is this condition also sufficient
for these other fields?

e If we further consider the necessary and sufficient condition given in Corollary [3.:4] we can
naturally ask if this condition is easily “computable.” In a sense, if provided a degree three
polynomial, could we determine in polynomial time if it can be represented in the L*!Sym
model?
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A The Elementary Symmetric Polynomials

In this section, we will describe some of the basic properties of the elementary symmetric polynomials,
which are used throughout the paper. Due to their simplicity, these polynomials possess many nice
properties that we will use to simplify them and relate them to each other. For example, given
A1y, 0p,01,..., b, €F, we observe that

d
eyt (a1, by b)) = Y eR(an, . an)ef g (bry o D). (5)
k=0

We can also study their partial derivatives and observe that

dent " degy_ e
6$d (.’17) :edfl(m)_xi axl(x) :ed_ll(xlw"?xiflaxi{»la"-7xn)- (6)
7 7

We can then use this fact and a well-known property of homogeneous polynomials to conclude that

n

> a5k a) = d-ea). ()
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Another important property of the elementary symmetric polynomials are Newton’s identities.

We will denote p%(z1,...,2,) = 2¢ + -+ + 2%, Then, Newton’s identities are given by

d
def(zy, .. wn) =Y (=) pp(ar, . an)ef (@1, ). (8)
k=1

B Formula Lower Bounds

In this section, we will focus on proving the results of [CKSV22], specifically, we will prove Lemma
2] This is done for the sake of completeness and because the statement that we use, while not
difficult to see from the proof in the original paper, is slightly different. Further, we provide a minor
simplification to the original proof.

We will briefly recall the formal degree of a formula. The formal degree of a leaf node is defined
by the degree of the polynomial that the leaf node is labeled with. The formal degree of a sum gate
is defined as the maximum of the formal degrees of its children, and the formal degree of a product
gate is defined by the sum of the formal degrees of its children. Observe that the formal degree of a
formula upper bounds the degree of the polynomial it computes.

Instead of the typical definition, we will define the size of a formula to be the number of leaves
whose label is not constant. Observe that this is linearly related to the number of leaves in a formula
and its size (noting that we can “collapse” a node where both children are constants). We do this
to help simplify the proofs.

The idea behind the following proof will be to iteratively find large sub-trees in our formula whose
formal degree is strictly less than the degree of the polynomial we compute. We will then “peel”
these sub-trees from our formula and replace them with the constant part of the polynomial our
sub-tree computes, where we will continue our process. We will observe that each step in this process
only adds an error term that can be represented as the product of two constant-free polynomials.
Finally, we will combine our sub-trees of low formal degree to represent our polynomial by a sum
of products of constant-free polynomials summed to a low-degree polynomial. Our conclusion will
then follow using Lemma [1.5

To begin, we will state a simple fact about algebraic circuits, which merely states that every
formula has a node with formal degree in the range [t, 2t — 1].

Proposition B.1 (See Lemma 5.11 of [CKSV22|). Let ® be a formula of formal degree d. Then
for each t € [1,d/2], there is a vertex v in ® such that ®, has formal degree at least t and at most
2t — 1.

Further, there exists polynomials h, f € F[X] such that ® = h®, + f and, for every vy € F, hy+ f
can be computed by a formula of size at most |®| — |D,|.

Proof. First notice that the formal degree of a formula monotonically increases as one goes from a
leaf to the root. The leaves of the formula have formal degree at most one and the root has formal
degree d. Then, we observe that the formula degree of an internal node is at most the sum of the
formal degrees of its children. It is, therefore, impossible for a parent node to have formal degree
above 2t — 1 with children of formal degree strictly less than ¢.

Now, let v be a vertex in ® that satisfies the previous hypotheses. Notice that ® is linear in ¢,
so there are h, f € F[X] be such that & = h®, + f. Notice that, for any v € F, we could replace ¥,
with a leaf node labeled with ~, and it would have size |®| — |®D,|. O

In the next proposition, we represent our process of converting our polynomial to the form we
would like. Specifically, we suppose that we have some d’, and we want to represent a polynomial by
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a formula of formal degree strictly less than d’ with some error, represented by the sum of products of
constant-free polynomials. We will repeatedly apply Proposition to complete this simplification.

Proposition B.2 (See Lemma 5.12 of [CKSV22]). Let ® be a formula of size s and formal degree
d. For every d' > 3, there is a formula ®' and polynomials fi,..., fr,91,--.,grx € F[X] such that

k

o & =0+ Zi:l fii,

e @’ has formal degree less than d’,

o f1,....fr,91,-..,gr are constant-free polynomials, and
° k‘%’ <s.

Proof. We will prove this inductively on the size of the formula s. We first observe that the claim
is trivial if d < d’ (which certainly happens when the circuit is sufficiently small), as we can set
@’ = ®. Thus, if s is small enough such that d < d’, the claim is obvious.

Now, assume the hypothesis is true for all circuit of size strictly smaller than s. We assume that
d > d > 3. Then, we apply Proposition so that v is a vertex in ® such that &, has formal
degree between d’/3 and 2d'/3 and let h, f € F[X] satisfy the rest of the proposition. We will write
h=h+aand &, = ¢ + B, where b/, ¢’ € F[X] are constant-free polynomials and «a, § € F. Then,

P=hd,+f=0N+a)gd+8)+f=NWg +ag +(h8+[)

Notice that ag’ can be computed by a formula of size at most |®,| and formal degree at most 2d'/3
and, by Proposition h3+ f can be computed by a formula of size at most |®|—|®,|. We can thus
apply the inductive hypothesis to ha+ f and let ' be a formula and f1,..., fx, g1, ..., gx € F[X] be
polynomials that satisfy the hypotheses. We have that h', ¢’ are constant-free, so we let fri1 = A/
and gg+1 = ¢’. We define ®” to be the circuit resulting from summing ag’ and ®’, so that ®” has
size at most s and formula degree at most d’. Then,

k1
®=2"+) fig
i=1
Further notice that (observing that |®,| > d'/3)
d’ d
(k)5 < (9]~ @, + 5 < o). =

We can now use this to conclude the main result of this section.

Proof of Lemma[2.1. Suppose ® has formal degree D. Then, we apply Proposition [B:2] to obtain
polynomials h, f1,..., fk,91,---, gk € F[X] such that

k

o f=p+>_ figi

o deg(p) < d,

e fi,...,fr,91,...,9r are constant-free, and

Okggs.
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Then, if we consider ® as a formula over the algebraic closure of F, we can apply Proposition [L.5
to conclude that

3
dim Va(f) 2n—2k2n—2sg.

Therefore,

s > =(n—dim Va(f)). O

S
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