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Abstract

A random local function defined by a d-ary predicate P is one where each output bit is com-
puted by applying P to d randomly chosen bits of its input. These represent natural distributions
of instances for constraint satisfaction problems. They were put forward by Goldreich [Golll]
as candidates for low-complexity one-way functions, and have subsequently been widely studied
also as potential pseudo-random generators.

We present a new search-to-decision reduction for random local functions defined by any
predicate of constant arity. Given any efficient algorithm that can distinguish, with advantage
e, the output of a random local function with m outputs and n inputs from random, our reduc-
tion produces an efficient algorithm that can invert such functions with O(m(n/e)?) outputs,
succeeding with probability Q(e). This implies that if a family of local functions is one-way,
then a related family with shorter output length is a family of pseudo-random generators.

Prior to our work, all such reductions that were known required the predicate to have ad-
ditional sensitivity properties, whereas our reduction works for any predicate. Our results also
generalise to some super-constant values of the arity d, and to noisy predicates.
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1 Introduction

Local cryptographic primitives are those that can be computed in constant parallel time, i.e.,
implementable by constant-depth circuits (NC?) [CMO1, MST03, AIK06, Goll1]. At its core, local
cryptography poses the fundamental question of whether secure cryptographic functions can be
designed such that each output bit depends on only a constant number of input bits. Beyond
their natural efficiency, concepts from local cryptography have found many other applications,
such as in secure computation [ADIT17, BCGT17, BCM23, BCM*24], learning theory [DV21], and
indistinguishability obfuscation [LV17, JLS21, JLS22].

Random Local Functions A remarkable natural candidate for local One-Way Functions (OWF)
is the family of random local functions, introduced by Goldreich [Golll]. Fix a d-ary predicate
P : F4 — Ty for some constant d > 3. A random local function defined by P is one where each
output bit is set to be the result of applying P to d randomly chosen input bits.

To be more precise, this is a function fg p : F5 — F5" such that on an input s € Fy, the i-th
output bit of the function fg p(s); is P(sj,,...,s;,), where each j, € [n] is a randomly selected
index. The collection of indices for each output bit is represented as a tuple (or an ordered hyper-
edge) S; = (j1,..-,74) € [n]?. The collection of tuples is described as a hypergraph G = (Si)igim)-
Goldreich conjectured that if the predicate P is appropriately chosen and m is not too large or
small, then such a function is one-way with high probability.'

Crucial to the hardness of inverting these functions is the choice of the predicate P and
the relationship between the output and input lengths m and n. For instance, it is known
that, regardless of the choice of predicate P, inversion can be performed efficiently for some
m = O(n%pd/ 3llogn) [Appl6, Corollary 3.6]. Over the past few decades, there has been an
active line of work studying the complexity of inversion for various predicates and parameter set-
tings [Goll1, AHI05, BQ09, CEMT09, Its10, OW14, AL16, Appl6, CDM™18, COST19, YGJL22,
DMR23]. We discuss this work in more detail in Section 1.3.

Related Problems While conceptually simple, the problem of inverting a random local function
is related to several important problems from various areas of Computer Science. Viewing the
outputs of the function as constraints that the input needs to satisfy, this is an instance of a
random constraint satisfaction problem (CSP) [ATK08, CEMT09, RRS17, GHKM23, DV21].

Furthermore, suppose the predicate P is a noisy XOR function, i.e. P computes the parity
of its inputs and flips it with a small probability. This corresponds to the sparse learning parity
with noise problem (LPN) [Fei02, Ale03, FGKP06, CSZ24, BBTV24], which has many applications
in public key cryptography [ABW10], machine learning [BEG*22], indistinguishability obfuscation
[RVV24] and more [CGHKV24, DJ24, ABCM?25, BCM™*25]. If we then interpret the hypergraph
as describing the generator matrix of a linear code, inverting the local function corresponds to
decoding its noisy codewords from random noise. Similar to how Linear Regression is usually
interpreted, this may also be seen as a learning problem where the task is to learn the hidden linear
function (z,-) given many noisy evaluations.

LGoldreich originally studied a deterministic version of these functions where the hypergraph is fixed to be one with
certain expansion properties. Nevertheless, as random graphs are expanding with high probability, his conjectures
also imply the one-wayness of the functions we describe here.



Decision Problem Interpreting the problem of inversion as a search problem, one can naturally
define the corresponding decision problem as distinguishing the output of a random local function
(G, fa,p(s)), on a random input s, from (G, b), where b € F5" is uniformly random and independent
of G. Viewing the input s as the random seed, the hardness of the decision problem would imply
that the family of local functions is a family of Pseudo-Random Generators (PRG).

Given their locality, such PRGs could be very efficient to compute, but have a couple of limi-
tations. For example, with probability 1/poly(n), the graph G has a pair of repeated hyperedges,
in which case the corresponding output bits of fg p can be used to distinguish it from random.
The best bound on an adversary’s distinguishing advantage we can hope for against a random local
function is thus some 1/poly(n); we refer to such PRGs as “weak” PRGs. Second, known algo-
rithms place a limit of O(nl2#/31/2) on the stretch of this PRG if a d-ary predicate is used [App16],
and even stronger limits are known for certain classes of predicates [BQ09, AL16].

Regardless, it is still possible to construct a local PRG with negligible distinguishing advan-
tage (a “strong” PRG) from a random local function by processing the output further. Apple-
baum [App12] showed how to get a strong local PRG with linear stretch by applying a local extractor
to the output of an unpredictable random local function. Later, Applebaum and Kachlon [AK19]
effectively resolved these issues by showing that any weak local PRG that has non-trivial polyno-
mial stretch can be transformed into a strong local PRG with any desired polynomial stretch, at
the cost of some degradation of the locality. The key idea is to apply an additional layer of a local
randomness extractor to the output of the weak PRG.

Theorem 1.1 ([AK19, Theorem 2.12] weak-to-strong compiler). For every constantd € N, a >0
and c,c > 1, there exists a constant d’ for which the following holds. Any d-local PRGSs that stretch
n bits into n® bits with at most € = 1/n® distinguishing advantage can be converted into d'-local
PRGs that stretch n bits to n° bits with at most a negligible distinguishing advantage.

Search-to-Decision Reductions Following this discussion, if we can reduce the above search
problem to the decision problem, we can construct local PRGs from the one-wayness of random
local functions. Further, given the fundamental nature of the family of local functions and the
aforementioned connections to CSPs, decoding, etc., such reductions would be of broad interest
even outside the context of local cryptography.

Such a reduction was presented by Applebaum [App12] for predicates P that satisfy a sensitivity
requirement. We say that a predicate P is sensitive if there exists a variable such that flipping this
variable always results in the flipping of the output.

Theorem 1.2 ([Appl2, Theorem 1.4]). Fiz any sensitive d-ary predicate P. Suppose there exists
an efficient algorithm with distinguishing advantage € for the decision problem for random local
functions defined by P with m outputs and n inputs. Then there is an efficient algorithm with success
probability Q(g) for the search problem for random local functions defined by P with O(m3/e?)
outputs and n inputs.

They extend the above result to accommodate noisy predicates P, incurring an additional logn
factor in the output length required by the search algorithm [App12, Theorem 4.5]. The proof uses
a distinguisher to derive a “next-bit predictor” that can predict an output bit given all previous
output bits. It is then subsequently used to solve the search problem.

They also show that if the next-bit predictor gives a constant advantage, then the function
can be inverted with constant probability; this holds without any blowup in output length and



without requiring the predicate to be sensitive, but falls short of leading to pseudo-randomness or
a reduction to the decision problem.

There have since been a few notable improvements to the above search-to-decision reduction
in the special case of P being the noisy XOR predicate. Assuming the existence of a decision
algorithm for m outputs and n inputs with e distinguishing advantage for the noisy d-ary XOR
predicate P with noise parameter 7,

e [BSV19] showed that there exists an algorithm for the search problem with O(m(m/e)?/?)
outputs, maintaining the same locality constant d, but succeeding only with small probability
exp(—O(m/e)%/4). Their approach relies on a new approximate local list-decoding algorithm
for the d-XOR code at large distances.

e [BRT25] showed that there exists an algorithm for the search problem with O(nm-+n/n2e2(@=2)
outputs and n inputs for the noisy (d + 1)-ary XOR predicate. They further generalise their
result to any sensitive predicate, though again the predicates in the decision and search
problems are slightly different. The main approach is a transformation that removes a sen-
sitive variable from the predicate, creating a distributional shift. This shift then allows the
construction of a predictor that solves the search problem.

1.1 Our Contribution

In this work, we present a new search-to-decision reduction for random local functions, captured
by the following theorem.

Theorem 1.3 (Informal, see Theorem 3.1). Fiz any d-ary predicate P. Suppose there exists an ef-
ficient algorithm with distinguishing advantage € for the decision problem for random local functions
defined by P with m outputs and n inputs. Then there is an efficient algorithm with success probabil-
ity Q(e) for the search problem for random local functions defined by P with O(m(n/e)?log®(n/e))
outputs and n inputs.

Remark 1.4. If the predicate P is biased, the distinguishing task with a random binary string is
trivial. In this case, we define the decision problem to instead distinguish from a random binary
string with the same bias as P. That is, if Pr[P(z) = 1] = 7, then the distinguishing task is with
the distribution (G,b) where b is sampled from Bern(n)™.

The main improvement of our work over all existing search-to-decision reductions is the removal
of the requirement of the predicate being sensitive. This generalisation opens up the possibility
of constructing local PRGs (including strong ones, following Theorem 1.1) using the hardness
of inverting a wider range of local functions. Lack of sensitivity is potentially beneficial from a
cryptographic perspective, as it means one less form of structure, which may make certain classes
of attacks harder to mount.

While some of the steps in our reduction are similar to those in prior work, the core of our
approach is substantially different. For instance, in contrast to [Appl12, BSV19], we directly obtain
our search algorithm from the decision algorithm, without going through an intermediate predictor
for output bits. And in contrast to [BRT25], the predicate is preserved in the course of our reduction.

Our analysis depends only minimally on the predicate itself, relying instead on the mixing
properties of certain transformations we perform on the hypergraph. We hope that these techniques
will be useful in similar reductions beyond the context of local functions as well. We note that our



reduction does not achieve the same level of sample complexity as those for sensitive predicates
(approximately losing a factor of n), but we introduce techniques that we hope will allow future
work to close the remaining gap between our loss factor and the tighter bounds known for sensitive
predicates.

Optimal Reduction For sensitive predicates, there is currently no proven generic sample com-
plexity gap between the search problem and the decision problem. For a general predicate, however,
there is a trivial gap of y/n. Consider a random local function with m outputs and n inputs, with
the predicate P being the majority of 3 variables. One can solve the distinguishing task by finding a
pair of outputs that depend on the same input. This is because for a majority predicate, sharing an
input implies correlated output. With around m = y/n samples, such a pair appears with constant
probability. However, it is information theoretically impossible to solve the search with just \/n
outputs. Therefore, the best possible search to decision reduction reduces search with Os(m\/ﬁ)
samples to decision with m samples. This shows that our reduction is O.(n'?®) factor far from
optimal.

Generalisation In our hypergraph modelling of local functions, we allow a hyperedge to contain
repeated vertices. The alternative model that requires all vertices in a hyperedge to be distinct is
also commonly used. We extend our reduction to work for this model as well (see Section 4.2). We
also extend it to handle larger locality d = polylog(n), under some additional restrictions on m and
the advantage ¢ of the distinguisher (see Section 4.1). Finally, we can also handle noisy predicates
where independent Bernoulli noise is added to the output (see Section 4.3).

1.2 Overview of Techniques

In this subsection, we provide an overview of the techniques used to perform our search-to-decision
reduction, starting with the basic definitions. For the rest of the section, fix some d-ary predicate
P with n = Pr, [P(x) = 1].

Notation Given a binary string x, we use x; to denote the i-th bit in the binary string. Denote
by G, m, the set of all hypergraphs with n vertices and m ordered hyperedges, with d vertices in
each hyperedge. For a distribution D, we denote x < D to indicate that x is sampled from D; if D
is a set, this denotes sampling uniformly from the set. For any n € [0, 1], we denote by Bern(n) the
Bernoulli distribution with parameter . We say that a distinguishing algorithm D has advantage
€ in the decision problem with predicate P if:

P D(G =1 — P D(G,b) =1] >
b B DG Jar() =1- | Pr DG =1 ze
sF% b<Bern(n)™

Reduction Idea The high-level idea of our reduction is as follows. We start with a distinguisher
D with advantage £ as above. We use it to construct a set of predictor algorithms So, ..., S,, where
each S; has a small advantage 2(¢/t) in predicting the value of s; & s;, for some ¢t = O(nlog(n/¢)).
Further, we show that for an Q(e) fraction of secrets s, all of the S;’s simultaneously express this
advantage. Whenever such a secret happens to be selected, we can then amplify all these advantages
using O((t/€)?logn) independent samples and learn all the parities s; @ s; with high confidence,



thus recovering s itself. Altogether, the search algorithm needs O((n/)?log®(n/¢)) independent
instances, each with m outputs, and succeeds with probability Q(e), as stated in Theorem 1.3.

Predictor We will first provide more details on the construction of the predictors. Suppose we
have a decision algorithm D that has advantage €. Our goal will be to construct a set of algorithms
Si, such that for a large enough fraction of secrets s € FZ, there is a pair of numbers egs, negs € [0, 1]
where egs > neqs, such that the following holds for all ¢ € [2, n]:

o If 51 = s, then Pr[S;(G, fa,p(s)) = 1] = eqs
o If 51 # 54, then Pr[S;(G, fa,p(s)) = 1] < negs

As long as the gap between eqs and negs is not negligible, we can tell the relationship between sq
and s; by running the algorithm S; polynomially many times with independent problem instances
with the same secret s.

Each S;, on input some (G, y), functions by applying a randomised transformation 7" (described
later) to the hypergraph G. This transformation is designed such that if s; = s;, (T'(G), fa,p(s))
looks more like a random local function instance (G, fq p(s)), and if s; # s;, it looks more like
(G, b) where b < Bern(n)™. Next, the transformed problem instance (T(G), y) is fed to the decision
algorithm D, and S; outputs whatever D does. We will show using a hybrid argument that, for
any secret s for which D still has Q(e) advantage in distinguishing between (G, fg p(s)) and (G, b),
the gap between eqs and negs is at least Q(e/t), where t = O(nlog(nm/e)) = O(nlog(n/e)) (since
m = poly(n)).

Transformation The key to our improvement comes from the transformation. Here, we will
show how we achieve the gap of £/t between eqs and neqs where t = O(nlog(nm/e)).

The transformation Tgp : Grma — Gpm,d is a randomized function parameterised by two
values a, b € [n] that takes in a hypergraph G = (S;);c[m) With S; = (j1, ..., jq) and returns another
hypergraph G’ = (S});cm) with S} = (41, ..., jy), where the distribution of each of the j; is given
as follows

Prlj, =jil =1 if ji ¢ {a,b}

Pr[j, =a] = =, Pr[j, =bl = = if jy € {a,b}

Essentially, if a vertex in the hyperedge is not a or b, then it will remain. Otherwise, the vertex
will change to either a or b with probability half. It is easy to see that the uniform distribution
over Gy, mq is stable under this process, i.e the uniform distribution of G, ,, 4 is the same as the
distribution of uniformly sampling from G, ,,, ¢ and then applying the transformation.

Observe that if s, = sp, then the output of the random local function remains the same after
the transformation: f¢ p(s) = fr, ,(@),p(s). The transformation does nothing to the distribution of
(G, fa,p(s)) when G is uniformly distributed. Using &~ to denote similarity between distributions,
in this case, we have:

(T(G), fa.p(s)) = (T(G), fr),r(s)) = (G, fa,p(s))

On the other hand, when s, # sp, then in general fg p(s) is not the same as fTa,b(G)VP(S), and the
relationship between T'(G) and fg p(S) becomes less coupled than between G and fg p(s). In fact,



we can show that after we apply about ¢t = O(nlog(nm/e)) such transformations, the transformed
hypergraph will become independent of fg p(s).

Precisely, we show that for any hypergraph G, the distribution of 5, 4, 0 ... 0T, 4, (G) is close
to uniformly sampling from G, ,, 4. One can think of the transformation as a Markov process,
and O(nlog(nm/¢)) is the mixing time of this process.? This implies that with an independently
sampled G’ < Gy, .4,

(Taubt ©...0 Ta1,bl (G)a fG,P(S)) ~ (G,a fG,P(S))

To see why this might be true, note that after about ¢ = Q(nlog(nm/e)) such randomly chosen
transformations, every vertex in every hyperedge of G would have been touched by at least a few
of the transformations. As the random assignment in 7T, ; happens independently for each a or b
that appears as a vertex, this process quickly randomises the whole hypergraph.

We can, in fact, show an even stronger result: after applying ¢ = O(nlog(nm/e)) transforma-
tions, the transformed instance (T'(G), fg,p(s)) resembles an instance (G,b), where b is sampled
from Bern(n)™. The main task here is to prove fg p(s) ~ Bern(n)™ when G is sampled at random.
Notice that as G itself is not revealed (being completely hidden by T'(G)), each bit of fg p(s) is
simply an independent output of P when its inputs are chosen to be random bits from s. The bias
of this output depends heavily on the Hamming weight of s.

If s is extremely biased towards 1 or 0, one might be able to distinguish between these fg p(s)
and b with just a small output size m. Fortunately, for a randomly sampled s, the Hamming weight
is usually fairly balanced, around n/24+0O(y/n), and the bias of P on this input distribution remains
close to 1. We then claim that, conditioned on s being fairly balanced, one will need a large number
of output bits to distinguish between fg p(s) and b. And when the number of outputs reaches a
point where this distinguishing is possible, both the search and decision problems turn out to be
easy due to known algorithms from [Appl6].

Therefore, when m is not so large that the search problem is already easy, applying ¢ trans-
formations to the hypergraph G makes the joint distribution of the transformed hypergraph and
fa,p(s) look like (G, b) where b <— Bern(n)™. So when we apply the transformation T3 on s, # sp,
the distribution is indeed a step closer to the (G, b) distribution. The algorithm S;, on input (G, y),
applies a random number r < [0,t — 1] of transformations 7, ; to G with random a, b, and then
finally applies the transformation 77 ; once. Then, by a straightforward hybrid argument, we obtain
the properties of S; listed earlier, including that the gap between eqs and negs is at least Q(e/t).

There are a few issues that arise from the possibility of the distinguisher’s behaviour being
correlated with the secret that we have glossed over here. These are readily dealt with by simple
transformations like permuting the secret first, and are accounted for in the actual proof.

1.3 Related Work

Security of Random Local Functions Goldreich [Goll1] originally proposed using a randomly
chosen predicate, while cautioning against linear, degenerate, or otherwise structured predicates
that lead to easily solvable equation systems. It is known that myopic and drunken backtracking
algorithms (algorithms that only look at the instance locally each time they make a decision; this
includes many powerful SAT solvers) do not perform well on predicates with some linear component

2The proof of this claim is inspired by the convergence of randomised gossip algorithms [BGPS06].



P(zy,...,xq) =21+ -+ 2 + Q(Xk41,...,xq) for an arbitrary @ with k£ > 3d/4 for some large
enough d on n variables and n outputs [AHI05, CEMT09, Its10]. For the XOR-AND3 2 predicate
P(z1,...75) = 21 + 29 + o3 + 2475, [OW14] show pseudorandomness up to output length n!4%
against [Fo-linear tests and a wide class of semi-definite programming algorithms. The work of
[ABR12] showed a dichotomy — for output length n'*9_ every choice of the predicate results in the
random local function that either is secure against linear tests with high probability, or is insecure
with high probability.

On the negative side, [BQO09] presented attacks against predicates that exhibit strong correlation
with one or two input variables. [AL16] showed necessary conditions on the predicate P to prevent
certain families of algebraic attacks. For a random local function with predicate P, and output
length m = n®, they show that it is necessary to be €(s)-resilient (s-resilient means that P is
uncorrelated with any s-subset of its input) and have an algebraic degree of €(s) even after fixing
Q(s) of its inputs. In particular, they show that for all £, k, the XOR-AND, ; predicate suggested
by [OW14] is not pseudorandom with n?%! outputs. They then suggest an alternative candidate,
XOR-MAJy . [Appl6, Corollary 3.6] showed that regardless of the choice of predicate P, observing

more than Q(n% [2d/3] logn) outputs gives an efficient algorithm to recover the input.

[CDM 18] looked at the concrete security of Goldreich’s function and developed a sub-exponential
time attack and analysed the efficiency of algebraic attacks, such as Grobner basis methods.
[YGJL22] built on their work, improving the time complexity. [COST19] showed that the as-
sumption of the hypergraph being a good expander is not sufficient; the neighbour function of the
graph must also have high circuit complexity.

More recently, [DMR23] investigated the problem of designing predicates that simultaneously
achieve high resilience and high algebraic immunity. A predicate with high algebraic immunity
guarantees a high algebraic degree after fixing some inputs, though the converse does not necessarily
hold [AL16]. [DMR23] conjectured the existence of such optimal predicates and demonstrated that
the commonly used XOR-MAJ predicate does not satisfy this optimality criterion. Furthermore,
through experiments, they identified optimal predicates for localities up to 12.

On attacking local PRGs, it is known that there exists a subexponential time algorithm for
distinguishing superlinear stretch local PRGs with noticeable probability [ATK06, Zicl7, UnaQS].
A related variant of local PRG is also studied by [ABCM?25], where the input string is not uniformly
sampled. Assuming the hardness of sparse LPN, they showed that superlinear stretch with negligible
distinguishing advantage is possible.

Local Cryptography Cryan and Miltersen [CMO1] initiated the study of local PRGs, where
they showed the impossibility of a PRG in NC{ (circuit with depth of 3) with superlinear stretch.
Mossel et al. [MST03] then extended the impossibility to NCY.

On the positive side, Applebaum et al. [AIK06] proved the existence of an OWF and a sublinear
stretch PRG in NCP, assuming the existence of an OWF and a PRG in NC! (logarithmic depth
circuits), which follows from well-established cryptographic assumptions such as the hardness of
lattice problems. The same authors [AIKO08] further showed the existence of a linear-stretch local
PRG assuming the hardness of the average case MAX-3LIN problem [Ale03], which is related to
the sparse LPN problem.

Goldreich [Golll] proposed the local OWF candidate discussed earlier in this section, based
on random local functions. It is known that under this assumption, one can obtain a polynomial
stretch local PRG from the work of [App12, AK19] and locally computable universal one-way hash



functions with linear shrinkage [AM13]. Other related work includes the hardness amplification
results for local OWFs by [BR11].

Organization

In Section 2, we describe preliminaries and formally define the terms that we will use throughout the
paper. Section 3 will be on the proof of our main search-to-decision reduction theorem. Section 4
will discuss the generalisation of our theorem to other interesting families of problems. Finally, in
Section 5, we include deferred proofs and additional details from the other sections.

2 Preliminaries

Notation. Given a binary string x, we use x; to denote the i-th bit in the binary string. Given
two distributions D1, Do, If the two distributions are equivalent, we write D1 ~ Ds. If © + D1,
this means x is sampled from D;. Here, D; can also be a set, in which case this denotes sampling
uniformly from the set. We denote a finite field of size p as F), where p is a prime. For any n € [0, 1],
we denote by Bern(n) the Bernoulli distribution with parameter 7.

Definition 2.1 (Statistical Distance). Consider two distributions D1, Dy defined over space @, the
statistical distance (Total Variation Distance) is defined as

1
A(Dy, Do) = 5 Y [PrDy = a] — Pr[Dy = ]
TEQ
Definition 2.2 (Hamming weight). Denote the Hamming weight of a binary string x as wt(zx).

Definition 2.3 (d-ary). Ford € N, a d-ary predicate P is a function P : Fg — Fy (that is, it takes
d elements as input).

Definition 2.4 (Bias). Suppose a d-ary predicate P, the bias of P is defined as ExHFg [P(z)] =
Pr, rg [P(z) = 1]. We commonly denote the bias as n € [0,1]

Definition 2.5 (Bounded Bias). Suppose a d-ary predicate P with bias 1, we say that the bias is
bounded if there exist two constants ci,co such that 0 < ¢; < ca <1 and n € [e1, c2]

Definition 2.6 (c-correlated, [Appl6, Section 3.2]). We say that a non-constant predicate P is c-
correlated if ¢ is the minimal positive integer such that it is correlated with the parity of a cardinality-
c subset of its inputs. More formally,

1
PrP(z) = Y al # 5
€T
for some subset T' with cardinality c.

Definition 2.7 (Hypergraph). For n,m,d € N, an (n,m,d)-hypergraph is a hypergraph on n
vertices with m hyperedges, where each hyperedge S; is an ordered tuple S; = (j1,...,jq) € [n]%.
We commonly write a hypergraph as G = (5;)ie[m)



Note that this definition of hypergraph allows repeated values in the hyperedges. We denote
the set of all (n,m,d)-hypergraphs as Gy, 4, and also use this symbol to denote the uniform
distribution over this set.

Definition 2.8 (d-local function). Consider a d-ary predicate P and a (n,m,d)-hypergraph G, a
d-local function is a function fg p : Fy — F3' such that given input x, the i-th output is defined as

fe,p(x)i = Pz, ... xj,)
where S; = (ji,...,Ja) is the i-th hyperedge of G.

Informally, the i-th hyperedge decides which input indices are applied to the predicate to com-
pute the i-th output.

Definition 2.9 (Decision Problem). Consider a d-ary predicate P with bias n and the uniform
hypergraph distribution Gy, mq. An algorithm D is said to have advantage € € [0, 1] in solving the
Decision Problem for (P,n,m), if the following holds:

P = — = >
b B DGSer() =1 | P DG =12
s«Fp b+ Bern(n)™

In other words, the algorithm can distinguish the output of the d-local function from a random
binary string of length m that has the same bias as the predicate P. The corresponding hypergraph
of the local function is randomly sampled from G, ,, 4, and the input is randomly sampled from

Remark 2.10. Suppose a d-predicate P with bias , G <= Gy md,s < F5,b0 < Bern(n)™. The
distribution (G, fg,p(s)) is called the planted distribution while (G, b) is called the null distribution.

Definition 2.11 (Search Problem). Consider a d-ary predicate P and the uniform hypergraph
distribution Gy m.q. An algorithm S is said to have success probability ¢ € [0,1] in solving the
Search Problem for (P,n,m) if the following holds:

Pr  [S(G, fa,p(s) =, such that fgp(s) = fap(s)] >«

GFGn’m’d
sy
Remark 2.12. To simplify notation, we assume that the description of the predicate used P is
public knowledge. All algorithms have access to the description of P. Also, all predicates P are
assumed to be non-constant, as the search problem on constant predicates is trivial.

Lemma 2.13 (Sample threshold, [Appl6, Theorem 3.5]). Given a c-correlated d-ary predicate P,
where d = O(1), there exists a polynomial-time algorithm for both the Search and Decision Problems
for (P,n,m) for some m = O(n? + nlogn) with success probability and advantage, respectively,
that is 1 — o(1).

Proof Sketch. Suppose T is a minimal subset of size ¢ that is correlated to the predicate. Since
d = O(1), the correlation with the parity is a constant. Without loss of generality,

Pr[P(x) = 3 ] - % > 974 — (1)
€T



Each output of the d-local function can then be written as parity sum -+ noise,

fap(x);=> xzite

€T

where e is a Bernoulli random variable. A constant correlation also implies that the Bernoulli
parameter is constant. An algorithm to solve the search problem is constructed by reducing the
problem to a c-sparse noisy linear system. Having m = Q(n®?) gives roughly Q(n) pairs of equations
where ¢ — 1 variables are the same, while the rest of the variables are disjoint. Each pair then has
its equations combined to obtain 2-sparsity noisy linear equations with constant error rate. Since
there exists an efficient algorithm to solve a 2-sparsity noisy linear system with a constant error
rate, we are done. ]

3 Search-to-Decision Reduction

Theorem 3.1. Consider a d-ary predicate P, with d = O(1). Suppose there is a polynomial-time
algorithm that has advantage € € [0,1] in solving the Decision Problem for (P,n,m) for some
m = poly(n). Then there is a polynomial-time algorithm for the Search Problem for (P,n,{m) that
has success probability Q(e), for some £ = O((n/e)?log3(n/e)).

The idea of the proof is that we first show there exist ¢ = Q(nlog(n/e)) hybrids Hy, ..., H;
where Hy hybrid has the same distribution as the planted distribution and H; distribution has a
small statistical distance from the null distribution. Then we construct a predictor on the value
of s; where ¢ € [2,n] by applying a transformation to the H; hybrid such that when s; = s;, the
transformed distribution will be H; hybrid, and H;41 otherwise. Using the hybrid argument, this
will give a €/t advantage in predicting the value of s; @ s;. This prediction can then be amplified
with ©((t/¢)?log(n/e)) repetition and guessing the value of s; to recover the secret s.

Suppose that P is c-correlated, we can then assume that m = o(nc/ 2-2) as if not then both
Search and Decision for distribution Gy, gxm,q Will become easy due to Lemma 2.13, making our
theorem statement trivially true. The same reasoning implies that we can assume € = w(n_c/ 4,
This assumption will be used in Claim 3.10

The rest of the section will cover the proof of this theorem. It is split into 3 parts: the definition
of the hybrids and proofs of their properties, the construction of the predictor algorithm, and the
amplification of its advantage. Throughout the proof, fix any d-ary predicate P for any constant d.

3.1 Hybrids

In this subsection, we will define the hybrids H; and prove that the Hy hybrid has the same
distribution as the planted distribution and the H; distribution has a small statistical distance
from the null distribution. First, we start by explaining the hybrid argument.

Claim 3.2 (Hybrid Argument). Suppose there are t distributions Hy, ..., Hy such that an algorithm
D has advantage € in distinguishing Hy and H;. Then the algorithm can distinguish H; and H;iq
with advantage €/t on a randomly chosen i. Formally,

P D(H;)=1- P D(Hip1) =1]| > ¢/t
i<—[0,¥—1}[ (H) = 1] i<—[0,£—1][ (Hir) = 1]} 2 ¢/
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Definition 3.3 (Permuted Hypergraph). For a permutation © on [n] and a hypergraph G =
(Si)icm), we define the permuted hypergraph 71(G) = (S;)icm) as having the values in the hyperedges
permuted with 7. i.e. Suppose S; = (j1,...,7j4), then

S: = (ﬂ'(jl)7 cee 77T<jd))

Next, we define a randomised transformation on a hypergraph G = (5;);c|mm) parameterised by
two values a, b € [n], such that the member value in each hyperedge S; will remain the same if it is
not a and not b. Otherwise, it will switch to a or b with probability half.

Definition 3.4 (Transformation). Define a randomized transformation T, : Gpm.d — Gnm.d as
follows: On inputting a hypergraph G, each of the hyperedges S; = (ji,...,Jjqa) is transformed to
Si=(41,--.,7}) independently where

Priji =jel =1 if ji ¢ {a,b}

, 1 . 1
Prljp =a] =3, Prljp =8 =5 i jr € {a,0}
The hybrid is then defined by repeatedly applying this transformation to the permuted input
hypergraph.

Definition 3.5 (Hybrid). Given a secret s, define the i-th hybrid distribution H? as applying i
many randomly selected transformations to the permuted randomly sampled hypergraph of a d-local
function.

H} = (Tayp; © - - 0 Tay , (7(G)), fa,p(s))

where G < Gy .4, T is a randomly sampled permutation on [n], and for each j € [i], aj,bj + [n].

Now we show that the terminal hybrids Hy and H; are similarly distributed to the planted and
the null distributions, respectively.

Definition 3.6 (e-fairly balanced secret). For e € [0,1], we say that a secret s € Fy is e-fairly
balanced if the Hamming weight wt(s) € [n/2 —w,n/2 + w]| where w = 2y/nlog(1/e).

Remark 3.7. By Chernoff bound, the probability that a randomly sampled secret s < [} is not
e-fairly balanced is at most o(e).

Lemma 3.8 (Terminal Hybrid). Suppose d = O(1), m = o(n/>=2) and ¢ = w(n=%*), consider any
c-correlated d-ary predicate P with bounded bias n, and any e-fairly balanced fived s € Fy. With
the sampling s' < F3 conditioned on wt(s) = wit(s') and G < Gy m a4, we have the following:

1. The distribution of H{ is identical to (G, fa,p(s)).

2. The distribution of H} has statistical distance at most /4 from (G,b), where b <— Bern(n)™,
for some t = O(nlog(nm/e)) = O(nlog(n/c)).

Proof. For H§, the only changes made are that a randomly sampled permutation is applied to the
hypergraph. However, since the hypergraph is randomly sampled and s’ is sampled such that it
has the same Hamming weight as s, it is identically distributed to (G, fa.p(s')).

H = (n(G), fa.p(s)) = (7(G), fr(c),p(7(5))) = (G, fa,p(7(s))) = (G, fa.p(s))

For Hy, we claim that no matter the initial starting hypergraph G, after applying the transforma-
tions to G, it will become distributed like a randomly sampled hypergraph. Formally,

11



Claim 3.9 (Random Graph). Given any G € Gy .4, if aj,b; < [n], m = poly(n) and for some
t = O(nlog(nm/e)), then the statistical distance between T, p, o ... 0 Tg, p, © G and the uniform
distribution over Gy, m 4 is at most /8.

Proof Sketch. Intuitively, each hyperedge will get more randomised when a random transformation
is applied. Once we apply t = Q(nlog(nm/e)) random transformations, every hyperedge in the
hypergraph would have been touched by a few of the transformations, and would look like a
randomly sampled one. This will then imply the distribution of T, p,0.. .07}, 5, oG and the uniform
distribution from G, ,,, ¢ Will be close. An alternative view is to think of the transformations as a
Markov process, then ¢ = Q(nlog(nm/e)) is the mixing time of the Markov Chain. The details of
the proof are deferred to Section 5.1 O

Claim 3.9 implies that H} is similarly distributed as (G', fg p(s)) where G' <= G, 4 and is
unrelated to the output of the local function. Now, we would like to show that the output of the
local function is statistically close to a random binary string with the same bias 7.

Claim 3.10 (Random Output). Suppose s is e-fairly balanced and G < Gp 4, M = o(n®?-2),
e =w(n=*), d = 0(1) and a c-correlated d-ary predicate P with bounded bias 1, then the statistical
distance between fg p(s) and Bern(n)™ is at most /8.

Proof Sketch. Suppose that the secret s is perfectly balanced, then since each output of the d-local
function is independent conditioned on the secret, the distribution of fg p(s) (for random G) is
exactly the same as Bern(n)™. Using the e-fairly balanced assumption on s, we know that the bias
towards 1 or 0 is bounded by 1/2 + 2log(1/e)/v/n

Say the bias towards 1 is 1/2+«a. From knowing that the predicate P is c-correlated, we can then
show that E;,. p [P(z1,...,24)] —n = O(a®). Then, using KL divergence and Pinsker’s inequality,
it can be shown that one requires Q(n%?) samples to distinguish the output from Bern(n)™. But
having so many samples also means that both search and decision become efficient to solve. In
particular, we use the assumption that m = o(nC/Q_Q), €= w(n_c/4), to show that the statistical
distance is o(¢). The details are deferred to Section 5.2. O

Combining both claims, we get an implication that for t = Q(nlog(nm/e)) with a large enough
constant, H; has statistical distance at most /4 from (G, b) where b «— Bern(n)™ O

The next claim says that if the statistical distance is small, the decision algorithm can still be
used to distinguish, even when the distribution is not exactly the same.

Claim 3.11. Given D for Decision Problem with advantage € € [0,1]. If the distribution null’ is
taken from a distribution that has statistical distance with the null distribution of at most €/k for
constant k > 1, then D can distinguish planted and null’ with advantage at least Q(e).

Pr [D(planted) = 1] — Pr [D(null’) = 1] ) >ce—e/k=Q)

Proof. This is because all algorithms can only distinguish null’ and null with an advantage of at
most the statistical distance. O
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3.2 Predictor

In this subsection, we will describe the construction of a predictor that can predict the value of
s1 @ s; with high probability. The predictor internally constructs hybrids and decides based on the
outputs of the distinguisher under these hybrids.

First, we will address the technical challenge that the decision algorithm may just fail to work
for some secret s. Since we perform a permutation on the hypergraph, the Hamming weight of the
secret s is fixed throughout the reduction. If we are unlucky and get a “bad” Hamming weight that
the algorithm always fails, then recovery is impossible. Nevertheless, it can be shown that there is
still a sufficiently large number of secrets (parameterised by €) which are good to distinguish.

Definition 3.12 (Good Secret). For a distinguishing algorithm D with advantage €, define Gp C F3
to be the set of secrets whose Hamming weight is good to distinguish. i.e.

Gp = {3 e Fy Pr [D(G, fa,p(s')) =1] — Pr[D(G,b) = 1] > 5/2}

s/« 2 wt(s)=wt(s’)
where G < Gy m.da,b < Bern(n)™, n is the bias of P.

Note that Gp is essentially a collection of binary strings that has some Hamming weights. If
wt(s) = wt(s") and s € Gp, then s’ € Gp.

Claim 3.13. Suppose D has advantage €, then |Gp| > €/2 - (2").
Proof Sketch. Proven using Markov’s inequality, the details are deferred to Section 5.3. O
In the next lemma, we describe the predictor algorithm for s;.

Lemma 3.14. Consider any d-ary predicate P with bounded biasn, and suppose there is a polynomial-
time algorithm D that has advantage € to solve the Decision Problem for (P,n,m). Then there is a
set of polynomial-time algorithms {Sa,...,S,} such that for all e-fairly balanced and good s € Gp,
there is a pair of numbers eqs,neqs € [0,1] and the algorithms behave as follows for each i € [2,n]:

o If s1 =s;, then Pr[S;(G, fa,p(s)) = 1] = eqs
o If s1 # s;, then Pr[S;(G, fa,p(s)) = 1] < negs

Further, for some t = O(nlog(mn/¢)), the following holds for all such s:
eqs — neqs > /4t

Proof. Fix any e-fairly balanced and good s € Gp, without loss of generality, we can remove the
absolute value on the advantage of D. i.e. Pr[D(planted) = 1] — Pr[D(null) = 1] > /2. Then, the
following corollary is immediate from the previous lemmas.

Corollary 3.15. There exists t = O(nlog(nm/e)) such that:

P DH))=1]—- P D(H: )=1]>¢/4
Pr D) =1 Pr ID(H) = 1] > </t

Proof. Combine the statements from good secret Definition 3.12, hybrid argument Claim 3.2, ter-
minal hybrid Lemma 3.8 and statistical distance Claim 3.11 O
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Now we describe the predictor algorithm S;. On input (G, fg p(s)) and given blackbox access to
D, it acts as follows:

Algorithm S;(G, fc p(s)):

1. Sample a random number 7 < [0,¢ — 1].
2. Sample a random permutation 7 on [n].

3. Get H; by performing r hybridization steps on G, i.e.
H = (Ta,p, 0.0 Ta 5, (7(G)), fa,p(s)), where aj, bj < [n].

4. Apply T7r(1),7r(z') to H? to obtain H.
5. Return D(H).

Note that the specification of S; does not depend on s itself. From the described algorithm, we
know that S;(G, fa,p(s)) = D(H). To use Corollary 3.15, we would like to show that when s; = s;,
the distinguisher’s output on H; remains similar even if the input is replaced with H. For the case
of s1 # s;, the comparison is with H} | instead.

Claim 3.16 (Equal). If s1 = s;, then H ~ H.

Proof Sketch. When s1 = s;, this implies 7(s)r(1) = 7(8)x(;), Which means that the transformation
Tr(1),x(s) on the hypergraph does not affect the output of the d-local function. Essentially, no effec-
tive randomisation is performed, and the distribution does not look more like the null distribution.
Therefore we are able to conclude that H ~ H;. Details are deferred to Section 5.4 O]

Claim 3.17 (Not Equal). If sy # s;, Pr[D(H; ;) = 1] > Pr[D(H) = 1].

Proof Sketch. When s # s;, this implies 7(s)x(1) # 7(8)(;). Therefore, only effective randomisa-
tion is performed. The distribution H looks more like the null distribution than H;, , because the
last transformation T3 on H;P, | could be effective or not, depending on the choice of a,b. Since
the distinguisher tends to return 1 less often when given the null distribution, when H is given as

an input, it should return 1 less often than H;, ;. See Section 5.5 for details. O

As noted above, Pr[S;(G, fa,p(s)) =1] = Pr[D(H) =1]. Set eqs = Pr[D(H;) = 1] and neqs =
Pr[D(H;,,) = 1]. Combining Corollary 3.15 and the two claims above then proves the claimed
behaviour of the S;’s, and also yields eqs — negs > €/4t. O

3.3 Amplification

Now we will show how to amplify the predictor’s advantage for each ¢ € [2,n], and eventually
recover s. To use the predictor, we first need to guess the value of s;. Since there are only 2
possible values, 0 and 1, we can just try both values. This will ultimately give two candidates
as the solution to the problem. The correct one can then be verified by re-evaluating the d-local
function on the candidates.
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Next, as the S;’s only guarantee a gap in the response based on the relationship of s; and s;,
to correctly identify the relationship with high confidence, we will need to estimate the response of
S; when s; = s;. More precisely, the following value needs to be estimated

eq. = Pr[D(H) = 1]

Furthermore, the value eqs could vary based on the value of s. Fortunately, since for secrets s with
the same Hamming weight, we know that their egs is the same, as in our construction of the hybrids
the first step is to effectively permute the secret. We just have to perform this estimation for one
secret for each possible Hamming weight.

The estimation can be done by locally generating a secret of a given Hamming weight and a
random problem instance, then applying hybridisation and sending it to the distinguisher D. With
O((t/e)*1og(n/e)) number of trials, by Hoeffding’s inequality, the average will converge to within
o(g/t) of the true value of eqs, with failure probability o(¢). Once we have these estimates, we run
the computations below with each of them until the correct one is used and the secret s is found.

Given the value of egs, fix some i € [2,n]. We can amplify the prediction probability by rerun-
ning the predictor S;(G, fg.p(s)) with a fresh new problem instance of the same secret s, with an
independent new G. Suppose [ repetitions are performed, take the sum of the outputs of S; and put
a threshold at I(eqs —e/8t). If it is greater than that, return s; as the guess for s;; otherwise, return
the flip of s7. Formally, let X be the random variable of the sum of the output of the distinguisher.

If s1 # si, E[X] < l(eqs — £/4t), by Hoeffding’s bound

Pr[X > I(eqs — /8t)] < exp(—O(l?/1?))
If s1 = 54, E[X] =1 eqs, by Hoeffding’s bound

Pr[X <l(eqs — ¢/8t)] < exp(—O(1e?/1?))

Therefore, the failure probability is at most exp(—O(l?/t?)).

Now that we have a predictor of s; with high probability, use the same set of problem instances
to learn other s; for j € [2,n]. Performing a union bound over all i, we set I = ©(t?log(n/c)/e?)
for a failure probability of at most €/4 in guessing correctly whether s; = s; for all i € [2,n].

Finally, we can now prove our main theorem Theorem 3.1. Since we assumed that d = O(1),
the d-ary c-correlated predicate P must have bounded bias (depending on d), and we can assume
m = o(n“?>72) and & = w(n~*). The recovery of the secret in total costs O((n?/e2)log3(n/e)) x m
samples and runs in time polynomial of n,m and T (runtime of decision algorithm). The success
probability is determined by the number of good secrets and whether the secret is e-fairly balanced,
as the above algorithm works if both these conditions are met. The probability that a randomly
selected secret is not good is 1 —¢/2 (Claim 3.13), the probability that a randomly selected secret is
not fairly balanced is o(e) (Remark 3.7). By union bound, the probability that a randomly selected
secret is both good and fairly balanced and the algorithm succeeds is 2(¢). Finally, if the original
distinguisher runs in polynomial time, then all of the above can be done in polynomial time as well.
This proves Theorem 3.1.
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4 Generalization

In this section, we will describe several interesting generalisations of our technique to a larger family
of problems. Throughout, we say that a predicate has bounded bias if its bias is bounded away
from 0 and 1 (see Definition 2.5).

4.1 Non-Constant Sparsity

Theorem 3.1 has the assumption that the sparsity d must be a constant. A natural question is
whether the same result holds for larger non-constant sparsity, say d = logn, and to what extent
the techniques fail. The parts of the proof of Theorem 3.1 that requires constant sparsity are
Claim 3.10 (that the output distribution of the function is close to Bernoulli), and the sample
threshold lemma (Lemma 2.13, which gives algorithms for large enough m, letting us assume in
our proof that m = o(n®/?72) and € = w(n~%*)). Unfortunately, the latter lemma might well not
be true when d = w(1).

Regardless, we can still generalise the relationship between m and e for which our reduction
applies. In particular, we generalise Claim 3.10 so that it allows non-constant locality. The require-
ment that we will need to add to allow our reduction to work for d = polylog(n) = O(log"(n)) for
any constant r > 0 is:

(m/n°) - (log” (n) log(1/€))** = o(e2) and log’ (n) log(1/2) = o(v/n) (1)

Although these conditions may appear complicated, they are easily satisfied when ¢ = w(nfc/ 4,
m = o(n®/?) (a stronger condition). The generalised theorem is as follows.

Theorem 4.1. For d = O(log" n) with constant r > 0 and ¢ < d, consider a c-correlated d-ary
predicate P with bounded bias. Suppose there is a polynomial-time algorithm that has advantage
e € [0,1] in solving the Decision Problem for (P,n,m) for some m = poly(n) such that Eq. (1) is
satisfied. Then there is a polynomial-time algorithm for the Search Problem for (P,n,fm) that has
success probability Q(e), for some £ = O((n/e)?log3(n/e)).

Proof Sketch. The proof is the same as that of Theorem 3.1, except for the proof of the Terminal
Hybrid Lemma 3.8, where we need to re-state Claim 3.10 to account for non-constant locality, as
follows.

Claim 4.2. Suppose s is e-fairly balanced and G < Gy ma, with d = O(log" n), a c-correlated
d-ary predicate P with bounded bias n and Eq. (1) is satisfied, then the statistical distance between
fa.p(s) and Bern(n)™ is at most €/8

Proof Sketch. Most of the proof remains the same as that of Claim 3.10; the first change that we
have to make is that the bound we get on the bias of P when given non-uniform inputs is slightly
different, requiring an additional log® (n) factor.

a k "(n) lo ¢
B, [Plosa] -1 =0 (Z (i1 /2)) ) o (Ll tnloati)

Where the last equality is from the assumption that log”(n)log(1/e) = o(y/n).
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The second change is in the final part where we show the statistical distance between fg p(s)
and Bern(n)™ is o(e), where we will use the assumption that (m/n°) - (log”(n)log(1/¢))* = o(?)

as follows.
O( /ma2c) -0 <\/m % (IOgT(n) 10g(1/5))20> _ 0(6)

nC

4.2 Distinct values in the hyperedges

Another common definition for d-local functions is to have the requirement that in each edge of
the hypergraph, every vertex is distinct — that is, for any output bit, the same bit is not given
twice to the predicate as input when computing it. Our technique still works in this model, with a
slightly larger number of hybrids ¢t and with d = O(log" n). There are two claims in the proof that
are affected by this change, which are Claim 3.9 and Claim 3.10, both about the uniformity of the
terminal hybrid.

For Claim 3.9, it could be that for the transformation T, ; that is applied, there are hyperedges
that contain both a and b, which then cannot be replaced independently. The easiest modification
to do here is to not perform any changes in this event. Formally, the transformation 75, ; is modified
as follows: for a hypergraph G = (S;);cjm), each S; = (j1, ..., ja) is transformed to S; = (j1,...,j;)
independently where

Priji =il =1 if jx € {a,0} or {a,0} S {j1,. .., ja}
1
Prlj, =b] = 3 otherwise

Then, for each edge, on expectation, there will be around t x (n? — d?)/n? transformations that
have {a,b} Z {j1,...,Ja}. Call these transformations effective. The expected number of effective
transformations ¢’ is asymptotically the same ¢ when d is small (say d = O(log" n)).

E [f]=txn*—d°)/n*=0()
a,b<[n]
Since each choice of a,b is independent, using concentration bounds, using 10 - ¢ transformations
will ensure that there will be at least ¢ effective transformations for every edge with probability at
least 1 — exp(—£2(t)), which is also 1 — o(e).

The other issue is in Claim 3.10, where after an index in s is selected, it cannot be chosen again.
Suppose the input contains more ones than zeros. In the worst case, the previously selected inputs
are all zeros, which only increases the fraction of ones among the remaining inputs. Nevertheless,
as long as d is small enough, the bias will still be bounded by 1/2+O(log(1/¢)/y/n) with a different
constant factor. This is still considered as poly(e)-fairly balanced secret, and would not be an issue
asymptotically.

Define the Distinct Decision (respectively Search) Problem as the Decision (respectively Search)
Problem, but with the hypergraph restricted to having distinct vertices in the hyperedges.
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Theorem 4.3. For d = O(log" n) with constant r > 0 and ¢ < d, consider a c-correlated d-ary
predicate P with bounded bias. Suppose there is a polynomial-time algorithm that has advantage
e € [0,1] in solving the Distinct Decision Problem for (P,n,m) for some m = poly(n) such that
Eq. (1) is satisfied. Then there is a polynomial-time algorithm for the Distinct Search Problem for
(P,n,¢m) that has success probability Q(e), for some £ = O((n/)*log®(n/¢)).

Proof Sketch. The proof is almost the same as that of Theorem 3.1, except that first we replace
Grm,d to be the set of all hypergraphs having distinct vertices in the hyperedge. Next, we modify
our transformation 7, ; to not perform any swap when both a,b are in the hyperedge. It is easy
to see that the uniform distribution over G, ,, 4 is still stable under this modified transformation.
Then, we increase the number of transformations by a constant factor, say 10 - ¢, to still obtain
Claim 3.9 with probability 1 —exp(Q(t)) > 1 — o(e).

Aside from the changes required to account for larger d (see Claim 4.2), we will also need to
modify the proof of the bias to account for distinct values. (Refer to Section 5.2)

1|

€S

1 R
E [Pay,..m)l—n=—5 Y P(SE
' 5C[d],|S|>¢

We cannot expand the expectation as a product of expectations because they are not independent.
However, we can still do conditional expansion of the expectation. E [Hies yi] =E [yj E [Hies’i# vi | yjH )
Conditioned on the previous choices, the bias of the distribution does not change significantly,

1 log(1 log®(1
E[y1ly2, .- v4 = 5t O(Og\(Fn/e)). Therefore, we still achieve E,,. p [P(z)] —n = O(Og\(rnc/e)).
The rest of the proof follows. O

4.3 Noisy Predicate

Motivated by the LPN problem, we also apply our reduction to the case of the predicate P being
noisy. Namely, the predicate P is defined as

P(x1,...,2q) = R(x1,...,24) + €

for some deterministic function R : F4 — Fy, where e is an independent Bernoulli random variable.

For a noisy predicate P, one affected part in our proof is that we cannot use the Fourier
Transformation as is in the proof of Claim 3.10. Nevertheless, we still have the analogous claim on
the deterministic predicate R, and it is easy to see that the error would only decrease the statistical
distance between fg r(s) and Bern(E [R])™.

A(fa,p(s), Bern(E[P])™) < A(fa,r(s), Bern(E[R])™)

This is due to the fact that the noise distribution added to both distributions is the same.
However, since the bias of P might not be the same as the bias of R, we do need R to have bias
bounded away from 0 and 1 for this to work. If d = O(1), then any non-constant R will always
have bounded bias.

The other part that is affected is the verification of the secret. Since noise is added, and our
algorithm returns two secret candidates with s; = 0 or s; = 1 for each e-fairly balanced Hamming
weight, it could be difficult to identify which is the correct solution. Omne could just return the
answer that is more likely to be correct in that case.
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Theorem 4.4. Ford = O(log" n) with constant r > 0 and ¢ < d, consider a c-correlated d-ary noisy
predicate P with bounded bias. Suppose there is a polynomial-time algorithm that has advantage
e € [0,1] in solving the Decision Problem for (P,n,m) for some m = poly(n) such that Eq. (1)
is satisfied. Then, for some { = ©((n/e)?log3(n/e)), there is a polynomial-time algorithm for the
Search Problem for (P,n,¢m) that, with probability (), returns a set of secrets of size at most 2n
that contains the solution.

Proof. The proof is the same as Theorem 3.1, except at the proof of Claim 3.10 (refer to Section 5.2),
we will first perform Fourier transformation on the deterministic portion of P, say R. Because the
noise distribution added to both distributions is the same, we claim that noise will only result in a
lower statistical distance. More formally, suppose n = E[R] and 8 € [0,1/2] is the parameter for
noise, we will need to show

Dk (Bern(n+ «) @ Bern(B)||Bern(n) @ Bern(p))
< Dgr(Bern(n + a)|[Bern(n))

The difference of probability of Bern(n+a)® Bern(/5) = 1 and probability of Bern(n)® Bern(8) =
1is a(1—20), which is smaller than « (the original difference). Therefore, the distribution is closer,
which is why the KL divergence is smaller.

On the verification part, since we might not be able to perfectly identify which is the correct
solution, we just return all candidate solutions in a set S. For each Hamming weight, we will obtain
2 solutions, therefore the size of S is at most 2n. O

5 Deferred Proofs

5.1 Random Graph

Claim 3.9 (Random Graph). Given any G € Gy, m 4, if aj,bj < [n], m = poly(n) and for some
t = O(nlog(nm/e)), then the statistical distance between Ty, p, o ... 0T, p, © G and the uniform
distribution over Gy m q is at most /8.

Proof. To show the claim, it suffices to show that for a hyperedge S; = (ji,...,J4), after the

transformations, say S; = (j1,...,7,), each value j; is independently distributed like randomly
sampled from [n].
Define a distribution of values as a vector D = (z1,...,xy,) € [0,1]", such that Y z; = 1.

The value z indicates the probability that sampling from D gives the value k. Define D(i) =
(21(4),...,24(7)) as the distribution of the value after applying i-th transformation to D.

We represent the distribution of a value in the hyperedge with D. Suppose we are working on
vertex j; in a hyperedge S;. Initially, the distribution D(0) looks like (0,0,...,1,...,0). Basically,
only z;, = 1 and the rest of the values are 0. Sampling from D(0) gives j; with probability 1.
Observe that when Tg; is applied to a hypergraph, its effect on D(i) is that x,(i) and xy(i) are
averaged, while the rest remains unchanged. Writing it down,

ot + 1), xp(i + 1) = (24(7) + xp(7))/2

This is because T, ; only changes the value of a vertex in a hypergraph if it is either a or b.
Otherwise, it remains unchanged. Our goal is to prove that the random averaging process converges
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to a uniform distribution; namely, when ¢ = Q(nlog(n/¢)), >y (lzk(t) —1/n|) becomes small.
This then somewhat resembles the randomised gossip process, which we can then use a similar
approach from [BGPS06] to show convergence. To prove that, we use the Ly deviation function V'

defined as )

Vi) = 3 (i) - )

ke[n]

We claim that 0 < V(i) < 1 by showing that V(¢) is a non-increasing function as ¢ increases and
V(0) < 1. First on V(0) < 1, writing it down

V(O):(”_1)+(”_1)2: <1

n? n n

Next on non-increasing, with a transformation of 7y, ;, the initial contribution from z, and x; to
the deviation is (2, —1/n)?+ (2, —1/n)2. Let u = 2, —1/n,v = 1, — 1/n. After the transformation,
the values are averaged and the contribution to V(i + 1) becomes

(u+v)?
2

Tq + Tp _1)2:2(u+v

2
( 2 n 2

Y =

The difference in the value of V(i) and V(i + 1) is then

V(i) = V(i+1) =u+0° - (UZU)Q — (u—2v)2 _ (xa—2a:b)2 >0

Therefore, V(i) is a non-increasing function. The next step is to show that V' (¢) decays quickly to
0 when we apply random transformations. The expected difference after applying a transformation
is

1
— 2 — .
a,bE[n] [(l’a $b) /2] 2 a,bE[n] [l'a 22ay + xb]
1 9 I 1 Lo V(i)
n Ta 2_nz(xa n)_ n
a€ln] a€ln]

Where the second equality is due to E [22] = E [2}] and E [z,] = E [23] = 1/n. The third equality

a

is due to the definition of variance 1 > aeln] x? — % =E[22] -E [z, = E [(za — 1)?].
Therefore,
i 1
B[V(i+1) | V() =v] = v~ B[(xa —2)*/2| V(i) =v] = vi = = = (1= D)o,

So by law of total expectation,
E[V(i+1)]= / (E[V@E+1) | V(@) =z|Pr[V(i)=2x])de=(1—-—)E[V(i)]

Starting with V(0) < 1, this implies E [V ()] < (1 — 1/n)! < exp(—t/n). By Markov inequality,

Pr  [V(t) > (md/e®) exp(~t/n)] < ?/md (2)

aj,bj+[n]
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When V() < (md/e?)exp(—t/n), we use Cauchy-Schwarz inequality to bound the statistical
distance between V(¢) and the uniform distribution

> (zi(t) = 1/n)) < V/aV (1) <

ke(n]

3
|
U

. -exp(—t/2n)

Each vertex in the hyperedge has its own distribution D. Note that their distributions for
different vertices are not independent due to the choice of a;,b;. It could also not be identical
due to different initial states. Nevertheless, each vertex is sampled independently from its own
distribution D.

We say that a distribution of a vertex is bad if the (aj,b;)’s are chosen in such a way that
V(t) for that vertex is larger than z = (md/e?) exp(—t/n). The probability that the D is bad is
at most €2/md (Eq. (2)). By union bound, across the md vertices in all the hyperedges, there
is a distribution that is bad with probability at most 2. In the case of all distributions being
good, the distance from uniform for one of the vertices is at most y/nz. Therefore, the overall
statistical distance between the product distribution and a randomly sampled hypergraph can be
upperbounded by 2 + md - \/nz

As m = poly(n) and d = O(1), set t = 8nlog(mdn/e) = ©(nlog(nm/e)) to have the overall
statistical distance at most 2e2. We can then make the statistical distance smaller than /8 by
adjusting the constant factor. O

5.2 Random Output

Claim 3.10 (Random Output). Suppose s is e-fairly balanced and G < Gy ma, m = o(nc/2_2),
e =w(n=*%), d= 0(1) and a c-correlated d-ary predicate P with bounded bias 1, then the statistical
distance between fg p(s) and Bern(n)™ is at most /8.

Proof. We start the proof by introducing the Fourier transformation and explaining the connection
between c-correlation and the Fourier coefficient.

Remark 5.1 (Fourier Transformation). [O’D1/, Chapter 1] Let a d-ary predicate P, convert the
working field from Fy to R by mapping 0,1 in F3 to 1, —1 in R. So we have P : {—1,1}¢ — {—1,1}.
It can then be uniquely expressed as a multilinear polynomial

P(xl,...,xd) = Z P(S)HHEZ

SC[d] i€s

where the Fourier coefficient P(S) = E [P(x1,...,%q) [T;cq v

When a predicate is c-correlated, by minimality of ¢, it also means the Fourier coefficient for
all non-empty subsets of size less than c is zero. Now, we proceed to the main argument.

Since s is e-fairly balanced, s has Hamming weight bounded by [n/2 — w,n/2 4+ w] where
w = 2y/nlog(1/e). Without loss of generality, assume that s has at least as many ones as zeros.
Let D be the distribution of randomly sampling an element in the binary string s. Then, D is a
Bernoulli distribution that is only slightly biased.

2log(1/e)

E[D]-1/2 = NG
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Let P, D’ be the analog of P, D with output in {—1,1} and working field of R. Assuming that
this good event happens, from the Fourier expansion of c-correlated predicate P’ (Remark 5.1), we
have

E [P(a:l,...,a:d)]—n:—% > PO ]]EW]

Ii(—D .
SCld)|S|>c ieS

4rd\ logh(1 4 edlog(1 log€(1
(£ ) o) o

Where the last equality is due to d = O(1). It is clear to see that if D is closer to Bern(1/2), then
the distribution of P when its inputs are sampled from D will also be closer to Bern(n).

More precisely, let a« = hylog(1/¢)/y/n for some constant hy > 0, and D = Bern(1/2 + «),
then the output distribution of d-local function fpg(s) (over random G) is Bern(n + hoa®)™ for
some constant hg > 0 (the output bits are independent conditioned on the secret s). So as « goes
smaller or ¢ goes larger, it is closer to Bern(n)™.

To quantitatively understand the distance between Bern(n+a“)™ and Bern(n)™. Use Pinsker’s
inequality that relates the statistical distance of two distributions with the KL divergence,

A(Bern(y + )", Bern(n)™) < /Drc(Bern(n + a*) || Bern(a)™)
= \/m x Dk (Bern(n+ a¢)||Bern(n))

An upper bound on the KL divergence can be achieved by performing Taylor expansion on the KL
divergence [CT06, Problem 11.2], which gives

Dy (Bern(n + af)||Bern(n)) = O (o*/n(1 - n)) = O(a™)

The final inequality is due to n being a bounded bias. Finally, the statistical distance is then

ne nc/4+1

O(maZ) = 0 \/ o D8/ ) _ o (D ogTm)y

Where the second equality is due to m = o(n®/?72) and & = w(n~*). The last inequality is from
e = w(n~%*). Since the statistical distance is o(¢), we can then make the statistical distance smaller
than /8 by adjusting the constant factor. O

5.3 Good Secret
Claim 3.13. Suppose D has advantage €, then |Gp| > €/2 - (2").

Proof. Suppose 7 is the bias of P, let

s = p D N=1], pi= Pr [DGb)=1
Po G(_Grlr:,m,d [D(G, fa.p(s) =1], » G<—G£,m,d [D(G,b) = 1]
'« T3 wi(s)=wt(s") b« Bern(n)™

22



Then,

B =Y g =Y 3 g B DG far(s) = 1]

seFyp k=0 scFy momed
wt(s)=k
= P D(G ) =1
o Br DG for() =1
s'«F%

So, |E [pg] — E [pf]| > €. Using linearity of expectation and without loss of generality, E [pj — p{] >
e. Let ¢s =1 — (p§ — p}), then ¢s € [0,2] and E [g5] < 1 — . Using Markov’s inequality

1—¢ g/2
P o — D3 2l = P 1—-¢/2] < =1-
L o =i <ef2 = Pr las > 6/]*1—5/2 1—¢/2
Which implies
Pr [ =t > /2 > — L2 s
seFp o0 Pl = ~1-¢/2 7
Therefore there should be at least £/2 fraction of secret s € F§ such that s € Gp, which implies
|Gp| > (g/2) - 27 O
5.4 Equal

Claim 3.16 (Equal). If s1 = s;, then H ~ H?.

Proof. If sy = s;, intuitively, H is still HS because the secret bits are the same. The hybridisa-
tion is not really performing any randomisation as the output remains consistent. To prove this
more formally, for technical reasons, we will need to define the inverse of the transformation 7, .
However, since Ty, ; is a randomised function, whose inverse is not defined, derandomisation is then
necessary.

Definition 5.2 (Derandomized Transformation). Define a deterministic transformation : 77, :
F’Q”d X Gpm,d — Gnm,d- On input of a vector v € Fé”d and a hypergraph G, each of the hyperedges
Si = (j1,---,Ja) is transformed to S} = (j1,-..,7,) as follows:

Je if gk & {a,b} or vigyk =1
Jk=1930b if jx=a and vigsr =0
a if jp="0and vigyr =0

The randomised transformations from our definitions of hybrids can be formed by sampling a vector
v uniformly from Fg”Xd and applying the above deterministic transformation with that vector. It
is also easy to see that given the vector v, the transformation is reversible. Therefore, we define
the inverse of (77 ,)7! : Fg”d X Gpm,d = Gnm,d to reverse the process of 7. Now, we can show
an alternative view on the hybrids

Claim 5.3 (Alternative View on Hybrid). H; ~ (K, fxr p(7(s))) where K <« Gpmd, ™ is a
random permutation on [n] and K' = (Tc’bhbl)_l(vl, Jo...o (T(;T,bT)_l(UT?K) where v; < FP4 and
ajs bj — [n]
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Proof. We previously defined hybrid as H; = (T,, 4, ©...0 Ty, b, (7(G)), fa,p(s)) with G < Gy m.q
(Definition 3.5). First, rewrite it with the derandomised transformation

qu = (To/nr,br (UT’ ) ©...0 Ta1,b1 (Ulv (W(G))a fG,P(S))

where v; «— F3"l. Also, for any permutation 7 on [n], fa,p(s) = fr(q),p(7(s)). Therefore, if we let
K =T, , (vy,)0...0T4p (v1,(7(G)), then

K'=m(G) = (T ) (v1,-) 00 (Ty ) Hop, K)
So Hy = (K, fa,r(s)) = (K, fr),p(n(s)) = (K, fK/,p(TF(S))). Since G < G, q and the uniform
distribution is stable under the transformations, so K ~ G, 4. ]

In our case of H, we additionally apply T7(1)x(;).- Using the alternative view on hybrid, H; =
(K, frr p(m(s))), we have:
H = (K, fg» p(m(s)))
where

K" = (Tg, 5,) " (v1,) 0.0 (Tg, 4, )" (vr, ) 0 (Tnyy mn) ™ (v, K)

where v; < F3¥. But since s; = s;, so 7(8)r(1) = 7(8)x(;)- This implies that applying (T, br)i
does not change the value of the d-local function. i.e.

fren p(7(5)) = frer,p(7(s))
Which proves that H ~ H;:. t

5.5 Not Equal
Claim 3.17 (Not Equal). If s1 # si, Pr[D(H;, ) = 1] > Pr[D(H) = 1].

Proof. Observe that H,}, | is a mixture distribution of H and H. In the proof of Section 5.4, we
have already shown that suppose 7(s), = m(s)p and T, is the last transformation applied to the
hypergraph for H? ;, then no randomisation is applied and it is distributed as H;. Let n(s) = ¢’
and A be the event that s, = s}, and B be the event that s, # s;. We can say:

Pr(H;,y = K] = Pr(A) Pr{H} = h) + Pr(B] Pr(H = 1] (3)

This is because in the last transformation that we apply to H? to get H, our assumption on s; # s;
ensures that T (1) ;) always has s’ .\ # s’ .. Furthermore, the randomness of 7 ensures that
(1),m(3) w(1) (%)

(r(1),7(i)) is distributed just as sampling (a,b) condition on s, # s}. Using Eq. (3),
Pr[D(H;,,) = 1] = Pr[D(H}) = 1] Pr[A] + Pr[D(H) = 1] Pr[B]
= Pr[D(H}) = 1](1 = Pr[B]) + Pr[D(H) = 1] Pr[B]
Substitute in Pr,[D(Hg) = 1] > Pr,[D(HE, ) = 1] + /4t (from Corollary 3.15),
Pr[D(H; ) = 1] > (Pr[D(H4,) = 1]+ ¢/48)(1 — Pr[B])
+ gr[D(H) = 1] Pr[B]
— (Pr[B] — 1)e/4t > (Pr([B])(Pr[D(H) = 1] — Pr[D(H;,) = 1])

Since 0 > (Pr[B] — 1)e/4t, so Pr[D(H?, ;) = 1] > Pr[D(H) = 1]. O
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